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Introduction. Suppose G is a connected reductive group over a global eld F. Many
of the problems of the theory of automorphic forms involve so me aspect of study of the
representation of G(A(F)) on the space of slowly increasing functions on the homogeneous
space G(F)nG(A(F)). It is of particular interest to study the irreducible const ituents of
In a lecture [9], published some time ago, but unfortunately rendered dif cult to read by a
number of small errors and a general inprecision, re ection sin part of a hastiness for which my
excitement at the time may be to blame, | formulated some questions about these constituents
which seemed to me then, as they do today, of some fascination. The questions have analogues
when F is alocal eld; these concern the irreducible admissible re presentations of G(F).

As | remarked in the lecture, there are cases in which the answers to the questions are
implicitin existing theories. If Gisabelianthey are consequences of class eld theory, especally
of the Tate-Nakayama duality. Thisis veri ed in [10]. If F isthe real or complex eld, they are
consequences of the results obtained by Harish-Chandra for representations of real reductive
groups. This may not be obvious; my ostensible purpose in thi s note is to make it so. An
incidental, but not unimportant, pro t to be gained from thi s exercise is a better insight into
the correct formulation of the questions.

Suppose theF isthe real or complex eld. Let ( G) be the set of in nitesimal equivalence
classes of irreducible quasi-simple Banach space represerations of G(F) [16]. In the second
section we shall recall the de nition of the Weil group W of F as well as that of the associated
or dual group G" of G and then introduce a collection ( G) of classes of homomorphisms of
the Weil group of F into G" . After reviewing in the same section some simple properties of the
associate group we shall, in the third section, associate toeach’ 2 ( G) anonempty nite set

+in ( G). The remainder of the paper will be devoted to showing thatth ese sets are disjoint
and that they exhaust ( G). For reasons stemming from the study of L-functions associated
to automorphic forms we say that two classes in the same : are L-indistinguishable.

Thusif {G) is the set of classes ofL -indistinguishable representations of G(F ), then by
de nitionthe elements of  {G) are parametrized by ( G). Itwill be seenthatif G is quasi-split
and G is obtained from it by the inner twisting then denesaninjection ( G;) ] ( G)
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and hence an injection (G;) ]  {G). It will also be seen that for G quasi-split the set [G)
is, in a sense to be made precise later, a covariant function & G" . These properties of [G)
provide answers to the questions of [9].

The classi cation of L -indistinguishable representation throws up more question sthan it
resolves, since we say nothing about the structure of the sets : themselves and hence do not
really classify in nitesimal equivalence classes. Nonethe less we do reduce the general problem
to that of classifying the tempered representations. This i s a considerable simpli cation. For
example, Wallach [15] has proved that the unitary principal series are irreducible for complex
groups. From this it follows that each - consists of a single class; so the classi cation is
complete in this case. Since ( G) may, when F is complex, be easily identi ed with the orbits
of the Weyl group in the set of quasi-characters of a Cartan subgroup G(C), it likely that the
classi cation provided by this paper coincides with that of Zhelobenko. The set ( G) has been
described by Hirai [7, 8] for G = SO(n; 1) or SU(n; 1). Itis a simple and worthwhile exercise
to translate his classi cation into ours. In fact, the de ni tions of this paper were suggested by
the study of his results. It would be interesting to know if ea ch - consists of a single class
when GisGL(n) and F is R.

Important though these problems are, we do not try to decide w hich elements of which
+ are unitary or how the classesina  are unitary or how the classesina : decompose
upon restriction to a maximal compact subgroup of G(R).

The three main lemmas of this paper are Lemmas 3.13, 3.14, and}.2. The rst associates to
each triplet consisting of a parabolic subgroup P over R, a tempered representation of a Levi
factor of P(R), and a positive quasi-character of P (R) whose parameter lies in the interior
of a certain chamber de ned by P, an irreducible quasi-simple representation of G(R). The
second lemma shows that these representations are not in ni tesimally equivalent. The third
shows that they exhaust the classes of irreducible quasi-simple representations.

As we observed above, the proofs are not very dif cult. Unfor tunately, they rely to some
extent on unpublished results of Harish-Chandra. To prove t hatthe sets - are disjoint we use
results from [6], which includes no proofs. Moreover, and th is is more serious, for the proof
of Lemma 4.2 we use results from [5], which has only been partl y reproduced in Appendix 3
of [16]. It contains theorems on differential equations whic h are used to study the asymptotic
behavior of spherical functions not only in the interior of a positive Weyl chamber, as in [16],
but also on the walls.

2. The associate group. We begin by recalling some of the constructions of [9]. If F is
C the Weil group WE is C . If F is R the Weil group WE consists of pairs (z; ),z 2 C ,
2 g(C=R) = f1; gwith multiplication de ned by

(z1; 1)0(22; 2)=(z1 1(z2)a ,; ,; 1 2):
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Herea, ,=1if 1=1o0or =1anda, ,= 1lif 1= = . Forboth eldswe have an
exact sequence
1! F | Wg! g(F=F)! 1

Suppose G is a connected reductive complex algebraic group, B® a Borel subgroup of G°,
and T? a Cartan subgroup of G® in B®. For each root " of T simple with respect to B? let
X ~ 60 inthe Lie algebra " of G° be such that

Adt(X ~)= ()X ~;t2 TC:

Let
A(G%BO%T%EX )

be the group of complex analytic automorphisms ! of G° leaving B® and T? invariant and
sending X ~ to X, ~,where! " isde ned by

L 0t)y= " ():

If instead of B?, T?, fX ~g we choose §°;To; f X — g with the same properties there is a
unique inner automorphism  such that

B°= (BY: T°= (T%: X = (X »):

Then
AGYEB T fX—g) =1 11 2 AG%B%TO X g)g:

Suppose we have an extension

AN

11 G%1 G owWe! 1

of topological groups. A splitting is a continuous homomorp hism from Wg to G for which
the composition

WE! G' I Wg
is the identity. Each splitting de nes a homomorphism of of WE into the group of automor-
phism of G". The splitting will be called admissible if, for each ! in Wg, (!) is complex
analytic and the associated linear transformation of the Li e algebra of G° is semisimple. It will
be called distinguished if thereisa B®, aT®, and a collectionf X " gsuch that factors through
a homomorphism of g(F=F) into A(G® B®, T? X~ )). Two distinguished splittings will be
called equivalent if they are conjugate under G°.
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We introduce a category G (F) whose objects are extensions of the above type, with
G a connected reductive complex algebraic group, together with an equivalence class of
distinguished splittings. These we call special. A homomor phism

of two objects in the category will be called an L-homomorphism if

G, ! G,
& .
We

is commutative, if the restriction of ' to G¢ is complex analytic, and if ' preserves admissible
splittings. Two L-homomorphisms will be called equivalent if there isa g2 G$ such that

2=adg '

An arrow in our category will be an equivalence class of L-homomorphisms. For simplicity,
we do not distinguish in the notation between a homomorphism and its equivalence class.

For future reference we de ne a parabolic subgroup P”" of G" to be a closed subgroupP"
suchthatP® = P" \ G?is a parabolic subgroup of G° and such that the projection P" | W
IS surjective.

We also remark that A(G®; B%; T%; fX -~ g) contains no inner automorphisms. Thus if
:g(F=F)! A(G%B%T%fX ~g);

—:g(F=F)! A(G%:B%:T% X~ g)

are associated to two distinguished splittings of G" there is ag 2 G°, unique modulo the
center, such that
~=adg adg :
Suppose we are given a special distinguished splitting associated to the above map
Let L" be the group of rational characters of T®. If both variables on the right are treated as
algebraic groups

L" =Hom(T?%C ):

Let conversely
L = Hom(C ;T9):
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De ne a pairing

by )
"(@2)=2z0 )z2cC :

This pairing identies L" with Hom(L; Z). Associated to each root " of T® is a homomor-
phism of SL(2;C) into G°. The composition

factors through T© and de nes an element  of L.

Let " be the setof roots simple with respect to B. Associatedto G®;B?; T?;fX ~gare
a connected reductive group G over F, a Borel subgroup B of G, a Cartan subgroup T in
B, and isomorphisms , " 2 ", of the additive group with a subgroup of B ° such that

L =Hom(T;GL(1))

and

=fj"2 g
is the set of simple roots of T? with respect to B®. Moreover

adt( (x))= ( (H)x); x2F:t2ToF):

The collection G, B®, T, is determined up to canonical isomorphism by these conditio ns.
Any ! in A(G%B?TO fX ~g)actsonL and L". There is a unique way of letting ! act on
G? so that

L(t)= (t); 2Lt2TOF);

and
I (xX)= | (X); x2F:

The automorphism ! so obtained is de ned over F. Thus
:g(F=F)! A(G%B%T%fX -g)
de nes an element of H*(g(F=F), Aut G°) and hence anF -form G of G°. In particular

G(F)=fg2 G°(F)j ( )(9)= 98 2g(F=F)g:
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Observe that the group G is quasi-split. Observe also that the data associated to two
special distinguished splittings of G" are connected by a unique inner automorphism. It
follows readily that the group G, together with B;T;f g, is determined up to canonical
isomorphism by G” .

Conversely, suppose we are given a quasi-split group G over F. Choose a Borel subgroup
B and a Cartan subgroup T in B all dened over F. Interchanging the roles of L and
L" and of and ", we pass from G;B, and T to G%;B%;T®, and fX g. The group
A(G% B9 T fX -~g) may be identi ed with the group of automorphisms of L that leave the
set invariant. De ne a homomorphism

g(F=F)! A(G%B%T%fX ~g)

by
()= (@®); 2Lt2T(F):

This map allow us to de ne G", which again is determined up to canonical isomorphisms by
G alone.

SupposeG; and G, are two quasi-splitgroupsover F and : Gy ! Gyisanisomorphism
with 1 () inner for each in g(F=F). Chooseg 2 G(F) so that °= adg takes
B, to B, and T1 to To. Then ©determines a bijection 1 ! 2 as well as an isomorphism

O: Ly ! Ly, These do not depend on the choice of g and determine an isomorphism

"1 G§! GY. Thisisomorphism takes B{ to BS; T? to TS, and X ~toX o if pand pare
corresponding elementsin  ;and 5. Since ° ! ( 9 takesT;to Ty;B1to By, andis inner
itis the identity on T;. It follows readily that

20) A )= ) o)

Thus " may be extended to an isomorphism of GA1 with GA2 that preserves the splittings. It
is determined uniquely by the conditions imposed upon it.

These are of course the considerations which allowed us to dene G” in the rst place.
If G1 = G, = Gthen G" may be realized either as G W orasGS Wk but these two
groups are canonically isomorphic. There are occasions when a failure to distinguish between
G and its realizations leads to serious confusion.

In general if G; is a connected reductive group over F we may choose an isomorphism

of G, with a quasi-splitgroup G. istobedenedover F and ' ( )isto be inner for

2 g(F=F). We may, taking into account the canonical isomorphisms abo ve, de ne GAl to be

G" . However, we should observe that the same dif culties are pr esent here as in the de nition
of the fundamental group; the isomorphism  we write GAl( ).



Classi cation of irreducible representations 7

There are some further observations to be made before the tak of this paper can be
formulated. Let p(G) and p(G;) be respectively the sets of conjugacy classes of parabolic
subgroups of G and G; that are dened over F. Let p(G") be the classes of parabolic
subgroups of G" with respect to conjugacy under G°. We want to describe a bijection

p(G) $ p(GY

and an injection
P(G1) ! P(G"):

For the rst we recall that for a given T and B and the corresponding T?, B® we have
a bijection $ ". Itis well known that p(G) is parametrized by the g(F=F)-invariant
subsets of . The classes of parabolic subgroups ofG® are parametrized by the subset of
The normalizer of P%in G" is parabolic if and only if the associated subset of is invariant
under g(F=F). This yields the bijection.

The injection will now be de ned by

p(G1) ! p(G):

Suppose P; is a parabolic subgroup of G; de ned over F. | claim that here there is a g in
G1(F) suchthatif 0= adgthen P = 9P;) is de ned over F. The class ofP depends
only on and the class of P;. The required injection maps the latter class to the former. To
prove that g exists we use the following lemma.

LEMMA 2.1. Let G° and G be connected reductive groups oveF. Let G be quasi-split
and let : G%! G be an isomorphism de ned overF. Suppose ! ( ) is inner for

2 g(F=F). If T?is a Cartan subgroup ofG° de ned over F there is ag®°2 GYF) and
a Cartan subgroupT in G de ned over F such that °= adg® when restricted to TP
yields an isomorphism of T® with T that is de ned over F.

Let Gger be the derived group of G®and let G2, be its simply connected covering group.
De ne Gger and Ggc in the same way. Lift  to an isomorphism 4 : ch I Gge. Let Tge be
the inverse image of T%in GY.. Chooset®2 T2 (F) with image t%in TYF) so that TS, is the

centralizer of t%and T the centralizer of t° Sett; = (t9. Since

(1) = sl sc1 ( s)(tY); 2 g(F=F);

the conjugacy class ofty is de ned over F. By Theorem 1.7 of [14] there is ag 2 Gsc(F) such
that t= adg(t1) liesin Ggc(F). Lett be its projection in G(F). The centralizer T of t is de ned
over F and if g°is the projection of g°= . 1(g) then 0= adg mapst®to t and Tto T.
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Since botht®and t are rational over F the automorphism ° 1 (9 which is inner commutes
with t%and hence with all of TC It followsthat °: T%! T isde ned over F.

We apply the lemmawith GPequal to G; and with T%equal to a Cartan subgroup T; lying
in P1. Choosegso thatif °= adgthen %1 ( 9liesin Ty(F) for 2 g(F=F). Then if

P= 9Py

we have
P)= A2 (NP))= (P)=P
and P isde ned over F.
Let p* (G1) be the image of p(G1) in p(G; ).

LEMMA22. If P, P, and the class ofP, lies in p* (G;) so does the class oP; .

ChooseP; in G; that is de ned over F. The parabolic subgroups of G that are de ned
over F and contain P; belong to different classes. So do the parabolic subgroups of GAl that
contain Pi . We have only to verify that these sets contain the same number of elements.
ChooseT; in P; thatis de ned over F and choose an isomorphism of G; with a quasi-split
group G sothat ! () isinner and commutes with Ty forall 2 g(F=F). Let M be
a Levi factor of P; containing T1 and let S; be a maximal torus in the center of M. Then
P= (P);M = (My);and S = (S;),aswellas |S; are all de ned over F. Thus the
maximal split tori in S and S; have a common rank r and P and P, are both contained in
2" parabolic subgroups de ned over F. Since the number of parabolic subgroups of GA1 that
contain PlA is equal to the number of parabolic subgroups of G that are de ned over F and
contain P the required equality follows.

The group WE liesin G (F). Let ( G;) be the subset of
Homg: (r)(WE; Gy)

consisting of these' such that the class of any parabolic subgroup P" containing ' (W) lies
in p* (G1) under the above injection. In particular, for the quasi-spli tgroup G

( G) =Homg (£)(Wg;G")

which is obviously a covariant functor of G" .

We shall start in the next paragraph to relate ( G) to ( G). There are some simple
properties of ( G) to establish rst. The group G(F) does not change on restriction of scalars
and neither does ( G). We had best check that this is also true for ( G). Although there is,
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in the present circumstances, only one nontrivial way to res trict scalars, namely from Cto R, |
would prefer not to take this explicitly into account.

Let E be a nite extension of F. We want rst of all to de ne a faithful functor from
G (E)to G (F). We imbed E in F. Corresponding to this imbedding is an imbedding of Wg
in Wg . Actually there is some arbitrariness in both imbeddings. S ince, up to equivalence, it
has no effect on the functor to be constructed, we ignore it. Suppose G” liesin G (E). Choose
a distinguished splitting of G” and let ~be the corresponding action of Wg on G°. Let G° be
the set of functions h on Wg with values in G? satisfying

h(vw) = ~(v)(h(w)); v 2 WE:
Let (Vv),v 2 W, sendh to hOwith
h%w) = h(wv):
With respect to this action form the semidirect product
G =G° We:

It is easy to see that the given splitting of G is distinguished and that G" lies in G (F).
Observe also that there is an obvious bijection from p(G") to p(G").

If we had chosen another distinguished splitting ~°there would be a g 2 G° such that
Aw) = g~w)g f w2 We:

Themap h! hPwith hqw) = gh(w)g ! together with the identity on W would yield an
isomorphism between G" and the group constructed by means of ~% so we need not worry
about the arbitrariness of the distinguished splitting eit her.

Choose a setV of representatives v for Wg n\We . If w 2 WE let
vw = dy(W)v%  v;vP2 V:
If '~is an L -homomorphism from GA1 to G; let
~(1 w)=-aw) w; w2Wg;

with respect to special distinguished splittings of GAl and GAZ. If w2 WE let a(w) be the
function in G§ whose value atv 2 V is &(d, (w)). If his a function in G let h®be the function
in G de ned by

h%v) = ~(h(v)); v2V:
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De ne GA1 and GA2 as above and let' be the homomorphism from the former to the latter
de ned by
"(h w)= h%w) w:

A little calculation that will be left to the reader shows tha t' isin fact an L-homomorphism
and that its class is determined by that of '~ alone and is independent of the auxiliary data.
The reader will also easily verify that the class determined by '~1'~is' ;' 5.

Given ' we dene '~asfollows. If i w;w 2 W, belongs to GAl we let h be a function

in G with h(1) = M. If
‘(h w)=h® w
we set
'~ w)= h%1) w:

The class of'~ depends only on that of ' . Itis clear that this process inverts the operation of
the previous section. A slight variant of Shapiro's lemma sh ows that the reciprocal is true.
Starting from ' we construct '~; from '~we passto' . We have to showthat' and' lie in the
same class. We may assume that the set of representatived/ contains 1. Suppose

"(w)=hy, w

and de ne hin G$ by
h(v) = hy(1):

Itis easily veri ed that )
"(@=h%Agh Y g2Gy:
Thus our functor is fully faithful. The objectof G (F) corresponding to Wg is WE .

SupposeG is quasi-split over E and G over F is obtained from G by restriction of scalars.
Then for any scheme Z over F

Home (Z;G)=Homg(Z ¢ E;G)

because restrictions of scalars is the right adjoint of base change. In particular if a Borel
subgroup B of G and a Cartan subgroup T of B" are given, then restriction of scalars yields B
and T in G; so G is quasi-split. We must verify that G” is obtained from G”" by the functor
introduced above.

Let L%be the group of functions  %on g(F=F) with values in C" satisfying

C )= A 29F=E);
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and let %be the set of 9that are zero on all but one coset of g(F=E) on which they take
values in ~. All we have to do is show that L°is isomorphicto L" as ag(F=F) module in
such away that  ©corresponds to

Since we have chosen an imbedding of E in F we may take E tobe F. Map F ¢ E to
the ring R of F -valued functions a on g(F=F) satisfying

a( )= (a()); 2g9(F=E),
by
Fa: U ():
This is an isomorphism. Then

L" =Hom=(GL(1) ¢ F;T ¢F)
=H0mF(GL(1) F;E;T)zHomE(GL(l) FR;T):

Every 2 g(F=F) yields by evaluationamap R ! F and hence a map
Home (GL(1) ¢ R;T)! Homg(GL(1) ¢ F;T)=LC":

Thus every element of L” vyields a function on g(F=F) with values in C". The function is
easily seen to lie in L% That the resulting map from L" to L has the required properties is
easy to see.

If we take L to be Hom(L; Z) we may identify L with the space of functions  on g(F=F)
with values in [ satisfying

( )= ((); 29F=E):

The pairing is X
h; "= h () "()i:

9(F=E )ng(F=F )

If zis an F -valued pointin GL (1) then

N o P o Y R Y R
("@=20 =2z = @ (> = () ()2)= o) () 2)g

because every rational character of GL (1) is de ned over F. In general we have an isomor-
phism
T(F) = Hom ¢ (SpecF; T) = Hom g (SpecR; T) = T(R):
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Since each 2 g(F=F)yieldsamap R! F, we may associate to eachs 2 T(F) a function
I s()ong(F=F) with vaulesin T(F). Ifs= "(z)thens( )= "( )( (2)). Since the
points " (z) generate T (F) we have

Y
(s) = A @ C@I::

In particular if sliesin T(F) thens( ) = sisindependentof andliesin T(E).

It has already been pointed out that the de nition of the asso ciated group of an arbitrary
connected reductive group G; depends on the choice of an isomorphism : G; ! G with
G quasi-split. However, composing with an inner automorphism has no effect on the
construction. In particular, since 1 (), 2 g(F=F) isalways supposed inner, could be
replaced by ( ).

LEMMA 2.3. SupposeG; and G are given over E with G quasi-split, together with an
isomorphism ~: Gy ! G overE. Let G; and G be obtained fromG; and G by restriction
of scalars. There is associated to~ an isomorphism : G; ! G over F de ned up to
composition with an inner automorphism andGA1 is obtained from GA1 (™) by the restriction
of scalars functor from G' (E) to G (F).

Only the existence of needs to be established. We imbedE in F and identify E with F

Home (G1 ¢ F;G ¢ F)=Homg(G: ¢ F;G)
:HomE(Gl E(Gl FR;G)

and
Home (G1 ¢ F;G1 ¢ F)=Homg(G: ¢ R;Gy):

Start from the identity morphism on the left to get a morphism from G; ¢ R to G;. On the
other hand, if we choose a set of representatives for g(F=E) in g(F=F) we may imbed F in
R by associating to 2 F the function whose value at each is . This yields a morphism
from SpecR to SpecF over E. The two morphisms together yield a morphismfrom G; ¢ R
to G; g F. Composingwith ~:G; g F! G we getamorphismfrom G; ¢ RtoG and
hence :G; g F! G.

The invariance of ( G) under restriction of scalars is now clear. Suppose P is a parabolic
subgroup of G over F. We may chooseB and T in P. Now construct G" ;B9 and T®. Let
P”" be the parabolic subgroup of G" containing B ° whose class corresponds to that of P. Let
N be the unipotent radical of P, N" thatof P% andletM = P=N,M" = P"=N"". Itis easily
seen thatM " belongs to G (F) and that M " is the associated group of M. If P" is another
parabolic subgroup in the same class asP" there isag 2 G° suchthatgP"g ' = P". The
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inducedmap M" ! M" is uniquely determined up to an inner automorphism by an eleme nt
of M°. Thusif P* and P lie in corresponding classes in p(G" ) and p(G) the associated group
of M is canonically isomorphic, in the category G' (F),P"=N"

Suppose :G;! Gissuchthat ' ( )isinnerfor 2 g(F=F). If Py is a parabolic
subgroup of G; over F we may always modify by aninner automorphismsothat P = (P;)
is de ned over F. We readily deduce the following lemma.

LEMMA 2.4. SupposeP; is a parabolic subgroup of5; overF and P1 is a parabolic subgroup
of G1 whose class corresponds to that d?;. Then M, = P1 —N1 is canonically isomorphic
in the category G (F) to the associate group oM ;.

Choose a splitting M; ! P; dened over F and a splitting Mi ! PlA that carries
distinguished splittings of Mi to distinguished splittings of GA1. The isomorphism between
Mi and the associated group of M ; depends on the choice of P; and PlA with M ; and Mi as
Levi factors.

LEMMA 2.5. SupposeP; and Pi are given as above wittM; and Mi as Levi factors. There
is a bijection between the parabolic subgroups d@&; de ned over F that contain M; as
a Levi factor and the parabolic subgroups OGA1 that contain Mi as Levi factor such that

1 = (P1), and such that the isomorphism betweenMi and the associated group oM,
is the same for all pairsP,, (P4).

Take G quasi-split and let  be an isomorphism from G; to G with L () inner for

2 g(F=F). We also suppose that there is a Cartan subgroup T1 in M1 de ned over F
such that each ' () commutes with the elements of T. Then (T{),M = (M), and
P = (P.)aredenedover F. Infactif Py is any parabolic subgroup over F that contains My
then P = (P1)isde ned over F. The de nitions are such that we may prove the assertions
for G, M, P rather than G1, M 1, P1. Choose a Borel subgroupB over F that is contained in P
and a Cartan subgroup T of B that is also de ned over F. Thenbuild G*,B%, T andfX - g.
We may replace G, by G" and suppose that P* contains B". Since any two Levi factors of
P" are conjugate under P (cf. [12], Theorem 7.1), we may also suppose thatM " contains T" .

Let D(M) be the space of vectorsinL R invariant under g(F=F) and orthogonal to the
roots of M " . By a chamber in D (M ) we mean a connected component of the complement of
the union of the hyperplanes

fa2 D(M)jha; "i =0g

where " isarootof T%in G° butnotin M ©. There is a bijection between chambers inD (M)
and parabolic subgroups P" of G" that contain M " as Levi factor. P" corresponds to the
chamber

C=fa2DM)jha; "i>0 ifX ~2p ;X ~62m"g:
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pand m" are the Lie algebras of P" and M " .

There is also a bijection between chambers ofD (M ) and parabolic subgroups of G that
are de ned over F and contain M as Levi factor. If B is the Killing form, which may be
degenerate, thenC corresponds to P de ned by the condition that it contain T and that a root

of Tin Gbearootin Pifandonlyif B(a; ) Oforall ain C. The bijection is the
compositionof P! C! P".

The Weyl groups " and  of T in G° and of T in G are isomorphic in such a way that

the re ections

correspond. SupposeP” = (P). Thereisan! " in " that takes every root of T? in P° hot
in M % and every rootin M°\ B°toarootof T®in B?. Let h in the normalizer of T in G°
represent! " andlet P, behP"h 1, andM, behM"h . We may suppose that

Adh(X “): X!A( ")

if " isarootof T®in M?\ BO. If gin the normalizer of T in G(F) represents the element
I of correspondingto ! " then Po = gPg ! contains B. Itis clear that is a root of T in
Py ifand only if " is aroot of T® in PCA, . Thus Py and PCA, and hence P and P" belong to
corresponding classes inp(G) and p(G").

If we build the associate group of M starting with M, B\ M, and T we obtain M ",
B"\ M", T?, andthe collection fX ~gwhere " runs over the simple roots of T®in M © with
respecttoB®\ M ©. This gives the isomorphism of M " with the associate group of M de ned
by P and P" . The isomorphism between M " and the associated group of M de nedby P and
P" is more complicated to obtain. This is not because of any intr insic asymmetry but rather
because of the simplifying assumption that P" contains B” and P contains B. We have to use
g to establish an isomorphism between M and Mo = gMg ? that we may assume is de ned
over F, then build the associate group of M with respectto B\ Mg and T, obtaining thereby
Mg,B"\ My, TO andfX ~g,where " runs over the simple roots of T in M © with respect
to B\ MY, and nally we have to use the isomorphism between M " and M, given by h.

What has to be veri ed to prove the lemmais that, in the catego ry G (F), theisomorphism
between M " and M(A, given by h is equal to the isomorphism between them as two concrete
realizations of the associate group of M. What is the latter isomorphism? The isomorphism
adg takesM to Mo, B\ M toB\ Mo, TtoT,andtheroot of Tin M to! . Then the
isomorphism between M " and M(A, as realizations of the associate group takesM © to M §,
B°\ M%to B°\ M§, T%to T% X ~ to X,~ -, respects the splittings M" = M?® Wk,
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M(A) = M(? WE built into the construction, and acts trivially on  WE . It is characterized by
these properties. Since(! )" = !" " the isomorphism given by h has all these properties
except perhaps the last. To achieve the last we exploit the circumstance that we are not really
working with isomorphisms but rather with classes of themto  modify our initial choice of h.

A . . 0 . .
WE actsonL”. Since inits action on G% itleaves P , M ¢, and B¢ invariant and since the
normalizer of T®in B%is T9, itis clear thaton L"

wt =1 "W w2 We:
That h can be modi ed in the fashion desired follows immediately fr om the next lemma.

LEMMA 2.6. Let G", B?, T% and fX - g be given. Supposé¢ " 2 " and that onL"
wt =1 "W w2 We:

Then! " is represented by an elemenh of the normalizer of T in G° that commutes with
w in Wg and satis es
adh(X ~)= X;» »

if " is simple with respect toB?.

We ignore for the moment the last condition and simply try to nd an h that represents
I * anditis xed by the action of Wg on G°. The action of Wg on G factors through g(F =F)
and it is easier to forget about Wr and deal directly with g(F=F). Start off with any h that

represents! ". Then
| a(h)= (h)h *

lies in T? and is a 1-cocycle ofg(F =F) with values in TC. If h is replaced by sh, s 2 T?, then
a (h) is replaced by (s)a (h)s *; so our problem is to show that the class of the cocycle is
trivial. Since

a (hihy) = a (hy)! 3 (a (h2))
it will be enough to show this for a set of generators of the cen tralizer ; of g(F=F) in

Suppose A is the set of vectors in L R invariant under g(F=F). The group E, acts
faithfully on A and, as is easily seen, acts simply transitively on the chambers, that is, the
connected components of the complement of the hyperplanes.

fa2 Ajha; "i =0g
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where " isanyrootof T®in G°. EachorbitOin " de nes are ection

. X
So:a! a ha; ;i
~20

where , is any element of O. These re ections are each given by an Iy o IN ; and the
collection of ! ; generates . We have to show that each! ; is represented by an element of
GO that is xed by g(F=F). Replacing G° by a subgroup if necessary, we may suppose that
0= ". Since the question only becomes more dif cultif G° is replaced by a nite covering
group, we may suppose G° is the product of a torus and a nite number of simple, simply
connected groups. The torus may be discarded. Let

N4 \d
G’= G T°= T = .

and

If (GP)= G then

Supposeg(F =E) is the stabilizer of G¢ in g(F=F). Then! ; commutes with g(F=F). Suppose
itis represented by h; in G which is xed by g(F=E). Set

hj = (hy)

where is any element of g(F =F) that takes G{ to G{. Then h; is well de ned and

is xed by g(F=F) and represents! "

We are now reduced to a situation in which G¢ is simple and simply connected and
g(F=F) acts transitively on ". There are two possibilities. The group G° is of type A or
A,. Inthe rst case g(F=F) acts trivially and there is nothing to prove. In the second we may
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take G° to be SL(3; C), T? to be the group of diagonal matrices, B to be the group of upper
triangular matrices, and the collection f X ~ gto consist of

0 1 0 1
0 10 0 0O
@ 0 0A; @0 0 1A:
0O 0O 0 0O
Then A(G%; B9 T?;fX - @) consists of the trivial automorphism and the automorphism
0 1 0 1
0O 0 1 0O 0 1
H! @o 1 0A'H @0 1 OA:
1 0 O 1 0 O
We may take h to be 0 1
0O 0 1
@0 1 0A
1 0 O

Suppose! " is arbitrary in " and is represented by an h in G° thatis xed by g(F=F).
In order to complete the proof of the lemma we have to show that there is ansin T? that is
xed by g(F=F) such that

N

ad(hs)X »~ = Xy~ »;

Let

adh(X ~)= ¢( ")Xi~ +~:
Clearly ¢( ") = ¢ ") for 2 g(F=F). We may choosed( "), " 2 ", such that
d( ")= d( ") andsuchthat

d( A)J'Q(EF )i = o “):
If tin T satis es
®M=d ") %
then %
s= (t)
29g(F=F)
is the required s.

Suppose' ; is an automorphism of G such that ' ; L (y)isinnerforall 2 g(F=F).
For example ' ; could be de ned over F. If is an isomorphism of G; with a quasi-split
group G, we de ne the automorphism ' of G by transport of structure. We have seen already
that ' determines an automorphism ' * of G" . By transport of structure again we obtain an
automorphism ' 1 of GAl. It is easily seen that' 1 depends only on ' 1 and not on
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LEMMA 2.7. SupposeP; is a parabolic subgroup of5; over F and P1A is a parabolic subgroup
of G* whose class corresponds to that dP;. Let M4 be a Levi factor of P; over F and
Mi , Which we take as the associate group &f ;, a Levi factor of PlA . Supposeg 2 G1(F)
normalizesM . If ' 1 is the restriction of Adgto M; and' 1 the associated automorphism
of Mi , there is an elementh in the normalizer of Mi in G¢ such that' ;" is the restriction
of Adh to M .

Suppose thatgisonlyin Gy (F) butthat g * (g) liesin M1(F) foreach . Thenwe can still
dene ' 1 and the lemma remains valid. We work with the weaker assumpti on. The advantage
is that if  is an isomorphism of G; with a quasi-split group G suchthat ! ( ) =adm
with m 2 M (F) foreach then (g) continues to satisfy the weaker assumption, for

(@ (@@= (g'm (@m H2M(F)

if M = (M31). We prove the lemma for the group G. Pj isreplacedby P = (P;) and M,
by M. gis nowin G(F). We chooseB and T suchthatB PandT M.

We may compose g with any element of M (F) and thus suppose that g(B\ M)g ! =
b\ M,gTg ! = T. Sincegis determined by these conditions modulo T,

g(@h2T, 2gF=F):

In particular g represents an element! of xed by g(F=F). Let!" be the corresponding
element of 2,.

We construct G*,B®, T?, and f X -~ gcorrespondingto G, B, and T and realize! " by an
h that satis es the conditions of the preceding lemma. If we ta ke P" to contain B it is clear
that Adhisequalto’ ; onM".

For the next lemma we work in the category of tori over F. SupposeS is such a torus.
Then S” admits by construction a special distinguished splitting. Also L" is a covariant
functor of S and

S®=Hom(L";C )
is a contravariant functor. Sois S". ( S), which consists of classes of continuous homomor-
phisms of WE into S”, is also contravariant. We write a homomorphism ' as

"(w) = a(w)  w:
We compose' ; and ' , by setting

"1t a(w) = ag(w)ax(w)  w:

This compositionis actually de ned for the classes and turn s (' S) into an abeliangroup. ( S)
is the group of continuous homomorphisms of S(F) into C . Although the following lemma
is valid over any local eld, we prove it here only for the real and the complex eld.
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LEMMA 2.8. On the category of tori overF the group-valued functors and are isomor-
phic.

When F is C the lemma is particularly easy. Any homomorphism from the to pological
group C to C may be written as

z=¢€| 727° = 2"

where a and b are two uniquely determined elements of C whose difference lies in Z. If
' 2 ( S)is acontinuous homomorphism from C toS" = S° let' (z)= a(z) z,z2C ,
and

A

/\(a(z)): Zh; Aizh; i

where and are uniquely determined elementsof L C whose difference liesin L. Associate
to' the elementof of ( S) de ned by

it (1) (f)= e A
whereH 2 L" Cisde ned by
(ty=¢e" i 2L

Thatthe map ' ! gives the required isomorphism of functors is easily seen.

Nowlet F beR. Let' be anhonesthomomorphismfrom W to S". Let' (w) = a(w) w
and

“a(z)= 2" ™ T z2cC
If isthe nontrivial element of g(C=R)then = . Let
al )= ; 2 SO
and let )
"()=e e s2L C

o Is determined modulo L and
1
ot o () (modL):
and are determined by the class of' alone but g is determined only modulo the sum of

L and
f j 2L Cag:
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We write an element t in S(C) ase” where H in L"  Cis de ned by
(t)y=€e™ i 2L
t liesin S(R) if and only if
H H22iL":

Dene Dby
(t) = ghoH  Hith=2H+ Hi.

This is permissible, forif tis1thenH 2 2iL " and
h o H Hi h2,H Hi=hy ot 5 2,H|2 212
On the other hand, if  is given extend it to a quasi-character %of S(C). Let

O(t) — eh Hi+h o;Hi:

Dene and by

= — + : = — :
1= 5 0 2= 5 0
so that
1 2
= + = — [
1 2 0 5 >
Then
1 1
ot o= éf 1t 1 2 20 éf 1+ 2 1 209(modL)
and
1+ 2 1 2=

All we have to do is check that is determined by alone and that ¢ is determined modulo

the sum of L and f j 2L Cghby
For this we may suppose that istrivial. If H 2 L"  Cthen
1= o(eH+ W): ghiH i+h; Hi
and =0.If "2L"and " = "thereisanH 2L" Csuchthat
2i "=H H:
Thus

It follows immediately that
02L+f ] 2L Cag:

There is one fact to be veri ed.
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LEMMA 2.9. The functor from to respects restriction of scalars.

We consider restriction of scalars from C to R. Let S be a torus over C and S the torus
obtained by restriction of scalars. Then

S(R) = Hom r(SpecR;S) ' Hom¢ (SpecC;S) = S(C):

We denote corresponding elements in S(R) and S(C) by s and s. L is the group of functions
on g(C=R) with values in C and g(C=R) operates by righttranslation. If ;= (1); 2= ()
then

(s)= 1(s) ( 2(9):
fs=e! 'H 2C" Cthens=¢"with H=(H ;H )and

and
e i+ H i = ghoH  Hith=2H+ Hi
if .
=(= ) ot 3= O
Thus if the quasi-character ~ of S(C) is given by + ~, the associated quasi-character of S(R)

isgivenby and o.
One the otherhand let '~: W¢ | S” be given by '(z) =-a(z) zandlet

/\(a(z)): th Ai7h~; Ai:

SO is the set of functions on g(C=R) with valuesin S°. If' :w! a(w) wis obtained from
'~ by the restriction of scalars functor, then

a(z) = (a(2);&(2)); a(l )=(a( 1);1):

One calculates easily the corresponding and o and nds that they have the correct values.

Now take G connected and reductive. Let Zg be its center. We want to use the previous
lemma to associate to each element in ( G) a homomorphism X: of Zg(F) into C . Since
Z is not affected by an inner twisting, we could, but do not, sup pose that G is quasi-split. Let
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Grag be the maximal torus in Z and let G be the quotient of G by G,aq. If Gaq is the adjoint
group of G we have the following diagram

VA
" &
1! Grag ! G ! Ggs ! 1
& #
Gad

in which the horizontal line is exact. Apair B, T in G determines Bgs, Tssand Bag, Tag. Using
these to build the associate groups, we obtain

rad

1 G¢ GO G, 1
Gl

in which the horizontal line is exact.

In particularwehaveamap ( G)! ( Gyaq),sothateveryelement' in ( G) determines
a homomorphism of Gaq (F) into C . Thus when Zg is connected we are able to de ne X .
In general let
M =Hom(Zg F;GL(1)):

M is ag(F=F) module and there is surjection :L ! M whose kernel is the lattice generated
by the roots. Let : Q! M be a surjective homomorphism of g(F=F)-modules with Q free
over Z. Let

L=1f(Gp)i ()= (P9

and let
= f(; 0] 2 g

From L and  and the cocycle de ning G we construct G. The surjection L ! L obtained
by projection on the rst factor yields an injection G ! G and a surjecton G" ! G" whose
kernel is a torus over C, namely

Hom(N";C )= S°

if N is the kernel of L ! L and S is the torus over F associated to the g(F=F)-module N.
Moreover Gyaq = Zx isthe torus de ned by Q.

There is an exact sequence

1! Hom(S(F);C )! Hom(Zz(F);C )! Hom(Zg(F);C ):
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Every element of ( G) determines an element of the middle group and hence of the last.
If =, and ™, in ( G) have the same image in ( G) then, after an appropriate choice of
representatives,

() = a(w) 5 (w)

where a(w) 2 S° and
(w)=a(w) w

is an element of ( S). Thus the images of ; and ", in ( Gaq) differ by an element in
the image of ( S). By the functoriality of Lemma 2.8, they determine the same e lement of
Hom(Zg(F);C ).

The next lemma will allowustodene X.,' 2 ( G); itwill remain, however, to verify
that it is independent of the choice of Q.

LEMMA 2.10. SupposeG" and G" are objects inG (F) and' " : G" | G" is a surjective
morphism. Suppose that the kernel of * is a torus S° in the center of G°. Then

Hom(Wg;G")! Hom(Wg:G")

IS surjective.

The assumption does not depend on the representative chosen If T? is a Cartan subgroup

of G then \
T="" 1(Tb)

. —0 A —n . . —0
is a Cartan subgroup of G . If L” and L" are the lattices of rational characters of T and T
thenL” | L" isinjective and the quotient is torsion-free. Let

2 Hom(Wg ;G"):

We may assume that

(c) T
Let N . N .
“((z 1y=z2" i
where and lieinL Cand 2 L.ThemapL” ! L" leadsto surjective mapsL ! L
andL C! C.Lift to~and to~inL Csothat~ ~liesinL.

Dene ~(z 1)in T° by

" A —A

"((z 1)= M i 21"
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Lift (1 ) arbitrarilyto (1 ) and set, in general
(z )= =@ )

Let

T(wi) T(wz) = a(wi; Wa) T(Wiwo);
where a(w1; W) is a continuous 2-cocycle on Wg with values in S9. What we have to do is
show that there is a continuous function b(w) on W with values in S9 such that

b(s1)wi(b(w2)) a(wi; wz) = b(wiwz):

What we do is introduce the extension K of topological groups de ned by this cocycle and
show that it splits continuously.

Thisisclearif F = C;sotakeF = R. Let N" be the lattice of rational characters of S°.
Consider the inverse image of C in K. This extension of C splits. Write an element in it as

s z=¢€' &
with xinCandH in N C. Let
(eH Z): e(H)+Z +Z ef

with and in N C. Applying again we see that = ( ). Moreover + () must
liein N. Infact must x the square of any lifting of 1 to H. Since this square is of the
fooms ( 1),

el (+ () =q

and + ()2 2N. Set
I O N O

4 4
and

= ’ = +
Then =2( + ), = 2 liesinNand ( )+ = , () ()= . Wereplace
the original splitting over C by

e e %7 e

Since
(ez+7 eZ)zeZ(()+ #zZ( () () = ¢ *2Z e

this new splitting is respected by the action of
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We have still to split the extension completely. Choose a rep resentative h of 1 in H.
Lleth?2=s ( 1). LetS=¢€e"andH = H, +H ,with (Hy)= Hy; (H )= H
Replacing h by

(e H. =2 1)h

if necessary, we may suppose thatH. =0. Since (s)= s,2H liesin 2iN . Write
H =i ()
with 2 N C. We may modify the splitting over C once again, replacing it by
g1 &2 0) ¢

In this new splitting over C , h? is given by

We have now split the extension completely.

To showthat - isindependentof Q is easy. SupposeQ1, Q, together with ;, » are two
possible choices. Since we may replace the pairQ1, Q2 by Q3z, Q1 or Qz, Q2 with

Qs = f(p1;P2)j 1(P1) = 2(p2)9

there is no harm in supposing that Q1 is given by a surjective homomorphism : Q; ! Q..
When this is so, Lemma 2.8 shows immediately that Q; and Q> give the same quasi-character

The following fact follows easily from the construction and Lemma 2.9.
LEMMA 2.11. The map' ! . respects restriction of scalars.

Let Z" be the center of G®. The action of Wg on Z" is well de ned and so is the group
H1(WEg;Z"), where it is understood that only continuous cocycles are to be considered. If
"2 (G)and 2HY(WE;Z")dene ' by

tw) = (w) (w):

As is implicit in the notation and is easily veri ed the class of ' depends only on that of
and ' . Thus the group H*(Wg;Z") acts on ( G). We should also be able to make it act in
( G). To do this we associate to a continuous homomorphism of G(F) into C .
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Let Gger be the derived group of G, Ggc the simply connected covering group of Gger,
and Gegrag the quotient of G by Gger. We have

GSC
# &
1 ' Gder I G ' Gcorad ' l

Passing to associate groups we have

G,
1 c':'8er Go c':'gorad 1
Suppose we have a diagram
1
#
B
# &
1! Gge ! G ! D ! 1

& #
G
#
1

in which the vertical and horizontal lines are exact, B and D are tori, and G(F) ! G(F) is
surjective. For example if R is the kernel of Gg¢ ! G and

K =Hom(R ¢ F;GL(1))

we could take a free g(F=F) module P that maps surjectively to K, set equal to the group
of pairs (;p), 2 Lsc, p2 P, withthe sameimagein K,and ~equaltof(; 0)j 2 g,and
de ne G by means of C, ~, and the twisting de ning G. Passing to associate groups yields

1
B 0
1 ch G° DO 1
G° z"
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This diagram gives Z" as the kernel of D® ! B? and hence a map of HY(Wg;Z") into the
kernel of HY(Wg ;D% ! H(Wg;B?%. By Lemma 2.8 every element of HY(Wg;D?) =
( D) yields a quasi-character of D (F) and hence of G(F). It is trivial on B(F) and hence
gives a quasi-character of G(F) if and only if ~ becomes zero inH *(Wr ; B?). In particular
every element of H1(Wg;Z") yields a quasi-character  of G(F). If G; and G, are possible
choices for G soisG; ¢ G». Using this, one shows easily that does not depend on the
choice of G.

LEMMA 2.12. The map ! respects restriction of scalars. If' °= ' then

2= (2 (2); z2Z(F):

The rst assertion follows easily from Lemma 2.9 and the cons truction. Suppose G; is

the group for which we are trying to prove the second assertio n. Let G be quasi-split and let

be an isomorphism of G; and G suchthat ' ( )isinnerfor 2 g(F=F). We may so
construct G; and Gthat liftsto ~7: Gy ! G. D; and D will be the same and

G, ! D3
~# k
G | D

will be commutative. Since restricted to Zg1 is de ned over F and yields an isomorphism
of Zg, with Zg, and since

(@)= (2
if* 2 (G 1)= ( G),we needonly prove the lemma for G.

If T'and T are corresponding Cartan subgroups of G and G, de ned over F and lying in

Borel subgroups over F, then
T—O DO

TO z"

is commutative. Thuson T(F), isthe quasi-character de ned by the image of in
HY(WE;T% = ( T):

Although we do not need to know it, it could be observed that T(F) ! D(F) is surjective
becauseH (g(F=F); Tsc) =0. Thus is determined by its values on T(F).

Now consider the objects used to dene - . We had a surjection ( G) ! ( G). If' is
the image of " then - is determined by the image of ~in ( G" 1aq). But E?ad = T?ad and,
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by Lemma2.10, ( T)! ( Tiad) issurjective. Thusfor' 2 ( G)thereisan thatliesin the
imageof ( T)! ( G)andliftsto ~intheimageof ( T)! ( G) suchthat™and ~ have the
same image in ( Gyaq). Then « = . If istheimageof in ( T) then, by construction
almost, s the restrictionto Z¢ (F) of the quasi-character of T (F ) associated to . SinceZ",

the center of G, is the inverse image of Z" in G° we may choose °correspondingto ' °to be
the image of ,if istheimageof 2 HY(Wg;Z"),inHY(Wg;T% = ( T). The lemma
now follows.

Notice that if :H ! Gisdenedover F and has an abelian kernel and an abelian
cokernel then we can associate to it a homomorphism " :G" | H”"
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3. The de nitions. The group G(F) is a Lie group. Let gbe the tensor product of its Lie algebra
with C, let A be the universal enveloping algebra of g and let Z be its center. A (continuous)
representation  of G(F) on a Banach spaceV will be called irreducible if V contains no
nontrivial closed invariant subspaces; it will be called qua si-simple if the elements of Z act on
the in nitely differentiable vectors as scalars.

Let be irreducible and quasi-simple. Let K be a maximal compact subgroup of G(F)
andlet and be irreducible representations of K on the nite-dimensional spaces X and Y.
Suppose we haveK -homomorphisms and of X and Y into V anditsdual V respectively.
Suppose moreover that (x) is in nitely differentiable forall x 2 X. Let = - be the
function on G(F) with values in X Y de ned by

(9 :(xy)th (9) (x); (i

Then is a spherical functionon G(F) oftype , ,if and are contragredient to ;
If we regard the elements of A as left-invariant differential operators on G(F) then

Z = () ;, Z2Z

if (Z)= (Z)l. Because is quasi-simple and irreducible, (z) is a scalar forz 2 Zg(F)
and

(99= (29( 9):

If G°(F) is the connected component of G(F) then
G(F)= KG°(F) = KZ(F)Gge (F)

(cf. [11]); so is determined by its restriction to Gg,, (F). Notice also thatif v2 V,v 2V ,
and h (g)v;v i =0 for all gthen either v orv is zero.

It follows from these considerations and Proposition 9.1.3 .1 of [16] that
dim Homg (X;V) < 1 ;

so that any representation of K occurs with nite multiplicity in V. Let Vk be the space of
K - nite vectors. Every vector in V is in nitely differentiable so that both A and K operate
on Vi . The representations and °on V and V°are said to be in nitesimally equivalent

if the representations of the pair A, K on V£ are algebraically equivalent. Since any two
maximal compact subgroups of G(F) are conjugate, this notion does not depend on the choice
of K. ( G) will be the set of in nitesimal equivalence classes of irredu cible quasi-simple
representations of G(F). We shall usually not distinguish between a representation and its
class.
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Toevery' in ( G) we are going to associate a nite but nonempty set - in ( G) such
that the following conditions are valid.

()1f' 6 ' %hen . and 9 are disjoint.

()if 2 . then
(2= (@, z22Zs(F):

GiiyIf ' 0= ' with 2 HY(Wg:;Z")then
O=f j 2 g

(iv)If :H! G has abelian kernel and cokernel,if' 2 ( G)and' °= 9" ), thenthe
pullback ofany 2 . to H(F) is the direct sum of nitely many irreducible, quasi-simple
representations, all of which liein  + o.

(v)If* 2 ( G) and one element of . is square integrable modulo Zg(F) then all
elements are. This happens if and only if ' (W) is contained in no proper parabolic subgroup
of G".

We remark that the representation is said to be square integrable modulo the center
if = Owhere is one-dimensional and where © which operates on V© is such that
i T Yg)vY j? is an integrable function on Zg(F)nG(F) for any K - nite v®2 V%and any
K - nite linear form f %on V°.

(vi)If * 2 ( G)istemperedthenall elements are. With respectto adistingu ished splitting,
write ' (w) = a(w) w. The elements of . are tempered if and only if fa(w)jw 2 Wggis
relatively compactin G" .

, acting on V, is said to be tempered if f ( (g)v) satis es the weak inequality for any
K-nite v2 V and any K - nite linear form f onV.

Since we can always restrict scalars, we may as well takeF tobeR. Let' 2 ( G). LetA be
the Zariski-closure of the image of Wr under the composition of ' with the homomorphism
of G" into the group of automorphism of g, the Lie algebra of G°. Let B be the Zariski-
closure of the image of C . Since the elements in the image of C commute and are, by
assumption, semisimple they can be simultaneously diagonalized. Thus every element of B
is semisimple. The same is true for A, becauseA? B. SinceA is clearly supersolvable we
may apply Theorem 5.16 of [13] to see that' (Wr) normalizes a Cartan subgroup S° in G°.
Since the group of automorphisms of S is discrete,’ (C ) must centralize S°. Consequently
g(C=R) = C nWgractsonS%, onM" =Hom(S% C ),onM =Hom(M";Z),andonM R.

Supposeg(C=R) xesapoint inM R.IfP" isthe parabolic subgroup of G" de ned
by the conditionthat " isarootof S®in P%ifandonlyif h; “i Othen' (WR) liesin P".
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We shall rst de ne - under the assumption that ' (WR) is contained in no proper
parabolic subgroup of G". Thenif is xed by g(C=R)

AN

h; i=0
for all

LEMMA3.1. If ( G) contains a' with the property that ' (WR) is contained in no proper
parabolic subgroup ofG" then Gger has a Cartan subgroupTger With Tger (F) compact.

We have amap G" | G g thatyields ( G) ! ( Gger). Replacing' by its image
in ( Gger), We may suppose that G = Gger. ThenM” R is spanned by the roots of
Consequently the nontrivial element  in g(C=R) xes no elementof M R but 0 and act as

1

Let be anisomorphism of G with a quasi-split group G° Choose a Borel subgroup B°
of G%over R and a Cartan subgroup T%of B% Use G® B and T to build G",B® and T® as
a concrete realization of the associate group. Replacing' by another homomorphism in the
same class, we may suppose thatS® = T®, sothatM " = L" . There are, however, two actions
of onL”",the one built into the construction of G", which we denote by " ! " and the
onedenedby ' ,whichwedenoteby " ! — ". Thereisan! " in " such that

Since~actsas 1, commuteswith —and!". Let! be the elementof © the Weyl group of
TO correspondingto ! " .

Because any two quasi-split groups differing by an inner twis ting are isomorphic, we may
suppose that acts onGYC) in such a way that

AN

( )= ("@®); t2T7Y0);

and
xX%=x°%; 2 ¢

Here the X © are appropriately chosen root vectors in the Lie algebra of G. Dene X  so
thatif H =[X ;X ]Jthen (H ) = 2. The algebraic automorphism of G° de ned by
t! 1(t);X ! X, )commutes with the action of  and its square is 1. It is of course
inner. We use the cocyclea; =1, = ! totwist G%and obtain G° G%contains the Cartan
subgroup T %obtained by twisting T° Since

(tt)= (@ *
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TUR) is compact.

There is anisomorphism  of G®with Gsuchthat = 1 ( )isinner. We may suppose
that (T = T is a Cartan subgroup of G over R for which the compact part of T(R) has
maximal dimension. What we have to do to show that T(R) is compact is to show that ,
which normalizes T actually centralizes T% forthen : T%! T isde ned over R. We use
an idea that can be found in many places. If t 2 T{C) and s a rational character of T °then

(@)= () ). Thus
( = ((t)H= ¢ *®H= = @)

and = .Since =1, ?2=1.

Suppose isarootof T%nd = . Considerthe subgroup H %%of G%hat is generated
by T%{C) and the one-parameter subgroups exp zX% exp zX% ,z 2 C. H%%is invariant
under and andH = (H%isdenedover R. Iclaimthat Hgcisisomorphicto SL(2) over
R and that Tgc, the inverse image of T in Hg is the Cartan subgroup whose set of real points is
noncompact. This clearly contradicts the de nitionof T and showsthat 6 forall . To
prove the assertion about H ¢, we start from the observation that we may choose X %and X %
sothat[X 99X %= HOith (H%Y =2 andsothat (X% = X% Then (X%)= X0
Let (X% = ax% , (X%)= pX% Then

[aX % ;bX% = H®

soab= 1. However the relation () = 1 shows that aa = bb= 1. Recall that, onC, is
complex conjugation. Choose s in T°{C) such that

(s) ' (9= a

Replacing by  ads, we supposethata= b=1. Set

H = (H% X = (X% X = (X%:
Then
(X )= ( XY= (XF=X;
X )=Xx
(H)=H:

ThusH ,X ,X span a Lie algebra that, together with the action of  on it, is isomorphic to
the Lie algebra of SL(2). SinceH liesin the Lie algebra of T, this gives the required assertion.
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Let M %pe the lattice of rational characters of T Since + s different from O for all
there is a point H in the dual of M % R such that

h+ ;Hi=hH + Hi&O0

forall . But xes H + H and therefore xes the chamber in which it lies. Since is inner
this is possible only if ~ centralizes T°

The lemma proved, we return to the original G and ' . Although it is not important, we
choose for the sake of de niteness an isomorphism  of G with a quasi-split group G% with
L () inner, choose B%and T construct G®, B®, T® accordingly, and take the associate
groupto be G* = G® WR. We also suppose that' (WR) normalizes T®. Write ' (w) =
aw) w.1fz2C thena(z) 2 TO. Let

A

“a(z)= 2" Tz

If " 1 — " denotes the action of onL" denedby ' then = — = — . Alsoif
a=al ),

“(@a (@)= “(a( y)=( "

If h; "i =0 forallroots then " is a rational character of G® and we may de ne

" (a). Notice in particular that h; "i =0 forallroots if " = = ". The next lemma is
critical.
LEMMA3.2. Supposeh = a w,withw=1 |, liesin G", normalizesT®, andh "= "

for every root ". Thena (a) 2 T? and, if is one-half the sum of the positive roots with
respect to any order,

AN

“@@)=( T C@=( " " ()

Of course an h satisfying the conditions of the lemma does not always exist . When it does
ais any element of the normalizer of T® in G that takes positive roots to negative roots.

Thata (a) 2 T® and that 2 = h isclear. Ifs2 T and h is replaced by sh then
a (a) is replaced by
sh(s)a (a)

where h(s) = hsh . Since " (a) becomes

"(sa)= "(s)h "(s) "(a)
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and
“(sh(s)) = "“(s)h "(s)

we are free to replace h by sh. Thus we may suppose that a 2 G¢; or, more simply, that G, and
hence G?, is semisimple. Since it only makes the matter more dif cult we may then replace G
By Gaq and G° by ng, which is simply connected. Then the whole situation factor s and we
may nally assume that G© is simple and simply connected.

Suppose " is the largest root with respect to the given order [2]. Then (X ~)= X -

with = 1. If actstriviallyon G®then =1. Ingenerallclaim that if

is the expression of " as a sum of simple roots and if | is one-half the sum of those n( ") for
which "6 “and( "; ")60then =( 1). Thisstatementis nottrue for " alone
but for any positive root X

= m(

AN AN

)

xedby . Ofcoursen( ")istobereplacedbym( ")and by ( "), where
(X ~)= ()X ~:

P A
We prove it by inductonon m= m( ).
If m =1 then | = 0; but by construction ( ") = 1. Supposem > 1, sothat " is not
simple. Choose a simple root ; suchthat( "; ;) > 0. If , = ,then( "; ,) =
(", ).1f ;= ,then™ = " | isalsoarootand

X » =[X 2 X~

so ()= (7). Moreover I( ") = I("). If | 6 ,and( ;; ,)=0 then " =

. o isaroot. Theintegers|( ") andI(~") are equal. Since
X = [X g X X = 1= X a5 X X = )

(")= (7).1f(1; ,)60then "= |+ ,isarootand

X o~ =[X 20X o

N

= 1.1f "= " wearedone. Otherwise —" = " “isaroot,I( ") = I(T")+1,
and ( ")=  (7") because
X r=[X ~; X=]:
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Since( "; ") 0 for all positive roots, every root perpendicular to " is a linear
combination of simple roots perpendicular to it. Let H?° be the connected subgroup of G°
corresponding to the Lie algebra generated by fX ~j( "; ")=0g. H" = H® Wgr G"
is also an associate group and we may assume the lemma has beerproved for it. Let J° be
the group corresponding to the Lie algebra generated by X ~;X ~. J%is also invariant
under Wr. The groups H® and J° commute with each other. Let a; be an element of H®
normalizing T?° and taking positive roots in H ° to negative roots. Let a, be an element of J©
normalizing T®andtaking " to ".a; xes ". Thusif " ispositveand ( "; ") > 0,
then (a7 "; ") > Oand a; " is positive. But (a "; ") = ("; ") < Osoa, " is
negative. The product aja, takes every positive root to a negative root and we may take
a= a;ay. Sincea, centralizesH% a; (1 )inH " takes every positive root to its negative.

By induction b
" (a)=( 1) §

if o=f > 0jh; "i=0g. J%iscoveredby SL(2;C). We may suppose that

0 1 00
| A I Al
0 O PX 1 0 X '
Then the action of  lifts to conjugation by
1 0
0 (1
Since we may take a, to be the image of
0 1
1 0
a, (&) is the image of
( 1)|+1 0
0 ( 1)I+1
Thus N
“(a2 (a)=( 1Mol
To prove the lemma we have to show that
N X N
lh; i h; “i (mod2):

a> 0
h; i6=0
6
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If > Oh; "i&0,andif 6 then h; i is also a positive root and is different
from . Thus the right sideis 1%; i if

X X X

o= 1 h; S h: i 1=h; "i 1= n(") &
2 2
a> 0 > 0
ag
h; i6=0

It would be enough to show that | = 1qmod2).

To nish up we make use of some standard facts [2]. The order h of a Coxeter element is
19+ 1. If actstriviallythen | = 0. Butif acts trivially then a itself must take every root to
its negative. This forces %+ 2 to be even ([2], p. 173). If does not act trivially the roots are all
of the same length. Thereisan in suchthath; "i =1 ([2], p. 165). Sincel2; "i =2

“@a@=( 1"
However h acts on the Lie algebra of G°, and
h(X ~)=cX ~; h(X +~)=dX ~; h([X ~;X D= [X ;X I
This forces cdto be 1; so
“(a (@)X » = h?3(X )= X »

and| 1%s even.
There is another lemma to be veri ed before we can de ne

LEMMA 3.3. Suppose' 2 ( G), ' (WR) is contained in no proper parabolic subgroup of
G", ' (WRr) normalizes T?, and

N

"(- (Z)):Zh; Aizh; i; 72C -

Then h; "i is dierent from O for all roots ". Moreover ' (WR) normalizes no other
Cartan subgroup ofG°.

Supposeh; "i=0.X ~is xedby '(2),z2C .Leth="'(1 )andset
U=X »+h(X »):

Then hU = U. Let h be the space of vectorsH in the Lie algebra of T® forwhich " (H)=0.
Thenh+ CU isthe Lie algebra of a Cartan subgroup of G® normalized by ' (WR). Itis however,
clear that the action of on the roots does not take every root to its negative. This we k now is
incompatible with the assumption that ' (WR) is contained in no proper parabolic subgroup
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of G*. Thush; "i is never 0and the centralizer of ' (C ) in the Lie algebra of G is exactly
the Lie algebra of T®. The second assertion of the lemma follows.

Ifn2 G°and
'O wl!l o n' (w)n !

satis es the conditions of the lemma, with ; replaced by % © then n must normalize T°

and °=n , 9= n . Consequently the orbit of under the Weyl group is determined by
the class of' alone. Since 2L and

h X i=h - i =2h; [

the number h; "iisrealforall ". Since itis different from 0, we may choose' in its class
sothath; i > Oforall " 2 ". Thisdone, the only way we may modify ' is to replace it

by

' 0 1

w! s (w)s

with s2 TO.

We have observed thatifh “i =0 forallroots ,wemaydene "(a),where' (1 )=
a (1 ). Choose o2 L Csuchthat

/\(a)= eZi h o; "
forsuch ". g is determined modulo
X
L + C +f —j 2L Cg
2
or,since = ( - )=2
L+f -] 2L Cg
We know that h; "i is real and different from O forall . Let
1 X
=5 -
h; i>0
andset 1 = , 1= 1= + .Then ; 1= 2 2 L, because 2 L.If

" 2 L" then, by Lemma 3.2,

N

eih iz "(a (a)):eihZ; “i+h o+ o; i
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SO
ot o 1 (modL):
2
Thus
N 1 N 1 N . N .
= — _ = — . +
h; | 2h : i 2h1 1, 1+ h; i
h o+ o i+h; "i=1

modulo Zand h; “iisintegral. If h; "i > Othen

Let S be a Cartan subgroup of G over F for which S(R) \ Gger (R) is compact. We may
choose the isomorphism  of G with G%so that (S) = T% The isomorphism allows us to
identify L, the lattice of rational characters of TO with the lattice of rational characters of S.
Then the semidirect product T® g(C=R) with  acting on T® as — becomes the associate
group of S. As in the proof of Lemma 2.8, 1, 1, and g then de ne a homomorphism  of
S(R) into C . Howeversince isnotuniquely determined, 1, 1and g areonlydetermined
modulo the action of the Weyl group. Although the elements of the Weyl group of S may be
represented by elements of G(C) their action on S is de ned over R. If we replace i, ; and

oby! 4,1 1=7T 4, and! g, whichiscongruentto o modulo f —jJ 2L Cqg,
then isreplacedby %:t! (I 1(t)). Let X. be the set of these quasi-characters . X: is
determined by the class of ' alone.

To verify that the sets -, which we shall soon de ne, are disjoint and exhaust the clas ses
of representations of G(R) that are square-integrable modulo the center, we shall need the
following lemma.

LEMMA 3.4. SupposeG has a Cartan subgroupS over R such that S(R) \ Gger(R) is
compact andX is an orbit of the Weyl group in the set of quasi-characters 0§(R). Then
there is a unique' 2 ( G) such that' (WR) is contained in no proper parabolic subgroup
of G* and such thatX = X. .

We have rst to observe thatan hin G" that satis es the conditions of Lemma 3.2 exists.
Let be an isomorphism of G with a quasi-split group GPsuch that 1 ( )isinner. If B
and T%are chosen as usual, we may suppose that (S) = T% We have to show that there is

an element! " of the Weyl group of T? such that ! = " forall ". Thisis equivalent
to showing that there is an element ! of the Weyl group of T%such that ! = for all
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I and! " will then be corresponding elements. Let (1) =adn, with n in the normalizer
of T? then

)= p= Y )= tn)
andn = . We take! to be the element of the Weyl group represented by n.

Let ~ be the actionon T?, L", and L determined by such an h. We regard T?, with the
action —, as the connected component of the associate group ofS. If 2 X choose 1, 1 and

o So that
(t) - eh o:H “Hi+h 1=2;H +Hi

if t = e liesin S(R). Given X, 1, 1,and g are determined modulo the action of the Weyl

group. Also 1 12 L and,since” " = ,

hy 1 "i=h: — 1 "i=2hg i
is real. Choose an order on the roots so thath 1; "i  0if " is positive; let be one-half
the sum of the positive roots  with respect to this order,andset = 1+ , = — . Since
the which arise in this way differ by an element of the Weyl groupt hat xes 1, the orbit of
, ,and o under the Weyl group is determined by X: alone. The various are certainly
nonsingular. To be de nite choose the unique one that is posit ive with respect to B°.

If ' is normalized in the way described earlier, it is clear that X = X. only if

N

()= T z2cC

Fixanh=b (1 ) satisfying the conditions of Lemma 3.2 and choose a represertative .
If X = X. and' gives rise to this particular ¢ then ' (1 )= a (1 ) with a = sh,
s2 T and )

giho’l= "@= "(s) "(b

if h; "i=0forall . An sin T satisfying this condition always exists. We will be able to
extend' to Wg if _ N
“a(@=e'"

forall . ByLemma 3.2 the left side is

A

e2i h: "2 0 h o+ o; T

Since

=2 o+ o (modl)
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it equals the right side. As for the uniqueness, if " (s) = 1 whenever h; "i = 0 then, in

particular, "(s) =1 when = " = " ands = t—(t }) with t 2 T Thensh = tht 1.

Choosing a different representative for ¢ forces the same kind of change in s; so the class of
' is determined uniquely by X.

Suppose' (WR) is contained in a parabolic subgroup P" of G". Then' (WR) is contained
in a Levi factor M" of P" and normalizes a Cartan subgroup of M °. But is regular; so T?
is the only Cartan subgroup centralized by ' (C ) and therefore the only Cartan subgroup
normalized by ' (WR). P" must then contain T®. Since' (1 ) takes each root to its
negative, P" isG" .

SupposeS and S%are two Cartan subgroups of G such that S(R)\ Gger (R) and SYR) \
Gger (R) are compact. There is ag 2 G(C) such that adg(S) = S° The restriction of adg to S
is de ned over R and

X =f adg®’j 2 X0

If g 2 G(R) then g = g0, where g lies in GY, (R) and g lies in the normalizer of S.

If is the Weyl group of S and 1 consists of those elements in  with a representative in

der (R), the connected component of Gger (R), and ! istheimage of g, in theng! 4! is
awell-de ned map of G(R) into ;= . The inverse image of 1 in G(R) is

Go(R) = S(R)GJe (R) = S(R)G’(R) = Zg(R)GY (R):

If 2 X. and ;isde nedabove, choose anorderontherootssothath ;; “i  0if is
positive and let  be one-half the sum of the roots positive with respect to this order. By Harish-
Chandra's theory of the discrete series there exists for each such pair , aunique irreducible
representation o(; ) of Go(R), square-integrable modulo the center, whose character on the
set of regular elements in S(R) is

X sgn (Is)e(™ H)

"(G)
2, (s
Here s = € is aregular elementin S(R) and
Y
(s)= @ e My
h; "i>0

"(G), whichis 1, depends on G alone.
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It is clear that, if 2 X., 92 X9, the representations o(; ) and o % 9 are
equivalentifand onlyif ' ="' Candthereisan! 2 ;suchthat =! Cand

As)= (Is)
forall s2 S(R). Ifg2 G(R) hasimage 1! in in , o= o(; ),and
o(h)= o(ghg *); h2 Gy(R);
then 9= o( & Ywith! °= and %s)= (Is). Thus the representations

(i )=1Ind( G(R); Go(R); of; ))

are irreducible. We set
=1 ()] 2Xg

If the image of G(R) in 1n haseelements, then . contains
[ 1]=e

classes.

Before explaining why conditions (i) to (vi) are, insofar as they apply to the . already
de ned, ful lled, we verify a simple lemma.

LEMMA 3.5. The restriction of an irreducible quasi-simple representéion of G(R) to
Gger (R) is in nitesimally equivalent to the direct sum of nitely ma ny irreducible repre-
sentations of G, (R).

Let actonV. LetK be amaximal compact subgroup of G(R) andlet K °beK \ G§, (R).
Since (z)isascalarforz 2 Zg(R) and since

[K :Ko(K\ Zg(R))] < 1

every irreducible representation of K occurs with nite multiplicity in the restriction of to
Ko. Let be an irreducible representation which actually occurs and g; :::; g be a complete
set of representatives for the cosets ofZ¢ (R)Gg,, (R) in G(R). If is the character of let U,

be the range of the projection

Z

Ej = (k) (g 'kgj)dk:
Ko
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U; is nite-dimensional. Let E be 7
(k) (k)dk:

Ko

P
If U is a closed nonzero subspace ofV invariant under Gg, (R) then U\ ( j U;) is not
zero. If it were
0= (g)EjU=E (g)U
for eachj. ButV is contained in the closure of

X
(g)U

and EV 6 0. As a consequence, among the closed nonzero subspaces o¥ invariant under
ger (R) thereis atleast one minimal one W. The representation of G, (R) on W isirreducible.

Choose a maximal collection hy :::;hy from fg;:::; g gsuch that
XI
(hi)W

i=1

is direct. Each (h1)W is invariant and irreducible under G, (R). Moreover

(hi)W
i=1
is dense inV and therefore contains all K - nite vectors. The lemma follows.

If 2(G) is the group of elements in the Weyl group of S that can be realized in G(R)
then the character of (; ), which certainly exists as a distribution, is given on the re gular
elements of S(R) by the function

X sgn (Is)e(M H)
(s)

"(G)
2(G)

It follows that the sets : that have been de ned so far are disjoint.

Suppose is an irreducible quasi-simple representation of G(R) on V that is square-
integrable modulo the center. By the previous lemma the restriction of to Gg(R) is the
direct sum of nitely many irreducible quasi-simple represe ntations, each of which is clearly
square-integrable modulo the center. Let o be one of them and let oactonVy V. Bythe
theory of the discrete series, G has a Cartan subgroup S over R, so that S(R) \ Gger (R) is
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compact and thereisa anda suchthat gis o(; ). ByLemma3.4thereisa’ such that
2 X . Ifg1:::; g are aset of representatives forGo(R)nG(R) then

M 1
\ (g Vo
i=1

because the representationsh ! (g hg, 1) are inequivalent. If g9g= h;g and
M 1
V= (g i
then M
(g)v = (g Hv)

with vj0 = (hj)vi. Mapping Vv to the function on G(R) whose value at hgi, h 2 Go(R) is

(h)v; we obtain an in nitesimal equivalence of  with (; ). This shows at least that (V)
will be a consequence of (i) and that the union of the sets - will contain all classes that are
square-integrable modulo the center.

Suppose :H ! Ghasabeliankerneland cokerneland' °= " (' Ywhere' 2 ( G)and
' (WR) is contained in no proper parabolic subgroup of G". Then' {WRg) is contained in no
proper parabolic subgroup of H" . It follows from the preceding lemma that the restriction of
any ir[educible quasi-simple representations  of G(R) to H (R) is, in nitesimally, the direct
sum i of nitely many irreducible quasi-simple representations o f H(R), for the map
HS, (R) ! GY. (R) issurjective. If is square-integrable modulo the center sois each ;. We
consider the restrictionof (; ). (; ) restrictedto Go(R) is the sum

M

(R B
in 2(G)
and o(! ;! 1) restrictedto Ho(R) is irreducible. Itis clearly equalto o(! * %1 19
if Oisthe quasi-characters! ( (S)) on the inverse image of S(R) in H(R) and if Yis the
pullback of . ItisalsoeasytoseethatX® =f %) 2 . g Thus (; )restrictedto H(R)is
M
(| 1 O'| 1 O)
2(H)n 2(G)

with 22 X0 and condition (iv) is satis ed.

Condition (ii ) is clear when the center of G is connected. In the general case it follows
from (iv) and the de nition of . . Condition (iii ) is clear when Gge, is simply connected. In
the general case it follows from (iv) and the de nition of
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If the quasi-simple irreducible representation is square-integrable modulo the center
and if is the quasi-character of G54 (R) de ned by

(2)= (21 z 2 Grag(R);

then is tempered if and only if  is a character. This is so if and only if h;H i is purely
imaginary whenever H 2 L” C satses H = Handh;H i =0 forall . On the
other hand, if ' (w) = a(w) wthen fa(w) j w 2 WRq is relatively compact if and only if

fa(z)jz2 C gis. Thisis soif and only if

z=¢1 "(a(z) =z iz Ti= g T

is a character of C for each ", that is, if and only if h;H i is purely imaginary when
H2L" Csatises H = H. Anysuch H isasum ofterms oftheform x " + X~ " where

" iseitheraroot " orsatises h; “i=0foral .If " = " then
x "+x~"=(x x)°"
Sinceh; "iisreal, h;x " 4+ X~ "i is purely imaginary. If h; "i = 0 forall then

AN

= . Condition (vi) is now clear.

Before completing the de nition of the sets - , we remind ourselves of some properties
of induced representations. Suppose P is a parabolic subgroup of G over R, N its unipotent
radical, and M = P=M. Suppose is an irreducible quasi-simple representation of M (R) on
a Banach spaceV . Lifting, we may also treat  as a representation of P(R). If p 2 P(R) let

p (p) be the square root of the absolute value of the determinant of t he restriction of Ad to
the Lie algebra of N . Let | (V) be the space of continuous functions on G(R) with values in V
that satisfy

(P9 = p(p) (P)' (9); P2 P(R):
| (V) is a Banach space; let be the representation of G(R) on it by right translations.

There is a quasi-character of Zg(R) suchthatl (z) isthescalar (z) whenz 2 Zg(R)
and a unique positive real-valued quasi-character of G(R) such that ] (2)j = (2)if
z 2 Zg(R). There is also a quasi-character © of Zy, (R) such that (z) is the scalar °(z) if
z 2 Zu (R) and a positive quasi-character ° of M (R) such thatj %(z)j= 9(2)ifz2 Zg(R).

is the restriction of 9to Zg(R). If is an irreducible quasi-simple representation of G(R)
we may alsodene ©and ©.

Suppose is a quasi-simple irreducible representation of M (R) on V and there is an
M (R)-invariant bilinear form
(v;iv)!'hv;vi2 C
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onV V . Wemayintroduce | (V ),| ,and the bilinear form

Z
h, i= h (k); (k)idk
K
onl (V) 1(V ). Itisknowntobe G(R)-invariant. Any K - nite continuous linear form on
| (V)isoftheform ™ 'h '; i forasuitable inl(V ). We want to investigate the function
H (g); iforK-nite ' and
Let X be the lattice of rational characters of P and Y the lattice of rational characters of
M aq. ThereisaninjectionX ! Y thatleadstoisomorphisms X R! Y R, X C! Y C.
We ig,entify these two spaces. If D(P) is the set of invariant elements of X R, then every
= X iinD(P), i 2 X,X; 2 R denes apositive quasi-character  of M (R) by

Y
@=ji@"; 92M(R):

is a representation on C. If P is minimal over R, wetake tobe Yand' and tobe
identically 1 on K and set

(@=h (9, i
As usual ¢ isthe function .

Recall that if is a quasi-simple, irreducible representation of G(R) on W that is square-
integrable modulo the center, and uand v areK - nite vectorsin W and its dual, then h (g)u; vi
is bound by a constant times  °(g) ¢ (9).

We now prove an easy sequence of lemmas. G is a reductive linear group over R. There
is a hermitian form on the underlying real vector space that i s invariant under K and with
respect to which G(R) is selfadjoint. Every g 2 G(R) is a product g = kh where k 2 K and
h is selfadjoint and positive with respect to the given form. L etl(g) be the norm of logh. We
choose an abelian subgroupA of G(R) every element of which is selfadjoint and positive and
which is maximal with respect to this property. A is then connected and G(R) = KAK . If P
is a given parabolic subgroup over R we may, and do, take A in P(R).

Ifwe choose :G! GP°where Glisaquasi-splitand ' ( )isinner, if B%and T%have
the usual signi cance, andif P°= (P) containsB%and (A) T%as we may suppose, then
X R may be regarded as a subspace ol.  R. LetD* (P) be the setof 2 D(P) such that
h: “i > 0if isarootof T°in N°= (N). LetD (P) be its closure. If P is minimal let
A* (P)bethesetof inAsuchthat (a) 1if isarootof T%in NC
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LEMMA 3.6. Let P be minimal over R. There is an integer d and a constantc such that
(@ c (8 p @@+ I(a)°

if a2 A*(P), 2D (P).

The group G(R) = P(R)K. Write g = p(g)k(g). p(g) is not uniquely determined but

(p(9)) and p(p(9)) are and
z

(a) = ) p(p(ka))  (p(ka))dk:

By Lemma 3.3.2.3 of [16]
(p(ka) (a):

Thus
(a) (@ o@ c (a) '@+ (@)™

The last inequality is a consequence of Theorem 8.3.7.4 of [16]

LEMMA3.7. Foreach 2D’ (P) there is a positive constantc( ) such that

@ o) (@ p'a)
for all a2 A" (P).

To prove this we remind ourselves of an integration formula ( cf. [4]). Let P be for
the moment any parabolic subgroup over R. Let N be the unipotent radical of a parabolic
subgroup over R opposed to P. G(R) is again P(R)K and we write g = p(g)k(g). If f is
any continuous functionon K \ p(R)nK then, with a suitable choice of the Haar measure on
N (R),

Z Z
(3:1) f(kdk="_  Z(p(m)f (k(m))dn

K N (R)
Take P to be minimal over R, take
f (k)= p(p(ka)) (p(ka));

and write p(M) = pp, k(M) = k3. Then

kia= p, taa 'na



Classi cation of irreducible representations 47

and
p(p(kia)) (p(kia))

equals
foi(p) *(p))of p(@) (A)of p(p(a 'Na)) (p(a ‘Na))g:

Consequently
z
(@= p(a (3 N_(R)f pr(p)  Np)of (p(a 'ma)) (p(a ‘ma))gdm:

Substitute ana 1 for I to obtain
Z

p (@) (1) N_(R)f p(p(ama 1) (pama 1)) gf p(p(M) (p(M)  (p(m))gdm:

All we have to do is show that for a given 2D’ (P) the integral is bounded below by a
positive constant as a varies over A* (P). If U is a relatively compact subset of N (R) so is
[
aUa 1:
a2 A* (P)

Since the integrand is continuous and positive, the required estimate is certainly valid.

We shall eventually have to make use of a well-known result of Bhanu-Murty-Gindikin-
Karpelevich. If P4 is a parabolic subgroup of G over R that contains the minimal P we may
setPY?=(P1),N{= (N1). SupposeP is opposed to P and N ; is its unipotent radical. If
h; "i > Owhenever isarootof T%in N{then

Z

(3:2) B p(p(m) (p(M)dn<1:
N1(R)

If P and Pg are two parabolic subgroups of Gover Rand P PothenD(P) D(Po).
Also if is any positive quasi-character of G(R) thereisa in D(G) suchthat =
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LEMMA 3.8. SupposeP is a parabolic subgroup ofG over R. Suppose and  are two

irreducible quasi-simple representations oM (R) on V and V respectively. Suppose that
there is a nontrivial M (R)-invariant pairing V.V ! C. Let K° be the projection of
K \ P(R) on M (R) and suppose that for any twoK % nite vectors v and v there is a

constant ¢ such that

jp (mv;vij ¢ °m) m(m); m2M(R):

Suppose °=  with 2D (P). If P contains the minimal Py then 2 D (Po) and for
any two K-nite ' and in I(V) andI(V ) there is a constantc such that

jhb (@5 i ¢ (9; 92 G(R):

As usual we suppose that (P) = P%and (P§) contain B® If is aroot of T%in N§
that is also arootin n°thenh; "i 0. If isarootin Nybutnotin N°thenh; "i =0.
Consequently 2 D (Po).

If k2 K,g2 G(R) write kg = pky, p2 P(R), k; 2 K, and let m be the projection of p
on M (R). Then

Z Z

H (g i= KH(kg); (k)idk = th(p) (p)' (k1); (k)idk:

There are functions ' ; in 1 (V), functions ' ; in I (V ), and continuous functions a;, j on K
such that X X
“(hk)= ai(k) i(h);  (hk)=  B(k) j(h)

for h 2 G(R) and such that ' (1), (1) are K% nite. Then

X
he(p) (R (k) (ka)i (k)i = p(p)  ac(ka)l (k)h (m)"i(1); ()i

1)

There is therefore a constantc such that
jhp(p) (P)' (k1); (K)ij cp(p (M) m(mM):

We may lift M to a Levi factor of P, chosen so thatM (R) is selfadjoint with respect to
the given hermitian form. Then K \ M (R) is a maximal compact subgroup of M (R) and
K\ M(R)= K\ P(R). The function ' (Q) is given by

Z zZ Z
Po(Po(kg))  (Po(kg))dk = po (Po(ukg))  (po(ukg))du dk:

K K K\ M (R)
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Setp(kg) = p= nm,n 2 N(R); then
ukg = unu tumk;

andunu 12 N(R) Ng(R). Pd= Pg\ M is minimal parabolic subgroup of M over R.
Write um = poko, Po 2 PJ(R),Po 2 K\ M (R). Then

Po(Po(ukg)) = p (M) po(Po):

Because 2 D(P)
(Po(ukg)) = (m):

Thus Z Z

@=  e(m) (m) po(Po)du dk:
K K\ M (R)

The right side is 7
p(m) (m) wm(m)dk:

Since p(p) = p (M), the lemma follows.

COROLLARY 3.9. Assume in addition that 2 D(G) D(P). Then
jhb (@5 i ¢ (9 c(9):
One has only to observe thatwhen 2 D(G)

(@@= (9) c(9):

We shall have to make use of some results from [6] that are considerably more serious
than those of the preceeding lemmas. We recapitulate them in the form we require. Two
conjugacy classesp and p° of parabolic subgroups of G over R are said to be associate if we
can nd P 2 p,P%2 pPsuch that P and P%have a common Levi factor. Given P and the Levi
factor M, for which M (R) is selfadjoint, we may, with no loss of generality, assume th at it is
the common factor, for we may replace P°by a conjugate.

If is a quasi-simple irreducible representation of M (R) we may de ne | with respect
to P orto P2 To distinguish the two possibilities we write 1P, 1P°. To apply the results of [6]
we take to be square-integrable modulo the center. It then satis es t he conditions of Lemma
3.8. In fact, we may suppose, since it is only the in nitesima | equivalence class of and |
that interests us, that V is a Hilbert space and that ! IS unitary. Then we take V to be
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the dual space toV and  to be the representation contragredient to . If (u;V) is the inner
product on V then 7

)= K(' (k) (k))dk

isaninner producton | (V). If we assume in addition, as we must, that  satis es the condition
of the corollary, then  1(g)l (g) is unitary with respect to this inner product.

For a general quasi-simple irreducible , the elements of operate on the in nitely differ-
entiable vectorsin | (V) as scalars. Moreover the restriction of I P to K contains any irreducible
representation of K with nite multiplicity. Exploiting, for example, thefact  thatthe characters
of irreducible quasi-simple representations of G°(R) are functions, one sees thatl  admits a
nite composition series. Our present stronger assumption s on , which imply the existence
of an inner product on | (V) with respect to which the operators | (g) differ by a scalar from
a unitary matrix, allow us to conclude that | is in nitesimally equivalent to the direct sum of
nitely many irreducible quasi-simple representations. Fr om Lemma 8 and Theorem 3 of [6],
we conclude thatif 1? and | %’ have an irreducible constituent in common then the classes of
P and PPare associate.

If P and P%have the common Levi factor M , gpen, by computing the character, one sees
that 1 P and | F, are in nitesimally equivalent ([6]; 11). By Lemma 12 of [6], the representa-
tions | and | % are in nitesimally equivalent if and only ifthereisan  h in the normalizer of M
in G(R) suchthat ®andm !  (hmh 1) are in nitesimally equivalent. What does not appear
so clearly in [6] is that if 1P and I have an irreducible constituent in common, then there
is an h in the normalizer of M in G(R) such that ®andm !  (hmh 1) are in nitesimally
equivalent.

This is an important point. We shall return to it after some co nsiderations that are,
unfortunately, only implicit in [6]. We take up once again th e assumptions of Lemma 3.8.
Suppose 2V isK\ M(R) nite. If ' 2 1(V)isK-nitethen ' (k) 2 VisK \ M (R) nite
forall k 2 K and f' (k)jk 2 K g spans a nite-dimensional subspace of V. There is therefore

a constant c such that
jp (m)' (k); in ¢ (m) m(m)

forall m2 M(R)andall k 2 K. Suppose' 2 1(V), 2V ,and

=kk <1:

| ih (m) (0); i
(3:3) P M) (m)

If U is a compact subset of G(R) and p(kg) = n(kg)m(kg) then

fm(kg)jk 2 K;g 2 Ug
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is relatively compact. Set m; = m(kg), k; = k(kg), and let m, 2 M (R); then
jh (m) (kg); (M2) ij = p(ma)jh (M, mmy)" (ka); ]
which is bounded by
¢ (mytmmy) y(mytmmg) @ (m) y (m):

For the last inequality see Proposition 8.3.7.2 of [16].
It follows easily from these considerations thatif f 2 C! (G(R)),ifk' % < 1 ,and
Z
L= (f) 0= f(g)! (9)' “dg
G(R)

then

(3:4) g!i!mh kI (9" I (h)yk =0:

Notice in particular that if ' is K - nite there isan f such that
= (F)"

If 2V letl(V; )bethesetofall' 2 | (V) satisfying (3.3) and (3.4). Ifv is a compactly
supported measure on M (R) and
Z

0 (m) dv
M (R)

then I(V; 9 1(V; ). Inparticular 1 (V; ) is the same for all nonzero K \ M (R) nite
vectors . If 1 (V; ) contains the K - nite vectors then the restriction of | to I(V; ) is
in nitesimally equivalent to

LEMMA 3.10. Suppose satis es the conditions of Lemma 3.8 with 2 D(P)*. Suppose
M is a Levi factor of P with M (R) selfadjoint and P\ P = M. If N is the unipotent
radical of P, 2V ,and' 2 1(V; ) then

Z

h (ng); idn
N(R)
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is absolutely convergent.

We may takeg=1. Write m= nmk,n2 N(R),m2 M(R),k 2 K. Then
i (M; i = p(m)ih (m) (k); ij cp(m) (m) m(m):

We have seen thatif P P is minimal then
Z
—po(po(m)  (po(m))dm
N (R)
is in nite; it equals
Z Z
B po (Po(unu 1) (po(unu 1)) dm:
N(R) K\M(R)

Sincepo(unu 1) = po(um) we may proceed as in the proof of Lemma 3.8 to see that this double
integral equals 7

p(m) (m) m(m)dm:
N (R)

The lemma follows.

We set Z

hH (ng); idn=M(; ;0):
N(R)

Itis clear that
M sghy= M(l (h); ;0
and that
M( (m);g)= (MM ;m 'g):

Let V, be the space of vectors inV forwhich | (V; ) containstheK - nite vectors. V,
is invariant under M (R). If ' is K - nite

MG 1)

isaK \ M (R)- nite linear formon 'V, . There is therefore aK \ M (R)- nite vector M (" ) in
V such that
M(; D=hM(); i

for 2V,.
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Themapp n! pnof P(R) N(R)into G(R) is a diffeomorphism of P(R) N (R)
with an open subset of G(R). If f is an in nitely differentiable complex-valued function on
N (R) with compact support X andv 2 V isK - nite,dene ' 2 1(V) by

“(pm) = £(M) e (P) (P)V:

The set
Y=fm2M(R)IN(RmMK \ X 6 ?g

iscompact. fm 2 M (R)andmk = nym;m,n; 2 N(R),m; 2 M(R),n2 X thenm = mym,
with m, 2 Y. Thusif isK \ M (R)- nite
jnm) (k); ij ¢ (my) m(my) & (M) m(m):

Given we can clearly choosev and f suchthatM ('; ; 1) 6 0. If din C! (g(R)) isa
suf ciently close approximation to the delta-functionand ' °= 1 (d)' thenM (' & ; 1)isalso
not zero. Since' °2 1 (V; ) we have the following lemma.

LEMMA 3.11. If 2V isK\ M(R)-nite thereisa ' 2 1(V; ) such that
M(;; 1)60:

If M (R) is selfadjointand A P(R) then A M (R). Let A(P) be the centralizer of
M (R) in A and let A* (P) consist of thosea in A(P) forwhich (a) 1if isarootof TC%n
NO Wesaythata!1l in A*(P)if (a)!1 forall such

LEMMA 3.12. Suppose that 2 1 (V) and 2 1(V ) are K-nite. If m 2 M(R) is xed,
then
ho(am); i= p'@f @M (1);m)+ of (a)g

asa!l in A" (P).
Sincej %(a)j = (@) the error term is smaller than the principal termif M ('; (1);m) 6
Replacing' by | (m), we supposem =1."' may no longer be K - nite.

y
H(a; i= H(ka); (kidk:
K
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The integrand is clearly a functionon K \ P(R)nK . ChooseP and N as in the previous lemma
and write M= nmk,n 2 N(R),m 2 M (R), k 2 K. Applying (3.1) we see that the integral is
equal to 7

~ B(m)A (ka); (K)i;dm
N (R)

Leta ma = nimik;. Sinceka= m n ma=m !n laa !matheintergrand is
p(M) p(a) p(Mi)h (M *amy)' (ky); (K)i:

If we substitute ama ! for i so thatm = nymiky, ama ' = nmk the integral becomes
Z
(@) °%a) I p (M) p(my)h (M *my)' (ky); (K)idm:
N (R)

All we have to do is show that
Z

lim p(m) p(my)h (M "my)' (ka); (K)idm= M (5 (1);1):

Inamoment we shall show that we may take the limitunderthein tegralsign. Sinceana ! 1,
we may supposethatn! 1, m! 1 k! 1. Theintegrand approaches

p(my)h (my)' (ky); (1)i =H (M); (i

and the lemma follows.
The integral is dominated by a constant times

p(M) p(M1) (M *my) m(m 'my):

ChoosePy P such that Po(R) A and such that Py is minimal over R. As usual let
Ps= Po\ M. Since
Z
1 _ 0 1 :
m(m “my)= po(Po(um “my))du;

K\ M (R)
it is enough to show that the integral of

p(M) p(m1) (M *my) po(P(um ‘my))

is uniformly small on the complement of a large compact setin N(R) (K \ M (R)).
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Choose aPy P that is opposed to Py so that
A Po(R)\ Po(R) = Mo(R) M (R):

Write an element of No(R) asflp = ngmgkog, Ng 2 Ng(R), Mg 2 Mo(R), ko 2 K. Iff isa
functionon K \ Mg(R)nK then
Z Z

f(k)dk= E,O(mo)f (ko)dnyp:
K No(R)

If Ng = No\ M then No(R) = No(R)N(R). LetMo = ndmy; letnd = n,m,v, np 2 NY(R),
m,; 2 Mo(R),k 2 K\ N(R); letviyv 1= nsmsks, N3 2 No(R), m3 2 Mo(R), ks 2 K. We
may suppose

Mo = Mo2M3; k0= Ksu:

Then the integral is equal to

Z Z

,%0 (m2m3)f (k3V)dTTldTT8:

NJ(R) N(R)

Replacing 1 by amya ! so that nsmsks = vamia v 1 we obtain
Z Z

-2(a) B (mamy)f (kav)dmidmg:
No(R) N(R)

On the other hand, if M = nmk
Z Z Z

f (k)dk = 2 (m) f (uk)du dm:
K N (R) K\ m(R)

Replacing m by anma !, we obtain

Z Z
2@  E(m) f (uk)du dn
N (R) K\ M (R)
where nmk is now ana *.
Thus
Z Z Z Z
2 (m) f (uk)du dm = 2 (Myma)f (kav)dmydnd:

N(R) K\ M (R) NO(R) N(R)
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If X is a compact set inWS(R) N (R) = Ng(R) with complement CX, then
Y = fm 2 N(R)jm 2 P(R)X g

is also compact. Iff is positive

Z Z Z

,%(m) f (uk)du dn ,?,(mzmg)f (k3v)dﬁ1dﬁ8:
cY K\ M(R) CX

Takef to be the function

pl(a) 1(a) (Po(ka)) po(po(ka)):

If ana ! = nmk, thenuka = um In lamand
S(m)f (uk)= p(m) p(mg) (m 'my) Pg(pg(um tam;))

if ™ = nym1k;. Observe that
p(a)= po(a)

and that, more generally,
po(m) = p (M) po(po(m))

forall min M (R).
To nish the proof of the lemma, we show that

g(mzms)f (ksv)

is dominated on N(R) by an integrable function that is independent of a. Letvmv ! =
n4m4k4, Ng 2 No(R), My 2 Mo(R), k4 2 K. Sincekgva= mg lno 1aﬁ0 and Mg = MoMg,

B, (M2m3)f (kav) = Fo(M2) p,(Mama) (M3 my)
m», does not depend on ;. Consider the function
po(Mams)  (M3Tmy)

on N(R). Replacing m; by v 1mv we may, for the present purposes, suppose that v = 1.
Thereisa in D* (Pg) such that

po(M)= (M); m2 Mp(R):
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Thereisa ,1> > 0, suchthat alsoliesinD* (Pg). Let =1 . By Lemma 13 of

(4],
(m3) L (mgtmy) L

By the formula of Bhanu-Murty-Gindikin-Karpelevich [3],t he function
v (Myg)
is integrable on N (R). It does not depend on a. Since the transformation m; ! v mvis
unimodular, it remains only to observe that, by the same form ula,
Zo(my)dnd < 1
No(R) °

We stillsupposethat 2 D(P*). Thespacel (V; )isthe same forallnonzero K\ M (R)-
nite . Denote it by 1¢(V) and provide it with the norm

K' k +sup k' (k)k:
k2 K

This norm depends in no essential way on . The subspace
[1(V)=1" 21o(V)JM('; ;g )=0forall g2 G(R)g

is also independent of . Itis closed and G(R)-invariant. The quotient J(V) = 1o(V)=I1(V)
is not zero. Let J be the representation of G(R) on it. When we want to indicate the presence
of P we write JP instead of J .

LEMMA 3.13. The representationJ is irreducible.

Supposel (V) is a closed invariant subspace of Io(V) and 11(V) 6 12(V) 6 1o(V). If
v 2V isK\ M (R)- nite then the function

" M(>(5v o)

on lo(V) is continuous. Ifit vanishes on all K - nite functions in 1,(V) it vanishes identically
only(V). Then

0=M(l (9,v ;1)=M(v ;0)
forall ' 2 I,(V). This is impossible unlessV = 0. On the other hand, there is a K - nite

function in | (V ) thatis not zero but is orthogonal to 1,(V). Thenh (g)' ,l1 (k) i =0 for
allg2 G(R)andallk 2 K. If" in (V) isK - nite we may apply Lemma 3.12 to see that

M (k);1)=0

for all k. This in turn implies that (k) = O for all k, which is a contradiction. The lemma
follows.
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LEMMA3.14 (a) Suppose and Osatisfy the conditions of Lemma 3.8 with respect td® and
PO respectively. Suppose 2 D*(P) and °2 D*(P9. If JP and J®’ are in nitesimally
equivalent there is anh 2 G(R) such thatP% = hph !, M®= hMh 1!, and such that
m! p%hmh 1) is in nitesimally equivalent to

(b) Suppose satis es the conditions of Lemma 3.8 with respecttoP and 2 D* (P).
Suppose ° satis es the conditions of Corollary 3.9 with respect toP° If P 6 G, then JP
is in nitesimally equivalent to no constituent of J A

We may certainly suppose that P and P °both contain Po minimalover R,thatA  Py(R),
and that M (R) and M (R) are selfadjoint.

If and ©are two irreducible quasi-simple representations of G(R) on W and W?,
respectively, then and Care in nitesimally equivalent if and only if forany K - nite vector
w 2 W and any K - nite linear form f on W there are aK - nite w°2 W°%and aK - nite linear
form f ®on W9such that

f( (@w)= Y Ygw)

forall g2 G(R). If S( )isthesetofall 2 D(Pg) such that forany K - nite f and w there is
a constantc such that

if( @wj cpi(@) (a)

on A* (Pp) then
S()=5s(9

S( )isaconvexset. We introduce the Killingform B(; )onL R. Itispositive semide nite.
If S( ) is not empty there is a unique point v( ) in its closure such that

b(v( );v( ) =inf fB(; )i 2 S( )g:
If isJP thereisaK-nite ' inlo(V)andaK-nite inl(V ) suchthat

fC(@w)= R (9); i

for all g. By Lemmas 3.6 and 3.8, the closure ofS( ) contains
We may choose aK - nite in I (V ) such that is orthogonal to 11(V) and such that
(1) 6 0. We may also choose aK - nite ' in Io(V) suchthat M (; ; 1) 6 0. Applying
Lemma 3.12 to this pair we see thatif = + belongstoS( )then (a) 1lifa2 A*(P).
Since 2 D*(P),B(; ) isthennonnegative and

B(; )=B(;, )+2B(; )+ B(; ) B(; ):
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Thus ()=

If Osatis es the conditions of Lemma 3.9 and Cis a constituent of | Poo then we can nd
'Oand O%such that

FYL APw) = H o(g)" & A:
It follows readily from Lemma 3.6 and Corollary 3.9 that  Clies in the closure of S( 9. Since
°2D(G)=D*"(G),B( % 9=0and ( 9= ©

If P and P%contain Py, D* (P) and D* (P9 are disjoint unless P = P2 This gives the
second part of the lemma and half of the rst. We now supposeth atP = P9SM = M%and
show that if JP and J%’ are in nitesimally equivalent thensoare  and °

Let inl(V ),with (1) 6 0, beK - nite and orthogonalto 1,(V). Let" liein Io(V)
but notin 11(V) and be K - nite. Then there exist ' ®and Cthat satisfy analogous conditions
with respectto  %such that

ho(g); i=hog) % 9
Applying Lemma 3.12 we see that

h(mM();, @i=m(C) (m?h @i

MG (m Y @Q1=M(G ()m)

is equal to
h(mM (9 q)i:

SinceM (' ) 6 0, itfollowsthat and Care in nitesimally equivalent.

There is a point mentioned earlier that remains to be settled . We have to show thatif and
Osatisfy the conditions of Lemma 3.9 with respectto P and | P and | % contain in nitesimally
equivalent irreducible constituents then there is an h in the normalizer of M in G(R) such that

%and m! (hmh 1) are in nitesimally equivalent.

We have de ned the quasi-character on M (R) for 2 D(P). The same formula

Y - -X.
(@@= i
i
: P . :
ifx = X; jservestodeneitfor 2 D(P) C.Set = . All the representations

act on the same space. Take in iD (P) and consider the functions
f (9= He (9); I

where' 2 I(V)and 2 I(V )areK-nite. Let h run over a set of representatives for the
normalizer of M in G(R) modulo M (R). If v does not lie in a certain nite set of hyperplanes
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the quasi-characters | : a ! (hah 1) of A(P) are distinct and if fp is de ned as in [6]
then, by Theorem 5 of that paper

X
fp(m)= h(m)
h

where
nh(@m) = ,(a) ,(m); a2 A(P):

By Lemma 3.12 and by Lemma 9 of [6], ;(m) has the form

1(m)=h (mM (); @i

where M (") liesin V. M (') is a meromorphic function of  in a neighborhood of iD (P)
and its singularity can be killed by a product of linear facto rs. Let " be the representation
m ! (jmh 1). Sincel and| .. Itfollows that | is of the form

h " (m)M"( );N"( )i

where M"(" ), N"( )areK \ M (R)- nite vectorsin V and V . They too are meromorphic
in a neighborhood D (P) and their singularities can be killed by a product of linear f actors.
Let 1;:::; ; be abasis forD(P). If a = (az;:::;a) is an r-tuple of non-negative
integers set
Y
la(m)= flog (m)g*:

i=1

Let f hg be a set of representatives for the normalizer of M in G(R) modulo the group of those

ginthe normalizer forwhich 9:m! (gmg 1)isequivalentto . Ifthe reader is willing to
admit* that, fora xed m, f,(m) depends continuouslyon 2 iD (P), he can conclude that
X X
fo(m) = la(m)h "(m)" §; i
h a

where the sumon ais niteand ' ! and [ areK \ M (R)- nite vectorsin V andV .

If M is also a Levi factor of P%then a similar result holds for f3.,(m). Since not all of the
functions f 3o(m) can vanish identically, we conclude that from a nonzero matr ix coef cient of
any irreducible constituent of 1 we can retrieve at least one nonzero matrix coef cient of one
of the representations M. This yields the required assertion.

* The author leaves him to struggle with his conscience.
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We are now in a position to complete our de nition of sets .. LetP" be minimal among
the parabolic subgroups of G" containing ' (WR). The group G" may be represented as a
semidirect product G® WRg. SinceC WHR acts trivially we may divide out by it to obtain
the algebraic group G® g(C=R). The image of P" is also algebraic and we may use the
theorem that any two maximal fully reducible subgroups in an algebraic group are conjugate
to conclude that ' (WR) is contained in a Levi factor M " of P" . By assumption the class of P
liesin p* (G). Let P be a parabolic subgroup of G over R whose class corresponds to that of
P". Since' (WR) is contained in no proper parabolic subgroup of M " the earlier de nition,
together with Lemma 2.4, associates to' a niteset - (P;P")in ( M).

Suppose' (WR) is contained minimally in both P" and P" . Then
(P"\ PN (PO\ P)N"

and the right side is a parabolic subgroup of G° ([1], Proposition 4.4). The right side is the
connected component of the left. Since the left contains' (Wg) which projects onto WRg, it is
a parabolic subgroup of G" . Since itis contained in P" and contains ' (WR) itis equal to P" .

. =0 . . . .

By the same proposition P~ contains a maximal reductive subgroup of P?. Reversing the roles
. : . =0 .

of the two groups we see that P? contains a maximal reductive subgroup of P . Since any

two maximal reductive subgroups of P or of P° have the same dimension, P® and P° have a
common maximal reductive subgroup. As before, we candivide G" byC  G" = G® Wg
to obtain an algebraic group. C is containedin P" \ P" and the quotientof P" \ P" by C
is an algebraic group. Take a maximal reductive subgroup in i t which contains the image of
' (WR). Letits inverse imagein P\ P" beM”".M" contains' (WR) and therefore projects
onto Wgr. Since [12] any two maximal reductive subgroups of the quotie ntof P* \ P" by C
are conjugate,M " contains a Levi factor of P° and of P°. Thus M " itself is a Levi factor of
P" andof P".

Since the set  (P;P") does not depend on M ", we may, for our purposes, x M" and
let P*, which does affect - (P;P"), vary over the parabolic subgroups of G" with M" as
Levi factor. Since the pair (M; P ) together with the set - (P;P") is determined only up to
conjugacy we may assume that M too is xed. It will be supposed that M (R) is selfadjoint,
although this is not important.

If D(M) is the space introduced in the proof of Lemma 2.5 and M is a Levi factor of P
thenD(M)= D(P).Let = . (P;P")in D(M) be de ned by the condition that

i 2= (2

if 2 (P;P")andz 2 Zy(R). We observe next that P and P" may always be so
chosen that - (P;P") 2 D (P). Infact, if we vary P and P" simultaneously as in Lemma
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2.5 we may let P vary over all parabolic subgroups of G with M as Levi factor without
affecting - (P:P") or . (P;P"). For at least one suchP, . (P;P") 2 D" (P), the closure
of the chamber corresponding to P. From now on we only consider pairs P, P" for which

. (P;P") 2 D (P). There is, moreover, a unique parabolic subgroup P; of G over R such
that P, M and . (P;P") 2 D* (P4). P contains P and there is a unique P;" containing
P" such that P, and P;" lie in corresponding classes.

We can characterize P;" interms of M" and ' (WR) alone, without reference to P and
P" . For this we shall have to take cognizance of the way M " is identi ed with the associate
group of M. We recall that we choose an isomorphism  of G with a quasi-split group G°
containing B%and T% sothat ! ( )isinnerandsothat (P) BPandM®= (M) TC
We then use G° B? and T%to construct G°, B®, T® and G" = G® Wpg. Conjugating M "
and P", and therefore also' , but that does not matter, we arrange that P"  B° and that
M”*  TO. The construction of G" is such that this M " can be trivially identi ed with the
associate group of M . We may also suppose that' (C ) T¢ C .

Now that everything is explicit, let us recall how the restri ctionof ©, 2 . (P;P"),to
the connected component of M4 (R) is determined by ' . We write ' (w) = a(w) w with
respect to the splitting G® WR. As before let ~ be the action of 2 g(C=R) on T?, L, and
L" determined by ' . Choose and = — inL C such that

/\(a(z))= Zh; Aizh; "

Any sin the connected component of M o4 (R) may be written as s = e, where H = ~H lies
inL" Candh;H i =0if isarootof T%n M? Then

O(S): eh= 22H+"Hi — eh; Hi:

Write = 1+ where™ 1= 41,7 5= 2. Because' (WR) is contained in no proper
parabolic subgroupof M”*,h ; "i =0if "isarootof T®in M% Since — =2 ,lies
inL,

h,;Hi=nh z;qi = h 2;_ﬁi = h ,;Hi
and h ,;Hi is purely imaginary. A similar calculation shows that
Reh {;Hi = hRe 1;Hi:

Thus _ . %
j O(S)j — o'Re 1;Hi — eRe pH+HI=2 _ ] i(S)in
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if Re | = P Xi i.ltfollowsthatif = . (P;P")then =Re ;. ThusP; isdetermined by
the conditionthat " isarootof T®in P ifand onlyif hRe ;; "i 0.

PlA is therefore determined by ' alone. P; is then any parabolic subgroup of G over
R containing M whose class corresponds to that of P;". P and P" are then any pair with
P P, P" P." whose classes correspond. Choose a Levi factorM; of P; over R that
contains M . P\ M = PPis a parabolic subgroup of M. If 2 . (P;P") we may consider
the irreducible constituents of |1 P°, a representation of M1(R). Let 9 be the set formed by
the in nitesimal equivalence classes of these constituents as varies over - (P;P"). We
have to observe that °  ( M) is independent of the choice of P and P" . Since ? is not
affected if we simultaneously conjugate P%and - (P;P") with an element of M 1(R), we need

only check that  © is independent of P" . But if we change P" then, by Lemma 2.5, we may

changeP and henceP%sothat - (P;P") is notaffected. Sincel ?°and I P are in nitesimally

equivalent if P%and P are two parabolic subgroups of M1 with M as Levi factor, the set ©
does depend onlyon ' .

We have normalized ' so that Pi contains B®. Suppose' °is normalized in the same way
and gives rise to the same Pi . We shall need to know thatif © and ?, have an in nitesimal
equivalence class in common then' and ' © determine the same element of ( G). If ° and

9, have an element in common then, as we can see from our review of the results of [6],
the images' (WR) and ' {WR) may be supported to lie in the same M ", no proper parabolic
subgroup of which contains either of them. We may choose, ten tatively, the same P and P" for
both of them. Thentherearea in - (P;P")anda %in . o(P;P")andaginthe normalizer
of M in M1(R) such that is equivalentto m ! Ygmg *). If 1 is the restriction of adg to

M and  the associated automorphism of M " then, by condition (iv),

coy(PiPY)=fm!  (gmg Hj 2 - (P;P")g:
By Lemma 2.7, there is anh in the normalizer of M" in M ¢ such that on M" the operator
adh is equalto ;. We may replace’ by adh ' . Then - (P;P")and o(P;P") have an
element in common; so' and' ®belong to the same class in ( M 1) and hence in ( G).

We are now able to introduce - in general. - consists of the classesJP:, 2 9.
By Lemma 3.14, together with the preceding discussion, these sets are disjoint. The other
conditions on the sets - are built into their de nition.

4. Exhaustion. It remains to prove the following proposition.
PROPOSITION 4.1. The sets ;' 2 ( G), exhaust ( G).

We agree to call an in nitesimal equivalence class essentially tempered if it is a constituent
of some | where satis es the conditions of Corollary 3.9 and is square-integ rable modulo
the center. To prove the proposition, we have only to prove th e following Lemma.
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LEMMA 4.2. If is an irreducible quasi-simple representation ofG(R), there is a parabolic
subgroupP of G over R and an essentially tempered representation of M (R), M = P=N,
such that 2 D" (P) and such that is in nitesimally equivalent to J .

has the same meaning as in Lemma 3.8. Notice that, by Lemma 3.4, and P are
uniquely determined by . The lemma reduces the problem of classifying the classes of
irreducible quasi-simple representations of G(R) to that of classifying the classes of essentially
tempered representations of the various M (R).

Let be given. The rst, the easy, stepisto nd P. Let actonV. Ifg2 G(R) and v
lies in the dual space of V dene  (g)v by

hv; (gvi=h(g Hv;vi:

Iff 2 CL (G)dene (f)v by
Z
b, (f)vis= f(g)h (g Yv;v idg:
G(R)

Itis clear that Z

k (F)vk k vk if (9)jk (g)kdg:
G(R)

Itis also clear that every K - nite vector v isa nite linear combination

vV = (fi)v; :

LetV bethe setofallv forwhich

lim k  (g)v (h)v k=0
gl h

forall h. SinceV contains all vectors of the form  (f )v , itcontains all K - nite vectors. The
representation  onV is continuous and the pairing (v;v ) !'h v;v i is G(R)-invariant.

Let X be a nite collection of classes of irreducible representations of K. Let V(X)
and V (X) be the direct sum of the subspaces ofV and V transforming according to the
representations in X. Consider the function  from G(R) to the dual W (X) of V(X) V (X)
de ned by

(9):u v'ih (g)u;vi:
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Choose a parabolic subgroup Py of G minimal among those de ned over R. We suppose
that A Po(R). D(Pp) and the Lie algebra A of A are in duality over R in such a way that

(expH) = et 1

It will be convenient to shuck some of our earlier notation, w hich is not always appropriate to
our present purposes. Write D(Pp) = Do + D, where Dy is orthogonal to A\ gqer and D is

orthogonal to A\ graq . D has as basis the roots 1;:::; | of A simple with respectto Py(R).
The Killing form B(; ) is nondegenerate onD and zeroon Dy. Dene ;:::; (in D by
B(i: )= i:

By Theorem 9.1.3.2 of [16] there is a countable subset ( ; X) in D(Pg) C such thatin
the interior of A™ = A" (Pp) an expansion

X
(4:1) (a)=ehHi p (H)ehH |
2L(; X)

is valid. is one-half the sum of the roots of A positive with respect to Py and taken with
multiplicity. a= € and p is a polynomial function of H with values in W (X) that does not
vanish identically.

If and belongto D(Py) C we write if
Re =Re + Xi i
with x; 0. Let E(; X) be the set of maximal in L( ; X) with respect to this order. Asin
[16], E(; X)is nite. There is a simple fact to be veri ed.

LEMMA 4.3. The setE(; X) is the same for all X for which W (X) is not zero.

If X and Y are two nite collections of classes of irreducible represe ntations of K we may
also introduce a function  with values in the dual W(X;Y)of V(X) V (Y) by

(g:u vih (gu;vi:

Thus also admits an expansion of the form (4.1). We introduce E( ; X;Y) and show that it
is the same for all X and Y for which V(X) 60 andV (Y)60.
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Itis clear thatif X; X, then every element of E( ; X1;Y) is dominated by an element
of E(; X2;Y). If V(X) is different from Othen every K - nite vectorin V is a nite sum

X
(Xi)u;

with u; 2 V(X), X; 2 Y, the universal enveloping algebra of g. If

f(9)= h (g)u;vi

then
h (9) (X)u;vi = Xf (g):

Ifu2V(X),v2V (Y)thenh (g) (X)u;viis a coordinate of the W (X;Y) valued function
X ( g). It follows from Theorem 9.1.2.9 of [16] that every exponent in the expansion of
h (g) (X)u;viis dominated by an elementof E(; X;Y). Thisif V(X;) 60 and V(X;) 6 0
then every element of E( ; X3;Y) isdominated by an element of E( ; X2;Y) and conversely.
The two sets are therefore the same.

We de ne adouble action w! 1(ky)w 2(k2) of K on W(X;Y) by
k)W 2(kz) u vEow( (kD (ke)v):

We may interchange therolesof V andV andof Xand Y, replacing by .If!  theelement
of the Weyl group of A that takes positive roots to negative roots, is represented by k 2 K,
then

tu; (@vi=h(a Huvi=h (0 (a ) Ku; (kvi:

Thus ( a) is replaced by
1(K (@) 2Kk

and
EC ;Y;X)=1 1()i 2E(; XiY)a

It follows that E( ;X;Y) is also independent of Y.

We all also need some simple geometric lemmas. We recall thatB( ;; ;) Oifi 6 |
andthat B( j; j) Oforalliandj. If Fisasubsetoffl;:::;rglet D¢ be the subspace of
D spannedbyf ;ji2 Fg. Ifi2 Flet F = ;;ifi 2 Flet [ be the orthogonal projection of

i on the orthogonal complement of Dg. Dene [ by

B({: )= i:
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Ifi 62F then © = . Ifi 2 F then

If kisnotin F then
0=B(F; F)=(C i )+ ck:

f kjk 62F gis a basis for the orthogonal complement of D and B( x; ) Oif k 8 I. Since
f F jk 62Fgis the dual basis, B( {; fg 0. Therefore [ is a linear combination of the
k with nonnegative coef cients. Since B( i; x) O0,B( i; |f) Ofor k 62F andcy O.
Thusifiandj belongto F andi 6 |
X
B(T: [)=B({; )=B(i )+ cB( ki j) O
K6F

The inequality B( {; [) Oisalsovalidifone of i andj does not liein F.
For eachF let "¢ be the characteristic function of

f 2D(P)jB( F; )>0,i2F, B(F; ) 0 i6XFg

LEMMA 4.4. If 2 D(Po) then X

"r()=1:
F

SupposeB( i; ) > Oforall i. ThenB( F; ) > Oforall i and all F. Since the basis
f Fgisdualto f FgandB( [; ) Ofori 6 j, [ isalinear combination of the F
with nonnegative coefcients and B( F; ) > Oforall i and F. Thus "g( ) = O unless

A hyperplane de ned by an equation B( ©; )=0orB( [; ) =0 forsomei and F
will be called special. If is any pointin D(Pp) and if B( j; ) > Ofor all i, then for any
suf ciently small positive real number a

"r()="r( @)

forall F. Moreover a liesinno special hyperplane. To show that " is a constant we have
to show that it is constant on the complement of the special hy perplanes. For this we have
only to verify that it is constant in a neighborhood of a point ¢ lying in exactly one special
hyperplane.
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For this we may disregard all those F which lie neither in

Si=fFjB( F; o)=0forsomei?2 Fg

nor in
s; = fFjB( [; o)=0 for somei 62Fg:

a bijection between S; and S,. If F; 2 S; and ,F with i 2 F; is orthogonal to ¢ set
F, = F, f ig. T and in both lie in the space spanned by f jjj 2 Fig and are both

|
orthogonalto f jj 2 F»g. Thus they are multiples of each other and F, 2 S;. Itis clear that

F1! F»isabijection. Since
1= B( iFl; i): B( iFl; in);
F1 is a positive multiple of 2. We have relations
Fo_ F Fi. .
Fe=al+q [ 2R
7= frvg 7
Near g
signB( [2; )=signB( [*; ); | 62Fy;
signB( [2; )=signB( [ ); j 2 Fa

Moreover, either B( *, ) > Oor B( [2, ) Obutnothboth. Thus "¢, + ", is constant
near . The lemma follows.

If 2 D(Pg)letF = F( ) bethe unique subsetoffl;:::;rgsuch that
B(F,)>0 i2F
b F; ) O i6xF:

Let © be the projection of on the sum of Dg and Dg. ThenB( ;; °) Oforall i and
B(i; 9 > 0ifi 2 F. This is clear becauseB( ;; ) = 0 if i 62F and B( i; °) =
B(F; 9=B(F; )ifi2aF.Let = %+ 1 Then
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Notice that
b=B(i; H=B({; H=B( ;)

LEMMA 4.5. Suppose and lie in D(Pg) and

i=1 j6F ()

Supposec;, 0O, 2 D,B(i; )=0if i 62F( ), and B( i; )
0 0

Certainy © 22 D.Ifi 2 F( )then

(4:2) B(i; ° 9= ca+B(i;) O
If i 62 ( ) then
B(i; 9=B(i; % 0
Ifi 62( ) ] X
i = g j
J6F ()
with g  0; so
B( |F; 0 0) 0
Moreover _ X
P q
i2F ()
and

a =B(i; )iB(j;j) O
For (4.2) we conclude that
B(i; ° 9 B(f:° 9 o

The lemma follows.

(0%

0if i 2 F( ). Then
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COROLLARY 4.6. iF then © 0,
If then
X
+ G =
i=1
with ¢ 0. Since X
= %4 b i
i6F ()
with by Oand X
= %+ di |
i6F ()

the corollary follows.

Since the setE ( ; X) is the same for all X with W (X) 6 0 we may denote it by E( ).
Consider
L°C; X)=1f % =Re % °2L(; X)g

and

EOC)=f % =Re % %2 E( )g:
Suppose Cliesin LO(; X). Thereisa °2 E( )suchthat © %then =Re ° =Re ©
and © 9 ThusLO(; X)hasamaximalelement ®and °2 E°( ). We xsucha ©once

and for all. Since © lies in the closure of D* (Pp) there is a unique P containing Pg such that
02 D*(P). This will turn out to be the P which appears in Lemma 4.2.

To obtain the representation we have to apply some results that appear in an unpublished
manuscript of Harish-Chandra [5] but, to the best of my knowl edge, nowhere else.

D (Po) isthesumof D1 = D(P) and its orthogonal complement D». A isaproduct A1A5,
where A; = A(P)= fe'jH?D,gand A, = fe'jH? D1g. LetL1( ; X) be the projection of
L(; X)onD; C. The rstresult we need from [5]isthat ( @) = ( a;;ax) = ( €'i:ap)
admits an expansion

. X .
(4:3) gh Hal L(Hy;ap)eh viHal
12L1(;X)

valid for a; in the interior of A7 = A*(P). (Hg;a) is a polynomial function of H; whose
coef cients are analytic functions of a,. The degrees of thee polynomials are bounded. If
a=¢e' 2 A* = A" (Pg) then

X .
(4:4) (Hyap)ehr Hil= p (H)e" Hi
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where the sumis taken overall 2 L(; X) whose projectionon D; Cis 1.

To exploit this expansion we have to generalize some considerations to be found in x9.1.2
of [16]. The generalization being quite formal, we shall be as sparing as possible with proofs.

Choose a Levi factor M of P over R such that M (R) is selfadjoint. Let p, m, n, kin g be
the complexi cations of the Lie algebras of P(R), M (R),N(R),and K andlet P, M, N, and
K be their universal enveloping algebras. Let qbe the orthogonal complement of min k\ gger.
As on p. 269 of [16], but with a different result, we de ne Q to be the image of the symmetric
algebra of gin A.

Note that
dim g=dim g dim p=dim n

and that
dim g=2dim g+ dim m:

Let K1 = K\ M(R). Itis a maximal compact subgroup of M (R). Let U be a compact
subset of M (R) with U = K;U = UK;. As m varies over U the eigenvalues of adm in the
orthogonal complement of min gqer lie in compact subset of C , say

zj% jz] R
Let A] (R) be the setof allain A; such that (a) > R for every rootof Ay inn. If m= mja,
m; 2 U,a2 A] (R) the centralizer of m in glies in m. Moreover
(4:5) g=adm(g m q
To see this one has only to verify that
adm(g)\ (m+ g =0:

Sincem and q are invariant under K1 and M (R) = K;AK ; we may suppose that mq, and
hence m, lies in A. Suppose X lies in the above intersection. Let be the automorphism
of G(C) such that (g 1) is the conjugate transpose of g with respect to the hermitian form
introduced earlier.  is a Cartan involution. Let H lie in the Lie algebra of A1 and set

Xu = (adH)2X:
Then Xy 2 kand adm(X ) 2 k Consequently

adm(Xy)= (@dm(Xy))=ad m 1(Xy)
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and
admZ(XH): Xy

Sincead m has only positive eigenvalues and since its centralizer in gis m, this equation implies
that Xy 2 m. Thus

(adH)3X =ad H(XH)=0:
However, adH is semisimple; so Xy = 0. SinceH was arbitrary in the Lie algebra of A;, X
lies in m. Since bothm\ gand m\ adm(q) must be zero, X is zero.

The relation (4.5) yields an isomorphism

A" adm(Q) M Q' Q M Q:

If X 2 A we let X, be the corresponding element on the right. The function  restricted to
M (R) yields a function on M (R) with values in W(X). If X 2 M we denote the result of
applying X to this function at the point m by ( m; X ). The actions ; and ; of K on W(X)

yield actions of k Let X ! X betheinvolution of kdenedby X = X, X 2k IfX 2 A
and X
Xm = Xi Y Zj
then X
X (m)= 1(Z; ) (. m;Yi) 2(Z; ):

LetP = (P). ThenP isdenedover Rand P\ P = M. Moreover
g=n+m+g

and
A = NMQ :

P
If X = YiZi,Yi 2 M, Z; 2 Q then
X
Xm = 1, Zi:
SupposeX 2 M. LetX = (X),X 2 n. Then
Y=X+X
liesin q. Let X = adm(X),X = (X9 and

YO= X0+ X°= X%+ (adm(X)):
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Since
adm(Y) = X%+ ad m(X) = X0+ (ad (m)(X))

we have
(fadm ad (m)gX)= Y° admy:

We are still assuming that m = mja, m; 2 U, a2 A] (R); the restriction of adm ad (m)to
n is therefore invertible. Let F be the ring of functions generated by the matrix coef cients of
its inverse. F does not contain 1. ReplacingX by fadm ad (m)g X, we see that

X X
X = fi(m)adm(X;) + g (m)Z;

with f;, g in Fand X;, Z; in Q. Then
_ X X
Xm= filmX; 1 1+ g(ml 1 Z;:

One proves more generally by induction on the degree that

X
(4:6) Xm = Xg+ fi(m)X;

wherefi 2 F,X;2Q M Qandwhere Xg2 M Q' MQ is uniquely de ned by the
conditionsthat X X 2 NA.

Notice that as a function of a 2 A] an element of F is a linear combination of products

of the functions f (a) Y(a)g 1, aroot of Ay in n with coef cients that are analytic
functions of my. Moreover f (a) L(a)g ! admits an expansion.

A @n+1) hoH |
(4:7) e '

n=0

fora= e in A] (R).
If X 2 D, the centralizer of K in A, and if M (X) is the linear transformation of W (X)

adjoint to the operator
u v X)u v
onV(X) V (X)then
X = M(X)
02 D; was xed some time ago. There is at leastone § 2 L;(; X)with Re § = 0.
Fixsucha 9. If m 2 M(R) we write m = kjak, with kg, kp in K; and ain A. We write
a= ajay,a; = €1, and set

(my=¢e 1 "1 (k1Y) o(Hia) ok, ):
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Because of the uniqueness of the expansion (4.3), iswell de ned. The elementsof K M K
acton .X Y Zsends to Owith

Am)= 2(Z ) mY) o(X ):
Let X 2 D andlet Xg be de ned asin (4.6);then Xg2 K M Kand
(4:8) Xo = M(X)
To see this we start from the equation X ( m) = M (X) ( m). If we set m, = kiayk, and
J(Hima) = 1(k, ) (Hijag) a(ky Y)
the function M (X)) ( m) has an expansion

M(X) ,(H;mpehr Hi:
12L1(;X )

The function X ( m) is equal to

X
Xo ( m)+ fi(m)X; ( m):

Xo and the X; are acting as elements of K M K. Because of (4.7) eacH;(m) has an
expansion X

" 1(m2)eh H
1

valid for m, 2 U, a; 2 A7 (R), where U is a compact setinM (R) and R = R(U) is chosen as
before. 1 runs over the projections on D1 of sums of positive roots of A in n. The sums are
not empty and 1 is never zero. We may, for convergence offers no dif culty (c f. 16), apply
Xi to term by term, expand the product fi(m)X; ( m) formally, add the results, and then
compare coef cients of the exponentials €" ¢ 1 1l on both sides of the equation.

We are interested in the terms corresponding to 9. If we incorporate the exponential, the
term on the rightis M (X) ( m). At rst sight the term on the left seems more complicated.
Suppose, however, that 1 is the projection on D1 of a sum of positive roots of A in n, 1 lies
inLy(; X),and 1 1= 9. Let 9 bethe projectionof %inL(; X)andlet =Re % let

1 be the projection of ®andlet =Re ° Then

Re 9= ©
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and, if as before we de ne  © to be the projection of on the sum of Dg and Dr (). then

X X X
Re,= + G j= °+ b+ G |
j6E () i=1 i6E ()
with b 0. Also
X X
1- dl it ej i
i=1 i6E ()

with di 0. Moreover, at least oned;, with i 2 F( ), is positive. We have

X X
+ (b d)i= °+ (§ G)j:
i=1 j6F ()

0 0 Bythe very choice of °, ©istherefore equalto °.

It follows from Lemma 4.5 that
However if i 2 F( ) then

B(i; © %9=d h:
Since this is positive for at leastonei, °6 °. Thisis a contradiction. The term on the leftin

which we are interested is therefore X ( m). The relation (4.8) follows.
D contains Z. As a linear spaceA is a sum

M + nM + Mn + nMn

and
Z M+ nMn:

Thusif X 2 Z= Zg then X belongstoM and infactto Zy; . Themap X ! Xgisaninjection
of Zg into Zyy and turns Zy, into a nite Z-module. Notice also that M (X ) is a scalarm(X)I
if X 2 Zg.

According to (4.4) the restriction of  to A has an asymptotic expansion P p (H)e Hi
where  runs over those elements of L( ; X) whose projectionon D; Cis 9. Suppose °
is one of the indices for this sum. Let =Re C%anddene © as before. We can again apply
Lemma4.5toseethat °= O Thusif F = fijB( i; %) > OgthenF = F( ) and

(4:9) RefB( L; )g 0; i62F:

In spite of the fact that  is not an eigenfunction of Zy, but only of the image of Zg in Zy
the considerations of X9.1.3 of [16], and hence those of its appendix as well as thoseof [5], may
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be applied to it. We do not want to apply them to obtain an asymp totic expansion, which we
already have; we want to apply a further result (Theorem 4) of [5] that in conjunction with (4.)
and Lemma 3.7 easily implies the existence of a constantc and an integer d such that

(4:10) J(mk( mk c1+ I(m))d o(m) m (m)

forall m. ; isthe projectionof onDj.
We had xed X butwe may let it grow without changing ~ °. Thus

(m)(u v)=( m;u;v)

isdenedforall K-nite 2V,v2V .

LEMMA4.7. Supposev in V is K - nite. If the function ( m; (k)u;v) vanishes identically
in m and k for some nonzeroK - nite u in V then it vanishes identically for all suchu.

The function (m) = h (m)u;vi,m =paiMz, ai = el 2 Ay, m2 = kiagkz, @2 2 A, ki,
k2 2 K 1, admits an asymptotic expansion  a ,(m;u;v)e" ¢ H 1l with

a<l>(m;u;v)eh(1J Ha=( myupv):

SupposeX 2 A and write X
Xm = Xo+ fi(m)X;:

For this we have to constrain m to vary in some compact set U and a; tovary in A] (R);R =
R(U). Then X
h (m) (X)u;vi=X (m)=Xo (m+  fi(m)X; (m):
i
The symbol X (m) denotes the value of X applied to the function (g) = h (g)u;vi at the
point m. Xy and X; are applied as elements of K M K.
The considerations used to prove the equality (4.8) show that if u® = (X)u then
a o(m; u®v) is the coef cient of €" t H il jn the expansion of Xy (m).

Xo= 1Y Z
with Yj 2 M, Z; 2 K. Applying Z; wereplacethe coef cient a o(m; u;v) bya o(m; (Z;j)u;Vv).

If ( m; (k)u;v)=0 forall mandKk, thisis zero. If the coef cientis zero before Y; is applied it
is zero after. Since everyK - nite vectorin 'V is ofthe form (X )u, X 2 A, the lemma follows.
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There is certainly at least one K - nite vin V , which we x once and for all, such that

( m;u;v) is not zero for all K - nite u.
Let T be the Banach space of continuous functions on M (R) for which

j (m)]

@+ Im)d T o(m) m(m) -

k k=sup

If m2 M (R) letr(m) be the function whose value at m; is
(mim)
Let W be the space of all in T for which
mI!irrr1no kr(m) r(mg) k=0
forall mg. If u 2 V is K - nite then

u.m! L(m) ( m;u;v)

lies in W because of (4.10). LetV be the closed subspace ofW generated by the functions

r(m) 4.

LEMMA 4.8 The representationr of M (R) on V admits a nite composition series.

Let Vo be the space of functions in V of the form
Z
=r(f) °= f (m)r(m) %dm
M (R)
with f 2 C (m(R)). IfX 2Zs ] Zy and 2 Vg then
(4:11) X = mYX)
if mY(X) = m(X9, where X %is the element of Zy, de ned by

X(, Xm)y= (m)X® (m):

If Ky =K\ M(R),if' 1 and"' , are two continuous functions on K1, and if

Z Z
(I’T'I;I 1;' 2) = ' 1(k1) (klmkz)' 2(k2)dk1dk2:

Ki Ki

2 Vo let
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If* 9(k) = ' 1(kk; Y and "’ (k) = ' 2(k, *K) then

(kamkz;' 15" 2)= (m;' §;' 9):
If =r(my) y then
Z Z
(m;" ;" 2)= ,(m) " 1(k1) ( kemmyka;u;v)' o(ko)dkidks
Z Z
= ,(m) Ci(ke) ( mmy; (k2)u; (kg V)" a(kz)dkgdk;

=, (m)( mmy;u’Vv9

with Z Z
W= (ko) (kp)udky; Vo= ' q(ke)  (Kq hvdkg:

In particular, if v9=0 then (m;' {;' ) =0 for = r(my) , and hence, by continuity, for
any in V. There is a closed subspace of nite codimension in the space of continuous
functions on K 1, invariant under left and right translations, such that v°® = 0 whenever ' ;
lies in this subspace. Factoring out the subspace, we may regard ' ; as varying over a nite-

dimensional space. Let X; be a nite set of classes of irreducible representations of K. For
other, more obvious, reasons, if is constrained to lie in the subspace V (X1) of V ¢ spanned by
vectors transforming according to one of the representatio ns in X1, then' , may be regarded
as varying over a nite-dimensional space. Using (4.11) and a simple variant of Proposition

9.1.3.1 of [16], we conclude that the space of functionsm !  (m;" 1;' ), where 2 V(Xy)
and' 1 and' , are continuous functions on K 1, is nite-dimensional. Since ' 1 and' , may be
allowed to approach the delta-function, we conclude that V (X3) itself lies in this space and is
nite-dimensional. Since Vg is dense inV every irreducible representation of K, occurs with
nite multiplicityin V.

To complete the proof we need a well-known fact, which we stat e as a lemma.

LEMMA 4.9 Let X I m9X) be homomorphism ofZg | Zy into C. There are only a
nite number of in nitesimal equivalence classes of quasisimple irreducible representations
of M (R) such that
(X) = m(X)!

for X 2 Zg.

Since there are only a nite number of ways of extending m to a homomorphism of Zy
into C, itis enough to prove the lemmafor G = M ; that is, we may assume that m®is already
given on Zy and that

(X)= mqx)!
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forall X 2 Zy .

Let actonW. We saw in Lemma 3.5 that the restriction of to the connected component
M O(R) is the direct sum of nitely many irreducible representatio ns. Let ©, acting on W?°
W, be one of them. Because of Theorem 4.5.8.9 of [16], there arenly nitely many possibilities
for the class of ©.

SupposeW Yis the space of all functions' on M (R) with values in W © satisfying
' (mom) = °(mg)’ (M); mo 2 MO(R):

M (R) acts onW ®by right translations. There is an M (R)-invariant map from W°%to W given

by X )

! (9 9 (9):
Mo(RynM (R)

We shall verify that W %admits a nite composition series
0=Wp6 Wy 6 W6 :::6 W, =W’

Then must be equivalent to the representation of M (R) on one of the quotients W; 1nW;.
From this lemma follows.

To show the existence of a nite composition series all we hav e to do is show that if
0=Wp6 Wy 6 :::6 W, =W°

is any chain of M (R)-invariant subspaces thenn  [M (R) : M °(R)]. We could instead work
with spaces of K - nite vectors invariant under the pair K, M. If K% = K \ M?(R) then W©°
admits a composition series of length [M (R) : M °(R)] with respect to the pair K°, M. Any
chain invariant with respect to this pair, and, a fortiori , any chain invariant with respect to

K , M, has therefore length at most [M (R) : M °(R)].

We return to the proof of Lemma 4.8. Let 1;:::; s be the classes corresponding to the
given homomorphism m©® Choose for eachi an irreducible representation ; occurring in the
restriction of ;to K. SetX; =f 1;:::; 0.

SupposeV %6 Vare closedM (R) -invariant subspaces of V. Let be a representation
of K occurring in W° = DYhDC Let W( ) be the space of all vectors in W transforming
accordingto . W/( ) is nite-dimensional. Among the nonzero subspaces of W( ) obtained
by intersecting it with a closed M (R) -invariant subspace of W?, there is a minimal one WY ).
Let WPbe the intersection of all closed invariant subspaces of W° that contain W9 ). Let W
be the closure of the sum of all closed invariant subspaces of W9 that do not contain WY ).
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Then W26 WPand the representation of M (R) on WohW?is irreducible. Since it must be

Suppose we have a chain of closedM (R)-invariant subspaces

06 V6 :::6 V,=V:

subspaces,n dim V (X3;). On the other hand, if these quotients are not irreducible the chain
can be further re ned. The lemma follows.

AsbeforeletP = (P). LetA be the space of continuous functions' on G(R) with values
in V which satisfy the following two conditions:

() 1f m2 N(R) then' (ng) = ' (Q).

@i)If m2 M(R) then' (mg) = 11(m)r(m)' (9). The representation of G(R) on U by
right translations is the induced representation IF. It is easily seen that every representation
of K occurs with nite multiplicityin | P and that

IP(X)= m(X)l; | 2 Zg:

Thus | ? admits a nite composition series. We now show that s in nitesimally equivalent
to a subrepresentation of |, P. For this we have only to de ne an injection of the K - nite
vectors in V into A which commutes with the action of K and A.

Recall that the vector v was xed. Suppose u is K - nite. If k; 2 K, then
( mky b5 (kak)u;v) = (m; (K)u;v):
We de ne ' | in Uby
(4:12) "u(Mmk) :mgq ! ,(m1) ( mim; (K)u;v):

The mapu! u Is by our choice of v, an injection; it clearly commutes with the action of K.
To verify that it commutes with the action of A we have only to check that

C o xu@ = (P X)) W)Q):

Set', =" and' (x), = ' % Then' (m)= ( m;u;v)and' (m) = ( m; (X)u;v).
Recall that if X is de ned as in (4.6) and equals
X

1 Y Z
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then X
"qm)y= Y i(m):

On the right Y; is applied to a function of m and
“im)=( m; (Zj)u;v):

X o was so chosen that X
X YiZi 2 A

Itisclearthatif Y 2 nand is K-nitein Uthen
IP(Y) @)=0:

Thus . X . . X .
IFX) (W= IFMIFEZ) W= 1I7M) @)@

A close examination of the de nition (4.12) shows that IF(Yi)' (z;)u(1) is the function m !
Yi' i(m).

There must be an irreducible constituent  of the representation r on V such that is
in nitesimally equivalent to a subrepresentation of | P This is the representation guring
in Lemma 4.2, which we are still in the process of proving. We m ust show that is essentially
tempered. Accepting this for the moment, we show that is in nitesimally equivalent to the
representation J P .

An easy computation (for a special case, see Chapter 5 of ([16) shows that | P and | 2
have the same character and therefore the same irreducible @nstituents.

Let actonW. JP was introduced as the representation on the quotient Io(W)=l1(W).
All we have to do is verify that ~ cannot be a constituent of the restriction of I P to 11(W).

The = ( )that guresinLemma3.8is 9. If isa constituent of the restriction of |P
to 11(W) then, by Lemma 3.12,

(4:13) h (am)u;vi = of p1(a) ,(a))

if mis xedin M(R)anda'!1l in A" (P). However, Theorem 3 of [5] assures us that the
expansion (4.3) converges decently for xed ay (cf. [16]), Appendix 3). We conclude from (4.13)
and Lemma A.3.2.3 of [16] that the terms of (4.3) with Re ; = 9. This certainly contradicts
the choice of ©.
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We apply LemmaA.3.2.3 in the following manner. Choose 92 Li(; X)with Re 9= O,
Let a, be xed. If a; = €71 liesin Ay then p(a;) = €M1 Thus

X Oy i
(Hiap)eh + tHsl = (1)
12L1(;X)

asa; !'1 in A7 = A*(P). If "> Owe can chooseR > Oand a nite subset Sof L1(; X)
sothatif h;H i R+ "B(H1;H1) when isarootof A;in nthen

X 0. H
,(Hyjap)ehr afa o
12L1(;X)
and X o
1(H1,a2)ehl l,H]_I ||:
165
Then X .
1(H1’a2)eh1 1,H1| 2n:
12S

Lemma A.3.2.3 then implies that
i o(Huap)j 2

forall H,. Since" is arbitrary ' <1>(H 1;a2)=0.

It remains to show that is essentially tempered. Any K- nite linear formon V is a
linear combination of the functionals

Lo(myq;' 15" 2)
where m; 2 M (R) and' 1,' , are continuous functions on K. Thus
jfrm))j c@+I(m)®t (m) yu(m):

A similar inequality is valid for the representation . Set 0= & . fw 2 W is K- nite
and f isaK ;- nite linear formon W, an inequality

if CAmw)i o€+ 1(m)? * w(m)

is satis ed.

To nish up we have only to prove the following lemma, in which  we replace M by G
and by inorder to allow the symbols ;M , and P to take on a new meaning.
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LEMMA 4.10. Suppose that and  are quasi-simple irreducible representations ofG(R)

on the Banach spacesv and V and that there is a nontrivial G(R)-invariant bilinear

pairing (u;v) 'h u;vi of V.V into C. Suppose there is an integed such that for every
K -nite u and v an inequality

in (@u;vii - o1+ 1(9)? s(9)

is satis ed. Then there is a parabolic subgroupP of G over R and a unitary representation
of M (R), square-integrable modulo the center, such that is a constituent of | 7.

We start from the expansion (4.1) and show tlh_;:\t if 02 L(; X)thenReB( i; o) O
for all i. If not, there is a linear combination = b ; with positive coef cients such that
ReB(; o) > 0. ChooseHy inthe Lie algebra of A sothath;H oi = B(; )forall . Then
eHo liesinthe interiorof A*. Taking Lemma 3.6 and the assumption of the lemma into account,
we see that for H in a small neighborhood of Hg

X .
p (tH)e" o' =o(1)
2L(; X)

ast!1 . Applying Lemma A.3.2.3 as before we conclude that p ,(H) = 0, a contradiction.

Let
E()=fijReB( i; )=0g

Let E be maximal in the collection of E( ). P will be de ned by demandingthat P  Pgp, a
xed parabolic subgroup minimal over R, and that D (P) be spanned byDg and f ji 2 Eg.

This decided, we turn to the expansion (4.3). There is at least one § in L1( ; X) with
Re 9 = 0. We x it and de ne the function ( m) as before. If 1 2 Li(; X) then
ReB( i; 1) Ofor i 2 E. This allows us to argue as before and to show that the new

satis es (4.8).

It satis es a much improved form of (4.10). If 2 L(; X) has projection 1 in L1i(; X)
and Re ; = 0 then, by the maximality of E,B( j; ) < Ofor i 62E. Since the setE( ) is
nite thereisa 2 D(Pg) suchthatB( j; )=0 fori 2 EandB( j; ) < Ofori 62E and
such that

B(i; ) ReB(i;)

if 2 L(; X)and the real part of the projection of on D(P) Cis zero. Theorem 4 of [5]
implies that there are an integer d and a constant ¢ such that

(4:14) J(@k( ak cl+1(@)? u(aemH!
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fora= €' in A" (PJ), where PY= Py\ M. Using this inequality instead of (4.10) we proceed
as beforetode ne . isthen a constituent of 1 7. Since it follows easily from (4.14) that s
square-integrable modulo the center, the lemma is proved.
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