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CHAPTER 1

Introduction

Two of the best known of Hecke’s achievements are his theory of L-functions with
grossencharakter, which are Dirichlet series which can be represented by Euler products,
and his theory of the Euler products, associated to automorphic forms on GL(2). Since a
grossencharakter is an automorphic form on GL(1) one is tempted to ask if the Euler products
associated to automorphic forms on GL(2) play a role in the theory of numbers similar to
that played by the L-functions with grossencharakter. In particular do they bear the same
relation to the Artin L-functions associated to two-dimensional representations of a Galois
group as the Hecke L-functions bear to the Artin L-functions associated to one-dimensional
representations? Although we cannot answer the question definitively one of the principal
purposes of these notes is to provide some evidence that the answer is affirmative.

The evidence is presented in §12. It comes from reexamining, along lines suggested by a
recent paper of Weil, the original work of Hecke. Anything novel in our reexamination comes
from our point of view which is the theory of group representations. Unfortunately the facts
which we need from the representation theory of GL(2) do not seem to be in the literature
so we have to review, in Chapter I, the representation theory of GL(2, F') when F' is a local
field. §7 is an exceptional paragraph. It is not used in the Hecke theory but in the chapter
on automorphic forms and quaternion algebras.

Chapter [ is long and tedious but there is nothing hard in it. None the less it is necessary
and anyone who really wants to understand L-functions should take at least the results
seriously for they are very suggestive.

89 and §10 are preparatory to the Hecke theory which is finally taken up in §11. We
would like to stress, since it may not be apparent, that our method is that of Hecke. In
particular the principal tool is the Mellin transform. The success of this method for GL(2) is
related to the equality of the dimensions of a Cartan subgroup and the unipotent radical of
a Borel subgroup of PGL(2). The implication is that our methods do not generalize. The
results, with the exception of the converse theorem in the Hecke theory, may.

The right way to establish the functional equation for the Dirichlet series associated
to the automorphic forms is probably that of Tate. In §13 we verify, essentially, that this
method leads to the same local factors as that of Hecke and in §14 we use the method of
Tate to prove the functional equation for the L-functions associated to automorphic forms
on the multiplicative group of a quaternion algebra. The results of §13 suggest a relation
between the characters of representations of GL(2) and the characters of representations of
the multiplicative group of a quaternion algebra which is verified, using the results of §13, in
§15. This relation was well-known for archimedean fields but its significance had not been
stressed. Although our proof leaves something to be desired the result itself seems to us to
be one of the more striking facts brought out in these notes.

Both §15 and §16 are afterthoughts; we did not discover the results in them until the rest
of the notes were almost complete. The arguments of §16 are only sketched and we ourselves
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have not verified all the details. However the theorem of §16 is important and its proof is
such a beautiful illustration of the power and ultimate simplicity of the Selberg trace formula
and the theory of harmonic analysis on semi-simple groups that we could not resist adding it.
Although we are very dissatisfied with the methods of the first fifteen paragraphs we see no
way to improve on those of §16. They are perhaps the methods with which to attack the
question left unsettled in §12.

We hope to publish a sequel to these notes which will include, among other things, a
detailed proof of the theorem of §16 as well as a discussion of its implications for number
theory. The theorem has, as these things go, a fairly long history. As far as we know the first
forms of it were assertions about the representability of automorphic forms by theta series
associated to quaternary quadratic forms.

As we said before nothing in these notes is really new. We have, in the list of references
at the end of each chapter, tried to indicate our indebtedness to other authors. We could not
however acknowledge completely our indebtedness to R. Godement since many of his ideas
were communicated orally to one of us as a student. We hope that he does not object to the
company they are forced to keep.

The notesﬂ were typed by the secretaries of Leet Oliver Hall. The bulk of the work was
done by Miss Mary Ellen Peters and to her we would like to extend our special thanks. Only
time can tell if the mathematics justifies her great efforts.

New York, N.Y. August, 1969
New Haven, Conn.

that appeared in the SLM volume



CHAPTER 2

Local Theory

81. Weil representations.

Before beginning the study of automorphic forms, we must review the representation
theory of the general linear group in two variables over a local field. In particular we have to
prove the existence of various series of representations. One of the quickest methods of doing
this is to make use of the representations constructed by Weil in [1]. We begin by reviewing
his construction adding, at appropriate places, some remarks which will be needed later.

In this paragraph F' will be a local field and K will be an algebra over I’ of one of the
following types:

(i) The direct sum F & F.

(ii) A separable quadratic extension of F.
(iii) The unique quaternion algebra over F'. K is then a division algebra with centre F.
(iv) The algebra M (2, F) of 2 x 2 matrices over F'.

In all cases we identify F' with the subfield of K consisting of scalar multiples of the identity.
In particular if K = F' @ F we identify F' with the set of elements of the form (z,z). We can
introduce an involution ¢ of K, which will send x to z*, with the following properties:

(i) It satisfies the identities (z + y)* = 2* + y* and (zy)" = y'a".

(ii) If x belongs to F' then x = z*.

(iii) For any = in K both 7(z) = z 4+ 2* and v(z) = z2* = 2'z belong to F.

If K=F&F and x = (a,b) we set * = (b,a). If K is a separable quadratic extension

of F' the involution ¢ is the unique non-trivial automorphism of K over F. In this case 7(x)
is the trace of x and v(x) is the norm of z. If K is a quaternion algebra, a unique ¢ with
the required properties is known to exist. 7 and v are the reduced trace and reduced norm
respectively. If K is M (2, F') we take ¢ to be the involution sending

-8
= (%)

Then 7(z) and v(z) are the trace and determinant of x.

If ¢ =9 is a given non-trivial additive character of F' then ¥ = ¥ o 7 is a non-trivial
additive character of K. By means of the pairing

(z,y) = ¥x(zy)
we can identify K with its Pontrjagin dual. The function v is of course a quadratic form on

K which is a vector space over F and f = 1r o v is a character of second order in the sense
of [1]. Since

to

v(z +y) —v(z) —v(y) = 7(zy")
1
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and
fla+y) (@) (y) = (a.y)
the isomorphism of K with itself associated to f is just ¢. In particular v and f are
nondegenerate.
Let S(K) be the space of Schwartz-Bruhat functions on K. There is a unique Haar
measure dz on K such that if ® belongs to S(K') and

V(o) = [ o) vnlon) dy
then
(I)(O):/KCD/($) dr.

The measure dx, which is the measure on K that we shall use, is said to be self-dual with
respect to Y.

Since the involution ¢ is measure preserving the corollary to Weil’s Theorem 2 can in the
present case be formulated as follows.

Lemma 1.1. There is a constant v which depends on the Vg and K, such that for every
function ® in S(K)
[ @« D@ vclun) dy =) (o)
K
® x f is the convolution of ® and f. The values of v are listed in the next lemma.

Lemma 1.2.

(i) If K=F&F or M(2,F) then v=1.

(i1) If K is the quaternion algebra over F' then v = —1.
(1) If F =R, K =C, and

then
a

v=—1
lal
() If F is non-archimedean and K is a separable quadratic extension of F let w be the
quadratic character of F* associated to K by local class-field theory. If Up is the group
of units of F* let m = m(w) be the smallest non-negative integer such that w is trivial
on
U ={a€eUpla=1 (modypF)}
and let n = n(yYr) be the largest integer such that 1 is trivial on the ideal pi". If a is
any generator on the ideal p7:*™ then

fUF wHa) Yp(aa™t) da |
fUF w (@) Yp(aa=!) da

The first two assertions are proved by Weil. To obtain the third apply the previous lemma
to the function

v =w(a

B(z) = e 27
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We prove the last. It is shown by Weil that |y| = 1 and that if ¢ is sufficiently large v differs
from

, Yp(zx') de
1%

by a positive factor. This equals

Yp(za') |x|gd*x = Yp(xx')|zzt|pd*x
P P
if d*x is a suitable multiplicative Haar measure. Since the kernel of the homomorphism v is
compact the integral on the right is a positive multiple of

/ Yp(z)|z|pd” .
v(ph)

Set k = 2¢if K/ F is unramified and set k = ¢ if K/F is ramified. Then v(p3’) = parnuv(K).
Since 1 + w is twice the characteristic function of v(K*) the factor 7 is a positive multiple of

Vp(z)de + k¢F($)W(x) dz.

pp P
For ¢ and therefore k sufficiently large the first integral is 0. If K/F is ramified well-known
properties of Gaussian sums allow us to infer that the second integral is equal to

f o (@) e (5) de

Since w = w™! we obtain the desired expression for v by dividing this integral by its absolute
value. If K/F is unramified we write the second integral as

Z(—l)j—k { s Yr(x)dr — /kﬂ,+1 Yp(z) dx}
bp

j=0 Pr
In this case m = 0 and
Yp(z)de

pr

is 0 if kK — j > n but equals ¢*~7 if k — j < n, where ¢ is the number of elements in the residue
class field. Since w(a) = (—1)" the sum equals

wla) {qm v 2(—1)@’”1 (1-7) }

A little algebra shows that this equals ' 50 that v = w(a), which upon careful
inspection is seen to equal the expression given in the lemma.
In the notation of [19] the third and fourth assertions could be formulated as an equality

7= ME/Fr).
It is probably best at the moment to take this as the definition of A(K/F, ).
If K is not a separable quadratic extension of F' we take w to be the trivial character.

Proposition 1.3. There is a unique representation r of SL(2, F') on S(K) such that
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(5 ) 2 = st ol o)

(1) 1)> ®(z) = Yr(ev(z))P(2)

(113) r (_01 é)) O(x) = vd'(2).

If S(K) is given its usual topology, r is continuous. It can be extended to a unitary rep-
resentation of SL(2,F) on L*(K), the space of square integrable functions on K. If F is
archimedean and ® belongs to S(K) then the function r(g)® is an indefinitely differentiable
function on SL(2, F') with values in S(K).

This may be deduced from the results of Weil. We sketch a proof. SL(2, F') is the group
generated by the elements (4 %,), (§%), and w = (% §) with a in F* and z in F subject

to the relations

! o(i )= )
(b) e (—01 _01)
) (D=6 )6 )06

together with the obvious relations among the elements of the form (‘8‘ 0491) and (§%). Thus
the uniqueness of r is clear. To prove the existence one has to verify that the mapping
specified by (i), (ii), (iii) preserves all relations between the generators. For all relations
except (a), (b), and (c) this can be seen by inspection. (a) translates into an easily verifiable
property of the Fourier transform. (b) translates into the equality 42 = w(—1) which follows
readily from Lemma 1.2.

If @ = 1 the relation (c) becomes

(13.1) /K (') e (v(y)) (9 ) dy = 7op (—(x)) / B(y)br(—v(y)) (g, —a) dy

K

I\

which can be obtained from the formula of Lemma 1.1 by replacing ®(y) by ®'(—y*) and
taking the inverse Fourier transform of the right side. If a is not 1 the relation (c¢) can again
be reduced to (1.3.1) provided ¢ is replaced by the character + — ¥ p(ax) and 7 and dx are
modifed accordingly. We refer to Weil’s paper for the proof that r is continuous and may be
extended to a unitary representation of SL(2, F) in L?(K).

Now take F' archimedean. It is enough to show that all of the functions r(g)® are
indefinitely differentiable in some neighbourhood of the identity. Let

ve={(p 1|z
= {(5 D) |aer)

and let
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Then NpwApNp is a neighbourhood of the identity which is diffeomorphic to Ngp x Ap X Np.
It is enough to show that
o(n,a,ny) = r(nwang)®

is infinitely differentiable as a function of n, as a function of a, and as a function of n; and
that the derivations are continuous on the product space. For this it is enough to show that
for all @ all derivatives of r(n)® and r(a)® are continuous as functions of n and ® or a and
®. This is easily done.

The representation r depends on the choice of ¥p. If a belongs to F* and ¢ (z) = ¥ (az)
let ' be the corresponding representation. The constant v = w(a)7y.

Lemma 1.4.
(i) The representation 1’ is given by

(ii) If b belongs to K* let \(b)®(x) = ®(b~'x) and let p(b)®(x) = ®(xb). If a = v(b) then
r(@AD™) = Ab)r(9)

and
r'(9)p(b) = p(b)r(g).
In particular if v(b) = 1 both A(b) and p(b) commute with .

We leave the verification of this lemma to the reader. Take K to be a separable quadratic
extension of F' or a quaternion algebra of centre F. In the first case v(K*) is of index 2 in
F*. In the second case v(K*) is F* if F' is non-archimedean and v(K*) has index 2 in F'*
if F'is R.

Let K’ be the compact subgroup of K* consisting of all x with v(z) = zz* =1 and let G
be the subgroup of GL(2, F') consisting of all g with determinant in v(K*). G, has index 2
or 1 in GL(2, F'). Using the lemma we shall decompose r with respect to K’ and extend r to
a representation of G .

Let Q) be a finite-dimensional irreducible representation of K in a vector space U over C.
Taking the tensor product of r with the trivial representation of SL(2, F') on U we obtain a
representation on

S(K)®cU =S8(K,U)
which we still call » and which will now be the centre of attention.

Proposition 1.5.
(1) If S(K,Q) is the space of functions ® in S(K,U) satisfying
d(xh) = Q1 (h)®(x)

for all h in K' then S(K, ) is invariant under r(g) for all g in SL(2, F).
(i) The representation v of SL(2, F) on S(K,2) can be extended to a representation rq of

G satisfying
w((§ 1)) 2@ = i oman
if a = v(h) belongs to v(K*).
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1) If m is the quasi-character of F* such that
( )
Q(a) =n(a)l

w((§ 1)) =wl@ntr

(iv) The representation rq is continuous and if F' is archimedean all factors in S(K, ) are
infinitely differentiable.

(v) If U is a Hilbert space and Q is unitary let L*(K,U) be the space of square integrable
functions from K to U with the norm

192 = / 1@ ()| de

If L*(K, Q) is the closure of S(K,Q) in L*(K,U) then rq can be extended to a unitary
representation of G, in L*(K, Q).

for a in F* then

The first part of the proposition is a consequence of the previous lemma. Let H be the
group of matrices of the form
a 0
0 1

with a in v(K*). It is clear that the formula of part (ii) defines a continuous representation
of H on §(K,2). Moreover G is the semi-direct product of H and SL(2, F) so that to prove
(ii) we have only to show that

(6 5o (o ) =@ 2)) e (5 )

Let a = v(h) and let r' be the representation associated ¢%(x) = ¥r(ax). By the first part
of the previous lemma this relation reduces to

ra(9) = p(h)ralg) p~ (),
which is a consequence of the last part of the previous lemma.

To prove (iii) observe that
a 0\ [(a* 0\ [at O
0 a) \0 1 0 a

and that a®> = v(a) belongs to v(K*). The last two assertions are easily proved.
We now insert some remarks whose significance will not be clear until we begin to discuss
the local functional equations. We associate to every ® in S(K, ) a function

(1.5.1) Wa(g) =ralg) ®(1)
on G and a function

(1.5.2) pe(a) = We ((g (1))>

on v(K*). The both take values in U.

It is easily verified that
1
We <(0 T) 9> = r(2)Wa(g)
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If g € G4 and F is a function on G let p(g)F be the function h — F(hg). Then

p(g) Wo = Wy (9)®
Let B, be the group of matrices of the form

(1)

with a in v(K*). Let & be the representation of B, on the space of functions on v(K*) with

values in U defined by
3 ((g (1])) p(b) = ¢(ba)

(5 7)) ot = vrtoa) o0
Then for all b in B,

(1.5.3) E(b)pe = Pry (D) ®.
The application ® — ¢g, and therefore the application ® — Wy, is injective because

(1.5.4) pa(v(h)) = |h[}* Q(h) B(h).

Thus we may regard rq as acting on the space V' of functions g, ® € S(K, Q). The effect of
a matrix in By is given by (1.5.3). The matrix (&9) corresponds to the operator w(a)n(a)l.
Since G is generated by B, the set of scalar matrices, and w = ( % §) the representation
rq on V' is determined by the action of w. To specify this we introduce, formally at first, the
Mellin transform of ¢ = pg.

If i is a quasi-character of F'* let

and

1.5.5 o(p) = a) pla) d”a.

(155 A= [ plelute)

Appealing to (1.5.4) we may write this as

(15.6) Bolt) =20 = [ IWELulvn) 20) @(1) b

If X\ is a quasi-character of F'* we sometimes write A for the associated quasi-character A o v
of K*. The tensor product A ® 2 of XA and €2 is defined by

(AR Q)(h) = A(h) Q(h).
If ag : h — |h|k is the module of K then
o1 @ Q) = bl (v () Q).
We also introduce, again in a purely formal manner, the integrals
Z(Q,P) = / Q(h)®(h)d*h
KX
and

Z(Q7 @) :/ QY(h) ®(h)d*h

KX
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so that
(1.5.7) Bli) = Z(pail* ® Q, ).
Now let " = @, (w)o and let &’ be the Fourier transform of ® so that rq(w) ®(z) = y®'(z*).
If po = wn
7w tut)=2 (u‘lualaK/Q ® Q,m(w)@>

which equals

g /K gt (v (R)UR) @ (RY) d*h.
Since po(v(h)) = n(v(h)) = Q(h'h) = Q(h")Q(h) this expression equals

3 [ e ) 0 = [ w0 @

K
so that

(1.5.8) Pt =2 (M_l oot @)

Take p = pyaj where py is a fixed quasi-character and s is complex number. If K is a
separable quadratic extension of F' the representation 2 is one-dimensional and therefore a
quasi-character. The integral defining the function

1/2
Z(pa)?® © Q, )
is known to converge for Re s sufficiently large and the function itself is essentially a local
zeta-function in the sense of Tate. The integral defining
2l @ Q7 @)

converges for Res sufficiently small, that is, large and negative. Both functions can be
analytically continued to the whole s-plane as meromorphic functions. There is a scalar C'(u)
which depends analytically on s such that

Z(noil? ® 0, 0) = C(wZ(p'ay* @ Q71 @),

All these assertions are also known to be valid for quaternion algebras. We shall return to
the verification later. The relation

P(u) =7 C(W@ (1 po ")
determines ¢’ in terms of ¢.

If X is a quasi-character of F* and ©; = A ® 2 then S(K, ;) = S(K,(2) and
ra,(9) = Aldet g)ra(g)

so that we may write
rQ, = AR rQ
However the space V] of functions on v(K*) associated to rq, is not necessarily V. In fact

Vi={A|peV}
and rgq, (¢g) applied to A, is the product of A(det g) with the function X - ro(g),. Given Q one
can always find a A\ such that A ® Q) is equivalent to a unitary representation.
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If ©2 is unitary the map ® — g is an isometry because
| les@iPdia= [ memiFibicath = [ ow)?dn
V(K*) K K

if the measures are suitably normalized.

We want to extend some of these results to the case K = F & F. We regard the element
of K as defining a row vector so that K becomes a right module for M (2, F'). If & belongs to
S(K) and g belongs to GL(2, F'), we set

p(g) ®(x) = ®(zg).

Proposition 1.6.
(i) If K = F @& F then r can be extended to a representation v of GL(2, F) such that

Gl

(ii) If ® is the partial Fourier transform

B(a,b) = / B(a,y) i (by) dy

and the Haar measure dy is self-dual with respect to Vg then

[r(9)®]™ = p(g)®
for all @ in S(K) and all g in Gp.

It is easy to prove part (ii) for g in SL(2, F'). In fact one has just to check it for the
standard generators and for these it is a consequence of the definitions of Proposition 1.3.
The formula of part (ii) therefore defines an extension of r to GL(2, F') which is easily seen
to satisfy the condition of part (i).

Let €2 be a quasi-character of K*. Since K* = F* x F'* we may identify {2 with a pair
(w1, ws) of quasi-characters of F'*. Then rq will be the representation defined by

ra(g) = | det g|/*wi(det g)r(9).
If x belongs to K* and v(x) = 1 then z is of the form (¢,¢7) with ¢ in F*. If ® belongs
to S(K) set
0.8 = [ aeetye(ee )
X

Since the integrand has compact support on F'* the integral converges. We now associate to
® the function

(1.6.1) Wa(g) = 0(Q, ra(9)®)
on GL(2, F) and the function

162 o= (5 1))

on F*. We still have
p(g)We = W, (9)®.
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- )

and if the representation £ of Br on the space of functions on F'* is defined in the same
manner as the representation £ of B then

f(b)90<1> = Prq(b)®
for b in Br. The applications ® — Wy and & — ¢4 are no longer injective.
If pp is the quasi-character defined by

pola) = Q((a,a)) = wi(a) wa(a)

wa (6 1)) = (@ Wato)

It is enough to verify this for g = e.

(5 0)) =0l (6 2))

If
aEFX,xEF}

then

and
a 0  [(a* 0\ (a! O
0 a/ \O0 1 0 a
so that
0 _ _
rQ ((8 a)) O(x,y) = |a2 ;/chl(az)]a\Kl/Q ®(ax,a ty).
Consequently

= wq(a)ws(a) / wy(2)wy H(2) P (2, 27 1) d*x

FX
which is the required result.
Again we introduce in a purely formal manner the distribution

Z(Q, CD) = Z(wl, Wa, (I)) = / (I)(Il, IL‘Q) wl(l'g) CUQ(CCQ) dX[EQ dX(L'Q.

If i is a quasi-character of F'* and ¢ = pg we set

The integral is

)
_ /F () {/F ro ((‘5‘ g’)) Bz, v Yo ()3 (2) dxx} o

which in turn equals

[ @il [ s wa}
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Writing this as a double integral and then changing variables we obtain

[ [ ool aa s
x Jpx

so that

(1.6.3) olp) =2 (,uwlaF/ ,uwgo&f,@) :

Let ¢" = ¢rg@w)e. Then

1 - 12 1 -1 1/2
Pt =2 (N Wy 1O‘F/ T wy 1O‘F/ ,m(w)@)
which equals

/ / O (y, )ty (@) p oy () |yl A d*y
so that

(1.6.4) P peh) = Z(pn oyt al® i twy tagl?, @),
Suppose p = piaf where py is a fixed quasi-character and s is a complex number. We shall
see that the integral defining the right side of (1.6.3) converges for Re s sufficiently large and
that the integral defining the right side of (1.6.4) converges for Re s sufficiently small. Both
can be analytically continued to the whole complex plane as meromorphic functions and
there is a meromorphic function C'(u) which is independent of ® such that

Z(pwrayf?, e, ®) = C() Z(p~ ' wy Mo, 7wy M2, @),
Thus
Plp) = C(W@' (W )
The analogy with the earlier results is quite clear.
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§2. Representations of GL(2, F') in the non-archimedean case.

In this and the next two paragraphs the ground field F' is a non- archimedean local field.
We shall be interested in representations m of Gp = GL(2, F') on a vector space V over C
which satisfy the following condition.

(2.1). For every vector v in V the stabilizer of v in Gg is an open subgroup of Gp.

Those who are familiar with such things can verify that this is tantamount to demanding
that the map (g,v) — 7(g)v of Gp x V into V' is continuous if V' is given the trivial locally
convex topology in which every semi-norm is continuous. A representation of G satisfying
(2.1) will be called admissible if it also satisfies the following condition.

(2.2). For every open subgroup G' of GL(2,O) the space of vectors v in V stabilized by G’
15 finite-dimensional. Op s the ring of integers of F'.

Let HFr be the space of functions on G which are locally constant and compactly
supported. Let dg be that Haar measure on G which assigns the measure 1 to GL(2, OF).
Every f in Hp may be identified with the measure f(g) dg. The convolution product

fix fa(h) = ; f1(9) f2(g~"h) dg

turns Hp into an algebra which we refer to as the Hecke algebra. Any locally constant
function on GL(2, Or) may be extended to G by being set equal to 0 outside of GL(2, Or)
and therefore may be regarded as an element of Hg. In particular if 7;, 1 < i < r, is a family
of inequivalent finite-dimensional irreducible representations of GL(2, Or) and

&i(g) = dim(m;) trm(g™)
for g in GL(2,OF) we regard &; as an element of H . The function

E=> &
=1

is an idempotent of H . Such an idempotent will be called elementary.
Let 7w be a representation satisfying (2.1). If f belongs to Hg and v belongs to V' then
f(g) m(g)v takes on only finitely many values and the integral

flg)m(g)vdg == (f)v

Gp
may be defined as a finite sum. Alternatively we may give V' the trivial locally convex
topology and use some abstract definition of the integral. The result will be the same and
f — 7w(f) is the representation of Hr on V. If g belongs to Gr then A(g)f is the function
whose value at h is f(g~h). Tt is clear that

m(A(g)f) = m(g) 7 (f).
Moreover

(2.3). For every v in 'V there is an f in Hp such that wf(v) = v.

In fact f can be taken to be a multiple of the characteristic function of some open and
closed neighbourhood of the identity. If 7 is admissible the associated representation of Hpg
satisfies
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(2.4). For every elementary idempotent & of Hp the operator w(§) has a finite-dimensional
range.

We now verify that from a representation 7 of Hp satisfying (2.3) we can construct a
representation m of G satisfying (2.1) such that

©(f)= [ [f(g)n(g)dy.

Gr
By (2.3) every vector v in V is of the form

v= Zﬂ-(fz) V;

with v; in V' and f; in Hp. If we can show that

(2.3.1) Zﬂ(fi) v =0

implies that

w = ZW()\(Q)fi)Uz'

is 0 we can define 7(g)v to be

> 7 (Ma)fi)vi
i=1
7 will clearly be a representation of G satisfying (2.1).
Suppose that (2.3.1) is satisfied and choose f in Hg so that 7(f)w = w. Then
w= Zw(f * )\(g)fi)vi.
i=1
It p(g) f(h) = f(hg) then 1
f*Xg)fi=plg™ ) f = i

w=>Y_ m(pg™")f * fi)vi =7(p(g")f) {Zw(ﬂ-)w} = 0.
i=1 i=1

It is easy to see that the representation of G satisfies (2.2) if the representation of Hp
satisfies (2.4). A representation of Hp satisfying (2.3) and (2.4) will be called admissible.
There is a complete correspondence between admissible representations of G and of Hp.
For example a subspace is invariant under G if and only if it is invariant under Hp and an
operator commutes with the action of G if and only if it commutes with the action of Hg.

From now on, unless the contrary is explicitly stated, an irreducible representation of
Gr or Hy is to be assumed admissible. If 7 is irreducible and acts on the space V' then any
linear transformation A of V' commuting with Hp is a scalar. In fact if V' is assumed, as it
always will be, to be different from 0 there is an elementary idempotent & such that (&) # 0.
Its range is a finite-dimensional space invariant under A. Thus A has at least one eigenvector

so that
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and is consequently a scalar. In particular there is a homomorphism w of F* into C* such

that
() -

for all @ in F’*. By (2.1) the function w is 1 near the identity and is therefore continuous.
We shall refer to a continuous homomorphism of a topological group into the multiplicative
group of complex numbers as a quasi-character.

If x is a quasi-character of F'* then g — x(det g) is a quasi-character of Gp. It determines
a one-dimensional representation of G which is admissible. It will be convenient to use the
letter x to denote this associated representation. If 7 is an admissible representation of Gg
on V then y ® m will be the representation of Gr on V' defined by

(x ®7)(g) = x(det g)m(g).
It is admissible and irreducible if 7 is.
Let m be an admissible representation of Gr on V and let VV* be the space of all linear
forms on V. We define a representation 7* of Hr on V* by the relation

(v, 7 (f)v*) = (x(fv,v")
where f(g) = f(g™"). Since 7* will not usually be admissible, we replace V* by V = 7 (Hp)V*.
The space V' is invariant under Hp. For each f in Hp there is an elementary idempotent §
such that £ * f = f and therefore the restriction 7 of 7* to V satisfies (2.3). It is easily seen

that if £ is an elementary idempotent so is €. To show that 7 is admissible we have to verify
that

V@ =FOV=m©V
is finite-dimensional. Let V(£) = n(£)V and let V, = (1 — 7(£))V. V is clearly the direct
sum of V(f ), which is finite-dimensional, and V. Moreover V' (§) is orthogonal to V. because

(v = 7(E)v, 7(E)D) = (n(E)v — 7(€)v, D) = 0.
It follows immediately that 17(5) is isomorphic to a subspace of the dual of V(€) and is

therefore finite-dimensional. It is in fact isomorphic to the dual of V(£) because if v*
annihilates V, then, for all v in V,

(v, 7*(§)v") = (v,07) = —(v = 7(Ev,v7) =
so that 7*(&)v* = v*

7 will be called the representation contragredient to m. It is easily seen that the natural
map of V into V*is an isomorphism and that the image of this map is 7" (H F)V* so that m
may be identified with the contragredient of 7.

If V} is an invariant subspace of V' and Vo, = Vj\V we may associate to m representations
7 and me on V4 and Vg They are easily seen to be adm1ss1ble It is also clear that there is a
natural embedding of V, in V. Moreover any element 97 of V; lies in Vl(f) for some ¢ and
therefore is determined by its effect on V4 (€). It annihilates (I — 7(€)) V4. There is certainly
a linear function ¥ on V which annihilates (I — 7 (¢ ))V and agrees with V; on V;(€). 7 is
necessarily in V so that V; may be identified with VQ\V Since every representation is the
contragredient of its contragredient we easily deduce the following lemma.

Lemma 2.5.
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(a) Suppose Vi is an invariant subspace of V. If‘72 is the annihilator of Vi in V then V; is

the annihilator of VoinV.
(b) m is irreducible if and only if T is.

Observe that for all g in Gg

(m(g)v, D) = (v, 7(g7")D).

If 7 is the one-dimensional representation associated to the quasi-character y then 7 = y
Moreover if y is a quasi-character and 7 any admissible representation then the contragredient
of y@mis x ' ®@T.

Let V be a separable complete locally convex space and 7 a continuous representation of
G on V. The space Vy = m(Hp)V is invariant under G and the restriction m of 7 to Vg
satisfies (2.1). Suppose that it also satisfies (2.2). Then if 7 is irreducible in the topological
sense 7 is algebraically irreducible. To see this take any two vectors v and w in V{, and choose
an elementary idempotent £ so that m(§)v = v. v is in the closure of 7(Hr)w and therefore
in the closure of 7(Hp)w N7(£)V. Since, by assumption, 7(£)V is finite-dimensional, v must
actually lie in 7(Hp)w

The equivalence class of 7 is not in general determined by that of mq. It is, however, when
7 is unitary. To see this one has only to show that, up to a scalar factor, an irreducible
admissible representation admits at most one invariant hermitian form.

-1

Lemma 2.6. Suppose 7 and 7y are irreducible admissible representations of Gg on Vi and
Vo respectively. Suppose A(vy,vs) and B(vi,vs) are non-degenerate forms on Vi X Vo which
are linear in the first variable and either both linear or both conjugate linear in the second
variable. Suppose moreover that, for all g in Gg

A(m(g)vl,ﬂg(g)vg) = A(vy, v9)
and

B(m(g)vl,m(g)vg) = B(vy,v9)
Then there is a complex scalar A such that

B(Ul, UQ) = )\A(Ul, UQ)

Define two mappings S and 7" of V; into Vi by the relations
A(Ul, 'UQ) = <U1, SU2>

and
B(Ul, ?)2) = <’Ul, TU2>

Since S and T" are both linear or conjugate linear with kernel 0 they are both embeddings.
Both take V5 onto an invariant subspace of V1 Since V1 has no non-trivial invariant subspaces
they are both isomorphisms. Thus S~!7 is a linear map of V5, which commutes with G and
is therefore a scalar AI. The lemma follows.

An admissible representation will be called unitary if it admits an invariant positive
definite hermitian form.

We now begin in earnest the study of irreducible admissible representations of Gr. The
basic ideas are due to Kirillov.

Proposition 2.7. Let © be an irreducible admissible representation of G on the vector
space V.
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(a) If V is finite-dimensional then V is one-dimensional and there is a quasi-character x of
F* such that

m(g) = x(det g)
(b) If V is infinite-dimensional there is no nonzero vector invariant by all the matrices (L1 9),
x e F.

If 7 is finite-dimensional its kernel H is an open subgroup. In particular there is a positive
number € such that
1 =z
0 1

belongs to H if || < e. If z is any element of F' there is an a in F'* such that |az| < €. Since

(o D676 06
6 1)

belongs to H for all x in F'. For similar reasons the matrices

()

do also. Since the matrices generate SL(2, F') the group H contains SL(2, F'). Thus
m(g1)m(g92) = 7(g2)m(g1) for all g; and g2 in Gp. Consequently each 7(g) is a scalar matrix
and 7(g) is one-dimensional. In fact

the matrix

m(g) = x(det g)I
where x is a homomorphism of F'* into C*. To see that y is continuous we need only observe

that
(i ) v

Suppose V' contains a nonzero vector v fixed by all the operators

(1)

Let H be the stabilizer of the space Cv. To prove the second part of the proposition we need
only verify that H is of finite index in G'r. Since it contains the scalar matrices and an open
subgroup of G it will be enough to show that it contains SL(2, F'). In fact we shall show
that Hy, the stabilizer of v, contains SL(2, F'). Hy is open and therefore contains a matrix

a b
c d
with ¢ # 0. It also contains

G E D6 )-8

If:c:b?“y then
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also belongs to Hy. As before we see that Hy contains SL(2, F).
Because of this lemma we can confine our attention to infinite-dimensional representations.
Let ¢ = ¢ be a non-trivial additive character of F'. Let Br be the group of matrices of the

form
a T
= (5 1)

with @ in F”* and = in F. If X is a complex vector space we define a representation &, of Bp
on the space of all functions of F* with values in X by setting

(&s(®)p) (@) = P(az)p(aa).
&y leaves invariant the space S(F*, X)) of locally constant compactly supported functions.

The function &, is continuous with respect to the trivial topology on S(F*, X).

Proposition 2.8. Let m be an infinite-dimensional irreducible representation of Gg on the
space V. Let p = pp be the mazximal ideal in the ring of integers of F', and let V' be the set
of all vectors v in 'V such that

1 =z
R (MR
for some integer n. Then

(i) The set V' is a subspace of V.
(i1) Let X = V'\V and let A be the natural map of V' onto X. If v belongs to V let o, be

the function defined by
e =(=((5 1))

The map v — @, is an injection of V into the space of locally constant functions on F'*
with values in X.
(113) If b belongs to Br and v belongs to V' then

Pr(b)yv = éd)(b) 2

If m > n so that p~™ contains p~™ then

oo (§ )
= ooy D) oeon((s D)o

yep~m/pr
Thus if the integral of the lemma vanishes for some integer n it vanishes for all larger integers.
The first assertion of the proposition follows immediately.
To prove the second we shall use the following lemma.

is equal to

Lemma 2.8.1. Let p=™ be the largest ideal on which 1 is trivial and let f be a locally
constant function on p~* with values in some finite-dimensional complex vector space. For
any integer n < £ the following two conditions are equivalent

1 is constant on the cosets of p~" in p~t
(i) f p p
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(i1) The integral
(—ax) f(z)dz

p—Z

is zero for all a outside of p~™*".

Assume (i) and let a be an element of F* which is not in p~". Then z — ¢(—az) is a
non-trivial character of p~™ and

/p—z Y(—ax) f(z)dr = yep;pnw(—ay) { - Y(—ax) dac} fly) =0.

f may be regarded as a locally constant function on F with support in p~¢. Assuming (ii)
is tantamount to assuming that the Fourier transform f of f has its support in p~™*". By
the Fourier inversion formula

f@) = [ vl ) dy

If y belongs to p~™*" the function z — (—xy) is constant on cosets of p~™. It follows
immediately that the second condition of the lemma implies the first.

To prove the second assertion of the proposition we show that if ¢, vanishes identically
then v is fixed by the operator 7w ((19)) for all z in F' and then appeal to Proposition 2.7.

Take
o==((} )

The restriction of f to an ideal in F' takes values in a finite-dimensional subspace of V. To
show that f is constant on the cosets of some ideal p~" it is enough to show that its restriction
to some ideal p~¢ containing p~™ has this property.

By assumption there exists an ny such that f is constant on the cosets of p~™™°. We shall
now show that if f is constant on the cosets of p~™"! it is also constant on the cosets of p~™.
Take any ideal p~—* containing p~". By the previous lemma

(—az) f(x)dz =0
pfé
if a is not in p~™*~!. We have to show that the integral on the left vanishes if a is a
generator of p~™mn—L,
If Ur is the group of units of O the ring of integers of F' there is an open subgroup U;

of Ur such that
b 0 -
g 1)) V=2
for b in U;. For such b

(5 9) L s o (& 9) (o

is equal to

[ () () o (30

Thus it will be enough to show that for some sufficiently large ¢ the integral vanishes when a
is taken to be one of a fixed set of representatives of the cosets of U; in the set of generators
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of p~™*"=1. Since there are only finitely many such cosets it is enough to show that for each
a there is at least one ¢ for which the integral vanishes.
By assumption there is an ideal a(a) such that

1 z\ (a O
foreom () (6 3)) e
But this integral equals

Sl () VA () R

so that ¢ = ¢(a) could be chosen to make
p~t =ata(a).

To prove the third assertion we verify that

((2.8.2)) /1(n<<é %))v> = (y) A(v)

for all v in V and all y in F'. The third assertion follows from this by inspection. We have to

show that
1
is in V' or that, for some n,

[ vt (o )7 (6 1)) vae= [ vtmwtn (5 7)) v

is zero. The expression equals

R () L I ()

If p™ contains y we may change the variables in the first integral to see that it equals the
second.

It will be convenient now to identify v with ¢, so that V' becomes a space of functions on
F* with values in X. The map A is replaced by the map ¢ — ¢(1). The representation 7
now satisfies

m(b)e = &u(b)p
if b is in Bp. There is a quasi-character wy of F* such that

(s ) o
(% )

the representation is determined by wy and 7(w).

If

Proposition 2.9.
(i) The space V' contains
Vo = S(FX’X)
(i) The space V is spanned by Vo and w(w)Vy.
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For every ¢ in V there is a positive integer n such that

(6 7))

if x and a — 1 belong to p”. In particular p(aa) = p(a) if a belongs to F* and a — 1 belongs
to p". The relation
Plax)p(e) = p(a)

for all z in p™ implies that ¢(a) = 0 if the restriction of ¢ to ap™ is not trivial. Let p=™
be the largest ideal on which ¢ is trivial. Then ¢(a) = 0 unless |a| < |w| ™ " if w is a
generator of p.

Let Vy be the space of all ¢ in V' such that, for some integer ¢ depending on ¢, ¢(a) =0
unless |a| > |@|®. To prove (i) we have to show that Vp = S(F*, X). It is at least clear that
S(F*, X) contains Vj. Moreover for every o in V and every z in F' the difference

o 1 =z
p=v=Tlp 1))¥
is in V4. To see this observe that

¢'(@) = (1 —¥(az))p(a)
is identically zero for x = 0 and otherwise vanishes at least on = 'p~™. Since there is no
function in V' invariant under all the operators

1 x
o 1
the space Vj is not 0.

Before continuing with the proof of the proposition we verify a lemma we shall need.

Lemma 2.9.1. The representation &, of Br in the space S(F'*) of locally constant, compactly
supported, complex-valued functions on F* s irreducible.

For every character pu of U let ¢, be the function on F* which equals p on Up and
vanishes off Up. Since these functions and their translates span S(F*) it will be enough
to show that any non-trivial invariant subspace contains all of them. Such a space must
certainly contain some non-zero function ¢ which satisfies, for some character v of Up, the
relation

p(ae) = v(e) p(a)
for all a in F* and all € in Up. Replacing ¢ by a translate if necessary we may assume that
(1) # 0. We are going to show that the space contains ¢, if p is different from v. Since Up
has at least two characters we can then replace ¢ by some ¢, with p different from v, and
replace v by p and p by v to see it also contains ¢,,.

T fes(s D)6 )

where z is still to be determined. p is to be different from v. ¢ belongs to the invariant
subspace and

¢'(ae) = p(e)¢'(a)
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for all @ in £~ and all € in Ur. We have
@) =ola) [ uov(ene) de
Ur

The character ©~'v has a conductor p™ with n positive. Take = to be of order —n — m. The
integral, which can be rewritten as a Gaussian sum, is then, as is well-known, zero if a is
not in Ur but different from zero if a is in Ug. Since ¢(1) is not zero ¢’ must be a nonzero
multiple of ¢,,.

To prove the first assertion of the proposition we need only verify that if u belongs to X
then Vj contains all functions of the form o — n(a)u with n in S(F*). Thereis a ¢ in V
such that ¢(1) = u. Take x such that i (z) # 1. Then

svee(( )

is in Vp and ¢'(1) = (1 — ¢(z))u. Consequently every u is of the form ¢(1) for some ¢ in Vj.
If 1 is a character of U let V(u) be the space of functions ¢ in V; satisfying

p(ae) = p(e)e(a)
for all @ in F* and all € in Up. V} is clearly the direct sum of the space Vo(r). In particular
every vector u in X can be written as a finite sum

u="> @i1)
where ; belongs to some Vg(1;).
If we make use of the lemma we need only show that if u can be written as u = ¢(1) where
@ is in Vy(v) for some v then there is at least one function in Vj of the form o — n(a)u where
n is a nonzero function in S(F*). Choose p different from v and let p” be the conductor of
v, We again consider

e e (5 ) )

where z is of order —n — m. Then
(a) = p(a) / N (v () (aze) de
Ur

The properties of Gaussian sums used before show that ¢’ is a function of the required kind.

The second part of the proposition is easier to verify. Let Pgp be the group of upper-
triangular matrices in Gg. Since Vj is invariant under Pr and V is irreducible under G the
space V' is spanned by Vj and the vectors

with ¢ in V. But
o' ={¢ —m(w)p} +m(w)p
and as we saw, ¢ — m(w)p is in V. The proposition is proved.
To study the effect of w we introduce a formal Mellin transform. Let w be a generator of
p. If ¢ is a locally constant function on F* with values in X then for every integer n the
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function € — @(ew™) on Uy takes its values in a finite-dimensional subspace of X so that the
integral

/U Pl (0 = ()

is defined. In this integral we take the total measure of Up to be 1. It is a vector in X. The
expression (v, t) will be the Formal Laurent series

> t'Ga(v)
If ¢ is in V the series has only a finite number of terms with negative exponent. Moreover
the series p(v,t) is different from zero for only finitely many v. If ¢ belongs to V these series
have only finitely many terms. It is clear that if ¢ is locally constant and all the formal series
(v, t) vanish then ¢ = 0.
Suppose ¢ takes values in a finite-dimensional subspace of X, w is a quasi-character of
F* and the integral

(2.10.1) /Fx w(a)p(a)d*a

is absolutely convergent. If w’ is the restriction of w to Up this integral equals

Z z"/U o(w™e) W' (€) de = Z 2" Pn(w)

n

if 2 = w(w). Consequently the formal series @(w’, t) converges absolutely for t = z and the
sum is equal to (2.10.1). We shall see that X is one-dimensional and that there is a constant
co = co(p) such that if |w(w)| = |w|® with ¢ > ¢y then the integral (2.10.1) is absolutely
convergent. Consequently all the series p(v,t) have positive radii of convergence.

If ©» = ¢p is a given non-trivial additive character of F', v any character of Up, and x any
element of F' we set

0, z) = / (e) ¥ (ex) de

The integral is taken with respect to the normalized Haar measure on Ug. If g belongs to
Gr, ¢ belongs to V', and ¢’ = 7(g)p we shall set

m(9) P(v,t) = @ (v, t).
Proposition 2.10.
(1) If § belongs to Up and € belongs to Z then

dw’ 0\ ~ 01~
(%7 0)) # =@ @
(i1) If x belongs to F then

T ((é f)) Pv,t) = ;t” {; n(u v, w%)@n(u)}

where the inner sum is taken over all characters of Up
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(111) Let wy be the quasi-character defined by

(5 2) o

for a in F*. Let vy be its restriction to Up and let zg = wo(w). For each character v of
Ur there is a formal series C(v,t) with coefficients in the space of linear operators on
X such that for every ¢ in Vj

7r<(_01 é)) B, t) = Cl, ) Blv gt 25).

d==(("5 ) e

— Zt” /UF v(e) o(w" ™ de) de.

Changing variables in the integration and in the summation we obtain the first formula of
the proposition.
Now set

Set

Then

Then
By Fourier inversion

The sum on the right is in reality finite. Substituting we obtain

F )= " {Z / i v(e) ) de anw}

as asserted.
Suppose v is a character of Ur and ¢ in Vj is such that $(j,t) = 0 unless u = v~y .
This means that

ae) = vip(e) p(a)

(Yo

for all € in Up. If ¢’ = m(w)yp then

(6 1)) ﬂ((é R ()

or that

Since



24 2. LOCAL THEORY

the expression on the right is equal to

v m(w)p = v ()¢,
so that @'(u,t) = 0 unless u = v.
Now take a vector v in X and a character v of Ur and let ¢ be the function in V; which
is zero outside of Up and on Uy is given by

(2.10.2) o(€) = v(e) vo(e)u.
If ¢ = m(w)p then @, is a function of n, v, and u which depends linearly on u and we may
write

Pn(v) = Cr(v)u
where C),(v) is a linear operator on X.
We introduce the formal series

C(y,t) = Zt”C’n(V).
We have now to verify the third formula of the proposition. Since ¢ is in Vj the product
on the right is defined. Since both sides are linear in ¢ we need only verify it for a set of
generators of V4. This set can be taken to be the functions defined by (2.10.2) together
with their translates by powers of w. For functions of the form (2.10.2) the formula is valid
because of the way the various series C'(v,t) were defined. Thus all we have to do is show
that if the formula is valid for a given function ¢ it remains valid when ¢ is replaced by

(5 )+

By part (i) the right side is replaced by
ZtC (v, ) Pyt ).

(5 )o-+((s )

and m(w)p(v,t) is known we can use part (i) and the relation

1 0\ (=" 0 ot 0
0 =) \0 ot 0 1
to see that the left side is replaced by
2ot (w)P(v, t) = 25t°C (v, O)P(v vy Lt e h).

For a given u in X and a given character v of Ur there must exist a ¢ in V' such that

t) = Z t"Cp(v)u

Consequently there is an ng such that C),(v)u = 0 for n < ng. Of course ny may depend on u
and v. This observation together with standard properties of Gaussian sums shows that the
infinite sums occurring in the following proposition are meaningful, for when each term is
multiplied on the right by a fixed vector in X all but finitely many disappear.

Since

Proposition 2.11. Let p~* be the largest ideal on which ) is trivial.
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(i) Let v and p be two characters of Ug such that vpvy is not 1. Let p™ be its conductor.

Then
> n(e v, @) (e p, @) Cpin(o)
15 equal to
n(yilpilyoila wimie)ztr)n+eypy0(_1>Cnfm7€(y>cp7mf£<,0)

for all integers n and p.
ii) Let v be any character of Up and let v = v='vy Y. Then
(ii) Y 0

> (e v, @) (o v, @p)Cpin(0)

18 equal to

2ov0(—1)0np + (J@| — 1)_1Zg+1cn—1—f( p—1—e(V Z 2 Cryr (V) Cpyr (V)

—2—¢
for all integers n and p.

The left hand sums are taken over all characters o of Up and 9, is Kronecker’s delta.

The relation
0 1 11 0 1y_ (1 -1 0 1 1 -1
-1 0 01 -1 0/ 0 1 -1 0 0 1
implies that

(s D)o -wioe(y ) rn( )

for all ¢ in Vj. Since m(w)ep is not necessarily in Vj we write this relation as

ww){x (1)) e - st e =m-vr (5 7)) wtwr (5 7)) e

The term 72(w)e is equal to vo(—1)p.
We compute the Mellin transforms of both sides

(6 —1>> (T =)

() ((}) RER = S ) (70

so that the Mellin transform of the rlght 81de is

(2.11.1) —1)> "> (o= o vyt =) 20" Con(0) ()

n D,p,0

and

On the other hand

Zt"Zzo Coin () Pp(v 115 )
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B ! ((3 1)) Zt”Zzo 00~ 0, @) o (0) Bl 157
so that _ (((1) })) ()P, t) — m(w)P(v, 1)
is equal to

DDz nlpvve, @) = 6(prio)] Con(p™ 5 ) Bn(p)-

Here 0(prvy) is 1 if priy is the trivial character and 0 otherwise. The Mellin transform of
the left hand side is therefore

(2.11.2)
Dotz oy @) = 6o Cosr (V) Cir (07 05 )Pplp) + 0(=1) Y "B ().
p7r7p
The coefficient of t"@,(p) in (2.11.1) is
(2.11.3) vo(=1) Y (o™ v, == n(p o vy, =) 2 ' Cpin(0)

and in (2.11.2) it is
@114) Sl w7) = 8o )" o)) + 1oV 8o )T

These two expressions are equal for all choice of n, p, p, and v.
If p # v and the conductor of vp~! is p™ the gaussian sum n(pv
r =—m — {. Thus (2.11.4) reduces to

n(pv = @ )2 P Ot (V) G (p 7 5 ).

~1 @") is zero unless

Since
n(p, =) = p(=1) n(p, )
the expression (2.11.3) is equal to

—1)Y o v, @) (e o vy @) 2" Chial0)-

Replacing p by p~'1; " we obtain the first part of the proposition.
If p = v then 6(pr~') = 1. Moreover, as is well-known and easily verified, n(pr=!, @") =1
ifr > —¢,
(v~ w ) = |w|(jw| - )7
and n(pr—t, @) =0 if r < —¢ — 2. Thus (2.11.4) is equal to

vo(=1)bnpl + (|| =1) " 2" Crmet (V) G (v i Z 20" Cor (V) Crir (v 057Y).

r=—{—2
The second part of the proposition follows.

Proposition 2.12.
(i) For everyn, p, v and p
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(i1) There is no non-trivial subspace of X invariant under all the operators C,(v).
(111) The space X is one-dimensional.

Suppose prry # 1. The left side of the first identity in the previous proposition is
symmetric in the two pairs (n,v) and (p,p). Since n(v—'p~'v;', @ ™) is not zero we
conclude that

Crem—t(V) Cpmm—t(p) = Cpn—t(p) Crmm—e(v)
for all choices of n and p. The first part of the proposition is therefore valid in p # v.

Now suppose p = v. We are going to prove that if (p,n) is a given pair of integers and u

belongs to X then

Crr (V) Cpir (V)1 = Cpir (V) Crppr (V)
for all  in Z. If » < 0 both sides are 0 and the relation is valid so the proof can proceed
by induction on r. For the induction one uses the second relation of Proposition 2.11 in the
same way as the first was used above.

Suppose X is a non-trivial subspace of X invariant under all the operators C,,(v). Let
V1 be the space of all functions in V; which take values in X; and let V] be the invariant
subspace generated by V;. We shall show that all functions in V] take values in X; so that
V/ is a non-trivial invariant subspace of V. This will be a contradiction. If ¢ in V takes
value in X; and g belongs to Pr then m(g)¢ also takes values in X;. Therefore all we need to
do is show that if ¢ is in V} then 7(w)e takes values in X;. This follows immediately from
the assumption and Proposition 2.10.

To prove (iii) we show that the operators C,,(v) are all scalar multiples of the identity.
Because of (i) we need only show that every linear transformation of X which commutes
with all the operators C,,(v) is a scalar. Suppose T is such an operator. If ¢ belongs to V' let
T, be the function from F* to X defined by

T,(a) = T((p(a)).
Observe that T is still in V. This is clear if ¢ belongs to V4 and if ¢ = m(w)py we see on
examining the Mellin transforms of both sides that

T, = m(w)T

®o-

Since V' = Vi + w(w)V} the observation follows. T therefore defines a linear transformation of
V' which clearly commutes with the action of any g in Pp. If we can show that it commutes
with the action of w it will follow that it and, therefore, the original operator on X are scalars.
We have to verify that

m(w) Ty = Tr(w)e

at least for ¢ on Vj and for ¢ = 7(w)py with g in V5. We have already seen that the identity
holds for ¢ in V. Thus if ¢ = 7(w)pq the left side is

7T(U))T7T(U))(p0 = 7T2<w)T<P0 = VO(_DTSDO

and the right side is
T7T2(w)900 = VO(_l)TSPO'

Because of this proposition we can identify X with C and regard the operators C,,(v)
as complex numbers. For each r the formal Laurent series C(v,t) has only finitely many
negative terms. We now want to show that the realization of 7 on a space of functions on
F* is, when certain simple conditions are imposed, unique so that the series C(v,t) are

determined by the class of m and that conversely the series C'(v,t) determine the class of 7.
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Theorem 2.13. Suppose an equivalence class of infinite-dimensional irreducible admissible
representations of G is given. Then there exists exactly one space V' of complez-valued
functions on F* and exactly one representation m of Gr on V which is in this class and
which 1s such that
m(b)p = &u(b)ep
if b is in Br and @ is in V.
We have proved the existence of one such V' and 7. Suppose V' is another such space

of functions and 7’ a representation of Gr on V' which is equivalent to w. We suppose of
course that

' (b)p = Eu(b)e
if bisin Bp and ¢ is in V’. Let A be an isomorphism of V' with V’ such that An(g) = 7'(¢)A
for all g. Let L be the linear functional

L(p) = Ap(1)

L <7r ((g ?)) s0> — Ap(a)

so that A is determined by L. If we could prove the existence of a scalar A such that
L(p) = Ap(1) it would follow that

on V. Then

Ap(a) = Ap(a)
for all a such that Ap = Ap. This equality of course implies the theorem.
Observe that

(2.13.1) L <7r ((é f)) ¢> - (((1) f)) Ap(1) = () L(g).

Thus we need the following lemma.

Lemma 2.13.2. If L is a linear functional on V' satisfying (2.13.1) there is a scalar A such
that

L(p) = Ap(1).
This is a consequence of a slightly different lemma.

Lemma 2.13.3. Suppose L is a linear functional on the space S(F*) of locally constant
compactly supported functions on F* such that

(e((6 1))%) = vt

for all ¢ in S(F*) and all x in F. Then there is a scalar \ such that L(p) = \p(1).

Suppose for a moment that the second lemma is true. Then given a linear functional L
on V satisfying (2.13.1) there is a A such that L(¢) = Ap(1) for all ¢ in Vo = S(F*). Take x
in F' such that ¢(z) # 1 and ¢ in V. Then

o1 (o-=(( ) ) -1 (=((3 7))
(7))

Since
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is in V} the right side is equal to

Ap(1) = Mp(2)e(1) + () L(p)
so that
(1=%(2)) L(p) = A1 = ¥(2)) ¢(1)
which implies that L(y) = Ap(1).
To prove the second lemma we have only to show that ¢(1) = 0 implies L(p) = 0. If we
set ©(0) = 0 then ¢ becomes a locally constant function with compact support in F'. Let ¢’
be its Fourier transform so that

p(a) _/Fw(ba) ©'(—b) db.

Let 2 be an open compact subset of F’* containing 1 and the support of . There is an ideal
a in F so that for all a in €2 the function ¢’'(—b)y(ba) is constant on the cosets of a in F.
Choose an ideal b containing a and the support of ¢'. If S is a set of representatives of b/a
and if ¢ is the measure of a then

pla) =y P(ba)g'(=b).
bes
If g is the characteristic function of €2 this relation may be written

= My (([1) l{)) Po

bes
with Ay = c¢/(=b). If (1) =0 then

D Awp(b) =0

bes

e=> N {fw ((é Zl))) Po — w(b)%}

It is clear that L(¢) = 0.

The representation of the theorem will be called the Kirillov model. There is another
model which will be used extensively. It is called the Whittaker model. Its properties are
described in the next theorem.

Theorem 2.14.
(i) For any ¢ in 'V set

so that

We(g) = (7(9)¢) (1)

so that W, is a function in Gp. Let W (m, 1)) be the space of such functions. The map
o — W, is an isomorphism of V with W (m,v). Moreover

Wiigre = p(9)W,,
(i1) Let W (1)) be the space of all functions W on G such that

W ((é f)) g = v(@)W ()

for all x in F and g in G. Then W (m, 1) is contained in W (1) and is the only invariant
subspace which transforms according to ™ under right translations.



30 2. LOCAL THEORY

0 (5 D)= ) )o-o

the function W, is 0 only if ¢ is. Since
p(g)W (h) = W (hg)

Since

the relation
Wge = p(9)W,
is clear. Then W (m, ) is invariant under right translation and transforms according to .

w (5 1)9) = (7 ((5 7)) 7o) @ = st@intare)

the space W (m, 1) is contained in W (1)). Suppose W is an invariant subspace of W (1) which
transforms according to w. There is an isomorphism A of V' with W such that

A(r(g)e) = plg)(Ag).
Let
L(p) = Ap(1).
Since
L(w(9)¢) = Am(g)e(1) = p(g)Ap(1) = Ap(g)
the map A is determined by L. Also

(2 ((5 1)) e) =20 (6 1)) = 0200 = v

so that by Lemma 2.13.2 there is a scalar A such that

L(p) = Ap(1).
Consequently Ap = AW,, and W = W (m, ).
The realization of m on W (m, ) will be called the Whittaker model. Observe that the
representation of G on W (1) contains no irreducible finite-dimensional representations. In
fact any such representation is of the form

m(g) = x(det g).
If 7 were contained in the representation on W (v) there would be a nonzero function W on
G r such that

w(( 1)s) = vlontaeamo

In particular taking g = e we find that

1 =z
w((s 7)) = v
However it is also clear that

(4 D)o (s o -ve

so that ¢»(x) = 1 for all . This is a contradiction. We shall see however that 7 is a constituent
of the representation on W (v). That is, there are two invariant subspaces W7 and Wy of
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W (1)) such that W; contains Wy and the representation of the quotient space W; /Wy is
equivalent to .

Proposition 2.15. Let w and @' be two infinite-dimensional irreducible representations of
Gr realized in the Kirillov form on spaces V' and V'. Assume that the two quasi-characters

defined by
(5 D) -eon (3 3) o

are the same. Let {C(v,t)} and {C'(v,t)} be the families of formal series associated to the
two representations. If
C(y,t) = C'(v,t)

for all v then m = 7’.
If ¢ belongs to S(F*) then, by hypothesis,

m(w)@(v, 1) = 7' (w)@(v, )
so that m(w)p = 7'(w)e. Since V' is spanned by S(F*) and 7w (w)S(F*) and V' is spanned
by S(F*) and 7'(w)S(F*) the spaces V and V' are the same. We have to show that

m(9)e = 7'(9)¢
for all ¢ in V and all g in Gp. This is clear if g is in Pp so it is enough to verify it
for ¢ = w. We have already observed that 7(w)ypy = 7'(w)po if ¢o is in S(F*) so we
need only show that m(w)y = 7'(w)p if ¢ is of the form 7(w)yy with ¢y in S(F*). But
m(w)p = 7 (w)po = w(—1)pe and, since m(w)py = 7 (w)pg, 7 (w)p = W' (—1)pp.
Let N be the group of matrices of the form

(b 1)

with z in F' and let B be the space of functions on G invariant under left translations by
elements of Np. B is invariant under right translations and the question of whether or not a
given irreducible representation 7 is contained in B arises. The answer is obviously positive
when 7 = x is one-dimensional for then the function g — x(det g) is itself contained in B.

Assume that the representation m which is given in the Kirillov form acts on B. Then
there is a map A of V into B such that

An(g)e = p(g) A
If L(p) = Ap(1) then

(2.15.1) L (@ ((é Qf)) so) = L(p)

for all ¢ in V' and all z in F'. Conversely given such a linear form the map ¢ — Ay defined
by

Ap(g) = L(m(9)¢)
satisfies the relation Am(g) = p(g)A and takes V into B. Thus 7 is contained in B if and
only if there is a non-trivial linear form L on V which satisfies (2.15.1).

Lemma 2.15.2. If L is a linear form on S(F*) which satisfies (2.15.1) for all x in F' and
for all ¢ in S(F*) then L is zero.
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We are assuming that L annihilates all functions of the form

so it will be enough to show that they span S(F*). If ¢ belongs to S(F*) we may set
©(0) = 0 and regard ¢ as an element of S(F'). Let ¢’ be its Fourier transform so that

p(z) = /F @' (=) (bx) db.

Let Q2 be an open compact subset of F'* containing the support of ¢ and let p~™ be an ideal
containing €. There is an ideal a of F' such that ¢'(—b)y(bx) is, as a function of b, constant
on cosets of a for all z in p~™. Let b be an ideal containing both a and the support of ¢’. If
S is a set of representatives for the cosets of a in b, if ¢ is the measure of a, and if ¢, is the
characteristic function of €2 then

p(r) = Mtb(ba)po(x)

besS

(3 )
> N=0

v = Z)\b {fw ((é l;)) Yo — 900}
b
as required.

Thus any linear form on V' verifying (2.15.1) annihilates S(£*). Conversely any linear
form on V' annihilating S(F*) satisfies (2.15.1) because

if A\p = c¢'(—b). Thus

Since ¢(0) = 0 we have

so that

is in S(F) if p is in V. We have therefore proved

Proposition 2.16. For any infinite-dimensional irreducible representation w the following
two properties are equivalent:

(i) 7 is not contained in B.
(i) The Kirillov model of 7 is realized in the space S(F*).

A representation satisfying these two conditions will be called absolutely cuspidal.

Lemma 2.16.1. Let © be an infinite-dimensional irreducible representation realized in the
Kirillov form on the space V.. Then Vo = S(F™) is of finite codimension in V.

We recall that V =V + m(w) V. Let V; be the space of all ¢ in V with support in Up.
An element of 7(w)Vy may always be written as a linear combination of functions of the form

(5 )
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with ¢ in V; and p in Z. For each character u of Up let ¢, be the function in V; such that
©u(€) = p(e)ry(e) for € in Up. Then
@M(Va t) = 5(’//“/0)
and
T(w)P, (v, t) = S(vp 1O (v, t).
Let 7, = m(w)y,. The space V is spanned by V; and the functions

w? 0
Lo 1))
For the moment we take the following two lemmas for granted.

Lemma 2.16.2. For any character u of l/jp there is an integer ng and a family of constants
Ai, 1 <1< p, such that

Cn(p) = Z AiCri(1)

for n = nyg.

Lemma 2.16.3. There is a finite set S of characters of Up such that for v not in S the
numbers C,(v) are 0 for all but finitely many n.

If 11 is not in S the function 7, is in V4. Choose i in S and let V,, be the space spanned

by the functions
w? 0
\\lo 1))

and the functions ¢ in Vj satisfying ¢(ae) = ¢(a)u~'(¢) for all @ in F* and all € in Up. Tt
will be enough to show that V,,/(V,, N V}) is finite-dimensional.

If ¢ is in V), then $(v,t) = 0 unless v = p and we may identify ¢ with the sequence
{@n(1)}. The elements of V,, N V; are the elements corresponding to sequences with only
finitely many nonzero terms. Referring to Proposition 2.10 we see that all of the sequences
satisfy the recursion relation

Dn(p) = Z ANin—i(p)

for n > ny. The integer n; depends on .
Lemma 2.16.1 is therefore a consequence of the following elementary lemma whose proof
we postpone to Paragraph 8.

Lemma 2.16.4. Let \;, 1 <@ < p, be p complex numbers. Let A be the space of all sequences
{an}, n € Z for which there exist two integers ny and ny such that

for n = ny and such that a,, =0 for n < ny. Let Ay be the space of all sequences with only a
finite number of nonzero terms. Then AJAq is finite-dimensional.
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We now prove Lemma 2.16.2. According to Proposition 2.11
> nlo~ v, @ (o7, %) Cpin(o)

is equal to
2ov0(—1)0np + (|| — 1)_lzg+lcn—1—€<y)0p—l—€(g) - Z 20 Cotr (V) Cpr (V).
.,

Remember that p~* is the largest ideal on which 1 is trivial. Suppose first that 7 = v.
Take p = —¢ and n > —¢. Then 6(n — p) = 0 and

n(o~ v, =" n(o v, ") = 0

unless 0 = v. Hence
Cre(v) = (|| = 1) 26" Cor o) Coap 1 (v) = D 20" Crrir (V) Ot (v)
—2—¢
which, since almost all of the coefficients C'_,,,.(v) in the sum are zero, is the relation required.
If v # U take p > —¢ and n > p. Then n(c~'v,@w™) = 0 unless 0 = v and n(oc~'v, @) = 0
unless o = v. Thus

(2.16.5) (Jo| = 1) Z—HOTL 1-0(V)Cp1-0(V Z 2y Crr (V) Cpir (V) = 0.
—2-¢
There is certainly at least one ¢ for which C;(v) # 0. Take p — 1 — ¢ > i. Then from (2.16.5)
we deduce a relation of the form
n+r Z )\ Cn+7' z

where r is a fixed integer and n is any 1nteger greater than p.
Lemma 2.16.3 is a consequence of the following more precise lemma. If p™ is the conductor
of a character p we refer to m as the order of p.

Lemma 2.16.6. Let mq be of the order vy and let my be an integer greater than mg. Write
vy in any manner in the form vy = vy ‘v, ' where the orders of vi and vy are strictly less
than my. If the order m of p is large enough

mfﬁ)

C g — (1) 477(”1 p,w
om—20(p) 5 p(—=1)2 n(vap=1, =m0

and Cy(p) =0 if p # —2m — 20.

Suppose the order of p is at least m;. Then privy = pry * is still of order m. Applying
Proposition 2.11 we see that

Z (o v, @™ (e, wp+m+£)cp+n+2m+2€(0-)

is equal to
77<V171p71]/071’ wimie)ZgHreleI/O(_l)Cnfme(V)Cpfmfﬁ(p)
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for all integers n and p. Choose n such that C, () # 0. Assume also that m +n + £ > —/¢
or that m > —2¢ —n. Then n(o~ vy, @"t™*) = 0 unless 0 = v so that

Ny, @) Cppnpamrar(vn) = n(vap™t @™ g v pg (1) Co (1) Gy ().
Since vy 'p is still of order m the left side is zero unless p = —2m — 2¢. The only term on the
right side that can vanish is C,(p). On the other hand if p = —2m — 2¢ we can cancel the
terms C,,(v1) from both sides to obtain the relation of the lemma.
Apart from Lemma 2.16.4 the proof of Lemma 2.16.1 is complete. We have now to discuss
its consequences. If w; and w, are two quasi-characters of F'* let B(wy, ws) be the space of
all functions ¢ on G which satisfy

i) For all g in GF, aq, ay in ¥, and z in F
(i) g

¥ ((Cg ;2) g) = wi(ar)ws(az)

(ii) There is an open subgroup U of GL(2,Op) such that p(gu) = ¢(g) for all w in U.

1/2

D wg).

a2

Since
GF = NF AF GL(Q, OF)
where Ap is the group of diagonal matrices the elements of B(wy,ws) are determined by their
restrictions to GL(2,Op) and the second condition is tantamount to the condition that ¢ be
locally constant. B(w;,ws) is invariant under right translations by elements of G so that we
have a representation p(wy,ws) of Gg on B(wy,ws). It is admissible.

Proposition 2.17. If 7 is an infinite-dimensional irreducible representation of Gr which is
not absolutely cuspidal then for some choice of py and po it is contained in p(jy, fi2).

We take 7 in the Kirillov form. Since Vj is invariant under the group Pr the representation
7 defines a representation ¢ of Pr on the finite-dimensional space V/Vj. It is clear that o is
trivial on Ng and that the kernel of ¢ is open. The contragredient representation has the
same properties. Since Pr/Np is abelian there is a nonzero linear form L on V/Vj such that

o ((68 CZ)) L = py(a)py  (a2) L

for all aq, as, and z. p; and py are homomorphisms of F* into C* which are necessarily
continuous. L may be regarded as a linear form on V. Then

L(W(Cg i))¢)==udmNQWﬂLWﬁ

If ¢ isin V let Ay be the function

Ap(g) = L(m(g)e)

on Gp. A is clearly an injection of V' into B(u1, 12) which commutes with the action of Gp.

Before passing to the next theorem we make a few simple remarks. Suppose 7 is an
infinite-dimensional irreducible representation of G and w is a quasi-character of F'*. It is
clear that W (w ® m,1) consists of the functions

g — W(g)w(det g)

with W in W(m, ). If V is the space of the Kirillov model of 7 the space of the Kirillov
model of w ® 7 consists of the functions @ — p(a)w(a) with ¢ in V. To see this take 7 in the
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Kirillov form and observe first of all that the map A : ¢ — ¢w is an isomorphism of V' with
another space V' on which G acts by means of the representation 7’ = A(w @ 7)A~!. If

a
G )
belongs to Br and ¢’ = ¢pw then

™' (b)¢'(a) = w(a){w(a)¥(az)p(aa)} = ¥(az)¢'(aa)
so that 7'(b)¢’ = &, (b)¢’. By definition then 7’ is the Kirillov model of w ® 7. Let wy be the
restriction of w to Up and let z; = w(w). If ¢’ = pw then
P (v,t) = (vwy, 21t).
Thus
7' ()¢ (v, 1) = 7(w)P(vwr, 21t) = Clvwy, 2:0) PV twy tyg 25 2 ).
The right side is equal to

1

Cvwy, 21t) @ (v g tw 2, 29 2%t

so that when we replace ™ by w ® m we replace C(v,t) by C(vwy, z1t).
Suppose ¢'(x) = 1 (bx) with b in F* is another non-trivial additive character. Then
W (m, 1)) consists of the functions

w5
with W in W (r, ).

The last identity of the following theorem is referred to as the local functional equation.
It is the starting point of our approach to the Hecke theory.

Theorem 2.18. Let m be an irreducible infinite-dimensional admissible representation of
Grp.
(i) If w is the quasi-character of G defined by

(5 ) -

then the contragredient representation 7 is equivalent to w™' @ 7.
(i1) There is a real number sy such that for all g in Gg and all W in W (7, 1) the integrals

/ W((g [f) g) a2 d%a = W(g, 5, V)
F><

/FX w ((8 g) 9) la|*"?w(a) d*a = U(g, s, W)

converge absolutely for Res > sg.
(111) There is a unique Euler factor L(s,m) with the following property: if

U(g,s, W)= L(s,7)®(g,s, W)

then ®(g,s, W) is a holomorphic function of s for all g and all W and there is at least
one W in W (r, 1) such that

O(e,s, W) =a’

where a is a positive constant.
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(w) If B B

U(g,s, W)= L(s,m)®(g,s, W)
there is a unique factor e(s,m, 1) which, as a function of s, is an exponential such that

3 ((_01 (1)) g1~ s,W) = (s, 0)B(g. 5. W)
for all g in Gg and all W in W (m, ).

To say that L(s,7) is an Euler factor is to say that L(s,7) = P71(¢™%) where P is a
polynomial with constant term 1 and ¢ = || ™! is the number of elements in the residue field.
If L(s,m) and L'(s,7) were two Euler factors satisfying the conditions of the lemma their
quotient would be an entire function with no zero. This clearly implies uniqueness.

If 4 is replaced by 9" where ¢'(x) = ¥ (bz) the functions W are replaced by the functions

W' with
N b 0
and
U(g,s,W') = [b]">*W(g,s, W)
while

W(g, s, W) = [b]'**w(b)¥(g, s, W),
Thus L(s, ) will not depend on . However
e(s,m ) = w(b) |b]* te(s, 7, v).
According to the first part of the theorem if W belongs to W (m, ) the function
W (g) = W(g)w" (det g)
is in W(m, ). It is clear that
U(g, s, W) = w(det g) (g, s, W)

so that if the third part of the theorem is valid when 7 is replaced by 7 the function (f(g, s, W)
is a holomorphic function of s. Combining the functional equation for = and for 7 one sees
that

(s, m 0)e(l — 5,7, 10) = w(—1).
Let V' be the space on which the Kirillov model of 7 acts. For every W in W (m, 1) there

is a unique ¢ in V' such that

a 0

(i 1)) e
If 7 is itself the canonical model
a 0
m(w)p(a) =W <(O 1) w)
(0 1
w={_1 o)
If x is any quasi-character of F'* we set

200 = [ elania)da

where
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if the integral converges. If x is the restriction of x to Ur then

P(0) = &(xo. x(@))-
Thus if ap is the quasi-character ap(z) = || and the appropriate integrals converge
Ule,s, W) = Blaf ) = B(1,4'%7)
s—1 2 — s
(e, 5, W) = GlafPw) = B 55 1 2)
if v is the restriction of w to Up and 2y = w(w). Thus if the theorem is valid the series ¢(1, )
and 90(1/0 ,t) have positive radii of convergence and define functions which are meromorphic

in the whole t-plane.
It is also clear that

El(u)7 1- S, W) ( )@(VO ) lqs 1/2)
If ¢ belongs to Vj then
T(w)P(y ' 7 g ) = Clvg !, 2 P P0P(1, ¢ 7).

Choosing ¢ in Vj such that $(1,t) = 1 we see that C(v; ', t) is convergent in some disc and
has an analytic continuation to a function meromorphic in the whole plane.
Comparing the relation

7T<1U)§5<V0712071q71/2qs) — C(V(; 720—1/2 —1/2 s)(p(qu/qus)
with the functional equation we see that
L(l -5, %)€<S, T, ¢)

2.18.1 g V2g%) =
( 8 ) C(”O 720 q Q) L(S,ﬂ')

Replacing 7 by y ® m we obtain the formula

L(1—s,x '®@T)e(s,x @ Y)
L(s,x @) '

Appealing to Proposition 2.15 we obtain the following corollary.

Clvo'xo 'z ta e VPg) =

Corollary 2.19. Let m and 7" be two irreducible infinite-dimensional representations of Gp.
Assume that the quasi-characters w and w' defined by

(5 ) oo (s )

are equal. Then m and @' are equivalent if and only if
LA-sx'®m)e(s,x®@m¢)  Ll—s,x ' @T)e(s,x @7, ¢)
L(s,x ®m) - L(s,x ® ')
for all quasi-characters.

We begin the proof of the first part of the theorem. If ¢; and ¢, are numerical functions
on F* we set

(p1,02) = /901(61)902(—61) d*a.
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The Haar measure is the one which assigns the measure 1 to Ug. If one of the functions is in
S(F*) and the other is locally constant the integral is certainly defined. By the Plancherel

theorem for Ug
(e, ¢) =D > v(=1)E )@, ).
The sum is in reality finite. It is easy to see that if b belongs to B
(€u (), Eu(b)9)) = (9, ¥).

Suppose 7 is given in the Kirillov form and acts on V. Let ©’, the Kirillov model of
wt @, act on V’. To prove part (i) we have only to construct an invariant non-degenerate
bilinear form S on V' x V. If ¢ belongs to V; and ¢’ belongs to V' or if ¢ belongs to V' and
¢ belongs to V{ we set

Ble, @) = (p.¢).
If ¢ and ¢’ are arbitrary vectors in V and V' we may write ¢ = 1 + m(w)py and ¢’ =
01 + (W)l with ¢, pg in Vo and ¢, ¢4 in V. We want to set
Ble,¢') = (e1, 1) + (o1, 7' (w)gh) + (m(w)epa, 1) + (2, 6).
The second part of the next lemma shows that g is well-defined.

Lemma 2.19.1. Let ¢ and ¢’ belong to Vi and Vy respectively. Then
(,L) / / /
(m(w)e,¢') = vo(=1){e, 7' (w)¢')
(11) If either m(w)p belongs to Vi or m'(w)y’ belongs to V{ then
(r(w)e, w'(w)¢') = (v, ¢).

The relation
T(w)p(v,t) =Y "y Corp(W)Zp(r 15 )"
n P

implies that
(2.19.2) (m(w)e, ) = D v(=1)Crsp(V)Pp(v 05 ) 2", (7).

n,p,v
Replacing m by 7’ replaces w by w™, vy by 5!, 20 by 25!, and C(v,t) by C(vig*, 25 't).
Thus
(2.19.3) (o, 7' (w)g') = Y v(=1)Curpvig )z B (v 0) (v ).

n,p,v

Replacing v by vy in (2.19.3) and comparing with (2.19.2) we obtain the first part of the
lemma.

Because of the symmetry it will be enough to consider the second part when 7(w)ep
belongs to V4. By the first part

(m(w)p, 7' (w)¢') = w(=1){7*(w)p,¢") = (0, ¢').
It follows immediately from the lemma that
B(m(w)e, 7' (w)e') = By, ¢')

so that to establish the invariance of 5 we need only show that

B(r(p)e, 7' (p)¢') = By, ¢)
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for all triangular matrices p. If ¢ is in V{ or ¢’ is in Vj this is clear. We need only verify it
for ¢ in m(w)Vy and ¢’ in 7'(w)Vj.
If pisin Vp, ¢ isin V] and p is diagonal then

B(r(p)m(w)p, 7' (p)7' (w)¢') = B(m(w)m(pr)e, 7' (w)r' (p1)¢)
where p; = w™pw is also diagonal. The right side is equal to

B(m(p)e. ' (p1)¢') = Bl ¢) = B(m(w)e, 7' (w)p).
Finally we have to show thatf]

S () P )

for all 7 in I and all p and ¢". Let ¢;, 1 < i <7, generate V modulo Vj and let ¢, 1 < j <17,
generate V' modulo V. There certainly is an ideal a of F' such that

(-
(6 7)) %-+

for all < and 7 if = belongs to a. Then

(6 D)o (6 ) ) -

Since 2.19.2 is valid ¢ is in Vj or ¢’ is in Vj it is valid for all ¢ and ¢’ provided that z is in a.
Any y in F' may be written as ax with a in F”* and x in a. Then

L 1)-G 6D )

and it follows readily that

5(=((3 1) e (5 1)) #) =ste

Since [ is invariant and not identically zero it is non-degenerate. The rest of the theorem
will now be proved for absolutely cuspidal representations. The remaining representations
will be considered in the next chapter. We observe that since W(w, ) is invariant under
right translations the assertions need only be established when ¢ is the identity matrix e.

If 7 is absolutely cuspidal then V' = 1 = S(F*) and W ((49)) = ¢(a) is locally
constant with compact support. Therefore the integrals defining W(e, s, W) and \Tl(e, s, W)
are absolutely convergent for all values of s and the two functions are entire. We may take
L(s,m) = 1. If v is taken to be the characteristic function of Up then ®(e,s, W) = 1.

Referring to the discussion preceding Corollary 2.19 we see that if we take

e(s,m ) = Ol 'z ta 2g0)
the local functional equation of part (iv) will be satisfied. It remains to show that (s, 7, 1)

is an exponential function or, what is at least as strong, to show that, for all v, C(v,t) is a
multiple of a power of t. It is a finite linear combination of powers of ¢ and if it is not of the

and

IThe tags on Equations 2.19.2 and 2.19.3 have inadvertently been repeated.
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form indicated it has a zero at some point different from 0. C(vy; !, z,'t™!) is also a linear
combination of powers of ¢t and so cannot have a pole except at zero. To show that C(v,t)
has the required form we have only to show that
(2.19.3) C,t)Cv gtz 't = vo(—1).
Choose ¢ in V; and set ¢’ = 7(w)p. We may suppose that ¢'(v,t) # 0. The identity is
obtained by combining the two relations
¢vt)=Cly, )9/5(’/ 0 1720 lt_l)
and
VO(_1)90<I/ VO 7t) O(V yO 7t)()0 (Va Zﬂiltil)'

We close this paragraph with a number of facts about absolutely cuspidal representations

which will be useful later.

Proposition 2.20. Let 7 be an absolutely cuspidal representation of Gg. If the quasi-

character w defined by
a 0
T ((O a)) =w(a)l

15 actually a character then m is unitary.

As usual we take 7 and 7 in the Kirillov form. We have to establish the existence of a
positive-definite invariant hermitian form on V. We show first that if ¢ belongs to V' and ¢
belongs to V' then there is a compact set 2 in G such that if

ze={ (5 0)|ecr}

the support of (w(g)p, @), a function of g, is contained in ZgQ). If A is the group of diagonal
matrices Gp = GL(2,0p) Ar GL(2,OF). Since ¢ and ¢ are both invariant under subgroups
of finite index in GL(2,OF) it is enough to show that the function (7(b)p, $) on Ap has
support in a set Zr{2 with 2 compact. Since

a 0 ~ ~
(5 0)0) e ? —wl@Eoin
it is enough to show that the function
a 0 ~
(m ((0 1)) ¥, @)
has compact support in F'*. This matrix element is equal to

| elaad-o)aa.

Since ¢ and ¢ are functions with compact support the result is clear.
Choose pg # 0 in V' and set

(¢1,02) :/z \G (m(9)¢1, Po)(m(g) w2, Po) dg.

This is a positive invariant hermitian form on V.
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We have incidentally shown that 7 is square-integrable. Observe that even if the absolutely
cuspidal representation 7 is not unitary one can choose a quasi-character x such that y ® 7
is unitary. B

If 7 is unitary there is a conjugate linear map A : V' — V defined by

(©1,02) = (@1, Apa).
Clearly A&, (b) = &,(b)A for all b in Br. The map A, defined by

Aop(a) = P(—a)
has the same properties. We claim that
A= Ny
with A in C*. To see this we have only to apply the following lemma to Aj"'A.

Lemma 2.21.1. Let T be a linear operator on S(EF™) which commutes with &, (b) for all b
i Br. Then T is a scalar.

Since &, is irreducible it will be enough to show that T has an eigenvector. Let p=* be
the largest ideal on which v is trivial. Let p be a non-trivial character of Ug and let p™ be
its conductor. T' commutes with the operator

S = /UF et (e)Ey <(8 (1)) ((1) w_f_")> 8

and it leaves the range of the restriction of S to the functions invariant under Uy invariant.
If ¢ is such a function

Sip(a) = (a) / w () (ae ") de.

The Gaussian sum is 0 unless a lies in Up. Therefore S¢ is equal to (1) times the function
which is zero outside of Ur and equals p on Ugr. Since T leaves a one-dimensional space
invariant it has an eigenvector.

Since A = AAj the hermitian form (1, ¢9) is equal to

A /F _@i@)P(a) d*a.

Proposition 2.21.2. Let m be an absolutely cuspidal representation of G for which the
quasi-character w defined by
a 0
T ((0 a)) =w(a)l
1S a character.
(i) If w is in the Kirillov form the hermitian form

| eama ia

18 tnvariant.
(i1) If |z| = 1 then |C(v,2)| =1 and if Res = 1/2

(s, ™ ¥) = 1.
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Since |zo| = 1 the second relation of part (ii) follows from the first and the relation

e(s,m) = Clug ' a2 ).
If nisin Z and v is a character of Ur let

plew™) = onmr(€)ro(e)

[ e@Pda=1.

If ¢ = m(w)p and C(v,t) = Cy(v)t* then
@' (e™) = 0p_nmCo(v) 25" v (e).

for m in Z and € in Ur. Then

Since |zp| =1

| W @P da = G
Applying the first part of the lemma we see that, if |z] = 1, both |Cy(v)|* and |C(v, 2)|* =
|Co(v)|? | 2% are 1.

Proposition 2.22. Let 7 be an irreducible representation of Gg. It is absolutely cuspidal if
and only if for every vector v there is an ideal a in F such that

[ ) eno

It is clear that the condition cannot be satisfied by a finite-dimensional representation.
Suppose that 7 is infinite-dimensional and in the Kirillov form. If ¢ is in V' then

/w<(é f))wdx:o
/wax dz =0

for all a. If this is so the character x — 1 (az) must be non-trivial on a for all a in the support
of . This happens if and only if ¢ is in S(F*). The proposition follows.

if and only if

Proposition 2.23. Let m be an absolutely cuspidal representation and assume the largest
ideal on which v is trivial is Op. Then, for all characters v, Cp,(v) =0 if n > —1.

Take a Character v and choose ny such that C,, (v) # 0. Then C,(v) = 0 for n # ny. If

v =v 'y, ! then, as we have seen,

Cv,t)C(v,t 125" = (1)
so that
Cn(v)=0
for n # n; and
Cnl (V)Om (,Vv) = V0<_1)Zgl'
In the second part of Proposition 2.11 take n = p = ny + 1 to obtain
Y (o v, @ (o7, @) Copyya(0) = 2 wo(—1) + (@] = 1) 20C0, ()i, ().

g
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The right side is equal to
||

2611+1V0(_1> . ’w| —7-
Assume ny; > —1. Then (o~ 'v,@™ ) is 0 unless 0 = v and n(oc~'v,@™ ") is 0 unless
o = v. Thus the left side is 0 unless v = v. However if v = v the left side equals Cy,, 12(v).
Since this cannot be zero 2n; + 2 must equal ny so that n; = —2. This is a contradiction.
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83. The principal series for non-archimedean fields

In order to complete the discussion of the previous paragraph we have to consider
representations which are not absolutely cuspidal. This we shall now do. We recall that if
1, pe is a pair of quasi-characters of F'* the space B(uq, p2) consists of all locally constant
functions f on G which satisfy

(3.1) f(( )g) = ) pia(az)

0 a9

1/2

f(g)

for all g in Gp, ay, ag, in F*, and x in F. p(u, p2) is the representation of Gg on B(uq, pa).

Because of the Iwasawa decomposition Gp = PrGL(2,Op) the functions in B(p, o) are
determined by their restrictions to GL(2, Or). The restriction can be any locally constant
function on GL(2, OF) satisfying

f ((GOI CZ) g) = p(a1)pa(a2) f(g)

for all g in GL(2,OF), ay, ay in Up, and z in Op. If U is an open subgroup of GL(2, OF) the
restriction of any function invariant under U is a function on GL(2,Or)/U which is a finite
set. Thus the space of all such functions is finite-dimensional and as observed before p(fi1, f12)
is admissible.

Let F be the space of continuous functions f on G which satisfy

(6 2)e) =2 s
2 o

for all g in Gp, a1, as in F*, and = in F'. We observe that F contains B(a, ", ap 7). Gp
acts on F. The Haar measure on G if suitably normalized satisfies

-1
fods= [ [ [
Gp Np JAp GL(Q,OF)

f(nak) dn da dk
(a1 0
(5 0)

/ fk) dk
GL(2,0r)

is a Gp-invariant linear form on F. There is also a positive constant ¢ such that

o 1= C/NF /AF /NF o ("a <_01 (1)) nl) dn dadn,.
/GL(ZOF)f(k) dk:c/Ff ((_01 (1)) (é “f)) dz.

If ; belongs to B(u1, it2) and @y belongs to B(u; ', 1y ") then ¢, belongs to F and we set

(p1,02) = / ©1(k) pa(k) dk.
GL(2,0r)

a1

a2

3]

a2

ai

a2

It follows easily from this that

ai
a2

Consequently
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Clearly
(p(g)p1, p(9)p2) = (P1,¢2)
so that this bilinear form is invariant. Since both ¢, and ¢, are determined by their restrictions
to GL(2, Op) it is also non-degenerate. Thus p(u; ", p; ') is equivalent to the contragredient
of p(fi1, p2).
In Proposition 1.6 we introduced a representation r of G and then we introduced a
representation rq = r,, ,,. Both representations acted on S(F?). If

B(a,b) = / B(a, ) (by) dy

is the partial Fourier transform

(3.1.1) [r(9)®]” = p(g)®
and
(3.1.2) Py (9) = pa(det g) | det g|'/2r(g).

We also introduced the integral
9(ul,uz;¢’)=/ () ()O(t,t71) d*t
FX
and we set

(3.1.3) Wa(g) = 0(p1, 12 Ty 1z (9) P).-

The space of functions Wy is denoted W (juq, p2; ).
If w is a quasi-character of F'* and if |w(w)| = |w|® with s > 0 the integral

2w, @) = /F B(0, ) (t) d*t

is defined for all ® in S(F?). In particular if | (@), (@)| = |@|* with s > —1 we can
consider the function

falg) = m(detg) | det g|'*z(appps*, p(9)®)
on Gp. Recall that ap(a) = |a|. Clearly

(3.1.4) p(h)fs = fu
if
U = iy (det ) | det h|Y2p(h)®.

We claim that fe belongs to B(u, u2). Since the stabilizer of every ® under the repre-
sentation g — p1(det g) | det g|*/?p(g) is an open subgroup of Gy the functions fg are locally
constant. Since the space of functions fg is invariant under right translations we need verify
(3.1) only for g = e.

(5 2)=lona(3 )omiorons)

By definition the right side is equal to

i1 (109)|aras] V2 / (O3 (1) 18] (0, ast) d.
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Changing variables we obtain

ai

a2

1/2
/ pia (1)1 (2) 1] (0, 1) d* 1.

The integral is equal to fg(e). Hence our assertion.

pa(ar)pa(az)

Proposition 3.2. Assume |u(@)uy ()| = |@|* with s > —1.

(i) There is a linear transformation A of W (i1, puo; ) into B(uy, pe) which, for all @ in
S(F?), sends We to f.
(i1) A is bijective and commutes with right translations.

To establish the first part of the proposition we have to show that f5 is 0 if Wg is. Since

NoAy ( 0

1 0) Ny is a dense subset of G this will be a consequence of the following lemma.

Lemma 3.2.1. If the assumptions of the proposition are satisfied then, for all ® in S(F?),

the function
_ . a 0
0 — 113" (@) la] 2V ((o 1))

18 1ntegrable with respect to the additive Haar measure on F' and

Jwa (5 2)w @ oanan= s () (5 1))

By definition
I3 ((? _01) (é 31:)) - /5(15,1533)#1(75)“2—1(75) #ld”t
while

22w ((§ ))) @l = mlans @ [ ot o 0 d

After a change of variable the right side becomes

[ ot @

Computing formally we see that

Jwa((5 1)) v t@lalota)
is equal to

[ [ ot at) d= [ oo ] [ ot )]

which in turn equals

/FX pa () (2) 2] {/Ffb(t,a)lb(axt) da} d*t = /FX (b, wt) g (¢) g () |t] d*t.

Our computation will be justified and the lemma proved if we show that the integral

/FX /F |©(t, at ™) (t)py ' ()| dt da
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/ /]CID(t,a)Ht\s“dXtda
FX JF

which is finite because s is greater than —1.

To show that A is surjective we show that every function f in B(p, p2) is of the form
fo for some ® in S(F?). Given f let ®(z,y) be 0 if (z,y) is not of the form (0, 1)g for some
g in GL(2,0r) but if (z,y) is of this form let ®(x,y) = u;'(det g)f(g). It is easy to see
that ® is well-defined and belongs to S(F?). To show that f = fe we need only show that
f(g) = fo(g) for all g in GL(2,0pF). If g belongs to GL(2,0r) then ®((0,t)g) = 0 unless ¢
belongs to Ug so that

fo(g) = pa(det g)/U O((0,)g) 1 (t)uy () dt.

is convergent. It equals

Since
®((0,t)g) = " (B ' (det g) f (G) 3) g) = pir ()2t (det 9) £ (9)

the required equality follows.
Formulae (3.1.2) to (3.1.4) show that A commutes with right translations. Thus to show
that A is injective we have to show that Wy (e) = 0 if f5 is 0. It follows from the previous

lemma that
a 0
wa (5 1))

is zero for almost all a if f3 is 0. Since Wy (( O)) is a locally constant function on F* it

a
0 1
must vanish everywhere.

We have incidentally proved the following lemma.

Lemma 3.2.3. Suppose |p(@)p; ' (w)| = |@|® with s > —1 and W belongs to W (pu1, po; 1)).

” (5 9) -

Theorem 3.3. Let p; and po be two quasi-characters of F*.

If neither pyps ' nor uy iy is ap the representations p(juy, pi2) and p(usg, 1) are equivalent
and irreducible.

If st = ap write gy = Xa}/Q, fo = Xagl/Z. Then B(p, u2) contains a unique proper
invariant subspace Bg(puy, pio) which is irreducible. B(ua, 1) also contains a unique proper
invariant subspace By(ps, p1). It is one-dimensional and contains the function x(detg).
Moreover the Gp-modules Bs(pi1, pr2) and B(ps, p1)/B¢(pa, 1) are equivalent as are the

modules B(pu, p12)/Bs(pi1, p2) and By(pz, pin).

for all a in F* then W is 0.

We start with a simple lemma.

Lemma 3.3.1. Suppose there is a non-zero function f in B(uy, pe) invariant under right

translations by elements of Ng. Then there is a quasi-character x such that p, = Xa}/Q and

fho = Xagl/z and f is a multiple of x.
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Since NpArp (% §) N is an open subset of G the function f is determined by its value
at (% ). Thus if gy and po have the indicated form it must be a multiple of x.
If ¢ belongs to F'* then

0)=(0 DG )6 5)

Thus if f exists and w = pop;  az!

(¢ 1) = (G 9))

Since f is locally constant there is an ideal a in F' such that w is constant on a — {0}. It
follows immediately that w is identically 1 and that p; and us have the desired form.
The next lemma is the key to the theorem.

Lemma 3.3.2. If |uipus(w)| = |w|® with s > —1 there is a minimal non-zero invariant
subspace X of B(uy,pu2). For all f in B(uy, pu2) and all n in Np the difference f — p(n)f
belongs to X.

By Proposition 3.2 it is enough to prove the lemma when B(uy, o) is replaced by
W (1, p2;1). Associate to each function W in W (uq, pe; ) a function

o ((;1)

on F*. If ¢ is 0 so is W. We may regard m = p(u1, p2) as acting on the space V' of such
functions. If b is in B

m(b)p = Eu(b)e.
Appealing to (3.2.2) we see that every function ¢ in V' has its support in a set of the form

{a€ F*|la| < ¢}

where ¢ = ¢(y) is a constant. As in the second paragraph the difference p—m(n)p = p—&y(n)¢
is in S(F*) for all n in Np. Thus V N S(F*) is not 0. Since the representation &, of Bp
on S(F*) is irreducible, V' and every non-trivial invariant subspace of V' contains S(F*).
Taking the intersection of all such spaces we obtain the subspace of the lemma.

We first prove the theorem assuming that |u;(@)y; (@)| = |@|® with s > —1. We
have defined a non-degenerate pairing between B (1, po) and B(u;', py ). All elements
of the orthogonal complement of X are invariant under Np. Thus if yu; " is not ap the
orthogonal complement is 0 and X is B(u1, i2) so that the representation is irreducible. The
contragredient representation p(u;*, py ') is also irreducible.

If st = ap we write p; = on}/Q, o = Xa;1/2. In this case X is the space of the
functions orthogonal to the function x % in B(uy", uy*). We set B, (i1, pi2) = X and we let
Br(uyt, s ') be the space of scalar multiples of y~!. The representation of G on B (1, fi2)
is irreducible. Since B(pu1, p2) is of codimension one it is the only proper invariant subspace
of By, p12). Therefore By(uy!, 5 ") is the only proper invariant subspace of B(uy ",y ).

If gy (@)py ()] = |@|® then |u; (@)pe(w)| = |w|~* and either s > —1 or —s > —1.
Thus if u; 'y, is neither ay nor az' the representation 7 = p(u, up) is irreducible. If
W = iy o then
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so that 7 is equivalent to w ® T or to w @ p(uy ', py ). Tt is easily seen that w ® p(uy !, uyt)
is equivalent to p(wpyt,wpyt) = plug, p1).

If pypy ' = ap and 7 is the restriction of p to B, (i, po) then 7 is the representation on
Bluyt, pua ) /By(prt, uyt) defined by p(py!, iy '). Thus 7 is equivalent to the tensor product
of w = pypo and this representation. The tensor product is of course equivalent to the
representation on B(pg, p1)/B (g, p1). If pn = X&;/Q and i = Xaglﬂ the representations
on B(p, p2)/Bs(p1, p12) and By(pe, p11) are both equivalent to the representation g — x(det g).

The space W (1, p2; 1) has been defined for all pairs g, us.

Proposition 3.4. (i) For all pairs uq, ps

W, po; ) = W g2, pa; )
In particular if iy, # a;l the representation of Gg on Wy, pe; ) is equivalent to
p(Ha; pi2).-
If ® is a function on F? define ®* by

O (x,y) = D(y, x).
To prove the proposition we show that, if @ is in S(F?),

pa(det g) | det g|'/20 (1, pa; 7(9)®") = pa(det g) | det g|'*0 (pi2, 13 7(9)®).
If g is the identity this relation follows upon inspection of the definition of (uy, po; ®*). It is
also easily seen that
rl9)® = [r(g)0)
if g is in SL(2, F') so that it is enough to prove the identity for

_f(a O
9=\o 1)
It reduces to

a) [ @ att (O 0"t = pafa) [ Slatt sl 1) .
The left side equals
ma) [ @ty (04"t

which, after changing the variable of integration, one sees is equal to the right side.

If pips ! is not ap or ap' so that p(uy, uy) is irreducible we let 7 (1, 12) be any rep-
resentation in the class of p(ui, p2). If p(p1, pe2) is reducible it has two constituents one
finite-dimensional and one infinite-dimensional. A representation in the class of the first will
be called 7 (g1, p2). A representation in the class of the second will be called o (p1, p12). Any
irreducible representation which is not absolutely cuspidal is either a (1, o) or a o(py, fi2).
The representations o (1, p2) which are defined only for certain values of p; and po are called
special representations.

Before proceeding to the proof of Theorem 2.18 for representations which are not absolutely
cuspidal we introduce some notation. If w is an unramified quasi-character of I’ the associated

L-function is |

K @
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It is independent of the choice of the generator w of p. If w is ramified L(s,w) = 1. If ¢
belongs to S(F) the integral

Zlwapo) = [ elajela)afda
X
is absolutely convergent in some half-plane Re s > sg and the quotient
Z(wag, ¢)
L(s,w)

can be analytically continued to a function holomorphic in the whole complex plane. Moreover
for a suitable choice of ¢ the quotient is 1. If w is unramified and

/ d*a=1
Ur

one could take the characteristic function of Op. There is a factor (s,w, 1) which, for a
given w and 1, is of the form ab® so that if ¢ is the Fourier transform of ¢

Z(w top*, 9) Z(wag, ¢)
L(1—s,w™) L(s,w)

If w is unramified and Op is the largest ideal on which ¢ is trivial e(s,w,¥) = 1.

=e(s,w, )

Proposition 3.5. Suppose ju; and py are two quasi-characters of F* such that neither iy * o
nor piply ' is ap and T is w(p1, o). Then

W(m, ) = W, po; ¥)
and if
L(S77T) = L(S7M1) L(87 :uQ)
L(S,%) = L(saﬂl_l) L(S’ N2_1)
5(5771-71/}) = 5(5#171?) 5(57M27¢)

all assertions of Theorem 2.18 are valid. In particular if |p(w)| = |w|™* and |p2(w)| =
|co| =52 the integrals defining V(g, s, W) are absolutely convergent if Re s > max{sy, sa}. If j1
and pio are unramified and Op s the largest ideal of F' on which v is trivial there is a unique
function Wy in W (mw, 1) which is invariant under GL(2, Or) and assumes the value 1 at the

identity. If
/ d*a=1
Ur

That W (m, ) = W (1, u2; 1) is of course a consequence of the previous proposition. As
we observed the various assertions need be established only for g = e. Take ® in S(F?) and
let W = Wg be the corresponding element of W (m, ). Then

wo=w (5 1)

belongs to the space of the Kirillov model of 7. As we saw in the closing pages of the first

paragraph
Ve, s, W)= /FX w ((g ?)) a2 d*a = 85(O[;,;l/g)

then ®(e, s, Wy) = 1.
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is equal to
Z(Mla;‘v :UJQOZL}QN Q))
if the last and therefore all of the integrals are defined.
Also _
Ue,s, W) = Z(py e, 117 s, D)
Any function in S(F?) is a linear combination of functions of the form

P(z,y) = p1(x)p2(y).
Since the assertions to be proved are all linear we need only consider the functions ® which
are given as products. Then

Z(n g, poop, @) = Z(n g, 1) Z (1120, p2)
so that the integral does converge in the indicated region. Moreover

Z(uy o, gy, @) = Z (13 e, 1) Z (1 0, 02)
also converges for Re s sufficiently large. ®(e, s, W) is equal to

Z(:U’la%a 901) Z(:LLQO‘?% @2)
L(Suﬂl) L(SHU’Q)
and is holomorphic in the whole complex plane. We can choose ¢, and ¢, so that both
factors are 1.

It follows from the Iwasawa decomposition Gp = Pr GL(2,OF) that if both u; and ps
are unramified there is a non-zero function on B(juy, p2) which is invariant under GL(2, Or)
and that it is unique up to a scalar factor. If the largest ideal on which ¢ is trivial is O, if
®, is the characteristic function of O%, and if ® is the partial Fourier transform introduced

in Proposition 1.6 then Dy = Dy, Consequently

T iz (9)Po = P

for all g in GL(2,0p). If Wy, = Wy, then, since @, is the product of the characteristic
function of O with itself, ®(e, s, Wy) = 1 if

/ d*a=1.
Ur

The only thing left to prove is the local functional equation. Observe that

®(w, s, W) = ®(e, s, p(w)W),
that if W = W then p(w)W = W, (e, and that r(w)®(z,y) = &'(y, z) if ® is the Fourier
transform of ®. Thus if ®(z,y) is a product ¢1(x)ps(y)
&)<w, s W) _ Z(:U’l_laiialgoll) Z(uglaijlgolz)
L(Svul ) L(Svl’[’2 )
The functional equation follows immediately.
If pypy ' is ap or apt and 7 = 7(uy, po) we still set

L(Svﬂ-) = L(Snul) L(S7u2)

and

5(57 , ¢) = 5(57 K1, 1/J) 6(‘97 2, ¢)
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Since 7 is equivalent to (", jty )

L(Sv %) = L(Sv M1_1>L(87 /1’2_1)'

Theorem 2.18 is not applicable in this case. It has however yet to be proved for the special

representations. Any special representation o is of the form o (uq, p2) with py = on}/Q and

o = ongl/ ®. The contragredient representation of & is o(u; ', u7"). This choice of y; and o
is implicit in the following proposition.

Proposition 3.6. W (o,1)) is the space of functions W = Wg in W (1, pio; ¥) for which

/F@(x,m dz = 0.

Theorem 2.18 will be valid if we set L(s,0) = L(s,0) = 1 and £(s, 0, 1/1) = e(s, p, V) (s, pa, V)
when x is ramified and we set L(s,0) = L(s, 1), L(s,5) = L(s, 3 "), and

_ -1
£(s,0,v) = e(s, p1,1) (s, 2, V) %

when x is unramified.

W (o, 1) is of course the subspace of W (1, u12; 1) corresponding to the space B (pu1, p2)
under the transformation A of Proposition 3.2. If W = Wg then A takes W to the function
[ = fz defined by

£(9) = 2 (s ar, p(g)®) pr (det g) | det g2,
f belongs to B,(u1, o) if and only if

| s =o
GL(2,0r)
As we observed this integral is equal to a constant times

Jo (oo ) (oo 2)) = (o )

which equals

J- ooy )5) - ([t}

The double integral does converge and equals, apart from a constant factor,

//é(t,m) ] dt dr = //é(t,x) dt do
/ B(t,0) dt.

We now verify not only the remainder of the theorem but also the following corollary.

Corollary 3.7.
(1) If 1 = w(pq, u2) then

£(s,0,¢)

which in turn equals

LA —s,0) _
L(s,0)

L( - s,7)

(S m w> L(S,ﬂ')
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(i1) The quotient

18 holomorphic
(1i) For all ® such that

/ O(x,0)dx =0
the quotient
Z(Nla%a ,MZO&U (I))
L(s,0)
is holomorphic and there exists such a ® for which the quotient is one.

The first and second assertions of the corollary are little more than matters of definition.
Although W, u2t)) is not irreducible we may still, for all W in this space, define the

integrals
U(g,s, W) = /W ((0 2) g) jaf*~2 d*a

B(g, 5, W) :/W(<0 i’) g) a2 (a) d*a.

They may be treated in the same way as the integrals appearing in the proof of Proposition 3.5.
In particular they converge to the right of some vertical line and if W = Wy
\Ij(ev S, W) = Z(:ula%v M?aiﬁ (I)>

@(67 Sy W) = Z(u;loﬁF, MflaSFa Q))

S|

S

Moreover
U(g,s, W)
L(s, )
is a holomorphic function of s and
\I/(g, 1— 87W> — E(S T ¢)qj(g7svw)
L(1—s,m) T L(s,m)
Therefore o W)
g7 87
D(g,s, W) = T Lis.0)
and -
x \Il(ga S, W)
P(g,s, W) = TL0s.5)

are meromorphic functions of s and satisfy the local functional equation
b(wg, 1 — 5, W) = e(s,0,0) B(g, 5, W).
To compete the proof of the theorem we have to show that £(s, 0,) is an exponential
function of s and we have to verify the third part of the corollary. The first point is taken
care of by the observation that u;*(w) |@| = 5 *(w) so that

Ll—su)  1— (@) |l
= - = —p1(w) |w|”.
Lo 1= (@) e M@=l
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If x is ramified so that L(s,o) = L(s,m) the quotient of part (iii) of the corollary is
holomorphic. Moreover a ® in S(F?) for which
Z (g, pop, @) = L(s,0) =1
can be so chosen that
O(ex,ny) = x(en)®(z,y)
for ¢ and 1 in Up. Then

/F(I)(x,O) dz = 0.

Now take x unramified so that x(a) = |a|” for some complex number . We have to show
that if

/ O(z,0)der =0
P
then

Z(p g, oy, )

L(SJ :ul)
is a holomorphic function of s. Replacing s by s —r + 1/2 we see that it is enough to show

that

u—mwxﬁ@mwmwmwwwy

is a holomorphic function of s. Without any hypothesis on ® the integral converges for
Re s > 0 and the product has an analytic continuation whose only poles are at the roots of
|co|® = 1. To see that these poles do not occur we have only to check that there is no pole at
s = 0. For a given ® in S(F?) there is an ideal a such that

O(z,y) = &(x,0)

for y in a. If @’ is the complement of a

uﬁ@mwmwwmwMy

[ [ e et i @y
FJa

which has no pole at s = 0 and a constant times

[ oconra{forr)

If a = p™ the second integral is equal to

|| (1 = |e )

is equal to the sum of

If
/ O(x,0)dr =0
F

the first term, which defines a holomorphic function of s, vanishes at s = 0 and the product
has no pole there.
If ¢ is the characteristic function of Op set

D(z,y) = {po(z) — | po(w'z) } wo(y).
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Then
/ O(2,0)dx =0
F
and
Z(/Llaiﬁ /LQO[IQN CI))
is equal to

{ [ o)~ 217 guta)) o) ol @ [ outon o ot o}
The second integral equals L(s, o) and the first equals

(1= m(@) @) L(s, ju)
so their product is L(s, u1) = L(s, 0).
Theorem 2.18 is now completely proved. The properties of the local L-functions L(s, )
and the factors (s, 7, 1) described in the next proposition will not be used until the paragraph
on extraordinary representations.

Proposition 3.8.
(1) If  is an irreducible representation there is an integer m such that if the order of x is
greater than m both L(s,x ® w) and L(s,x ® ) are 1.
(ii) Suppose w1 and my are two irreducible representations of Gr and that there is a quasi-
character w such that

(5 ) -eor (5 9o

Then there is an integer m such that if the order of x is greater than m

€<87X & ﬂ-l?w) = €<87X ® 7T27¢)

(i1i) Let m be an irreducible representation and let w be the quasi-character defined by

(5 ) -

Write w in any manner as w = uips. Then if the order of x is sufficiently large in
comparison to the orders of uy and s

(s, x @ m, ) = e(s, xpu, ) (s, X2, ¥).

It is enough to treat infinite-dimensional representations because if ¢ = o(u1, p2) and
m = 7(p1, o) are both defined L(s,x ® o) = L(s,x ® 7), L(s,x ® 0) = L(s,x ® 7), and
e(s,x ® 0,19) = e(s,x ® m,1) if the order of y is sufficiently large.

If 7 is not absolutely cuspidal the first part of the proposition is a matter of definition. If
7 is absolutely cuspidal we have shown that L(s,x ® 7) = L(s,x ® m) = 1 for all 7.

According to the relation (2.18.1)

e(s,x®@m ) =Clyy vy ' 20 2 g 2

if the order of x is so large that L(s,x ® m) = L(s,x ' ® 7) = 1. Thus to prove the second
part we have only to show that if {C}(v,¢)} and {Cy(v,t)} are the series associated to m; and
9 then

Cl(l/, t) = CQ(I/, t)
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if the order of v is sufficiently large. This was proved in Lemma 2.16.6. The third part is also
a consequence of that lemma but we can obtain it by applying the second part to m; = 7 and
to my = w(p1, f2).

We finish up this paragraph with some results which will be used in the Hecke theory to
be developed in the second chapter.

Lemma 3.9. The restriction of the irreducible representation m to GL(2,0p) contains the
trivial representation if and only if there are two unramified characters py and py such that

T =m(p, p2)-

This is clear if 7 is one-dimensional so we may as well suppose that 7 is infinite-dimensional.
If 7 = w(p1, o) we may let m = p(uq, po). It is clear that there is a non-zero vector in
B(p1, p2) invariant under GL(2, Op) if and only if p1 and py are unramified and that if there
is such a vector it is determined up to a scalar factor. If 7 = o(uy, p2) and pypy' = ap
we can suppose that 7 is the restriction of p(u1, pio) to Bg(u1, p2). The vectors in B(puy, u2)
invariant under GL(2,OF) clearly do not lie in B4(p1, 2) so that the restriction of 7 to
GL(2,OF) does not contain the trivial representation. All that we have left to do is to show
that the restriction of an absolutely cuspidal representation to GL(2, Op) does not contain
the trivial representation.

Suppose the infinite-dimensional irreducible representation 7 is given in the Kirillov form
with respect to an additive character ¢ such that O is the largest ideal on which ¢ is trivial.
Suppose the non-zero vector ¢ is invariant under GL(2, Op). It is clear that if

(s ) -

then w is unramified, that ¢(v,t) = 0 unless v = 1 is the trivial character, and that ¢(v,t)
has no pole at t = 0. Suppose 7 is absolutely cuspidal so that ¢ belongs to S(F*). Since
7(w)p = ¢ and the restriction of w to Ur is trivial

P(Lt)=C(1L )31zt

if zyp = w(w). Since C(1,t) is a constant times a negative power of ¢ the series on the left
involves no negative powers of ¢ and that on the right involves only negative powers. This is
a contradiction.

Let Hy be the subalgebra of the Hecke algebra formed by the functions which are
invariant under left and right translations by elements of GL(2, Or). Suppose the irreducible
representation m acts on the space X and there is a non-zero vector x in X invariant under
GL(2,0p). If f is in H, the vector 7(f)x has the same property and is therefore a multiple
A(f)z of . The map f — A(f) is a non-trivial homomorphism of H, into the complex
numbers.

Lemma 3.10. Suppose m = m(u1, p2) where py and ps are unramified and A is the associated
homomorphism of Hy into C. There is a constant ¢ such that

(3.10.1) A < e /G F(9)ldg

for all f in Hy if and only if pypy is a character and |p, (w)us ()| = |@|® with —1 < s < 1.
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Let 7 act on X and let 7 in X be such that (x,7) # 0. Replacing = by

/ #(9)F dg
GL(2,0r)

if necessary we may suppose that z is invariant under GL(2, Or). We may also assume that
(z,7) = 1. If n(g) = (n(g)x, ) then

AP ate) = [ alom) o) dn
for all f in Hy. In particular
AP = [ nth) ) an

If [n(h)| < c for all h the inequality (3.10.1) is certainly valid. Conversely, since 7 is invariant
under left and right translations by GL(2,Op) we can, if the inequality holds, apply it to the
characteristic functions of double cosets of this group to see that |n(h)| < ¢ for all h. Since

o((5 ) r) =mi@ mtarnn

the function 7 is bounded only if uipus is a character as we now assume it to be. The
finite-dimensional representations take care of themselves so we now assume 7 is infinite-
dimensional.

Since 7 and 7 are irreducible the function (7 (g)x, ) is bounded for a given pair of non-zero
vectors if and only if it is bounded for all pairs. Since Gr = GL(2,0r) Ar GL(2,OF) and
1142 18 a character these functions are bounded if and only if the functions

(¢ )

are bounded on F*. Take 7 and 7 in the Kirillov form. If ¢ isin V' and ¢ is in V' then

(5 ) v

w5 1) e 0 =m@me (4 1)) 7w

Thus 7(g) is bounded if and only if the functions

()

are bounded for all ¢ in V and all ¢ in S(F*).

It is not necessary to consider all @ in S(F*) but only a set which together with its
translates by the diagonal matrices spans S(F*). If p is a character of Up let ¢, be the
function on F'* which is 0 outside of Ur and equals p on Up. It will be sufficient to consider
the functions ¢ = ¢, and all we need show is that

(3.10.2) (m ((won ?)) ©, )

is equal to
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is a bounded function of n for all 1 and all ¢. The expression (3.10.2) is equal to @, (p). If ¢
belongs to S(F*) the sequence {@, (1)} has only finitely many non-zero terms and there is
no problem. If p = m(w)yy then

D Gul)t™ = Clu, t)n(t)

where 7(t) depends on ¢g and is an arbitrary finite Laurent series. We conclude that (3.10.1)
is valid if and only if 19 is a character and the coefficients of the Laurent series C'(u,t) are
bounded for every choice of .

It follows from Proposition 3.5 and formula (2.18.1) that, in the present case, the series
has only one term if p is ramified but that if y is trivial

- 1/2 -1 - -1 =)t = (1 _#1(w)t 1) (1 _M2(w)t 1) ‘

C(:uv| | Hq ( )/LQ ( )) (1_#1—1(73) |w|t)(1—,u2_1(w) |w|t)
The function on the right has zeros at ¢t = p;(w) and t = py(w) and poles at t = 0,
t = || i (w), and t = |@|tpe(w@). A zero can cancel a pole only if uy(w) = || (@)
or p(w) = |w| ' pa(w). Since py and iy are unramified this would mean that u; s equals
ap or ap' which is impossible when 7 = 7(p1, p2) is infinite-dimensional.

If C'(u,t) has bounded coefficients and g5 is a character the function on the right has
no poles for [t| < |w|~'/? and therefore |1 ()| = |w|'/? and |pe(w)| = ||'/2. Since

(@) (@)] = [ (@) = |y (@)
where 1115 is a character these two inequalities are equivalent to that of the lemma. Conversely
if these two inequalities are satisfied the rational function on the right has no pole except
that at 0 inside the circle |t| = |&|™/? and at most simple poles on the circle itself. Applying,
for example, partial fractions to find its Laurent series expansion about 0 one finds that the
coefficients of C'(u,t) are bounded.

Lemma 3.11. Suppose py and uy are unramified, pypo is a character, and ™ = 7(uy, pio) s
infinite-dimensional. Let |ui(w)| = |w|" where r is real so that |pus(w)| = |w|™". Assume
Or is the largest ideal on which v is trivial and let Wy be that element of W (m, 1) which is
invariant under GL(2,OF) and takes the value 1 at the identity. If s > |r| then
a 0 1
(i 1)
/Fx 01 (1 = Jew*7)(1 = [w|*)

if the Haar measure is so normalized that the measure of Ur is one.

|a|s—1/2 d*a <

If ® is the characteristic function of O% then

wo (5 9)) =@l [ afatt o) s ae

(G 9)

Changing variables in the left-hand side we obtain

a2 4%a < //cb(at,tl) la| =+ 2 d%a d*t.

1
a7 |b]*~" d*a d*b = .
/op /oF (1= |w[**)(1 = [e@|*7)
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84. Examples of absolutely cuspidal representations

In this paragraph we will use the results of the first paragraph to construct some examples
of absolutely cuspidal representations.

First of all let K be a quaternion algebra over F'. K is of course unique up to isomorphism.
As in the first paragraph  will denote a continuous finite-dimensional representation of K *
the multiplicative group of K. If x is a quasi-character of F'* and v is the reduced norm on
K we denote the one-dimensional representation g — X(V(g)) of K* by x also. If €2 is any
representation y ® €2 is the representation g — x(g) Q2(g). If © is irreducible all operators
commuting with the action of K* are scalars. In particular there is a quasi-character w of
F such that

Qa) = w(a)l
for all @ in F which is of course a subgroup of K. If {2 is replaced by x ® € then w is
replaced by y2w. Q will denote the representation contragredient to €.

Suppose (2 is irreducible, acts on V, and the quasi-character w is a character. Since
K> /F* is compact there is a positive definite hermitian form on V' invariant under K*.
When this is so we call  unitary.

It is a consequence of the following lemma that any one-dimensional representation of
K> is the representation associated to a quasi-character of F'*.

Lemma 4.1. Let K be the subgroup of K* consisting of those x for which v(x) = 1. Then
Ky is the commutator subgroup, in the sense of group theory, of K*.

K, certainly contains the commutator subgroup. Suppose x belongs to /. If z = x* then
2% = z2* = 1 so that ¥ = 1. Otherwise z determines a separable quadratic extension of F.
Thus, in all cases, if xx* = 1 there is a subfield L of K which contains x and is quadratic and
separable over L. By Hilbert’s Theorem 90 there is a y in L such that z = yy™*. Moreover
there is an element ¢ in K such that czo=! = 2* for all z in L. Thus x = yoy o' is in the
commutator subgroup.

In the first paragraph we associated to €) a representation rq of a group G on the space

S(K, ). Since F' is now non-archimedean the group G is now Gp = GL(2, F).

Theorem 4.2.

(i) The representation rq is admissible.
(i1) Let d = degree Q. Then rq is equivalent to the direct sum of d copies of an irreducible
representation m($2).
(i1i) If Q is the representation associated to a quasi-character x of F* then
m(Q) = o(xay”, xap'"?).
(iv) If d > 1 the representation w(Q) is absolutely cuspidal.

If n is a natural number we set
Gn={9 € GL(2,0r)|g=1 (mod p")}

We have first to show that if ® is in S(K, ) there is an n such that rq(g)® = ® if g is in
G, and that for a given n the space of ® in S(K, Q) for which rq(g)® = ® for all g in G, is

finite-dimensional.
Any

_fa b

9= \e¢ d
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_ 1 0 a UV
9= \ea ! 1 0 d

and both the matrices on the right are in G,,. Thus G, is generated by the matrices of the

forms
a 0 1 =z a 0\ _4 1 2\ _
01 0 1 “lo 1)"v Yo 1)%

witha =1 (mod p") and x =0 (mod p™). It will therefore be enough to verify the following
three assertions.

(4.2.1) Given ® there is an n > 0 such that

(s )
ifa=1 (mod p")

(4.2.2) Given @ there is an n > 0 such that

w((o 7))o
ifz=0 (modp").

(4.2.3) Given n > 0 the space of ® in S(K, Q) such that

(o 7))o
ro(w™)ro (((1) T)) ro(w)® =@

for all x in p™ is finite-dimensional.

If a = v(h) then
o ((0 g)) @ = W[ Q(h) D (ah).

Since ¢ has compact support in K and is locally constant there is a neighbourhood U of 1 in
K> such that

in GG, may be written as

and

Q(h) B(zh) |hli* = B(z)
for all b in U and all x in K. The assertion (4.2.1) now follows from the observation that v
is an open mapping of K* onto F'*.

We recall that
(6 1)) 26 = vlav) o)

Let p~—* be the largest ideal on which 1 is trivial and let px be the prime ideal of K. Since

v(pi) = pp
(o 7)o

for all 2 in p" if and only if the support of ® is contained in p"~*. With this (4.2.2) is
established.

® satisfies the two conditions of (4.2.3) if and only if both ® and r(w)® have support in

= or, since r(w)® = —®', if and only if ® and @', its Fourier transform, have support

Pr
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in this set. There is certainly a natural number k such that ¢(7(y)) = 1 for all y in pf.
Assertion (4.2.3) is therefore a consequence of the following simple lemma.

Lemma 4.2.4. If the support of ® is contained in p" and w(T(y)) =1 for all y in p% the

Fourier transform of ® is constant on cosets of pht™.

Since
V)= [ o) v(r(.p)dy
PK"
the lemma is clear.

We prove the second part of the theorem for one-dimensional €2 first. Let € be the
representation associated to x. S(K,€2) is the space of ® in S(K) such that ®(zh) = ¢(x)
for all A in K. Thus to every ® in S(K,)) we may associate the function pg on F* defined
by

1/2
eala) = [Bl* Q(h) B(h)
if a = v(h). The map ® — g is clearly injective. If ¢ belongs to S(F*) the function ®
defined by
(h) = bl Q7 (W) o (v()
if h # 0 and by
®(0)=0

belongs to S(K, 2) and ¢ = pg. Let So(K, Q) be the space of functions obtained in this way.
It is the space of functions in S(K, ) which vanish at 0 and therefore is of codimension one.
If & belongs to Sy(K, ), is non-negative, does not vanish identically and @’ is its Fourier
transform then

'(0) = /@(:z:) dz 0.

Thus rq(w)® does not belong to So(K,Q2) and Sy(K,2) is not invariant. Since it is of
codimension one there is no proper invariant subspace containing it.

Let V be the image of S(K,w) under the map ® — . We may regard rq as acting in
V. From the original definitions we see that

ra(b)p = &y (b)y
if b is in Bp. If Vi is a non-trivial invariant subspace of V' the difference

u(t9)-

isin VoNVj for all p in V; and all  in F. If ¢ is not zero we can certainly find an x for
which the difference is not zero. Consequently V5 N V; is not 0 so that V; contains V; and
hence all of V.

The representation rq is therefore irreducible and when considered as acting on V' it is in
the Kirillov form. Since Vj is not V' it is not absolutely cuspidal. It is thus a m(uq, p2) or
a o(p, p2). To see which we have to find a linear form on V' which is trivial on V,. The

obvious choice is
a; O

if ¢ = pg. Then
ai

a2

L(p).
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To see this we have only to recall that

ro ((g 2)) — Q)] = ()]

w((§ 1)) 20 =1 om e
where a = v(h) so that |h|};</2 = |a|r and Q(h) = x(a)I. Thus if
Ap(g) = L(ra(g9)p)
1/2

A is an injection of V' into an irreducible invariant subspace of B(ya; ,Xagl/ 2). The only
. /2 —1/2 . 1 -

such subspace is Bs(xaz ", xar ') and rq is therefore o(xa ", xap
Suppose now that €2 is not one-dimensional. Let €2 act on U. Since K is normal and

K /K is abelian there is no non-zero vector in U fixed by every element of K;. If ® is in
S(K,Q) then

and that

®(xh) = Q1 (h) ®(z)
for all A in K;. In particular ®(0) is fixed by every element in K and is therefore 0. Thus all
functions in S(K, Q) have compact supports in K and if we associate to every ® in S(K, )
the function
pala) = |l k) (1)
where a = v(h) we obtain a bijection from S(K, ) to S(F*,U). It is again clear that
Po, = &y(b)pa
if b is in Br and &1 = rq(b)®.

Lemma 4.2.5. Let Q) be an irreducible representation of K* in the complex vector space U.
Assume that U has dimension greater than one.

(i) For any ® in S(K,U) the integrals

Z(ah © 0, P) _/ al/2 Q(a) B(a) d¥a
KX

Z(a5h @0 @) = / |a|‘;{/2 Q Y(a)®(a)d*a
KX
are absolutely convergent in some half-plane Re s > sy.
(ii) The functions Z(a5®Q, @) and Z(ap@Q™1 @) can be analytically continued to functions
meromorphic in the whole complex plane.
(111) Given w in U there is a ® in S(K,U) such that

Z(ap®Q,0) = u.
(iv) There is a scalar function €(s,Q, ) such that for all ® in S(K,U)
Z(@}?7 @ Q7L @) = —(s5,0,9) Z(ai @ Q, 9)

if ® is the Fourier transform of ®. Moreover, as a function of s, £(s,$,1) is a constant
times an exponential.
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There is no need to verify the first part of the lemma. Observe that ap(v(z)) = |v(z)|F =
|31:|}</2 so that
s 5/2
(o @ ) () = [l ).
If ® belongs to S(K,U) set

By (z) = / Q(h) B(xh).
K
The integration is taken with respect to the normalized Haar measure on the compact group
K. ®; clearly belongs to S(K,U) and
(4.2.6) Z(ap®@Q,®) = Z(afy @0, )

and the Fourier transform @} of ®; is given by

P (z) = / QA1) & (ha)
Ki
The function ®(z*) belongs to S(K, ) and
(4.2.7) Z(a @ Q1 ) = Z(ah @ Q7L ).

Since ®; and P} both have compact support in K* the second assertion is clear.
If v is in U and we let @, be the function which is O outside of Uy, the group of units of
Og, and on U is given by ®,(z) = Q~!(z)u then

Z(ap®Q,0,) =cu

c= / d*a.
Uk

If ¢ belongs to S(K*) let A(p) and B(p) be the linear transformations of U defined by
A@)U = Z(ai"* © 0, 0")
mezzw;%“®ﬂﬁdw
where ' is the Fourier transform of ¢. If A(h) p(z) = @(h~x) and p(h) ¢(x) = p(zh) then
ANR)g) = [0 (R) Al)

if

and

Alp(h)p) = bl A() 2! ().
Since the Fourier transform of A(h)e is |h|gp(h)¢’ and the Fourier transform of
p(h)p is |kl A(h)¢', the map ¢ — B(p) has the same two properties. Since the ker-
nel of € is open it is easily seen that A(p) and B(p) are obtained by integrating ¢ against
locally constant functions o and . They will of course take values in the space of linear
transformations of U. We will have

a(ha) = |R[;27*Q(h) ala)

and
a(ah™) = [a|* ala) Q7 (k)
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[ will satisfy similar identities. Thus
a(h) =[R2 Qh) a(1),
B(h) = | (k) B(1),

where a(1) is of course the identity. However (1) must commute with Q(h) for all A in K*
and therefore it is a scalar multiple of the identity. Take this scalar to be —&(s, 2, v)).

The identity of part (iv) is therefore valid for ® in S(K*,U) and in particular for ® in
S(K,Q). The general case follows from (4.2.6) and (4.2.7). Since

e(s, Q) = —% Z(a?}m_s Qo)
the function (s, 2,1) is a finite linear combination of powers |w|® if @ is a generator of pp.
Exchanging the roles of ®, and ®/, we see that ¢7*(s,Q, 1) has the same property. The factor
e(s,9,1) is therefore a multiple of some power of |w|®.
We have yet to complete the proof of the theorem. Suppose ¢ = ¢ belongs to S(F*,U)
and ¢' = @, w)e- We saw in the first paragraph that if x is a quasi-character of F™* then

(4.2.8) P(x) = Z(arx ® Q, @)
and, if Q(a) = w(a)I for a in F*,
(4.2.9) Px o) =~Zapx T Q).

Suppose Uy is a subspace of U and ¢ takes its values in Uy. Then, by the previous lemma,
?(x) and @' (x'w™) also lie in Uy for all choices of y. Since ¢’ lies in S(F*,U) we may
apply Fourler inversion to the multiplicative group to see that ¢ takes values in U.

We may regard rq as acting on S(F*,U). Then S(F*,Uy) is invariant under rq(w).
Since rq(b)p = &y(b)e for b in B it is also invariant under the action of Bp. Finally
ro ((89)) ¢ = w(a)p so that S(F*,Uy) is invariant under the action of G itself. If we take
Up to have dimension one then S(F*, Uy) may be identified with S(F*) and the representation
rq restricted to S(F*, Up) is irreducible. From (4.2.8) and (4.2.9) we obtain

Plas X)) = Z(a P x 2 Q, @)
QD (a;8+1/2X71w71> _Z< S+3/2 —1 ® Q (b)

so that

~  —s+1/2 s—1/2

Plap™ X w =e(s,x @ Q,¢) Blag
Thus if 7y is the restriction of ro to S(F*, Up)

e(s,x @m0, ) = e(s, x ® 2, 9)
so that my = m(Q2) is, apart from equivalence, independent of Uj. The theorem follows.
Let €2 be any 1rredu01ble finite-dimensional representation of K and let  act on U. The
contragredient representation Q acts on the dual space Uof U. If u belongs to U and u
belongs to U

X)-

(u, Uh)a)y = (Q 1 (h)u,u).
If ® belongs to S(K) set

Z(a% ® Q, & u,0) = /K v (h)|F ®(R) (QR)u, i) d*h
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and set
Z(o% @ Q, ®; u, 1) = / lw(h)]* ®(h) (u, Q(h)T) d*h.

KX
Theorem 4.3. Let ) be an irreducible representation of K* in the space U.
(i) For any quasi-character x of F*
T(x ® Q) = x @ 7(Q).

(ii) There is a real number so such that for all u, uw and ® and all s with Res > so the
integral defining Z(a5 @ Q, ®;u,w) is absolutely convergent.
(11i) There is a unique Euler factor L(s,Q) such that the quotient

Z(ozj;rl/2 ® Q, D, u,w)

L(s,Q)
is holomorphic for all u, w, ® and for some choice of these variables is a mon-zero
constant.
(iv) There is a functional equation
3/2—s o & ~ s41/2 ~
Z(OéF/ ®Q,¢/,U,U) _ —5(37Q7¢) Z(O{F / ®Q,¢,U,,U)

L(1—s,Q)

where €(s,$,1) is, as a function of s, an exponential.

(v) If Q(a) = w(a)l for a in F* and if 1 = w(QQ) then

(s ) -

Moreover L(s,w) = L(s,9Q), L(s, %) = L(s,Q) and £(s,7,1) = e(s,Q,1)).

L(s,Q)

The first assertion is a consequence of the definitions. We have just proved all the others
when ) has a degree greater than one. Suppose then that Q(h) = X(I/(h)) where x is a

quasi-character of F*. Then 7(Q2) = 7'('()(04};/2, on;I/Z) and if the last part of the theorem is
to hold L(s, 2), which is of course uniquely determined by the conditions of part (iii), must

equal L(s,m) = L(s,xoz},ﬂ). Also L(s,Q) must equal L(s, ) = L(s, Xflaiﬁ/z).
In the case under consideration U = C and we need only consider

Z(a%2Q,®:1,1) = Z(ah @ Q, D).
As before the second part is trivial and
Z(ap@Q,®0) = Z(ah 2 Q,d)
if
Oy (x) = / O(xh).
K

The Fourier transform of ®, is

o (a) = /K | O (ha) = /K | o' (zh)

Z(a% @ Q, ) = Z(ah @ Q, ).
It is therefore enough to consider the functions in S(K, Q).

and
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If o = pg is defined as before then ¢ lies in the space on which the Kirillov model of 7
acts and
Blap ) = Z(ap" " 0 0, ®).
The third assertion follows from the properties of L(s, 7). The fourth follows from the relation
Pl w ) = =200 ),

which was proved in the first paragraph, and the relation

Plag® e ) Pl
L(1—s,m) TN L(s,m)

which was proved in the second, if we observe that Q(h) = Q~!(h). Here ¢’ is of course
7(w)e.
Corollary 4.4. If 7 = () then 7 = 7(9).

This is clear if {2 if of degree one so suppose it is of degree greater than one. Combining

the identity of part (iv) with that obtained upon interchanging the roles of Q and 2 and of ®
and @' we find that

(s, Q,9) (1 — 5,2 0) = w(—1).
The same considerations show that
e(s,m ) e(1 —s,7m,¢) =w(—1).
Consequently N
e(s,m, ) = e(s, Q).
Replacing 2 by xy ® 2 we see that
e(s, X @, P) = (s, x T @ Q1Y) = (s, x T @7(0),9)

for all quasi-characters y. Since 7 and 7(€2) are both absolutely cuspidal they are equivalent.
There is a consequence of the theorem whose significance we do not completely understand.

Proposition 4.5. Let Q be an irreducible representation of K> on the space U and suppose
that the dimension of U 1is greater than one. Let U be the dual space of U. Let m be the
Kirillov model of ©(§2), let ¢ lie in S(F*), and let ¢ = w(w)p. If u belongs to U and u
belong to U the function ® on K which vanishes at 0 and on K* is defined by
®(2) = p(v(2)) (@)~ (u, Qx)a)
is in S(K) and its Fourier transform ® vanishes at 0 and on K* is given by
¥'(z) = —¢' (v(2)) lv(2)|'w™ (v(@)) (Uz)u, )

if Qa) =w(a)l fora in F*.

It is clear that ® belongs not merely to S(K) but in fact to S(K*). So does the function
®; which we are claiming is equal to ®'. The Schur orthogonality relations for the group K;
show that ®'(0) = 0 so that ®" also belongs to S(K ™).

We are going to show that for every irreducible representation of €)' of K*

/<I>1(SU),<U’,5~2’(:U)?7'> (@) d*x /8(879’,1#)@(56) (Y (@), @) |v(@) ]+ dw
L(1 —s,Q) L(s, )




68 2. LOCAL THEORY
for all choices of v’ and @’. Applying the theorem we see that
1210 - ¥(@)) (0 F @) )P = 0

for all choices of €V, «/, ¥/, and all s. An obvious and easy generalization of the Peter-Weyl
theorem, which we do not even bother to state, shows that &; = ®’.

If
U(z) = /K (u, (Bt (Y (had 7 dh
then '
[ e@@epm bt e = [ pew) bl v e
KX KX /K
while
[ @ @ e == [ ) o o) o) 9 i

If W is 0 for all choice of u' and @’ the required identity is certainly true. Suppose then W is
different from 0 for some choice v’ and u'.

Let U be the intersection of the kernels of €' and 2. It is an open normal subgroup of K*
and H = U K; F* is open, normal, and of finite index in K*. Suppose that ' (a) = w'(a)l
for a in F*. If h belongs to H

U(zh) = xo(h) ¥(x)
where g is a quasi-character of H trivial on U and K; and equal to w'w™! on F*. Moreover
Yo extends to a quasi-character xy of K* so that

[ s @ = [ vt #o

x may of course be identified with a quasi-character of F'*.
Lemma 4.5.1. If
| wa@xi@ £
K Fx*

then €V is equivalent to x ® €.
The representation €2’ and x ® 2 agree on F* and

/KX/FX (u, X @ Q)Y (Y (), &) # 0.

The lemma follows from the Schur orthogonality relations.
We have therefore only to prove the identity for €' = y ® Q. Set

Fla) = /K (o, Q)i (bl i) dh.

The vectors u' and @ now belong to the spaces U and U. There is a function f on F* such
that
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The identity we are trying to prove may be written as
(4.5.2)

Jrx #'(@)x" (@) wH(a) f(a™") |a]'/>* d¥a o 2(@) x(@) 1(@) lal ™ d*a
Ll—s,x'®7) L(s,x ®) '
Let H be the group constructed as before with U taken as the kernel of 2. The image F” of

H under v is a subgroup of finite index in F* and f, which is a function on F*/F’ may be
written as a sum

25(87X®ﬂ-7w

fla) = Z Ai xi(a)

where {x1,- -, xp} are the characters of F*/F” which are not orthogonal to f. By the lemma
Q) is equivalent to x; ® Q for 1 < i < p and therefore 7 is equivalent to x; ® w. Consequently

(s, x @m ) = (s, xx; @, )
and
Jpx P'(@) x (@) xi (@) w M (a) o] d¥a
L(l—-s,x'®n)
The identity (4.5.2) follows.

Now let K be a separable quadratic extension of F. We are going to associate to each
quasi-character w of K* an irreducible representation 7(w) of Gp. If G is the set of all g in
Gr whose determinants belong to v(K*) we have already, in the first paragraph, associated
to w a representation r, of GG,. To emphasize the possible dependence of r, on ¥ we now

denote it by m(w, ). The group G, is of index 2 in G. Let m(w) be the representation of
G induced from 7(w, ).

Theorem 4.6.

(i) The representation m(w, ) is irreducible.
(i) The representation w(w) is admissible and irreducible and its class does not depend on
the choice of 1.
(ii) If there is no quasi-character x of F* such that w = xov the representation w(w) is
absolutely cuspidal.
() If w = xov and n is the character of F* associated to K by local class field theory then

m(w) is (X, Xy)-
It is clear what the notion of admissibility for a representation of GG, should be. The
proof that m(w, ) is admissible proceeds like the proof of the first part of Theorem 4.2 and

there is little point in presenting it.
To every @ in S(K,w) we associate the function g on F = v(K*) defined by

pa(a) = w(h) [Pl @ (k)
if a = v(h). Clearly ¢ = 0 if and only if & = 0. Let V be the space of functions on

F, obtained in this manner. Then V. clearly contains the space S(F) of locally constant
compactly supported functions on Fy. In fact if ¢ belongs to S(F.) and

O(h) = w (k) [h " o (v(h))

)fo v(a) x(a) xi(a) |a]*~/? da

=e(s,x@m, v L(s.x ® )
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then ¢ = pg. If the restriction of w to the group K of elements of norm 1 in K* is not
trivial so that every element of S(K,w) vanishes at 0 then V. = S(F). Otherwise S(F) is
of codimension one in V..

Let B, be the group of matrices of the form

(6 1)

with @ in Fy and z in F'. In the first paragraph we introduced a representation { = &, of B
on the space of functions on F',. It was defined by

3 <(8 ?)) p(b) = p(ba)
(5 1)) e = vien et

We may regard m(w, ) as acting on V and if we do the restriction of 7(w, ) to By is &;.

and

Lemma 4.6.1. The representation of Bp induced from the representation &, of By on S(F)
is the representation &, of Bp. In particular the representation &, of By is irreducible.

The induced representation is of course obtained by letting By act by right translations
on the space of all functions ¢ on Bp with values in S(F;) which satisfy

P(b1b) = &y (b1) p(b)
for all b; in By. Let L be the linear functional in S(F';) which associates to a function its
value at 1. Associate to ¢ the function

o= (7 (5 5))) =+ (6 5)) 7o)

The value of & ((29)) at a in F, is
c(2((7 7)) =2 e (0 )P (5 1)
— y(az)L (95 ((Cg ﬁ’))) — y(az)plaa).

Since F*/F. is finite it follows immediately that ¢ is in S(F*) and that ¢ is 0 if ¢ is. It
also shows that ¢ can be any function in S(F*) and that if ¢' = p(b) ¢ then ¢ = &, () ¢ for
all b in Bp. Since a representation obtained by induction cannot be irreducible unless the
original representation is, the second assertion follows from Lemma 2.9.1.

If the restriction of w to Kj is not trivial the first assertion of the theorem follows
immediately. If it is then, by an argument used a number of times previously, any non-zero
invariant subspace of V, contains S(F) so that to prove the assertion we have only to show
that S(F}) is not invariant.

As before we observe that if ¢ in S(K,w) = S(K) is taken to vanish at 0 but to be
non-negative and not identically 0 then

(1) B(0) = / B(x) dr £ 0

K
so that ¢g is in S(F) but ¢, w)s is not.
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The representation 7(w) is the representation obtained by letting G, act to the right on
the space of functions ¢ on G, with values in V, which satisfy

p(hg) = m(w,¥)(h) &(g)
for h in Gy. Replacing the functions ¢ by the functions

0-5((; )

we obtain an equivalent representation, that induced from the representation

rorea((s oo )

of G.. It follows from Lemma 1.4 that this representation is equivalent to m(w,’) if
' (x) = (ax). Thus m(w) is, apart from equivalence, independent of .

Since
0
or={s(; 1)

© is determined by its restrictions to Bp. This restriction, which we again call ¢, is any one
of the functions considered in Lemma 4.6.1. Thus, by the construction used in the proof of
that lemma, we can associate to any ¢ a function ¢ on F*. Let V' be the space of functions
so obtained. We can regard m = 7(w) as acting on V. It is clear that, for all ¢ in V|

m(b)p = &y (b)g
if b is in Bp. Every function on F; can, by setting it equal to 0 outside of F'., be regarded

as a function F'*. Since
~(({a O
7 (5 9)) @ =vtaa

V' is the space generated by the translates of the functions in V. Thus if V, = S(F) then
V =S8(F*) and if S(F ) is of codimension one in V; then S(F*) is of codimension two in V.
It follows immediately that 7(w) is irreducible and absolutely cuspidal if the restriction
of w to K is not trivial.
The function ¢ in V. corresponds to the function ¢ which is 0 outside of Gy and on G
is given by

g€G+,a€FX}

p(g) = m(w, ) (g)e
It is clear that
m(w)(g)yp = m(w, ¥)(9)p
if g is in G;. Any non-trivial invariant subspace of V' will have to contain S(F*) and therefore
S(F,). Since m(w, ) is irreducible it will have to contain V. and therefore will be V' itself.
Thus 7(w) is irreducible for all w.
If the restriction of w to K is trivial there is a quasi-character x of F* such that w = yov.
To establish the last assertion of the lemma all we have to do is construct a non-zero linear
form L on V which annihilates S(F*) and satisfies
1/2
(e ((3 2)1) -
2

—|  L(p)

a2
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if 7 = m(w). We saw in Proposition 1.5 that

w((6 1) ¢ = @y

so will only have to verify that

If o =g isin V, we set

so that if a is in F,

(= ((5 ) e) = ((5 9)) 20 =x@ia e

If € is in F7* but not in F, any function ¢ in V' can be written uniquely as

o=t ((5 0))e

L(¢) = L(g1) + x(€) L(02).

with ¢ and @9 in V.. We set

Theorem 4.7.
(i) If 7 = w(w) then 7 = w(w') if w'(a) =w(a'), T = w(w™) and x @ © = w(wy') if x is a
quasi-character of F* and X' = x ov.

(ii) If a is in F* then
7r ((g 2)) — w(a)n(a)l.

(iti) L(s,m) = L(s,w) and L(s,7) = L(s,w™"). Moreover if Yx(z) = ¢r(&(z)) for x in K
and if N\(K/F, ) is the factor introduced in the first paragraph then

e(s,mp) = e(s,w, Vi) AN(K/F,¢¥r)

It is clear that y ® is the representation of G'r induced from the representation y @ (w, 1))
of G. However by its very construction y ® m(w, 1) = w(wx’,¥). The relation

w((5 7)) =wtnar

is a consequence of part (iii) of Proposition 1.5 and has been used before. Since ' =nowv is
trivial and w(v(a)) = w(a) w'(a)

T=wn'®r=7rw™)
To complete the proof of the first part of the theorem we have to show that 7(w) = 7(w").
It is enough to verify that m(w,¢) = w(w*,¥). If ® belongs to S(K) let ®*(z) = P(z").
The mapping & — ®* is a bijection of S(K,w) with S(K,w") which changes m(w, ) into
m(w*,1). Observe that here as elsewhere we have written an equality when we really mean

an equivalence.
We saw in the first paragraph that if ¢ = ¢g is in V. then

Paf*™) = Z(ajw, ®)
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and that if ¢/ = m(w)¢p and @’ is the Fourier transform of ® then, if wy(a) = w(a)n(a) for a
in F'*,

Pl oy ) = Z(ajc W @)
if v = AN(K/F,¢p). Thus for all ¢ in V, the quotient

o~ s—1/2
play )

L(s,w)
has an analytic continuation as a holomorphic function of s and for some ¢ it is a non-zero
constant. Also

?(wya” ) _ Blai ")
Tl-swh) ME/F pp)e(s,w, k) Ilsw)

To prove the theorem we have merely to check that these assertions remain valid when ¢
is allowed to vary in V. In fact we need only consider functions of the form

o= ((5 1)) e

where ¢( is in V. and ¢ is not in F',. Since
~; s—1/2 —5 ~ s—1/2
Blay ) = e V2 7 Goar )
the quotient

~r s§—1/2
Plap / )
L(s,w)
is certainly holomorphic in the whole plane. Since
_ 1/2—s — —s — 1/2—s —s — 1/2—s
B (wo o™ ™) = wo(e) wy ™ (e) e 27 B (wy ") = el 2B wq ot )

the functional equation is also satisfied.
Observe that if w = x o v then m(w) = (X, x,) so that

L(s,w) = L(s,x) L(s, x»)
and
e(s,w, Vi) MK/ F,¢p) = e(s,x,¥r) (s, Xy, ¥F)
These are special cases of the identities of [19].
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§5. Representations of GL(2,R)

We must also prove a local functional equation for the real and complex fields. In this
paragraph we consider the field R of real numbers. The standard maximal compact subgroup
of GL(2,R) is the orthogonal group O(2,R). Neither GL(2,R) nor O(2,R) is connected.

Let H; be the space of infinitely differentiable compactly supported functions on GL(2,R)
which are O(2,R) finite on both sides. Once a Haar measure on Gg = GL(2,R) has been
chosen we may regard the elements of J{; as measures and it is then an algebra under
convolution.

Jix falg) = ; fi(gh™) fa(h) dh.
R
On O(2,R) we choose the normalized Haar measure. Then every function £ on O(2,R) which
is a finite sum of matrix elements of irreducible representations of O(2,R) may be identified
with a measure on O(2,R) and therefore on GL(2,R). Under convolution these measures form
an algebra H,. Let Hg be the sum of H; and H,. It is also an algebra under convolution of
measures. In particular if £ belongs to Hy and f belongs to H;

£ f(g) = / L £ S

and
Fré@ = [ flou g du
O(2,R)
If 0;, 1 <i < p, is a family of inequivalent irreducible representations of O(2,R) and

&(u) = dim oy trog(u™?)

£ = Zfz‘
i=1

is an idempotent of Hg. Such an idempotent is called elementary.
It is a consequence of the definitions that for any f in H; there is an elementary idempotent
¢ such that

then

Exf=[fxE=[.
Moreover for any elementary idempotent &
ExHixE=ExCP(Gr) * &
is a closed subspace of C°(GRr), in the Schwartz topology. We give it the induced topology.
A representation 7 of the algebra Hr on the complex vector space V is said to be
admissible if the following conditions are satisfied.
(5.1) Every vector v in V' is of the form

U= Z m(fi)vi
i=1
with f; in H; and v; in V.
(5.2) For every elementary idempotent £ the range of m(¢) is finite-dimensional.
(5.3) For every elementary idempotent £ and every vector v in 7(§)V the map f — 7(f)v
of £H; & into the finite-dimensional space 7(£§)V is continuous.
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If v=> ., 7(fi)v; we can choose an elementary idempotent & so that {f; = fi{ = f; for
1 <i<r. Then n(§)v = v. Let {p,} be a sequence in C°(Gr) which converges, in the
space of distributions, towards the Dirac distribution at the origin. Set ¢! = £ % ¢,, * . For
each i the sequence {¢!, * f;} converges to f; in the space £H;&. Thus by (5.3) the sequence
{m(¢},)v} converges to v in the finite-dimensional space m(&)v. Thus v is in the closure of the
subspace 7(£H:&)v and therefore belongs to it.

As in the second paragraph the conditions (5.1) and (5.2) enable us to define the
representation 7 contragredient to m. Up to equivalence it is characterized by demanding
that it satisfy (5.1) and (5.2) and that there be a non-degenerate bilinear form on V' x V
satisfying §

(=(f)0,3) = (v, 7(F)D)
for all f in Hg. Here V is the space on which 7 acts and f is the image of the measure f
under the map g — ¢g~'. Notice that we allow ourselves to use the symbol f for all elements

of Hg. The condition (5.3) means that for every v in V' and every v in V' the linear form

f= m(f)v, 0)

is continuous on each of the spaces ¢H;&. Therefore 7 is also admissible.

Choose ¢ so that m(§)v = v and 7(§)v = v. Then for any f in H;
(w0, ) = (r(€F€)0,T)

There is therefore a unique distribution g on Gy such that

u(f) = (= (f)v,v)
for f in H;. Choose ¢ in £H;& so that m(¢)v = v. Then

p(fe) = p(€fps) = ufép) = (r(EfEp)v,v) = (T(EfE)v, D)

so that u(fe) = p(f). Consequently the distribution p is actually a function and it is not
unreasonable to write it as ¢ — (7(g)v, v) even though 7 is not a representation of Gg. For a
fixed g, (w(g)v,v) depends linearly on v and v. If the roles of 7 and 7 are reversed we obtain
a function (v, 7(g)v). It is clear from the definition that

(m(g)v,0) = (v, 7(g7")D).

Let g be the Lie algebra of Gk and let gc = g ®g C. Let 2 be the universal enveloping
algebra of gc. If we regard the elements of 2 as distributions on Gr with support at the
identity we can take their convolution product with the elements of C'2°(Ggr). More precisely
if X belongs to g

X * f(g) = %f(eXp(_tX)Ht:o

and d
f*xX(g) = i f(g exp(—tX)) ‘t:O

If f belongs to H; so do f* X and X % f.
We want to associate to the representation 7w of Hgr on V' a representation 7 of 2l on V
such that
m(X)m(f) = m(X * f)
and

m(f)m(X) = =(f * X)
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for all X in A and all fin 3. If v =) 7(f;) v; we will set
T(X)v = ZT(‘(X * fi)v;
and the first condition will be satisfied. However we must first verify that if
Z m(fi) vi =0
then
w= 3w
is also 0. Choose f so that w = w(f)w. Then
w = ZW(f)?T(X * fi)v; = Z?T(f x« X * fi vy = 7(f % X) {Zﬂ(fz)vl} = 0.

From the same calculation we extract the relation

7(f) {Z (X fi)vz} = ([ *X) {Zﬂ-(fi)vi}
for all f so that w(f)m(X) =7n(f * X).

If g is in Gg then A(g) f = d4 * f if J, is the Dirac function at g. If ¢ is in O(2,R) or in
Zr, the groups of scalar matrices, d, * f is in H; if f is, so that the same considerations allow
us to associate to 7 a representation 7 of O(2,R) and a representation 7 of Zg. It is easy to
see that if h is in either of these groups then

m(AdhX) = 7(h) n(X) 7(h ™).

To dispel any doubts about possible ambiguities of notation there is a remark we should
make. For any f in H;

(m(f)v,0) = g f(g)(m(g)v, ) dg.
Thus if & is in O(2,R) or Zg )
(m(f % dn)v,0) = g f(g) (m(gh)v, ) dg
and
(m(H)m(h)v,v) = ; F(g)(m(g)m(h)v,v) dg

so that
(m(gh)v,v) = ((g) m(h)v,v).
A similar argument shows that
(m(hg)v, ) = (n(g)v, T(h~'D).
It is easily seen that the function (7 (g)v,v) takes the value (v,v) at g = e. Thus if h belongs
to O(2,R) or Zg the two possible interpretations of (m(h)v,v) give the same result.
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It is not possible to construct a representation of Gg on V and the representation of 2 is
supposed to be a substitute. Since Gy is not connected, it is not adequate and we introduce
instead the notion of a representation m; of the system {2, e} where

(% 1)

It is a representation m; of 2 and an operator 7 () which satisfy the relations
2(e) =1
and
7T1(Ad€X) = 7T1(€)7Tl(X) 71(6_1).
Combining the representation 7 with 20 with the operator m(¢) we obtain a representation of
the system {2, ¢}.
There is also a representation 7 of 2 associated to 7 and it is not difficult to see that

(m(X)v,0) = (v, (X))
if X — X is the automorphism of 2 which sends X in g to —X.
Let
w(g) = (m(g)v,0).
The function ¢ is certainly infinitely differentiable. Integrating by parts we see that

f9)pxX(g)dg= [ f=X(g)e(9)dg
Gr GRr

The right side is

(m(f)m(X)v,0) = [ flg){m(g) m(X)v,v)

Gr

p* X(g) = (r(g)m(X)v,v).
Assume now that the operators w(X) are scalar if X is in the centre 3 of 2. Then the
standard proof, which uses the theory of elliptic operators, shows that the functions ¢ are
analytic on Ggr. Since

so that

p* X(e) = (r(X)v, )

p* X(e) = (m(e) m(X)v, D)
and G has only two components, one containing e and the other containing e. The function
¢ vanishes identically if (7(X)v,v) and (w(¢) 7(X)v,v) are 0 for all X in A. Any subspace V}
of V invariant under 2 and ¢ is certainly invariant under O(2,R) and therefore is determined
by its annihilator in V. If v is in V} and v annihilates V; the function (7 (g)v,v) is 0 so that

(m(f)v,0) =0

for all f in H;. Thus 7(f)v is also in V;. Since Hs clearly leaves V) invariant this space is
left invariant by all of Hg.

By the very construction any subspace of V' invariant under Hy is invariant under 2 and
¢ so that we have almost proved the following lemma.

Lemma 5.4. The representation w of Hg is wrreducible if and only if the associated repre-
sentation ™ of {A, e} is.
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To prove it completely we have to show that if the representation of {2, e} is irreducible
the operator m(X) is a scalar for all X in 3. As 7(X) has to have a non-zero eigenfunction
we have only to check that 7(X) commutes with 7(Y") for Y in 2 with 7(g). It certainly
commutes with w(Y"). X is invariant under the adjoint action not only of the connected
component of Gg but also of the connected component of GL(2,C). Since GL(2,C) is
connected and contains

m(e)m(X) 7 () = 7(Ade(X)) = m(X).

Slight modifications, which we do not describe, of the proof of Lemma 5.4 lead to the
following lemma.

Lemma 5.5. Suppose m and 7" are two irreducible admissible representations of Hg. Then
7 and 7' are equivalent if and only if the associated representations of {2, e} are.

We comment briefly on the relation between representations of G and representations
of Hg. Let V be a complete separable locally convex topological space and 7 a continuous
representation of Gg on V. Thus the map (g,v) — 7(g)v of Gg x V to V is continuous and
for f in C2°(Gg) the operator

w(f)= [ f@)wa)de
Gr

is defined. So is w(f) for f in Hy. Thus we have a representation of Hg on V. Let Vj be
the space of O(2,R)-finite vectors in V. It is the union of the space 7(§)V as £ ranges over
the elementary idempotents and is invariant under Hg. Assume, as is often the case, that
the representation my of Hg on V4 is admissible. Then 7 is irreducible if and only if 7 is
irreducible in the topological sense.

Suppose 7’ is another continuous representation of Gy in a space V’ and there is a
continuous non-degenerate bilinear form on V' x V' such that

(m(g)v, v} = (v, 7' (g7)v').
Then the restriction of this form to Vj x Vj is non-degenerate and

(n(f)v,v) = (o, (Hv')

for all f in Hg, v in Vp, and ©" in V. Thus =« is the contragredient of my. Since

(mo(f)v,v) = [ f(g) (m(g)v,v)

Gr
we have
(mo(g)v,v') = (m(g)v, ).
The special orthogonal group SO(2,R) is abelian and so is its Lie algebra. The one-

dimensional representation
cosf sinf inf
. — €
—sinf cosf

of SO(2,R) and the associated representation of its Lie algebra will be both denoted by
Kn. A representation m of 2 or of {2, e} will be called admissible if its restrictions to
the Lie algebra of SO(2,R) decomposes into a direct sum of the representations k,, each
occurring with finite multiplicity. If 7 is an admissible representation of Hg the corresponding
representation of {2, ¢} is also admissible. We begin the classification of the irreducible
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admissible representations of Hg and of {2, e} with the introduction of some particular
representations.

Let p1 and py be two quasi-characters of F*. Let B(uq, u2) be the space of functions f
on G which satisfy the following two conditions.

()
1/2

f(g)

a
(8 2)e) = mla) e |2
for all g in Gg, a1, as in R*, and = in R.
(i) fis SO(2,R) finite on the right.
Because of the Iwasawa decomposition
Gr = Ngr Ar SO(2,R)

these functions are complete determined by their restrictions to SO(2,R) and in particular
are infinitely differentiable. Write
()
I

where s; is a complex number and m; is 0 or 1. Set s = 51 — s9 and m = |m; — ma| so
that py ;' (t) = [t|° (\i_|)m If n has the same parity as m let ¢,, be the function in B(uy, o)
defined by

1 x a; O cosf@ sinf B
Prilo 1 0 ay) \—sinf cos6 = p(ar) pa(az)

The collection {¢,} is a basis of B(u1, p2).
For any infinitely differentiable function f on G and any compactly supported distribution
p we defined A(u)f by

pi(t) = [t

1/2

ai einGI

Q2

M) f(9) = i(p(9)f)

and p(u)f by
p() f(g) = n(Mg™h)f).

If, for example, u is a measure

M) f(g) = [ f(h~"g)du(h)

Gr

and
p(u)f(g) = [ flgh)du(h).

Gr
In all cases A(p)f and p(u)f are again infinitely differentiable. For all f in Hg the space
B(p1, p2) is invariant under p( f) so that we have a representation p(pu1, p2) of Hg on B(puy, p2).
It is clearly admissible and the associated representation p(fuq, u2) of {21, e} is also defined by
right convolution.

We introduce the following elements of g which is identified with the Lie algebra of 2 x 2

matrices.

0 1 10 1 2 1 —

S S ) B O A ) I N
01 0 0

N N

Il
VR
o =

=
[—
~__
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as well as )

Z
D — X+X_ + X_X+ + 7,

which belongs to .

Lemma 5.6. The following relations are valid

1) pU)pn = inpy, (i) p(e)pn = (=1)™¢p_n
(i) p(Vi)pn = (s + 14 n)pniz (iv) p(Vo)on = (s + 1 = n)pn—2
(v) p(D)pn = =L, (vi) p(J)n = (51 + 52)¢m

The relations (i), (ii), and (vi) are easily proved. It is also clear that for all ¢ in B(p, u2)
p(Z)ple) = (s + 1) p(e)

and
p(X+) p(e) = 0.

cosf sinf 2
Ad ((— sinf@ cos 0)) Vi=eVy

Ad ([ o8O smONY ey,
—sinf cos@

show that p(Vy )¢, is a multiple of ¢, 2 and that p(V_)y, is a multiple of ¢,_». Since
V., =7 —iU +2iX,

The relations

and

and
Vo =2+4U — 2iXy
the value of p(V, )y, at the identity e is s+ 1+ n and that of p(V_)¢, = s+ 1 —n. Relations
(iii) and (iv) follow.
It is not difficult to see that D belongs to 3 the centre of 2. Therefore p(D)p = A(D)yp =
A(D)y since D = D. If we write D as

2

A
QX_X++Z+7

and observe that A(X;)p =0 and AM(Z)p = —(s + 1)p if ¢ is in B(uq, p2) we see that

R R e

Pn-

Lemma 5.7.
(i) If s —m is not an odd integer B(ju1, o) is irreducible under the action of g.
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(i1) If s —m is an odd integer and s > 0 the only proper subspaces of B(uy, p2) invariant
under g are

Bi(p, o) = Y, Cpy
n>s+1
n=s+1 (mod 2)
Bo(p, p2) = Z Cen
n<—s—1

n=s+1 (mod 2)
and, when it is different from B(uy, po),

B, p2) = By(pr, p2) + Ba(pa, p12).

(117) If s —m is an odd integer and s < 0 the only proper subspaces of B(uy, p2) invariant
under g are

B (1, p2) = Z Con
n=s+1
n=s+1 (mod 2)
Ba (1, pa) = Z Cen
n<—s—1

n=s+1 (mod 2)
and
B, p2) = Ba(pr, p2) N Bo(per, p12).

Since a subspace of B(p, u2) invariant under g is spanned by those of the vectors ,, that
it contains, this lemma is an easy consequence of the relations of Lemma 5.6. Before stating
the corresponding results for {2, e} we state some simple lemmas.

Lemma 5.8. If w is an irreducible admissible representation of {24, e} there are two possibil-
ities:
(i) The restriction of m to A is irreducible and the representations X — w(X) and X —
m(Ade(X)) are equivalent.
(i) The space V' on which 7 acts decomposes into a direct sum Vi & Va where Vi and Va are
both invariant and irreducible under A. The representations w and w of A on Vi and
Vo are not equivalent but mo is equivalent to the representation X — W(Ad €(X)).

If the restriction of 7 to 2 is irreducible the representations X — m(X) and X —
W(Ad e(X )) are certainly equivalent. If it is not irreducible let Vi be a proper subspace
invariant under . If V, = 7(e)V] then Vi NV, and Vj + V4 are all invariant under {2, €}.
Thus Vi NV, = {0} and V =V} @ V,. If V] had a proper subspace V] invariant under 2 the
same considerations would show that V' = V{ @& VJ with Vj = 7(e)V]. Since this is impossible
Vi and V5 are irreducible under 2.

If v;isin V)

To(X) w(e)vr = m(e) m(ade(X)) v
so that the representations X — m(X) and X — m (Ade(X)) are equivalent. If 7y and

were equivalent there would be an invertible linear transformation A from V; to V5 so that
Am(X) = m(X)A. If vy isin V)

A'r(e) m(X)v = A my(ade(X)) w(e) vy = m (Ade(X)) A w(e) vy
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Consequently {A™'7(g)}? regarded as a linear transformation of V; commutes with 2 and
is therefore a scalar. There is no harm in supposing that it is the identity. The linear
transformation

V] + vy — A_IUQ + AUl
then commutes with the action of {2, e}. This is a contradiction.

Let x be a quasi-character of R* and let x(t) = t¢ for ¢ positive. For any admissible
representation 7 of 2 and therefore of g we define a representation x ® 7 of g and therefore
2 by setting

X ®m(X) = gtrX + 7(X)

if X isin g. If 7 is a representation of {2, e} we extend y @ 7 to {2, ¢} by setting

x@m(e) =x(-1)7(e)
If 7 is associated to a representation m of Hy then y ® 7 is associated to the representation
of Hg defined by

x ®@m(f) =m(xf)
if x f is the product of the functions xy and f.

Lemma 5.9. Let my be an irreducible admissible representation of A. Assume that wy is
equivalent to the representation X — m ( Ad e(X)). Then there is an irreducible representation
7 of {2, e} whose restriction to A is mg. If n is the non-trivial quadratic character of R*
the representations m and n @ w are not equivalent but any representation of {2, e} whose
restriction to 2L is equivalent to my is equivalent to one of them.

Let my act on V. There is an invertible linear transformation A of V' such that Am(X) =
mo(Ade(X))A for all X in 2. Then A? commutes with all mo(X) and is therefore a scalar.
We may suppose that A? = I. If we set 7(¢) = A and 7(X) = 7(X) for X in 2 we obtain
the required representation. If we replace A by —A we obtain the representation n ® 7. 7 and
n ® m are not equivalent because any operator giving the equivalence would have to commute
with all of the 7(X) and would therefore be a scalar. Any representation 7’ of {2, ¢} whose
restriction to 2 is equivalent to my can be realized on V4 in such a way that 7'(X) = m(X)
for all X. Then 7'(e) = £A.

Lemma 5.10. Let w1 be an irreducible admissible representation of A. Assume that m and
T, with ma(X) = m ( Ade(X)), are not equivalent. Then there is an irreducible representation
7 of {U, e} whose restriction to A is the direct sum of m and my. Every irreducible admissible
representation of {2, e} whose restriction to A contains m is equivalent to w. In particular
N ® 1S equivalent to .

Let m; act on V;. To construct @ we set V=V, & V, and we set
T(X) (v ®vy) = m(X)vy B ma(X)ve
and
7(e) (v1 B v2) = vo B vy.
The last assertion of the lemma is little more than a restatement of the second half of
Lemma 5.8.

Theorem 5.11. Let py and ps be two quasi-characters of F*.
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(i) If pips* is not of the form t — tPsgnt with p a non-zero integer the space B(p, jiz) is
irreducible under the action of {2, e} or Hg. w(u1, o) is any representation equivalent
to p(pa, p12)-

(i3) If pipy () = tPsgnt, where p is a positive integer, the space B(uy, jta) contains exactly
one proper subspace By(1, p2) invariant under {2, e}. It is infinite-dimensional and
any representation of {2, e} equivalent to the restriction of p(uy, po) to Bs(pa, po) will
be denoted by o(p, u2). The quotient space

Br(p, p2) = B, p2)/Bs(pua, pi2)

is finite-dimensional and m(uy, p2) will be any representation equivalent to the represen-
tation of {2, e} on this quotient space.

(i43) If pypy *(t) = tP sgnt, where p is a negative integer, the space B(juy, p12) contains exactly
one proper subspace Br(pi1, pia) tnvariant under {A,e}. It is finite-dimensional and
(1, p2) will be any representation equivalent to the restriction of p(j, pia) to B (s, p12).
Moreover o(uy, pe) will be any representation equivalent to the representation on the
quotient space

Ba(pr, p2) = B(Mlaﬂz)/Bf(Msz)-

(iv) A representation 7(uy, po) is never equivalent to a representation o(ul, pb).

(v) The representations w(pu1, o) and w(p', ph) are equivalent if and only if either (u1, o) =

(11, ) or (i, pra) = (g, ).
(vi) The representations o(py, o) and o(py, uy) are equivalent if and only if (uy, po) s one

of the four pairs (py, p1), (1o, 1), (yn, om), or (pan, pym).

(vii) Every irreducible admissible representation of {2, e} is either a w(uy, po) or a o(uy, p2).

Let puypuyt(t) = |t|‘(”(ﬁ)m s —m is an odd integer if and only if s is an integer p and
paps () = tPsgnt. Thus the first three parts of the lemma are consequences of Lemma 5.6
and 5.7. The fourth follows from the observation that m(uy, 12) and o(u}, p5) cannot contain
the same representations of the Lie algebra of SO(2,R).

We suppose first that s—m is not an odd integer and construct an invertible transformation
T from B(py, pio) to B(pe, p11) which commutes with the action of {2, }. We have introduced
a basis {¢n } of B(u1, u2). Let {¢]} be the analogous basis of B (s, pt1). The transformation 7'
will have to take ¢, to a multiple a,, ¢/, of ¢/,. Appealing to Lemma 5.6 we see that it commutes
with the action of {2, ¢} if and only if

(s+14+n)ays=(—s+1+n)a,
(s+1—n)a,_o=(—s+1—n)a,
and
a, = (—1)"a_p.

These relations will be satisfied if we set

(—s+1+n)
=
(s+14n)
r 2

Since n = m (mod 2) and s —m — 1 is not an even integer all these numbers are defined and
different from 0.
If s <0 and s —m is an odd integer we let

ap = ay(s) =

an(s) = £1Lr}g an(2)
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The numbers ay,(s) are still defined although some of them may be 0. The associated operator
T maps B(p, p2) into B(us, pn) and commutes with the action of {2, e}. If s = 0 the
operator 7" is non-singular. If s < 0 its kernel is Bs(u1, p12) and it defines an invertible linear
transformation from Bg(p1, o) to Bs(pe, pn). If s > 0 and s —m is an odd integer the
functions a,(z) have at most simple poles at s. Let

by(s) = lim(z — s) a,(z)

zZ—S

The operator T" associated to the family {b,(s)} maps B(u1, po) into B(ue, p1) and commutes
with the action of {2A,e}. It kernel is Bg(u1, o) so that it defines an invertible linear
transformation from B (g1, p12) to Bf(pe, p11). These considerations together with Lemma 5.10
give us the equivalences of parts (v) and (vi).

Now we assume that 7 = w(uq, u2) and @' = w(uf, ph) or m = o(py, u2) and 7" = o(uf, ph)
are equivalent. Let p;(T) = |t Sl(ﬁ)m’ and let pi(t) = |t Sg(ﬁ)mi‘. Let s = 51 — 89, m =
|m1 —mesl|, s = s) — s, m' = |m} —mj|. Since the two representations must contain the same
representations of the Lie algebra of SO(2,R) the numbers m and m’ are equal. Since 7(D)
and 7'(D) must be the same scalar Lemma 5.6 shows that s’ = +s. m(J) and 7'(J) must
also be the same scalar so s + s, = s; + s5. Thus if n(t) = sgnt the pair (1, o) must be
one of the four pairs (p, 115), (1, 1), (npy, npy), (Mpy, Mp). Lemma 5.9 shows that () pus)
and w(nu}, nuh) are not equivalent. Parts (v) and (vi) of the theorem follow immediately.

Lemmas 5.8, 5.9, and 5.10 show that to prove the last part of the theorem we need only
show that any irreducible admissible representation 7 of 2l is, for a suitable choice of p; and
f2, a constituent of p(uy, pe). That is there should be two subspaces By and By of B(uy, o)
invariant under 2 so that B; contains B, and 7 is equivalent to the representation of 2l on
the quotient By /By. If y is a quasi-character of F* then 7 is a constituent of p(u1, p2) if and
only if x ® 7 is a constituent of p(xu1, x2). Thus we may suppose that 7(.J) is 0 so that
7 is actually a representation of 2y, the universal enveloping algebra of the Lie algebra of
Zr\Gg. Since this group is semi-simple the desired result is a consequence of the general
theorem of Harish-Chandra [6].

It is an immediate consequence of the last part of the theorem that every irreducible ad-
missible representations of {2, ¢} is the representation associated to an irreducible admissible
representation of Hg. Thus we have classified the irreducible admissible representations of
{2, e} and of Hg. We can write such a representation of Hg as (1, p2) or o(p1, f2).

In the first paragraph we associated to every quasi-character w of C* a representation of
r,, of G, the group of matrices with positive determinant. The representation r, acts on the
space of functions ® in S(C) which satisfy

®(zh) = w(h) ®(x)

for all h such that hh = 1. All elements of S(C,w) are infinitely differentiable vectors for r,,
so that 7, also determines a representation, again called r,, of 2. r,, depended on the choice
of a character of R. If that character is

w(x) — e27ruxi

then
To(X4) @(2) = (2muzzi)d(2).

Lemma 5.12. Let Sy(C,w) be the space of functions ® in S(C,w) of the form
d(z) = e UZ p (4 7)



§5. REPRESENTATIONS OF GL(2,R) 85

where P(z,%Z) is a polynomial in z and Z. Then So(C,w) is invariant under 2A and the
restriction of r,, to So(C,w) is admissible and irreducible.

It is well known and easily verified that the function e=2711%% is its own Fourier transform

provided of course that the transform is taken with respect to the character

ve(z) =¥(z +72)
and the self-dual measure for that character. From the elementary properties of the Fourier
transform one deduces that the Fourier transform of a function

P(z) = e 2= p(z 7)

where P is a polynomial in z and Z is of the same form. Thus r,(w) leaves Sy(C,w) invariant.

Recall that
(0 1
w=\_1 o)

So(C,w) is clearly invariant under r,,(Xy). Since X_ = Adw(X) it is also invariant under
X_. But X, X_ — X_X, =7, so that it is also invariant under Z. We saw in the first
paragraph that if wg is the restriction of w to R* then

(5 0)) = o) aatorr

thus r,(J) = ¢l if wy(a) = a® for a positive a. In conclusion Sy(C,w) is invariant under g
and therefore under 2.
If

o) = () o

where r is a complex number and m and n are two integers, one 0 and the other non-negative,
the functions

(I)p(Z) _ 6—27r|u|z§ Lntp Em—s—p?
with p a non-negative integer, form a basis of Sp(C,w). Suppose as usual that % = % aﬁ + =

and that (% = % 3% — 2% a%' Then the Fourier transform ® of @, is given by

n—+p m-+p
o’ (Z) _ 1 d 9 —27|u|zZ
p (27‘-2‘u)m+n+2p Ozn+p a§m+77
which is a function of the form
p—1
(l sgn u)m+n+2pe—27r\u|zz zn—&-p Zm-‘,—p + E aq6—27r|u|zz zn—i—q Zm—l—q'
q=0

Only the coefficient a,_; interests us. It equals

(Z sgn u>m+n+2p—1
o {p(n+m+1+p—-1)}.
Since
ro(w) ®(2) = (isgnu) ®'(2)
and

ro(Xo) = (1) ry(w) ro(Xo) r(w)
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while
ru(X4)Pp = (2mui) Py
we see that

p—1
ro(X_)®, = (2mui)®py1 — (2sgnu)(n +m+2p+ 1)P, + Z by @,
q=0
Since U = X — X_ we have
p—1
ru(U)®, = (isgnu)(n +m+2p+1)0, — Z b, ®,
q=0

and we can find the functions ¥,, p = 0,1,---, such that

p—1
¥, = (I)p"‘zapqq)q
q=0

while
ru(U)¥, = (isgnu)(n+m+2p+ 1)V,
These functions form a basis of Sy(C,w). Consequently 7, is admissible.

If it were not irreducible there would be a proper invariant subspace which may or not
contain ®(. In any case if S is the intersection of all invariant subspaces containing ®, and Sy
is the sum of all invariant subspaces which do not contain ®, both &; and S, are invariant and
the representation 71 of 20 on §1/8,NS; is irreducible. If the restriction of 7 to the Lie algebra
of SO(2,R) contains &, it does not contain x_,. Thus 7 is not equivalent to the representation
X — m(Ade(X)). Consequently the irreducible representation 7 of {2, £} whose restriction
to 2 is m must be one of the special representations o (uy, p2) or a representation (i1, p2n).
Examining these we see that since 7 contains k, with ¢ = sgnu(n 4+ m + 1) it contains all
the representations x, with ¢ = sgnu(n+m+2p+1), p=20,1,2,---. Thus S; contains all
the functions ¥, and S, contains none of them. Since this contradicts the assumption that
So(C,w) contains a proper invariant subspace the representation r, is irreducible.

For the reasons just given the representation m of {2, e} whose restriction to 2 contains
r, is either a o(py, u2) or a m(uy, u1n). It is a w(uy, pan) if and only if n 4+ m = 0. Since

w((5 7)) =t@smor = (@ n(ar,

we must have ju; 1o = won in the first case and p? = wy in the second. wy is the restriction of
w to R*. Since the two solutions p? = wy differ by 1 they lead to the same representation. If
n+m =0 then p? = wy if and only if w(z) =y (v(2)) for all z in C*. Of course v(z) = 2Z.

Suppose n+m > 0 so that mis a o (p, ). Let p;(t) = |t]% (ﬁ)ml Because of Theorem 5.11
we can suppose that m; = 0. Let s = s; — s5. We can also suppose that s is non-negative. If
m = |m; —mgy| then s —m is an odd integer so m and my are determined by s. We know what
representations of the Lie algebra of SO(2,R) are contained in 7. Appealing to Lemma 5.7
we see that s = n + m. Since uypus = nwy we have s; + so = 2r. Thus sy = r + mT*" and
Sog =1 — me In all cases the representation 7 is determined by w alone and does not depend
on 1. We refer to it as m(w). Every special representation o(u1, p2) is a m(w) and 7(w) is
equivalent to m(w’) if and only if w = W’ or W'(2) = w(Z).

We can now take the first step in the proof of the local functional equation.
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Theorem 5.13. Let m be an infinite-dimensional irreducible admissible representation of
Hg. If ¥ is a non-trivial additive character of R there exists exactly one space W (m, 1) of
functions W on Gg with the following properties

(i) If W is in W (m, 1)) then

w((5 1)) = v
forall z in F.

(i1) The functions W are continuous and W (1) is invariant under p(f) for all f in Hg.
Moreover the representation of Hg on W (m, ) is equivalent to .
(iii) If W is in W (m, 1) there is a positive number N such that

(s ) o

We prove first the existence of such a space. Suppose m = 7(w) is the representation
associated to some quasi-character w of C*. An additive character ¥ being given the restriction
of m to 2 contains the representation r, determined by w and . For any ® in S(C, w) define
a function Wg on G, by

as |t| — oco.

Wa(g) = r.(g) 2(1)
Since p(g) We = W, (9o the space of such functions is invariant under right translations.

Moreover
wo (g 1)a) = w0 mato

Every vector in S(C,w) is infinitely differentiable for the representation r,,. Therefore the
functions Wy are all infinitely differentiable and, if X is in 2,

p(X)Ws =W, (x)e-

In particular the space Wi (m, 1)) of those Wg for which @ is in So(C,w) is invariant under 2.
We set Ws equal to 0 outside of G, and regard it as a function on Gg.

We want to take W (m, 1) to be the sum of Wi(m, ) and its right translate by . If
we do it will be invariant under {2, ¢} and transform according to the representation 7
of {,e}. To verify the second condition we have to show that it is invariant under Hg.
For this it is enough to show that So(C,w) is invariant under the elements of Hgr with
support in G. The elements certainly leave the space of functions in S(C,w) spanned by the
functions transforming according to a one-dimensional representation of SO(2,R) invariant.
Any function in §(C,w) can be approximated uniformly on compact sets by a function in
So(C,w). If in addition it transforms according to the representation r, of SO(2,R) it can
be approximated by functions in So(C,w) transforming according to the same representation.
In other words it can be approximated by multiples of a single function in Sy(C,w) and
therefore is already in Sy(C,w).

The growth condition need only be checked for the functions Wg in Wi(m,¢). If a is

negative
a 0
(R
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but if a is positive and
D(z) = e 2UZp (5 7)
it is equal to
6727r\u\ap(a1/2’ a1/2> w(a> ’a|1/2’
and certainly satisfies the required condition.

We have still to prove the existence of W(m,¢) when m = m(u1, u2) and is infinite-
dimensional. As in the first paragraph we set

Oprona®) = [ gnle) (0 000,67
RX
for & in S(R?®) and we set
Wal(g) = p(det g) | det g/ 0 (1, pa, 7(9)®)

- 9(M17 25 Ty o (g)CI)) .
Ty 0 1S the representation associated to the quasi-character (a,b) — p1(a) pa(b) of R* x R*.
If Xisin 2l

p(X)Walg) = Wi, ,,(x)2(9)

Let W (1, p2; 1) be the space of those Wg which are associated to O(2, R)-finite functions .
W (1, p2; %) is invariant under {2, ¢} and under Hg.

T

m)m with Res > —1 and m equal to 0 or

1. Then there exists a bijection A of W (1, pa; ) with B(py, ta) which commutes with the
action of {A, e}.

Lemma 5.13.1. Assume ju1(x) py*(z) = |z|*(

We have already proved a lemma like this in the non-archimedean case. If ® is in S(R?)
and w is a quasi-character of R* set

2(w, ®) = / B0, ) w(t) d*(t)

The integral converges if w(t) = |t|"(sgnt)” with » > 0. In particular under the circumstances
of the lemma

fo(g) = pa(det g) | det g|"*2(p a5 " am, p(g) @)
is defined. As usual ag(z) = |z|. A simple calculation shows that

fo ((al x) g) = () pa(az) |27 falg).

0 a ao

If ® is the partial Fourier transform of ® introduced in the first paragraph then

(o) I3 = 15,
if &1 =17y, 4, (f)®. A similar relation will be valid for a function f in Hg, that is
p(NIs =13,

if &1 =1y, 4 (f)®. In particular if fz is O(2,R)-finite there is an elementary idempotent &
such that p(§) fg = f5. Thus, if &) =1y, ,(§)®, f3 = f5, and &, is O(2,R) finite. Of course
f3 is O(2,R)-finite if and only if it belongs to B(u, p2)-

We next show that given any f in B(uy, 12) there is an O(2, R)-finite function ® in S(R?)
such that f = f3. According to the preceding observation together with the self-duality of
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S(R?) under Fourier transforms it will be enough to show that for some ® in S(R?), f = fs.
In fact, by linearity, it is sufficient to consider the functions ¢, in B(u, u2) defined earlier by

demanding that
cosf sin@\\ 0
Pr\\—sing coso)) ~ €

n must be of the same parity as m. If 6 = sgnn set
O(z,y) = 6_”(12”2)@ + idy)"!

cosf sind  ing
p((—sin@ COSQ)>(I)_6 ®

Since p(9) fo = fo(g)e When det g = 1 the function fp is a multiple of ¢,. Since
fole) = ()1 [ et

—(nl+s+1)
2

Then

plnl+s+1)
2 2

= (&)"

which is not 0, the function fs is not 0.

The map A will transform the function Wg to fz. It will certainly commute with the

action of {2, e}. That A exists and is injective follows from a lemma which, together with
its proof, is almost identical to the statement and proof of Lemma 3.2.1.

The same proof as that used in the non-archimedean case also shows that W (s, pe; 1)) =

W (g, p1; 1) for all 4. To prove the existence of W (m, 1) when m = m(pq, 2) and is infinite-

dimensional we need only show that when p; and ps satisfy the condition the previous lemma

the functions W in W (p1, po; 9) satisfy the growth condition of the theorem. We have seen
that we can take W = W4 with

®(z,y) = e "I P(a,y)
where P(x,y) is a polynomial in z and y. Then
B(z,y) = e "ETIQ(, y)
where Q(x,y) is another polynomial. Recall that ¢(x) = €>™“*. Then

W ((O 2)) — (e fal'* [ e TG at ut ) (st

o0
The factor in front certainly causes no harm. If § > 0 the integrals from —oo to —d and from
d to oo decrease rapidly as |a| — oo and we need only consider integrals of the form

0
/ e—ﬂ(a2t2+u2t’2)t7‘ dt
0

where r is any real number and v is fixed and positive. If v = 5 then u? = v? + 34#2 and
e~ 117 s hounded in the interval [0, 6] so we can replace u by v and suppose r is 0. We

may also suppose that a and v are positive and write the integral as

§
— _ —1y2
e 27rav/ e m(at+vt™ ") dt.
0
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The integrand is bounded by 1 so that the integral is O(1). In any case the growth condition
is more than satisfied.

We have still to prove uniqueness. Suppose Wi(m, 1) is a space of functions satisfying the
first two conditions of the lemma. Let &, be a representation of the Lie algebra of SO(2,R)
occurring in 7 and let W be a function in Wi (m, ) satisfying

cosf sin@  ind
e (g (—sin@ cosH)) =" W(g).

0
o-n (1)

the function W) is completely determined by ¢;. It is easily seen that
t
0

If

p(U)W; |t|[1)/2 1 =1inpi(t)
L1172
t 0 d
A & _ g W1
p( )Wl 0 M%/Q dt
iz 0
p(X)Wh |t|0 1| =duten(d).
‘t|1/2
Thus if ¢ and ¢] correspond to p(Vy)W; and p(V_)W;
de
1 (t) = 2fd—tl — (2ut —n) (1)
and p
o7 (t) = 2t% + (2ut — n) gy (L),
Since

2

1 , U
D:§V_V+—ZU—7

p(D)W; corresponds to

d (. d d
2t o (t % — 2t %) + (2nut — 2u*t?) ;.
Finally p(¢)W; corresponds to ¢1(—t).

Suppose that 7 is either m(uy1, p2) or o(u1, p2). Let piuy ' (t) = [t[*(sgnt)™. If s —m is
an odd integer we can take n = |s| + 1. From Lemma 5.6 we have p(V_)W; = 0 so that ¢,
satisfies the equation

o 11 -
g + (2ut — n)p; = 0.
If the growth condition is to be satisfied ¢, must be 0 for ut < 0 and a multiple of |t|"/2e~"
for ut > 0. Thus W, is determined up to a scalar factor and the space W (m, ) is unique.
Suppose s — m is not an odd integer. Since p(D)W; = £=11}/; the function 1 satisfies

2
the equation
d? nu  (1—s?
901_1_{_“2_‘_7_,_@}%:0

dt? 4¢2
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We have already constructed a candidate for the space W(m, ). Let’s call this candidate
Wa(m, ). There will be a non-zero function ¢ in it satisfying the same equation as ¢;. Now
¢1 and all of its derivatives go to infinity no faster than some power of |¢| as t — oo while as
we saw ¢y and its derivations go to 0 at least exponentially as |¢t| — co. Thus the Wronskian
dpy _  dor
1 o Y2 ar
goes to 0 as |t| — oco. By the form of the equation the Wronskian is constant. Therefore it is
identically 0 and @1 (t) = apa(t) for t > 0 and ¢, (t) = B pa(t) for t < 0 where a and 3 are
two constants. The uniqueness will follow if we can show that for suitable choice of n we
have o = . If m = 0 we can take n = 0. If py(t) = [t|**(sgnt)™ then 7(e)W; = (—1)™W;
so that ¢1(—t) = (—=1)™py(t) and @o(—t) = (—=1)"2¢ps(t). Thus « = B. If m = 1 we can
take n = 1. From Lemma 5.6

T(Vo)Wy = (=1)™sm(e)W;

so that

2 L4 (out — 1)pr (1) = (<1 sga(~1).

Since y satisfies the same equation o = f3.

If 1 is a quasi-character of R* and w is the character of C* defined by w(z) = u(22)
then m(w) = 7(u, un). We have defined W (7w (w), ) in terms of w and also as W (1, p2; ).
Because of the uniqueness the two resulting spaces must be equal.

Corollary 5.14. Let m and n be two integers, one positive and the other 0. Let w be a
quasi-character of C* of the form

w(z) = (zE)T’mTJrnzm z"

and let py and py be two quasi-characters of R* satisfying pypo(x) = |z|*" (sgn z)™ ™ and
pajty (z) = 2™ sgnx so that m(w) = o (1, ia). Then the subspace By(puy, pi2) of Bp, pi2)
is defined and there is an isomorphism of B(u1, pe) with W (uy, pe; 1) which commutes with
the action of {2, e}. The image W1, po; ) of Bs(pr, po) is Wi(m(w),v). If ® belongs to
S(R?) and Wy belongs to W (puy, po; ) then Wy belongs to W(puy, po; ) if and only if

00 iaj
/ xa—yjq)(:rj,O)dx:O

for any two non-negative integers i and j with i+ j7=m+n — 1.

[e.9]

Only the last assertion is not a restatement of previously verified facts. To prove it we have
to show that f3 belongs to B,(u, pe) if and only if ® satisfies the given relations. Let f = f3.
It is in By(p1, p2) if and only if it is orthogonal to the functions in B;(u; ", ;). Since
By(uy', py ') is finite-dimensional there is a non-zero vector fy in it such that p(X,)fy = 0.

Then
oo 1)

and f is orthogonal to fj if and only if

(5.14.1) /Rf (w ((1) ?{)) dy = 0.
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The dimension of B(u;*, puy?) is m + n. It follows easily from Lemmas 5.6 and 5.7 that the
vectors p(X%) p(w) fo, 0 < p < m+n —1span it. Thus f is in Bs(p, pe) if and only if each
of the functions p(X?%) p(w) f satisfy (5.14.1). For f itself the left side of (5.14.1) is equal to

J{[3(00u(s 7)) mouait}

Apart from a positive constant which relates the additive and multiplicative Haar measure

this equals
// O(—t, —tx)t™ " sgn t dt da

1)mtn-t / / O(t, )™ dt da
or, in terms of ®,

(5.14.2) (—1)mtn—t /<I>(t, 0) t™ 1 dt.

which is

By definition
Py o (W) @(2,9) = ' (y, 7)
and an easy calculation based on the definition shows that
P (XE) (2, y) = Qiruzy)” ®(z, y).
Thus 7, 4y (XE) 71 o (W) © is a non-zero scalar times
0%
@l
e o W)
For this function (5.14.2) is the product of a non-zero scalar and

821) / m+n—1 d
e ayp ,T) X x.

Integrating by parts we obtain

ap
OyP

except perhaps for sign. If we again ignore a non-zero scalar this can be expressed in terms
of ® as

(I)(O ) m+n—p—1 dl‘

8m+n—p—1
= p
gt O (xz,0) 2P du.
The proof of the corollary is now complete.
Before stating the local functional equation we recall a few facts from the theory of local

zeta-functions. If F'is R or C and if ® belongs to S(F') we set

Z(was, ®) = /@(a)w(a) la|% d*a.

w is a quasi-character. The integral converges in a right half-plane. One defines functions
L(s,w) and &(s,w,1r) with the following properties:
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(i) For every ® the quotient
Z(was, D)
L(s,w)
has an analytic continuation to the whole complex plane as a holomorphic function.
Moreover for a suitable choice of ® it is an exponential function and in fact a constant.
(ii) If @’ is the Fourier transform of & with respect to the character ¢ then
Z(w tag s, @) Z(was., D)
L(1 —s,w™1) L(s,w)
If F =R and w(x) = |z|g(sgnz)™ with m equal to 0 or 1 then
s+r+m
—5 )

- 6(‘97 W, ¢F>

L(s,w) = g~zt74m) F(

and if Yp(x) = e2™ue
S rfl
e(s,w,0p) = (isgnu)™ |ulg 2

If ¥/ =C and
w(z) = |x|g 2™z
where m and n are non-negative integers, one of which is 0, then
L(s,) = 202m)"CH (s 1 m -+ ),
Recall that |z|c = 27. If ¢p(z) = ™ Re(w2)

e(s,w,Yp) = " "w(w) ]w[f{l/z.

These facts recalled, let © be an irreducible admissible representation of Hg. If 7 =
(1, fo) We set
L(s,m) = L(s, p1) L(s, p2)

and

8(‘97 , wR) = 5(‘97 H1, w[@ 8(‘97 2, ¢R>
and if 7 = m(w) where w is a character of C* we set

L(s,m) = L(s,w)

and

e(s,m r) = MC/R, ¢r) e(s,w, Y /r)
if Ye/r(2) = Yr(2 +Z). The factor A(C/R,v¢r) was defined in the first paragraph. It is of

course necessary to check that the two definitions coincide if 7(w) = (1, pto). This is an
immediate consequence of the duplication formula.

Theorem 5.15. Let m be an infinite-dimensional irreducible admissible representation of
Hr. Let w be the quasi-character of R* defined by

(5 )
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If W is in W(m, ) set

wgsw) = [ w((5 ])a) e
RX

wgsw)= [ w((G 9)o)e @l

U(g,s,W) = L(s,7) ®(g,s, W)

U(g,s, W)= L(s,m) ®(g,s,W).

and let

(i) The integrals defined V(g,s,W) and ¥(g,s, W) are absolutely convergent in some right
half- plane. N
(i) The functions ®(g,s,W) and ®(g,s, W) can be analytically continued to the whole
complez plane as meromorphic functions. Moreover there exists a W for which ®(e, s, W)
1s an exponential function of s.
(i1i) The functional equation

(wg, 1 — s, W) =e(s,m,¢) ®(g,s, W)

18 satisfied.
(i) If W is fized V(g, s, W) remains bounded as g varies in a compact set and s varies in

the region obtained by removing discs centred at the poles of L(s,m) from a vertical strip
of finite width.

We suppose first that 7 = (g, u2). Then W(m,¥) = Wy, pu2;v). Each W in
W (1, p2; 1) is of the form W = Wy where

O(z,y) = e " Pz, y)

with P(z,y) a polynomial. However we shall verify the assertions of the theorem not merely
for W in W (m, 1)) but for any function W = Wg with ® in S(R?). Since this class of functions
is invariant under right translations most of the assertions need then be verified only for

! A6 'computation already performed in the non-archimedean case shows that
(e, s, W) = Z(mag, poag, @)
the integrals defining these functions both being absolutely convergent in a right half-plane.
Also for s in some left half-plane
V(w1 =5, W) = Z(ui g, iy oy ~", @)

if @ is the Fourier transform of ®.

Since @ can always be taken to be a function of the form ®(z,y) = ®;(x) Po(y) the
last assertion of part (ii) is clear. All other assertions of the theorem except the last are
consequence of the following lemma.

Lemma 5.15.1. For every ® in S(R?) the quotient

Z(Mla]?gl ) M2a1§7 (D)
L(s, p11) L(s, pi2)




§5. REPRESENTATIONS OF GL(2,R) 95

is a holomorphic function of (s1,s2) and

Z(py o "t g o, @)

L(1 = s1, 17 ) L(L = 52, 15 ")

18 equal to
Z(pmog , pao’, @)
L(s1, 1) L(sg, p2)

We may as well assume that p; and po are characters so that the integrals converge for
Res; > 0 and Re sy > 0. We shall show that when 0 < Res; <1 and 0 < Resy <1

Z(mag!, pooi, @) Z (g iy g W)

5(317 M1, w) 8(‘92’ H2, w)

is equal to
Z(pi og ™ pytag 2, 9) Z(imag!, peog?, ¥)
if ® and ¥ belong to S(R?).
The first of these expressions is equal to

foeneon(2)el)

if we assume, as we may, that d*z = |z|~! dz. Changing variables we obtain

[ )ty e ot { [ ot o W dudof ey

The second expression is equal to

[t @ st la = bl { [ ) v dudo} as vy

which equals

/ () pay) o] [y { / 2y| ™ @ (2, ) W(u, v) dudv} d*zdy,

Since the Fourier transform of the function (u, v) — ®(zu, yv) is the function |zy| @' (z 7 u, y~'v)
the Plancherel theorem implies that

/q)(xu,yv) V' (u,v) dudv = / lzy| ' (2w, y o) U (u, v) dudo.

The desired equality follows.

Choose ®; and ®, in S(R) such that

L(s, i) = Z(piog, ;)

and take ¥ (z,y) = ®1(z) P2(y). The functional equation of the lemma follows immediately if
0 <s; <1landO0 < sy < 1. The expression on one side of the equation is holomorphic for
0 < Res; and 0 < Re sy. The expression on the other side is holomorphic for Res; < 1 and
Re sy < 1. Standard and easily proved theorems in the theory of functions of several complex
variables show that the function they define is actually an entire function of s; and s,. The
lemma is completely proved.

For m = m(u1, o) the final assertion of the theorem is a consequence of the following
lemma.

S1 So

X

u

Y

v

d*x d*ydudv
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Lemma 5.15.2. Let Q be a compact subset of S(R?) and C a domain in C? obtained by
removing balls about the poles of L(s1, 1) L(sg, j12) from a tube a3 < Resy < by, as < Resy <
by. Then

Z(mog, ppog, )
remains bounded as ® wvaries in 0 and (s, $2) varies in C.

The theorems in the theory of functions alluded to earlier show that it is enough to
prove this when either both a; and as are greater than 0 or both b; and b, are less than 1.
On a region of the first type the function Z(ujag, peag, ®) is defined by a definite integral.
Integrating by parts as in the theory of Fourier transforms one finds that

Z (ot a2t @) = O(rE + )"

as 72 + 72 — oo uniformly for ® in Q and a; < 01 < by, as < 09 < by which is a much stronger
estimate than required. For a region of the second type one combines the estimates just
obtained with the functional equation and the known asymptotic behaviour of the I'-function.

Now let w be a quasi-character of C* which is not of the form w(z) = x(2Z) with x
a quasi-character of R* and let 7 = w(w). W(m, 1) is the sum of Wi (7, 1) and its right
translate by €. It is easily seen that

O(g,s,p(e)W) = w(~1) B(e ™ ge, s, W)
and that _ _
d(wg, s, p(e)W) = w(—1) ®(we ' ge, s, W)
Thus it will be enough to prove the theorem for W in Wi (m, ). Since
O(eg, s, W) = ®(g,s, W)

and

O (weg, s, W) = ®(wg, s, W)
we can also take ¢g in G4. Wi(m, ) consists of the functions Wg with @ in Sp(C,w). We
prove the assertions for functions W with ® in S(C,w). Since this class of functions is
invariant under right translations by elements of G, we may take g = e.
As we observed in the first paragraph we will have

Ve, s, W) = Z(wag, P)
U(w,1—s, W)= AC/R, ) Z(w 'al™ &)

in some right half plane and the proof proceeds as before. If w(z) = (22Z)"2"z" and p — ¢ =
n — m the function B
O(z) = e~ 2mlul2Z ypza

belongs to Sy(C,w) and

Z(wag, ?) =27r/ o 2mlult® 2(s+rtptm) gy
0

= (27 |u]) TP D (s 41 4 p 4 m)

Taking p = n we obtain an exponential times L(s,w). The last part of the theorem follows
from an analogue of Lemma 5.15.2.

The local functional equation which we have just proved is central to the Hecke theory.
We complete the paragraph with some results which will be used in the paragraph on
extraordinary representations and the chapter on quaternion algebras.



§5. REPRESENTATIONS OF GL(2,R) 97

Lemma 5.16. Suppose j1 and ps are two quasi-characters for which both m = (1, u2) and
o = o, ) are defined. Then

L(1—=s,0)e(s,0,v) L1 —s,7)e(s,m 1)

L(s,0) L(s,)

and the quotient

15 an exponential times a polynomial.

Interchanging ju; and s if necessary we may suppose that juipy ' (z) = |z|°(sgnz)™ with
s > 0. According to Corollary 5.14, W (o,1) is a subspace of W (uy, p2,%). Although
W (1, p2, 1) is not irreducible it is still possible to define ¥(g, s, W) and \Tf(g, s, W) when W
lies in W (p1, o, ) and to use the method used to prove Theorem 5.15 to show that

U(wg, 1 —s, W)
L(1—s,m)

is equal to
U(g,s, W)

Applying the equality to an element of W (o,1)) we obtain the first assertion of the lemma.
The second is most easily obtained by calculation. Replacing p; and ps by pjaf and
p2ck is equivalent to a translation in s so we may assume that po is of the form po(z) =
(sgnx)™2. There is a quasi-character w of C* such that 0 = 7(w). If w(z) = (2Z)"2"z" then
pi(z) = |zPrrmtn(sgn g)mtrtmatl sy (r) = 2™ (sgn ) ™2t so that r = 0. Apart from an
exponential factor L(s,o) is equal to I'(s +m + n) while L(s,7) is, again apart from an
exponential factor,

(5.16.1) F(S+m2"+m2) F(S+2m2)

where m; =m +n+my+1 (mod 2). Since m +n > 0 the number

1
k:§(m+n+1+m1—m2)—1

is a non-negative integer and msy + 2k = m +n + my; — 1. Thus
k

-1
S+ mo 1 . s+m+n+m;+1
F< 5 >:{W||(S+m2+2j>} P( 5 >

J=0

By the duplication formula the product (5.16.1) is a constant times an exponential times
I'(s+m+n+m)

[T} o(s + ma +2j)

If my = 0 the lemma follows immediately. If m; =1
F(s+m+n+mg)=(s+m+n)l(s+m+n)

and msy 4+ 2k = m + n. The lemma again follows.
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Lemma 5.17. Suppose w(z) = (2Z)"2"Z" is a quasi-character of C* with mn = 0 and

m+n > 0. Suppose uy and po are two quasi-characters of F* with pips(z) = |2 2™ sgn x
and pypy t(x) = ™ " sgnx. Then for every ® in S(R?) such that
ok
' —(z,0)dz =0
oy’
fori1>0,7>20, andi+ j+1=m-+n the quotient
Z(Nlo‘ﬂg@ MQO[]?% (I))
L(s,m(w))

is a holomorphic function of s and for some ® it is an exponential.

If W belongs to W (pu1, po,) this is a consequence of Corollary 5.14 and Theorem 5.15.
Unfortunately we need the result for all &. The observations made during the proof of
Lemma 5.16 show that if 7 = m(pq, pe) the quotient

Z(Nlafb MZOCILTb (I))

L(s,)
is holomorphic. Since L(s, ) and L(s, o) have no zeros we have only to show that the extra
poles of L(s, ) are not really needed to cancel poles of Z(ujag, oy, ®). As in the proof
of Lemma 5.16 we may take r = 0. We have to show that Z(uj0g, poog, ®) is holomorphic
at s = —my — 25, 0< < kifmy=0andat s=—-my—27,0< < kiftm =1. We
remark first that if gy and py are two quasi-characters of R*, ® belongs to S(R?), and Re s
is sufficiently large then, by a partial integration,

X X ]' S S a¢ X X
[ ) i) bt ot @) @ a @y = = [ n(a) ) o) ol ol G o) ey

if n(y) = sgny. Integrating by parts again we obtain

1 2P
s S(I) X X — S s+2 X X )
/ul(aﬁ)/@(y)\x! ly|* ®(x,y) d*xd*y e /m(fﬂ)uz(y) |z]* |y 0 (z,y)d*xd*y

If ® belongs to S(R?) the function defined by
(5.17.1) /cp(g;, o) 2] ] 4% d*y
is certainly holomorphic for Re s > 0. We have to show that if
/ O(2,0)dzr =0
it is holomorphic for Res > —1. Suppose first that ®(z,0) = 0. Since

0P Y 0?P
P(z,y) = ya—y(ﬂ:, 0) + /O (y — u)a—yQ(x,u) du

the function )
U(z,y) = ; d(z,y)

is dominated by the inverse of any polynomial. Thus (5.17.1) which equals

/ Uz, y) 2 [y nly) e dy
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is absolutely convergent for Res > —1. In the general case we set
(a,y) = {(r,y) — B(2,0)e™"} + B, 0)e
- (I)1<‘T7y) + (DQ(x?y)

Since ®4(x,0) = 0 we need only consider
[ sl 0 oty @ty

which is the product of a constant and

F(%) /(1)2(1’70) |z|® dx.

The integral defines a function which is holomorphic for Re s > —1 and, when the assumptions
are satisfied, vanishes at s = 0.

We have to show that if 0 < j < m+n—1and j —my is even then Z(ujof, poag, @) is
holomorphic at —j. Under these circumstances the function Z(uag, peag, ®) is equal to

/77(93)"“ n(y)™ || 2] y|* ®(x, y) d*x d*y

which equals ' '
<_1)J / 1 +m+ +Jj P X

—_ )™ x| |y — (2, y) d e d™y.

T+ 1) n(x)™ |x] || 7 (z,y) y
The factor in front is holomorphic at s = —j. If

0D
_ m+n—j—1
\I[(.Z‘,y) =7 ay] <I7y)

the integral itself is equal to
[l e v oy,
Since, by assumption,

/\IJ(x, 0) de = 0,

it is holomorphic at s = —j.
We observe that if m + n is even

O(z,y) = e @) gymin

satisfies the conditions of the lemma and, if » = 0 and ms = 0, Z(u104, peag, ) is equal to
/e—ﬂ(z2+y2) |:L,|m+n+s+1 |y|m+n+s dXZEde

which differs by an exponential from I'(s +m + n) and L(s,m(w)). If my = 1 we take

(z,y) = e @) ymintl o obtain the same result. If m + n is odd and my = 0 the
polynomial factor will be y™*"*! but if m + n is odd and my = 1 it will again be zy™™.
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Proposition 5.18. Suppose © and 7' are two infinite-dimensional irreducible admissible
representations of Hg such that, for some quasi-character w of F*,

(5 ) aor (6 D)o

L(]'_SuXil@,ﬁ) L<1_37X71®%/)
e(s,x ®m, =
L(s,x ®m) X &™) L(s,x ®7)
for all quasi-characters x and © and 7' are equivalent.

If

e(s,x @', 1)

Suppose ™ = (1, f2) or o(py, f2). From Lemma 5.16 and the definitions the expression
on the left is equal to

1fsfr1+m1) 1fsfr2+m2)
2s+s1+s2—1 P ( 2 P ( 2

T (s+r12+m1 ) T (S—I—T’z;-mz )

™

(i sgn u)m1+m2 |u‘28+51+82_1

if x is trivial and p;(z) = |z|"(sgnx)™. If x(z) = sgnx and n; is 0 or 1 while m; +n; =1

(mod 2) the quotient is

r (l—s—;l—nl) T (1—5—52+n2)

T (s+r12+n1) T (s+r22+n2)

(i sgn w)mTme [y et ertee—l p2s szl

If we let @' be m(u}, ph) or (i), ph) we obtain similar formulae with r; replaced by r; and
m; by mi.

Consider first the quotients for 7. The first has an infinite number of zeros of the
form —r; — my — 2p where p is a non-negative integer and an infinite number of the form
—ry — mgy — 2p where p is a non-negative integer, but no other zeros. Similarly the zeros
of the second are at points —r; — ny — 2p or —ry — ny — 2p. Thus if the quotients are
equal 7 +my = ro +ng = 19 + my + 1 (mod 2). Moreover if r; +my = 9 + mo + 1
(mod 2) then m = o(u1, p2) and, as we saw in Theorem 5.11, o(p1n, on) = o(u1, p2) so
that the two quotients are equal. As a result either ry +m; = ro +mo + 1 (mod 2) and
ry+m) =ry+my+1 (mod 2) or neither of these congruences hold.

Suppose first that m = 7(uy, po) and 7'(p], 15). Then the first quotient for 7 has zeros
at the points —r; —mq, —r1 —mq — 2,--- and —ry — Mo, —79 — Mg — 2,--- while that for
7" has zeros at —ry —m/, —r] —m} —2,--- and —rf —ml, —ry, —ml — 2, ---. Thus either
r1+my =1y +m) or r1 +my = rh + mj. Interchanging ) and pf if necessary we may
assume that the first of these two alternatives hold. Then 79 + my = 7}, + mi. Moreover
r1+ 19 =1y + 1 and |my — mg| = |m) — mi|. If m; = m) it follows immediately that
1 = py and ps = ph. Suppose that my # m/. Examining the second quotient we see that
either r1 +mny = r{ +n} or r1 +ny = r5 + nj. The first equality is incompatible with the
relations r; +my = r} + m} and m; # m/}. Thus r; +ny =, + n}. For the same reason
ro + ng = 1} + nf. Interchanging the roles of , o and uf, uf if necessary we may suppose
that m; = 0 and m{ = 1. Then r; = 7] + 1. Since r; +ro = ] + 5 we have ry = rj, — 1 so
that mg =1, m§ = 0. Thus ny = n) =1 and r; = r} so that ro = rj. It follows that p; = uf

and 1o = pif.
Finally we suppose that @ = o(ui,p2) and 7 = o(u}, uh). Then there are quasi-
characters w; and wj of C* such that 7 = 7(w;) and 7 = 7(w}). Replacing w; by the

quasi-character z — w1 (Z) does not change m(w;) so we may suppose that wi(z) = (22)" 2"
while w}(2) = (2Z)" 2™ Since w; and w} must have the same restriction to R* the numbers
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2r + m and 2r' +m' are equal while m = m’ (mod 2). Apart from a constant and an
exponential factor the quotient
L(1—s,m)
e(s,m, ) Lo
is given by
'l—s—r)
['(s+r+m)
whose pole furthest to the left is at 1 — r. Consequently r = r’ and m = m/.

Corollary 5.19. Suppose m and 7' are two irreducible admissible representations of Hg.
Suppose there is a quasi-character w of R* such that

(5 ) (s )

If for all quasi-characters x, L(s,x @ 7) = L(s,x ® '), L(s,x ' ®@7) = L(s,x ' ® ), and
e(s,x®@m, ) =c(s,x ®7',1) then m and 7' are equivalent.

Combining Lemma 5.16 with the previous proposition we infer that there is a pair of
quasi-characters p; and pg such that both 7 and 7" are one of the representations 7 (py, f2)
or o(, p2). However the computations made during the proof of Lemma 5.16 show that
L(s,x @ m(p1, p2)) differs from L(s, x @ o(u1, p12)) for a suitable choice of x.

Let K be the quaternion algebra over R. We could proceed along the lies of the fourth
paragraph and associate to every finite-dimensional irreducible representation 2 of K> a
representation 7(£2) of Gg. Since we have just classified the representations of Gg we can
actually proceed in a more direct manner.

We identify K with the algebra of 2 x 2 complex matrices of the form

=(50)
)

and v(2) = z2* is the scalar matrix (Ja|?+|b/?)I while 7(2) is the scalar matrix (a+a-+b+b)I.
Let p; be the two-dimensional representation of K* associated to this identification and

let p, be the nth symmetric power of p;. Any irreducible representation is equivalent to a
representation of the form y ® p, where y is a quasi- character of R*. Thus

(x ® pa)(h) = x(v(h)) pa(h)
Since v(h) is always positive we may suppose that x is of the form y(z) = |z|".
Let €2 be a finite-dimensional representation and let 2 act on U. In the first paragraph
we introduced the space S(K,U). It is clear that if ® is in S(K,U) the integrals

Then

SRl

Z(ah O, ) :/ Q(R) [v(h)[* B(h) d*h
KX
and
Z(ag ® 0, @) :/ O () [ (B B(h) &
KX
converge absolutely in some right half-plane.
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Proposition 5.20. Suppose x(x) = |z|" and Q = x ® p,. Let w be the character of C*
defined by w(z) = (22)" /22", Set L(s,Q) = L(s,w) and
8(5, Q, Q/}R) = )\(C/R, Q/JR) 5(8, w, w(C/R>
The quotient
Z(a5? 2 Q, @)
L(s,Q)
can be analytically contained to the whole complex plane as a holomorphic function. Given u
in U there exists a ® in S(K,U) such that

Z(oz"'?, ®)
L(s,9)

= a’u.
For all ® the two functions
Z(a P @ 01 @)
L(1—5,Q)

and
Z(ai? 9 Q, 0)
L(s,9)
are equal. Finally Z(o{{l/2 ® Q, @) is bounded in any region obtained by removing discs about
the poles L(s,2) from a vertical strip of finite width.

—5(3, Q, ¢R)

Suppose K is the subgroup of K* formed by the elements of reduced norm one. Let ®,
be the function on R defined by

O, (t) = Q(h) ®(th) dh
K1
®; belongs to S(R) and if wy is the quasi-character of R* defined by (t) = wy(t)I the function
wo(t)P1(t) is even. Moreover if the multiplicative Haar measures are suitably normalized

Z(a5? @ Q, @) = Z (a2 wy, By).

Since wp(t) = [t|*"t" we can integrate by parts as in the proof of Lemma 5.17 to see that
for any non-negative integer m

—1)m

2l ) = o [y e
szo (2s+2r+n+j+1)

The integral is holomorphic for Re(2s + 2r +m +n) > —1 and, if 8;31 vanishes at ¢t = 0, for

Re(2s 4 2r + m +n) > —2. Thus the function on the left has an analytic continuation to the

whole complex plane as a meromorphic function with simple poles. Since

" P,

d*t.
otm

1
L(s,0) = 2(2m) D (547 4+ 5)

we have to show that its poles occur at the points s +r +n + % +7=0with7=0,1,2,---.

Since 8;121 vanishes at 0 if m+n is odd its only poles are at the points 2s+2r+2n+2j+1 =10
with n+ 25 > 0. To exclude the remaining unwanted poles we have to show that 8;31 =0 at
0 if m < n. If we expand ® in a Taylor’s series about 0 we see that 6;31 =0 at 0 unless the

restriction of p, to K is contained in the representation on the polynomials of degree m on
K. This can happen only if m > n.




§5. REPRESENTATIONS OF GL(2,R) 103

Since € is equivalent to the representation i — Q~1(h') the quotient
Z(a P @ 0t @)
L(1—s,Q)

is also holomorphic. The argument used to prove Lemma 5.15.1 shows that there is a scalar
A(s) such that, for all ®,

Z(a3P o Q1 @) Z(a5™? @ Q, )
— = \(s)
L(1—s,9Q) L(s, )
We shall used the following lemma to evaluate A(s).
Lemma 5.20.1. Let ¢ be a function in S(C) of the form
o(x) = e ™ P(z, 1)

where P is a polynomial in x and T. Suppose p(zu) = p(z)w  (u) if vu = 1. Define the
function ® in K* by

®(2) = p(a) w(a) (@) 2 (u, Q2))
if v(z) = aa. Then ® extends to a function in S(K) and its Fourier transform is given by
¥(2) = ~MC/R, z) ¢'(a) (@) (0@) " 2(QA2)u. W)
if @' is the Fourier transform of ¢.

By linearity we may assume that ¢ is of the form

p(r) =e
where p is a non-negative integer. We may suppose that the restriction of p, to the elements
of norm one is orthogonal and identify the space U on which its acts with its dual U. Then
Q= ag' " ® pp. Thus if

—2rxx n+1

(xx)Px

the value of ® at z is
=27 (@8+0) (4 4 bb) P (u, Q(2)T) = e 2@ (qg + bb)P (u, p,(2)T)

The expression on the right certainly defines a function in S(K).
We are trying to show that if

F(2) = p(a) w(a) (@) 071(2)
when z = a@ then the Fourier transform of F' is given by
(5.20.2) F'(2) = =AC/R, vg) ¢ (o) w0 () (0@) "2 Q(2).
If Ay and hy have norm one

F(hizhy) = Q(hy ") F(2) Q(hy )
and therefore

F'(hizhg) = Q(hy) F'(2) Q(h2)

In particular if z is a scalar in K the operator F’(z) commutes with the elements of norm
one and is therefore a scalar operator. The expression Fi(z) on the right of (5.20.2) has the



104 2. LOCAL THEORY

same properties so that all we need do is show that for some pair of vectors v and u which
are not, orthogonal
(F'(2)u,u) = (F1(2)u, u)
for all positive scalars z.
If we only wanted to show that F’(z) = ¢ F}(z) where ¢ is a positive constant it would be
enough to show that

(5.20.3) (F'(z)u,u) = c(Fy(2)u, ).

Once this was done we could interchange the roles of ¢ and ¢’ and ® and ®’ to show that
¢* = 1. To obviate any fuss with Haar measures we prove (5.20.3).

Recall that if "
e” 0
)= %)

then, apart from a positive constant,
| 8w 1w dx
K
is equal to

(u, @) /07T sin(n + 1)6 sin 6 f(a(6)) df

if f is a class function on K, the group of elements of norm one. The equality is of course a
consequence of the Weyl character formula and the Schur orthogonality relations.
If x is a positive scalar in K then, apart from a positive constant, ®’(z) is given by

| o) ua(ries) P s

which is a positive multiple of

/ooo telt) {/I<1 (u, Qk)iD) g (t 7(k)) dk} ey

Since 7(k) is a class function this expression is a positive multiple of

(u,w) /OOO t3p(t) {/O7T sin(n + 1)0 sin 0 Y (22t cos 6) de} d*t

Integrating the inner integral by parts we obtain

mtl /000 t2o(t) {/07r cos(n + 1)0 (22t cosf) d@} d*t.

{u, w)

On the other hand if x, which is a positive real number, is regarded as an element of C
then ¢/(x) is a positive multiple of

/(CX o(z) g (T(22))22d"2

[e) 27
/ t2o(t) { / e TV (xt cosb) d@)} d*t.
0 0

2 T
/ e—i(n+1)9¢R(xt cosf)df =2 / cos(n + 1)0 g(xt cos6) df
0 0

Amiux

or of

Since
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and A(C/R) = isgnu the identity (5.20.3) follows for any choice of u and w.
To evaluate \(s) we choose ® as in the lemma and compute

(205" 0 0.00.7) = [0 ) Q0T a°
and \
(Z(ad 907, 20).7) = [ 0(:) W[ (0. B 4=
The first is equal to

[ vt { [ st ag o

/K (Qzk)v, 0) (u, Qzk) ) dk

is, by the Schur orthogonality relations, equal to

Since

1
@(Ua u){u, )
the double integral is equal to
1
g D) [ pl)w(o) (om) iz

where a@ = v(z). If the Haar measure on C* is suitably chosen the integral here is equal to
Z(waf, ¢). The same choice of Haar measures lead to the relation
3_ N —MC/R, —, ~
(2l 007 e0),7) = 2 0 i) i) 2w el )
Since L(s,Q) = L(s,w) and L(s, ) = L(s,w™) we can compare the functional equation
for Z(wag., @) with that for Z(a5™? ® Q, ®v) to see that

A(s) = —AC/R, Yr) e(s,w, ¥e/r)
as asserted.
If

—2mxx

plz) =e
then Z(agw, ) is an exponential times L(s,w) so that Z(oz]f;rl/2 ® Q, dv) is, with a suitable
choice of v and u, a non-zero scalar times an exponential times L(s,w)u. The last assertion
of the proposition is proved in the same way as Lemma 5.15.2.

We end this paragraph with the observation that the space W (m, ) of Theorem 5.13
cannot exist when 7 is finite-dimensional. If W = W(n, ) did exist the contragredient
representation 7 on the dual space W would also be finite-dimensional and 7(X;) would
be nilpotent. However if A is the linear functional ¢ — ¢(e) then 7(X )\ = —2ima if

w(x) — €2i7raa:.



106 2. LOCAL THEORY

§6. Representations of GL(2,C).

In this paragraph we have to review the representation theory of G¢ = GL(2,C) and
prove the local functional equation for the complex field. Many of the definitions and results
of the previous paragraph are applicable, after simple modifications which we do not always
make explicit, to the present situation.

The standard maximal compact subgroup of GL(2,C) is the group U(2,C) of unitary
matrices. H; will be the space of infinitely differentiable compactly supported functions on
Gec. Ho will be the space of functions on U(2,C) which are finite linear combinations of the
matrix elements of finite-dimensional representations. H¢ = Hy @ Hy can be regarded as
a space of measures. Under convolution it forms an algebra called the Hecke algebra. The
notion of an elementary idempotent and the notion of an admissible representation of H¢
are defined more or less as before.

Let g be the Lie algebra of the real Lie group of GL(2,C) and let gc = g ®g C. 2
will be the universal enveloping algebra of gc. A representation of 2 will be said to be
admissible if its restriction to the Lie algebra of U(2,C) decomposes into a direct sum of
irreducible finite-dimensional representations each occurring with finite multiplicity. There
is a one-to-one correspondence between classes of irreducible admissible representations of
Hc and those of . We do not usually distinguish between the two. The representation 7
contragredient to 7 and the tensor product of m with a quasi-character of C* are defined as
before.

If py and py are two quasi-characters of C* we can introduce the space B(uq, p2) and the
representation p(uq, p2) of He or of 2 on B(uy, pe). In order to study this representation
we identify gc with g,(2,C) & g¢(2,C) in such a way that g corresponds to the elements of
X @ X. If 2, is the universal enveloping algebra of g,(2,C) we may then identify 21 with
A @A

In the previous paragraph we introduced the elements D and J of ;. Set D1 =D ® 1,
Dy, =1® D, J; =J®1, and J, = 1 ® J. These four elements lie in the centre of A. A
representation of 2 is admissible if its restriction to the Lie algebra of the group SU(2,C)
of unitary matrices of determinant one decomposes into the direct sum of irreducible finite-
dimensional representations each occurring with finite multiplicity.

The first part of the next lemma is verified by calculations like those used in the proof of
Lemma 5.6. The second is a consequence of the Frobenius reciprocity law applied to the pair
SU(2,C) and its subgroup of diagonal matrices.

Lemma 6.1. Let

pi(z) = (27)7 30w pegh

and )
iz (2) = p(z) = (7)) ot
where a;, b;, a, and b are non-negative integers and a;b; = ab = 0.
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(1) On B(uq, p2) we have the following four relations

)= 3+ 55 1}
o= (52 1}

a1 — by +ay— b
p(1) = {(s1 4 s2) + T2

by —ay + by —a

p(JQ):{<81+82)—|— ! 12 2 2}[

(11) p(p1, o) is admissible and contains the representation p,, of the Lie algebra of SU(2,C)
if and only ifn > a+bandn=a+b (mod 2) and then it contains it just once.

Pn is the unique irreducible representation of SU(2,C) of degree n + 1. Let B(u1, o, pn)
be the space of functions in B(p1, o) transforming according to py,.

Theorem 6.2.
(1) If p is not of the form z — zPZ% or z — 2Pz~ with p > 1 and q > 1 then p(u1, po) s

irreducible. A representation equivalent to p(p, p2) will be denoted by (1, p2),
(i1) If u(z) = 2Pz% with p > 1, ¢ > 1 then

Bo(pspa) = Y B, pia, pn)

n=pt+q
n=p+gq (mod 2)

is the only proper invariant subspace of B(u1, pa). o(p1, o) will be any representation
equivalent to the representation on Bg(puy, o) and 7w(py, po) will be any representation
equivalent to the representation on the quotient space

By, p2) = B, pr2) /Bs(pa, i)
(111) If u(z) = 2Pz~ withp > 1, ¢ > 1 then

Bl o) = Y, Blp, pa, pn)

|[p—ql<n<p+q
n=p+q (mod 2)

is the only proper invariant subspace of B(pq, po). m(p1, po) will be any representation
equivalent to the representation on By, pa) and oy, po) will be any representation
equivalent to the representation on the quotient space

Bi(pr, p2) = B(Mla/ﬁz)/Bf(Mth)'

(iv) 7(p1, p2) is equivalent to w(py, py) if and only if (1, p2) = (14, ) or (pa, pra) = (pg, 14).-
(v) If o(p1, pio) and o(py, y) are defined they are equivalent if and only if (g1, 12) = (1], 1)

or (1, p2) = (M, p1)-
(vi) If p(z) = zPz9 with p > 1, ¢ > 1 there is a pair of characters vy, va such that piype = vy

and vyt = 27279 and o (1, pg) is equivalent to T(vy, vy).
(vii) Every irreducible admissible representation of He or A is a w(py, u2) for some choice
of p and pi.

The proofs of the first three assertions will be based on two lemmas.

Lemma 6.2.1. If there exists a proper invariant subspace V' of B(u1, p2) which is finite-
dimensional then pypy ' (2) = 2 PZ T withp > 1, ¢ > 1 and V = B (1, ta)-
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Lemma 6.2.2. Let V' be a proper invariant subspace of B(u1, pu2) and let ng be the smallest
integer such that some subspace of V' transforms according to the representation p,, of the

Lie algebra of SU(2,C). Either
V= Z B(Mlvﬂ?vpn)

n=ngo

or V' contains a finite-dimensional invariant subspace.

Grant these lemmas for a moment and let V' be a proper invariant subspace of B(fu1, p2).
As in the case of the non-archimedean and real fields there is an invariant non-degenerate
bilinear form on B(uy, po) X B(uy ", p3'). The orthogonal complement V+ of V in B(uy!, py*)
is a proper invariant subspace. By Lemma 6.2.1 they cannot both contain an invariant finite-
dimensional subspace. Therefore by Lemma 6.2.2 one of them is of finite codimension. The
other must be of finite dimension. If V is finite-dimensional then p;p5'(2) = 277277 and
V = B(p1, p2). If V4 is finite-dimensional then pipuy'(2) = 2PZ9. Since the orthogonal
complement of B (p1, p12) is Bs(pe1, p12) we must have V = By (1, p12).

We shall now show that B(u1, po) is invariant when pypy ' (2) = 277z~ % It will follow
from duality that B,(u, ) is invariant when g, (2) = 2727 Every irreducible finite-
dimensional representation 7 of 2l determines a representation 7 of G¢. If 7 acts on X there
is a nonzero vector vy in X such that

Z z m—=n
™ ((O 2_1)) Vo= 2 Z g

for all z in C* and all z in C. vy is determined up to a scalar factor and m and n are
non-negative integers. Moreover there is a quasi-character wy of C* such that

(5 )0
d ((201 ;2)) vo = wi(z1) wa(22) vo

Thus

where wywy'(2) = z™z". 7 is determined up to equivalence by w; and wy so we write
7 = k(wy,ws). As long as wiw, '(z) = 2z™Z" with non-negative integers m and n the

representation (wi,ws) exists. By the Clebsch-Gordan formula the restriction of x(wq,ws)
or its contragredient to SU(2,C) breaks up into the direct sum of the representations p;
with |m —n| <i<m+nand 1 =m+n (mod?2). Let m be kK(wy,ws) and let 7, the
contragredient representation, act on X. To each vector v in X we associate the function

w(g) = (vo, 7(g)v)
on G¢. The map v — ¢ is linear and injective. Moreover 7(g)v — p(g)p while

v <(z01 :2) g) = wi (1) wy ' (22) (9)

so that if pu; = w;* 04(51/2 and g = wy ! Oz(lc/Z the function ¢ belongs to B(p1, p12). As we vary
wy and we the quasi-characters p; and po vary over all pairs such that pqpy 1(2) = z7Pz74
with p > 1 and ¢ > 1.

We have still to prove the two lemmas. Suppose V' is a proper finite-dimensional subspace of
B(p1, p12). The representation of 2 on V' is certainly a direct sum of irreducible representations



§6. REPRESENTATIONS OF GL(2,C). 109

each occurring with multiplicity one. Let V'’ be an irreducible subspace of V' and let V' be the
dual space of V’. Let A be the linear functional A : ¢ — ¢(e) on V'. If 7 is the representation
of A or of G¢ on V'’ then

T (<i)1 Z)) A= () 115 (22) (21F1 25 (22) ) T2 A

Thus if w; = py! agl/z and wy = py " a(lc/Q the representation 7 is x(wq,ws). It follows

immediately that g, " is of the form juypy ' (2) = 27727 with p > 1 and ¢ > 1 and that V'
and therefore V' is B r(puq, p12).
To prove the second lemma we regard g as the real Lie algebra of 2 x 2 complex matrices.

Then
a 0

is the centre of g and

is the Lie algebra of SU(2,C). If

a b
g:{([—) _a) la €R, beC}

then u @ g is the Cartan decomposition of the Lie algebra of the special linear group. The
space gc = g ®g C is invariant under the adjoint action of u on g¢c. Moreover u acts on g¢
according to the representation ps. One knows that ps ® p, is equivalent to p,12 @ pn B pPr_2
if n > 2, that py ® py is equivalent to p3 @ p; and, of course, that py ® pg is equivalent to ps.
The map of gc ® B(u1, pto, pn) into B, o) which sends X ® f to p(X)f commutes with
the action of u. Thus p(X)f is contained in

B(p, phay prv2) © B, p2, pn) © B(pa, f2, pr—2).

It is understood that B(uq, p2, pe) = 0 if £ < 0.
Now let V' be a proper invariant subspace of B(pq, p12). Let ng be the smallest non-negative
integer n for which V' contains B (1, pia, pn). Ilf n = ng set

V)= > B, g2, pr)

n=zk>=ng
k=ng (mod 2)

If V' contains every V' (n) there is nothing to prove so assume that there is a largest integer
ny for which V' contains V'(ny). All we need do is show that V(n;) is invariant under g. It is
invariant under a and u by construction so we need only verify that if X lies in g¢ then p(X)
takes V'(n) into itself. It is clear that p(X) takes V(n; — 2) into V' (n1) so we have only to
show that it takes B(pu1, fi2, pn, ) into V(ny). Take f in B(uq, po, pn,) and let p(X)f = f1 + fo
with f1 in V(ny) and fy in B(pq, e, pny+2). Certainly fo lies in V. Since

VN 3(/L1? M2, pn1+2)

is either 0 or B (1, f2, pn,+2) and since, by construction, it is not B(uq, e, pn,+2) the function
f2 is 0.

The first three assertions of the theorem are now proved and we consider the remaining
ones. We make use of the fact that Dy, Dy, J; and J, generate the centre of 2 as well
as a result of Harish-Chandra to be quoted later. Suppose 7 and 7’ are two irreducible
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representations of 20 which are constituents of p(u1, u2) and p(p}, ) respectively. Assume 7
and 7’ contain the same representations of the Lie algebra of SU(2,C) and are associated
to the same homomorphism of the centre of 2 into C. Comparing the scalars 7(.J;) and
7(Jy) with 7/(J;) and 7'(J;) we find that g e = puh. Let pypy(2) = (ZZ)SJTH’z“Eb and

/ a,+b

let g gy, (2) = (22)* "% 2%ZY. Comparing 7(D;) and 7(15) with 7/(D;) and 7/(Ds) we

see that
a—0b\2 , ad—\2
(S T3 > - (S L >
b—a\? , b —a\2
(3 L ) - (8 L ) '
These relations will hold if pypyt = gy, ™" or pytpe = iy, " and therefore, when juq o =

iy, (pa, pe) = (@, ph) or (uq, pe) = (b, py). If neither of these alternatives hold we must
have

and

a —bv , a—2>b

5 ST T

b —ad , b—a
2 TT T
Since g e = i pty the integers a + b and @’ + b must have the same parity. Let p = gy *
and g/ = g b~ In the first case py/ is of the form pp/(z) = 2% and pup/~" is of the form 72
and in the second up'(z) = 2% while pp/ ™' (2) = 2% Since {py, o} is not {u}, b} neither
p nor ¢ is 0. In the first case p = 2Pz% and p/ = 2PZ~7 and in the second pu = z9zP while
W= z"9ZP.

In conclusion we see that 7 and 7’ contain the same representations of the Lie algebra
of SU(2,C) and are associated to the same homomorphism of the centre of 2 into C if and
only if one of the following alternatives holds.

S =

or

S =

(i) For some pair of quasi-characters vy and vy we have {7, 7'} = {7 (v1,10), (11, 12)} or
{m, 7"} ={n(v1,va), 7(v2,11)}.

(ii) For some pair of quasi-characters vy and vy we have {m, 7'} = {o(v1,1),0(v1, 1)} or
{m, 7'} ={o(v1,1n),0(ve,11)}.

(iii) For some pair of quasi-characters v; and v, with 111, '(2) = 227 where p > 1, ¢ > 1
we have {m, 7'} = {o(v1, 1), 7(V}, 1))} where vy, = Vi and V'V, (2) is either 2Pz~
or z Pz4.

(iv) For some pair of quasi-characters vy and v, with 1115 1(2) = 277279 where p > 1, ¢ > 1
we have {7, 7'} = {o(v1, 1n), 7(V}, 4)} where vivy = Vi1, and V|1, (2) is either 2PZ~9
or z Pz

The remaining assertions are now all consequences of a theorem of Harish-Chandra which, in
the special case of interest to us, we may state in the following manner.

Lemma 6.2.3. If © is an irreducible admissible representation of A there exists a pair
of quasi-characters py and ps such that p(py, o) and m contain at least one irreducible
representation of the Lie algebra of SU(2,C) in common and are associated to the same
homomorphism of the centre of A into C. When this is so 7 is a constituent of p(p1, p2).
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As before x ® m(p1, pi2) is m(xpi1, Xp2) and x ® o (1, pr2) is o (xpr, Xp2). If
0
T ((g a)) = wo(a)l

Theorem 6.3. Let m be an infinite-dimensional irreducible admaissible representation of Hc
and let ¢ be a non-trivial additive character of C. There is exactly one space W (mw,¥) of
functions on G¢ which satisfies the following three conditions.

(i) Every function W in W (m, 1) satisfies

w (((1) f) g) = Y(x) W(g).

(11) The functions in W (m, 1)) are continuous and W (m, 1)) is invariant under the operators
p(f) for f in Hc. Moreover the representation of He on W (mw, 1) is equivalent to .
(iii) If W is in W (m, 1) there is a positive number N such that

o (s ) o

Since every 7 is of the form 7 = 7(uy, po) the existence is rather easy to prove. If ® is in
S(C?) let

then 7@ = w, ' ® .

as |t| — oco.

Ops iz, ) = [ @07 i 0) (1)
(CX
We let W (1, pio, 1) be the space of functions on G¢ of the form

W (g) = Wa(g) = pa(det g) | det gl¢/* 0(sur, 2, 7(g)®)
where @ in S(C?) is SU (2, C)-finite under the action defined by r. It is clear that W (juy, pi2, %) =
W (g, p1,%) and that W(uq, pe, ) is invariant under right translations by elements of Hc¢
and of .

The existence of W (r, 1) will, as before, be a consequence of the following analogue of
Lemma 5.13.1.

Lemma 6.3.1. Suppose pipy ' (t) = ()" "3 t°1 with Res > —1. Then there is a bijection
A of W, po, ) with By, o) which commutes with the action of Hc.

As before A associates to Wg the function

fa(9) = m(det g) | det g/ = (jupiz o, pl(9) @)
The proof of course proceeds as before. However we should check that A is surjective.
Theorem 6.2 shows that, under the present circumstances, there is no proper invariant
subspace of B(p1, o) containing B (1, pi2, pats) so that we need only show that at least one
nonzero function in B(py, po, pars) is of the form fg where @ is in S(C?) and SU(2, C)-finite
under right translations.
If
@(l’,y) _ e—27r(m‘c+y??)gayb
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then, since a + b = 0, ® transforms under right translations by SU(2, C) according to pg1p SO
we need only check that fg is not 0. Proceeding according to the definition we see that

fale) = /C a0

— / G_QWt{(tal—’_s—i_aTH dXt
CX

Apart from a constant which depends on the choice of Haar measure this is
o b
(2w)—s—%br<1 + 5+ %)

and is thus not 0.
Just as in the previous paragraph W (uy, e, ) is spanned by functions We where @ is of
the form
(I)<£L', y) _ 6—2ﬂ(xf+uﬂyy)$pj,qymgn
where p, ¢, m, and n are integers. The complex number u is determined by the relation
P(z) = e™Reuz - We can show that
t 0
()
decreases exponentially as [t| — occ.

To prove the uniqueness we will use a differential equation as in the previous chapter. This
time the equations are a little more complicated. Suppose Wi (m, 1) is a space of functions
satisfying the first two conditions of the theorem. We regard p,, as acting on the space V,, of
binary forms of degree n according to the rule

Pn ((a Z)) e(x,y) = plax + cy, br + dy)

C

If
p(x,y) = ) prerthps

[kl<n
n
777@62

then * is called the k' coordinate of ¢. On the dual space V,, we introduce the dual
coordinates.
If p,, is contained in 7 there is an injection A of V,, into Wi (7, 1) which commutes with

the action of SU(2,C). Let ®(g) be the function on G¢ with values in V, defined by

(¢, ®(g)) = Ap(g).

It is clear that W(m, 1) is determined by @ which is in turn determined by Wi (m, 1) up to a
scalar factor. The function ®(g) is determined by the function

([0 2)
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on the positive real numbers. If ¢*(¢) is the &*" coordinate of (t) and if 7 is a constituent of
p(p1, p2) the differential equations

e = (o450 1)

T (L e

may, if our calculations are correct, be written as

17, d 2 1 2
[t—+k—1} o —tzMgok—i—(g—i-k:)tz'ugok_l:—(s—i—a ) o

di 2 2 2
1r,d |u? n . 1 b—a\?2

t——k—l} _ et k—(——k;)t ’f“:—( ) k.
[dt 5 ¥ 2 e s\$T 5 ) ¥

We have set o = 0 if |k| > n/2. Recall that ¢(z) = e*™*Reu% These equations allow one to
solve for all ¢* in terms of /2 or ¢~™™/2.
For k = % the second equation may be written as

1 d2pn/? 1 1 dgpn/Q lu> (% + 1) 1 b—a\2
2 _r_n _ n/2 _ _( ) n/2.
) 5 e +( 2 )t dt +{ > T ¥ T\t )Y

If we have two independent solutions of this equation their Wronskian W (t) is a non-trivial
solution of the equation

aw 1
R
dt t
and therefore a non-zero multiple of t"*1. Since we already have shown the existence of a

solution of (%) which decreases exponentially we see that there cannot be another solution
which is bounded by a power of t as ¢ — co. The uniqueness of the space W (m, ) follows
Every irreducible admissible representation of H¢ is of the form 7 = 7(uy, po). Moreover

(1, p2) = m(py, py) if and only if {u1, po} = {1, pr}. Thus we may set
L(s,m) = L(s, i) L(s, 12)
and
8(57 , ¢) = 8(57 M1, ¢) 8(‘97 M2, 1/})
Then
L(s,7) = L(s, u7") L(s, 13").
The local functional equation which is proved just as in the real case reads as follows.

Theorem 6.4. Let w be an infinite-dimensional irreducible admissible representation of He.
Let w be the quasi-character of C* defined by

(s ) o

fora in C*. If W is in W (m, ) the integrals

wgsw)= [ w((G )o) v
wasw)= [ w((51)a) e @
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converge absolutely in some right half-plane. Set

U(g,s, W)= L(s,m)®(g,s, W),

U(g,s, W)= L(s,7) ®(g,s, W).

The functions ®(g,s, W) and &)(g, s, W) can be analytically continued to the whole complex
plane as holomorphic functions of s. For a suitable choice of W the function ®(e, s, W) is an
exponential function of s. The functional equation

zﬁ(wg, 1—s,W)=c¢e(s,m,1)P(g,s, W)
is satisfied. Moreover, if W is fized |V(g, s, W)| remains bounded as g varies over a compact
subset of G¢ and s varies in a vertical strip of finite width from which discs about the poles
of L(s,m) have been removed.

The following lemma can be verified by an explicit computation. The first assertion may
also be proved by the method of Lemma 5.16.

Lemma 6.5. If 0 = o(u1, 2) and m = 7(uy, po) are defined then
L(1—8,5)€(S,0',77Z)> L(]-_S’%)€<S77T7¢)

L(s,0) L(s,n)

and the quotient

L(s,x ®0)

L(s,x ®)
is the product of a constant, a polynomial, and an exponential. Moreover the polynomaial is of
positive degree for some choice of the quasi-character x.

We verify the last assertion. There is no harm in supposing that ¢ = m(vq,15) and that
xp(2) = 29TPZ0T9 s (2) = 2920, xv1(2) = 2%1PZ0, and ywa(z) = 292279, where p > 1 and
q = 1 are integers. Varying y is equivalent to varying a and b through all the integers. If m;
is the largest of a 4+ p and b+ ¢ and my is the largest of a and b while n; is the largest of
a + p and b and ns is the largest of a and b + ¢ the quotient

L(s,x® o)
L(s,x @)
differs from
[(s+n1)T(s+ no)
(s +my) (s +mg)
by a constant times an exponential. It is clear that n; and ny are both greater than or
equal to my and that either ny or ny is greater than or equal to m;. Thus the quotient is a
polynomial. If p > ¢ choose a and b so that b+ ¢ > a > b. Then ny = m; and ny > my so
that the quotient is of positive degree. If ¢ > p choose a and b so that a +p > b > a. Then
ny = my and ny > mo.

Lemma 6.6. Let m and 7' be two infinite-dimensional irreducible representations of Hc.
Suppose there is a quasi-character w of C* such that

(5 2)) =
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(6 )

Ll —s,xte7)
L(s,x ® )

for all quasi-characters x then m and @' are equivalent.

and

for all a in C*. If
L(l—s,xt'®7)
L(s,x ®)

e(s,x @', 1) =¢e(s,x®m, )

Let m = m(p1, o) and let 7" = (pf, ph). We let

W@%qﬁw{@%ﬁyi

i) = @ b

with a; and @ in Z. By assumption, s; + so = s] + s, and a; + ag = a) + aj. Choose

with n in Z. The quotient on the right has the same zeros and poles as
D(L—s— s+ |28 (=5 — s +]252)
Pls+si+[=52)  Tls+s+[%52))

A pole of the numerator can cancel a pole of the denominator if and only if there are two
non-negative integers ¢ and m such that

and

—l— aq n—+ as
_l’_

LA
+ ai n + as

|+ ==
This can happen only if 15" is of the form g p; ( ) = 2PZ% or iy, (2) = 27PZ~7 where
p > 1and g > 1 are integers. Since 7(uy, i2) is infinite-dimensional it cannot be of either
these forms and no poles cancel.

Consequently for every integer n, {31 + |"+a1 + | Bt |} ={s| + |"+a1 |, 85 + |n§a2 |}.
This can happen only if s1 = s}, a1 = df, sy = s}, and as = abh, or §1 = Sy, a1 = ab, Sy = S,
and ay = a}. Thus 7 and 7’ are equivalent.

The following proposition is an easy consequence of these two lemmas.

81—82—1+€+m+|
or
82—81—1+€+m+|

Proposition 6.7. Suppose w and 7' are two irreducible admissible representations of Hc.
Suppose there is a quasi-character w of C* such that

(5 )
() -

and
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IfL(s,x®m) = L(s,x @), L(s,x ' ®7) = L(s,x"' ®7') and
(s, x @) =e(s,x @, 1)
for all quasi-characters x the representations m and @' are equivalent.
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87. Characters

If F'is a non-archimedean local field and 7 is an admissible representation of G the
operator m(f) is of finite rank for every f in Hp and therefore has a trace Tr(f). In this
paragraph we prove that if 7 is irreducible there is a locally integrable function x, on Gy
such that

Trr(f) = g f(9) x=(g) dg.

Although Tr7(f) depends on the choice of the Haar measure the function x, does not.
The following simple lemma shows that x, determines the class of .

Lemma 7.1. If {m, -+ ,m,} is a set of inequivalent irreducible admissible representations
of Hp the set of linear forms Trm, Trmy, -+, Trm, is linearly independent.

Let m; act on V; and let £ be an elementary idempotent such that none of the spaces
m(&)Vi, 1 <1 < p, are 0. Let 7; be the representation of £H g on the finite-dimensional
space 7;(§)V; = V;(§). Suppose T; and 7; are equivalent. Then there is an invertible linear
map A from V;(§) to V;(§) which commutes with the action of {Hp{. Choose a non-zero
vector v; in V;(£) and let v; = Av;. We are going to show that m; and 7; are equivalent. It is
enough to show that, for any f in Hp, m;(f)v; = 0 if and only if 7;(f)v; = 0. But m;(f)v; =0
if and only if 7;(& * h)m;(f)v; = 0 for all h in Hp. Since m;(E * h)m;(flv, = m(§ x hx f*&)v;
and & x hx fx £ is in EHpE the assertion follows.

Thus the representations 7y, - - - , 7, are inequivalent. Using this we shall show that the
linear forms Tr7,--- ,Tr7, on {Hp are linearly independent. The lemma will then be
proved. Take h in {HpE. Since T; is irreducible and finite-dimensional Tr7;(hf) = 0 for all
fin EHpE if and only if 7;(h) = 0. Suppose we had hy,--- , h, in EHpE so that for at least
one i the operator 7;(h;) was not 0 while

1=1

for all f in éHpE. There must then be at least two integers j and k such that 7;(h;) # 0 and
Tk(hi) # 0. Since 7; and 7, are not equivalent we can find an h in {HpE such that 7;(h) =0
while 7, (h) is invertible. Replacing h; by h;h we obtain a relation of the same type in which
the number of i for which 7;(h;) = 0 has been increased. By induction we see that no such
relation is possible. Since {H & contains a unit the required independence follows.

For most of these notes the existence of y, is irrelevant. It is used only toward the end.
The reader who is more interested in automorphic forms than in group representations will
probably want to take the existence of y, for granted and, for the moment at least, skip this
paragraph. To do so will cause no harm. However he will eventually have to turn back to
read the first few pages in order to review the definition of the Tamagawa measure.

Choose a non-trivial additive character ¢ of F'. If X is an analytic manifold over F' and
w is a differential form of highest degree on X we can associate to w a measure on X which
is denoted by |w|r or sometimes simply by w. If X = F' and w = dx is the differential of the
identity application the measure |w|r = dx is by definition the Haar measure on F which is
self-dual with respect to v. In general if p belongs to X and z!,---, 2" are local coordinates
near p so that

w=alz' - ") dz' Ao Ada”
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then, if f is a continuous real-valued functions with support in a small neighbourhood of p,

/f\w\F—/f "l ) dat - dan

The absolute value |a(x!, - -+, 2™)| is the normalized absolute value in the field . To prove
the existence of the measure w one has to establish the usual formula for a change of variable
in a multiple integral. For this and other facts about these measures we refer to the notes of
Weil [12].

If G is an algebraic group over F' then G is an analytic space. If w is a left-invariant
form of highest degree on G the measure |w|r is a Haar measure on Gp. It is called the
Tamagawa measure. It depends on w and .

If M is the algebra of 2 x 2 matrices over I’ the additive group of M is an algebraic group.
If a typical element of M is

_fa b
= \e d

pw=daANdbNdcAdd
is an invariant form of highest degree and |u| = dz is the additive Haar measure which is
self-dual with respect to the character ¢y (z) = ¢p(7(2)) if 7 is the trace of z.
On the multiplicative group G of M we take the form w(z) = (detz) 2u(z). The
associated Haar measure is

then

w(x)| = | det 2|2 do = |x|,} dx

An element of G is said to be regular if its eigenvalues are distinct. The centralizer in G
of a regular element in G is a Cartan subgroup of Gg. Such a Cartan subgroup Bp is of
course abelian. There seems to be no canonical choice for the invariant form on Br. However
the centralizer of Br in My is an algebra F of degree two over F'. It is either isomorphic
to the direct sum of F' with itself or it is a separable quadratic of F. The subgroup By is
the multiplicative group of E. In the first paragraph we introduced a map v from E to F.
Once a form pp on E which is invariant for the additive group has been chosen we can set
pup(x) = v(z)'pgp(x), and pp is then an invariant form on Bp. The associated measure is
invariant under all automorphisms of E over F. We should also recall at this point that two
Cartan subgroups Br and B} are conjugate in G if and only if the corresponding algebras
are isomorphic.

Once up and therefore up has been chosen we can introduce on Bp\G g which is also an
analytic manifold the form wp which is the quotient of w by ug. Then

[ foyta) - [ . { [ e un(t) | n(o).

The centre of the algebra of Mg is isomorphic to F' and the centre Zr of G is isomorphic to
F*. On F* we have the form x7! dz. We take uz to be the corresponding form on Zp. p%
will be the quotient of up by py and w® will be the quotient of w by pz. The corresponding
integration formulae are

RCZCEY) " { RE purte) 0
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and

RCECE) . { [ it pel) b (o)

If g belongs to G its eigenvalues a1 and ay are the roots of the equation
X2 —7(¢)X +v(9)=0

and
(01— 0 _ {r(9)f” — 4w(y)
Qi v(g)
belongs to F'. Set
i(g) = |12l
5e%) F

Since g is regular if and only if §(g) # 0 the set Gr of regular elements is open in G and its
complement has measure zero.

There are two more integration formulae that we shall need. Their proof proceeds as for
archimedean fields. Choose a system S of representatives of the conjugacy classes of Cartan
subgroups of Gp. Then

[ swew =X 5 [ o[ st s

BreS
722 | IRLCECEDY) 5/ . { / ) wB<g>} ()

if f is an integrable function on Gg or Zp\Gp. Notice that the sum on the right is not
necessarily finite. Let B = B N Gr and let

Eg = {g_lbg { be B\F, g € GF}

| B
BpeS
There is a simple lemma to be verified.

Then G r is the disjoint union

Lemma 7.2. (i) For any Cartan subgroup By the set BS is open.
The set G is open.
The set Gg of g in Ggp whose eigenvalues do not belong to F' is open.

The second statement is a consequence of the first. If Br corresponds to the separable
quadratic extension E then B\g is the set of matrices with distinct eigenvalues in E and if Bp
splits and therefore corresponds to the direct sum of F' with itself, ég is the set of matrices
with distinct eigenvalues in F. Thus the first assertion is a consequence of the following
lemma which is a form of Hensel’s lemma or of the implicit function theorem.

Lemma 7.2.1. Let E be a separable extension of F. Assume the equation

Xp—l—alXp_l—i----—l-ap:O
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with coefficients in F' has a simple root X\ in E. Given € > 0 there is a 6 > 0 such that
whenever by, --- b, are in F' and |b; — a;|r < 6 for 1 <1 < p the equation

XP 4+ b XP 4 b, =0
has a root p in E for which |\ — plp < e.

There is no need to prove this lemma. To prove the third assertion we have to show that
the set of matrices with eigenvalues in F' is closed. Suppose g, — g and g,, has eigenvalues
A and p, in F. Then A\, + pu, — 7(g) and A\, — v(g). If A\, and p,, did not remain in
a compact subset of F'* then, since their product does, we would have, after passing to a
subsequence, |A,| = 0, |p,| — 00 or |\, = 00, |pn| — 0. In either case A, + p, could not
converge. Thus, again passing to a subsequence, we have \,, — A and p,, — . A and p are
the eigenvalues of g. R _

If the characteristic of F' is not two the sets Gy and G are the same. We now introduce a
function on G which plays an important role in the discussion of characters. If Br is a split
Cartan subgroup we set ¢(Bp) = 1 but if B is not split and corresponds to the quadratic
extension F we set .

«(Br) = |=|7

where @ is a generator of pr and pii is the discriminant of £ over F. If g in G r belongs to

the Cartan subgroup Br we set

£(9) = co(Br)s ().
If ¢ is singular we set {(g) = oo. The factor ¢(Bp) is important only in characteristic two
when there are an infinite number of conjugacy classes of Cartan subgroups.

Lemma 7.3. The function & s locally constant on CA?F and bounded away from zero on any
compact subset of Gp. It is locally integrable on Zp\Gr and on Gp.

It is of course implicit in the statement of the lemma that £ is constant on cosets of Zp.
The two previous lemmas show that £ is locally constant on G r. To prove the remaining
assertions we recall some facts about orders and modules in separable quadratic extensions
of non-archimedean fields.

If F is a separable quadratic extension of F' an order R of E is a subring of Og which
contains O and a basis of E. A module [ in E is a finitely generated Or submodule of E
which contains a basis of F. If I is a module the set

{a€E|al CI}

is an order R;. It is clear that an order is a module and that Rgr = R. Two modules I and J
are said to be equivalent if there is an o in £* so that J = al. Then R; = R;.

Suppose the module [ is contained on O and contains 1. Since I/Op is a torsion-free
Or module the module I has a basis of the form {1,d}. Since § is integral % belongs to
I. Therefore I is an order and R; = I. Since any module is equivalent to a module which
contains 1 and lies in Og the collection of modules I for which R; = R forms, for a given
order R, a single equivalence class.

As observed any order has a basis, over Op, of the form {1,d}. The absolute values of the
numbers ¢ occurring in such bases are bounded below. A basis {1,4} is said to be normal if
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0 has the smallest possible absolute value. It is easily seen, by considering the ramified and
unramified extensions separately, that if {1,d} is normal

Thus R determines and is determined by |0]|g. It is easily seen that if F/F is unramified
|0 is any number of the form |wg|% with n > 0, where wg is a generator of pgp. We set
n =w(R). If E/F is ramified |§| is any number of the form |wp|2 ™ with n > 0. We set
w(R) = n. In the ramified case

[E* : F*(Ug N R)] = 2|wp| ;.
In the unramified case
(B F*(Us N R)] = |wrl 5" (1 + |wr] )
unless w(R) = 0 and then
[E* . F*(UgNR)| =
It is clear that R’ contains R if and only if w(R') < w(R). Thus w(R) + 1 is the number
of orders which contain R. If vy belongs to Og but not to O let R(y) be the order with basis

{1,7} and let w(y) = w(R(7)).

Lemma 7.3.1. Let & be the conjugate of v in E and let

211/2 m('y

(v =) |¢" = |wrlp

If p'It is the discriminant of E and ~ belongs to Ok but not to Op then

t+1

m(y) = w(y) + 5

Let {1,0} be a normal basis of R(vy). Then v = a + b§ with a and b in Op. Moreover
d = ¢+ dvy with ¢ and d in Op. Thus v = (a + bc) 4 bdy so that a + bc = 0. and bd = 1.
Therefore b is a unit and |y — 5| = |6 — 6|. We can thus replace v by 6. Suppose first that
E/F is unramified so that ¢ + 1 = 0. We take 6 = ew} where n = w(R(7)) and ¢ is a unit of
Og. Since

§—6=(c—&)wh

we have only to show that ¢ — £ is a unit. ¢ is not congruent to an element of Op modulo pg
and therefore {1,e} determines a basis of Og/pg. Since the Galois group acts faithfully on
Og/pE the number ¢ — € is not in pg.

If E/F is ramified we may take § = whwg with n = w(6). It is well-known that

jwe — | = |welF
Thus " u
6= 91 =16 = 81 = loorlp |l = lwely

The lemma follows.

There are two more lemmas to be proved before we return to the proof of Lemma 7.3.

Lemma 7.3.2. Let C be a compact subset of Zp\Gp and let xc be the characteristic function
of C' and of its inverse image in Gg. There is a constant ¢ such that for every b in Gg which
15 contained in an anisotropic Cartan subgroup

/ xelg™bg)(g) < cE(b).
Zp\GF
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The assertion is trivial unless b is regular. Then the assumption is that its eigenvalues
are distinct and do not lie in F. Any h in G can be written as

p
Wp
g1 ( w%) 92

where g; and g2 belongs to GL(2, Op) and p < ¢. The numbers w?. and w?, are the elementary
divisors of h. Let T, be the set of all those h for which ¢ — p < r. This set is the inverse
image of a compact subset T of Zp\Gp. If r is sufficiently large C' is contained in 7. Thus
we may replace x¢ and Yy, the characteristic function of 7.

If h belongs to GL(2,OF) then h=tg~'bgh belongs to T, if and only if g~'bg belongs to
T,. Thus the integral is the product of the measure of GL(2,0r) N Zp\GL(2,OF) by the
number of right cosets of Zp GL(2, Or) whose elements g are such that g~'bg belong to T;.
If H is such a coset and Bp is the Cartan subgroup containing b then for any ¢’ in Bp the
coset b’ H has the same property. Thus the integral equals

measure(GL(2,Op) N Zp\GL(2,Or)) Y _[Brg GL(2,0r) : Zr GL(2,0r)].

The sum is over a set of representatives of the cosets in Bp\Gr/GL(2,Op).

Let Bp correspond to the separable quadratic extension E. Choose a basis of O over
Op. It will also be a basis of  over F'. By means of this basis we identify G with the
group of invertible linear transformations of E over F. GL(2,0pr) is the stabilizer of Og.
Every v in £ determines a linear transformation b, : x — yx of E. The set of all such linear
transformations is a Cartan subgroup conjugate to Br and with no loss of generality we may
assume that it is Br. Choose 7 so that b = b,.

Every module is of the form ¢gOg with ¢ in Gp. Moreover ¢g1Of and ¢.Op are equivalent
if and only if g; and go belong to the same double coset in Bp\Gr/GL(2,0Fr). Thus there
is a one-to-one correspondence between the collection of double cosets and the collection of
orders of E. Let Brpg GL(2,Op) correspond to the order R. The index

is equal to
[Br : Bpr N Zp gGL(2,0r)g7]

Two elements b; and by in Br belong to the same coset of Br N Zr g GL(2,0p)g™" if and
only if there is a z in Zr and an h in GL(2,Op) such that

big = bazgh

This can happen if and only if
blgOE = bzngE

Let I = gOp and let b; = b,,. If we identify Zr and F'* so that z may be regarded as an
element of F'* the last relation is equivalent to

1l = ezl
or v, 22 € RN Ug. Thus

Let |detb|p = |7|x = |wr|R. Let wh and wf. with p < g be the elementary divisors of

g~ 'bg. Certainly p+q = m. The matrix g~ 'bg belongs to 7T} if and only if g—p = m —2p < r.
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r—m

5 this is so if and only if w59 tbg has integral coefficients, that

If s is the integral part of
is if and only if

W}S? g_lbg Or C Og
or wyy € R.
Our integral is therefore equal to

(%) measure(GL(2,0p) N Zp\GL(2,0r)) > [E*: F*(RNUg)].
wipVER
The sum is over all orders of £ which contains w.y. The element @~y does not lie in F'. If

it does not lie in Ok the sum is zero. If it lies in Ok then w}y belongs to R if and only if
w(R) < w(wiy). In this case the expression (x) is bounded by

2 measure(GL(2, Op) N Zp\GL(2, OF)) Z |wp|

0<h<w(@})

This in turn is bounded by a constant, which is independent of Br and r, times

t+1
We have ¢(Br) = |wp|; , m(wiy) = s +m(y) < 5% 4+ m(y), and
_\21(1/2

(v =%) 2| m
30" = = — Tt = Jwrl" el

ol
To prove the lemma we have only to show that

m t+1 s
—m(y) + o + —— +w(@py)

2 2
is bounded above by a constant which depends only on r. By the previous lemma
s s t+1
w(wpy) = m(@py) = ——
so that
()ij_i_t—l—l+ (S)<r—m+m r
-m —+ — 4 w(w — ===
Py FUS 9 79 73

Suppose the Cartan subalgebra Bpr corresponds to the algebra E. Once the measure pg
on F has been chosen we can form the measure pp on Br and the measure wg on Bp\Gp.
Once pup and therefore up and wp are chosen we let n(Bg) be that constant which makes
n(Bp)pp self-dual with respect to the character z — 1 (7(z)) on E.

Lemma 7.3.3. If r is a non-negative integer there is a constant d, such that for any Cartan
subgroup Br and any b in Bp

[ xela ) wn(o) < din(Be) 50) 1
Br\GFr
We may again suppose that b belongs to B r. If Bp is anisotropic the left side is equal to

! -1
T b wo .
measure(Zp\Br) /ZF\GFX (97 bg)w'(9)
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Suppose Br corresponds to the quadratic extension E. If F/F' is unramified

1
Z\Bp) = ———(1
measure(Z;\Br) n(Bp)< + |wr|)
because n(Br)ug assigns the measure 1 to Og. If E/F is ramified n(Bp)ug assigns the

&1
measure |wr| 2 to Op and

2 1 2
measure(Zp\Bp) = wp|T = ( Br)

n(Br). n ()"
In these cases the assertion is therefore a consequence of the previous lemma.

If the inequality of the lemma is true for one Cartan subgroup it is true for all conjugate
subgroups. To complete the proof we have to verify it when Bp is the group Ar of diagonal
matrices. Since we are now dealing with a fixed Cartan subgroup the choice of Haar measure
on Bp\Gp is not important. Moreover GL(2,0r) T, GL(2,0r) = T, so that, using the
Iwasawa decomposition and the associated decomposition of measures, we may take the

integral to be
/X ((1 _:B) (a O> (1 x)) dw
F\\0 1 0 g/J\0 1

a 0
=6 5)
The argument in the integrand is

(596 ")

Changing the variables in the integral we obtain

b (56 1)

Let |a| = |wrl’, |8] = |wr|™, and |z| = |wr|". With no loss of generality we may suppose
la| = |B]. If n > 0 the elementary divisors of

(5 )

are wh and @' so that it is in 7 if and only if m — ¢ < r. If n < 0 its elementary divisors

are w?" and wp ™" so that it is in 7} if and only if m — ¢ — 2n < r. Thus the integral is at

most

m—~{—
measure {x‘ |z| < |wp| 2 }

m—~L0—r

which is, apart from a factor depending on the choice of the Haar measure, |cwg|™ 2z . Since

|WF|m2_T=’— ||
and
|é’% .
& =0(b)"2
1-2]

the lemma follows.



§7. CHARACTERS 125

We return to Lemma 7.3 and prove first that £ is bounded away from zero on each compact
subset C. In other words we show that there is a positive constant ¢ such that £(h) > ¢ on
C. There is a z in Zp such that every matrix in zC' has integral entries. Since {(zh) = £(h)
we may as well assume that every matrix in C' itself has integral entires. There is a constant
c1 > 0 such that

| det h|11{?/2 >
on C' and a constant ¢y such that
[r(h)? — dw()]? < e
on C'. 7 and v are the trace and determinant of h. Thus
5_1/2 ( h) 2 ﬂ
C2
on C. Here £(h) is certainly bounded away from 0 on the singular elements and the preceding
inequality shows that it is bounded away from 0 on the regular elements in C' which lie in a
split Cartan subalgebra. Suppose h is regular and lies in the anisotropic Cartan subgroup
Br. Let Bp correspond to the field £ and let h have eigenvalues v and 4 in £. Then

_\2—3 m (251 —w
(v =215 e(Br) = lor| ™" |wp| 2 = |wp| )

Since w(7y) = 0 we have £(h) > ¢;.
The function ¢ is certainly measurable. It is locally integrable in G'r if and only if it is
locally integrable on Zp\Gp. Let C' be a compact set in Zr\Gr. We have to show

/ xel9) €(9) & (9)
Zr\GFr

is finite. As usual it will be enough to show that

/Z @)

is finite for every non-negative integer r. According to formula (7.2.2) this integral is the

sum of
1

s e [ vl ) oa@) } 140
1

5 3 /Z - £(b) 6(b) { /B o xr(g7'bg) wB(g)} pp(b).

Bpes’

and

It is easy to see that there is a compact set Cy in Zr\Ar such that x,(¢ tag) = 0 for
all g unless the projection of a lies in Cy. Thus the first integral need only be taken over
Co. The inner integral is at most d,n(Ar)6(a)~/2. Since £(a)(a)(a)™"/2 =1 on Ap the
first integral causes no trouble. We can also use Lemma 7.3.3 to see that the sum over ',
which is by the way a set of representatives for the conjugacy classes of anisotropic Cartan
subgroups, is less than or equal to

1
LS™ don(Br)e(By) / W(b).
2 B;S" Zr\BF

If the characteristic is not two this sum is finite and there is no problem.
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In general if Br corresponds to the field £ and p?“ is the discriminant of E we have

tp+1
c(Br) = |wr| 2

and
n(Br) / 10 (b) < 2Jap| 52
ZF\BF

To complete the proof we have to show that

2 [l

E
is finite if F' has characteristic 2. The sum is over all separable quadratic extensions of F.
Let M (t) be the number of extensions E for which tg = t. Associated to any such F is a
quadratic character of F* with conductor p’f'. Thus

M(t) < [F* o (F) (L +pp )] = 2[Up : Up(1 + 95 )]
if t > 0. Of course M(—1) = 1. Any element of Uy is congruent modulo 1 + p’f! to an
element of the form
ay +awp + -+ atw%-

Such a number is a square if a; = 0 for 2 odd. Thus
41
M(t) = O(|wp|™ =)
and the series converges.
We can now begin the study of characters.

Proposition 7.4. The character of an absolutely cuspidal representation exists as a locally
integrable function whose absolute value is bounded by a multiple of §. It is continuous on

GrUGF.

If the character y, of m exists and x is a quasi-character of F'* then the character of
' = x ® 7 also exists and x(g) = x(det g) x=(g). Thus the proposition has only to be
proved for unitary representations m. Then 7 is square integrable and we can make use of
the following lemma for which, although it is well-known, we provide a proof.

Lemma 7.4.1. Let f belong to Hy and let u be a vector of length one in the space on which
the absolutely cuspidal unitary representation m acts. Then

we() =de) [ {50 (et by an dg

Zp\Gr
if d(m) is the formal degree of .
Let ) be the operator
m(f)= [ f(h)w(h)dh.
Gr
Let {v;} be an orthonormal basis of the space on which 7 acts. All but a finite number of
the coefficients

Qij = (Q% Uj)
are zero. We have

(m(g7") Qm(g)u,u) = (Qm(g)u, m(g)u)
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The right side equals

> (Qn(g)u.vi) (v w(g)u)

i

ZZ 9)u; v;) Qji(vi m(g)u)

In both series there are only a ﬁmte number of non-zero terms. Thus

[ sty =3 [ (nlgn,) (o) dy

Zr\GFr

which in turn equals

The integrals on the right exist because the representation is square-integrable. Applying the
Schur orthogonality relations we see that the right side is equal to

ZQ” Vi, V5) ZQ“ = Tr7r(f)

Since

(m(g™") Qr(g)u,u) = [ f(h) (x(g~") m(h) w(g)u, u) dh

Gr
the lemma follows.
Observe that the integral of the lemma is an iterated and not a double integral. It is the
limit as r approaches infinity of

/T{ . f(h) (7(g~ " hg)u,u) dh} dg

Since T is compact this integral is absolutely convergent and equals

/GF f(h) { /T; (w(9™" hg)u,u) dg} dh.

To prove the first part of the proposition we show that the sequence of functions
oot = [ (xtg gy, u)dg
is dominated locally by a multiple of £ and converges almost everywhere on Gr. We shall set
Xx(h) = d(m) Tlggo ©r(h)

whenever the limit exists.
When proving the second part of the proposition we shall make use of the following
lemma.

Lemma 7.4.2. Let C' be a compact subset of ép and let Cy be a compact set in Gg. The
image in Zp\Gp of
{9 €Gp | g 'CigN ZpCy # 0}

18 compact.
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The set is clearly closed so we have only to show that it is contained in some compact set.
We may suppose that GL(2,0r) Cy GL(2,0F) = Csy. Let

a x\ (f 0
=(5 1)@ )
g CigN ZpCy # 0

-1
(51) e T)nzec. 2o

We have to show that this condition forces a to lie in a compact subset of /' and z to lie in
a compact subset of F'. Since

with h in GL(2,OF). Then

if and only if

det(g 'cg) = detc
we may replace Zp Cy by the compact set
03 = {h € ZFCQ | det h € det Cl}

(¢ o

be a typical element of C;. The entry c is never 0 on '} and therefore its absolute value is

bounded below,
a 2\ ' fa b (o 2\  [a—zc vy
0 1 c dJ\0 1) cao cr+d)’

The number y is of no interest. The matrix on the right cannot lie in C5 unless |cz + d|
is bounded above by some number depending on Cj. Since |d| is bounded above and |c| is
bounded below z is forced to lie in some compact set 2 of F'. If C} is the compact set

to 7))

we have finally to show that if

al 0 a 0
(0 1)04(0 1)“037&0

then « is forced to lie in a compact subset of F*. We now let

(¢ o

be a typical element of Cy. On Cy both |b| and |c| are bounded blow. Since

GG D)= )

and all matrix entries are bounded above in absolute value on Cj5 the absolute value || must
indeed be bounded above and below.

If m acts on V' then for any w in V' the support of the function (7(g)u,u) has been shown,
in the second paragraph during the proof of proposition 2.20, to be compact modulo Zr. Let

Let

er,heCl}
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C' be its compact image in Zp\Gp. Let C; be a compact subset of Gr. By the previous
lemma the set of g in G such that

(w(g~" hg)u,u) # 0
for some h in C; has an image in Zp\Gp which is contained in a compact set Cy. Therefore
the integral

/ (W(g_lhg)u, u) dg = / (W(g_lhg)u, u) dg
Zr\GF C

2
is convergent for h in C}. Moreover if 7 is large enough 77 contains C and

gpr(h):/Z\G (m(g~ " hg)u, u) dg.

Therefore the sequence {¢,} converges uniformly on any compact subset of Gr and its limit
d~ () X« (h) is continuous on Gr. We may state the following proposition.

Proposition 7.5. If h belongs to Gr then

/ (w(g~ hg)u, u) dg
Zp\GF

exists and is equal to d=*(7) xx(h).

Since
|(m(g)u, u)| < xe(9)
it follows from Lemma 7.3.2 that, for some constant c,

o ()] < € (h)

on CNJF The set CA}’F — CNJF is fxgi which is open. To complete the proof of Proposition 7.4

we show that on the intersection of ﬁg with a compact subset of G the sequence {p,} is

dominated by a multiple of £ and that it converges uniformly in a compact subset of ﬁg
Let C5 be a compact subset of Gg. Any h in EF may be written in the form

(1 —x a 0 1 =«
=t (o )66 1)

where hy belongs to GL(2,0p) and o # 5. In C3 N ?1% the absolute values of o and /3 are

bounded above and below. If Cs is contained in A% the absolute value of 1 — g is also

bounded above and below on C5. Since

b 656656 )

the absolute value of z will be bounded above.
Since GL(2, Or) T, GL(2,Op) = T, the integral which defines ¢, (h) is equal to

/T, (7(g~ "M g)u,u) dg

T

)66 )
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and we may as well assume that h itself is of this form. We are going to show that there is a
constant ¢ such that

s

12
o

-1

er(h)] < e

for all r and all such h and that the sequence {p,} converges uniformly if = remains in a
compact subset of F' and «, f and 1 — g remain in a compact subset of F*. Then the proof
of the proposition will be complete.

The stabilizer of u is some open subgroup U of GL(2,0). Let hy,--- ,h, be a set of
coset representatives for GL(2,Or)/U and let u; = 7(h;)u. apart from an unimportant factor
coming from the Haar measure ¢, (h) is given by

Z i(h)

= (<((, 7)1 7))

The integral is taken over the set of all those v and x; for which

7T
0 1
belongs to T,.. Since

(o) (3 r)=( ) CR )

we can change variables in the integral to obtain

T )6 7))

12
The integration is now taken over all those x; and v for which

(7.4.4) (g y(1 - 1§)1x1>

with

(7.4.3)

isin T,.

Let |1 — 2| = |wpl', |7] = |@p|™, and |z| = |wp|". Let wh and @ be the elementary
divisors of the matrix (7.4.4). We now list the possibilities for p and ¢ together with the
condition that the matrix belong to 7)., that is that ¢ — p be at most r.

i)m=20,—t+m+n=0,p=0,g=m:0<m<r
i) m=20,—t+m+n<0,p=—t+m+n,g=n—t:—r<m+2n—2t
(iii) m<0, —t+m+n<m,p=—t+m+n,g=n—t:—r<m+2n—2t
(iv) m<0,—t+m+n>=m,p=m,q=0:—r <m<0.
These conditions amount to the demand that —r < m < r and that 2n > 2t —r — m. On
the other hand we know that there is an integer s such that

/ T (((1) xf)) u; dr =0
|z|<|wr |7

for 1 <i<pifj <s.
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Thus if |y| = |wwp|™ the integral

~1 B r+T1
/( ((g g) ( g (1 1a) ))umuz) dxy
taken over all z; for which
7 (1= 5
0 1

is in 7T, is zero if 2t — r — m < 2s. Therefore in (7.4.3) we need only take the integral over
those v and z for which |v| = |wp|™ with 0 < m +r < 2(t — s) and |z| < |wp[~"2". We
should also have m < r but since we are about to replace the integrand by its absolute value
that does not matter. For each such v the integration With respect to x gives a result which
is bounded in absolute value by a constant times |wp|*~ "2 . Integrating with respect to v
we obtain a result which is bounded in absolute value by a constant times

2(t—s)—1 00
k s k
=itk Z jwr|"2 < oy Z |F|?
k=0 k=0
The right side depends on neither r nor t.
The value of |1 — £|¢i(h) is

[ (60 Juw) any

The integration is taken over those v and x; for which |y| = |wp|™ with 0 < m < 2(t—s) and
lz| < |wp|t~%. Of course |1 — | = |wp|". Since we are now interested in a set of & and 3 on
which ¢ takes only a finite number of values we may as well assume it is constant. Then the
integral is taken over a fixed compact subset of F' x F*. The integrand converges uniformly
on this set uniformly in the «, f and x under consideration as r approaches infinity.

We have still to prove the existence of the character of a representation which is not
absolutely cuspidal. Most of them are taken care of by the next proposition.

Proposition 7.6. Let Ja and po be a pair of quasi-characters of F*. Let x,, ., be the
function which is 0 on Gr N GF, undefined on the singular elements, and equal to

WERLE
{1 () pa(B) + pa(B) pa ()} e

at an element of g of A\g with eigenvalues o and B. Then X, u, 45 continuous on @F and 1is
dominated in absolute value by some multiple of £. Moreover if m = p(q, j12)

Trr(f) = /G Xu1ui2(9) f(9) dg

for all f in Hp.

Only the last assertion requires verification. Since the absolute value of x,, ,, is bounded
by a multiple of £ the function x,, ., is locally integrable. Suppose f belongs to Hr. When
applied to the function x,, ,, f the relation (7.2.1) shows that

(7.6.1) /G Xuru2(9) f(9) dg
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is equal to
1

2 /AF 9(a) { /AF\GF Xz (9 ag) f(g™ ag) dg} da.

Since X, ., 1s a class function this may be written as

! (= B2l { /A L (g g) ) dg} da

3 [, () 1(8) + i) m(B)) |
=5 5):
(v o)
A Gl i D RSy AR Gl (R D I
(o —B)°

Thus (7.6.1) is equal to
1/2
(7.6.2) [ e | { / . f(g‘l (3 g) g) dg} da.

As long as the measure on Ap\Gp is the quotient of the measure on G by that on Ap
the choice of Haar measure on Ap and G is not relevant. Thus we may write (7.6.2) as

/AF (@) ia(B) % 12 (f (k—ln—l (3‘ 2) nk) dk dn} da.

The inner integral is taken over GL(2,Op) x Np. If

(o 1)
(3 -6 6 )

Changing variables in the last integral we obtain

(7.6.3) /AF () a(8) | 1/2) {/f (k:‘1 (g 2) nk) dkdn} da.

To evaluate Tr 7 (f) we observe that if ¢ belongs to B(uq, pe) then, if &y is in GL(2, OF)

() (k) = / o(kg) £(g) do.

Gp

Since a is conjugate to

we have

then

(67

Replacing g by k;'g and writing the integral out in terms of the Haar measure we have
chosen we obtain

/GL(Q,OF) (k) {/f(kl_l (g g) nks)p () pa(B)

o |12
3 da dn} dk,.
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The inner integral is taken over Ar X Np. We have of course used the relation

v ((g 2) nkz) = m(a)p2(P) % 1/290(162)-
If
bk = [ (0 (5 5) o) @) |3 daa
then

w(f) k) = / K (k. k) oks) ds.

GL(2,0F)

B(p1, 2) may be regarded as a space of functions on GL(2,Op). Then m(f) is the integral
operator with kernel K (ki, k2). It is easily seen that this operator, when allowed to act on
the space of all GL(2, Op)-finite functions on GL(2, Or), has range in B(u1, p2). Thus the
trace of 7(f) is the same as the trace of the integral operator which is of course

/ K (k, k) k.
GL(2,05)

When written out in full this integral becomes (7.6.3).

Theorem 7.7. Let w be an irreducible admissible representation of Hp. There is a function

X which is continuous on Gr and locally bounded in absolute value of Gr by a multiple of £
such that

Terlf) = [ xelo) Fla) s
for all f in Hp. ’

The theorem has only to be verified for the one-dimensional and the special representations.
If 7 is a one-dimensional representation associated to the quasi-character x we may take
Xr(g) = x(det g). The character y, is locally bounded and therefore, by Lemma 7.3, locally
bounded by a multiple of &.

Suppose 7y, T and 73 are three admissible representations of F' on the spaces Vi, V5, and
V3 respectively. Suppose also that there is an exact sequence

0—->Vi—=V,=>V;—=0

of Hp-modules. If f is in Hp all the operators w1 (f), mo(f) and w3(f) are of finite rank so
that

Trmo(f) = Trm(f) + Tras(f).

Thus if x, and x,, exist so does x.,. Applying this observation to m3 = o (1, p2), m =
p(u1, p2), and m = m(uy, p2) we obtain the theorem.

If F is taken to be the real or complex field Theorem 7.7 is a special case of a general and
difficult theorem of Harish-Chandra. The special case is proved rather easily however. In fact
Proposition 7.6 is clearly valid for archimedean fields and Theorem 7.7 is clearly valid for
archimedean fields if 7 is finite-dimensional. There remains only the special representations
and these are taken care of as before.
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88. Odds and ends

In this paragraph various facts which will be used in the discussion of the constant term
in the Fourier expansion of an automorphic form are collected together. If H is a locally
compact abelian group a continuous complex-valued function f on H will be called H-finite
or simply finite if the space spanned by the translates of f is finite-dimensional.

Let H be a group of the form

H=Hyx7Z" xR"
where Hj is compact. We regard Z™ x R™ as a subgroup of R™*". The projection
51’ h = (ho,l’l,"' 7Im+n) — T;

may be regarded as a function on H with values in R. If py, -+, ppan i a sequence of
non-negative integers and y is a quasi-character we may introduce the function

m-+n
x ] ¢
i=1

on H.

Lemma 8.1. For any sequence py,- - , Pman and any quasi-character x the function x Hf:{n g
s continuous and finite. These functions form a basis of the space of continuous finite func-
tions on H.

If x is a fixed quasi-character of H and p is a non-negative integer let V' (x,p) be the
space spanned by the functions y [[4" & with 0 < p; < p. Since it is finite-dimensional
and invariant under translations the first assertion of the lemma is clear.

To show that these functions are linearly independent we shall use the following simple

lemma.

Lemma 8.1.1. Suppose E,--- , E,. are r sets and Fy,---F, are linearly independent sets of
complez-valued functions on Ey,--- , B, respectively. Let J be the set of functions

(1, wp) = fi(x1) folw2) - fr(zy)
on Ey X --- x E,.. Here f; belongs to F;. Then JF is also linearly independent.

Any relation

Z a(fi,--, fr) filzr) -+ fr(2,) =0
fiye s fr
leads to

Z Z a'(fla"' 7f7")f1<x1) frfl(xrfl) fr<l’7~)50
Ir Jr, s fr—1
As &, is linearly independent this implies that

Z a(fh tee 7f7") fl(xl) T fr71<xr71> =0
Ji,fr1
and the lemma follows by induction.
To show that the functions y H::{" £" span the space of continuous finite functions we
use another simple lemma.
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Lemma 8.1.2. Let Hy and Hy be two locally compact abelian groups and let H = H; X Hs.
Then every continuous finite function f on H is a finite linear combination of the form

flz,y) = Z)\i wi(z) ¥i(y)

where the p; and v¥; are continuous finite functions on Hy and Hy respectively.

Let V' be any finite-dimensional space of continuous functions on H. We associate to any
point £ in H the linear functional f — f(£) on V. Since no function but zero is annihilated
by all these functionals we can choose i, - - - , &, so that the corresponding functionals form a
basis of the dual of V. Then we can choose a basis fi,---, f, of V so that f;(§;) = d;.

Now suppose V' is invariant under translations. It could for example be the space spanned
by the translates of a single finite continuous function. The space V; of functions ¢ on
H, defined by ¢(x) = f(x,0) with f in V is finite-dimensional and translation invariant.
Therefore the functions in it are finite and of course continuous. We define V5 in a similar
manner. If fis in V the function h — f(g + h) is, for any g in H, also in V. Thus

flg+h) = ZW) fi(h).

Since
Xilg) = flg+ &)
the function A; belongs to V. If ¢;(z) = \;(x,0) and 9;(y) = f;(0,y) then

f(z,y) = Z ei(x) ¥ily)

as required.

These two lemmas show that we need prove the final assertions of Lemma 8.1 only for H
compact, H = 7Z, or H = R.

Suppose H is compact. If we have a non-trivial relation

=1

we may replace h by g + h to obtain
Z a; xi(9) xi(h) = 0.
i=1

If such a relation holds we must have » > 2 and at least two coefficients say a; and as must
be different from zero. Choose g so that x;(g) # x2(g). Multiplying the first relation by
X1(g) and subtracting the second relation from the result we obtain a relation

=2

Since by = {x1(9) — x2(¢g)}as the new relation is non-trivial. The independence of the
quasi-characters can therefore be proved by induction on r.

To prove that when H is compact the quasi-characters span the space of finite continuous
functions we have just to show that any finite-dimensional space V' of continuous functions
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which is translation invariant is spanned by the quasi-characters it contains. Choose a basis
{f;} of V as before and let

p(9) fi = Xijlg) -

We saw that the functions \;;(g) are continuous. Thus the action of H on V by right
translations is continuous and V' is the direct sum of one-dimensional translation invariant
spaces. Each such space is easily seen to contain a character.

When applied to a locally compact abelian group the argument of the previous paragraph
leads to weaker conclusions. We can then find subspaces Vi, --- , V.. of V and quasi-characters

X1, s Xr Of H SUCh that
V=) &V
=1

{p(h) = xa(h)}Hm ¥
annihilates V;. Now we want to take H equal to Z or R. Then H is not the union of a finite

number of proper closed subgroups. Suppose u1,- - , 2 are quasi-characters of H and for
every h in H the operator

(8.1.3) H{p(h) — wi(h)}

and, for every h in H,

on V is singular. Then for every h in H there is an ¢ and a j such that p;(h) = x;(h). If
Hij = {h|pi(h) = x;(h)}

then H;; is a closed subgroup of H. Since the union of these closed subgroups is H there
must be an ¢ and a j such that H;; = H and p; = x;. If the operator (8.1.3) were zero the
same argument would show that for every j there is an ¢ such that p; = x;.

If 11 is a quasi-character of H, now taken to be Z or R, we let V(u, p) be the space spanned
by the functions &%, with 0 <4 < p. Here € is the coordinate function on H. It is clear that
V(u,p) is annihilated by {p(h) — u(h)}P* for all h in H. Suppose ju, ji1, - - , ji2 are distinct
and

V=V(up)> Vi)
i=1
is not zero. Decomposing V' as above we see that x1,--- , x, must all be equal to y on one
hand and on the other that every p; is a x;. This is a contradiction. Thus if there is any
non-trivial relation at all between the functions y & where y is any quasi-character and i is a
non-negative integer there is one of the form
p
Z a; n&" = 0.
i=0
Since the polynomial > ¥ a; & would then have an infinite number of zeros this is impossible.
To prove the functions y & span the space of finite continuous functions we have only to
show that if x is a given quasi-character and V' is a finite-dimensional space of continuous
functions which is invariant under translations and annihilated by {p(h) — x(h)}4™Y for all
h in H then every function in V is the product of y and a polynomial. Since we can always
multiply the functions in V' by x~! we may as well suppose that y is trivial. We have only
to observe that any function f annihilated by the operator {p(h) — 1}" for all h in H is a
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polynomial of degree at most n. This is clear if n = 1 so by induction we can assume that
p(h)f — f is a polynomial Z?;()l a;(h) &. We can certainly find a polynomial f’ of degree n
such that

p(f == a;(1)¢
=0

and we may as well replace f by f — f’. The new f satisfies p(1)f = f. It is therefore
bounded. Moreover p(h)f — f is a bounded polynomial function and therefore a constant
c(h). ¢(h) is a bounded function of h and satisfies ¢(hy + hg) = ¢(hy) + ¢(hs). It is therefore
zero and the new f is a constant.

Lemma 8.1 is now completely proved. Although it is trivial it is important to the notes
and we thought it best to provide a proof. We might as well prove Lemma 2.16.4 at the same
time. Let B be the space of all functions f on Z such that for some ny depending on f we
have f(n) =0 for n < ng. Let Ay be the space of functions on Z which vanish outside a finite
set. Z acts on B and on Ay by right translations and therefore it also acts on B = B/A,.
In particular let D = p(1). We have merely to show that if P is a polynomial with leading
coefficient 1 then the null space of P(D) in B is finite-dimensional. If

P(x) = JJ(X = ag
i=1
the null space of P(D) is the direct sum of the null spaces of the operators (D — «;)Pi. The
null space of (D — «)P is the image in B of the functions in B which are zero to the left of 0
and of the form
n—a"Q(n)
to the right of 0. @ is a polynomial of degree at most p.

Lemma 8.1 is certainly applicable to the direct product of a finite number of copies of the
multiplicative group of a local field F'. If H = (F*)" any finite continuous function on H is
a linear combination of functions of the form

fQey, - an) = H{Xi(ﬂfi) (log || #)™ }.

Let B = Br be the space of continuous functions f on G which satisfy the following
three conditions.

(i) f is finite on the right under the standard maximal compact subgroup K of Gp.

(ii) f is invariant on the left under Ng.

(iii) f is Ap-finite on the left.
Br is invariant under left translations by elements of Ag. If f is in Br let V' be the finite-
dimensional space generated by these left translates. Choose gi,---,g, in G so that the
linear functions ¢ — ¢(g;) are a basis of the dual of V and let fi,---, f, be the dual basis.
If a is Ar we may write

fla,g) = Zgi(a) fi(g)-

Then
0i(a) = f(ag;)



138 2. LOCAL THEORY

so that
Z 0;(a) f;(bgs)-

Thus the functions 6; are continuous and ﬁmte. We may write them in the form

@) =Y 1(a1) v(az) (log [an|)™ (log |as|)"

a = (5] 0
o 0 (0%)] ’

The sum is over all quasi-characters p and v of F* and all non-negative integers m and n.

Of course only a finite number of the coefficients ¢, ,, , , are different from zero.
1/2

We may replace p by aF ,u and v by o, '“v in the sum. Thus if

p
fm:nvﬂﬂf = Z c:n,n,u,y fl
=1

we have

(8.2) flag) = Z plar) v(az) (log |aa|)™ (log @)™ fin o (9)-

Let M be a non-negative integer and S a finite set of pairs of quasi-characters of F'*. The set
B(S, M) will be the collection of f in B for which the sum in (8.2) need only be taken over
those m,n, u, v for which m +n < M and (u,rv) belong to S. Observe that the functions
fmmnuy are determined by f. B is the union of the spaces B(S, M); if S consists of the single
pair (u1, o) we write B(uq, o, M) instead of B(S, M). If fisin (uy, po, M)

a, |2

flag) = |—=| () pa(az) Y (loglar|)™ (log az])" fmn(9)-

The space B(p1, 2, 0) is just B(uq, o).

The functions f, ., are uniquely determined and by their construction belong to the
space spanned by left translates of f by elements of Ar. Thus if f belongs to B(S, M) so do
the functions f, ... We want to verify that fo,, belongs to B(u,v, M). If

(B 0
b‘(o 52)

and we replace a by ab in the relation (8.2) we find that

aq

(8%

061

(%)

Z ,u al 10g ’a1|) (log ‘052’)71) fm,n,M:V

is equal to

1/2
Z:gi Z a1 Br) v(aofz)(log an| + log [81])™ (log || + log [B2])" fmnuw(9)-
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Fix b and g and regard this equality as an identity in the variable a. Because of Lemma 8.1
we can compare the coefficients of the basic finite functions. The coefficient of p(aq)v(az) on
one side is fo,,,(bg). On the other it is

B |2
Ba

The resulting identity is the one we wanted to verify.
Taking a = 1 in (8.2) we see that
Z f 0 O,u,

(p,v)es

Z B, v, M).

(p,v)ES

> ulB) v(B2) (log |Bi])™ (log |B2)"™ frnmuw(9)-

m+n<M

Therefore

The sum is direct.
It is fortunately possible to give a simple characterization of B.

Proposition 8.3. Let ¢ be a continuous function on Gg. Assume p is K-finite on the right
and invariant under Ng on the left. Then ¢ belongs to B if and only if the space

el feXHr}

18 finite-dimensional for every elementary idempotent in Hp.
We have first to show that if ¢ belongs to B

{p(€h) e | f e Hr}
is finite-dimensional. Certainly ¢ belongs to some B(S, M). Both B and B(S, M) are
invariant under right translations by elements of Hz. Thus we have only to show that the
range of p(§) as an operator on B(S, M) is finite-dimensional. This is tantamount to showing
that any irreducible representation of K occurs with finite multiplicity in the representation
of B(S, M).

Let o be such a representation and let V' be the space of continuous functions on K which
transform according to o under right translations. V' is finite-dimensional. If f is in B(S, M)
we may write
Oé1

flag) |— Zu (a1) v(az) (log |ax])™) (log |e2])" finmuu(9)

The restriction of fy,,,, to K lies in V. Call this restriction fmyn,u,y. Moreover f is
determined by its restriction to Ap K. Thus

f_> Z @fm,n,u,u

(n,v)€s
m4n<M

is an injection of the space of functions under consideration into the direct sum of a finite
number of copies of V.

The converse is more complicated. Suppose ¢ is K-finite on the right, invariant under
Npr on the left, and the space

p(&f) e f e Hr}
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is finite-dimensional for every elementary idempotent . Choose £ so that p(§)¢ = ¢. There
is actually a function f in EHgE such that p(f)e = ¢. If F' is non-archimedean ¢ is itself a
function so this is clear. If F'is archimedean we observe that if f; is an approximation to
the o-function then p(f1)p is close to ¢. Then if f] = £ % f; * £ the function f] is in EHpé
and p(f])e is also close to p. The existence of f then follows from the fact that p(§H ) is
finite-dimensional. This argument was used before in Paragraph 5.

Take F' to be archimedean. Then ¢ must be an infinitely differentiable function on Gp.
Let 3 be the centre of the universal enveloping algebra of the Lie algebra of Gp. If Z is in 3
then

p(Z2)p = p(Z) p(f)e = p(Z* [)p
and Z x f is still in EHpE. Thus ¢ is also 3-finite. For the rest of the proof in the archimedean
case we refer to Chapter I of [11].

Now take F' non-archimedean. We may replace £ by any elementary idempotent & for
which '€ = ¢. In particular if we choose n to be a sufficiently large positive integer and let
K’ be the elements of K which are congruent to the identity modulo p™ we may take

E=> &

where the sum is over all elementary idempotents corresponding to irreducible representations
of K whose kernel contains K’. Notice that n is at least 1. Then ¢H g€ is the space of
functions on G which are constant on double cosets of K’.

Let V' be the space spanned by the functions p(k)y with &k in K. It is finite-dimensional
and all the functions in V' satisfy the same conditions as ¢. Let ¢;, 1 < i < p, be a basis of
V. If k belongs to K we may write

p(gk) = Z 0:(k) wi(g)

and ¢ is determined by the functions #; and the restrictions of the functions ¢; to Ar. To
show that ¢ is Ap-finite on the left we have merely to show that the restriction of each y; to
Ap is finite. We may as well just show that the restriction of ¢ to A is finite.

Suppose [ is in EHpE and p(f)e = . If a is in Zp then

Aa)e = pla™")p = p(0a-1 % f)g

if §,-1 is the d-function at a=!. Since d,-1 * f is still in EHpE the function ¢ is certainly

Zp-finite and so is its restriction ¢ to Ap. If @ and § are units and « = f =1 (mod p") then

(6 5+

Thus the translates of @ by the elements of Ay N K span a finite-dimensional space and if @
is a generator of p we have only to show that the translates of ¢ by the group

=T ) ey

span a finite-dimensional space. Suppose the span W of

(G )elrey
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{5 9)

maps W into itself and annihilates no vector but zero so that it has an inverse on W which

o (5 )

Thus W is invariant under H and ¢ is finite.
To show that W is finite-dimensional we show that if

(=P 0
“={ o0 1

with p > 0 there is a function f, in éH € such that

Ma)p = ¢’
if ¢ = p(fa)p. There is an f in EHp such that

v(g) = /G w(gh) f(h)dh
for all g in Gp. Thus if b belongs to Ap F
Na) ¢0) = pla™0) = [ (b 1) f(1) .
If fi(h) = f(ah) the integral is equal to F

/ o(bh) fu() dh
Gr

If fi were in EHpE we would be done. Unfortunately this may not be so. However

fi(hk) = fi(h) if k belongs to K'. If
a f
"= (’V 5)

filkh) = f <(u_]o;y w;’ﬁ) ah) .
Thus fi(kh) = fi(h)ifa=0=1 (mod p"),vy=0 (mod p"), and =0 (mod p"*P). Set

son= [ (0 1))

where the Haar measure is so chosen that the measure of the underlying space p™/p"*? is 1.

Since @(bnh) = @(bh) for all n in Ng
N@) 60) = [ (o) ol

We show that f5 lies in EH €.
Certainly fo(hk) = fo(h) if k is in K'. Moreover, because of its construction, fo(kh) =

fo(h) if
-G )

is finite-dimensional. Then

then
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witha =60 =1 (mod p™) and S =0 (mod p"™). Since every element of K’ is a product

()G 5)

where both terms lie in K’ we have only to show that f, is invariant under the first factor. If

1 0

k_(v 1)
(0 (s 0
e = (o 1) (2

k‘l(l‘) <(1) f) k= ((1) 1+117) .
fi(k(z)g) = filg).
Thus fo(kg) which is given by

1 =z
kh | d
/p”/p”+Pf1<(0 1) > !
fot (o 7)) e
pr/pnte 0 1

Since the map = — 5 e is a one-to-one map of the finite set p™/p™*? onto itself it is measure
preserving and the above integral is equal to fa(h).

Analyzing the above proof one sees that in the non-archimedean case the left translates
of ¢ are contained in the space X obtained by restricting the functions in p(§HrE)p to Ap.
Thus if Y is the space of the functions on K /K’ the left translates of ¢ by elements of Ap
are contained in the space of functions on Ng\GFp of the form

¢(ak) =Y bi(k) wila)

with v =0 (mod p™) and

then

Moreover if z is in Of

is equal to

with 6; in Y and ¢; in X.

In the archimedean case Y is the space of continuous functions # on K for which
0x&=Ex60=40. It is again finite-dimensional. X is defined in the same way. In this case
there are a finite number of invariant differential operators Dy, --- , D, on Ar such that the
left translates of ¢ by elements of Ap are contained in the space of functions Ng\Gr of the

form
¢'(ak) = Zez<k> pi(a)
with 0; in Y and ¢; in 337, D; X.

There is a corollary of these observations. Let F},--- , F, be a finite collection of local
fields. Let G; = G, N; = Np,, A; = Ap,, and let K; be the standard maximal compact
subgroup of G;. Weset G =[], Gi, N = [[;_; N; and so on. If H; = Hp, we let H = @,H;.
Then H may be regarded as an algebra of measures on G.
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Corollary 8.4. Let ¢ be a continuous function on N\G which is K-finite on the right. If
for every elementary idempotent & in H the space

{pENe | feHj

is finite-dimensional @ is A-finite on the left.

If ¢ satisfies the conditions of the lemma so does any left translate by an element of
A. Thus we need only show that ¢ is A;-finite on the left for each i. If g is in G we write
g = (9i, g;) where g; is in G; and g; is in G; = H#i G,;. We may suppose that there is a ¢’
of the form ¢ = ®;£; where £ is an elementary idempotent of H; such that p(¢')p = ¢. By
means of the imbedding f — f ® H#i & the algebra H; becomes a subalgebra of H. The
left translates of ¢ by A; all lie in the space of functions of the form

azkzagl Ze SOJ azagl)

where the 6; lie in a certain ﬁmte—dlmensmnal space determined by &; and the ¢; lie in the

space obtained by restricting the functions in p(&H;)p to A; X CA}’, or, in the archimedean
case, the space obtained from this space by applying certain invariant differential operators.
Here &; is a certain elementary idempotent which may be different from &.

With the odds taken care of we come to the ends.

Proposition 8.5. Let B(u,v,00) = Uy By, v, M). If an irreducible admissible repre-
sentation m of Hp is a constituent of the representation p(u,v,o0) on B(u,v,00) it is a
constituent of p(u,v).

There are two invariant subspaces V; and V5, of B(u, v, 00) such that V; contains V, and
7 is equivalent to the representation on Hp on V; /V;. Choose M so that Vi N B(u, v, M) is
not contained in V5. Since 7 is irreducible

Vi = Va+ (Vi B, M)
and
Vi/Vo = {Va+ (Vi N B(p,v, M))}/ Ve
is isomorphic as an Hp module to

Vi B(p, v, M)/ VoV B(p, v, M)

so that we may as well suppose that V; is contained in B(u, v, M).
Given 7 we choose M as small as possible. If M = 0 there is nothing to prove so assume
M is positive. If ¢ is in B(u, v, M) we can express

(5 a)s)

plar) v(az) D (log|an|)™ (log as])" omn(g)

m4n<M

(5 0) (@ 2)o)

as
aq

8%

We can express
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in two ways because the second factor can be absorbed into the first or the third. One way
we obtain

1/2
@ m n 0
2 e via) 3 (oglaal)oglaal) e ( (3 5) )
a2 m+n<M 2
and the other way we obtain
1/2
(% ﬁ m n
a:ﬁ; plonpr) v(aaBa) Y (loglaa| +log|Bi])™ (log aa| +10g | B2])" mn(9)-
m+n<M

On comparing coefficients we see that if m +n = M

8 0 1B 1/2

M(ﬁl) V(62> Som,n(g)
so that ¢, , is in B(p, v). Consider the map

p— P Pmn

m—+n=M

@ B, v).

m+n=M
Its kernel is Vi N B(u, v, M — 1). Since Vo + (Vi N B(u, v, M — 1)) cannot be V; the image of
V3 is not the same as the image of V;. Since the map clearly commutes with the action of
Hr the representation 7 is a constituent of @, ,,_, P(p, V).
Proposition 8.5 is now a consequence of the following simple lemma.

of V| into

Lemma 8.6. Suppose w is an irreducible representation of an algebra H. Suppose p s
a representation of H of which 7w is a constituent and that p is the direct sum of the
representations px, A € A. Then w is a constituent of at least one of the py.

Let py) act on X, and let p act on X the direct sum of X,. Suppose that Y; and Y5 are
invariant subspaces of X and that the representation on the quotient Y; /Y5 is equivalent to
7. There is a finite subset Ag of A such that

in(d Xy)

AEAQ
is not contained in Y. We may as well replace Y1 by Y1iN (3,5, Xa) and Y2 by YaN (D50, Xa)
and suppose that A is finite. If A = {A,--- , A\, } we have only to show that 7 is a constituent

of py, or of py, @ -+ @ py, for we can then use induction. Thus we may as well take p = 2.
If the projections of Y; and Y5 on X, are not equal we can replace Y; and Y5 by these
projections to see that 7 is a constituent of py,. If they are equal Y =Y, + (Y1 N X,,) and
we can replace Y7 and Y5 by Y3 N X, and Y5 N X, to see that 7 is a constituent of py,.
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CHAPTER 3

Global Theory

89. The global Hecke algebra

Let I be a global field, that is, an algebraic number field of finite degree over the rationals
or a function field in one variable over a finite field. A will be the adele ring of F'. Before
studying the representations of GL(2, A) or, more precisely, the representations of a suitable
group algebra of GL(2, A) we introduce some simple algebraic notions.

Let {V) | A € A} be a family of complex vector spaces. Suppose that for all but a finite
number of A\ we are given a non-zero vector ey in V. Let V? be the set of all 7 = [[,zxin
L, Vi such that z) = ey for all but a finite number of A. Let C' be the free vector space with
complex coefficients over VY and let D be the subspace generated by vectors of the form

{(aYu +0Z,) x H x)\} —a {yu X H x,\} —b {Zu X H x,\}.
AFEp AFp AFp

a and b belong to C and p is any element of A. The quotient of C' by D is called the tensor
product of the V), with respect to the family e, and is written

V = ®e>\ Vi
or simply ®V). It has an obvious universal property which characterizes it up to isomorphism.
The image of [Jz, in V is written ®zx,.

If A" is a subset of A with finite complement we may form the ordinary tensor product

@xrer-aVia

and we may form
RxearVa

with respect to the family e). Then ®,ca V) is canonically isomorphic to

{ @ren-n } @ { @ren Vi }
If S is a finite subset of A let
Vs = @xesVi
If S is so large that e, is defined for A not in S let ¢g be the map of Vg into V' which sends
®)\65$)\ to {®>\€Sx)\} X {@)\gge)\}. If S’ contains S there is a unique map ¢@g g of VS into VS’
which makes

¥s,s’

Vs vV,
80&‘ A s/
v

commutative. If we use these maps to form the inductive limit of the spaces Vg we obtain a
space which the layman is unable to distinguish from V.

147
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Suppose that for every A we are given a linear map B, of V), into itself. If By ey = e, for
all but a finite number of A there is exactly one linear transformation B of ®V) such that

B :Qx), = B, 1)

B is denoted by ®B,.
For example if Ay, A € A is a family of associative algebras, which may or may not have
a unit, and if, for almost all A, £, is a given idempotent of A, one may turn

A = R¢, Ax
into an algebra in such a way that
(@a)\)(@?b)\) = ®(a,\ b)\)

Let V\, A € A, be an A, module. If for almost all A\ a vector ey such that ey = e, is
given we may turn V = ®,, V) into an A = ®¢, A\ module in such a way that

(®ay) (@) = @(ay )

Suppose the family {e,} is replaced by a family {e)} but that, for all but a finite number of
A, €\ = ay ey where a is a non-zero scalar. Suppose for example that €\, = «a, e, if A is not
in the finite set S. There is a unique map of ®., Vj to Qe V\ which sends

{ ®res IA} ® { Orgs xx}
to
{ ®res JUA} ® { @ags Qx 33,\}
It is invertible and commutes with the action of A. Moreover apart from a scalar factor it is
independent of S.

Now suppose F is a global field. A place of F' is an equivalence class of injections, with
dense image, of F' into a local field. If A\ takes F' into F; and A, takes F' into Fy they are
equivalent if there is a topological isomorphism ¢ of F; with F, such that Ao = @ o A;. The
symbol for a place will be v. If v contains the imbedding \; and a belongs to F' we set
lal, = |A1(a)]. To be definite we let F, be the completion of F' with respect to the absolute
value a — |al,. Where v is archimedean or non-archimedean according to the nature of F,.
Non-archimedean places will sometimes be denoted by p.

If Gp = GL(2, F) we set

G, =G, = GL(2, F,).
The group K, will be the standard maximal compact subgroup of G,. then G, = GL(2,A)
is the restricted direct product of the groups G, with respect to the subgroups K,.

If v is non-archimedean we set O, = Op, and U, = Upg,. O, is the ring of integers of
F, and U, is the group of units of O,. Suppose M’ is a quaternion algebra over F. Let
M, = Mp = M' ®p F,. For almost all v the algebra M) is split, that is, there is an
isomorphism

0,: M, — M(2, F,)
where M (2, F,) is the algebra of 2 x 2 matrices over F,. For every place v at which M/ is
split we want to fix such an isomorphism 6,. Let B be a basis of M over F' and let L, be the
O, module generated in M, by B. We may and do choose 0, so that for almost all v

Qv(-Lv) - M(27 Ov)
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If B’ is another basis and {€,} a family of isomorphisms associated to B’ then for every
place v at which M splits there is a g, in GL(2, F,,) such that

0,0,'a=g,ag,"

for all a in M (2, F,)). Moreover g, belongs to K, for all but a finite number of v.
Suppose the family of isomorphisms 6, has been chosen. If M, is split we define a maximal
compact subgroup K, of G/, the group of invertible elements of M, by the condition

0,(K)) = K,.

If M is not split we set
K, ={z e M, | |v(z)], = 1}.

This group is compact. In any case K/ is defined for all v. Since many of the constructions
to be made depend on the family K/, which in turn depends on the family of 6, it is very
unfortunate that the family of 8, is not unique. We should really check at every stage of the
discussion that the constructions are, apart from some kind of equivalence, independent of
the initial choice of #,. We prefer to pretend that the difficulty does not exist. As a matter of
fact for anyone lucky enough not to have been indoctrinated in the functorial point of view it
doesn’t. We do however remark that any two choices of the family of K| lead to the same
result for almost all v. The adelic group G'; is the restricted direct product of the groups G,
with respect to the subgroups K.

We have now to introduce the Hecke algebras H and H' of G, and G';. Let H, be Hp,.
If M is split G, isomorphic, by means of 8, to G, and we let H! be the algebra of measures
on G/ corresponding to H,. Suppose M, is not split. If v is non-archimedean H is the
algebra of measures defined by the locally constant compactly supported functions on GJ.
If v is archimedean H! will be the sum of two subspaces, the space of measures defined by
infinitely differentiable compactly supported functions on G) which are K/-finite on both
sides and the space of measures on K, defined by the matrix coefficients of finite-dimensional
representations of K.

Let ¢, and ¢! be the normalized Haar measures on K, and K. The measure ¢, is an
elementary idempotent of 3, and ¢/ is an elementary idempotent of H!. We set

H=®.,H,
and
H' = @, 5,
If S is the finite set of places at which M| does not split we may write
H = { Ques Ho} ® { @ugs H, } = H, @ K,
and
H' = { Dues 7} @ { ®ugs 7} = H, @ I,
By construction, if M is split, H, and H! are isomorphic in such a way that ¢, and €/,
correspond. Using these isomorphism we may construct an isomorphism of JA{S and f}A{g We

may also write R
Gu={]]G.} x {]]G.} =GsxGs

veES vgS

L= {IG) < ([} = x G

veES vegS

and
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The second factor is in both cases a restricted direct product. There is an isomorphism

6 : @g — G, defined by
0(1] ) =1]0.(4,)
vgS vgS

We will interpret f}ACS and fﬁf’s as algebras of measures on @g and @’S and then the isomorphism
between them will be that associated to 6.

We can also interpret the elements of 7 and H' as measures on G and G’;. For example
any element of H is a linear combination of elements of the form f = ®, f,. Let T' be a finite
set of places and suppose that f, = e, for v not in T". If 7" contains T', on the group

Gy ={ [T G} x { ] &}

veT’ vgT!
we can introduce the product of the measures f,. Since GG is the union of these groups and
the measures on them are consistent we can put the measures together to form a measure f
on Gy. If each f, is the measure associated to a function then f is also. Such measures form
a subalgebra H; and H.

The notion of an elementary idempotent of H or H’ is defined in the obvious way. If &
is an elementary idempotent of H there is another elementary idempotent & of the form
& = ®,&, where &, is an elementary idempotent of H, and &, = ¢, for almost all v so that
&&= ¢&.

We shall now discuss the representations of H. A representation 7 of H on the vector
space V over C will be called admissible if the following conditions are satisfied

(i) Every w in V' is a linear combination of the form >  m(f;) w; with f; in ;.
(i) If £ is an elementary idempotent the range of 7(§) is finite-dimensional.
(iii) Let vy be an archimedean place. Suppose that for each v an elementary idempotent &,
is given and that &, = ¢, for almost all v. Let £ = ®,&,. If w is in V' the map

Foo = 7 (foo ® { @ugan &} )0

of &, Hyy&w, Into the finite-dimensional space 7(£)V is continuous.

Suppose that an admissible representation m, of Hy on V, is given for each v. Assume
that for almost all v the range of m,(g,) is not zero. Assume also that the range of m,(¢,)
has dimension one when it is not zero. As we saw in the first chapter this supplementary
condition is satisfied if the representations 7, are irreducible. Choosing for almost all v a
vector e, such that m,(e,) e, = e, we may form V = ®,,V,. Let 7 be the representation ®,,
on V. Because of the supplementary condition it is, apart from equivalence, independent of
the choice of the e,.

The representations 7 will be admissible. To see this observe first of all that condition (i)
has only to be verified for vectors of the form w = ®, w,. Suppose w, = e, when v is not in
the finite set T" which we suppose contains all archimedean places. If v is not in T" let f, = ¢,
so that w, = 7(f,) w,. If v isin T let

Wy = Zﬂ-v(fé) wf}‘
Then o
w={ ®uer Y m(f})w} @ { Sugr 7(fo) wy}.
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Expanding the right hand side we obtain the desired relation. The second condition has only
to be verified for elementary idempotents of the form ¢ = ®,£,. Then

)V = @n(&) Vs

Since 7(&,)V, is finite-dimensional for all v and 7(§,)V, = m(e,)V,, which has dimension
one, for almost all v the right side is finite-dimensional. The last condition results from the
admissibility of m,,.

Certainly 7 cannot be irreducible unless each 7, is. Suppose however that each m, is
irreducible. If ¢, is an elementary idempotent of H, and if m,(&,) # 0 we have a representation
me, of & H, &, on m,(&,) V,. Since it is irreducible 7¢, determines a surjective map

me, + & Hy & — L(&)

if L(&,) is the ring of linear transformations of V(§,) = 7,(§,)V,. To show that 7 is
irreducible we have only to show that for every elementary idempotent of the form £ = ®, &,
the representation of £HE on V(§) = w(£)V is irreducible. Suppose that &, = ¢, if v is not in
T. Then

V(é) = ®Q}V(£v)

is isomorphic to ®,erV (§,). The full ring of linear transformations of this space is

®U€TL (gv)
and therefore the full ring of linear transformations of V() is

{ ®’U€T L(&v)} ® { ®U€T 771)(51))}'
This is the image under 7w of

{ Qver gv }CU gv} ® { ®v€T Ev}
which is contained in £JH¢.

An admissible representation equivalent to one constructed by tensor products is said to
be factorizable.

Proposition 9.1. Fvery irreducible admissible representation of H s factorizable. The
factors are unique up to equivalence.

Suppose 7 is such a representation. Let I be the set of elementary idempotents of the form
¢ = ®¢&, for which (&) is not 0. [ is certainly not empty. Let V(§) = 7(§)V if V is the space
on which 7 acts. If £ and & are elementary idempotents we write £ < & if €& =&, Then ¢
will also equal €. If £ = ®¢, and ¢ = ®¢, then £ < ¢ if and only if €, & = & &, = &, for all
v. If £ < & and £ belongs to I so does &'. Moreover {HHE is a subalgebra of £'HE'. Let «(€',€)
be the corresponding injection and let L(£) and L(&’) be the spaces of linear transformations
of V(&) and V (&'). There is exactly one map

@(&,6) : L(§) — L&)
which makes /
ere L9 e ¢)

|
L(§) — L(£)

commutative.
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There is a map of §,H,§, into HE which sends f, to f, ® {®wze€w}. Composing this
map with 7¢ we obtain a map 7§ of ,H,&, onto a subalgebra L, (§) of L(§). L(§) and L, (&)
have the same unit, namely 7¢(£). If v # w the elements of L,(§) commute with those of
L, (&). If we form the tensor product of the algebras L,(§) with respect to the family of units
there is a map from ®,L, () to L(§) which sends ®,A, to [, A,. Moreover we may identify
Ry E,H,E, and EHE. Since the diagram

®v€v j{vgv — 5%6

®v7rgl lﬂf

e(&',6)
®uLy(§) — L(§)
is commutative the bottom arrow is surjective.

Lemma 9.1.1. The algebras L,(&) are simple and the map ®,L,(§) — L() is an isomor-
phism.

To show that L,(§) is simple we need only show that the faithful L,(£)-module V' (£)
is spanned by a family of equivalent irreducible submodules. Let M be any irreducible
submodule. Then the family {7'M} where T runs over the image of 1, ® {®y2 L. ()} spans
V(€) and each T'M is 0 or equivalent to M because T commutes with the elements of L, (§).
The element 1, is the unit of L,(£). We have only to show that ®,L,(§) — L(£). Since
®y Ly (&) is the inductive limit of ®,erL,(€), where T is a finite set, we have only to show
that the map is injective on these subalgebras. As they are tensor products of simple algebras
they are simple and the map is certainly injective on them.

If £ < & there is a commutative diagram

@, 630,68 @, ¢ at,¢

| l

Ry Ly (€) Ry Ly (€)

| |

L(§) —0 L(€)
Moreover if ,(&', &) is the imbedding of £,H,&, into & H,&, then (&, &) = Ry, (E,&). We
want to verify that a horizontal arrow ®,¢,(£’,€) can be inserted in the middle without
destroying the commutativity. To do this we have only to show that if f, is in £,H,§, and
therefore in (&, then 7¢(f,) = 0 if and only if 7{(f,) = 0. Let U = w{(f,) and let
T =mi(f,) If

E=mng (ffj ® { Quro §w}>
then
TE = ¢ (fv ® { Busto éw})

is determined by its restriction to V(§) and that restriction is U.
It is clear that if S is a sufficiently large finite set the map ®uesLly, (&) — L(£') is an
isomorphism. We suppose that S contains v. E belongs to the image M of 1, ® {®u2,Lw (&)}
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Since M is simple and F is not 0 there are A;, B; 1 < i < r in M such that

i=1

Thus
T = Z TA,EB; = Z A, TEB;

and T'= 0 if and only if U = 0.

Since the necessary compatibility conditions are satisfied we can take inductive limits,
over I, to the left and right. The inductive limit of the ¢JH¢ is H and that of the &,H,&,
is H,. Let L, be that of L,(¢) and L that of L({). There is a map 7¥ : H, — L, and, for
almost all v, 7¥(e,) = , is not zero. We have a commutative diagram

QH, — H

|

KoLy —— L

in which the rows are isomorphisms. Moreover L acts faithfully on V' and the representation
of H on V can be factored through L.

If A is an algebra with a minimal left ideal .J then any faithful irreducible representation
of A on a vector space X is equivalent to the representation on .J. In fact we can choose x
in X so that Jxg # 0. The map j — jxg of J to X gives the equivalence. Thus to prove
that 7 is factorizable it will be enough to show that L has a minimal left ideal, that the
representation of L on this minimal left ideal is a tensor product of representations o, of L,
and that o, o 7% is admissible.

Suppose A is a simple algebra and J is a left ideal in A. If ¢ in A is not 0 and aJ = 0
then Aa AJ = AJ = 0. If J is not 0 this is impossible. Suppose e is an idempotent of A
and A; = eAe. Let J; be a minimal left ideal of A; and let J = AJ;. If J were not minimal
it would properly contain a non-zero ideal J'. Moreover J’ N A; would have to be 0. Since
Je = J we must have eJ = eJe = 0. Since this is a contradiction J is minimal. Suppose for
example that A is the union of a family {A,} of matrix algebras. Suppose that for each A
there is an idempotent ey in A such that A, = eyAe) and that given A\; and Ay there is a
Az such that Ay, contains A, and A,,. Then A is certainly simple and, by the preceding
discussion, contains a minimal left ideal.

The algebras L and L, satisfy these conditions. In fact, speaking a little loosely, L is
the union of the L(&) and L, is the union of L,(£). Choose £ so that V(§) # 0 and let J,
be a minimal left ideal in L,(§). Since L,(§) is one-dimensional for almost all v the ideal
Jy = L,(&) for almost all v. Thus J = ®.J, exists and is a minimal left ideal of L(£). Thus
LJ =®L,J,. LJis a minimal left ideal of L and L,.J, is a minimal left ideal of L,. The
representation of L on LJ is clearly the tensor product of the representations o, of L, on
L, J,.

Thus 7 is equivalent to the tensor product of the representations m, = o, o 7. The
representations m, are irreducible. Since it is easily seen that a tensor product ®m, is
admissible only if each factor is admissible we may regard the first assertion of the proposition
as proved.
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If 7 is an admissible representation of H on V' and v is a place we may also introduce
a representation of H, on V which we still call 7. If u is in V' we choose ¢ = ®,,£, so that
7(§)u = u. Then if f belongs to H, we set

w(fyu=n(F& & { un €} )u

The second part of the proposition is a consequence of the following lemma whose proof is
immediate.

Lemma 9.1.2. Suppose m = ®,,m,. Then the representation m© of H, is the direct sum of
representations equivalent to m,.

Let S, be the set of archimedean primes. Qne can also associate to an admissible
representation 7 of H on V' a representation of Gg,, the group formed by the elements of
G 4 whose components at every archimedean place are 1, on V. If v is archimedean one can
associate to 7 a representation of 2,, the universal enveloping algebra of the Lie algebra
of G,, on V. Finally m determines a representation of the group Z, of scalar matrices in
GL(2,A). If 7 is irreducible there is a quasi-character 1 of I the group of ideéles such that

(5 ) -

for all @ in I. If 7, is associated to 7, and T = ®,7, then 7 is associated to the quasi-character

71 defined by
n(a) = an(%)‘

One may define the contragredient of m and the tensor product of m with a quasi-character
of I. All the expected formal relations hold. In particular 7 is equivalent to n=! @ 7 if 7 is
irreducible.

The above discussion applies, mutatis mutandis, to the algebra H’. The next proposition,
which brings us a step closer to the theory of automorphic forms, applies to H alone.

Proposition 9.2. Let 7 = ®m, be an irreducible admissible representation of H. Suppose
that m, is infinite-dimensional for all v. Let ¢ be a non-trivial character A/F. There is
exactly one space W (m, ) of continuous functions on G with the following properties:

(1) If W is in W (m, 1) then for all g in G and all  in A

w((5 1)) = v

(i1) The space W (m, ) is invariant under the operators p(f), f € H, and transforms
according to the representation m of H. In particular it is irreducible under the action

of H.
(111) If F is a number field and v an archimedean place then for each W in W (m, 1)) there is

a real number N such that
a 0
w ((0 1>) - O( |a|N)

asa — oo in Ff.
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In the last assertion F* is regarded as a subgroup of /. F, is a subgroup of A and
the restriction v, of ¥ to F, is non-trivial. Thus for each place v the space W (m,,1,) is
defined and we may suppose that 7, acts on it. Moreover for almost all v the largest ideal
of F, on which 1, if trivial is O, and 7, contains the trivial representation of K,. Thus by
Proposition 3.5 there is a unique function ¢? in W (m,,,) such that ©2(g, k,) = ©°(g,) for
all k, in K, and ¢%(I) = 1. Then ¢°(k,) = 1 for all k, in K,. The representation 7 acts on

Qo W (0, thy)

If g is in G and ®¢, belongs to this space then ¢,(g,) = 1 for almost all v so that we can
define a function ¢ on G, by
= H ©u(gv)-

The map ®¢p, — ¢ extends to a map of @W (m,,1,) into a space W (m, ) of functions on
Gp. W (m, 1) certainly has the required properties. We have to show that it is characterized
by these properties.

Suppose 9 is another space with these properties. There is an isomorphism 7' of
QW (7, 1,,) and 9 which commutes with the action of H. All we have to do is show that
there is a constant ¢ such that if ¢ = ®¢, then

g9) = CH@U(QU)'

Let S be a finite set of places and let
Ws = ®veSW(7Tu>wu)
and L
WS - ®U¢SW<7TU7 %)
Then —~
® W(WU, ¢v) =Ws® Ws.
We first show that if S is given there is a function cg on G g X /V[75 such that if

F=T({@ws 0} @)

with ¢ in /WS then
flgh) = cs(h, @) [ [ #o(90)
veS
if g is in G and A is in Gg.
Suppose that S consists of the single place v. If ¢ belongs to /WS and h belongs to G s
associate to every function ¢, in W(m,,,) the function

oy (g0) = f(guh)

on G,. The function f is T'(¢, ® ¢). By construction, if ¢, is replaced by p(f,)y, with f, in
H, the function ¢! is replaced by p(f,)¢,. Moreover if z is in F,

@, <(é Sf) ) Yo(T) £(90)-

Since any conditions on rates of growth can easily be verified we see that the functions ¢/
are either all zero or they fill up the space W(m,,,). In both cases the map ¢, — ¢ is a
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map of W (m,,1,) into itself which commutes with the action of H, and therefore consists
merely of multiplication by a scalar cg(h, ¢).
Now suppose that S’ is obtained by adjoining the place w to S and that our assertion is

true for S. Take h in G5/ and ¢ in WS/ If

f = T({ Ryes (;01)} ® @)
then, for g in Gg, and g, in G,
Flgguh) = cs(guh, ou @ @) [ [ wolgv)-

veS
The argument used before shows that for a given h and ¢ the function

Guw = cs(guwhs puw ® ¢)
is a multiple cg/(h, @) of @,.

To prove the existenge of ¢ we observe first that if .S 1As the disjoint union of S; and S
we may write any hy in Gs, as hy = h ][], g, ho with b in Gs. Suppose p1 = {®ues, o} @ ¢
with ¢ in /WS is in /WSI. Then
(9.2.1) cs, (hi1, 1) { H 0o (hy) cS (h,v)

VESH

because the right hand side has all the properties demanded of the left. If S} is large enough
that ¢? exists for v not in S; then, by its definition, cg, (h, ®,gs,¢") has a constant value

c(S7) on

1%

v€S1
The formula (9.2.1) shows that ¢(S) = ¢(S;) if S contains S;. We take ¢ to be the common
value of these constants. Given ¢ = ® ¢, and g = [[ g, we choose S so that ¢, = ©? and

gv € K, for v not in S. Then
= C( H v, ®v€S§0v) H Spv(gv)
vgS veS

=c][eul90)-

We observed that if , is finite-dimensional the space W (m,,,) cannot exist if v is
non-archimedean or real. Although we neglected to mention it, the argument used for the
real field also shows that W (m,,1,) cannot exist if v is complex. The proof of Proposition 9.2
can therefore be used, with minor changes, to verify the next proposition.

Proposition 9.3. If 71 = ®m, is giwen and if one of the representations m, is finite-
dimensional there can exist no space W (mw, ) satisfying the first two conditions of the previous
PTroposition.

An admissible representation 7 of 3 on the space V is said to be unitary if there is a
positive definite hermitian form (vi,vy) on V such that, if f*(g) = f(g7!),

(W(f)UbUQ) = (Ul,W(f*)Uz)
for all f in H.
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Lemma 9.4. If 7 is unitary and admissible then V' is the direct sum of mutually orthogonal
tmwvariant irreducible subspaces.

The direct sum of the lemma is to be taken in the algebraic sense. We first verify that if
V} is an invariant subspace and V5 is its orthogonal complement then V' =V} & V;. Certainly
ViNVy=0. Let € be an elementary idempotent and let V' (£), V1(£), Va(€) be the ranges of
7(€) in V, Vi, and Va. let Vi(€) be the range of 1 — 7(€) acting on V. Then V(€) and Vi1 (€)
are orthogonal and
Vi =Vi(§) @ Vi (€).
Thus V5(&) is just the orthogonal complement of V3 (§) in V(£). Since V' (§) is finite-dimensional

V(&) = V(&) & Va(§).

Since every element of V' is contained in some V(§) we have V = V] + V5.
To complete the proof we shall use the following lemma.

Lemma 9.4.1. If 7 is a unitary admissible representation of H on the space V then V
contains a minimal non-zero invariant subspace.

Choose an idempotent £ so that V() = 7(§)V # 0. Since V(§) is finite-dimensional
amongst all the non-zero subspaces of it obtained by intersecting it with an invariant subspace
of V' there is a minimal one N. Let M be the intersection of all invariant subspaces containing
N. If M is not irreducible it is the direct sum of two orthogonal invariant subspaces M; and
Mg. Then

N =MAV(E) = n(§) M = (&) My & m(¢) My
The right side is
{MnV(E©}e{MnV(E)}
so that one of M; NV (§) and My NV(§) is N. Then M; or M, contains M. This is a
contradiction.

Let A be the set consisting of families of mutually orthogonal invariant, and irreducible
subspaces of V. Each member of the family is to be non-zero. Let {V)} be a maximal family.
Then V = @, V). If not let V} = &, V). The orthogonal complement of V; would be different
from zero and therefore would contain a minimal non-zero invariant subspace which when
added to the family {V)} would make it larger.

If Tisa finite set of places most of the results of this paragraph are valid for representations

7 of Hy. For example 7 is factorizable and W (m, 1) exists as a space of functions on Gr.
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§10. Automorphic Forms

In this paragraph F' is still a global field. We shall begin by recalling a simple result from
reduction theory. If v is a place of A and a is in A then |al, is the absolute value of a, the
vth component of a. If a is in [

jal =] lal.

Lemma 10.1. There is a constant cg such that if g belongs to Gy there is a v in G for
which

[ [ masx{lclu. d].} < cof det g1

_(a b
79—0d

If F'is a number field let Op be the ring of integers in F' and if F'is a function field take
any transcendental element = of F' over which F' is separable and let Op be the integral
closure in F of the ring generated by 1 and x. A place v will be called finite if |a|, < 1 for all
a in Op; otherwise it will be called infinite. If S is a finite set of places which contains all the
infinite places let

A(S)={a€A|la, <1ifv ¢S}
I(S)={acl]||al,=1ifv ¢ S}
Then A = F 4+ A(S) and if S is sufficiently large I = F*I(S). We first verify that if
I = F*I(S) then
Gy = GpGugs)

where Gy sy = GL(2,A(S)). If v is not in S then v is non-archimedean and we can speak of
ideals of F,. Any element of G, may be written as a product

(o B\ fa b
= (5 5) (¢ 2
in which the second factor belongs to
K =]]X.

and therefore to Gy (s). It will be sufficient to show that the first factor is in Gp Gy(s). If
a = ajag and v = 172 with oy and 47 in F* and ay and s in 1(5)

a 3 _ [ 0 1 Blary) (aa 0

0 ~ 0 mm/)\0 1 0 7
The first factor is in Gp and the third in G s). Since ﬁ belongs to F' + A(S) the second
factor is in G'r G (s) and the assertion follows.

There is certainly a v in Op such that |u|, < 1 at all finite places in S. Enlarging S if
necessary we may assume that a finite place v belongs to S if and only if |u|, < 1. Then

FAA(S)={— |« €O, meL}.
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We identify the prime ideals of Or with the places corresponding to them. By the theory of
rings of quotients the proper ideals of F'N A(S) are the ideals of the form

(Fras) [T
pes
Since I = F*I(S) every such ideal is principal. Thus F' N A(S) is a principal ideal domain.
To prove the lemma we show that there is a constant ¢y such that if g belongs to G s)
there is a v in G pna(s) such that

Hmax{|c|v, |d|,} < ol det g|%

veS
a b
79 = <C d) .

Fix a Haar measure on the additive group A(.S). This determines a measure on A(S)@DA(S).
The group L = (FNA(S)) @ (FNA(S)) is a discrete subgroup of A(S) & A(S) and the
quotient A(S) @ A(S)/L is compact and has finite measure c;. If g belongs to Ga(s) the
lattice Lg is also discrete and the quotient A(S) @ A(S)/Lg has measure ¢;| det g|.

Suppose (m,n) = (u,v)g belongs to Lg. If a # 0 belongs to F' N A(S) then

[T masx{aml,. fanl,} = (T lal.) ( [T max{lel..ldl.3).

ves veS veS
Since
1 =TT lak. = (T tek) (IT lak)
) veS v¢S

the product [, .q |al, is at least 1 and

Hmax{|am|v, lan|,} > Hmax{|m|v, In|,}.

veS vES
Let R be a positive number and consider the set

[ [ max{|ml,, |n].} < R} :

veS

E = {(m,n) € Lg

The previous inequality shows that if E contains a non-zero element of Lg it contains one
(m,n) = (u,v)g for which p and v are relatively prime. Then we may choose k£ and A in

FNA(S) so that kv — Ap=1. If
(kA
=, 0

then v belongs to Gp N A(S) and if

then ¢ = m and d = n so that

[[max{lel, ldl.} < R.

veS
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To prove the lemma we have to show that there is a constant cq such that if g is in Gy

and R = co|det g|2 the set E is not reduced to {0}. We will show in fact that there is a
constant cp such that for all g there is a non-zero vector (m,n) in Lg with

1
sup max{|ml, [n|,} < c2| det g|2
vES

if s is the number of elements in S. There is certainly a positive constant c3 such that the
measure of

{(m, n) € A(S) ® A(S) ‘ sup max{|ml,, [n|,} < R}
veS
is, for any choice of R, at least csR**. Choose ¢, so that
C1y\ L
> 2(—) .
2 >2(2)
If Lg contained no non-zero vector satisfying the desired inequality the set

1
25}

would intersect none of its translates by the elements of Lg. Therefore its measure would not
be changed by projection on A(S) @ A(S)/Lg and we would have

€1 < 03(%2)28

c
{(m,n) € A, ® Ag | sug max{|m|,, [n|,} < §2| det g
vE

which is impossible.
Choose some place v of F' which is to be archimedean if F' is a number field. If ¢ is any
positive constant there is a compact set C' in I such that

{ael]|lal > c}
is contained in
{ab|la € F}, |a| >¢, be C}
If wy is a compact subset of A, wy a compact subset of I, and ¢ a positive constant we may
introduce the Siegel domain & = &(wy,ws, ¢, v) consisting of all

o= (o 1) (6 o) (5 )

with  in wy, a in I, b in wy, by in F with || > ¢, and k in K. Then Z,& = &. If we use
the Iwasawa decomposition of Gy to calculate integrals we easily see that the projection of
S on Z,\G, has finite measure. Moreover it follows readily from the previous lemma that,
for a suitable choice of wy, ws, and ¢,

Gy =Gr6.

Thus Z, Gr\G, has finite measure.
Let ¢ be a continuous function on Gg\G,. If it is Z,-finite the space V' spanned by the

functions p(a) ¢, a € Z,, is finite-dimensional. We may choose a finite set of points gy, - , g,
and a basis ¢y, -, ¢, of V so that ¢;(g;) = ;5. Then
p

pla)p = Z Ai(a) .
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Since A;(a) = ¢(ag;) the function \; are continuous and finite as functions on Z, or Zp\Z,.
Since Zg\Z, is isomorphic to F*\I it satisfies the hypothesis of Lemma 8.1 and \; is a finite
linear combination of functions of the form

s (5 2)) = @ tola)”

where x is a quasi-character of F*\I.
A continuous function ¢ on Gp\G, which is Z,-finite will be called slowly increasing if
for any compact set {2 in GGy and any ¢ > 0 there are constants M; and M, such that

#(6 1))

for g in Q, a in I, and |a| > c. If such an inequality is valid, with suitable choice of My, for
any M; we will say, for lack of a better terminology, that ¢ is rapidly decreasing.

Suppose ¢ is a continuous function on Gp\G,. Assume it is K-finite on the right and
that for every elementary idempotent £ in H the space

{p&f)e | f eI}

is finite-dimensional. An argument used more than once already shows that there is a £ and
an f in £H;& such that p(f)p = . If a belongs to Z,

pla) o = pdax f)e
so that ¢ is Z,-finite. Thus we can make the following definition.

< My |a|™

Definition 10.2. A continuous function ¢ on Gg\G, is said to be an automorphic form if

(i) It is K-finite on the right
(ii) For every elementary idempotent £ in H the space

{pf)p | f €T}

is finite-dimensional.
(iii) If F'is a number field ¢ is slowly increasing.

We observe, with regret, in passing that there has been a tendency of late to confuse the
terms automorphic form and automorphic function. If not the result it is certainly the cause
of much misunderstanding and is to be deplored.

Let A be the vector space of automorphic forms. If ¢ is in A and f is in H then p(f)p is
in A so that H operates on A. A continuous function on ¢ on Gg\G, is said to be cuspidal if

Jour (o )o) =0

for all g in G. An automorphic form which is cuspidal is called a cusp form. The space Aq
of cusp forms is stable under the action of JH.

Proposition 10.3. Let F' be a function field and let ¢ be a function on Gp\Gy. If ¢ satisfies
the following three conditions it is a cusp form.

(i) ¢ is K-finite on the right.
(i1) @ is cuspidal.
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(11i) There is a quasi-character n of F*\I such that

for all a in I.

If £ is an elementary idempotent of H there is an open subgroup K’ of K such that & is
invariant under translations on either side by the elements of K’. Therefore the functions
p(&f)p are invariant under right translations. To prove the proposition we show that if K’ is
a given open subgroup of K and 7 is a given quasi-character of F*\I then the space V of all
continuous functions ¢ on Gr\G, which are cuspidal and satisfy ¢(gk) = ¢(g) for all k in

K’ as well as
e (5 0)a) =t

for all a in F*\I is finite-dimensional.
We shall show that there is a compact set C' in GG such that the support of every ¢ in
V' is contained in GrZzC. Then the functions in V' will be determined by their restrictions
to C. Since C is contained in the union of a finite number of left translates of K’ they will
actually be determined by their values on a finite set and V' will be finite-dimensional.
Choose a Siegel domain & = &(wq,ws, ¢, v) so that Gy = Gp&. If

o[ ) 9

we have just to show that the support in &' of every ¢ in V' is contained in a certain compact
set which is independent of ¢. In fact we have to show the existence of a constant ¢; such

that ¢ vanishes on
1 x\ (bby O I
0 1 0 1

as soon as |by| > ¢;. Let kq,--- , k, be a set of representatives of the cosets of K/K’ and let
vi(g) = p(gk;). If k belongs to k; K’ then p(gk) = ¢;(g) and it will be enough to show that
there is a constant ¢y such that, for 1 <i < n,

(616 ) -

if x belongs to A and |a| > ¢p. It is enough to show this for a single, but arbitrary, ¢;. Since
©; satisfies the same hypothesis as ¢, perhaps with a different group K’, we just prove the
corresponding fact for ¢.

We use the following lemma which is an immediate consequence of the theorem of
Riemann-Roch as described in reference [10] of Chapter 1.

xewl,bEwg,bleva,|b1|>c,k€K}

Lemma 10.3.1. Let X be an open subgroup of A. There is a constant co such that A = F+aX
if a belongs to I and |a| > cs.
Let X be the set of all y for which
Ly
01
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belongs to K’. Since

()G )) =6 D6 1)
(6 1) 1) =2 (6 1))

if z is in aX. The equation also holds for z in F' and therefore for all z in A if |a| > ¢. Then

(6 7)) = s 2 (6 1) (6 7))

which by assumption is zero.
There is a corollary.

we have

Proposition 10.4. Suppose ¢ is a cusp form and for some quasi-character n of F*\I

i ((g 2) g> =n(a) ¢(9)

for all a in I. Then ¢ is compactly supported modulo GgZy. Moreover the function
. a 0
“¥\\o 1

The first assertion has just been verified. We know moreover that there is a constant c

such that
a 0
Yo 1
(0 1
L )

and ¢'(g) = p(gw) then ¢’ is also a cusp form. Since

A6 ) e (o)) =moe (%)

there is also a constant ¢; such that it vanishes for |a| < ¢;.

Proposition 10.5. Let F' be a function field and n a quasi-character of F*\I. Let Ao(n) be
the space of cusp forms ¢ for which

¥ ((3 2) g) = 1(a) ¢ (9)

for all a in I. The representation of H on Ag(n) is the direct sum of irreducible admissible
representations each occurring with finite multiplicity.

on F*\I is compactly supported.

is 0 for |a| > c. If

The proof of Proposition 10.3 showed that the representation 7 of H on Ag(n) is admissible.
Let n'(a) = |n(a)|"'n(a). The map ¢ — ¢ is an isomorphism of Agy(n) with Ag(n’) which
replaces 7 by n; @ 7 if () = |n(a)|~*/2. Thus we may as well suppose that 7 is a character.
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Then if ¢; and ¢y belong to Ag(n) the function ¢;%3 is a function on Gg Zy\Gy. Since it
has compact support we may set

(9017902):/G e ©1(9) wa2(9) dg.

It is easily seen that
(p(f)ers p2) = (o1, p(f)p2)
so that, by Lemma 9.4, 7 is the direct sum of irreducible admissible representations. Since 7 is
admissible the range of (&) is finite-dimensional for all £ so that no irreducible representation
occurs an infinite number of times.
The analogue of this proposition for a number field is somewhat more complicated. If ¢
is a continuous function on Gy, if v is a place of F', and if f, belongs to J(, we set

o(fu)p = / oghy) folhy) dh,.

Since f, may be a measure the expression on the right is not always to be taken literally. If v
is archimedean and if the function ¢(hg,) on G, is infinitely differentiable for any h in G
then for any X in 2(, the universal enveloping algebra of G, we can also define p(X)yp. If S
is a finite set of places we can in a similar fashion let the elements of

g{s = ®UESJ_C’U
or, if every place in S is archimedean,
QlS = ®v682[v

act on . It is clear what an elementary idempotent in Hg is to be. If S = S, is the set of
archimedean places we set H, = Hg.

Proposition 10.6. Suppose F' is a number field. A continuous function ¢ on Gp\Gy is a
cusp form if it satisfies the following five conditions.

(i) ¢ is K-finite on the right.

(ii) ¢ is cuspidal.

(i1i) There is a quasi-character n of F*\I such that

» ((3 2) g) =n(a) ¢(9)
for all a in 1.

(iv) For any elementary idempotent & in H, the space

{p(€f) e | feHa}
1s finite-dimensional.
(v) ¢ is slowly increasing.

There is a £ in H, such that p(§)p = ¢. Because of the fourth condition ¢ transforms
according to a finite-dimensional representation of £¢H,£ and the usual argument shows that
there is a function f in H, such that p(f) ¢ = ¢.

Since ¢ is invariant under right translations by the elements of an open subgroup of
vasa K, this implies in turn the existence of another function f in H such that p(f)e = ¢.
From Theorem 2 of [14] one infers that ¢ is rapidly decreasing.
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As before we may assume that 7 is a character. Then ¢ is bounded and therefore its
absolute value is square integrable on G Z,\G» which has finite measure. Let L?(n) be the
space of measurable functions h on Gg\G, such that

h ((g 2) g> = 1(a) h(g)

for all g in G, and all @ in [ and

| moPdg<oc.
GrZy\Ga

According to a theorem of Godement (see reference [11] to Chapter I) any closed subspace of
L?(n) which consists entirely of bounded functions is finite-dimensional.
What we show now is that if ¢ is an elementary idempotent of J{ the space

V={pf)el| feH}

is contained in such a closed subspace. The functions in V itself certainly satisfy the five
conditions of the proposition and therefore are bounded and in L?(n). Replacing ¢ by a
larger idempotent if necessary we may suppose that £ = &, ® éa where £, is an elementary
idempotent in H,. There is a two-sided ideal a in &, H,&, such that p(f)e = 0 if f belongs
to a. The elements of a continue to annihilate V' and its closure in L?(n). Approximating
the d-function as usual we see that there is a function f; in H, and a polynomial P with
non-zero constant term such that P(f;) belongs to a. Therefore there is a function fy in H,
such that fo — 1 belongs to a. To complete the proof of the proposition we have merely to
refer to Theorem 2 of [14] once again.
For a number field the analogue to Proposition 10.4 is the following.

Proposition 10.7. Suppose ¢ is a cusp form and for some quasi-character n of F*\I

(6 0)9) =ntaeto)

for all a in I. Then for any real number M, there is a real number My such that

(s ) <o

for all a in I. Moreover the absolute value of ¢ is square integrable on GpZy\Gy.

We need another corollary of Proposition 10.6. To prove it one has just to explain the
relation between automorphic forms on G and Gg, which is usually assumed to be universally
known, and then refer to the first chapter of reference [11] to Chapter I. It is perhaps best to
dispense with any pretence of a proof and to rely entirely on the reader’s initiative. We do
not however go so far as to leave the proposition itself unstated.

Proposition 10.8. Let 3, be the centre of A, and let a be an ideal of finite codimension
in 3 = Ques, dv- Let & be an elementary idempotent of H and n a quasi-character of F*\I.
Then the space of infinitely differentiable functions ¢ on Gp\Gu which satisfy the following
five conditions is finite-dimensional.

(1) ¢ is cuspidal.
(1) p(E)p = ¢
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(111) If a is in I then

(iv) p(X)p =0 for all X in a
(v) @ is slowly increasing.

Proposition 10.9. Let n be a quasi-character of F*\I and let Ao(n) be the space of cusp

forms © for which
¥ ((3 2) g) = 1(a)e(9)

for all a in I. The representation of H on Ag(n) is the direct sum of irreducible admissible
representations each occurring with finite multiplicity.

Every element of Ag(n) is annihilated by some ideal of finite codimension in 3. If a is
such an ideal let Ag(n, a) be the space of functions in Agy(n) annihilated by a. It is enough to
prove the first part of the proposition for the space Ag(n, a). Then one may use the previous
proposition and argue as in the proof of Proposition 10.5. To show that every representation
occurs with finite multiplicity one combines the previous proposition with the observation
that two functions transforming under the same representation of H are annihilated by the
same ideal in 3.

The algebra H acts on the space A. An irreducible admissible representation 7 of H is a
constituent of the representation on A or, more briefly, a constituent of A if there are two
invariant subspaces U and V' of A such that U contains V' and the action on the quotient
space U/V is equivalent to m. A constituent of Aj is defined in a similar fashion. The
constituents of Ay are more interesting than the constituents of A which are not constituents
of .A().

Theorem 10.10. Let m = ®m, be an irreducible admaissible representation of H which s a
constituent of A but not of Ag. Then there are two quasi-characters p and v of F*\I such
that for each place v the representation m, is a constituent of p(py, Vy)-

The character p, is the restriction of p to FX. Let B be the space of all continuous
functions ¢ on Gy satisfying the following conditions.

(i) For all z in A
¥ (((1) :16) g) =¢(9).

4 T (g)
O /8 g .

(iv) For every elementary idempotent ¢ in H the space

{p(&N)e | f e X}

(ii) For all  and (3 in F*

is finite-dimensional.

Lemma 10.10.1. A continuous function ¢ on G, which satisfies the first three of these
conditions satisfies the fourth if and only if it is Ax-finite on the left.
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A is the group of diagonal matrices. Since ¢ is a function on Ap\G, it is A, finite if and
only if it is Ag\A, finite. If it is Ap\ A, finite there is a relation of the form

= Z Ai(a) gi(g)

where the \; are finite continuous functions on Ap\As. Since Ap\A, is isomorphic to the
direct product of F*\I with itself it is a group to which Lemma 8.1 can be applied. Thus
there is a unique family ¢y, ,, ., of functions on G such that

(5 o) 7) = || S utan) wtan) Qo ar)™ (0 aa)" 9no)

The functions @y, ., also satlsfy the first three conditions. Moreover there is a finite set S
of pairs (u, ) and a non-negative integer M such that ¢y, ., is 0 if (i, ) does not belong
toSorm+n> M.

Given S and M let B(S, M) be the space of continuous functions f on G, which satisfy
the first three conditions and for which

(5 a)o)

Zu ar) v(az) (log |ay|)™ (log [as])" fon,nu (9)

where the sum is taken only over the pairs (u,v) in S the pairs (m,n) for which m +n < M.
B(S, M) is invariant under H. To show that if ¢ is Ap\A, finite it satisfies the fourth
condition we show that the range of p(§) on B(S, M) is finite-dimensional.

A function f in B(S, M) is determined by the restriction of the finitely many functions
fmmpy to K. If fis in the range of p(§) these restrictions lie in the range of p(&) acting on
the continuous functions on K. That range is finite-dimensional.

We have also to show that if ¢ satisfies the fourth condition it is A, finite. The space
V' spanned by the right translates of ¢ by the elements of K is finite-dimensional and each
element in it satisfies all four conditions. Let ¢y,--- ¢, be a basis of V. We can express

©(gk) as ,
Z Xi(k) i(g)

Because of the Iwasawa decomposition G, = Ny Ay K it is enough to show that the restriction
of each ; to A, is finite. Since (; satisfies the same conditions as ¢ we need only consider
the restriction of ¢.

Since ¢ is K finite there is a finite set S of places such that ¢ is invariant under right
translations by the elements of [], ¢ K. Let

Is=]]Fr.

vES

Cll

can be expanded in the form

al

We regard Ig as a subgroup of I. If we choose S so large that I = F*I(S) then every element
a of I is a product of @ = ajasas with a7 in F*, as in Ig, and ag in I(S) such that its
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component at any place in S is 1. If 5 in [ is factored in a similar fashion

(6 5)) =+ ([ 5))

Thus we need only show that the restriction of ¢ to

(i Dferer)

is finite. This is a consequence of Corollary 8.4 since the restriction of  to G clearly satisfies
the conditions of the corollary.
The next lemma explains the introduction of B.

Lemma 10.10.2. If 7 is a constituent of A but not of Aqg then it is a constituent of B.

If ¢ belongs to A the functions

0= e fon (0 1))

belongs to B. The map ¢ — ¢y commutes with the action of H and its kernel is Aq. Suppose
U and V are two invariant subspaces of A and 7 occurs on the quotient of U by V. Let
Uy be the image of U and Vj be the image of V' in B. Since 7 is irreducible there are two
possibilities. Either Uy # V4 in which case 7 is equivalent to the representation on Uy /Vj and
is a constituent of B or Uy = Vj. In the latter case

U=V+UnNA,
and 7 is equivalent to the representation on
UNAy/VNA

which is precisely the possibility we have excluded.

Lemma 10.10.3. If 7 is a constituent of B then there is a pair of quasi-characters j, v and
a non-negative integer M such that w is a constituent of B(u, v, M).

If S consists of the single pair (i, v) then, by definition, B(u, v, M) = B(S, M). Suppose
7 occurs on the quotient of U by V. Choose the finite set S of pairs of quasi-characters and
the non-negative integer M so that U N B(S, M) is different from V N B(S, M). Then =
occurs on the quotient of U N B(S, M) by VN B(S, M) and we may as well assume that U is
contained in B(S, M). The argument used in the eighth paragraph in an almost identical
context shows that

B(‘Sa M) = @(u,l/)ESB(/’I’7 v, M)

so that the lemma is a consequence of Lemma 8.6.

The next lemma is proved in exactly the same way as Proposition 8.5.

Lemma 10.10.4. If 7 is a constituent of B(u,v, M) for some M then it is a constituent of
B(H’v V) = B(;L, v, O)

Let 1, and v, be the restrictions of p and v to F. For almost all v the quasi-characters
t, and v, are unramified and there is a unique function @9 in B(u,, v, ) such that ©2(g,k,) =
©%(g,) for all k, in K, while ©?(e) = 1. We can form

®ap83(ﬂvv V)
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There is clearly a linear map of this space into B(u, ) which sends ®¢, to the function
p(g) = H ©u(g0)

It is easily seen to be surjective and is in fact, although this is irrelevant to our purposes, an
isomorphism. In any case an irreducible constituent of B(u,v) is a constituent of ®,p (4, V).
With the following lemma the proof of Theorem 10.10 is complete.

Lemma 10.10.5. If the irreducible admissible representation m = ®,m, 1s a constituent of
p = ®p,, the tensor product of admissible representations which are not necessarily irreducible,
then, for each v, m, 1s a constituent of p,.

As in the ninth paragraph 7 and p determine representations 7 and p of H,. The new 7
will be a constituent of the new p. By Lemma 9.12 the representation 7 of J, is the direct
sum of representations equivalent to m,. Thus 7, is a constituent of 7 and therefore of p.
Since p is the direct sum of representations equivalent to p,, Lemma 8.6 shows that 7, is a
constituent of p,.

The considerations which led to Proposition 8.5 and its proof will also prove the following
proposition.

Proposition 10.11. If w is an irreducible constituent of the space Aq then for some quasi-
character n it is a constituent of Ao(n).

Observe that if 7 is a constituent of Ag(n) then

(5 2) -

for all @ in I. There are two more lemmas to be proved to complete the preparations for the
Hecke theory.

Lemma 10.12. Suppose there is a continuous function @ on Gy with the following properties.

(i) ¢ is K finite on the right.
(i1) For all a and B in F* and all x in A

(5 7)o

(111) There is a quasi-character n of F*\I such that

w(Gﬁ2>g>= (@) ¢(g)
for all a in 1.

(iv) There is a finite set S of non-archimedean places such that the space

V = p(Hs)p

transforms under ﬂA{S according to the irreducible admissible representation m = Qyggm,.
Then V is a subspace of B and there are two quasi-characters p and v of F*\I such
that 7, is a constituent of p(fu, vy) for all v not in S.
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If one observes that there is a finite set T" of places which is disjoint from S such that
I = F* I one can proceed as in Lemma 10.10.1 to show that ¢ is A-finite on the right. Thus
there is a finite set R of pairs of quasi-characters and a non-negative integer M such that V'
is contained in B(R, M). The same reduction as before shows that 7 is a constituent of the

representation of Hs on some B(p,v) and that m, is a constituent of p(g,,v,) if v is not in S.

Lemma 10.13. Let ¢ be a continuous function on Gp\Gy. If ¢ satisfies the four following
conditions it is an automorphic form.

(i) ¢ is K finite on the right.

(i1) There is a quasi-character n of F*\I such that

¥ ((8 2) g) =n(a) ¢ (9)
for all a in I.

(111) There is a finite set S of non-archimedean places such that p(ﬂ/:Cs)go transforms according

to an wrreducible admissible representation of Hg.
(iv) If F is a number field ¢ is slowly increasing.

We have to show that for every elementary idempotent £ in H the space p(¢H ) is
finite-dimensional. If f is a continuous function on Gg\Gy let

70 = e o (6 5)s) &

The map f — fo commutes with the action of J or of UTCS. Consequently g satisfies the
conditions of the previous lemma and belongs to a space B(R, M) invariant under H on
which p(¢) has a finite-dimensional range.

We need only show that

V=A{fep&H)¢| fo=0}

is finite-dimensional. If F' is a function field then, by Proposition 10.3, V' is contained in Ay(n).
More precisely it is contained in the range of p(§), as an operator on Ag(n), which we know
is finite-dimensional. Suppose F' is a number field. Since every place of S is non-archimedean
the third condition guarantees that ¢ is an eigenfunction of every element of 3. In particular
there is an ideal a of finite codimension in 3 which annihilates ¢ and therefore every element
of p(§H)¢. By Proposition 10.6 the space V' is contained in Ag(n) and therefore in Agy(n, a).
By Proposition 10.8 the range of p(§) in Ag(n, a) is finite-dimensional.
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§11. Hecke theory

The preliminaries are now complete and we can broach the central topic of these notes.
Let ¢ be a non-trivial character of F\A. For each place v the restriction v, of ¢ to F,
is non-trivial. Let 7 = ®,m, be an irreducible admissible representation of . The local
L-functions L(s,m,) and the factors £(s, m,,%,) have all been defined. Since for almost all v
the representation m, contains the trivial representation of K, and O, is the largest ideal on
which 1), is trivial, almost all of the factors (s, m,, 1,) are identically 1 and we can form the
product

e(s,m) = H e(8, Ty, Uy).

In general it depends on 1. Suppose however that

(5 0)) =

and that 7 is trivial on F*. If ¢ is replaced by the character z — ¥ (az) with a in F'* then
(s, Ty, 1,) is multiplied by n,(a)|a|?*~! so that (s, ) is multiplied by

[In(@) ol = na)laf* =1

The product
H L(s,my)

does not converge and define a function L(s, ) unless 7 satisfies some further conditions.

Theorem 11.1. Suppose the irreducible admissible representation m = ®, is a constituent
of A. Then the infinite products defining L(s, ) and L(s,T) converge absolutely in a right
half-plane and the functions L(s,m) and L(s,T) themselves can be analytically continued to
the whole complex plane as meromorphic functions of s. If w is a constituent of Ay they are
entire. If F' is a number field they have only a finite number of poles and are bounded at
infinity in any vertical strip of finite width. If F' is a function field with field of constants F,
they are rational functions of q=°. Finally they satisfy the functional equation

L(s,m) =¢e(s,m) L(1 — s,7).

Observe that if 7 = ®,m, then 7 = ®,7,. Consider first a representation m which is a
constituent of A but not of Ag. There are quasi-characters p and v of F*\I such that , is
a constituent of p(f,, 11,) for all v. Since 7, has to contain the trivial representation of K,
for all but a finite number of v it is equal to 7(u,, v,) for almost all v.

Consider first the representation 7' = ®,7 (i, v,). Recall that

L(s,7(po, v)) = L(s, o) L(s, 1)
L(S7 %(Nva Vv)) = L(57 /JJEI) L(S7 Vv_l)
and

5(37 W(Nva Vv)7 %) = €<37 Mo, wv) 5(57 Vo, 1/%)
If x is any quasi-character of F*\I the product

H L(s, Xv)
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is known to converge in a right half plane and the function L(s, x) it defines is known to be
analytically continuable to the whole plane as a meromorphic function. Moreover if

2(s.x) = [T (5. xun )

the functional equation
L(s,x) = e(s,x) L(1 = s,x7")
is satisfied. Since
L(s,7") = L(s, ) L(s,v)
and
L(s,7) = L(s,;u ") L(s,v™ ")
they too are defined and meromorphic in the whole plane and satisfy the functional equation
L(s,7") =¢e(s,n") L(1 —s,7).

The other properties of L(s,n") demanded by the lemma, at least when 7’ is a constituent of
A, can be inferred from the corresponding properties of L(s, ) and L(s,v) which are well
known.

When 7, is not (i, fty) it is oy, ). We saw in the first chapter that

L(s, o (fy, I/U>)
L(s, 7 (fy, VU))
is the product of a polynomial and an exponential. In particular it is entire. If we replace

7y, 1) by 7, we change only a finite number of the local factors and do not disturb the
convergence of the infinite product. If S is the finite set of places v at which 7, = o(u,, 1)

then
s,m) = L(s, 7 L(s, 0(ptw, 1))
L(s, ) = L(s, )UeHgL(s,ﬂ(uva))

and therefore is meromorphic with no more poles that L(s,7’). For L(s,7) the corresponding
equation is

N _, L(s,o ;17%_1
L(S,ﬂ') = L(Saﬂ- ) :[E LES,T"EZvl?Vvlg;

The functional equation of L(s, ) is a consequence of the relations
L(s, o (fy, VU)) 5(3, 0 (s V), va) L(l —s,0(pyt, 1/;1))

L(s,m(po, ) (8, m(pto, v), o) L(1 — s, 7(p; v t))
which were verified in the first chapter. It also follows from the form of the local factors that
L(s,m) and L(s,7) are rational functions of ¢~* when F is a function field. If F' is a number
field L(s, ) is bounded in vertical strips of finite width in a right half-plane and, because
of the functional equation, in vertical strips in a left half-plane. Its expression in terms of
L(s, ') prevents it from growing very fast at infinity in any vertical strip of finite width. The
Phragmen—Lindelof principle implies that it is bounded at infinity in any such strip.
Now suppose 7 is a constituent of Ag. It is then a constituent of Agy(n) if
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for a in I. Since the representation of H in Agy(n) is the direct sum of invariant irreducible
subspaces there is an invariant subspace U of Aq(n) which transforms according to m. Let ¢

belong to U. If g is in Gy
1 =z
¢Q(I):: ¢)(:<O 1) g)

is a function on F\A. Since ¢, is continuous it is determined by its Fourier series. The

constant term is
—1 / 1z dx
measure F\A Jp » 7\\o 1)7

which is 0 because ¢ is a cusp form. If ¢ is a given non-trivial character of F'\A the other
non-trivial characters are the functions x — ¥ (ax) with o in F'*. Set

o) = g 2 (6 1) 0) v

Since ¢ is a function on Gg\Gj,.

(3 )9) - srrn (s )2 oens

if a belongs to F*. Thus, formally at least,

0(9) = w4le) = Y @ ((g (1)) g)-

acFXx

In any case it is clear that ¢; is not 0 unless ¢ is.
Let
Ui ={p1|pe U}
Since the map ¢ — ¢ commutes with the action of H the space U; is invariant and transforms
according to m under right translation by H. Moreover

1 ((é f) g) = (@) p1(9)

if x is in A. If F' is a number field ¢ is slowly increasing. Therefore if () is a compact subset
of G there is a real number M such that

@1 ((3 ?) 9) = O(la]™)

as |a| — oo for all g in . Propositions 9.2 and 9.3 imply that all 7, are infinite-dimensional
and that U; is W(m, ). Therefore U; is completely determined by 7 and ¢ and U is
completely determined by w. We have therefore proved the following curious proposition.

Proposition 11.1.1. If an irreducible representation of H is contained in Aqy(n) it is con-
tained with multiplicity one.

For almost all v there is in W (m,,1,) a function ¢? such that ©°(g,k,) = ¢%(g,) for all
k, in K, while ©°(e) = 1. The space W (w, ) is spanned by functions of the form

(11.1.2) e1(9) = [ [ pulon)

where ¢, is in W (m,,1,) for all v and equal to ¢ for almost all v.



174 3. GLOBAL THEORY

Suppose ¢ corresponds to a function ¢; of the form (11.1.2). Suppose ¢, = ¢° so that m,
contains the trivial representation of K. If ¢, is the normalized Haar measure on K, let A,
be the homomorphism of €, e, into C associated to m,. If f, is in €,H,&, then

Mo(f) olg) = / o(gh) fo(h) dh

v

and if X! is the homomorphism associated to |n,|~*/? ® =,

N, () [n(det )| 2 o(g)

is equal to

[ ntdetgh)|* a(gh) £, (h) .

v

Since ¢ is a cusp form the function |n(det )| ~*/2 ¢ (g) is bounded and )\, satisfies the conditions

of Lemma 3.10. Thus if 7, = 7(u,, 1,) both u, and v, are unramified and
1 1 1 _1
n(@o)|? [@o|? < |po(@)] < |n(w@0)]? || 2
1 1 1 _1
In(@o)|? [@o|2 < |vu(@)| < [nl@y)|? ||
if w, is the generator of the maximal ideal of O,. Consequently the infinite products defining

L(s,m) and L(s,7) converge absolutely for Re s sufficiently large.
We know that for any v and any ¢, in W (m,,,) the integral

a, 0 sl oy
(s o)

converges absolutely for Re s large enough. Suppose that, for all a in I, |n(a)| = |a|” with r
real. Applying Lemma 3.11 we see that if s +r > % and ¢? is defined

[ (5 2))

1

1 2°
<1 — |wv|5‘”_§>

Thus if ¢y is of the form (11.1.2) the integral

a 0 o1
V(g, s, 1) 2/901 ((0 1) g) ja*~2 d*a
1

is absolutely convergent and equal to

|av|5_% d*a,

is, for g, in K,, at most

[T %9 s 00)

for Re s sufficiently large. Since ®(gs,, s, ¢,) is, by Proposition 3.5, equal to 1 for almost all v
we can set

(I)<g7 S, Spl) = H @(gv, S, SOU)

so that
\Il(ga S, 901) = L(Saﬂ-) (I)(gv S, 901>
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We can also introduce

U(g, s, 1) = /Ism ((g (1]) g) n () |a|* "2 d¥a

U(g,s,¢1) = L(s,7) (g, 5, 1)

and show that

if
978(;01 H(I)gvaSQ%

Lemma 11.1.3. There is a real number sy such that for all 1 in W (m, 1) the integrals

(g, s,p1) :/I¢1 ((8 (1)) g) Ials_% d*a
U(g, s, 1) = /1901 ((8 0) g) n Y (a) a2 d¥a

are absolutely convergent for Res > sqg. The functions ¥(g, s, 1) and \Tl(g, s, 1) can both be
extended to entire functions of s. If F' is a number field they are bounded in vertical strips
and if F' is a function field they are rational functions of ¢=°. Moreover

—_

\T/(wg, 1-— S, 901) - \1/(9,8, ()01)

We have seen that the first assertion is true for functions of the form (11.1.2). Since they
form a basis of W (m, 1) it is true in general. To show that

wlg) = a;& o1 ((g (1)) g)

we need only show that the series on the right is absolutely convergent. We will do this later
on in this paragraph. At the moment we take the equality for granted. Then, for all oy,
U(g, s, 1) which equals

0 —1 o
Jr A 2o (5 1) o)y
P
a 0 1
© g) lal’"2d*a
Joe (6 2)o)

for Re s sufficiently large. Also Ef(g, s, 1) is equal to

/FX\,“) <(8 (1)> 9> n~'(a) |a*"2 d*a.

We saw in the previous paragraph that, for a given g and any real number M,

e((6 1)a)|=ota

as |a| approaches 0 or co. Thus the two integrals define entire functions of s which are
bounded in vertical strips. If F' is a function field the function

(99

is equal to
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has compact support on F*\I so that the integral can be expressed as a finite Laurent series
in g—°. B
The function ¥(wg, 1 — s, 1) is equal to

/“0 ((g (1)) “’9) n!(a)lal2™* d¥a.

Since w is in G the equality p(wh) = ¢(h) holds for all A in G, and this integral is equal to

/“0 ((é 2) g) 0 (a) a2 d"a.
b 2)=6 o) (o)

we can change variables in the integral to obtain

a 0 o1
[ 2)o) o
which is ¥(g, s, ¢1).

If we choose ¢ of the form (11.1.2) we see that L(s,7) ®(g, s, ¢1) is entire and bounded
in vertical strips of finite width. For almost all v the value of ®(g,, s, ¢?) at the identity e is 1
and for such v we choose p, = . At the other places we choose ¢, so that ®(e, s, ¢,) is an
exponential e®® with real a,. Then ®(e, s, 1) is an exponential. Consequently L(s, ) is also
entire and bounded in vertical strips of finite width. If F is a number field ®(e, s, ¢1) will be
a power of ¢* so that L(s, ) will be a finite Laurent series in ¢—*. Similar considerations
apply to L(s, 7).

To prove the functional equation we start with the relation

L(s,) H d(e, s, p,) = L(1 —s,7) H O(w,1—5,p,).

Since

By the local functional equation the right hand side is
L(1—s,7) H {5(3, T, Uy) P(e, s, gov)}.

Cancelling the term [, ®(e, s, p,) we obtain
L(s,m) =¢e(s,m) L(1 — s,7).

Corollary 11.2. Suppose 1 = ®,m, is a constituent of A. For any quasi-character w of
F*\I the products

H L(s,w, ® my)

and

H L(s,w;' ®7,)

are absolutely convergent for Re s sufficiently large. The functions L(s,w®m) and L(s,w @)
they define can be analytically continued to the whole complex plane as meromorphic functions
which are bounded at infinity in vertical strips of finite width and have only a finite number
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of poles. If I is a function field they are rational functions of ¢*. If w is a constituent of Ag
they are entire. In all cases they satisfy the functional equation

Ls,w®m) =e(s,w®@m)L(1l — 5,0 ®7)
if
e(s,w®m) = Hg(s,wv ® Ty Uy)-

If 7 = ®,m, is a constituent of A or Ay and w is a quasi-character of F*\I so is w ® 7.
Moreover w ® ™ = ®,(w, ® m,).

The converses to the corollary can take various forms. We consider only the simplest of
these. In particular, as far as possible, we restrict ourselves to cusp forms.

Theorem 11.3. Let m = ®m, be a given irreducible representation of 3. Suppose that the

quasi-character n of I defined by
a 0
(5 &) e

is trivial on F*. Suppose there is a real number r such that whenever m, = 7(uy, ) the
mequalities
|| ™" < ()| < @]
and
|| ™" < vy ()| < [, ]”
are satisfied. Then for any quasi-character w of F*\I the infinite products

L(s,w®@m) = H L(s,w, ® my)

and
L(s,w ®7) = H L(s,w;' ®7,)

are absolutely convergent for Re s large enough. Suppose L(s,w @ w) and L(s,w ! @ ) are,
for all w, entire functions of s which are bounded in vertical strips and satisfy the functional
equation

Lis,w@n)=c(s,w®@nm)L(l—s5w 7
If the m, are all infinite-dimensional 7 is a constituent of Ayg.

The absolute convergence of the infinite products is clear. We have to construct a subspace
U of Ay which is invariant under H and transforms according to the representation w. The
space W (m, ) transforms according to 7. If ¢1 belongs to W (m, ) set

wlg)= ) @ <(g (1]) g)

acFX
We shall see later that this series converges absolutely and uniformly on compact subsets of
Gy. Thus ¢ is a continuous function on G. Since the map ¢ — ¢ commutes with right
translations by the elements of JH{ we have to show that, for all ¢, ¢ is in Ay and that ¢ is
not zero unless ¢ is.
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Since 1 is a character of F'\A

(s 99) -
()

is a function on F\A. The constant term of its Fourier expansion is

1 1 =z dx
measure F'\ A F\A(p 0 1)7 '

2o () 6 2)o) e

A typical term of this sum is

(5 ) f o=

In particular ¢ is cuspidal. Another simple calculation shows that if 8 belongs to F™*

—— /F\Aso ((é f) g) ¥(=pa) da
«((62)2)
¥ ((3 (1)> 9) = (9

if v is in F'*. Moreover, for all a in I,

e((6 0)a) = et

If a is in F'* the right side is just ¢(g). Thus ¢ is invariant under left translations by elements

of Pp, the group of super-triangular matrices in Gg. Since GF is generated by Pr and

w=(97,") all we need do to show that ¢ is a function on Gp\G, is to show that

p(wg) = »(g).
By linearity we need only establish this when ¢; has the form (11.1.2). The hypothesis
implies as in the direct theorem that the integrals

V(g: s, 1) = /1901 ((3 (1)> g) la*"2 d*a
Sas1- o (3 §1) i

for all £ in F'. Thus, for each g,

The integral is equal to

is equal to

Thus ¢, is zero if p is.
By construction

and
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converge absolutely for Re s sufficiently large. Moreover

973 901 H\II Gu, S, SOU — (8777-)1—[(1)(91)’8’90’0)'

Almost all factors in the product on the right are identically 1 so that the product, and
therefore W(g, s, 1), is an entire function of s. In the same way

U(g,s,1) = L(s,7) [ [ ®(g0 5, 00)

and is entire. Since _
D(wgy, 1 — 5,0,) = €(5, 7y, 1) P(gu, 3, P0)
the function ¥(wg, 1 — s, p,) is equal to

L(1 = s5,7)e(s,7) [ @905, 20),

which, because of the functional equation assumed for L(s, ), is equal to U(g, s, ¢1).

From its integral representation the function W(g, s, 1) is bounded in any vertical strip of
finite width contained in a certain right half-plane. The equation just established shows that
it is also bounded in vertical strips of a left half-plane. To verify that it is bounded in any
vertical strip we just have to check that it grows sufficiently slowly that the Phragmen—Lindelof
principle can be applied.

U(g,s,01) = L(s, ) [ [ 290, 5, 00).

The first term is bounded in any vertical strip by hypothesis. Almost all factors in the infinite
product are identically 1. If v is non-archimedean ®(g,, s, ¢,) is a function of |w,|* and is
therefore bounded in any vertical strip. If v is archimedean
\Il(gv’ S, SOU)

L(s,m,)
We have shown that the numerator is bounded at infinity in vertical strips. The denominator
is, apart from an exponential factor, a I'-function. Stirling’s formula shows that it goes to 0

sufficiently slowly at infinity.
If Re s is sufficiently large

aa 0 o1
(g, s, 1) / ((O 1)9) la|*"2 d*a
s
(( ) ) |a|5_% d*a.
FX\I
This integral converges absolutely when Re s is sufficiently large. If Re s is large and negative

T(wg 1 - 5 01) Fm (5 1)w ) l(a) Jalt~* d"a
/FX\I ( ( >) @) o> da.

q)(g’w Sa 9011) -

which is

which equals
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(00)=G o) (% )

and changing variables we see that this integral is equal to

foe (o (5 ) o) i
e = (i 1)o)
rs) = (w5 1))

We are trying to show that for any g the functions f; and f; are equal. The previous
discussion applies to w ® m as well as to m. If ¢y is in W(mr, ) the function

1 (g) = w(det g) ¢1(g)
is in W(w ® 7,1). When ¢, is replaced by ¢} the function ¢ is replaced by

¢'(9) = w(det g) ¢(g)

Using the relation

Set

and

and f; is replaced by
fi(a) = w(det g) w(a) fi(a).
Thus for any quasi-character w of F*\I the integral
fi(a)w(a) a"* d"a
FX\T
is absolutely convergent for Re s sufficiently large and the integral

/ fola)w(a) [a** d”a
FX\T

is absolutely convergent for Re s large and negative. Both integrals represent functions which
can be analytically continued to the same entire function. This entire function is bounded in
vertical strips of finite width.

The equality of f; and fs is a result of the following lemma.

Lemma 11.3.1. Let f1 and fo be two continuous functions on F*\I. Assume that there is
a constant ¢ such that for all characters of w of F*\I the integral

fila)w(a) [a]” d”a
FX\I
1s absolutely convergent for Re s > ¢ and the integral
fala)w(a)[a® d”a
FX\T
18 absolutely convergent for Res < —c. Assume that the functions represented by these

integrals can be analytically continued to the same entire function and that this entire function
is bounded in vertical strips of finite width. Then f; and fs are equal.
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Let Iy be the group of ideles of norm 1. Then F*\I, is compact. It will be enough to
show that for each b in I the functions fi(ab) and fy(ab) on F*\I, are equal. They are equal
if they have the same Fourier expansions. Since any character of F'*\/y can be extended to a
character of F*\I we have just to show that for every character w of F*\I

ﬁ(w,b) = w(b)/ fi(ab) w(a)d*a
FX\Iy
is equal to
e =w) [ plauloda
FX\Iy
These two functions are functions on I\ which is isomorphic to Z if F' is a number field

and to R if F' is a function field.
If F'is a function field we have only to verify the following lemma.

Lemma 11.3.2. Suppose {ai1(n) | n € Z} and {az(n) | n € Z} are two sequences and q > 1
1s a real number. Suppose
Y aln)g™

converges for Res sufficiently large and
> as(n)g "

converges absolutely for Res large and negative. If the functions they represent can be
analytically continued to the same entire function of s the two sequences are equal.

Once stated the lemma is seen to amount to the uniqueness of the Laurent expansion. If
F' is a number field the lemma to be proved is a little more complicated.

Lemma 11.3.3. Suppose g1 and gy are two continuous functions on R. Suppose there is a
constant ¢ such that

M$=4m@@Wx

converges absolutely for Res > ¢ and

MQZAm®fW$

converges absolutely for Res < —c. If g1 and g, represent the same entire function and this
function is bounded in vertical strips then g, = gs.

All we need do is show that for every compactly supported infinitely differentiable function
g the functions g * g; and g % g are equal. If

() = [ gl e da

is the Laplace transform of g the Laplace transform of g * g; is g(s) g;(s). By the inversion
formula

1 b+ioco
g*gi(r) = -— / g(s) gi(s)e ™ ds
b

21 Jy—ino
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where b > cif i =1 and b < —c if i = 2. The integral converges because § goes to 0 faster
than the inverse of any polynomial in a vertical strip. Cauchy’s integral theorem implies that
the integral is independent of b. The lemma follows.

To complete the proof of Theorem 11.3, and Theorem 11.1, we have to show that for any

1 in W(m, 1) the series
Z a 0
©1 0 1 g
acFx

is uniformly absolutely convergent for ¢ in a compact subset of G, and that if ¢(g) is its
sum then, if I’ is a number field, for any compact subset €2 of G, and any ¢ > 0 there are

constants M; and M5 such that
a 0
“\\og 1)9

for g in Q and |a| > ¢. We prefer to prove these facts in a more general context which will
now be described.
For us a divisor is just a formal product of the form

D=]]»m.

It is taken over all non-archimedean places. The integers m, are non-negative and all but a
finite number of them are 0. Let S be a finite set of non-archimedean places containing all
the divisors of D, that is, all places p for which m, > 0.

If a belongs to I we can write a in a unique manner as a product agas where the
components of ag outside S are 1 and those of ag inside S are 1. The idele ag belongs to
I, = [l,es F. Let Ip be the set of ideles a such that, for any p in S, a, is a unit which
satisfies @, = 1 (mod p™). Then I = F* I3 and F*\I is isomorphic to F* N IZ\I3.

I[fpisin S let KPD be the subgroup of all

(¢ o

in K, for which ¢ = 0 (mod p™»). Let IA(;) be the subgroup of such matrices for which
a=d=1 (mod p™). Set

< My |al™

K§ =] K/
pes
and set
>D 7D
K§ =] &
pes

K Dis a normal subgroup of KZ and the quotient K%/ K D is abelian.

Let G, be the set of all g in G4 such that g, is in the group Kf’ for all p in S. Any ¢ in
G, may be written as a product gggs where gs has component 1 outside of S and gg has
component 1 inside S. Gy is the set of gg and G is the set of gg. In particular

G5 = KP - Gs.

It is easily seen that
Gy=GrG3.
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In addition to D and S we suppose we are given a non-trivial character ¢ of F\A, two
characters € and é of K /KE, two complex valued functions o — a,, and o — a,, on F*, an

irreducible representation 7 of Hg = ®,gs(,, and a quasi-character n of F*\I.
There are a number of conditions to be satisfied. If

(6 2)
(6= ()

If a belongs to F* and 3 belongs to F* N I3

wme((3 )
(3 )

The functions a — a, and o — a,, are bounded. Moreover a, = a, = 0 if for some v in S
the number « regarded as an element of F), does not lie in the largest ideal on which ), is
trivial. If v belongs to S and a is a unit in O,

(52 -

Let m = ®ygsm,. Then for a in Ff

Ty ((8 2)) = nu(a)l.

Because of these two conditions 7 is determined by 7 and €. There is a real number r such
that if m, = 7(py, 1)

belongs to K% then

and

r

< po(@w)| < Jwmn|™

|wv |r
and

T

" < vp(@y)| < | "

‘wv
Finally we suppose that m, is infinite-dimensional for all v not in S.

These conditions are rather complicated. None the less in the next paragraph we shall
find ourselves in a situation in which they are satisfied. When S is empty, D = 0, and
ao = G, = 1 for all a they reduce to those of Theorem 11.3. In particular with the next
lemma the proof of that theorem will be complete. We shall use the conditions to construct a
space U of automorphic forms on G, such that U transforms under Hg according to 7w while
each ¢ in U satisfies

p(gh) = e(h) ¢(9)

for h in KP. If U is such a space then for any ¢ in U and any a in [

This is clear if @ belongs to I3, and follows in general from the relation I = F* I3,
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Recall that W (7, 1)) is the space of functions on Gs spanned by functions of the form
p1(9) =[] ev(90)
vgS
where ¢, belongs to W (m,,,) for all v and is equal to ¢ for almost all v.

Lemma 11.4. Suppose ¢ belongs to W (mw, ).
(i) For any g in G?%) the series

p(9) = D aac(gs) er ((665 (1)) Qs)

aceFXx

converges absolutely. The convergence is uniform on compact subsets of G¥,.
(i) The function ¢ defined by this series is invariant under left translation by the matrices

in Gp N G3 of the form
a p
0 9/

(iii) Suppose F is a number field. Let Q be a compact subset of G%,. Then there are positive
constants My and My such that

_ Mo
lp(9)| < Mi{|a| + |a] ™'}

=0 1) 1)

with h in Q, a in I3, and (L9) in G3).

of

It is enough to prove these assertions when ¢; has the form
901(9) = H 901;(91;)-
vgS
To establish the first and third assertions we need only consider the series

(11.4.1) 3 5@ [] e ((g (1)) gv)‘

acFx vgS
where §(«) = 0 if for some v in S the number a regarded as an element of F, is not the
largest ideal on which ), is trivial and é(a)) = 1 otherwise.
We need only consider compact sets 2 of the form

(11.4.2) Q=KZT[
vgS

where €, is a compact subset of G, and 2, = K, for almost all v.

Lemma 11.4.3. Suppose Q is of the form (11.4.2). There is a positive number p such that
for each non-archimedean place v which is not in S there is a constant M, such that

#((69))

<-Nﬁkﬂ_p
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fora in F) and h in Q, and a constant c, such that

#(6 9))

if la| > ¢, and h is in Q,. Moreover one may take M, = ¢, = 1 for almost all v.

=0

Since ¢, is invariant under an open subgroup of K, for all v and is invariant under K,
for almost all v while 2, = K, for almost all v it is enough to prove the existence of M,, c,,
and p such that these relations are satisfied when h = 1. Since the function

e (6h))

belongs to the space of the Kirillov model the existence of ¢, is clear. The constant ¢, can be
taken to be 1 when O, is the largest ideal of F, on which 1), is trivial and ¢, = .

The existence of M,, for a given v and sufficiently large p, is a result of the absolute
convergence of the integral defining U(e, s, ¢,). Thus all we need do is show the existence of

a fixed p such that the inequality
a 0
7\l 1

is valid for almost all v. For almost all v the representation 7, is of the form = (u,, v,) with
t, and v, unramified, O, is the largest ideal of F, on which 1), is trivial, and ¢, = ¢°2. Thus,

for such v, w5 0) =e (5 )

> e ((Y%n ?)) w78 = (s, m,).

n

< lal™”

if £ is a unit in O,, and

If p, = py(wy,) and o, = v, (w,)
1 1

Hom) = ) (= o)

Since |p,| < |wy,| " and |o,| < |w,| "
n
v

w, 0 _ pZJrl — O-ngl —rn
(R —

Since |w,| < % there is a constant € > 0 such that
(n+1) < || ™"

for all v and all n > 0.
If v is archimedean the integral representations of the functions in W (m,,1,) show that
there are positive constants c,, d,, and M, such that

a O e .
gov((o 1)h)'<Mv|a| “exp(—dv|a|v)

for @ in F) and h in €2,. The exponent ¢, is 1 if v is real and % if v is complex.
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Since we want to prove not only the first assertion but also the third we consider the sum

(0 2)e) = ool (5 2))

where ¢ lies in the set (11.4.2) and b is an idele such that b, = 1 for all non-archimedean v.
We also suppose that there is a positive number ¢ such that b, = ¢ for all archimedean v. If A
is a set of o in F' for which |a|, < ¢, for all non-archimedean v not in S and d(«) # 0 then

(6 9)s)

Z{H]\/Hoaf] “exp(—dyt a5 }{ H Mo, | P}

a€h  vES, v@SUSa
a#0

is bounded by

If F'is a function field A is a finite set and there is nothing more to prove. If it is a
number field choose for each v in S a constant ¢, such that §(«) = 0 unless |a|, < ¢,. Since

[Tl =1,
IT lolo? <{ITe3{ IT a2}

vgSUS, vES VES,

Thus our sum is bounded by a constant times the product of [], g t=c/*» and

Z H {|oz|” “ exp ( — dvt|a|iv)}.

aeA vES,

The product [],.g |al|, is bounded below on A — {0}. Multiplying each term by the same
sufficiently high power of [], g |al, we dominate the series by another series

o T {lal exp(=dutlaly)}

acEANvES,

in which the exponents p, are non-negative. This in turn is dominated by [] g t=Pv/% times

Z H exp (_Tdvt lal5Y).

acA veS,

A may be regarded as a lattice in [],cg Fy. if Ad1,-++, A, is a basis of A there is a constant d

such that if & = > a; A
Z 3 loly > ) Jai.

6D

is dominated by some power of ¢ times a multiple of

{ i o—dtlal }n

a=—0Q0

Thus



§11. HECKE THEORY 187

which is bounded by a multiple of (1 + %)n

The first assertion is now proved and the third will now follow from the second and the
observation that every element of I3 is the product of an element of F*, an idele whose
components are 1 at all non-archimedean places and equal to the same positive number at all
archimedean places, and an idele which lies in a certain compact set.

Suppose £ is in F' and
IS
0 1

belong to G7. Then ¢ is integral at each prime of S and ¥, (af) = 1 if a, # 0. If g belongs

to G, and
_ (!¢
=(1):

then e(hg) = £(gs) and if v is not in S

(5 0)) =vio0e (5 %))

[T ¢.(a8) = [T v(aé) = 1.

vgS

7 (((1) f) 9) = ©(9)-
) ((b; bos) 95) =n(bs) £(gs)
. ((bg ) b0> ffs) = 1(bs) ((C;) g) gs)
v ((8 2) 9) =n(b) v(9).

In particular if 3 belongs to F* N I3,

Ifa, #0
Consequently

If b belongs to I5, then

and

so that

If 3 belongs to F* N I3 and

then (
<

and ¢(h) is equal to
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wome((5 9

we can change variables in the summation to see that p(h) = ¢(g).
The lemma is now proved. The function

. as 0\ .
= Zaae(gs)%((os 1) gs>
acFX%

can be treated in the same fashion.

Theorem 11.5. If w is a quasi-characters of F*\I such that

a, 0Y\) _
for all units a, of O, set

w):{ Z aq w(ag) |agl®™ }Hstv®7rv

FXAI\F* vgS

~f(f{a, O .
wy(ay) € (( 0 1)) =1
for all units a, in O, set

::{ j{: (hxw(as |a5\ :}I]:L 5, W, Q@ﬂ@)

FXNIS\FX vES

Since

If

Then A(s,w) and K(s,w) are defined for Re s sufficiently large. Suppose that whenever w is

such that A(s,w) or A(s,w) is defined they can be analytically continued to entire functions
which are bounded in wvertical strips. Assume also that there is an A in F* such that
|Al, = |w,g|mp for any p in S and

va ) AT 1/2}{H€swv®ﬂv,¢v}A 1—s,n'w™)
veES v S

whenever A(s,w) is defined. Then for any ¢, in W(m, 1) there is an automorphic form ¢ on

Gy such that
ag 0Y .
= Zaag(gs> ¥1 (( OS 1) gS)

The infinite products occurring in the definition of A(s,w) and /A\(s, w) certainly converge
for Re s sufficiently large. To check that the other factors converge one has to check that

D last

converges for Re s sufficiently large if the sum is taken over those elements « of a system of
coset representatives of F* N I3\ F* for which |a|, < ¢, for v in S. This is easily done.
The idele Ag has components 1 outside of S and A in S. Since

0 1\ [a b\ [0 A"\ [ d cAS
.AS 0 c d 1 0 - 445b a

on G3).
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0 1
As 0
normalizes KZ. In particular if g belongs to G so does
0 1 0 Ag'
As 0)9\1 0 )

Lemma 11.5.1. If ¢, is in W(m,v) and g is in G3, then, under the hypotheses of the

theorem,
([0 1 0 Al
w((AS 0)9(1 5 )) = »(9)-

Let ¢'(g) be the function on the left. As before all we need do is show that for every
character w of F* N IZ\I2 and every g in G5, the integral

(11.5.2) / o <<a ?) g> w(a) |a|*"2 d*a
FXNIZ\IE 0

is absolutely convergent for Re s large and positive. The integral

(11.5.3) /F s ¢’ <(8 ?) g) w(a) |al*"2 d*a
*n D \"D

is absolutely convergent for Re s large and negative, and they can be analytically continued
to the same entire function which is bounded in vertical strips.
If for any v in S the character

a— wy(a)e a !
v 0 a
on the group of units of O, is not trivial the integrals are 0 when they are convergent. We
may thus assume that
a 0
wy(a)e ((0 1)) =1
for all units in O, if v isin S.
We discuss the first integral in a formal manner. The manipulations will be justified by
the final result. The integrand may be written as a double sum

Z Z Aoy € ((CLOS (1)> gs) P1 ((ds%s% (1)) Qs) w(a) |al*~2.

The inner sum is over v in F* N I3 and the outer over a set of coset representatives o of

F*NI3\F*. Since
as 0 - Ysas 0
e (5 9)) = (057 )

w(a) |a*~3 = w(ya) |yal*~3

the matrix

and

the integral is equal to £(gg) times the sum over « of

@Sds 0\ . as 0 s—1 %
e Jy (75 )] (5 3)) oo
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Since I3 is the direct product of
jgz{a61|a5:1}

and a compact group under which the integrand is invariant the previous expression is equal

to
g 0\ . 1
aa/ 01 <(ozga 1) gg> w(a) |al > d¥a.
i

Changing variables to rid ourselves of the &g in the integrand and taking into account the
relation

L =w(a)|a]"% = w(as) w(ds) Jas|** [as|* 2
we can see that the original integral is equal to

“(a5) Y enstas) st [ (5 V) ) sttt e

There is no harm in supposing that ¢, is of the form
©1(gs) = H@Dv(gv)'
VS

We have already seen that, in this case,

/fs & ((g ?) 95) w(a) la*~2 d*a

is convergent for Re s large and positive and is equal to

a, 0 s—1
I e ((V)n) s iaa

vgS
If ¢! is the function
0, (h) = wy(h) pu(h)
in W(w, ® m,,1,) this product is
H {L(s,w, @ m,) ®(gu, 8, ¢),) wy ' (det g,) }.
vgS

Thus the integral (11.5.2) is absolutely convergent for Re s large and positive and is equal to

£(gs) w(det gs) A(s,w) H D(gy, 8, ).

vgS
The argument used in the proof of Theorem 11.3 shows that this function is entire.
If
{0 1\ [a O 0 Ag'
h= (A 0) (o 1)9<1 0 )
then

é(hs) =€ ((aos (1)) gs) :

Thus the integrand in (11.5.3) is equal to

(5 o) (5 (2 D Yo
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The sum can again be written as a double sum over v and a. Since

o= (5 1) =2 (0 22) < (5 1))
s (5 9))
Al (3 (5 D))
o (59 (5 5) (50" 1))

we can put the sum over F* N I3 and the integration over F* N I3\ 13 together to obtain
e(gs) times the sum over F* N I5\F* of

5 ) (65 D D Yoot

We write

as 0\ (0 1\ fas 0\ _ (0 1\ (as 0 (-az'Asas 0
0 1)\Ag 0/ 0 1) \-1 0/ 0 as 0 1

and then change variables in the integration to obtain the product of w(—Ag) |Ag|*"2 and

1 0 1 a 0 1
dan Hoag)w Hag) la 2_5/ (( ) ( )g ) w(a)lal’"2 d*a.
n ( S) ( S)| S| s ¥1 ~1 0 0 1 S ( )l |

Replacing a by a~! and making some simple changes we see that the integral is equal to

/ o ((0 (f) (_01 3) gs) 7 (@) w @) ol da

which converges for Re s large and negative and is equal to

[T{z0 =sn w0t @m) @(wge, 1 — 5,4,) wy(det g,) .
vgS

which equals
and

is equal to

Thus the integral 11.5.3 is equal to

e(gs) w(det gs) w(—As) [As] 2 A1 — s,n7'w™) [ @(wg, 1 - 5,¢))
vgS

which is entire.

Since

CID(ng, - S, 90'/0) = 8(57wv ® T, w) (I)(gm S, (P;)

the analytic continuations of (11.5.2) and (11.5.3) are equal. We show as in the proof of
Theorem 11.3 that the resultant entire function is bounded in vertical strips of finite width.

There is now a simple lemma to be proved.
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Lemma 11.5.4. The group Gp N G%, is generated by the matrices in it of the form

(5 %)
(29).

This is clear if S is empty. Suppose that S is not empty. If

o= (%)

belongs to G NG5, and |a, = 1 for all v in S then

[« 0 1%
9_75—% 0 1

and both matrices belong to Gr N G%. In general if g is in Gr N G then, for each v in S,
lal, < 1, ||y < 1 and either |, or |y], is 1. Choose £ in F so that, for every v in S, |&,| =1
if |a], <1 and [§,| < 1if |a|, = 1. Then

(1 5) (a 6)_(a+£7 B+£5)
0 1)\~ o) ~ d

and |o + &v|, = 1 for all v in S. The lemma follows.

We know that if
A
—\0 4

belongs to Gr N G2, then ¢(hg) = v(g) and $(hg) = ¢(g). Suppose

a 0
v 0
is in G N GY,. Then

a 0 . 0 1\ (a O 0 A
YW\y 6)9)77\ 4 o)\~ 6)91 o))
Since the argument on the right can be written
§ yA™Y [0 1 0 Ag'
0 o J\4ao0)7\1 o0
and the first term of this product lies in G N G, the right side is equal to
({0 1 0 Ag'
w((A 0)9(1 5 )) = ¢(9).

Thus ¢ is invariant under Gr N G%. Since Gy = Gp G% the function ¢ extends in a
unique manner to a function, still denoted ¢, on Gr\G,. It is clear that ¢ is K-finite and

and
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for all @ in I. It is not quite so clear that ¢ is slowly increasing. If €2 is a compact subset of
Gp there is a finite set vy, -+, in Gg such that

¢
Q=Jany'ah
=1

What we have to show then is that if v belongs to G and ¢ > 0 is given there are constants
M, and M, such that for all g in QN ~y~*G?, and all a in I for which |a| > ¢

(6 7))

If v is a place of F', which is not in S and is archimedean if F' is a number field, there is a
compact set C'in I such that

{ael|lal2c} CF{a€cF)||a| > c}C

Thus the inequality has only to be verified for a in F) — of course at the cost of enlarging €.

If
_ (a8
=5 %)
a 0\  (a x
"o 1)97\o 1)
with z = (1 — )2 and the conclusion results from Lemma 11.4 and the relation

)
By = (ByNGp) (ByNGY)

< Ml‘CL'MQ.

then

if

By = | (g ?) € G,
=55 (506
(5 o= DG ) (G D6 D)o
(5 0) 6 1)

lies in a certain compact set which depends on €2, ¢, and . The required inequality again
follows from Lemma 11.4. R

The space U of functions ¢ corresponding to ¢, in W (m, ) transforms under Hg according
to m. Lemma 10.13 implies that every element of U is an automorphic form. If it is not
contained in Ay, Lemma 10.12 applied to the functions

¢0(9):;/ @ Lo g ) dx
measure F\A Jp , 01

with ¢ in U shows that there are two quasi-characters p and v on F*\ I such that w, = 7 (., v)
for almost all v.

Otherwise we write

Then

The matrix
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Corollary 11.6. Suppose there does not exist a pair u, v of quasi-characters of F*\I such
that m, = 7(py, V) for almost all v. Then there is a constituent 7' = ®x! of Ay such that
Ty = m, for all v not in S.

Since U transforms under UA{S according to 7 it is, if v is not in S, the direct sum of
subspaces transforming under H, according to m,. By assumption U is contained in Ay and
therefore in Ag(n). The space Ag(n) is the direct sum of subspaces invariant and irreducible
under H. Choose one of these summands V' so that the projection of U on V is not 0. If
7' = ®m,, is the representation of H on V' it is clear that 7, = 7, if v is not in S.

Another way to guarantee that U lies in the space of cusp forms and therefore that the
conclusion of the corollary holds is to assume that for at least one v not in .S the representation
7, is absolutely cuspidal.
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812. Some extraordinary representations.

In [18] Weil has introduced a generalization of the Artin L-functions. To define these
it is necessary to introduce the Weil groups. These groups are discussed very clearly in the
notes of Artin—Tate but we remind the reader of their most important properties. If F'is a
local field let Cr be the multiplicative group of F' and if F' is a global field let Cr be the
idele class group F*\I. If K is a finite Galois extension of F' the Weil group Wk, p is an
extension of &(K/F), the Galois group of K/F, by Ck. Thus there is an exact sequence

1 = Ckg = Wkip = 6(K/F) — 1.

If L/F is also Galois and L contains K there is a continuous homomorphism 77, /FK/F Of
Wik onto Wi/ p. It is determined up to an inner automorphism of Wy, r by an element
of Ck. In particular Wg/r = Cr and the kernel of 7x/p r/r is the commutator subgroup of
Wkp. Alsoif ' C E'C K we may regard W/ p as a subgroup of Wy p. If F'is global and
v a place of F' we also denote by v any extension of v to K. There is a homomorphism «,, of
Wk, /F, into Wg,p which is determined up to an inner automorphism by an element of Ck.

A representation o of Wg,r is a continuous homomorphism of Wi /r into the group of
invertible linear transformations of a finite-dimensional complex vector space such that o(w)
is diagonalizable for all w in Wy, p. If K is contained in L then oo7r/p g/F is a representation
of Wp,r whose equivalence class is determined by that of o. In particular if w is a generalized
character of C'r then w o 7i/p p/F is a one-dimensional representation of Wy, which we also
call w. If ¢ is any other representation w ® ¢ has the same dimension as 0. If F C F C K
and p is a representation of Wy, z on X let Y be the space of functions ¢ on Wy, with
values in X which satisfy

p(uw) = p(u) p(w)

for all v in Wi/g. If v € Wg/p and ¢ € Y let o(v)p be the function

w — p(wo)
o(v)yp also belongs to Y and v — o(v) is a representation of Wy, p. We write

If F'is global and o is a representation of W/, then, for any place v, o, = 0o, is a
representation of Wy, ,r, whose class is determined by that of o.

Now we remind ourselves of the definition of the generalized Artin L-functions. Since we
are going to need a substantial amount of detailed information about these functions the
best reference is probably [19]. In fact to some extent the purpose of [19] is to provide the
background for this chapter and the reader who wants to understand all details will need
to be quite familiar with it. If I is a local field then to every representation o of Wg,r we
can associate a local L-function L(s, o). Moreover if ¢r is a non-trivial additive character of
F we can define a local factor £(s,0,¢r). The L-function and the factor (s, 0,1 r) depend
only on the equivalance class of o.

If F' is a global field we set
L(s,0) = [ [ L(s,0)

The product converges in a right half-plane and L(s, o) can be analytically continued to a
function meromorphic in the whole complex plane. If 1r is a non-trivial character of F\A
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the functions e(s, 0,,1,) are identically 1 for all but a finite number of v. If
g(s,0) = Hs(s, Tuy Uy)

and ¢ is the representation contragredient to ¢ the functional equation
L(s,0) =¢(s,0) L(1 —s,0)

is satisfied. For all but finitely many places v the representation o, is the direct sum
of d, the dimension of o, one-dimensional representations. Thus there are generalized
characters !, - - - u? of Cg, such that o, is equivalent to the direct sum of the one-dimensional
representations

W = (TR R B (W)
Moreover, for all but finitely many of these v, ul, -+, pd are unramified and there is a
constant r, which does not depend on v, such that

(@)l < @™ 1<i<d
If Fis a global or a local field and o is a representation of Wy /p then w — det o(w) is a
one-dimensional representation and therefore corresponds to a generalized character of Cp.
We denote this character by det o.
If I is a local field, o is a two-dimensional representation of Wy, r, and 9 is a non-trivial

additive character of F' then, as we saw in the first chapter, there is at most one irreducible
admissible representation m of Hr such that

x ((3 2)) — deto(a)T

and, for all generalized characters w of Cp,
L(s,w@m) =L(s,w® o)
L(s,w!®7) = L(s,w ! ®0)
e(s,w@m Yr) =e(s,w® 0, Yp).
If ¢ (2) = ¢p(Bz) then
e(s,w®o,Yp) =detw @ o (f) e(s,w R a,9¥r)

x <(‘8‘ 2)) — deto(a)T

e(s,w@m ) =detw® o(f)e(s,w @, Yp).
Thus 7, if it exists at all, is independent of ¥ r. We write 7 = (o).
There are a number of cases in which the existence of 7(o) can be verified simply by
comparing the definitions of the previous chapter with those of [19]. If u and v are two
quasi-characters of C'r and o is equivalent to the representation

" s (u (7ae/p/ (w)) 0 )

0 v(T/m e (w))

and, since

one also has
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then 7(0) = 7(u,v). If K/F is a separable quadratic extension, x is a quasi-character of
C K = WK/ K and
0 = Ind(WK/F, WK/K, X)
then 7(o) = m(x). Observe that 7(x) is alway infinite-dimensional.
Suppose F'is a global field and K is a separable quadratic extension of F. Let x be a
quasi-character of C'x and let

o =IndWg/p, Wi/, X)-
If v does not split in K
oy = Ind(Wk,/r,, Wk, /K, Xo),
but if v splits in K the representation o, is the direct sum of two one-dimensional representa-

tions corresponding to quasi-characters y, and v, such that p,v; ! is a character. Thus 7(o,)
is defined and infinite-dimensional for all v.

Proposition 12.1. If there is no quasi-character p of Cp such that x(a) = p(Ng par) for
all a in Ci the representation @,m(0,) is a constituent of Ao.

If w is a generalized character of F' then
(w ® U)U = w’u ® 0-1)~

Define a generalized character wg,/r of Cx by

wK/F(a) = W(NK/F(Q)) .

Then

w® o =IndWg/p, Wk/Kk,wk/rX)
and

L(s,w®0) = L(s,wg/rX)-

The L-function on the right is the Hecke L-function associated to the generalized character
wi/rX of Ck. It is entire and bounded in vertical strips unless there is a complex number r
such that

wr/r(a) x(a) = |al” = [Ng/ral"
But then

x(a) = w N (Ng/pa) [N/l

which is contrary to assumption. The function

L(s,w™ ©7) = L{s,wipox ")

is also entire and bounded in vertical strips. It follows immediately that the collection {7 (o,)}
satisfies the conditions of Theorem 11.3.
This proposition has a generalization which is one of the principal results of these notes.

Theorem 12.2. Suppose F' is a global field and o is a two-dimensional representation of
Wkp. Suppose also that for every generalized character w of Cp both L(s,w ® o) and
L(s,w™t ® ) are entire functions which are bounded in vertical strips. Then m(o,) exists for
every place v and ®,m(0,) is a constituent of Ay.
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We observe that the converse to this theorem is an immediate consequence of Theorem 11.1.

We are going to apply Corollary 11.6. There are a large number of conditions which must
be verified. We know that (o) is defined for all but a finite number of v. In particular it is
defined for v archimedean for then o, is either induced from a quasi-character of a quadratic
extension of F), or is the direct sum of two one-dimensional representations. If o, is equivalent
to the direct sum of two one-dimensional representations corresponding to quasi-characters
iy and v, then p,v, l'is a character so that 7(0,) is infinite-dimensional. Let S be the set
of places for which 7(o,) is infinite-dimensional. Let S be the set of places for which 7 (o)
is not defined or, since this is still conceivable, finite-dimensional. We are going to show
that S is empty but at the moment we are at least sure that it is finite. If v is not in .S set
Ty = T(0y).

If v is in S the representation ¢, must be irreducible so that

L(s,w, ®0,) = L(s,w; ' ®7,) =1

for every generalized character w, of F*. The Artin conductor p;* of o, is defined in the
Appendix to [19]. There is a constant ¢,, depending on o, such that if w, is unramified

_1
(8, Wy ® Ty, 1hy) = €y wy(Ty)™ 2" |wv|(mU+2nv)(s 1

if p;™ is the largest ideal on which 1, is trivial. 1, is the restriction to F), of a given
non-trivial character of F'\A.
We take

D=]J»™

pesS
and n = det 0. We define € and € by

e <(% bo )) = det 7, (by)
E ((‘6 f )) — det oy (a)

if v belongs to S and a, and b, are units of O,. If « belongs to F'* and |«|, = |w,| ™ for
every v in S we set aq = 1 and a, = [],cq ¢y det o, (a); otherwise we set aq = Go = 0.
The function A(s,w) of Theorem 11.5 is defined only if w, is unramified at each place of

S and then it equals
(T 6y {T] Lo 7))
veES vgS

and

which is

va o) e, | T }st@ o).

veS

The function //i(s, wn™1) is also defined if w, is unramified at each place of S and is equal to

{HCU wy(l?) ||~ "”(5_%)}L(s,w_l ® o).

veS
Choose A in F* so that |A,| = |wv]m” for every v in S. Then

va |A|v va(wv)mv |wv|mu(s—%).

vES vES
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The functional equation asserts that L(s,w ® o) is equal to
{ Hé(s,wv ® oy, @Z)v)}{ Hs(s,wy ® JU,¢U)} L(l—-sw'®d).
ves vgS
The first factor is equal to
HCUUJU ) 2nv B |2nvs 2)}{va |A|U }
vES veS
Therefore A(s,w) is equal to

{va( |A|v }{Heswv®av,wv }A (1—-s,w'n™t).

vES vgS

The assumptions of Theorem 11.5 are now verified. It remains to verify that of Corol-
lary 11.6. It will be a consequence of the following lemma.

Lemma 12.3. Suppose F' is a global field, K is a Galois extension of F', and p and o are
two representations of the Weil group Wy, p. If for all but a finite number of places v of F
the local representations p, and o, are equivalent then p and o are equivalent.

We set
= H L(s,0y).
p

The product is taken over all non-archimedean places. We first prove the following lemma.

Lemma 12.4. If o is unitary the order of the pole of Lo(s,0) at s = 1 is equal to the
multiplicity with which the trivial representation is contained in o.

There are fields Ey, - - - , E, lying between F' and K, characters xg,,- - , Xg,, and integers
mq,---,m, such that ¢ is equivalent to

D miInd(Wic)r, Wi/5: X,)
i=1
Let §; = 1 if xp, is trivial and 0 otherwise. Since

o) =TT Lo(s. )™
=1

the order of its pole at s = 11is >_._, m; §;. However
IndWg/r, Wk, XE:)

contains the trivial representation if and only if xp, is trivial and then it contains it exactly
once. Thus >"!_ m; d; is also the number of times the trivial representation occurs in o.
Observe that if T" is any finite set of non-archimedean primes the order of the pole of

[1LGs.0)

pegT

at s = 1 is the same as that of Ly(s, o).
The first step of the proof of Lemma 12.3 is to reduce it to the case that both p and ¢ are
unitary. Then p and o certainly have the same degree d. Let p act on X and let o act on Y.
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Under the restriction p to C'x the space X decomposes into the direct sum of invariant one-
dimensional subspaces X, -, X; which transform according to quasi-characters p',- - -, u?
of Ck. If a is a real number let

M(a) = {i | |p'(a)] = |a|* for all o in Ck}

X(a)= ) X
1€M(a)
X (a) is invariant under Wy /p and X = @, X (a). Let p(a) be the restriction of p to X(a).
Replacing p by o and X by Y we can define v',--- v and Y (a) in a similar fashion.

We now claim that if p, is equivalent to o, then p,(a) is equivalent to o,(a) for each a. To
see this we need only verify that any linear transformation from X to Y which commutes with
the action of Wy, /p,, or even of Ck,, takes X (a) to Y (a). Observe that under the restriction
of p, to Ck, the space X; transforms according to the character u and that |u(a)| = |a|®
for all a in Cf, if and only if |u'(a)| = |a|* for all @ in Ck. Thus X (a) and Y (a) can be
defined in terms of p, and o, alone. The assertion follows.

Thus we may as well assume that for some real number «a

()] = V' ()] = |af*
for all 7 and all @ in Cx. Replacing o by o — |a| % o(«) and p by @ — |a|~* p(«) if necessary
we may even assume that a = 0. Then p and o will be equivalent to unitary representations
and we now suppose them to be unitary.

If 7 is irreducible and p ~ 7@ p’ and 0 ~ 7 @ ¢’ then pl is equivalent to o/ whenever p, is
equivalent to o,. Since we can use induction on d it is enough to show that if 7 is irreducible
and unitary and contained in p then it is contained in o. Let p and & be the representations
contragredient to p and o. Certainly (p ® 7), = p, ® 7, is equivalent to (¢ ® 7), for all but
a finite number of v. Moreover p ® 7 contains 7 ® 7 which contains the identity. If 0 @ 7
contains the identity then, as is well-known and easily verified, ¢ contains 7. On the other
hand the orders of the poles of Ly(s,p ® 7) and Lo(s,0 @ 7) at s = 1 are clearly equal so
that, by Lemma 12.4, ¢ ® 7 contains the trivial representations if p ® 7 does.

We return to the proof of Theorem 12.2. It follows from Lemma 12.3 that if the assumptions
of Corollary 11.6 are not satisfied o is equivalent to the direct sum of two one-dimensional
representations associated to quasi-characters p and v of Cr. Then

L(s,w®c) = L(s,wu) L(s,wr).

The two functions on the right are Hecke L-functions. The function on the left is entire for
every choice of w. Taking w = u~! and w = v~ we see that L(s,u 'v) and L(s,v i) have
azero at s = 1. Let u~' v(a) = |a|” x(«) where x is a character. Then

L(s, 17 v) = L(s +7,%)

L(s,v ') = L(s = r,x).
Now neither L(s,x) nor L(s,x ') has a zero in the set Res > 1. Therefore 1 +r < 1 and
1 —r < 1. This is impossible.

We can now apply Corollary 11.6 to assert that there is a constituent 7’ = [, @7 of A,
such that 7/ = m(0,) for v not in S. To prove the theorem we need only show that @) = 7(o,)

and let
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for v in S. Taking the quotient of the two functional equations

Ls,w®o0) = {Hs(s,wv ® 0y, )} L1 — s,w™' @)

and
Lis,wer) = {[[els.ws @), v0)} L(1 — 5,0 @ F),
we find that
H L(s,w, ® o)
e L(s,w, ® )
is equal to
Hé(s,wv@)av,wv) HL(l—s,w;1®5v)
W o aem v (WU To = omem)

We need one more lemma. If v is a non-archimedean place and w, is a quasi-character of

F let m(w,) be the smallest non-negative integer such that w, is trivial on the units of O,

congruent to 1 modulo pI“*).

Lemma 12.5. Suppose S is a finite set of non-archimedean places and vy € S. Suppose that
we are given a quasi-character x,, of F, and for each v # vy in S a non-negative integer
m,. Then there is a quasi-character w of Cp such that wy, = X, and m(w,) = m, if v # vy
belongs to S.

Suppose X, (@) = |aff X, (o) where x/, is a character. If w’ is a character of Cr and
Wy = Xy, While m(w;) > m, for v # v in S we may take w to be the generalized character
a — |a]"w'(a) of Cp. In other words we may assume initially that x,, is a character. Let
A be the group of ideles whose component at places not in S is 1, whose component of a
place v € vy in S is congruent to 1 modulop]**, and whose component at vy is arbitrary.
Certainly F* N A = {1}. We claim that FF*A is closed in I. Indeed if o € I there is a
compact neighbourhood X of @ on which the norm is bounded above by 1/¢ and below by &

where ¢ is a positive constant. If § € F* and v € A then |B7| = |vy|. Moreover
1
Ac={veAle<hl<}

is compact. Since F'* is discrete F'*A, is closed. Since any point has a compact neighbourhood
whose intersection with F'* A is closed the set F'*A is itself closed.

We can certainly find a character of A which equals x., on F} and, for any v # v in S,
is non-trivial on the set of units in O, congruent to 1 modulo p}'*. Extend this character to
F* A by setting it equal to 1 on F'*. The result can be extended to a character of I which is
necessarily 1 on F*. We take w to be this character.

Let 7, ((% o)) = nu(aw). If n(e) = I, mu(w) then 7 is a quasi-character of F*\I.

Since, by construction, n = det o on I3}, the quasi-characters 7 and det o are equal. Therefore
n, = det g, for all v. We know that if m(w,) is sufficiently large,

L(s,w, ® 0,) = L(s,w, @) =1

and
L(l—s5w,'®6,)=L(1—-sw'®7)=1.
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Moreover, by Proposition 3.8
£(8, Wy ® Ty, Yy) = (8, wuw, Pu) (S, wWo, Py).
It is shown in the Appendix of [19] that if m(w,) is sufficiently large
£(s,wy ® 0y, Py) = £(8, wy det oy, Py) £(8, wo, Py).

Applying Lemma 12.5 and the equality preceding it we see that if v is in S and w, is any
quasi-character of F*

L(s,w, ®0,)  [e(s,w, ® 0y, ty) L1 —s,w,'®0)
L(s,wy@m,) le(s,w,@m,) ) L1 =s,wter) [
Recalling that

L(s,w, ®0,) = L(1 —s,w;' ®37,) =1
for v in S we see that
LA —s,wt@m)  e(s,w, ® oy, )
L(s,wy,®7)  e(,w, @7, 1)
The theorem will follow if we show that
L(s,w,®@7)=L(1 —s,w,' @) =1

(12.5.1)

for all choices of w,,.
If not, either 7} is a special representation or there are two quasi-characters u, and v, of
F) such that 7, = 7(py, V). According to (12.5.1) the quotient
L1 —s,w,' @)
L(s,w, ® )
is an entire function of s for every choice of w,. If 7/, = 7(py, v») and m(u;'v,) is positive
LA—sp@m) 1—|m|
L(s,pt @m) 1= o'

which has a pole at s = 1. If m(u,'v,) =0
L= @) _ [ 1= lmal \ [ 1= " valm) [l
L(s,pst@m,) — \1—|w= ) |1 - pvt (@) [a|'=

which has a pole at s = 1 unless yu, v, '(w,) = |w,|. But then it has a pole at s = 2. If 7/ is
the special representation associated to the pair of quasi-characters

a— (@) |alz o= pla)]a] 2
of £ then
L1 = 5,1, @) 1— |a,|*2
L(s,pt @m) 1 —|w,|2

which has a pole at s = %
There is a consequence of the theorem which we want to observe.

Proposition 12.6. Suppose E is a global field and that for every separable extension F' of

E, every Galois extension K of F, and every irreducible two-dimensional representation

o of Wg/r the function L(s,o) is entire and bounded in vertical strips. Then if Fy is the

completion of E at some place, K1 is a Galois extension of Fi, and oy is a two-dimensional

representation of Wi, p,, the representation m(oy) exists.
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We begin with a simple remark. The restriction of o, to Ck, is the direct sum of two
one-dimensional representations corresponding to generalized characters x; and s of Ck,. If
7 belongs to G = &(K;/F}) either x; (T(Oé)) = x1(«) for all @ in Ck or x; (T(a)) = x2(@)
for all @ in Cg. If the representation o; is irreducible there is at least one 7 for which
x1(7()) = x2(a). If x1 # Xa, the fixed field L; of

H= {T ceG ‘ Xl(T(Oé)) = Xl(Oé)}
is a quadratic extension of F. The restriction of oy to W, /1, is the direct sum of two
one-dimensional representations and therefore is trivial on the commutator subgroup Wi, /L
which is the kernel of 7x, /1, /F, . With no loss of generality we may suppose that K; equals
L, and is therefore a quadratic extension of F;. Then oy is equivalent to the representation

Ind(Wx,/r s Wi, /515 X1)-

If oy is reducible 7(0oy) is defined. The preceding remarks show that it is defined if oy is
irreducible and oy () is not a scalar matrix for some « in C,. The proposition will therefore
follow from Theorem 12.2 and the next lemma.

Lemma 12.7. Suppose F is the completion of the field E at some place, K is a Galois
extension of Fy, and oy is an irreducible two-dimensional representation such that o1(a) is a
scalar matrixz for all o in C'k,. Then there is a separable extension F' of E/, a Galois extension
K of F, a place v of K, and isomorphism ¢ of K, with K; which takes F, to Fi, and an
irreducible two-dimensional representation o of Wy p such that o, is equivalent to oy o .

Observe that the existence of o; forces F; to be non-archimedean. We establish a further
sequence of lemmas.

Lemma 12.8. Suppose V' is a finite-dimensional real vector space, G is a finite group of
linear transformations of V', and L is a lattice in V invariant under G. If x is a quasi-
character of L invariant under G there is a quasi-character X' of V' invariant under G and a
positive integer m such that the restrictions of X' and x to mL are equal.

Let V be the dual of V and \7@ its complexification. There is a y in ‘7@ such that
x(x) = ¥ @) for all x in L. If z belongs to V¢ the generalized character z — e?™(®2) is

trivial on L if and only if z belongs to % L is the lattice
{veV|(z,v) € Zforall zinL}.

LetA@ be the group contragredient to GG. We have to establish the existence of an m and a z
in W% such that y — z is fixed by G. If ¢ belongs to G then oy — y = w, belongs to L. Clearly

oWy + Wy = Wer. Set .
e S

T

If m is taken to be [G : 1] this is the required element.

Lemma 12.9. Suppose F' is a global field, K is a Galois extension of it, and v is a place of
K. Suppose also that [K, : F,] = [K : F| and let x, be a quasi-character of Ck, invariant
under G = &(K,/F,) = 8(K/F). There is a closed subgroup A of finite index in Cx which
is invariant under G and contains Ck, and a quasi-character x of A invariant under G whose
restriction to Ck, 1S Y-
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Suppose first that the fields have positive characteristic. We can choose a set of non-
negative integers n,,, w # v, all but a finite number of which are zero, so that the group

B=Ck, x [ Ui
wtv
is invariant under G' and contains no element of K except 1. Here Ug” is the group of units
of Ok,, which are congruent to 1 modulo py* . We extend x, to B by setting it equal to 1 on

IS
wWHv
and then to A = K*B/K* by setting it equal to 1 on K*.

Now let the fields have characteristic 0. Divide places of K different from v into two
sets, S, consisting of the archimedean places, and T', consisting of the non-archimedean ones.
Choose a collection of non-negative integers n,, w € T', all but a finite number of which are
zero, so that

13,=:Cbg X I]:C%% X I]:Uﬁ%.
wesS weT
is invariant under G and contains no roots of unity in K except 1. If w is archimedean let
Uk, be the elements of norm 1 in K, and set

B, =1luvk, x ] U
1 — Ky Kuy:
weS weT

B’/Bj is isomorphic to the product of Ck, and
V=] Cx./Uk.

weS
which is a vector group. The projection L of

M = Bj(B'nK*)/B;
on V is a lattice in V' and the projection is an isomorphism. Define the quasi-character p of
L so that if m in M projects to m; in Ck, and to my in V' then

Xo(ma) p(me) = 1.
 is invariant under GG. Choose a quasi-character p/ of V' and an integer n so that x' and p
are equal on nL. Let v/ be the quasi-character obtained by lifting y, x ' from Ck, x V to B’.
It follows from a theorem of Chevalley ([20] Theorem 1) that we can choose a collection of
non-negative integers {n,, | w € T'} all but a finite number of which are zero so that n,, > n/,
for all w in T, so that
B=Ck, x [[ Cx. x [ Ur"
weS weT

is invariant under GG, and so that every element of BN K* is an nth power of some element
of B'N K*. The restriction v of v/ to B is trivial on BN K*. We take A = K*B/K* and
let x be the quasi-character which is 1 on K* and v on B.

Lemma 12.10. Suppose Fy is a completion of the global field E, K is a finite Galois
extension of Fy with Galois group Gy, and xk, 1S a quasi-character of Ck, invariant under
G1. There is a separable extension F of E, a Galois extension K of F, a place v of K such
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that [K, : F,] = [K : F|, an isomorphism ¢ of K, with K; which takes F, to Fy, and a
quasi-character x of Ck invariant under &(K/F) such that x, = Xk, © ¢-

We may as well suppose that F; = E,,, where w is some place of E. It is known ([8], p. 31)
that there is a polynomial with coefficients in £ such that if 6 is a root of this polynomial
E,(0)/E, is isomorphic to K;/F;. Let L be the splitting field of this polynomial and extend
w to a place of L. The extended place we also call w. Replacing E by the fixed field of
the decomposition group of w if necessary we may suppose that F; = E,,, K; = L, and
Ly, : E,] = [L: E]. Now set x, = Xk, and extend x,, to a quasi-character x’ of A as in the
previous lemma.

Let K be the abelian extension of L associated to the subgroup A. Since A is invariant
under &(L/F) the extension K/FE is Galois. Let v be a place of K dividing the place w of L.
Since A contains Cp,, the fields K, and L,, are equal. Let F' be the fixed field of the image
of (K, /E,) in &(K/E). Let v also denote the restriction of v to F. The fields F, and E,,
are the same. The mapping Nk, : Cx — Cp maps Ck into A. Let x = x’ o Ng/r. Then
x is clearly invariant under &(K/F). Since Ny, restricted to K, is an isomorphism of K,
with L,, which takes F, onto F,, the lemma is proved.

To prove Lemma 12.7 we need only show that if F' is a global field, K is a Galois extension
of F, x is a quasi-character of Cx invariant under &(K/F), v is a place of K such that
K : F] = [K, : F}], and 0y is an irreducible two-dimensional representation of Wy, /p, such
that o,(a) = x,(a)I for all a in Ck, then there is a two-dimensional representation o of
Wk r such that o, is equivalent to o;. The representation o will be irreducible because o is.

Let 0, act on X. Let p, be the right regular representation of Wi, /r, on the space V,, of
functions f on Wk, /r, satisfying

flaw) = xu(a) f(w)
for all o in Ck, and all w in Wk, /p,. If A is a non-zero linear functional on X the map from
x to the function A(o(w)x) is a Wk, /p,-invariant isomorphism of X with a subspace Y of V.
Let V' be the space of all functions f on Wk, satisfying

flaw) = x(@) f(w)
for all @ in Cx and all w in Wg/p. Since [K : F] = [K, : F,| the groups &(K/F) and
&(K,/F,) are equal. Therefore

Wkrp = Cx Wk, /F,.

Moreover Ck, = Cg N Wk, r,. Thus the restriction of functions in V' to Wk, /r, is an
isomorphism of V' with V,. For simplicity we identify the two spaces. Let p be the right
regular representation of Wy, on V. If a belongs to Cx then

flwa) = x(waw™) f(w) = x(a) f(w)
because y is & (K /F) invariant. Therefore p(a) = x(«) I and a subspace V is invariant under
Wk if and only if it is invariant under W, ,r,. If we take for o the restriction of p to Y’
then o, will be equivalent to o;.
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CHAPTER 4

Quaternion Algebras

§13. Zeta-functions for M (2, F).

In this paragraph F' is again a local field and A = M (2, F') is the algebra of 2 x 2 matrices
with entries from F. The multiplicative group A* of A is just Gp = GL(2, F). If g is in Gp
we set

|91 = aalg) = | det gl
Let m be an admissible representation of 3z on the space V. Let the contragredient
representation 7 act on on V. If v belongs to V and © to V' the function

(m(g)v,9) = (v, 7(g7")D)
is characterized by the relation

/ (n(gh),v,5) f(h) dh = (x(g) =(f)v, )

for all f in Hp. N
If ® belongs to the Schwartz space S(A) and v belongs to V and o to V' we set

2, ®,0,7) = /G B(g) (n(g)v.7) d"g

and
27.0.0.0) = [ (o) (0.7 (0)) g
Gp
The choice of Haar measure is not important provided that it is the same for both integrals.
If w is a quasi-character of F'*

Z(w e, ®,v,0) :/G B(g) w(det g)(x(g)v, ) d*g

The purpose of this paragraph is to prove the following theorem.

Theorem 13.1. Let 7 be an wrreducible admissible representation of Hp and T its contra-
gredient. Let m act on'V and 7@ on V.
(i) For everyv in'V, ¥ in V, and ® in S(A) the integrals defining Z(a5 @ m, ®,v,0) and
Z(ag, @, ®,0,0) converge absolutely for Re s sufficiently large.
(i1) Both functions can be analytically continued to functions which are meromorphic in the
whole plane and bounded at infinity in vertical strips of finite width.
(111) If
sil
Z(a5? @, ®,v,7) = L(s, 7) (s, ®, v, D)
and

1 ~
Z(a5 ? @7, ®,v,7) = L(s, 7) E(s, ®, v, D)

207
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then Z(s, ®,v,0) and E(S, ® v, 0) are entire.
(iv) There exist ¢, v1,--- , v, and 01, -+ , 0, such that Y . E(s, @, v;,0;) is of the form a e’
with a # 0.
(v) If @ is the Fourier transform of ® with respect to the character ¥ a(x) = Vp(trz) then
g(l — 5,9 0,0) =e(s,m,Yr), Z(s, P, v, 0).

We suppose first that F' is non-archimedean and 7 is absolutely cuspidal. Then we may
take 7 in the Kirillov form so that V is just S(F*). Since an additive character ¢¥p = 1 is
given we will of course want to take the Kirillov model with respect to it. The next lemma is,
in the case under consideration, the key to the theorem.

Lemma 13.1.1. If ¢ belongs to S(F*), v belongs to V., and © belongs to V set

®(g) = p(det g){v, 7(g)0) | det g|"
if g belongs to G and set ®(g) = 0 if g in A is singular. Then ® belongs to S(A) and its
Fourier transform is given by

¥'(g) = ¢(det g)(m(g)v. D) | det g|5' ™" (det g)
if g belongs to Gr and
®'(g) =0
if g is singular. Here n is the quasi-character of F* defined by

(5 2) o
() -

This lemma is more easily appreciated if it is compared with the next one which is simpler
but which we do not really need.

and

Lemma 13.1.2. Let Sy(A) be the space of all ® in S(A) that vanish on the singular elements

and satisfy
1
Jo (oo 1)) ae-o

for g1 and gy in Gp. If ® is in So(A) so is its Fourier transform.

Since Sp(A) is stable under left and right translations by the elements of G it is enough

to show that
ffa O0\) _
v((5 v) =0
1 =z
@’ dr =0
Lo (1)

To verify these relations we just calculate the left sides!

¢ ((55)) = [ (o5 )

for ¢ in F' and that
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The right side is a positive multiple of

/GF (9) ¥a (g (3 8)) | det g2 d*g
[ oalols D)) et [a(s(0 7)) b

This is 0 because the inner integral vanishes identically.

Jo (1))
/{/‘p ((3 ?)) Yr(a+6+97) dadfdyds } do

which, by the Fourier inversion formula, is equal to

/cp ((g‘ g)) V(o + 8) dods d
/\a]wF(aer){@ ((‘8‘ g) (é f)) 4} dads
and this is 0.

We return to the proof of Lemma 13.1.1 for absolutely cuspidal . Since (v, 7(g)0) has
compact support on Gy modulo Zr the function ®(g) belongs to S(A). Moreover

Jor (oo 7)) e

o(det gh) | det gh|=! / (ﬁ(gl)v,%(((l) "”f)) F#(h) v) da.

Since 7 is absolutely cuspidal this integral is 0. Thus ® belongs to Sy(A) and, in particular,
®’ vanishes at the singular elements.
Suppose we can show that for all choice of ¢, v, and v

(13.1.3) P'(e) = ¢'(1) (v, D).
If h belongs to Gr set ®1(g) = ®(h~tg). If a = det h, p1(z) = |a| p(a™'z), and v; = 7(h) v,
®1(g) = ¢1(det g){v1, 7(9)v) | det g7

which equals

is equal to

which equals

is equal to

Then @/ (e) is equal to
i (€) (v1,v).

Py = m(w) ¢ = la| m(w) © <(a01 (1))) ¥
(5 (6 ) o

On the other hand

which equals
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Thus ®'(h), which equals ®)(e) | det h| 72, is
¢ (det h){m(h) v, 0) n ' (det h) |det h|*.
The formula (13.1.3) will be a consequence of the next lemma.

Lemma 13.1.4. Let de be the normalized Haar measure on the group U = Up. If v is a
character of U set

o) = [ vie)wien) de

if x 1s in F'. Let dx be the Haar measure on F' which is self-dual with respect to v. Then
/ n(v, zw"™) Y (azx)dx =0
F

unless |a| = |@w|™ but if a = (w" with ¢ in U

[ ntvw) (o) do = (=) | e
F
if ¢ is the measure of U with respect to dzx.

The general case results from the case n = 0 by a change of variable; so we suppose n = 0.
In this case the formulae amount to a statement of the Fourier inversion formula for the
function which is 0 outside of U and equal to ¢ 'v(e) on U.
Suppose we could show that there is a positive constant d which does not depend on =
such that for all ¢, v, and ©
() = dy'(e) (v, D).
Then we would have

®'(g) = di'(det g) (m(g)v, 0)| det g| "'~ (det g).
Exchanging 7 and 7 and recalling that 7 = n~! @ 7 we see that ®”, the Fourier transform of
d’ is given by

®"(g) = d*¢"(det g) (v, 7(g)D) | det g| 5" n(det g),
where ¢ = T(w)py if p1(a) = ¢'(a) 7 (a). According to the remarks preceding the statement
of Theorem 2.18, ¢” is the product of m(w) ¢’ = n(—1) » and n~!(det g). Thus

() = n(—1) d*p(det g) (v, 7(g)0) | det g "
Since ®” = ®(—g) = n(—1) ®(g) the numbers d* and d are both equal to 1. The upshot is
that in the proof of the formula (13.1.3) we may ignore all positive constants and in particular
do not need to worry about the normalization of Haar measures.

Moreover it is enough to prove the formula for ¢, v, v in a basis of the spaces in which
they are constrained to lie. Oddly enough the spaces are all the same and equal to S(F*).
Assume @1 = v, 3 = 0, and ¢ are supported respectively by w™ U, @™ U, and @w"U and
that, for all € in U, p1(w™e) = vy (€), pa(w™e) = vy ' (e) and ¢(w"e) = v~!(e). All three
of v, v; and vy are characters of U.

The formal Mellin transforms of these three functions are @, (u, t) = §(uv; )t™, Pa(p,t) =
§(pvy )2 and P(u,t) = 06(ur~")t". Recall that, for example,

P(p,t) = Zt” /U o(w"e) p(e) de.
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The scalar product {1, ps) is equal to

/Lpl(a) pa(—a)d*a = §(1y1va) 6(ny — ng) va(—1).
If n(ew™) = vy(e) 2§ then

P'(nt) = Clu,t) Plp g 't )
which equals

d(vuvy) Z Con(v g D™ 2™,

Consequently
P1)=Culvly ) 5"
Thus the formula to be proved reads
d'(e) = Cp(v g h) 25" va(—1) (111) 6(ny — ).

Almost all g in A can be written in the form

=06 66

with a and b in F'* and x and y in F'. The additive Haar measure dg on A may be written as
dg = |det g|% d*g = |b*| d*bdz|a|d*a dy

and for any ¢ of this form
Yalg) = vr(b(z —y))
while ®(g) is equal to

B D [ e ()

Let f; and f5 be the two functions which appear in the scalar product. Their formal
Mellin transforms can be calculated by the methods of the second paragraph,

Filpt) = vo(=1) Cu, ) (p v oyt ™) g Q) 257 T
if a = (w" and )
o t) = n(uvy ', w™y) ¢,
The scalar product of f; and fs is equal to

[ h@ a-apaa

which, by the Plancherel theorem for F'*, is equal to
2m

S ul=0g= [ i) falo e o
o

A typical integral is equal to the product of vo(—1) p=tvy '(¢)z, "™ and
2
C(/J, 61’9) efi(r+n1+n2)0 n(luflyoflyfl’ w”lx) n(,uflyzfl’ any) do
0

which equals

1 1

27, s (1) (™ 05 07 ) (i v, 7).
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Also if a = (w"

N (0) [Pal T p(b%a) = o(b*@") v () 7 (B) 6% al T

If we put all this information together we get a rather complicated formula for ®(g) which
we have to use to compute ®’(e). The function ®’(e) is expressed as an integral with respect
to a, b, x, and y. We will not try to write down the integrand. The integral with respect
to a is an integration over ( followed by a sum over r. The integrand is a sum over u. The
integration over ( annihilates all but one term, that for which prvyy = 1. We can now attempt
to write down the resulting integrand, which has to be integrated over b, x, and y, and
summed over r. It is the product of

n 0) [ v(=1) 20" p(0P@") Crinytns (v 157)
and
n(vvrt @) n(vwry ' @"y) dr bz — y)).

The second expression can be integrated with respect to z and y. Lemma 13.1.4 shows
that the result is 0 unless |b| = |@|™ = |w|™. In particular ®'(e) = 0 if ny # ny. If ny = ny
the integration over b need only be taken over @™ U. Then the summation over r disappears
and only the term for which » + 2n; = n remains. Apart from positive constants which
depend only on the choices of Haar measure ®’(e) is equal to

2y "1 (—1) C’n(v_luo_l)/ vy vy He) de.
U
Since
/ vitvyt(e) de = §(v)
U

the proof of Lemma 13.1.1 is complete.
Since L(s,m) = L(s,7) = 1 if 7 is absolutely cuspidal the first three assertions of the
theorem are, for such m, consequences of the next lemma.

Lemma 13.1.5. Suppose ® belongs to S(A), v belongs to V, and v belongs to V. If m s
absolutely cuspidal the integral

/ B(g)(n(g)v, D) | det g[** d g

15 absolutely convergent for Re s sufficiently large and the functions it defines can be analytically
continued to an entire function.

Suppose the integral is convergent for some s. If ¢ is an elementary idempotent such that
7(€)v = v the integral is not changed if ® is replaced by

B1(g) = / (gh™") (k) dh.
GL(2,0r)

Since 7 is absolutely cuspidal it does not contain the trivial representation of GL(2, Or) and
we can choose £ to be orthogonal to the constant functions on GL(2, Or). Then ®,(0) = 0.
Thus, when proving the second assertion of the lemma we can suppose that ®(0) = 0.
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The support of (w(g)v, D) is contained in a set ZpC with C' compact. Moreover there is
an open subgroup K’ of GL(2, O) such that the functions ®(g) and (7(g)v, ) are invariant
under right translations by the elements of K'. If

p
CC U 9K’
i=1
the integral is equal to

p
7 S 1 0 s %
Z(W(Qi)v,vﬂdetgﬂ +2/F 10} ((g CL) gi) 77(@) |a|2 +1 4 a,
i=1 X

if each of the integrals in this sum converges. They are easily seen to converge if Res is
sufficiently large and if ®(0) = 0 they converge for all s. The lemma is proved.
Now we verify a special case of the fifth assertion.

Lemma 13.1.6. Suppose ¢ is in S(F*) and
®(g) = p(det g)(v, T(g)0) | det g|7".
Then for all w in V' and all u in 1%
2(1— s, ® u, @) =e(s,m ) E(s, ®, u, @).
The expression =(s, ®,u, @) is the integral over G of
| det g2 p(det g) (m(g)u, @) (v, 7(g)D).
The integral
| tnlahyua) o, Fgh)o) dn
SL(2,F)

depends only on det g. Set it equal to F/(det g). Then =(s, ®,u, @) is equal to

/FX () Fla) |a]*~* da.

By Lemma 13.1.1
¥'(g) = ¢(det g) | det g| ™ 0~ (det g) (m(g)v, 7)
so that =(s, ®’, u, ) is equal to

| d@F@la @ ia

Fla) [ (R (r(gh)o,o) dh
SL(2,F)
whenever a = det g. Since the integrand is not changed when g is replaced by

(b 3o

we have F(b*a) = F(a) and~f(a) = F(a™'). The same relations are valid for F. Also
F(a) = F(a™') so that ' = F.



214 4. QUATERNION ALGEBRAS
We remind ourselves that we are now trying to show that
| @ F@n @l
is equal to '
e(s, mp)/ o(a) F(a) |al*"2 d*a.
If U’ is an open subgroup of Up Sucixthat

(9
(9

for & in U’ then F and F are constant on cosets of (F*)2U’ which is of finite index in F*.
Write

and

F(a) = Z cixi(a)

where x; are characters of F*/(F*)2U’. We may assume that all ¢; are different from 0.
Then

p

F(a™') = Z cixila™).
i=1
The factor e(s, ™ ® x;, 1) was defined so that

/ (@) xi ' n (@) a2~ d"a
would be equal to i
e(s,x;: @, 1) /X o(a) xi(a) |&|S,% I a
All we need do is show that 7 and y; ® Wgre equivalent, so that

8(87 Xi & T, 1/}) = 5(87 T, 1/})
A character x is one of the x; if and only if y is trivial on (F*)? and

/ F(a) x(a)d*a # 0.
FX/(FX)2
This integral is equal to

x(9){m(g)u,u) (v, 7(g)0) dg

Gp /ZF
which equals

/G p (x @ m(g)u, @) (v, 7(g)v) dg.

The integral does not change if 7 is replaced by w ® . Thus the Schur orthogonality relations
imply that it is non-zero only if 7 and y ® 7 are equivalent.



§13. ZETA-FUNCTIONS FOR M (2, F). 215

If ® belongs to Sy(A) the functions ®(g) | det g|**2 belongs to Hp and we can form the
operator

7(5,%) = [ 0(g)|det gl nlg) g
Gp
If ® has the form of the previous lemma the functional equation may be written as
T —s,9) =c(s,m ) T(s, ).

Lemma 13.1.7. Given a non-zero w in V', the set of all w in V' such that for some ® of the
form

®(g) = p(det g) (v, 7(g)7) | det g| "
the vector T'(s, ®)w is of the form e®u is a set that spans V.

If the function ® is of this form so is the function ®'(g) = ®(hg) and
T(s,®)w = |det h|~Ct2)r (b)) T(s, @) w

Since 7 is irreducible we need only show that there is at least one non-zero vector in the set
under consideration. Moreover there is an 7 such that o ® 7 is unitary and we may as well
suppose that 7 itself is unitary. Let (u,v) be a positive invariant form on V.

Choose v = w and © so that (u,?) = (u,w) for all u. Let ¢ be the characteristic function
of Ur. Then

®(g) = (w, m(g)w)
if | det g| = 1 and is 0 otherwise. If

H={gcGp||detg] =1}
then
T(s,P)w = /H (w,m(g)w) 7(g)wd”g

is independent of s and is non-zero because

(T(s,@)w,w) = /I{’(W(g)w,w)‘Qng.

The fourth assertion follows immediately and the fifth will now be a consequence of the
following lemma.

Lemma 13.1.8. Suppose ® belongs to S(A) and U belongs to Sy(A). There is a vertical
strip in which the integrals

/ / B(g) V'(h) (x(g)v, 7(h)5) | det g|**F | det A3~ &g &
and
/ / ¥ (g) U(R) (r (g)o, F(h)7) | det g 3~ | det B d* g d*h
exist and are equal.

A little juggling shows that there is no harm in supposing that the quasi-character n

defined by
(6 2)) e
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is a character. Fix v and v. Let C' be a compact subset of G which contains the support of
U and VU'. The set
{7(h)v | h e C}

is finite. Thus there is a compact set in G such that for any A in C' the function
g = (w(g)v,7(h)0)

has its support in Zp C’. Moreover these functions are uniformly bounded. The first integral
is therefore absolutely convergent for Re s > —%. The second is convergent for Re s < %
If —% < Res < % the first integral is equal to

/\If’(h)|det h|3—8{/¢(g)<w<g)v,%(h)@> |detg|s+%dxg} d*h.

Replacing g by hg we obtain

/\If’(h)|det h|2{/(I>(hg)<7r(g)v,f)> |detg|5+%dxg} d*h.

If we take the additive Haar measure to be dh = | det h|? d*h this may be written as

/<w<g)v,ﬁ> [det gl /cp(hg) W (h)dhy d*y

The second integral is

/\If(h) | det h]3+5{/<1>’(g)<7r1(g)v,%1(h)17) [det gl g} d*h.

After a change of variables this becomes

[ g o) lderglt{ [ gy vin)an}arg

Replacing g by ¢g~! we obtain

/<7T(9)v,?7> !detg\8+5{\detg|2/<I>’(glh)\ll(h) dh} d*g
Since
/@(hg) U'(h) dh
is equal to
|detg|_2/®’(g_1h)\ll(h) dh

the lemma follows.

The theorem is now proved when 7 is absolutely cuspidal. Suppose that it is a constituent
of 7 = p(p1, o). In this case the field may be archimedean. Although 7 is not necessarily
irreducible it is admissible and its matrix coefficients are defined. The contragredient
representation 7 is p(u; ', i ') and the space of 7' is B(ul, p12) while that of 7 is B(u; ', pyt).
If f belongs to B(uy, piz) and f belongs to B(uy?, u5') then

0f ) = /fkg
f) = /K F(k) (kg) di

and
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if K is the standard maximal compact subgroup of G.
If we set

L(Sv T) = L(S’ :ul) L($> MQ)
L(s,7) = L(s, 1 ") L(s, 13 ")
and
6(37 T, 7/)) = 5(87 M1, ¢) E(Sa H2, r(/))
the theorem may be formulated for the representation 7. We prove it first for 7 and then for
the irreducible constituents of .

We use a method of R. Godement. If ® belongs to S(A) then for brevity the function
x — ®(grh) which also belongs to S(A) will be denoted by hdg. Also let

= [o((3 7))o

where dx is the measure which is self dual with respect to ¢). The function p¢ belongs
to S(F?). The map ® — g of S(A) into S(F?) is certainly continuous.
We are now going to define a kernel Kg¢(h,g,s) on K x K. We set

K¢(67 €, 8) = Z(:ulast M?Q‘SFa QOQ)
Recall that the right-hand side is

// wo (a1, az) pi(ar)|ar|® polaz) [az|® d*ar d*as.

In general
Ko(h,g,s) = Kyon-1(e, €, 5).
We also set B
Kfl)(ev ¢, S) = Z(:ul_lafﬁ :U’Q_IO&W 90‘19)
and

[?q)(h,g, s) = [?gq)h_l(e, e,s).
The kernels are defined for Re s sufficiently large and are continuous in h, g, and s and, for

fixed h and g, holomorphic in s.
We now make some formal computations which will be justified by the result. The

1 N
expression Z (04?2 @7, P, f, f)is equal to

/GF 2(9)]{ /K f(kg) F(k) i} | det gI**4 d*g
which is
/K f(k){ / ®(g) f(kg) | det g|5+% dxg} dk.

Gr
Changing variables in the inner integral we obtain

/K 7] / D(k7'g) f(g) | det h**H d*g

Gp
Using the Iwasawa decomposition to evaluate the integral over G we see that this is equal to

K.:p(k?l, kg, 8) f(k?g) f(kl) dk’l dk’g

KxK
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Since we could have put in absolute values and obtained a similar result all the integrals are
convergent and equal for Re s sufficiently large. A similar computation shows that

s—&-l ~ ~
Z<aF 2 ®T7(I)7f7f>
is equal to
Kok, ka, s) f(ky) f (ko) diy dks

KxK
if Re s is large enough.

L 1
If € is an elementary idempotent such that 7(§)f = f and 7(£)f = f then Z(o[;r2 ®
7,®, f, f) is not changed if ® is replaced by

&.(g) = / / B(kaghy ") (k) € (ka) dy by

Thus, at least when proving the second and third assertions, we may suppose that ® is
K-finite on both sides and, in fact, transforms according to a fixed finite set of irreducible
representations of K. Then, as s varies, the functions

KCD(kly k?) 5)

stay in some fixed finite-dimensional space U of continuous functions on K x K. The map

F— // Fky, ko) f (k) f(ky) dky dky

is a linear form on this space and we can find g{,--- , g, and hy,--- ,h, in K such that it
can be represented in the form

i=1
Thus X
Z(ay? @7 @, f,f) = > X Kolgi, hi, 5).
Thus to prove the second and third assertions we need only show that for each g and h in

K the function
K@(ga ha 8)

L(s,7)
is entire and K¢ (g, h, s) itself is bounded at infinity in vertical strips. There is certainly no
harm in supposing that ¢ = h = e so that
K@(e, €, S) = Z(ﬂllaiﬁ MQO‘SFv 90<I>)
Thus the desired facts are consequences of the results obtained in paragraphs 3, 5, and 6 when
proving the local functional equation for constituents of 7. Replacing 7 by its contragredient

1 -
representation we obtain the same results for 7 (asF+2 T, P, f, f).

To prove the functional equation we have to see what happens to the Fourier transform
when we pass from the function ® to to ®;. The answer is simple:

(I)ll (9) = // (I)/(klgkgl) §(k1) E(k2) dky dks.
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Thus in proving the functional equation we may suppose that ® is K-finite on both sides.
We may also suppose that if F'(k,ke) isin U so is F'(ki, ks) = F(ka, k1). Then Z(Oz?L§ ®
7,9 f, f)=>. A\ Ko(hi, gi, s). To prove the functional equation we have to show that

l?qy(h, g,1—5) Ke(g,h,s)
L(1—s,7) L(s, 1)
for any h and ¢ in K. Since the Fourier transform of ¢®h~! is h®'g it will be enough to do

this for h = g = e. Then the equality reduces to

Z(Nfla};sal}’;la};sﬂp@’) _ 8(8 e ¢) Z(MlasF7u2aSF790<I>>

L(1—s,7) L(s,T)

and is a result of the facts proved in the first chapter and the next lemma.

=e(s,7,7)

Lemma 13.2.1. The Fourier transform of the function pg is the function pg:.

The value of & at
a f8
v 0

/cp ((‘z g)) b(az + Bz + vy + 0t) dx dy dz di
if dz, dy, dz, and dt are self-dual with respect to 1. Thus e (@, d) is equal to

/ { / P (( i’)) U(or + 6) (82) de dydz di B

Applying the Fourier inversion formula to the pair of variables § and z we see that this is

equal to
/ ® ((é” f{)) Plax + 0t) do dy dt

which is the value of the Fourier transform of pg at («,d).

The theorem, with the exception of the fourth assertion, is now proved for the representa-
tion 7. We will now deduce it, with the exception of the fourth assertion, for the constituents
of 7. We will return to the fourth assertion later.

If 7 is a constituent of 7 either m = 7(uy, u2) or @ = o(uy, o). In the first case there
is nothing left to prove. In the second only the third assertion remains in doubt. If F' is
the complex field, it is alright because we can always find another pair of quasi-characters
wy and ph such that 7 = w(p), uy). We ignore this case and suppose that F' is real or
non-archimedean.

First take F' to be non-archimedean. We may suppose that p; and ps are the form

1 _1

p1 = xaj and ps = yap?. The one-dimensional representation g — x(det g) is contained in
7 =p(u;t, py ") and acts on the function g — y(det g). The matrix elements for 7 are the
functions

g = (1(9)f.[) = (x(9)]. ])
where f belongs to B(uy!, py ') and

/ f(k) x(det k) dk = 0.
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For such an f there is an elementary idempotent £ such that 7(§)f = f while

/ ¢(k)dk =0
K
The value of Z(o[;r% @, ®, f, f) is not changed if we replace ® by
Bilg) = [ Blgh)E(h)an
K
Lemma 13.2.2. If g, and gs belong to G then

46 o) -0

It will be enough to prove this when g; is the identity. Let

- (1)

If g1 is the identity then, after a change of variables, the integral becomes

| det go| // o(z,y) d dy

so that we can also assume g, is the identity. Then the integral equals

Lo (6 8)x) aea}eaan

Changing variables as before we see that the inner integral does not depend on K. Since

/ 5(1(1) dk =0
K
the lemma follows.

To establish the third assertion for the representation 7 all we need do is show that for

any g and h in K the function
Kq) (ga hu S)

L(s,n)

J[(0 o) -

for all g; and go in Gr. As usual we need only consider the case that ¢ = h = e. Since

/g0q>(:v,0) dex =0

is entire provided

and
K@(ea €, 8) = Z(Nla%v ,u20[}977 30'1>)
we need only refer to Corollary 3.7.

If F'is the field of real numbers the proof is going to be basically the same but a little more
complicated. We may assume that ;' (z) = |2[**1"™(sgnz)™, where p is a non-negative
integer and m is 0 or 1, and that 7 acts on Bg(u1, pe). The restriction of © to SO(2,R)
contains only those representations k,, for whichn =1—m (mod 2) and |n| > 2p+ 1 —m.
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Let &, be the elementary idempotent corresponding to the representation k,,. As before we
may suppose that

(13.2.3) g/‘ O(xk™) & (k) dk =0
SO(2,R)

if k,, does not occur in the restriction of 7 to SO(2,R).

Lemma 13.2.4. If ® satisfies (13.2.3), if g1 and g2 belong to Gp, and ¢ = @4 a4, then

Y
/x’—. (z,0)dr =0
r Oy

if1>20,7=20andi+j=2p—m.

We may assume that g, = e. If o = pg let
J

L(@):/Iinaa—g/j (z,0) dz

and let

F(g) = L(g®).
We have to show that, under the hypothesis of the lemma, F'(g) = 0 for all g. However F
is defined for all ® in S(A) and if ® is replaced by h® the function F is replaced by F(gh).
Thus to establish the identity

F((ai Z)g) = m(a1) n2(az) F(g),

0 a9

where 11(a;) = a7 |ar|~" and ny(as) = @ |as| ™", we need only establish it for g = e.

Let
(a1 Z
(2.
e T U —$ ary xz -+ au '
0 vy 0 azy

If o = po and @1 = pe then ¢(x,y), which is given by
/(ID ((alx xz+a2u)> du,
O asy
W“/Q«?U%»WFWﬂW%Wm)

Moreover F'(h) is equal to
9
/x’ L (2,0)dz

oy’

Then

is equal to

which equals
. . e
—1 -1 7 -1 7
aj’lay| " @b |as| /x e (x,0)dx
as required.
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Finally if

and ¢ = @, then F(g) is equal to

and

B axr +yu Bx+du
sa(:v,y)—/@« - " )) du.

Since we can interchange the orders of differentiation and integration,

j
8 SO Z Ay 07" / on(ax + yu, fx 4 du) du

On(T,y) = % ((g g))

and the numbers ), are constants. Thus F'(g) is a linear combination of the functions
AT // 2" o (ax + yu, fr + 6u) dx du.
If a # 0 we may substitute z — 5 for = to obtain

ngj—n r—"7u &
Ao //—2 <pn<ozm,ﬁx+ 5 )dacdu

where A = det g. Substituting u — a—ﬁat for u we obtain

n5j n// x—l——x—%) gpn<ax,%> dx du.

After one more change of variables this becomes
ATHAT A //(5x —yu) oz, u) dr du.
In conclusion F(g) is a function of the form

P ((‘;‘ ?)) — A |A"Y P(a, 8,7, )

where P is a polynomial.
Thus the right translates of F' by the elements of G span a finite-dimensional space. In
1 1

where

particular it is O(2,R) finite and if 7, = pjaZ while 7y = phay? it lies in a finite-dimensional
invariant subspace of B(u/, ). Thus it lies in Bp (s, ih). Since phph,™" = pi'ps no
representation of SO(2,R) occurring in (], ph) can occur in m = o(uq, po). If F' is not zero

then for at least one such representation x,

Fig) = / Flgh™) &a(h) dh
SO(2,R)
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is not identically 0. But F} is the result of replacing ® by
By (2) = / (k") &, (k) di
SO(2,R)

in the definition of F. In particular if ¢ satisfies the conditions of the lemma both ®; and F;
are zero. Therefore F' is also zero and the lemma is proved.

The third assertion can now be verified as in the non-archimedean case by appealing to
Lemma 5.17. The fourth has still to be proved in general.

If F is the real field let S;1(A) be the space of functions of the form

o ((‘CL Z)) = exp (— m(a® + b* + ¢ + d*)) P(a, b, c,d)

where P is a polynomial. If F' is the complex field S;(A) will be the space of functions of the
form

v ((i Z)) = exp (— 7(ad + bb + cc+ dd)) P(a,a,b,b,¢,¢,d,d)

where P is again a polynomial. If F' is non-archimedean &;(A) will just be S(A). The space
S1(F?) is defined in a similar manner.

Lemma 13.2.5. Suppose ¢ belongs to S;(F?). Then there is a ® in S;(A) such that
Ka(e,e,s) = Z(in o, pap, ¢)
and fi, -, fn in By, p2) together with fi,--- , fn in B(urt, ug') such that

n

Ko(h,g.s) fi(g) fi(h) dgdh = Kg(e,e,s).

Since there is a ¢ in 8;(F?) such that
Z(:U’la%v /’LQO(;H ()0) = a’ebs L(87 T)

this lemma will imply the fourth assertion for the representation 7.
Given ¢ the existence of ® such that ¢ = pg and therefore

Ko(e,e,s) = Z(mag, ooy, po)

is a triviality and we worry only about the existence of fi,---, f, and fl, RN
It is easily seen that if
a, T
( 0 ag)

b1 y
0 by
% ar @, by y
[ 0 sy 3 0 bg g,S

pi(ar) poaz) py ' (by) iy (b2) Ko (h, g).

and

belong to K then

is equal to

Also
K‘b(hhh 991, S) = Kg1<I>h1_1 (h’7 9, S)'
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Since ® belongs to S;(A) it is K-finite on the left and right. Thus there is a finite set S of
irreducible representations of K such that if U; is the space of functions F' on K which satisfy

F ((al x) h) = p(ar) pz(az) F(h)

0 (05}
a, T
0 (05}
in K and can be written as a linear combination of matrix elements of representations in S
and Us is the space of functions F’ on K which satisfy

F((5 ) r) = e st £

for all

a2

and can be written as a linear combination of matrix elements of representations in S then,
for every s, the function
(h7 g) — be(h7 9, S)
belongs to the finite-dimensional space U spanned by functions of the form (h, g) — F(h) F'(g)
with F in U; and F’ in Us.
Choose Fi,--- , F, and F},--- , F! so that for every function F' in U

Plee) =Y\ [ Flhig) Fi(h) Flg) dhdy
i=1 KxK
Since F; is the restriction to K of an element of B(u;*, 5 ') while F/ is the restriction to K
of an element of B(uq, p2) the lemma follows.
Unfortunately this lemma does not prove the fourth assertion in all cases. Moreover there
is a supplementary condition to be verified.

Lemma 13.2.6. Suppose F' is non-archimedean and 7 is of the form m = w(uq, ua) with py
and po unramified. Suppose ® is the characteristic function of M (2,0r) in M(2,F). Ifv
and ¥ are invariant under K = GL(2,OF) and if

/dxgzl
K

1
Z(a;r2 R, ® v,0) = L(s,7) (v,0).

then

Suppose f belongs to B(ju1, p12) and is identically 1 on K while f belongs to B(uy?, pu3")
and is identically 1 on K. Then

) = [ ) Fy k=
and if 7 = p(uq, pe) we are trying to show that
Z(a 7 @1, ®, f, ) = L(s, 7).
The left side is equal to
Ka(h,g,5) f(h) f(g) dhdg.

KxK
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Since ® is invariant on both sides under K this is equal to

K@(B, e, S) = Z(,Ulaiﬁ ﬂ'Qast QD)

o= [3((; )

Since we have so normalized the Haar measure on G that

[ o= [ (5 2) (5 1)8) emvaia

where dk is the normalized measure on K, dz is the measure on F' which assigns the measure
1 to Op, and d*a is the measure on F'* which assigns the measure 1 to Up, the function ¢ is
the characteristic function of Op x Op and

Z(ula;a /LQOC;U 90) - L(87 ,U/I) L(S7 M2)

if

as required.
This lemma incidentally proves the fourth assertion for the one-dimensional representation
g — x(det g) if x is unramified. If x is ramified and 7 corresponds to x then 7 = 7(u1, o)

if 11(a) = x(a)|alz and ps(a) = y(a)|a|"2. Thus L(s, ) = 1. If ® is the restriction of the
function x ! to K then

Z(m, ®,v,0) = (v,@)/ d*g
K
and the fourth assertion is verified in this case.

Take 111 and po of this form with y possibly unramified and suppose that © = o (1, p2).
Suppose first that x is unramified. Let ¢y be the characteristic function of O in F' and let

p1(z) = po(@) — @™ o(w™x).
It has Op for support. Set

() B CEC P!

It has M(2,0p) for support and depends only on the residues of a, b, ¢, and d modulopp. If
K'={keK|k=e (modp)}
then Kg(h,g,s) depends only on the cosets of h and g modulo K. Also

1 =z
Ks <e,w(0 1),8) =0

if z is in Op. To see this we observe first that if

ein=e(oe(} )
o2 ) o

wo(az) olas) /O ©1(y) wolar — xy) dy.

then e, (a1, as) is equal to

which equals
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Since z is in O the function ¢o(a; — zy) equals go(ay) for y in Op and this expression is 0

because
/ ¢1(y) dy = 0.
O

We choose f in Bg(u, o) so that f(gk) = f(g) if k belongs to Ky, f(e) =1, and

o0 2 ({0 )

CCEOF/p
We choose f in B (1, p2) so that f(gk) = f(g) if k belongs to K, f(e) = 1, and

(1)

KxK

if x belongs to Op. Then

is equal to
/ K@(@,Q,S) f(g) d.g = Kq)(ev 67‘9)
K

which equals
Z(n o, p20p, Pa)-
Moreover
po(ar, az) = p1(a) po(as)
so that, as we saw when proving Corollary 3.7, L(s, ) is a constant times Z(u;a%, p20%, @o).
If x is ramified L(s,7) = 1. If ® has support in K then Z(ocifl/2 ®m, ®,v,0) is equal to

/K B (k) (e (k). B) dk

and we can certainly choose v, v and ® so that this is not 0.

We are not yet finished. We have yet to take care of the representations not covered by
Lemma 13.2.5 when the field is archimedean. If F'is the complex field we have only the
finite-dimensional representations to consider. There is a pair of characters p; and py such
that 7 is realized on the subspace B (1, p2) of B(p1, p12). There will be positive integers p
and ¢ such that pipu; ' (2) = 27?277 The representations o = p|,_p of SU(2,C) which is of
degree |¢ — p| + 1 is contained in the restriction of = to SU(2,C). In particular B (1, o)
contains all functions f in B(uy, pe) whose restrictions to SU(2, C) satisfy

(% 0) k) = et 100

az

and transform on the right according to o.
We are going to use an argument like that used to prove Lemma 13.2.5. Suppose we can
find a function ® in S;(A) such that

Z(Mla;’a M2045F7 90<1>)

differs from L(s, ) by an exponential factor and such that ® transforms on the right under
SU(2,C) according to the representation . Then Kg(h, g, s) will satisfy the same conditions
as in Lemma 13.2.5. Moreover the functions F” in the space we called U; can be supposed to
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transform on the right under SU (2, C) according to o, so that the functions £} will correspond
to functions f; in By(puq, p2). Then

Ko(h,g,s) Fi(h) filg) dhdg = Z(a}y* @ 7,0, f;, )

KxK
is equal to

Z(Oz;+§ @7, D, vy, U;)
if v; = f; and ©; is the restriction of f;, regarded as a linear functional, to B ppa, p2).
There are four possible ways of writing pq and pus.
(i) pa(z )—ZT’”(ZZ)S1 2(2 )—Z’”Q(ZZ)” my —my = q—p.
(i) pu(2) = 2™ (22)™, uz(Z) Z"2(2Z)™, my +mg = q — p.
(iil) p1(z) = 2" (22)", po(2) = 2"2(22), —my —my = q — p.
(iv) p(z) =2z™ (22)" Mz()—z 2(22)™, my —my = q — p.

In all four cases m; and msy are to be non-negative integers. & is the product of
exp(—n(aa + bb + c¢ + dd)) and a polynomial. We write down the polynomial in all four
cases and leave the verifications to the reader.

(i.a) my = my : @™ ™2(ad — be)™.
my < my : (ad — be)™d™

(iv.b) mg = my : (ad — bc)™ d™m2—™1,
For the real field the situation is similar. Suppose first that m = 7 (1, po) is finite-dimensional.
If pipe(—1) = 1 then 7 contains the trivial representation of SO(2,R) and if pypus(—1) =1

it contains the representation
oo [ €08 0 sin6 L o
-\ —sin® cosé

defined after Lemma 5.5. We list the four possibilities for p; and ps and the polynomial P
by which exp ( — 7(a® + b? + ¢ 4+ d?)) is to be multiplied to obtain ®.
<i> Nl(_l) = :u2(_1) =1L P(a’vbv G d) =
(i) p1(—1) = pe(—=1) = 1: P(a,b,c,d) = ad — be.
(iii) pr(=1) =1, pa(—1) = —=1: P(a,b,c,d) = ¢ — id.
(iv) pa(—1), po(—=1) =1: P(a,b,c,d) = a — ib.

Only the special representations remain to be considered. We may suppose that m =
o(p1, p12) where 1y and pig are of the form py(z) = |z|"*2 and py(z) = |z|"~% (sgnt)™ with
q = 2p+1—m and with p a non-negative integer. Moreover m is 0 or 1. The function L(s, )
differs from . .

F<s+r+§>r(s+r+§+1>
2 2
by an exponential as does
Z(n g, pa0y, )
if
m(ai+a3) L4+l

olar,as) =€~ as
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Since the representation of k41 occurs in the restriction of m to SO(2,R) we may take

d ((z 3)) =exp (—m(a®+ b0+ +d%)) (c+id)".
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§14. Automorphic forms and quaternion algebras

Let F' be a global field and let M’ be a quaternion algebra over F. The multiplicative
group G’ of M’ may be regarded as an algebraic group over F. In the ninth paragraph we
have introduced the group G, and the Hecke algebra H'. A continuous function ¢ on G%\G)
is said to be an automorphic form if for every elementary idempotent £ in H’ the space

{pf) | fed}

is finite-dimensional.

If ¢ is an automorphic form it is Z} finite on the left if Z’ is the centre of G’. Let A’
be the space of automorphic forms on G’ and if 1 is a quasi-character of F*\I let A’(n) be
the space of ¢ in A’ for which ¢'(ag) = n(a) ¢'(g) for all @ in Z} which, for convenience, we
identify with I. The first assertion of the following lemma is easily proved by the methods
of the eighth paragraph. The second is proved by the methods of the tenth. The proof is
however a little simpler because G- Z} \G', is compact. Since, at least in the case of number
fields, the proof ultimately rests on general facts from the theory of automorphic forms
nothing is gained by going into details.

Lemma 14.1.

(1) If an irreducible admissible representation m of H' is a constituent of A’ then for some
n it is a constituent of A'(n).

(i1) The space A'(n) is the direct sum of subspaces irreducible and invariant under H'. The
representation of H' on each of these subspaces is admissible and no representation
occurs more than a finite number of times in A'(n).

Now we have to remind ourselves of some facts whose proofs are scattered throughout
the previous paragraphs. Suppose m = ®,7, is an irreducible admissible representation of
H'. For each v the representation m, of H/ is irreducible and admissible. Suppose ¥ is a
non-trivial additive character of F\ A and v, is its restriction to F,. We have defined L(s, 7,),
L(s,m,), and (s, my, 1,). If u, is in the space of m, and @, in the space of T, we have set

Z (ksF 2 Ty, @, Uy, U
( & Ty, P, Uy, uv)
equal to

/ () (molg)u ) () .

Fy

We know that )
Z(oi:r§ ® Ty, D, Uy, ﬁv)

hve(S,Wv,¢v) L(S T )

is entire and equals
1

Z(ap " @ T, ', uy, )
L(1—s,7,) '
The factor h, is 1 of G, is isomorphic to GL(2, F,) and is —1 otherwise. The case that
G, is isomorphic to GL(2, F},) was treated in the previous paragraph. The other cases were
treated in the fourth and fifth paragraphs.
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Theorem 14.2. Suppose 7 is a constituent of the space of automorphic forms on G'y. The
infinite products
H L(s,m,)

[[z6s.7)

are absolutely convergent for Re s sufficiently large. The functions L(s,7) and L(s,7) defined
by them can be analytically continued to the whole complex plane as meromorphic functions.
If F is a number field they will have only a finite number of poles and will be bounded at
infinity in vertical strips of finite width. If

e(s,m) = H e(8, Tu, Pu)

and

the functional equation
L(s,m) =¢(s,m) L(1 — s,7)
will be satisfied.

We may suppose that 7 acts on the subspace V' of A’(n). Let ¢ be a non-zero function
in V. For almost all v the algebra M, = M’ ®p F, is split and G, = G, is isomorphic to
GL(2, F,). Moreover for almost all such v, say for all v not in S, ¢ is an eigenfunction of the
elements of 3| = H’, which are invariant on both sides under translations by the elements
of K!. Thus if f is such an element and ¢(g) # 0 the corresponding eigenvalue A, (f) is

M) =0le) [ plah) 1(h) dn
ay
To prove the absolute convergence of the infinite products we have only to refer to Lemma 3.11
as in the proof of Theorem 11.1.
The representation 7 contragredient to 7 can be defined. If 7 = ®@m, acts on V = ®@,0V,,

then T = ®7, acts on V = ®u2‘2} where @ is, for almost all v, fixed by K/ and satisfies
(ub,1%) = 1. The pairing between V and V is defined by
<®uv7 ®av> = H<uv7 ﬂv>

Almost all terms in the product are equal to 1. If w is in V and « is in V the matrix element
(m(g)u, u) can also be introduced. If f is in H’

(m(fu,a) = [ flg) (m(g)u, @) d”g.
Gi
If F(g) is a linear combination of such matrix elements and ® belongs to the Schwartz space
on Al we seff]

2@ 0.7) = [ #l9) Flo) o)l @

lUnfortunately the symbol F plays two quite different roles on this page!
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The function F(g) = F(g™") is a linear combination of matrix coefficients for the representation
7. We set

Z(05 4 0.F) = [ atg) Flg) o) .

Before stating the next lemma we observe that if x is a quasi-character of F*\I the
one-dimensional representation g — x(v(g)) is certainly a constituent of A’.

s_1
Lemma 14.2.1. If 7 is a constituent of A’ the integrals defining the functions Z (o *, @, F)

1 ~
and Z(a;_§,<1>, F) are absolutely convergent for Res large enough. The two functions can
be analytically continued to the whole complex plane as meromorphic functions with only a
finite number of poles. If m is not of the form g — X(V(g)) they are entire. If F' is a number
field they are bounded at infinity in vertical strips of finite width. In all cases they satisfy the
functional equation

1 3 ~
Z(a}y 2, ®,F) = Z(a2 ", &' F)
if ® is the Fourier transform of ®.

There is no harm in assuming that F' is of the form

F(Q)ZH< gv uvauv HF gv

= H (I)v(xv)

where, for almost all v, ®, is the characteristic function of M(2,0,). Recall that for almost
all v we have fixed an isomorphism 6, of M, with M(2, F,).
We know that each of the integrals

/, ®,(9,) Fo(go) [v(go)|"*2 d* g,

converges absolutely for Re s sufficiently large. Let S be a finite set of primes which contains
all archimedean primes such that outside of S the vector u, is u?, the vector , is @2, ®@, is
the characteristic function of M (2,0,), and m, = m,(ity, Vy) Where i, and v, are unramified.
Let 7} = m,(|to], |v0]). If v is not in S the integral

// (I)(gv) Fv(gv) |V(gv)|s+% dxgv =1

and that @ is of the form

and if o = Res

| @@l Fa) e @,

v

is, as we see if we regard 7, as acting on B(up, v,), at most
3 1
[ o) ) s a7 %,

if f, and f, are the unique K’-invariant elements in B(|p], []) and B(|pe] ™", || ™!) which
take the value 1 at the identity. We suppose that the total measure of K is 1 so that
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(fo, fv> = 1. According to Lemma 13.2.6 the integral is equal to L(co,n). Since

HL(J )

vES

st l
is absolutely convergent for o sufficiently large the integral defining Z(« F+2 ,®, F) is also and
is equal to

ot} N
HZ(aFv ®7T’U7®v7uy,uv)

and to

L(s, ) [[E(s, ®u, tt, 1)

v

1 ~
Notice that Z(s, ®,, uy, @,) is identically 1 for almost all v. Z(ozif? ,®, F') may be treated in
a similar fashion. If we take 7 to be the trivial representation we see that

| e o ag

is absolutely convergent for Re s sufficiently large.
It will be enough to prove the remaining assertions of the lemma when 7 is a character.
We may also assume that if 7 is of the form n(a) = |a|” then r = 0. We have identified V'

with a subspace of A’(1)). We may take V to be {¢ | ¢ € V}. To see this observe that this
space is invariant under H’ and that

(1, 02) = / 21(9) B2(g) dg
G Zi\G,

is a non-degenerate bilinear form. Here ¢; belongs to V and (%, belongs to V. The remaining
assertions need only be verified for functions of the form

with ¢ in V and ¢ in V.
For such an F' the function Z (a;+5, ®, F) is equal to

[o@{ [ ethg) ot an} ig)+ avg.

Since ¢ and ¢ are bounded this double integral converges absolutely for Re s sufficiently
large. We first change variables by substituting ~='¢ for g. The integration with respect to ¢
can then be carried out in three steps. We first sum over G, then we integrate over Zy\Z}
which we identify with F*\I, and finally we integrate over G Z} \G',. Thus if Kg(hy, hs, s)
is

PO SO ) ) o
FAL'G

sl
the function Z(« ;2 , @, F) is equal to

// (he) @(h1) Ko (hy, ha, s) dhy dhs.
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The integrations with respect to hy and hy are taken over G2, \G'y. A similar result is of
course valid for Z(aF 3 ) F) If Kq> (hi, ha, s) is

w(hy V)72 [v(hy)|*te /FX\]Z(I)h Yeahs) n~Ya) |a* ' d*a

then Z(ay 2,®, F) is equal to

// (h2) @(hs) Ké(hl,hQ, s) dhy dhs.
We first study

9(5@):/F > @(8a)n(a) |alFt d*a

“Mogzo

f(s,®) :/ > ®(ca)n a2 d*a.

FX\ ez
The sums are taken over G, the set of non-zero elements of M’. Choose two non-negative
continuous functions Fy and F; on the positive real numbers so that Fy(t) + Fi(t) = 1,

Fi(t) = Fy(t™1), and so that Fj, vanishes near zero while F vanishes near infinity. If

Ao, = [ 3 ) n(a) ! ) "o

££0

and

we have
0(s, @) = Oy(s, P) + 01(s, D).
In the same way we may write

0(s, ) = Oy(s, ) + 0, (s, D),

where 6,(s, ) and (s, ®) are entire functions of s which are bounded in vertical strips.
Applying the Poisson formula we obtain

B(0) + Y ®(¢a) = |a| {@’(0) +3 cp’(ga—l)}.

££0 ££0
Thus, for Re s sufficiently large, 0;(s, ®) is equal to the sum of

/ Z@’ (€a™ ) n(a)|al*® Fi(|a]) d*a,
P\ ez

which, after the substitution of a~! for a, is seen to equal 50(1 —5,9'), and

[ ATl = 2(0)} n(a) " Fifla])
FX\I
Thus if
Ao = [ lab e Filla e
FX\I
the function (s, ®) is equal to
Oo(s, ®) + Op(1 — 5, D) + &'(0) A(2s — 3) — B(0) A\(2s + 1).
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A similar result is valid for 6(s, ®). The function

Bo(s, @) + Op(1 — s, D')
is entire and bounded in vertical strips and does not change when s and ® are replaced by
1—sand 9.

If 7 is not of the form n(a) = |a|” the function A(s) vanishes identically. If 7 is trivial and
1y is the group of ideles of norm 1

Ao = [l Ba) da
FX\I

It is shown in [10] that this function is meromorphic in the whole plane and satisfies
A(s) + A(—s) = 0. If Fis a number field, its only pole is at s = 0 and is simple. Moreover
it is bounded at infinity in vertical strips of finite width. If F'is a function field its poles
are simple and lie at the zeros of 1 — ¢=°. Here ¢ is the number of elements in the field of
constants. _

Thus 6(s, ®) is meromorphic in the whole plane and is equal to #(1 — s, ®’). If hdg is the
function x — ®(gzh) then

Ko(hu,ha,s) = [v(hy ") [(ha) 2 0(s, ha®hy)
while _ ) L
Ko(h, ha,s) = [v(h )72 v(ha)|"72 0(s, ha®hy").
Since the Fourier transform of hy®h; " is
v (ha)[ 72 [v(ha)]? a® By
we have _
K‘D(hla h2,5) = qu(hm hhS)*
The functional equation of the lemma follows. So do the other assertions except the fact that
1 s+1 ~ . . .. .
the functions Z (aij? , P, F) and Z(« F+2 ,®, F') are entire when 7 is trivial and 7 is not of
the form g — X(I/(g)). In this case the functions ¢ and ¢ are orthogonal to the constant
functions and the kernels K¢ (hy, ho, s) and Kg/(hy, ha, s) may be replaced by
Kb (hy, ha, s) = Ke(hy, ha, s) + ®(0) A(2s 4 1) — @'(0) A\(2s — 3)
and _ _
K&)/(hh h2, S) = Kq;/(hl, hg, S) + q)/(O) )\(28 + 1) — CI)(O) )\(28 — 3)
The functional equation of the kernels is not destroyed but the poles disappear.

The theorem follows easily from the lemma. In fact suppose that the finite set of places
S is so chosen that for v not in S

E(s, @2, ud, 7)) =1

v v v
if ®Y is the characteristic function of M(2,0,). If v is in S choose @' u' @', 1 < i < n,, so
that

Uz

S E(s, @, ul, dl) = e

=1
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where b, is real. If « is a function from S to the integers and, for each v in S, 1 < a(v) < ny,

set
@alg) = { T2 () } { TT #0000 |
ves veS
and set
Fulg) = { TTimo(g)us®, a5 b { TT(mo(gyul. o) }.
veS vgS
Then

S Z(0p 2, By Fu) = & L(s, )

where b is real. The required analytic properties of L(s, ) follow immediately.
To prove the functional equation choose for each v the function ®, and the vectors u,
and 4, so that
=(s, Dy, Uy, Uy)
0

v*

is not identically 0. We may suppose that, for almost all v, ®, = ®° u, =%, and @, = u

v

Let

o(g) =[] ®u(g0)
and let

F(g) = [ [{(mu(go)u, ).
Then X
Z(ay 2, @, F) = L(s,7) [ [ (s, @y, 0, )
and s N B
Z(ap @ F)=L(1—s7) [[E(1 - s, @), u, ).

Since

E(l — 8, D! Uy, Uy) = hye(S, Ty, 1) Z(8, Py, Uy, Uy

the functional equation of the lemma implies that
L(s,7) = { I1 hv} e(s,7) L(1 — s, 7).

Since, by a well-known theorem, the algebra M’ is split at an even number of places the
product [[, h, equals 1.

Corollary 14.3. If m is a constituent of A’ which is not of the form g — X(I/(g)) then
for any quasi-character w of F* the functions L(s,w @ 7) and L(s,w™* @ ) are entire and
bounded in vertical strips of finite width. Moreover they satisfy the functional equation

Lis,w@m)=ce(s,wem) L(l —s,w ' @7).

We have only to observe that if 7 is a constituent of A’ then w ® 7 is also.

Now we change the notation slightly and let 7’ = ®=] be an irreducible admissible
representation of H’. We want to associate to it a representation 7 = ®m, of H, the Hecke
algebra of GL(2,A). If M is split then 7, is just the representation corresponding to m, by
means of the isomorphism 6, of G, and G’ . If M| is not split 7, is the representation ()
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introduced in the fourth and fifth paragraphs. In both cases m, is defined unambiguously by
the following relations

L(S,UJU ® 7Tv) = L($7W1} & 71'1/])
L(s,w, ® Ty) = L(s,w, @ )
8(87 Wy ® Ty wv) = 5(57 Wy ® 7T,L, w”)

which holds for all quasi-characters w, of F*.
Applying the previous corollary and Theorem 11.3 we obtain the following theorem.

Theorem 14.4. If 7’ is a constituent of A" and = is infinite-dimensional at any place where
M’ splits then 7 is a constituent of Aqg.

Some comments on the assumptions are necessary. If 7’ is a constituent of A’ we can
always find a quasi-character of w of F'*\I such that w ® 7’ is unitary. If 7’ = @7/ the same
is true of the representations . In particular if M’ splits at v the representation 7/ will not
be finite-dimensional unless it is one-dimensional. Various density theorems probably prevent
this from happening unless 7’ is of the form g — x(v(g)). If 7’ is of this form then all but a
finite number of the representations 7, are one-dimensional. But if M’ does not split at v the
representation m, is infinite-dimensional. Thus 7 cannot act on a subspace of A. However it
can still be a constituent of A. This is in fact extremely likely. Since the proof we have in
mind involves the theory of Eisenstein series we prefer to leave the question unsettled for
now.
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815. Some orthogonality relations

It is of some importance to characterize the range of the map 7’ — 7 from the constituents
of A’ to those of A discussed in the last chapter. In this paragraph we take up the corresponding
local question. Suppose F' is a local field and M’ is the quaternion algebra over F. Let G'»
be the group of invertible elements of M’'. We know how to associate to every irreducible
admissible representation 7’ of H%. an irreducible admissible representation © = 7(7’) of Hp
the Hecke algebra of GL(2, F').

Theorem 15.1. Suppose F' is non-archimedean. Then the map ©" — w is injective and
its 1mage is the collection of special representations together with the absolutely cuspidal
representations.

The proof requires some preparation. We need not distinguish between representations of
G’ and H’, or between representations of Gp and Hp. An irreducible admissible representa-
tion 7 of G is said to be square-integrable if for any two vectors u; and us in the space of 7
and any two vectors %; and s in the space of 7 the integral

[ o) (un 7)) do
Zr\GFr

is absolutely convergent. Since 7 is equivalent to n~! ® 7 if

(5 ) -

this is equivalent to demanding that

[ o) Pl et ) do
Zr\GF

be finite for every u; and ;.

If 7 is square-integrable and w is a quasi-character of F'* then w ® 7 is square integrable.
We can always choose w so that w?n is a character. If 5 is a character choose u different
from 0 in the space V of m. Then

(ur, uz) = / o (rlan ) Ty ) dy

is a positive-definite form on the space V' of w so that 7 is unitary and square-integrable in
the usual sense.
The Schur orthogonality relations when written in the form

L m(g)u - L Uso, Up) (U7, U
[ o) o o)) = o o)

are valid not only for representations which are square-integrable in the usual sense but also
for representations which are square-integrable in our sense. The formal degree d(m) depends
on the choice of Haar measure. Notice that d(w ® 7) = d(n).

The absolutely cuspidal representations are certainly square-integrable because their
matrix elements are compactly supported modulo Zp.

Lemma 15.2. The special representations are square-integrable.
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11
Suppose 0 = o(a}, ap?). Since
1 _1
X®Qo= U(on%, Xan)
11
it is enough to show that o is square-integrable. If ¢ belongs to Bs(ap, ap?) and ¢ belongs
11
to B(ag?, a}) then
flg) = (. p(g")@)

1
is the most general matrix coefficient of o. Here B(a>

1
,ap) is the space of locally constant

11
functions on NpAp\Gr and Bs(a}, ap?) is the space of locally constant functions ¢ on Gp

that satisfy
a, T o
(5 2)9)-
/cp(w ((1] T)) dx = 0.

GF:UZFK(WO_ ?)K

n=0

we can choose the Haar measure on Zp\Gp so that

| 1wk
Zr\GF

s/ (7 )

n=0

©(9)

a2
and

Since

is equal to
2

dky dks

where ¢(0) =1 and
n 1
c(n) =q (1 + 5)

if n > 0. Here ¢ = |ww|™!. Since f is K-finite on both sides and its translates are also matrix

coefficients we need only show that
w0
()

is finite. It will be more than enough to show that

>
o =7 ((5 1)) =0t

2
qn

n=0

as a — oo.
We recall that

The function
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=353 )

is bounded and locally constant. Moreover

d(a) = / ©01(7) po(a ) dx.
Suppose pa(z) = po(0) for |z| < M. If |a| >

®P(a) = py(0 1(x) dx (x) oo(a™tz) de.
@)=l )/{zlxl<|aM}S0 ) +/{xx|>a|M}SD el )
/Fgol(x) de =0

/ (902(@ I) 802(0)) ¢1(x) dx.
{z||z|>|a|M}

The function - is bounded so we need only check that

/ o1(2)] dz = O(|a| ™)
{z]]z|>]a>}

as |a| — oo. The absolute value of the function ¢ is certainly bounded by some multiple of

is integrable and the function

Since

®(a) is equal to

11
the function ¢ in B(a}, ay?) defined by

/ a T .
(52
if k is in GL(2,OF). Since

e(h )= (0 L) =0 ()

with y in F' and k in GL(2,Op), if |z]| > 1

/{x||x>,w|_n}|% @)lde =0 ( Z i ) Ol=[").

k=n+1

ay

az

Since we need to compare orthogonality relations on the two groups Gr = GL(2, F') and
G’ we have to normalize their Haar measure simultaneously. There are two ways of doing
this. We first describe the simplest. Choose a non-trivial additive character ¢) of F'. Then
Yu(z) = ¢(trz) and ¢ar(z) = ¥ (7(2)) are non-trivial additive characters of M = M(2, F)
and M'. Let dr and dx’ be the Haar measures on M and M’ self-dual with respect to ¥y,
and ¢p;. Then

d*r = |z|}} dv = |det z|* dx
and
d*z' = |2'|3} do’ = |v(2)|;? do’
are Haar measure on G and G’.

The second method takes longer to describe but is more generally applicable and for this

reason well worth mentioning. Suppose G and G’ are two linear groups defined over F' and
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suppose there is an isomorphism ¢ of G’ with G defined over the finite Galois extension K.
Suppose the differential form w on G is defined over F'. In general the form w' = ¢,w on
G’ is not defined over F'. Suppose however that w is left and right invariant and under an
arbitrary isomorphism it is either fixed or changes sign. Suppose moreover that for every o
in &(K/F) the automorphism o(¢)¢ ™! of G is inner. Then

o(w) =0o(p)eow=0(p)w=p.(0(p) ") w=puw=0u

and ' is also defined over F. If £ is another such isomorphism of G’ with G then

§u(w) = 90*(59071)*(” = Fpw = Fuw'
and the measures associated to ¢,w and &,w are the same. Thus a Tamagawa measure on

GF determines one on G’.
We apply this method to the simple case under consideration. If

-8

pi=daNdbANdcAdd

is a differential form invariant under translations and the associated measure is self-dual
with respect to ¥y If w = (det ) "2p then w is an invariant form on G and the associated
measure is d* .

If K is any separable quadratic extension of F' we may imbed K in both M and M’.
Let o be the non-trivial element of &(K/F). There is a u in M and a «’ in M’ such that
M = K + Ku and M’ = K + Ku' while uzu™! = 2% and v/zv/~" = 27 for all z in K.
Moreover u? is a square in F* and u/*> = ~ is an element of F* which is not the norm of
any element of K. We may suppose that u> = 1. If we let K act to the right the algebra
L = K ®p K is an algebra over K. The automorphism o acts on L through its action on the
first factor. There is an isomorphism L — K @& K which transforms ¢ into the involution
(z,y) = (y,x). In particular every element of K ® 1 is of the form 007 with § in L. Choose ¢
so that v = 07, If

is a typical element of M then

My =M @ K=L® Lu
and
let ¢ be the linear map from M} to My which sends = 4+ yu' to x + ydu. The map ¢ is easily
seen to be an isomorphism of M}, and My as algebras over K. Moreover o(p)p ! takes
T + yu to

T+ ys70 = 6z + yu)d
and is therefore inner. Thus ¢ determines an isomorphism of G’ the multiplicative group of
M’ with G the multiplicative group of M. The isomorphism ¢ is defined over K and o ()¢~
is inner. Let |w’| be the Haar measure on G’ associated to the Haar measure |w| = d*z on
Gr. We want to show that |w’'| is just d*z’.

Let # be an invariant form on K. The obvious projections of M = K & Ku on K define

differential forms #; and 6, on M. Let 6; A 5 = cu. In the same way the projections of
M' = K @ Ku' on K define differential forms 6] and 0, on M’. If we extend the scalars from
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F to K we can consider the map x — xd of L into itself. We can also regard # as a form on
L and then its inverse image is N(6)6 = v0. Thus
30*(91 AN 92) = ’79’1 VAN 95
Thus if ¢/ = . (1)
cu' = ~07 N 6.
Suppose ¢1|6] is self-dual with respect to the character ¢ (z) = ¢(7(z)) on K. Then

JA{ [ 2@t vntes + by @101} o)l 600)] = < *2(0,0)
and
ol [{ [ ®la.b) vicaz + by7) ()] 6O } 9G] 1600)| = 5 2(0,0)

If x + yu belongs to M with = and y in K then, since 7(u) = 0,
T(x+yu) = 7(x) = Trg/p(x).
In the same way
7(z +yu') = Trg/r(z).
Thus
Yar ((z + yu)(a + bu)) = dr(za + yb7)
U ((z + yu')(a + b)) = Y (za + yb7y).

Thus 2|0, A 65| is self-dual with respect to 1y, and c3|y|r |0] A 6] is self-dual with respect to
. Since ¢ = |c|r the measure |1/] is self-dual with respect to 1y, Finally o' = v(z') 2 da’
so that |w'| is just d*z’. Thus the two normalizations lead to the same result.

If bis in M or M’ the eigenvalues of b are the roots a; and «s of the equation

X2~ 7(b) X + v(b) = 0.

If bis in G or G’ it is said to be regular if a; and s are distinct; otherwise it is singular.
We set )
(o1 — ag)

58D

5(b) =

F

The set of singular elements is of measure 0. If b is regular the subalgebra of M or M’
generated by b is a separable quadratic extension FE of F' and the multiplicative group of
E is a Cartan subgroup of G or G’.. To obtain a set of representatives for the conjugacy
classes of Cartan subgroups of G or G we choose once and for all a set S’ of representatives
for the classes of separable quadratic extensions of F.. We also choose for each E in S’ an
imbedding of F in M and in M’. The multiplicative group of E' may be regarded as a Cartan
subgroup By of either Gp or G». The symbol S’ will also stand for the collection of Cartan
subgroups obtained in this way. It is a complete set of representatives for the conjugacy
classes of Cartan subgroups of G%. If S is the result of adjoining to S’ the group Ap of
diagonal matrices then S is a complete set of representatives for the conjugacy classes of
Cartan subgroups of Gr. If Br is in S” we choose the Tamagawa measure pup on B as in
the seventh paragraph. The analogue for G’ of the formula (7.2.2) is

[ swa =S5 [ aof [ st} s,
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Let EF be the set of regular elements in Br and let
Sl
We may regard C' as the discrete union of the spaces Z F\E r. We introduce on C' the measure
w(c) defined by
1

1 0
1O = 53 ez g, OO0

Lemma 15.3. Let n be a quasi-character of F* and let ' (n) be the set of equivalence classes
of irreducible representations © of Gy such that w(a) = n(a) for a in Zj, which we identify
with F*. If m and my belong to ' (n) and

f(9) = xm (9) X7.(9)

where x(g) = Trn(g) then
[ 1@ ute) =0

if m and w are not equivalent and

LﬂdM@zl

iof they are.

Since Z5\G'% is compact we may apply the Schur orthogonality relations for characters

to see that .

/
g | @uis)
measure Zp\Gp /71 \qa,
is 0 if 7m; and 7y are not equivalent and is 1 if they are. According to the integration formula
remarked above this expression is equal to

1 l/Z\B f(b) 6(b) (measure Bp\G'’) g (b).

/ /
measure Zp\Gp < 2

Since
measure Z5.\G'» = (measure Zr\ Br)(measure Bp\G')
the lemma follows. Observe that Zr and Z7 tend to be confounded.
There is form of this lemma which is valid for Gp.

Lemma 15.4. Let n be a quasi-character of F*. Let Qq(n) be the set of equivalence classes
of irreducible admissible representations m of G which are either special or absolutely cuspidal
and satisfy w(a) = n(a) for all a in Zg. Suppose m and wy belong to Qo(n). Let f = fryx, be
the function

£(5) = xm (0) x5 (b)

Aﬂ@M@

1s 1 4f m and my are equivalent and 0 otherwise.

on C. Then f is integrable and
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It is enough to prove the lemma when 7 is a character. Then xz is the complex conjugate
of xr and f; » is positive. If the functions f, . are integrable then by the Schwarz inequality
all the functions f;, ,, are integrable.

Let ©2(n) be the set of irreducible admissible representations 7 of G such that w(a) = n(a)
for a in Zp. If ¢ is a locally constant function on G such that

p(ag) =n""(a) p(g)
for a in Zr and such that the projection of the support of ¢ on Zp\GF is compact then we
define 7(yp), if 7 is in Q(n), by

7T(so)z/z g v(g9) 7(9) w’(9)-

It is easily seen that 7(¢) is an operator of finite rank and that the trace of m(¢) is given by
the convergent integral

/Z y ©(9) xx(9) " (9)-

In fact this follows from the observation that there is a ¢; in Hg such that

o1(g) = / o1(ag) 1(a) iz (a)

and the results of the seventh paragraph.
Suppose m; is absolutely cuspidal and unitary and acts on the space V;. Suppose also
that 7 (a) = n(a) for a in Zp. Choose a unit vector u; and V; and set

©(g) = d(m) (uy, mi(g)ur).
Since 7 is integrable it follows from the Schur orthogonality relations that me(¢) = 0 if 75 in
Q(n) is not equivalent to m; but that my(p) is the orthogonal projection on Cu;y if w9 = 7.

In the first case Trma(¢) = 0 and in the second Trmy(p) = 1.
On the other hand

Tr (i) = / (920 0)

We apply formula (7.2.2) to the right side to obtain

S5 wean{ [ et s} o)

If Br belongs to S’ the inner integral is equal to

! d(ﬂl)/z \G (u1, m (g~ 'bg)u1) wp(g)

measure Zr\ Br

which by Proposition 7.5 is equal to
1
measure Zr\ Br

X7 (b)

If Br is Ap the group of diagonal matrices the inner integral is, apart from a constant relating
Haar measures, the product of d(m) and the integral over GL(2, Or) of

L6 ()06 0) mommtbm)
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- 2)
'1 _ Z—j 1/F (m®)m (((1) f)) w1 (s, m () ) di

which we know is 0. Collecting these facts together we see that f = f, , is integrable on C
if 71 is absolutely cuspidal and that its integral has the required value.
11
To complete the proof all we need do is show that if 7 = o(xa,, xr?) is a special
representation then f = f; . is integrable on C' and

/C F() ple) = 1.

If 7’ is the one-dimensional representation g — X(V(g)) of G then m = 7 (7’). To prove the

If

this is

existence of y, we had to show in effect that if Br was in S” and b was in B r then

X (b) = =X ().
Thus frr = fr ~ and the assertion in this case follows from the previous lemma.
The relation just used does not seem to be accidental.

Proposition 15.5. Suppose ' is an irreducible admissible representation of G and m =
w(n'") the corresponding representation of Gp. If Bp is in S’ and b is in Bp

X' (0) = —Xx(b).

We may suppose that 7’ is not one-dimensional and that 7 is absolutely cuspidal. We
may also suppose that they are both unitary. We take 7 in Kirillov form with respect to
some additive character ¢. If ¢ is in S(F'*) the function

;. 0 1
SO =7 _1 O 90
is also.

Since the measures p and p’ are self-dual with respect to the characters v, and ¥y
Lemma 13.1.1 and Proposition 4.5 show us that for any A in F'*

(15.5.1) /G (det g)(ﬁ(g’l)u, u) | det g| ¥ar(Ag) w(g)
is equal to

W) ) A2
and that
(15.5.2) [ eldetg)( (g™l ad) | det gl van(g) o (9)
is equal to

) () A
Here u is a unit vector in the space of m and u/ a unit vector in the space n’. In any case
(15.5.1) is just the negative of (15.5.2).
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If we use formula (7.2.1) to express the integral (15.5.1) as a sum over S we obtain

%Z measuriZF\BF / p(det b) | det X:Z((Z;T) ! 0(0) ¥ar(AD) (D).
S’ Br

The contribution from Ap vanishes as in the previous lemma. The other integrals have been
simplified by means of Proposition 7.5. There is of course an obvious analogue for the group
G’ of the formula (7.2.1). If we apply it we see that (15.5.2) is equal to

% Z measuriZF\BF / p(det b) [v(0)] % 6(b) Yar (Ab) pus ()
S’ Br

if v(b) is the reduced norm. Of course on By the functions v(b) and detb are the same.
Choose BY. in S” and by in BY%. We shall show that

Xar(bg ') _ —Xax(b")
d(m’) d(m)
The orthogonality relations of the previous two lemmas will show that d(7) = d(7’) and we
will conclude that

Xw’(bSI) = —Xn(bEI)-

The norm and the trace of by are the same whether it is regarded as an element of M
or of M’. In fact if E% is the multiplicative group of F in S’ the norm and the trace are in
both cases the norm and the trace of by as an element of E. Since by and its conjugate in F
are conjugate in Gr and G’ we can choose an open set U in E* containing both by and its
conjugate so that

[ (B)] X (b71) 8(b) = [ (bo)| X (B ) (o)
if bis in U. Lemma 7.4.2 shows that y, is locally constant in é% Thus we can also suppose
that

| det b] xx(b7") 0(b) = | det bo| xx(by ") 3(bo)
if bisin U. Suppose g and By are the trace and norm of by. We can choose a positive integer
m so that if & — oy and 8 — [y belong to p% the roots of

X2 —aX +b

belong to £ and in fact lie in U.
Let £(A) be the expression (15.5.1) regarded as a function of A\. Keeping in mind the fact
that
ar(Ab) = thar (Ab) = (A trbd),

we compute

1
15.5.3 A —Aayg) dA
(15.5.3) . /p €00 ¥(=Aa)

measure pp S

where p." is the largest ideal on which ¢ is trivial. Since

! — /mn w()\(tr b— ao)) d\

measure p by
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is 0, unless trb — ap belongs to p when it is 1, the integral (15.5.3) is equal to

1 1 (071
2 zg; measure Zp\ Bp /V(BF) pldet b) | det b d(m) 6(b) g (b)

V(Br)={be€ Bp |trb—ag € pi}.
If we take ¢ to be the characteristic function of

{BeF|B—0Bepp}

the summation disappears and we are left with

1 L derty X0 5 [ otdett) uno
2 measure Zp\Bp ’ d(m) " V(B%)SO re

If we replace £(\) by the expression (15.5.2) the final result will be

1 1 X (b 1)
3 ez Y G 00 [ gtdet) (),
Since these differ only in sign the proposition follows.

We are now in a position to prove Theorem 15.1. The orthogonality relations and the
previous lemma show that the map n' — = is injective because the map takes €¥'(n) into
Qo(n). Tt is enough to verify that V is surjective when 7 is unitary. Let £%(n) be the space of
all measurable functions f on

UBr
S/

such that f(ab) = n(a) f(b) if a is in Zp and
JACRIC
c

is finite. By the Peter-Weyl theorem the set of functions x,, 7" € /(n), form an orthonormal
basis of £2(n). The family x,, ™ € Qy(n), is an orthonormal family in £?(n). By the previous
proposition the image of €'(n) in Q(n) is actually an orthonormal basis and must therefore
be the whole family.

We observe that it would be surprising if the relation d(7w) = d(7’) were not also true
when 7’ is one-dimensional. The facts just discussed are also valid when F' is the field of real
numbers. They follow immediately from the classification and the remarks at the end of the
seventh paragraph.

We conclude this paragraph with some miscellaneous facts which will be used elsewhere.
The field F' is again a non-archimedean field. Let K = GL(2, Or) and let K, be the set of all

matrices
a b
c d

in K for which ¢ =0 (mod pp). Suppose 7 is an irreducible admissible representation of G
in the space V. We are interested in the existence of a non-zero vector v in V' such that

r ((Z Z)) v = wi(a)ws(d) v

if
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(2 )

wo is a constant and w; and ws two characters of Up. The coefficient w is a generator of pp.

Since
0 w ™\ (a b [(1 1\ [(d wm'c
1 0 c d)\w 0] \wb «a

such a vector can exist only if w; = ws = w.

for all matrices in Ky while

Lemma 15.6. Suppose w and wy are given. Let w be p(u1, po) which may not be irreducible.
There is a non-zero vector ¢ in B(uy, u2) satisfying the above conditions if and only if the
restrictions of py and py to Up, the group of units of Op, are equal to w and

Wg = 1 (—@) po(~w)

Moreover o if it exists is unique apart from a scalar factor.

It is easily seen that K is the disjoint union of K, and

0 1
KO <_1 0) KO = KowKO

Let ¢ be the function which is 0 on KywKjy and on K| is given by

(e ) -

Let o9 be the function which is 0 on K, and takes the value w(d'd’ ad) at
a b 0 1\ [a b
d d)\-1 0)\c d)’
a b
(¢ )0

for all matrices in K then the restrictions of ¢ to K must be a linear combination of ¢; and
9. This already implies that w is the restriction of p; and ps to Up. Suppose ¢ = ap; + bps.

Since _ (<0 1)) o1 = |@|2 (@) pa(—1) oy

w 0

(2 o)) e == et

while p1(—1) = po(—1) = w(—1), we have

If v in B(u, o) satisfies

and

wob = []* pu(~)a
and

woa = \w|_% o (—w)b
Apart from scalar factors there is at most one solution of this equation. There is one
non-trivial solution if and only if wZ = py (—w@) pz(—w).
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Lemma 15.7. Suppose m = o(u1, p2) is the special representation corresponding to the
1

[N

and pg = xak. There is a non-zero vector v in the space of

(e
(2 e

if and only if w is the restriction of x to Ur and wg = —x(—w). If v exists it is unique apart
from a scalar.

quasi-characters 13 = xap
such that

for all matrices in Ky while

We first let 7 act on B(puo, i) a subspace of B(us, p1). The condition on w follows from
the previous lemma which also shows that wy must be £x(—w). If we take the plus sign we
see that v must correspond to the function whose restriction to K is constant. Since this
function does not lie in By(ug, 1) only the minus sign is possible. To see the existence we let
7 act on

Bis(p1, pr2) = B(pa, NZ)/Bf(Nla f12)
In B(p1, o) there are two functions satisfying the conditions of the lemma. One with
wp = —x(—m) and one with wy = x(—w). One of the two, and we know which, must have a
non-zero projection on B (g, fi2).

The above lemmas together with the next one sometimes allow us to decide whether or
not a given representation is special.

Lemma 15.8. If the absolutely cuspidal representation m acts on V' there is no non-zero

vector v in V' such that
0 1
. <(w 0)) 0= g

(1)) o=t

We may suppose that 7 is the Kirillov form with respect to an additive character v such
that Op is the largest ideal on which 1 is trivial. Then v is a function ¢ in S(F*). If a is in
Ur and b is in F* we must have ¢(ab) = w(a) ¢(b). Moreover if b is in F’* and z is in Op
then ¢(b) = ¥ (xb) p(b). Thus p(b) = 0 if b is not in Op. Consequently @(v,t) is 0 if v # w™?
but ¢(w™!,t) is a polynomial of the form

Apt™ + -+ a,t”
with a,a, # 0. If ¢1(b) = ¢(—wb) then

and

for all matrices in K.

w(—1)
t

(R

~

Y1 (wilv t) =

P(w™ ).
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and let vy be the restriction of  to Up while zy = n(w). The character vy will have to be
equal to w?. The relation

ar==((2 8)e==((% 0))»

wop(w™'t) = Clw™ ) w(=1) zot p(w™", 25t 7).
By Proposition 2.23, C(w™!,t) is of the form ¢t~ with ¢ > 2. Thus the right side has a pole
at 0 not shared by the left. This is a contradiction.

implies that
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816. An application of the Selberg trace formula.

In the fourteenth paragraph we saw that if 7’ = ®,7, is a constituent of A’ and 7’ is
not of the form g — x(v(g)) where x is a quasi-character of F*\I then 7 = ®,m,, with
7, = m(m), is a constituent of Ag. Let S be the set of places at which the quaternion algebra
M’ does not split. Given the results of the previous paragraph it is tempting to conjecture
that the following theorem is valid.

Theorem 16.1. Suppose m = @, is a constituent of Ag. If for every v in S the representa-
tion m, is special or absolutely cuspidal then for every v there is a representation . such that

Ty = m(m)) and ' = ®n}, is a constituent of A’.

The existence of 7, has been shown. What is not clear is that 7’ is a constituent of A’. It
seems to be possible to prove this by means of the Selberg trace formula. Unfortunately a
large number of analytical facts need to be verified. We have not yet verified them. However
the theorem and its proof seem very beautiful to us; so we decided to include a sketch of the
proof with a promise to work out the analytical details and publish them later. We must
stress that the sketch is merely a formal argument so that the theorem must remain, for the
moment, conjectural.

We first review some general facts about traces and group representations. Suppose G is
a locally compact unimodular group and Z is a closed subgroup of the centre of G. Let ) be
a character of Z. We introduce the space L!(n) of all measurable functions f on G which
satisfy f(ag) = n~'(a) f(g) for all @ in Z and whose absolute values are integrable on Z\G.
If fi and f belong to L'(n) so does their product f; * fo which is defined by

fi* fa(g) = filgh™) fo(h) dh
NG
If f belongs to L'(n) let f* be the function f*(g) = f(¢~'). It also belongs to L*(n). A
subalgebra B of L'(n) will be called ample if it is dense and closed under the operation
f= T
Let 7 be a unitary representation of G on the Hilbert space H such that m(a) = n(a) I
for all @ in Z. We do not suppose that 7 is irreducible. If f belongs to L'(n) we set

m(f) = flg)m(g)dg

2\G
If 7(f) is compact for all f in some ample subalgebra B then 7 decomposes into the direct
sum of irreducible representations no one of which occurs more than a finite number of times.

Lemma 16.1.1. Suppose m; and my are two unitary representations of G such that m(a) =
n(a) I and ma(a) = n(a) I for all a in Z. Suppose there is an ample subalgebra B of L'(n)
such that m(f) and mo(f) are of Hilbert-Schmidt class for all f in B.

(1) If for every f in B
trmy (f) mi(f*) = trma(f) ma(f7)
then my 1s equivalent to a subrepresentation of .
(i) If for every f in B
trm (f) m(f) = trma(f) ma(f7)

then my 1s equivalent to m.
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Let m; act on H; and let my act on Hy. A simple application of Zorn’s lemma shows that
we can choose a pair of closed invariant subspaces M; and M, of H; and H, respectively,
such that the restrictions of 7 to M; and my to M, are equivalent and such that the pair
My, M5 is maximal with respect to this property. Replacing H; and H, by the orthogonal
complements of M; and M, we may suppose that M; = 0 and that M; = 0. To prove the
first assertion of the lemma we have to show that with this assumption Hy = 0. If the second
condition is satisfied we can reverse the roles of m; and 9 to see that H; is also 0.

Before beginning the proof we make a simple remark. Suppose ¢ is an irreducible unitary
representation of G on L and o,, a € A, is an irreducible unitary representation of G on L,,.
Suppose that o(a) = n(a) I for all a in Z and o,(a) = n(a) I for all ¢ in Z and all a in A.
Suppose that o is equivalent to none of the o, and that a non-zero vector x in L and vectors
Zo in L, are given. Finally suppose that

Z o0 (f) zall?

is finite for every f in B. Then if € is any positive number there is an f in B such that

Y lloalHzall® < ello(f)zl®.

Suppose the contrary and let L’ be the closure in &,L, of
{®oa(f)za | f € B}

L' is invariant under G and the map

©a(f)Ta — o(f)z

may be extended to a continuous G-invariant map A’ of L into L. If A" were 0 then o(f)z =0
for all f in B which is impossible. Let A be the linear transformation from &L, to L which
is A" on L' and 0 on its orthogonal complement. The transformation A commutes with G
and is not 0. Let A, be the restriction of A to L,. The transformation A, is a G-invariant
map of L, into L and is therefore 0. Thus A is 0. This is a contradiction.

Suppose Hs is not 0. There is an h in B such that 71(h) = 0. If f = h* h* then mo(f)
is positive semi-definite and of trace class. It has a positive eigenvalue and with no loss of
generality we may suppose that its largest eigenvalue is 1. Let my = ®7T§ , where 7r§ acts on
Hg , be a decomposition of m, into irreducible representations. There is a By and a unit vector
x in H§° such that mo(f)z = x. Let m = @7, where 7 acts on H{, be a decomposition
of m; into irreducible representations. Choose an orthogonal basis {z*7 | v € I',} of H{
consisting of eigenvectors of 71 (f). Since

tr 1 (f) 2 tr 7T2(f)
the largest eigenvalue of m(f) is positive. Let it be .

If f1 belongs to B,
PPN e o &
a v
Bo

is the Hilbert—Schmidt norm of m;(f;) and is therefore finite. By assumption m5° is not
equivalent to any of the representations 7{* so that we can apply our earlier remark to the
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vector z and the family of representations ;"7 = 7% together with the family of vectors x®”?

to infer the existence of an f; in B such that

ZZ [0y (f1) 27| <o ||7T2(f1)1’||

Then
trmy (fof) 7 (fof) = ey (fof) m(fif)

Z||771 f)m(f) z*7)* < )\ZHM Jo) ]2,

@,y

is equal to

The right side is less than
1 1
§H7T2(f1)5€”2 = §H7T2(f1f)$H2

which is at most

S trm(ff) w3 ()

This is a contradiction.
The next lemma is a consequence of the results of [35].

Lemma 16.1.2. Suppose 1 is trivial so that L*(n) = L'(Z\G). Suppose that B is an ample
subalgebra of L'(n) which is contained in L*(Z\G). If there is a positive constant v and a
unitary representation w of Z\G such that w(f) is of Hilbert-Schmidt class for all f in B and

trw(f) w(f*) 27/ |f(9)* dg

AXe
then Z\G is compact.

In proving the theorem it is better to deal with representations in the adele groups than
to deal with representations of the global Hecke algebras. We have to assume that the reader
is sufficiently well acquainted with the theory of group representations to pass back and forth
unaided between the two viewpoints.

If F is a global field, A is the adele ring of F'; G = GL(2), and 7 is a character of the
idele class group F*\I the space A(n) of all measurable functions ¢ on Gp\G, that satisfy

» ((g 2) g> =n(a) ¢(9)

for all @ in I and whose absolute values are square-integrable on G Z,\Gy is a Hilbert space.

If ¢ belongs to this space
/ p(ng) dn
Np\Na

is defined for almost all g. If it is O for almost all g the function ¢ is said to be a cusp
form. The space Ag(n) of all such cusp forms is closed and invariant under G,. It is in
fact the closure of Ag(n). It decomposes in the same way but now into a direct sum of
closed orthogonal subspaces V' on which G, acts according to an irreducible representation
7 = ®m,. Thus V is now isomorphic to a tensor product of Hilbert spaces. Of course the same
representations occur now as occurred before. Similar remarks apply to the multiplicative
group G’ of a quaternion algebra M’ over F.
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It will be enough to prove the theorem when 7 is a constituent of some Agy(n) or Ay(n)
and 7 is a character because we can always take the tensor product of © with a suitable
quasi-character. Suppose 7 is given. Let S be the set of places at which M’ does not split.
Suppose that for each v in S we are given an irreducible unitary representation o, of G%. = G|,
such that

oy(a) =m(a) I
for all @ in F; which we identify with Z] = Z}, . Let o, = m(0;) be the representation of
G, corresponding to 0. We may take o, unitary. Let o, act on U, and let o] act on U}.
Fix a unit vector u, in U, and a unit vector u, in U, which is K,-finite. The vector u. is
automatically K-finite.

Write Ag(n) as the direct sum, in the Hilbert space sense, of mutually orthogonal invariant
irreducible subspaces V!, V2 ... Let the factorization of the representation 7 on V* be @’
Let 7! act on V. For simplicity of notation we identify V* with ®@V;!. We also suppose that
if v is in S and 7! is equivalent to o, then U, = V! and 7’ = 7,. Let X be the set of all ¢
such that 7! = o, for all v in S and if 7 belongs to X let

M = {®pestis} @ {®pesV, }-
M is invariant and irreducible under the action of
Gs={9=1(9) | go =1 for all v in S}.

M:@Ml’.

ieX

Let

M is a Hilbert space and G s acts on M. If at least one of the representations o/, v € 5, is
not one-dimensional set N = M. If they are all one-dimensional, let N be the subspace of
Ap(n) spanned, in the Hilbert space sense, by M and the functions g — x(det g) where x is
a character of F*\I such that x* =7 and o/,(g9) = xu(v(g)) for all g in G, if visin S. If v
is non-archimedean this last condition determines y, uniquely. If v is real it only determines
it on the positive numbers.

Let A’(n) be the space of all measurable functions ¢ on G%\G', that satisfy ¢(ag) =
n(a) p(g) for all a in I and whose absolute values are square integrable on G’ Z,\G.
Replacing o, by o, and u, by u, we define N’ in the same way as we defined M. If at least
one of the representations o/, v € S, is not one-dimensional we set M’ = N'. However if they
are all one-dimensional and y is a character of F*\I such that x* =7 and o/,(g) = x.(v(9))
for all G in G%, if v is in S then the function g — X(V(g)) belongs to N’'. We let M’ be the
orthogonal complement in N’of the set of such functions. The group @’S acts on M’ and
N’. However by means of the local isomorphisms 6, we can define an isomorphism of és
and @fg Thus G*S acts on M and M’. To prove the theorem we need only show that the
representations on these two spaces are equivalent. To do this we combine Lemma 16.1.1
with the Selberg trace formula.

To apply Lemma 16.1.1 we have to introduce an algebra B. It will be the linear span of
By, the set of functions f on és of the form

f(g) = va<gv)
veES
where the functions f, satisfy the following conditions.
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(i) If a, belongs to F* then

fv(avgv> = 77;1(%) fv(gv>'

(ii) The function f, is K,-finite on both sides and the projection of the support of f, on
Z,\Gy is compact.

(iii) If v is archimedean, f, is infinitely differentiable.

(iv) If v is non-archimedean, f, is locally constant.

(v) For almost all non-archimedean v the function f, is 0 outside of Z, K, but on Z,K, is
given by

fuolg) = wy ' (det g)

where w, is unramified and satisfies w? = n,.

We introduce B’ in the same way. We may identify B and B’ and to verify the conditions of
the lemma we need only show that if f = f; * fo with f; and f5 in By then

tro(f) =tro’'(f)

if o is the representation on M and o’ that on M’. Let 7 be the representation on N and 7’
that on N’. Since
wrl(f) =wolN+ Y [ o) flo)dg
Zs\Gs
and
wr(D=ud()+ Y [ o) o)y
Zs\Gs
we need only show that

tr7(f) = tr7'(f).

Before beginning the proof we had better describe the relation between the Haar measures
on the groups Z,\G4 and Z,\G’,. Choose a non-trivial character ¢ of F\A. If wy is any
invariant form of maximal degree on Z\G defined over F' and therefore over each F, we can
associate to wg and ¢, a Haar measure wo(v) on Z,\G,. Then [], ,qwo(v) determines a Haar

measure wp on 23\@5 and [, wo(v) determines a Haar measure wy on Z,\G4. The measure
on Z,\Gy is independent of ¢ and is called the Tamagawa measure. As in the previous
paragraph we can associate to wy(v) a measure wy(v) on Z/\G! and therefore to wy a measure
wh on ZE\G or ZJ\G),.

We first take f = f; * fo in B’ and find a formula for tr 7/(f). Let d(o}) be the formal
degree of o] with respect to the measure w((v) and let £ be the function

§(9) = d(a,) (a3(9)ui,, )
on G, Let " = @’ be the function
(9) = { [T & (o) } /(35)
vES

on G'. Here gg is the projection of g on @’S If p’ is the representation of Gy on A’(n) the
restriction of p'(®’) to N’ is 7/(f) and p/(®) annihilates the orthogonal complement of N’.
Thus

trp'(®') = tr 7'(f).
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If ¢ isin A'(n) then p'(®’) p(g) is equal to
[ st wmum = [ o) @ wn),
Z\G)y Z)\G

The integration on the right can be performed by first summing over Z,\G% and then
integrating over Z,G»\G}. If

®'(g,h) = Y (g 'vh)
Zp\Gp
the result is

/ o(h) (g, h) wi(h).
Z,Gp\G

Thus the trace of p/(®) is equal to

/ (g, g) dg.
ZyGp\Gy

If we write out the integrand and perform the usual manipulations (cf [29]) we see that
this integral is

(16.1.3) Z measure (2, G(7)\G4 (7)) / (g 1vg).

{7} G (W\G'y

The sum is over a set of representatives of the conjugacy classes in G. Here G',(7) is the
centralizer of v in G, and G'x(7) is its centralizer in G’.

Let Q" be a set of representatives for the equivalence classes of quadratic extensions E of
F such that F ®p F, is a field for all v in S. For each E in @' fix an imbedding of E in the
quaternion algebra M’'. Let Br = Bp(FE) be the multiplicative group of E, considered as a
subalgebra of M’, or what is the same the centralizer of F in G%. Let By = By(F) be the
centralizer of E in G',. Let Q] be the separable extensions in @' and @), the inseparable ones
if they exist. Then (16.1.3) is the sum of

(16.1.4) measure(Z, G\G},) ' (e),
if e is the identity,

(16.1.5) %Z Z measure( 2} BF\BA)/ (g "vg) wi(g)

Q) V€Zp\Bp Ba\Ga
V€2

and

(16.1.6) Z Z measure(Zy BF\BA)/ (g7 vg) wa(g).
Q) V€2 \Bp Ba\Ga
Y€Zp
The last sum is deceptive because )5 has at most one element. The measure wgp is the
quotient of the measure on Z, \G’, by that on Z;\By. The choice of the measure on Z}\ B
is not too important. We do suppose that it is a product measureﬂ

’In (16.1.5) the factor % is not quite correct. If we want to leave it in, both v and its conjugate must be
counted, even if they differ only by an element of F.
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The expression (16.1.4) is equal to
measure(Z) ’F\G;&){ H d(a,)} f(e).

vES
The integrals of (16.1.5) and (16.1.6) are equal to the product

H Xo!, (7_1)
e measure(Z/\ B,)
and

/ ~ flg g ws.

Bs\ G
Now regard f = f1 * fy as an element of B. We can still introduce for each v in S the
function -
51)(9) = d<0v) (Uv(g)uva uv)
on G,. The factor d(o,) is the formal degree of o, with respect to the measure wy(v). If o/, is
not one-dimensional &, is integrable and we can use it to define a function ® to which we
can hope to apply the trace formula. When o] is one-dimensional the function &, is not even
integrable so it is of no use to us. However in this case we can find an integrable function (,

with the following properties:
a O 1
o (6 1)) =m @t

(i) For all @ in F,
(ii) For a suitable choice of u, the operator o,((,) is the orthogonal projection on the space
Cu,.
(iii) If x, is a character of F* such that 2 = n, then

/ | eldetg) Glo)ea ()

is =1 if o/,(h) = xu(v(h)) for all A in G, and is 0 otherwise.
(iv) If m, is a unitary infinite-dimensional irreducible admissible representation of G, which
is not equivalent to o, but satisfies

u ((8 2)) =ny(a)l

trm, () = 0.
If v is real we cannot describe (, without a great deal more explanation than is desirable at
present. However after a few preliminary remarks we will be able to describe it when v is
non-archimedean.
Suppose 0. (g) = X (V(g)) for g in G/, and 7, is a representation of G, such that

Ty ((g 2)) =ny(a) !

for all @ in F¥. Applying Lemma 3.9 to x,' ® 7, we see that the restriction of 7, to K,
contains the representation k — x,(det k) if and only if 7, = 7(p, vy), fo¥y = Ny, and the

for all a in F then
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restrictions of u, and v, to U, the group of units of F},, are both equal to the restriction of
Xv- Let ¢/ be the function on G, which is 0 outside of Z, K, but on K, is equal to

1
measure(Z,\Z, K,)
Let H, be the group generated by Z,, the matrices

( 2)
(24)

Let w, be the character w,(a) = (=1)" x,(a) if |a| = |@,|". According to the concluding
lemmas of the previous paragraph there is a non-zero vector u in the space of 7, such that

X, ' (det g).

in K, for which ¢ =0 (mod p,), and

To(9) u = wy(det g) u

for all g in H, if and only if 7, is equivalent to o,, m, = 7(t, ) is infinite-dimensional,
[V = 1y, and the restrictions of u, and v, to U, are equal to the restriction of x,, or 7, is
the one-dimensional representation

g — wy(det g).
Let ¢/ be the function which is 0 outside of H, and equal to

1 1
" (det
measure Z,\ H, w, " (det g)

on H,. We may take
G=¢ ¢
There are some consequences of the four conditions on (, which we shall need. If u, and
v, are two characters of F,* such that p,v, = n,, the trace of p({y, fi, V) is a multiple of

/ZU\AU po () () ‘% 5{/ 3 ¢ (ktank) dndk} "

(a0
a= | 3]
Since this is 0 for all possible choice of u, and v,

/ Co(k™rank) dk dn = 0
v KU

for all a. We also observe that if ¢/ is not one-dimensional then

/ & (kK tank) dk dn =0
v K'U

for all a.
If , is special or absolutely cuspidal trace m,((,) is therefore equal to

S/
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Since trm,((,) is 1 if m, is equivalent to o, and 0 otherwise the orthogonality relations imply
that .

| Gl g wne) = Xo ()
B,\G,

measure Z,\ B,

for all regular b and therefore, by continuity, for all b whose eigenvalues do not lie in F,.
It probably also follows from the Plancherel theorem that (,(e) = d(o,). We do not need
this but we shall eventually need to know that (,(e) = d(o)). For the moment we content
ourselves with observing that if w, is a character of F* and o, is replaced by w, ® o), the
formal degree does not change and (, is replaced by the function g — w;*(det g) (,(g) so
that (,(e) does not change. Thus the relation (,(e) = d(o),) need only be proved when o is
trivial.

Let S; be the subset of v in S for which ¢/, is one-dimensional and let Sy be the complement
of S;in S. Given f = f; % fo in B we set

(g) = { T clo) }{ TT &l9)} £(3s).

vES] VESY

Let pd be the representation of G on A{ (n) the sum, in the Hilbert space sense, of Ay(n)
and the functions x : g — y(det g) where y is a character of F*\I such that x? =7 and let p
be the representation on A(n). If at least one of the representations p/, is not one-dimensional
pg (®) annihilates the orthogonal complement of Ay(n). If they are all one-dimensional we
apply the third condition on the functions (, together with the fact that the number of places
in S is even to see that pg (®) x = 0 unless o/,(h) = x,(v(h)) for all A in G}, and all v in S
but that if this is so
po (@) x =7(f) x.

Recall that Ag(n) is the direct sum of spaces V* on which G acts according to representations
mt = @n'. If at least one of the representations ¢/ is not one-dimensional p (®) is equal to
o(f) on M and annihilates the orthogonal complement of M in Ay(n). Suppose they are
all one-dimensional. If i belongs to X the restrictions of pf (®) and o(f) or 7(f) to M are
equal and pg (®) annihilates the orthogonal complement of M? in V?. If i is not in X the
trace of the restriction of pf (®) to V7 is

{TTtrmc) Heas(n)}

if 7% = ®ygsmh. Since 7, v € S, are all infinite-dimensional and for at least one such v the
representation 7, is not equivalent to o,

[Ttrmi(¢) =o.

ves
We conclude that
tr o (@) = tr7().
To show that
tr7(f) = tr 7' (f)

we have to apply the trace formula to find a suitable expression for tr pf (®). In order to

describe the formula we need to state some results in the theory of Eisenstein series.
Consider the collection of pairs of characters p,v of F*\I such that uv = 7. Two

such pairs, u,v and p', v/ are said to be equivalent if there is a complex number r such
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that ¢/ = pal and v = va;". If a belongs to I then op(a) = |a|". Let P be a set of
representatives for these equivalence classes.

Suppose (u,v) belongs to P. If s is a complex number the space B(ual,vagp?) of
functions on Ny\Gj is defined as in the tenth paragraph. Since the functions in this space
are determined by their restrictions to A we may think of it as a space of functions on K in
which case it is independent of s. Thus we have isomorphisms

T, : B(,uoz?,, 1/04;%) — B(u,v).

The theory of Eisenstein series provides us with a function (¢, s) — E(p, s) from B(u,v) x
C to A(n). Let E(g,p,s) be the value of E(p,s) at g. For a given ¢ the function E(g, ¢, s)
is continuous in g and meromorphic in s. Moreover there is a discrete set of points in C such
that outside of this set it is holomorphic in s for all g and ¢. If s is not in this set the map

o — E(Tsp,s) of B(ua%, ua}g) into A(n) commutes with the action of K.
If the total measure of Np\ Ny is taken to be 1 the integral

/ E(ng, Tsp, s) dn
Np\Ny

is equal to
(9) + (M(s)p)(9),

where M (s) is a linear transformation from B(ua?, va,?) to B(vay
with the action of H. It is meromorphic in the sense that

(M ()T, o1, T, o)

is meromorphic if ; belongs to B(u,v) and ¢y belongs to B(v~!, u~'). The quotient of M(s)
by

|w

, ) which commutes

L(1—s,vp™) L(s,pv™1)

L(1+s,uv=1) L(1+ s, uv=1)
is holomorphic for Res > 0. Since the analytic behaviour of E(g, ¢, s) is controlled by that
of M(s) it should be possible, as we observed before, to use the Eisenstein series to show

= 6(]‘ - S?”M_l)

that a constituent of B(ua%, vap?) is also a constituent of A(n).
To indicate the dependence of M (s) on p and v we write M (u, v, s). Then

M (p,v,s)M(v,pu,—s) = 1.

If s is purely imaginary we can introduce the inner product
(1, p2) = / p1(k) pa(k) dk
K

on B(pak,vap?). Let B(pak, vap?) be its completion with respect to this inner product. We
may think of B(ua2,va,?) as a function space on G4 on which G acts by right translations.

The representation of G, on B (ua%, I/Oé;%) is unitary. Let g correspond to the operator
p(g, u,v,s) and if fisin L'(n) let

P, 8) = / £(9) p(g, 1, v, ) wolg)

Zy\Gy
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The isomorphism Ty extends to an isometry, from B(uaF, z/aF ) to B(p,v) and M (u, v, s)

extends to an isometry from B(,uaF, vap?) to B(rag?® ,/wzp) In particular
M*(p,v,s) = M (v, p, —s).

Suppose (i, v) is in P and, for some r, v = pa’ and g = vag". Replacing u by ,uaé and

v by va2if necessary we may suppose that p = v. We may also suppose that if (i, v) is in
P and is not equivalent to (v, ) then (v, ) is also in P. Let L be the Hilbert space sum

P Bu.v
P
and let £ be the algebraic sum
P B(u.v
P

If we define L(s) to be

P
and £(s) to be
@ B(uaF, iz )
P
we can again introduce the map
T, : L(s) — L.

The representation g — p(g, s) is the representation

9= P olg, v, s)
on L(s). M(s) will be the operator on L(s) which takes @&¢(u, ) to Gp; (i, v) with
e1(v, ) = M(p, v, s) p(p, v).
It is unitary.

If F' has characteristic 0 let H be the space of all square integrable functions ¢ from the
imaginary axis to L such that

T7 o(—s) = M(s) T, o(s)

c 100 )
— d
[ etras

where c is a positive constant relating various Haar measures. It will be defined more precisely
later. If F' is a function field with field of constants I, the functions in H are to be periodic
of period 1‘;%2' and the norm is to be

with the norm

271'
clogq
JACECIRE
™ 0

On the whole we shall proceed as though F' had characteristic 0 merely remarking from time
to time the changes to be made when the characteristic is positive.
If o = ®p(p,v) is in L we set

E(g,p,s ZE )
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If ¢ in H takes values in £
1 T
Jim 5 [ B(gels)s) dlsl = ota)
exists in A(n). The map ¢ — ¢ extends to an isometry of H with a subspace A;(n) of A(n).
If g is in G, and ¢’ is defined by
¢'(s) = Tiplg,s) T, o(s)

then @ is p(g)@.

The orthogonal complement of A;(n) is A (n). Thus if E is the orthogonal projection
of A(n) on A;(n) the trace of pj (®) is the trace of p(®) — Ep(®) which, according the the
Selberg trace formula, is the sum of the following expressions which we first write out and
then explain.

(i)
(i)

measure(Zy Gp\Gy) ®(e).

%Z Z measure(Zy BF\BA)/ ®(gvg) ws(g).

Q1 Y€Zp\Bp Ba\Ga
VEZ R

Z Z measure(ZABF\BA)/ ®(g  vg)wi(g).

Q2 Y€Zp\Bp Ba\Ga
z

(iv> véZp
— > ) { [w0 fw)} wi (Vs fo)-
VE€Zp\Ap W w#v
(v)
e[ 2o [T00. £+ A { D00, 1) TT 000, )}
(vi) If F'is a number ﬁeldv ) o
00 M(0) p(®,0),
but |
_ Oiq {trM(O) p(®,0) +trM<lo7;q> ,0<<I>, é)}

if F'is a function field.
(vii) If F'is a number field

1 100
i | (o) pl® ) dlsl,
but o
1 fogq
B e (s) ml(5) p(@, 5) dls|
dr J,

if F'is a function field.
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(viii) The sum over (i, v) and v of

1
R (v ) Bty v 9) (s Vs ) T 00 10 v 9) } s

a7 | ino wito

if F'is a number field and of

27
logq [Toea _

. tr{R 1(/%7”1)73) R/(/va’/vvs) p(fa ,Uva’/vas)}{ Htrp(fwaﬂwa’/wvs)}d‘3|
wH#v

dr - Jy

if F'is a function field.
The function @ is of the form

®(g) =[] f.(90)-

Let @ be a set of representatives for the equivalence classes of quadratic extensions of F'. For
each E in @ fix an imbedding of E in the matrix algebra M = M (2, F'). Let Bp = Br(FE)
be the multiplicative group of E, considered as a subalgebra of M. It is the centralizer of E
in Gp. Let By = By(E) be the centralizer of F in G4. Let Q1 be the collection of separable
extensions in () and ()5 the collection of inseparable extensions. Let, moreover, Ar be the
group of diagonal matrices in Gp.

Choose on N, that Haar measure which makes the measure of Ng\ Ny equal to 1. Choose
on K the normalized Haar measure. On the compact group H obtained by taking the quotient

' (5 %) afir-1a)

by Z,Ar choose the normalized Haar measure. This group H is the kernel of the map

a 0 o
(0 5) %log‘g

of Ap Zy\Aa onto R or loggZ. On R one has the standard measure dx and on log g Z one
has the standard measure which assigns the measure 1 to each point. The measures on H and
on H\(Ar Zy\Ay) together with the measure on Zy\Ar Z4 which assigns the measure 1 to
each point serve to define a measure da on Zy\A,. The constant ¢ is defined by demanding

that
/ f(g)wo(g)
Zy\Ga

c/ / /f(cmk:) da dn dk
Zi\Ax I N, K

if f is an integrable function on Z,\G,. We may suppose that the measures on Z,\ Ax, Ny,
and K are given as product measures and in particular that

/ dk, =1

[ xtnydn, =1

v

1
2

be equal to

and
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for almost all v if x is the characteristic function of

(1) |con)

The factors w(, f,) and w; (v, f,) appearing in the fourth expression are defined by

w(y, fo) = / folky 'ny, tyn,k,) dn, dk,
v K’U

and
w1 (Y, fo) = / fv(kqjln;lvnvkzv) log A(n,) dn,, dk,.
v KU
If
0 1 . Oé/ 0 Ik/
10" \o )"
then ,
a
A(n) = ‘E

Set (s, f,) equal to

-1
v

517 Lo o, 0 k|
_— fo(k, "a, noayk,
L<1+S;1v) Zu\Ay J Ky ( 0 )Bv

(o, O
“w=\o B
(11
Nng = O 1 .

We take 1, to be the trivial character of F*. Then (s, f,) is analytic at least for Res > —1.
Its derivative at 0 is 6(0, f,). If

L(1+s,1p) = [[ L1 +5,1)

" da, dk,

where

and

the Laurent expansion of L(1 + s,1r) about s =0 is

A
_1_+_)\0_|_...'
S

The operator m(s) is the operator on L(s) which for each (1, r) multiplies every element
of Bluad, vay?) by
L(1—s,vu™)
(Lt 5, po )

s

We may represent B(,uoc%v, vap?) as
Q) Bluat,, e
when s is purely imaginary. If Res > 0 let R(u,, vy, s) be the operator from B(,uva%, 1/1,04;5)

to B(Vva;v%uval%v) defined by setting
R(pro, v, 5) @(9)
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- L(1+ s, povy ! 0 1
5(1_37,%1%71%) (L(S 7 V_l) )/ ¥ <(_1 O) ng) dn.

These operators can be defined for s purely imaginary by analytic continuation. They are
then scalar multiples of unitary operators and for a given u, v are in fact unitary for almost

equal to

all v. Thus R(u,,vy,s) can be defined as an operator B(,uvaF Uy ) when s is purely

imaginary and
L(1—s,vu™)
= R vy vy M
(Z) (Q flu. )} L(1+s,uv)
mv) v

Set
N(s)=TsM(s)Tg"
and if N'(s) is the derivative of N(s) set
M'(s) =T, N'(s) T,
Define R'(jiy, 1y, s) in a similar fashion. Then
tr M~1(s) M'(s) p(®, s)
is the sum of
trm = (s) m/(s) p(®, s)
and
Z Z { tr R_l(:uw Vi, 8) R (o, Vs 8) p(fos o, Vo, 3)}{ H tr p(fur, Moo Vs 3)}’

wWHV

where p( f,, ly, Vs, S) is the restriction of p(f,) to B(uvaF ,l/vozps)

If E(p,v,s) is the projection of L(s) on B(,uozF, vag?) we can write

m(s) =Y alu,v,s)E(p,v,s)
where the a(u, v, s) are scalars. Thus
trm”(s) m/(s) p(®, 5)

ZM{Htrp(fmuv,w,S)}-

is equal to

ali,v,5)
We can also write
M(0) = 3 alp,v) B, ,0)
so that
tr M (0) p(®,0)

>~ alw ) { Tt pFos st 0)}.

is equal to

If F is a function field

<log q> ZB (s v) B p, v, lo;q)’
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If
(16.1.7) / fo(k™tank)dndk = 0
v N’U

for all @ in A, = Ap, then w(vy, f,) = 0 for all v, 6(0, f,) = 0, and

trp(f’l)?:“'l)? V’U? 8) = 0

for all u,, v,, and s. In particular if (16.1.7) is satisfied for at least two v the expressions (iv)
to (viil) vanish and the trace formula simplifies considerably.
We now apply this formula to the function

— { II Cv(gv)}{ 1T fv(gv)} f(3s)

vEST vES
where f = f; x fo with f; and f5 in B is of the form
AS) = va(gv)
vgS

Since S has at least two elements and the functions (, and &, satisfy (16.1.7), only the
expressions (i) to (iii) do not vanish identically. The expression (i) is now equal to

{TT @} TT don} £(e)
vEST vES2
We recall that d(o,) = d(o]) if v is in 5.

We may suppose that @), is equal to @}, and that @ is a subset of @;. If E is in ¢; or
()2 and 7y is in Br = Bp(FE) but not in Zp

/ (g 'vg) wa(g)
By\Ga

is equal to the product of

H/\ o(95 1 v90) wi (v

vES]

H/ o(g0 " vg0) wi (v )}

vESy
and

/A ~ flgT g we
Bs\Gs

Ifvisin S and F ®p F, is not a field so that B, is conjugate to A,, the corresponding factor
in the first of these two expressions vanishes. Thus the sum in (ii) need only be taken over
Q). If Eisin Q) or Qs the first of these two expressions is equal to

0 Xoo(V1)
S measure Z,\ By

Thus, in the special case under consideration, (ii) is equal to (16.1.5) and (iii) is equal to
(16.1.6) so that

trr(f { H Cole }{ H d(av)} measure(Zy Gp\Gy) f(e)

vES] vESy
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is equal to
tr7'(f) — { Hd(a{,)} measure(Zy G\GY) f(e).
veS
We may take ) to be trivial and apply Lemmas 16.1.1 and 16.1.2 to see that, in this case,

trr(f) = tr ' (f)
and
{ H d(U;)} Hleasure(ZA G%\Gf&)
is equal to veS
{ H gv(e)}{ H d(av)} measure(Zy Gp\Ga).
veS) vES,

Still taking n trivial we choose the o] so that none of them are one-dimensional and conclude
that

(16.1.8) measure(Zy G7:\G)) = measure(Zy Gp\Gy).

Then we take exactly one of them to be one-dimensional and conclude that (,(e) = d(o),).
Thus (,(e) = d(o]) and

tr7(f) =tr7'(f)
in general.

The relation (16.1.8) is well-known. One can hope however that the proof of it just given
can eventually be used to show that the Tamagawa numbers of two groups which differ only
by an inner twisting are the same or at least differ only by an explicitly given factor. Since
the method of [33] can probably be used to evaluate the Tamagawa numbers of quasi-split
groups the problem of evaluating the Tamagawa numbers of reductive groups would then be
solved. However a great deal of work on the representation theory of groups over local fields
remains to be done before this suggestion can be carried out.

To complete our formal argument we need to sketch a proof of the trace formula itself.
One must use a bootstrap method. The first step, which is all we shall discuss, is to prove it
for some simple class of functions ®. We take ® of the form ® = f" x f” with

F9) =11 filg0)

and

f(g) =] £(90)

where f} and f] satisfy the five conditions on page [253] The function f, is f} * f/.
Suppose @ is a K-finite compactly supported function in A(n). For each purely imaginary
s define ¢(s) in £ by demanding that

1

% )y, P9 P06 ) nl) = (2L0). )

be valid for all ¢/ in £. The map ¢ — @(s) extends to a continuous map of A(n) onto H,
() being the function in H corresponding to Ep in A;(n).
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For each (u,v) in P choose an orthonormal basis {¢;(u, )} of B(p, ). We may suppose
that any elementary idempotent in JH annihilates all but finitely many elements of this basis.

If
@(S) = Z Z (li(ﬂ, v, S) 902(/% V)
() i

then
1

) =5 [ el0) Bl o)) o)
C JGp Zi\Ga
Let
p((I)’ 5) T§1 901'(:“7 V) = Z pji(q)7 Y, S) Tgl QOJ'(M? V)'
j
For all but finitely many p, v, i and j the functions p;;(®, 41, v, s) vanish identically. Ep(®)ep
is equal to

T—o0 -
[RZL N2V

. 1 T
lim ZZR/iTpij(q)aﬂ)VaS)aj(:uvy)S>E(g7S0i(M7V)7S) d|8|

A typical one of these integrals is equal to the integral over G Z,\Gy of the product of ¢(g)
and ,
T 3
/ pij(q)? vy 3) E(ga sz(/% y)? S) E(ha (pj(/JH I/)v S) d‘S‘
—iT
Thus the kernel of E p(®) is the sum over (i, v) and 4, j of
1 100 B
4_7_[_0 ' pij(q)nua V>S> E(g,gpl(,u, V)v S) E(h%(ﬂa V)a S) d|3|
The kernel of p(®) is
®(g,h) = Y @(g7'yh).
Zp\GF
To compute the trace of p(®) — F p(®) we integrate the difference of these two kernels over
the diagonal.
The function ®(g, ¢g) may be written as the sum of

(16.2.1) Y. D (gl vog),

5€F%\GF*W€NF
Y#e

where Pp is the group of super-triangular matrices in Gp,

(16.2.2) % Y. g6 ag),

YEZR\AR (SGAF\GF
VEZ R
where A is the group of diagonal matrices in G,
1 “1e—
(16.2.3) 5 Y DY (g dyg)
Q1 ’YEZQFZ\BF §€BF\GF
T4 R

and

(16.2.4) Yood Y g tog)

Q2 V€Zp\Bp 6eBp\Gr
v€Zp
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together with
(16.2.5) P(e).

The constant ®(e) can be integrated over G Z,\G 4 immediately to give the first term of
the trace formula. The standard manipulations convert (16.2.3) and (16.2.4) into the second
and third terms of the trace formula.

The expressions (16.2.1) and (16.2.2) have to be treated in a more subtle fashion. We can
choose a constant e; > 0 so that if

(696 9>

with z in A, a and £ in I such that [3] > ¢;, and k in K, and if

(1 2\ [ 0 %
ryg_ O 1 0 5/ )

with v in Gp, 2/ in A, o/ and f’ in I such that |g—:\ > ¢q, and k' in K, then v belongs to Pp.
Let x be the characteristic function of

550}

5

1o 1) 5)
% ST Y w(g15499) (x(69) + x(=(7)39))

The expression (16.2.2) is the sum of
6€PF\GF VEZp\Pp

Y¢ZpNp

and

% Y Y a6 e (1 - x(69) — x(£(7)89))-

8€ePr\Gr Y€Zp\PR
Y¢ZpNp

Here £(7) is any element of G not in Pr such that

e(y)ve ' (v) € Pr.
There is always at least one such (). The integral of the second sum over Gp Zy\Gy
converges. It is equal to

; /ZAPF\GA > ®lg79) (L~ x(9) — x(e(1)9)) wol9)-

YEZp\ PR
V¢ZpNp

Every 7 occurring in the sum can be written as 67,0 with vy in Ar and § in Pp. Then

(67<(10)9) (5900) (5 2(30)0) ™ = 6~ ((v0)r0 ™ (30))0,
so that we can take e(y) = 6 'e(0)d. We take

e(v) =w = (_01 é) .

x(0"'wég) = x(wdg)

Since x(dg) = x(g) and
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the integrand is

Yo Y (g0 yeg) (1 - x(69) — x(wdg)).

YEZR\AR 5€AF\PF
VEZp

The integral itself is equal to

% Z /ZAAF\GA ®(9_179)<1 B X(g) o X(w‘g)) WO(Q)-

YEZR\AR
YEZp

All but a finite number of the integrals in this sum are 0.
It is convenient to write each of them in another form. If

(i

then x(g) is 1 if %‘ > ¢y and is 0 if % <c. If
(a0
wn = <0 ﬁ') nk
and A\(n) is \g—:| then x(wg) is 1if |F] < %1) and is 0 if || > %L) It is easily seen that

A(n) < 1. Thus if ¢; > 1, as we may suppose, one of x(¢g) and x(wg) is always 0. The integral

/ (g~ "v9) (1 — x(9) — x(wg)) wo(g)
ZyAp\Gy
is equal to
c/ / O(k~'n"'ynk)(2log ¢ — log A(n)) dn dk
Ny JK
which we write as the sum of

(16.2.6) 2clogcl/ /@(k‘ln_lynk) dn dk
Ny JK

and
—Zc/ /@(k‘ln_lynk:) log A(n,,) dn dk.
> Ny JK

If we express each of the integrals in the second expression as a product of local integrals we
obtain the fourth term of the trace formula. All but a finite number of the integrals are 0 so
that the sum is really finite. We will return to (16.2.6) later. If F' is a function field over F,
it is best to take ¢; to be a power of ¢" of ¢. Then 2logc; is replaced by 2n — 1.

The expression (16.2.1) is the sum of

> oyl ydg) x(dg)

§€PF\GF veNp
y#e

and

> o(gl o) (1 - x(8g)).

§€PF\GF vENFR
v#e
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The integral of the second expression over G Z,\G, converges. It is equal to

[ 3 el - ) o)

PrZi\Ga venp
Y#e

/11
=10 1

D> (g nedg) (1 - x(dg)),

NpZp\Pr

If

the integrand is equal to

so that the integral itself is equal to

/N o e (1= 1(0) ol

C/ZA\AA /KCD(klalnoak:)(l — X(a)) ‘%

(a0
a= 1 3)
The integrand vanishes outside of a compact set. Thus the integral is the limit as s approaches
0 from above of

which is .
da dk

—1-—s
c/ / (k™ a " 'noak) (1 — x(a)) ‘g‘ da dk,
Zp\Ap VK B

which is the difference of

c/ /@(klalnoak)‘g
Z\\Ap JK p

—1-s
c/ /Cb(l{:_la_lnoak)’g’ x(a) da dk.
Zp\Ap JK B

The first of these two expressions is equal to

c{ IZI/U\AU . fo(kras 'ngayk,)

11—

" da dk

and

Q|1

B

78davdkv}

which is
(16.2.7) cLa+sJﬂ{IIm&ﬁ&.

Observe that if v is non-archimedean and f, is 0 outside of Z, K, and is 1 on the elements of
Z, K, of determinant 1 then
~1

/ fo(ky ag 'noayk,) Qo7 da, dk,
U\AU Ky

By
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is the product of the measure of

{(g g) € Z\A, |oz|=|6|}

3 e = L(1+ 5,1,),
n=0

and

so that

[16Gs. f.) = 6(s, @)
is analytic for Res > —1 and its derivative at 0 is

S0 f{ 106 1)}

WV
The function (16.2.7) has a simple pole at s = 0. The constant term in its Laurent expansion

is C[)\OHG(O,fv)"i_)‘—l{Ze/(O’ fv) HQ(O’fU’)}]’
v v e

which is the fifth term of the trace formula.

The expression
c/ /<I>(k1alnoal<:)‘g
Zp\Ap /K B

c Ok ta tyak ’g 7 (a) da dk.

YENEp
y#e

Choose a non-trivial character ¢ of F'\A and let

U(y,g) = /Aé (g‘l ((1) f) g) W(xy) de.
U(y,ag) = (g

v (—y, g) :
B
Moreover by the Poisson summation formula

Z ®(k o yak)
o

—1-s
x(a) da dk

is equal to

Then

is equal to

S () 2] v e
y70

Lo
C —_—
ZAAF\AA K ﬂ

The integral

B x(a) { Z U <%y, k) } da dk

y#0
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is a holomorphic function of s and its value at s = 0 approaches 0 as ¢; approaches co. Since
we shall eventually let ¢; approach oo it contributes nothing to the trace formula. If F'is a

number field
c/ /CID(e)
ZAAF\AA K
1 1

1+s ’ C%—'—S
which is defined at s = 0. Its value there approaches 0 as ¢; approaches oco. Finally

FAWALLLE

| w0, k) dk.

st Jk
The pole of this function at s = 0 must cancel that of (16.2.7). Consequently

/ (0, k) dk = A_ 6(0, ®).

The constant term in its Laurent expansion about 0 is

—clog ¢y / U(0, k) dk.
K

Not this expression but its negative

(16.2.8) clogcl/ v(0, k) dk
K

a|—1-s
— a) dadk
3 @

is a multiple of

—S

x(a) da dk

is equal to

enters into the integral of the kernel of p(®) — E p(®) over the diagonal. If F' is a function
field -% is to be replaced by

S
scy

and logcy by n — %
The Poisson summation formula can be used to simplify the remaining part of (16.2.1).

We recall that it is
YD ®lg'odg) x(dg).

5€PF\GF YENp
v#e

We subtract from this

> w(0,49) x(dg)
5€PF\GF
to obtain the difference between

> D U(y,59) x(59)
0€Pr\GF y#0

and

> D(e) x(dg).

(SEPF\GF
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The integrals of both these functions over Z, G\G, converge and approach 0 as ¢; approaches
0o. They may be ignored.
The remaining part of (16.2.2) is the sum of

5 2. 2. ®g7'0dg)x(dg)

6€PF\GF YEZR\Pp
V¢ZpNEp

Z > (g o) x(e(7)dg).

BEPF\GF YEZR\Pp
YE¢ZpNp

These two sums may be written as

Y (godg) x(dg)

€Zp\Ap Ap\G
WWZFZFF F\GF

D o976 dg) x(wg).

Y€Zp\AF Ap\Gp
Y€Zp

and

and

Replacing § by w1J in the second sum we see that the two expressions are equal. Their sum
is equal to twice the first which we write as

SN Y (gt uneog) x(09).

71€Z€F‘\AF 0€Pr\GFp 72€NF
7

For a given ® all but finitely many of the sums

(16.2.9) Yo D g0 me09) x(09)

S€Pp\GF 126Nk

U(y,m.9) = /A<I> (91% (é 516) g) W(zy) dr.

The expression (16.2.9) is the sum of

Z Z‘I’ ,71,69) x(69)

dePp\GF y#0

are zero. Set

and
> W(0,71,59) x(89)-
5€Pp\Gr
The first of these two expressions is integrable on Gr Z,\G and its integral approaches 0 as
c1 approaches oo.
Since ¥(0, g) = ¥(0, e, g) we have expressed <I>(g g) as the sum of

(16.2.10) > > (0,7,59) x(9)

dePr\GFr v€Zr\AF
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and a function which can be integrated over Gr Z,\G4 to give the first five terms of the
trace formula, the sum of (16.2.8) and one-half of the sum over v in Zp\Ap but not in Zr of
(16.2.6) which is

(16.2.11) cloge; //@(kwnk)dndk,
YEZRp\AFR

and an expression which goes to 0 as ¢; approaches oco.
Now we discuss the kernel of E p(®) in the same way. Set H(g; u, v, 1,7, s) equal to

pij(®, 1, v,8) E(g, 0i(p,v), s) E(g,9;(1,v), s).
On the diagonal the kernel of F p(®) is equal to

S [ i

RN/
if F'is a number field and to

log q Togq .
Yo 1 H(g; p,v,1, 5, 5) d|s|
— 47
wy g
if F' is a function field. We set E;(g, ¢, s) equal to

> {1 0(0g) + M(s) T, 0(3g) } x(09)

Pr\GFp

and let
EQ(.Q)SO?S) = E(g,g07 5) - El(g»% S)'
If, for m=1,2, n=1,2, Hy,,(g; p,v,1,7,5) is
plj<q)7,u7 V?‘S) Em(g; (pl(u7 V)?‘S) En(g780]<,u7 I/),S)

and ®,,,(g) is, at least when F is a number field,

1 100
Z Z 4_7T'C i Hm,n(ga v, i7j7 S) d“g"
v 4]
the kernel of E p(®) is
n 2
2> Punl9)
m=1n=1
on the diagonal.
If mornis?2
[ gl
Gr Zy\Ga
is equal to
(16.2.12) {/ Hypn(9s s 51, 5, 8) wolg )}dISI-
47TC ; sz: GF Zp\Gp

Take first m =n = 2. If F' is a number field a formula for the inner product

/ Es(g,¢1,8) Ea(g, pa, ) wo(g)
Gr Zy\Ga
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can be inferred from the formulae of [26] and [27]. The result is the sum of
.1 _
clim _{C%t((pla 902) -G 2 (N(t + 8)3017 N<t + S)QDQ) }7
N0 2t
where N(t + s) = Ty s M(t + ) T5L, and

el 801 Ve 9)0) = 2 (V4 )

The second expression is equal to
{1 Ns)w2) = e (N(s)on,02) )

The first is the sum of
2clog ¢, (9017 902)

__{( (s)1,2) + (91, N7H(s) N'(5) 02) }-

If F'is a function ﬁeld over [F, and ¢; = ¢" the inner product is the sum of

and

clogg {113% (1, N(s)2) "1 + llq_—qjq (N(s)er 02) q%””}
and
(2n — 1)c(p1, p2)
and
——{( (s) 1, 92) + (1, N1 (s) N'(s) 2) }.
Certainly

SN (@, v, 8) (il v), @5 v)) = tr p(®, 5)

IR N}

Z // / (k~Yank) u ‘—‘Tdndadk
Ny J Zy\Ay
Zc/ / / Z O (ktaynk) u ‘—‘7dndadkz.
v Ny JZyAp\Ap

NEZp\Ap
Thus if H is the set of all
a 0
0 B

100

which equals

or

in ZyAp\A, for which |a| = |f|

16.2.1 — )
(16.2.13) e _mtrp( ,5) d|s]
is equal to
2, f e
— (k™ aynk) u(a) v(B) dndk da
2 ), J et ) )
which is

1
—/ /(I)(k‘lfynk)dndk.
2 Ny J K
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When multiplied by 2clog ¢ the effect of this is to cancel the term (16.2.11). If F' is a function
field (16.2.13) is said to be replaced by

27

logg [Tosa
trp(®,s)d
0 [ o) |

but the conclusion is the same.
The expression
Z Z pij<q)v v, S) (gpi(,u, l/), N(S)SOJ'(/% V))
AN
is equal to
tr M~ (s) p(®, 5)

when s is purely imaginary and

Z Z pij(q)v sV, S) (N(S)Qpi(:uv V)’ @j(#? V))

BV 4]
is equal to
tr M(s) p(®, s).
Since M (0) = M~1(0)
: 1 o0 1 2s — —2s
Jim o [ M )l 5) — 4 M) (8,9} s

is equal to
1
1 tr M(0) p(®,0).
When multiplied by —1 this is the sixth term of the trace formula. For a function field it is

to be replaced by
logq{ s s
tr M(0) p(®,0) + tr M () p(@, ) }.
1 L M(0)p(2,0) + tr oe7) "\ ¥ Toa g

When s is purely imaginary
(N7'(s) N'(s) 1, 02) = (01, N7 (s) N'(s) ¢2).

Moreover
Z Z pij((bv M, v, S) (N_1(8> N/(S) ¢Z(M’ V)’ 90]'(”7 V))
[ ]
is equal to
tr M1 (s) M'(s) p(®, s).
Thus

h tr M~ (s) M'(s) p(®, s) d|s]|

E —1400
is to be added to the trace formula. It gives the seventh and eighth terms.
Next we consider (16.2.12) when m =2 and n = 1. If ¢}, = T, 'y and ¢l = M(s) T, o
the integral

(16.2.14) / Es(g, ¢1,5) Er(g, 92, 5) wolg)
GrZy\Gy
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is the sum of
/ Ex(g, ¢1.5) @4(9) x(9) wo(9)
PrZy\Ga

and
/ Ex(g, 01, 5) #4(9) x(9) wolg).
PpZy\Gy

Since ¢, ¢4 and x are all functions on Zy Ny Pr\Gy while, as is known,

X(g)/ Ey(ng, ¢1,5)dn =0
Na

when ¢; is sufficiently large, the integral (16.2.14) is 0. Thus (16.2.12) is 0 when m = 2 and
n =1 and also when m =1 and n = 2.
Set

F(g,0.8) =T, p(g) + M(s) T, " o(g)
and set Hy(g, i1, v, 1, j, $) equal to
pij(CI)a w,v, S) F(ga SDZ(M’ V)? S) F(ga %‘(Ma V)a S) X(.g)
If ¢; is so large that x(d19) x(d29) = 0 when §; and d2 do not belong to the same coset of Pg
the function @, 4(g) is equal to

ZZ Z 47TC Hg(ég :u7y727.77 )d|$’

wy ,j Pp\Gp
If ©l(g, p, ) is the value of T, ¢;(11, ) at g then
> pi(®, 1, v, 8) @i (hy p,v) B (g, . v)
.3
is the kernel of p(®, u, v, s) which is

/ / O(g™ anh‘ ‘7 (B) dn da.
Ny ZA\AA /8
If we set h = g, divide by 47c, integrate from —ioo to ico, and then sum over p and v we
obtain .
YEZF\AF

If (g, p, v) is the value of M(s) T, ¢;(u,v) at g
> pis( @, 11,0, 8) @ (hy pv) G (g, 11, v)
i3

is the kernel of

M(M,U,S)p(@,M,U,S)M(U,HJ,—S) :p(q)a%llﬂ_s)'
Thus ®41(g) is the sum of

(16.2.15) > > (0,7,59) x(9)

5€PF\GF ’YGZF\AF
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and
{Hl((Sg,M, Vaiaja S) + H?((Sga,ua V?Lja 8)} d’S’

—1300

HIPIE =

wy i4j Pp\Gp
where Hy(g, p, v, 1,7, s) is

pii (B, v, 8) @39, 1, v) 25 (9, 1, v)

and Hy(g, p,v,1,7,8) is
pii (P, 11, v, 5) 07 (9, 11, v) 259, 11, V).
The expression (16.2.15) cancels (16.2.10). If g = nak with

(a0
=10 B ,
Hl(gnuv V?Lj? S) 1s equal to

pot@anvs) () v ()5 e e

The functions p;;(®, u, v, s) are infinitely differentiable on the imaginary axis. Thus

s+1

1 100

Amc i 1(g,M7V,Z,]7S) |S|

M
)as

is O 3 (g9) and
averaged over Pr\G the result is integrable on Z, Gr\G, and its integral approaches 0 as
c1 approaches oo. Thus it contributes nothing to the trace. Nor do the analogous integrals
for Hy(g, p, 1,1, 7, S).
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