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Write »
A(u) = Alus, .y up) = [ [ (uj — w).
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Theorem: For integer p and complex z,vy, z with

Re(z) >0, Re(y) >0, Re(z) > — mm[l Re (x) Re(y)]

p’p—1"p-1

we have

I

[ f () (ow)  wpan

ﬁ [m + ) (e + (v — D)2)0(y + (v — 1)z)}
e M1+ 20 +y+ (p+v—2)2) '

Proof: For p =1 this reduces to the well-known Euler integral

! z—1 y—1 P(m)r(y)
/f;u (1—wu)?"du mf‘(a:%y)

so we assume p > 1.

Consider first the case when z is a positive integer. Then

AW =) Coyageayuf® - up?

with integer coefficients ¢. Therefore the integral I is a linear combination of terms

I1[Fetre].,

where, without loss of generality, we may suppose that 0 < ay < ay < --- < ap. Since
A(u) is homogeneous of degree £p(p — 1), we have

P
Z Gy = p(p - 1)2 ?
1
p(p—1)z.
In the same way, since Au1,...,u,) is divisible by A(uy,...,u,) for each v, we have
Oé,,‘ >(v—1)z.
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Now
P 2(p—1)x
z 2
|A(W)** = (H%) AL/,
1
and therefore the exponents o, = 2(p — 1)z — apy1—, satisfy the same inequalities
a, = (v—1)z.

Therefore
a, <2(p—-Nz—(p—v)z=(p+v—2)z.
This means that

Iz + ay) _ T(z+ (v —1)2)
Medtyta) Tety+(pt+v-—

572y 4 (z,y)

where gq, (2,y) is a polynomial in z and y with degree [(p + v — 2)z — &,] in y. Thus

F (ot a)T(y) P [ D+ (v~ D)D)
V]-;Il Net+y+a,) Qa(m,y)g [F(T +y+(p+v—2)z)

where Qo(2z,y) is a polynomial in = and y with degree in y

P
1
Sl +v 25— a] = 3p(p— 1z
v=]
Since I is a linear combination of such terms,

- P T(a+ (v — 1)2)I(y)
I=Q(z,y) H Iir(m +y+(p+v-— 2)3)]

_ Qz,y) ﬁ [I‘(ﬂ: + (v -2y + (v~ 1)z)]
R(y) % Cle+y+(p+v—2))

where
P

Ry)=[[by+1)-w+(r-1z~1)],

v=1

and (Q(z,y) is a polynomial in z,y of degree at most spp—~Dzin y. It follows from
A(u) = £ A(1 — u) that I is symmetric in = and y. Therefore

Qz,y) _ Ly, )
R(y)  A(z)

But the right side of this identity is a polynomial in y, and therefore Q(z,y) must be
divisible by R{y). Since the degree of Q(z,y) in y is equal to the degree of R(y), the
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quotient must be independent of y. By symmetry, the quotient is also independent of z.
That is to say

_ Mz + (v —-12)Ty+(v—1)z)
I—CP(Z)H[ I‘(:c—l—y—l—(p+v—2)z) ]

v=1

To determine ¢,(z), we take z =y = 1. Then

e [ [ ot [

Now we let w be the largest of the u; and take for the other u;

Then

1 1 1
JP:p/ wp—l/ / AP dvs -+ - dvp—y dw
0 0 [¢]

1 1 1|p—1
ij wp*1+zp(p—1)/ / H(l — v, JA(v)

2z
dvy - dvp_y duw

— 1 !
S p—-Dz+1

where I' is the integral I with = 1,y =22 4+ 1 and p ~ 1 for p. That is to say,

T -1z +1 T2+ (p+v—2)2)

ETEA+@ =002 goi(2) oY+ (v — 1)) + (v + 1)2)
2 11 [P@Hp%—v—?)z)} H[

v=1 r=1

This reduces to

elz) _ I'2+(p—1)2)I(1 4 pz) _ T +pz)
cp-1(z) ((p—1z+ D0+ (p—1)2)I(1+2) TQ+2)

Since ¢1(z) = 1, we have
P
I'(1 + vz)
o) = [T ||
S L T(1+2)
which completes the proof for integer z.

The proof extends to complex z with Rez > 0 by a standard argument using Carlson’s
theorem. Finally, by analytic continuation, it extends to all complex z,y, z for which the
integral [ is well-defined.
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