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1. Variations on a theme of Euler.

About 1740, Euler introduced the Beta-integral

! 2—1 y—1 MP(Q")P('U)
(1) /Ut (- tpiae= 2R,

and in 1837, Jacobi, who had noticed the analogy between the gamma function

I'(z) and the gaussian sum

Ty = Z X(iz)egri%,
h{mod .p)
where p is a prime and y a dirichlet character, gave the relation
Tyt Ty
(2) Yo a(hxe(l—h) =22
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valid if none of the characters x1, x2 and x1y2 is the principal character yp.

In 1941, I stated the formula

(3) /Ufo (.t (L= t1) .. (1= 22)) AP dty . din =

1]

_ H M'(l+vz) T(z+(v-1)2) T(y+(v-1)2)
I'(l+z2) T(a4+y+(n+v—2)z)

ki

=1
where A(t) =[] (i —t;)
1<ij<n
Seeking a discrete analogue of (3) for general n, which would reduce to (2) for
n = 1, I was at the time only able to prove such an analogue for n = 2 (and this
with a proof that had no relation to my proof for (3)), the formula for the general

case could only be conjectured to be:

Let P, run over all polynomials

Pae) = a" + @@ 4 -+ an
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modulo p, and let D(P,) be the discriminant of Py, then

D xa (1) Pa(0)x2 (Pa(1)xs U(D(Pr)) =
Py

noTer T v—1 T p—1

(4) =H Xi X1X3 X2X3 ,

o T R
w1 X8 Typxexftro?

where ¥ denotes the quadratic character mod.p and x1, x2 and x3 are characters

such that none of the subscripts of the 7 symbols on the righthand side is the

principal character yq.

In the 1980s, this conjecture was generalized to galois fields by Ronald Evans,
who also numerically verified it for certain small primes in the case n = 3.

Finally in 1990, Greg Anderson succeeded in proving the general case of (4),
using a beautiful new idea which works both for the continuous and the discrete
case.

Greg Anderson’s proof was sketched as well as my own proof of (3) (published
in 1944).

A pumber of other Beta-type integrals not found in the literature were given and

some applications mentioned.

2. Conjectures and results concerning a general class of dirichlet series.

The class considered is: dirichlet series of the form
i a
_ T
F('S) - Z ’J'L_s’
n=1

and such that (s — 1)™F(s) is an integral function of finite order for some integer

m > 0, and which satisfies a functional equation of the form
(I)(S) = @(1 - g)a

where

k
B(s) = Q" [[ (s + i) F(s),

w1

and [ef =1, @ > 0, A\; > 0 and Reu; > 0.
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In addition we assume that

log F'(s) = bn

ns’
where the b, = 0 unless n is of the form n = p”, where p is a prime and r a positive

integer. We finally assume that
n = 0(715)
for any positive constant §, and that

b, = C’)(na)

for some fixed 8 < ;,f—

Conjectures:

(I > |“;|2 = nrlogloga + O(1), where nr is a positive integer.
p<e
(IT)y ¥ F is “primitive”, that is: F can not be written as a product of two

functions both of which again satisfy our conditions, then
np = 1.

(II1) If F and F' are distinct primitive functions, then

> 7}’ = O(1).

p<z
(IV) The Riemann hypothesis holds for F{(s).

The behaviour of the sum

D

Pz

turns out to govern the value distribution of log F(s) on and very near the line
o = 3 (we write s = o + it). Several results concerning the value distribution were

given, in particular the function
log F(% +it)
/g loglog t|’

has a normal gaussian distribution in the complex plane. Also, if Fy(s) and Fs(s)

have no common factor (unique factorization into primitive factors being an easy



consequence of (1), (II) and (III))}, then they are statistically independent on and

=

very near the line ¢ =

Conclusions were drawn concerning the distributions of zeros of F(s) — @ where
a 7 0, as well as concerning the value-distribution and zeros of finite linear combi-

nations

> ciQiFi(s)
i=]

of functions F; which have the same products of I’ functions in their functional

equations.

3. Some questions of equidistribution concerning discrete groups of meo-
tions of the hyperbolic plane.

Let H denote the upper half plane model of the hyperbolic plane
z=z+wy, y>0,

with metric
,  dz? + dy?
CZSH == ’__—‘T"‘"
v
invariant under the group &' of motions given by

az <4~ b

by . . . .
where (i PR real unimodular matrix. Let T' be a discrete subgroup such

that the Haarmeasure of I'\& is finite.

: ")
T(Q)Z(cosga , sm%)

— SHii T COS 7

We write

where 0 < 8 < 27, then the elements of G can be written as

(2 ) =wr(3 1)

and this representation is unique if @®> + 5 + ¢* + d*> > 2 and p > 1. Using this

representation for the elements of I', we investigate the behaviour of the sum

Z ei(mf?l-i-neg)’

px



where m and n are integers, and the summation is taken over the elements of '
for which p < 2. Estimations are proved which imply that as x — oo, (,f—;r, 2327;) are
equidistributed in the unit square.

In particular, if there are no eigenfunctions of the Laplacian 1.!2(86—;2 + %) with
eigenvalues between 0 and i—, which are invariant under T' and square integrable
over '\ H, then

Z gilmbrintz) Em,nCE + O(:'.:%),

p<z

where ¢ is a constant and €, , = 1 for m =n = 0 and ep,,» = 0 otherwise.

If " has a maximal parabolic subgroup I's, generated by (é i) , we also look

(¢ )=z )

with p > 1, which again is essentially unique. We look at the elements of T" for

at the representation

which p < & and 0 € A < 1. We can show that as £ — co the points (%,/\) are
again equidistributed in the unit square.

Under the same assumption about I' we also look at the representation

(=G HE D6 D

valid for all elements of I which are not in I'es. We now consider the sum

S

0<|e|<s
0<s,4<1

Again, as @ — oo, we get equidistribution of (£, ‘—cl) inn the unit square.

In particular, if we choose m == 1, n = 0 and assume that the Eisenstein series
belonging to the cusp at oo has no poles on the segment between 1 and -;— of the

real axis, we get

Z (z — |e])e?™e = o(z?).

< e <z
0<a<]e]

If we specialize to the modular group this relation becomes

> (@ —nu(n) = o2?),

0<n<ze



a relation which long ago was established to be equivalent to the prime number

theorem.

Similar questions may be formulated concerning disecrete groups of motions in

higher dimensional symmetric spares, but in general they are of course much more

difficult to handle.
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