HODGE-THEORETIC INVARIANTS FOR ALGEBRAIC CYCLES

MARK GREEN* AND PHILLIP GRIFFITHS

ABSTRACT. In this paper we use Hodge theory to define a filtration on the
Chow groups of a smooth, projective algebraic variety. Assuming the gen-
eralized Hodge conjecture and a conjecture of Bloch-Beilinson, we show that
this filtration terminates at the codimension of the algebraic cycle class, thus
providing a complete set of period-type invariants for a rational equivalence
class of algebraic cycles.
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1. INTRODUCTION

Some years ago, inspired by earlier work of Bloch, Beilinson (cf. [R]) proposed
a series of conjectures whose affirmative resolution would have far reaching conse-
quences on our understanding of the Chow groups of a smooth projective algebraic
variety X. For any abelian group G, denoting by G the image of G in G®7Q, these
conjectures would have the following implications for the Chow group CH” (X)q:

(I) There is a filtration
(1.1) CH?(X)g = F°CHP?(X)g D> F'CH?(X)q
DD FPCHP(X)g D FPTCHP(X)g =0
whose successive quotients
(1.2) GrCHP(X)g = F"CH?(X)o/F™ ™ CHP(X)q
may be described Hodge-theoretically.*
The first two steps in the conjectural filtration (??) are defined classically: If
Yo : CHP(X)g — H?(X,Q)
is the cycle class map, then
F'CHP(X)g = kerty .
Setting in general
FM"CHP(X)=CHP(X)NF"CH"(X)q,
*Research partially supported by NSF grant DMS 9970307.
1n fact, assuming the existence of the conjectural category of mixed motives Beilinson proposed

such a description — cf. (3.9) below. In (??) we use the index range m =0,1,...,p.
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then if
Yy FITCHP(X) — JP(X)
is the Abel-Jacobi map we have that
F?CHP(X)g = image of {kert¢; — CHP(X)g}.
These two constructions are usually aggregated by saying that:
F2CHP(X)q is the kernel of the Deligne class mapping

CHP(X)q — Hy (X,Q(p)) .
which we shall denote by
Z — [Z]p
where Z € ZP(X).
The second of the implications of Beilinson’s conjectures is

(IT) If X is defined over Q, then
(1.3) F?CH*(X(Q))g=0.
More precisely, if X is defined over a number field k£ and we set

filtration induced from F"CHP(X)g by }

FrOHN(X (K)o = { the natural map CH?(X (k)) — CHP(X)

then
F?CH?(X(k))g=0.

There have been several proposed definitions of the filtration (??), in particular
by H. Saito-Jannsen and by Murre (cf. [S], [J] and [M]). In an earlier work [G-G1]
on the tangent space to the space of cycles, we have proposed a definition of the
induced filtration on TCHP(X)q that is compatible with the infinitesimal version
of each of previous two proposed definitions; it has the additional properties that
the associated graded

Gr"TCH?(X) = F"TCHP(X)o/F™ ' TCH?(X)g

has a Hodge-theoretic description compatible with what is expected in (?7?), and
that the infinitesimal version of (?7) is valid.

In this paper we shall propose a definition of a filtration (??) that has the
property (??) and whose infinitesimal version is consistent with that in our earlier
work. Although the construction of the FMCHP?(X) for 0 £ m < p makes no
assumptions, the proof that the construction “stops” at p = m and that rational
equivalence is captured as in (??) depends on the generalized Hodge conjecture
(GHC) and the Beilinson conjecture (?77?).

The construction will be in terms of Hodge theory; we will define Hodge-theoretic
objects Hyp,, 0 < m < 2p together with maps from subspaces X,,, of CH?(X)g

(1.4) om + Ky — Hip,
such that
ker {©o, ..., pam—2} = FTCHP(X)g

for m = 1,...,p. The maps ¢ and {p1,p2} will capture the usual fundamental
class and Abel-Jacobi map. The assertion that

(pgp : FpCHp(X)Q Hj‘(p
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be injective will be a consequence of the GHC and Beilinson’s conjecture (?77).

The approach we have taken in this paper is geometric and concrete — in effect,
we propose a Hodge-theoretic definition of F"*C HP(X) and an algorithmic test to
determine if a class [Z] € F"CHP(X). We are grateful to the referee for suggesting
a reformulation of our construction in terms of the derived category and M. Saito’s
theory of mixed Hodge modules (cf. [M,S] and [A].) The outline of this approach
appears in the appendix.

We shall restrict our discussion to the situation when X is defined over Q. The
essential geometric ideas appear already in this case. There is work by M. Saito, J.
Lewis and others dealing with related constructions in the general case (cf. [R-M.S],
[L] and the references cited therein).

For a codimension-p cycle Z € ZP(X), we denote by [Z] € CHP(X) the corre-
sponding rational equivalence class.

The material below was presented by the first author in his lectures at Banff [G]
and at the conference [Conference AG2000 held in Azumino, Japan — July 2000].

2. SPREADS; EXPLANATION OF THE IDEA

Before describing our construction we begin with some heuristic remarks. The
first is:
Even if one is only interested in the complex geometry of X, in
higher codimension the field of definition of X and its subvarieties
must enter the picture.

This is certainly suggested by the Beilinson conjecture (??), and it is clearly evident
from the infinitesimal study of the space of cycles and Chow groups in [G-G1].
Other than the complex numbers, the fields we shall consider will always be finitely
generated over Q. Because we are working modulo torsion, and because of the
elementary fact:

If X and a cycle Z on X are defined over a field &, and if L/k is a
finite extension such that Z =,,; 0 over L, then for some non-zero
integer m there is a rational equivalence mZ =,,; 0 over k,

it is really the transcendence level of k that is critical (this is again consistent with

(?7)).
For any field k there is a smooth projective variety S, defined over Q and unique
up to birational equivalence, with

Q(S) k.

If both X and an algebraic cycle Z C X are defined over k, then the critical notion
is that of the spread given by a picture

zZ c X
(2.1) ! !
S = S

Here both Z and X are defined over Q, and we may take X to be smooth and
projective. The diagram (??) is not unique; it is only defined up to ambiguities as
discussed below. Roughly speaking, if X and Z are defined by a set of equations

Fy(a,z) = Za)\jxl =0
I;
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where the coefficients a); € k, and if

are a set of equations with QQ coefficients that define the relations over Q that the
ayy satisfy, then S is defined by

Gi(s)=0  s=(-,sn, )
and the spread (?77?) by
Fy(s,x2) =0, ses.

We shall sometimes write (?7) as a family

{Zs € Xs}yes

where our original Z C X is Z;, C X, with sy being a generic point of S. Although
the spread (??) is not unique, its infinitesimal structure over the generic point is
specified and has a very natural description (cf. [G-G1]).

The basic idea is to organize the Hodge-theoretic invariants of the spread (?7?),
with the ambiguities in these invariants arising from the ambiguities in the spread
construction factored out, and assign these to the cycle Z C X. As will be explained
below, assuming the GHC and the Beilinson conjecture (??), the Leray filtration
and the VHS associated to (??) will lead to a filtration F"™CHP(X )g where, when
for example X is defined over Q, the filtration level of a class [Z] € CHYP(X)g
will be related to the minimal transcendence degree of cycles in that class. More-
over, again from properties of the VHS associated to (??) the successive quotients
GrmCHP(X)g will have a Hodge theoretic description and, assuming (?7?), taken
together will capture rational equivalence modulo torsion.

Before turning to specifics, we offer three remarks. The first is that this whole
structure is quite visible and has rich geometric content at the infinitesimal level
(loc. cit). The second is that the use of spreads has been “in the air” for some
time (e.g., cf. Schoen [S] where he refers to a construction of Nori); our main
point is to systematize their use as described below. The third remark is that our
construction is not yet satisfactory in several respects, among them that the “final”
Hodge theoretic object has yet to be constructed (see section 5 below).

3. CONSTRUCTION OF THE FILTRATION ON CH?(X)gq

Now we assume that X is defined over Q (or over a number field); for any finitely
generated subfield £ C C as usual we denote by X (k) the points of X defined over k.
Any cycle Z € ZP(X (k)) then has a spread

ZCXxS
defined over Q, where as above Q(5) = k. We have
2e ZP(X x 5)(@) ;

this cycle is well-defined modulo cycles W € ZP((X x S)(Q)) such that mg(W) is
supported on a proper subvariety of S that is also defined over Q. In general, these
ambiguities in our constructions will occur over proper subvarieties of S that are
defined over Q. We are also working modulo finite field extensions; i.e., modulo
finite coverings S — S defined over Q.
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If Y C X is a subvariety of codimension p—1 and defined over &, and if f € k(Y),
then the pair (Y, f) spreads over S to give

Yyc X x S
FeQ),

and div F' is well-defined modulo ambiguities as above. It follows that:

Z =at 0 on X(k) © Z =pat W on (X x 5)(Q)
where W is as above,
and

the Deligne cycle class
[2]p € HE (X x )
and s specified by Z modulo the ambiguities
{[W]p : W as above} .

The Deligne class [Z]p may be decomposed into
bo(2) € Hg"(X) C H?(X x S)q
and, if this vanishes, the Abel-Jacobi image
ATE o(2) € JP(X x S) .
The ambiguities are
{o(W) : W as above} C Hg?(X x S)

and
{AJf(Xs(W) : W as above and W =pom 0} .
We may write

where
[Z]m € HgP(X x S) N (H**""™(X)g ® H™(S)q) -
Similarly, we may decompose the Abel-Jacobi image into the pieces (here cohomol-
ogy is with C coefficients)
H?P=1=m(X) @ H™(S)
FP(num) + integral

AT% (2 € = JP(X X S)m

where FP(num) is the p** Hodge filtration of the numerator and “integral” is the
image of
HP 17X, Z) @ H™(S,Z) — H?P 717 (X) @ H™(S) .

In the following all equalities are modulo torsion and modulo ambiguities. We
will define a filtration (??) which, assuming the GHC and (??), will have exactly
p steps. Let Z € ZP(X(k)). The first two steps in the filtration (??) have been
defined, and it is an observation that
(3.1) [Z]o =0« [Z] € F'CH? (X (k)),
and

(3.2) [2]o = (2] =0 and AJ% 4(Z)o =0« [Z] € F?CH? (X (k)) .
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The geometric interpretations of (??) and (??) will be given at the beginning of
section 4 below.

Suppose now that inductively FCCHP(X), FICHP(X),...,F"CHP(X) have
been defined and have the properties

(33  [@epcmr(x) e 0= =Ri=0
. AJ_;;)(XS(Z')O:"':AJ.;?(XS(Z)Z'*I:O'

A second observation is
Zlo=-=[Zlme1 =0

(3.4) | h; Zhnes » = AJ%, o(Z)m is defined .
AJS  ¢(Z)o=- =A% (Z)m-1=0

We may then define

(3.5)

F"HCHP(X)g = {[Z] : [2] € F"CHP(X)g and [Z],,, =0, AJ%  5(Z)m—1 =0} .
In order to justify this definition we have the result
Assume the GHC. Then the [Z)n, are well-defined for m < p and

(3.6)

[Z]o =+ = [Z]p =0 modulo ambiguities = [Z|; € ambiguities fori = p+1.
Simalarly, if (7?) holds then the AJY  o(Z)y are well-defined for
mZp—1 and

(3.7) AJ%, 5(Z)o="--=AJ% (Z)p—1 =0 modulo ambiguities

= AR ((2); € ambiguities fori > p .
A corollary is
If [Z] € FPYICHP(X)q, then assuming (77) we have that [Z] = 0.

The reason is that, by (??) and (??) we may choose W belonging to the ambiguities
as above so that

[Z+W]p =0.
The relationship between the transcendence level and the filtration we have de-
fined on CH?(X)gq is expressed by:
(3.8) If Z € ZP(X(k)) where trdegk < m, then assuming the GHC and (1.3)
and working modulo torsion we have that
[Z] € F"TI\CHP(X) = [Z] =0.

In other words, if trdeg k& < m then the complete set of Hodge-theoretic invariants
of Z is captured by [Z]o, ..., [Z]m, AJ%  s(Z)o, .-, AT 5 (Z)m-1.
If in addition to (?7?) we assume Beilinson’s proposed description

(3.9) Gr"CH?(X) = Ext} (Z, H*~™(X)(p))

of the associated graded to the filtration on the Chow groups,? then the following
converse to (3.8) may be established:
(3.10) Every cycle [Z] in F™CHP(X) is a sum of cycles defined over fields of
trdeg £ m. We need to use trdegm if, and only if, [Z]m # 0.
This discussion may be summarized by the picture of CHP(X) in Figure 1.

2Here, MM stands for the conjectural category of mixed motives.
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FIGURE 1

Here we have dropped the superscript p on AJ%  o(Z);. The regions to the left
of the vertical lines define the F"CHP(X)g, with the region between successive
vertical lines being the associated graded. The region to the left of the slanted
line under the i*" bracket represents where the invariants of the class in CHP(X)
represented by a cycle of transcendence level 7 lies. Here we recall our assumption
that X is defined over QQ or over a number field. In general there will be a similar
but more complicated picture.

The Hodge-theoretic maps (??) of the introduction are defined as follows: For
each field £ we use the spread construction to construct maps as indicated by the
following companion diagram to Figure 1

Yo Y1 @3 0 P2p-1

0 2 ¢4 P2p

If k C k' is a subfield, then ZP(X(k)) C ZP(X(k')) and there are dominant maps
S" — S, diagrams

' c XxS8
! |
Z Cc XxS8

and maps
H*(X xS)— H*(X x5 .
These maps are injective since the map
H*(S) — H*(S)
is injective by virtue of S’ — S being dominant. Thus, none of the information in
our invariants is lost when we consider a cycle as being defined over a larger field.
If Z is defined over fields k; and ko, then by a standard construction k; and ko

generate a field k and the invariants of Z € ZP(X (k;)) for ¢ = 1,2 are injected into
those of Z € ZP(X (k)). Thus the condition

[Z] € F"CHP(X)q
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is independent of the field over which X is defined. The subspaces K,,, are defined by
the vanishing of ¢q, -+, ¥m—1, and the Hodge-theoretic objects J,, are the pieces
of H?(X x S) and J?(X x S) depicted above. As mentioned in the introduction,
we do not yet have a satisfactory construction of a final Hodge-theoretic object.

It Z € ZP(X (k)) is a cycle with [Z] € F"™"CHP(X), then the successive invariants

[Z]m, and if this vanishes
A‘]f( xS (Z)m* 1

have Hodge-theoretic descriptions as generalized “periods.” The first few cases of
this will be worked out in the next section. There we will also give the corresponding
arguments that, assuming the GHC, the ambiguities can be removed. We shall also
give the argument justifying the above statement.

4. INTERPRETATIONS AND PROOFS

In this section we shall give the geometric interpretation of our constructions in
the first few special cases. We shall also give the proofs of (3.6)—(3.8) in the first
few cases, especially the case just beyond the classical one of the usual fundamental
class and Abel-Jacobi map. The essential ideas already appear in these cases, and
we feel that presenting the argument in this way allows one to better isolate the
essential geometric/Hodge-theoretic content without having complicated indicial
notations obscure the basic geometric points.

p=1. Let Z C X (k) be a divisor with spread
ZCXxS.
According to our general construction, the condition that 1(Z) = 0 is that
[Z]o =0 in H*(X)® H°(S) .

When S is connected, this is just the condition that the usual fundamental class be
zero (mod torsion). If we think of X (k) as an abstract variety defined over k, this
is independent of the embedding k — C.

If ¥9(Z) = 0, then the next invariants are given by
(2], e HY(X)® H'(S),
and if this is zero then by
AJxys(Z)o € JHX x 9)o .
As always, working modulo torsion the divisors Z, € Z!(X,) are homologous to
zero, and thus there is defined a map
(4.1) 01:8 — JHX).
The induced map
(#1)s : Hi(S)g — Hi(J'(X))o

may be identified with [Z];, and thus the condition [Z]; = 0 is that (??) be constant
on each component of S.% If this is the case, then assuming that S is connected

AJxy5(Z)o € JH(X x 8)o = JH(X)
3If S is not connected, then J(X x 8)o = @J!(X) where the direct sum is over the components

of S. It will simplify this illustrative discussion if we henceforth make the blanket assumption
that S be connected.
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is given by AJ%(Zs) = AJ%(Z). The vanishing of
[Z]o, [2]1, and AJx, 5(2)o
is then equivalent to the vanishing of the usual Deligne class
[Z]p € H3,(X,Q(1))

for every complex embedding of the field over which Z is defined.
Remark that in this case the ambiguities are given by

(2], € Hg'(X x S)n (H°(X) ® H*(S)) = Hg'(9) ,
and
AT s(2)1 € JTHX x )1 2 JY(S).
Since it is known that Z — [Z]p captures rational equivalence, they play no essen-
tial role in this case.

p = 2. First we observe that the above discussion giving the interpretation of the
first three invariants in the case p = 1 extends to an analogous interpretation of

(Z]o, [Z]1, and AJ%, (Z)o
for all p. If p = 2, and if these all vanish then the first non-classical invariant is
(2], € H*(X) @ H?(S) mod ambiguities.
Assuming that X is a surface and setting
H(X)q = HX(X) @ Hg'(X)

where H2 (X) is the transcendental part of H?(X), the ambiguities are in Hg"(X)®
Hgl(S ), and so keeping the same notation we consider

[2]2 € HL(X) ® H*(S) .
Only the (2,2) part of this is relevant, and the piece in H?(X) @ H%2(S) is
conjugate to the piece

(4.2) 2] e HO2(X) @ H*°(S) 2 Hom (HO <Q§( /C) H° (Qg /C)) .

In fact, [2]50’2) is just the globalization of the trace mapping
Try : Qi/c — QQS/C .
Suppose now that [Z]o = [Z]1 = [Z]2 = 0 and that AJ% 4(Z)o = 0. In particular,
[2]50’2) = 0. Then our final invariant is
AJ% 5(2)1 € JAH(X x ) mod ambiguities.

Now

H?*(X)® HY(S)
JHX x 9); = .
(X 51 F?(num) + integral
The part of J2(X x.S); coming from Hg'(X)®H"(S) is contained in the ambiguities.
Assuming still that X is a surface we consider the piece
HO,2(X) ® Hl(s) N Hom (HO (Qg(/c> ,Hl(S))

4.3 =
(43) integral integral

coming from the unambiguous part of J?(X x S);. We denote by
0,2
AT s
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the part of AJ% ¢(2) corresponding to (??). We shall give a geometric description

of A% 5(2)i"?.
Let A be a closed curve (loop) in S parametrized by 0 < s < 27. For each s € A
we may choose a 1-chain v in X with

0vs = Zs .
As s turns around A we have from Zs, = Zy that
8(’}/271- _’70) = 07

and since [Z]; = AJ%, 5(2)o = 0 we will have
Yor — Yo = 0A
for some 2-chain A in X. Setting
I'= U ¥s — A

SEX
we have by construction that
ol = Zy
is that part of Z lying over A.
Let now w € H°(Q%) and consider the integral

[

If A = OA is a boundary, then an argument using Stokes’ theorem and the fact that

w|ZA=Ogives
/w = /Trz,w
r A
0.

Thus we may define an element AJ)Q(Xs(Z)(lo’Q) of (77) by

0,2
(A% s @A) = [ o
where A € H,(S,Z).
If we have a different choice 7 with 07; = Z,, then
’7; =7+ s
Since 0o, — 09 = OA’ for some 2-chain A’; setting
=|]Jd -4,
SeX
we have for ' = User¥s — A — A that

o forf

/ w € “integral”

where in (4.3)

since I = 0.
As explained in [G-G1], we may consider this construction as “integrating” the
differential equations that define the subspace TZ2,(X) C TZ*(X).

rat
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Dealing with the ambiguities in the case p = 2 requires non-trivial Hodge-
theoretic considerations and makes essential use of the fact that Z € X x § is
a spread. Assuming still that X is a surface, the first ambiguity is

[2]5 € Hg (H'(X) ® H*(9)) .
Suppose that X and Z are given by

Fi(z)=0 (defines X)
Ga(z,a) =0 (defines Z C X)
where the F;(z) € Q[z1,...,2n], Ga(z,a) € Q[z1,...,ZN,...,ar],...] and where

the ay; € k satisfy
Ha(a):O, H(XEQ[...,G)\],... .
Then X x S and Z are given in (z, s)-space by

GA(x,s) =0
H,(s)=0.

We adjoin to these the equation of a linear space A defined over Q

d Nai=0 NeQ.

We set Xy = XNA, and Zy = ZNA. Assume Dim X = 1; then the spread of X
is Xp x S. Choosing A generically, we may assume that the projection of Z, to .S
is contained in a proper subvariety W C S because n(Zx) < Dim(S); W is defined
over Q, and for simplicity of exposition we assume it to be smooth.

By the Lefschetz theorem, H'(X) injects into H'(X,) and we thus have a dia-

gram
[2]s € Hg(H'(X)® H(S))

! ]
[2A]z € Hg (H(Xa) @ H3(S)) .
In the diagram

HY(X)® HY(W) —— HY(X)® H3(9)

1 1

HY (X))@ HY(W) —— HY(X)) ® H3(S)
we may lift [24]z to a Hodge class in H'(X) ® H'(W), which by the HC is repre-
sented by a cycle W € Z1(X x W).* Denoting by i : X x W — X x S the inclusion,
we see first that
[[(W)lo = iW)]1 = [i(W)]2,: = 0
where [i(W)]a,¢, is the part of [i(W)]s in HZ(X) @ H%(S), and then that by con-
struction
[i(W)]5 = [Z]s .
Modifying Z by minus (W) thus kills the ambiguity [Z];. The ambiguity

(2]s € Hg (H°(X) ® H*(S)) = H'(X) ® Hg*(S)

41n this case we do not need the HC; the usual Lefschetz (1,1) theorem applies.
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may be treated similarly, using the HC for Hg*(S).

In these constructions there is the issue of the field of definition of the cycles,
such as W, that are produced by the GHC. This requires a separate argument, and
we shall illustrate the type of idea that is involved. Suppose that X is defined over
k and L/k is a finite extension. Then the norm map Ny, /k induces a commutative
diagram

CHP(X(L)) —— HP (QI%(L)/k)

J{NL/IC lNL/k

CHP(X (k) —— H? (V)

where on the RHS the norm map acts on the coefficients of the differential forms.

Suppose now that v € HP (Qﬁ((k)/k) gives a Hodge class in HP (Q’;((k)/k> ®C =
HP (9%
struction, Z will be algebraically equivalent to a cycle Z’ defined over a finite
extension L of k. Then Ny, /;,(Z") is defined over k and has fundamental class equal
to my where m = deg[L : k].

Turning to the Abel-Jacobi part of the ambiguities, still assuming that p = 2
and that X is a surface, by the preceding argument we may assume that Z C X
satisfies

) that is represented by an algebraic cycle Z. By using the spread con-

2o == [2s=0.
The first ambiguous part of AJ%, 4(Z) is

HY(X) ® H?(S)
2 2 —
ATxs(2)2 € XX S)y = et o

As above, we may choose a linear space A such that (up to isogeny)

We choose  so Dim(Xgq) = 1. Writing
HY(Xp) = H'(X0)inw & H' (Xp)ev
where H'(X) — H'(X})iny is an isomorphism, the induced map
HY(X)) — HY(X)
is in Homp,(H'(XA), H'(X)) and by the Hodge conjecture is represented by a
cycle
Y € CH' (X5 x X) .

Let W C S be a smooth hypersurface with mg(Zx) C W, again because Dim(Z,) <
Dim(S). In the diagram

Xpax X xW
7713/ lﬂ'12 \‘7723
XaxW XpyxX XxW
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we set
W = Toz (T55(20) - 75, Y) € ZHX x W)
whose fundamental class belongs to H*(X) ® H°(W). Then
i(W) € Z*(X x S)

has
AJ_?(XS (’L(W)>2 = AJ)Q(XS(Z)Q
and no other non-zero Abel-Jacobi components. We may thus replace Z by Z—i('W)
to remove this ambiguity. A similar argument kills off AJ%. ¢(2)s.
We now turn to (3.8), and shall give the argument of the first non-trivial case of

the following stronger statement:

If trdegk = m, then we may modify Z by an ambiguity W with

codim mg(W)

> 1 such that

Z4+Wmpi=-=[2+W]y=0.
Moreover, if all [Z]; = 0 we may modify Z by an ambiguity W so
that
AJ:;)(XS(Z + W)m == AJf(xS(Z"’_W)?P*l =0.

Proof: The first non-trivial case is when trdegk = 1 and p = 2 = dim X. We then
have
[2]2 € H*(X) ® H*(S) .
Denote by Sy a general hyperplane section S N H, assumed to be defined over Q.
Then by the Lefschetz theorem
H(Sy) — H*(S)

is onto, and there exists a Hodge class on X x Sy that maps to [Z].° By the HC
(which in this case is known), there exists W € Z1(X x Sp) so that

[{(W)] = m[Z];
for some positive integer m. Moreover, we may assume that W is defined over Q,
and then we may use —i(W) to remove the ambiguity [Z]s. O

An argument similar to those given above, together with an argument we have
sketched behind the idea to keep things defined over Q, may be used to establish
(?7)-(3.8).

A sketch of the proof of (3.10) goes as follows: The cycle Z C X x S induces a
map

Z, : CHy(S) — CHP(X)
which preserves the filtrations and therefore induces transfer maps
Gr™CHy(S) — Gr™CHP(X)
ker {Gr™~tCHy(S) — Gr™'CH?(X)} — Gr™CH?(X)/image Gr™CHy(S)

ker {Gr™2CHy(S) — Gr™2CH?(X)} — Gr™CHP(X)/image of previous map

5We general t, we use the surjectivity of H=1(Sy) — H!T1(S).
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which eventually surjects onto Gr™CHP(X).® Let Sy be a linear section of S
defined over Q and with dim Sy = m. It is a consequence of (??) and the Lefschetz
theorem that the natural map

FFCHy(SA) — FFCHy(S)

is surjective for ¥ < m. Thus every 0-cycle in F*C Hy(S) is rationally equivalent to
a sum of 0-cycles supported on Sy, and therefore is defined over a field of tr deg < m.
Since X, S and Z are defined over Q, it follows that Z.(W) is defined over k for
any O-cycle W on S that is defined over k. This establishes the first assertion in
(3.10), and the second follows by closer analysis of the argument just given.

To conclude this section we want to relate our invariants to the arithmetic cycle
class of n(Z) of Z € ZP(X (k)). Recall that from the work of Bloch-Gersten-Quillen
we have (modulo torsion)

(1.4 CHP (X (k) = 17 (%3 (04 ))

where fKZ]‘f (OX(E)) is the sheaf associated to the p'" Milnor K-groups KZ],VI (OX(,;)J> ,

x € X (k). There is a map

APdlog : K} (OX(E),m> ~ w00

which induces
w5 (5 (00)) ~ 7 (%)

Comparing (??) and (??) and noting that for any given Z we may work over a
finite extension, still denoted by k, we have the arithmetic cycle class

n(Z) € H" (R /0) € H” (%q) -

Since X is defined over Q, the sequence
0= Qg ® Oy = Vo = Ly — 0

splits canonically. It follows that

HY () = H? (2500) @ Qg .
We write correspondingly

W(Z) =no(Z) +m(Z) + - +np(2)
where
T (Z) € HP (Q52) @ Q2

On the other hand we have

[Z] = [Z]o + - - - + [Z]p, mod ambiguities

where
[Z]m € HQP_’"(X) ® H™(S) .

61t is a consequence of (??) that we need only go down two steps.



HODGE-THEORETIC INVARIANTS FOR ALGEBRAIC CYCLES 15

There are natural maps

() H2m(X) @ H™(S) — HY (O 8 ) @ HO ()

(i) HO° (Q’S”/C) = Qe s (so = generic point of S)
(iii) Q?/C,SO — QZL/Q

and we have:
(4.6) Under the composition of the maps (i)-(iii) above we have

(Z]m = 0(Z)m -
Moreover, the map
[2] mod amgibuities — 1(Z)

is injective; i.e., n(Z) = 0 imples that [Z] € ambiguities.

Proof: Only the last statement needs proof. Since the map
HY (an/(c> - Q?/(C,so
is injective, if n(Z),, = 0 then
(2] € Hg?(X x S) N (H*™(X) @ H™(S))
has no component in H%?~™(X) ® H™(S). Hence it gives a map
Hop—m (X, Q) — H™(5,Q)

whose image lies in H™~11(S)®- - -@ HY™~1(S), and is therefore a Hodge structure
of weight m — 1. It then follows from the Lefschetz theorems and GHC that [Z),, €
ambiguities. O

For X defined over Q, we have defined a filtration F™CHP?(X) on the Chow
groups. For a general X we have remarked that the definition of F™CHP(X) given
above may be extended by considering the spread

zZ c X
(4.7) ! 1
S = S

of pairs Z C X where Z is a codimension-p subvariety of X and both are defined
over a field k& with Q(S) = k, and using the degeneration of the Leray spectral
sequence associated to (4.7) when we use the intersection homology along the fibres

of X — S (cf. [R-M, S]). There is also a filtration on H? (Qp

X/0 induced from the
filtration

FWQ§(/Q = image of {Q@Q ® Qgg/g — Qg(/(@}

(as proved in [E-P], the spectral sequence associated to this filtration also degen-
erates at Es). It may be verified that the arithmetic cycle class preserves these
filtrations; i.e.,
(4.8) 0 FCHP(X) — F™HP (Qg’(/@) .
When X is defined over Q, this is clear from (4.6).

What is not the case is that the filtration on Chow groups is induced from the
filtration on the image of the arithmetic cycle class mapping. This is clear since
the arithmetic cycle class 1(Z) does not “see” the AJxxs(Z)m part of [Z]p.
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5. REMARKS AND EXAMPLES

As illustrated in the preceeding section, the quantities [Z]o,...,[Z], and
AJY  s(Z)o, ..., AJY  4(Z)p—1 may be expressed as period integrals, both in the
intuitive sense and in the precise sense given in [K-Z]. The conditions that

61 == Za=0, AT g@)o == AT, o(Zhnor =0
are therefore constructive and — at least in principle — computable in the same
sense that the classical Abel’s theorem and its converse gives “computable” condi-
tions that a divisor on an algebraic curve be the divisor of a rational function. The
test we are proposing that a cycle Z € ZP(X) satisfy
Z =rat 0

depends for p = 2 on choosing a field of definition & for Z and checking the con-
ditions (??) for 0 < m < p. If k C k' is a subfield, then as noted above there are
maps

2] — [Z]m, AT 5(Z)m — AJ?(xS(ZI)m
which, modulo torsion, are injective.

This mechanism is quite clear for the relative variety X = (P2, T) discussed below
and in section 9(iv) of [G-G1]. In this case the maps (with the evident notation)

FHn (k) — FHon (k')
reduce to the standard maps
Ko(k) — Ka(K') .
For (P2,T) there is a “final object”
K5(C) = li]in Ky(k) .

In general, this final object is missing and is an important gap in our construction.
Also, for (P2,T) the maps (??) are surjective (analogue of Jacobi inversion). In
general they cannot be surjective, and other conjectures of Beilinson (cf. [R]) provide
possible qualitative descriptions of the images.

We now give some simple applications and examples of our construction. For
the first example we observe that for any field k as above (i.e., k is of characteristic
zero and finitely generated over Q) the Hodge number

h?0 (k)
may be defined to be dim H%(Q% /«:) for any smooth variety S defined over Q and

with Q(S) = k. Then, as always assuming the GHC and (1.3) and working modulo
torsion, we have

(5.2) Let X be a regular algebraic surface defined over Q and Z € Z*(X(k)) a
0-cycle where

h?0(k) =0.
Then Z =,z 0. We may replace the assumption that X be reqular with the
two assumptions

{ degZ =0

Albx(Z) =0
hO(k) =0.
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We now give some simple examples that illustrate our invariants together with a
more or less familiar general principal that follows from them. Let X be a smooth
curve defined over Q and pq,...,pny points chosen generically. If k is the field of
definition of p1,...,pn, then we may take

S=xN
and the spread Z € X x XV of Z = >, mipi is given by
Z = anAl,H-l C X x XN
i

where A;; is the diagonal x; = z; in XN*+1. Tt is clear that
Z]o = <Z nl> - (generator of H*(X) ® H°(X™N)) .
i

Next, using Poincaré duality H(X) = H'(X)* there is a canonical element
§e H'(X)® H'(X)*

corresponding to the identity, and we denote by 6; the element § in the i*" slot and
zero elsewhere. Then
i

This is never zero, corresponding to the fact that
If (p1,...,pn) € XV is Q-Zariski dense in XV, then for anyn; # 0

Z niP;i Frat 0 -
K3
If the p; are not chosen generically and we let
wcxV
be the Q-Zariski closure of (p1,...,pn) (assumed smooth), then we may take

S =W

Z = (Z ’rLiALi+1> . (X X W)

and

7

[Z]1 = image {Zniéi — H?*(X) ®H1(W)} .

As a simple example, if X is a plane cubic defined over Q and L C P2 is a general
line, then for

Z=X-L=p+p2+ps
we have
W2XxXCXxXxX
by
(p,q) — (p,q, third point of pg - X) .
Now the mapping
& H'(X) = H' (W) = H'\(X) & H'(X)

i=1



18 MARK GREEN AND PHILLIP GRIFFITHS

is given by
(@, 8,7) = (@ =7,0-"7)
and then
91 + 62+ 03 — (0,0)
giving

21 =0
which geometrically reflects the fact that as we vary L the cycle L - X remains
constant in CH'(X). The general principle is:

We cannot obtain a rational equivalence on points on X wunless
there are algebraic relations on the coordinates of the points (this
is clear), and this condition is reflected cohomologically.

As another example we let X be a regular surface defined over Q and
(p1,...,pn) € XN
W = Q-Zariski closure of (p1,...,pN)
§e H*(X)® H*(X)

as above. Then as before
[Z]2 = image {Z nid; — H*(X) ® HQ(W)} ,

and
The position of W ¢ X
[Z]s =0 & imposes cohomological
relations on the Ay ;11

It is this principle, and its extension to the case where X is defined over a general
field (see below), that has been used in a number of circumstances to show that

Z %rat 0.

As another illustration, in section 2 above we mentioned related work of M. Saito
and others; in [R-M.S] one may find a general theory that has the following conse-
quence:

(5.3) Let Y1,Y2 be smooth algebraic curves of genus = 1, and on the surface
X =Y; x Y5 consider a 0-cycle

Z = [p1 — q1] X [p2 — q2]

where p;,q; € Y;. Assume that Y, q; are defined over k and that p1,ps are
algebraically independent over k. Then

0+#[Z] € F?CH*(X) .
The fact that

D (X) =0 (¢1 = Albx)

is true for any p;,q;- When k = Q we may see that our invariant

p3(Z) #0

{ Yo(Z) =0
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as follows: The 0-cycle Z has spread

Z C X x5 xSy
!
Sl X SQ
where the S; are curves defined over Q and with Q(S;) = k(p;) being the field of
definition of p;. Choose w; € HO(Q%/C) with w;(p;) # 0 and set w = w1 Awy €
HO(Qﬁ(/C). Then as noted above a part of [Z]s is given by

Trow € H° (Q%1XSQ/C) ,

and by our construction this is non-zero.
A related 0-cycle was given by Faber-Pandharipande and studied in [G-G2]: Let
Y be a smooth of genus g 21 andon X =Y x Y set

ZK:Kl XKQ—(QQ—Q)AK

where K; is a canonical divisor on the it" factor and Ak is a canonical divisor on
the diagonal. Then
deg Zx =0
{ Albx(Zk)=0

so that
[Zk] € FPCH*(X) .

Faber-Pandharipande showed that [Zx] = 0 if g = 2,3 (the case g = 2 is trivial
since [Zk] = 0 whenever Y is hyperelliptic), and in [G-G2] it is proved that

[Zk] #0if g 24

(5.4) |
and Y is general.

Remark that the condition Y be general is necessary, since (??) implies that
[Zk] = 0if Y is defined over a number field. The proof of (??) consists in consid-
ering the spread

Zr C X

(5.5) !
S

of the pair (Zk,X) where S is (a finite covering of) the moduli space of curves
genus g. Associated to (??) is an infinitesimal invariant

5VZK

constructed from the analogue of [Z]2 but where now the surface X varies also. A
geometrically motivated but technically intricate calculation using Shiffer variations
shows that vy, # 0.

To construct the analogue of the invariants defined above when X is not defined
over QQ, one must take a spread analogous to (??) and use properties of the VHS
associated to the intersection homology along the fibres of X — S.

We have defined Hodge theoretic invariants of a cycle Z € ZP(X) when X is
smooth and projective. It is reasonable to assume that this construction can be
extended to more general situations; e.g., when X = (P2, 7)) is the relative variety
discussed in section 9(iv) of [G-G1]. Anticipating this we will suggest what these
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invariants will be in this case. For this, we let P2 — T'= C* x C* have coordinates
(z,y) and write Z € Z2(P2, T) as

Z = an(xnyz) .
The spread of Z will be written as

Z(s) = an (zi(s), yi(s)) seSs.

Here, Z is defined over k with Q(S) = k, and we let D C S be the divisor of points
s € S where Z(s) € T and set S° = S — D. Our descriptions are as follows:

[Z]O = an .

Assuming [Z]g = 0 then

[Z]1 is the induced map
H,(S°,Z) — Hy (C* x C*,Z),

Here, we are thinking of C* x C* as the Albanese variety of (P2,T) and the above
map is induced from the Albanese map

- (/ Cix/ Cg) € C/z(1) @ C/Z(1)

where 0y, = Z5 and C/Z(1) = C*. Explicitly, this map is

5 — (H mz(s)”l,Hyl(s)”L> .

If [Z]; = 0 then this map is constant (assuming S is connected) and

AJxxs(Z)o = (H xi(so)n"anyi(SO)"i> :

The interesting invariants are [Z]2 and AJxxs(Z)1. The former is the trace map
HO (92:c(10gT)) — H° (03¢ (log D))

(recall that w = (dz/x) A (dy/y) generates H° (Qéz/c(log T))) For the later, as
discussed in (loc. cit.) this is given by the regulator
d d
A— logx—y — 1ogy(80)—1j
Z(N\) Y T

where ) is a closed loop in S° and Z () is the corresponding closed curve in P2 — T
traced out by Z(s), s € A\. If A\ = A is a boundary, then since [Z]2 = 0 the integral

above is
/ w= / Trw=20.
2Z(A) A

In closing we would like to discuss the conjecture (cf. [B], [Re] and the references
cited therein) that for a flat vector bundle

(5.6) E—X
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we have

(5.7) cy(E) € FPFCHP(X) p=2.

Assuming that X is defined over Q, it is reasonable to hope that the spread
E—-XxS

of (7?) has a connection fg whose curvature ©¢ vanishes on each X x {s}. If

P,(Ai,...A,) is the invariant polynomial giving the p'® Chern class, then since in

de Rham cohomology
Cp(g) S Pp (@g, ey @g)
it follows that

(5.8) [ep(E)]o="--=[cp(E)]p—1 =0 mod torsion.
To establish (??) it must be shown that, modulo torsion,
(5.9) AJxxs(cp(€))o =+ =AJxxs(cp(€)), =0, p=2.

Using the interpretation given in section 4 above, the first step in (??) follows from
the important work of Reznikov [Re].

However, for p 2 3 the remainder of (??) does not seem to follow from [Re].
In fact, in general € — X x S is not flat and so the secondary Chern classes may
not be defined. Using our proposed definition of FPCHP(X), the conjecture (?7?)
has to do with the behaviour of ¢,(€) and AJx«s(€) on the Kiinneth components
of H??(X x S) and H?P~1(X x S). The first of these are Hodge classes, and so
assuming the HC the issue is roughly the following: Let Y C X x .S be an irreducible
subvariety of dimension p and where, setting Yy = X x {s} for generic s € S,

dimY,=p—m, m=0,....,p—1.
Now @g‘y =: O¢y is not flat, but we do have that
(5.10) OFV =Oey A ABey =0.
m+1

It follows that, for &y = 8’3/ we have modulo torsion
cq(€y)=0 for g2m+1.
Passing to an integer multiple if necessary,
Ay (¢q(Ey)) = JI(Y)

is then defined. For m = 0, £y is flat and we are in the case considered by Reznikov.
However, for m 2 1 the bundle £y is not flat but is what we may call m-flat.

In general, let W be a smooth algebraic variety and F' — W on m-flat holomor-
phic vector bundle with curvature © g satisfying

eptl=0.
Then, modulo torsion
(5.11) cq(F)=0 gzm-+1

and in this range

Adw (ey(F)) € JU(W)
is defined. Moreover, for ¢ 2 m + 2, AJw (cq(F')) is rigid in the sense that it is
constant on connected components in the moduli space of m-flat bundles. This
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follows from the result proved in [Gri] that for a family F; — X of holomorphic
bundles with Fy = F
d

dt (AJW(CQ(Ft))tZO = Pq(77, ®F7 ceey @F)

qg—1

wheren € H é (Hom(F, F)) gives the Kodaira-Spencer class representing dF; /dt| —o
Thus we may ask if, in addition to (??), we have modulo torsion

(5.12) Adw (cq(F)) =0 gzm+2
for F — W on m-flat bundle. It is our feeling that this general result would imply

(?7).

Finally we would like to mention the relation between our proposed filtration
on CHP(X)g and those suggested by H. Saito-Jannsen and Murre. Regarding
the latter, assuming the GHC it can be shown that these filtrations agree, thus
providing a Hodge-theoretic interpretation for Murre’s filtration. Regarding the
former, there is an heuristic argument that

m-step of c m-step of the
S-J filtration [ = | filtration defined above | °
This heuristic argument depends on the GHC and global properties of VHS/intersection

homology analogous to what is required to extend our construction to varieties de-
fined over arbitrary fields.

APPENDIX: REFORMULATION OF THE CONSTRUCTION

The following is extracted from the referee’s report.

It was known for quite a while that (as yet conjectural) formalism of mixed
motives provides a canonical filtration on Chow groups CH*(X) of any (smooth
proper) algebraic variety X over an arbitrary field k. In this paper the authors
define, by means of Hodge theory, a certain filtration on C H*(X) in the situation
when k = C. Their filtration coincides with the “motivic” once we assume the two
extra conjectures relating the motivic and Hodge pictures, namely, (i): the Hodge
conjecture, and (ii): the assertion that the composition of maps

(1) CH'(Yo) — CH'(Y) — HE (Ye,Q(i))

is injective for every smooth proper variety Yg over Q (the right arrow is the class
map for Deligne cohomology).

I believe that the construction in this paper can be summarized as follows. Nota-
tion: H is the category of mixed Q-Hodge structures, DH its derived category. For
an algebraic variety Z over C we denote by C(Z) := RT'(Z,Q) € DH the complex
of Q-cochains of Z with its mixed Hodge structure H*(Z) := H*(Z,Q) € H. The
Deligne cohomology for arbitrary Z are defined as H(Z,Q(b)) := Hompy (Q(0),
C(Z)(b)[a]) (if Z is proper and smooth this is the usual Deligne cohomology); the
class map from Chow group to Deligne cohomology is always well-defined.

I believe that the only Hodge-to-motivic assumption relevant to the story is the
following conjecture (iii) (a corollary of (i), (ii) above) which says that the arrow
(1) is injective for any smooth Yg regardless if it is proper or not.

So let X be our smooth proper variety over C. It is defined over a subring of C
finitely generated over Q. So, considering X as a smooth affine scheme (of infinite
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type) over Q, one can write X = limXg_ where S, is a smooth affine scheme over
—

Q and Xg,_ is a smooth proper S,-scheme. Here S, = Spec R, where R, C C,
UR, = C. The presentation X = limXg, is essentially unique.

Set Hi(Xg) = @Hi((Xsu)C) € limH; similarly, C(Xs) = limC((Xs, )c
DlimH and H&(Xs,Q(0)) = lmH((Xs,)e, Qb)) = Hom(Q(0), C(Xs)()[a]).
Since CH'(X) = limCH*(Xs, ) the class maps for X, yield the one

(2) CH'(X) — HE(Xs,Q(i)) .

One can compute the Deligne cohomology by means of Morihiko Saito’s theory of
Hodge complexes. Namely, one has H%((Xs, )¢, Q(b)) = Hom(Q(0), Rma-Q(b)[a]),
the morphisms are taken in the derived category of mixed Hodge complexes on
(Sa)c and 7y ¢ (Xs,)c — (Sa)c. The Leray spectral sequence for 7, provides a
canonical filtration on H% (Xg,Q(i)) shifted by 2i. The filtration F on CH*(X)
considered in the note is the pull-back of this filtration by map (2).

If X is defined over Q, X = (Xg)c (which is actually the case considered
in the main body of the note) then there is no need to invoke Saito’s theory:
the old Deligne’s mixed Hodge theory is sufficient. Indeed, we can assume that
Xs, = Xg %X Sa, so by Kiinneth C'(Xg,) = C(X) ® C(S,), and the filtration on
the Deligne cohomology comes from the filtration (7<C(Xg)) ® C(Sq) on C(Xg, )
where 7 is the canonical filtration. Notice that a usual computation shows that
every successive quotient Gr®H?%(Xg,Q(i)) can be represented canonically as an
extention of Homy (Q(0), H*~*(X) ® H*(S)(i)) = Homy(H,(S), H*~%(X)) by
Exty, (Q(0), H*~*(X)@ H*1(S)(i)) = Ext%{(Ha_I(S), H?~%(X)(i)) where H,(S)
is the projective limit of the homology groups of (S )c.-

Conjecture (iii) asserts that (2) is injective, and also that F coincides with the
“motivic” filtration.
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