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ABSTRACT

In this work we shall propose definitions for the tangent spaces TZ"(X) and
TZ'(X) to the groups Z™(X) and Z'(X) of 0-cycles and divisors, respec-
tively, on a smooth n-dimensional algebraic variety. Although the definitions
are algebraic and formal, the motivation behind them is quite geometric and
much of the text is devoted to this point. It is noteworthy that both the
regular differential forms of all degrees and the field of definition enter signif-
icantly into the definition. An interesting and subtle algebraic point centers
around the construction of the map THilb?(X) — TZP(X). Another inter-
esting algebraic/geometric point is the necessary appearance of spreads and
absolute differentials in higher codimension.

For an algebraic surface X we shall also define the subspace TZ2,(X) C
TZ%(X) of tangents to rational equivalences, and we shall show that there
is a natural isomorphism

TyCH?(X) = T2*(X)/TZ%,(X)

where the left hand side is the formal tangent space to the Chow groups
defined by Bloch. This result gives a geometric existence theorem, albeit at
the infinitesimal level. The “integration” of the infinitesimal results raises
very interesting geometric and arithmetic issues that are discussed at various
places in the text.
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Chapter One

Introduction

1.1 GENERAL COMMENTS

In this work we shall define the tangent spaces
TZ™(X)

and
TZ'(X)

to the spaces of 0-cycles and of divisors on a smooth, n-dimensional complex
algebraic variety X. We think it may be possible to use similar methods to
define TZ?(X) for all codimensions, but we were not able to do this because
of one significant technical point. Although the final definitions, as given in
sections 7 and 8 below, are algebraic and formal the motivation behind them
is quite geometric. This is explained in the earlier sections; we have chosen
to present the exposition in the monograph following the evolution of our
geometric understanding of what the tangent spaces should be rather than
beginning with the formal definition and then retracing the steps leading to
the geometry.

Briefly, for O-cycles an arc is in Z™(X) is given by Z-linear combination of
arcs in the symmetric products X (¥, where such an arc is given by a smooth
algebraic curve B together with a regular map B — X (@, If ¢ is a local
uniformizing parameter on B we shall use the notation t — x1(¢)+- - -+z4(t)
for the arc in X(@. Arcs in Z”(X) will be denoted by z(t). We set |z(t)| =
support of z(t), and if o € B is a reference point we denote by Z?x}(X ) the
subgroup of arcs in Z"(X) with lim; ¢ |2(¢)| = . The tangent space will
then be defined to be

TZ™"(X) ={arcs in Z"(X)} / ==t

where ==t is an equivalence relation. Although we think it should be pos-
sible to define =3¢ axiomatically, as in differential geometry, we have only
been able to do this in special cases.

Among the main points uncovered in our study we mention the following:

(a) The tangent spaces to the space of algebraic cycles is quite different
from — and in some ways richer than — the tangent space to Hilbert
schemes.
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This reflects the group structure on Z?(X) and properties such as

W {30y =0+ 70

' (=2(t) = =2'(t)
where z(t) and Z(t) are arcs in ZP(X) with respective tangents z’/(t) and
Z'(t). As a simple illustration, on a surface X an irreducible curve Y with
a normal vector field ¥ may be obstructed in Hilb'(X) — e.g., the 15 or-
der variation of Y in X given by v may not be extendable to 2" order.
However, considering Y in Z'(X) as a codimension-1 cycle the 15¢ order
variation given by v extends to 2" order. In fact, it can be shown that both
TZY(X) and TZ"(X) are smooth, in the sense that for p = 1, n every map
Spec(Cle]/€?) — ZP(X) is tangent to a geometric arc in Z?(X).

For the second point, it is well known that algebraic cycles in codimension
p 2 2 behave quite differently from the classical case p = 1 of divisors. It
turns out that infinitesimally this difference is reflected in a very geometric
and computable fashion. In particular,

(b) The differentials Q’)“(/C for all degrees k with 1 < k < n necessarily
enter into the definition of TZ"™(X).

Remark that a tangent to the Hilbert scheme at a smooth point is uniquely
determined by evaluating 1-forms on the corresponding normal vector field
to the subscheme. However, for Z™(X) the forms of all degrees are required
to evaluate on a tangent vector, and it is in this sense that again the tangent
space to the space of O-cycles has a richer structure than the Hilbert scheme.
Moreover, we see in (b) that the geometry of higher codimensional algebraic
cycles is fundamentally different from that of divisors.

A third point is the following: For an algebraic curve one may give the
definition of TZ(X) either complex-analytically or algebro-geometrically
with equivalent end results. However, it turns out that

(¢) Forn > 2, even if one is only interested in the complex geometry of X
the field of definition of an arc z(t) in Z™(X) necessarily enters into
the description of 2'(0).

Thus, although one may formally define TZ"(X) in the analytic category,
it is only in the algebraic setting that the definition is satisfactory from a
geometric perspective. One reason is the following: Any reasonable set of
axiomatic properties on first order equivalence of arcs in Z™(X) — including
(1.1) above — leads for n = 2 to the defining relations for absolute Kéhler
differentials (cf. section 6.2 below). However, only in the algebraic setting
is it the case that the sheaf of Kahler differentials over C coincides with the
sheaf of sections of the cotangent bundle (essentially, one cannot differen-
tiate an infinite series term by term using Kéhler differentials). For subtle
geometric reasons, (b) and (c) turn out to be closely related.

(d) A fourth significant difference between divisors and higher codimen-
sional cycles is the following: For divisors it is the case that

If 2, =rat 0 for a squence uy, tending to 0, then zp =yat O.
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For higher codimension this is false; rational equivalence has an intrinsic
“graininess” in codimension = 2. If one enhances rational equivalence by
closing it up under this property, one obtains the kernel of the Abel-Jacobi
map. As will be seen in the text, this graininess in codimension = 2 man-
ifests itself in the tangent spaces to cycles in that absolute differentials ap-
pear. This is related to the spread construction referred to later in this
introduction.

(e) Although creation/annihilation arcs are present for divisors on curves
they play a relatively inessential role. However, for n = 2 it is crucial to
understand the infinitesimal behaviour of creation/annihilation arcs as these
represent the tangencies to “irrelevant” rational equivalences which, in some
sense, are the key new apsects in the study of higher codimensional cycles.

One may of course quite reasonably ask:
Why should one want to define TZP(X)?

One reason is that we wanted to understand if there is geometric significance
to Spencer Bloch’s expression for the formal tangent space to the higher
Chow groups, in which absolute differentials mysteriously appear. One of
our main results is a response to this question, given by Theorem (8.47)
in section 8.3 below. A perhaps deeper reason is the following: The basic
Hodge-theoretic invariants of an algebraic cycle are expressed by integrals
which are generally transcendental functions of the algebraic parameters
describing the cycle. Some of the most satisfactory studies of these integrals
have been when they satisfy some sort of functional equation, as is the
situation for elliptic functions. However, this will not be the case in general.
The other most fruitful approach has been by infinitesimal methods, such
as the Picard-Fuchs differential equations and infinitesimal period relations
(including the infinitesimal form of functional equations), both of which
are of an algebraic character. Just as the infinitesimal period relations for
variation of Hodge structure are expressed in terms of the tangent spaces
to moduli, it seemed to us desirable to be able to express the infinitesimal
Hodge-theoretic invariants of an algebraic cycle — especially those beyond
the usual Abel-Jacobi images — in terms of the tangent spaces to cycles. In
this monograph we will give such an expression for O-cycles on a surface.

In the remainder of this introduction we shall summarize the different
sections of this paper and in so doing explain in more detail the above
points.

In section 2 we begin by defining 7Z!(X) when X is a smooth algebraic
curve, a case that is both suggestive and misleading. Intuitively, we consider
arcs z(t) in the space Z'(X) of O-cycles on X, and we want to define an
equivalence relation =qs¢ on such arcs so that

TZ'(X) = {set of arcs in Z'(X)}/ =yt .
The considerations are clearly local,’ and locally we may take

2(t) = div £(¢)

IThroughout this work, unless stated otherwise we will use the Zariski topology. We
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where f(t) is an arc in C(X)*. We set |2(t)| = “support of z(¢)” and assume
that e 0 — lim|z(¢t)| = x. Writing f(¢t) = f+tg+--- elementary geometric

considerations suggest that, with the obvious notation, we should define

div f(t) =1ee div f(t) & [9/fle = [9/ [l
where [h], is the principal part of the rational function h at the point z € X.
Thus, letting Ty, ZH(X) =: TZ{lm}(X) be the tangents to arcs z(t) with
}in% |z(t)] = x, we have as a provisional description

(1.2) T Z'(X) = PPx.a.

where PPx , = C(X),/Ox ; is the stalk at 2 of the sheaf of principal parts.

Another possible description of Ty, 2 1(X) is suggested by the classical
theory of abelian sums. Namely, working in a neighborhood of x € X and
writing

2(t) = Z niai(t),

for w € Qk/c,x we set

d a:z(t)
I(z,w):dt(Zni/w w>t_0.

Then I(z,w) should depend only on the equivalence class of z(¢), and in fact
we show that
I(z,w) = Res,(z'w)
where 2’ € PPx, is the tangent to z(t) using the description (1.2). This
leads to a non-degenerate pairing
T{I}Zl(X) ®c Q%(/(C,ac — C
so that with either of the above descriptions we have

(1.3) T(21 2" (X) = Hom &(Q ¢, C)

where Hom ¢ (2} /., C) are the continuous homomorphisms in the m;-adic
topology.

Now (1.3) suggests “duality”, and indeed it is easy to see that a third
possible description

(1.4) Ty 21 (X) = lim &ato, , (Ox /m}, Ox)

is valid. Of the three descriptions (1.2)—(1.4) of T{JE}Zl(X)7 it will turn out
that (1.3) and (1.4) suggest the correct extensions to the case of 0-cycles
on n-dimensional varieties. However, the extension is not straightforward.
For example, one might suspect that similar consideration of abelian sums

also denote by C(X) the field of rational functions on X, with C(X)* being the multi-
plicative group of non-zero functions.
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would lead to the description (1.3) using 1-forms in general. For interesting
geometric reasons, this turns out not to be correct, since as was suggested
above and will be explained below, the correct notion of abelian sums will
involve integrals of differential forms of all degrees. Thus, on a smooth
variety of dimension n the analogue of the right hand side of (1.3) will only
give part of the tangent space.

As will be explained below, (1.4) also extends but again not in the obvious
way. The correct extension which gives the formal definitions of the tangent
spaces T,y Z"(X) and tangent sheaf TZ"(X) is

(1.5) Ty Z™(X) = Jim extgxﬂm(ox/m;,ﬂ}jé)

and

LZ27(X) = erBX zlir& @gx (Ox/m;7 9}7“1@) '
The geometric reasons why absolute differentials appear have to do with the
points (b) and (c) above and will be discussed below.

The basic building blocks for O-cycles on a smooth variety X are the
configuration spaces consisting of sets of m points x; on X. As a variety this
is just the m™ symmetric product X (™, whose points we write as effective
0-cycles

Z=21+ + Tm.

We wish to study the geometry of the X (™) collectively, and for this one is
interested in differential forms ¢,,, on X ™) that have the hereditary property

(1.6) Pm+1 Xém) = ¥Pm

where for each fixed x € X the inclusion X;m) — X(m+1) ig given by
2z — z + 2. One such collection of differential forms on the various X ("™)’s
is given by the traces Tr ¢ of a form ¢ € Qg(/c. Here, we come to the first
geometric reason why forms of higher degree necessarily enter when n 2> 1:

(1.7) Q;dm)/(c is generated over Oxm) by sums of elements of the form
Trwy A--- A Trwy, wieﬂgg‘/(c.

Moreover, we must add generators Trw where w € QqX/(C for all q with

1< g £ n to reach all of Q}(m)/c.

Of course, forms of higher degree are needed only in neighborhoods of sin-
gular points on the X" and for n = 2 the singular locus is exactly the
diagonals where two or more points coincide.

Put differently, the structure of point configurations is reflected by the
geometry of the X (™. The infinitesimal structure of point configurations
is then reflected along the diagonals where two or more points have come
together and where the X (™ are singular for n > 2. The geometric prop-
erties of point configurations is in turn reflected by the regular differential
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forms on the symmetric products, particularly those having the hereditary
property (1.6). There is new geometric information measured by the traces
of g-forms for each q with 1 £ ¢ < n, and thus the definition of the tangent
space to 0-cycles should involve the differential forms of all degrees. This is
clearly illustrated by the coordinate calculations given in section 3.

What is this new geometric information reflected by the differential forms
of higher degree? One answer stems from E. Cartan, who taught us that
when there are natural parameters in a geometric structure then those pa-
rameters should be included as part of that structure. In the present situa-
tion, if in terms of local uniformizing parameters on B and on X we represent
arcs in the space of O-cycles as sums of Puiseaux series, then the coefficients
of these series provide natural parameters for the space of arcs in Z"(X).
It turns out that for n = 2 there is new infinitesimal information in these
parameters arising from the higher degree forms on X. This phenomenon
occurs only in higher codimension and is an essential ingredient in the geo-
metric understanding of the infinitesimal structure of higher codimensional
cycles.

The traces of forms w € Q% /c give rise to what are provisionally called

universal abelian invariants I(z,w) (cf. section 3), which in coordinates are
certain expressions in the Puiseaux coefficients and their differentials of de-
gree ¢g—1. In order to define the relation of equivalence of arcs in the space of
0-cycles what is needed is some way to map the ¢ — 1 forms in the Puiseaux
coeflicients to a fixed vector space; i.e., a method of comparing the infinites-
imal structure at different arcs. Such a map exists, provided that instead of
the usual differential forms we take absolute differentials. Recall that for any
algebraic or analytic variety Y and any subfield k of the complex numbers
we may define the Kahler differentials over k of degree r, denoted Qf, Ik
For any subvariety W C Y there are restriction maps

Qéy/k} - ng/kf
Taking W to be a point y € Y and the field k£ to be Q, since O, = C there
is an evaluation map

(1.9) ey : Q%m/Q — Q(E/Q.

Applying this when Y is the space of Puiseaux coeflicients, for an arc z in the
space of 0-cycles and form w € Qf, /o we may finally define the universal
abelian invariants

I(z,w) = e I(z,w).
Two arcs z and 2 are said to be geometrically equivalent to 15 order, written
Z =qst FZ: lf
I(z,w) = I(Z,w)
for all w € Q?Dx/Q and all ¢ with 1 £ ¢ < n. It turns out that here it is
sufficient to only consider w € QSL{/Q. The space is filtered with Gqu}/Q ~

Qg/_é ® Q% sc» and roughly speaking we may think of Q% as encoding
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the information in the Q% ’s for 1 < ¢ < n. Intuitively, =« captures
the invariant information in the differentials at ¢ = 0 of Puiseaux series,
where the coefficients are differentiated in the sense of Q}C /0" The simplest
interesting case is when X is a surface defined over Q, £ and n € Q(X) give

local uniformizing parameters and z(t) is an arc in Z?(X) given by
A1) = 20 (1) + 2 (1)

where

24 (t) = (E£(t),n(t))
with
Ex(t) = Fart'? +agt+ -
{ni(t) = byt ot 4 - - .

The information in the universal abelian invariants I(z, ¢) for ¢ € Qk /c is
a3, aiby, b3; az, bs.
The additional information in I(z,w) for w € Q% is
aldbl — bldal,

which is not a consequence of the differentials of the I(z, )’s for ¢ € Q% /c
We then give a geometric description of the tangent space as

TZ"(X) = {arcs in Z"(X)}/ =1t .

The calculations given in section 3 show that this definition is independent
of the particular coordinate system used to define the space of Puiseaux
coefficients. We emphasize that this is not the formal definition of TZ"(X)
— that definition is given by (1.5), and as we shall show it is equivalent to
the above geometric description.

So far this discussion applies to the analytic as well as to the algebraic
category. However, only in the algebraic setting is it the case that

(1.10) 0b, e = Ox (T X);

i.e., only in the algebraic setting is it the case that Kéahler differentials over
C give the right geometric object. Thus, the above sleight of hand where we
used Kahler differentials to define the universal abelian invariants
I(z,w) € Qfé;é

will only give the correct geometric notion in the algebraic category. In sec-
tion 4 we give a heurestic, computational approach to absolute differentials.
In particular we explain why (1.10) only works in the algebraic setting. The
essential point is that the axioms for Kéhler differentials extend to allow
term by term differentiation of the power series expansion of an algebraic
function, but this does not hold for a general analytic function.

In the algebraic setting Q}ox Q= Q; /Q? and there is an additional geo-

metric interpretation of the “arithmetic part” Qé /Q ® Ox of the absolute
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differentials Qﬁ( /Q" This deals with the notion of a spread, and again in
section 4 we give a heurestic, geometric discussion of this concept. Given a
0-cycle z on an algebraic variety X, both defined over a field k that is finitely
generated over QQ, the spread will be a family

| |

X = {XS}SES; Z= {ZS}SES

where X, Z, and S are all defined over Q and Q(S) = k, and where the fibre
over a generic point sy € S is our original X and z. Roughly speaking we
may think of spreads as arising from the different embeddings of k into C;
thus, for s € S not lying in a proper subvariety defined over QQ the algebraic
properties of X, and zs; are the same as those of X and z. There is a
canonical mapping

(1.11) TS — Qg
and under this mapping the extension class of
0 = Qg @k Oxv) = Vxqwyso = Lxgoysn = 0

corresponds to the Kodaira-Spencer class of the family {X}scs at so. The
facts that the spread gives in higher codimension the natural parameters of
a cycle and that infinitesimally the spread is expressed in terms of Q% /@ are
two reasons why absolute differentials necessarily appear.

Using this discussion of absolute differentials and spreads in section 4, in
section 5 we turn to the geometric description of the tangent space TZ"(X)
to the space of O-cycles or a smooth n-dimensional algebraic variety X. We
say “geometric” because the formal algebraic definition of the tangent spaces
TZ"™(X) will be given in section 7 using an extension of the Ext construction
discussed above in the n = 1 case. This definition will then be proved to
coincide with the description using the universal abelian invariants discussed
above. In section 5 we give an alternate, intrinsic definition of the I(z,w)’s
based on functorial properties of absolute differentials.

In section 4 we have introduced absolute differentials as a means of map-
ping the differentials of the parameters of an arc in Z"(X) expressed in
terms of local uniformizing parameters to a reference object. Geometrically,
using (1.11) this construction reflects infinitesimal variation in the spread
directions. Algebraically, for an algebraic variety Y and point y € Y, the
evaluation mapping (1.9) is for » = 1 given by

fdg =% f(y)d(g(y))

where d = dg /g and f,g € C(Y') are rational functions on Y that are regular
near y. If Y is defined over Q and f,g € Q(Y), then e, reflects the field of
definition of y - it is thus measuring arithmetic information.
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One may reasonably ask: Is there an alternate, purely geometric way of
defining =1s¢ for arcs in Z™(X) that leads to absolute differentials? In
other words, even if one is only interested in the complex geometry of the
space of O-cycles, is there a geometric reason why arithmetic considerations
enter the picture? Although we have not been able to completely define ==
axiomatically, we suspect that this can be done and in a number of places
we will show geometrically how differentials over Q necessarily arise.

For example, in section 6.2 we consider the free group F' generated by the
arcs in Z?(C?) given by differences z,5(t) — 215(t) where z,5(t) is the 0-cycle
given the equations

22 —ay? =0 a#0
Zap () = {xy—ﬁt:(l

There we list a set of “evident” geometric axioms for 15 order equivalence of
arcs in F', and then an elementary but somewhat intricate calculation shows
that the map

F/ =qst—> Qé/@

given by

d
Zap(t) — 55 (d = dc/q)

is a well-defined isomorphism. Essentially, the condition that the tangent
map be a homomorphism to a vector space that factors through the tangent
map to the Hilbert scheme leads directly to the defining relations for absolute
Kahler differentials.

Another example, one that will be used elsewhere in the monograph, be-
gins with the observation that Z™(X) is the group of global sections of the
Zariski sheaf

& Z .
zeX — %

Taking X to be a curve we may consider the Zariski sheaf
o C
zeX — %

whose global sections we denote by Z1(X). This sheaf arises naturally when
one localizes the tame symbol mappings 7, that arise in the Weil reciprocity
law. In section 6.2 we give a set of geometric axioms on arcs in Z](X) that
define an equivalence relation yielding a description of the sheaf T ZHX) as

TZ{(X)= ® Hom (/¢ 0
TZ(X) z?Xﬂ( x/0,2> Slc/0)
here Hom *(Q% .. Qg/q) are the continuous C-linear homomorphims

Q % QL that satisfy

1
X/Qz Cc/Q

o(fa) = wo(f)a
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where f € Ox,,a € Q(IC/Q and ¢g : Ox,, — C is a continuous C-linear
homomorphism. The point is that again purely geometric considerations
lead naturally to differentials over Q. Essentially, the reason again comes
down to the assumption that

(z£2) =247

i.e., the tangent map should be a homomorphism from arcs in Z;(X) to a
vector space.

In (d) at the beginning of the introduction we mentioned different limiting
properties of rational equivalence for divisors and higher codimensional cy-
cles. One property that our tangent space construction has is the following:
Let z,(t) be a family of arcs in ZP(X). Then

If 21,(0) = 0 for all uw # 0, then z,(0) = 0.
Once again the statement
lim z,, (0) =0 for a sequence uj, — 0 implies that zy(0) = 0

is true for divisors but false in higher codimension. The reason is essentially
this: Any algebraic construction concerning algebraic cycles survives when
we take the spread of the variety together with the cycles over their field
of definition. Geometric invariants arising in the spread give invariants of
the original cycle. Infinitesimally, related to (b) above there is in higher
codimensions new information arising from evaluating g-forms (¢ = 2) on
multivectors v Awq A- - - Awg—1 where v is the tangent to the arc in the usual
“geometric” sense and wy, ... ,wg—1 are tangents in the spread directions.
Thus arithmetic considerations appear at the level of the tangent space to
cycles (we did not expect this) and survive in the tangent space to Chow
groups where they appear in Bloch’s formula.

Above, we mentioned the tame symbol T,.(f,g) € C* of f,g € C(X)*. Tt
has the directly verified properties

(fm,g) »(f.g)" for m € Z

Ti(f1f2, ):Tm J1,9)T%(f2, 9)
TI( 9) = Tu(g, f)~*

(fv 1- f) = 1a

which show that the tame symbol gives mappings

T, : K>(C(X)) — C*, and T : K»(C(X)) — & C.
A natural question related to the definition of TZ{ (X)) is
What is the differential of the tame symbol?

According to van der Kallen [12], for any field or local ring F' in characteristic
zero the formal tangent space to Ko(F') is given by

(1.12) TK3(F) = Q0.
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Thus, we are seeking to calculate

d
Qé(x)/QTI—’HOm O(Q%{/Q’I7 Q(}:/Q)

In part (iii) of section 6 we give this evaluation in terms of residues; this
calculation again illustrates the linking of arithmetic and geometry. As an
aside, we also show that the infinitesimal form of the Weil and Suslin reci-
procity laws follow from the residue theorem.

Beginning with the work of Bloch, Gersten and Quillen (cf. [5] and [16])
one has understood that there is an intricate relationship between K-theory
and higher codimensional algebraic cycles. For X an algebraic curve, the
Chow group CH'(X) is defined as the cokernel of the mapping obtained by
taking global sections of the surjective mapping of Zariski sheaves
(1.13) cx)™ oz —o.

= zeX ="
This sheaf sequence completes to the exact sequence

(1.14) 0— 0% - C(X)" — @XZ -0,
- rzeX — 7T

and the exact cohomology sequence gives the well-known identification

(1.15) CHY(X) = H'Y(0%).

For X an algebraic surface, the analogue of (1.13) is

(1.16) s cvr®™ sz —o.
Y irred — reX —z

curve

Whereas the kernel of the map in (1.13) is evidently O%, for (1.16) it is a
non-trivial result that the kernel is the image of the map
K (CX)-5 o cy)

=2 Y irred —
curve

given by the tame symbol. It is at this juncture that K-theory enters the
picture in the study of higher codimension algebraic cycles. The sequence
(1.16) then completes to the analogue of (1.14), the Bloch-Gersten-Quillen
exact sequence

0—>9<2(OX)—>£2((C(X))—> o CY)y—- o Z —0

Y irred — reX — 7%

curve

which in turn leads to Bloch’s analogue
(1.17) CH*(X) = H*(X2(0x))

of (1.15) which opened up a whole new perspective in the study of algebraic
cycles.

The infinitesimal form of (1.17) is also due to Bloch (cf. [4] and [27]) with
important amplifications by Stienstra [6]. In this work the van der Kallen
result is central. Because it is important for our work to understand in detail
the infinitesimal properties of the Steinberg relations that give the (Milnor)
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K-groups, we have in the appendix to section 6 given the calculations that
lie behind (1.12). At the end of this appendix we have amplified on the
above heuristic argument that shows from a geometric perspective how K-
theory and absolute differentials necessarily enter into the study of higher
codimensional algebraic cycles.
In section 7 we give the formal definition
TZ2(X)= lim  &xtd (OZ, oL /Q)

Z codim 2
subscheme

for the tangent sheaf to the sheaf of O-cycles on a smooth algebraic surface X.
We show that this is equivalent to the geometric description discussed above.
Then, based on a construction of Angeniol and Lejeune-Jalabert [19], we
define a map

THilb?(X) — TZ*(X)

thereby showing that the tangent to an arc in Z2?(X) given as the image
in Z2(X) of an arc in Hilb?(X) depends only on the tangent to that arc in
THilb?(X).

In summary, the geometric description has the advantages

— it is additive

— it depends only on z(t) as a cycle

— it depends only on z(t) up to 15¢ order in ¢
— it has clear geometric meaning.

It is however not clear that two families of effective cycles that represent
the same element of 7'Hilb?(X) have the same tangent under the geometric
description. The formal definition has the properties

— it clearly factors through THilb?(X)
— it is easy to compute in examples.

But additivity does not make sense for arbitrary schemes, and in the formal
definition it is not clear that z’(0) depends only on the cycle structure of
z(t). For this reason it is important to show their equivalence.

In section 8 we give the definitions of some related spaces, beginning with
the definition
TzZ'(X)= _lim &ty (02, 0x)

— Z codiml
subscheme

for the sheaf of divisors on a smooth algebraic surface X. Actually, this
definition contains interesting geometry not present for divisors on curves.
In section 8.2 this geometry is discussed both directly and dually using dif-
ferential forms and residues. As background for this, in the two appendices
to section 8.2 we have given a review of duality with emphasis on how one
may use the theory to compute in examples.
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In section 8.2 we give the definition

1z} = @ 1 (V)
Y irred

for the tangent sheaf to the Zariski sheaf @ C(Y')*. Underlying this definition
V=

is an interesting mix of arithmetic and geometry which is illustrated in a
number of examples. With this definition there is a natural map TZ] (X) —
Tz 2(X) and passing to global sections we may define the geometric tangent
space to the Chow group CH?(X) by

TyeomCH?*(X) = TZ*(X) /image {TZ{(X) — TZ*(X)} .

Both the numerator and denominator on the RHS have geometric meaning
and are amenable to computation in examples. The main result of this work
is then given by the

Theorem: (i) There is a natural surjective map
arcs in |
ac(y) | - LZHX).
¥=

(i) Denoting by Trorma1C H?(X) the formal tangent space to the Chow group
given by Bloch [4], [27], there is a natural identification

TgcomCH2 (X) = TformadC’I{2 (X)

Contained in (i) and (ii) in this theorem is a geometric existence result,
albeit at the infinitesimal level. The interesting but significant difficulties in
“integrating” this result are discussed there and again in section 10.

In section 9 we give some applications and examples. Classically, on an
algebraic curve Abel’s differential equations - by which we mean the in-
finitesimal form of Abel’s theorem - express the infinitesimal constraints
that a 0O-cycle move in a rational equivalence class. An application of our
work gives an extension of Abel’s differential equations to 0-cycles on an
n-dimensional smooth variety X. For X a regular algebraic surface defined
over Q these conditions take the following form: Let z = >, x; be a O-cycle,
where for simplicity of exposition we assume that the x; are distinct. Given
Ti € Ty, X we ask when is

(1.18) T= Z(mi,n) € TZ*(X)

3

tangent to a rational equivalence? Here there are several issues that one
does not see in the curve case. One is that because of the cancellation
phenomenon in higher codimension discussed above it is essential to allow
creation /annihilation arcs in Z2(X), so it is understood that a picture like
z_(t)

— - —
)

T4 (t
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w(t) = v (t) — 2 (t)
2+(0) = z_(0) and
2!, (0) = =z (0)

is allowed, and a picture like

could be the tangent to a simple arc z(¢) in X with 2(0) = 2 and 2/(0) = T,
or it could be the tangent to an arc

2(t) = 21(t) + 22(t) — 23(t)
where

{xl(O) = 25(0) = 23(0) = =
1 (0) +25(0) — 25(0) = 7

and so forth.?

Secondly, we can only require that 7 be tangent to a first order arc in
Z2.(X). Alternatively, we could require (i) that 7 be tangent to a formal
arc in Z2,(X), or (ii) that 7 be tangent to a geometric arc in Z2,(X).
There are heuristic geometric reasons that (i) may be the same as tangent
to a 1%%-order arcs, but although (ii) may be equivalent for O-cycles on a
surface (essentially Bloch’s conjecture), there are Hodge-theoretic reasons
why for higher dimensional varieties the analogue of (ii) cannot in general
be equivalent to tangency to a first order rational equivalence for general
codimension 2 cycles (say, curves on a threefold). In any case, there are
natural pairings

(1.19) (,):9%0.9T:X — Qg

and the condition that (1.18) be tangent to a first order rational equivalence
class is

(1.20) (w,T) =: Z(w,n} =0 in Qé/Q
for all w € H°(Q% ). If the z; € X (k) then the pairing (1.19) lies in Q) .
At one extreme, if z = >, z; € Z?(X(Q)) then all (w,7;) = 0 and the main
theorem stated above gives a geometric existence result which is an infinites-
imal version of the conjecture of Bloch-Beilinson [22]. At the other extreme,
taking the x; to be independent transcendentals we obtain a quantitative
version of the theorem of Mumford-Roitman (cf. [1] and [2]). In between,
the behavior of how a 0-cycle moves infinitesimally in a rational equivalence
class is very reminiscent of the behavior of divisors on curves where h*9(X)
together with tr deg (k) play the role of the genus of the curve.

20f course, for curves one may introduce creation/annihilation arcs, but as noted in
e) above it is only in higher codimension, due to the presence of “irrelevant” rational
equivalences, that they play an essential role.
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In section 9.2 we shall discuss the integration of Abel’s differential equa-
tions. The exact meaning of “integration” will be explained there - roughly
it means defining a Hodge-theoretic object H and map

(1.21) v:Z"X)—>H
whose codifferential factors through the map
T*CH™"(X) - T*Z"(X).

For curves, denoting by Z'(X)o the divisors of degree zero the basic clas-
sical construction is the pairing

H®(Q/c) ® Z'(X)o — C mod periods

given by

w®zi>/w, oy = z.

Y

As z varies along an arc z

d /
E(”Q/J(w ® z1)) = (w, 2)

where the right hand side is the usual pairing
H(Qx)0) @ TZ'(X) - C

of differential forms on tangent vectors. This of course suggests that the
usual abelian sums should serve to integrate Abel’s differential equations in
the case of curves.

In [32] we have discussed the integration of Abel’s differential equations
in general. Here we consider the first non-classical case of a regular surface
X defined over QQ, and we shall explain how the geometric interpretation of
(1.20) suggests how one may construct a map (1.21) in this case. What is
needed is a pairing

(1.22) HO(Qﬁ(/C) ® Z%(X)o — / w  mod periods
r

where T" is a (real) 2-dimensional chain that is constructed from z using the
assumptions that deg z = 0 and that X is regular. If z € Z%(X(k)),, then
using the spread construction together with (1.10) we have a pairing

(1.23) HO (% )g) © T.Z*(X)o — Ts, S,

which if we compare with (1.10) will, according to (1.19) and (1.20), give
the conditions that z move infinitesimally in a rational equivalence class.
Writing (1.23) as a pairing

H (%)) @ TZ*(X)®TS — C

suggests in analogy to the curve case that in (1.21) the 2-chain I’ should be
traced out by 1l-chains «s in X parametrized by a curve A in S. Choosing
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s so that 0vs = zs and taking for A a closed curve in S, we are led to set
I'=,ex7s and define for w € H(Q% )

(1.24) I(z,w,\) = /w mod periods.
r

As is shown in section 9.2 this gives a differential character on S that depends
only on the k-rational equivalence class of 2.3 If one assumes the conjecture
of Bloch and Beilinson, then the triviality that of I(z,-,-) implies that z is
rationally equivalent to zero; this would be an analogue of Abel’s theorem
for O-cycles on a surface.

In section 9.3 we give explicit computations for surfaces in P3 leading to
the following results:

Let X be a general surface in P? of degree d = 5. Then, for any point
peX

T,X NTZ*(X)sar = 0.
If d 2 6, then for any distinct points p,q € X
(T, X + T,X)NTZ*(X)ar = 0.

The first statement implies that a general X contains no rational curve -
i.e. a g{ - which is a well known result of Clemens. The second statement
implies that a general X of degree = 6 does not contain a g3. It may well be
that the method of proof can be used to show that for each integer k there
is a d(k) such that for d = d(k) a general X does not contain a gj.

In the last subsection 4 in section 9 we discuss what seems to be the only
non-classical case where the Chow group is explicitly known; namely, one
has the isomorphism

(1.25) GriCH?*(P*,T) = K,(C)

due to Bloch and Suslin [26], [21]. We give a proof of (1.25) similar to
that of Totaro [9], showing that it is a consequence of the Suslin reciprocity
law together with elementary geometric constructions. This example was
of particular importance to us as it was one where the infinitesimal picture
could be understood explicitly. In particular, we show that if tr deg k = 1 so
that S is an algebraic curve, the invariant (1.24) coincides with the regulator
and the issue of whether it captures rational equivalence, modulo torsion,
reduces to an analogue of a well known conjecture about the injectivity of
the regulator.

In the last section we discuss briefly some of the larger issues that this
study has raised. One is whether or not the space of codimension p cycles
ZP(X) is at least “formally reduced”. That is, given a tangent vector 7 €
TZP(X), is there a formal arc z(¢) in ZP(X) with tangent 77 If so, is ZP(X)

3The regularity of X enters in the rigorous construction and in the uniqueness of the
lifting of w to HO(Qg(/Q). Also, the construction is only well-defined modulo torsion.
Finally, as discussed in section 9.3 one must “enlarge” the construction (1.24) to take into
account all the transcendental part H2(X )¢, of the 224 cohomology group of X.
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“actually reduced”; i.e., can we choose z(t) to be a geometric arc? Here we
are assuming that a general definition of TZP(X) has been given extending
that given in this work when p = 1 and p = n, and that there is a natural
map

THilb?(X) — TZP(X).

The first part of the following proposition is proved in this work and the
second is a result of Ting Fai Ng [39], the idea of whose proof is sketched in
section 10:

(1.26) ZP(X) is reduced for p=mn,1.

What this means is that for p = n, 1 every tangent vector in TZ?(X) is the
tangent to a geometric arc in ZP(X). For p = n this is essentially a local
result. However, for p = 1 and n > 2 it is well known that Hilb'(X) may
not be reduced. Already when n = 2 there exist examples of a smooth curve
Y in an algebraic surface and a normal vector field v € H°(Ny,x) which is
not tangent to a geometric definition of Y in X i.e., ¥ may be obstructed.
However, when we consider Y as a codimension one cycle on X the above
result implies that there is an arc Z(¢) in Z'(X) with

{Z(O) =Y
Z'(0) =v;

in particular, allowing Y to deform as a cycle kills the obstructions.

For Hodge theoretic reasons, (1.26) cannot be true in general — as dis-
cussed in section 10, when p = 2 and n = 3 the result is not true. Essentially
there are two possibilities:

(i) ZP(X) is not reduced
(il) ZP(X) is formally, but not actually, reduced.

Here we are using “reduced” as if ZP(X) had a scheme structure, which of
course it does not. What is meant is that first an m*™-order arc is given by a
finite linear combination of the map to the space of cycles induced by maps

Spec (C[t]/t™*!) — Hilb?(X), m=1.4
The tangent to such an arc factors as in

Spec(C[t]/t™+) — ZP(X)

N
N
N
~

Spec(C[t]/t?) — TZP(X)

4The issue of the equivalence relation on such maps to define the same cycle is non-
trivial — cf. section 10.2. In fact, the purpose of section 10 is to raise issues that we feel
merit further study.
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where the top row is the finite linear combination of the above maps, and
where the bottom row is surjective. To say that 7 € TZP(X) is unobstructed
to order m means that it is in the image of the dotted arrow. To say that it
is formally reduced means that it is obstructed to order m for all m. To say
that it is actually reduced means that it comes from a geometric arc

B — ZP(X).

Another anomaly of the space of cycles is the presence of null curves in
the Chow group, these being curves z(¢) in CHP(X) that are non-constant
but whose derivative is identically zero. They arise from tangent vectors
to rational equivalences that do not arise from actual rational equivalences
(nonreduced property of TZ",(X) =: image {TZ}(X) - TZ"(X)} — see
below for notations). Thus, if one thinks it is the language of differential
equations

(1.27) Because of the presence of null curves, there can be no uniqueness in
the integration of Abel’s differential equations.

Thus, both the usual existence and uniqueness theorems of differential equa-
tions will fail in our context. Heuristic considerations suggest that one must
add additional arithmetic considerations to even have the possibility of con-
vergent iterative constructions. The monograph concludes with a discussion
of this issue in section 10.4.

In this paper we have used classical terminology in discussing the spaces of
cycles on an algebraic variety, as if the ZP(X) were themselves some sort of
variety. However, because of properties such as (1.26) and (1.27) the Z?(X)
are decidedly non-classical objects. This non-classical behaviour is combined
Hodge-theoretic and arithmetic in origin, and in our view understanding it
presents a deep challenge in the study of algebraic cycles.

To conclude this introduction we shall give some references and discuss
the relationship of this material to some other works on the space of cycles
on an algebraic variety.

Our original motivation stems from the work of David Mumford and
Spencer Bloch some thirty odd years ago. The paper [Rational equivalence
of 0-cycles on surfaces., J. Math. Kyoto Univ. 9 (1968), 195-204] by Mum-
ford showed that the story for Chow groups in higher codimensions would be
completely different from the classical case of divisors. Certainly one of the
questions in our minds was whether Mumford’s result and the subsequent
important extensions by Roitman [Rational equivalence of zero-dimensional
cycles (Russian), Mat. Zametki 28(1) (1980), 85-90, 169] and [The torsion
of the group of 0-cycles modulo rational equivalence, Ann. of Math. 111
(2) (1980), 553-569] could be understood, and perhaps refined, by defining
the tangent space to cycles and then passing to the quotient by infinitesimal
rational equivalence - this turned out to be the case.

The monograph [Lectures on algebraic cycles. Duke University Math-
ematics Series, IV. Duke University, Mathematics Department, Durham,
N.C., 1980. 182 pp.] by Bloch was one of the major milestones in the study
of Chow groups and provided significant impetus for this work. The initial
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paper [K2 and algebraic cycles, Ann. of Math. 99(2) (1974), 349-379] by
Bloch its successor [Bloch, S., Algebraic cycles and higher K-theory, Adv. in
Math. 61(3) (1986), 267-304] together with [16] brought K-theory into the
study of cycles, and trying to understand geometrically what is behind this
was one principal motivation for this work. We feel that we have been able
to do this infinitesimally by giving a geometric understanding of how abso-
lute differentials necessarily enter into the description of the tangent space
to the space of 0-cycles on a smooth variety. One hint that this should be
the case came from Bloch’s early work [Bloch, S., On the tangent space to
Quillen K-theory, L.N.M. 341 (1974), Springer-Verlag] and summarized in
[4] and with important extensions by Stienstra [On K3 and K3 of truncated
polynomial rings, Algebraic K-theory, Evanston 1980 (Proc. Conf., North-
western Univ., Evanston, Ill., 1980), pp. 409-455, Lecture Notes in Math.
854, Springer, Berlin, 1981].

Another principal motivation for us has been provided by the conjectures
of Bloch and Beilinson. These are explained in sections 6 and 8 of [Ra-
makrishnan, Dinakar, Regulators, algebraic cycles, and values of L-functions,
Contemp. Math. 88 (1989), 183-310] and in [Jannsen, U., Motivic sheaves
and filtrations on Chow groups. Motives (Seattle, WA, 1991), 245-302, Proc.
Sympos. Pure Math. 55, Part 1, Amer. Math. Soc., Providence, RI, 1994].
Our work provides a geometric understanding and verification of these con-
jectures at the infinitesimal level, and it also points out some of the major
obstacles to ”integrating” these results.

In an important work, Blaine Lawson introduced a topology on the space
ZP(X) of codimension p algebraic cycles on a smooth complex projective
variety. Briefly, two codimension-p cycles z, 2z’ written as

Z=zy —2_
{z’ =z, — 2
where z4, 2, and effective cycles are close, if 2z, 2/, and z_, 2" are close in
the usual sense of closed subsets of projective space. Lawson then shows that
ZP(X) has the homotopy type of a CW complex, and from this he proceeds
to define the Lawson homology of X in terms of the homotopy groups of
ZP(X). His initial work triggered an extensive development, many aspects
of which are reported on in his talk at ICM Ziirich (cf. [Lawson, Spaces
of Algebraic Cycles — Levels of Holomorphic Approximation, Proc. ICM
Ziirich, pages 574-584] and the references cited therein).

In this monograph, although we do not define a topology on Z?(X), we
do define and work with the concept of a (regular) arc in ZP(X). Implicit
in this is the condition that two cycles z, 2’ as above should be close: First,
there should be a common field of definition for X, z, and z’. This leads to
the spreads

2,2 cX

|

S
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as discussed in section 4 below, and z, 2z’ should be considered close if Z,
Z' € ZP(X) are close in the Lawson sense (taking care to say what this
means, since the spread is not uniquely defined). Because of a picture like

X

Z\/

two cycles may be Lawson close without being close in our sense. We do not
attempt to formalize this, but rather wish only to point out one relationship
between the theory here and that of Lawson and his coworkers.

Finally, we mention that some of the early material in this study has
appeared in [23].
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The Classical Case when n =1

We begin with the case n = 1, which is both suggestive and in some ways
misleading. Most of the material in this section is standard but will help to
motivate what comes later. We want to define the tangent to an arc

2(t) = Znixi(t)

in the space Z'(X) of 0-cycles on a smooth algebraic curve X. Later on we
will more precisely define what we mean by such an arc - for the moment
one may think of the z;(¢) as being given in local coordinates by a Puiseaux
series in t.

The degree

deg z(t) =: Z n;

is constant in ¢. Among all arcs z(t), those with

{2(0) =0
z(t) £ 0

are of particular interest. The presence of such arcs is one main difference
between the configuration spaces X (™) - i.e., sets of m points on X - and
the space Z'(X) of O-cycles. We may write such an arc as sum of arcs
2(t) = 2T(t) — 27 (t)

where 2% (t) are arcs in X (™) with 2 (0) = 2 (0), and we think of z(t) as a
creation/annihilation arc.

We denote by |z(t)| the support of the 0-cycle z(t), and for € X denote
by Z%z} (X) the set of arcs z(t) with

}LI% |2(t)] = «.

It will suffice to define the tangent space Ty,3Z"(X) to arcs in fo}(X)-
From a sheaf theoretic perspective, in the Zariski topology we denote by
él (X) the Zariski sheaf of 0-cycles on X, and by TZ*(X) the to be defined
tangent sheaf to Z*(X). The stalks of TZ'(X) are then given by

TZY(X)y = Ty Z' (X).

In fact, the sheaf-theoretic perspective suggests one possible definition of
Ty Z L(X). Namely, we have the standard exact sheaf sequence

(2.1) 0— 0% = C(X)* & Z1(X) — 0.
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With any reasonable definition the tangent sheaf to O% is Ox, with the map
being

tangent to {f +tg+---} =g/f
where f € O% , and g € Ox, and similarly the tangent sheaf to C(X)*

should be C(X). This suggests that the tangent sheaf sequence to (2.1) can
be defined and should be the well-known sequence

(2.2) 0—0Ox = C(X)—PPx —0

where PPx is the sheaf of principal parts. Thus, we should at least provi-
sionally define

TZ'(X)=PPx.
More explicitly, we consider an arc
f&)=f+tg+--
in C(X); where f € C(X)* and g € C(X). Then
z(t) = div f(t)

is an arc in Z!(X) which we assume to be in Z%I}(X), and with the above
provisional definition the tangent to z(t) is given by

2(0) =[g/fla

where [g/f]. is the principal part at = of the rational function g/f. More
formally

Definition: Two arcs z(t) and z(t) in Z%z}(X) are said to be equivalent to
first order, written

(2.3) 2(t) =1t 2(1),
if with the obvious notation we have
9/ f)x =[5/ fla-

The tangent space to Z{lz}(X ) is then provisionally defined by
(2.4) T3 21 (X) = Z( 5 (X)) =1e0 -

This is not the formal definition, which will be given later and will be shown
to be equivalent to the provisional definition.

Note: Below we will explicitly write out what this all means. There it will
be seen that (2.3) is equivalent to having

Z(t)=div(f+tg+---),

i.e., we may take f = f and § = g.
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Perhaps the most natural notion of first order equivalence to use is the
tangent space to the Hilbert scheme. A family of effective 0-cycles z(t) with
2(0) = z gives a map

J.—0x/3,
daf
[ dat
For families of effective O-cycles z;(t), z2(t) with
21(0) = 22(0) = z
one says
21 (t)%lbt Z9 (t)
if they induce the same map J, — Ox/J,. The subgroup of effective arcs
in Z1(X) starting at a z with |z| = 2 generates an equivalence relation =1
which will be seen to be the same as that given by Definition (2.4). Thus, for

0-cycles on a curve, if we denote by Hilby (X) the 0-dimensional subschemes
of degree k we have that

THilb; (X) — TZ(X)
injects and
Jim Ty, Hilby (X) = T,y 21 (X).
This will not be the case in higher codimension.
Classically, the tangent to an arc in the space of divisors on an algebraic
curve appeared in the theory of abelian sums (see below). This suggests that

the dual space to Ty,) Z'(X) should be related to differential forms. In fact
there is a non-degenerate pairing

(2.5) PPx.. ®c Q.lX/(C,;p — C
given by
T ®w — Res;(Tw).

Here, in terms of a local uniformizing parameter £ centered at x, we are
thinking of PPx , as the space of finite Laurent tails

N an
PPx . = {T: Zg—k}.

k=1
For w = (Eezo bg§Z> d¢

Res, (Tw) = Z ap11by
220

from which we see that the pairing (2.5) is non-degenerate. A consequence
is the natural identification of the provisional tangent space

(2.6) T(21 2" (X) = Hom &(Q ¢ ., C)
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where Hom¢(+,-) denotes the continuous C-linear homomorphisms; i.e.,
those ¢ that annihilate m2' Q% /¢, for some N = N(¢p).
Turning to abelian sums, we consider an arc of effective 0-cycles

2(t) = in(t), 2:(0) =

in Z%w}(X), given by a regular mapping

B — x(m

from an algebraic curve B with local uniformizing parameter ¢ into the m-
fold symmetric product of X. Here, there is a reference point by € B with
t(bo) = 0. The corresponding abelian sum is

>/ ",
i YTo

It is well known that this abelian sum is regular in ¢ for ¢ near 0, and we set

(2.7) I(z,w) = %(;Aii(t) w) L

Proposition: Denoting by 2'(0) the Laurent tail corresponding to the tan-
gent vector to z(t), we have

(2.8) I(z,w) = Res, (7' (0)w).

Thus, the first order terms in abelian sums give an alternate description of
the isomorphism (2.6).

Proof: If

z(t) = divisor of f + tg
then we need to show that

Res, ((g/f)w) = I(z,w).
This follows from the general

Lemma: FExpressed in terms of a complex variable x, if we write f +tg =
[T (z — 2;(t)) mod o(t'*) and
w=ardz
then
Resg (%) = —lim Y a;(t)*l(t).

t—0
i=1

Proof: We give two independent proofs.
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First proof:

f+tg=a™ —I—Z Dioj(zi(t), ... ,zm(t))z™ 7

Jj=1
So

j=1 t=0
and thus

gw d
Reso< 7 > = (- 1)k+1dt0k+l(xl(t) 'l’m(t))lt:o.

By Newton’s identities,

Zx k+1 k+ )O’k+1($1(t),...ajm<t))+

terms of deg > 2 in 01,... ,0p,.
Thus

Z ORAGE —%akﬂ (z1(), ... zm(t))

+ Zpl 01y .om)oi(x1(t),. .xm(t))
where every term of p; has posmve total degree in o;.
Since o;(21(0),---2;(0)) = Oforallj = 1,...,m, it follows that
pi(o1,---0;) =0at t =0. So

limin(t)km;(t)— jtokﬂ(:m(t) .xm(t))‘t:()

t—0
w
= — Resg (gf )
Second proof:

gw - gw
R (57 ) =l 2 Fiot (%)
grPdx
=t 3 R e

im ~  g(x(0)z()”
I ) - @)

=
Differentiating

m

f+tg= [l —ai0)

=1
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with respect to ¢ gives

m

g(x) =" =ai(t) - [] (z — =;(t))
i=1 J#i
g(xi(t)) = —aj(t) - [ (@i(t) — 2;(1)),

J#i
and plugging into the earlier formula gives

Reso <g}"> =~ lim Z 2i(t)F 2 (8). 0

For later use it is instructive to examine the abelian sum approach in local
analytic coordinates, which we may take to be an analytic disc {b : |¢(b)| < §}
where t is a local uniformizing parameter on X and § > 0 is a positive
constant. Call an arc in X (™)

z(t) = in(t), x;(0) =2x

irreducible if x;(t) # x;(t) for i # j and ¢ # 0, and if analytic continuation
around ¢ = 0 permutes the x;(t) transitively. Any arc in Ziw}(X ) is a Z-
linear combination of constant arcs and irreducible arcs. Since the tangent
map is additive on arcs, it suffices to consider the tangents to irreducible
arcs.

An irreducible arc is represented by a convergent Puiseaux series

wi(t) =Y a; et/ 4o ™)

§=0
where € = e2™V=1/m_Then
d i(t) nor S \* o
#(SL ee)| 2 () Somer
ENT e =0 =1 \j=1 j t=0

= E R L L P
J1t+ o Figy1=m
{ Ogj]v"'vj]\;«{»lé"n
J

This calculation tells us several things. One is that it establishes directly
the non-degeneracy of the pairing

Ty Z'(X) @c Q%(/(C,x —-C
given by
zQw — I(z,w)
in (2.7) above. The second is that the multiplicity m of an irreducible arc is
uniquely determined by
I(z,m;Q%c,) =0, kZm.

Finally, it is instructive to illustrate the proof of the above proposition

and the Puiseaux series calculation in the simplest non-trivial case.
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Example: A Puiseaux expansion for m = 2 is given by

.Il(t):altl/z —|—0,2t—|— s
xg(t) = —a1t1/2 + ast+---

and is defined by div(f + tg) where
fHtg =€ +t(~2a2¢ — af) + o(t'*°)
for some € > 0. If we set

z(t) = div (f + tg)

then
2
I(z,d¢) =limy_o Y _ &/(t) = 2as
1;1
I(z,€d6) =lim; o > _ &(1)&)(t) = ai.
i=1
Note that
Reso(g;;g) = —2as
Res()(%) = —ai.

Anticipating future discussions, we observe that there is a natural identi-
fication

IP,PX@ ~ h]ll E:Z?tégx - (Oxvﬂ/m;, OX,gc)-
11— 00 ’
To describe this, we resolve

OHOX@ LOXJ HOXVx/m;HO
I |
Ey Ey
where g is a local defining equation for  and

Hom Ox.,z (Elv OX,:n) ~ OX,I

while
(gi)*Hom Ox.. (£0,Ox ) € Hom o, (E1,Ox .)
is equal to
g'Ox s
So if

f € Homo, , (E1,O0x.)
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then we may identify
[f] € Bty (Oxo/ml,Ox ;) < % € PPx.s-

The natural map, for j >

Exty, (Oxa/ml,0x.) — Exty, (Ox./md,Ox )

takes

fr—fg
and since

f_fe

g ¢
we get

lim Ext}gx,m(oxw/m;, Ox,z) ~PPx.o.

1— 00

We remark that this limit may be expressed using local cohomology as
lim Exty, (Ox./m,Ox.) = Hy (Ox2) = Hy(Ox)
With this in mind we give the formal

Definition: We define the tangent sheaf
77 (X)
to be

TZ'(X)= & lim &ty (Ox/mk 0x).

reX k—oo
We observe that the tangent map
arcs in Z%x}(X) — zZl(X)I

is surjective.
The tangent sequence to (2.1) can then be defined and is the exact sheaf
sequence

(2.9) 0— Ox — C(X) = IZ"(X) — 0.
Setting
TZ'(X) = H°(IZ"(X))

the exact cohomology sequence of (2.9) is
(2.10) C(X) L TZY(X) — HY(Ox) — 0.
This is the tangent sequence to the exact sequence
(2.11) Cx)* & zY(X) - Pic(X) — L.
It follows from (2.10) and (2.11) first that

image p = TZ}

rat

(X)



PUTangSp March 1, 2004

THE CLASSICAL CASE WHEN N =1 31

1.(X) C ZY(X) of 0-cycles that are
rationally equivalent to zero. Secondly, we have

(2.12) TZYX)/TZL.(X)=H (Ox)

~TCH'(X).

is the tangent space to the subgroup Z.

Now we have a natural map
H,(Ox) — H'(Ox)

from local to global cohomology. The diagram

hmi*,oo El’tox ((’)X/m;, Ox)

/|

H'(Ox)

H, (Ox)

brings together these two maps.
It is this picture that we want to generalize. The description

generalizes to 0-cycles on a n-dimensional smooth variety X, but gives the
wrong answer - in particular the analogue of (2.12) fails to hold.! The
geometric reasons for this are rather subtle and will be discussed below.
The Ext definition holds generally, but also in a subtle way. Suffice it to say
here that two new but closely related phenomena must enter when n > 2:

(i) all the forms %

X/C 1 < ¢ £ n must be used

(ii) absglute differentials — i.e., as it turns out Q% /O o — must be
used.

Of course, (i) is automatic when n = 1. As to (ii), when n = 1 the quotient
O /0/0% /q is isomorphic to Q% /¢, and thus absolute differentials do not
enter the picture in this case.

IThe generalization is, however, interesting and will be discussed in the next section.
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Chapter Three

Differential Geometry of Symmetric Products

Let X be a smooth variety of dimension n, We are interested in the geometry
of configurations of m points on X, which we represent as effective 0-cycles
Z=x1+ -+ xm,
of degree m. Set theoretically such configurations are given by the m-fold

symmetric product
XM =X x--xX /S,
—_——
m

where 3,,, is the group of permutations.
We will be especially concerned with arcs of 0-cycles, given by a regular

mapping
B 5 x(m
from a smooth (not necessarily complete) curve into X (™. If ¢ is a local
uniformizing parameter on B, such an arc may be thought of as
(3.1) 2(t) =z1(t) + - + zm(t)
where, in terms of local uniformizing parameters on X, the x;(t) are given
by Puiseaux series in t. We denote by Z?w}(X ) the space given by Z-linear
combinations of arcs z(t) as above where all z;(0) = z; i.e., which satisfy
z(0) = mx

for some m. For example, if n = 2 and &, 7 are local uniformizing parameters
on X centered at x, then we will have Puiseaux series expansions convergent
for |t| < d for some constant 6 > 0

{Ek — alektl/’m + a262kt2/7n 4t apt A+ -

3.2
(32) M = breFt /™ 4+ bye 12/ o f bt

where € = 2™V =1/m,

It is well known that for n = 2 the symmetric products are singular
along the diagonals, and in particular along the principal diagonal
{mz : x € X}.! However, essentially because we are interested in O-cycles
and not 0-dimensional subschemes, at this point we will not need to get into

LAs we are interested in the infinitesimal structure of 0-cycles, the geometry of sym-
metric products along the diagonals is fundamental. Here, understanding the principal
diagonals is sufficient.
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the finer aspects of the various candidates for smooth models of the X (™)’s
(however, see the discussion in section 7 below). What we do need is the
concept of the regular differential forms of degree ¢

q
QX(m)/(C,z
at a point z € X" This is given by a regular ¢g-form ¢ defined on the
smooth points in a neighborhood of z and which, for any map f : Y — X (™)
where Y is smooth and f(Y') contains a neighborhood of z, f*¢ is a regular
g-form on Y (cf. [33]). It can then be shown that (loc. cit)

Zm
(3.3) Vxom je.me = (Qgcm/c,@, . m)
——

m

For us two basic facts concerning the regular forms on symmetric products
are

(3.4) Every w € Q1 induces in Q1 a reqular form Trw, called

X/C,x X(m) /Cmax
the trace of w.

Explicitly, Trw is induced from the diagonal form (w,--- ,w) on X™, which
being invariant under X, descends to a regular form on the smooth points
of X(™). We write symbolically

(Trw)(z) = w(z1) + - + w(@m,).

Among forms on symmetric products traces have a number of special proper-
ties, including the one of heredity: Fixing xo € X there are natural inclusions

x(m) , x(m+1)

and the trace of ¢ on X(™*D restricts to Tre on X (™). Moreover, under
the natural map

x(m1) o x(ma2) _, x(mitms)

traces pull back to a sum of traces. Thus, traces are especially suitable to
be thought of as differential forms on the space of 0-cycles.

A second basic fact is the following result which has been proved by Ting
Fai Ng [39]

(3.5) Qﬁc(mﬂ/(c ma 18 generated over Oxm) . by sums of elements of form

Trwg A ATrwg, w; € Q%/C’x.

This is clear when n = 1, since in this case X (™) is smooth (see below).
However, when n 2 2 and m 2 2, due to the singularities of symmetric
products along the diagonals one may show that we must add generators
Trw for w € Qg{/@,z and all ¢ with 1 £ ¢ £ n to reach all of Q;(("”)/(C,mm'

For example, when n = m = 2 and &, n are local uniformizing parameters
and we set §; = &(x;),m; = n(wi),

(3.6) Tr dé A dn = déy Admpy + déa A dns
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is not generated over Oy (2 o, by traces of 1-forms in Qk/(c .- The traces of

1-forms together with (3.6) do generate Qgc@)/c,%? e.g.

d&1 Ndng + déa Ndmy = (Trd€) A (Trdn) — Tr (d€ A dn).

We will not use (3.5) in the logical development of the theory, and there-
fore we shall not reproduce Ng’s formal proof. However, we feel that it is
instructive to see how the first few special cases go.

Let X be an algebraic curve with local uniformizing parameter £ centered
at a point x € X. On the m-fold cartesian product X™, let &; denote £ in
the i*" coordinate. It follows from the theorem on elementary symmetric
functions that every function on X" invariant under the symmetric group
Y. is uniquely expressible in terms of

Tre=&+ o +&m
Tr =&+ + &

’—I‘réwlzgin_"_..__i_é'm
It is a general fact that
Tr (dp) = d(Tr @),

and this implies (3.5) in the case n = 1.

Turning to the case n = 2, let X be an algebraic surface and &,7 lo-
cal coordinates centered at x € X. If we expand forms on X™ around
(x,...,x) € X™ then X,, acts homogeneously and the issue is one of the
occurrence of the trivial representation in the homogeneous pieces of total
degree p + ¢ in

(C[glanla cee ,fmﬂ?m] ® /\q{dfladnla cee 7d£m7d77M}

For example, when ¢ = 1 the first non-trivial case is when p = 1. The
terms in &d§; and n;dn; follow from the n = 1 case. By symmetry it will
suffice to consider

¢ = Z a;;&idn;
ij
Clearly ao; = az1 = ... = am1. It follows that

¢ — a21Tr (§)Tr (dn) — (a11 — az1)Tr (dn)
does not involve dn;, and hence again it must be zero.
The next case is when ¢ = 2 and p = 0. Again, the terms in d&;Ad§; and
dn;ndn; follow from the n =1 case. Thus we may assume that

o= aidé; ndn;
4,7
Clearly a11 = ... = Gmm and az; = -+ = ay,1. It follows that
© — a1 (Trd&)(Trdn) — (a11 — az1)Tr (d€ A dn)
does not involve dn;, and hence it must be zero.
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The next case is when ¢ = 2 and p = 1. As before we are reduced to
considering

Y= Z ;& dE; A dn.
i3,k
We want to show that ¢ is expressible in terms of the three 2-forms
(Tr &)(Tr dé)A(Tr dn), (Tr £dE)A(Tr dn) and (Tr d§)A(Tr &dn). Since clearly
Aij1 = Q51 for 2 < i,j <n
it follows that only three distinct constants aj11,as11,a121 appear in terms
containing n;. We may therefore subtract from ¢ a linear combination of
the three trace terms to obtain an invariant expression not containing dnj,
which must then be zero.

The fact that when n = 2, we must add traces of higher degree forms
to generate Q2% IComa is a rather subtle differential geometric fact which
reflects essential differences in the correct definition of 7,3 Z"(X) between
the situation discussed above when n = 1 and when n 2> 2.

We will now explain how the pairing (2.7) above extends to give in general

(3.7) ZE 3 (X) ®c Qx /e — C

which is non-degenerate in the second factor. The basic fact is that an arc

(3.1) pulls back a regular 1-form in Q;(("")/(C,mz to a regular 1-form on B.

Thus we will have, for w € Q% /€, @1 expansion
(3.8) z(t)"(Trw) = I(z,w)dt + O(t) + (terms not involving d)

where I(z,w) is defined by the right hand side of this equation; i.e., I(z,w)
is given by z(t) — Trw]d/dt mod (t). We note that where n = 1 this
definition of I(z,w) agrees with that in (2.7) above.

In coordinates, if z(t) is given by (3.1) where the z(t) = (& (t), nx(t)) are
given by Puiseaux series (3.2), then for

w = f(&n)dE + g(&,m)dn

we will have

20" (Trw) = F(&kmi)dée + 9(Ee, mi)dni.

k
m—1
Expanding f and g in series, using Z € = 0 only integral powers of ¢ survive
k=0

and, in particular no negative powers t /" arising from the dt("=9/™ terms

appear. Thus z(¢)*(Trw) has the form (3.8).

The pairing (3.7) is non-degenerate in the second factor, for the following
reason. First observe another nice general property of traces is that for any
smooth subvariety Y C X traces are natural for inclusions, in the sense that
for Y™ ¢ X(™) we have

=Tr (w )
Y (m) Y

Trw
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Secondly, given any non-zero w € Qﬁ( /C,x WE may find a smooth algebraic

curve Y passing through z such that w‘y is non-zero. We know that the
pairing

Ziy (V) ©c Qy e, — C

is non-degenerate in the second factor, and our claim follows.
The kernel of the surjective mapping

Z?x} (X) — Hom%(Qﬁ(/CW C)

defines an equivalence relation ~ on ZT{;}(X ), and our first guess was that
the tangent space Ty} Z"(X) should be defined by

Ty Z2™(X) = Z{1 (X)) ~ .

As will be explained below, this turned out to be incorrect. In fact, in some
sense one knows it must be wrong because of the property (3.5). However,
~ is interesting and for later use it is instructive to get some feeling for what
it is.
When n = 2, working in local coordinates as above we suppose that
2(t) =21 (t) + -+ am(t)
where each
wj(t) = (ast,b;t) +0(t%) - .

The condition that z(¢) be ~ equivalent to zero is

Z a; = 0

> b =0;

i.e.
> (a;,b;) =0
J

which is the usual tangent vector property.
Next suppose that
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Now

t),d¢) =2 Z%
J
I((t),dn) =2 Z bjs
), £d¢) Z a;j,
I(=(t), ndé) Z aj,bj,
t), &dn) Z aj,bj,
I(2(t), ndn) E:

I(2(t),w)=0 1f wemiy /e,
Then the condition that z(t) be ~ equivalent to zero is expressed by
a21 =0, Zj% =0
> %bjl =0
Z] J1 0? Z] b]2 = O
In particular, for an irreducible ¢t'/2 Puiseaux series
2(t) = (a1t*? + agt + - -+ byt ? 4 bot + - --)
+(—art*? +agt 4+ -, —byt/? 4 byt +---)
the information in the equivalence relation ~ is
a%, albl, b%, as, b2.
Thus, b1/a; is determined and to first order z(t) satisfies the equations
b1€ — a1 + (a1bz — azb1)t =0
&% — 2a5t€ — a%t =0.
We now turn to the question:

Why should higher degree forms be relevant to tangents to arcs in the
space of 0-cycles? One answer stems from Elie Cartan, who taught us that
when there are natural parameters in a geometric structure, they should
be included as part of that structure. Moreover, any use of infinitesimal
analysis should include the infinitesimal analysis applied to the parameters

as well. 2 In the situation of 0-cycles, there is an infinite-dimensional space
of parameters - namely those given in coordinates by the coeflicients of all

2For example, are a Riemannian manifold - or for that matter any G-structure - Cartan
used the full frame bundle, and viewed a connection as a means of infinitesimal displace-
ment in the frame bundle. We will see below that the use of absolute differentials and the
evaluation maps give a structure similar to a connection on the space of arcs in Z"(X).
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possible Puiseaux series. More interestingly in the algebraic case the spread
constructions will give us finite dimensional parameter spaces in which all
algebraic relations are preserved.

To systematize this, for a general smooth variety X in terms of local uni-
formizing parameters around x we denote by P, the (infinite dimensional)
space of coefficients of all formal Puiseaux series as given above for x;(t).
There is a formal map

2:AX P, ——— XM

given by these Puiseaux series. For any holomorphic g-form & defined on
X (™) we define the holomorphic (g — 1)-form I(z,®) on P,, by
(3.9) 2*(®) = I(z,®) A dt + O(t) + (terms not involving dt)3

As we have seen above, I (z,®) only involves the coefficients of th/™ for
k < m, and thus it is well-defined and holomorphic on a finite dimensional
subspace of Pp,. In particular we need not worry about issues of convergence.
We will see below how I(z, ®) changes when we change the local uniformizing
parameters.

Now this construction will make sense when dim X = n is arbitrary. How-
ever, when n = 1 so that X(™ is smooth, the 1-forms will generate the
holomorphic ¢-forms as an exterior algebra over Oy (m). This will mean that
there is no new intrinsic information in the I (z,®)’s beyond that in the
I(z,w)’s for w € Q%{/C,z' As observed in section 8 below, I(z,w) as defined

in (3.1) is the same as I(z, Trw) as defined in (3.9) above.
For example, when X is an algebraic curve if zq,...,zy are Puiseaux
series for which

Znul(zu,w) =0, ny, € Z,

for all w € Qﬁ(/c’w, then we will have
Znuf(zy, ?)=0

for all ®. However, as will now be explained this will change when n = 2.
Thus, when n 2 2 new geometric information will arise when we introduce
the differentials of the Puiseaux series coeflicients.

We will work this out in coordinates in the case n = 2, as this case will
clearly exhibit the central geometric ideas. In §5 we shall reformulate the
coordinate discussion intrinsically.

Recall that Z7 ,(X) denotes the group of regular arcs z(t) in Z?(X) such
that lim|z(¢)| = « where |2(t)| is the support of z(¢). Any such z(¢) may

3For ¢ =1 and ® = Trw where w € Q§<|C’ I(z, Trw) is the same as I(z,w) defined in

(3.1). Only for ¢ > 2 will there be a refinement of the definition of I(z, ®) to give what
will eventually be denoted by I(z, ®) without the tilde. Thus, when ¢ = 1 we will always
drop the tilde.
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be represented in terms of local uniformizing parameters &, 7 as a sum of
irreducible Puiseaux series centered at x. We denote by P the space of

coefficients of such Puiseaux series. For any ® € Qg((m) /Comz WC provisionally

define an abelian invariant I1(z,®) € Qgéz by

(3.10) 2(t)*® = I(z,®) A dt + O(t) + (terms not involving dt)
Because of (3.5) above, all of the information in abelian invariants is captured
by the abelian invariants when ® = Tr¢ is the trace of p € Q% /C.x and

q = 1,2. In this case we set

I(Zr (I)) = (Zv 90)

and provisionally refer to I (2, ) as a universal abelian invariant.* The term
“universal” refers to the hereditary property of traces discussed above.
__ Below we will show that the information in the universal abelian invariants
I(z,w) for w € Qf /c,o 18 Invariant under reparametrization of arcs and
changes of coordinates. Then we will show that, modulo this information,
the information in the universal abelian invariants I(z, ) for ¢ € Q3% /C.
is also invariant under reparametrization and coordinate changes. It is here
that the differentials of the parameters appear, and the fact that there is
new information via the universal abelian invariants corresponding to 2-
forms is a harbinger of the difference between divisors and cycles in higher
codimension.

We consider an arc which is a sum of Puiseaux series in ¢ and ¢'/2 - from
this the general pattern should be clear. Our family of 0-cycles will thus be
a sum

(3.11) 2(t) =D aat) + Y xf(t) +a, (b)
A v

where
x)\(t):(oo\lt—i-u- ”3)\1154_...)
and
‘Tj(t) = (au1t1/2 Fay,t+--- abu1t1/2 + bu2t + - )
a2 (1) = (—ap, t 2+ apyt + -, —by tY2 4 byt + ).

Since universal abelian invariants are additive in cycles it will suffice to
consider them on

Zap(t) = (aat +--- frt +--+)
and
Zab = (a1t1/2+a2t+~-- ,blt1/2+b2t+...)
+(—artY? fagt 4+ -, —bitY? £ byt + - --).

4 As explained at the end of this section, the final definition of universal abelian invari-
ants only works using absolute differentials in the algebraic setting.
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Then

I(zap,d€) = an

I(zap,dn) = B

and

I(zap, dé N dn) = 0;

all others are also zero.
The situation for z,; is more interesting. We have

I(zap, d§) = 2as
(Zap, dn) = 2bo
I(2qp, £dE) = a2
(
(

~

I(Zab, ndn) = b
1 Zab; fdn) = I(Zaba Udf) = albl

and

I(2ap, d€ A dn) = aydby — byday;

all others are zero. Note that the information in I(zqp,d€ A dn) is not a
consequence of that in I(zqp,w) and its derivatives for w € Qk, /C Also,
we note that this new information arises from a 2-form whose trace is not
generated by traces of 1-forms.

Referring to (3.11) we see that the universal abelian invariants determine
the quantities

DAt Do, e

(3.12) Z)\ ﬂA,l + ZV bv,2
Zu aﬁ,p Zu b12/,1
>, by

and

(3.13) Z Qy,1dby 1 — by 1day, 1.

We note several aspects implied by these computations. The first is that
if z(t) is an irreducible Puiseaux series in t'/% only the degree < k homoge-
neous part of a differential shows up in the universal abelian invariants. We
saw this phenomenon earlier for O-cycles on a curve.

The second is that for a Puiseaux series

2(t) = z1(t) + -+ + 2 (t)
where
zo(t) = (aleetl/k+a262£t2/k+~ N ,bleete/k+b2€2et2/k+' ), e = 2™V =1/k

only the coefficients of ¢™/* for 0 < m < k appear in the expression for
universal abelian invariants.
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The third is that (3.12) may be zero but (3.13) non-zero - the universal
abelian invariants arising from 2-forms will detect subtle geometric/arith-
metic information. More precisely, we see exactly that the new information
coming from the 2-forms arises from Tr(d§ A dn), which as we have seen
above is not expressible in terms of traces of lower degree forms. Thus the
phenomenon just observed is directly a reflection of (3.5).

We now turn to the behaviour of the universal abelian invariants under
coordinate changes. For the purposes of illustration we shall take a1 =
ax,Bx1 = Bx,au1 = a, and b, = b,. The conclusion we shall draw will
hold in generality.

The first fact is

(3.14)

Under a scaling t — ut, the universal abelian invariants scale by p=*

The point is that no terms du appear. The second fact is that

(3.15) Under under a coordinate change
& = f(&n)
" =g(&n)
the universal abelian invariants change by
>, af? 0 vy
>, afbf . 5, aub
¥, b A 0
(3.16) =1. .
2o O‘j\# C 250
B 0 POV
Zu a#db# — b#daf B C ZV audbu - budau

where A, C are square matrices of complex numbers and B is a matriz with
entries in QP/C.

The proofs of (3.14) and (3.15) are by direct computation. For example,
for

Z(t)Z(at1/2+-~- ’bt1/2+...>+(_at1/2+... ’_bt1/2+...)+(at,ﬁt>

under a coordinate change
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we have

a =afe +bf,

b = age + bgy

2 2

a b

ot =afe +Bfy + - fee +abfen + 5 fm
a2 b2

8% = age + Bgen + 5 Jee + abgen + 5 g

where all partial derivatives are evaluated at x. It follows that the matrix
in (3.16) is

(3.17)
72 2y 72 o 0 o
fege fegn + fnge fagn 0 0 0
9¢ 29¢ gy 97 0 0 0
%fff fEn %fnn f& fn 0
1 1 0
29¢¢ Yen 39 9g¢  9n
Jedge — gedfe * Indgy —gndfy 0 0 fegy — fnge

where x = fedgy, + frdge — gndfe — gedfy,.
We may summarize this discussion as follows:

For any z = 2(t) in Z},,(X), the universal abelian invariants
(3.18) I(z,0) € 0

are defined for ¢ € QZ;(/(CJ. Here, P is the space of coefficients of Puiseauz
series in terms of a choice of parameter t and local uniformizing parameters
on X. The vanishing of the universal abelian invariants for all ¢ and all
p < q for fized q with 1 £ ¢ £ n is independent of these choices.

Looking ahead, there is one more step to be taken before we can define
the relation of first order equivalence, to be denoted =yst, on Zf{’x}(X ). Once
this has been done then we can geometrically define the tangent space by

Ty 2" (X) = Z7y (X)) =1
This step, which will be seen to only make good geometric sense in. the
algebraic setting, will consist in working with the absolute differentials €1 /o
In this case, for ¢ € Qf;(/(@’w we will have in place of (3.18) that

z2(t)*p = I(z,¢)dt + O(t) + terms not involving dt
where

~ _—
I(z, ) € Q0.
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Then, and this is the point, there is an evaluation map

p—1 evy p—1
Pe0: = Qese

and we may use this map to define the universal abelian invariants I(z,p)
by

(3.19) I(z,9) = ev.(I(2,¢)) € Qg
We will then define
2 =12 0
by the condition
(3.20) I(z,p) =0 for all p € QI)’(/Q?I and 1 =p=n.

Since automatically I(z,¢) = 0 if ¢ € Qfé/(@ C Qi/Q’x, we need only have
(3.20) for all

pE Qg’(/ny/QfC’/Q.

When n = 1 we only have the case p = 1 to consider and then

0% 0./ 0 = VUx/cei

this is the reason why absolute differentials did not enter in this case. One
reason why forms of higher degree enter when n > 2 was explained above.

The above discussion reflects the correct thing to do when X is defined
over Q. For more general X, a slight modification is necessary and one must
use spreads.

In the next section we will first present, from a complex analysts’ perspec-
tive, a digression on absolute differentials and on their geometric meaning.
There we will then give an informal, geometric discussion of spreads. Then

in the subsequent sections we will return to the more formal definitions and
properties of T7"(X).
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Chapter Four

Absolute differentials (1)

4.1 GENERALITIES

Given a commutative ring R and subring S, one defines the Kdhler differ-
entials of R over S, denoted
Q}%/Sa
to be the R-module generated by all symbols of the form
adb a,beR
subject to the relations

dla+b) =da+db
(4.1) d(ab) = adb + bda
ds=0if s e S.

In this paper R will be a field k of characteristic zero, a polynomial ring
over k or a local ring O with residue field k of characteristic zero. From

d(a+ a) = 2da
it follows that d2 = 0, and in fact
dp=20 pEZ,
and then from d(¢~!) = —¢~2dg = 0 we have
dlp/9) =0 pge

The Kéhler differentials Q}z /g are called absolute differentials. We shall be
primarily concerned with the cases

1
{Qk/@
Q I Q o
If k£ is a finite extension field of Q, say
k=Q(a)
where a € C satisfies an irreducible equation
fla)=0

where f(z) € Q[z], then taking the absolute differentials of this equation we
have

f(a)da=0
= da=0
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More generally, if k is a finitely generated field extension of Q, and if there
is

flx1, ... ,zn) € Qlay, ..., 2y
with
flag,...,an) =0 Q1,0 €k,
then
foi(al, cosap)da; = 0.
i
This gives a linear relation on daq, . .. , da, in Qi/Q; in fact, one sees by this

line of reasoning (cf. [34]) that
dika}C/Q = tr deg(k/Q).
Similarly,
dim Q}C/Q =00

with basis day,das, ... where a1, aq, ... is a transcendence basis for C/Q.

If X is a variety defined over a field K with K D k, we will use the notation

Qx (/1
for the sheaf O x(g)-modules with stalks
1 1
Qx ) /ke = Loxon T EX(K)
the Kéhler differentials of Ox k), over k. When X is defined over C, we
will generally write
Qi = V() /-
There is a natural exact sequence
0 — Qe ® Ox () = Ly sy e = L xey/ = 0

that we will most often use in the form
(4.2) 0= Qf o ®0x — Qg — /e — 0.

In general we set

1

This gives rise to a complex (Q;?,/y d) were d(a dby A --- Adby) = da A dby A
.-+ Adbg. From (4.2) the R-module Qg(/Q inherits a decreasing filtration

F™Q% ) = image (Qg’/@ ®Q% g — Qg(/Q) ;

a differential form belongs to Fng( /Q if it has at least m differentials of
constants. The graded pieces are

Gerg(/Q o Qg/@ ® Qgg/jc".
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In particular we note that
Qi(/Q # 0 if ¢ > dim X.
For example, when X is a curve there is an exact sequence
0= Q%/0®0x = D%/ = o ® Ve — 0,
and we may think of Q3 /g as consisting of expressions

da ANdj a,feC
da Aw aG(C,wer/C

where in the second expression w is a “geometric” object (see (4.4) below).
If we have a mapping

f:Y—=X

between algebraic varieties, then for z € X the pull-back f* : Oy f(4) — Ox
gives an induced mapping of Kahler differentials, and in particular we have

o Qg(/Q — qu/Q.
Taking for Y a closed point z of X, we have
q ~ O4
10 = Qo
and the inclusion x — X induces an evaluation map
. q
[ QX/Q — QC/Q.
Explicitly, for f,g € Ox, and a € C
ex(gda) = g(x)da
e (9df) = g(z)d(f(z)).
If X is defined over a field k and f € Ox ()., then
ex(df) = d(f(x))
reflects the field of definition of x.

To give another very concrete example suppose that f(z,y) € Clz,y] so
that

flz,y) =0
defines a plane curve X. The on X we have the relation
(4.3) fedz + fydy +df =0

where d means “apply dc/q to the coefficients of f”. If f is defined over Q
— or even over (Q — this is just the usual relation

fzdz + fydy =0,

but (4.3) is more complicated and in some ways more interesting if there are
transcendentals among the coefficients of f. We note that a consequence of
(4.3) is that on X

fedx Ndy = —df A dy.
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This allows us to explicitly convert dx A dy into an element of Q}C /Q® Qﬁ( /c

as in the above discussion for Q3% /0 for a curve X.
We also note that for p € X

df(p) Nd(y(p))

ep(dr Ndy) = — 7.0) )

or equivalently

ep(dz A dy) = d(z(p)) A d(y(p))-

Thus, e,(dz Ady) = 0 is equivalent to p being defined over an extension field
of Q of transcendence degree at most 1.

Side Discussion: Kdahler differentials don’t work analytically

A basic principle in complex algebraic geometry is Serre’s GAGA (cf. [Serre,
J.-P., Géométrie algébrique et géométrie analytique, Ann. Inst. Fourier 6
(1956), 1-42]), which operationally says that in the study of complex pro-
jective varieties one may work either complex algebraically (Zariski topology,
algebraic coherent sheaf cohomology, etc.) or complex analytically (analytic
topology, analytic coherent sheaf cohomology, etc.) with the same end result.
From the perspective of this paper a central geometric fact is the following;:
In the algebraic category, there is a natural isomorphism of Ox modules

(4.4) Ok e = 0x(T*X).

Here, the LHS is the sheaf of Kahler differentials and the RHS is the sheaf
of regular sections of the cotangent bundle 7*X — X. This identifies the
algebraic object Qk/c with the geometric object Ox(T*X). As we shall
explain in a moment, (4.4) is false in the analytic category.

The reason this is important for our study of the tangent spaces to the
space of cycles is this: As explained in sections 6(i), 6(ii), and 7(iii) below,
elementary geometric considerations of what the relations for 15 order equiv-
alence of arcs in ZP(X) should be lead directly to the defining relations (4.1)
for Kédhler differentials. Because of (4.2) and (4.4) above, in the algebraic
category these defining relations then relate directly to the geometry of the
variety. But this is no longer true in the analytic category, and this has
the implication that our discussion of TZP(X) only works in the algebraic
setting.

Turning to (4.4) and its failure in the analytic setting, the most niive way
to understand the Kéhler differential

(4.5) d:Ox — Qg

for an algebraic variety X is as follows: First, for f(x1,...2,) € Clxy,...2,)
we have

(4.6) df =Y fe.dz; +df
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as above. The axioms for Kéhler differentials enable us to differentiate a
polynomial — viewed as a finite power series — term by term thus giving an
explicit formula for df. Using (4.6) we may differentiate a rational function
f/g by the quotient rule (restricted, of course, to the open set where g # 0).
Finally, any X is locally an algebraic subvariety of C™ defined by polynomial
equations

f,,(a:l, ‘e ,.’1371) = O7
and (4.5) is defined by considering Ox , to be given by the restrictions to X
of the rational functions r = f/g on C" that are regular near z, defining

o 4 fdg
T= T g
g g

using (4.6), and imposing the relations

qu,zidxi + ny =0.

Remark: An interesting fact is that the axioms for Ké&hler differentials
extend formally to allow us to at least formally differentiate term by term
the local analytic power series of an algebraic function, and when this is done
the resulting series converges and gives the correct answer for the absolute
differential of the function.

For example, suppose that f(z,y) = ap,qxPy? € Clz,y] where

P,9=0
f(0,0) =0
£4(0.6) #0.
Then there is a unique convergent series

(4.7) y(z) = be bo="b

satisfying
[z, y(z)) = 0.
We note that the coefficients
bi € Q(aoo; - - - » nn)

so that the differentials db; lie in a finite dimensional subspace Q}C /o Thus

the expression

(4.8) > " (dbi + (i + 1)biy1dz) 2

is a well-defined formal series. We claim that:

(4.9) If (4.7) converges for |x| < c, then (4.8) also converges for x| < ¢ and
represents the absolute differential dy(x) in the sense that we have the
identity

1 - .
"y (df + fodx) = (db; + (i + 1)b;11da)a’

K2

when the LHS is expanded in a series using (4.7).

Before giving the proof we note the
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(4.10) Corollary: For a € C with |a| < ¢ we have

desg(y(a)) = Z dbia’ + (Z(Z + 1)bi+1ai> da.
As will be noted below, this is false for a general analytic function. In fact,
it is the case that

IITILn an =a = hin dejolan) = dejga;

only for very special limits such as in the finite approximations in (4.7).
Proof of (4.9): Suppose first that f[z,y] € Q[z,y]. Then the desired
identity

—folfy =Y (i+ Dbiyra’

3

follows from the usual analytic result over C.
Suppose next that f(zg,...,zn,y) € Qlzo,...,z,,y] and the proposed
identity in (4.9) is extended to this case to read

(4.11) _fi <df + Z fwadxa> = Z {db[ + (‘Zu| + 1)b[+{a}d$a} 2l
Y o

I

where z! = xéo <t and I+ {a} = (ig,...ia+1,... ,i,). By our assump-

tion, df = 0 and all db; = 0 so that again (4.11) follows from the usual
analytic result.

In general, f(z,y) € k[x,y] where k is finitely generated over Q. We may
write

E=Qlxy,...,x0l/{g1,- - 9m}

where each g; € Q[z1,...,2,]. Setting o = z we may lift f(z,y) to
f(zo,21,... ,Zn,y) € Qlzo,...,%n,y], and then the previous argument ap-
plies, taking note of the fact that dividing by g1, ... , gm does not affect the
calculation. [

Remark: In the case when k is a number field the above result follows
from Eisenstein’s characterization of the power series expansions of algebraic
functions defined over k.

Now for a complex analytic variety X ™ and subfield k£ of C we may define
the sheaf of Kahler differentials, denoted

1
Qoxm/k»

as before. This is a sheaf of O xa«n-modules and as in the algebraic case there
is a map

Q%‘)xan/(c - OXan (T*Xan)

However, essentially because the axioms for Kéhler differentials only allow
finite operations, this mapping is not an isomorphism of O xaen modules.
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Concretely, for X% = C with coordinate z and letting d denote the Kahler
differential map
1
Oxan — QOxan/C’
we cannot say that
de® = e*dz.

Note that even though term by term differentiation of the series for e* makes
sense, we have that

d(e?) # zn:d (%T:) = En: %dz

where the second equality follows from d(1/n!) = O In fact

0 7& de = ( z 1 # Z
in contrast to Corollary (4.10).

In concluding this section for later use we will give one observation that
results from the above discussion. Namely, suppose that X is an algebraic
variety defined over a field k. If zq,... ,z, € k(X) give local uniformizing
parameters in a neighborhood of z € X, then the dz; € Qﬁ( Q0 give gener-

ators for Qﬁ(/c » as an Ox g-module. If y1,... ,y, € k(X) is another set of

local uniformizing parameters, then each y; = y;(z) is an algebraic function
of the x; and we have in Qk/(@ "

0y (x)
dy; = Z oz, dx; mod Qk/(@

We will write this as
dyr dxy ay
(4.12) =g |+
dyn dz,, an,

where J is the Jacobian matrix and the «o; € Q(IC/Q ® Ox,z. We may sym-
bolically write

a; = dy; ()
where the notation means: “Apply dj g to the coefficients in the series
expansion of y;(x)”.
Turning to g-forms of higher degree, from (4.12) we have for ¢ = 2

(4.13)  dy; Ady; = Z 5 QWi Y5) o iy

(g, 1)
8% ayj 2
+Z<8xk § = i) Ao mod .

Comparing with (3.16) and (3.17) above, we see that the second term in
(4.13) has exactly the same formal expression as the marix B. This will be
explained below.
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4.2 SPREADS

The fundamental concept of a spread dates at least to the mathematicians
— especially Weil — who were concerned with the foundations of arithmetic
geometry. The modern formulation is due especially to Grothendieck and
has been used by Deligne and others in a geometric setting. The idea is
that whenever one has an algebraic variety X defined over a field k O Q,
one obtains a family X, of complex varieties parametrized by the different
embeddings

s:k— C.

Anything algebro-geometric that one wishes to study — e.g., the configura-
tions of the subvarieties of X that are defined over k — can and should be
done for the entire family.

If we have a presentation

kz@(ozl,... ,aN)

where

gr(ag, ... ,an) =0

generate the relations over QQ satisfied by the a;. Then
ax(s1,...,8n) € Q[s1,...,sN]
and one may take for the parameter space of the spread the variety
S = Var {gx}.
Then S is defined over Q and

Every s € S(C) that does not lie in a proper subvariety of S defined over Q
corresponds to a complex embedding

k—C
given by

QG — S84,

and this is a one-to-one correspondence.!

If X is an algebraic variety defined over k, then for each s € S(C) as above
one obtains a complex variety X defined over Q(si,...,sy). In terms of
any algebraic construction, X, and X, are indistinguishable if s and s’
do not lie in any proper subvariety of S(C) defined over Q. However, the
transcendental geometry of X, and X, as complex manifolds will generally

INot every s € S(C) will give an embedding k — C. For example, taking k = Q(x)
then x — s gives an embedding unless s € QQ, when it does not.



PUTangSp March 1, 2004

ABSOLUTE DIFFERENTIALS (1) 53
be quite different. The X fit together to form a family

X
(4.14) !
S

where S = S(C), that we call the spread of X over k.

Given an algebraic cycle Z on X defined over k — i.e., Z € ZP(X(k)) —
one obtains a family of cycles Z;, € ZP(X,) that form a cycle Z on X that
is defined over Q — i.e., Z € ZP(X(Q)). For our purposes, everything is
local in the sense that we need only consider the points of S that satisfy no
further algebraic relations over Q.

Turning matters around, if we begin with a complex variety X, then X
will be defined over a field k as above and we obtain a spread family (4.14)
together with a reference point sg € S with

X =X,,.2

Such spread families are in general very special among the local moduli
spaces (Kuranishi families) of complex varieties.

The “spread philosophy” is that in any algebro-geometric situation there
will be some finitely generated field extension of Q over which everything is
defined, and it is geometrically natural to make use of the resulting spread.
This is an essential element in our approach to studying the tangent space
to algebraic cycles, and geometrically it is one door through which absolute
differentials enter the story.

From a very concrete perspective, let X be an algebraic variety given
locally in affine (n + 1)-space by an equation

flx) = Zog:z:l =0
I

where I = (iy,... ,int1) and 2! = 2% - :czn"jll (the case where X is defined
by several equations will be similar). We may take
k’ — Q(..7 a17 ..)

to be the field generated by coefficients of f(z), and we let
g (- ar, ) =0

generate the relations defined over QQ satisfied by these coefficients. We set

f(z,s) = Zslxl
T

2To be precise, the spread family (4.14) is specified by the complex variety X together
with a choice of field k£ C C over which X is defined.
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and may think of the spread as given in (x;, s7)-space by the equations

f(z,s)=0
where © = (21, ... ,2p41) and s = (-, 51, ).
As noted above, the algebraic properties over k of X depend only on the
polynomial relations over Q among the coefficients of the defining equation
of X. For example, suppose that the equations

lA(x):ZlM-xizo A=1,...,n

where [y; € k define a line L C X. This condition may be expressed by
f@) = ha(@)ia(x)

where hy(z) € klz1,... ,2Zn11]. We may express the [); and the coefficients
of hy(x) as being rational functions in Q(--, az, ). Replacing a = (-, ay, )
by s = (-, s1,) € S we obtain a family of lines Ly C X;.

Let now X be a smooth complex algebraic variety defined over a field
k, and consider the spread (4.14) with distinguished point s; € S where
X = X,,. Then there are fundamental natural identifications

1 ~ Ol
(4.16a) Qxwy/e = Yx@/e
and
1 ~Y 1
(4.16b) Qs@)/0.50 = o @ O0s@),50-

Here, (4.16a) means the following: Given x € X (k) there is the correspond-
ing point (z, sp) € X(Q), and we have

(4.16¢) Ox (k)2 = Ox(Q),(2,50)
and

1 [a¥) 1
(4.16d) QX(k)/Q,z = QX(Q)/Q1(I750)

where the LHS is considered as an Ox(),-module, the RHS as an
Ox(Q),(z,50)-module and the identification (4.16¢c) is made. The differentials
are all Kahler differentials over the evident local rings and fields of constants.
It is via (4.16a) that absolute differentials may be interpreted as geometric
objects; specifically as linear functions on tangent vectors to spreads.

This mechanism is quite clear using the above coordinate description of
spreads. Let f(z,a) be the f(x) defining the original X; thus a; = so,.
Then Ox (1), is the localization at = € X (k) of the coordinate ring

(4.17a) Rx =klz1,... ,2n41]/(f(z, ),

and Qﬁ((k)ﬂm is the O x (r)-module generated by the dz; and day, subject to
the relations

Zfﬂh (.’L‘, a)dxi + Zfsl (a:,oz)dog =0
% I

(4.17b)
Zgwsf (z,a)dar =0
T
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obtained by differentiation of (4.15) and setting s = so. On the other hand,
Ox(Q),(z,50) is the localization at (z,s0) of the coordinate ring

(4.18a) Rx =Qlz1, .- sTpt1y--- 581, /(f(2,8), ... gu(8),...),

and Q%C(Q)/Q (,50) 15 the Ox(q),(z,s,)-module generated by the dz; and dsy,
subject to the relations

mel (x’ S)dxl + Zst (xv S)dS] = 0
(4.18b) i -
ZgVaSI (xv s)dS] =0
I

obtained from (4.15). Comparing (4.17a), (4.17b) with (4.18a), (4.18b) we
see that the map

oy — Sy

establishes the identifications (4.16¢), (4.16d).

Finally, among local families of smooth varieties centered at X, spreads
have a number of special properties of which we shall single out three. The
first refers to the exact sheaf sequence (4.2) and is:

(4.19) The extension class of (4.2) may be identified with the Kodaira-
Spencer class of the spread family (4.14).

More precisely, as above fixing a field £ over which X is defined, we have

the analogue

(4.20) 0 — Q0 ® Ox(r) =~ Vx(ryyo — Pxgayyn — 0

of (4.2) for X (k). The extension class of this sequence is an element

pE H! (Hom (Qﬁ((k)/k’Qli/Q & OX(k)))
il
Hom (Q}g/Q,Hl(@X(k)))
il
Hom (TSDS,Hl(@X(k)))

where the second identification results from the isomorphism (4.16b). Pass-
ing to the corresponding complex varieties, the map

T,,S 2 HY(Ox)

is the Kodaira-Spencer map of the spread family (4.14).
The second property has to do with the evaluation mappings

(4.21) evy : Qﬁ(/@w — Q<1C/Q'
These maps are C-linear but not O x ,-linear, and satisfy

ev,(fda) = f(z)da
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for da € Q}C/Q and f € Ox,. Thus we have a C-linear splitting of the
exact sequence (4.2), which geometrically may be thought of something like
a connection for the spread family (4.14) but which is only defined along the
fibre X,

X

l

S

So

A third property of spreads, one that has been mentioned above, is the
following. Let Z € ZP(X (k)) be an algebraic cycle defined over k. Then the
defining ideals for the irreducible components in the support of Z extend
naturally from the local rings O x () » t0 Og(x),(2,s0) (cf. (4.16c)). This gives
a map

(4.22) ZP(X(k)) — ZP(X(Q))

where in the RHS it is understood that we are considering only a Zariski
neighborhood of X = X in X. In fact, with this understanding the mapping
(4.22) is a bijection. We shall denote by

ZzZCcX

l

S

the spread of the cycle Z.

Finally, we emphasize again that the spread construction is not unique; we
may have different S’s for the same k (but always Q(S) ~ k), and different
Z’s for the same Z. As a simple example of the later, suppose that

k = Q(Oll,-.- 7aWL)/(917'-- 7gk)
and Z is given by

p(x1,... ,2n) =0, p € klxy,...x,).
Then if we replace p by ap where
a=r(ag,...,an) €k
then Z is changed by divr(s1,... ,Sm,) over S.

In [32] we have given a systematic discussion of the ambiguities in the
spread construction and of the Hodge-theoretic invariants that remain when
one factors them out.
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Geometric Description of T7"(X)

5.1 THE DESCRIPTION

Following a standard method in differential geometry, we will describe the
tangent space

TZ}(X) = Ty Z(X) = 27,3 (X)) =1

where =qs¢ is an equivalence relation given by a subgroup of Z?z}(X ) that
we will call first order equivalence.

The coordinate description of =1s¢ is as follows: Denoting by P the space
of coefficients of Puiseaux series of arcs in X ™) reducing to ma at t = 0, we
have a mapping

-1
Qg(/Q,m - QqP/Q,z
given by
(5.1) o — I(z,9)

where I(z, ) is the provisional universal abelian invariant associated to an
arc
2(t) = a1 (t) + -+ an(l)

in X with all 2;(0) = . This map depends on the choice of parameter
t and choice of local uniformizing parameters on X used to express the
Puiseaux series. We think of P as the union over all m of the coefficients of
tk/™ for k < m. We may compose (5.1) with the evaluation mappings

q—1 q—1
Q.- ~ Qejg

and extend by linearity in z to obtain a bilinear mapping

n 1 -1
(5.2) Q()I(/Q,x Rz Z{m}(X) — Q%/Q

denoted by
2®p — I(z,0).

This construction gives our final definition of universal abelian invariants.
From the explicit expression for these universal abelian invariants it follows
that

(5.3) I(z,aNY) =aNI(z,1)
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for a € Q(‘é;é and ¥ € 'y . Taking 7 = 0 we see that
_ q
I(z,a) =0 for a € Q0

and therefore the pairing (5.2) induces

n —1
(5.4) (Qg(/Q’I/Q?C/@) ®z Z{m}(X) — Qfé/@.
Proposition: The pairing (5.4) is non-degenerate on the left; i.e.,
(5.5) I(z,0) =0 forallz= ¢ € Qfé/@.

The proof of this proposition may be given as follows: First, one filters
Qg(/(@’z by the images of Qf ®Q§;/EM — 93(/@@ and uses (5.3) and induc-
tion on ¢ to reduce to proving the result for Qg(/c,x' By this we mean that in
terms of a fixed set of local uniformizing parameters we use the coordinate
formulas as in section 3 above where we map forms in Q9% /C 1O Qfé;é by

the prescriptions given there. Next, we filter Q9 /Ca DY mrQd /C.0 With as-
sociated graded denoted Gr’“Qg{ /Co Calculations as in section 3 then show
that

(i) The pairing

Puiseaux series of kya q—1
< order k + ¢ ) ® Gr QX/C,ac — Q¢/q

is well-defined, and
(ii) this pairing is non-degenerate on the right.

We illustrate the argument for (ii) when ¢ = 2. Pairing a Puiseaux series
whose ¢ term is

(atl/l, btl/l)
against
o= An&my T Ndy, 1=k +2
gives
> Apa™b" " (adb — bda).
Clearly, if this is zero for all a,b then all the A, vanish and hence ¢ = 0.
d

Description: (geometric) We say that an arc z(t) is first order equivalent
to zero, written

2(t) =1t 0,
if
(5.6) I(z, ) =0 for all p € Qg(/(@’z and 1 < qg<n.
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When the formal definition of Ty,3 Z™(X) is given in section 7.1 below we
will show that
T{w}Zn(X) = Z?x}(X)/ =1st .

By the discussion in section 3 - c.f. (3.18) - together with (5.3), the condi-
tion (5.6) is independent of parameter ¢ and local uniformizing parameters
on X. In fact, in a moment we shall express I(z,¢) in a coordinate-free
manner so that this point will be clear.

The reason that the description is said to be “geometric” is that in sec-
tion 7.1 below we shall reformulate it in terms of Ezt’s, and although perhaps
less intuitive geometrically this will provide a more satisfactory mathemat-
ical definition. In that section, we will give a further justification why the
definition takes the form that it does.

Before turning to the intrinsic formulation we want to use (5.3) and the
proposition to give an expression for Ty, 2" (X) purely in terms of differen-
tials. For this we have the

Definition: We define

Hom *(Q% /.- 2 g)

to be the collections of continuous C-linear maps
7t D00 = Ao
that are Q(.C/Q linear in the sense that

Tiv1 (@ A @) = a ATi(p)
for a € Qg;é and ¢ € Qé(/@,m'

It is easy to see that the 7; are uniquely determined by 7,,. We set 7, = 7 and

will think of the elements of Hom® (Q}/Q,w’ Qg/_(é) as given by 7 : Q}/QJ —>

Qg/_(é that satisfy the condition that 7(aA¢) = a (something) for o € Qg/_é

The “something” is then a uniquely determined element 7;(p) € Q@é We

(t?}ll)véously have that any such 7 is zero on the subspace ¢ /Q of Q% Qs SO
a

Hom *(%/q.,.» Qg;Q} ) € Hom (2% /g ../ %0 Qg/jé).

In particular, for n =1
(5.7) Hom O(Qk/(@’m, C) 2 Hom E(Q}(/C’m, C),
which is the reason that differentials over @ do not appear in the definition
of Ty, Z"(X) when n = 1.
From (5.3) and (5.5) we have the

Proposition: For the stalk at x € X of the tangent sheaf TZ"(X) described
above we have

n ~ o n n—1
(5.8) T(yZ"(X) = Hom (QX/@,I’QC/@)Q,'

In general we note that.
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(5.9) If I(z;z/}) =0 for all ¥ € Qgc_/ég,m then I(z,¢) is well-defined for
pEe QX/C@.

Thus, we may loosely think of the tangent to an arc z(t) in Z™(X) to be
given by pairing z(t) against all the usual p-forms ¢ € Q. /Cox for1<p<n.
Here, it is understood that this pairing is given by

I(z, )

where I(z, ) is computed in local coordinates as in section 3 above, and
where for a Puiseaux series coefficient a we understand that

da = dc/@a.
This is well illustrated by the proof of proposition (5.5) given above.

5.2 INTRINSIC FORMULATION

We shall now formulate the above construction in a coordinate free manner.
Beginning with the case n = 1, for a smooth algebraic curve X an arc in
Z'(X) is given by an algebraic curve B with a marked point ty € B together
with an algebraic 1-cycle

Z CBxX
such that for each ¢t € B the intersection
z(t)=Z-({t} x X)

is a 0-cycle on X. Here, we assume that B is smooth but it need not be
complete. To obtain on arc in Z%I}(X ) we assume that

1Z]- ({to} x X) = {«}

where |Z| is the support of Z and {z} is the support of z (i.e., we ignore
multiplicities). With these assumptions we have a natural map

(5.10) xsce = Ve,
given by
w — (ﬂB)*(ﬁ}w|Z).
If we compose (5.10) with the evaluation map
Q}B/Cﬁtg - T{;B,

then denoting by Z%z}(X , B) the arcs as above and parametrized by B we
have a bilinear pairing

(5.11) Ok /0.0 ® Z{,y (X, B) — T, B.
Varying B and Z C B x X, this pairing is non-degenerate on the left and
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may be used to define
=1C 21y (X)

for curves in a coordinate-free manner.

Of course, for O-cycles on algebraic curves this construction coincides with
the one given in section 2. For example, if z(t) is an effective 0O-cycle of
degree m, then we have a regular mapping

f:B— XM
with tg — ma, and one may verify that
(m8)(mxw],) = f*(Trw).

Turning to the general case of 0-cycles when dim X = n, we again consider
a picture

Z CBxX

where dim B = 1 and Z is a codimension-n cycle meeting the {t} x X’s
properly as above and with

1Z] - ({to} x X) = {x}.

Beginning with w € Q}/ny we have Tiw € Q%Xx/Q(
Txw to Z to obtain

to)" We may restrict

(5.12) (txw)|, = wz € D0, (t0,0)-

Then, as discussed in section 3 the trace map

(7). : Q%/Q,(tg,a:) - Q%/Q,to
is defined and

(5.13) (mB)wwz =t wp € U g4, -
Since dim B = 1, there is a canonical mapping
(5.14) VB /000 = s © /ety

Composing (5.12)-(5.14) gives finally
Q?(/Q,a: - ngé ® Q}s/c,t0~
This mapping may now be used as in the n = 1 case to give a bilinear pairing

n n Zn n—
Q%00 ® Z{y (X, B) = — QC/cé ® e

whose left kernel, when we vary B and Z, is by proposition (5.5) given by
O /0"

As in the n = 1 case, one may verify that the composition of Z,, with
the evaluation map QF /Cto Ty B is the same as the construction via
universal abelian invariants given above. The proof depends on the extension
to general n of the following lemma, stated here for n = 2.
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Lemma: Let X be a smooth algebraic surface and x,y € C(X) rational
functions that give local uniformizing parameters in a neighborhood of a point
pe X. LetY C X be an algebraic curve with p € Y and given by

f(l‘, y) =0
where f(x,y) is an algebraic function of x,y that is reqular in a neighborhood
of (a:(p), y(p)) Suppose that t is a local uniformizing parameter on'Y so that
the map Y — X is given by t — (x(t),y(t)) where x(t),y(t) are algebraic
Puiseauz series in t and where p = (x(t),y(to)). Then

dx A dy|f:O = dx(t) A dy(t),

where each side of the equation is interpreted as an element of Qé{t}/(@ to
Here, C{t} are the power series of algebraic functions of t that are regular
near t = tg.

The proof is by an explicit calculation of the sort done in the preceding
section, the point being to use the relation

0=df (x(t),y(t)) = fodz(t) + fydy(t) + df
where d = dc(s}/g and the right hand side is evaluated on (z(t),y(t)).

We observe that this construction may be used for w € Q% Q. for all
1 < g < n to define

For a € Qg/Q and ¢ € QX/Q ,, one sees directly that
L((anp)@z) =aAT—p(p ®2)

where Z,,_, (¢ ® z) € Qg/é’ g QB/Ct and the notation a A Z,_,(¢ ® 2)
means to wedge o with the first factor in Z,,_,(¢ ® z). This is the intrinsic
formulation of the compatibility condition (5.3) above.

This now leads, in the evident way, to the definition of the mapping

(5.15) Z{y (X, B) ® T, B — Hom (2% /g0, U 1)-

Varying B and Z, the mapping (5.15) is surjective and the kernel defines in
a coordinate-free manner the relation =1t of first order equivalence of arcs
and tangent space

T{x}Z"(X) = Z?w}(X>/ =1st .
We may also use spreads to define the pairing
(5.16) QX/@z®Z{I}(X B) —>QC/Q® . B.

If X,z and B are defined over k, then we have the corresponding spreads
X,B and a cycle Z on X xg B, together with mappings of differential forms

Q@0 — 2

I an

!

n—1 1
Qo0 ®Lsw)s:

2(Q)/Q B(Q)/Q
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With the identifications (cf. §4)

2@/ o) = X /0.0
S(Q)/Q:s0 Zlﬂk/c@
Q30)/5 = Loy /m

we obtain a map
Vi /e = Ujg @ Wi
that induces (5.16).

63
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Chapter Six

Absolute Differentials (11)

6.1 ABSOLUTE DIFFERENTIALS ARISE FROM PURELY
GEOMETRIC CONSIDERATIONS

In differential geometry the tangent space to a manifold may be defined
axiomatically in terms of an equivalence relation on arcs. It would of course
be desirable to do the same for the tangent space to the space of cycles.
Denoting by = the equivalence we would like to define on an arc z(t) in
Z?x}(X ), it should have the following properties:

(i) if z1(t) = Z1(t) and 22(t) = 23(¢), then
21 (t) + Zg(t) =2 (t) + Zz(t);
(ii) z(at) = az(t) for a € Z;

(iii) if z(¢) and Z(t) are two arcs in Hilbg(X) with the same tangent in
T Hilbg(X), then

(iv) if z(¢) = z(t) as arcs in Z7,,(X), then
2(t) = z(¢); and
(v) if az(t) = az(t) for some non-zero « € Z, then
2(t) = z(¢t).
(vi) If 2(¢,u) is a 2-parameter family of O-cycles and we set
2y (t) = z(t,u) for all t,u
then if
2, (t) = 0 for all u with 0 < |u| < e
then

20 (t) 0.

Remark: We do not assume that if there is a sequence u; — 0 such that

zu,; (t) = 0 for all 4
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then
zo(t) = 0.

Although we do not know that (i)—(vi) give the equivalence relation =st
defined in section 5 above, we will show that this is indeed the case in a
significant example. Namely, using the notation (f,g) for Var(f, g) we let

(6.1) zap(t) = (¢® —ay®,zy — Bt),  a#0.

Then the right hand side is the arc in the space of 0-cycles in C? defined by
the ideal generated by 2 — ay? and zy — 5t. Denote by F the free group
generated by the 0-cycles zqog(t) — z15(t) for all a € C*, § € C. We will
prove the

Proposition: If = is the minimal equivalence relation satisfying (i)—(vi),
then the map F/ =— Q}C/Q given by

do
« t —
Zap(t) = f—
s well defined and is an isomorphism.

Thus, the purely geometric axioms (i)—(v) force arithmetic considerations
(we will not need (vi)). The proposition has the following

Corollary: For 3 # 0, za5(t) = 21 5(t) if and only if o € Q.

Of course, the point is that geometric condition that z.5(t) = z15(t) is
equivalent to the arithmetic condition o € Q.

The proof will be given in several steps. Remark that (i) and (iv) will be
used in the form

1)’ (f1,9) + (f2,9) = (fif2,9)

It will be seen that (i)', (ii) and (v) are what force the arithmetic to enter.
The construction

d
zap(t) > B

is a special case of a construction introduced in section 7.1. The properties
(i)—(vi) are verified to hold for that general construction.

Step one: We will show that
(6.2) (2 —m2y? oy —t) = (2® — 9%, 2y —t), mEZ.
By (i) and (iv)
PemPytay —t) = (2° — P wy — 1)
2 z 2 z
E(m —mt,y — —) + (Jc +mt,y+—)
m m
—($2—t,y—£€) - ($2+t,y+$)

(x
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(when expanded as sums of Puiseaux series, both sides are the same), and
by (iii) the right hand side is

(6.3)
Em(x2—t,y—%)+m<x2+t,y+%>+(m2+t,y—x)+(x2—t,y+x)
which by (i) and (iv) again is

= (x2 _— (y— %) (y+x)> + <x2+t, (y+ %)m(y-i-x)) .

Now using (iii)

(1’2 —t, (y - %)m (y +:c)) = <x2 —t,ym <E§2) — 1> Yy 22

because z* = t2 = 0, and by the same idea the right hand side is

oo () (3-5))

which by (iii) and (iv) is

= (2 -ty )+ (xz—t,y3+t (% —1) y)

+ <x2 —tyS +t <(m£3) — %) x) — (2?2 —t,9°).
Similarly,
<m2 +1, (y + %)m (y — m))

= (22 +t,y™ ) + <x2+t,y3t <E§2)1) y)

+ <x2+t,y3+t ((T;?:L?? -~ S;;;)) x) — (2 +t,9°).

Now by (ii)
(xQ - ta ym—Q)
('1:2 - t7 y3)

(v (- (30

_('xQ + t7 ym—Z)
_(‘IZ + ta y3)

and
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By (iii) and (iv)

rore (@)oo (3-0))

e
which by (ii) and (iv) is

=4(z, > +t (En?’?’) — (722)17)

=4(@,y’)  (by ()

=0
since (z,y3) is a constant family. Thus all terms in the sum (6.3) cancel out
and (6.2) is proved.

Step two: We will prove (2) with m? replaced by m € Z. We have

2(z? — my?, 2y — t) = ((2% — my®)%, 2y — t)

(x4 —2ma?y?® + m2yt, xy — t)
(x4 —2mt? + m?y?, zy — t)
(

= (2* +m2y2,xy—t) .

Similarly,

2

(22 —m2y?,zy — t) + (2 — %, zy — t) = (2 + mPy?, zy — 1)

so that

PemPy oy —t) + (27 — Yt ay — t)

2z —my?,xy —t) = (x
which by step one is

2(532 - y27xy - t)7

and then by (v) we get the result.

Step three: We will next establish (6.2) when m? is replaced by a rational
number ¢ = m/n where m and n are integers. We have by a similar argument
to the above

(x2 - (T) v,y — t) + (2% — ny? 2y — t)
n

2

= (2® —my? ay —t) + (2 — 2, ay — t).

By step two this gives
m
(wz - (g)yz,fcy - t) + (2 =y ay—t) = (22—, ay—t) + (27 —y? 2y — 1),

which is what was to be proved.
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The argument extends immediately to

(6.4) 4=q G

where all_q;” € Q. At this stage we have proved:
If q € Q is of the form (6.4), then

(2 — qy? 2y — 1) = (2* —y* 2y —1).
Step four: Changing notation slightly, we now set
Zap(t) = (2% — ay? ay — Bt) — (2 — 4?2y — B1).
By arguments similar to above we have
P —any? ay — Bt) + (2% — azy? ay — Bt)
= (2° — awagy’zy — Bt) + (2 —y?, 2y — B1)

(x

and

(22 — ay?,zy — Bit) + (2% — ay®, vy — Bat) = (2% — ay?, 2y — (B1 + B2)1).

It follows that the map of the free group of cycles of this form modulo the
equivalence relation = to C* ®7 C given by

Zap(t) = @

is well-defined and surjective. Composing this with the map
C"®zC— Q}C /Q

given by

(6.5) a®p— ﬂ%a

we obtain the map in the statement of the proposition. To establish that
it is injective, we need to know that the defining relations for the Ké&hler
differentials Qé /q are satisfied by =. We thus need to show that the relations

(i) apas @ ajas — a1 @ ajas — as @ ajas =0
(i) (a1 +a) @ (a1 +a1)—a1 @ —as @as =0
(iii) @ =0if g Q

are satified. Here, for example, (i) is the Leibniz rule in the form

d(OqOég) da1 dOéQ —0
Ay ———— — g—— — Qg —— =
Q102 aq Qo

and similarly (ii) is linearity. Now we have just proved (iii), and (i) has been
proved above. We thus need to show:

(2% = (e + By, 2y — (a+ B)t) — (2° — y°, 2y — (a + B))
?— oy’ zy — at) + (2% — By, zy — Bt)
—(2® =y, xy — at) — (2% —y?, 2y — Bt).

= (z
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By simple manipulations this is equivalent to

(6.6) (:v4 + (%—i—ﬁ) yt Yy — at) + (:v4 + (#) yt ay — 5t> =0
Now
2 (mQ — (Oé—otﬁ> y? ay — at)
2
<x2 - (a;—ﬁ) y273:y—at> + (2% — 9%, 2y — at)
o[( () o) (2= (57 hov=1)
a B
= ( 2 ( +6) 1> a:y—at>+(m2—y2,my—ozt)

) Yy — ﬂt> + (2% — ¥, my — Bt).

Now
( °‘+5 y,xy—at>
( (azﬁ>y,x2(a+ﬂ)t>
+ <x+ <#>yw2 + (a+ﬂ)f>
and
<12—<agﬁ>2y2,:cy—ﬂt>
E<x—<a;ﬁ>y,x2—(a+5)t)
Thus ( +(aﬁ >y$ i (Hﬁ))

o (E2) ) (oo (252) )
(= ot o+ (205 ) )

+< (a+ Pty +xy+<aofﬁ)y2)+2(x2y2,xy(a+ﬁ)t)

E( — (a+ B)t, y? —xy+<%>t)

+<x2+(a+ﬁ) y: —ay — (%) t) +2(2? —y? zy — (a4 B)t).
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Now

(:g? —(a+P)t,y? —ay + (aofg> t)
=_ <x2+(a+ﬁ)t,y2—xy— ( of )t)

a+p
S0
2| (= () ) (2 (557 )
a g
= 2(332 - y27xy - (Oé + ﬁ)t)a
and (6.6) follows after we cancel the 2’s and substitute. g

6.2 A NON-CLASSICAL CASE WHEN n =1

In the preceding section we have shown how purely geometric considerations
from complex geometry force arithmetic considerations to enter. The exam-
ple there was for 0-cycles on a surface. However, similar considerations apply
already for algebraic curves if we consider the tangent space to “divisors with
values in C*”. This will now be explained.

In the remainder of this section, X is a smooth curve. For the sheaf

Z'(X)= & Z

zeX =7

of divisors on a smooth curve, we have defined the tangent sheaf TZ LX)
and shown that it has the description

(6.7) 17'(X) = & Hom(Qyc,,,C).

Here, Z and HomC(Qk/C’I, C) are skyscraper sheaves supported at x € X.
We now define

ZH{X)= & C*.
:1( ) zeX =L

We will show that the natural analogue of (6.7) is
1 _ o0l 1
(6.8) 1z (X) = zg?XHO_m (20,05 e /0)-
Here, Hom ° (02}, Q7 Qf /@) are the continuous C-linear homomorphisms
?: Q00 = Qo
that satisfy

o(fa) = wo(f)a

for f € Ox, and o € Q(lc/Q and where ¢y € Hom§&(Ox 4, C). The point of
(6.8) will be:
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(6.9) The condition that the tangent map
{arcs in Z}(X)} — {vector space}

be a homomorphism will imply that, with a natural geometric descrip-
tion of the first order equivalence relation =1 on arcs in Z$(X), we
are led naturally to differentials over Q.

Thus, in addition to spreads this will give another geometric interpretation
of absolute differentials. Still another reason for the appearance of differen-
tials over Q will be given below when we discuss van der Kallen’s description
of the formal tangent space to the Milnor K-groups.

The following discussion is heuristic. The intent is to motivate the formal
definition. An arc in Z{(X) will be given by (f(t),g(t)) where f(t) and g(t)
are arcs in C(X)*, and where it is understood that we consider g()|av ()
and

div g(t) Ndiv f(t) = ¢.
Then if div f(t) = >, nizi(t)

G? g(t)"i x;(t)

will be an arcin @& C*.
xeX —7F

To obtain a harbinger of how the geometry and arithmetic will interact, let
X € C* be an m*™ root of unity and let us abbreviate by = the condition that
an arc (f(t),g(t)) be 15 order equivalent to zero. Then since the tangent
map is a homomorphism

(610)  m(f(t),A) = (= f(),N) + -+ (f(1),)) =

= m(f(t),\) =0
= (f(t),A) =0 if A"=1,

since the stalks of the sheaf TZ] (X)) are vector spaces.
Recall that we have not formally defined =; we are just arguing heuristi-
cally. The conditions that = should satisfy are:

(1) (f(1):91() + (f(1),92(8)) = (£(1), 91 (1)g2(1))
(i) (f1(1).9() + (f2(1). 9(2)) = (f1() - fa(t), 9(1))
(iif) (f(mt),g(mt)) =m(f(t).g(t)) meZ

(iv) (f(8).9(t) +h(t)f(t) = (f().9(1))

iv
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v) (f(t),g9) =0if f €I(£(0))
(vi) (€™ +t(g1 +92),91 +92) = (§" +tg1,91) + (£ + tg2, g2)

In (v), the function g is constant in ¢ and f € J(f(0)) means that to first
order the divisor of f does not move. In (vi), £ € Ox,, C C(X)* is a local
uniformizing parameter. As to why (vi) should hold, we have by (iv)

(€™ +t(g1 + 92), 1 + 92) Em+t(g1 + 92), —fj) (t#0)

(€™ +tgi,91) = 5’"+t91,—%’”> (t #0)
(€™ +1tg2,92) = (" + g2, —%’") (t #0).
Thus by (ii)
(€™ +tg1,91) + (€™ + tg2, 92)
= ( (" +191)(E" +tg2), —%m> (t £0)

2+ 1€ (g1 + g2), —%m)

= (en-8") + (e Hta ="t
= (€™ +t(g1 + 92), (g1 + 92))

by the first step above.
A similar argument shows that

(vi)’ (E+tf(g1+92), 91 +92) = (E+tfg1,91) + (E+tfg2,92)

where f € Ox,, C C(X) and where we restrict attention to a Zariski neigh-
borhood of z. From this we infer the

Proposition: For f € Ox ,

(a) (€+tf;A)=0ifAeQ

(b) (E+tf(g1+92), 91+ 92) = (§+tfg1,91) + (§+1fg2, g2) where g1, 92 €
O%

Proof: Assertion (b) is (vi)’ above. As for (a) we have

(€+tf72)5(€+tf(%(1+1)),1+1)

tf tf
<§+5,1) + (§+7,1>

=0.

A similar argument shows that

(6.11) (E+tf,m)=0 for m € N.
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Using (6.10) we have

E+tf,-1)=0
so that (6.11) holds for all integers m. For ¢ # 0

)= () fo())
q qa/) 4q q/) 4q

q times

= (e+tqf.1)  (by (vi))

0
= (§+tf7 l)
q

This implies the proposition. (]

0.

Using the proposition we see that for f € Ox , and g € O% ,
(€+tfag) - f®g € OX,ﬂi ®z O;(,:v

is well-defined on arcs modulo the above equivalence relation. It is obviously
surjective, and with the obvious notations we have that

FOA=0if A € Q*
flg1+92) @ (91 +92) = fo1 @91+ fg2 @ ga-

From this we conclude that the tangent map from arcs in Z'(X,1) factors
through the map

OX,W ®z O},x - Q%(/Q,m
given by

d
f®g—>f?g~

In this way differentials over QQ again appear from purely geometric consid-
erations.

Finally we note the following result
(6.12) Proposition: The map to be defined from arcs in Z{(X) to TZ{(X)
will be surjective.

We shall not prove this as the much more difficult analogue of this result
for the case of surfaces will be given in section 8.2 below. We note that it is

a geometric existence result, albeit one that is local (in the Zariski topology)
and at the infinitesimal level.

6.3 THE DIFFERENTIAL OF THE TAME SYMBOL

The sheaf Z 1 (X)= & C* arises by localizing the construction in the Weil
- zeX %
reciprocity law, as follows: For f,g € C(X)* and a point x € X, recall the
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tame symbol given by

(6.13) r(0 =5
where the sign is
(_1)vf(w)vg(x).
The Weil reciprocity law states
(6.14) I 7=(f.9)=1.

zeX

It is of interest to compute the differential of the map (6.13) and, as an
application, determine the infinitesimal form of (6.14).

We begin with a brief digression on residues.

If X is a smooth curve and € X, then denoting by Qg(/Q(nx) the absolute
g-forms with poles of order at most n at x there are residue maps

Res,
Qk/(@’z(nm) —=, C

Res,
Q?X/@’z(nm) — Qé/Q

Res,
Qi/@ﬁz(nm) — Q%/Q,

and the residue theorem

Z Res,;(w) =0, wE HO(Q?;}Q)
reX

holds.
The residues are defined by the sequences

Res
Qk/Qym(nx)H Qk/(&z (nx) — C

Res ® identity Ql

0% 0.0 (n2) =L ¢ 1 (n2) @ Qg g c/0

and so forth.

We now consider an arc (1+tf, g) in C(X)* x C(X)* where f € C(X) and
g € C(X)*. Denoting by 7 the tangent to this arc we have for the differential
of the tame symbol dT, applied to 7 that

dT,(1) € Hom °(Q/q,,» A 0)-
Proposition: For ¢ € Qﬁ(/Q v
dg
dT:(r)(p) = Ress(f- " A)

when fdg/g € Q}C(X)/Q.
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Proof: We will check the case where v¢(z) = —1 and vy (z) = 0; the general
case is similar. Adjusting constants we may assume that

r=-}
g=bo(1+b0&+--) by #0

where £ € C(X) is a local uniformizing parameter centered at x. We may
also assume that

» = cdf + o + (terms vanishing at £ = 0)
where a € Qé/Q. Then

dg dbo bl 1
(6.15) Resw(f? AN) = —CE + %a € Qg

On the other hand, letting x(¢) be the point given by £ =t

isanarcin @ C° whose tangent is equal to dT,(7). Now
zeX T

From the discussion in section 8.2 below we have that the rule for evaluating
the tangent to the arc (6.16) on ¢ is as follows: Denote by u the coordinate
on C*. Then
du 9
d=:pA ” € Ny w1 /-

We restrict this form to the curve B given by the image of (6.16); then

o

2
€ QB/Q»tU'
B

We then map QQB/Q,tO to Q}C/Q ® 9}3/@,750 and evaluate the image of |, on
0/0t in the second factor. Since

d(bo(1+bit +--))
O =(cdt+a+---)A
Lol e A O )
we see that this procedure exactly gives (6.15). O

What does the differential dT,, of the tame symbol mean? Above we have
taken it to mean the tangent to an arc T'(f(t), g(t)) in Z{(X), where

T= o T,
zeX

and (f(t),g(t)) is an arc in C(X)* x C(X)*. But the differential should be
a linear map

ATy : “7 — Ty 21 (X),

where Ty,1 Z1(X) is the tangent to arcs (z(t),a(t)) in Zi(X) where z(t) is
an arc in Zy,,(X); the issue is what “?” should be?
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To get some understanding of this, remark that we could of course take it
to be something like

T((C(X)* X (C(X)*) > C(X)®dC(X).
But because of the easily verified relations
T.(f",9) = Ta(f, 9") ne’

(6.17) To(fif2,9) = Te(f1,9)Te(f2,9)
TT«(f7 9192) = T:z(f7 gl)Tw(fv 92)

we see that the tame symbol really should be defined on
C(X)* @z C(X)".
However, in addition to (6.17) one may directly check that
T.(f,1=f)=0, feCX)"\{1}.
At this point we recall the basic

Definition: For any field F' of characteristic zero, or a local ring whose
residue field is of characteristic zero, the group Ko(F') is defined by

Ky(F)=F*®z F*/R
where R is the subgroup generated by the Steinberg relation
a® (1—a), a € F*\{1}.

The image of a®b € F* ®z F* in Ko(F') is denoted by {a,b}. Our reference
for K-theory is the book [35] by Milnor. We have taken as definition the
identification given by the theorem of Matsumura. We note that the above
definition will extend to define the higher Milnor K-groups

p
—N—
M * *

where R is generated by elements a1 ®- - -®a, @ (1—ag)®- - -®ap—1 obtained
by putting a Steinberg relation in adjacent positions.

Of particular importance for our work is the formal tangent space to
K5(F). Letting € be a formal indeterminate satisfying €2 = 0 and F*[e]

the set of expressions
a+eb
a€e F*be F

we observe that we may define Ks(F™*[¢]) as above but now with F*[e] re-
placing F™*.

Definition: The formal tangent space TKo(F') is defined by
TK5(F) = ker{ Ks(F[e]) — Ko(F)}.

Here the restriction map is obtained by setting ¢ = 0. A central result is the
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Theorem (van der Kallen [12]): There is a natural identification

(6.18) TEy(F) = Qp/q.

The map that induces (6.18) is

db

{1+ ea,b} — GT
where a € F, b € F*. Because of its central role in what follows, in the
appendix to this section we have given a proof of the theorem of van der
Kallen. Remark that the proof extends to the higher Milnor K-groups to

give a natural identification

M [a¥) 71
TK, (F)=Qy /0

where the map is

adb1 AN dbp_1

{1 + €a,b1,. .. ,bp_l} —
by_1

Returning to the differential of the tame symbol, using (6.18) we should
have

(6.19) Ty : O (x) /0. — Hom (g ., U.0)-
Comparing (6.14) with the proposition above we infer the
Proposition: The differential (6.19) of the tame symbol is given by
(6.20) dT:(¥)(¢) = Resa (¥ A @)

where 1 € Qé(X)/Q and ¢ € Qﬁ(/@,gj.

We may now turn the discussion around. There is a sheaf mapping

1 P o 1 1
Qexye 8 Hom’ (g0 o)

given on the stalk at a point x by
p(1) () = Res, (¥ A @) € Q.

It is easy to check that this mapping is surjective and has kernel Qﬁ( Q2"
Thus we have the exact sheaf sequence

(6.21) 0— Q% o= Qo — & Hom®(Qk g, Qg) — 0

X)/Q 7 g2

which gives a flasque resolution of Q}( /0" There is also the following special
case of the Bloch-Gersten-Quillen flasque resolution of the sheaf IC3(Ox)

(6.22) 0 — Ka(Ox) = K, (C(X)) = ® C:—0.
- zeX —%
From the above discussion and proposition we infer that

The tangent sequence to (6.22) may be defined and it is then given by
(6.21).
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This is the “higher” analogue of the discussion in section 2 which identified

0-0x -C(X)— @ Homc(Qk/Cw,(C) —0
- zeX ’

as the tangent sequence of

0-0x—-C(X)"— & Z —0.

xeX —%

Turning now to the infinitesimal form of the Weil reciprocity law, we
observe that there is a mapping of sheaves

(6.23) ® C:—C*
zeX -

given by

@ (2,2:) = [ e

X
re zeX

of (6.23) is a mapping of sheaves

(6.24) I?X Hom *(Qy/g,.» Ue/g) — C

where C* is the constant Zariski sheaf with stalks g; = C*. The differential

that may be described as follows: An element 7, of Hom“(QY 4 .. Q¢ /q)
satisfies

Tz(ha) = 72(h)a
for o € Q}C/@ h € Ox, and where 72 € Hom“(Ox ;,C). Then the dif-

ferential of (6.23) at @ (x,)\,) is given by sending 7 = @& 7, where
zeX reX

7 € Hom *(Q% /g 0 Qb /g)s 10 X pex 7o(1); ie., we have

(6.25) T— > 7).

zeX

Next, as noted above the differential of the tame symbol applied to the
image of the arc {1+t f, g} in K2(C(X)) is the tangent vector 7 = {7, }sex €

I?X Hom (/g ,» Ot /) given by

To(p) = Resz(f% ANe)y 9 €D
Taking ¢ = ho where h € Ox , we have
Tz(ha) = Res, (hfd;g) a;
ie.
7o(h) = Res, (hfc%g)

Referring to (6.25) and taking h = 1, we have the
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Proposition: The infinitesimal form of the Weil reciprocity law is given by

the residue theorem
Z Res, (f@) =0.
g

zeX
The Weil reciprocity law is the first of a series of reciprocity laws whose
higher versions are due to Suslin. To state them above we have defined the
higher Milnor K-groups are defined by
p

—
KM (F)=F*®z--- @ F* /R
where R is generated by putting ¢ ® (1 — a) (a € F*\{1}) in adjacent posi-

tions. As noted there, the van der Kallen theorem generalizes in a straight-
forward way to give for the formal tangent space

(6.26) TKY(F)= Q. pzl.

Denoting the element of KZ])‘/I(F) that is the image of a; ® --- ® a, by
{a1,...,ap}, the map that gives (6.26) is
db, by

{1+ea,by,... ,bp_1} 2 a—A---A
by bp—1

where a € F' and by,... ,bp,_1 € F™.
Returning to the consideration of an algebraic curve X, there is for each
z € X a map
K)(C(X)) 2 K, (Ca)
given by alternating the tame symbol as in the formula for a coboundary.
The Suslin reciprocity formula states that the composite

17}
—_—

KN (X)) @ K} L(Ca) — K14 (C),

(6.27)

is the identity, where
o= ] .
zeX
The infinitesimal version of (6.27) states that the composite
d(9)

(628) p—1 p—2 p—2
e = 9 .0~ Yeso

is zero, where d(0) is the differential of 9 using the identification (6.26). One
may check that for ¢ € Qg(}l{) /0

d(0)(p) = Y Resu ().

zeX
Then as in the p = 2 case of Weil reciprocity, we have the
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Proposition: The infinitesimal form of the Suslin reciprocity law is given
by the residue theorem

. —2
Z Res;(p) =0 in Qfé/(@.
rzeX
The higher reciprocity theorems are in some ways more subtle than Weil
reciprocity. For example, when p = 3 since

d d d d
d(9,) <fgl A 92) = Res, (f‘ql A 92> € ko,
g1 g2 g1 g2

we see that

gives an arithmetic relation in the values of g1, go at the points of |div f| U
|div g1|U|div g2|. As we will see below, this is very much the flavor of what
happens for rational equivalence in higher codimension.

6.3.1 Appendix: On the theorem of van der Kallen

We want to discuss the natural isomorphism
(6.29) TKy(F) = Qg
due to van der Kallen [12]. Here, F is either a field of characteristic zero or
a local ring with residue field of characteristic zero. Following that we will
discuss how geometric considerations inevitably lead into K3(Ox).

We begin by recalling that

Ky(F)=F"®, F"/R
where R is generated by the Steinberg relations
(6.30) a® (1—a)~1, a € F*\{1}.
The following are non-trivial but elementary consequences of the defining
relations for ®z and (6.30) (cf. Milnor [35])

{a,1} =1
{a,b} = {b,a}~1
(6.31) {ajaq,b} = {a1,b}{as, b}
{a, blbg} = {a, bl}{a, bg}
{a,—a} =1
Recall also that by definition
TKy(F) = ker{K(F[e]) =2 Ky(F)}.
Lemma: TKy(F) is generated by elements
(6.32) {1 + ea, b} a€FbeF*.
Assuming for a moment the lemma, the mapping (6.30) is induced by

db
(6.33) {1+ ea,b} — a

Since (6.33) is clearly surjective, we have to show that it is well-defined and
injective.
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Proof of lemma: Suppose that {a; + eby,as + by} € Kg(F[e]) and
{a1,a2} = 1. Then by (6.31)

b
{a1 + €b1, a2 + ebs} ={a1,a2 + Ebg}{l + ea—l,ag + Gbg}
1

b b
:{0,1,0,2}{&171 +6a—2}{1 —|—e—1,a2 —|—eb2}
2

aj

b b b b
{a1,1+ea2}{1+eal,a2}{1+eal,l+ea2 }
2 1 1 2

We are reduced to proving: For a,b # 0

(6.34) {1+ €a,1 + eb} is a product of elements of the form
{1+¢€f,g} where f,g € F*.
For ¢ #0

1
{1—l—ea,l—l—eb}:{1—|—6a,z}{1+6a,c+ebc}
1
:{1+ea,—}{l+ea,1—(1—c—ebc)}
c

:{1+ea,%}{(1+ea)(1 —c—ebc),1 — (1 —c—abc)}

by using bilinearity and the Steinberg relation
1
= {1 + ea, E}{l —c+e(a(l —c) —be),c+ ebe}.

Setting ¢ = a/(a + b) under the assumption a + b # 0, the term a(1 —¢) — be
drops out and we have

b
{1+ea,a+ }{1c,c+ebc}
a

b
:{1+€a,a+ }{l—c,l—i-d)}

a

:{1+ea,a+b}{ b ,1—|—eb}
a a+b

={1+ea,a+b{1+ea,b} " {—b,1+eb}{l +eb,a+b}
={1+e(a+0b),a+b{1+ea,a} {1 +ebb} {—1,1+eb}
which using {—1,1+eb} = {1,1 4 €b/2} = 1 gives
={1+e(a+b),a+b{l+ea,a} {1l +ebb} L.
This proves (6.34) and therefore the lemma. O

We note that under the mapping (6.33)
{14 e(a+b),a+bH{1+ea,a} {1 +ebb} "t —0.
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Since the relations
{1+ €ka,b} = {1 + €ea,b*} keZ
obviously also map to zero it follows that:
the mapping (6.28) defines TKs(F) — Q},/Q.
We shall now prove the
Lemma: {1+ ea,1+eb} =1 in Ko(F[e]).
Proof: From the proof of the preceding lemma we have
{14+ ¢A+ B),A+ B}
{1+ €A, A}{1+ €¢B, B}
for any A, B € F* such that also A + B € F*. Thus
{1+€eA,1+eB}={(1+¢€(A—B))(1+¢€B),1+eB}
={14+€(A—-B),1+eB}{l1+€B,1+€eB}

(6.35) {1+€A,1+€B} =

which using
{14+ eB,1+eB}={1+eB,—(14+€eB)}{1+¢B,—1}
={1+eB, -1} ={1+€eB/2,-1}* ={1+eB/2,1} =1
gives {1+¢eA,1+eB} ={1+¢(A—B),1+¢B}.
Applying (6.35) to both sides of the equation and assuming that A — B €
F* gives
{1+¢€A,A} _ {1+eA+B),A+ B}
{14+e(A-B),A—B}Y{1+eB,B} {1+¢A A}{1+eB,B}

= {1+eA, A ={1+e(A+B),A+ B}l +¢A—-B),A— B}.
Setting u = A+ B and v = A — B this becomes

2
{1+6(u;—v)7u—2|—fu} = {1+ eu,u}{l + ev,v}.

The left hand side is
1
{1 + e(u+v), UT—H]} = {1 + e(u—i—v)m—kv}{l + e(u +v), 5}

By (iv) below the last term on the right is equal to 1, so that we obtain

{14+ e(u+v),u+v}={1+eu,u}{l+ev,v}.
Combining this with (6.35) gives

{14+ eu,14+ev}=1ifu,v,u+v,u—veF*.
Since for any u,v we can write

{1+ eu,1+ev} = H{l +eu;, 1+ ev;}
,J

where >, u; = u, >0, v; = v and all u;, vj,u; +vj,u; — vjeF™ we are done
for the lemma. O
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To prove (6.29) we shall show that
(i) {1+ eac,a}{1 + ebc,b} = {1 + ec(a + b),a + b}
(ii) {1+ eab,a}{1 + eab,b} = {1 + eab, ab}
(iii) {1 + eaq,b}{1 + €az, b} = {1 + e(ay + a2), b}
(iv) {1 +ea, A} =1 for A € Q*.

Here it is understood that a,b,c € F and elements of I’ are invertible when
they need to be to make things well-defined.
Assuming (i)—(iv), we have that the mapping

ker{K2 (F[E]) — KQ(F)} — F®ZF*
given by
{1+ea,b} - a®bd

is well-defined and is injective, and (i)-(iv) generate exactly the relations
that define the Kéhler differentials; i.e., the kernel of the mapping

I7®ZPW——9(HVQ
given by

db
a®b—>a?.

Thus the map induced by (6.33) is injective.
Since (ii) and (iii) are obvious it remains to prove (i) and (iv).
Let AJA—1€ F* and f € F. Then

B A—1—€f A—1—¢f
i Al aoig)

fl4ef A-1—¢f
R

_[ltef A1\ [1l4ef | ef
_{A’A}{A’_Al}

B A-1 1 A-1 1 ef ef
_{1+6f7T}{Z’T}{Z’1_A—l}{1+€f’1_A—1}

The second term is
1 1 1
{A’_A}{A’l_A} =1

and the fourth term is also 1 by the second lemma above. We thus have

1:{1+ef,—AA1}{A,1+A€{1}7

Aefl =(1- Aefl)il'

where we have used 1 +
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Now set A = (a + b)/b so that A — 1 = a/b, and set f = ca. Then
f/(A—1)=bc and

1= 1+eac,i ﬂ,lJrebc
a+b b
which gives

1={1+eac,a}{l +eac,a + b} {a+b,1 +ebc}{b,1 +ebc}*
={1+eac,a}{1 +eac,a+b} {14 ebc,a + b} {1 + ebc, b}
= {1+ eac,a}{1 + ebc,b}{1 + ec(a +b),a + b} !
and this is (ii).
Proof of (iv): Using
{1+ea N} ={1 +e%,A}m
and (6.31) we are reduced to showing
(6.36) {1 + €a, p} is torsion for p a prime.

Using that {A, u} is torsion for A, u € Q* and computing modulo torsion, we
have

{1+ ea, u}* ={\ pu} "{\ + exa, p}*
={A4eda, u(l — X —exa)}”
by the Steinberg relation
= {4+ exa, pF (1 = NF — k=11 = NFteda).
{
Choosing A = 1/(1 — k) gives
{1+ ea, u}* ={\ + eda, pF (=k)*AF — kph1 (—k)F 1 \Fea)
={\ 4 eXa, " (—k)" N (1 + ea)}
= {0 P (RN T 4 eal {1 + ea, pl* (=k)" N H1 + ea, 1 + ea}.

The first term is torsion, and the last one is 1 by the second lemma above.
Thus, modulo torsion

{1+ ea, u}* ={1 + ea, "} {1 + ea, NN 71 H{1 + ek, (—k)*}

k—1
:{1+ea,uk}{1+ea, <ﬁ)} {1+ ea, k}*
by our choice of A
= {1+ ea,k}* = {1 +ea, (k— 1)} 1.

Now we may proceed inductively taking for k the smallest prime p for which
{1+ €a,p} is not torsion. Using the prime power factorization of p — 1 and
bilinearity together with the induction assumption we arrive at a contradic-
tion. This proves (6.36), and with it completes the proof of (6.29). O
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Remark: An important invariant of K5(F) is given by the map

A2dlog : Ko(F) —— Q2

F/Q
(6.37) w w
{a,b} — da pdb

Replacing F by F[e] and noting that
ker{Q%q/0 — b/} = de A Qg
we have a commutative diagram

A%dlo
TK(F) = ker{K3(F[e]) = K2(F)} —— ker{Q} 6 — 0} ¢}

l l

Lo Ade de A QL0

This says that the tangent map factors through the A2dlog map (6.37).
Taking, e.g. F' = C we have

A%dlog{a,b} = 0 & a,b are algebraically dependent over Q.

This suggests that information is lost in the tangent map for arithmetic
reasons. We will see this expressed more precisely when we discuss null
curves in section 10 below.

We observe also that, unlike T K (F), T(F* ®z F*) does not seem to have
a particularly nice description. In particular for a, b non-zero

(14+e€a)® (1+eb) € ker{F*[e] ®z F*[e] — F* ®z F*}

appears to be non-zero but in some sense to be of “order €2”.
We have given the above argument to bring out the following geometric
point. Let X be a smooth variety and

X1 = X X¢ SpecCle]
the variety whose points are X and whose local rings are given by
Ox,,2=0Ox €]
={f+eg:f,g€Ox,and € =0}.
Then, by definition the tangent sheaf is
TK2(Ox) = ker{K2(Ox,) — K2(Ox)}
and by the above argument
TK2(Ox) = Qg

Now suppose that X is defined over a field k that is finitely generated over
Q. The above argument works also for X (k) and gives

TK2(Ox k) = Q%((k)/@'
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On the other hand, in section 4 above we have given the interpretation
(cf. (4.16d))

1 ~ Ol
Qxw)/00 = Bx@)/0,(,50)

where X — S is the k-spread of X. Combining these gives

(6.38) TK2(Ox 1)) = Q;(Q)/@%OX

This will have the implication that

when considering algebraic cycles of higher codimension, the geometry
of the spread necessarily enters.

More specifically, “vertical” variations of cycle classes within X are measured
by “horizontal” data in the spread of X and the cycle class. In section 10
below we shall explain how this geometric interpretation allows us to in some
sense “integrate” Abel’s differential equations.

Finally, we want to summarize some of the points from above by discussing
how K5 and spreads inevitably arise from elementary geometric considera-
tions, even if one is only interested in the geometry of complex varieties.

(a) The Weil reciprocity law, which is the exponentiated version of the
residue theorem applied to the meromorphic differential

d
log f %9

g
on the cut Riemannian surface, is expressed in terms of the tame sym-
bol mappings

C(X)* x C(X)* L= C*.
The kernel of T, on
(C(X)" /0% ;) x (C(X)"/O% )

is generated exactly by the relations that define C(X)* ®7 C(X)* to-
gether with the Steinberg relation T, (f ® (1 — f)) = 1. Thus we have

0— Ke(Ox)— K_(C(X)) — C—1

and therefore once we consider the Weil reciprocity law K is in the
door;

(b) The above calculation shows that the Kahler differentials Qﬁ(m /g arise

when we “infinitesimalize” the relations that define o ((’)X,z[e]);

(c) As noted above, Q%QX o0 is interpreted as ordinary differential forms
on spreads, once we keep track of the the field of definition;
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(d) Finally, as is well known and will be discussed further in section 8

below, when localized the very definition of rational equivalence of
0-cycles on a surface X gives
e CY)E oz -0

codimY=1 — reX 7T
Y irred

where div is the map f — div (f) for f € C(Y)*. The 2-dimensional
version of (a) is that, locally in the Zariski topology, the kernel of div
— i.e., the only way in which cancellations can occur — is in the
image of the tame symbol

K (C(X)) — aL(Y)"

As in (a) the kernel of this map is K2(Ox ), so that geometry inevitably
leads to K5. Asin (b) and (c) this in turn inevitably leads to spreads.
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The Ext-definition of TZ?(X) for X an algebraic

surface

In Chapter 5 we have given the geometric description
(7.1) T7%(X) = @ Hom’ (Qﬁ( 100/ g Ok /Q)

for the tangent space to the space of 0-cycles on a smooth algebraic surface.’
This geometric description was in turn based on representing arcs in Z2(X)
in local coordinates by Puiseaux series, taking the absolute differentials of
these expressions and then extracting what is invariant when one changes
local uniformizing parameters. In invariant terms, one represents an arc in
Z%(X) by a diagram
Z C X x B, dim B =1,

and uses a pull-back, push-down construction to define the tangent map as
a pairing

T,,B® (Q§( 00/ /Q) — kg

In either case we are giving arcs in the space of 0-cycles parametrically.

The other method to give such arcs is by their equations; i.e., by linear
combinations of arcs in Hilb?(X). This approach leads to what we feel is the
proper definition of TZ%(X), one that although somewhat formal gives the
better algebraic understanding of the tangent space and ties in more directly
to duality theory. In subsection (i) we will then give the formal definition
of TZ?(X) and show that it agrees with the geometric description (7.1). In
subsection (i) we will give the relation of TZ?(X) to T Hilb*(X), and in
subsection (iii) we will give the direct comparison between the parameter
(i.e., Puiseaux series) and equations (i.e., Ext?) approaches. Finally, in (iv)
we will give some concluding remarks dealing with the desirable — but not
yet accomplished — axiomatic approach to TZ?(X).

7.1 THE DEFINITION OF zZQ(X)

Throughout this section, X will be a smooth algebraic surface, x € X a
point and Z a codimension-2 subscheme of X supported at x.

IEverything we shall do in this section extends to O-cycles on an n-dimensional smooth
variety. Since no essentially new ideas are involved in this extension, we shall restrict
attention to the surface case.
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Definition: The stalk at x of the tangent space to the space of 0-cycles is
defined by

(72) L2AX): = ( Jim,eath (02,940).
subscheme
supported at x

Proposition: We have the isomorphisms
2 ~ 2 (o1 ~ o (02 2 1
(7.3) TZ2(X), = H2 (R /g) = Hom® (9 ../9% 10, W) -

It follows that the geometric description (7.1) and formal definition (7.2)
agree as vector spaces. What remains to be done is to define the map

linear combinations
of arcs in Hilb?(X)

where the stalks of TZ2(X) are given by (7.2) and show that when arcs

in Hilb2(X ) are represented by Puiseaux series we obtain the same tangent
maps under the identification (7.3). This will be done in the next two sub-
sections.

Before presenting the proof of the proposition, we remark that the limit
in the RHS of (7.2) has the following meaning: If we have an inclusion

) - zzx)

jZ1 C sz (in OXJ)
inducing
OZl - OZza

then there is an induced map

Exty (OZQ,QE(/Q) — Eaty (Ozl,Qﬁ(/QJ

and we use these maps to define the limit. If, as usual, m, denotes the
maximal ideal in Ox ;, then since Z is supported at x

mf,QJZ for k>0

and consequently

(7.4) z col<11£1n1 2 S.Z't%gx (OZ’ Qk/@) = h,gn Eajtéx (OX/mI;’ Q}X/@) '
subscheme

supported at x

Proof of proposition: For any scheme Z C X as above, we have by
Grothendieck duality (cf. Appendix A to §8(i) for a summary of this)

Eaty (OZ, Qi/c) >~ Hom (Oz, C).
From the exact sequence
0— Ox ®Q(1C/Q — Qk/(@ — Q%{/C —0
we then have
ety (07,04 ) = Hom (0 © 07,C)
eath (02,05 @ 0L;q) = Hom (0%, ® 02,9k ).
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From Section 5.1 we recall the exact sequence
0 — Hom (Qg(/c ® 0z, Qé/(@) — Hom° <(Q§(/@/Q%/Q> ® Oz, Q<1C/Q)
— Hom (Qic/tc ® OZ,C> — 0.
We thus have a diagram

2 % 1 2 2 % 1 1 5
0 — Hom (QX/C ® UZ’QC/Q) — Hom© ((QX/Q/QC/Q) ® UZ’QC/Q) — Hom (QX/C ® oZ,cc) )
i il
s.m%x (oz, Q%{/@) sn%x (oz, n&/Q) — 0.
If we can construct an upward vertical map in the middle compatible with

the maps at the ends, then of necessity it is an isomorphism.
If

e 12 1
0= &ntdy (oz,oX ®QC/@)

0—=Fy,—F —Fy—0z—0
is a minimal free resolution (locally defined), and
Fy % 0k
is an O x-linear map, then we have
id ®¢ A
D ®F — Vg ® Vg — Yxjo — Uxye ® s
Thus ¢ gives a map

Vo = Homox (B, % c) @ g

|
atdy (OZ,Qﬁ(/C) ® Q¢ /-
There is a natural trace map
et (07,9%c) — Hom (07,C) = C
where the right arrow is given by “evaluation on 1”7, and consequently ¢
gives a map
ng Q C.
One checks easily that this annihilates Q(QC /Q’ does not depend on the choice

of represntative ¢ of the original class in Ezt%x (0z,9% /Q)7 and is compatible
with the maps on the ends of the above diagram. O

We conclude this section with some considerations that lead to the follow-
ing conclusion:

If one assumes (i) some “evident” continuily properties, and (ii) that
the construction of the tangent map to cycles is “of an algebraic charac-
ter” (cf. below for explanation), then the Ext-definition (7.2) is uniquely
determined.
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To begin with we pose the question:
If we have a family

2(t) = pa(t) + -+ pn ()
where p1(t),...,pn(t) are distinct for 0 < [¢| < €, then one might ask:

How do we fill in over t =0 the family of vector spaces

N
e =T, X
&, Oxre pi(t) Pl

so as to get a vector bundle over the parameter space in t?

If we note that for 0 < [t] <,

N
8 t2 (Oz ’Ql ) == @ )
ox \ Q= Uxyc) = @ Oxye|

then we can answer the above question by filling in

et (020 yc) -

Since the 15 order derivative 2/(t) for 0 < [t| < € is certainly

& plt) e & O |
i:lpi i=1 X/c pi(t)

it is a matter of taking the correct limit of the left-hand side as t — 0 to get
an element of

et (-0, c) -

This limit appears either in the Puiseaux construction or in the more alge-
braic construction of this section.

If, however, we take account of the fact that our variety X and family of
cycles z(t) are defined over a finitely generated field of definition k, then any
geometrically meaningful construction should also spread out over k, and we
thus should consider the spread Z(t), a cycle on the spread X — S of X over
k. Now the first-order information lies in

Ext? (Oz(o)a Q&/c)

and this corresponds to

Eat? (oz(o),nﬁ(/Q)

under the identification discussed previously.
This gives what we feel is a reasonably compelling explanation of why the
formula for TZ?(X) takes the form that it does.
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7.2 THE MAP THilb*(X) — TZ?*(X)

In Chapter 5 we have used the differentials of Puiseaux series, expressed in
terms of a set of local uniformizing parameters, to construct for each point
xz € X amap
arcs in Z2(X) o (2 9 1
{ starting at ¢ | DOW (QX/Q,m/ QC/Q’QC/Q)

!l
lerr;OExt%X (OX/mﬁ, Qk/(@) :

This was essentially a geometric construction, one which does not tell us
how to go from a set of generators for the ideal defining the 0-cycle z(t) to
an element of Ext?. However, as will now be explained, based on a very nice
construction of Angeniol and Lejeune-Jalabert [19] there is a direct way of
doing this. Then in the next section we shall show that this construction
agrees with the Puiseaux series method when the identification (7.3) is made.

We think of a family z(¢) of 0-dimensional subschemes as given by a sub-
scheme

Z CXxB

where B is the parameter curve. We assume that z(t) is supported in a
neighborhood of x € X and that we have a family of free resolutions

f2(t) f1(t)

(75) 0— Fy Fy FOHOz(t)HOa

where if one wishes we may think of each F; as a direct sum of Ox’s and
fi(t) as a matrix with entries in O xxp. By the composition

dfy(t) o dfa(t) : Fo — Q%50

we mean “compose the matrices of absolute differentials using exterior prod-
uct”. Assuming that the support of z(0) is = and letting F; , be the stalk
at x of F;, we have the

Definition: We define

(7.6) Z'(0) € Hom o , <F2,m;Q§(/Q,;c>
to be
7
2(0) = 5 (@ (t) o dfa(t)) | -

We will now show that this definition makes sense in
2 1
eath, (02,9%q) -
First, if we write

Al =fit+th, fo=fattfo mod #?
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then
1 . .
2(0) =5 (dfio fo = frodfs),

so that 2/(0) depends only on the 15 order deformation of z(0).
However, z'(0) does depend on the resolution (7.5). If we change resolu-
tions according to a diagram

0 FQ F1 F() Oz(t) — 0
[ o] H
0 G2 G1 Go Oz(t) — 0

where Fy = Gy = Ox, then denoting by g¢;(¢) the maps on the bottom and
using that the u;(t) are invertible we have

dga(t) o dga(t) = d(f1(t) o ur (t) ™) o (duy (t) o fo(t) o up(t)™")
= (dfy(t) our(t) ™" — fu(t) oua(t) ™" o duy(t) o uy(t)™")
°<du1(t) o fa(t) o ug(t) ™" + ua(t) o dfa(t) o ug(t) ™!

—ur(t) o fo(t) o ua(t) " o dus(t) o ua(t) ).

By passing to &xt?, these ambiguities will drop out. Indeed, it is a general
fact that

Jz annihilates &zt (07, )
for any coherent sheaf of Ox-modules &, and applying this for z(¢), the
fi#)our ()™ o dus (t) 0w (1)~

term drops out. The
dus(t) o fa(t) o ua(t) ™"

term drops out by the definition of &zt?. So in Extd (OZ, QXXB/Q> we are
left with

dg1(t) o dga(t) = dfi(t) o dfa(t) o ua ()™
—dfi(t) o fa(t) oua(t) ™

The last term on the right drops out because, since from

fit) o fa(t) =

o duy(t) o ug(t)™ .

we have

fr(t) o dfa(t) = —dfi(t) o f2(t).

Consequently the problem term becomes

J1(t) o dfa(t) o up(t) ™ o dug(t) o ug(t) ™
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which drops out because J.(;) annihilates the Ext group. Thus in Ext?

dg1(t) o dga(t) = df1(t) o dfa(t) o ug(t) ™"
and we understand the definition (7.6) to be
(1) A= W) odn)) o] e tud, (02,9%)
where Z = z(0).
We may view this construction as giving a map
THilb*(X) — TZ*(X).
Example: z(t) = (at,bt), a,beC.

The resolution is just
y—bt
(_tlan) (z—at,y—bt)

0— Ox 0%

OX — Oz(t) — 0
and

1 1
§df1 (t) odfa(t) = 5 (dz — adt — tda dy — bdt — tdb) o (
=dx — dy + (ady — bdx) A dt mod t.

dy — bdt — tdb
—dz + adt + tda

So
2'(0) = ady — bdzx.
Here, upon choosing this resolution we have an isomorphism
&Et%X(OZ,Qﬁ(/Q) = @X/Q ®ox Oz
and 2’(0) is the element corresponding to a lifting of the tangent vector (a, b).
Example: I,y = (22,y + tx). Note that as a scheme z(t) is varying, but
as a cycle it is 2 - (0, 0) for all ¢. We thus expect to find 2/(0) = 0.

The resolution is

0— Oy (U7) 02 (z® y+tx) Ox = Oy — 0
and
%dfl (t) o dfa(t) =2xdx A (dy + tdx + xdt)
=2xdx A dy + 2z%dx A dt.
So,

2 (0) = 2%dx.
However, using this resolution,
Eat? (oz,Qﬁ(/Q) = (0x/(x,9)) ® Vg

and consequently

2?dr =0
which gives

2(0)=0
as expected.

We are now ready for a more subtle example that illustrates one of the

most novel elements of the construction, namely the use of differentials
over Q.
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Example: I, ) = (22 —ay?, 2y —t), a€C*.

This example was discussed at length in section 6(i), and we want to
recover its properties using z’(0). The resolution is

—zy+t
and a computation as above gives

2! (0) = 2zdx — 2aydy — y*da.

(zy—t,z®—ay?)

OHOX

Ox Ox = 0., —0

In order to compare z,(0) for different o’s, we go to the group

: 2 1
z sl}algclnrtcd ExtoX (OZ’ QX/Q) :
at (0,0)

We note that if m is the maximal ideal at (0,0), then

3

L. ) 2m foralla.

We can thus lift 2/, (0) to
eath, (0x/m, 0k )
and then compare them for different a’s. We have the commutative diagram

(ay?Zs2)
ay?—a2
—_—

(z° —ay® —ay)

0 — OX Og( — OX — Oza(O) — 0
[ [(zo0 )y |
Y 0 0
—x Yy 0
0 —x Y
0 0 —z 3 2 2 3
0 — 0% of ) g o /mt 0.

So z/,(0) pulls back to
2 d
(23;da: — 2aydy — y*da 0 Exda: — 2ydy — y2§> .

In
eath (Ox/m*, 0% q)
we have the relations

(yOO),(—xyO),(O 7(£y),(00 7‘%)'

Then z/,(0) is equivalent to

<2wdx 0 —2ydy-— yQ%) .
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Thus
2,(0)—21(0)= (0 0 —y?d2).

«

Since
(0,0,5%) # 0 in &t (Ox/m*, Ox)

we see that

2 (0) — 21(0) = 0<:>d—a =0

o
& o is algebraic.
This is an exact fit for the discussion in section 6(i).

Remark: The construction given above makes sense in other dimensions
and codimensions. For codimension n = dim X, it goes through exactly, but
for codimension < n and Z not locally Cohen-Macaulay, the resolution may
have the wrong number of steps and the construction requires modification.

7.3 RELATION OF THE PUISEAUX AND ALGEBRAIC
APPROACHES

In geometry a submanifold — or more generally a subvariety — may either be
given “parametrically” by a map f : M — N or by the equations that define
f(M) Cc N. The Puiseaux series and zt?> approaches to TZ%(X) reflect
these two perspectives. Each has its virtues and drawbacks. An obvious
next issue for this study is to show that they coincide. Before doing this
we mention that on the one hand the Puiseaux approach has the following
desirable features:

— It is clearly additive
— It depends only on z(t) as a cycle
— It depends on z(t) only up to 15¢ order in ¢
— It has clear geometric meaning
It has the undesirable feature:

— Two families of effective cycles might represent the same element of
THilbz(X ) but not give the same tangent under the Puiseaux approach.

On the other hand the algebraic approach has the following desirable fea-
tures:

— It clearly depends only on the element of T Hilb?(X) determined by z(t);
— It is easy to compute in examples,

while it has the undesirable features:
— Additivity does not make sense for arbitrary schemes.

— It is not clear that z’(0) depends only on the underlying cycle structure
of z(t).
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In order to have the best of both approaches as well as, of course, for the
development of the theory we need to know that the two maps coincide; i.e.,
that the diagram

. (pproncn) .
{arcs in ZQ(X)} méeXHom (Qic/@,x/ggc/@ Qé/(@)
(7.8) T z”
: 2 (ap:x%gztcjlrxa(i;j) ) . 2 1
{arcs in Hilb?(X)} -5 im - Eaty (OZ,QX/Q>

subscheme

commutes where the right hand vertical isomorphism is (7.2).
Proof that (7.8) commutes: The strategy is
Step 1: Verify equality in the case of a single moving point.
Step 2: Verify equality when z(¢) consists of distinct points.

Step 3: Pass from distinct points to arbitrary 0-dimensional schemes by
taking limits.

We shall give the calculations in local coordinates z,y, which may be
thought of as representatives of local uniformizing parameters in the com-
pletion of the local ring of the algebraic surface X at a closed point.

Proof of Step 1: Let
z(t) = (zo + at, yo + bt).
The Puiseaux expansion method has:
dx A dy = (dzo + adt + tda) A (dyo + bdt + tdb)
which, at t = 0, has dt coefficient bdxy — adyp, so that
dx N dy — bdxg — adyg.
Similarly

(x —20)"(y — yo)?dx A dy — 0 ifi>0orj>0
dz A do— —ada alla e C
dy N\ da — —bda all € C
(z — 20)"(y — yo) dz Ada — 0 ifi>00rj>0
(z — 20)"(y — yo) dy A da +— 0 ifi>0o0rj>0.

The algebraic construction gives

y—yo—bt
—(z—zp—at) e —wo—b
92 (z—zo—at y—yo—bt)

O—>OX X Ox—>oz(t)—>0

and

1
§dfl odfs = (dx — dxog — adt — tda) A (dy — dyo — bdt — tdb);
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consequently
2'(0) = =b(dx — dxo) + a(dy — dyp).

The trace map

Ext? <OZ,Q§( /C) T,

for this resolution is
dx Ndy — 1.
To identify 2’(0) with an element of

Hom ((0%0/92)0) ® 02,9L )
the prescription is that we send
w— (2(0) Aw)|d/0x N D/Oy € Qé/Q.
It follows that
dx ANdy— ((=b(dz — dxg) + a(dy — dyo)) Adx Ady)|0/0x A O/Dy

= bdxy — adyy

dx Ndar— ((=b(dz — dzo) + a(dy — dyo)) A dz A da)|0/0x A O/Oy
= —ada

dy Nda— ((—b(dz — dzo) + a(dy — dyo)) A dy A da) |0/0x A O /Dy
= —bda.

All forms with an z%y?,i > 0 or j > 0, go to zero. So the two constructions
agree in this case.

Proof of Step 2:

Lemma: If we use a local free resolution of the form
fa(t) fi(t)

O—>FQ Fl

even if it is a non-minimal resolution, it gives the correct answer for the
algebraic construction.

Fo — 0,4 — 0,

Proof of Lemma: If

0= 2p N E 0,50

is a minimal local free resolution and
fi 0 0
0 0 Ul
—_— 5 [y ®B—>07—0

f2 0

0 U

0 0
where u1, us have constant entries on X (but possibly varying in t), then
fi 0 0 f2 0 fi 0 0 fa 0
dOOUOOuz—OO.OdOuQ
! 0 0 “1 0 0

_ (df10f2—f10df2 0)
0 0/)°

This proves the lemma. O
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If
2(t) = pi(t) + -+ pn(t)
with pq,---pn distinct, then

&m%x (Oz(t)7 Qﬁ(/Q> = p%l El't(%x (Opi(t), QAIX/Q) .

Since the sheaves on the right are supported at distinct points, there are
canonical maps going both ways in this identification. Whatever local min-
imal free resolution is used for O, on a suitable neighborhood of p;(t) it
becomes a (non-minimal) local free resolution of Oy, ;). By the lemma, the

algebraic construction still gives the correct answer.
Additivity is now automatic, since pulling back from each

Eaty (opi(t)’ Qk/‘@)
to
gwt%x (Oz, Q%{/Q)

and summing then commutes with summing in

N 2 1
EB Extox (OPL(t)7QX/@)

=1
followed by the canonical map to Emt%X (O Z,Qﬁ( /Q). This completes the
proof of this step.

Proof of Step 3: We can make any family of 0-dimensional subschemes
z(t) part of a 2-parameter family z(¢,u) where

z(t) = z(t,0) forall ¢
and for some € > 0,
z(t,u) consists of distinct points for 0 < |u| < e.

By flatness considerations, the dimensions of F5, F; and &:t%x (Oz(t7u), OX)
are constant at t,u. If

zu(t) = 2(t,u)
then
lir% 21,(0) = 2'(0).
Also, for a fixed w € Q?X /@7 for the Puiseaux construction it is clear that
lirr%) (w, 2y (t)) = (w, 2(1)) .

We thus pass from equality of the two constructions for a family with distinct
points to an arbitrary family.

To complete the argument we need to provide some clarification about
taking limits in Qﬁ(/(@. In the above we want to have

lir% do(u) = da(0)
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while avoiding the problem that in general for a sequence a; € C
lim dey; # d(lim «;).
i—0 i—0

The correct formalism here is to use spreads, as in section 4(ii). We let
k C C be a finitely generated field over Q over which x and z(t) are defined,
S a smooth variety defined over Q and with Q(S) = k, and sp € S the point
corresponding to the given embedding of £ in C. Let

X

!
S

be the spread of X over S. We may now use Q x/C rather than Q% /Q and
take limits there in the usual sense.

Remark: We have remarked that there is no natural way to assign a scheme
structure to a O-cycle. If, however, we have a family z(¢) of 0-dimensional
subschemes giving rise to family of cycles, then the assertion that the tangent
map to cycles factors

THilb*(X) — TZ*(X)
asserts that J, gy together with

g defn djz(t)
z(0) — dt

1o 20 = Ox.20)

determine the tangent vector 2'(0) to the space of cycles arising from z(t)
considered as an arc in Z2(X ). In particular, J.y and J.(g) determine how
2/(0) acts on the 1-forms Q% /.. and 2-forms Q3% /c,p- At first this seemed
surprising to us since it means that somehow some absolute differentials are
determined by the geometric quantities J,y and jz(0)~

For example, the family of cycles given by Puiseaux series

2(t) = (a1t ? + agt, bit*/? + bot) + (—art'/? + agt, —b1t'/? + byt)
lifts to the family of schemes

z(t) = Var(byz — a1y + (a1by — aghi )t, 2° — 2apxt + a3t) mod t3/2.
Note that

J.0) = (b1 — ayy, 2°)
determines
a1/by

and z/(0) is the map

b1x — asy — a1bs — asby
2% —2a97 + ai.
From this information, we can recover (a?,aibi,b?,az,bs) and hence the

original Puiseaux series — so, a fortiori, the information obtained by the
action on differential forms.
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Of course, for a sum of Puiseaux series of this type, one gets a much
more complicated relationship between J g, J. (o) and the coefficients of the
various Puiseaux series. What the factorization result asserts is that this
information is always enough to allow us to recover the action of differential
forms on the underlying sum of Puiseaux series. For example, for

N

A=Y ((all’tl/2 S+ alt BYEY2 £ bE) + (—altt /2 4 alt, —bYel/? 4 bg(t))
v=1
then the action of dx A dy is
N
Z(0)(da A dy) =Y _(aydby — bYdal) € Qg
v=1

The theorem asserts that one can recover this from knowing J. (), J. (o), but
because the formula for the ideal J, ;) is difficult to write down the exact
formula for how to recover this invariant will depend on N. The good aspect
of the

1 , ,

§(df1 “ fa = f1odfa)
formula is that it gives the correct answer without needing to know for-

mulas for the relationship between the representation as an ideal and the
representation as a Puiseaux series.

7.4 FURTHER REMARKS

Combining the virtues of the algebraic and Puiseaux constructions, we now
have for a surface X a well-defined group homomorphism

Free group on
l-parameter families | - . 9 1 - 91
of 0-dimensional - Zgl(l)glnm 2 Eato (OZ’ QX/@) = m?XHx (Qx/0)
subschemes of X :

having the properties:
(i) 7 depends only on the underlying cycle of >, z;(t);
(ii) 7(2(t)) depends only on the tangent vector to z(¢) in the Hilbert
scheme; i.e., on dl.()/dt [;=o mod I);
(iii) 7 kills torsion; i.e., if 7(nz(t)) = 0 then 7(2(¢)) = 0;

(iv) 7 is intrinsic and functorial, compatible with push-forward and pull-
back for maps of surfaces;

(v) 7 behaves well under limits; i.e., if 2(¢,u) is a 2-parameter family of
0-cycles and z,(t) = z(¢,u), then

lim 7(24 () = 7(20(t))
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There is also the property that 7 is functorial under maps to ¥ — X and
X — Y, where Y is a curve and we use the tangent space to 0-cycles on
curves described in section 2.

We would expect that 7 is universal in the sense that any group homomor-
phism satisfying properties (i)—(v) factors through 7. In particular, we would
expect ker(7) to be the smallest subgroup of the free group on 1-parameter
families of O-dimensional subschemes of X that satisfies the consequences of
(i)~(v). We have been unable to prove this latter statement and consider it
an important open problem — some evidence for how things might go is the
result and argument from section 6(i) about the families z,5(t) with

Iza,ﬁ(t) = (.132 - OéyQ,J?y - ﬁt)a
where the element
da 1
6; € Qg
completely controls the situation, and this fact can be reduced to basic
geometric equivalences.

In concluding this section, we would like to make a direct connection
between our original “computational” approach to tangents to arcs in Z2(X)
by taking differentials of Puiseaux series, and the intrinsic Ext-approach just
given. The first key observation is that, given a point z € X and local
uniformizing parameters £, € C(X) centered at x, we have by Appendix A
in section 8 below there is a well-known identification

4 quadrant Laurent

; ]

(7.9) kh_{& Eaty (Ox/mi,Qﬁ(/Q) ~ ) tails i,;oau/f n
where «;; € Qﬁ(/@‘m

Here the notation Qﬁ(/(@‘z means Qk/@,x/mwgﬁc/gm' Given an arc z(t) in
Z%m}(X) — ie., with lim;_, o |2(t)| =  — we want to identify its tangent
2'(0) as given by a 4™ quadrant Laurent tail with coefficients in Q% /le, as
above. The key is to use the canonical element

_ d{Adn 2 2

(the sense in which this element is canonical will also be discussed below).
Using the local uniformizing parameters £, n we write (as in section 3)

2(t) =x1(t) + - + z(t)
as a sum of Puiseaux series

zi(t) = (&(t),m(t)) -

(7.10)

Claim: If we write
d(& = &) Nd(n—n;(t
a3 UE60) Adin— (o)
(€ =& (@) (n —mi(t))
where v does not involve dt, then ¢ is a 4" quadrant Laurent series with

coefficients in Qk/@h: whose coefficients are exactly the terms that arise as
differentials of Puiseaux series as in section 3.

=pAdt+v modt

i
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More precisely, if we consider

2/(0) € Hom® (93( 100/ g0 Ok /Q)
as in the geometric description given in section 5, then for ¥ € Q§< Q.
(7.12) Z(0)(¢) = Resa (¥ A )
where ¢ is given in (7.11) above.
Conclusion: With the identification (7.9), we have

2'(0) = .

The proof of the claim is by direct computation. For example, if

() = (a1t1/2 tagt+--- ,b1t1/2+b2t+---)

+ (—a1t1/2 +oagt 4, —bitt/? 4+ byt + )
then
1 2 b b b
o= — (2a2 4y a“) dn— <2b2 pan 1> d€ + (biday — aydby)
&n & & n
and using (7.12)
2 (0)(d€ A dn) =byda; — aydby
2'(0)(d€ A da) = —2agda
2'(0)(dn A da)) = —2bada
2 (0)(ndn A da) = —b3da
2'(0)(&dn A dor) = 2 (0)(nd€ A da) = —a1by

B
Finally, regarding the canonical element w given by (7.10), we have that

is a generator, which topologically may be thought of as the local fundamen-
tal class of the point x.
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Chapter Eight

Tangents to related spaces

In the preceding section we have given the formal definition

(8.1) TZX(X)= lim &t (oz, 0L /Q)
subscheme

of the tangent sheaf to the space Z2(X) of 0-cycles on a smooth algebraic
surface X. For the study of the infinitesimal geometry of Z?(X) — especially
the subspace Z2,,(X) of 0-cycles that are rationally equivalent to zero — it
is important to define and study the tangent sheaf to several related spaces.
This is the objective of the first two subsections of this section, and in the
last subsection we will relate these to TZ%(X) and arrive at the main result
of this work. a

In the Appendix A to the first section we will recall the construction and
some properties of the Cousin flasque resolution of a coherent sheaf on X,
and in Appendix B we will use this material in dualized form to give a
description of TZ'(X) in terms of differential forms.

8.1 DEFINITION OF ;Zl(X) FOR A SURFACE X

For a Y a smooth curve, based upon heuristic geometric considerations in
Chapter 2 we gave the provisional definition

(8.2) TZ'(Y) = PPy

for the tangent sheaf to the space of divisors on Y. In this case, divisors
are the same as O-cycles; in Chapter 2 and again in the preceding section
we have noted that the analogue of the formal definition (8.1) when n =1
agrees with (8.2).

We begin by noting that the heuristic reasoning leading to (8.2) for curves
works equally well for divisors in all dimensions: For any smooth variety X
and point z, given f, g € Ox , we have that one reasonable prescription is

tangent at ¢ = 0 and localized at x corresponds to div(f +tg) = [g9/f]«
where the RHS is the principal part at  of g/f. This suggests that for

the same geometric reason as in the case of curves we take as provisional
definition
TZY(X) = PPx
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where as usual the sheaf of principal parts is

(8.3) PPy :§(X)/OX.
We will now show that for X a surface’
(8.4) PPx = lim &ty (07,0x).

subscheme

This then leads to the formal

Definition: The tangent sheaf to the space of codimension 1 cycles on a
smooth variety X s

17'(X)= I, &b, (07,0x).
subscheme

Proof of (8.4): From the Appendix to this section we recall the Cousin
flasque resolution (the notations are explained there)

0-0x—=C(X)—> @ H'(0x)— @® H?(0x)—0.
= Vi T r€XT
Thus we have to show that

(8.5)

Z codim 1 Y codim 1 — reX— 7T
subscheme Y irred

lim  Eaxt (OZ,OX)%’ker{ ® ﬂ;((’)x)ﬂ ® HQ(OX)}.

This is also proved in the Appendix. Briefly the idea is this: Working in the
stalk at x € X we consider an element

9/f €C(X).

where f,g € Ox , are relatively prime. This gives the element

0-Ff LR —-0,-0 (F1, Fy = Oy)

(8.6)
P-4 0x

in ExtéX(OZ, Ox)z, where the top row is the free resolution of the codi-
mension-1 subscheme Z defined by (f) and the second row gives an element
of Ext', defined as usual to be the 15 derived functor of Hom ¢, (Qz,Ox).
This prescription annihilates Ox , C C(X), and behaves in a compatible

way if we have an inclusion Z C Z’ of subschemes. If

l l
f:fllanv kk

where the f; € Ox , are irreducible, relatively prime and with divisor Y,
then we map (8.6) to
H'(0x),

Y codim 1 —Y
Y irred

1This result is true for all dimensions; we will only use it for surfaces.
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by sending (8.6) to ), g;((‘)x)a:, where the i*"' component is

fii .
Fy =5 Fo — Ox /%%, (Fo,Fy = 0x)

g/ fitflipk

I3 Ox

This maps to zero in H2(Ox) and by exactness of the Cousin flasque reso-
lution has kernel C(X); (cf. the Appendix). O

We thus have that for a surface X

- Y codim 1 —¥
Y irred

(8.7) Tzl(X)uker{ ® H'(O0x)— ?Xﬂi(ox)}

whereas for a smooth curve Y we simply have

TZY YY)~ @ H'(Oy),
Iz°(Y) ygyzy( Y)

and one question is:
What is the geometric meaning of being in the kernel in 8.77

Later in this section we will discuss this using the interpretation of the last
two terms in the Cousin flasque resolution by means of differential forms,
which gives a particularly geometric way of understanding the situation.
Here we shall give a more algebraic explanation.

The simplest interesting example is if

Y, =div f1,Ys =div fo
Ylm}/Q:.T

where the intersection is transverse

)

If we consider g/ f1f2 € C(X),, then there exist hi,ha € Ox , such that
= hi1f1 + hafe < g(z) = 0.

Such g’s correspond to deforming Y; and Y5 independently. The more in-
teresting case when g(x) # 0 corresponds to smoothing the singularity and
deforming Y7 + Y> into an irreducible curve (all of this is local)

— <
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In this case, on Y; we have the element
FlLFO‘)OYl (F1, Fo = Ox)
2oy
in H, (Ox) (the reason that poles are allowed in the 274 term is explained

in the Appendix), and in H;2(O x) the element

F £>F0—>OY2 (F1, Fo =2 0x)

P25 oy,

The first element maps in H2(Ox) to

(2) (f1,£2)

Fy Fy

Py % 0x

Fy— 0, —0 o, Fp =20x,F1 =0x ®0x

where the top row is the Koszul resolution of O, with z = {f; = f» = 0}.
The second element maps similarly, and because of the commutative diagram

fa
0 — 0y (—fl) O%{ (f1,f2) Oy — 0, — 0
0o 1
oG ko
f1
0y (—fz) o%{ (f2,f1) Ox — 0, — 0

we see that these determine classes in
Extd (04, 0x)

that are negatives of each other and hence cancel. We thus map to 0 in
H2(0x), as must be the case.

More sophisticated examples that illustrate the various aspects of the ge-
ometric significance of being in the kernel in (8.7) may be especially easily
computed using differential forms; this will be done in Appendix 2 to this
subsection.

The simplest example of a tangent vector to a codimension-1 cycle is given
by a normal vector field

S HO (NY/X)
to a smooth curve Y C X. If locally Y is the divisor of a function f, then
v=yg09/0f

for some function g. (This expression is well-defined as a normal vector field
along Y — its value on a 1-form ¢ is given by

v]p = Resy (ggp}\df)
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where the Resy is the Poincaré residue.) The corresponding element of Ext!
is given by

R — Kooy

B 2 o0y

One interesting point that arises when we consider TZ'(X) rather than

T Hilb"(X) is the following question:
(8.8) Can v be extended to a 2" order arc in Z*(X)?
It is well known that this may not be possible in Hilb*(X) — i.e., v may
be obstructed. In [ ] Ting Fei Ng has proved that if we allow Y to deform
as a 1-cycle then this obstruction vanishes, so that (8.8) has an affirmative
answer. In fact, Ng has shown that Z1(X) is formally unobstructed, i.e., any
7 € TZ'(X) is tangent to an infinite order arc in Z'(X) (this is always true
locally). The heurestic reason why (8.8) should be true will be discussed in

section 10.
Finally, the differential of the Abel-Jacobi map

Z1(X) — Pic(X)
is a map

TZY(X) %, gioy)

that may be expressed using Serre duality and the pairing

( LM 89”5%9;((02»(9)()) ® H' (Qg{/@) —C

subscheme
induced by globalizing the pairing
Eathy (07,0x) ® DV o — Eathy (ox, Qg(/c)
i
wz

and composing with the trace mapping

H(wy) =5 C.

8.1.1 Appendix A: The Cousin flasque resolution; duality
(cf. [13], [14] and [15])

Let X be a smooth n-dimensional quasi-projective algebraic variety and
denote by VP?(X) the set of all irreducible, codimension-p subvarieties of X.
The Cousin flasque resolution for the sheaf Oy is

(Al) 0-0x—C(X)— @ HYOx)— & H*Ox)—--
= yevi(x)—Y ZeVe(X)™*

reX— T
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Here,y €Y, z € Z..., are generic points, gij((‘)x), gz((‘)x) ... denote the

Zariski sheaves (jy ). Hy(Ox), (jz)-H2(0x), and we identify X with V" (X).
The objectives of this appendix are (i) to give procedures for calculating in
practice the terms in (A.1), and (ii) to give ways of interpreting the terms
in (A.1) using differential forms. This latter will be used in Appendix B
to give an effective computational method for understanding the question
below (8.7) above. We will do this in the cases n = 1,2 as this is all that
is needed for the present work (in any case, most of the essential features of
the general case already appear here).

We first describe the procedure for computing the stalk at x € X of
H ;(O x) where Y is an irreducible divisor in X. We may assume that € Y

and let f € Ox , give a local defining equation for Y. We then have

L
(A.Q)l Iy f—>F0 - OX,x/flOX,:E
where F, Iy are copies of Ox . We shall denote by
Hom (Fl, Ox)

the homomorphisms given by rational functions h/g € C(X) where h,g €
Ox . and g is relatively prime to f. The diagrams (A.2); and (A.2);1 are
related by

Fl FO oX,ac/floX,x
] [ |

I+1
A Ox/o/ 104

which induces a map
Hom (Fy,0x)/Hom (Fy, 0x) %— Hom (F},0x)/Hom (F}, Ox).

If we identify h/g € Hom (Fy, Ox) with the function h/gf!, then a(h/g) =
1 /g where h' = fh, ¢' = g, then we have consistency:

Blgft =W /g .
The prescription for the stalk at = of the sheaf H 11}((9 x) is
(A.3) g;(ox)r = lim Hom (F1, 0x)/Hom (Fp, Ox).

By what was just said, there is a map

PPx o — ( 1 E(Ox)>
Yyevi(x)—¥Y -
as follows: Write f € C(X) as
f=hlfit e £
where fi,---, fx, h € Ox , are relatively prime and the f; are irreducible.
Set Y; = {f; = 0}. Then

f_)zh/fil...fili... b
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where the fll means to omit the i*® term and h/ﬁ1 e le e f,i’“ is considered
as an element of H ; (Ox)s by the procedure given above.

When n =1 we of)viously have
PPx ., = HL(Ox).
When n = 2 the map

con.— (| g Hon)
= Yevi(x)— Y m

clearly has kernel Ox ., and hence it gives an injection

PPx o — ( @ ﬂl(ox)> .
Yevi(x)—Y I
We shall give the prescription for computing H2(Ox) and then observe that
from the general theory it follows that the exact sequence

(A.4) PPx o — ( @ E(o;@) — H2(Ox) =0
Yevi(x)—Y .

is exact.
For X a surface and Z C X any subscheme with supp Z = x and ideal

Jz C Ox 4, we take a minimal resolution

0—-FEy—>FE —FEy)y— 0z —0
where Ey = Ox, and F; is isomorphic to the direct sum of Ox;’s for
1 =1,2. We then consider the quotient

Hom (E3,0x ) /Hom (E1,0x ;)

where the matrix elements in Hom (E;, Ox ;) are in Ox . If Z’ is another
subscheme with Jz/ C Jz, then there is a commutative diagram

0—>E2—>E1—>E0—>Oz—>0
0 - E, - Ef — E, — 0z —0
inducing a map
Hom (E3,0x ;) /Hom (E1,0x ) — Hom (B}, Ox ;) /Hom (E7,O0x,4).
The prescription is

(A.5) Hﬁ(ox):{ lim  Hom (B, Ox,,)/Hom (E1, 0x 1)
supp Z==x

It is well-known that we may take the limit only over the subschemes with
ideal m!, and obtain the same result.

If X is a curve and € is a local uniformizing parameter centered at z, then
we have

L finite Laurent tails
PPx .= H, (0x) = :

Zk>0 ak/fk
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For X a surface with local uniformizing parameters £, 7 centered at x, we
have similarly (cf. f)) below

H3(0x) = {

finite 4" quadrant Laurent
tails 7 = Zk,l>0 ap /&'
The map

( @ Hl(Ox)> — H3(0x)

yevi(x)—VY .

may be described as follows: Represent an element of H;(Oy) by

k
y EAR Fy— Ox./ff0x .
h/g' where h,g € Ox s

and we assume for the moment that f and g are relatively prime and irre-
ducible. Then f* and ¢! generate an ideal J; with supp Z = z, and we may
consider the corresponding Koszul complex

g ko1
0— By (—f’“) o) (f7.9") Ey— 0, —0

where Fo = Ox 5, B1 2 O0x 5 @ Ox 4, By 2 Ox 4, and the map Ey — E is
given by 1 — (—g', f¥). Then the above element of H(Ox) maps to

h € Hom (E3,Ox ;) /Hom (E1,Ox ).

In general, h/g' will be of the form h/gll1 = -gé" where f,g1,..., 9k are irre-
ducible and pairwise relatively prime. We then sum up the above construc-
tion with (fk,géi) replacing (f*, g').

By our sign conventions, the sequence (A.4) is a complex and it is a non-
trivial result that it is exact. The surjectivity on the right is easy to check
using the Laurent series interpretation of H2(Ox ). The issue is to show that
given the data

i .
Fii 5 Foi— Ox./fl0x .,

hi/g; € Hom (F ;,0x o) /Hom (Foy;, Ox »)

where 1 £ ¢ £ k and the Y; = {f; = 0} are irreducible curves passing through
x, then the condition that the sum of this data in v ®H, (0x) map to zero

in H2(Ox) gives the compatibility condition that the (equivalence classes
of) the h;/g; come from a single rational function in C(X).
We conclude this section by drawing global consequences of the relation
between the Cousin flasque resolution
0-0x—CX)—> @ g;(ox) — @ H*(Ox)—0

Y irred reX — 7T
Y codim 1

and the global tangent space
TZ'(X)=: H (TZ'(X))
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as defined above. Namely from the acyclicity of the Zariski sheaves in the
above resolution and standard identification

H'(0x) = TPic(X)
we have the exact sequence
0— C(X)— TZ'(X) — TPic(X) — 0.

The geomertric interpretation of this is clear.
Before turning to the interpretation of the terms in the Cousin flasque
resolution via differential forms, we want to give the

Summary of Grothendieck local duality: Let X be an n-dimensional
smooth variety and Z a subscheme with supp Z = z. Then

a) There is a natural map
n n Tr

b) The Ox-modules €ty (Oz,0x) and Extfy (0z, Q% ) annihilate Jz;
i.e., they are Oz-modules;

c¢) The pairing

07 @ Bxtl (07,0%,c) — Ext"(07,0% )

~

(A.6) ~~_ [TK
~ - g
C
is a perfect pairing (local duality);
d) Given a regular sequence f1,..., f, with 3z = (f1,..., fn), there is

an identification €zt (Oz, Q}/C) = 0% ¢, ® Oz and the pairing

07 (Vje. ®07) = C
is given by

where the term in brackets is the Grothendieck residue symbol;
e) In general, given a minimal free resolution
0O—-F,—F, 1— —>FEy—07—0

there is a recipe for computing the pairing (A.6) in terms of
Grothendieck residue symbols;
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f) Local duality for subschemes Z with supp Z = z together with the
isomorphism

lim Extgx(OZ,OX) %JH;'(O)()
Z codim n
subscheme

give an isomorphism
(A7) H™(Ox) = Hom§& (QX oo <c) .

When n = 2, if we make the identification of H2(0O x) with 4'" quadrant
Laurent tails 7 as above, then (A.7) is given by

T(w) = Res(Tw)
where the residue is the usual interated 1-variable residue.

Proof: If £, n are local coordinates at =, and £*,n* are the dual variables,
then we may naturally identify

EXt%X (Ox/m§+1,OX) = Z aijﬁ*in*j
i<k
,7>0

To see this, we have the minimal free resolution

n 0 0
-£ 0
0 —¢ 0

n

0 - k+1 gk, . k1
0 — ol§(+1 OI§(+2 (€77, &, m" ") .
— Ox/mi 1t - 0.
If we let eq,...,ert1 be a basis for O})“(H, then if we identify

xk—1_ % * *k
n ,...76k+1(—77]

ef = &% e3¢
then the relations in Ext)  (Ox/mi+t O)

ne; =&eq

* *
Nek+1 =Eey,

0:§€Z+1
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translate into the relations
77J E*k =0
n)&*yt =¢let

) =¢ler

0=¢Jn™.
Consequently

eath, (Ox/mit, 0x) =Homo, (05,0x) /Homo, (057,0x)

k
{sz(f,n)Jf*k‘ln*l pi(&m) € Ox}
=0

1

Z aijgmn*]

itj<k

i,7>0

Here | means

g*i—an*j—b if a < ’i, b < .7
0 otherwise.

ganbjg*in*j _ {

Under the above isomorphism, Grothendieck local duality is the non-degen-
erate pairing

Extd, (0x/mit,0x) @ (2% 0x/mi*!) - C

where

Z al-jﬁ*in*j ® Z bijfinjdf Adn — Z aijbij.
i+j<k itj<k i+j<k
,5>0 4,520 4,520
If we make the identification with Laurent tails
Zaijé“”n*j R Zaijﬁ_i_l’?_j_l
then the duality becomes
T®w — Res,(Tw)

since £*in*l W under the residue mapping.
If we pass to the limit,

H}(0x)= > aygtn
{71_@0
finite sum

> byéy?

i,7 <0
finite sum

1%
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and Grothendieck local duality is the non-degenerate pairing

H(0x) ®Q%/c, = C
T ®wr— Resy(Tw).

Thus
H?(Ox) = {4th quadrant finite Laurent tails at '}

with Grothendieck duality being given by residue.
We note that

H? (Q}(/@> = Z ai &'’ aij € Q%(/Q‘m .

i,5<0
finite sum

In conclusion,
for X a surface we have a natural isomorphism
H2(Ox) = Hom & (Q%UCW(C) .
This expresses the last term in the Cousin flasque resolution

0—0x —C(X)— @H;(Ox) — @®H2(0x) — 0
in terms of differentials.

It remains to so express the third term, to which we will turn after a side
discussion of the local arithmetic fundamental class.

Local arithmetic cycle class of a 0-dimensional subscheme: Angeniol
and Lejeune-Jalabert [19] have given a definition — referred to in section
7(ii) above — of the local fundamental class

[Z]loc € Hy ( T)L(/C)
of a 0-dimensional subscheme Z with support Z = z. Recall that if

0—>Fn£>Fn,1—>~-~—>F1£>OX—>OZ—>O

T4

is a free resolution of Oz where each F; = 0%, so that the f; are matrices
with entries in Ox, then

1
Edfl 0---0 dfn € Hom (Fn7 Q?(/(C)
defines an element in
lim €t (oX /3% Qn /C) = 1lim Eat, (oX Jmk, Q. /C)
=H ( nX/c)

which does not depend on the choice of resolution and local trivializations.
By definition this is the class [Z]ioc.
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Now by (A.6)

x

Hr ( }/C) = dual of lim (O /m})

For Z the subscheme z defined by m,, using the above identification the
standard Koszul resolution of m, gives the interpretation of [z]. as the
evaluation map

[z]oc(f) = f(2), f€0x.

More generally, by an argument similar to step 3 in the proof of (7.8) in
section 7(ii), we have for any 0O-dimensional subscheme Z supported at x
that

(Zhoe(f) = U(2) f ()

where [(Z) is the length of Z.
Now the Angeniol and Lejeune-Jalabert construction may be adapted to
define the local arithmetic fundamental class

[Z]a,loc € H: ( ?(/Q)
as follows: Given a free resolution of Oz as above, we consider
df; € Hom (Fi,Fi_1 ® Qﬁ(/@)

as matrices of absolute differentials and proceed as before. Now, as explained
in section 7(ii) and just above,

HE (@) Zlim €ty (0 /mi, 0% )
=lim Hom§, (Q} 1o ® Ox /mi, QF /Q)
and we claim that for w € Q% /0
[Z]a0c(w) = U(Z)w(z) € Q(?:/Q
where w — ev,(w) is the evaluation map. Explicitly,
1 2
del o---odf, Nw € Hom (Fn,Q)?/Q) ,
and combining this with the natural map
Ao = o ® Wxye

we get a class

1 n n n
{Edfloodfn/\w} GQC/Q®82toX (OZ?QX/(C>'
Then our claim is

Tr [%dfl o---odfy /\w] =1(Z)evy(w).
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To prove this result, one first verifies it directly when J; = m,. In general,
one perturbs the above resolution to get a flat family Z(t) given by data
fi(t), ..., fn(t) and where

Uz)

Z(t) =Y al(t)
i=1

with the z;(¢) distinct for ¢ # 0. The result is true for each x;(t), t # 0,
and by taking the limit we obtain the desired statement (cf. section 7(ii) for
similar argument).

For n = 2 the extra information in [Z], 10 is the difference between

2 eve 2
Dx/0 — Qo
and

OX evy

Local duality along an irreducible curve: Let Y C X be an irreducible
curve, and let w be a rational 2-form on X whose polar locus includes Y.
We want to define a rational 1-form Y

If w has a 1%%-order pole on Y, then we can take Resy (w) to simply be the
Poincaré residue of w along Y. (Even if w has poles only on Y, Resy (w)
may have singularities at the singular points of Y.) In general, to be able to
define (A.8) we need to introduce auxilary data in the form of a retraction
U — Y of a Zariski open set U such that U NY is a Zariski open in Y.
We will not get into the formal definition here, but will just explain how
the process works in practice. At a general point y of Y, we may choose
rational functions £,7 € C(X) that are regular at y and such that n = 0
on Y. Geometrically, we have a rational mapping
X - — —P?
which is regular near y and such that Y maps to a line. Using &, n as local

holomorphic coordinates we may define Resy (w) in an analytic neighborhood
of y in the usual way. Thus writing

- <J%;,f>+.--+]ﬂ§§)+fo(5,n)) dé A dn

where fo(&€,n) is regular near y, we set

Resy (w) = — f1(£)d¢.
We may cover a Zariski open subset Y0 of Y with analytic neighborhoods
in which this process works, and we observe that (i) the definition agrees in
intersections,? and (ii) the resulting regular 1-form on Y has at most poles
on Y and therefore defines a rational 1-form on Y.

2The point is this: We have a rational differential form w = f(&,1)dé A dn on X.
At a general point of Y, locally in the analytic topology we may expand f(£,7n) in a
Laurent series on 1 and define the residue as above. In the overlap of two such analytic
neighborhoods we get the same answer.
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We also observe that the map w — Resy (w) is Oy-linear in the following
sense: At a general point y € Y the retraction gives an inclusion
(A.9) Ovy = Oxy

restriction

such that the composition Ovy — Ox,y Oy, is the identity. Us-

ing (A.9), a rational function f on Y induces a rational function fon X
and

Resy (fw) = f Resy (w).
Denoting by Q%(/C,Y the restriction of Q%{/c to Y (thus the stalk of Q?X/(C,Y

at ziszeroif x €Y, Qﬁ(/c , if x €Y), we may define the sheaf

2 1
Hom ¢, (QX/(C,Y7 QC(Y)/(C) :
By the preceeding discussion, using the retraction we may define a sheaf
mapping

(A.10) C(X) — Homoy (% /cvs Qberyc) -
In fact, given a retraction as above we may define a mapping
(A.11) H(0x) — Hom o, (Q?X ey o}c(y))

as follows: Given z € Y and the data
l

f
FilrarFy — Ox../f'Ox.4
F1 i) OX,x

defining an element of stalk at = of the sheaf Hyl(OX)7 then for w € Qi(/cw

w — Resy <%>

defines the map (A.11). Moreover, (A.10) and (A.11) are compatible in the
sense that the diagram

v Qo) /c)

Hom ¢, ( Qi( /c,
is commutative (the two slanted arrows both being defined by the same
retraction). The basic fact in local duality along an irreducible curve is that
the mapping (A.11) is an isomorphism.

We will not prove this here as our interest is in the geometric interpreta-
tions of the Cousin flasque resolution and its relation to TZ1(X). However,
in order to complete the story we shall define, for z € Y, a map

(A.12) Hom ¢, (Qg(/(c’z, Q(lc(y)/c) L, Hom ¢ <Hom 3(/@@,((:)
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such that the diagram
OH, (0x) ———— &H} (0x)

w

§_H0m oy (Qgc/c,yv Qtlcm/c) - ?H()—mc?: (Qif/cvw’ C)

is commutative, where for each Y we have chosen a retraction as above. In
fact, (A.12) is simply the usual residue: Given

o € Hom ¢, (Qg(/(c,aw Q<1C(Y)/<C) ’

then for w € Q%{/c,m

pa(@)(w) = Resy(a(w))
where the RHS is the residue at € Y of the rational 1-form a(w) € Q<1C(Y)/nc

(with the usual conventions if x is a singular point of V).
In summary then, for X a smooth surface the usual Cousin flasque reso-
lution

0—-0x — Q(X) — @gi(ox) — @gi(ox) — 0
may, upon choice of retractions, be interpreted as
0 0x = C(X) — @Hom, (9%cy iy c)
(A.14) = y——0y /C, )/
— @Hom* (2% ¢ ,.C) — 0.

8.2 APPENDIX B: DUALITY AND THE DESCRIPTION OF
ng(X) USING DIFFERENTIAL FORMS

In some ways the use of differential forms appropriately evaluated on tangent
vectors to the space of cycles gives an especially good geometric picture. We
have seen this for the case of O-cycles, and we shall now discuss it for divisors
on surfaces. Again we shall focus on the question of the geometric meaning
of the kernel in (8.7).

Referring to Appendix A, upon choices of retractions for each irreducible
curve Y in X there is defined a residue map

(B.1) PPy — %BHO_HIOY (Qg(/c,Y»Q%:(Y)/C))
by setting foreach x € Y C X, f € E(X) and w € Q%C’x
(B.2) (£)) = Resy (o)

where Resy (fw) € Q(lC(Y) ,- Thinking of PPx as ;Zl(X), in simplest geo-

metric terms the map (B.1) has the following interpretation: For the special
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case of an irreducible curve Y one way of giving a 15% order deformation of
Y in X is by a global section v € H° (Hom(Jy /73,0y )). We may think of
v as a normal vector field to Y over a Zariski open set, and then thinking
also of v as being the tangent to a 1% order variation of Y we have simply
that

(B.3) r(v)(w) = z/Jw|Y.
This is the case where under the provisional definition
PPx =TZ'(X)

the principal part [f], € C(X)/Ox , has only a 15 order pole along ¥ and
Resy (fw) is the usual Poincaré residue. The (non-trivial) geometric content
of (B.3) is that when we identify v with the 1%%-order variation of Y given
by div(go + tg1) where g is a local defining equation for Y and f = ¢1/go

I/Jw|Y = Resy (fw).
The case where we have an arc Z; in Z!(X) with
Zy = kYo
{Zt =Yi(t) +- -+ Yi(t)

with the Y;(¢) and Yj being irreducible curves stands in relation to the case
just considered of one irreducible curve varying on the surface much as the
situation of an irreducible Puiseaux series z(t) = x1(t) + -+ + xx(t) with
2(0) = kx stands in relation to a single point moving on a algebraic curve.
Here, of course, higher order poles arise and for surfaces the use of retractions
is necessary. The geometry underlying this is the following: In a Zariski open
neighborhood U of Y there will be a rational vector field that in a smaller
neighborhood U™ is regular and induces a non-zero normal vector field along
Y* =U*NYy. Thus U* is foliated and the leaves give locally in the analytic
topology a map U* — Y*. (This is generally not a rational map, since the
integral curves of a rational vector field do not close up to algebraic curves.)
Following an arc y on Yj as ¢ varies along an arc in the ¢-disc gives a 2-chain
I'(t) in U*. For w € Q%(/(C,x assumed to be regular in U*, we may consider
the “Abelian sum”
/ w.
I'(t)

Taking the derivative at t = 0 gives an integral along ~

/y ()

where 7(w) = Qé(y) sc is the value of the tangent vector

7 € Hom ¢, (Qgg/(c,y» Q(1C(Y)/<C)

applied to w and restricted to the above arc in Z'(X). The point here is
that in this case the map

Tz'(X) — @9Ho_moy (Qi/C,Y7Q(%3(Y)/C)



PUTangSp March 1, 2004

122 CHAPTER 8

may be interpreted geometrically using calculus as “being basically like the
case of points on a curve with dependence on an auxilary parameter.”® Thus,
in a sense geometrically there is nothing essentially new beyond 0-cycles on
a curve. (Of course the use of retractions introduces non-intrinsic data, and
it is instructive to check that the various descriptions of TZ*(X) change in
the same way when the non-intrinsic data is changed — cf. the “Afterword”
to this section.)

Essentially new phenomena arise when for example we have an arc Z; in
ZY(X) with

{Zt =Y} an irreducible curve for ¢ # 0

Zy =Yy + Yy is a reducible curve.
Locally in the analytic topology, this is a special case of when we have a
family of smooth curves acquiring a singularity. We shall discuss this by
analyzing several examples. This will show the tangent 7 always lies in

(B4)  ker {?Hom 0. (93( PP o 9 /C) — ©Hom (Q?X oo C) }

and being in the kernel reflects limiting infinitesimal compatibility conditions
(cf. the question below (8.7) above; this is what we are investigating using
differential forms).

Suppose we have an arc Z; in Z!(X) with tangent vector 7. What does it
mean that 7 should be in the kernel (B.4)? Locally in the analytic topology,
given x € X the 1-cycle Zy — assumed to be effective for this discussion —
will have several different irreducible analytic branches Y; passing through z,
and some of the Y; may be singular at . Given w € Q?X/C@ and denoting

by )71 — Y; the normalization, the condition is
(B.5) > Res g (Tw) =0

where the sum is over all of the inverse images on all the ?Z of the point x.
We shall first illustrate this for the two families

(B.6a) En=t
and
(B.6b) =6+t

which together with a third example given below illustrate the essential

aspects of the phenomena that can arise.

The family (B.6a) may be pictured as
— 114
l l l Y /\
-

Y,
—
-

3The “auxilary parameter” may be taken to be a local uniformizing parameter on Y
given by the restriction to Y of a function n € C(X). Combining this with a function
£ € C(X) such that £ =0 on Y gives a retraction.
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Here, Y7 and Y5 are the coordinate axes n = 0 and £ = 0, and the arrows
represent the normal vectors v; to the Y; that give the tangent to the family.
Explicitly

10
V=<5
' ean
10
2T noe

By our prescription (B.3), for w = f(&,n)d€ A dny we have
{T«u) vi=f(£,0)%
T(OJ) |Y2: _f(0777)%

from which (B.3) is clear. Note that the singularity acquired by Z; produces
a pole in 7(w). This is a geometrically distinct phenomenon from the poles
produced by the singularities of the retraction when kY, deforms into Yi(¢)+
-+ +Y(t) as above, when as in the curve case discussed in §2 we must take
the residue of a rational form with a pole of order k along Y.

For the family (B.6b), we shall use the alternate prescription discussed in
earlier sections for computing 7.# Namely, in C* with coordinates (&,7,t)
we consider the surface S given by (B.6b). Then for w = d€ A dn we have
on S

{ng = 3n2dn + dt

w:%%/\dt,

and this implies that

Uniformizing the cusp in the usual way with parameter ¢ gives
dg
T(w) = i
For w = f(&,n)d€ A dn we have
F(¢?,¢%)d¢
T(w) = o .
Thus (B.3) is satisfied.
A final interesting example is when the variation smooths a reducible curve
with a multiple component; e.g.

(B.6¢) En=t.

Here, to find the answer one may replace the curve with a multiple compo-
nent by one without such and take a limit

§E+ M=t

4cf. the “Afterword” below.
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Then as above, on S and taking on the component n = 0 the limit as A — 0
we have

dgndt dg
EE+N) &

The other component is more interesting: From

e A dn =

1
EH+AN—--=0
n
we have

g_)\:i:\//\274/77
=

and thus on S
+dt A dn

N

and when we sum over the two values of the square root we get zero; i.e.,

dé Adn =

7(d¢ A dn) = 0.
However, by a similar computation
—L onn=0
3 n
T(EdE Ndn) =
( ) d;" on€ =0

and again (B.3) is satisfied.

Summary: Upon choices of retractions for each irreducible curve Y in X,
and with the provisional definition (8.2) for TZ'(X), we have
(B.7)

T7'(X) 22 ker {@Homoy (Q§ e Q) /C) — &Hom . (Q§( /C,I,c)} .

If f € C(X) represents an element in TZ'(X),, then the corresponding
tangent vector has as image in the RHS of (B.7) the map
w — Resy(fw), we Qg{/@,w

Being in the kernel on the RHS represents compatibility conditions of the
form >~ Res = 0 that arise when the local geometry of a family of divisors
changes in the limit as t — 0.

Afterword (not essential for what follows)

We will discuss the behaviour of the residue map under two sample changes of
retraction and verify that the maps in (i) and (ii) below transform correctly.

Let Y C X be an irreducible curve. Upon choice of a retraction of a
Zariski neighborhood of Y, we have defined a mapping

zZl (X) — Hom Oy <Q§(/C,Y’ Q(%:(Y)/(C) .
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In simplest terms this map goes as follows: There is the map

(i) C(X)—TZ'(X)

given in the provisional definition of TZ"(X), and composite of this and the
above map

C(X) — Hom, (Qg(/c,w Qé(X)/(C)
is given by
Flw) = Resy (fuw), we O,
On the other hand, an arc Z; in Z'(X) with Zy = kY may be though of as
given by a divisor
2eXxB
with Z - (X x {t}) = Z;. We may pull w back to X x B, restrict it to Z and
write

wlz=pAdt
where ¢ € Q(lc(y) /C.5 This gives another map
(i) TZ'(X)— Hom o, (Qgc/c,w Q<1C(Y)/<c> ;

and these maps agree after suitable identifications are made. However, it is
instructive and a good consistency check to verify that they transform the
same way when we change retractions.

Assume that we have local uniformizing parameters £, 7 such that Y is
given locally by £ = 0. Since the case of f € C(X) with a 15* order pole
along Y corresponds to a Poincaré residue where no retraction is necessary,

we consider
A A
ot Al

(this is the case k = 2 above). We take the family Y; to be given by
{“ﬂzammﬂﬂ+axmt

n(t) = .
For w = (Bo(n) + Bi(n)€ +---)d{ A dn
(111) Resfw = (A2B1 + AlBo)dn.

On the other hand, the mapping (ii) above is given by substituting &(¢), n(¢)
in w and taking the coefficient of dt. Denoting by Y the image in
Hom ¢, (Qi/C,Y7Q(}I(Y)/C) of the 1%*-order variation of Y, this gives along
£E=0
(iV) Y(w) == (230&2 + Bla%)dn.
Comparing (iii) and (iv) we find, for the given retraction,

A2 = CL%
v) {A ,

1 = 20a2.

We will consider two cases of a change of retraction.

5This procedure may break down when dt vanishes along a component of the support
of Z- (X x {to}). When this happens a perturbation argument may be used to calculate
the map (ii). This phenomena will be further discussed and illustrated in section 8(ii)
below.
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Case 1:
E=¢*
n=n" e (mé+- -
Computation gives
A =4,
AT = Ay + e A,

where both sides are considered as functions of n# and ’ denotes the deriva-
tive with respect to 7, and also

w = (Bo+ (B) + By + €, By) %) d¢# A dn.

(vi)

Then
Resy f#w# = [Ay (By + B} — ¢} Bo) + (e1 Al + Ay) Bo] dn.
Another computation gives
E#(t) = art'/? + (araier + ax)t

‘e # _
(viii) al’ =a
a;# = ag + ayaje;.

Comparing (v)-(vii) gives A7 = (a¥)2 and

A* =20 =2 (ay + ard)ey)
Af& = Ay + e1 AL, = 2a3 + 2e1a1a)
and we have agreement.

Case 2: For this we take

n=n"
fzclﬁ# + 025#2 +, = ci(n#) and c¢; # 0.
Then computation gives
# _A
Al = C—?Z

and

2
## az _ €204
2 c1 c% :

As before, one verifies directly that we have agreement.

Conclusion: The use of a choice of retraction to give the identification (i),
(ii) above transforms in such a way as to give a well-defined map

T7'(X) — @mgy (Q?X/(C,Y’ Q<1C(Y)/<C> :

Finally, we want to observe that the above discussion implies global exis-
tence result concerning the mapping (B.7). Namely, we have that
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(B.8) The map

TZ'(X)— ker{ Yig?ed Hom , (Qgg/c,w Q<1C(Y)/fc>

& H C(QZ v,(C)}
erX om X/C,z;

18 surjective.

Again, we know this to be the case if we assume results from general
duality theory. The geometric existence result is the surjectivity locally in
the Zariski topology of the map

{arcs in Z}(X)} — PPx.

So the issue is not so much as to whether or not (B.8) is true as to understand
it geometrically, which we now shall discuss. Concretely what is needed is
to produce homomorphisms

where the Y; are algebraic curves passing through = and where the images

Pi (Q,Q)(/(C,mi)

have arbitrary poles subject only to the constraint in (B.8). Since poles can
only be produced by families of curves acquiring “additional singularities”
at x,% the issue is one of having “sufficiently many degenerations”.

Let £, € C(X) give local uniformizing parameters at 2. We consider the
family

gknl —t

and the resulting homomorphisms (B.9) on the components £ = 0 and n = 0
of the limit 1-cycle. To compute these maps we give the above family by

ZCXxB

and for w € Q%(/Qw we map

9\ ( «
w — EJ (ﬂ'Xw |Z)
restricted to ¢ = 0. Up to irrelevant constants this gives
b=ldn on € =0 if a = k — 1,0 otherwise
gpdg nagis 110N S0 .
€kd¢ onm=0if b=1— 1,0 otherwise.

It follows that we can get arbitrary poles on £ = 0 and zero on 1 = 0, and
this implies the surjectivity of (B.8).

SWe assume that the retraction is smooth in a neighborhood of x, as singularities
produced by singularities of the retractions are non-intrinsic and therefore should not be
counted.



PUTangSp March 1, 2004

128 CHAPTER 8

8.3 DEFINITIONS OF ngl(X) FOR X A CURVE
AND A SURFACE

To understand geometrically the space of divisors on an algebraic curve, one
introduces the relation of linear equivalence ~ and then the quotient Divisors
modulo ~ is the Jacobian variety of the curve. Infinitesimally, letting “T"”
denote “passing to tangents”, the subspace T'(~) C T (Divisors) is defined
by the equations

(8.9) w=0
where w varies over the regular 1-forms on the curve.

To extend this picture to 0-cycles on a surface X, we have defined TZ?(X)
and now must define the subspace
TZ%(X) C TZ*(X)
of tangents to rational equivalences. By a rational equivalence on the sur-
face X, we mean the following: Setting
Zi(X)= @ C),
Y codim 1

Y irred

there is a natural map

(8.10) ZHx) & 72(X)

given by

Y (Yo, f) = > div £y
where Y, is an irreducible curve on X and f, € C(Y,)* is a rational function
on Y. The image of the map (8.10) will be denoted by Z2,,(X), the subgroup
of O-cycles that are rationally equivalent to zero. We will define the tangent
space TZ1(X) and compute the differential

(8.11) TZH(X) - TZ*(X)
of the map (8.10). In section 8(iii) below, we will give the extension of (8.9)

to 0-cycles on surfaces thereby giving Hodge-theoretically the equations that
define

TZ2

e (X) = {image of (8.11)}.

This latter point is important, because in contrast to the case of divisors
on curves the map (8.10) is not injective. Its kernel, which we may think
of as the idrrelevant rational equivalences, enters into the definition of the
higher Chow groups CH?(X, 1) and is the factor most likely responsible for
the difficulty in proving some of the conjectures about rational equivalence
in higher codimension, for the usual reason that it is hard to prove existence
without a way to control the lack of uniqueness.

The main result of this paper will follow from the global consequences of
the Cousin flasque resolution of Qﬁ( together with the following theorem,
whose proof will be given below following the discussion of a number of
examples that will show what is going on.
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(8.12) Theorem: With the formal definition (8.14) below of the tangent
sheaf gzll(X), the maps that assign to an arc its tangent

{arcs in &) (C(Y)*} - IZ% (X)
Ycodim 1 — -
Y irred

18 surjective.

We emphasize that this is a geometric existence result, albeit one that is
local in the Zariski topology and at the infinitesimal level.
We begin with the following

Definition: For X a smooth algebraic variety of dimension n, we denote
by VP(X) the set of irreducible codimension-p subvarieties of X and define
the sheaf

ZH(X)= & K (CY)).

-4 Yyeve(x)—14
Here, gq((C(Y)) is the ¢ K-group of the field C(Y") considered as a constant
sheaf on Y and extended to zero outside Y (the proper notation would be
(jy)*éq(C(Y))). We also set

Z7(X) = H° (gg(x}) .

As special cases we have

(i) Zy(X) = Z"(X)
(i)
Z(X)= & C (dim X = 1)
=1 zeX ="
and for any n
1 . *
(111) él (X) o codi?x? y=1 g(Y) ’
Y irred
Note that

Z}(X)=H"(Z,(X))
= {rational equivalences on X of codimension 2 cycles}.
Finally, we will denote by
T7Z7(X) =: Té’q’(X)
the tangent sheaf — to be defined below when p = ¢ = 1. By (i) above we
have already defined TZj(X) for any n and TZ§ for n = 2.

We have also given in section 6(ii) a geometric definition of TZ;(X) when
X is a smooth algebraic curve. There we have explained how a set of geomet-
ric axioms for 15¢ order equivalence of arcs in Z{ (X) led to the defining rela-
tions for absolute Kéhler differentials, thereby introducing 0= Qé( x)/0
into the picture (cf. (6.9)). The definition (6.8) of TZ](X) may be expressed
by (see below) N

(8.13) T7(X) = $29XH;(Q§(/@),

and for a smooth algebraic surface X we give the analogue
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Definition: The tangent sheaf TZ{(X) is defined by

(8.14) TZ(X)= @ H) (Q;/Q).
Y irred

where y is the generic point of Y.

To justify this definition we check that (8.13) coincides with (6.8) in the
curve case. The stalk at = of (8.13) is

lilgn Exty ((‘)X/m’;7 Qk/Q) .

If € is a local uniformizing parameter centered at xz, then an element of this
group is given by
k
F1£—>F0—>Ox/m’; (FlyFOgOX,z)
FU 2ol o
This maps to Hom ° (Qk/(@ . Qé/Q> by

@ — Resg <¢€/>€SD) .

Here the residue of a form in C(X) ® Q?X/Q’x is defined as in section 6(iii).

If ¢ = fa where f € Ox ,, then clearly

fa— Res, (é_—f) a = po(f)a,

where ¢o(f) is defined by the term in the parentheses, and so we have a
well-defined map

(8.15) lim Eath, (O /m, 2k /) — Hom (kg0 ) -

We may see that (8.15) is an isomorphism as follows: Using the exact
sequence

0= Ox.2® g - Vyyge — VUjee — 0

and the fact that, by definition, the inclusion i induces the map

Hom ° (Q§< 000 O /Q) — Hom® (O, 0x,) @ Idgy

we are reduced to showing that
lim Eath  (Ox /m¥, 0x) @ QL g = Hom® (Qﬁ(/m, <c) © QL
and

lim Eath, (% /c/mEQ ¢, Ox ) = Hom® (0.0, C),

both of which follow from local duality (and of course may be checked di-
rectly). Thus for curves the definition (8.13) agrees with the definition (6.8)
given earlier.
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To justify the definition (8.14) we need to discuss the geometry behind
it. One very interesting point is that based on the discussion in section 8(i)
above, one might think that the general analogue of

(8.16) TZy(X)= lim &ty (07,0x)
subscheme

would be to define

(8.17) TZNX)= lim  Eath, (oZ,Q}X/Q).

subscheme
But for interesting geometric reasons this is not correct. As discussed above
in section 8(i) and in Appendix B, definition (8.16) reflects compatibility
conditions that arise when a reducible curve smooths to an irreducible one.
However, such compatibility conditions do not arise for arcs in Z{(X). For
example, consider the arc

B 52 _|_772
(67’] - t? 52 _ 772 ‘fn—t)

in ®C(Y)*. We are working locally in the Zariski topology where &, € Ox
Y

give local uniformizing parameters. The 15° component is the irreducible
curve Y; (or sum of curves at ¢t = 0) given by &n = ¢, and the second
component is the designated function in C(Y;)*. At ¢t = 0 we get the sum

(=0,-1)+(n=0,+1)
in ®C(Y)*. At the point of intersection the limit functions do not agree,
Y

and hence there are no compatibility conditions. Below, this point will be
further discussed and illustrated by differential form calculations. Remark
that the RHS of (8.17) is equal to
div
T (ker (Zi(X) div, ZQ(X))) .

Thus
lim  eath, (02, %%q)

Z codim

Z subscheme
turns up naturally when one is trying to understand geometrically the tan-
gent spaces to the higher Chow groups.

Before turning to the differential form calculations we shall amplify the
definition (8.14) and give a useful expression for calculating the tangent to
an arc in Z{(X) which is given by equations.

By definition of local cohomology, we may alternatively give (8.14) as

1 . . 1 k 1
(818) TZI(X)= @ lm  lm Eth, (009,92 q) -
Y irred open with UNY #¢

An element in the stalk at z € X of the term corresponding to an irre-
ducible curve Y passing through x and with f € Ox , generating Jy, may
be described by the data

k
PR - ox /0 Fo,Fy = 0y

L Qﬁ(/@

(8.19)
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where g € C(X), does not have Y as a component of its polar locus — this

is entirely analogous to the description of H,(Oy) used in TZ'(X).
We now turn to the description of the tangent map. For this we give an
arc in Z1(X) by

(ﬁWf+ﬁ%w+¢m

diV(f+tf)> '

The first factor describes an arc in the space of 1-cycles, and the second
factor gives rational functions on the irreducible components of div (f +¢f).
Suppose now that f € Ox , with div f = kY where Y is an irreducible curve.

Then an element of xty (OX/IJ’;, Qk/Q)x is given by the data (8.19)

LR — 0x/tk

gqf— fde
50!

X/Q

(8.20)

where gdf — f ? € Q(%:( X)/Q has polar locus not containing Y. This descrip-
tion of the tangent map will agree with the one using differential forms when
the appropriate identifications are made.

We now explain what is necessary to show that, on the sheaf level and
with the definition (8.14), what is necessary to establish the surjectivity of
the tangent map

(8.21) {arcs in Z](X)} — TZ](X).
Namely, let z € X and set
1 _ 0l 1
QX/@@ = Qx/0,0/Me Ly /0,0

Let Y be an irreducible curve with € Y. Then in (8.20) the differential
form (gdf — fdg)/g gives by restriction along Y and evaluation at = an
element

1/, ;
; (gdf _ fdg) ]z eC(y)® Qﬁ(/@’m.
After an illustrative discussion we shall give a proof of the

(8.22) Theorem: The mapping

of 7.9~ L ar - jag)

1
w} € @ {(C(Y) ® Ux/q

N

1§ surjective.

Here there is a crucial geometric subtlety:

In (8.22) one must use the direct sum over all irreducible curves Y to
have surjectivity; for a fired Y the map fails to be surjective.
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Concretely, for smooth Y if we only deform Y to nearly smooth curves we will
end up only in part of C(Y) ® Q%,/Q’wb; to produce forms whose restriction
to Y have poles at © we must deform Y into a reducible curve (see below for
the proof). When this happens the notation

(4~ o { Saar - fag)| |

needs explanation, which also will be given in equation (vii) below.

Before turning to the formal proof of (8.22), we will continue in our dis-
cussion of the geometry behind the definition (8.14)

As in section 8(i) and Appendix B above where we discussed TZ1(X),
using differential forms gives a good way of understanding this. Write the
individual terms in (8.14) as H,(QY ) and, after choosing for each V" a
retraction as explained in Appendix A, use local duality to re-express these
terms as

(8.23) Hom %, (Q?X 1o/ gy ey o © O /@) .
Here, Hom ¢, (-, -) has the following meaning: There is an inclusion
/ey ® Uyo = Wjov /W
arising from the exact sequence
0— Qé/@ ®O0x — Qﬁ(/(@ — Q%(/C — 0.
Then
¢ Dsoyv/%aq — Uwne ® g
is in Hom g, (-, -) if it is Oy-linear and if for w € Q}(/QY and a € Qé/Q
pwda)=¢"(w) ®a

for some Oy-linear map

(8.24) ¢ Q% /ey = Wwye
Using (8.23) in (8.14) we thus have, upon choice of retractions,
(8.25) TZ}(X) = GHom, (9% /0r /1910 Py e © Qg -

Although the notation is a bit complicated, this identification contains a lot
of geometry. We shall illustrate this through several examples and special
cases.

(a) One of the equivalent prescriptions for computing the tangent map
(8.26) arcs in Z{ (X) — TZ{(X)

is the following: Let B denote the parameter curve with parameter t € B
and represent an arc in Z1(X) by a codimension-two cycle

Z2cXxP'xB
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where

Z- (X xPYx {t}) = ni (Yiu, fir)

with the Y;, being irreducible curves, and f;; € C(Y;,)*, and where
(Yit, fit) is the graph of fi; in X x P!, To compute the image of this
curve in the stalk at x € X of this arc in Z1(X), we let u € C* C P! be a
standard coordinate and w € Q% Q. We then write

d
w/\—u‘ =7(w) Adt
u 1z

and the map (8.26) is given by
(8.27) w— T(w)|t:0.

Here, the notation T(w)‘ 1o 1s understood as follows: If ¥; are the compo-
nents in X of Z - (X x P! x {0}), then the restriction of 7(w) to ¥; is in
Q«%(Y,; )/Q" Since Y; is an algebraic curve, there is for dimension reasons a
natural map

2 1 1
Qe = See ® eje
and the image of 7(w) under this map is what is meant by (8.27).

There is one caveat to this prescription. Namely, we may have dt = 0
along some of the components of Z - (X x P! x {0}). When this happens

0/0t] (w A Ci—u Z)

will have a pole on the projection to X of that component, so that (8.27) is
not defined. What one does in this case is to perturb Z to a family Z) where
Zo = Z and where (8.27) is well-defined for A # 0, and then one takes the
limit of (8.27) as A — 0 (essentially this is ’'Hospital’s rule). This procedure
will be illustrated by example below.

Remark that this last phenomenon corresponds (also see below) to the
case of taking the residue of a form with a higher order pole along a curve.
It is here that the retraction is used and this corresponds to making a per-
turbation as described above. All of this will be quite clear in the example
below.

(b) We may define a map
1 aT o 2 2 1 1
(8.28) Qc(xy/q — GHomg (QX/@,Y/Q(C/Qv Qo) ® QC/Q)
by sending, for ¢ € Q}C(X)/Q and w € ng/Q v

Y ®@w — Resy (¥ Aw).

Here the residue is defined as in §6(iii) extended one dimension up and using
the retraction as in §8(i) above.
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(8.29) Proposition: Using the identification (8.25) and (cf. the Appendiz
to section 6)

TK>(C(X)) = Qxy/0
the map (8.28) may be identified with the differential of the tame symbol.

We have in §6(iii) given a proof of this one dimension down. We shall
give a different argument based upon (8.20) and shall then illustrate it in an
example that exhibits phenomena not encountered in the curve case. From
this the result should be clear.

An arc in K5(C(X)) is given by {f +tf,g + tg} where f, f,g,9 € C(X),
and where we assume that the divisors of f + ¢ f and g + tg have no curve
components in common. Then the tame symbol is given by

N —
{f+tf,g+tg} I+ ey f+tf
From (6.10), the tangent to this arc in
9., Hy (%)

Y codim 1
Yirred

div(g+ty)

is the sum of
F L Ry — 0x/(f) (Fy, Fo = Ox)

Qdf,fﬂ
Fl SRR LN Qk/(@

and
F{ = Fy — 0x/(g) (F1, Fy = Ox)
7idg+gﬂ
¥ 7
Fl —— Q%
Here, to be precise we should work in a Zariski neighborhood of a point
x € X, factor f,g into irreducible factors in Ox , and by the methods used
in the Appendix to section 6 write the symbol {f +tf,g+t¢} as a product
of symbols with constant ¢-terms in Ox 5.
On the other hand, from the discussion in that Appendix the tangent to
the arc {f +¢f,g+tg} in Ko(C(X)) is
gdf _ fdg

L2 el .
g f fyg C(x)/Q
Under the map

1 1 {01
e ™ gy B By (Phra)
Y irred
this maps to the same element as given above.
Before turning to the example, it is useful to compute in this notation the
differential of
e CY)— oz

= “ o
Y codim 1 — reX— 7T
Y irred
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which maps the arc g+tg"div(f+tf) in the 15 term to the arc Var(g+tg, f—l—tf)
in the second. Again, localizing at € X and assuming that f,g € Ox , are

relatively prime, the tangent to the 15" arc in ©H, (Qﬁ( /Q)
v

R L Ry = 0x/(F) (Fo, Fy = O)
g fdg
P Q.

Under the natural map

in the Cousin flasque resolution, this maps to
(%)
—_

gdf—fdg  ~1
By ——= QX/Q

On the other hand, the family
2 = Var(f +tf,9 + 1)

has a minimal free resolution

(f 9)

E2 E1 EOHOX/(fa ) (EQ,EOgOXWElgOAQX)

gt+tg . .
gy ), gy U g (Ej, By = Ox, Ef = 0%).

By the prescription in section 7, its tangent is the dt coefficient of

, , d '
%(d(f+tf),d(g+tf)) ( o) )

—d(f +tf)
which is

Eg gdf — fdy Qk/@

in agreement with the above.

Summary: These calculations show that the differentials of the maps in
the Bloch-Gersten-Quillen sequence

T
K X)) — YY) — A
K,Cx) Secy) - @ 2,

are the maps in the Cousin flasque sequence

1 1 1
Sexye ~ EH, (QX/@) - 84, (QX/@)

Proposition: The tangent sequence to the Bloch-Gersten-Quillen sequence
0— K3(0x) = K,(C(X)) = eC(Y)" — ¢ Z —0
= Y= reX—®
is the Cousin flasque resolution of Qk/Q

0= Qg = Dby — SHLOksg) = & H? (V) = 0.

X/Q C(X)/Q ex—*=
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Here, we have defined the tangent sheaf to each of the terms in the top
sequence, and the proposition states that these may be naturally identified
with the terms in the bottom sequence.

We now turn to an example that illustrates phenomena that do not occur
in the curve case.

Example: We consider the curve

{& +t,n}

in K3(C(X)) where &,7 € C(X) give local uniformizing parameters on a
Zariski open set in X. From the discussion in the Appendix to section 6,
the tangent to this curve is

dn 1
ey € Qeix) /0

dn
Resy, (@ A w)

on the components Yy = { = 0} and Y3 = {£ = 0} of the polar locus of the
form in parenthesis. We will only get something non-zero in case

w = f(§,m)dE A da

We first compute

where do € Q}C/Q. Then

Resy, (%n A f(emgsAda) — f(éO) dé A da

€
Resy, (Z—E A f(g’");l"/\d“) = ff(g’”) dn A da.
Taking into acocunt signs the final result is
0 0
(8.30) %dg A da — wdn A da.

On the other hand, applying the tame symbol T to the above arc in
K>(C(X)) we obtain

(8.31) (n=0,24+1)— (& +t,7n).

To compute the tangent to this arc in Z{ (X) we shall use (a) above. For
this we let the curve B have parameter ¢ and consider at the codimension-2
cycle

Z2Cc X xP'x B

given by (8.31). As before we need only consider w’s of the form w =
f(&,n)dE A da where da € Q}C/Q. The prescription in (a) is to take u €

C* ¢ P! as coordinate and then take the restriction to ¢t = 0 of

QJ /\d_u
ot \“ " e )
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For the first term in (8.31) this gives

dg

(8.32) f(g, 0)5_2 A da
on the curve n = 0. For the second term in (8.31), if we use the relation
(8.33) 26dE+dt =0
on Z we have

0 du f(&m)dn

el e — S\

8tJ<WAuZ,) 26 g

which blows up if we try to set £ = 0. The trouble is that dt vanishes on the
component ZN{& = 0} of Z- (X x P! x {0}), and so we cannot divide by it.

To resolve this problem, as explained above we peturb our family to one
where this does not happen and then take a limit. Thus we consider the
curve

{e€+A) +1t,n}
in K3(C(X)). The first term in the analogue of (8.31) is as before, and the
second is now

&€+ A) +1t,m).
Here we have in place of (8.33)
(26 4+ N)d€ + dt = 0.

There are two components of Z over t = 0; they are given by £ = 0 and
&4+ A =0. On the first and second respectively of these components

0/0t| (w/\ dzu Z) :—Mdg A da

dup \ _ | f(=Amn)dn

Adding these and taking the limit as A — 0 gives
dn

Adding this to (8.32) we find agreement with (8.30).

Remark: If we use the relation (8.33), then as noted above

du| \ _ f(&n)dn
(8.34) 9/t ] (w A ﬂz) = e Ao
We write

fF&mn) = f0,n) +&fe(0,m) + -

and substitute in (8.34) and sum up over the two branches of ¢2 +t = 0.
Then the constant term in the Taylor expansion cancels out and the linear
term gives

d
—fg<o,n>;” A da.

Taking the limit as ¢ — 0 we find agreement with the calculation above.
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(c) We shall examine the tangents to a number of special kinds of arcs in
ZH(X).

The first is an arc (2, \) where 2z; is an arc in Z1(X) and A € C* is a
constant. Recalling that for the tangent z to z; we have, upon choices of
retractions,

te o Homp, (%%/cv- Awyc) -

Denoting by

e Y i€|r9red Hom o, (Qg(/@»Y/Q?C/Qv Q<1C(Y)/nc & Q(lc/@>

the tangent to (z¢, A\) we have

dA
(8.35) T=5®

where we are using the natural mapping
o (02 1 o (02 2
Homy (QX/C,Yv QC(Y)/(C) — Homy (QX/Q,Y/Q(C/Q’ Q<1C(Y)/C)
applied to 2. We note that the fact that

. 2 1 2
z € ker {@Hom %Y (QX/(C}Y, Q(C(Y)/(C) — I?X HOm% (QX/(C,Q:’ (C) }

is reflected by the obvious fact that under the map
Z}(X) % 22(X)

the arc (z¢, ) maps to zero. The geometric reason why the arithmetic prop-
erties of A enter into the definition of the tangent to (z:, A) were discussed
in section 6(ii).

A second special type of arc in Z](X) is given by (z, f;) where f; is an
arc in C(X)* and where no component of the divisors of the f; contains a
component of the 1-cycle z. Now there is a natural map

Hom ¢ , (Qﬁc/c,y’ Q}C(Y)/c) ~— Hom ), (QQX/Q,Y/Q(%/QN Q) ® Qé/@)
given by using the natural map

B0y /W0 — N/ %0 — Lw) © Wy

I l

w — a(w) ® fw)
and sending 7 € Hom ¢, (Qﬁc/(cyv Qé(y)/c) to the map given by
J(T)(w) = 7(a(w)) ® B(w).
Then the tangent to (z, f) is given by

j(restriction to Y")

.
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where
(restriction to Y) € Hom ¢ (Qk/cy, Q}C(Y)/C)

is just the usual restriction mapping. More simply, the map is

(8.36) w— <§a(w)> ® Bw) € Q(lc(y)/(c ® Qé/Q.

(d) From the exact sequence
0 — Qx/c ® /0 = VW/0/ Ve = Ve — 0
we infer the sequence
(8.37) 0— @Hom§ (Qﬁ( ey Qe © Ok /Q)

—TZ{(X) 5 E}?Ho_moy (%{/C,Ya Q<1C(Y)/fC) ©ldgy , =0

The mapping 7w may be thought of as follows: Ignore any arithmetic aspect
of an arc in Zi(X). For example, by (8.36) above tangents to arcs of the
form (z, f;) are sent under 7 to the map

f -
<? (restriction to Y)Id%/Q.
In general we may describe 7 as follows: Represent an arc in Zi (X) by

Zc X xP'x B.

Then for ¢ € Qk/c . We map

(8.38) © Xz:n (a/atj ((p A %“ Z)

where Z - (X x P! x to) =, ni(Yi, fi)
The kernel of 7 in (8.37) is the subspace
§_H0mfgy (Q.2X/(C,Y’ Q(lC(Y)/(C) ® Qg /g C LZ1(X)

(8.39) 1
|
T74(X) @ Qk g

Here, the dotted vertical arrow refers to the map

T7'(X)® kg — TZ1(X)

Yi)

given as the differential of the map
(arc z; in ZY(X)) ® doe — arc (z;,e%) in Z}(X)

encountered earlier.
We do not know a geometric interpretation of the full subspace (8.39).
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() In section 8(i) we discussed two properties that 7Z*(X) might have.
Here we shall discuss the analogues for TZ{ (X).
Using local duality and theorem (8.22), the map

(8.40) {arcs in Z{(X)} — @ Homgy (Qi/«:,y/Q?c/Q,Q%:(Y)/«: ® Qé/@)

should be surjective. The proof of (8.22) given below emerged from under-
standing the following types of examples. As was the case for the surjectivity
of the analogous map in §8(i), the issue is to produce poles. In these illus-
trative examples we shall let £, 1 be local uniformizing parameters.

(i) For the family given by
(€ +at'? = 0,7+ pt'/?)
we have

d
de A dn — ?" ® (adf — fda) € Qb e © Qg

where Y is given by £ = 0. Here the notation means the following: For
each of the two choices of v/t we may define a curve Y;i by é+at!/? =0,
and on YltjE a function given by 1 + 3t'/? using the same value of v/t.
Adding these gives an arc in Z](X). To compute the tangent to this
arc interpreted as an element on the RHS in (8.40), we have used the
prescription (8.28). Similar considerations apply also to the following
examples.

(ii) An example that illustrates the absence of compatibility conditions in
TZi(X) is given by the arc
(En—t=0,a8 + Pn), af e C.
For its tangent we have
—dn A % on¢ =0
dé A dn — {+ d_z
3
(iii) For the next example we take the arc
(" —1t=0,e") (a € C)
in Z}(X). A similar argument to that which gave (8.31) gives for
w = g(§)ndE A dn
that the tangent to the above arc is
{%(ﬁ)df A do onn =20
—
(L) g™ (0)dn Ada on € = 0.
By taking linear combinations of this together with examples (i) and
(ii) above we have produced an arbitrary linear combination

/\%‘lonn:O.

0
c
Z f_:dak A dE, ¢, € C and doy, € Q}C/Q.
k=m

Proof of theorem 8.22: The proof will proceed in three steps.
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Step one: For x € Y a smooth point we will show that
(i) fares in Z}(X)} — Ov.. @ (9 0.1, )
(C ) x

is surjective. (Actually we will prove more — that we can reach 15 order
poles along Y and arbitrary poles in directions normal to Y.)

Step two: For x € Y a smooth point with local uniformizing parameter &,
for each n we will produce arcs in Z{ (X) whose polar part reaches

1
(i) <§n> ® Qﬁ(/@@b + lower order terms.

Step three: From the first two steps we have surjectivity in the stalk at z in
(8.22) for all those Y for which « € Y is a smooth point. Using this we will
deduce (i) and (ii) above when € Y may be a singular point and ¢ is a
local uniformizing paramater on a point of the normalization Yy Y lying
over x.

Step one is easy: If x € Y is a smooth point then expression
1/, :
= (9df - fdg) |
g T

where f, g € Ox o clearly reach all of Ox , ®c (QEC/QJ

’E) Here taking,
e.g., g =e“ gives

(ff'|y> ® da € Oy, ®c U g

which reaches the Q<1c /g-part of Qﬁ( Qe ‘z Actually, as will be seen by explicit
computation below, using gdf /g’s we may reach arbitrary poles in co-normal
direction to Y and fdg/g’s to reach 1%¢ order poles along Y.

Step two is more interesting and involves one fundamental new point.

Thinking of gzlz (Qﬁ(/Q>m in terms of &xt’s, for ¢ € Qﬁ(/@@ we will let
4

OXL’OX

denote the element that sends 1 € Ox , = E; to ¢. The denominator means
that we impose the equivalence relation

w~ o+ f.

Working in H ; (Qﬁ( /Q) where y is a generic point of Y means that we may
- xr

allow ¢ to be a rational 1-form on X whose polar locus does not include Y

as a component, and similarly for ¢). Thus the map

i = <P|$ € C(Y) ®c Qi{/@,xh

0y L0y
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is well-defined. This map means: Write ¢ a linear combination of 1-forms
in Q% /g, With coefficients in C(X) not having poles on Y and then restrict
the coefficient functions to Y ending up in C(Y). Since the tensor product
is over C this mapping is well-defined, and essentially we have to show that
it is surjective for those ’s that arise from tangents to arcs in Z1(X).

We will first work on the image of the map

C(Y) ®c Q%(/Q,xb — C(Y) ®c Q%(/(C,x|

The remaining C(Y) ®c Q¢ Jg-Part may then be treated similarly using con-
siderations as in step one.

Let now &,n € Ox,» C C(X) be local uniformizing parameters centered at
x and with 7 = 0 being a local defining equation for Y. Then for h € Ox ,

hd9
(n—th,g) — _—
Ox - O0x
The notation means: The arc (n — th, g) in ®C(Y)* maps to the expression
on the right in ﬂ; (Qﬁc/c> . Taking h = 1 and g = a& we have
o x

3
(iii) a—.
3
Taking h = 1 and g = 1 + &* we have
. dn | kdg
(iv) -+ —.
g ¢
Taking linear combinations of (iii) and (iv) we see that we can reach all of
dg dn
v OY,:D T 0 OY,m k
(v) ¢ ¢k
for any k. It remains to show that we can reach
_dg
fa+1
Ox - Ox
and
_dg_
gatt
nb
OX I OX

for all positive integers a, b.
Now we come to the essential point, which is to consider arcs in the space
of cycles. Thus, suppose we have an arc

(vi) (fk —th,g)
in (@Q(Y)*) . Here, f and k are relatively prime in Ox 4, h € Ox 4,
V=

and g € C(X) does not have polar locus containing any component of fk —
th = 0. All of this is local in the Zariski topology. What is the tangent in
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©H, (Qﬁ(/Q) to the arc (vi)? Letting Y1 = {f = 0}, Y2 = {k = 0}, on the
Y T
face of it our prescription above gives something like

hdg/g

OX&OX

But we need to have something in the direct sum
1 1 1 1
I, (%e), 9L, (%),

We define this to be
d

==
el&
)

&l

h
f

(vii)

ox L ox  0x %oy
It is necessary to verify that this definition makes sense. For example, if
h = ku then as arcs in Z}(X)
and the second term is constant so that (vii) reduces to
h
k

el&

0x L ox
We can also check that this definition is compatible with the description
above using differential forms.

With this understood we have
dg

ng

<l&

(viii) (En—t.g) — - :
Ox = 0x 0y - 0x

Now take g = €™ + n™. Then the first term is

me™de nn™ tdp
E(Em+nm) + (€™ +n™)

Ox 5 0x  Ox 50y

Write

1 1 _nn < _nn—l )
m n em  ¢m no m n -
gn4agr € £+ &+
Since we mod out by n1’s where 1 does not have polar locus containing Y
we may replace the expression above by

md§&
£2
and then in (viii)
mdg ndn
2 2
(En—t,Em +") > —= + =

O0x = 0x Oy -5 0y
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Taking linear combinations with different m and n we may reach

ag

&

Ox -5 Ox
Replacing &n — t by £n — th we may then reach Oy, times this form in the
numerator.
Similar considerations give
amd§ nd

F1 277
£ n
+

(ga,,,] _ t’ é‘(ln + ,],]n) —
n ga
Ox —0x 0Oy =50y
modulo terms already reached. Recalling that we are taking the limit over
powers of the defining equations, and that by the previous step we may

ndn/n? . .
reach ————=, we may reach the second term, and again taking linear
Ox N Ox
combinations we may reach
dg
ZatT
Ox - Ox

Finally, working modulo terms already reached we have
_dg
(ganb — 1, é-am 4 nbn) ~— Eazl
Ox -5 O0x
Throughout we may replace ¢ by ht with the effect of multiplying everything
by Oy,. This completes the proof of step two.

For step three we let Y 55 Y C X be the normalization of the irreducible
curve Y, and we let £, n be local uniformizing parameters centered at = and
such that the projection &, n — & realizes Y as a branched covering over the
curve 77 = 0 (all of this being local in the Zariski topology). The essential
observation is this:

(iv) the map

k -

k—n* (€a> €eCY),keOxyandacZ
18 surjective.

We now consider arcs of the form (f%¢? — th, g) with tangent

(8 | (8

fe &o
Ox —0x 0Ox —0x

By step two the second term may be reached by an arc in ®@C(Y)*. Sub-
Y

tracting this off and using (iv) above we may reach all of

C(Y) ®c Q% 0]y O
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8.4 IDENTIFICATION OF THE GEOMETRIC AND FORMAL
TANGENT SPACES TO CH?(X) FOR X A SURFACE

Above we have defined

2 _ 0 2 1
(8.41) TZ(X)=H (m?xgw (QX/@)>
and
1 _ 0 1 1
(8.42) TZNX)=H ( y;@d o (QX/Q>>
codim Y =1

Moreover, there are maps
Zi(X) —— Z%(X)

s H H

oCY) 2 oz
Y irred™ zeX %
codim Y =1
and
(8.44) TZH(X) 25 T7%(X)

where using the isomorphisms in (8.41) and (8.42) the map (8.44) is given
by the map in the Cousin flasque resolution of Qk /o Moreover, and this is
a central point,

(8.45)  the mapping (8.44) is the differential of (8.43).

We set
72

24 (X) = image of {Z{(X) — Z*(X)}
and recall that the Chow group is defined by
CH*(X) = Z*(X) [ Z{,(X).
Definition: The geometric tangent space to CH?(X) is defined by
(8.46)  TheomCH2(X) = TZ*(X)/image {Tle(X) es, TZQ(X)} .

The word “geometric” refers to the fact that the RHS is given by geometric
data; i.e., the numerator by tangents to arcs in Z2(X) and the denominator
by the tangents to image of arcs in Zi(X) under the map “div”.

A tangent vector in Tyeom CH?(X) is thus represented by data

T:ETi
%

where there are points x; € X and where, using duality to express local
cohomology by differential forms,

7; € Hom®° (Qﬁ/@,zi/ﬂé/@ Q‘IC/Q) :
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A vector in the subspace image {T'Z{(X) — TZ*(X)} is represented by the

residue of data
Y= Z (2%
v

where there are irreducible curves Y, C X and

¢, € Hom o, (Qi/@,yy/ 0% /0: W,yjc @ Q<1C/Q) :

Both the data {r;} and {y,} are geometric in character.

Remark that although (8.46) is geometric it is definitely “non-classical.”
For example, as will be discussed in section 10 below there are algebraic arcs
z(t) in Z?(X) such that for all ¢

2 (t) € TZ5(X),
(X) denotes the denominator on the RHS of (8.46), but where

z(t) is non-constant in C H?(X).

where T'Z2

rat

Thus, for what will seem to be arithmetic reasons, Z2,(X) is definitely not

a “subvariety” of Z2(X) in anything resembling the usual sense.
Now many years ago, Spencer Bloch established the identification

CH*(X) = H*(X2(0x))
and, on the basis of this together with the van der Kallen isomorphism
TK2(0x) = Qg
defined what we shall call the formal tangent space
Torma CH*(X) = H? (2 1q) -
The main result in this work is the following

Theorem: There is a natural isomorphism

(8.47) Trormal CH?(X) 2 Tyeom CH?(X).

The proof of this result is a consequence of Theorem (8.22) above together
with the Cousin flasque resolution

(8.48)
0— Qo= Uye— 8 H, (Qﬁc/@) — @ H (Qﬁc/@ —0

Y irred reX— %
codim Y=1

discussed in the Appendix to section 8(i).

Remarks: (i) The result (8.47) implies an ezistence theorem, albeit at the
infinitesimal level. Namely, given data 7 € ). 7; as above, we may consider
that

7 € TromaCH2(X) = H? (Qﬁ( /Q) .
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If in this interpretation 7 = 0, then there exists a global configuration
{Y,, ¢, } consisting of irreducible curves Y, and data ¢, on Y, that under
the residue construction maps to 7.

This may be thought of as somewhat analogous to a 2-dimensional version
of the following result for a smooth curve Y: Let y; € Y and 7; € PPy, be
Laurent tails that satisfiy

Z Resy, (Tiw) =0

for all w € H° (Q%, /C). Then there exists a global rational function f €
C(Y)* with
principal part of f at y; = 7;.

(ii) The above theorem has the following consequence, which is an in-
finitesimal analogue of a conjecture of Bloch and Beilinson:

(8.49) Corollary: Let X be an algebraic surface defined over a number field,
and assume giwven tangent vectors
T; € Tle

such that (a) for all ¢ € H° (Qﬁ(/c)

Z<S037_i> =0

%

and (b) the points x; € X(Q). Then there exists an infinitesimal rational
equivalence given by irreducible curves Y, and data ¢, on'Y, that cuts out
T =, T; in the sense that

Z Res(p,) = Z .

We may also take the (Y,,,) to be defined over Q.

Condition (a) is equivalent to ). (X;,7;) € TX being in the kernel of the
differential of the Albanese map.
A variant of this is the following

(8.50) Corollary: Let X be as above and assume that X is reqular. Assume
that the x; € X (k) are defined over a field k and let

X=XxS8

U

X; = k-spread of x;
where Q(S) = k (cf. section 4(ii) for the notations). Each we€ H° (Q

defines a 2-form @ on X and we assume that
Z TIJ(:J ed T*X;
i K3

2
X(Q)/Q)

is zero. Then T =), 7; is tangent to an infinitesimal rational equivalence
as in the preceding corollary.
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(iii) As suggested earlier, it is reasonable to hope that it will be possible
to define TZP(X) in general and that the analogue of Theorem (8.47) will
be valid. However, the analogue of the following consequence of (8.47)

every T € TrormalCH?(X) is tangent to an arc in Z*(X)

will in general be false. This phenomenon, which may be related to the
phenomenon noted above that Z2,(X) is not a “subvariety” of Z2(X), will
be discussed in section 10 below. Remark that the principal seems to be the
following:

There are formal constructions of compatible maps
on : Clt]/t" ! — ZP(X)

{wn FCl]/tv — ZE(X).
forn = 1,2... for which no convergent constructions exist with a given

tangent 1.
This is in contrast to classical algebraic geometry, where the principal
formal = actual
holds. The reason for this non-classical phenomena seems to be a subtle mix
of Hodge-theory and/or arithmetic (cf. section 10).

To conclude this section we will discuss how to calculate the differential
of the map

(8.51) CH\(Y) -5 CH%(X)
where Y C X is a curve with normal crossings. In fact, the exact cohomology
sequence of the exact sheaf sequence

(8.52) 0 — Qg — Q/glogY) °3 0y — 0
gives a map
]
H'(Oy) = H? (%{/Q) :

Observation: The diagram

TCHY(Y) - TCH?(X)

!l !l
1)

H (0y) -5 17 (0 )
commutes, where the vertical isomorphisms are the natural identifications
discussed above and i, is the differential of the map (8.51).

In fact, we can say a little more. The extension class of (8.51) lies in
Eath (oy,ﬂﬁg/@)
and maps to Hy- (Qﬁ( /@> to define the local arithmetic cycle class
Yoo € H (2/q) -

In this sense we have that 4
[V]ailoe determines TCH'(Y) = TCH?(X).
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8.5 CANONICAL FILTRATION ON TCH"(X)
AND ITS RELATION TO THE CONJECTURAL
FILTRATION ON CH"(X)

Beilinson has conjectured the existence of a canonical filtration F™CHP?(X)
on the Chow groups CHP(X) of a smooth projective variety and, assum-
ing the existence of the category of mixed motives, has proposed a Hodge-
theoretic interpretation of the associated graded of this filtration.” H. Saito-
Jannsen [25] and [28] and Murre [29] have proposed definitions for
FT™CHP(X). In this section we shall show that

(i) there is a canonical filtration F™TCH™(X) such that Gr™TCH(S)
has a Hodge-theoretic description; and

(ii) both the H. Saito-Jannsen and Murre definitions satisfy
TF"CH"(X) C F" 'TCH™(X):®
and

(iii) there is a geometric interpretation of F™TCH™(X) in terms of the
transcendence level of cycles representing a class in TCH"(X).

We begin with step (i). It is based on the extension of the identification
(8.47) to n-dimensional smooth varieties to give the isomorphism

~ p—1
(8.53) TCHP(X) 2 HP (QX /Q) :
For all p there is a canonical filtration on QF /Q given by
(8.54) POk o = image of {0 @ Qm — 0 o}

The associated graded of (8.54) is

Gr e 1o = Qg ® Q5

Geometrically, we may think of this filtration as reflecting the Leray filtration
along X in the spread

X—S
of X (cf. section 4(ii)). The arithmetic Gauss Manin connection
(855)  Vajg:Qge HT(7) — ot o HoH (40

is induced from the extension classes of the filtration (8.54); it may be
thought of as the usual Gauss-Manin connection for the spread looked at
along X. With this interpretation it was proved by Esnault-Paranjape [18]

"The discussion in this section is modulo torsion.
8This discussion will work for the formal tangent space TCHP(X) for all p, and thus
will work in general if TZ?(X) can be defined so that the analogue of (8.47) holds.
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that the spectral sequence associated to (8.54) degenerates at Eo. From this
it follows that the induced filtration on HY (Qﬁ( /Q) is given by

(8.56) F™HA (Qg; /Q) — image of {Hq (Fmﬂﬁ(/(@) — HY (Q’)’(/@)}

and the associated graded is

(8.57) GrmHT (9 o) = (92)q © HY (Qg’;/g))v
where V is Vx /g and the RHS is the cohomology of the complex arising
from (8.55) at the indicated spot.

Definition.  With the identification (8.53), the canonical filtration on
TCHP(X) is defined by

(8.58) F"TCHP(X) = F" = H" (Q’;;/é)

Remarks: For the conjectural filtration on CH™(X), there is agreement
that
(8.59) F'CHP(X)=ker {CH"(X) *)HQP(X,Z)}

AJY

F2CHP(X)=ker {FchP(X) — JP(X)}

where JP(X) is the intermediate Jacobian variety of X and AJ% is the Abel-
Jacobi mapping. Since H??(X,Z) is discrete and therefore does not show up
in infinitesimal considerations, the filtration (8.58) is shifted by one in order
to have the possibility that

FTCHP(X) = TFMCHP(X).
We note that by (8.59)
F*TCHP(X)=ker dAJ%
=TF*CHP?(X)
where dAJ% is the differential of the Albanese mapping.
We now turn to (ii).

Proposition: Denoting by F"™"CHP(X) the filtration on CHP(X) defined
by H. Saito-Jannsen or by Murre, we have

(8.60) TF™CHP(X) C F"TCH?(X).

Proof: The H. Saito-Jannsen definition of F"CHP(X)q is as follows:’

FmCH™(X)g is generated by cycles of the form
(px)(Z1+ -+ Zm)

where, for some parameter variety T,
Z; e CHH(X xT)
Zi =hom 0.

9Here, for any Z-module M we are setting Mg = M ®7 Q. Also, H. Saito-Jannsen give
the (same) definition of F™CHP(X) for all p.
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To obtain the tangent to an arc in F"*CHP(X), using the evident notation
we have

Zye e (9870)

XxT/Q
and
[Zi]o € image {qu' (FlQ%XT/Q) — H% (Qgng/@)} .
Consequently
21U [Z3]a U+ U [Zim]a € image{H‘I1+"'+q"“' (Fm—lgg;j;/gm—l)
_, gattam (Q%i};&qm—l) }

Applying (px )« we end up in
image {Hp (Fm*1§2§7(é) — HP (Q}?é)}

as desired.

Murre’s conjectural filtration on CHP(X)q is constructed inductively as
follows (again his construction works for all CH?(X)g): Denoting, as usual,
the diagonal by A C X x X with fundamental class

[A] € H?(X x X)g & ;q:%’o Hom (H*(X)q, H*(X)q) -

The k*® Kiinnuth component is a Hodge class in H?’(X x X)g, and —
assuming the Hodge conjecture — is represented by a cycle Ay which induces
a map

Ak : CHp(X)Q — CHp(X)Q.

Now
Ay, = identity on Gr’CHP(X)q
and we set
F'CH?(X)g = kerAy,.
Next,
Ag,_ 1 = identity on Gr'CHP(X)q
and we set

F?CHP(X)g = ker <A2p1

ker(Agp))
and so forth.
To prove (8.60) for the Murre filtration, we assume that we have an arc
z(t) in Z™(X) given by

ZC X x B.

We assume that

(p2)« (PT2(%) - [Ak]) Zrat 0



PUTangSp March 1, 2004

TANGENTS TO RELATED SPACES 153

for t € B, where p; (i = 1,2) are the coordinate projections X x X — Xj.
Now

(%o € H* (% 0)
[Alae H" (2% x/0)
and, as explained in section 7,
Z(0) e H" (Qg%) ® Qp e
represents part of [Z],. Thus

(p2)« (P1(2'(0)) - [Ag]) = 0.
Now the topological part of [Ag] is

lde(X) c H" (Q}XX/C) s
and

a — (p2)s (pia- [Ag])

induces the identity on

Gran b (5gd ) = (g e Hr (@)

Thus we can tell which F™H™ (Q}?é) the class 2'(0) belongs to by which
Ay, annihilates it. The indices work out to give (8.60). O

Turning to the third point, in order to illustrate the essential geometric
idea we shall assume that X is defined over Q (or over a number field). For
w=2z1+ -+ € XD where the z; are assumed distinct, we shall denote
by

T,.Z2"(X) CcTZ"(X)
the tangents to arcs z(¢) in Z™(X) with
lim [2(1)] = w.

There is then a natural mapping

T,Z"(X) - TCH"(X)
induced from the geometric mapping

TZ"(X) - TCH"(X)
discussed in section 8(iii). From that discussion follows a proof of the

Proposition: If tr degw < m and 2(0) € F" ' TCH"(X), then £(0) = 0
in TCH™(X). For example, if X and w are defined over Q and 2(0) €

FITCH™(X), ice. 2(0) = 0 in H" (57), then £(0) =0 in H" (9575,



PUTangSp March 1, 2004

154 CHAPTER 8

In other words, infinitesimally the filtration on CH"(X) reflects the tran-
scendence level of cycles representing classes in the Chow groups. In [32] we
have proposed yet another definition of F™CHP?(X) for all p, together with
a set of Hodge-theoretic invariants of Gr™CHP(X) that will — assuming
the conjectures of Bloch-Beilinson — capture rational equivalence modulo
torsion. Our proposed definition of F™CHP(X) will be compatible with
those of H. Saito-Jannsen and Murre, but will differ from theirs in that our
condition on a cycle Z that

[Z] € F"CH?(X)

will be testable in finite terms. Its infinitesimal description is given by (8.61).
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Chapter Nine

Applications and examples

9.1 THE GENERALIZATION OF ABEL’S
DIFFERENTIAL EQUATIONS (CF. [36])

Let X be a smooth algebraic curve and

d

T= Z(a:i,n)

i=1
a configuration of points z; € X (assumed for simplicity of exposition to

be distinct) and tangent vectors 7; € Ty, X. Classically Abel’s differential
equations dealt with the question

9.1. When is T tangent to a rational equivalence?

The answer, which emerged from the work of Abel, Jacobi, Riemann and
others in the 19" century is:

The necessary and sufficient condition that T be tangent to a rational equiv-
alence is that for every regular differential w € HO(Q}X/(C)

d

(9.2) (w,T) =: Z(w(mi),n> =0.
i=1
It is the higher dimensional analogue of this statement that we shall be
discussing, focusing on the case of configurations of points on a surface.
We first reformulate (9.2). On the symmetric product X (4 we have the
regular 1-forms

Trwe HO(Q§(<d>/C)
defined for w € HO(Qﬁ(/C), and (4.1) is equivalent to
(Trw,7) =0 for 7 € T, XD
where z = x1 + - - - + x4, and the x; need not be distinct. The equations
(9.3) Trw=0on X@

define an exterior differential system on X (4 which we call Abel’s differential
equations on X (® . Referring to [30] for explanation of the terminology, it is
a consequence of the theorems of Abel, Jacobi and Riemann-Roch that:
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(9.4) Abel’s differential equations constitute an involutive exterior differen-
tial system. The mazimal integral manifold through z € XD is given
by the complete linear system

2| = {2/ € XD . 2/ — 2 = (f) for some f € C(X)*}
and
dim |z| = g — d+i(2)
where g = dim HO(QQ/C) and
i(2) = dim{r e X : (Trw,7) =0 for all w € HO(Q}(/C)}.

Before taking up the situation of 0-cycles on a surface we want to relate (9.4)
to the topic of this paper, which is the tangent space to the space of cycles.
Namely, we have

TZ'(X) = 8 Hom &(Q /¢ ., C).-

Each regular differential w € HO(Q /C) gives in the obvious way
Trw e T*Z'(X).

By definition, Abel’s differential equations are given by

(9.5) Trw =0 on Z'(X).

The difference between (9.3) and (9.5) is that in (9.5) creation and annihila-
tion are allowed. That is, for z and 2/ € X (9 a rational equivalence between
z and 2’ will in principal allow the existence of w € X(4) and a map

pt L, x(d+d)
with

fO)=z+w

f(oo) = 2/ +w
For curves, this is of course not necessary, which we may formulate by con-
sidering the obvious map

X@ I, 71(X)
and saying that for z € X4 the integral manifold of (9.5) through (z)
lies in w(X(4)). In this sense, for algebraic curves there is no real need to
consider Z!(X), other than of course that it makes the formalism neater.
This situation will change completely when considering higher codimension
cycles.

We now turn to (9.1) on an algebraic surface. For reasons to be discussed
below the question needs to be refined into three parts:

(9.6) (a) When is 7 tangent to a first order rational equivalence?

(9.6) (b) When is 7 tangent to a formal rational equivalence?
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(9.6) (c) When is 7 tangent to a geometric rational equivalence?

Here, (a) has the following meaning: 7 defines a tangent vector, still denoted
by 7, in
2 _. ; 2 E Ol
T2°(X)=: & _lim €t} (oX /mb QL /Q)

v fx Hom °(Q% 0. JQ2 o Q¢ /0)-

From section 8 we have a natural map

T( ® (C(Y)*) L TZ(X),
Y codim 1
Y irred

and (a) means that 7 should be in the image of p. As for (b), there should
be a formal arc z(t) in Z?(X) and a formal arc £(¢) in & C(Y)* such that
Y

p(€(0)=2(0) =
(£(1)) = 2(t) — =(0).

(A formal arc in &C(Y)* means a map from h;?l Spec(C[e]/€*) into thin
Y

and

space.) Finally, (c) means the same statement dropping the “formal” —
there should be a geometric cycle in B x X x P! and ¢y € B such that the
induced map Ty, B — TZ}(X) has 7 in its image. From the discussion in
section 8, (a) is a linear cohomological question which we shall now discuss,
postponing (b) and (c¢) to the next section.

Turning to question (a) above, we will first discuss (a) informally without
complete proofs emphasizing some consequences of the result. Then we
shall discuss (a) more formally, giving proofs and tying the situation into
the interpretation of &xt? in terms of 4" quarter Laurent tails that was
given at the end of section 7.

Let us first assume that X is defined over Q. For 7 € TZ?%*(X) and
w € HY(Q% ) we have in section 5 defined

(w,T) € Q}C/Q
with the property that if w = ¢ A @ where ¢ € HO(Qﬁ(/Q) and « € Q}C/Q

(pha, ) =(p,T)ax

where (@, 7) is the usual pairing of 1-forms against tangent vectors. We
observe that this expression depends only on the image of ¢ in H°(Q /c):
so that we may intuitively think of ¢ € H(Q% /c)- From section 8 we know
that TZ2,,(X) C TZ%(X) is defined by the conditions

(9.7) (w,T) =0for allw € HO(Qi/Q),
which we shall call Abel’s differential equations and write as
(9.8) Trw =20

in analogy to (9.5).
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To get some feeling for these equations, suppose that 7 = ijl(xin'i)
where the z; are distinct and 7; € T,,X. Let £, € Q(X) give local uni-
formizing parameters around each x;. If w = f(&,n)d¢ A dn where f(€,n) is
an algebraic function of &, 7, then equation (9.7) is

(9.9) Z J (& mi)(d€ipi — dnidg) =0

where

& = &(xq),mi = n(xs)

Varying 7; we see that the rank of the equations (9.9) depends on the geo-
metric position of the points x; and on the field of definition of the x;. This
mixture of geometry and arithmetic is characteristic of higher codimensional
cycles.

To give a simply stated corollary, we set z = x1 + -+ - + x4 and define

Trdeg z = dim span {d¢;, dn; };

{n = XN/ OE + p;0/dn

where d = dc/q. Then
0< Trdegz <2d

with Trdegz = 0 if, and only if, all the x; € X(Q) while Tr deg z = 2d may
be taken as a definition of z being generic.

Corollary: For a surface X with Kx = Ox the rank of the equations (9.9)
is equal to Tr z where w € HO(Q?X/Q) is a generator.

It follows easily from the obvious extension of this corollary to the case
when H°(Q% /C) # 0 that there is no finite dimensional algebraic variety W
together with a map W — Z2%(X) such that the induced mapping W —
CH?*(X) is surjective. This type of result is due to Mumford, Roitman
and others; in all of their arguments the word “generic” is used to mean
in the complement of a countable union of proper subvarieties. The above
discussions gives a somewhat precise arithmetic-geometric meaning to what
generic should mean (cf. the appendix to section 10.1 below).

At the other extreme, if all the x; € X(Q) then the rank of the equations
(9.9) is zero. As explained in section 8.2 this result that is an infinitesimal
version of conjectures of Bloch and Beilinson. Namely, assuming that X is a
regular surface, to say that the equations (9.9) are zero means that given any
set of tangent vectors 7/ € Ty, X, there exists an arc {Y)(e), fa(e)} (€2 = 0)
where Y, () is a family of irreducible curves and f(e) € C(Y)\(E))* with

;6(; divfk(e)> = Zi:n».

The infinitesimal picture that we have developed has the following implica-
tions (here, X is still an algebraic surface defined over Q with h*%(X) # 0):
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d
(i) If z = Y x; is generic, then it does not move in a rational equivalence.
i=1
Here, “generic” means something both geometric and arithmetic. The geo-
metric part is relative to the canonical linear system |K x|, in analogy with
non-special divisors in the theory of algebraic curves. The arithmetic part
is that trdeg z should be sufficiently large - e.g., trdeg z = 2d will do.

(ii) At the other extreme, if the z; € X(Q) then any infinitesimal motion
of z is covered by a rational equivalence.

0
The conjecture of Bloch-Beilinson implies that for any other 2 = > Z; with
i—1
Z; € X(Q) there is a rational equivalence

Z =rat -

We may rephrase this by saying that on X(Q) the 0-cycle z moves in a
rational equivalence class |z|g where
dim [z]|g = 2d

Intermediate between (i) and (ii) we consider a fixed field k of transcendence
degree d(k). Then the infinitesimal theory suggests

d
(i) Any 2 = > x; where x; € X (k) will move on X (k) in a rational
i=1
equivalence class |z| where asymptotically

dim |z[x ~ 2(d — d(k)).

Comparing (i)—(iii) what is suggested is behaviour analogous to linear equiv-
alence on curves but where tr deg k replaces the genus.
Thus, for curves we have

dim|z| ~d—g

d
where z = 3 x; is a divisor of degree d with complete linear system |z|
i=1
and ¢ is the genus. The correction term i(z) in this formula is the index
of speciality, which for d > ¢ measures the failure of the z; to impose in-
dependent conditions on the canonical series. Geometrically, we have the
canonical mapping

o X — IP’(HI(OX))

and i(z) measures the failure of the ¢k (x;) to be in general position.
For a surface X as above we may define the arithmetic canonical mapping

oK, : X(k) = P(H*(Ox k) ® Y 0),
and what is suggested is that
dim |z|p = 2d — 2d(k) — i(2)
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where i(z) is expressible in terms of the geometry of the points ¢, (;).

We will now reformulate (9.7) in a way that will enable the extension of
those equations to the case when X is not defined over Q. Again the formal
proof will be given later. First, remembering that we are still assuming that
X is defined over Q the equations (9.7) include the equations

(9.7)1 (p,7) =0 for pe€ HO(Qﬁ(/C).
Next, since
HO (D% (g)/0) © C = H (Q%(¢) /)
we may lift every w € HO(Q% ) to @ € H?(Q% ); the lifting is unique up

to Qé/Q ®HO(Q§(/C). Thus, if (9.7); is satisfied then we may unambiguously
set

{w, ) = (@, 7)
and the equations
(w,m) =0 for we H(Q%,c)
are well-defined. If for 0/0a € Q%:*/Q we set
(w® 0/0a,7) = {(w,7),0/00}

where the curly brackets are the right hand side is the pairing Q}C /Q(X)Q(lc*/Q —
C, then the equations (9.7) are equivalent to (9.7); together with

(9.7)2 (w®d/0a,7) =0 for all w € HO(Qi/C) and 9/0a € Q(lc*/Q.
Finally, since w is in the image of H°(Q%q) — H°(Q% /) we have

(9.10) V(w®d/0a) =0 in H' ()

where V is the arithmetic Gauss-Manin connection.
For X defined over a general field

ker{H°(2/c) ® Qg ~ H' (2e))
is by [18] the image of
H°(Q%/q) ® Qg — H°(Q%/c) © QUgjg-
The equations

(9.11), (p,7) =0 forall e HO(Qk/C)

(911); (& 7) =0 forall &€ ker{H"(Q%/c) ® Qg — H' (x/c)}

are well-defined, and when X is defined over Q they reduce to (9.7); and
(9.7)2. One may write them out in coordinates as was done in (9.9) above.
This involves choosing an open covering {U,} and writing

(v§)a[3 =0{oa}
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for 0 = {0,} € C*({U,}, Qﬁ(/(c). Then the analogue of (9.9) will involve ¢
and 0. We refer to the following discussion for a proof and to section 9.3
below where explicit computations of this will be given for general surfaces
in P3.

We now re-look at Abel’s differential equations from a different, more
formal perspective and give proofs of the interpretations stated above. For
this we consider the Cousin flasque resolution

0 — Qg = Qpx)0 = LZ1(X) = LZ*(X) — 0.

Taking the hypercohomology spectral sequence of this and noting that all
but the leftmost sheaf are flasque, we have an exact sequence

HY(TZ{(X)) — HY(LZ*(X)) — H*(Qxq) — 0,
or in other words
TZI(X) - TZ*(X) — H2(Q§</Q) —0.
We may thus say:

In terms of 9.6(a), Abel’s differential equations for a surface are the
map

TZ*(X) — H*(Qq)-
From the exact sequence
0— Q%}/QQ@OX — Qﬁ(/(@ — Q&(/C -0
we have an exact sequence
Q(lC/Q (2] H? (Ox)

VxjoH! (Qﬁ(/c)

— H?(QY/q) — ker(H? /Q /)
v
— 0o ® H(0x) — 0.

Here Vg is the arithmetic Gauss-Manin connection, and since X is a
surface we have H3(Ox) = 0. For a regular surface,

Q}c/@ ® H*(Ox)
Vx/oH (@ )c)
When X is defined over Q, Vx /@ 1s zero in the above expression and then
H? (Qﬁf/Q) ~ QLo ® H*(Ox)
= Hom ¢ (H*(% /), /g -

H?(Qy)q) =

For such an X,

HO (Qi(@ /Q) ®C —— H° (93( /C)

so we may choose a basis of the holomorphic 2-forms that come from absolute

Kahler differentials defined over Q.
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We now explain how to associate to

weH (93«@)/@)

an Abel’s differential equation. If £&,n € Q(X) give local uniformizing pa-
rameters around each point x;,

v=(&n) €X
and if at x;
w = h;dé Ndn
then for tangent vectors
v €T, X, vi(Niy i),

the associated Abel’s differential equation is

Z hi(x)(psd& — Xidn;) =0 in Q}C/Q

where & = &(x;),m; = n(x;). More generally, if 7; is a finite 4'" quadrant
Laurent tail at z; with Q}’(/Q‘z‘ coefficients, then the associated Abel’s dif-
ferential equation is

Z Resg, (wr) =0 in Q}C/Q.
i
In the above, wr; is a Laurent tail with coefficients in the image of

%%jol., = Pscly, © o

and we pull out the Q<1c /Q and then take the residue.

If X is regular and not defined over Q, but only over a field k (which we
may take to be finitely generated over Q), then letting

Dery /g = (Q,lc/Q> ,

we get an Abel’s differential equation associated to each element of

v )

If ¢ belongs to this kernel, then on an open cover {U,} of X, we may lift ¢
to

Go € H* (Uas 10/ %) @ Deryyq.
Now
G — B € H (Ua N Us, Do © V) ® Derio.
If we let
™ (511 - 55) €H° (Ua N Ug,Qﬁ((k)/k)
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be obtained by contracting
Qg ® Derg g — k,
then
[m(fa — d3)] =0 in H' (Q.lx(k)/k) :
Consequently we can find
o € H° (UQ,Q;(,C)/,C)

with

77(5,1 - %) =1 — g for all «, 3.
With these preliminaries:

The Abel’s differential equation associated to ¢ is, if x; € Uy,

Z Res,; (W(gaiTi) - waﬂi) =0 inC.

?

Summary: We may give parallel formulations of Abel’s DE’s for a curve
and a surface as follows:

X a curve: For
we HO (Q}( /C) T € PPy,
Abel’s DE’s are
Z Resy, (wr;) = 0.

X a surface: There are two sets of DE’s, one for 1-forms and one for
2-forms. We shall use the notations

LT, = {finite 4'" quadrant Laurent tails at x}.!
Then for
g HO (Qﬁ(/c) . i€ LTx0, ® Qg
Abel’s DE’s for 1-forms are
Z Res,, (p A1) = 0.2

'For dim X = n we may denote by LT , the finite (2")*" quadrant Laurent tails at
x. Then for n =1, LTx ; = PPx ., and in general

n ~ n—1
T(a} Z"(X) 2 LTx 0 ® 38

2

2Here, ¢ A 7; denotes the image in LTx; ® QX/C .

using the natural map Qﬁ(/c ®

1 2
QX/Q — QX/C‘
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Turning to 2-forms, first if X is defined over Q, then for

0 (02
weH (QX(@/@)
Abel’s DE’s for 2-forms are
Z Res;, (wAT) =0 in Q(QC/Q.

If X is not defined over Q, then there is a formulation using the arithmetic
Gauss-Manin along the lines discussed above.

9.1.1 Appendix to section 9.1: Remarks on Mumford’s argument
and its extensions

Above we have discussed the result

(i) If X is an algebraic surface with h*>°(X) # 0, then a generic z € XD
does not move in a rational equivalence.

As noted there, this result which has a number of formulations and is due
to Mumford, Roitman, Bloch-Srinivas, and Voisin also follows from our
infinitesimal theory. However, the term “generic” has somewhat different
meanings in the different approaches, and here we want to briefly explain
this.

The essential observation in Mumford’s argument is the following: Let
w € HO(Q% ) and

fiPr— X

be a holomorphic mapping that has rank r at some point and where f(P")
contains a general point of X (9. Then

(i) r<d

Here “general” has geometric meaning; we should have
z=x1+--F+xq€ f(P)
x; # x; for i # j and all w(z;) # 0.

Under these circumstances, by moving z slightly we may assume that z =
f(p) where df (p) has rank 7. Then Trw is a symplectic form in T X (% and
since

f(Trw)=0
it follows that

df (T,P") C T, X

is a null plane for Trw and (ii) follows.3

3In his paper Mumford observes that the trace construction was used by Severi to
study 0-cycles on a surface — only Severi drew the wrong conclusion. Mumford famously
remarks that in this case the Italian’s technique was superior to their vaunted intuition.
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We note that X need only be a complex surface for this argument to work.

The estimate (ii) is asymptotically sharp, as follows by considering linear
series on hypersurface sections of algebraic K3 surfaces.

The proof that a generic z € X (9 does not move in a rational equivalence
is based upon (ii) together with the following consideration: Let S be a
smooth variety and

ZCX xS
an algebraic cycle such that for a general point s € S the intersection
zs = Z - (X x {s})
is a O-cycle on X. Then we may define
(i) Try: HO(Q%)c) — HO(9)0).

One definition is by using linearity in Z to reduce to the case where Z is an
irreducible subvariety, which then gives a rational map

Z: 8§ — XD
where d = deg z;. We may then set
Tr z(w) = Z*(Trw)

for w € HO(Q% /c)- Another definition, to be used below, uses the Kiinneth
components

[Z]p,qEHp(X)®Hq(S)v p+q=4,

of the fundamental class of [Z] of Z. Since [Z] is a Hodge class, [Z]2,2 has a
component in

H(X) ® H*"(S) = Hom (H"(Q%c), H*(Q%c)),

and this component is the map Tr z X in (ii).
Using this map we have

(iil) Let Zy, Zy be two algebraic cycles in X x S as above, and assume that
for every point s € S

21,5 =rat %2,s-

Then, for w € HO(Q%(/C).
Tr z,(w) = Tr 2, (w)

For the proof, standard algebro-geometric arguments reduce us to the fol-
lowing situation: Replacing S by a finite covering if necessary, we will have
maps

s L x®)
P! x § L, x(d+k)

such that
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9(0,8) = z1,5 + f(s)
9(00,8) = 225 + f(s)
Then since
9" (Trw) = m5p
for some ¢ € HO(Q%) we infer (iii).
Mumford then used (i) and (ii) to show that for the evident map
XD - CH?(X)
we have
dim(Im X @) > d.
Roitman refined the argument to show
dim(Im X@) = 24.

This implies (i), where “generic” means “outside of a countable union of
proper subvarieties”. One may contrast this geometric meaning of generic
with the more precise arithmetic/geometric meaning given by the infinitesi-
mal theory above.

Remark: An easy observation is that
(iv) If h%(Kx) # 0, then any dominant holomorphic mapping
f:P' xS — X
is constant in the P!-factor.
It is of interest to note that

(iv) remains true if we only assume that

ho(nKx) 75 0

for somen = 1.

Example: If X is an Enriques surface then Bloch, Kas and Lieberman
proved that

CH*(X) = 1Z.

Here, h°(Kx) = 0 but h°(2Kx) # 0, so that (iv) applies. Thus for zy, 29 €
X (@ we have that there exists w € X(*) and

fi Pl — X (R
such that

f0)=2z +w
f(o0) = 29 + w,
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but in general we cannot take w = 0. In other words, the equivalence
Z1 =rat 22

cannot be taken to be given by a linear equivalence on an irreducible curve
on X, but rather a configuration of linear equivalences where cancellations

are necessary.
For the proof we will show that h°(nKx) # 0 = h®(nKxw) # 0. The
case n = 2 will illustrate the idea. In local coordinates x, y on X let

v = g(,y)(dz A dy)?
be a quadratic differential. Then it is easy to see that the trace
Tro = g(z1,y1)(dey Adyr)? + - + g(2a, ya) (daa A dya)?
is single-valued but has poles along the diagonals. On other other hand
Tro'/? = g(wr,90)"das Adyy + -+ + g(a, ya) Py A dya

is holomorphic but not single-valued. But then

1\2
o= (ﬁ) (Trp2 AL AT !/2)?

=g(z1,91)  9(xa, ya)(dxr Ayr A ... Adag A dyq)?

is holomorphic and single-valued, and therefore gives a non-zero section of
2K x(ay.

Turning to the proof of (iv), if f is not constant in the P! factor we may
assume that dim S = 2d — 1. For ® as above we have that for local reasons

£ £0

but for global reasons h°(2dKpi ) = 0, which is a contradiction.

9.2 ON THE INTEGRATION OF ABEL’S
DIFFERENTIAL EQUATIONS

Above we have expressed in differential form the condition for infinitesimal
rational motion of a 0-cycle on a curve or on a surface. Now we will discuss
how one may “integrate” Abel’s differential equations.

Definition: By integration of Abel’s differential equations we mean defining
a Hodge-theoretic object H and constructing a map

(9.12) Vv Z"(X) > H

whose fibers are the rational equivalence classes of 0-cycles.
Two caveats: First, we shall always work modulo torsion. Secondly, what
will be constructed is a sequence of such maps

zbi:kerzb,-_l—ﬂ}-li i:O,l,...,n
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(where ¢_; is the trivial map) such that the intersection of the kernel is
rational equivalence.

For n = 1 the construction of (9.12) is classical. Here we shall briefly
review this, and then we shall introduce a Hodge-theoretic construction of
a v in the case n = 2 for surfaces defined over Q whose fibers are exactly
rational equivalence classes provided that one assumes the conjecture of Bloch
and Beilinson. In [32] we shall give this construction in general.

We shall use the notation

Z"(X); = kery;.
In the case n = 1 of a smooth algebraic curve we have the classical maps
o ZY(X) = Z
12 ZH(X)o — J(X)
where J(X) is the Jacobian variety of X. Here for z = ), n;z;
Yo(z) = Zni =degz,

and if ¥o(z) = 0 so that z = 9 for some 1-chain ~y

V1(z) = (/gpl,... ,/(pg) mod periods
2! 2!

where ¢1,... , @4 is a basis for HO(Q}(/C). We may think of 1y as a bilinear

map
Yo
ZN(X) © H*(Q%/c) — C

given by

(9.13), o(z,1) :/Zl,
and of ¢ as a bilinear map

ZHX)® HO(Qk/C) 2% € mod periods
given by

(9.13)2 Yi(z,0) = / o,  Oy=z
Y

Let now X be an algebraic surface. Then we may define 1)y and 1, exactly
as in the curve case, where now 17 maps to the Albanese variety. The issue
has always been how to define 1)s.

From (9.13)p and (9.13); we want to define something like a bilinear map

Z2(X) ® HO(Q_QX/C) 22, C mod periods
given by

(9.13)2 Pa(z,w) :/Fw.
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Here, T should be a 2-chain that can only be constructed if ¥g(z) = 1(2)
=0.

A first hint of how to proceed comes if we think of H°(QY ) as a subspace
of T*CH™(X). When n = 1 obviously HO(Q}(/C) is equal to T*CH'(X).
However, when n = 2

* ~ * v
T CH2(X)/HO(Q§(/C) = ker{HO(Qi/c) ® Q(%?/Q — HI(QE(/C)}

where V is the arithmetic Gauss-Manin connection. The right hand side has
to do with the obstruction to lifting differentials defined over C to differen-
tials defined over Q. Thus, H°(Q% /Q) should enter the picture.

Suppose then that X is a regular surface defined over Q, so that by base
change

HO(QE((Q)/Q) ®C= HO(Qrﬁ((C)/C).

We want to define something like (9.13)> when w € H(Q% ). Referring to
the preceding section, for

T= Z(:z:i,n) €eTZ*(X)

(2

where 7; € T,,X and, for the sake of simplicity the z; are assumed to be
distinct, the condition that 7 be tangent to infinitesimal rational motion is

(9.14) (w,T) = Z(w(mﬂ,n) =0 in Qé/Q
i
for all w. Thinking of Q(lc /Q geometrically as reflecting cotangent vectors to

spreads, this relation suggests how to proceed to construct (9.13)s.
Namely, suppose that z € Z?(X(k)),; set X = X x S where Q(S) = k

and let o
zZ Cc X
.
S = S

be the spread of z. The form w defines a form, denoted by @, in HO(QE((Q)/Q).
As shown by the calculations in section 4, using the evaluation mappings in
(9.14) above we may think of

(W), mi) € 715, S C Ty, s\ X

i.e. along Z we may think of © as having one “vertical” and one “horizontal”
foot. This suggests that the 2-chain T in (9.13)s should be traced out by
1-chains v, in X parametrized by a 1-chain A in S.
Thus, let A € QS be a closed loop in S. For each s € A\ we have
zs = 0s
for some 1-chain 7, in X. Using that H1(X,Q) = 0 and that we are working
modulo torsion, we will have

7 =Y + O0A
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for some 2-chain A. If we set

r=Jv+A
SEA
then
or = U Zs.
SEA

and we define

(9.15) I(z,w,\) = / w mod periods.

r

Again elementary considerations show that a different choice of paths
changes (9.15) by a period fg w where

o€ Hy(X,7Z).

Now recall that on a manifold M a differential character is given by a
function on the loop space

x: QM — R

mapping to some abelian group R which is a quotient of C by a subgroup

and which satisfies
xos)= [ ¢
A

where A is a 2-chain and ¢ is a 2-form on M.

Proposition: (i) If A = 0A then

I(z,w,\) = / Trz(w)
A
where Trz is the trace of the generically finite map £ — S. Thus, (9.15)
defines a differential character on S.

(i) I(z,w,\) depends only on the k-rational equivalence class [z] €

CHz(X(k)).
Proof: (i) Let ¥ = J,cn7s and Za = [J,cn 2s- Then
X =T —Zx

and the result follows from Stokes’ theorem, noting that

/ZA 5= /ATTZ@).

(i) Let z, for t € P!, be a rational equivalence defined over k given by a
cycle

3Cc X x Pl
Then

d
%I(Zta(“')v)\) :\/)\<va1/5>
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where z; is the tangent to the family of 0-cycles z; and
(w,z;) € TS

when we use the evaluation maps Qé/Q — TrS. Since z; € TZ?(X )rat, We
have

<wa 21/}> =0
by the results in part (i) of this section (cf. (9.14) above). O

This argument shows how one may think of I(z,w,\) as “integrating”
Abel’s differential equations. Actually, as explained in [32] there is an ex-
tension of the construction of I(z,w,\) to all w € H?(X);, — the transcen-
dental part of H2(X,C) — that does not show up infinitesimally. We will
not go into this here, but rather shall note the following consequence which
will also be established in the work referred to above:

Assuming the conjecture of Bloch-Beilinson, if I(z,w,\) =0 for allw and
A, then

Z =rat 0
(modulo torsion).
This result has the following
Corollary: If ht9(S) = h?°(S) = 0, then z is rationally equivalent to zero.

We note that the conditions in the corollary are birationally invariant and
thus depend only on the field k.

Addendum: For later reference we want to give the extension of the above
construction to the case when X is defined over Q but may not be regular.
Let z € Z2 (X(k)) be a 0-cycle of degree zero and satisfying

P1(z) =1 Albxz =0.

Since Alb (X) is defined over a finite extension field of Q and (i) is an alge-
braic condition, it follows that

P1(zs) = Albzs =0
for the spread {zs}scs. Put differently, given the spread picture

ZCX=XxS

b
S=S5

where we assume S is smooth and complete, we have that the maps induced
from the Kiinneth component of the fundamental class of Z

Z*7O : HO(Sa Q) - HO(X’ Q)
and

Z1 0 Hi(S,Q) — Hi(X,Q)
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are both zero. Working modulo torsion, if A is a closed curve on S, then
Z(A) = {zs}sex
traces out a 1-cycle on X that is the boundary of a 2-chain I
Z(\) =0T

Since I' is determined up to a 2-cycle on X, we may set as before
I(z,w,\) = /w mod periods.
r

Here, w € HO(Q% /C) is all that is needed to make the definition. Again as
before, if A = OA then

I(z,w, )\):/ Tracezw.
A

To show that I(z,w, ) depends only on the k-rational equivalence class of
z, we may argue as before using the description of the pairing

HO(Q% o) @ TZ*(X) — Qt /g
satisfying
HO (0% )q) © TZE,(X) — 0.
For this argument we need that w is the image in H° (Qg(/(c) of some w €
HO (9% q)-

The relation between this construction and the preceding is that, when X
is regular, we may take
I'= U Ys-

9.3 SURFACES IN P3

We shall prove the following
Proposition 9.16: Let X be a general surface of degree d > 5 in P3. Then
TXNTZ2,(X)=0.

This means that for any point p € X and non-zero v € T, X, the image of
7 = (p,v) in TZ?(X) is not tangent to rational equivalence.

We intend Proposition 9.16 as an illustration of how the spread perspective
suggests geometric approaches, rather than as a “state of art” result. In
fact, the following corollary due to Herb Clemens is well known and can be
improved into a lower bound on the genus — see [10] and [11] for this result
and for references to earlier work.
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Corollary: A generic surface of degree d = 5 in P3 contains no rational

C’LL7”1}€S.4

Suppose the proposition is false. Then for a general X there is a point
p € X such that

T,XNTZ2%,(X) #0.

rat

Let
B}

X P
(9.17) l l

S S
be the spread of (X, p) and set k = Q(.5). Throughout the argument we shall
allow ourselves to shrink S and to pass to finite coverings S’ — S; i.e., to pass
to finite algebraic extensions k' of k. Thus we may assume that X = {X }ses
is a smooth family of smooth surfaces in P2 and P = {p(s)}ses with p(s) € X
is a cross-section of X — S. We denote by (X,p) = (Xs,,p(s0)) the data
corresponding to a generic point sg € S. We then have
(9.18) Q}C/Q ~TrS
as k-vector spaces. By our assumption of genericity and since d 2 5, the
Kodaira-Spencer mapping

p:TsS — H (Ox)

is surjective. Using the identification (9.18) it follows that the extension
class

(9.19) e € Hom (7, H' (9x))
of

0= Qg ® Ox = Ao = Ym0
is surjective.

In first approximation, we may think of our situation in coordinates as
follows: The surface X is defined by

F(x) = Zaﬂvl =0,
I

where we are using multi-index notation, the a; are independent transcen-
dentals, and

p(a) = [po(a), p1(a), p2(a), ps(a)]

wherea = (--- ,ay,---). More precisely, k will be a finite algebraic extension
of Q(-+- ,ar,---) and are working over an open set in S where the a; are
local uniformizing parameters, so that expressions such as
dpi(a)
80,[

4The proposition is stronger than the corollary, since the former precludes moving in
certain rational equivalences on symmetric products — i.e., we can add to v € Tp(X)
infinitesimal creation/annihilation notions.
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are defined. If V* = H%(Op:(1)), then Q}C/Q has basis day and
1x  ~ 1/d
L=V

where V¢ = Sym?V. The idea is that the cohomology groups HO(Qﬁ((k)/k)

and H'(Q,, ;) and the arithmetic Gauss-Manin connection V have poly-
nomial descriptions, and that consequently the calculation of the pairing

(&, 1)
where
1L o *
£ T2 (X(k)" =ker{H*(Q% (/4 @ Ulg — H (Qx(y0)}

can be reduced to algebra.
We shall now explain the main computational step in the proof. Set

Let F; = F, and let

J= @ J'={F,F, FFR}
k>2d—1

be the Jacobi ideal. Then it is well known that
HY (% gy n) =V

HY (¢ gy i) prim = V24 7244
where H 1(Q§((k) /x )prim 18 the primitive part of the cohomology,
H'(Oxy) =V7/J*
and by our choice of k
Qe = VY

Moreover the Kodaira-Spencer map p and arithmetic Gauss-Manin connec-
tion V are given, using these identifications, by

{Vd Ly g
yi-dgyd Y, y2d—4 j2d—4
where the second map is just polynomial multiplication. We set
K =ker{Vi-igyd _ y2d-1/ j2d-4)
Then
(9.20) K={¢= ZHI @zl ZHI;EI = ZRZE}
I I i

where H; € V4% and R; € V973, Recalling that p = p(... ,ar,...) is a
cross-section of X — S we define

We(p) = (Weo(p), We1(p), We 2(p), We 3(p))
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where

(9.21) Wei(p) = > Hi(p(a)) ag;(?) + Ri(p(a)).

Lemma 1: W € T, X, and up to a non-zero scale factor

Po P1 D2 %
(9.22) &1)= ) V1 Vg V3 .
Weo(p) Wei(p) Wealp) Wega(p)

Here, T, X is being identified with V/k - p, so that k- p+ T,X is given by
{U/ = ('LUO,U)l,’LUQ,’UJB‘) : ZFl(p)w’L = O}7

and 7 = (p,v) € T, X where v = (vg, v1,v2,v3) in (9.22) above.
The proof of the proposition will follow from (9.22) together with

Lemma 2: If d > 5, then for everyp e X

W:K—-T,X
given by & — We(p), is surjective.
Proof of Lemma 1: We will compute in affine coordinates and then express
the result in homogeneous coordinates. Thus, let & C P3 be one of the
standard affine open sets with coordinates z1,x2, 3 obtained by setting one

of the homogeneous coordinates, say xg, equal to one. Denote by f,h the
affine versions obtained from F, H by setting zo = 1. Then we have on X

fiday + fodxy + fadrs = = fo,dar ==Y a'dar
i i

since f =Y, arz’. This gives the equality
frdzy A dzs + fodas Adas = — Z zldar A dzs
i

of absolute differentials on X. On the open set where fi; # 0, fo # 0 this
gives
(0 hdxy Ndxs  hdxs A d B >, haldar A dxs

fi f2 fifz
where degh < d — 4. If we are considering ordinary differential forms - i.e.,
sections of ngk) k" then the right hand term drops out and the equality
expresses the fact that the Poincaré residue of Q = (hdxy A dxa A dxg)/f
may be computed in a well-defined manner by writing

Q:w/\%

and mapping

Q—w
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However, as expressed by (i) the Poincaré residue operator is not well-defined
for absolute differentials, and this is the central point of the computation.
Suppose now that

§=> hiea' el
I
so that we have
(11) Z h[l‘l = Z Tifi-
I i
Then using

v1f1(p) + v2f2(p) + vsfs(p) =0
for v = (v1, v2,v3) € T, X we obtain from (i) and (ii) that

) ) hi(vadps — v3dps) 0 hi(vsdpy — vidps)
Yo () Ta ()

(iii

_ Z h1$IU3
T f1(p)f2(p)
__rfip)vs = rafa(p)vs + r3fi(p)vr + r3fa(p)va
f1(p) f2(p)
_ T3U2 —T2¥3  TU3 — T3V1
f1(p) f2(p)
Expressing this in homogeneous coordinates we find that the expression
(iv)
Po P1 P2 P3 Po p1 2] b3
Vo (% Vo V3 Vo V1 (%) V3
Z 0 | Hy(p) dpo dp1 dpz dps Ro(p) Ri(p) Ra2(p) Rs(p)
— da;> ! Fi(p) Fi(p) ’

which is defined and regular in the open set U; = {F; = 0}, is equal to the
same expression with F(p) replaced by Fy(p) when we consider it in Us.

Now we are essentially done. Set Q; = (hrdxy A dxs Adzs)/f and denote
by wy € HO(Qg((k)/k) the usual Poincaré residue of ;. Denote by

dzo A dxs
fi
the above lifting of w; to an absolute differential in Uy, and similarly for U,
and Us. Our hypothesis is that
v) > p(0/0ar)wr =0 in H' (1)
I
The left hand side of this equation is computed, relative to the covering

U;, by lifting wr|U; to an absolute differential as above, and then taking in
Ui NU;y

wri1=hs

Zi (Wr2 — @r2).
7 8a1 ’ ’
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By assumption this is a coboundary o; — 09, and equation (iv) above gives
an explicit expression for this coboundary. Over U; N Us we thus have

) 0 . - a | -
(vi) zj:a—wal,1+U1=zI:a—me1,2+Uz-

We now follow the prescription in section 10.1 for evaluating an absolute
2-form on v € T,X to obtain an element of Q,lg /0 given over U; by the
expression in (iv) above.

To complete the proof of the lemma we differentiate 0 = F(p) = Y, arp’

to obtain
8;)
Z 5

This gives

ap
Hy( Hi(p)=—=~ F 0.
> Hilp) () + Y () =

1
Using >, Hy(z)z! = > Rj(2)Fj(z) at = p gives

> Hilp)p" =) Ri(p)F;(p)
I J
:Z(ZH V54 5 (0) ) Fy ) = .

The term in the parenthesis is just We ;(p), which is also the 4t component
in the bottom row of the determinants in (iv). d

Proof of Lemma 2: Suppose that there exist c; such that
> ciWei(p) =
J

for all £ € K. We will show that
(9.23) ¢j = AE;(p)
for some A. The proof will be done in two steps.
Step one: Let

Ko =ker{V @ V? - v}
We will show that

(9.24) We(p) =0 for all £ € Ky < gpjl = \p!

for some Ag, A1, A2, A3.
For this we have that K is generated by relations of the form

(925) miR@)ij—ij@xiS.
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In fact, any relation of the form

o' @zt — 2! ®m"l
where |I| = |I'| =d—4,|J]| = |J|=dand I +J = I' + J' is generated
by relations (9.25) as they allow us to “trade” z; and z; across the tensor

product.
We now define the sheaf R over P? by

0—R—Vi®Ops — Ops(d) — 0.
We claim that
(9.26) H°(R(1)) ® Ops — R(1) — 0
is surjective. For this we first observe that
image {V4 ' @ A’V — Ve V} C HO(R(1)).

Since we are dealing with vector bundles it is enough to check (9.26) point-
wise. Since the entire question is GL(V') equivariant it is enough to check
that, in homogeneous coordinates xg, z1,x2,z3 at p = [1,0,0,0],

Image {V4 ' @ A2V - Vi@ V}, = R(1),.
Now
R(l)p = EBO]P’S(l)p

when the direct sum is over all monomials except mg. Since the map V4 1®
A%V - ViRV — R(1), is given by

x! ®xj ANxp — eI @ 5 — 2t ® do;
we see that
x1®xj/\xo—>ml+j®1

if j # 0. Thus we hit every monomial except xg and this establishes (9.26).
We now observe that, for d = 5

(9.27) H°(R(d—4)) ® Ops — R(d—4) — 0
is surjective. This follows from (9.26), since for d = 5
H°(Ops(d —5)) ® Ops — Ops(d —5) — 0

is surjective.
We will now prove (9.24). The composite map

(9.28) Ko=H°(R(d—4)) = R(d —4), — V' ® Ops(d — 4),

fzzHI ® ! —>le®HI(p)
7 T

where Y, Hy(z)2! = 0. If
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annihilates the image of (9.28), so that

(9.29) ZH}(}?)C} =0 for all £ € Ky,
I

then since by (9.27)
(Im Ko)™ = R(d — 4),,

R(d—4), CVI® Ops(d—4),
has codimension one, and
> @) @ph e VT @ Ops(d),
is a generator of R(d — 4), we infer from (9.29) that
cr = )\pl
for some constant A. Applying this to ¢; = % for each j gives (9.24).
Step two: Now suppose that

(9.30) > H[(p)cj% +) ¢iRi(p) =0
j I J

for all £ € K. Using only Ky we have (9.24). Substituting in the left hand
side of (9.30) we obtain for A =3 c;A;

0:)\<;H1(p)p1> + ;chj(p)

:A(ZRj(p)Fj(p)> + ZCjRj(p)
= Z R;(p)(AF;(p) + ¢j).

Since this holds for all R; of degree d — 3 we have
/\Fj(p)—‘er:O 7=0,1,2,3

as desired. O

It remains to discuss the argument when there exists a pair (X, p) with
TPX n TZ?at(X) 7& 0

defined over a general field k; say k is a finite algebraic extension of
Q(aq,. .. ,an). The important fact is that, if X is general, then the Kodaira-
Spencer map

Qo — H' (Ox ) = V7/J¢

should be surjective. With this being so the previous argument can be easily
extended to cover the more general case.
Analysis of the proof shows that essentially the same argument gives
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(9.31) For X C P3 a general surface of degree d = 6 and p,q any distinct
points of X we have

(Tp(X) + T,(X)) N TZ;,

rat (X ) =0
Corollary: A general surface of degree at least sixz contains no curve having
ags.

We suspect that the method can be extended to give a proof of the

Conjecture: Given k there is d(k) such that a general surface in P3 of
degree d = d(k) contains no curve having a gj.

Discussion: What is needed to prove (9.31) is first of all to replace (9.27)
by the surjectivity of
H°(R(d—4)) ® Ops — R(d—4), ®R(d — 4)4,
and this follows from (9.26) together with the surjectivity of
H°(Ops(d —5)) ® Ops — Ops(d —5),, ® Ops(d — 5),
for d 2 6. This means that effectively in the proof of (9.24) we may treat p
and ¢ as acting independently - i.e., we may repeat the argument just below

(9.23) where the H;(g) = 0. This gives (9.24) for each of p and g. Then
under (9.30) we may repeat the argument to conclude the result.

9.3.1 Appendix A to section 9.3: On a theorem of Voisin
In [31] the following result is established:®

(i)  Let X C P? be a general surface of degree at least seven. Then no two
distinct points of X are rationally equivalent.

This result is similar to proposition 9.16 above, and Voisin’s proof has the
similarities that infinitesimal methods are used and that the argument is
reduced to polynomial algebra. But the result does not follow from our
descriptions of TZ?(X) and TC H?(X). Rather the proof uses the holomor-
phic 2-forms on X in a fashion similar to that discussed in the appendix to
section 10.1 above, only where now X is allowed to vary.

In outline the argument goes as follows: We consider the situation

|

where X = {X,}es is the family of smooth surfaces of degree d in P3
(passing here to a finite covering of the moduli space and restricting to a
Zariski open set), and Z = {Z;}ses is a family of O-cycles of degree zero on
the X,. The fundamental class

(2] € H?(9%/0).

5cf. [24] where a related result is proved.
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Also, the Leray spectral sequence associated to the filtration

FPORYL = image{Qf  ® Q% o — Q)

degenerates at Ey (cf. [18]). Moreover, the terms
[2]4° =0 in Ey° since deg z, = 0
[2]*' =0 in E3? since h3(X,) =0

The Eg’z—term is expressed in terms of the variation of Hodge structure
associated to X — S in a well-known manner

Ey? = (H*(Q%,c @ 30))y
where
H? =R2Q, /s
V = Gauss-Manin connection and ( )y
is the cohomology computed from V
Passing to the quotient H? — R2Ox, the class [Z]*? gives
(ii) 62 € H°(Q%c © H™?)/V HO(Qg)c @ H'Y)
This 0Z is the extension to variable X of the trace construction discussed
above. In the language of S. Saito [20] it may be thought of as a higher
normal function.
Next, using a variant of the argument of Bloch-Srinivas [17], Voisin infers
that if for a general s € S
Zs Zrat 0,
then modifying Z by a rational equivalence — which does not change [Z] — we
may assume that 7(2) is supported in a proper subvariety of S. It follows
at a general point
(iii) 0Z(s) = 0.
We now assume that for a general point s € S there are distinct points
p(s),q(s) € X, such that

p(5> =rat Q(S)'

Taking z; = p(s) — ¢(s) we are in the above situation. The final geometric
step is to show by explicit computation that for a general s

(iv) 02(s) #0
in contradiction to (iii). Shrinking S if necessary, H° (Q?S/C ® H%?) is the
space of sections of a vector bundle with fibers
A°T*S ® H?(0x,)
V(s (2 )
The right hand side of this isomorphism has a polynomial description, and

calculations very similar to those above may now be used to establish (iv).
We refer to [31] for details.

= Hom (H°(Q% c), A*TS S)
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At this juncture, very roughly speaking

we may say that for arguments using 2-forms “generic” means “out-
side a countable union of proper subvarieties”, while for those using
TZP(X) and TCH?*(X) “generic” refers to the “transcendental inde-
pendence of suitable coefficients of defining relations”.

9.4 EXAMPLE: (P2, T)

The one example where the non-classical part of the Chow group is non-
trivial and understood seems to be the case of 0-cycles on the relative variety
(P2, T) where T is a triangle. We will explain this result, which is due
to Bloch and Suslin (cf. [7], [21], [26]), and discuss how it relates to our
infinitesimal story. Before doing that we want to set a context for why one
might be interested in (P2, T)).

In the early days of algebraic geometry it was recognized that the integral

(9.32) / A

Vad+ar+b
was fundamentally different from the trigonometric/logarithmic integrals
that arise from integrals of rational differentials on rational curves. One
might hope to gain some insight into (9.32) by degenerating a smooth cubic
into one with an ordinary double point. The singular curve is a P with two
points, say 0 and oo, identified. Functions on the singular curve are given by
rational functions f on P! with f(0) = f(00), and the limit of the integrand
in (9.33) is a rational differential on P! with logarithmic singularities at 0
and oco. Setting Ty = {0, 00} we are studying the relative curve (P!, 7Tp) and
the limit of (9.32) on the singular curve is easily understood.

Specifically, denoting by x a coordinate on C* C P! we consider zero cycles

z = Znixi x; € Pl\To = (C*,
i
and the (mixed) Hodge-theoretic conditions that z be the divisor of a func-
tion f € C(P') with f(0) = f(o0) are
(i) to(z) = [,1=0
(9.33)
(i) P1(z) = f7 w = 0 mod periods

where 0y = z and w = dz/z. Conditions (i) and (ii) may of course be
expressed in closed form as
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We note that x is determined up to scaling x — Az, and [] " is independent
i

of the scaling if (i) is satisfied. In summary we have isomorphisms

o : CHYX) — Z
P : CHY(X)g — C*
where CH!(X)g is the kernel of .

Implicit in the above discussion is the following point: If for a € P\ T, =2
C* we denote by (a) € Z*(P!,Ty) that point considered as a 0-cycle, then
we may define a map

C* — CHY(P',T),
by
a— (a) —(1).
Then this map is a group homomorphism. For the proof we set
(x —ab)(x — 1)

@—a@=p <)

f=
and observe that
(9.34) div f = (ab) — (a) — (b) + (1)
= (ab) — 1 =pat (a) — 14 (b) — (1).

Actually, anticipating what will happen below for surfaces, in terms of equa-
tions we could degenerate the above cubic into what is in some ways the
simplest singular cubic, namely a triangle T’

Each side of T is a P! with two marked points, and the above discussion of
(P, Tp) can be easily extended to the triangle case using that the limit of
the regular differential dz/vx3 + ax 4+ b on the smooth cubic induces on T
a differential with logarithmic singularities and having opposite residues at
the vertices.

When we turn to algebraic surfaces, say smooth surfaces X C P3, the first
one for which CH?(X) isn’t understood is when deg X = 4. By analogy
with the curve case above, one might degenerate X into a tetrahedron Xj
and seek to understand CH?(X). Now the faces of a tetrahedron may be
considered as relative surfaces biregularly equivalent to (P2, T), and it turns
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out that one may also describe CH?(X,) by understanding CH?(P2,T).
The latter is what we shall now describe.

We identify P2\T with C* x C* having coordinates x, y; these are unique up
to scalings. The (mixed) Hodge theory of (P2, T) has as basis the following
differential forms

1€ FOH(Q0: (logT))

b 4 e FLH (94 (log T))

LN e P2H (03, (log T)).
We may write O-cycles z € Z%(P?,T) = Z%(P*\T) as

2= ni(xi,yi),
7

and define
o Z2PAT) — Z
Y12 Z3(P?,T)g — C & C mod periods
by
1/}0(2) 2/1 = ZTLZ
and

wo=([515)

where 0y = z. The periods are in 2mv/—17Z = Z(1), and identifying C/Z(1)
with C* we have as in the case of (P!, Tp)

Ui(2) = (W, Ty) € C* & C.
Since > n; = 0 this is independent of the scalings.

(3
To complete the story, recall that in section 9.2 above we have discussed
how one may define

dz d
Pa(z) = / AY mod periods
r T Y

in case 1o(z) = 11(z) = 0. We will turn to this below after we have identified
CH?*(X);.
We set

Zap = (a,0) — (a,1) — (1,b) + (1,1) € Z*(P?,T);.

In the following picture of the projective plane the dotted lines all look like
(]P)l ) TO)
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Thus, e.g., by the argument that gives (9.34)

Zayaz,b =rat Zay,b + Zasg,b (using Y= b)
Zabiby =rat Za,b; + Zas b2 (using = = a)
Zab,ab =rat 0 (using Tr = y)

Expanding the third relation using the first two gives

Zab + 2b,a =rat 0.
Letting =,,:C Z2(P%,T); be the equivalence relation generated by divisors
of rational functions on algebraic curves Y that have the same regular value
on Y NT, the above shows that we have a well-defined map

Z*(P*,T)1/ Zras— C* ®7 C*
given by
Zap — 0 Rb
and whose image lies in AZC*.

We have now used all the lines that meet the triangle in two points (all
the lines x = Ay are equivalent after scaling). Consider now the line L given
by

r+y=1
and on L the function
f= H(x —a;)™.

Then if Y n; =0 and

1_[61,?z = H(l — ai)”i =1

i

we have that f € C(L,LNT) and thus
Znizai,l—ai =rat 0.

This shows that the mapping

AZC* — CH?*(P*,T)
given by a A b — z,;, cannot be injective, and that in fact for rather simple
geometric reasons Steinberg relations necessarily enter. We shall show that:
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Proposition: The mapping
Z3(P?,T); — K5(C)

given by

> niwi,y) — [ [{ws vi}™
induces an isomorphism
(9.35) CH?*(P?,T), % K5(C).
Proof: The proof proceeds in two steps. The proof of Totaro [9] was helpful

in explaining the role of Suslin reciprocity here.

Step one: The mapping ¢ in (9.85) is well-defined.
Surprisingly, this is the harder step, since the second step will give an exis-
tence result. We have to show the following:

Let Y be a smooth algebraic curve and
g

a regular mapping which maps generically one-to-one onto its image.
Let

w=Y nipi, peEY
i

with F'(p;) = (x4,¥:), so that
F(w) = z.

Set D = F~1(T) and let h € C(Y, D); i.e., h€ C(Y) and h =1 on D.
Then if

divh = Z Nn;iP;
i
it follows from the Suslin reciprocity law that

(9.36) [T{zi v} =1 € K(C).

K3

We now sketch how this goes. For p € Y we define
By + K/ (C(Y)) — K1 (C)
by
(9.37)
Op{f1s-oo S} = THT S fnds ) oo oo iy fn (D)

i<j
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where we need a slightly more delicate definition if fi has a zero or a pole
at p for some i # j. Then Suslin’s generalization of the Weil reciprocity law
is

[Toifi =1 K3 1(C).

peEY

Now suppose that Y — P? is given in affine coordinates by (f,g) where
frg € C(Y). Then by (9.37) where f; = f, fo =g and fs=h

LI w oy 1T o b3 T AR £ =1

div f divg

The last two terms over the bracket are equal to one since {1,a} = 1 in
K5(C) and h =1 on div U divg.

Step two: The mapping ¢ in (9.35) is injective. For the proof we consider
the map

ZY(P' = {0,1,00}) =% AZC*
given by
(i) a—aN(l—a)
In Z'(P! — {0,1,00}) we consider the subgroup of all

{Zniai: an = O,Ha?i = H(l —a)" = 1},

which under (i) maps by
(ii) Zniai — Zniai A (1= a;).

i i
It will suffice to show that
(iii) Image (i) = Image (ii)
Indeed, we have seen above that

Image =;.:2 Image (ii)
and by definition
Ka(C) = A /image (i),

from which our claim follows.
We set By = ker St (this is the well known Bloch group). One set of

elements in By is, for any distinct points ay, ..., a5 € P* —{0,1, 00},
(iv) > (-1)*CR(ay,..,ax, ..., as5)
A

where CR is closely related to the cross-ratio. (The fact that St(iv) = 0
is closesly related to the famous 5-term functional equation for the diloga-
rithm.) In particular, for any distinct points a,b € P* — {0,1, 00}

@0 (M) () () e
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Now

o(ME2) - () sa-no-1)

b(L) ~ b(b—a)

b—a
and
100208
(1—b)<1—ﬁ) b—a
For all a, 8 € C* except for a« = —(3 one may solve
a(l—a)(b—1) _ o

(v) { o

b—a
for a,b € P! — {0,1,00}. In the exceptional case & = —f3 equation (v) forces

a = b = 1; in this case by a product of such relations one can obtain any
o, feCn
Given a product
H(cl, A(1—¢,))™ € ImageSt,

v

HCT" :a,H(l—cl,)mV =0, Zml,:m

one may use an element of By to change to the same element in Image St
with o = = 1. One may then use an element of By to change to the same
element in Image St with m — m — 1. This establishes (iii) and completes
the proof of the proposition. O

with

Remark. Proof analysis shows that rational equivalence of O-cycles in P2 —T
is generated by divisors of rational functions f or lines L such that f =1 or
LNnT.

In general, for any algebraic surface X the relation of rational equivalence
is generated by choosing a fixed very ample linear system |L| and taking the
divisors of rational functions on curves Y € |L|.

Although we have not formally developed our infinitesimal theory for
TZP(X,Y) and TCHP(X,Y) in the relative case, it seems reasonable that
this might be done. Making the identification

F2HO (Q]%z/(c(log T)) = (C(.L)
where w = (dz/z) A (dy/y), one would then expect that
(9.38) TGr*CH?(P*,T) = Qg q.
On the other hand, if we combine (9.35) with van der Kallen’s theorem we

obtain a potentially different way to make identification (9.38). We will show
that this does not happen. More precisely, let

2 = Z n; (xi(t), yi(t))
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be an arc in Z!'(P?,T); with tangent 2’ at t = 0. Then from the general
theory we would expect that

Dy o dag
(9.39) <w,zf>zzni(&i_y_f )
where 2} = da'(t)/dt at t = 0 and dz; = dg)g(:(0)), etc. We will show
that

With (w,2") defined by (9.39), we have

(9.40) dsﬁ(%) = (0, ),

where the left hand side is defined using van der Kallen’s isomorphism.

Proof: This follows by writing, as in the proof of van der Kallen’s theorem
{zo(1 4+ €a),yo(1 + €b)} = {zo,yo }{zo, 1 + eb}{l + ea,1 + eb}{1 + €a, yo}.
The first and third terms contribute zero when we take d/de, and the second

and fourth terms give
dxg @

—b—+a
Zo Yo

where d = d(C/Q- O

A more conceptual argument follows from the commutative diagram
(6.33), noting that w essentially gives the dlog Adlog mapping discussed
above (6.33).

Finally, we want to discuss the integration of Abel’s differential equations
(w, 2"y = 0.
Any z € ZY(P?,T); may be written as

z = E Zag,b;+
%

Considering an individual z,, we suppose that a,b € £* where trdegk =1
so that

(9.41) k=Q(S)
for some algebraic curve S. In section 10.2 above we have defined the differ-

ential character, defined for A € Hy(S,Z) by

I(zgp,w, \) = /w mod periods.
r

We may think of I(z4,w, ) as landing in H'(S,C/Z(2)), and thus we have
a map

C* x C* —— H'(S,Z(2))
Wy W

(a,b) —— I(zap,w,").
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Essentially because [ is an invariant of rational equivalence, this induces a
map

(9.42) K,5(C) - H'(S,C/Z(2))
sending [[{a;, b2} to > I(za;p;;w, ). On the other hand, there is a well

known map, the requlator (whose definition will be recalled below)

R: K>(Q(S)) — H'(S,C/Z(2)).

Proposition: Using the identification (9.35) these two maps agree; i.e.
(9.43) R({a,b}) = I({a,b}).
Proof: For §° =S — D a Zariski open set in S we have the spread
Zc (P%T) x S°
of z4,p; We write Z = {2,4(s),5(s) }ses- As S traces out a closed curve A in ¢,
Za(s),b(s) traces out Z(A) in P2 —T. Since the homology class of Z(\) is zero
in H1(P—T,Z) we may write
Z(A\) =0T

and then

I(zgp,w, A) :/w.

r

We have to rewrite the integral that will show it is equal to the usual defi-

nition of the regulator.
We write

Za(s)p(s) = (a(s),b(s)) — (a(s),1) = (1,b(s)) + (1,1)

and may picture I' as a surface with boundary

where

and p1, p2, p3 are the cuts indicated where y = 1 along p; and x = 1 along
p2. On the cut open surface we may write
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Since Z(A\) = p1 + p2 + ps3, by Stokes’ theorem

d d d d d
ﬁAﬁzz/ log%yf/ i/ dz
r Y i i Y P3 u?

where log" z is the jump in logz across the cuts a and §. The last two
terms are in Z(2) and hence get factored out. In the first three terms, the
one corresponding to p; is zero and the one corresponding to ps is in Z(2).
Of the next three terms only

dy dx dx
— [ — =logy(so) [ —
pP3 Y K3 x M3 z

is non-zero, where sy € \ corresponds to our base point. Collecting the
terms we have

d d d d
N / logz—y — logy(so)—z7
r Y A ) T
which is the usual expression for the regulator. ([

For X a complete curve, we define K5(X) to be the subgroup of K (C(X))
given by the kernel of the tame symbol maps T, for all z € X. Then the
regulator defines a map

Ky(X) 25 HY(X,C/2(2)).
A well-known conjecture is that
ker R = K»(C)

(cf. [37] for references and a discussion of Image R.)
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Chapter Ten

Speculations and questions

10.1 DEFINITIONAL ISSUES

There are three main questions:
(10.1) Can one define TZP(X) in general?

The technical issue that arises in trying to straightforwardly extend the
definitions given in the text for p = n,1 concerns cycles that are linear
combinations of irreducible subvarieties

where some Z; may not be the support of a locally Cohen-Maculay scheme.
Similar issues are not unfamiliar — e.g. in duality theory — and we can see
no geometric reason why the question (10.1) should not have an affirmative
answer.

The second main question is:

(10.2)  Forp=mn,1 can one define TZP(X) aziomatically?

This issue has been raised several times in the text. Specifically, in section
6.1 we have in a significant example given a set of axioms that define =t
geometrically and agrees with the general definition. And again in sections
7.3, 7.4 we have illustrated and discussed the question (10.2).

Finally, an obvious question is

(10.3) Can one define the Bloch-Gersten-Quillen sequence Gy on infinites-
imal neighborhoods Xy, so that

(10.4) ker{G; — Go} = T Go.

Here, X}, is X x Spec(Cle]/e**1). Using the case k = 1 and dim X = 2 for
illustration, we are asking for something like

(10.5) 0— %, (0x,) = C(X))" = ©C(Y) = &L, —0,

r, %1
which gives a flasque “Cousin-type” resolution of K3(Ox,). There are obvi-
ous difficulties in defining the last two terms in (10.5). For example,
DL

z1 =z

is supposed to be something like “the sum of skyscraper sheaves supported
on equivalence classes of irreducible codimension-2 subschemes of X; that
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meet X properly.” The equivalence relation should be that two ideals J;,Jy
in Ox, are equivalent if they define the “same” irreducible subvariety of
X;. Simple examples based on the failure of nullstellesatz for non-reduced
schemes show that, at least to us, there are significant difficulties in directly
defining (10.4). In fact, the definition of TZ2(X) in the text may be thought
of as giving the left hand term in a possible exact sequence

(10.6) 0—-TZ*(X) > ®L o @L, —0.
xry T r —7T

Also the definition of ngl (X)) may be thought of as giving the first term in
a possible exact sequence

(10.7) 0—TZ{(X)— ;@g(y)* — @Q(Y)* -0,

and (10.6), (10.7) might fit in an exact sequence
0—T7TS— 51— 5 —0

explaining in this case what would be meant by (10.4).

10.2 OBSTRUCTEDNESS ISSUES

We have defined, for p = dim X and p = 1, the tangent sheaf TZ7(X) and
tangent space TZP(X) = H°(TZP(X)) to the space of codimension p alge-
braic cycles on a smooth variety X, and for the purpose of this discussion we
shall assume that these definitions have been extended to all codimensions.
We may think of a tangent vector as a first order variation of a cycle, and
the obstructedness question asks when this may be successively extended to
a formal infinite order variation of the cycle. The convergence question asks
when the tangent vector is tangent to a geometric arc in the space of alge-
braic cycles. There are essentially four (not mutually exclusive) possibilities:

(i) TZP(X) may be obstructed. This means that there exists X and 7 €
TZP(X) such that, thinking of 7 as a map

(10.8) Spec (C[e]/€?) — ZP(X),
this map cannot be lifted to a map

Spec ((C[e]/ek“) — ZP(X)
for some k = 2.

Remark: If this happens, then one expects that it already occurs for k = 2.
The question of the equivalence on maps Spec(Cle]/e¥+1) — Hilb?(X) to
define the “same” cycle has been raised in the preceeding subsection.

(ii) TZP(X) is formally unobstructed. This means that any tangent vector
(10.1) may be lifted to a map

lilgn (Spec((:[e]/ek“) — ZP(X).
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Remark: Let Y C X be a smooth subvariety of codimension p and v €
H O(Ny/ x) a normal vector field. Tt is well-known that v may be obstructed
as an element of Ty Hilb?(X); i.e., Hilb?(X) may be non-reduced at Y.
However, as will be seen below, for p =1 (and trivially for p = n) when we
consider Y as a cycle in ZP(X) and v as a tangent vector 7(v) € TZP(X),
the obstruction to lifting v will disappear.

(iil) TZP(X) is formally unobstructed, but there exist T € TZP(X) that are
not tangent to geometric arcs in ZP(X).

One may ask similar questions at the sheaf level. The results proved in
section 8 imply that:

(10.9)  For a smooth algebraic surface, every tangent vector in the stalks
of the tangent sheaves
TZ'(X),LZ2*(X),TZ{(X)
is tangent to a geometric arc in Z*(X), Z*(X), Z1(X) respectively.
Returning to the general discussion we have the fourth possibility
(iv) Every T € TZP(X) is tangent to a geometric arc in ZP(X).

As to what is known about (i)-(iv), as noted in the introduction Ting Fai
Ng has shown that for X smooth of any dimension

(10.10)  Every T € TZ'(X) is tangent to a geometric arc in Z*(X).

The geometric idea behind this result is quite simple and elegant. We il-
lustrate it by explaining how, given a normal vector v to a smooth curve
Y on a smooth surface X, one may eliminate the 1% obstruction to lifting
the corresponding tangent vector 7(v) € TZ'(X). It is well-known that the
obstruction O(v) to lifting v viewed as a map
Spec(C[e]/e*) — Hilb'(X)
to Spec(Cle]/€®) is in H'(Ny,x). Choose an ample divisor D on Y so
that Hl(Ny/X(D)) = 0. Then in terms of a Cech covering the image
in C'(Ny,x(D)) of O(r) obstruction cocycle O(v) may be written as a
coboundary. What does this mean geometrically?
Suppose that D = W NY where W C X is a sufficiently ample smooth
curve. Then extending v to be zero along W it gives an element
v e H(Nyuw,x)
as depicted by

vl T
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Here Nyyw,x is the normal sheaf Hom OX(jYUW/J%/LJW)a Ox) to the sub-

scheme Y UW of X. If HY(Ox(Y + W)) = 0, then Ng shows that the
obstruction to lifting 7 to a map

Spec(C[e]/e*) — Hilb'(X)
which maps € = 0 to Y U W vanishes. Thus writing
Y=Y+W)-W
we may consider v as giving 7(7) € TZ'(X) which may then be lifted to 274
order by moving Y + W to 2" order and leaving —W constant.
We may illustrate this locally around the point of intersection with coordi-

nates z,y where Y = {y = 0} and v = 9/9y. Then the 15* order deformation
is locally the divisor of

f1($7yat) = y_t

Writing the obstruction as a coboundary with a 15% order pole at the origin
we find that the 2" order deformation is given by taking the divisor of

t2
f2($,y7t):y—t— -
T

1 2
= ~(zy — xt — t?).
Sy —w )

Thus, Y + W deforms into xy — xt — t> = 0, which is something like the

picture

In contrast to the codimension one case, we have

(10.11)  Forp 2 2, there exist X and tangent vectors T € TZP(X) that are
not tangent to a geometric arc.

The reason for this is as follows: Let X be a smooth threefold. The formal
tangent space to the Chow group of codimension 2 cycles is given by

(10.12) TCH?*(X) = H*(Q/q)-
The differential d1; of the Abel-Jacobi mapping

CH2(X)o 25 J2(X)
is given, using the identification (10.5), by

o1
H*(Qxjq) = H*(Qx/c)-

Thus
Image 11 = ker{ H*(Q ) — H*(Ox) ® QL o}
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where V is the arithmetic Gauss-Manin connection. In particular, if H3(Ox)
=0 or if X is defined over Q

Image 611 = H2(Q§(/C).
Since
T(Image ¢1) € H* (2 /c)

corresponds to a sub-Hodge structure - i.e. it plus its conjugate is spanned
by a Q-lattice in H3(X,R) - we know that in general Image §1); is too big.
Since

TCH*(X)=TZ*(X)/TZ%,(X)

we infer that we may have geometric tangent vectors in TZ%(X) that are
not tangent to any geometric arc in the space of codimension 2 cycles.

Thus of the possibilities listed above, only (i)—(iii) can actually occur. Our
guess is that

(#1) and (iii) above are the possibilities that actually occur for p 2 2.

10.3 NULL CURVES

Next we want to mention another curious phenomenon that arises in the
infinitesimal theory of Chow varieties, this being what we call null curves.
For simplicity, taking X to be a regular algebraic surface defined over Q, a
null curve is given by a picture

(10.13) YCBxX

where Y and B are algebraic curves with Y — B a branched covering such
that the induced mapping

J(Y) = CH?*(X)

is non-constant but has differential that vanishes identically. (The terminol-
ogy null-curve is introduced by analogy with the theory of relativity.) From
the discussion in §4 we see that

The diagram (10.13) defines a null-curve if it is defined over Q.

The phenomenon of null curves has, in our view, the following explanation:
At each value of ¢, 2/(t) lies in the image of the tangent space to rational
equivalences on X. However, this tangent vector to rational equivalences
does not necessarily arise from a geometric family of rational equivalences.
We expect that there is no obstruction to an infinite-order formal lift of
the tangent vector, but there is one going from a formal lift to a geometric
family.

We will show elsewhere that, as a consequence of the Bloch-Beilinson
conjectures, this is the only way that null curves can arise.
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10.4 ARITHMETIC AND GEOMETRIC ESTIMATES

One motivation for defining TZ?(X) is to have the possibility of using itera-
tive methods to construct algebro-geometric objects — e.g., rational equiv-
alences. Were ZP(X) a classical space — i.e., a manifold or a variety —
one could hope to integrate Abel’s DE’s by analytic methods. However, as
just pointed out this is not the case. Now solving a differential equation
is an iterative geometric process, and as ZP(X) one might seek to devise
iterative geometric/arithmetic processes that would in the limit produce
algebro-geometric objects. Convergence of an iterative process requires es-
timates and in closing we wish to offer some observations/speculations as to
what form these might take.

For illustrative purposes we consider a regular algebraic surface X defined
over Q. Then the Bloch-Beilinson conjecture has the following implication:

(10.14) Letp,q € X(Q). Then there is an integer d, , and a rational map
fpq : Pt — X (dra)
such that

fra(0)=p+=z

fpa(o0)=q+2
In fact, we may take f,, to be defined over Q. Let 6, , be the degree of
fp,q relative to some projective embedding of X - that is, d, 4 is the degree

of the curve traced out on X by the family of 0-cycles f, ,(t). We observe
that

It is not possible to bound dp, 4 and 6, 4 for all p,q € X(Q).

The reason is that if such bounds exist then by standard reasoning using
Hilbert schemes and/or Chow varieties we will be able to infer that

D =rat ¢
for all p,q € X(C), which is not the case if py(X) # 0. B
Let H(p, q) be some measure of the arithmetic complexity of p,q € X(Q).
For example, relative to a projective embedding

X - PN

defined over a finite extension of Q, we may think of the coordinates of p and
q as algebraic numbers. The arithmetic complexity of an algebraic number
can then be measured by the heights of the coefficients of this equation.
More generally, one may define the height of subvarieties defined over Q (cf.
[38]). Let D(p, q) be some measure of the geometric size of (10.14); e.g., we
might take

D(p,q) = dp,q + dpq-
Then one might suspect that
H(p,q) — o0 = D(p,q) — oo;
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maybe there is even a bound
(10.14) H(p,q) = ¢D(p,q)

for some constant ¢ > 0.
In other words, one may imagine that for a not necessarily regular alge-
braic surface defined over Q

(10.16)  If Bloch-Beilinson is true, then for a general z € Z*(X(Q)) satis-
fying

deg 2z =10
Alb z=0

the geometric size of any rational equivalence
Z =rat 0
18 bounded dfrom below by the arithmetic complexity of z.

In the one case where one knows Bloch-Beilinson, namely the relative va-
riety (P2, T') discussed in section 9.4 above, we shall give heurestic reasoning
in support of the converse to (10.16); namely

(10.17)  For a,b € Q*, there is a rational equivlance
Za,b =rat 0

whose geometric size is bounded from above by the arithmetic com-
plexity of a, b, expressed as a computable function of the heights of
a,b.

The proof to be given also gives what we feel is strong evidence also for a
lower bound in this case.

Proof: It is a result of Garland [40] that K5(Q) = 0, i.e. in Q* ®z Q* we
may write

Na b
(10.18) a@b=[[e®l-c)
v=1

where ¢, € Q*. We claim that we may bound N, and the heights of the ¢,
by the heights of a,b. One way to see this is as follows.

First, if a,b € Q* the theorem of Bass and Tate [35] gives that for some
positive integer N

(10.19) {a,b}" =1 in K»(Q).

The proof is by writing b = m/n where m and n are relative prime integers,
and then using bilinearity and skew-symmetry of the Steinberg symbols to
reduce to the case where b = p is a prime. That {a,p} is torsion then
follows by an argument using Fermat’s theorem. The number and arithmetic
complexity of the Steinberg relations that are introduced, as well as the order
N of torsion in (10.19), are bounded by the arithmetic complexity of a, b.
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Next, an elementary argument shows that by adjoining roots of unity we
may show that

{a,b} =1 in K5(Q).

Again, the number and arithmetic complexity of the Steinberg relations that
are introduced are bounded by the heights of a, b. -
Next, as is shown in the proof of proposition (9.36) we have in AZQ*

(10.20) H a®(l—-c)= H e; ® (1 —e;)" modulo In(St)

where

an =0
Hem —H (1—e)™ =1.

Moreover, analysis of the proof of (10.20) shows that again the arithmetic
complexities of the elements in Z1 (P! — {0, 1, 00}) that are introduced in the
map

ZY P! - {0,1,00}) =5 A2Q*

to obtain the congruence in (10.20) are bounded by a computable function
of the heights of the ¢, .
Finally, referring to the explicit construction of a rational equivalence

(10.21) D Mizeii-e; Zrat 0
i

given in the proof of (9.26), we see that the geometric size of that particular
rational equivalence =,,¢ is bounded by the arithmetic complexity of the RHS
of (10.20). O

Remark: Presumably analysis of the proof of Garland’s theorem would
enable one to extend (10.17) to the case where a, b are algebraic numbers.

Returning to the case of an algebraic surface one may ask

(10.22)  For an algebraic cycle z satisfying (10.17), is there an iterative
scheme

Zi T Zi41, 20 =%

where z; € Z*(Q) and

h(ZiJrl) < h(ZZ)

Such an iterative scheme is in fact implicit in the analysis of (P?,T) dis-
cussed above. Evidently such a scheme would establish the Bloch-Beilinson
conjecture for 0-cycles on a general algebraic surface defined over Q.

{Zi =rat Zi+1
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The absence of derivations of Q means that the usual infinitesimal/geo-
metric methods (DE’s) break down, at least on the face of it. Refering to
(8.40), for a tangent vector

=) (vi,7)

%

where x; € X(Q) (assumed for simplicity to be distinct) and any 7; €
T, (X(C)) satisfying

<<»07T> = Oa p e HO (Qﬁ(/C)
were have

reTZ?

rat

(X).

Clearly, to “point” in the direction of an actual rational equivalence we must
in general have

Intuitively, one might like to choose 7; to point in the direction of decreasing
the height of x;. At the moment any such scheme would seem to require
completely new ideas.

In concluding we would like to formulate a problem that is on the one
hand a sort of infinitesimal analogue of (10.22), and the other hand is an
interesting and perhaps double problem in arithmetic algebraic geometry.
For this we assume that X is defined over a number field £ and let

e T.Z*(X(k))
be a tangent to a 0-cycle z both defined over k and satisfying

(,7) =0 for all p € H° (Qﬁc(k)/k) .
Then we have shown that there are infinitesimal rational equivalences
£ € TZ{(X(K))

defined over a finite extension field K of k£ and which map to 7 under the
rational mapping

TZ{(X(K)) — TZ*(X (k).
The problem is

(10.23)  Can one choose £ so that the height of £ is bounded by the height
of 77

Essentially, constructing £ amounts to writing a cocycle as a coboundary.
We are asking if this can be done in a manner that controls heights.
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