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purity
Dear cathleen ,Elon,Erez, Akshay ,Lior and Djorde

Here is a further paragraph to add to my letter to Cathleen . It is
based on talking to a?? of you and thinﬁing a bit
further in general terms about_this problem

For X a compact n-dimensional Riemannian manifold define the
exponents of L-infinity growth of eigenfunctions
E(X) to be the set of accumulation points of the numbers

(log | {phi_lambdal!) /log lambda

where || || denotes L_infinity norm and phi_lambda is
an eigenfunction of LAZ norm one and lambda its eigenvalue.

The convexity bound asserts that E{X) is contained in [0,(n-1>/4].

For example if X is $An then E(X) is the entire interval.Also E satisfies

some obvious relations of containments for products of such
manifolds.

Now restrict to X to be Tlocally symmetric ,irreducible and arithmetic
and phi_lambda's which are eigenfunctions of the full ring of invariant

differential operators as well as of the Hecke ring.Then

the convexity bound asserts that E(X) is contained in the

interval [0,(n-r)/4] where r is the rank.subconvexity is statement
that E is contained in this interval but open at the right hand side.

The following conjecture is consistent with the_ few examples that we

know coming from theta 1ifts ,base_changes and mollification weights
and it is the analogue of what I like to call the purity (which
itself is the analogue of the arithmetic geometric purity of Deligne)
con§$qggnces of Arthur's conjectures concerning the spectra of these
manifolds.

Conjecture(purity): For X as above then E(X) is contained in Z/4
fhere Z is the integers)

combined with convexity this would mean that E(X) is contained
in z/4 intersect [0,(n-r)}/4] and combined with subconvexity

it would imply that E(X) is contained
in [0, (n-r)/4) intersect z/4.

In this language we are a bit like the situation of Automorphic
puals in that the
techniques we have may lead to (hopefully in general)
nontrivial upper bounds as well as in examples where E(X)
is not {0} ,lower bounds on E(X). I dont see right now how to
analyze restrictions of eigenfunctions to say c?esed totally geodesic
submanifolds Y of X ,but if one could one might be able to infer
useful relations between E(X) and ECY) as one does in the theory of
automorphic duals . The latter is much simpler since it is a purely
LA2 theory.

As with the general Ramanujan Conjectures one would like
to have an explicit description of the set E(X) for each X .THis
will require understanding which distinguished forms (e Tifts)
correspond to the various nonzero exqonents in E(X).AL ?east in
some examples I expect one may be able to make precise conjectures
but in general it is ofcourse as least as complicated as w at Arthur
is trying to describe.

Any proofs ,comments are most welcome. Less welcome but obviously
necessary would be a counterexample to the above purity or
reasons not to believe 1t.

page 1



purity

best regards
Peter

pear All,

Erez has now computed the exact form of his and Jacquet's
relation between the value at a point of a base change 1ift
of a cusp form f on GL(N)/Q to F on GL(n)/K where K
is a guadratic imaginary extension with corresponding character
eta,.If f is everywhere unramified and if I is a special
point in the symmetric space on which F Tives (M like
point for which we assume for simp?icit¥ the correspoinding
orbit consists of this alone -in general there will
be a finite number of points but this wont effect things
much)ands if F is LA2 normalized ,then |F(I)|A2 is equal to a constant
independent of f times

L (1, fxfAx eta)

L(1,eta) Residue at s=1 of L(s,fx fA)
It s a lovely and simple formula.

The L functions above are conatain the archimedian factors.
1f f has (tempered ) parameters (mu_l,mu_2 ,..... ,mu_n)
(so all are purely imaginary) then as this papremeter gets large
the archimedian factors in the above are essentially

the product over i<j of | mu_i +mu_j bar| A(1/2)

so if mu goes to infinity keeping away from the walls
of the weyl chambers then this behaves Tike
Tambda A(n(n-1)/8) . Moreover the finite part of the L-functions
are essentially bounded from above and below (I will follow this up
in another e mail with a complete analysis of what is proven here) so that
the behaviour is what we expected ~egpecially in terms of
purity.

Care must he taken however if we approach the walls of the chambers.
In my letter to Cathleen I was a bit crude here as I was looking
for the convexity bound in the generic position and which is
simply related to to the Laplace eigenvalue. I hadnt pointed out that
near the walls one can give a better convex upper bound -in fact it
matches exactly the factor appearing above.So not surprisingly ,near the
walls the correct way to maesure the size of the eigenfunction 1is
not the Lpalace eigenvalue but this modified norm. Doing so restores all
order and in particular the purity conjecture is_on the nose.

"I hope that with a a few more iterations we will have a reliable
conjecture.
Best
Peter

Now 2004, Peter
Sarnak wrote:

pear cCathleen ,Elon,Erez, Akshay ,lLior and Djorde

VY VVY

Page 2



