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Abstract. In our previous paper [14], denoted by “I”, and whose
notations we shall follow here, we proposed a definition of extended
normal functions (ENF), and for an ENF ν we defined its singular
locus sing ν. There is a reciprocal relationship between primitive
Hodge classes ζ ∈ Hgn(X)prim and the corresponding ENF νζ .
Moreover, algebraic cycles Z with [Z] = ζ give rise to singularities
of νζ and vice versa.

In this paper we shall discuss universally defined rational maps
ρ to partially compactified classifying spaces for polarized Hodge
structures of odd weight and paritally compactified universal fam-
ilies of intermediate Jacobians over these spaces. These maps have
the property that sing νζ appears as a component of the inverse
image of certain boundary components B; i.e.,

sing νζ ⊆ ρ−1(B) .

Since the Hodge conjecture (HC) is equivalent to

sing νζ �= ∅ for L� 0 ,

and since for the fundamental class [B] of B

ρ∗([B]) �= 0⇒ ρ−1(B) �= ∅ ,

a natural question is to investigate ρ∗([B]). We will see that this
leads to attempting to understand dim(sing νζ), and this in turn
leads to some to us very beautiful interplay between algebraic ge-
ometry and Hodge theory “at the boundary.” Among other things,
we find that there is transversality for L � 0 in the classical case
(Lefschetz (1, 1) theorem), but assuming the HC there cannot be
transversality in the higher codimensional situation. In part this
lack of transversality is Hodge-theoretic, due to the infinitesimal
period relation and with a very nice geometric interpretation. Ad-
ditionally there is a non-zero algebro-geometric contribution to
non-transversality, a contribution that we do not yet understand
geometrically.
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I. Introduction

I(i). Notations

This is a continuation of [14], referred to below as “I”. We shall

retain the notations introduced there, and which will be recalled as

needed. In addition we shall use the following notation:

• Mg is the moduli space of stable curves of genus g and Mg is the

Deligne-Mumford compactification.

• Cg →Mg is the universal family of genus g curves with compacti-

fication Cg →Mg, with the usual understanding that these spaces

must be interpreted as stacks.

• Ah is the classifying space for polarized Hodge structures of weight

2n − 1 and with given Hodge numbers h = (h2n−1,0, . . . , hn,n−1).

When n = 1 and h1,0 = g, we assume that the polarization is

principal and use the customary notation Ag.
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• Jh → Ah is the associated universal family of polarized complex

tori, again with the stack interpretation. When n = 1 we shall

write Jg → Ag.

• For a choice of fan Σ, Ah,Σ will denote the corresponding partial

compactification (cf. Kato-Usui [17] and for n = 1 cf. Carlslon-

Cattani-Kaplan [4], Cattani [5], Alexeev-Nakamura [2], Alexeev

[1] and the references cited there; cf. also the note at the end of

(I(i)).

• For g = (g1, g2) where

g = g1 + g2 + l − 1 (l � 1)

we shall denote by Σg ⊂Mg the boundary component of reducible

curves

C = C1 ∪ C2

where gi = g(Ci) and l = #(C1 ∩ C2)

C1 C2

• For a rational nilpotent cone σ ∈ Σ we shall denote by

Bσ ⊂ Ah,Σ

the corresponding boundary component;

• We shall anticipate further work in progress by Kato-Usui and

denote by

Jh,Σ → Ah,Σ

a partial compactification of the universal family Jh → Ah of

polarized complex tori (cf. the note below).
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• Although the boundary component structure of Jh,Σ is, at this

time, work in progress there will be particular boundary compo-

nents Γd,σ of geometric interest and which will be described below.

• We shall denote by Pic◦(Cg) → Mg the universal family of Jaco-

bians and by

Pic◦(Cg)→Mg

a compactification, also to be described below (cf. Caparosa [3]).

• Given (X, L) where X is a smooth projective variety of dimen-

sion 2n and L → X is a very ample line bundle, we set |L| =

PH0(OX(L)) and shall denote by

XL ⊂ X × |L|
↓
|L|

the universal family {Xs}s∈|L| of hyperplane sections relative to

the embedding X ↪→ PȞ0(OX(L)).

• For (X, L) as above, we shall denote by MX the moduli space,

assumed to exist, and by XM → MX the corresponding family

{Xt, Lt}t∈MX
of polarized varieties.

• Finally, we set

L =
⋃

t∈MX

|Lt|

and denote by

XL ⊂ XM× |L|
↓
|L|

the family of hyperplane sections of all the Xt, t ∈MX .

We shall always assume that L → X has been chosen sufficiently

ample so as to have properties such as

hq(OXt(Lt)) = 0, q > 0

and projective normality of the embedding given by |Lt|.
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Note: The paper by Alexeev gives a canonical compactification Ag

of Ag, one not requiring an a priori choice of a fan. Moreover, Alex-

eev’s Ag coincides with the compactification associated to the second

Voronoi fan. Now a fan Σ is composed of rational nilpotent cones σ

in GQ satisfying certain conditions, and in this work the essential point

is that Σ contain those σ’s that arise from several variable degenera-

tions of Hodge structures in the families that we shall be considering.

The reason is that certain of these cones gives rise to the boundary

components B(σ) that correspond to singularities of extended normal

functions. For this reason we shall in this paper work with Ag,Σ. At a

later time we hope to more directly relate this work to Alexeev’s Ag.

Of course, a natural question is whether for the odd weight prin-

cipally polarized case the Kato-Usui work may be extended to give a

canonical partial compactification Ah, together with a partially com-

pactified universal family Jh → Ah for which the Alexeev-Nakamura

result [2] holds.

As noted above, in this paper we will anticipate some consequences

of the work [17] by Kato-Usui on partial compactifications Ah,Σ of

classifying spaces for polarized Hodge structure of odd weight. Bound-

ary components B(σ(N)) of Ah,Σ are constructed from certain rational

cones σ(N) associated to commuting nilpotent elements N1, . . . , Nl of

GQ. The boundary component B(σ(l, 1)) corresponds to the particular

situation (4) in section I(ii) below. In general one may imagine a local

system

H(I)→ Ah,Σ(1)

given over the interior of B(σ(N)) by the 1st cohomology group H1(B•(N))

where B•(N) is the Koszul-like complex constructed from the Ni (cf.

section I.C in “I”), modulo the action of the discrete “monodromy

group” associated to B(σ(N)). We feel that the study of the local sys-

tem (1) should be interesting and could be of importance for the study

of cycles.
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I(ii). Informal statements of results

In this paper we shall study the geometry and topology of a number

of rational maps arising from the linear systems |L| (X fixed), |L| (X
variable), and XL. We are especially interested in these maps near a

point s0 where

(2) Xs0 has ordinary double points (nodes) pi with one relation among

them.

The motivation for studying this situation is explained in “I”; cf.

especially section 4.2.4. Briefly, given a primitive Hodge class ζ ∈
Hgn(X)prim and assuming the Hodge conjecture (HC), we will have for

L sufficiently ample (written L� 0) and some non-zero integer k0

k0ζ = [W −H],(3)

where W is a smooth n-dimensional subvariety and H is a complete

intersection. Moreover, a general

Xs0 ∈ |IW (L)| (IW (L) = OX(L) ⊗
OX

IW )

will have the property (1) (cf. loc. cit. and section IV(i) below for

various constructions of W ). There are several equivalent formulations

of the condition that there be one relation among the nodes. For us

the one we shall use is

(4) For Xs smooth with s close to s0, let δi ∈ H2n−1(Xs, Z) be the

vanishing cycle, defined up to ±1, associated to pi. Then there is

one generating relation

l∑
i=1

δi ∼ 0 .

If νζ is the extended normal function (ENF) associated to ζ with sin-

gular locus sing νζ (loc. cit.), then (3) implies that

s0 ∈ sing νζ .(5)

The basic observation will be the following result:
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There are rational maps, a general one of which we denote

here by ρ, to compactified moduli/classifying spaces, a gen-

eral one of which we again here denote by P, such that near

s0 and with ∆ denoting a suitable boundary compact of P we

have

ρ−1(∆) = sing νζ .(6)

Some of these maps depend on ζ and some do not. Those which do

not will give

|L| ρ−−→ P (X fixed)

and

|L| ρ−−→ P (X variable) .

In general, we will use boldface notation to signal that X is allowed to

vary. If ρ = ρζ does depend on ζ, then denoting by

MX,ζ ⊂MX

the Noether-Lefschetz locus where ζ remains a Hodge class (this is an

algebraic subvariety by Cattani-Deligne-Kaplan [7]) and by |L|ζ the

subvariety of |L| lying over MX,ζ , we will have again near s0

ρ−1
ζ (∆) = sing ν ζ .(7)

Thus, restricting to the nodal locus{
(i) ρ−1(∆) �= ∅ ⇒ sing νζ �= ∅
(ii) ρ−1(∆) �= ∅ ⇒ sing ν ζ �= ∅

(8)

and either of these gives, by “I”, the existence of an algebraic cycles Z

with

〈ζ, [Z]〉 �= 0 ,

where in (ii) the cycles exist on the non-empty set of Xt ∈MX where

|Lt| ∩ ρ−1(∆) �= ∅ .

Next we assume the “generally true” statements{
ρ∗([∆]) �= 0⇒ ρ−1(∆) �= ∅
ρ∗([∆]) �= 0⇒ ρ−1(∆) �= ∅

(9)
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where here we are leaving aside the technical issues dealing with the

non-compactness of MX . The point here is that

A topological result gives an existence result,

here in the context of the induced map on cohomology of maps to

certain universal spaces. This leads to the central question of this

paper:

Assuming the Hodge conjecture, for at least some of the maps

ρ do we have {
(i) ρ∗([∆]) �= 0

(ii) ρ∗
ζ([∆]) �= 0 .

We shall see that this question leads to some to us very beautiful and

unexpected geometry. Our results are very preliminary and may be

informally summarized as follows:

(10) In the case n = 1 when X is an algebraic surface, if ρ does not

depend on ζ we have for essentially trivial reasons that ρ∗([∆]) =

0, but for L� 0 we have with certain technical assumptions that

ρ∗
ζ([∆]) �= 0 .

We expect that these technical assumptions, the main one of which is

codimMX
(MX,ζ) = h2,0(X) ,(11)

are not necessary.

Underlying the analysis of ρ, ρ and ρζ are transversality results. In

the n = 1 case we shall prove that these always hold along components

of sing νζ and sing νζ whose general point corresponds to a nodal curve

with one generating relation among the vanishing cycles (we may think

of these as “principal components”). We shall also show that this

transversality is not always true for the maps that do not depend on

ζ, but is true for those which do provided that L� 0.

When we turn to the higher codimensional case, which in this paper

will mean the case n = 2 where we are studying codimension 2 cycles

in a fourfold, our principal finding is
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(12) the situation for n = 2 is completely different from the classical

case.

Some of what turns up is not unexpected. For example, concern-

ing the Noether-Lefschetz locus corresponding to a Hodge class ζ ∈
Hg2(X)prim we find that we have (cf. section IV(iii))

codimMX
(MX,ζ) � h3,1(X)− σζ(13)

where {
Tζ = {θ ∈ H1(ΘX) : θ · ζ = 0 in H3(Ω1

X)}
σζ = dim(Image{H0(Ω4

X)⊗ Tζ → H1(Ω3
X)}.

(14)

At first glance one has

codimMX
(MX,ζ) � h4,0(X) + h3,1(X)

since the RHS is the apparent number of conditions for a class ζ ∈
H4(X, Q) to be of Hodge type (2, 2). The refinement (13) is a con-

sequence of the infinitesimal period relations and their integrability

conditions.

As will be seen in section IV(iv) the inequality (13) is an equality in

significant examples.

Somewhat more subtle, although not unexpected when one thinks

about it, is that again in contrast to the n = 1 case

(15) even assuming the Hodge conjecture, there are torsion and “lay-

ers of Chow group” obstructions to deforming a subvariety W

along with (X, ζ) where [W ]prim = ζ, no matter how “ample” one

makes W

(cf. section IV(ii)).

Perhaps most unexpected is the following: In the n = 1 case for

L� 0 we have{
(i) codim|L|(sing νζ)s0 = l − h2,0 (X fixed)

(ii) codim|L|(sing νζ)s0 = l (X variable)
(16)

where in the second statement we have assumed (11). This statement

has the implication (cf. section III(ii))
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(17) the rational mapping

|L| Ψ−−→ Ag,Σ

obtained sending a smooth curve to its Jacobian is transverse

along the boundary component B(σ(l, 1)) corresponding to ratio-

nal nilpotent cone generated by the logarithms of Picard-Lefschetz

transformations corresponding to cycles δi satisfying (4).

Here we have (6) above where ρ = Ψ and ∆ = B(σ(l, 1)), which

using

codimJg,Σ
(B(σ, 1)) = l(18)

leads to the conclusion (9) in this case (cf. (10)).

In contrast, for n = 2 we have, still assuming the Hodge conjecture,

(19)

{
(i) codim|L|(sing νζ)s0 � l − (h3,1 − σζ)− δW (X fixed)

(ii) codim|L|(sing νζ)s0 � l − δW (X variable)

where

δW > 0(20)

is an algebro-geometric correction term depending on the particular

subvariety W with W ⊂ Xs0 and where δW becomes large as L � 0.

This will imply that, assuming the Hodge conjecture,

(21) the rational mapping

|L| Ψ−−→ Ah,Σ

obtained by sending a smooth threefold to its intermediate Jaco-

bian will, for L� 0, never be I-transverse to the boundary com-

ponent B(σ(l, 1)).

Here the concept of I-transversality will be explained; for reasons aris-

ing from the infinitesimal period relation it is the only form of transver-

sality to have meaning for higher weight Hodge structures. That the

Hodge conjecture implies a generic non-transversality result (cf. section

V(ii)) stands in contrast to what one might naively expect and was to

us a striking and thus far non-understood phenomenon.
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The result and (21) depends on what to us is a very beautiful new

phenomenon. Namely, in the n = 2 case we will show that (cf. section

V(i))

codimAh,Σ
(B(σ(l, 1))) = l + h3,0(l − 1) .(22)

For a map such as

|L| Ψ−−→ Ah,Σ

that is regular near a point s0, restricting to a neighborhood of s0 one

may conclude from (22) that

codim|L|
(
Ψ−1(B(σ(l, 1))

)
� l + h3,0(l − 1) .(23)

Eliminating the h3,0(l−1) results from the infinitesimal period relation

in the boundary as a special case of the following observation: Given

a diagram of maps of smooth varieties

A
F−−→ M

∪ ∪
B −→ N

where

F−1(N) = B

then

codimA(B) � codimM(N) .(24)

Under suitable assumptions on the differential F∗ this may be rewritten

as

codimA(B) � rank (TM/TN) .(25)

Now suppose there is a sub-bundle

I ⊂ TM

such that F∗ : TA → I ⊂ TM and I meets TN transversely. Then

(25) may be refined to

codimA(B) � rank (I/I ∩ TN) .(26)
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When applied to

|L| Ψ−−→ Ah,Σ

∪ ∪
|L|ζ −−→ B(σ(l, 1))

where |L|ζ is the subvariety of |L| lying over MX,ζ and I is the infini-

tesimal period relation, this leads to the elimination of the h3,0(l − 1)

term in (23). We shall refer to this phenomenon as I-transversality.

The result (10) follows from an excess intersection formula applied

to the mapping in (17), which gives

Ψ∗
ζ ([B(σ(l, 1))]) =

[
Ψ−1

ζ (B(σ(l, 1)))
]
∧ ctop(H

0,2)(27)

where Ψζ is the restriction of Ψ to |L|ζ . By the Lefschetz (1, 1) theorem

Ψ−1
ζ (B(σ(l, 1))) �= ∅

and this leads to (10) in this case.

When n = 2 the formula (27) holds where the “correction term” on

the far right is replaced by ctop(V ) where V is a vector bundle that has

three components:

(i) a bundle of rank h3,1 − σζ that arises for the same reason as H0,2

in the n = 1 case;

(ii) a bundle of rank h3,0(l−1) that arises from the infinitesimal period

relation in the boundary of Ah,Σ; and

(iii) a bundle of rank δW .

The situations (i) and (ii) are Hodge-theoretic and do not depend on

the particular W , provided that a certain technical condition that holds

in many examples is satisfied. The situation (iii) is algebro-geometric

and represents a phenomenon that is a consequence of the HC and does

not appear in the classical n = 1 case.

All of the dimension count phenomena described just now are quite

visible and explicit in the case of the example

Λ ⊂ X ⊂ P5

where Λ is a P2, X is a smooth fourfold of degree d � 6, and

ζ = [Λ]prim .
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The calculations have the by now familiar polynomial flavor, with there

being a few new subtleties (cf. section IV(iv)).

To conclude this introduction we remark that to us one of the more

surprising and gratifying aspects of this study turned out to be the very

elegant interplay between Hodge theory and geometry near and at the

boundary of the partially compactified classifying spaces for Hodge

structures. As is well known, in algebraic geometry a major tool is

to study the degenerations of an algebraic variety, these degenerations

frequently being “simpler” than the smooth variety. What we had not

expected was the nice geometry that arises when these degenerations

are viewed as pullbacks of the aforementioned boundary components.

II. The classical case of curves on a surface, Part A

II(i). Maps to moduli when X is fixed

Let (X, L, ζ) be as in the introduction where

• X is a smooth algebraic surface and L → X is a very ample line

bundle;

• ζ ∈ Hg1(X)prim is a primitive Hodge class.

We shall write

Lm = mH

where H is a fixed ample line bundle and the positive integer m varies.

Then for m1 � 0 we may find a smooth curve

C1 ∈ |ζ + m1H| ,

and for m = m1 + m2 with m2 � 0 we may find a smooth curve

C2 ∈ | − ζ + m2H|

and where

Xs0 = C1 ∪ C2 ∈ |Lm|
has ordinary nodes so that C1, C2 meet transversely in

l = #(C1 ∩ C2) = −ζ2 + m1m2h, h = H2(1)
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points. Denoting by νζ the extended normal function associated to ζ

(cf. “I”), we have

(2) Theorem: For m2 � 0, there is an irreducible component (sing νζ)s0

of the singular locus of sing νζ
passing through s0 ∈ |L| and

codim|L|(sing νζ)s0 = l − h2,0(3)

where h2,0 = h2,0(X).

The LHS of (3) may be thought of as an algebro-geometric quantity,

since it is

dim

{
deformation space

of C1 in X

}
+ dim

{
hypersurfaces in |Lm|
passing through C1

}
.(4)

The RHS of (3) is Hodge-theoretic, since the number l of nodes may

be read off from the local monodromy around s0.

The above interpretation of (3) will be seen to hold for n = 2 — i.e.,

when X is a fourfold — as well as the present case, where of course

writing as above

Xs0 = C = C1 + C2

the second term is

{deformations of C2 in X} .

As noted in the introduction, in contrast to the n = 1 case, in the n =

2 case there will always be a non-zero algebro-geometric “correction

term.”

Proof of #1: For simplicity we assume that h1,0(X) = 0. In the general

case the same argument with slightly more complicated computations

will apply.

From the cohomology sequence of

0→ OX → OX(Ci)→ NCi/X → 0 ,

and using the assumption h1(OX) = 0 and

hq (OX(Ci)) = 0 , q > 0
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which holds for m1 � 0, m2 � 0, we have (cf. the remark below

following Proof #2)

dim(sing νζ)s0 = h0
(
NC1/X

)
+ h0

(
NC2/X

)
= h0 (OX(C1)) + h0 (OX(C2))− 2 .

Now using

X (OX(Ci)) =
1

2

(
C2

i + Ci ·KX

)
+ X (OX)

we have

h0 (OX(Ci)) =
1

2

(
C2

i + Ci ·KX

)
+ 1 + h2,0 ,

which gives

dim(sing νζ)s0 =
1

2

(
C2

1 + C2
2 + C ·KX

)
+ 2h2,0

=
1

2

(
C2 + C ·KX

)
− l + 2h2,0

since C1 · C2 = l. Then since OX(C) ∼= L

dim |L| = h0 (OX(C))− 1

=
1

2

(
C2 + C ·KX

)
+ h2,0

where we have used hq(OX(C)) = 0 for q > 0. It follows that

codim(sing νζ)s0 = l − h2,0.

Proof #2: We set

∆ = C1 ∩ C2

and note that near s0

(sing νζ)s0 =

{
curves C ′ ∈ |L| near C such that

∆ deforms to nodes ∆′ ⊂ C ′

}
.

The reason is that for topological reasons, there must be one relation

among the nodes ∆′, and hence

C ′ = C ′
1 ∪ C ′

2 ∈ Σg .

Thus (cf. the remark below)

T (sing νζ)s0
∼= H0(I∆ ⊗ L) ,
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so that from the cohomology sequence of

0→ I∆ ⊗ L→ L→ L∆ → 0

and hq(L) = 0 for q > 0, we have

codim(sing νζ)s0 = dim
(
Image

{
H0(L)→ H0(L∆)

})
= deg ∆− h1(I∆ ⊗ L) .

Now there is the usual Koszul sequence

0→ OX →
2
⊕
i=1

OX(L− Ci)→ I∆ ⊗ L→ 0

and since C1 + C2 ∈ |L| the middle term is OX(C1) ⊕ OX(C2). Then

from hq(OX(Ci)) = 0 for q > 0 we have

codim(sing νζ)s0 = l − h2,0.

(5) Remark: Above we have used

dim(sing νζ)s0 = dim T (sing νζ)s0

where the RHS is the Zariski tangent space. In fact, from the

above discussion we see that (sing νζ)s0 is smooth and is equal to

the Veronese variety

|ζ + m1H| × | − ζ + m2H| ⊂ |mH|, m = m1 + m2 .

We shall now discuss one interpretation of Theorem (2). For this we

set L = mH where m is sufficiently large as above and consider the

rational map

|L| ϕ−−→Mg(6)

defined for a general point s by

ϕ(s) = Xs ∈Mg

where as usual

g =
1

2

(
L2 + L ·KX

)
+ 1 .

The map ϕ is regular in a neighborhood of s0 where

Xs0 = C1 ∪ C2(7)

as above.
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We denote by

Σg ⊂Mg, g = (g1, g2)

the boundary component of all curves of the type (7) where gi = g(Ci).

Then we have

(sing νζ)s0 = ϕ−1(Σg)s0 .(8)

where both sides denote the irreducible components passing through

s0. From

g = g1 + g2 + l − 1

we have

3g − 3 = (3g1 − 3) + (3g2 − 3) + l

which gives the well-known result that

codimMg
(Σg) = l .(9)

Geometrically, the l nodes of C1 ∪C2 may be smoothed independently

in Mg. From (3) we conclude the

(10) Corollary: The rational mapping (6) fails by h2,0 to be tranvserse

at s0.

From (8) and (9) we have trivially

codim(sing νζ)s0 � codimMg
(Σg) = l .

As noted above, the LHS is an algebro-geometric term while the RHS

is a Hodge-theoretic term. We shall write it as

AG � HT ,(11)

and by the corollary the correction term needed to make this inequality

into an equality is also a Hodge-theoretic term.

Assuming the Hodge conjecture, we will find an analogue of the

inequality (11) for fourfolds, and the investigation of the correction

term will lead to new and to us very interesting and only partially

understood phenomena. In particular, the correction term will turn

out to not be purely Hodge theoretic, one of a number of significant

differences between the classical and higher codimensional cases.
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Any rational map (or correspondence for that matter) induces in the

usual way a map on cohomology by considering the fundamental class

of the graph of the map and using the Künneth decomposition. In the

next section we shall prove the

(12) Proposition: For the induced mapping on cohomology associated

to the rational mapping (6) we have

ϕ∗([Σg]) = 0 .

Intuitively this has to be true. If we let X vary in moduli, then a

general nearby X ′ will have no Hodge class ζ ′ corresponding to ζ and

therefore no curves of the type (7). The mapping ϕ does not depend on

ζ, and if ϕ∗([Σg]) �= 0 then this would be true for the ϕ′ corresponding

to (X ′, L′) and

ϕ′∗([Σg]) �= 0⇒ ϕ′−1(Σg) �= ∅ .

This reasoning is of course heuristic, but it does explain (12).

II(ii). Maps to moduli when X varies

We recall the notation {Xt}t∈MX
for the moduli space of X, which

is assumed to exist and which for simplicity we assume is irreducible,

and

|L| =
⋃

t∈MX

|Lt|

for the family of hyperplane sections |Lt| of Xt. We will consider the

rational map

|L| Φ−−→Mg ,(13)

which we think of as the rational map (6) when X varies.

We also recall the notation

MX,ζ ⊂MX
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for the Noether-Lefshetz locus where ζ remains a Hodge class ζt ∈
Hg1(Xt)prim. Now MX,ζ is defined by the condition

(ζt)
0,2 = 0(14)

where ζt ∈ H2(Xt, Z). The class ζt is uniquely defined for Xt close to

X, and if (14) is satisfied locally then it is invariant under monodromy

and therefore satisfied globally (cf. Cattani-Deligne-Kaplan [7]).

Because of (14) we may say that

“expected” codimMX
(MX,ζ) = h2,0 .(15)

It is known that (cf. [14]): In general

codimMX
(MX,ζ) = h2,0 ,(16)

but there are exceptional cases, such as when

ζ = [Λ]prim

where Λ ⊂ X ⊂ P3 is a line on a smooth surface in P3 of degree at

least five. In this case

codimMX
(MX,ζ) = h2,0 − h2,0(−Λ)

where

h2,0(−Λ) = dim H0
(
Ω2

X(−Λ)
)

.

For simplicity of exposition we will assume (16) and remark that the

modifications necessary in the general case may be made by consider-

ations similar to this example.

We denote by

|L|ζ ⊂ |L|

the part of |L| lying over MX,ζ , which we think of as complete linear

systems of hyperplane sections of Xt having ζt ∈ Hg1(Xt). By our

assumption

codim|L|(|L|ζ) = h2,0 .

We shall denote by

|L|ζ
Φζ−−→Mg
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the restriction to |L|ζ of the mapping Φ in (13). We also recall our

notation ν ζ for the family of νζt ’s over MX,ζ . Let

s0 ∈ sing νζ

correspond to a nodal Xs0 = C1 ∪C2 as above. Then s0 ∈ sing ν ζ and

from Theorem (2) and its proof
(i) (sing ν ζ)s0 ⊂ |L|ζ
(ii) codim|L|ζ(sing ν ζ)s0 = l − h2,0

(iii) codim|L|(sing ν ζ)s0 = l .

(17)

From this we may draw the following

(18) Conclusion: For the mapping Φ in (13) we have

Φ−1(Σg)s0 = Φ−1
ζ (Σg)s0 = (sing ν ζ)s0

and Φ is transverse relative to Σg in a neighborhood of s0.

The infinitesimal calculation needed to establish transversality may be

established by a standard sheaf cohomological computation which we

shall not give here.

In the following it will be understood that we are considering irre-

ducible components passing through s0. We also denote by

H0,2 → |L|

the pullback of the Hodge bundle with fibres H0,2(Xt) over MX and

we set

h = h2,0 .

(19) Theorem: With the above assumptions and notations we have in

H2l(|Lζ |) [
Φ−1

ζ (Σg)
]
∧ ch(H

0,2) = Φ∗
ζ([Σg]) .(20)

Proof: We first observe that the normal bundle of |L|ζ in |L| is H0,2.

Here we recall our assumption that in a neighborhood of (X, ζ) the

Noether-Lefschetz locus is smooth of comdimension h and defining
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equations (14). The result then follows from standard excess inter-

section formula considerations (cf. Fulton [11] — in the special case

one may rely on relatively elementary considerations using the Gysin

map on smooth compactifications; cf. the remark below).

We remark that

Φ∗([Σg]) �= 0(21)

in the following sense: Let MX be any smooth compactification of MX

and Φ the extension of the rational map (13) to MX . Then

Φ
∗
([Σg]) = [Φ

−1
(Σg)]

where the RHS is the fundamental class of the closure in MX of the

irreducible, codimension h subvariety

Φ−1(Σg)s0 .

The LHS is therefore non-zero, and this is what is meant by (21).

What is obviously of more interest is to know that Φ∗
ζ([Σg]) �= 0,

and for this there are various assumptions that will imply that the

LHS of (20) is non-zero. For example, if there is another Hodge class

ζ ′ ∈ Hg2(X)prim such that

MX,ζ′ meets MX,ζ transversely,(22)

then the LHS of (20) is the fundamental class[
Φ−1

ζ (Σg) ∩MX,ζ′
]

,

which is non-zero in the sense explained above. Thus we have the

(23) Corollary: With the asssumption (22),

Φ∗
ζ([Σg]) �= 0 .

Remark that this result is illustrative and certainly not definitive.

Finally, since for the rational mapping ϕ in (6) we have

ϕ = Φζ ||L|

where |L| ⊂ |L|ζ , we have

ϕ∗([Σg]) = 0
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since the LHS of (20) restricted to |L| is zero. This proves Corollary

(23).

Remark: As noted above, (20) is an elementary formula. The general

situation is where we first have a diagram of maps

A
F−−→ M

∪ ∪
B −−→ N

, B = F−1(N)

where

codimA(B) = codimM(N) ,

and where for simplicity of explanation we assume that everything is

smooth. Then

F ∗([N ]) = [F−1(N)] = [B] .(24)

Next suppose we have

B ⊂ C ⊂ A .

Denoting by j : C → A the inclusion and by [B]C ∈ H∗(C) the funda-

mental class of B in C we have

[B]C = j∗([B])∧ctop(NC/A) .

Setting FC = F |C and combining this with the formula above gives the

elementary excess intersection formula

F ∗
C([N ]) = [F−1

C (N)] ∧ ctop(NC/A) .(25)

The result (20) is the special case of this formula where

A = |L|, B = Φ−1(Σg), C = |L|ζ
M = Ah,Σ, N = Σg .

The formula in the n = 2 case that will by way of contrast be given in

section V(iii) will be a true excess intersection formula. To anticipate

it we have in general

F∗ : NB/A → NN/M
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and assuming F∗ is injective we have the excess normal bundle

Q = F−1(NN/M)/NB/A

and then the excess intersection formula gives

F ∗([N ]) = GyB/A(ctop(Q))(26)

where

GyB/A : H∗(B)→ H∗+codimA(B)(A)

denotes the Gysin map. In the situation of formula (20) we have that

Q is trivial and (26) gives

[B] = GyB/A(1B)(27)

where 1B ∈ H0(B). The formula (24) then is a consequence of (27)

when we insert C between B and A.

II(iii). Maps to Cg

Keeping the above notations, let us define an interesting curve to be

an irreducible curve C ⊂ X with

〈ζ, [C]〉 = ζ2 .(28)

By the (1, 1) theorem interesting curves exist in |ζ +m1H| for m1 � 0.

The presence of interesting curves also implies

(i) ϕ−1(Σg) �= ∅
(ii) Φ−1

ζ (Σg) �= ∅ .
(29)

We have seen above that ϕ∗([Σg]) = 0 but under mild technical as-

sumptions we have

Φ∗
ζ([Σg]) �= 0 ,(30)

and this implies that

Φ−1
ζ (Σg) �= ∅ .(31)

This in turn implies that there exists (Xt, ζt) ∈MX,ζ such that

Φ−1
ζ (Σg) ∩ |Lt| �= ∅ .
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Relabelling (Xt, ζt) to be just (X, ζ) we have

ϕ−1(Σg) �= ∅ .(32)

Theorem: The condition (30) implies that there exist interesting curves

on X.

In other words,

The topological condition (30) leads to an existence theorem.

Proof: The argument will be indirect, and we shall first explain the

difficulty in giving a direct proof. We are grateful to Mark de Cataldo

and Luca Migliorini for pointing this difficulty out to us.

Since Φζ is only a rational map, (30) only implies the existence of a

family

{Xs}s∈∆ ⊂ |L|(33)

with ∆ the disc, where Xs is smooth for s �= 0, and where semi-stable

reduction (SSR) applied to the family (33) only produces an interesting

curve on a blownup branched covering X̃ of X. This curve upstairs

may then either contract or map to an uninteresting curve under the

projection X̃ → X.

For the proof we shall first assume that

h2,0 = 0(34)

and then indicate how the argument may be modified in the general

case. We consider the universal family of hyperplane sections relative

to |L|
X|L| ⊂ X × |L|
↓
|L| .

There is then the following diagram of mappings where Cg is the com-

pactified universal curve of genus g and the dotted arrows are rational
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maps

X XL
�� λ �����

��

Cg

��

|L| ϕ ����� Mg.

(35)

We denote by Cg1 in the diagram

Cg1 ⊂ Cg

↓ ↓
Σg ⊂ Mg

the family of curves over Σg where g = (g1, g2) and whose general

member is the curve component of genus g1 lying over a general point

of Σg. Then

codimCg
(Cg1) = l .(36)

Taking components of λ−1(Cg1) lying over a point s0 ∈ |L| as in the

proof of Theorem (2), we have by the assumption (34)

codimXL

(
λ−1(Cg1)

)
= l .(37)

Assuming for the moment that λ and ϕ are regular maps, we will

show that

π∗(ζ) · λ∗ ([Cg1 ]) �= 0(38)

in H2l+2(XL). This is the main geometric step in the argument and the

reason for it is as follows: Because of (36) and (37)

λ∗ ([Cg1 ]) =
[
λ−1(Cg1)

]
.(39)

Now λ−1(Cg1) fibres over ϕ−1(Σg) whose general fibre is the curve C1

in the above picture. Then

〈π∗(ζ), [C1]〉 = ζ2 �= 0 ,

from which it follows that class (39) is Poincaré dual to a subvariety

Z ⊂ λ−1(Cg1) that maps to ϕ−1(Σg) as a generically finite map of

degree ζ2. Then

π∗(ζ) · λ∗([Cg1 ]) = [Z] �= 0

which is (38).
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Now from the argument used to prove (38) we see that a general

fibre of λ−1(Cg1)→ ϕ−1(Σg) maps to X onto a curve π(C1) with

〈ζ, [π(C1)]〉 = ζ2 �= 0 ,

which then gives an interesting curve on X.

We now remove the assumption that λ and ϕ are regular maps. We

let

X̃L

�

X
π←−− XL

λ−→ Cg

�
��
π̃ �

��
λ̃

be a resolution of the rational maps λ and ϕ, so that λ̃ and ϕ̃ are now

regular maps. Then the above argument applies to give

π̃(ζ) · λ̃∗ ([Cg1 ]) �= 0 ,

which then gives as before an interesting curve π̃(C1) on X.

We finally remove the assumption (34). This was made in order to

have the dimension count (36) leading to (39). If (34) is not satisfied

then as we saw in section II(ii) we need to let (X, ζ) vary over MX,ζ in

order to have the correct dimension counts. The argument given also

then extends with the same underlying geometric idea to produce an

(Xt, ζt) ∈MX,ζ such that there is an interesting curve on Xt.

II(iv). Maps to Pic◦(Cg)

The rational maps

|L| ϕ−−→Mg

|L| λ−−→ Cg

(cf. (6) and (35)), and their analogues when X varies do not depend

on a Hodge class ζ ∈ Hg1(X)prim. What is the case is that given a ζ
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and at a point s0 where

Xs0 = C1 ∪ C2(40) {
C1 ∈ |ζ + m1H|, m1 � 0

C2 ∈ | − ζ + m2H|, m2 � 0

we have

ϕ−1(Σg)s0 = (sing νζ)s0(41)

where each side denotes the component of an irreducible variety through s0.

This is for X fixed. Letting X vary in MX we have seen that

Φ−1(Σg)s0 projects onto a component of MX,ζ

and

Φ−1(Σg)s0 = (sing νζ)s0 ,

which in particular implies that the analogue of (41) holds for all

(Xt, ζt) near (X, ζ).

Without assuming the existence of ζ suppose we have a point s0 such

that ϕ is defined and regular in a neighborhood and

ϕ−1(Σg)s0 �= ∅ .

Then there exists a curve (7) where gi(Ci) = gi are given with

g = g1 + g2 + l − 1 .

For suitable m1 (which we may have to take to lie in Q) we will have

(C1 −m1H) ·H = 0 ,

so that ζ defined by

[C1] = ζ + [m1H](42)

is primitive. We note that, setting h = H2,{
g1 = 1

2
(ζ2 + m2

1h + ζ ·KX) + 1

g2 = 1
2
(ζ2 + m2

2h− ζ ·KX) + 1 .

(43) Conclusion: If ϕ−1(Σg) �= ∅, then there are Hodge classes ζ ∈
Hg1(X)prim with given ζ2 and ζ ·KX .
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In particular, there could be several ζ’s corresponding to different com-

ponents of ϕ−1(Σg).

We shall now discuss a rational map that does depend on ζ. This

map is just the extended normal function viewed as a rational map

|L| νζ−−→ Pic◦(Cg) .(44)

For the RHS of (44) we shall take the compactification defined by

Caparoso [3]. Actually the compactification in her work is Pick(Cg)

where k is large relative to g. For our purposes we can set Hs = H |Xs

and use the rational map

s→ νζ(s) + nHs ∈ Pick(Xs)

for large n where Xs ∈ |mH| and k = mnH2. With this understood, for

simplicity of notation and exposition we shall just consider (44). The

point will be to show how the image of (44) meets certain boundary

components to be described below and whose relation to (44) will be

clear.

We are interested in the behaviour of Pic◦(Xs) under a specialization

Xs → Xs0 ∈ Σg

of a smooth curve Xs to a curve of the type (7). A line bundle Ms → Xs

of degree zero will specialize to a line bundle Ms0 → Xs0 of total degree

zero with {
degC1

(Ms0) = d

degC2
(Ms0) = −d .

(45)

From loc. cit. there are bounds on d in terms of g and the integer k

above, but these need not concern us here. We may think of Ms0 → Xs0

as given by line bundles {
M1 → C1

M2 → C2

(46)

with degC1
(M1) = d, degC2

(M2) = −d and with isomorphisms (gluing

data)

M1,pi
∼= M2,pi

(47)
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at the nodes pi. The number of parameters in (46) and (47) is

g1 + g2 + l − 1 = g

where the “−1” on the LHS comes from the independent scalings of

M1 and M2. We denote by

Γd,g ⊂ Pic◦(Cg)

the boundary component lying over Σg whose inverse image over a

curve (7) is given by the data (46) and (47).

The basic observation is

(48) For the extended normal function νζ we have

νζ(s0) ∈ Γd,g , d = ζ2 .

In fact

ν−1
ζ (Γd,g)s0 = (sing νζ)s0 .(49)

As in section II(ii) we may prove that for d = ζ2

ν∗
ζ ([Γd,g]) = 0 (X fixed)

ν∗
ζ([Γd,g]) �= 0 (X variable) ,

(50)

where (50) holds under the same assumption as in Corollary (23).

Although νζ does depend on ζ, the topological information in [ν−1
ζ (Γd,g)]

only involves ζ2. As will be discussed on a later occasion, we feel that

ultimately one needs to understand

ν−1
ζ×ζ′(P)

and its Chern classes, where ζ, ζ ′ ∈ Hg1(X)prim and P is an extension

of the Poincaré line bundle to Pic◦(Cg) (cf. section V(D) in “I”).

III. The classical case, Part B

III(i). Hodge-theoretic description of Ag,Σ

Thus far we have studied rational maps to compactifications of algebro-

geoemetric moduli spaces and “universal” families over such. Now a



30 MARK GREEN AND PHILLIP GRIFFITHS 6/13/06

normal function is a Hodge-theoretic object, as is an extended nor-

mal function. Moreover, although the algebro-geometric compactifi-

cations arising from algebraic curves are not generally available in the

higher-dimensional case, there are recently available (partial) compact-

ifications of many of the Hodge-theoretic players in our story.1 This

suggests studying rational maps to these Hodge-theoretic objects. In

this section we shall begin this study again in the classical case of curves

on a surface.

We shall use the standard notation

Ag =

{
moduli space of principally polarized abelian
varieties (PPAV’s) of dimension g

}
.

For our purposes, Ag and its compactifications Ag,Σ will be constructed

Hodge-theoretically and we briefly review this, referring to Cattani [5],

Carlson-Cattani-Kaplan [4], Alexeev-Nakamura [2], Alexeev [1] and the

references cited there for details.

For the construction we assume given a pair (HZ, Q) where HZ is a

lattice of rank 2g and

Q : HZ ⊗HZ → Z

is a unimodular symplectic form. A symplectic basis will as usual be a

basis α1, . . . , αg; β1, . . . , βg for HZ relative to which

Q =

(
0 I
−I 0

)
.

Setting H = HZ⊗C, a (principally) polarized Hodge structure of weight

one2 is given by a filtration

H = F 0 ⊃ F 1 ⊃ {0}

1These partial compactifications are not compact as spaces, but they are compact
relative to Hodge-theoretically defined maps to them, in the sense that maps of
punctured discs to them extend across the origin. For this reason, for simplicity
of terminology we shall simply refer to these partial compactifications as simply
compactifications.

2Since the polarized Hodge structures we shall consider will all be principally
polarized, we shall drop the adjective “principally” in section III.
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where dim F 1 = g and where{
Q(u, v) = 0 u, v ∈ F 1

√
−1Q(u, u) > 0 0 �= u ∈ F 1 .

(1)

Relative to a symplectic basis as above there is a unique basis for F 1

given by the row vectors in a g × 2g matrix

Ω = (I, Z)

where the bilinear relations (1) are{
Z = tZ

Im Z > 0 .
(2)

This period matrix representation will be useful in computation of ex-

amples.

We denote by Dg the set of polarized Hodge structures of weight one

and set {
Γg = Aut(HZ, Q)

G = Aut(HR, Q)

where HR = HZ ⊗R. Then G acts transitively on Dg and the quotient

Dg/Γg � Ag(3)

of equivalence classes of polarized weight one Hodge structures may be

identified with the moduli space of PPAV’s.

Algebraic families of PPAV’s over a curve may be localized to give a

variation of the polarized Hodge structures of weight one (VHS)

f : ∆∗ → Dg/Γg(4)

over the punctured disc ∆∗ = {t : 0 < |t| < 1}. Denoting U = {z :

Im z > 0} the upper-half-plane we may lift (4) to

U
f̃ ��

��

Dg

��

∆∗ f �� Dg/Γg

where

f̃(z + 1) = f̃(z)T
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with T ∈ Γg being the monodromy transformation. It is well-known

that, replacing ∆∗ by a finite covering by setting t = sk, we will have

T = I + N

where

N = log T ∈ GQ

with GQ denoting the rational subspace of the Lie algebra G ⊂ Hom(HR, HR)

of G, and where

N2 = 0 .(5)

Using this we may define the monodromy weight filtration

{0} ⊂ W0 ⊂ W1 ⊂ W2 = H(6)

where {
W0 = Im(N)

W1 = Ker(N) .
(7)

One central reason for the importance of monodromy is that the

VHS (4) is asymptotic to a nilpotent orbit, as follows: Let Ďg be the

g planes in H satisfying the first bilinear relation in (1), and define

h̃ : U→ Ďg

by

h̃(z) = f(z) · exp(−zN) .

Then h̃(z + 1) = h̃(z) so that h̃ descends to a map

h : ∆∗ → Ďg .

The main results are

(i) h extends across the origin, and we set F0 = h(0);

(ii) for Im z � 0, F0 · exp(zN) ∈ Dg; and

(iii) in a precise sense, the nilpotent orbit

F0 · exp
(

log t
2π

√
−1

N
)
∈ Dg/{T n}

is asymptotic as t→ 0 to (4).

(8)
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Remark: We may choose a symplectic basis that over Q spans W0; say

W0 = spanQ{α1, . . . , αl} .

Then

N =

(
0 η

0 0

)
(g × g blocks)

where

η =

(
η11 0

0 0︸︷︷︸
l

︸︷︷︸
g − l

)
}l
}g − l

where η11 = tη11. Then h̃(z) has normalized period matrix

Z̃(z)− zη =: W̃ (z) .

The nilpotent orbit then has normalized period matrix(
log t

2π
√
−1

)
N + W (t)

which is positive definite for 0 < |t| < ε. It follows that

η11 > 0 .(9)

The above discussion extends to a localized several variable VHS

f : (∆∗)k → Dg/Γg(10)

(one may also include a ∆m factor as parameters) with commuting

monodromies T1, . . . , Tk, which again going to finite coverings may be

assumed to satisfy 
Ti = I + Ni

N2
i = 0

[Ni, Nj] = 0 .

(11)

This then leads to a several variable nilpotent orbit

F0 · exp

(
k∑

i=1

log ti

2π
√
−1

Ni

)
.(12)
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Under a rescaling

ti → exp

(
ui

2π
√
−1

)
ti (ui ∈ C)

we have

F0 → F0 · exp

(
k∑

i=1

uiNi

)
.(13)

We set 
N = (N1, . . . , Nk)

Nλ =
i∑

i=1

λiNi ,

and then by (11) we have for all λ

N2
λ = 0 .

A crucial fact is (cf. Cattani, loc. cit.):

(14) For λi �= 0 the monodromy weight filtration Wk(Nλ) defined by Nλ

is independent of λ.

From that reference one also has

(i) The filtration F0 defines a Hodge structure of weight p on

GrpW (Nλ) = Wp(Nλ)/Wp−1(Nλ), p = 0, 1, 2 .

(ii) The Hodge structure on GrpW (Nλ) is polarized by quadratic forms

constructed from Q and Nλ.

(15) Remark: From (13) and the definitions it follows that the Hodge

structure on Gr•W (Nλ) is well defined, as in the limit mixed

Hodge structure on W1(Nλ).

We are now ready to define the boundary components that arise in

the compactifications Ag,Σ. Let

W0 ⊂ H

be an isotropic subspace, W1 = W⊥
0 and set

η(W0) = {N ∈ G : Im N ⊂ W0}.
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Then ker(N) ⊃ W1 and we set

η+(W0) = {N ∈ η(W0) : QN > 0}

where QN is the symmetric form on H/W1 defined for u, v ∈ H by

QN(u, v) = Q(u, Nv) .

The filtration {0} ⊂ W0 ⊂ W1 ⊂ H is then the monodromy weight

filtration of any N ∈ η+(W0) as well as that of any rational cone

σ = {
k∑

i=1

λiNi : λi ∈ R+, Ni ∈ η+(W0)} ,

where we assume that σ contains an element in η+(W0) and that the

Ni are in GQ. We set

B(σ) =

{
F 1 ∈ Ďg : (F 1, W0) defines a mixed Hodge
structure polarized for every N ∈ Int σ.

}
(16) Definition: The boundary component associated to (W0, σ) is

defined by

B(σ) = B(σ)/ exp σC = exp σC ·Dg/exp σC .

The equality in the definition is a result; cf. Cattani, loc. cit.

The compactifications Ag,Σ are constructed using a fan Σ, which is a

collection of rational cones as above having certain incidence properties

and where the isotropic subspace is replaced by a flag

{0} ⊂ S1 ⊂ S2 ⊂ · · · ⊂ Sg

of isotropic subspaces where dim Si = i. The details of this construc-

tion, for which we refer to Cattani and the references cited there, are

not necessary for the discussion in this paper.

We conclude this section with two examples.

Example 1: We use the period matrix notation above and set

ηi =

(
δij 0

0 0︸︷︷︸
l

︸︷︷︸
g − l

)
}l
}g − l.
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The corresponding nilpotent orbit is


log ti

2π
√
−1

0
. . . 0

0 log tl
2π

√
−1

0 0

 +

 Z11 Z12

Zλ1 Z22

(17)

where


Z11 = tZ11

Z21 = tZ12

Z22 = tZ22, Im Z22 > 0 .

(18)

Under a rescaling as above we have

Z11 → Z11 +

 u1
0

. . .
0

ul

 .

Denoting this rational cone by σl, it follows that we may choose a

unique normalized representative of each point in B(σl) to be the period

matrix given by the conditions (18) together with

(Z11)ii = 0 1 � i � l .

In particular,

codimAg,Σ
(B(σl)) = l .(19)

Below we shall see that this boundary component corresponds under

the Torelli map to the boundary component in Mg given by the image

of Mg−l,2l.
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Example 2: We define N1, . . . , Nl by

ηi =

(
δij 0

0 0︸︷︷︸
l − 1

︸︷︷︸
g − l + 1

)
}l − 1

}g − l + 1

ηl =

( 1 . . . 1
1 . . . 1

0

0 0︸︷︷︸
l − 1

︸︷︷︸
g − l + 1

)
}l − 1

}g − l + 1.

For the corresponding nilpotent orbit of the form (12)

l∑
i=1

log ti

2π
√
−1

ηi +

(
Z11 Z12

Z21 Z22︸︷︷︸
l − 1

︸︷︷︸
g − l + 1

)
}l − 1

}g − l + 1

we have under rescaling that

Z11 → Z11 +

 u1 0
. . .

0 ul−1

 +

 ul . . . ul
...

...
ul . . . ul

 .

Denoting this rational cone by σl,1, we may as above choose a unique

normalized representative of each point in B(σl,1) to be the period

matrix given by the conditions (18) (where the block sizes are as in

this example) together with{
(Z11)ii = 0 1 � i � l − 1

(Z11)1,l−1 = 0 .
(20)

In particular

codimAg,Σ
(B(σl,1)) = l .(21)

Below we shall see that this boundary component corresponds under

the Torelli map to the images of all inclusions

Σg ↪→Mg, g = g1 + g2 + l − 1 .
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III(ii). Maps to Ag,Σ

Keeping the previous notation, assigning to a general curve Xs ∈ |L|
the polarized Hodge structure on H1(Xs) defines rational maps

|L| Ψ−−→ Ag,Σ(22)

|L|ζ ⊂ |L| Ψ−−→ Ag,Σ .

We assume given s0 ∈ sing νζ where as above

Xs0 = C1 ∪ C2 ∈ Σg .

(23) Theorem: Working in a neighborhood of s0, in the diagram

|L| Ψ−−→ Ag,Σ

∪ ∪
sing νζ −−→ B(σ(l, 1))

(24)

the mapping Ψ is generically transverse along sing νζ.

This means that
codimAg,Σ

(B(σ(l, 1))) = l (cf. section III(i))

codim|L|(sing νζ) = l (cf. section II(ii))

Ψ−1(B(σ(l, 1)) = sing νζ

(25)

and that an injectivety condition on the differential of Ψ is satisfied.

As in section II(ii) the above result and its proof will give an excess

intersection formula

(26) Corollary: Ψ−1(B(σ(l, 1)) ⊂ |L|ζ and

Ψ∗
ζ([B(σ(l, 1))]) = [Ψ−1(B(σ(l, 1))]∧ch(H

0,2)

where Ψζ = Ψ ||L|ζ .

The proof of theorem (23) and its corollary will occupy the rest of

this section. Although it could be given directly, since the mapping Ψ

factors
|L| Ψ−−→ Ag,Σ

Mg

−−→ τ−−→−

Φ
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where τ is the Torelli map and Φ is the map previously studied in

section II, we shall study τ and this will lead to the proof. The result

that τ is a regular map is due to Mumford (cf. Alexeev [1] and the

references cited therein). For our purposes we will need the explicit

description of τ in the case of interest here.

We being by analyzing an l-parameter curve degeneration around a

general point

C0 ∈Mg−l,2l ⊂Mg

cf. Cattani [5] and Friedman [10].

The picture is

δ1

δl

Ct

p1

pl

C0

= =

where t = (t1, . . . , tl) ∈ ∆l and as ti → 0 the vanishing cycle δi shrinks

to a node pi. We assume the family is smooth over (∆∗)l and the

monodromy around ti = 0 is the Picard-Lefschetz transformation Tδi

corresponding to the vanishing cycle δi. We set

Ni = log Tδi
= Tδi

− I .

We denote by

Ĉ0
π−−→ C0
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the normalization with π−1(pi) = qi + ri and denote by ρi a path

connecting qi and ri in Ĉ0

q1

ρ1

r1

ql

ρl

rl

Let ω1(t), . . . , ωg(t) be a basis for H0(Ω1
Ct

) normalized so that the

period matrix Z(t) of Ct is normalized where the symplectic basis

α1, . . . , αg; β1, . . . , βg for H1(Ct, Z) ∼= H1(Ct, Z) is chosen so that

α1 = δ1, . . . , αl = δl .

Then, again following the notations in section III(i) above, it is well

known that

Z(t) =

( ∑
i

log ti
2π

√
−1

ηi + W (t) Z12(t)

Z21(t) Z22(t)

)
where W (t), Z12(t) = tZ21(t), and Z22(t) are holomorphic in t1, . . . , tl.

It is also well-known that as t→ 0 and for 1 � i � 1

ωi(t)→ ηqi,ri

where ηqi,ri
is a differential of the 3rd kind (dtk) on Ĉ0 with polar divisor

at qi + ri and residues ±1. We then have the following interpretation:

(i) Z22(0) is the period matrix of C0;

(ii) using the bilinear relations between differentials of 1st and 3rd

kinds, the entries in Z12(0) are interpreted as the Abel-Jacobi

images

AJĈ0
(qi − ri) ∈ J(Ĉ0)

of the divisors qi − ri on Ĉ0;
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(iii) the off-diagonal entries in W (0) are the integrals∫
ρi

ηqj ,rj
=

∫
ρj

ηqi,ri
,

where the equality comes from the bilinear relations for dtk’s.

It may now be checked that this implies that in the diagram

Mg
τ−−→ Ag,Σ

∪ ∪
Mg−l,2l

τ−−→ B(σ(l))

the Torelli map is transverse along a general l-nodal irreducible curve.

A more conceptual argument may be given as follows: The nilpotent

orbit

(u1, . . . , ul)→


l∑

i=1

uiηi Z12

Z21 Z22

(27)

is linear in u1, . . . , ul. Let

l∑
i,j=1

aλ
ijZij, Zij = Zji and λ = 1, . . . , l(l − 1)/2

be a basis for the linear functions on l × l symmetric matrices that

annihilate the image of the top left hand block in (27). Recalling our

notation α1, . . . , αl; β1, . . . βl for the symplectic basis for H1(Ct, Z), we

have

As t→ 0 the integrals ∑
i,j

aλ
ij

∫
βj

ωi(t)

remain finite and tend to the l(l − 1)/2 quantities∑
i,j

aλ
ij

∫
ρj

ηqi,ri
.

The quantities give the upper left hand block of

lim
t→u

τ(Ct) ,

the other parts of the period matrix being holomorphic in t1, . . . , tl.
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The point of the more conceptual argument is that it applies to a

degeneration Ct → C0 where C0 ∈ Σg and the degeneration arises by

smoothing the l nodes on C0. The linear combination of the
∫

βj
ωi(t)

that remain finite are not quite as obvious as in the first case, but it is

not necessary to conclude that again the Torelli map is transverse in a

neighborhood of C0.

Theorem (23) and its corollary (26) now follow from this discussion

and that in section II(ii).

III(iii). Maps to Jg,Σ

In this section we shall give a preliminary study of the map νζ in the

situations

�
�

��νζ

Jg,Σ ⊃ Θ(ζ2; l, 1)% %
|L| Ψ−−→ Ag,Σ ⊃ B(σ(l, 1))

(X fixed) .(28)

and

�
�

��ννζ

Jg,Σ ⊃ Θ(ζ2; l, 1)% %
|L|ζ

Ψζ−−→ Ag,Σ ⊃ B(σ(l, 1))

(X variable).(29)

Here Jg,Σ is a compactification of Jg → Ag corresponding to a choice of

fan Σ (cf. Alexeev [1] and the references cited therein), and Θ(ζ2; l, 1) is

a boundary component to be specified below. The objective will be to

give a generic transversality result and subsequent excess intersection

formula analogous to theorem (23) and corollary (26) above.

The reasons for studying (28) and (29) are

(i) the maps νζ and ννζ are defined purely Hodge theoretically, in

contrast to the maps νζ and νζ in section II(iv) above; and

(ii) these maps depend on ζ, in contrast to the maps ψ and Ψ that

were studied in section III(ii) just above.
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The study is preliminary in that the boundary component Θ(ζ2; l, 1)

will here be defined only indirectly.

Following the discussion of (28) and (29) we shall give some gen-

eral remarks concerning the codimension of any component of ρ−1(B),

where ρ is one of the rational maps studied above and B is the corre-

sponding boundary component.

Rather than study the maps νζ and νζ directly, we shall study the

composition of the map νζ and ννζ in section II(iv) with the maps in

the following diagram:

Pic◦(C)
µ ��

π

��

Jg,Σ

ω̃
��

Mg
τ �� Ag,Σ.

(30)

We note that for the Torelli map τ we have

Σg
τ−−→ B(σ(l, 1)) .(31)

The main step in our discussion is the following

(32) Proposition: (i) The number of components of π−1(Σg) is l; and

(ii) similarly, the number of components of ω̃−1(B(σ(l, 1)) is l.

In both cases the components have dimension g, and we shall see

that distinct components of π−1(Σg) map to distinct components of

ω̃−1(B(σ(l, 1))). We shall define Θ(ζ2; l, 1) to be the component of the

boundary of Jg,Σ to which µ maps Γ(ζ2,g); i.e. to have

Γ(ζ2;g)
µ−−→ Θ(ζ2; l, 1) .(33)

The transversality and excess intersection formula will then follow from

the results in sections II(iv) and III(ii).

Proof of the proposition: Part (i) is in Caparosa [3]. Turning to part

(ii), we consider the situation of a family

A%p

∆

(34)



44 MARK GREEN AND PHILLIP GRIFFITHS 6/13/06

of principally polarized abelian varieties At = p−1(t), t �= 0 where the

total space A is smooth, p is proper, the monodromy T on H1(At, Z)

is unipotent; i.e.

(T − I)2 = 0 ,

and the singular fibre At0 has local normal crossings with all compo-

nents having multiplicity one and which is the compactification of a

connected semi-abelian variety A0
t0

(cf. Alexeev-Nakamura [2]). We

may think of (34) as ω̃−1(∆) where ∆ ⊂ Ag,Σ is a general disc meeting

B(σ(l, 1)) transversely at a general point t0. Let t ∈ ∆∗ be a base point

and

H1(At, Z)ev ⊂ H1(At, Z)

the space of vanishing cycles. Then

(T − I)H1(At, Z) ⊂ H1(At, Z)ev ,

and by Clemens-Schmid [9] the quotient

G = H1(At, Z)ev/(T − I)H1(At, Z)

is a finite group. There is then a Néron model Ãt0 (cf. Clemens [8] and

M. Saito [20]) which is an extension of A0
t0

by G

0→ A0
t0
→ Ãt0 → G→ 0 .

(35) Lemma: (i) #G = l.

(ii) # (components of ω̃−1(t0)) = l.

Proof: The second statement is a consequence of the first statement

together with the general results in the literature.

For the second result we may as above choose a symplectic basis

δ1, . . . , δg, γ1, . . . , γg for H1(At, Z) such that

T = Tδ1 + · · ·+ Tδl−1
+ Tδ

where the Tδi
and Tδ are Picard-Lefschetz transformations and where

δ = δ1 + · · ·+ δl−1 .

Setting

λ = δ1 + · · ·+ δl−1
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we have {
H1(At, Z)ev = spanZ{δ1, . . . , δl−1}

(T − I)H1(At, Z) = spanZ{δ1 + λ, . . . , δl−1 + λ} .

In general, if we have a lattice Λ with basis γi and sub-lattice Λ′ ⊂ Λ

with basis γ′
i where

γ′
i = Σaj

iγj, aj
i ∈ Z ,

then it is well-known that

#(Λ/Λ′) = det ‖aj
i‖ .

Taking Λ = H1(At, Z)w and Λ′ = (T − I)H1(At, Z), our result follows

from

(δ1 + λ) ∧ · · · ∧ (δl−1 + λ) = δ1 ∧ · · · ∧ δl−1

+
l∑

i=1

δ1 ∧ · · · ∧ λi ∧ · · · ∧ δl−1

= (1 + (l − 1))δ1 ∧ · · · ∧ δl−1

= lδ1 ∧ · · · ∧ δl−1 .

We now turn to the question: Let

|L| ρ−−→ P (X fixed)

be one of the rational maps ϕ, ψ, νζ , νζ considered above, ∆ ⊂ P the

corresponding boundary component. Then, recalling that L = mH,

Does there exist m0 and l such that

codim|L|(ρ
−1(∆)) = l − h2,0

for all components and for m � m0?

(36)

Here we are taking X to be fixed — there is a corresponding question

without the h2,0 term for X variable. We shall not treat this question in

full generality (non-reduced components, etc.), but shall assume that

C0 = C1 ∪ C2 ∈ ρ−1(∆)

is a nodal curve with C1, C2 smooth, and ask the related question
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(37) Is there an m0 such that for m � m0 the deformation space of C0 ∈
|L| keeping the l = C1 · C2 nodes is smooth and of codimension

l − h2,0?

(38) Theorem: (i) The answer to question (37) is in general no for

the maps ϕ, ψ that do not depend on ζ. (ii) If

dim Hg1(X)prim = 1 ,

i.e. Hg1(X, Q)prim = Q · ζ, the answer is yes for νζ and νζ.

Proof: As in section II(ii), to have an affirmative answer to the question

(37) we must in general have

hq(OX(Ci)) = 0 , q > 0 and m � m0 .(39)

Suppose that

C1 ∈ |λ + m1H|
where λ ∈ Hg1(X)prim. Then C2 ∈ | − λ + (m−m1)H|. We shall deal

with (39) in the case of C1, the case of C2 being similar. For simplicity

we shall assume that

KX = H ;(40)

the general case may be done by a similar but slightly more complicated

argument.

The numerical information at hand for the mapping ϕ is
gi = 1

2
(λ2 + mi(m1 + 1)H2) + 1

m = m1 + m2

l = C1C2 = −λ2 + m1m2H
2

g = g1 + g2 + l − 1 .

(41)

We set

C1(k) = λ + kH .

According to Castelnuovo-Mumford regularity, we will have

hq(OX(C1(k))) = 0, q > 0 and k � k0(42)

where k0 is expressed in terms of the Hilbert polynomial

χ(OX(C1(k))) .
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With our assumption (40), k0 is then determined by the quantities{
C1(0)2 = λ2

χ(OX) .
(43)

The numerical quantities we are given are

g, m, l .

We want to have the existence of m0 = m0(g1, g2, l) such that

m1 � k0 for m � m0 .

From (41), (43) we see that this is not the case without an a priori

bound on λ2.

Next we consider the map νζ and write

C1 ∈ |aζ + ζ ′ + m1H|

where a ∈ Z, ζ ′ ∈ Hg1(X)prim and ζ · ζ ′ = 0. With the assumption in

(ii) we have ζ ′ = 0. Then

νζ(s0) ∈ Pic◦(C0)

and the additional information is

bidegree (νζ(s0)) = (aζ2,−aζ2) ,

so that we now have an upper bound on −λ2 = −a2ζ2 > 0 and can

therefore determine the k0 for which (42) holds. We then observe from

(41) that we will have an m0 such that

m1 � k0 for k0 � k0(m, l) and m � m0

which was to be proved. More precisely, from{
m1m2 ∼ l

m1 + m2 = m

where “∼” means modulo constants, we have

mi ∼ mi(m, l) i = 1, 2 ,

which implies the result.
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IV. Analysis of sing νζ on fourfolds

IV(i). Structure of the space of cycles

In the classical case n = 1 of curves on a surface, given

ζ ∈ Hg′(X)prim

then the principal components of sing νζ , i.e. by definition those corre-

sponding to nodal curves Xs0 with two components C1, C1, where

[C1] = ζ + m1H

[C2] = −ζ + m2H

L = (m1 + m2)H

are well-behaved provided

m1 � 0, m2 � 0 relative to ζ .

In this case

Hq(OX(Ci)) = 0 for q � 1, i = 1, 2 .

From

0→ OX →
2
⊕
i=1

OX(Ci)→ OX(L)→ OX(∆)→ 0

where

∆ = C1 · C2 is the the singular locus of Xs0 = C1 ∪ C2

and unobstructedness of |C1|, |C2|, we conclude{
codim in |L| of deformations
of Xs0 remaining reducible

}
= dim |L| − dim |C1| − dim |C2|

= dim Im(H0(OX(L))→ H0(O(∆)))

= l − h2(OX)

= l − h2,0(X)

where

l = number of nodes.

Thus

codim|L|(sing νζ)s0 = l − h2,0(X) ,
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a Hodge-theoretic quantity. Note, however, that we may expect there

to be other components of sing (νζ) where the codimension comes out

differently (cf. section III(iii) above).

Note that

h2,0(X) = “expected” codimMX
(MX,ζ)

although it is only inequality the actual codimension. If equality does

hold, then

codim|L|(sing νζ)s0 = l .

In this section, assuming the Hodge conjecture we shall investigate

the analogous questions in the n = 2 case of surfaces on a fourfold,

both for X fixed and for (X, ζ) varying. Informally stated what we

shall perphaps not non-expectedly find is

The situation for n = 2 is completely different than the clas-

sical case.

For example, as will be seen in the next section, one’s first guess for

the Noether-Lefschetz loci is

“expected” codimMX
(MX,ζ) = h4,0(X) + h3,1(X) .

Because of the infinitesimal period relations this is first corrected to

“expected” codimMX
(MX,ζ) = h3,1(X) .

But the integrability conditions associated to the infinitesimal period

relations give an addition correction term

“expected” codimMX
(MX,ζ) = h3,1(X)− σζ(1)

where σζ is a Hodge-theoretic term depending on ζ. We shall also see

in §IV(iv) that (1) is sharp in an interesting set of examples.

The main general results on the structure of the space of cycles hold

for all n and date to the work of Kleiman [18]:3

3We would like to especially thank Rob Lazarsfeld for discussions related to the
work of Kleiman.
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(2) Assuming the Hodge conjecture, given ζ ∈ Hgn(X)prim we have

for some k ∈ Z∗

kζ = [W −H]

where W is a smooth, codimension n subvariety and H is a smooth

complete intersection of hypersurface sections;

In (2) we may assume that W is the degeneracy locus of

general sections σ1, . . . , σr−1 of a rank r vector bundle F →
X;

Under some mild assumptions we shall also give the operations on

pairs (F, S) where S ∈ Grass(r−1, H0(F )) that correspond to addition

of cycles, modulo complete intersections.

(3) Denoting by def(∗)1 the 1st order deformations of ∗, assuming that

F is chosen sufficiently ample and that

h1,0(X) = h2,0(X) = 0

we have

dim(def1(W )) = dim(def1(F )) + dim Grass(r − 1, H0(F ));

The assumptions are not essential, and we have given them for purposes

of illustrating the essential geometric point.

(4) For L� 0 relative to W , we may find nodal Xs0 ∈ |L| with

(i) W ⊂ Xs0

(ii) ζ �= 0 in H2n(X̂s0)

where X̂s0 is the standard desingularization of Xs0 and cohomology

is with Q coefficients;

(5) Again for L � 0 and W ⊂ Xs0 as above, to 1st order any defor-

mation of Xs0 preserving the nodes carries W along with it; we

write this as

def1

(
Xs0 preserving nodes

and modulo H0(IW (L))

)
= def1(W ) .
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We shall also give cohomological expressions for dim and codim of

def1(∗) above (in fact, this is how the various results are proved). One

such is

codim

{
def1

(
Xs0 preserving

the nodes

)}
= l − h1(I∆s0/X(L))(6)

where {
l = # nodes
∆s0 is the set of nodes

(7)

and I∆s0/X(L) ⊂ OX(L) is the ideal sheaf of ∆s0 in X.

All of the above is for fixed X and any n. For n = 1, from the second

proof of Theorem (2) in section II(i) we have in the circumstances at

the beginning of this section

h1(I∆s0/X(L)) = h2,0(X) .(8)

The RHS of this equality is a Hodge-theoretic term with the geometric

interpretation

h2,0(X) = “expected” codimMX
(MX,ζ) .

When n = 2 we will see that

h1(I∆s0/X(L)) = “expected” codimMX
(MX,ζ) +

 algebro-geometric
correction term
depending on W


(9)

where for n = 2 the correction term is the image of the mapping σ in

the exact sequence

0→ H1(NW/X)→ H1(I∆s0/X(L))
σ→ H2(Λ2NW/X ⊗ L∗)

to be derived below, and which will be seen to be non-zero in typical

examples.

This discussion refers to the situation when X is fixed. When X

varies, and using the notation

ΣX,L =

{
sheaf of 1st order linear

differential operators on OX(L)

}
we will see below that there is a map

H1(ΣX,L)→ H1(I∆s0/X(L))(10)
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such that

codim def1

 pairs (X, Xs0)
preserving
the nodes

 = dim(image of the map (10))

Proof of (4). This is standard. The point is that for a section s0 ∈
H0(L) such that

W ⊂ Xs0 ,

i.e., s0 = 0 on W , the differential ds0 is well-defined along W and gives

a section

ds0 ∈ H0(N∗
W/X(L)) .

By choosing L � 0 relative to W , we may insure that there exists

such an s0 such that ds0 has isolated, non-degenerate zeroes. This is

equivalent to Xs0 having ordinary double points (nodes).

There is a standard desingularization

X̂s0 → Xs0

where each node pi is blown up to a smooth quadratic surface Qi ⊂
X̂i. The proper transform Ŵ of W is smooth and the induced map

H4(Ŵ )→ H4(W ) is an isomorphism. Since

〈ζ, [W ]〉 = kζ2 �= 0

it follows that the pullback

ζ̂ ∈ H4(X̂s0)

is non-zero.

Proofs of (2) and (3). Although we shall give the following arguments

in the n = 2 case they work in general. A general algebraic cycle may

be written

Z = Z ′ − Z ′′

where Z ′ and Z ′′ are effective. By passing a complete intersection H

of high degree through Z ′′ we will have

Z ′′ + Z ′′′ = H
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where Z ′′′ is effective. Setting V = Z ′ + Z ′′′ we then have

Z = V −H

where V is effective and H is a complete intersection, which by moving

in a rational equivalence class may be assumed to be smooth. We may

also assume that V is reduced, since by a similar argument any multiple

component of V may be moved by a rational equivalence into a sum of

components of multiplicity one.

Following Kleiman [18] there is a resolution (here H is an ample line

bundle)

0→ F → E3 → E2 → E1 → E0 → OV → 0(11)

where

Ei
∼= ⊕

j
OX(−mijH)

where F is locally free of rank r (we identify vector bundles and locally

free sheaves). It follows (cf. Fulton [11, Ex. 3.2.3]) that{
c1(OV ) = 0

c2(OV ) = ±[V ] ≡H c2(F )

where ≡H denotes “congruent modulo complete intersections.” Still

working modulo complete intersections, we may replace F by F (k) for

large k and then it is well-known that

c2(F ) is represented by the degeneracy locus of r− 1 general

sections σ1, . . . , σr−1 ∈ H0(F ).

Moreover, the subvariety where the degeneracy locus drops rank by

two has codimension six, so that for generic choice of σ1, . . . σr−1 we

may assume that

W = {x ∈ X : σ1(x) ∧ · · · ∧ σr−1(x) = 0}

will be a smooth surface in X. This establishes (2).

Next there is an exact Eagon-Northcut complex

0→
r−1
⊕ ∧rF ∗ ⊕σi−−→ ∧r−1F ∗ σ1∧···∧σr−1−−−−−−→ OX → OW → 0 .(12)
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It is a general fact that for any resolution

0→ E2 → E1 → E0 → OW → 0(13)

of OW by vector bundles, when restricted to W the homology sheaf of

(13) is

∧2N∗
W/X , N∗

W/X , OW .

Applied to (12) this gives, setting F ∗
W = F ∗|W ,

0→ ∧2N∗
W/X →

r−1
⊕ ∧rF ∗

W → ∧r−1F ∗
W → N∗

W/X → 0

or dually

0→ NW/X → ∧r−1FW →
r−1
⊕ ∧rFW → ∧2NW/X → 0 .(14)

Our goal is to compute H0(NW/X) and H1(NW/X); the results are:

(15) 0→ T Grass(r − 1, H0(F ))→ H0(NW/X)/T Aut(F )

→ H1(F ⊗ F ∗)→ 0

if

h1,0(X) = h2,0(X) = 0 ,(16)

and

H1(NW/X) ∼= H2(F ⊗ F ∗)(17)

if

h1,0(X) = h2,0(X) = h3,0(X) = 0 .(18)

There are somewhat more elaborate statements that hold without as-

suming (16) or (18); the point is to have an illustrative result that is

valid in interesting examples. We note that (15) gives (3).

We may rephrase (15) and (17) as

(19) Under the stated assumptions and to 1st order, the deformations of

W in X are obtained by deforming F and by varying the sections

σ1, . . . , σr−1;

(20) The obstruction space to deforming W is isomoprphic to the ob-

struction space to deforming F .
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Proofs of (15) and (17). From (14) we have

H0(NW/X) ∼= ker
{

H0
(
∧r−1(FW )

⊕σi−−→ H0(⊕ ∧r FW

)}
.(21)

Tensoring (12) with ∧r−1F gives

0→
r−1
⊕ F ∗ → ∧r−1F ∗ ⊗ ∧r−1F → ∧r−1F → ∧r−1FW → 0

�‖
F ⊗ F ∗ .

Using the spectral sequence in cohomology and{
Hq(F ∗) = 0, q < 4

Hp(∧r−1F ) = 0, p > 0 .

We have

0→ H0(∧r−1F )

H0(F ⊗ F ∗)
→ H0(∧r−1FW )→ H1(F ⊗ F ∗)→ 0 .(22)

Tensoring (12) with ∧rF gives

0→
r−1
⊕ OX → F → ∧rF → ∧rFW → 0 .(23)

We shall use the notations
V = H0(F )

S = Im

{
r−1
⊕ H0(OX)

⊕σi−−→ H0(F )

}
Q = V/S

so that

T Grass(r − 1, H0(F )) ∼= Hom(S, Q) .

From the cohomology sequence of (23) we have, using the assumption

(16),

0→ S → V → H0(∧rF )→ H0(∧rFW )→ 0

which gives

0→ Q→ H0(∧rF )→ H0(∧rFW )→ 0 .(24)

The dual of (12) is

0→ OX → ∧r−1F →
r−1
⊕ ∧rF → ∧2NW/X → 0(25)
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which gives

0→ H0(OX)→ H0(∧r−1F )→ H0

(
r−1
⊕ ∧rF

)
→ H0(∧2NW/X) .(26)

Using this and (21) gives the commutative diagram with rows and
columns

0

��

0

��
H0(F ∗ ⊗ F )

��

S∗ ⊗Q

��

0 �� H0(OX) ��

��������������
H0(∧r−1F ) ��

��

H0(
r−1
⊕ ∧rF ) ��

��

H0(∧2NW/X)

0 �� H0(NW/X) �� H0(∧r−1FW ) ��

��

H0(
r−1
⊕ ∧rFW )

��
H1(F ∗ ⊗ F )

��

0

0

From

S∗ ⊗Q

��

H0(
r−1
⊕ ∧rF )

��

��

H0(∧2NW/X)

H0(
r−1
⊕ ∧rFW )

�� H0(∧2NW/X)

we have that

S∗ ⊗Q→ H0(∧2NW/X)
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is the zero map. This leads to the diagram with exact rows and columns

0 0
↓ ↓

H0(F ∗ ⊗ F )/H0(OX) → S∗ ⊗Q

↓ ↓
0→ H0(∧r−1F )/H0(OX)

α→ S∗ ⊗H0(∧rF )

↓ ↓
0→ H0(NW/X)→ H0(∧r−1FW ) → S∗ ⊗H0(∧rFW )

↓ ↓
H1(F ∗ ⊗ F ) 0

↓
0 .

(27)

The diagram (27) gives

(28)

0 0

↓ ↓
H0(F ∗ ⊗ F )/H0(OX) → S∗ ⊗Q

↓ ↓
0→ H0(∧r−1F )/H0(OX) α→ S∗ ⊗H0(∧rF ) → H0(∧2NW/X)

↓rw ↓rw ‖

0→ H0(NW/X)→ H0(∧r−1FW )
β→ S∗ ⊗H0(∧rFW ) → H0(∧2NW/X)

↓p ↓
H1(F ∗ ⊗ F ) 0

↓
0 .

�����	
0

The row with H0(NW/X) in it is only exact for the first two terms. It

follows that

α−1(S∗ ⊗Q) ∼= S∗ ⊗Q

and that

im(β) ⊆ rW (im α)
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It follows that the natural map (β ◦ p−1)

H1(F ∗ ⊗ F )→ S∗ ⊗H0(∧r−1/W )

im β ◦ rW

is zero, because

im(β ◦ rW ) = im(rW ◦ α) ⊇ im β .

Thus

p−1(H1(F ∗ ⊗ F )) ⊆ im rW + ker β = im rW + im H0(NW/X)

which implies the surjectivity of the map

H0(NW/X)→ H1(F ∗ ⊗ F ) .

Now

ker(H0(NW/X)→ H1(F ∗ ⊗ F ))

injects to Image rW in H0(∧r−1FW ), and chasing the diagram leads to

ker(H0(NW/X)→ H1(F ∗ ⊗ F ))→ S∗ ⊗Q

im H0(F ∗ ⊗ F )
.(29)

Surjectivity comes because

S∗ ⊗Q �→ 0

im H0(∧2NW/X) by commutativity of the diagram (28) so

S∗ ⊗Q �→ im α

and under rW on the left,

S∗ ⊗Q

H0(F ∗ ⊗ F )
�→ ker β

ker p
= im H0(NW/X) ∩ ker p

= ker(H0(NW/X)→ H1(F ∗ ⊗ F ))

from which we get injectivity of (29).

We have now proved (3) and (4). We shall next prove

def1(Xs0 preserving the nodes ∆s0)
∼= H0(I∆s/X(L)) .(30)

Proof: This is a general fact. If locally

s(p(t), t) = 0,
∂s

∂zi

(p(t), t) = 0, all i
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where zi are local coordinates on X, then we have

ṡ(p(0), 0) + (ds(p(0), 0))�ṗ(0) = 0

where ṗ(0) ∈ Tp(0)X. Since ds(p(0), 0) = 0 we obtain ṡ(p(0), 0) = 0

which gives

ṡ ∈ H0(I∆s0
(L)) .

This is a 1st order condition. The 2nd order condition may be written

as

dṡ(p(0), 0) +
(
d2s(p(0), 0)

)
�ṗ(0) = 0

where d2s ∈ S2T ∗
p(0)X is the Hessian, which is non-degenerate. For any

dṡ(p(0), 0) this gives a unique ṗ(0).

We next note the standard interpretation{
H1(I∆s0/X

(L)) is the obstruction space to

def1(Xs0 preserving ∆s0) .
(31)

From the cohomology sequence of

0→ I∆s0/X(L)→ OX(L)→ O∆s0
(L)→ 0

we obtain (9) above.

codim def1(Xs0 preserving ∆s0) = l − h1(I∆s0/X(L))(32)

where l = h0(O∆s0
(L)) is the number of nodes.

We will now show that

H0(NW/X) ∼= H0(I∆s0/X(L)/H0(IW/X(L)) .(33)

Proof. From the cohomology sequence of

0→ IW/X(L)→ I∆s0/X(L)→ I∆s0/W (L)→ 0 ,

where IW/X(L) is the ideal sheaf of W tensored with OX(L) and the

assumption L� 0 relative to W , we obtain

H0(I∆s0
(L)) ∼= H0(I∆s0/X(L))/H0(IW/X(L)) .(34)
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Next, since the pi are ordinary nodes, the Koszul complex associated

to

ds0|W ∈ H0(N∗
W/X(L))

gives the exact sheaf sequence

0→ ∧2NW/X(L∗)→ NW/X → I∆s0/W (L)→ 0 .(35)

Again using the assumption L� 0 relative to W we obtain

H0(NW/X) ∼= H0(I∆s0/W (L)) .(36)

Comparing with (34) gives (33).

At this stage we have proved (5).

We next observe the exact cohomology sequence of (35) gives

0→ H1(NW/X)→ H1(I∆s0/X(L))→ H2(∧2NW/X ⊗ L∗)

where we have used

H1(I∆s0/W (L)) ∼= H1(I∆s0/X(L))

for L � 0 relative to W . This is the sequence referred to above and

may be interpreted as saying{
the obstruction space

to def1(W ⊂ X)

}
⊂


the obstructive space to

def1

(
Xs0 preserving

the nodes

)  .

All of the above discussion is for X fixed. We now turn to the

situation when X varies leading to (10) and the statement just below.

Let then

X̂
ε→ X

be the blowup of X at the nodes pi ∈ Xs0 . Then each ε−1(pi) is a P3

that we label Ei and that meets the proper transform X̂s0 of Xs0 in a

smooth quadric Qi. We will show that

def1(X̂, X̂s0)
∼= H1(ΘX → I∆s0/X(L)) ,(37)

where the LHS denotes the 1st order deformations of the pair X̂s0 ⊂ X̂.
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Proof. We have

0→ ε∗ΘX̂ → ΘX → ⊕
i

Npi/X → 0 .

From the diagram whose 1st column is this sequence

0 0
↓ ↓

ε∗ΘX̂ → ε∗(ε
∗L[−2

∑
i Ei]

∣∣
X̂s0

) ∼= I2
∆s0/X(L)

↓ ↓
ΘX I∆s0/X(L)
↓ ↓

⊕
i

Npi/X → ε∗(ε
∗L[−

∑
i Ei]

∣∣
X̂s0

) ∼= L⊗ (⊕
i

N∗
pi/X)

↓
0

we infer that

0→ H0

(
⊕
i

Npi/X
d2s0−−→ ⊕N∗

pi/X(L)

)
→ H1(ΘX̂ → NX̂s0/X̂)(38)

→ H1(ΘX → I∆s0/Xs0
(L))→ 0 .

Since each pi is a node

Npi/X
d2s0−−→ N∗

pi/X(L)

is an isomorphism, so the first term in (18) is zero. Since

def1(X̂, X̂s0)
∼= H1(ΘX̂ → NX̂

s0/X̂
)

we may infer (17).

IV(ii). The “layers of Chow” obstruction in higher codimension

In the classical case of curves on a surface the following is well-known

(and comes out of the proof of Theorem (2) in section II(iii)): Keeping

the notations from that section, let (Xt, ζt) be a variation of (X, ζ) over

an analytic neighborhood of (X, ζ) ∈ MX,ζ . Then there exists an m0

with the following property:

(39) For m � m0 and any smooth curve W ⊂ X with

[W ] = ζ + m[H] ,
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there exists a smooth deformation Wt with

[Wt] = ζt + m[Ht] .

Here, H and Ht are hyperplane sections of X and Xt, respectively. In

words we may say

(40) Any smooth representative of a sufficiently ample Hodge class de-

forms with the Hodge class.

The example of Soulé-Voisin (cf. section 4.4.1 in “I”) shows that, be-

cause of torsion phenomena, in higher codimension (42) will in general

be false even in situations where the HC holds. So minimally the state-

ment might be:

(41) There exists m0, k0 such that for m � m0 and any smooth n-fold

W with

[W ] = k0ζ + m[H]

there exists a smooth deformation Wt with

[Wt] = k0ζt + m[Ht] .

In fact, the HC implies that there exists k0 and a W as above that

deforms with (Xt, ζt). But as we shall now see

(42) Theorem: Assuming the HC and for any k0, there exist examples

such that no matter how ample we make W it will not deform with

(Xt, ζt).

In other words, assuming the HC we will have (40) for some, but not

any, W .

To construct examples we first observe: To prove theorem (42), it

will suffice to find an algebraic cycle Z ∈ Zn(X) and a direction θ ∈
TXMX,ζ such that

(i) [Z] = 0

(ii) for any m, Z + mH does not deform
to 1st order in the direction θ.

(43)

The reason is this: Suppose that W deforms with (Xt, ζt), and for any

k0 consider

W ′ = k0W + Z .
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Suppose that the rational equivalence class of W ′

{W ′} ∈ CHn(X)⊗Q

deforms to 1st order in the direction θ. Then the same would be true

of

{Z} ∈ CHn(X)⊗Q .

In the examples to be constructed

(44) {Z} will not deform to 1st order in the direction θ.

It follows that {W ′} will also not deform to 1st order in the direction θ.

But by the proof of (3) in section IV(i), for m � 0 we see that {W ′}
will contain a smooth subvariety W ′′ with

[W ′′] = k0ζ + m[H]

and which does not deform to 1st order in the direction θ.

The geometric idea behind the construction of cycles Z as in (43) is

the following:

Denoting by CHp(X) the Chow group considered modulo torsion, ac-

cording to the conjecture of Bloch and Beilinson there exists a filtration

F kCHp(X) such that

(i) GrkCHp(X) has a Hodge-theoretic description;

(ii) F 0CHp(X) = CHp(X) and F 1CHp(X) is the kernel of the fun-

damental class mapping;

(iii) F 2CHp(X) is the kernel of the Abel-Jacobi mapping;

(iv) F p+1CHp(X) = 0; and

(v) if X is defined over Q, then

F 2CHp(X(Q)) = 0 .

In [12] we have given a Hodge-theoretic construction of such a filtration,

assumming (v) and the GHC. Other proposed constructions are given

in [16] and [19].
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In our paper [13], we have given a construction of the formal tangent

spaces TF kCHp(X) with the infinitesimal version of the properties

(i)–(v), and that is what we use here. Specifically, given a class

{Z} ∈ F kCHp(X)

and a tangent to moduli θ ∈ H1(ΘX), we constructed an obstruction

class

Ok({Z}, θ) ∈ Hp−k−1,p+1(X)⊗ Ωk
C/Q(45)

to formally deforming the graded piece

{Z}k ∈ GrkCHp(X)

to 1st order in the direction θ. In particular:

(46) If Ok({Z}, θ) �= 0, then {Z} does not deform to 1st order in the

direction θ.

Note that for k = p, for degree reasons

Op({Z}, θ) = 0

so that in the p = 1 case the only obstruction to deforming {Z} to 1st

order is that it remain of Hodge type (1, 1). More generally, there are

p independent conditions — the first being to remain of Hodge type

(p, p) — to deforming {Z} ∈ CHp(X) to first order.

For p = 2 and {Z} ∈ F 1CH2(X) the obstruction

O1({Z}, θ) ∈ H0,3(X)⊗ Ω1
C/Q ,

which suggests that we look for examples when n = 2, {Z} ∈ F 1CH2(X)

and H3(OX) �= 0.

In general, one has the arithmetic cycle class (cf. loc. cit.)

[Z]a ∈ Hp(Ωp
X/Q) .

There is a mapping

ΘX,C → ΘX/Q

which gives a pairing (setting ΘX = ΘX/C)

H1(ΘX)⊗Hp(Ωp
X/Q)→ Hp+1(Ωp−1

X/Q)(47)
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and in loc. cit. it is proved that

(48) If {Z} deforms to 1st order in the direction θ, then

θ · [Z]a = 0

in Hp+1(Ωp−1
X/Q).

At the infinitesimal level one has that the formal tangent space to

the Chow groups is given by

TCHp(X) ∼= Hp+1(Ωp−1
X/Q) .

The filtration F kTCHp(X) results from the filtration induced on TCHp(X)

by the filtration

F kΩp−1
X/Q = image

{
Ωk

C/Q ⊗ Ωp−1−k
X/Q → Ωp−1

X/Q

}
,

and this is the basis for (45).

In the p = 2, k = 1 case the pairing (46) is (omitting the Ω1
C/Q factor

and setting Ω1
X = Ω1

X/C)

H1(ΘX)⊗H2(Ω1
X)→ H3(OX) .

Suppose that X is defined over Q, that the algebraic part J2
alg(X) of

the intermediate Jacobian is non-zero and parameterized by algebraic

cycles, and that for

TJ2
alg(X) ⊂ H1,2(X)

the pairing

H1(ΘX)⊗ TJ2
alg(X)→ H3(OX)

is non-zero. Then there will be directions θ ∈ H1(ΘX) and non-zero

classes

{Z} ∈ F 1CH2(X)

that do not deform to 1st order in the direction θ.

Explicit examples may be constructed from Fermat hypersurfaces,

as e.g. in the various works of Shioda [21].

Summary:
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(i) The HC implies that there exists k0 ∈ Z∗ and a smooth subvariety

W with

[W ] = k0ζ + mH, m� 0 ;(49)

which deforms with (X, ζ);

(ii) Still assuming the HC, there exist smooth W satisfying (48) and

which do not deform with (X, ζ), no matter what k0 is and how

large we take m.

In (ii), there are (at least) two types of obstructions, torsion obstruc-

tions as in the Kollár-Soulé-Voisin example (cf. section 4.4.1 of “I”),

and layers of Chow obstructions as described above.

IV(iii). Codimension of Noether-Lefschetz loci for fourfolds

As noted above, for an algebraic surface X and Hodge class ζ ∈
Hg1(X), the Noether-Lefschetz locus MX,ζ in the moduli space MX

where ζ remains a Hodge class is an algebraic variety with

codimMX
(MX,ζ) � h2,0 .(50)

As also noted above the inequality (50) is equality in many examples

and one may informally say that

“expected” codimMX
(MX,ζ) = h2,0 .(51)

For X a fourfold, as will now be explained the situation is quite

different. For ζ ∈ Hg2(X) we have for the Zariski tangent space

TXMX,ζ
def
= Tζ = ker{H1(ΘX)

ζ−−→ H1,3(X)} .(52)

(53) Definition: We set

σζ = dim
(
Image{Tζ ⊗H4,0(X)→ H3,1(X)}

)
.

(54) Theorem: For the Noether-Lefschetz locus we have

codimMX
(MX,ζ) � h3,1 − σζ .

We shall prove this statement for the Zariski tangent space, which is

sufficient. As will be seen in the next section, we will see that equality
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holds in (52) in significant examples. For this reason we propose to use

the terminology

“expected” codimMX
(MX,ζ) = h3,1 − σζ .

Proof: Working in an analytic neighborhood of X ∈MX , the Noether-

Lefschetz locus is defined by the equations

(ζt)
(1,3)+(0,4) = 0 .

Thus it would seem at first glance that

“expected” codimMX
(MX,ζ) = h4,0 + h3,1 .(55)

However, if X = Xt0 since ζt0 ∈ H2,2(Xt0) we have from the infinitesi-

mal period relation

to 1st order in any direction, (ζ ′
t0
)0,4 = 0 .(56)

Thus (55) might seem to need to be amended to

“expected” codimMX
(MX,ζ) = h3,1 .(57)

Now (56) is based on the infinitesimal period relation, which may be

viewed as an exterior differential system (EDS) on the classifying space

for polarized Hodge structures. As for any EDS there are integrabil-

ity conditions, and these need to be taken into account along integral

manifolds, such as MX,ζ for the EDS (56). This is what we shall now

do.

Denoting as usual the Gauss-Manin correction by ∇, for any{
θ ∈ H1(ΘX)
ω ∈ H4,0(X)

we may write (56) as

〈ω, θ · ζ〉 = 0

where the pairing is

Hp,q(X)⊗H4−p,4−q(X)→ C .

Now suppose that

θ ∈ Tζ ⊂ H1(ΘX)
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and let θ′ ∈ H1(ΘX). Then

〈θ · ω, θ′ · ζ〉 = 〈ω, θθ′ζ〉
= 〈ω, θ′θζ〉
= 0

since θζ ∈ H2,2(X).

The crucial step in this calculation is commuting the cup-product

actions of θ and θ′, which is a reflection of the integrability.

Discussion: Let Dh be the classifying space for the set of equiva-

lence classes of polarized Hodge structures on a lattice HZ with a non-

degenerate symmetric form Q and with Hodge numbers

h = (h4,0, h3,1)

where h1,3 = h3,1, h0,4 = h4,0, h2,2 = rank HZ − 2(h4,0 + h3,1) and

signature Q = 2h4,0 + h2,2 − 2h1,3 .

For ζ ∈ HZ denote by

Dh,ζ ⊂ Dh

the subvariety where ζ is of type (2, 2) (cf. the heuristic argument for

(4.17) on page 29 in “I”). We have the period mapping

MX
P−−→ Dh

∪ ∪
MX,ζ

P∗−−→ Dh,ζ

, MX,ζ = P−1(Dh,ζ)

and Pζ = P |MX,ζ
. Now

codimDh
(Dh,ζ) = h4,0 + h3,1

so that

P (MX) does not meet Dh,ζ transversely.

If we let I ⊂ TDh,ζ be the exterior differential system (EDS) given by

the infinitesimal period relation, then the differential

P∗ : TMX → I ⊂ TDh .



ALGEBRAIC CYCLES AND SINGULARITIES 6/13/06 69

Now I meets TDh,ζ transversely along Dh,ζ , and one might wonder if

the period mapping is I-transversal along MX,ζ in the sense that

codimMX
(MX,ζ) = rank(Iζ/Iζ ∩ TDh,ζ)

where Iζ ⊂ TDh|Dh,ζ
is the restriction of I to Dh,ζ? In fact, this does

not hold due to the integrability conditions, which contribute the σζ

term.

It is plausible that there is more sophisticated a concept of I-transversality

based on the subvariety

V (I) ⊂
∏

k

Grass(k, TDh)

of integral elements of various dimensions, but we shall not pursue this

here.

We do note that the notion of I-transversality appeared in the in-

troduction in the discussion of (19) there, where one does in fact have

such a result “at the boundary.”

IV(iv). Analysis of an example

In this section we shall study the example

Λ ⊂ X ⊂ P5(58)

where X is a smooth hypersurface of degree d � 6 and Λ is a 2-plane.

We set

ζ = [Λ]prim(59)

and denote by

MX,Λ ⊂MX(60)

the local moduli space of deformations X ′ of X for which Λ moves to

a (unique) 2-plane Λ′ ⊂ X ′.4 We note that since h0(NΛ/X) = 0

MX,Λ ⊆MX,ζ .

4More properly, one could define MX,Λ to be the moduli space of pairs (X, Λ) as
in (58) and then there is an étalè map MX,Λ →MX . For the purpose of dimension
counts we shall just work locally in moduli where we have (60).
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In this section we shall prove the following statements (61)–(66):

MX,Λ = MX,ζ .(61)

Geometrically, any deformation of X preserving the Hodge class ζ is

obtained by deforming the pair (X, Λ) where (58) holds.

codimMX
(MX,ζ) = h3,1 − σζ .(62)

Thus, in this case the inequality in Theorem (54) is sharp. The result

(62) will be proved by showing:

For ϕ ∈ H3,1(X),〈
ϕ, ζ ·H1(ΘX)

〉
= 0⇔ ϕ ∈ Tζ ·H4,0(X) .(63)

The inequality in theorem (54)results from the implication “⇐”, which

always holds. Below we shall by dimension count prove “⇒”. We shall

also show that

h3,1 − σζ = h1(NΛ/X) .(64)

Next, setting L = OX(1) and denoting by l the number of nodes in

general with Λ ⊂ Xs0 we shall show that

codim|L|
(
sing νζ) = l − (h3,1 − σζ)− h2(Λ2NΛ/X(−1)

)
.(65)

This is for fixed X. Now letting (X, ζ) vary — which by (61) is the

same as letting (X, Λ) vary — we shall show that

codim|L|(sing νζ) = l − h2
(
Λ2NΛ/X(−1)

)
.(66)

We note that

h2
(
Λ2

Λ/X(−1)
)

= h0 (OΛ(d− 5)) =

(
d− 3

2

)
�= 0 .(67)

Discussion: This example (for which the VHC holds) illustrates two

fundamental differences between the classical n = 1 case and curves on

a surface and the n = 2 case (surfaces on a fourfold). Namely

A. Both the infinitesimal period relations and its integrability con-

ditions enter in the codimension of the Noether-Lefschetz locus,

which in general (not just in special cases) depends on the partic-

ular Hodge class.
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B. There is a non-zero correction term h2(Λ2NΛ/X(−1)) to the codi-

mension of sing νζ. In particular, the to be defined rational map

|L| Ψ−−→ Ah,Σ

always fails to be transverse along the boundary component B(σ(l, 1))

with

Ψ−1(B(σ(l, 1)) = sing νζ .

Assuming the VHC we have noted the phenomenon B in general but

with the assumption that L� 0 relative to W . Here of course we see

it in a concrete special case.

We now turn to the proofs of the assertions (61)–(66) above. These

are based on explicit computations based on the well-known polynomial

description of the relevant cohomology groups (cf. [15]). We suppose

that

P5 = PV ∗

where dim V = 6 and set V k = SymkV . Then X is given by

F = 0 , F ∈ V d .

We denote by

Jk ⊂ V k

for the kth homogeneous piece of the Jacobian ideal J• = {Fz0 , . . . , Fz5}
where z0, . . . z5 give a basis for V and Fzi

= ∂F/∂zi, and we set

Rk = V k/Jk .(68)

Then it is well known that

H1(ΘX) ∼= Rd(69)

Hq(Ωp
X)prim

∼= R(q+1)d−6 (p + q = 4) .(70)

We may suppose that

Λ = {z0 = z1 = z2 = 0}

so that from Λ ⊂ X we have

F = z0G0 + z1G1 + z2G2 .
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Then denoting by V ·
Λ, J·

Λ, R·
Λ the restrictions of V ·, J·, R· to Λ we have

J•
Λ = {G0, G1, G2} .

For later use we note the identifications given by the vertical maps in

the diagram

0 → NΛ/X → NΛ/P5 → NX/P5 |Λ → 0

‖ �‖ ‖�

0 → NΛ/X →
3
⊕OΛ(1) → OΛ(d) → 0 .

(71)

We shall now show that:

R3d−6
Λ = V 3d−6

Λ /(G0, G1, G2) ∼= C(72)

and the surjective map

R3d−6 → R3d−6
Λ

gives a natural element of H2(Ω2
X)prim which is just

ζ = [Λ]prim .

Up to a non-zero constant this is

det‖∂Gi/∂zj‖ 0 � i, j � 2 .

For simplicity of notation we set

P = det‖∂Gi/∂zj‖ ∈ R3d−6 .

Proof: From the cohomology arising from the Koszul complex for

{G0, G2, G2}

O → OΛ(−3)→
3
⊕OΛ(d− 4)→

3
⊕OΛ(2d− 5)→ OΛ(3d− 6)→ 0

and

H2(OΛ(−3)) ∼= H2(Ω2
Λ) ∼= C

we conclude (72). The various identifications may be verified by stan-

dard compuations — what they amount to is that for H ∈ R3d−6 ∼=
H2(Ω2

Λ)prim ∫
Λ

H = image of H in H2(Ω2
Λ) .
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For later use we note that

H1(NΛ/X) ∼= V d
Λ/(G0, G1, G2)(73)

H1(NΛ/X ⊗KX) ∼= V 2d−6
Λ /(G0, G1, G2) .(74)

The first follows from the cohomology sequence in the bottom row

of (71), and the second from the cohomology sequence arising from

tensoring the bottom row with KX
∼= OX(d− 6).

We now turn to the proof of (61). The 1st order deformation theory of

pair (X, W ) is given by the hypercohomology group H1(ΘX → NW/X),

from which we conclude(
deformations of X

preserving W

)
= ker

{
H1(ΘX)→ H1/NW/X

}
(75)

In the case at hand, using the identifications above the RHS of (75) is

the kernel of

V d/Jd → V d
Λ/Jd

Λ
∼= V d

Λ/(G0, G1, G2)

This kernel is just

Id
Λ/Id

Λ ∩ Jd(76)

where I•
Λ = {z0, z1, z2} is the ideal of Λ.

From the commutative diagram

H1(ΘX)
ζ−−→ H3(Ω1

X)

�‖ �‖

Rd P−−→ R3d−6

we have

Tζ = [J• : P ]d = {R ∈ Rd : RP ∈ J3d−6} .

It also follows from the discussion above that we have a factorization

R2d−6 P−−→ R4d−12 ∼= C
↘ ↗

R2d−6
Λ .
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The basic diagram in the story is

H1(ΘX )⊗H1(Ω3
X) H2(Ω2

X )

↓ ↓
H1(ΘX |Λ) ⊗H1(Ω3

X |Λ) → H2(Ω2
X |Λ)

ζ

↓ ↓

H1(NΛ/X )⊗H1(NΛ/X ⊗KX)→ H2(Λ2NΛ/X ⊗KX) ∼= H2(KΛ) ∼= C

→

→

(77)

where we have used{
Ω3

X |Λ ∼= KX ⊗ΘX |Λ → KX ⊗NΛ/X

Ω2
X |Λ ∼= KX ⊗ Λ2ΘX |Λ → KX ⊗ Λ2NΛ/X .

From this diagram we have that〈
ζ · ker

{
H1(ΘX)→ H1(NΛ/X), H1(Ω3

X)
}〉

= 0

and thus

Tζ ⊆ ker
{
H1(ΘX)→ H1(NΛ/X)

}
.(78)

Geometrically this is clear: If Λ deforms to 1st order in the direction

θ ∈ H1(ΘX), then so does its fundamental class. It is the converse,

which is equality in (61), that we want to establish.

The basic observation is that the map

H1(Ω3
X)→ H1(NΛ/X ⊗KX) ∼= H1(N∗

Λ/X ⊗KΛ) ∼= H1(NΛ/X)∗(79)

is surjective; this follows from the above identifications and the surjec-

tivity of

R2d−6 → R2d−6
Λ .

It follows from this surjectivity that the left kernel Tζ in the map

H1(ΘX)⊗H1(Ω3
X)→ H2(Ω2

X)
ζ−−→ C

(77) is equal to the left kernel of the vertical column in (77), which is

just

ker
{
H1(ΘX)→ H1(NΛ/X)

}
.

This establishes equality in the inclusion (78), and with it proves (61).
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We next turn to (63). Working on the other side of the ⊗ in (77) we

have

(Im ζ)⊥ = ker
{
H1(Ω3

X)→ H1(NΛ/X ⊗KX)
}

(80)

= I2d−6
Λ /R2d−6

Λ ∩ J2d−6 .

On the other hand we have seen that

Tζ = image
{
Id
Λ/Rd

Λ ∩ Jd → V d/Jd
}

.

From the diagram

Tζ ⊗H0(Ω4
X) → (Image ζ)⊥

�‖ �‖
(Id

Λ/Id
Λ ∩ J2)⊗ V d−6 → I2d−6

Λ /I2d−6
Λ ∩ J2d−6

in which the bottom row is surjective we conclude the surjectivity of

the top row, which is equivalent to (63).

We now also have (62), since

σζ = dim
(
coker

{
H1(ΘX)

ζ−−→ H3(Ω1
X)

})
which implies that

codim Tζ = h3,1 − σζ ,

while we have seen above that also

codim Tζ = h1(NΛ/X) .

Turning to (65) we have from the Koszul resolution of the double

point locus restricted to Λ the sequence

0→ Λ2NΛ/X(−1)→ NΛ/X → OΛ(1)→ O∆(1)→ 0 .(81)

From the resulting spectral sequence and h0(O∆(1)) = l we obtain

l = h0(OΛ(1)) + h1(NΛ/X)︸ ︷︷ ︸ +h2(Λ2NΛ/X(−1))

and the term over the brackets is just

codim|L|(sing νζ) .

This gives (65), and (66) is clear since in this case

codim|L|(sing νζ) = h0(OΛ(1)) .
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V. Maps in the case of fourfolds

V(i). Structure of nodal boundary components in Ah,Σ

when h = (h3,0, h2,1) with h3,0 �= 0

Kato–Usui [17] have defined a partial compactification for general

variations of Hodge structures. Although not an analytic variety in

the usual sense, these spaces do have a “logarithmic structure” and

much of the classical theory when the classifying space is a bounded

symmetric domain seems to extend in a useable manner. For us the

relevant fact is that variations of Hodge structures defined over punc-

tured polycylinders and with unipotent monodromies give maps that

extend to the Kato-Usui partial compactifications.

As in the classical case boundary components are associated to cer-

tain rational cones σ of commuting nilpotent elements in a Lie algebra.

Here we will describe two boundary components

B(σ(l))↔

 cone generated by logarithms Ni

of Picard-Lefschetz transformation
corresponding to l independent nodes

(1)

and

B(σ(l, 1))↔

 cone generated by logarithms Ni

of Picard-Lefschetz transformations
corresponding to l nodes with one relation

 .(2)

We shall elucidate the structure of these boundary components in a

way that is amenable to algebro-geometric calculations and shall show

that

codimAh,Σ
(B(σ(l)) = l + l · h3,0(3)

and

codimAh,Σ
(B(σ(l, 1)) = l + (l − 1)h3,0 .(4)

These are at first glance surprising, since for example in case (1) when

l = 1, acquiring a single node generally imposes one condition on a fam-

ily of varieties. What the proofs of (3) and (4) will show is that, because

of the infinitesimal period relation, when h3,0 �= 0 period mappings in

a family of threefolds acquiring nodes that are either independent or
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have one relation can never be transverse in the usual to the corre-

sponding boundary component. However, in the next section we shall

show that because of refined notion of dimension counts arising where

one is considering integral manifolds of an exterior differential system,

and may drop the terms lh3,0 and (l − 1)h3,0 in (3) and (4) when es-

timating codimensions of the pullbacks of these boundary components

under period mappings.

We shall now discuss the boundary component B(σ(l)) in (1). For

this we assume given (HZ, Q) where HZ is a lattice of rank 2h and Q

is a unimodular symplectic form on HZ. We may describe Ah as the

set of polarized Hodge structures on (HZ, Q) of weight three and with

given Hodge numbers h3,0 and h2,1 where h3,0 + h2,1 = h. As usual we

have

Ah ⊂ Ǎh

where the dual classifying space Ǎh is the set of filtrations F 3 ⊃ F 2

with  dim F 3 = h3,0

dim F 2/F 3 = h2,1

Q(F 2, F 2) = 0 .

We set F 1 = F 3⊥.

Setting GC = Aut(HC, Q), in general boundary components are de-

scribed as a quotient of several variable nilpotent orbits. Specifically

we assume given

N1, . . . , Nl = GQ

satisfying {
N4

i = 0
[Ni, Nj] = 0 ,

together with certain other conditions discussed in [7] and Kato-Usui

(loc. cit.). Let

σC =

{∑
i

λiNi : λ = (λ1, . . . , λl) ∈ Cl

}
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be the nilpotent subalgebra of GC generated by the Ni. We set

σ =

{
exp

(∑
i

λiNi

)
: λi > 0

}

and then as a set the corresponding boundary component is

B(α) = exp(σC) ·Ah/ exp(σC) .

As will be explained below, the necessity for passing to the quotient is

because of rescaling.

We choose a symplectic basis δ1, . . . , δh; γ1, . . . , γh for H∗
Z, and shall

write elements of H∗
Z relative to this basis as column vectors. Thus

δ1 =


1
0
·

0

 , . . . , γh =


0
·
·

0
1

 .

Elements of HC will then be written as row vectors

δ∗1 = (1, 0, . . . , 0)
...

γ∗
h = (0, . . . , 0, 1) ,

and transformation N ∈ GC will be realized as 2h × 2h matrices mul-

tiplying row vectors on the right. Points F • ∈ Ǎh will be written

as period matrices obtained by choosing adapted bases for F 3 ⊂ F 2;

pictorially

Ω =

 ∗ · · · ∗...
...

∗ · · · ∗

 }h3,0

}h2,1︸ ︷︷ ︸
2h
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Changing the adapted basis occurs by left multiplication by a non-

singular matrix of the form

( ∗ ∗
0 ∗︸︷︷︸

h3,0

︸︷︷︸
h2,1

)
}h3,0

}h2,1
(5)

Specifically, in case (1) above we may choose our symplectic basis so

that

δ∗i Nj = δj
i γ

∗
j 1 � i, j � l

and all other terms are zero. Thus

Ni =

(
0 ηi

0 0︸︷︷︸
h

︸︷︷︸
h

)
}h
}h

where

ηi =


0 0

1
0

0 0




    
l

l

.

.

.
.

.

.

has 1 in the (i, i) spot and is zero elsewhere. Below we shall show that

l � h2,1(6)

and we shall correspondingly write period matrices in the block form

Ω =

 Ω1

Ω2

Ω3

 =

 Ω11 Ω12 Ω13 Ω14

Ω21 Ω22 Ω23 Ω24

Ω31 Ω32 Ω33 Ω34︸︷︷︸
l

︸︷︷︸
ĥ

︸︷︷︸
l

︸︷︷︸
ĥ

 }h3,0

}l
}ĥ2,1

(7)

where we have set

ĥ = h− l

ĥ2,1 = h2,1 − l .
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We shall now use period matrices to describe a general VHS Ω(t)

with parameters (t1, . . . , tl) ∈ (∆∗)l and whose monodromy logarithm

around ti = 0 is Ni. This monodromy assumption implies that

Ω̃(t)
def
= Ω(t) exp

(
−

∑
i

log ti

2π
√
−1

Ni

)
is single-valued in (t1, . . . tn). We may assume that Ω̃(t) is holomorphic

in ∆l and that Ω̃(0) ∈ Ǎh. We then may write

Ω(t) =

 Ω11(t) Ω12(t) L(Ω11(t)) + H1(t) Ω14(t)

Ω21(t) Ω22(t) L(Ω21(t)) + H2(t) Ω24(t)

Ω31(t) Ω32(t) L(Ω31(t)) + H3(t) Ω34(t)

(8)

and where

L(Ω21(t)) = Ω21(t)

(
l∑

i=1

log ti

2π
√
−1

ηi

)
(9)

where we are here considering ηi as an l× l matrix. The reason for (9)

is that analytic contribution of Ω23(t) around ti = 0 is given by

Ω23(t)→ Ω23(t) + Ω21(t) ,

and therefore

Ω23(t)− Ω21

(
l∑

i=1

log ti

2π
√
−1

ηi

)
= H2(t)

is single-valued and holomorphic.

The main step in the argument is the following

(10) Lemma: Ω11(t) = 0 mod {t1, . . . , tl}.

Proof: The idea is to use the infinitesimal period relation

Ω′
1(t) = A(t)Ω1(t) + B(t)Ω2(t) + C(t)Ω3(t)(11)

where “ ′ ” is any derivative and A, B, C are holomorphic matrices of

the appropriate size. To see the essential point suppose first that l = 1

and h3,0 = 1. Then

Ω11(t) = (2π
√
−1)

(
c + tf(t)

)
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where c is a constant and f(t) is a holomorphic function. From the

proof of (8) we have

Ω13(t) = c log t + tf(t) log t + h(t)

where h(t) is again a holomorphic function. Then

Ω′
13(t) =

c

t
+ f(t) + f ′(t)t log t + h′(t)

from which we conclude that the constant c = 0, i.e.

Ω11(0) = 0 .

This argument extends as follows: Any non-zero constant term in an

entry in Ω11(t) will produce a term

c log ti, c �= 0

in L(Ω11) and hence a non-zero polar term in Ω′
13.

This lemma has the inequality (6) as a corollary, since at t1 = · · · =
tl = 0 the first column  0

Ω21(0)

Ω31(0)


of Ω(0) must have rank l. By a suitable basis change (5) we may make

Ω21(t) = Il ,(12)

and then by a further basis change we may arrange that

Ω31(t) = 0 .(13)

It is known that any VHS over (∆∗)l and with unipotent mondromy

may be approximated by a nilpotent orbit. In this case the nilpotent

orbit is

Ω̃(t)
def
= Ω̃ · exp

(∑
i

log ti

2π
√
−1

Ni

)
where

Ω̃ = Ω̃(0) .
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The boundary component B(σ(l)) may be intuitively thought of as all

“limits of VHS’s Ω(t)” as above, modulo the ambiguity resulting from

rescaling the ti. Since

“ lim Ω(t)” = “ lim Ω̃(t)”

our strategy to compute dimB(σ(l)) will be to count the number of

parameters in Ω̃ and subract off the number resulting from rescaling.

Now using (13)

Ω̃(t) =

 Ω11(t) Ω12(t) H1(t) Ω14(t)

I Ω22(t) H2(t) Ω24(t)

0 Ω32(t) H3(t) Ω34(t)


where we note that in (8){

L(Ω21(t)) =
∑

i
log ti

2π
√
−1

ηi

L(Ω31(t)) = 0 .

From (10) we have at t = 0

Ω̃ =

 0 Ω12 H1 Ω11

I Ω22 H2 Ω21

0 Ω32 H3 Ω31

 .(14)

Restricting the VHS to a disc ∆∗ ⊂ (∆∗)l with “slope” λ1, . . . , λl

where all λi �= 0 gives a 1-parameter VHS with a monodromy weight

filtration, which by [5] is independent of the slope, and limiting MHS

given by (14). Denoting the logarithm of monodromy by Nλ, the mon-

odromy weight filtration is

{0} = W0 = W1 ⊂ W2 ⊂ W3 ⊂ W4 = W5 = H
‖ ‖

Im Nλ Ker Nλ .

The weight three Hodge structure on Gr3W0 = W3/W2 corresponds to

a polarized complex torus Ĵ with Hodge numbers{
ĥ3,0 = h3,0

ĥ2,1 = h2,1 − l .
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To see this we note that the monodromy weight filtration and limiting

Hodge filtration may be pictured as

Ω̃ =

0 Ω12 H1 Ω14

I Ω22 H2 Ω24

0 Ω32 H3 Ω34


}

F 3
F 2(15)

︸︷︷︸
W2︸ ︷︷ ︸
W3

Note that

F 3 ⊂ W3 ,

i.e., under a VHS of the type given above

the Hodge number H3,0 does not change in the limit, and the

Hodge number h3,1 drops by dim Gr4 = dim Gr2.

In addition we have

for the limiting MHS we have F 2 ∩W2,C = 0; i.e., the Hodge

structure on W2 is “of Tate type”.

Degeneration of this type, which are very special, have been studied

by Clemens [8]. We are indebted to Gregory Pearlstein for showing us

interesting examples where N2 = 0 but F 2 ∩W2,C �= 0.

The mixed Hodge structure on W3 gives rise to an extension

0→ (C∗)l → Je → Ĵ→ 0 .(16)

where Je is a complex Lie group of dimension h, which may be thought

of as the intermediate Jacobian analogue of a quasi-abelian variety, and

Ĵ is a polarized complex torus of dimension ĥ. The blocks in the period

matrix (15) have the following interpretations:(
Ω12 Ω14

Ω32 Ω34

)
is the period matrix of Ĵ(17)

Ω24 gives the extension data for (16).(18)
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We note that

# parameters in Ĵ =
ĥ(ĥ + 1)

2
+ ĥ3,0ĥ2,1(19)

# parameters in Ω24 = lĥ .(20)

Thus far we have not used the Riemann-Hodge bilinear relations,

which it seems must enter in any significant result. The first bilinear

relations are

(i) Ω12
tΩ14 = Ω14

tΩ12

(ii) tH2 + Ω22
tΩ24 = H2 + Ω24

tΩ22 ⇒ H2 = tH2

(iii) Ω32
tΩ34 = Ω34

tΩ32

(iv) Ω12
tΩ24 = H1 + Ω34

tΩ22

(v) Ω12
tΩ34 = Ω14

tΩ32

(vi) Ω24
tΩ32 = H3 + tΩ34Ω22.

We note that

(i), (iii), (v) give the 1st bilinear relations for the polarized

Hodge structure on Gr3W .

Next we turn to rescaling . Under

ti → exp(2π
√
−1ui)ti

we see from (8) that all the block entries in Ω̃ are unchanged except

that

H2 → H2 +

u1 0
. . .

0 ul

 .

Since from the bilinear relation (ii) we have that H2 is symmetric, we

conclude that

# essential parameters in H2 = l(l − 1)/2 .(21)

For the last step we will use the remaining basis change (5) that

preserves the normalization made thus far. We note that

rank

(
Ω12

Ω32

)
= ĥ
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and that we may add linear combinations of the rows of Ω12 to the

rows in Ω22 and Ω32, and similarly we may add linear combinations of

the rows in Ω32 to those in Ω22. Write

Ω22 =
(

Ω′
12︸︷︷︸

ĥ3,0

, Ω′′
22︸︷︷︸

ĥ2,1

)}
ĥ3,0

Ω32 =
(

Ω′
32︸︷︷︸

ĥ3,0

, Ω′′
32︸︷︷︸

ĥ2,1

)}
ĥ2,1 .

An open set in Ǎh is given by the conditions

det Ω′
12 �= 0, det Ω′′

32 �= 0 ,

and for the purposes of parameter counts it will suffice to work in that

set. Then we may normalize to have{
Ω′

12 = Iĥ3,0

Ω′
32 = 0, Ω′′

32 = Iĥ2,1 .
(22)

Then by a transformation as described above we may arrange that

Ω22 = 0 .(23)

From the bilinear relations (iv) and (vi) we then find

H1 and H3 are determined by the data (17) and (18).

We are now ready for the parameter count:

dim Ah =
h(h + 1)

2
+ h3,0h2,1

=
(ĥ + l)(ĥ + l + 1)

2
+ ĥ3,0(l + ĥ2,1)

=
ĥ(ĥ + 1)

2
+ ĥ3,0ĥ2,1︸ ︷︷ ︸
‖

(19)

+ ĥl︸︷︷︸
‖

(20)

+
l(l − 1

2
)︸ ︷︷ ︸

‖

(21)

+(l + lh3,0) .

The last term gives the codimension of the boundary component B(σ(l)),

thus establishing (3).

We now turn to the boundary component B(σ(l, 1)) and the proof of

(4). The argument will be analogous to that given above for the proof
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of (3). In this case we choose a symplectic basis

δ1, . . . , δl−1, δl, . . . δh, γ1, . . . , γl−1, γl, . . . , γh

for H∗
Z and set

δ = δ1 + · · ·+ δl−1 .

We define Ni for 1 � i � l by{
δ∗i Nj = δj

i γ
∗
j 1 � i, j � l − 1

δ∗i Nl = γ∗
1 + · · ·+ γ∗

l−1 ,
(24)

where Nl is modeled on a Picard-Lefschetz transformation correspond-

ing to the vanishing cycle δ. In analogy to (6) above we will see that

l − 1 � h2,1 .(25)

Using the above notations we have

Ni =

(
0 ηi

0 0︸︷︷︸
h

︸︷︷︸
h

)
}h
}h

where

ηi =


0 · · · 0 0

... 1
... ·

0 · · · 0 ·
0 · · 0


 l−1

}ĥ=h−(l−1)

1 � i � l − 1

ηl =


1 · · · 1 0

...
... ·

1 · · · 1 ·
0 · · 0


 l−1

}ĥ=h−(l−1)

The nilpotent orbits will arise from

σC =

{∑
i

λiNi : λ = (λ1, . . . , λl) ∈ Cl

}
.
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The same arguments as above, especially lemma (10), lead to the par-

tially normalized period matrix

(26)

Ω(t) =

Ω11(t) Ω12(t) L(Ω11(t)) + H1(t) Ω14(t)

I Ω22(t) L(t) + H2(t) Ω24(t)

0 Ω32(t) H3(t)

}ĥ3,0

}l−1

}ĥ2,1=h2,1−(l−1)︸ ︷︷ ︸
l−1

︸ ︷︷ ︸
ĥ=h−(l−1)

︸ ︷︷ ︸
l−1

︸ ︷︷ ︸
ĥ=h−(l−1)

where

L(t) =


log t1

2π
√
−1

0
. . .

0 log tl−1

2π
√
−1

 +


log tl

2π
√
−1
· · · log tl

2π
√
−1

...
...

log tl
2π

√
−1
· · · log tl

2π
√
−1

(27)

and where

Ω11(0) = 0 .

For Ω̃ given by Ω(t) exp
(
−

∑1
i=1

log ti
2π

√
−1

Ni

)
at t = 0 we then have

Ω̃ =

0 Ω12 H1 Ω14

I Ω22 H2 Ω24

0 Ω32 H3 Ω34

 .

As before we may further normalize so as to have

Ω̃ =

 0 I Ω′′
12 H1 Ω14

I 0 0 H2 Ω24

0 0 I H3 Ω34

}ĥ3,0=h3,0

}l−1

}ĥ2,1=h2,1−(l−1)︸︷︷︸
l−1

︸︷︷︸
ĥ3,0

︸︷︷︸
ĥ2,1

︸︷︷︸
l−1

︸︷︷︸
ĥ

where

ĥ3,0{
ĥ2,1{

(
I Ω′′

12 Ω14

0 I Ω34

)
↔ Ĵ ∈ Aĥ(28)

︸︷︷︸
ĥ3,0

︸︷︷︸
ĥ2,1

︸︷︷︸
ĥ

Ω24 ↔ e ∈ Ext1(Ĵ, (C∗)l−1) .(29)
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Also as before H1 and H3 are uniquely determined by the 1st bilinear

relation from the data (28), (29) which also gives

H2 = tH2 .

The main new point is that under rescaling

H2 → H2 +

u1 0
. . .

0 ul−1

 +

u1 · · · ul
...

...
u1 · · · ul

 .(30)

Thus

(i) # of parameters in (28) = ĥ(ĥ+1)
2

+ ĥ3,0ĥ2,1

(ii) # of parameters in (29) = (l − 1)ĥ

and by (30)

(iii) # of parameters in H2 = (l−1)(l)
2
− l = l(l−3)

2
.

Then

dim Ah =
h(h + 1)

2
+ h3,0h2,1

=
(ĥ + l − 1)(ĥ + l)

2
+ ĥ3,0(ĥ2,1 + l − 1)

=
ĥ(ĥ + 1)

2
+ ĥ3,0ĥ2,1︸ ︷︷ ︸

(i)

+ ĥ(l − 1)︸ ︷︷ ︸
(ii)

+
l(l − 3)

2︸ ︷︷ ︸
(iii)

+l + h3,0(l − 1) .

where the last term on the right results from

l(l − 1)

2
=

l(l − 3)

2
+ l .

In conclusion, since dim B(σ(l, 1)) = (i) + (ii) + (iii)

dim Ah = dim B(σ(l, 1)) + l + h3,0(l − 1)

as desired.

V(ii). Non-transversality of the VHS at the boundary components

B(σ(l)) and B(σ(l, 1))

For the situation

|L| ψ−−→ Ah,Σ
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of interest in this paper, all we can a priori conclude from (3) in §V(i)

is that

codim|L|
(
ψ−1(B(σ(l))

)
s0

� l + lh3,0(31)

near where Xs0 has l independent nodes. But we know that, e.g. when

l = 1, we have

codim|L|
(
ψ−1(B(σ(l))

)
s0

� l ,(32)

with equality frequently holding at least for small l. Geometrically, for

L � 0 the first few nodes impose independent conditions on |L|. In

fact, we shall now show

The inequality (32) always holds.

In other words,

(33) The mapping ψ always fails, by at least in dimension equal to

lh3,0, to be transverse along B(σ(l)).

We shall see that (33) is a general VHS result. For the proof it will be

notationally convenient to interchange the 2nd and 3rd row and column

blocks in the period matrix (14) and write it as follows

Ω̃ =

 I ω12 0 ω14 ω15 K1

0 I 0 ω24 ω25 K2

0 0 I ω34 ω35 K3

}ĥ3,0

}ĥ2,1

}l
(34)

︸︷︷︸
ĥ3,0

︸︷︷︸
ĥ2,1

︸︷︷︸
l

︸︷︷︸
ĥ3,0

︸︷︷︸
ĥ2,1

︸︷︷︸
l

Then (
I ω12 ω14 ω15

0 I ω24 ω24

)
corresponds to Ĵ ∈ Aĥ

and(
ω34, ω35

)
corresponds to the extension class e ∈ Ext1(Ĵ, (C∗)l)

for the MHS given by (W3, F
•).
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The 1st bilinear relations give

(i) ω14 + ω15
tω12 = tω14 + ω12

tω15

(ii) ω15 = tω24 + ω12
tω25

(iii) ω25 = tω25

(iv) K1 = tω34 + ω12
tω35

(v) K2 = tω35

(vi) K3 = tK3.

We note that (i), (ii), (iii) are the 1st blinear relations for Ĵ, and (iv),

(v) show that K1 and K2 are determined by (e, Ĵ). (vi) corresponds to

the symmetry (ii) in section V(i).

We write the new blocks of Ω̃ as ω1, ω2, ω3

Ω̃ =

ω1

ω2

ω3

 .

Then for a VHS given by a map

S → Ah,Σ(35)

we have along the inverse image of B(σ(l)) that

ω′
1 = Aω1 + Bω2 + Cω3(36)

where ′ is any derivative along a direction mapping to T (B(σ(l)).

From (34) and ω′
11 = 0 we infer that

A = 0 .

From ω′
13 = 0 we obtain

C = 0 .

Then (35) gives

B = ω′
12 .(37)

The formulas for ω′
14 and ω′

15 simply say that W3 gives an admissable

VMHS (cf. [20] ). The remaining relations in (36) together with (37)

give (
tω34 + ω12

tω25

)′
= ω′

12
tω35 .(38)
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This is a matrix equation of size ĥ3,0 × l and may be interpreted as

measuring the amount of non-transversality in the intersection of the

image of TS and TB(σ(l)). Put another way

ω12, ω34, ω35 are free to move arbitrarily in the image of a

general map (35), but are subject to (38) for a VHS

which is what was to be shown.

The same argument just given, when directly adapted to calculations

given above in section V(i) for the proof of (4) there, give the conclusion

(39) We have

codim|L| ψ
−1(B(σ(l, 1)) � l .

In words, the mapping ψ always fails, by at least in dimension

equal to h3,0(l − 1), to be transverse along B(σ(l, 1)).

The general geometric reason for this argument was explained in the

introduction. The above are the specific calculations that apply in the

two cases of interest here.

V(iii). The excess intersection formula in the n = 2 case

We will apply the considerations of the remark at the end of the

section II(ii) where we had the general setup

A
F−−→ M

∪
C
∪
B

F−−→ N

F−1(N) = B(40)

to the case where

A = |L|, C = |L|ζ , B = sing νζ

M = Ah,Σ, N = B(σ(l, 1))
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and {
F = Ψ

Ψζ = Ψ||L|ζ .

For simplicity of notation we set{
B = B(σ(l, 1))

Sζ = (sing νζ)s0 .

The diagram (40) is then

|L| Ψ−−→ Ah,Σ

∪ ‖

|L|ζ
Ψζ−−→ Ah,Σ

∪ ∪
Sζ −−→ B

Sζ = Ψ−1(B) .(41)

As before we are considering only the component (sing νζ)s0 of Ψ−1(B).

Keeping the notations from section IV(i), we make the additional as-

sumptions {
codimMX

(MX,ζ) = h3,1 − σζ

H1(ΘX) � H1(NW/X) .
(42)

These assumptions are satisfied in our basic example (section IV(iv))

and conceivably are satisfied “in general”. With these assumptions the

codimensions in (41) are
(i) codim|L| (Ψ

−1(B)) = l − δ

(ii) codim|L|ζ
(
Ψ−1

ζ (B)
)

= l − δ − (h3,1 − σζ)

(iii) codimAh,Σ
(B) = l + h3,0(l − 1)

(43)

where

δ = dim
(
ker

{
H2(Λ2NW/X(L∗))

ds0−−→ H2(NW/X)
})

so that δ � 0 for L� 0 relative to W .

There are two excess intersection formulas, one for

Ψ∗([B]) ∈ H2(l+h3,0(l−1))(|L|) ,(44)

and one for

Ψ∗
ζ([B]) ∈ H2(l+h3,0(l−1))(|L|ζ) .(45)
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For (44) the excess normal bundle

E→ Sζ

has two components which we denote by E′ and E′′ (this means that

topologically E = E′ ⊕ E′′). Their fibres are given by

E′
s0

= IΨ(s0)/(I ∩ TB)Ψ(s0)(46)

where I ⊂ TAh,Σ is the infinitesimal period relation, and

E′′
s0

= ker
{

H2(Λ2NW/X(L∗))
ds0−−→ H2(NW/X)

}
.(47)

Here, we are not claiming that I ⊂ TAh,Σ has been defined in general,

but only that it is defined along the locus in which we are interested,

if one wishes by the explicit computations in section V(i). With this

understood we have the

(48) Theorem: With the above notations and assumptions we have

Ψ∗([B]) = GySζ/|L| (ctop(E
′) · ctop(E

′′)) .

For the excess intersection formula corresponding to (45), we have

an additional component E′′′ to the excess normal bundle whose fibres

are

E′′′
s0

= NMX,ζ/MX
.(49)

(50) Theorem: With again keeping our notations and assumptions we

have

Ψ∗
ζ([B]) = GySζ/|L|ζ (ctop(E

′) · ctop(E
′′) · ctop(E

′′′))

where the fibres of E′, E′′, E′′′ are given by (46), (47), and (49)

respectively.

The ranks of E′, E′′, E′′′ are given by
rank E′ = h3,0(l − 1)

rank E′′ = δ

rank E′′′ = h3,1 − σζ ,

and using (43) one may verify that both sides of the formulas (48) and

(49) are in H2(l+h3,0(l−1))(|L|) and H2(l+h3,0(l−1))(|L|ζ) respectively.
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Our story is not complete in that we have not described E′, E′′, E′′′

globally over Sζ ; all we have done is give their fibre at a general point.

We expect to take up this consideration together with the computation

of an example in a subsequent work.

VI. Conclusions

A first conclusion is that

(1) When considering questions of Hodge classes and extended normal

functions one should let (X, ζ) vary in moduli.

The basic diagram governing the situation is

Jh,Σ

��

|L|

νζ
���

�
�

�
Ψ ����� Ah,Σ

(2)

Here, Jh,Σ is a partial compactification of the universal family of inter-

mediate Jacobians. An issue is

(3) The family Jh,Σ has not yet been defined in general.

In this paper we have explicitly given the set-theoretic boundary com-

ponents of the partial compactification Ah,Σ by describing the limiting

MHS’s in the nodal case where there is at most one relation among the

vanishing cycles, and Kato-Usui have some preliminary handwritten

notes that describe the part of Jh,Σ lying over the components of Ah,Σ

around which the monodromy satisfies (T−I)2 = 0, which includes the

nodal case mentioned above. Of special interest may be the boundary

components where the local systems H(I) with “fibres” H1(B•(N)) are

supported (cf. the end of section I(ii)).

From sections V(i), V(ii) we would suggest that the geometry of the

infinitesimal period relations and resulting “I-transversality” may be

of particular interest.

Restricting to nodal loci, one has the basic observation

(4) sing νζ is equal to components of Ψ−1(B(σ(l, 1))).
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This suggests that the study

codim|L|(sing νζ)(5)

and

Ψ∗([B(σ(l, 1)]) .

From (4) and general excess intersection formula considerations one

expects a relation of the form

[sing |L|(νζ)] = Ψ∗
ζ([B(σ(l, 1)])∧K(6)

where K is a “correction” term. Much of this paper has been devoted

to an initial study of (5) and (6), and perhaps the major issue raised

in this work is to

(7) Define Jh,Σ and a set of boundary components Bλ ⊂ Jh,Σ such

that for L� 0

sing νζ = ∩
λ

ν−1
ζ (Bλ).(8)

References

[1] V. Alexeev, Compactified Jacobians and the Torelli map, Publ. RIMS Kyoto
Univ. 40 (2004), 1241–1265.

[2] V. Alexeev and I. Nakamura, On Mumford’s construction of degenerating
abelian varieties, Tohoku Math. J. 51 (1999), 399–420.

[3] L. Caporaso, A compactification of the universal Picard variety over the moduli
space of stable curves, Jour. AMS 7 (1994), 589–560.

[4] J. Carslon, E. Cattani, and A. Kaplan, Mixed Hodge structures and compact-
ifications of Siegel’s space, Journées de géometrie algébrique d’Angers, Sijthoff
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