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®

LANG's G CONTECTURES (19705 )

e

COMES IN Two F LAVORS
VERTICAL AND HoRIZONTAL

»®
CROV oF NoN-
G;,, Tue MULTIPLICATIVE P ¢ ZERO  COMPEX

NUMBERS

N
T=(¢*) 15 AN N-ToRus , AN ABELIAN
ALGEBRAIC GRov? UNPER CoORD MULTIPLICATN

-_—

N C (q:*y AN  ALGEBRAIC SOBVARIETY

GIVEn By THE 2ERO SET oF
LAVURENT PolLYNOMIALS.

FoR EXAMP LE Li'
VARERT RS AR s y2t2, =0 WM

. tov (T) = {(z.,a,),\,z,,) 13 s AT OF ONE FoR }

631)1,--‘)\! .

| oF
'l:m'(T) ConsyTs ©OF RLL L THE PoINTS
IN T OF FiNTE ORDER



VERTICAL CoNJECTURE: ®
GNEN N CT AS ABOE [TwERE ARE
FINTEL) MANY SULBTORL (OR TRANSLATES

THERECF By TOKSIoN PanTs) T4y, oo o Ty

CoNTAINED IN N SUCH THAT
L) AN = () A(TUTY-VE)

-

<o WHAT APPEARS To JE A NoN LINEAR

coMPLICATED PROBLEM IS /N FACT 6 VERY
STRUCTURED N THAT ToRsteN PoNTS LIE

oN FNSITELY MANY COSETS oF SuBCRouPs W V.

. NoTE THE T s MAy BE 2ER0
DIMENS/IONAL N WHICH CASE THEY

ARe ToRSIoN  POINTS.

. -TheRe ARE A NUMBER ©OF PRooFS

OF THS VERTICAL CASE AND SoME OF
TWESE ARE EFFECTIVE (N DETER MINING

THe —\g's Thts IS RELEVANT N APPLICATIONS,



ONE. PROOF PROCEEDS As FolLOWS: 3
N=2 1 VA (Sks')evnT AT

o

IF €= (5,2 € ter(MNV ege1
f o e GhL( K(€.8) /) Wiere K 13

THe FIELD OF DERINITION oF V , THEN
=((6%) )€ Lo, (T) NV .

NOoW THESE GALois ORBITS GRow FAST Wrmw
The ORPER aF €  SINCE

dea [ @le.): Ry =) P m

HENCE |F ONE CAN ESTABLISH A SUITABLE NoN -
TRWVIAL UPPER BOUND FoR THE NUMEER OF

ToRSion POINTS ON \ (ASSUMING V  CoNTAINS
No SuBTORL ) THEN oNE IS LED To THERE

BEING No SUCH POINTS OF LARGE ORDER .

- SUCH UYPER BOUNDS cAN BE GVEN IN THUE ToRvS
c hse  BY T LEMENTARY METHODS.

£e: TARNIK @ A STRICTLY ConVEX CUORVE N THE
PLANE OF LENGTH L HAS AT MoST 1 Latnice PotaTs -




TS UPPER BoUND VS SI2BE OF GALOLS oRnT |4
METHOD HAS KECENTLY PRoVEN To BE RoBusT

FoR VERTICAL PRoBLEMS:

» BOMBIERI —PILA : GIVE UPPER BOUNDS , S HAKP VP To

The. EXPoNENT , FOR RATIONAL POINTS ON
TRANSCENDiMTAL cufUEsS /N THE PLANE.

. PILA-WILKIE GCive SHARP UPPER BOUNDS RR

RATIoNAL PoINTS ON e TRANSCBADENTAL
PARTS OF DEFNABL SETS IN o-MinIMAL STR ucuupg
N R

. PiLA-2ANNIER - PRovE THE VERTICAL ToRSI10M

PonTs ON AN AseLiAN VARIETY VERSION OF
LANG , ALSO KNoWA) At THE  MANN=NINFORD ColT.

. The VERTICAL ANALOGUE N SHEMURA
VARIETIES OF ToRSIoN PoINTS ARE " M-
PunTs” AwD TyESE SHOULD LIE ON FNITELY

MANY SHIMURA SUBVARIETIES | "WDRE - OORT ConT "

. DRovED FoR PRoDUCTS OF MODULAR. CURIES)
(PILA)

, PRovED FR a‘: By PILA - TSIMERMAN.

A Key TURTHER INGRENIENT !S AN AX = LINDEMANN
“THEOREM .




HofizoNTAL LANG CONIECTURE : (5
IF VC T AS ABOVE AND [T IS A FNTELY

GENERATED SUBGROLP OF T ; THERE ARE
FUTELY MAny  TRANS ATES OF SUBTORT

T T W conTAINED NV SucH THAT
nav= N NNV O

AND WAS PROVEN BY

Key (NPUT (3 THE
TueoREM WHICH A

MENSIoNAL VERSN OF
ROTH THEOREM.

MIDT )“‘.

. Lpbe) BE T
N (- tn)

Tais LIES DEEPER
M.LAURENT . THE

SCHMIDT SUBSPACE
STRKING HIGHER DI
THE THUE - SIEGE L-
SIMPLEST VERSION (Sct+
T LT L)k

Lm&ARLy INDEPENDENT FoRMS
NUMBER COEFFICIENTS,

Witk REAL ALGEBRAIC A
TueN FoR e>0 THE SET &F xeZ SATSFYING

' L.| (9‘—\ Lz (DL) - L‘Tl (:C)
LE 1N FINITELY MANy B@___’?ék A LINEAR SUBSPACES OF @ﬂ.

NoTE: THE PROOF YIELDS AN EFFECTIVE BOUND
For ThE NUMBER OF SUBSPACES BUT NuT THEIR
YETERMINATION.

| < Ilacll-e'




VERT ICARL AND HORIZONA L- e

ONE CAN COMBINE THESE
LET 'ﬁ Be THE DIISION GRoUP ©F [1
'ﬁ - g ze T : Z'Qér' FoR SoME «@?:L}

I = ‘EOT'(T> ,

TuE ULTIMATE VERSioN WHICH 15 Also
DN FORM OveR DEFENING FIELDS AND QUANTITATIVE

w THe RMR © OF [T Is DUE T0
EUERTSE | SHUCKEWE [ SCHMIDT

TueoREM: '\ C (q:")N) 7 A FNITEL) GEMRATED
SUBCROUP OF RANK 47, THERE ARE Tuh, -- T
TRPNSLATES OF SUBTORT CONTAINED N \
Suck THAT _ _
Tv=T N(TwTu-Ty)

ARd v ().

REMARK: THe CovsTANT C(V) cav BE
CWeN EXPLICITLY, HOWEVER Tue AcTUAL
SAYy 28R0 DIMEWSULONAL T_‘T's CANNO T

N GENgRA. BE DETeRmwed By This PRooF.




@

Tue  PRoof  INVOLVES SPECIALIZATioN

ARGUMENT  ReduciNG Te  [TC T(R)
AuD ABSOLUTE HEIGHT VERSIONS  OF
THE SCHMIDT SUBSPACE THEOREM
As WelL AS A STUDy OF PONTS

OF SMALL HEIGHT .

A speclAL  RetE IS PLAYEBD
BY

V: alml*az.xz"" +QMXN:1,
G



’ffREE APPLICATIONS - |8

(A) (VeRTicAL) BETTI NUMBERS (N ABELAN COVERS

LET X TBE A ToPoLo&icat SPACE
mXx) TS FUNDAMENTAL GROUP
By (X, 2)  FIRST HoMoLoE] GROUP [ASSUME

FoR N724 LET R, BE
T, (X) —-—-*H((&ﬂ\-—;"ﬁa(&%l)

(N
(W DeFrNEs A4 FINITE ABELIAN COVERNG
ey OF X Wi ek GRoP  TOlX kerfy,

QUESTION  How Toes THE ToPoleGy ©F

Y (N DEPEND ON N T
THe EULER NUMBERS AND CHERN NUMBERS
N (uNRAM\FlED)

ULTIPL(CATWEL IN
VARY M ! RE MORE SLUBTLE.

BT G, PLIES THAT THE BETTI
o) ANG's VERTICAL Gm M LIE

Nb?/meas ARE TPolynoniAL PERIODIC N N. THAT
15 THERE |\S q, %1 SUCH THAT $J~(y(~)) 15

A PoLYNOMIAL 1IN N ALoNG ARITHMETIc. PROGRESS 1OMS
Mmed D .




TS WAS EXPLOITED BY E.HIRoNAkA TO ‘i
STUdy Twe IRREGULARTIES (FIRsT BETTINO)

OF RAMIFIED ABELIAN CoVERS ©OF OSURFACES,

X A (comPLExX) SURFACE , G, Cay .., Co
DisTINeT  (RREDUCIBLE CURVES IN X,

. ThE UNRAMIFIED ABEUAN Covers Y (N)
oF X \|C (C;C,Ug.ﬁuce> CONSTRUCTED
ABOVE CAN BE RESoLUED To COMPLETE
SURFACES '\7(N) BRANCHED okER C.
They YIELD (NTEREST/ING SURFACES

OF GENERAL TYPE ( 2 ARISKI,HIR2EBRVCH,)

LIVNE., -.. ).
FoR ExAmMPLE (F C\Ce.. Cp ARe LIweS (N

&
P~ THESE CAN YVIELD TEXAMPLES W1 TH

cauaLITy 23S, (A The BecomotoV-—
MIYAOKA-YAV INEGUALITY .

= HIRONAKA THE IRREGULAR I TIES ©OF
(N) ARE  PolyNoMiAL PeriodIc m N.

<3|

So THE IRREQUUARITIES ARE NoT 30 TRREGULAR
N ABSLI AN COVERS |



_ o
-Tue REDVUCTION To LANG /NVOLVES
UNDERSTANDING THE TUMP AND NORMALIZATION
Loct (N  THE CHARACTER VARIET)Y

cu(x\¢) ={ X H,(X\c,z)——ecﬁ'}

v A CHARACTER
wWH#icH IS A TORUS,

Tae JumpP LOCL ARE Tue PONTS AT

Wwich  THe  DIMENSIONS OF THE X - TwsTED
CoMoMplLOGY GROVTS TUMP . THESE AND
Tz NORMALITATION Llocr ARE ALGESARUC

SUBVARIET 1S AAND BETTI NUMBERS ARE
DETERMINED RBY THE INTERSECT/&NM ©F THE

N-ToRSION PoinTs WiTH These Lo<Z.

REMARK 1N MANy OF THESE

5 CenRo GEoMETRIC SETTINGS THE
Jump LocT OF TwsTRD Ralw L (LINE)
BUNDLES ARE THEMBSELVES TRANS LaTie st

OF SUBTORT DY TorsloN  POINTS (StMPSoN,.---)

s TPRooF USES RESULTS ERoM
TRANSC ENDENTAL NUMBER THEORY




(BYVERTICAL) ALGEBRAlC PANLEVE VI [

D\)'SKOWM/MAZZOCCO AND Llsovyy/—rlkuyy
CLASSIFIED The SOLUTIAS W(t) To PAINLEVE’ VI
EQUATIONS WHICH ARE Abe e BRAIC FuNcTionS OF T,

c’z\;d | ‘ dw |, ) dw

T —é-'(""*'w- (d :: (::U+W—'1)3E‘
+ w (W-1) (W) b (H) ke l))

283 (1) ((6 1) W +L‘:Jj 0 W

Here 6, 6¢,5y,G ARE PARAWETERS  DEF NING

P-VE . USING APPRORIATE Co-ORDINATES THE
NON-LINEAR MONODROMY O©OF SoLU‘rzqa)é REDUCES

To THE PRoBLEM OF bueRMm&/\F:m—nz
ORBITS OF A NONLINEAR AcTiON ON AS

=R EXAMPLE IF 6,=6y=6 Ths GROUP

G— | S CEME&A!%D B\/ [N\/OLUTONS Rl)PL>E3

AnD PERMUTATIONS OF THE Ce~ - 0RDs
R, + (3%, X3) —2 (34, %,X%7%)

Ad  SimiLARLY  FoR R, AND R,



THE TRANSFORATION

o, Ry ¢ (3,%0,50) —> (3, 243473, %)

s IN G AND F RAxEs & AND INJVCES
A ON (%)

- |3 -1
A L 0 1
So (F (DL‘,‘DC;,DL,) 1S ON A AN TE

ORYT  THEN
5, = TRAce (K) = Qeoslars) Witk HeR

SIMILARLY FOR 2 AND X3 AND Wi TH

A SUITARLY CHoSEN ELEMENT OF G ©nNE
Ewds THAT 1B (tpo0,x3) 13 W p FNTE
ORRIT T Gues Rise To A SslumoN OF

Cos B + oS M + s A G +Cos g, = O

—_ l — ()
WiTH IHE q%-s R A RELARD T 44
oY LANG s G«. We cin PARAMETRI2E

ALL THE SOWTIONS ©OF (k) Axd  THEN

CHECR DiIRECTLY WHCH ceoRRESPOND TO
FNMTE ORJITS OF G AcTine on A



(C) (Hort 2onTAL AND VERTICAL) GUANTUM GRAPHS @
ToNT WORK WITH P. KuRASov

THE ONEC BlMENSloNAL coMPACT
RIEMANKIAN M AN Fo DS X ARE <ciReLEs

A DETERMINED By TheR LENGTH L.
X=R/Z 'z

THE h" SPRCTRUM OF A = 5‘;;_ ON FUNCTIoNS
ON X ! 2 . Z'R‘Cfﬂ)l.
’ A+ =0 - &

1s AN ARTHMETIC,
FouRise TRANSFORM

Tue R- SYBcTRUM
PROGRESSION AL IS5 TS

PoISGON SUMMATION:

IF /(’sz = S = Z_‘Sk

Ten i, (%) = TRece (2Gos(TE T )
Z AN ExAmPLE
= g'wt( ‘) - OF A fl)l(y.:"‘if;:m@
meZ MEASURE ( MEYER)

WE ALLOW OUR A-DIMENSIoNAL X T8
HAVE A FRNITE NUMBER OF BRANCH SINGULART g5



2
METRIC OR QUANTUM GRAPHS EX

(= ComBINATORIA L
CoNNE<TED GRAPH
N EBDEES €y

M  VERTcES U,

EquP The BDGES Wi LENGTHS L) iz, N

SrigeTH
To CET A METRIC GRAPH X WHIH 15
oN The EDGES (INTERIOR) SWGULAR AT THE VERTICES,

2

A= 4. on FuNeTwns ¢ oN THE
ol S WRT X
X"~ EDGES W 2

FoR ThE BOUNDARY conDITIoNs AT THE

: A KIRCHOFF
VERT\CES WE CHO0SE ANEUMANN oR Kl
CONDVTION

t
. c# Is CoNTINUOUS AT THE s

. Z 3336 (U') =0 FoR EAch
c VERTEX U AN,D__
C Is (NWARD EDEE 10

uT,
WiTH T#s A DEGREE ONE VERTEX X%,
CORRESPORDS TO THE USUAL NEUMANN  coNdiTioN .
A DEGREE TWo VERTRX  ‘ne—t—"" #4s
g

MOVA : rede ARS
A ReEMuovaRLE SINGVLARITY ) SO ASS”;{,‘D DEGREE “TWo VERTICES,



A 15 SELF ADTOINT AND HAS [4
DISCRETE kR SPEeTRUM IN K.
« TT IS CONVENIENT IO DEFINE SPEC(K) To
To B8 THE Non -TERO 'k-speeTROM OF A’ AND
To INelvDE O WiTH MULTIPHICITY 2+N—M.

0, Lo

EXAMPLE
Y = ()O . EiGuRe EIGHT | N=2, M=

5?&()(): 'zzhx_)zrrz)fsz_’fz, k.'h,,kjezg

WEY L LAW: For Awy X As Apole

{ L(x)/\[‘r;r’_\} %(ﬁ{‘*/*@*r + O[1)

AS T=3e0.

._._.-—-—“—"‘“_—'“.

<o shec(X) HAs A DEASITY W R
WHieH  )s THAT OF AW ARITHMETI C
PROGRESSION  AND /wx 1S LocALLY

UNIFORMLY ~ BOUNDED — THe NUMBER ©F
AToms  IN AN INTERVAL ©F  FIXED LENETH

1S  RoUNDED TFROM ABOVE.



comPuTiNG SPee(X)? 5
ON THE EDGES AN = (GENCTION TAKES Tee FORM

43(3-3“ o C AR b ék’“ . OLR BOUNMR)' CoNDITIONS

LgAD O THe 'sec_um& 'DQQERMINA' T(:g;;r\ysg

- GIWEN THE UNDERLING GRAPH G Jerve
THE 2N By 2N MATRICES [INDEXED By THE
omienieEd EDGES  Sy& &t &

Ulal)n')zﬁ\ = (u’&ﬂ) ) | l.{;a"- Z'F g{s

AND THE <cATTERING  MATRIX )
oSy —
5 s(s-?.g\ VS, = ;"%“_Ok?_')(b’)
$9 o o follows F
though U

o otherwise

S 1S ONITAR Y

SPecTRAL OR SEcULAR PolynNemlaL oF & .

%(z\)%‘) N) $— Cle't ( j;"' U(%l)")zn) S) |

WHIth NE consiDER AS A LAURJ:NT ?OL\/NOMAL
IN 21y ) BN



IMMEDIATE TRoPERmES OF ?G_:

(i) Pu(2) !5 DEGREE 2N AND (s OF
DEGR3E TwWo IN  BACH &

() LeT ?L(%"""zﬂ): —P(//Z‘l)l/zz,m),/-ZN)
T4eN BoTH Pq. ARD (P; ARE. ”Dzz.z,: |z\<\§
staglLe” Tear |5 ey DonT vANsH FeR
& 2 WTH qe’D,Fo&A\.\.j(Fouowg EROM
THE uNTARITY OF ).

,THE CoNNEcTioN “To CoMPUTING sec(X) IS:
(‘BARRA/GAS PARD)
SyEC(X) =§2£Ros WiTH MULTIPLICITY OoF /
'ku)}

el _ck? ¢
k R E(eLh |,C'lt )z e

CLERRL) THE ALGEBRAIC VARIETY
R

2. =52 : Pel2)=0) c (%)

PLAYS A cENTRAL RoLE AlD IN e

PARTICULAR  TRE QUESTION OF 7%
FActo R1z2ATION OF ‘PG‘ (O\/ER q:) ‘



SPECIAL EXAMPLES: [
G= (OQ) FIGURE EIGHT; B &2 )= @)z ) (22mt)

Ze 15 A uvnmon oF THREE SUBTERE .

N
G= @ W, ;6R MoRe GENERALY W : @m

B (ntas) = (ot} lemaantadd-y ) A)frazsiloanraa®)
~ et )44 )

FACToRIZATIN CORRESPoXDS To The SYMMETRY : REFLB.CTION THRY THE
MIDPOINT OF EAcH EDGE .

TheOREM L (Kums@v—sf:
AssumMe  THAT G (s NoT VJN THEN
il Re)=Q Tl (%4
€ A Loo?

WRERE THE PRODUCT /5 OVER ALt Loo® EDGES N &,
AND QG_('&\ s ABSoLUTELY (RREDUCIBLE.

(if,') ZQ& Does NoT CONTAIN AN N-4

'DlMENstoNEL sURTORUS OR TRANS LATE THERBOF

UNLESS G IS THE FIGURE EIGHT -

REMARK: PART (4) WAS  CLonNTECTURED
By CoUN De verv\ere .



THEOREM 2 (K-S) AWWTWE STRUCTURE of sPec(x) !
X ' A METRIC GRAPH oON &

(i)s?ic(x)'-L.(x)ULt(x} <Ly LOUN(X) (Wit MuLT)
WHERE Ls(x\ 1S A Fvuw INFINITE AR TMETic PROERESSION
RND THE NON ~sTRVCTURED PART TF NewEmily SATISFIES

o #(NGON E--T-;r}) . xT +O(4) A T
= 2 - —L" .n¢|— O f
o= 2 (he ) (G5 Ll
AN) L 0.
. TYERR IS C:C(G—)<oo suck THAT PeR ANY
ARITHMETIC PROGRESSION PckR
£ (N NYY =6
e Tn P ARTICULAR NIX coNThRNS NO ARITHMET(C
PROGRESSION LONGER THAN (@),

. d'mQ sPo.ﬂ(N(X)) = o0
) Tien NN =0.

‘A:{.) IF ﬂl )e;y 'en € @\ (?KOIECTlvE Ly
16 Lty ARE LINEARLY INDEPENDENT OVER
@ THEN EXCEPT FoR THE FIGURE EIGHT YV

ls EQUAL To THE NUMEER of LooPs IN G,
G HAS NO Loe?s, spec(x) =N

ReMARK: ~The STRVCTURED PART LJ‘(X)
1=, ..y ARD c(C) cAwn RE DETERMINED

EFFEcTINVE LY .,




{UMMRT!ON FRRMULA FOR X li.

FoR METRIC CRATHS THE sumMMATIon FORMULA
TAKES AN EXACT  FORM (ﬁoTﬂ,Ko'r*roslsnanSK;';

k VRASOV
%\3 _ 2[4t -6) l » St
- Bl o) Yty L

ke spEe(X) el

WHERE :

. P s THE SET ©F DRIEN Periodic  PATHS

in G up 70 cyetic EQUIVALENCE (BAckTRAmAl& ALLowED)
NGTH OF ThE PATH

E(?) s THE LE
(Gon

P"“"(T) s The PRimTVE PART OF P Lt i odet)

RopueT OF THE SCATTERING
oN TRAVERSING
P.

. Sy(p) 15 THE f
coceF MF THe VERTICES ENCOINTERED

/{L\x 1S SuPPORTED N
S e e M0 W

whicR IS A DIscRETE SET ,BUT NeT
LocALly  UNIFoRM LY BOuNIED .



= Mx Is A cRysTALLINE MEASURE lto_
SATISEY (NG ExoTic PRoPERTIES

(o ' = ~ o
) dcm‘P{SUPP/ﬂx )—oo ) dtm@(furp/ux < &0
() M 13 LOCALLY UNIFORMLY BOUNDED (Ao Reve)

¢ aNbT BB LocALLy BoOUNDED

TyeoRem (LEV ! oLeyskn i IF M 1s A
MEASURE WiTH BoTH M AN A

c&ys‘rﬁuma
Lot ALLY OMIEORMLY  BOUNDED THEN M coRRBSPoNDS
e UNION ©F ARITHMETIC PROGRESSIONS

o A BN

NoTe THAT j‘\x

. ONE CAN TRoODUCE <miLAR SUCH EkeTiC
c;&ysTALuNE M EASURES USING ANY

P2, 22,42 ) FOR  WHICH D AND D ARE

D-sTaBLE. FOR exAMPLE FRom THOSE

ARISING - 1N THE LEE-YANG THEOREM AN D
PoLyNOMIALS WHERE

Twe THEORy OF HyPERBoLle
Tue PRWOF OF STABIUTY IS NoT A CONSEQUENCE
oF A DETERMINANTAL FoRMULA AND UNI TARITY,

. (N Twis VEin THE CRYSTALLINE

MEASURES AR\ING FROM e EXPLICIT

FORMULA N THE THESRy OF PRIME ANUMBERS
THAT NEEDS EXAMINATIONS

L1ES DERER IN A WAY
N 17 15 EQUWALENT To' RH



