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X # coMPACT RIEMANNIAN  MANIFOLD

A Twe LAPLACIAN ON FUNCTIONS OK X

SPECTRUM . A¢ v \kZ.#D -
SP&(X) = {k% < R DIseRETE

. CHAZARAIN : DUISTERMAAT/CUILLEMIN DETERMINE
THE SINGULAR SUPRT OF The TEMPERED DisnRbi

/@ (£)= TRACE (Qcos (\I—K":)) }/“xg"‘Z» gk
kRespet ()

IN TERMS OF THe TIXED SETS ©F THE
Geoesie Flow on T (x) AT TiME t.

« TF X #AS A BOUNDARy OR 15 SINGULAR ©OR
IN THE CASE OF INFINITE VoLUME ( Wi TH

PoLES REPLAGNG EIGENVALUES) THE ANALYS!S
OF THe PRoPoGATION ©F SINGULAR TIES IS
MUCH MoRe soaTLE . TT WAS CARRIED OLT

By GUILLEMIN/MELROSE AND /MELRSE - - -

" MELROSE TRACE FORMULA ”
N0 4
MELRDSE PotssonN Sum FoRM ULA




L
EXAMPLE Y= O = E/Z WiTH ARC LENGTH =

27r m ¢
SPec.( X)= Z ) #?M (=)= (
< THe CLASSICAL Toisson SUM

Elgm , ARITHMETIC
k€ Z. meTl PROGRESIIONS,

IN GENBRAL 1T IS RARE THAT /LQ 1S A SUM

oF A DscRere S&’(‘ of PoINT MASSES WHAT
IS cALLED A c&\/TALL\Nt: MEASURE" (MEyER),

LO cCALL \/
-JuLbl

SUMMATION FORMULA
/\

»SELRERG'S TRAC_E_ FoRMULA  FOR
SYMMETR(C 3( s Glves TRE

DISTRIBUTION /,Lx expLIQTLY 3 THE
RIEMANN - GUINAND ExpPLICUT FoRmMU LA

IN  THe THEDRY OF <€ET.
sUe A CRYTALUNE LKE

A FuNcTzaNs G‘—Wgs
STRUCTURE  IF "RH' HOLDS

Ne srick To X One DIMENSION AL

AND ALLOW T To HAVE A FINTE

NUMBER OF POINT SINGULARTIES,



METRIC OR QUANTUM_GRAPHS - E

CoMBINATORIA L
CoNNE<TED GRAPH
N BEDEES e,

M VERTCES U,

EaUiP ThE EDEES WiTH LENGTHS Lo 122, N

To CET A METRIC GRAPH X WhicH IS SMeoTH
oN The EDGES (INTERIOR) SWGULAR AT TrE VERTICES,

2

A = d. on FUNeTINS C}é ON THE
o R .
N EDGES W RT 2

For THE  BoundDARy %UDITIONS AT THE
JERT\CES WE CHooSE ANEUMANN  OR KIRCHOFF
cONDVTION

!
. c# Is coNTiNUousS AT THE s

. Z 3&}; (v) =0 For  EAch
e veRmex U AND
C Is (NWARD EDEE 10

U,
WiTh T#s A DEGREE ONE VERTEX X%,
CORRESPONDS ToO <THE USUAL NEUMMN  condiTioN .

A DEGREE Two VERTRX  ‘ne—a—"" #A4s

=
EMoVA S ' e _HRE
A R BLE SINGULARITY SO Assuﬁg DEIGREE “TWo VERTICES,



A 15 SELF ADTONT AND HAS 4.
DISCRETE R~ SPeeTRUM N K.
« TT |5 CONVENIENT ’1'6, DEFINE spec (X) To
To pe THE Non-FERO R-SPRETROM of A’ AND
To (NeluDE O WiTH MULTIPLCITY  Q+N-M.

é, Eq,_

EXAMPLE |
X = m ~7FIG’URE‘ E(GHT | N=2,M=|

Ccark  ork 2R ézg
see(X)= § T G T I

\NE_‘[ L LAW: For AN X As ABolE

{ spee(X) N End E = 2—(—%@4‘)’ ™+ 04)

AS T=3c0,

___________,.._-.———‘

So  stec(X) HAs A DENSUTY n IR
wWHieH )]s THAT  OF AN ARITHMETI C
PROGRESSION  AND /’ex 1S LocALLY

UNIFORMLY ~ BOUNDED — THe NUMBER oF
ATOMS IN AN INTERVAL OF FIxeD LENGE™

S  RoUNDED TFROM ABOVE.



ComPUTING SPES(X)* 5
ON Tee EDGES AN = GENCTION TAKES THE FORM

Px;) = o S BwD WIS OUR BounARy Colmons

z T NAN i<oTTUs!
LEAD To “TRE SecUWAR  DETERMINA 'TS";“ By )

GIVEN THE UNDERL\[!NG- QRAPH G JeruE
THE aN By ’aN  MATRICES INDEX2D By THE
oRENTED EDGES  Sn& &l &S

Ulai)w:z&\ = (u'f-ﬂ) ) | u"ﬁg Z'F g{s

AND THE <cATTERNG  MATRIX 2
= (s \ ~ _ 17 ey
S ( 53 ' Fq T | % g follows +

through U

o otherwse

S 1S ONITAR Y

SpeeTRAL OR SECULAR PolyNomiAL oF &

’PG-(—Z\,%,,,-..,QN) ‘= Ae‘t ( - U(a""%ﬂ) S)

WHItH NWE ConsiDER AS A LAURENT PoLyNomIAL
IN Biyee ) BN -



IMMEDATE TRePERmES ©F T

(i) P(2) !5 DEGREE 2N AND (s OF
DEGR3E Two 1N BACH &

(ii) LeT ?L(%z;---,&ﬂ)'-‘- ?(72-.,7%,,---,72N>

/7
Teen Dok Pe AR B AR D=Zaikiei
stagLE” THAT 5 ey DonT vANsH  FeR
‘%2’ WeTH %A‘éD,FDP\AL\.j(FoLLONg EROM
THE VNTARITY OF S).
,THE CoNNECTION “To CoMPUTING seec(X) Is:

(-BAKRA/GAs?ARb)
SyEC(X) =§2ERDS WiTH MULTIPLICITY ©F }

~ : ¢ kG
 —= Ptk et ]

CLEARLY THE ALGEBRAIC VARIETY .

o W
2e=h T Pe(2)=0 c (¢*)
PlLays A cenTRAL RoLe Adp (N e

PARTICULAR  THRE QUESTION OF P%
TAcTto R1zRTION OF Pe- (o\/gg q;)



SPecIAL EXAMPLES: 17
G- = OQ FIGURE EIGHT, PG»(EWZ:)"@«‘1)(2{1—)(2.2;1)
Ze IS5 A vnion ©F THREE SUBTORE .

N
G.z @ W3 S OR MoRe GENERAUY WN'. @m&s

Re(®dats) =(2nes* g(mﬁ%.%;*%%:)-g-@ﬂ*%) -1)(%&%'% [RRTELLY
-3lat g, )+

FACRIZATIN CORRESPokDS O The SYMMETRY : REFLBCTION THRY THE
MIDPOINT OF EACH EDGE .

THEOREM L (Kurasol-S) °

KSSOME THAT G (s NeT Wy THEN

(4 R =Q @\ TT (2e-4)
€ A Loop
)s ovER AL Loed EDGES W 6,

IRREDUC IRLE .

WHERE THE PRODCT
AnD G\G_(z\ s ABSoLVTELY

(4;{:) ZQ& Does NoT CONTAIN AN N-4
'DIMENScor(fTL suBRToRUS OR TRANS LATE THERROF

UNLESS G IS THE FIGURE BIGHT .

REMARK! PART (4) WAS  CONTESTURED
By CoUN D& VERD\BRE .



THEOREM 2 (K-3) AWT\E STRUCTURE of sPec(x)
X s A METRIC GRAPH ON G

£) s?sc(x).:L.(x)uL‘(x) Ly DOLIN(X) (Wit MULT)
WheRe Li(X) 1s A Fvl wFnTe ARiTeMETic PROGRESSION
AND THE NON ~STRVCTVRED PART TF Now-EMPTY SATISFIES

o #(N(XV\ E--r;rl) = XT '\'O(ﬁ—) As T=9e0
- 2 — I SR S P :
WrTH x"-'r’r'([‘* ~Hy ) (ﬂh * d¢)1 ci"ofmo‘:afw&
AN) «5 0.
. TWERR 1S c2c(G) <eo Suck THAT FeR ANY
ARITRMETIC PROGRESSION PcR
& (NpONR) = @)
e Tn P ARTICVLAR NIX) c oNTAINS NO ARITHMET(C
PROGRESSION  LONGER THAN c(&).

. d'mﬁ sPa.ﬂ(N()O) = o) .
) IF 8,6 L ¢ Q. (PRogecTIVEY)) THEN N = .
I¢ L,{;,,..ZN ARe LINEARLY INDEPENDENT OVER

@ ,THEN EXCEPT FoR THE FIGURE EIGHT YV
THE NUMBER ofF LooPS IN G-,

=y ..y ARD c(G) cAw RE DETERMIAED
EFFECTINVE LY .



JUMMATION FRMULA FOR X 9.

FoR METRIC GRAPHS THE somMATIoN FORMULA
TAKES AN EXAcT  FoRm (RoTH, ko:oslsm:ws&y,

YRASOV )
LT

ST 5, = ieble) L) dhn|sh IS
kesmac(x)k Al °+r§ [(P“» v &;}\

WHERE ©
ep PERIODIC PATHS

. P s Tee seT of Ofwen
in G up To cyetlc EQUIVALENCE (BACkTRAcw ALLOWED)

f(y) s THE LENGTH OF THE PATH
(GonG

: Pdm(r) s Tre PRimTIVE  PART OF P "Arouw oHcE)

. Sylp) 15 THE PRoducT OF THE e ATTERNG

cocer MF THg VERTICES ENCOUNTERED N TRAVERSING
P.
//u\x 1S SuPPORTED N
YR Z}

VAR {. 'M‘Q‘-\—m,e,_-\» ""("”N‘eN M
WHICH IS A  DiscRETE SET JBUT  NeT
LocALLy  UNIFORM LY BOUNIED .



= Mx Is A cRysTALLINE MEASURE (3
SATISEY (NG EXOTIE PRoPERTLES

(o ' = - 7\
) ch@{SUPP/Ax )=00 dtm@(sur?/ux) <00
(%) Jx 13 LocALLy  UNIFORMLY BOUNDED (Ap Rerrve)

NoTe THART //Ix ¢ pnNeT BB LocAlLly BOVNDED

TyeoREM (LEV oLevskil )i IF u 1s A
WEASURE WTH BoTH o AnD iy

C&\]S‘TALLINE
ZoRMLY BOUNDED THEN M coRRBSPeNDS

LotALly VNI
<o & FiNE UNION OF ARt THMETiC  PROGRESSIONS,

. ONE CAN TRoDUCE simILAR SucH ExeTic
cmsTALptNa M EASURES USING ANY
P22y 42n)  FoR WHICH P AND X ARE
R ExAmMPLE FROM THOSE
ARISING  IN  THE LEE-YANG TueoREM AND
Tve THEORy OF hy PER Bollc poLynNomiALs WHERE

ug PRWF OF STABILTY I1s NeT A CONSEQUENCE
oF A DETERMINANTAL EoRMULA AND UNI TARITY .

. (N T#is V&in TTHE CRYSTALLINE

MEASURES ARISING From The EXPLICIT

FORMULA N THE THEeR) OF PRIME NUMBERS

L\ES DERER N A WAY THAT NEEDS EXAMINATIONS
N 1T 15 EQUNALEAT TO"RH g

D-sTasLE. Fo
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OUTLINE OF PRAFS.

Tue PRooF OF  THEGREM L (S BASED ©N
EDGE coN TRACTION

\

&

By RemouNG &

NTS. WE AlLew
Two VERTICES, LocPS

G Is coNTRACTED To G
IDENTIFYING  THE END o
INTRODUCTION DEGKEE

. The  Key -EmMA A<sERTS THAT (N

sycH A CoNTRACTION P. AND Poi ARE
RELATED B stze) ALIZING  THE VARIABLE Ze TO 1

N TS WAY ONB CAN Follew °THE FACTERRATION

PROPERTIES OF T ULNPER REP BATED CONTRACTION,
Tug "WATER MELLOn CRAPSNRPTEAR A
D joNTs  THAT NEED SPECIAL ATTENTION
AND  OTHERWISE onNE  NAVIGATES ) THE
conTRAcTiIONS To A ENITEA NUMBER ©OF
C oNEIGLRATIONS  THAT Afe EXAMINED DIRECTLY.



e

IS BASED ON SomE

THEOKEM Z
(N DIoPHANTINE

ADYANCED  RESULTS
AvaLysts oN  TTORT .

LANG's &, CONJECTURES

THERE ARE TwWeo FLAVORS 5 VERTICA L-
AND HORIZONTAL | WE NEeD BoTh.,

| *
G = MULTIPLICATIVE GRou? 4.’2
m

N )

* an N-TORUS , TT
= (¢ ) s

AN A LGEBRAMC CRoLp  UNDER co ORINATE PROPUET,

N
* AN ALGEBRAIC
V < (¢ ) SUBVARIET Y

GIVEN BY THR

of LAURENT
2efo SET ?oLyNoMIALS,

tor (T) = {2 3 5 R ey}

‘I:or(ﬂ CONSISTS ©oF ALL PoINTS (N T
OF FNMTE ORIER



VERTICAL ~ LANG CONJ: '3

GIVEN VVC T As ABOVE , THERE ARE
AMTEL MANY sUBTORT ©R TRANSLATCS
THERESF By ToRStoN  POINTS | Ty Tay . oo ¥
CoNTRINED (N Y Sucd THAT

trT) NN = tor(T) N (TVT--OT)

So WHAT APPEARS Te BE A NON-LINEAR
COMPLICATED PROBLEM I3 IN FACT
VERy STRUCTURED (N THAT TORSION
ToONTS CAN ©ONLY Lle onN A FINtTE
NUMBER ©F COSETS ©F SURGROUPS .
Nore Twe T;'s MAy BE ZERC DIMENSIoNAL
N WHICH CaAse ey ARE TokstoN  PLNTS,

TeeRe ARE A& NUMBER OF PRo®FS
oF THIS VERTICAL CASE AND THE
PRooF  chn BE mAPE EFFECTIVE N

fT‘ /

et THe T 's  ARE  DETERMINED,



L(j._

oNE  PRooF PROcEEDS As FolLows:

N=2:
VA (S'xs') c VAT

&

TE P=(S,8, )< 4or (YN, ,.- ;5,2

A« € GAL | Klgn8) k) WherRe K18
Tus FIELD OF DERNITION OF \ , TTHEN

G‘((f‘)gz)\ e tor(MNV.,
NoW THESE GhAlois ORUTS GRowW FAST
AS THE ORDER ©F P (NCRRASES
\-€

deq | B ( Sm)* R T=m) H>m
HENCE IF ONE CAN ESTABLISH A SUITABLE

NoN TAVIAL  UPPBR  BOUND FoR  THE

NUMBER of  ToRStoN  PoINTS oF SucH
ofDeR ON V  ( Assuming \ Do€S NoT CoNTAN
SUbTOR1) “THEN oNE /s LED 7o THERE BEING
No SUCH PolNTS OF LARGE oRDeR .

<uen UPPER BOUNDS CAN RE ©VEN IN Tens
ToRVS CASE Ry ELEMEATARY METHDS.




7’}"5 UPPER  BoUND Vs &ALOIS oRB'T ILS——-
METHOD HAS PRevEN To BE RoBUST FoR
OTHER VERTICAL PRoBLEMS

UpP2R BOUNDS

R TRANGENDETA L.
FoR  RATIoNAL POINTS

. BomBIERI-PILA  Gwe
SHARP LP T BXTONENT Fo
CURVES N THE PLANE;

. PILA - WILkiIE  GWE SsHARP UPPTER
Bounds FoR RATIONAL POINTS fori® oN
THE TRANSCENTAL PAKIS ©OF DEEINARLE
sgis IN O-MMAL STRUCTURES W rR"
VERTICAL
» PILh - ZANNER PRoVE THENABELAN

VARIETY VERSION ©F LANR's conT,
Also Known As THE MAN IV -MVMEDRD  CONT,

« THE VERTICAL ANALOGVE (N

swmvRA  VARIET 1ES  ©F TORSION
PuNTS ARE QM - PanNTS” AND THEX
LIE oN FNTELY MANY SHIMURA Su BVARIETIES

"ANDRE ~ DORT"  CONT.
Depied FoR PRoDUcTs 6F ModULAR curkes By PILA

. TRovep FoR @3 BY PILA AND TSIMERMAN .



HoRizowTAL  LANG (5, cont FoR T.—.—(¢*)N i3

TE VC T I AS ABWE AND (s A
GEoNeRATED SUBGRoUP OF T )Tﬁsﬁe

FINITELY
FNTELY  MANY TRANSLATES oF SUBTORL
T Ty Ty IN V, SUCH THAT

ANV = PNTVTR - V).

T Whs PROVEN
1S THE

Ts LIES DEEPER AND
By M.LAURENT . The KEYy WPUT

ScHM) DT  SUBSPACE THE OREM wWHicH S
A4 STRIKNG HIGHER DIMENS tONAL VERSION

oF THE THUE- SIEGEL-ROTH THeEOREM
SIMPLEST VELSIeN (ScHMIDT )
LeT Li(x), Lz(>0)» ‘y L, 0e) BE M *&MW%

t.InEAR  FORMs IN (5, - - ) =2C
coE FFICIENTS )

— of soluTieNS Py

INDEPENDENT
Wi TH REAL ALGEBRA\C

THeN FoR €70 THe S

xeZ ©F e
L6 L6 - Lul |< Jlse]t

Ll IN RNTEY Mm/w, PROPER @R —LIVEAR

SUBSPACES OF R".
NGTE: THE PRoof YIELDS AN CEFECTIVE Bound FoR
THE NUMBER OF SUBSPALES %.’.{O%g% Ao
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VERTICAL AND HORIZONTAL .

To COMBINE THE T WO et [!

be Tee DivistoN GRop ©F
ﬁ: {z e T ¢ Z'eér ok SoM

(so 21 = tor (T ).

E fzi}

IMATE  VERSION WHiCH IS ALSO

ONIFORM  OVER ThHE DEFINING F1ELDS AND
QUANTITATIVE IN TTHE sk T oF U IS
pUE TO  EVERSTRE |SCHLICKEWE! [ Sermt DT

THEOREM‘ N

v Ve @) [ A RNTELY GENZRATED
SUBEROLVY OF =
ToTay - Y

Tae OLLT

ConTAINED IN '/  SucH THAT
aay =T N(TUL- V)
AN Ve WY

KemARK:.  THE cONSTANT C.(v) CAN BE

SUEN BxpliciTLY , HOWEVER THE Ao TUAL

SAY 28Re DIMENSIONAL T,s  cANOT W
GENERAL BE DETERMINED BY THIS PRooF.




Tue PROOF  (NVOLVES SpEc 1A LIzATION
ARCUMENTS Reducine To [T < (&)
VERSIONS OF THE
SCHMIDT SUBSPACE THEOREM , AS  WELE
As & STYDYy ©OF PuNTs OF SMALL
AND  LARGE HEIEHT - - -

AND ADBSOLVTE

REI\GRT

OUR SV QVARIETIES

AFTER  ANRLYTIN G
D1 OPHANTINE

Ze AnD APPLYING  THE
ANALYSIS We ARRIVE AT:

) cuen G THERE 13 $(G)>0
such THAT  FOR ANY £ DusTINeT
POINTS IN N(X) , %%y L X
dfm@ SP“”‘ (“')H')xf ) > E(G-)loj't
WHicH  LEADS o THEOREM 2,



