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INTRODUCTION

In this first of a series of papers, we shall introduce and begin to study and
apply the notion of the characteristic cohomology of an exterior differential sys-
tem. Recall that an exterior differential system is a graded, differentially closed
ideal % C Q* (X,) on a manifold X . It is natural to consider the cohomology
of the quotient complex Q("; =Q (X,y)/%, - However, this cohomology turns
out not to have good functorial properties. For this and other reasons to be
explained below, we shall usually pass to the infinite prolongation (X, %) of
(Xo» %) » and define the characteristic cohomology H" of (X,,.%) to be the
cohomology of the quotient complex Q" = Q*(X)/_# . Our first general result
is that, in the local involutive case,

(1) A =0 for 0<g<n-2¢,

where 7 is the dimension of the maximal integral manifolds (solutions) of the
exterior differential system and £ is an easily computed integer which measures
the “degree of overdeterminedness” of - (When %) is “unmixed”—i.e.,
roughly speaking, it is not composed of several exterior differential systems
of different degress of complexity— £ is the codimension of the characteristic
variety.) The first non-zero group H"" turns out to have a structure not
immediately apparent from its definition. For reasons to be discussed below,
we define the space % of conservation laws of the exterior differential system
to be A" . As we shall see, in all of the cases of exterior differential systems
which model classical partial differential equations, this space turns out to be
isomorphic to the space of conservation laws as they are generally understood.

For exterior differential systems arising from a system of partial differential
equations, this result builds on and generalizes extensive previous work (see
the references below). However, a major difference in our viewpoint is that,
throughout, we insist on full contact invariance of the constructions. Thus,
PDEs which appear to be quite different (such as U, — uiy = 1 and
U, — 4, = 0) may still be contact equivalent and therefore have the same
characteristic cohomology. Since we are not carrying along unnecessary addi-
tional structure, such as that needed to keep track of point invariance, the theory
perhaps has greater conceptual simplicity.

We are especially interested in developing methods for effectively comput-
ing % in examples, and in Part IT we begin this task. We are especially inter-
ested in exterior differential systems that arise from questions in geometry; for
example, the study of gradient flows of functionals defined on classes of immer-
sions which themselves are subject to differential constraints. Now, such exterior
differential systems may always be written in local coordinates as PDE systems,
but there is generally no preferred coordinate system and the introduction of
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arbitrarily chosen coordinates frequently obscures the geometry. Even when
there are more-or-less natural coordinates, the computation of the conservation
laws of a given system has generally relied either on symmetry considerations or
inspired guesswork. One of our goals is to provide a complementary, in some
cases more systematic, method.

Our proof of the general result (1) has essentially two steps. The first is to
consider the spectral sequence of the filtered complex F’Q", where

F’Q" =image { FA---n.F7 AQ"(X) - Q" (X)
R g

p times

This spectral sequence abuts to H*(X) and the characteristic cohomology is
the term E ?’ * . As will now be explained, invariants of the exterior differential
system, such as its symbol, appear naturally in calculation of the terms E}**
for p > 0. Using information about these higher degree groups and standard
spectral sequence machinery will then allow us to “solve” for the characteristic
cohomology in this spectral sequence.

The study of the terms E]’* for fixed p > 0 involves a construction from
exterior differential algebra that we shall call Frobenius extension. One thinks
of a completely integrable Pfaffian system as being the simplest type of exterior
differential system, and Frobenius extensions can be thought of as an attempt to
close up a given Pfaffian system relative to the Frobenius integrability condition
by adjoining new 1-forms. The actual definition of Frobenius extension is given
in Section 2.3, as well as that of a Frobenius tower, which is an iteration of
Frobenius extensions. The importance of this concept is that the prolongation
tower of an involutive exterior differential system is captured algebraically by
the notion of a Frobenius tower. For p > 0 the “position” of a form in the
Frobenius tower allows us to define a weight filtration WkQ” ** on the complexes
used to compute Ef ** , and then the main observation is that on the associated

graded complex . ) )

=W W
the induced differential ¢ is linear over the functions. The cohomology
2) HQ ™, 6), p>0,

is therefore algebraic and it is at this point that the symbol of the exterior
differential system makes its appearance. For p = 1 the cohomology (2) turns
out 10 be a variant of classical Spencer cohomology, but for p = 2 a new
algebraic object A’A’M appears.

The second step then consists of the study of the A[’;M . Over a polynomial
ring S = ]F‘{x1 , ..., x"] where F is any field of characteristic zero, we consider
S-modules M =D, > k, M, which are quasi-finitely generated in the sense that
dimy M, < oo for all k. The A-tensor product M ®, N of two such modules
is defined as a graded F-vector space by M ®, N = M ®; N and the S-module
structure is defined by the rule

xf(m@An) = xim®An + m®Axin.
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From the A-tensor powers ®£M we may define the A-exterior powers A‘A’M
and our main algebraic result is: If M is an involutive S-module with resolution
length £(M), then AXM is involutive with resolution length £(AfM) < £(M).
In spite of its “functorial” appearance, this result does not seem to admit of
a simple proof, but involves a careful study of the defining relations of the
modules in question. That this result is not entirely trivial is suggested by the
observation that if the symbol is “split” then the minimal resolution of A
essentially lifts to one of the AXM , whereas if the symbol is generic then A5 M
is free in the lower degrees and in general is “more free” than M .

The integer £ in (1) turns out to be the resolution length of the symbol mod-
ule M associated to the exterior differential system, and the above vanishing
result ultimately follows from the commutative algebra vanishing result that

Hy (AAM)=0, p>0and 0Sg<n-—¢,

where Hl‘éos is the Poincaré dual of ordinary Koszul homology.

The quotient group H "= turns out to have a more concrete realization than
just as a cohomology group. This comes from the fact that there are canonically
defined vector bundles E, and E; (whose fibres are Spencer-type cohomology
groups) and a canonical 11near dlﬁ'erentlal operator

V: E0 — E1
such that
(3) A"t ~kerv.

Thus this cohomology, which is defined as a quotient space, is alternatively
given as the kernel of an intrinsic differential operator. In the classical or un-
constrained case ¢ = 0, the group H" is the space of equivalence classes of
functionals on integral manifolds and (3) represents a functional by its Euler-
Lagrange equation. The general case is an extension of this concept.

This explicit realization of the space of conservation laws as the kernel of a
(generally overdetermined) differential operator will be seen to have important
consequences. In particular, one application of (3) is to show that the space
of translation-invariant quadratic conservation laws for a determined, linear
constant-coefficient PDE system is given by Sym i(M ), where M is the module
associated to the symbol of the equation.

Finally, in Section 6 we will discuss some topological issues related to (1).
The first is a straightforward globalization of (1), expressed by the statements

(i) H'X,R)=2H'(X), 0Zq<n-¢,

) 0— H"X,R) - A" (X)) - H' (7"

where #Z"7* is the sheaf of conservation laws. This result suggests certain
purely geometric considerations. If we define H, (X ) to be the homology

computed from the complex of piecewise- C ! chains whose individual simplices
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are integral manifolds of .7, then (i) and (ii) suggest the statements
(iii) H, ,(X)=H/(X), 0<g<n-1¢,
(iv) H, , (X)—H,_ ,(X)—0.

Both of these would follow from the local result
) H, ,(X)=0, 0<sg<n-—-t¢,

where X is a sufficiently small neighborhood of an ordinary integral element.
Now (v) is in turn closely related to a result of Thom [10], and in Section 6 we
present a sketch of how (v) might follow from Thom’s arguments in case .# has
no real Cartan characteristics in the range 0 < g < n — £ . In general however,
the real Cartan characteristics will contribute singularity considerations which
Thom’s arguments do not seem to be able to address, thus we only pose (v) as
a question.

Especially interesting is the local group H,_, ) _#(X) and the natural mapping

u:% — Hom(H,_, ,(X),R)

under which conservation laws give what are called moment conditions. We
conclude this section by analyzing x in a number of examples. It is clear that
the study of the postulated “.#-de-Rham theorem”—meaning the analysis of
whether the natural pairing

A (X)® H, ,(X) >R

is non-degenerate (even locally)—is extremely interesting. The discussion in
Section 6 raises more questions than it answers and, in our opinion, points out
a very fruitful area for further work.

The principal applications of the general theory will be given in subsequent
papers. In particular, in Part II we shall completely analyze the conservation
laws for a class of exterior differential systems that we call parabolic systems.
As we shall see there the general theory will serve to “guide” the application of
E. Cartan’s equivalence method. This method gives in principle an algorithm for
determining the intrinsic invariants of an exterior differential system. However,
as in classical invariant theory the calculations very quickly get out of hand
unless one is studying a situation that is guided by a geometric problem. It is
such a guide that is provided by the general theory.

This work has been principally influenced by the papers [13], [14] and [15]
of Vinogradov. In seeking to understand the characteristic cohomology of an
exterior differential system we were led to what is now called the “Vinogradov
spectral sequence of the variational bicomplex” in the context of an exterior
differential system. In this setting there is no longer a bicomplex, but rather
there is a filtered complex. By insisting on full contact invariance of the theory
one is led naturally to the Frobenius extension construction mentioned above
and its cohomological implications.

The papers of Vinogradov built on earlier work of the Russian school of
formal differential geometry initiated by Gelfand and his collaborators (see [5]
and Manin [8]). There is by now a considerable literature on these subjects,
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and although our context is quite different we should like to mention Olver
[9], Tsujishita [11], Anderson [1] and Dickey [4] as sources for further work
and additional references to the literature. In particular, in the case when an
exterior differential system arises from a determined PDE system in Cauchy-
Kowaleska form, our main result implies the so-called “two-line theorem” of
Vinogradov. Extensions of this result, still in the context of the variational
bicomplex, to some more general classes of PDE’s have independently been
given by Tsujishita [12] and Anderson (loc. cit.).

1. BASIC CONSIDERATIONS AND FIRST EXAMPLES

1.1. Definition of characteristic cohomology. Let X, be a smooth manifold
and Q*(X,) = @F;OQ" (X,) the differential graded algebra of smooth differ-
ential forms on X,. We recall that an exterior differential system is given by a
homogeneous differential ideal % C Q"(X,) . These two conditions mean that
o= Dyz0Sy > Where Ff = A NQYX,) and dF C 5. We shall follow
the terminology, and, for the most part, the notations of [2]. We shall also be
assuming familiarity with the background of results from [2].

We shall be interested in the integral manifolds of %, . By an integral man-
ifold we shall mean a smooth immersion

fiN->X

where [0 =0, 0 ¢ .- Intuitively, integral manifolds are solutions to the
PDE system
60 =0 where 0¢c. 7,

and where to “solve the equation 6§ = 0 ” means to find a submanifold on which
6 restricts to zero. We will in particular be interested in integral manifolds of
dimension #, and for purposes of exposition shall make the assumptions

(1) {Jz" =(0),
S =Q%Xx,) forg>n.

The first assumption means that %, contains no functions—otherwise we may
replace X, by the subset, assumed to be a submanifold, defined by setting
equal to zero all of the functions in %, . Neither assumption changes the set of
n-dimensional integral manifolds.

The very definition of an exterior differential system suggests that we consider
the complex {Q;, d} where

QS = Q"‘(XO)/.Y0 s
d =d mod .7

Provisional Definition 1.1. The characteristic cohomology Hg of the exterjor
differential system % is by definition the cohomology of the complex {Q; ,d},

Hy = H{Qy, d}.

Elements ¢ € Hg are called characieristic classes of 7, .



CHARACTERISTIC COHOMOLOGY OF DIFFERENTIAL SYSTEMS (I) 513

We shall explain the subscript “0” in Section 1.3 below. The groups Hg
are only a first approximation to our ultimate objects of interest, which will be
defined there and denoted by H” without the subscript.

If f:N — X, is an integral manifold of .%), there is an induced mapping

f* Hy — Hig(N).
We may think of f™(H,) as being the cohomology induced on N by virtue of

its being a solution to the PDE system. Obvious questions are to “compute”
Hj , to understand how the image of f* varies with f, and so forth.

The two extreme cases Hé’ and Flg may be fairly easily interpreted. For
example, in case N is compact, using our assumption (1), we have that

] =Q"(X,)/dQ" ™ (X)) +-5",

and each 4 € Q"(Xo) defines a functional I, on the set of compact integral
manifolds by

mﬁ=/ﬁw.
N

Clearly, I, depends only on the class [4] € H(;' defined by A. The question
of how I, varies with f clearly involves the Euler-Lagrange equations of that
functional.

Example 1. Pfaffian systems. The understanding of Hg is most immediate
when % is a Pfaffian differential ideal, i.e., it is locally generated as a
differential ideal in degree one. Concretely, locally there are linear differential

forms 6',...,6° such that %, is generated algebraically by 6',....6%;
de', ..., de°; we write

SH={0",....0'}.
The derived flag %) > J‘B(l) D J‘Bm D --- is by definition the nested sequence
of Pfaffian systems defined inductively by %(k“) = {0 € J{)(k)z do e %(k)} .
Then J‘B(“’) =N, <f0(k) is the largest completely integrable subsystem of % .

Under suitable constant rank assumptions, we may invoke the Frobenius theo-
rem to find local functions f|, ..., f, such that

F —Adf,, ..., df}.

The R-vector space of functions f satisfying df € % is classically called
the space of first integrals of the exterior differential system, denoted here by
FI(#). Assumption (1) together with the exact cohomology sequence of 0 —
S — Q' (X,) — Q" - 0 gives immediately that locally

~0 0 '

Ay = {g e Q(X,): dg € S} = FI(K).
(The assumption that we are working locally is used not only to represent ,fo(w)
globally in the form {df,, ..., df,} but also to insure that HII)R(XO) =0.)
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Example 2. Contact manifolds. A more substantial and interesting example is
that of a Pfaffian system locally generated by a single 1-form 6. With suitable
constant rank assumptions, there is an integer n so that

0, (d6,)" #0,
0,1 (d6,)"" = 0.
For simplicity, we are going to assume that dim X, = 2n + 1. In this case,

the ideal %, generated by 6, is called a contact ideal and the pair (X,, %)
is called a contact manifold. By the Pfaff-Darboux theorem, every point of X,

lies in a neighborhood on which there exist local coordinates (x1 R
Yys.--»,) in which a non-zero multiple 6 of 6, has the normal form
n .
6 = dz—Zyidx'.

i=1
Maximal integral manifolds of € have dimension »n and are called Legendre
submanifolds of X,. Those on which dx'an- adx" # 0 are locally of the form

1 n 1 n 0z(x) 0z(x)
(X,...,)C)—L(X,...,X ,Z(X), axl ,...,—6—)—67— .
We will show that, locally,
H) =R,
(2) Hj=0, ¢>0, g#n,

dim Hg =o00.
On contact submanifolds of the form (2), H(;' may be thought of as equivalence
classes of first order functionals

z(x) — /1<x1, ey xt z(x), Qaigz, cees %Z—)%z) dx'n - ndx".

The proof of (2) will be given following a preliminary linear algebra discus-
sion. Suppose that V' is a vector space of dimension 2xn + 1 and that we are
given

{ eV,
0 c A’V

satisfying the conditions that (i) © is well defined up to adding multiples
anf of 0,and (ii) 6A8" # 0. (We are obviously thinking of ¥ as being a
typical T; X,.) Set V' =V/RO and let © ¢ A’V be induced by ©. Then ©

is a non-degenerate 2-form on ¥ and it is well known that there is a so-called
“primitive” or “Lefschetz” decomposition of A*V . Recall that this comes about
as follows: First, one shows that

(i) ek A"k p 3 AT Y
is an isomorphism for 1 < k < n. Next, if for k£ 2 0 one defines the primitive

space by
Pn-—k = ker {ék+l:An—kV - An+k+217} ,



CHARACTERISTIC COHOMOLOGY OF DIFFERENTIAL SYSTEMS (I) 515

then there is a Lefschetz decomposition

n—k—2 nk4

(ii) A =p*g0.p 6P

If we now let I ¢ A"V be the homogeneous ideal generated by 6 and O,
it follows from (i) that

(iii) "= A"y, k21
Moreover, from (ii) we see that for £k =2 0 each y € A" ¥V has an expression
(iv) W=0nra+B,+OnB +6" B+

where the B, are unique modulo 6 and satisfy ekai+l, B,=0mod 6.
We now apply this discussion where V' is a typical T;X , the 1-form 6 is

given by dz -}y, dx',and @ =df = — Y.dy,rdx;. We shall denote by
PF Q" x), k20,
the space of forms that are primitive modulo 6, i.e., that satfsfy
0" na=0mod 6.

Using (iv), we have a decomposition of all forms in Q"_k(XO) in terms of
multiples of @ and primitive forms.
From (iii) it follows that % ntk Q"+k( X,) for all k 2 1 which clearly
1mp11es that Q"+k =0 forall k 21 (cf. (1) above). This trivially 1mplles that
=0 for g 2 > n+1.
From the exact cohomology sequence of
07— Q' (X)) »Qy—0,

and remembering that we are working locally (so that H "(XO) =0 for ¢ >0),
we see that the coboundary map induces isomorphisms

(3) S:HySH'™(SA), gzl

Using this we will first prove that I:Ig =0 for 0 < ¢ < n by showing that
4) H'(A)=0, 0<p<n

Let

l//=9/\a+9/\ﬂ€.f0p
be closed. Then o, df € &’~'(X,) and

0=0Onr(a+dpf)—0nrda
— a+dB=6ry by
= y=d(0xrp)

which gives (4).
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We now turn to the most interesting group H(;’ . We will show that a closed
form 5 € J{)"“ (= Q”“(XO) ) has an expression

n=0sr mod d.5",
neP"

(3)

where 7 is unique mod 6 and depends only on the class [#] € H"+1(Z)) of
1. Moreover, given 7 € P" we have by definition that
OArm=0ny.

Replacing 7 by n+60aa gives y — y+0Oaa. Thus, we may uniquely determine

n by further requiring that ©An = 0. The condition that n = 6an be closed

is then that

(6) dnaf=0.

Thus
' Hy = H"' ()= {neP" mod§: dnr0 =0}

is naturally represented as the sections of a vector bundle (actually a subbundle
of the differential forms on X, ) satisfying a linear differential equation. (In the
involutive case, this sort of “subspace” rather than “quotient” representation of
Hy will be a characteristic feature of the first non-vanishing A? with ¢ > 0,
once these groups have been defined.)

Turning to the proof of (5), write

n=0ra+OArp
Then, as before, d© = 0 gives that

Or(a+dp)=0mod 6
= a+df=m+0nry

where 7 € P" is primitive mod 6

(7 = n=dOrf)+0nm.
To show uniqueness we suppose that we have
dé=0nrm

for some & = Oap +Onc € F#" . This gives
Or(p+do)—0ndp=0nrn
= p+do=60ry  forsomey
= ¢=d(0nro)
= 0Orn=0.
Thus, 7 is unique mod # and depends only on the class [n] € H "+l(f0) , as

we wished to show.
Using the isomorphism (3) we have

5:Hy = {neP"modG: dn/\0=0}.
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As we shall now explain, the mapping & is a second order linear differential
operator which may be interpreted as the Euler-Lagrange equations associated
to the functional defined by ¥ € Q.

Given ¥ we seek a lifting y € Q"(X,) such that

(8) dv=0nrm
where 7 € P". If y' is any lifting of 7, then as in (7) we have
dy' =0an+d(0AB)
= d(y' —0rB)=0nm.
Taking v = ¥’ — OB gives (8). We note that each of the mappings
{ Vv,
y—-n
are first-order linear differential operators, so that ¥ — n is second order as
claimed.
In Section 3.3 we will further discuss the infinite prolongation of this example,
in effect giving a resolution of A" by a complex of canonical linear, first-order
differential operators. .

Example 3. Symplectic manifolds. Now let us suppose that dim X, = 2n and
that © is a closed 2-form on X, which satisfies the condition that 0" is
nowhere vanishing, i.e., that © defines a symplectic structure on X,. We shall
consider the differential ideal %, generated by the non-degenerate 2-form ©.
Also, for simplicity, we shall exclude the trivial case » = 1 and henceforth
assume that n > 1. By the Pfaff-Darboux theorem, in suitable local coordinates

x', ... ,x", &, ..., &) on X, we have

n .
©=db =) dinrdx'.
i=1
The maximal integral manifolds of © have dimension » and are generally

referred to as Lagrangian submanifolds of X, . Those on which dx'n-- adx" #
0 are locally of the form

1 x") (xl " aS(x) BS(x))

(x s eoe axl 5 e axn
where S(x) is an arbitrary smooth function. We will show that, locally,
H] =0 forqg+#0,1,0rn,
—0 ~
Hy =R,
—1 ~
Hy =R,
dim I:I(;' = 0.
(The case n = 1 is somewhat analogous but requires a separate discussion.) The
proof is very similar to the contact manifold case and will only be sketched.
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From €%:Q"%(x))3Q"™*(X,), k = 1, we have %" = Q" (x,) for
k 21 and as a trivial consequence I:Ig =0 for g >n.
As in (3) we have isomorphisms

_ ~ 1 :
8:Hy: S H™ (%)
for ¢ >0.If
W=9AQ€J¥

is closed, then
_ 0=dy =0Onrda.

Since da € QP_I(XO) we infer that da = 0 if p £ n. Thus,if 3Zp <n,
then we may write locally @ = df, which gives ¥ = d(OAf8), which implies
that 0 = H” () = Hg_l .If p=2,then o =C isaconstant and y = CO,
from which we infer that I:IO1 ~ R. Finally, if p=n+1,then da=n isa
closed, primitive n-form. It is easily checked that # depends only on the class
[w] € H**'(%) . This gives the identification

d: Hy = {closed, primitive n-forms}.

Again, I:I(;' is represented as the kernel of a canonical linear differential operator,
modulo nothing.

Remark. If locally we choose a 1-form a with da = ©, then the most general
solution of df@ = © is 6 = o+ df for an arbitrary function f. This suggests
that we consider the “universal” solution to this problem, which is obtained by
taking

Y=X,xR
where R has coordinate u and setting
0=du-—a

on Y. If # c Q*(Y) is the exterior differential system generated by 6, then
the projection 7n:Y — X, induces mappings
Q'(X,) < QYY)

U U

S = F
which give

n* H'(X,) — Hy(Y).
This mapping 7* is an isomorphism for ¢ # 0, 1, or n, while n* Kkills
H)(X,).
This process of adjoining a “primitive” or potential (think of # as [« on

integral manifolds of & = 0) will reappear and be formalized in Part II in
connection with conservation laws of certain specific parabolic systems (such as

Burger’s equation).
We will conclude this section with a discussion of two related examples.
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Example 4. Complex manifolds. Let X,, be a complex manifold, with Q°*?(X,)
denoting the space of smooth (p, g)-formson X,. Welet % be the differential
ideal generated by the 2-forms

O=a+a, acQ'X),).

Clearly, .%' = 0 and %’ = Q/(X,) for ¢ = 3. Integral manifolds of .%
are thus of (real) dimension at most two, and those of dimension two are holo-
morphic curves in X;,. The first interesting characteristic cohomology group is
I:IOl , and denoting by Q‘C’ ’O(XO) the closed (and therefore holomorphic) (p, 0)-
forms, we shall show that

9) 7, = Q2°(x,).

Proof. A class in I:Iol is represented by
n=n'+7, 1 eQ"’X),
which satisfies
an' + o7 =0.
Then
n =01 € Q*°(X,)

satisfies
on =-080n = 8’7 =0.

It is easily seen that 7 depends only on the class of 7 € Hol , and that any
TE Qg’O(XO) arises from a class in I:IOl . QE.D.

Again we encounter the phenomenon that the first non-vanishing character-
istic cohomology group is isomorphic to the kernel of a canonical linear differ-
ential operator, modulo nothing.

As will be made clear when we discuss conservation laws, in this example the
group FIOl can be interpreted as the space of independent conservation laws for
this system. Note that when X, = C", this space is of infinite dimension. This
is perhaps the simplest non-trivial example of an exterior differential system
with an infinite number of independent local conservation laws. Ultimately
these are rooted in the Cauchy integral formulas

d( 1 k
|z|=t
for holomorphic functions in the complex plane.

Example 5. Associative manifolds. Our last example is based on Bryant [3] and
especially on work of Harvey-Lawson [7] on calibrated geometries. We denote
by O the octonions with standard basis ¢, e,, ..., ¢ where ¢, is the unit.

We then let R’ = ImO be the imaginary octarians with the standard metric
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having e, ..., e, as an orthonormal basis. Using x! e x' as dual linear
coordinates on R’ and setting
dx"* = dx' ndx’ ndx* ,
we consider the 3-form
0= dx'P 4 dx™ 4 dx' 4 dx® — a7 — a3 _ gy
which gives the multiplication table of Im @ in the following manner:
(i) € =—e,,
(ii) for i, j distinct
e-e;+e;-e =0,
(iii) for i, j k distinct we have

€i'€j=€k

if and only if dx"* appears with a + signin ¢.
The form ¢ gives a calibration in the sense that for any vectors v, , v,, v,
(10) lp(vy, vy, V3)] S |V, AV, Ay

with equality holding if and only if v,, v,, v, span a 3-plane that is closed
under multiplication (thése are called associative 3-planes). We note the analogy
to Kihler geometry, where for

A RN B R i
V=5 ;dz Adz _§dx ady

in C" with coordinates z' = x' +v—1 yi , we have Wirtinger’s inequality
lw(v;, v)| < |v; Av,|
with equality if and only if v, and v, are either linearly dependent or span a
complex line. By further analogy, we will define an exterior differential system
on R’ whose 3-dimensional integral elements are exactly the associative 3-
planes.
For this we set
O, =¢,2xp
and recall from the references given above that (10) may be completed into an
equality by virtue of the relation

7
2 2 2
lp(v,, vy, v3)|" + E 18,(v,, vy, V)| = |v; AV, AT,
i=1
Thus the exterior equations
6,=0

generate an exterior differential system %, on R’ whose 3-dimensional integral
elements are exactly the associative 3-planes. We note that

Fi=0, ¢=0,1,2,
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and it may be shown that
H=Q'®), q24

Thus the interesting characteristic cohomology group is H02 , and we will show
that

(11) dim A, =21.

Proof. 1t is clear that

2 . 3
Hy = closed forms in %" .

Now any form in %3 is
Y=Xaxp
for some vector field X, and from
0=dy =d(X 2xp) = Z(xp),

we see that exp(zX) preserves the form x¢p . We will show that

(i) the mapping ¢ — x¢ is 2: 1, so that exp(tX) preserves ¢ ; and

(ii) ¢ determines the metric, so that X is an infinitesimal Euclidean mo-

tion.

This proves already that dim I:Ig < oo, and the fact that dim I:Ig =21 will

depend on knowing that the symmetry group of ¢ isthe exceptional group G, ,
which has dimension 14.

Let V be a 7-dimensional real vector space and ¢ € A*V*. We note that
this is one of the very few cases (other than the obvious ones) where GL(V)
acting on A’V has an open orbit. For ¢ as above we define a symmetric
bilinear map

bV xV — AV
by
b,(v, w)=g(v-9)r(w-9p)rp.
We say that ¢ is non-degenerate if b¢ is non-singular, and observe that the ¢
given above has this property. To convert bw into a metric we need to single out
a canonical volume form, which we now do by singling out unimodular bases
for V. If v, ..., v, is any basis we set

B, (v;,v,) =b,(v;,v)(®, ..., v,).
If 4 € GL,(R) transforms v; to 0;, then a calculation shows that

B, (v;, 'uj)” .

o 9
det [|B, (v;. v,)]| = (det 4)° det
For non-degenerate ¢, we will say that a basis v,,...,v;, of V is ¢-uni-

modular in case det |[B; (v;, vj)ll = 1. In this way a non-degenerate ¢ gives
i

a metric on R’. For the particular @ given above, B; (e;,¢;) = d;; is the
standard metric.



522 R. L. BRYANT AND P. A. GRIFFITHS

The fact that the mapping ¢ — *¢ is one-to-one near our particular ¢
(which is all that we need) is easily shown by computing the differential of the
x-mapping at ¢ . It follows that any 1-parameter subgroup of diffeomorphisms
of R’ which preserves x@ must also preserve ¢ and the standard flat met-
ric. Since the group of diffecomorphisms which preserve ¢ clearly contains the
translations, it follows that this group must be the semi-direct product of the
translations with the subgroup of those rotations about the origin which preserve

Q.
At this stage we have shown that

X=T+L

where T is a translation vector field (corresponding to constant linear com-
binations of the ©,) and L € g[(R7) preserves ¢ . But since ¢ determines
the multiplication in ImQ it follows that L induces an infinitesimal automor-
phism of @, and it is then known that L must lie in g, C gI(]R7) where g,

is the Lie algebra of G, embedded in g[(R7) by the standard representation
G, - GL(ImO).

Remark. We have shown that for any connected open set U C R’ the char-
acteristic cohomology Hg(U ) is a 21-dimensional vector space. In a sense
this example therefore resembles more the symplectic example above than the
complex manifold example. However, in Section 6 below we will see that the
differences are more important than the similarities.

1.2. The exterior differential system associated to a partial differential equation;
symmetries. It is well known that any partial differential equation system—PDE
system for short—may be canonically rewritten as an exterior differential system
in such a way that the solutions to the PDE system give integral manifolds of
the exterior differential system. The converse is also true provided that we work
locally and impose a transversality condition on integral manifolds. However,
the exterior differential system formulation gives a coordinate free method of
studying the system; moreover, the larger group of symmetries of the exterior
differential system will allow us to do calculations of examples not yet possi-
ble in the coordinate formulation. In this section we will briefly review this
construction. For simplicity of exposition we will restrict ourselves to the case
of a first-order PDE system, remarking that similar considerations apply to the
general situation.

The most classical formulation of a PDE system is to give a submanifold R,
satisfying suitable conditions to be specified below, of the manifold J 1(N ,Y)
of 1-jets of smooth mappings from a manifold N to a manifold Y. In this
formulation, the symmetries are the diffeomorphisms of R that preserve the
two coordinate projections R — N and R — Y. Concretely, let x! e, x"
and u' ,...,u belocal coordinates on N and Y, respectively. Then, using
the ranges of indices

1si,jsn, 1Za,BSs,

there are induced local coordinates {xi ,u”, pf’} on J l(N , Y). Symmetries
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are induced by diffeomorphic changes of independent and dependent variables
x/i _ xli (x) ,

(1) W =u"(u),
P = au'“/auﬂpfaxj/ax'i.

Each mapping f:N — Y given locally by x! - u“(x) has a canonical lifting
Jj(f) € J'(N, Y) given in coordinates by {x', u*(x), du®/dx'}. That is,
J l(N , Y) is just the vector bundle Hom(7 N, TY) lying over N x Y, and
associated to a mapping f: N — Y is first of all the graph l"f CNxY of f,

and then lying over this is the graph j,(f) C J Y(N, Y) of the differential of

A submanifold R c J' (N, Y) may be thought of as imposing constraints on
the differentials of maps from N to Y ;i.e., as a PDE system. In coordinates,
R is given locally by equations

(2) Fx' u, pf) =0,
to which corresponds the PDE system
(3) FAx' u(x), u®(x)/ax") = 0.

We assume that the equations (2) define a submanifold R C J ! (N, Y) and that
the projection R — N is a submersion. As explained above, the group Diff N x
DiffY acts as a group of diffeomorphisms of J l(N , Y), and the subgroup
preserving R is by definition the classical symmetry group of the PDE system
3).

( )A generalization arises by considering a fibered manifold Z — N and defining
a PDE system to be given by a submanifold R Cc J ! (N, Z) where J ! (N, Z) is
the manifold of 1-jets of smooth sections of the fibered manifold. By definition
of a fibered manifold, the projection Z — N is a submersion, and locally
on Z there are product coordinates (x', u®) such that Z — N is given by
(x', u*) — (x'). Then there are induced local coordinates (x', u*, p) on
J l(N ,Z),and R given by (2) corresponds to the PDE system (3).

The difference between these two constructions is that in the fibered manifold
context the symmetry group is enlarged to include gauge transformations. That
is, the automorphism group of J l(N , Z) is induced from the automorphisms
of the fibered manifold, defined to be the fiber-preserving diffeomorphisms of
Z given in local coordinates by

xll — xl 1 (x) ,
li

(4) W =u'u, x),

P = ((au’“/auﬂ)pf +0u"jax")ox’ jax".
The enlarged symmetry group of R now consists of all transformations (4)
which preserve R.
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Associated canonically to either a classical PDE system or to a PDE system
imposed on sections of a fibered manifold is an exterior differential system. The
underlying manifold is R, and the exterior differential system is the restriction
to R of the contact system defined on either of J 1(N ,Y)or J 1(N ,Z). The
contact system is the Pfaffian system locally generated by the 1-forms

0% = du” —p?dxi.

Of course, the contact system may be described in a coordinate-free manner
which makes apparent the invariance under the corresponding symmetry group,
but we shall not do this here. An integral manifold of this system on which the

transversality condition dx'n- adx" # 0 is satisfied is locally a graph

(x") = (x', (%), ] (x))
and the vanishing of the contact forms when restricted to this submanifold
implies that
p; (x) = du”(x)/ax".
Restricting to R therefore gives an exterior differential system .# whose in-
tegral manifolds satisfying a transversality condition are locally in one-to-one
correspondence with solutions to the PDE system.

However, by definition the symmetries of .# are the diffeomorphisms of R
that preserve .# . The group Aut(.#) of these symmetries certainly contains
the gauge group described locally by the transformations (4) preserving R, but
Aut(-¥) may be strictly bigger than this gauge group. The constructions in which
we will be interested in this paper are all invariant under this larger group.

Moreover, regarding two PDE R, and R, as the same if there is a diffeo-
morphism R, — R, which identifies the ideals .7, and %, is a natural notion
of equivalence which properly generalizes gauge equivalence. For example, as
we shall eventually see, the following equations, though not gauge equivalent
to linear equations, lead to manifolds R with ideals .# which are (globally)
equivalent to those generated by linear PDE:

au, +b

= XX d—bc=-1
% cu, +d’ a ¢ ’

2 —
uxxuyy—uxy—— .

Uy — k' u)u, =0,  k(u)#0,
and, more generally,
u,+ f(wu, =0

where u € R* and the matrix f(u) has everywhere distinct real eigenvalues.
Before going on we would like to mention one piece of terminology. Namely,
when R is all of J l(N ,Y) or J 1(N , Z)—i.e., when there are no equations
(2)—we shall say that we are in the unconstrained case. In this case it is a clas-
sical result due to Lie and Béicklund that all symmetries preserving the contact
system are in fact gauge transformations (4) when s > 1. When s = 1 the
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transformations preserving .# are only required to preserve the single contact
form 6 = du—p, dx' up to a scalar factor, and it is well known that this group
is strictly larger than (4). Such symmetries may not preserve the above transver-
sality condition and are analogous to the contact transformations of classical
mechanics.

We remarked above that Aut (_¥) may be strictly larger than the gauge group.
A discussion to the effect that this is the exception rather than the rule is given
in Vinogradov [14]. Vinogradov’s claim is analogous to the statement that an
isometry of a generic submanifold of Euclidean space is induced by a Euclidean
motion. For our eventual purposes we are interested in non-generic exterior dif-
ferential systems; e.g., those having a large number of conservation laws. For
these the distinction may be more significant. More importantly, we shall use
the method of frame adaptation (equivalence method of E. Cartan) to study in
practice the conditions imposed on a particular class of exterior differential sys-
tems by the requirement that there be conservation laws. This method consists
in successively normalizing the invariants of the exterior differential system and
refining the frame adaptations—i.e., reducing the structure group—accordingly.
These frame adaptations will be made without reference to a particular set of
independent variables and are therefore reflective of Aut(.#) rather than the
smaller group of gauge transformations. The freedom to make such frame adap-
tations will be absolutely essential for the application of the general theory.

'1.3. The prolongation tower. Given an exterior differential system % on a
manifold, we have introduced the characteristic cohomology groups I:Ig and
remarked that, for example, I:I(;' may be interpreted as functionals on integral
manifolds. Natural questions that may arise are: “What are the Euler-Lagrange
equations of such a functional?”, and the inverse problem “When is a given PDE
system the Euler-Lagrange equations of a functional?” It is well known that, in
general, the Euler-Lagrange equations of a functional [A(x, u, 0y, ..., Bku)dx
will have order 2k, but in a number of very interesting cases (e.g., the Einstein
equations) the order may be less. Thus, in the inverse problem we should not
specify the order of derivative in the unknown functional, i.e., we should work
on the manifold of jets of arbitrary order.

Somewhat more substantively, we shall see that for the exterior differential
system arising from a determined PDE system, the group Hg’ s essentially
the space of conservation laws for the PDE system. As famously illustrated
by the KdV equation, these conservation laws may occur at-arbitrarily high jet
levels. These considerations suggest that we extend the original problem by
allowing jets of arbitrarily high order, a process known as prolongation. Thus,
given % on X, under certain regularity assumptions we will pass to the infinite
prolongation .# on an infinite-dimensional manifold X , thereby encapsulating
behavior of arbitrarily high order.

More formally, let G,(TX,) — X, denote the bundle whose fiber over a
point p € X, is the Grassmannian G,,(TpXo) of n-planes in the tangent space
T,X,. Over G,(T,X,) thereisa canonical exterior differential system denoted
by -Z whose integral manifolds are just the canonical lifts (Gauss mappings)
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of immersions f:N — X;:

) G,(TX,)
N _ S | X
Given E, € G,(TX,) we may choose local coordinates Xl

on X, such that E0 is given by du® = 0. A neighborhood of E, in G (TX )

then has local coordinates (x', u”, p,.) where the corresponding x-plane is
given by .

6% =du” - pjdx' =0.
More intrinsically, for an n-plane E € Gn(TpXO) the subspace

n*(E") € 2" (T, X,) € Ty(G,(TX,))

has as basis the 1-forms 6, and these forms generate the differential ideal
giving the canonical exterior differential system . on G,(TX;). The property
summarized by the diagram (1) is apparent.

Next, we recall that an integral element of %, is given by a linear subspace
Ec TpX0 such that

2 0, =0, 0e.5.

The set of all n-dimensional integral elements will be denoted by G, (%) C
G,(TX,). We assume that G,(%) is a smooth manifold with defining equa-
tions (2), and then the first prolongation (X, 7)) of (X,, %) is defined to be
the restriction to G,(%) of the canonical Pfaffian system ] on G, (TX)).
By what has been said above, the integral manifolds of . and % are in
one-to-one correspondence. In local coordinates, the equations (2) are

FMx'u®, p;)=0
where F* is a function of the special form
DSk (x, u)detlp;”l,

expressing the important fact that the defining equations of G, (%) are the ex-
terior equations (2). Thus the case of a classical PDE system, of the PDE system
imposed on sections of a fibered manifold, and of the first prolongation of an
exterior differential system all “look the same” in appropriate local coordinates,
except that in the last case the defining equations are of a special form. In each
of the first two cases there is a canonically associated exterior differential sys-
tem, and all three of the Pfaffian differential systems are generated by 1-forms
having the same expression in local coordinates. Although we shall use the PDE
system imposed on sections of a fibered manifold for illustrative purposes, it is
the last of the above contexts in which we shall be working,.

Returning to our general discussion, each higher prolongation (X, , %) is
defined inductively to be the first prolongation of (X, _,, % _,). This leads to
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l

the prolongation tower

Xk
)
Xk—l
|
(3) j
Y
Xl
2
-
N Xo

with the property that the integral manifolds f,: N — X, of .7 are in one-to-
one correspondence with the integral manifolds f;: N — X of % . Intuitively,
for g € N the point f,(q) in X, is the k-jet of f; at the point g.

Now we shall make the following

Regularity Assumption. The X, are smooth manifolds and X, — X, _, is a
surjective submersion.

This assumption is satisfied if, e.g., we restrict attention to the projection to
X, of a neighborhood of a regular integral element E, (cf. Chapter III of [2])
and take X, to be this neighborhood. That E; should have this property is in
practice usually easy to verify using Cartan’s test.

With this assumption there are inclusions

5:Q(X,_,) — QX))
U U
LA — %

and, omitting reference to the 7, , we define

.X =Lil_1_1Xk’
Q') = QX
k>0
7=

k20
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A point of X is an infinite jet of an integral manifold of %, and by definition
a differential form on X is a form on some X k, (or, equivalently, forms ¢, on

X, for k 2 k, with the coherence property that n,tqok_l =g, for k 2k +1).
The space X is the setting for the “formal differential geometry” of the Russian
school and others. The infinite dimensionality of X will not be an issue for us,
and we refer to [1] and [11] for general discussions about the rules for doing
“calculus” on X .

Our basic object of study is given by the following

Definition. Let % be an exterior differential system on a manifold X, and
construct the prolongation tower (3). Then the characteristic cohomology H*
is by definition the cohomology of the complex {Q*(X)/-#, d}. Setting Q" =
Q*(X)/# and d =d mod .# we thus have

H" = H{Q", d}.

It is useful to examine the prolongation tower construction in local coordi-
nates. We first do this in the unconstrained case—i.e., where %, is zero—and
for this we denote by G, ,(X,) the space of k-jets of n-dimensional subman-
ifolds of X . Observe that G, |(X;) = G,(TX,) in our previous notation, that
X, € G, ,(X,), and that'there is a “universal prolongation tower”

Gn,k(XO)
|
Gn,k—l(XO)

1

T
1
f/’ Gln, I(XO)
N % X,

containing (3) as a subtower. Generalizing the above local coordinate system on
G, ,(X,)—which amounts to locally in G, ,(X,) representing n-dimensional
submanifolds of X, as graphs—there are local coordinates

«a

(xl’ua’p;”pij""’p;l)’ |I|§k,

in G, ,(X,). Here p?j = ;, and in general we are using standard multi-index
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notation I = (i, ..., i{;) where p; is symmetric in the i, (think of p; as
representing o*u° /8x1) . The canonical contact system 2, on G, ,(X,) is the
Pfaffian differential system generated locally by the 1-forms

0% = du” —p,‘.’dxi,
a a o J
0, =dp; —p,.jdx s

0% =dpy —pjdx',  |[I|=k-1.

As in the case k = 1 we can give a coordinate free description of % , which
amounts to saying that the 0;’ , lI| £ k — 1, span the annihilator to the span
in TG, ,(X,) of all tangent spaces to k-jets of n-dimensional submanifolds

of X,. From
do5 = —dpS,ndx' = —65,adx',  |J|Sk-2,
we obtain the following simple but basic fact:

Let ©, denote the 1-forms in £, and {©,} C Q*(Gn, «(Xo)) the algebraic
ideal they generate. Then

(4) de,_, C{6,}.

In other words: The universal prolongation tower is constructed by successively
adjoining higher derivatives as new variables. This is reflected in the sequence
of Pfaffian systems %] C £, C --- by the statement that %, _, satisfies the
Frobenius integrability condition (4) relative to .Z,_ . In particular, if we pass to
jets of infinite order and set

Gn(XO) = !lr__n Gn,k(XO) >
Z = U s
k=0
then . is formally a Frobenius system on G,(X,). Since G,(X,) is not a
finite-dimensional manifold, we cannot of course apply the usual Frobenius
theorem to conclude that .% defines a true foliation. However, at least infor-
mally we may think of the leaves of this “foliation” as being the infinite jets of
n-dimensional submanifolds of X .

By construction, these considerations restrict to the prolongation tower (3)
defined by the original exterior differential system % on X, . Using the nota-
tion

% = functions on X,

Q" =Q'(X),

Q, = differential graded subalgebra of Q" given by Q"(X,),

8, =sn0 =7nQ,,

{8, } = algebraic ideal in Q" generated by 0.,
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the basic observation is then that
de, c {6, 1t

Since %, is generated as a differential ideal by ©, , we may think of the con-
struction of the prolongation tower (3) as being reflected algebraically by exten-

sions
S C
U U
Feo1 © Qe

with the property that % _, is closed up in Q, relative to the Frobenius inte-
grability condition. We shall formalize this in Section 2.3 below.

1.4 Variation of characteristic cohomology. Let N be a compact manifold and
consider integral manifolds
ffN->X

of ¥ . We shall identify two integral manifolds when the corresponding immer-
sions differ by a diffeomorphism of N, and we denote by .# the set of such
equivalence classes. We are interested in how the characteristic cohomology
S7(H) C Hpp(N) varies with f, and we observe that this is really a question
concerning equivalence classes of integral manifolds. In discussing this question
we shall argue formally. Thus, we assume that .#Z is a “reasonable” space and
that there is a diagram

o —E . x
d
M

where, if for t € .# we set
N =1\,
fi=FIN,,

then N, is diffecomorphic to N and under this diffeomorphism f, represents
the equivalence class of the integral manifold given by ¢ € .#Z .
We denote by _# C Q*(/) the differential ideal generated by Ql(% ); the
maximal integral manifolds of # are just the N,’s. By construction we have
F'(F)C .z,

Now for any differential graded algebra {®", d} and differential ideal .%Z C
®" there is a d-invariant filtration

F'y = image{%/\-.-/\,% Ad)*ﬁd)*}.
PR
p

The standard spectral sequence construction associated to a filtered complex
then gives a spectral sequence EY’?(%) where

E_= H'(®"),
EVU ) =H(Gr%);
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here G*.% = F’.% /F"*'% . This construction is functorial, and thus in our
situation there is an induced mapping

F":El%7)— E'( 7).
We note that o
E, (F)=H"
is the characteristic cohomology of the infinitely prolonged differential ideal .7 .
This is the object of our study.
Turning to the fibration .#° — .# , we recall that there is a vector bundle,
known informally as the “cohomology bundle”, #? — .# whose fiber over

t€# is H.;(N,) and whose space of global sections is E?’q(f ). Moreover,
this bundle has an integrable (i.e., flat) connection

v: #5700 ),
known as the Gauss-Manin connection, whose horizontal sections are interpreted

as geometrically displacing cycles. Now E 11 A2 Q! () and it is well
known (and easy to see) that the differential in the spectral sequence

. 0.9 l,q
d: E’" - E|
is the Gauss-Manin connection. For ¢ € #7 this gives us that

0

1) 2= 2odp.

This equation has the following interpretation: Given a point f, € /# and
tangent vector & € Tto/l , the left-hand side of (1) is by definition the derivative
at ¢, of ¢ along any curve in .# with tangent vector ¢. By the interpretation
of the Gauss-Manin connection, this is just (Vg, é)to , which by our above
remark is {d .
Putting this together we see that for ¢ € H"
%(ﬁ*w) = %Jdm

where the 3/8t on the right-hand side is interpreted as the normal vector along
J,(N) corresponding to the tangent vector 9/0t € T .# .

Thus, the variation of characteristic cohomology is measured by the differential
d, in the spectral sequence associated to the differential ideal % C Q" (X).

Definition. We set E°? = E>%(#) and call E”*? the characteristic spectral
sequence associated to the differential ideal .# . In particular,

E*=H

is the characteristic cohomology associated to .# .

One point of this discussion is that once we agree to study the characteristic
cohomology as an interesting object, then the characteristic spectral sequence
naturally and inevitably enters. At a deeper level, we will see that our object of
interest H™ is in fact best studied indirectly in terms of the E”** for p > 0. For



532 R. L. BRYANT AND P. A. GRIFFITHS

example, the symbol of the exterior differential system will allow us to compute
a first approximation to E}’* for p > 0.

In summary, we begin by studying the naive characteristic cohomology Hg
associated to a differential ideal %, on a manifold X . The necessity of consid-
ering derivatives of all orders leads us to replace X, and .% with the infinitely
prolonged exterior differential system % on X with its corresponding charac-
teristic cohomology H*". But then variational considerations lead us to study
the entire characteristic spectral sequence E?’? of which H* = E ?’ * . We shall
next isolate the essential algebraic construction which enables us to do this.

2. FROBENIUS EXTENSIONS

When one prolongs or differentiates a PDE system up to arbitrary order,
what emerges is a filtered object together with differential operators having the
property that on the associated graded the operators are algebraic—i.e., they are
linear over the functions and depend only on the symbol on highest order terms
of the original system. This led Spencer to the introduction of the “Spencer
cohomology groups” associated to a symbol, and opened the way for a formal
theory that greatly extended and clarified earlier work of Cartan and others.
In the present problem of understanding the characteristic cohomology, a sim-
ilar circumstance will obtain, albeit with one quite new and interesting twist.
Underlying this development is a very simple and, we feel, very basic concept
in what might be called exterior differential algebra. This concept is that of
a Frobenius extension of differential graded algebras relative to a Pfaffian dif-
ferential ideal. This section will be devoted to a discussion centering around
that concept, and ultimately pointing the way to a new and somewhat stranger,
although seemingly basic, algebraic construction associated to a symbol.

2.1. Structure equations of the prolongation tower. We shall arrive at the struc-
ture equations of the prolongation tower in a number of steps. To explain these
we recall that each of the three constructions of Section 1.2

i) RcJ l(N , Y) (classical PDE system)

(ii) RcJ l(N , Z) (PDE system associated to a fibered manifold)
(iii) X, cG,(TX,) (1st prolongation of an exterior differential system)

“looks” the same in local coordinates (x', u”, p;’), except that the defining
equations of X, have a special form reflecting the fact that they arise from
an exterior differential system, which is immaterial for the present discussion.
What is different are the symmetry groups associated to the three situations.
We shall first give a local coordinate description of the structure equations of
the prolongation tower that is invariant under the gauge group associated to
construction (ii) above. Our second step will then be to reformulate these equa-
tions so as to be invariant under the full symmetry group of generalized contact
transformations associated to construction (iii).

We begin by studying some constructions associated to the fibered manifold
Z — N in the unconstrained case; i.e., when R = J 1(N, Z). Denote by

Jk(N , Z) the manifold of k-jets jk(s) of sections s: N — Z of the fibered
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manifold, and by J*(N, Z) = 111_1_1 Jk (N, Z) the space of jets of infinite order
J°°(s) . In coordinates the projection J°(N, Z) — N is given by

n(x', u”, ...,p}’,...)=(xi).

We shall interpret the complete integrability of the infinitely prolonged contact
system as giving a flat connection for the fibration J°(N, Z) — N.
For this we recall that functions G on J(N, Z) are given by functions

G(x', u®, ..., p;), |I| £ k, on some finite jet manifold J¥(N, Z). Letting
07 = dp; — p,,dx denote the generators of the contact system on J(N, Z)
associated to our choice of local coordinates, we define operators d, , dj by

G
d,G = Zp,,

1120
dG=d,G+dyG.
Explicitly, .
dy,G = ZD,.G dx'
where

Zpltapl

11120

is the operation of “total differentiation with respect to x' »—i.e.,

1o} .00 .00
(1) — (G (s)) = (D,G)(J " (5))-
ox
The D, are commuting vector fields on J(N, Z) that satisfy
(67, D=0,

and thus they span an integrable distribution on J°°(N, Z) that is horizontal
relative to the projection #n: J*(N, Z) — N. In fact, (1) expresses the fact

that D, is the horizontal lift of 9 Jax' relative to the integrable connection for

J®(N,Z)—> N.
Under the decomposition on J(N, Z)
(2) d=d,+dy,

of the exterior derivative into vertical and horizontal components, we have

dl =d; =0,

dydy+dyd, =0
The decomposition (2) and integrable connection are gauge invariant, as follows,
e.g., from the coordinate-free formulation

{ d(j™($)"G) = j=(5)"(dyG),
J7()(d,G)=0
of (1).
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d,0° =0,
dy 67 = —05 ndx’,

and that trivially d,(dx’) = dj,(dx") = 0. The second of the bracketed equa-
tions is equivalent to

(3) Z,(67) =6y,

We note that

where .7}, is the Lie derivative operator associated to the vector field D on
J®(N, Z).
Suppose now that a constraint manifold R, C J ! (N, Z) is defined by equa-
tions .
FA(x', u, pf) =0

In PDE theory one defines the k-th prolongation R, C J k(N ,Z) of R tobe
the PDE system defined by the prolonged equations

D,F* =0, I<k-1,

where D; iy = D D . Recall our assumption that each R, is a manifold
and that the prOJectlons R — R, _, are surjective. We set R = 11m R, and

have a fibration diagram:
R c J®WN,Z)

| |

N = N

The pertinent observation is that the exterior differential system associated to
the PDE system R, is just the k-th prolongation, as defined in Section 1.2,
of the exterior differential system associated to R, . Thus, our terminology is
unambiguous and we may say that the infinite prolongation is defined by the
equation

D,F* =o0.

Of course, we may also give the above construction in a coordinate-free man-
ner. For example, R, is simply the set of k-jets of formal solutions to the given
PDE system, where a k-jet of a solution is given by a smooth section of Z — N
that satisfies the equation up to order k at one point of N . We have used the
notation R, and R to emphasize that this discussion is invariant under gauge
transformation of local coordinates, but is not necessarily invariant under full
contact transformations.

The equations defining R are invariant under the horizontal vector fields
D, (actually, all that is needed is that the defining ideal of R C J (N, Z)
be invariant), and thus along R the horizontal spaces are tangent to R. We
conclude that the fibration R — N has a gauge invariant integrable connection,
and we shall now denote by D;, 67, d = d,, +dj, the restrictions to R of
the quantities defined above on J(N, Z).
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The vertical forms 67 are no longer linearly independent on X , but rather
satisfy the relations that define TR c TJ*°(N, Z). To conveniently express
these relations we recall our notation

8, =7 nQ'(R)
=span{6;: [I|< k- 1}.
The equations (1) imply that dH(DIFl) =0 along R, i.e.,in T(J(N, Z)) R
Thus, when restricted to the submanifold R we have
0=d(D,F*)=d,(D,F}).
Taking the ideal 7 to be empty, this gives

oF* . oF*
0= 35° =0 + == 5 == 0°
= 2—1;—0:’ =0mod®, .
op;
Taking 7 = {j}, we have
)
0=d,(D;F")
A
= %} (dVF )
aF* .
= Wai ; mod ©,
by (3). Repeating this computation inductively, we obtain the defining relation
F*
6‘?‘0 =0mod©,, || =k
l
for TR in T(J*(N, Z)). In conclusion:
With the notation
8, =7 nQ'(X)
=s7'nQ,
we have the filtration
(4) ©,ce,c...co=s"
of the 1-forms in % . The subspaces ©, satisfy the structure equations
(5) d®, =0mod {O,_,}

and N
©,/0,_, =span{0;: |I| =k — 1}

where the 07 satisfy the symbol relations

OF*\ o
(6) (—a—’;la—) 0” = 0 mod Gk , |I| =
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We have observed that a gauge transformation preserves the filtration (4) and
preserves the complement of © in Q! (R) given by the horizontal 1-forms for
the flat connection in R — N . Suppose now that we consider the original PDE
system as an exterior differential system .7 on a manifold X, . Of course, R,
and X, are diffeomorphic as manifolds but the symmetry group of X, may be
strictly larger than that of R, hence we use the different notations. As noted
above, the manifold R, underlying the k-th prolongation of R, as a PDE
system is diffeomorphic to the manifold X, underlying the k-th prolongation
%, of the exterior differential system .7 . We have pointed out that the exterior
differential system corresponding to R, isjust .% on X, , but again as before
the symmetry group of the latter may be larger. Passing to jets of infinite
order, an automorphism of the prolongation tower {R,} of R, will induce an
automorphism of the prolongation tower {X,}, and hence an automorphism
of X preserving .¥ . But an automorphism 7 of .# need not preserve the
complement of © in QI(X ); i.e., in coordinates we will only have

T dx' = Aj.dxj mod 6,
T"0; =0mod®, for |I|<k-—1.

Nevertheless, the relations (4)-(6) are formulated in a manner invariant under
such transformations, hence under Aut(.#), and are therefore valid on X .

In summary, the relations (4)—-(6) are not only gauge invariant, but are invari-
ant under the full symmetry group of the exterior differential system and hence
have meaning on (X, 7).

2.2. The symbol relations. In the preceding section we arrived at the structure
equations

(i) d®, =0mod {6, ,,},

i
) (i) gFae —0mod®,,,, =k

of the prolongation tower. The first equations are formulated in a coordinate-
free manner that is invariant under the full symmetry group of the exterior
differential system. In this section we will give a similar intrinsic formulation
of (ii).

For this we recall the construction of G, . (X,) = lim G, 1(X,), whose
points are jets of infinite order of n-dimensional submanifolds of X|,. For all
k including k = oo there are fibrations

n k(X

| \

G,,1(Xo)
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and over G, ,(X,) = G,(TX,) there are defined the tautological vector bundles

Ecn'(TX,),
W =n"(TXy)/E.

In terms of the local coordinates used in Section 1.3, E has a framing
8/0x",...,8/0x" and W has a framing 8/0u’, ..., 8/0u’. We shall con-
tinue to denote by E, W the pullbacks of these bundles to any G, K (Xp) or
to Gn,oo(XO) .

The first basic observation is that over G, ,(X,) we have exact sequences

0— W®SE' - TG, ,(X;) = TG, ,_,(Xy) = 0
and dually
0 TG, ,_,(Xo) = T"G, (Xp) » W' ® S’E—~ 0

where S* denotes the k-th symmetric product and as usual we are omitting
the pullback notation. We shall always lift these sequences up to Gn,oo(XO) ,
and when we do so and use the local coordinates introduced above, the 1-forms
07, || = k, give a framing for T°G, (X,)/T°G, ,_ (X)) 2 W  ® S*E . For
a function G(x', u®, ..., p;), I <k, on G, (X,) the differential dG is an
element of T*G, ,(X,) and the map T"G, ,(X,) — W' ® S*E — 0 is given
by
0G o
dg — Z —6—7;01.
=k 1
The existence of the above sequences is just a notationally complicated way of
saying that the highest order derivatives are tensors. The one slight subtlety is
that we shall use 67 and not dp; asa coframing of 7°G, ,(X,)/T"G, ,_,(Xp);
i.e., we choose our coframing to lie in the contact ideal.
It is when we restrict the second sequence above to the prolongation tower

of % that the symbol relations appear. More precisely, the pulling back and
restriction of differentials associated to the diagram

X, cC Gn,k(Xo)

I I

Xecr © Gy i (Xp)
induces on the infinite prolongation X a diagram
TG, (X)/T°G, (X)) = T'X/T"X,_, — 0

~ ~

0 - B, — w'eS'E - M, - 0

where B, |, M, are notations. The vector bundle M, is spanned by the
restrictions of the 6}, |I| =k, to X, and the fact that these forms are subject
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to the symbol relations given by equations (ii) in (1) is expressed by saying that
B,_,cW'® S¥E is spanned by the forms

aF*\
) (a—p;,)e,,., |J|=k - 1.

2.3. Frobenius extensions. Most of the calculations in the theory of exterior
differential systems have an algebraic, almost algorithmic character; the fact
that we are working on a manifold is not the central point, and it may even be
distracting. Moreover, many essential points of the theory such as a prolonga-
tion and involution are most clearly formulated algebraically, even though they
are motivated geometrically. In this and the next section we shall isolate in a
purely algebraic formulation what we feel are the essential general aspects of
the study of characteristic cohomology of an exterior differential system.
To motivate this discussion, we observe that localizing (i.e., sheafifying) our
construction at a point of X , we arrive at the data
(1) {Q',f,Qk,d}
where
(i) {Q", d} is a differential graded algebra (DGA),
(ii) .~ is a Pfaffian differential ideal, '
(iii) Q,: is an increasing filtration of Q" by subalgebras such that each

S =Q; N7 is a Pfaffian differential ideal.
There are a number of axioms that the data (1) will need to satisfy, of which the
essential one is this: Setting ©, = J‘;l and denoting by {©,,,} the algebraic
ideal in Q; ,, generated by ©,,,, we have
d®, =0mod {6, ,}.
Intuitively, the extensions of DGA’s
. C Qk CQk+1 C.--
are obtained by adjoining 1-forms such that .7 satisfies the Frobenius integra-

bility condition relative to %, .
We formalize this concept with the following

Definition. We consider the data {A*, £, d} where A" is a differential graded
algebra and _# c A" is a Pfaffian differential ideal.
(a) The above data is said to be regular in case Al isa regular local ring and

A*, # are free modules over A°.
(b) Given an inclusion of regular data

(2) (A", 7,d}c{A", 7, d},

such that A® and A° have the same residue class field, we say that (2) is a
Frobenius extension if

@) A" is generated algebraically by A* and _#,
(3) i F=A"NnS7,
(i) d(F')=0mod {7 '}.
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(c) The data (1) above where each inclusion {Q;, %, d} C {Q;,, %> 4}
is a Frobenius extension and where Q" = J;50Q;, & = Upso-% Will be
called a Frobenius tower. N N

As remarked above, intuitively the extension (2) is Frobenius if A* is ob-
tained from A" by adjoining 1-forms (condition (i) above) such that in so
doing _# is “closed up” relative to the Frobenius integrability condition ((iii)
above)Land finally if this extension is non-trivial in the sense that we do not ob-
tain _# by adding 1-forms already in A* (condition (ii)). We may also speak
of other properties, such as minimal and universal Frobenius extensions. We
shall not enter into such a discussion, but rather we shall explain two conditions
on {A, %, d} that will guarantee that a Frobenius extension exists—this con-
struction will clearly exhibit properties of minimality and universality. These
two conditions are motivated by circumstances prevailing in the construction of
the prolongation tower of an exterior differential system, which we shall refer
to as the geometric situation.

Construction of Frobenius extensions. One may ask when regular data
{Q], A, d} admits a Frobenius extension that is in some sense minimal and
universal. We are using the notation Q’l‘ , < rather than A", _Z to suggest the
initial step in the construction of a Frobenius tower. We shall give two condi-
tions on this data which mirror the geometric situation and which guarantee the
existence of such a Frobenius extension {Q; , %, d}. Attempting to continue
the process, the first of these conditions will automatically be satisfied for the
Frobenius extension {Qj,.%, d}. The second condition, which mirrors the
surjectivity of X, — X, , will have to be assumed at each stage in the construc-
tion of the Frobenius tower. However, the first condition will allow us to define
what it means for {Q], %, d} to be involutive, and then in the involutive case
the second condition will also be satisfied at each stage in the construction of
the Frobenius tower.

We set F| = Q? with residue field F and O, = ‘fll . The first condition on

the regular data {Q’l‘ , S, d} is: There exists a subspace Q(l) C Q} such that
(4) 46, = (Q,/) ~Qymod {6, }.

In the geometric situation we may take Q(l) =n*Q' (X,) where m: X, — X, is
the projection; the condition (4) follows from the structure equations discussed
in Section 2.1 above.

With this assumption there exist free .7 -module generators 6* for ©, and

o' for Q(I) such that
(5) de® = —n?x\wi mod {6, }

for some elements 7} € Q} . These n;" are only well defined modulo the & -

span of Q(l, and ©,. Moreover, they are not linearly independent but are
subject to a minimal set of symbol relations

bYa% = 0mod {Qy, ©,}
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where bff € &, . The non-uniqueness of the 7" is expressed by saying that they
are well defined modulo ©, up to a substitution

(6) n; - +phe, D =D e
The symmetry condition is necessary in order that the equations (5) remain
valid. Our second condition is that: There exists a substitution (6) such that
the refined symbol relations

biin;." = 0 mod 8,
are satisfied.

As explained in [2], Chapter IV, in the geometric case this condition is equiv-
alent to the assumption that X, — X, be surjective. Of course, it can be for-
mulated intrinsically in terms of the data {QT s Q(') , 4 , d} but that would take
us too far afield here.

Once we impose the refined symbol relations, the n? are unique up to a
substitution (6) where

Al «a a a
(7 b, p;;=0, P;j =Pj;-
We then define
F =Flp;jl

where the p:.’j are indeterminates over F subject to (7), and we then define

Q) to be the DGA generated by Q] and the p;; and their differentials dp;;,
subject of course to the relations obtained by differentiating (7). Finally, we
define % C Q) to be the Pfaffian differential ideal generated as a differential
ideal by .#| and the 1-forms

07 =n; +p:.’jwj € Q;.
The equation (5) now reads
do® = 67 ro' mod {8, },

which is the Frobenius extension condition (iii). The other conditions (i) and
(ii) are clearly satisfied, and thus {Q,.%, d} is a Frobenius extension of
{Q], .7, d}.

We now want to show that condition (4) is inherited by {Q; , %5, d}. Exte-
rior differentiation of the preceding equation gives

0= —d6 ' mod {8,}.
Applying the Cartan lemma, we obtain
(8) d6} = -, r’ mod {8,}

where
a _ _«
m;=7n;,; mod©,.
As before, we may refine this last relation to
a a

nij = nﬂ..
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Equation (8) is just the first condition (4) for {Q;, %, d}, where we keep the
same subspace Q(l).
We now investigate the second condition for {Q], %, d}. Exterior differ-
entiation of _
bi'@:.’ =0 mod 6,
yields, after some fiddling and application of the Cartan lemma, the symbol

relations i |
i_a _
b, i = 0Omod Q,, 6,.

The n;’j satisfying (8) and the symmetry condition are uniquely defined up to
a substitution

a k
9) M= n:.’j +p?jka)

where p;’}k € &, and is symmetric in i, j, k. We must then assume that we
may determine pf‘jk so as to have the refined symbol relations

bint =0mod ®,.
In the geometric case this assumption is equivalent to X; — X, being surjective.
Once it is satisfied, the n;"j satisfying (8) and the refined symbol relations are
uniquely determined up to a substitution (9) where

bi'p?jk =0.

We set F;, = .9;[173 ] where the pf‘jk are indeterminates over F subject to these
linear equations plus the symmetry in i, j, k, and proceed as before to define
{Q; , %5, d} where .7 is the Pfaffian differential ideal generated by

0;; =, +pf‘jkcok.

We may continue the argument, constructing a Frobenius tower under the

assumptions that the initial data satisfies the condition (4) and that, at each
stage, we may refine the symbol relations

bt =0mod Q),0,, |I|=k,

to

b¥e; =0mod®,, |I|=k.
In so doing the only technical tool required for the inductive step is the Cartan-
Poincaré lemma on page 321 in [2].

Comparing this discussion with the discussion of the structure equations in
Section 2.1 and symbol relations in Section 2.2 we see that (4) is satisfied in
the geometric case and that moreover the refined symbol relations are satisfied
under the assumption that the projections X, , — X, are all submersive.

It is important to remark that there is a condition on the symbol matrices

B(&) = |1bYe,

that will guarantee that the refined symbol relations are satisfied for all k = 2,
provided only that they are satisfied for k = 1. This is the condition that the
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symbol be 2-acyclic as defined in [2], Chapter VIII. In the geometric case, the
involutivity of the symbol matrices ||0F 4 /0p;E;|| will guarantee that the maps
X1 — X, are submersive for all kK 2 2 provided that this is the case for
k = 1. We will then say that the data {Q’f , A, d} is involutive. As explained
in Chapter VI of [2], at least in theory we may always reduce to the involutive
case.

In summary, if we begin with a regular DGA {Q’; , A, d} which satisfies
condition (4) above, for which the refined symbol relations hold and for which the
symbol is involutive, then we may construct a Frobenius tower {Q*, Q; , .7, d}.
In the next section we will investigate the behavior of this construction un-
der automorphisms (which need not preserve Q(') C Q} ), and shall show that
the Frobenius tower construction leads to a weight filtration on the associated
graded to the filtration of Q" defined by the powers of .# . This weight filtra-
tion will have a remarkable property which in practice allows us to get a first
approximation to our object of interest H* = H{Q", d} purely from properties
of the symbol.

2.4. The weight filtration. Associated to the data {Q", .#, d} we have defined
the filtration

FFQ* = imageof{f/\ v AQ*—*Q*} ,
N, !
p

to which there is the associated graded complex

FrQ' IFQ = 7 =P Q™.
q

Suppose now that we have a Frobenius tower {Q*, .7, Q,”; ,d}. We will use
the increasing filtration of Q" given by the Q,: to define an intrinsic weight
filtration on each of the complexes {Q’’*, d}, one of which has the remarkable
property that on its associated graded the induced differential is /inear over the
functions, a property traceable to the Frobenius extension condition.

Definition/Proposition. We consider all functions
w: Q-7
which satisfy

(i) w(fo)=w(p) for feF, f#0,
(il) w(p) <k for 9 €O, ,, and if equality holds, then ¢ ¢ ©,,
(iii) w(pan) S w(p)+w(n), and
(iv) w(g +n) < max(w(p), w(n)).
We set /
wtp = max'w((o)

where the maximum is over all functions w satisfying (i)-(iv) above. Then, for
p >0 “wt” is well defined on the associated graded complexes Q" , and if we
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set
EQP" ={p e Q" :wi(p) Sk},
Q" =FQ"F_ Q" =P’
q

we obtain a weight filtration {F,} that is stable under d and has the property
that the induced differential.

(1) 6: 007 s F _linear (p > 0).

We shall give the actual construction of the weight filtration under the as-
sumption that {Q’; , %, d} satisfies (4) in the preceding section and that the
refined symbol relations hold at each step. As noted above, these assumptions
are both satisfied in the involutive geometric case. Before giving the construc-
tion we remark that the crucial property is (1). By means of this property the
groups E’* (for p > 0) will themselves be the abutment of a spectral se-
quence, the one coming from the weight filtration whose E,-term Ef’* will
be calculated purely algebraically. It is here that the symbol and Spencer coho-
mology of the exterior differential system enter the picture, in a more or less
standard setting for p = 1 but in a new and algebraically rather subtle way for
pz2.

Construction of the weight filtration. We will follow the notations in the preced-
ing section, especially those used in the construction of Frobenius extensions.
Accordingly, we may find a spanning set of forms

i
(2) o', 0;
for Q! with the properties that

(a) the ' € Q'\ O,
(b) 65 €®,,, for [I|<k,

() b¥9% =0mod®, for |I|=k.
The relations (iii) are a defining set of relations among the forms o', 0y -

Now properties (a)—(c) imply that

wto' = -1 R

wt 67 =|I|  (provided that 6; # 0 mod 8-
These properties, together with (iii), give
3) wt(@Z'A~~-Ae;:uwfu--.Awf«)=Z|1y|-q

provided of course that the expression on the left is not zero. Finally, (iv) allows
us to define wt ¢ for a general form (repeated indices are summed)

o o a J
— 1p 1 14
QY= al"_ap,all A /\Hlp A"

We must check how “wt” behaves when we make an admissible change of
a spanning set of forms (2), and then we must check how “wt” interacts with
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exterior differentiation. For the former, the o' are determmed up to a trans-
formation

o' - A0’ + (termsin ©), det|4]] #0,
and recalling that 0‘,’ € Gl I+1 the 0;" are determined up to a transformation
J . 1
0 — |‘|:T|Aa 67 + (termsin ©,), det|| 45| # 0.
J|=T

It follows that (3) is well defined provided that we consider 9 A 0‘,1”/\
14

WA~ n@’t as an element in FPQ* JF”*'Q* . Put another way, 1f we assume
that the matrices |4 jll and |[A°‘J|[ are each the identity, then under the above
transformation we have

0‘;1‘/\ /\0}1”/\60] — BZ’/\ /\07"/\(01+ (terms in F A --- A F AQ")
P p N, —
p+1
+ (terms spanned by forms 0?‘ FNEREIN 0}1" rw’ where all
1

14

1)<, |J|=|J| and some |I | < | ]).

The conclusion is that “wt” is well defined on Q°** = F’Q*/F"*'Q
We note that in Q,lc’* we have the defining relations

(4) brer =0, |1|=

More generally, in Q2" the relations among the spanning set of forms
k :

1

9‘;‘/\--~A92”/\w], ley|—[.][=k

are linearly generated by the relations (4).

Finally, it remains to investigate how d = d mod ¥ interacts with the weight
filtration on " . For this we recall the structure equations for the spanning
set of forms (1)

do' =1 jkw Ao’ mod {6},
do; = —0”/\60 mod {8,}, k=|I|+1.
From these it follows that

5) { do' =0 modulo (F + terms of lower weight),

do; = —67; A o' modulo (terms of lower weight).
Moreover, for a function f
df =3 f,@' + (terms in ©)

= df = Eficoi has weight —1.
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Combining this with (5) we see that in the associated graded spaces to the weight
filtration Q7" ",

oI a J
(2,00 A+ A0 n ')

©) =(-1) Efi:i‘;lazl A A GZ”’ Acee /\02‘" ro' e’
v,l
This establishes the property (1), and moreover (6) gives us a formula for § on
Q" that will be used below.
We note in closing the trivial but important point that there is no alter-
nation of signs with the index v on the right-hand side of (6). If we let
S =Fle,, ..., e,], define an S-module action by

a a i
e-0,=0,00

and extend this to products 0}’1‘ A A0 ® @’ to act by the Leibnitz rule (with
p
all plus signs) on 0;"1‘/\ . /\0?‘” , then the right-hand side of (6) is essentially a
14

Koszul boundary operator for this module structure. We shall explore this in
detail in the following sections.

2.5. A variant of Spencer cohomology. We continue with our consideration of
a Frobenius tower {Q", ¥, @, d} of Pfaffian differential ideals. We shall as-
sume that this tower arises by an inductive construction, starting with
{QI , %, d}, where at each step the two conditions consisting of (3) and the
refined symbol relations discussed in Section 2.3 are satisfied. As explained in
the preceding section, we may construct the weight filtration on the associated
graded complexes Q" for p > 0, and we may then consider the induced

differential |
W > ~D >4+
50 - Q!

on the associated graded complexes to the weight filtration. From equations (1)
and (6) in the preceding section we see that J treats the functions # = Q° as
constants and the forms in Q(l) as being closed. Thus, the cohomology of the
complex {Qﬁ'* ,0} is for p > 0 “purely algebraic”, and as we shall now see
it is a variant of Spencer cohomology. Actually, it will turn out to be a variant
in two ways. The first essentially trivial one is that a Poincaré-type duality
will intervene. More significantly, for p = 1 we will find the usual Spencer
or Koszul cohomology associated to a module M , whereas for p =2 2 we will
obtain Spencer cohomology associated to A{M where “ A} ” is an apparently
new and to us quite interesting multilinear algebra construction.

Review of Spencer-Koszul cohomology. Let E be a vector space over a field F
of characteristic zero, and set
SkE = SymkE = k-th symmetric product of FE,

S=SE= @SkE = polynomial algebra on E.
k20
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Let N be a graded (but not necessarily finitely generated) graded S-module
and recall the standard definition of Koszul homology: Setting

C,(N) =N @, NE
with action by S given by f(n ® ®) = fn® @ where f € S, n € N and
w € A’E , one defines the S-linear mapping

9:C,(N) = C,_(N)
by the usual formula

oneen--- Aep)=Z(—1)ieion®el/\~-Aé:./\m ne,
i

where n € N and ¢, € E. Then 8% =0 and the resulting Koszul homology will
be denoted by H,(N). Clearly H, (N) = (45) H (N) is again a graded S-module.
Dually we set

CI(N)=NQAE"
and define |

5:CI(N) - CT(N)
by '

dw(e, ..., e )= (-1'e-wle,....&,...,e.,)
i

where w € N ® A’E” = N ® (AE)” and the e, € E. Alternatively, we let
Id € E® E* =~ Hom(E, E) be the identity and define

IENoAE* - Ne AT E”
by

* * * * *
Id(n®eil A Ael.l) = Zein@)ei A€ A ne

1
where n € N and ¢; € E is a basis with dual basis e; € E*—thus Id =
>,e;®e; . Then it is easy to verify that

(1) C dw=-ldw

where w € C?(N). The reason for the minus sign will appear below.
To relate these two constructions, we suppose that dim £ = n and choose a
non-zero volume from Q € A"E . Contraction with Q gives an isomorphism

i(Q)-AE" - ANTE
and a commutative diagram

N® An-—pE* _5_) N® An—p+1E*

| |
NQANE 2, NoA'E

leading to an isomorphism
i(Q): H" P(N) > H,(N).
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A different choice of Q alters this isomorphism by a non-zero element in F.
We now want to relate this construction to the formula (6) from the preceding
section when p = 1. For this we use the notation

U, =% S

for the free S-module corresponding to a vector space % . Below we shall take
% , E to be the fibers W*, E of the vector bundles W*, E introduced in
Section 2.2 above. For the moment we assume given vector spaces %, , %, = %
and a linear mapping

(2) b:#, - %Q®E,
which we shall refer to as a symbol mapping. In practice, the vector spaces %, ,
%y, E will have bases it ou®, e, such that

by = iiua ®e¢,
where the b;“ are the quantities introduced in the preceding section. Associated
to (2) is an S-linear mapping of free modules

?/l . __b_) %Oo

where i i

b(u'e;) = b u’ee,
(we shall omit the ® symbol), and we denote by M the cokernel so that we
have

The F-basis u”‘e, of %,, projects to an F-spanning set of vectors [u"‘e,] eM
subject to the F-spanning set of relations

(4) b [u%ee,] = 0.

M is usually called the graded S-module associated to the symbol b and
b(Z, )c ?Zo,. simply the symbol module.

We now denote by dx' € E* the basis dual to e; and consider the spanning

vectors ,
[u’e,]®@dx” € C'(M), |J] = q.

Then by our formula (1) above
(5) d[u’e]® dx’ = —[u’ee,]® dx' ndx’.

Comparing with the preceding section, we find that the relations (4) are exactly
those imposed on the 6; considered in the associated graded to the weight

filtration, and (5) is exactly the formula (6) in that section for 5(6}"/\0)1) under
the correspondence

(6) {[" el =0

o — dx'.
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To be able to reduce the cohomology of {Q,lc’ *, 8} to Spencer cohomology we
need to make two further remarks. The first is that for p > 0 we may consider
the cohomology of {Q2°*, &} as a module over the local ring Z, = Q° ; this is
because ¢ is linear over the functions. Denoting by m, C & the maximal ideal,
there is a common residue field F = &% /m, forall k. It is the reduction modulo
m, of the cohomology of {Qi’* , 0} that will be a Spencer-type cohomology,
as described in, say, Chapter 8 of [2]. By Nakayama’s lemma we will be able to
use results about this cohomology to infer information about the cohomology
of {", 6}.

The other remark is that even after we reduce modulo m, the 6; do not
have values in the k-th graded piece M, of M, but rather have values in
M, ® T* for some vector space T, reflecting the fact that the 67 are differential
forms. (In the geometric case, T~ = T; X, /T, X,_,.) With these two points
understood we may summarize our discussion as follows:

For p =1, we consider the reduction modulo m, of the complex

{Q,l(’* , 0}. This is then isomorphic to the k-th graded piece of
{CY(M)®T", 8} where M is the graded module associated to
the symbol of {Q", Q;, %, d}.

For the sake of explicitness, let us note that we are implicitly using the bi-
grading '

(7)

ct M) = {u°e,®dx’: =g, Il=k+q}.

For p = 2 we shall see that a similar conclusion holds with M replaced
by AZM where “ A’g ” is part of the A-multilinear algebra formalism to be
discussed in the next section.

3. A-MULTILINEAR AND COMMUTATIVE ALGEBRA

The considerations of the preceding section have reduced the computation
of the first approximation to the characteristic cohomology to a purely algebraic
matter involving a certain type of cohomology constructed from the symbol of
the exterior differential system. For p = 1 we find ordinary Spencer cohomol-
ogy, but for p = 2 a new type of construction appears and it is to this that we
now turn, following some preliminary remarks.

3.1. Poincaré polynomials and Spencer cohomology. We keep our previous no-
tation S =P, SKE for the symmetric algebra on an F-vector space E. We
will consider graded S-modules M = @kez M* with the properties

(i) M*=0 for k <k,

(ii) dimy M* < oo for each k.
Such modules will be called quasi-finitely generated—abbreviated QFG. The

modules we shall encounter in practice will generally not be finitely generated.
Intuitively we may think of a QFG module as being essentially of the form

M=MeoMa-
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where M, is finitely generated in degree d, with d, <d, <--- . Many of the
usual definitions and properties of finitely generated modules carry over to the
QFG case.

For example, for a QFG module M we define the Poincaré series of M by
the formula o
. I\ 1
Py (1) =Y _(dimy M)t
i

it is a Laurent series with a finite tail. If E has dimension », so that upon
choosing a basis e, , ..., e, we have

S&Fle,,...,e,l,

n+i—1Y\, 1
P.(t) = . t = ——.
s0=3 (") =
It follows that for any free quasi-finitely generated S-module F

(1-1)"P.(t) = Z fit

then

where f; is the number of free generators of degree i in any set of free gener-
ators of F'.

If we have an exact sequence of QFG S-modules

(1) O—»M M,_ lh,..._,Mlﬂ,Mo_,o

where ¢, has degree J, , then one has the relation

¢
k o
> (=1 “Py, (1) =0
k=0
where o, = 0 and o, = 6, +---+J, for k > 0. More generally, if (1) is
a complex with homology modules H = kerg;/9,,,(M,,,), then the H, are
quasi-finitely generated S-modules and the Euler-Pomcare formula

_ k o, _ k ak
> (=1 PHk(t)—Z( 1) 5Py (1)
is valid.

We want to apply this relation to the Spencer cohomology H* (M) of a QFG
S-module M . Recall from the preceding section that Spencer cohomology is
constructed from the complex of QFG S-modules

[N M®FAqE*—£—+M®FAq+1E* — e,
and remark that a number of properties from the usual finitely generated case
carry over. For example, if St = Do S* denotes the maximal ideal of S s
then

) H'M)=M/S™M

which follows immediately from

J(Z(—l)i_lmiébdxl/\ ceondXi A Adx") = X:(eiml.)@)a’xl Ao ndx”.
; i
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More generally, the maximal ideal acts trivially on all of H*(M), as follows
from the homotopy formula
u; =0v,+v,o

where u; is multiplication by e; and v,(m ® ¢) = m®e; 2 ¢ . In particular,
the H?(M) are QFG F-modules—i.e., they are graded F-vector spaces of the
form €B,> V, where V, has grade i and dimg V; < o0.

If Fis a QFG free S module, then it is well known and easy to prove that
3) H'(F)=0, g<n.
The converse is also true; i.e., if M is QFG and all H/(M) =0 for g < n,

then M is free. This may be seen as follows: Setting F = S ®; H"(M) we
have an exact sequence of QFG modules

O-N—->F-M-0

with H"(F)> H"(M) by construction. It follows from the assumption (3)
and long exact cohomology sequence that H"(N) = 0, which by our above
observation (2) gives that N =0 and consequently F = M .

Generalizing this argument gives, as in the usual case, the Hilbert syzygy
theorem for QFG S-modules: Given a QFG module M there is a minimal

resolution by free QFG modules
0-F2uF,_ f=n . RO M o0,

where ¢, has graded degree zero and all the other ¢, for i > 0 have positive
graded degree, and where

F,=Se, H' ™' (M).

We observe that the resolution length (¢ satisfies £ < n.
In particular, for the Poincaré polynomials one has the formula

(1-=2" M(t)—Z( 1?8 Pygn-a a0 (2) -

3.2. A-tensor and exterior products. Our basic construction is the A-tensor
product, denoted M ®, N, of QFG graded S-modules M and N. The defining
properties are

(@) (Mo, N = @ M e, N,
i+j=q
(ii) e-(m@n)=em®n+maoeen, eck.

It is easy to see that
e-(e-(man)=e-(e - (man))

so that the action of E on M ®; N extends to an action of § on M @; N,
thereby defining the S-module M ®, N. The “Leibnitz rule” (ii) is of course
what gives interest to this construction. The properties

Me,N=N®,M,
(M®&N)®, P=(M®,P)d (N, P),
(Mo, N)@, PEZM®, (N®,P)
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hold for the A-tensor product of S-modules as for ordinary tensor products.
It is not true that the A-tensor product of finitely generated modules is again
finitely generated. For example, suppose that S = F[x]. We will show that

(1) S®,S has {xk ®1l; k2 0} as free generators.

Proof. Let M be the S-submodule generated by the x*® 1. Then

k+1 1

x-(xk®xe)—x oxi=x"ox' )

so that x* @ x'*' e M if xX*"' @ x* and x* ® x* € M. It follows inductively
that M generates S ®, S. Suppose now that we have a relation

EPk(x)-(kub 1) =0
k

in §®,S5. Writing P (x) =), Pkexl we look inductively at the terms of total
degree zero, one, two, etc. to obtain

Ppyl®1=0= Py, =0,
Py(x®1+1®x)+Pyx®1=0= Py, =0, P, =0,

Poz(x2® 1 +2x®x+1®x2)+P11(x2®x+x®x)+P20x2® 1=0
= P,=0,P,=0,P,=0.
Continuing in this way we find that all P, (x) =0. Q.E.D.

Remark. We may think of (1) as saying that: “By integration by parts in
[f ) (x) g(e)(x)dx we may move all the derivatives to f, and no further re-
ductions are possible.” This is of course obvious. As we shall see below, what
is more interesting is what happens when f and g anti-commute.

A generalization of (1) is given by

Proposition 1. For S = Fle,, ..., e,] the A-tensor product S®,S is a free QFG
S-module, and in fact is freely generated by the F-subspace S®,1CS®,S.

Proof. We have the relation of Poincaré polynomials

1
PS®AS(t) = Py(t)Py(t) = ——(1 )
From
em®n=-m®en modulo E-(S®,5)

it follows that S®, 1 generates the entire S-module S ®, S . In particular, the
S-module mapping

S®p§®,1)=8S®,S5
given by m® (n® 1) - m-(n® 1) is surjective. It also preserves natural
gradings, and since by the above Poincaré series formula both graded vector
spaces have the same dimension in each grade the mapping must be injective
as well. Q.E.D.
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Corollary. The A-tensor product of any number of free QFG S-modules is also
free and QFG.

Consider now the g-fold A-tensor power of a QFG S-module M , which is
denoted by ®:M . The symmetric group on g letters, S , » acts on the QFG
S-module ®fM in the obvious way. Since F has characteristic zero, there
is a direct sum decomposition of ®ZM into submodules invariant under the
action of Sq . These submodules are free in case M is free. One of these
summands will be of particular interest to us, namely the g-th A-exterior power
AIM C ®IM .

To get some feeling for this construction suppose that S = F[x]. We set

man=men—ne®me A;S.

Thus by (1) the elements xal generate the free module AiS . But these are
not free generators, since we have the relations

x°A1=0, k=0,
x2/\1=x-(x/\1), k=2,
x4/\1=—x3-(x/\1)+2xo(x3/\1), k=4

We shall see below that this pattern continues, so that we will have the result:

Proposition 2. The elements xFaL, k > 0, freely generate Ai]F[x]. More

generally, for S =TFle, ..., e,] the elements
enl, Il =2k +1,
) . 2
where I =(iy, ..., Iy ) and e; = e e freely generate A,S .

Proof. For any e € E and m, n € S the defining property

e(man)=eman+nnen

implies that (em)an = —mn(en), and so mal = (~1)*8™1am where = de-
notes congruence modulo E ',AzS . Thus

enl=(—1)""e a1

and so e;nl =0 for |I| even. It follows from Proposition 1 that the elements

e;nl, |I| = 2k + 1, generate AiS.

We will first show that these are free generators in the case n = 1 when
S = F[x].

Let V be the graded F-vector subspace of F[x] spanned by the x
k = 0. There is a surjective F[x]-module mapping

Flx] ®p V — ASF[x]

given by f®v — f-v. It will suffice to show that the Poincaré polynomi-
als of these two modules coincide, and inspection shows that each is given by
Yoo (5] ¢* (in each case, we add one new dimension each time the grade

goes up by two).

2+l 1 for
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In general, any relation among the e;a1, |I| = 2k+1, would induce a relation
on a line—i.e., when we set e, = a;x where the a; are fixed. If the relation
were non-trivial, this would still be the case on a general line in contradiction
to the case when S = F[x] above. Q.E.D.

An alternative argument not reducing to the case n = 1 arises by computing
the Poincaré polynomial of AZM in terms of the Poincaré polynomial of M ,
to which we now turn.

Since the A-tensor product of two S-modules, when regarded as a vector
space, is merely the graded tensor product over F of the underlying graded
vector spaces, it easily follows that the following standard formula is valid:

AiM @ N)~ @ (A,M ®; ALN).
i+j=q
In particular, if the modules M and N are QFG, this implies the following
relation on Poincaré series:

Prgaran)D) = 2 Pasan (P (-
I+j=q
The above observation can be used to develop a formula for the Poincaré series
of AJM in terms of the Poincaré series of M .

First, a few observations about symmetric polynomials will be useful. Let
ViYys---,Y,, be any set of variables and let s; denote the i-th elementary
symmetric function of the variables y,. The power functions of the y, are
defined as ; ; )

1
;=) +0) ++,).
It is well known that the functions p;, for i < m freely generate the ring of
symmetric functions in the y, and hence that there exist unique polynomial
functions E;(p,, p,, ..., p;) so that, independent of m, one has
s;=Ep,,py, ..., D)
For example, the first four such polynomials are
EI =D
2
E,=3((p)" —py)>
3
E; = %((171) -3pp, + 2173) >
4 2 2
E, = 5((p))" —6(p,)" +8p,ps + 3(p,)" — 6p,).
Now, if y, is another variable, and s,'. is the i-th elementary symmetric function

of the variables y,, y,,5,,...,,,, then clearly st'. =8, +,5,_, - It follows
that the polynomial functions E . satisfy the following functional identities for

any y:
2
E,(r4+p,, V' 4Dys s Y4P) = E,(Dy» Dys oo s B)FVE,_ (D15 Dy v s Dy_y)-

Proposition 3. For any QFG S-module M, the Poincaré series of its q-th A-
exterior power AJM is given by

Pyoy(t) = E, (PM(t), P, ..., PM(z")) .
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Proof. As has been already remarked, this is really a result about exterior pow-
ers of graded vector spaces which are bounded below. Moreover, since the
polynomial E ; is weighted homogeneous of degree ¢ when the variable p; is

assigned the weight i, one can clearly reduce to the case where M "=0 for all
i < 0 by an elementary shift-of-index argument. Thus, we assume this from

now on.
Since M’ =0 for all i < 0, it is clear that the i-th graded piece of A} M

is completely determined by the vector spaces M’ for j < i. It follows that it
suffices to prove the above formula in the case that M is a finite-dimensional
graded vector space.

Thus, assume that M is finite dimensional. We will now complete the proof
by double induction on ¢ and the dimension of M . If ¢ = 1 or the dimension
of M is zero, then the formula is clearly true. If M = N @ Fu where u is an

element of degree k, then P, (t) = P, (f)+ . Moreover, by the above formula
for exterior powers of sums, we see that AZM ~ A’N @ (Fu® AL'N), so

k

This formula, coupled with the functional identity on the polynomials E e
clearly implies the desired result. Q.E.D.

In particular, consider the case of Proposition 2 above when S =
Fle,, ..., e,]. Then

Pyag(t) = Ey(Pg(1), Py(1"))
_1 1 B 1
2 (1 _ t)2n (1 _ t2)n ‘
In particular, we have

(1= 0"Pys0) = 5 ((1—10" “a -:t)")
- (n+ll:—1)ti.

i€2zt+1

The last term is the Poincaré series of any graded F-subspace of A2 S which

freely generates A S. It follows again that the monomials mnl where m has
odd degree must be a freely generatlng set.
Finally, we consider the general free module case where

MW" @.Fle,,...,e,
for some vector space W* with basis w' ,...,w’. We then have relations
generalizing the one given above,

) e,wrw’ = (1), wf Aw®,
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from which we may infer that

Free generators of AiM are given by
as B if|lisodd,
a< B if|l|is even;

here it is understood that e,w‘”/\w’g = (e,w")/\wﬂ .

In cohomological terms, if St denotes the maximal ideal of S, then

(3)

e, w A w?  where {

H'(AAM) = AXM/ST M
= {p = plyeuw” nw’:p + (-1)" 9 = 0}

where ‘p = ¢/1,ae,w°’/\wﬂ . A similar result may be proved for the A-symmetric
product Symi M , giving that

(4) H"(Sym, M) = {(p:(piﬂelwa/\wﬂ:(p—(—l)m t(o=0}.

We now establish contact between the A-exterior product construction and
the induced differential on the associated graded to the weight filtration.
Namely, comparing formula (6) in Section 2.4 with the formula (1) in that
section for the coboundary map in Spencer cohomology using the correspon-
dence given by (6) in Section 2.5, we infer that (7) then extends to the general
case, as follows:

We consider the reduction modulo m,_of the complex {Q4'", 6} .

(5) This is then isomorphic as a complex to the k-th graded piece of
{C*(ARM)® T", 8}, where M is the graded module associated
to the symbol of the exterior differential system.

4. VANISHING OF THE CHARACTERISTIC COHOMOLOGY
4.1. Characteristic cohomology in the unconstrained case. Recall that the un-
constrained case refers to the empty exterior differential system % on X, ;i.e.,
geometrically we are considering all immersions

f:N— X,

of an n-manifold N into X, - In this case the prolongation tower is described,
in the notation of Section 1.3, by
all k-jets of immersions of }

k= G i(Xo) {an n-dimensional manifold into X,

We shall also consider the local case; i.e., we work in the inverse image in
X =G, (X, of aparticular n-plane E, € G, ,(X;). The basic result here
is due, in its general form, to Vinogradov [13]. '

Theorem. In the unconstrained local case
H' =0 for 0<g<n.
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Proof. We shall see that the result is a direct consequence of the facts, noted in
Sections 3.1 and 3.2 above, that

(i) For F afree QFG S-module the Spencer cohomology
HY(F)=0, g<n.

(ii) If M is a free QFG S-module, then so are the exterior powers AZM .
Thus by (i)
HYAAM)=0, gq<n.

The first part of the following discussion will apply to the general constrained
case. Referring to Section 1.4, we recall that the filtration of Q*(X) by the
exterior powers of .# induces a filtration F” on Q*(X) such that the resulting
spectral sequence has

E:),q - A,
E_ = Hpp(X).

Since we are working in the local case, X is contractible and thus Ef)’o’q =0
for p +q > 0. It will therefore suffice to prove that

E}’?*=0 for p>0, g<n.

(An important point to take note of here is that we are studying the characteristic
cohomology indirectly, i.e., from the knowledge of the Ef '? for p >0 and of
EP)

Set O'* = FFQ*/FP*'Q* and from Section 2.4 recall the weight filtration
defined on §”°* for all p but non-trivial only for p > 0. Fixing p > 0, there
is the weight spectral sequence E‘f *? which abuts to E]’? and has

=k, * =D, *
By =H (Qi )
where QF'" is the associated graded complex to the weight filtration. Now the

main point is that, from (1) in Section 2.4, H (QZ’*) is given by sections of a
vector bundle over X, and from Section 2.5 we see that

The fiber at & € X of H(Q'™) is given by
0 H(QY"), = H* (A} M)

where M is the graded S-module associated to the symbol of the
exterior differential system.

This result is valid for any exterior differential system, and it constitutes the
essential step in relating the characteristic cohomology to the symbol of the
exterior differential system.

In the unconstrained case the symbol is trivial, and thus as noted above M
and the A-exterior products are free QFG S-modules. This gives E‘f’q =0
for ¢ < n, hence E}’? =0 for p > 0, ¢ < n, and from this the desired
result. Q.E.D.
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Corollary. In the local unconstrained case the sequence

0— H"LE:’"LE?’”L ...
Is exact.

The groups Ef " are for p > 0 'the sections of a vector bundle whose fiber at
& e X is given by
PN ~, AP +AD
El’e 2 AM/STA M.
; p

Thus the fiber has as basis any set of free generators of A,M .

Remark. This corollary may be compared with the contact manifold example
in Section 1. The (elementary) argument given there dealt with the unpro-
longed, unconstrained case with one dependent variable (which is equivalent 1o
rank(M) = 1 in the present setting). In that case it identified FI(;' with the range
of a second-order linear differential operator. By prolonging, that operator be-
comes first-order linear on a suitable jet bundle—it is just the Euler-Lagrange
operator d,: H i El1 *" in the present setting. Moreover, the sequence in the
corollary gives an exact complex with the Euler-Lagrange operator as the initial
term.

The above theorem, together with the corollary, contains completely the clas-
sical formalism of Euler-Lagrange operators, Helmholtz operators, and so forth.
Moreover, it also contains an “explanation” of the various complicated classical
formulae as simply reflecting choices of generators for certain free QFG mod-
ules and then expressing other elements in terms of these generators. We shall
now explain this. In order to keep the notation as simple as possible, we shall
do this in the case of one independent variable x and one dependent variable
u.

We thus set u, = u and let

(X, Uy, Uy, Uy, ...)

denote the standard coordinates in J°°(R, R), with the contact system having
generators

0=0,=duy—u,dx,
0, =du, —u,dx,

and structure equations

In this case M = F[x] and the statements that we have free generators

(i) 1 for F[x],
G) a1 for  AXF[x],

translate into the statements that the closed differential forms
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(o) dx,
(i) O,ndx,
(ii) Oy NOpndx,

give a framing for "', Ell’1 , Elz’l, e
Aclass [Ale H ! is represented by a 1-form

A=flx,u,u;,...,u)dx

and corresponds to a functional
k
I(u) = /f(x, u(x), u(x), ..., ut )(x)) dx
which, for u with compact support, depends only on the class [1] in H L. As
explained in Section 1.4, the Euler-Lagrange equations of this functional are
d,[A]=0

By what we have said above, we will have

[dA] =[d,A] = [E(A) O,Adx]

for some unique operator E(A), which is of course the Euler-Lagrange operator.
To determine E(A) we let = denote congruence modulo exact forms, and using
the notations and structure equations from Section 2.1, we have

d,[2]=[dy4],

_(0fy  Ofy  Of )
d,,,l_<6 0+au10 +6u20+ ndx

_of 6f of
= gu fondx = god0y = 5-d0, -

-y (2 21 gyni - D(gl{z)ewdx_
(220 (20)) ot =0 (2Lt
(g2 () -2

o (3L ))OAdx—

p(8f) .
ou
_[of of of ) <3f )]
_[auo <au>+D (a (- 1)D O,ndx
where f = f(x,u,u,,...,u,). The operator in the brackets is the classical

Euler-Lagrange operator E (A) The formula for E(A) is simply a reflection of
how one expresses xk , k>0, in'terms of the generator 1 € F[x].

~
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We note that if k is the largest integer such that aﬁé # 0, then

k(df o°f .
D <;9—i¢:) = (511—12( u,, + (terms depending on (x, g, Uy, ..., Uy, _;)).

Thus, unless f is linear in u, , the Euler-Lagrange operator is of even order
2k .

We now consider a class [E §ardx] € EI"1 where E=E(X,u,u,...,u,)
and ask when E is of the form E(A) for some A = fdx. Again this depends
only on the classin E 11 1 of E 6,ndx , and by the above corollary the condition
is d,[E O,ndx] = 0.

By what was said above we will have

[d,(E 6,ndx)] = [Z Hy, (E)Oy ., AeoAdx]
k>0
for unique operators H,,  ,(E). The fact that only odd orders appear is a
reflection of the fact noted above that in general the Euler-Lagrange operators
are of even order. Thus, if E = E(x, uy, 4, ..., Uy ) with 0E/0uy,  , #
0, then d,(Efyndx) = OE[Ouy 0, A0;adx mod{6,, b, ..., 0,70},
so d,[Efyndx] # 0 in this case. These operators will express the Helmholtz
conditions corresponding to our particular choice of free generators x**+1A1 for
Ai]F[x] , and determining them explicitly will simply reflect how one expresses

x% A1 in terms of these generators. Explicitly, we have

OF oFE oFE oFE
514_101 +%;02+E‘—393+%—404+"'> /\BOAd.X,

OE OE _ OE
5@02/\00/\dx = 8_14—2d(01 /\00) =-D (a;) 01 /\Ool\dx,
OE OFE OF

51204/\00 /\‘dx = a—u;d(e?,/\eo) - a—u403/\01 Adx

oF oFE
=-D (5;{:) 03/\00/\dx - (E{:) d(92/\01)

OE O0FE
-D (—) 0;n0,ndx + D (E&:) 0,70, ndx

d,(E 0,ndx) = (

I

o

o
—

0,70, ndx + D <£) d(0,16,)
Oou,

9E
ou,
O0F

)
)
)03A00Adx—1>2 (—> d(6, A0,)
)

03/\00/\dx—D2( )02/\00Adx

Oou,
8,70, ndx + D’ (ﬂ) 8,70, ndx
Oou,

Il
|
)
o

1l

|

N

o
AN N N



560 R. L. BRYANT AND P. A. GRIFFITHS

In general, if we write
x2k Al = Z Cl{(x2k—2f—l . (x2f+l A 1) ,

£20
then .
0 k2k-2-1 [ OF
H22+1(E) = a——— ZC D <-a—u—> .
20+1 k 2k

This shows, in the most direct manner, how the A-exterior algebra results di-
rectly translate into classical formulae, in this case, the Helmholtz conditions
H,, ,(E) = 0 which are the necessary and sufficient conditions that an expres-
sion E be of the form E = E(A) for some functional /,. A different choice

of generators for the module Ai]F[x] would yield a different, albeit equivalent,
set of equations.

4.2. Involutivity and A-exterior powers. Let M be a QFG graded S-module
with minimal resolution
(1) 0—F2F,_ M. S R IE M -0

by QFG free graded modules F, . Recall that £ < n and that
?y: F(f - M k s

Lk ¢
0. F, - @ F,_, vzl
£2k+1

The first of these simply states that ¢, maps free generators of F; onto a set
of generators of M , while the second says that we have chosen a minimal set
of free generators of F, with the property, that we then choose a minimal set
of generators for the relations among the generators of M , and so forth.

Definition. (i) M is involutive if each ¢, , v 2 1, has graded degree exactly

equal to one.
(i) The integer ¢ giving the length of the resolution (1) will be called the

characteristic number of the module M .

Intuitively, M is involutive if the relations among a minimal set of generators
of M are themselves minimally generated by relations in degree one, if the.
relations among the relations are themselves minimally generated in degree one,
and so forth. If M is generated in degree zero, then involutivity is equivalent
to

H™ (M) =

where
H (M) =@ H" (M)
k
is the graded vector space of Spencer cohomology. Whether or not M is gen-

erated in degree zero, the characteristic number £(M) is defined by

(M) =min{¢|H*(M)=0 for 0<g<n—~£}.
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Below we shall recall the definition of the Cartan characters 50> Sys s S,
of the first prolongation of an exterior differential system. These integers satisfy

sogslg'”;sn
and are easily computed in practice. Setting

0, =8;—S;,1> i=0,1,...,n-1,
and g, = s, , the characteristic number £ > 0 is also uniquely characterized as

the smallest integer so that

(2) 0,_,#0,

and this is how it is computed in geometric examples. We remark that although
the Cartan characters are not invariant under prolongation, the characteristic

number defined by (2) is invariant.
Our main algebraic result is given by the

Theorem 1. If M is involutive, then so are the A-exterior powers A’;M . More-
over,

(3) L(ADM) S (M.

Actually, as our proof will show, the inequality E(AZM ) £ £(M) holds with-
out the assumption of involutivity and, once formulated and set up, this result
by itself is relatively easy.

It is more substantial to understand the minimal resolution of A‘;M in terms
of that of M. As we will see below, if there are “sufficiently many” variables
and if the symbol is generic among involutive symbols, then AiM will be freely
generated in low degrees but will have relations in higher degrees. It is perhaps
for this reason that our proof of the theorem stated above is not intrinsic.

A geometric application results from the fact that

H'(ASM)=0, 0<g<n-—¢.

Before proving Theorem 1, we shall make a few preliminary remarks. For
these we will let % be an exterior differential system on a manifold X, and
E,cT,X, an n-dimensional integral element of .% . The concept of what it
means for E,, to be ordinary may be defined (see pages 73-ff in [2]), and 7
will be said to be involutive in a neighborhood of an ordinary integral element (if
such exists). If E is ordinary, then the symbol is involutive in a neighborhood
U of E, in G, (%), and moreover the prolongation tower will satisfy the
regularity assumption of Section 1.3 over U . Here, it will be convenient to set
X, = U and begin the construction of the prolongation tower with X, , and
when this is done we will say that we are in the local, involutive case.

Finally, we remark that in practice there is a very effective criterion called
Cartan’s test that allows us to determine when an integral element E, is or-
dinary in terms of the Cartan characters s, s,, ..., s, mentioned above. We
shall review this at an appropriate time. The upshot is that in practice both
the issue of involutivity and the characteristic number may be effectively deter-
mined from the characters s, .

The following application of the theorem follows immediately from the same
argument as in the preceding section.
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Theorem 2. In the local, involutive case the characteristic cohomology satisfies
H'=0 for 0<g<n—1¢

where £ is the characteristic number of the symbol of the exterior differential
system. :

In the context of fibered manifolds what essentially amounts to the case £ = 1
of this result is due to Vinogradov [13]; he refers to it as the two-line theorem.
An alternative proof of Vinogradov’s result is proposed in [11], but we are
unable to follow the argument. Generalizations of Vinogradov’s theorem are
also given in [1] and [12]. All of these works deal with the situation of fibered
manifolds and as so formulated do not imply the above result.

In light of the above result, attention is naturally focussed on the first possibly
non-vanishing cohomology groups.

Definition. In the local, involutive case we set % = A" and shall call % the
group of conservation laws of the exterior differential system.

Much of our subsequent work will be devoted to studying the group of con-
servation laws in classes of examples and to geometric applications of those
results. From the characteristic spectral sequence we have

(4) % ~kerd:E""" - EP",

This rather abstract looking result will in practice turn out to be extremely im-
portant. In effect, this will allow us to systematically study the conservation
laws in terms of the symbol, then the subprincipal symbol and so forth. More-
over, when written out, (4) will give the conservation laws as the kernel of
a certain canonical linear differential operator and not as a quotient space—
one may think in effect of having an intrinsic harmonic operator for ordinary
deRham cohomology. This puts in a general context the phenomena noted in
the examples in Section 1.1.

4.3. The tableau and its normal form. We will begin the proof of Theorem
1 from the preceding section in some special cases. As mentioned there, our
proof is not intrinsic but will give more than just the statement of the theorem.
However, we can explain why the estimate K(A‘;M ) £ £(M) should be true, as
follows: “The characteristic number of M is the smallest integer £ such that
if we restrict to a generic n — £ plane, then M is free. By Proposition 2 in
Section 3.2, the restriction of A‘ZM to this n — £ plane will also be free, hence
the result.” This reasoning is not correct, but it is also not entirely incorrect
and captures the essence of the result.

We now recall the device known as a “tableau” introduced by Cartan and
used by him to put a symbol in a sort of normal form (further details may be
found in pages 141 ffin [2]). Let W and E be vector spaces, B C W* ' ® E
a subspace, and B C W* ® SE the submodule generated by B. Then B is a
symbol and M = W* ® SE/B_ is the graded S-module associated to B.

We may think of B as corresponding to a linear, homogeneous constant
coefficient PDE system whose formal power series solutions are given by the
graded subspace

A CcWeSE"
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annihilated by B. Thus 4" = @5, 4" where 4* c W ® S¥E* are the W-
valued homogeneous polynomials P of degree k that satisfy

B-P=0
where B-P € S*"'E*. We shall call A= A' the tableau associated to B and

shall think of elements L € A as W-valued linear functions on the vector space
E . Choosing a generic linear coordinate system x! , ..., X" we may then ask
how many elements L € 4 are uniquely determined by their restrictions to
linear subspaces x**! = ... = x" = 0 and whether the restriction of L to this
subspace may be arbitrarily prescribed.

To visualize this we let w’ ,...,w' € W be a basis, to be adjusted during

the following construction, and e, ..., e, € E the basis dual to the generic
linear coordinate system x! , ..., x", which is fixed once and for all. We denote
by

bl=biiw°‘®ei EW'QE
a basis for B and introduce the spanning elements 0;’ for the dual space A*

given by projecting w* ® ¢; to M ' = 4. Then the 67 are subject to the
defining relations

Al pa
b6, =0.
We then introduce the tableau matrix
1 pl 1
0, 6, -~ 0,
0=
S S S
o, 6, - 6
By definition, the Cartan characters s, s,, s,, ..., 5, are given by s, =s and

number of independent 1-forms
sl + cee _|_ sk = a .
6, in the first k columns of 0

We first choose our basis w* for W* so that 011 eees Gf‘ are linearly indepen-
dent, we then refine that choice so that 011 yees O], 021 ,..., 07 are linearly
independent, and so forth (see page 141 of [2] for further discussion). Then
5,28 2--25, and 5, +---+5, = dimA4. We may picture the normalized

tableau matrix as looking like

1 1 1
6, 6, 6,
. . s
0,
*
0;2 x
0;‘ * *
* * *

where for g > s, the form 0,’3 is a linear combination of the other 67 where
i<k and a <y, ie., the * forms are linear combinations of the other 6’s.
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Actually, for the purposes of the argument we shall be giving, it will be
advantageous to organize the normalized tableau matrix into blocks

where the s; are constant in each block. We will develop the proof of our result
through examination of a number of special cases. Before turning to this we
will introduce some notation.
e dx' and 67 are linear functions on two vector spaces, the dx' being
linearly independent and the 6; subject to the relations

Al pa
B9 =0.
o Q7 is spanned by the forms
BZ‘ A AG?"Adxj‘ A ndx’
14

and Q" =PI,
e The differential
d: Q1 - @

is defined by d(dx') =0 and
d6; = -6 ndx’',

together with the usual properties of being a derivation of the exterior
algebra.

e We will denote by A, = @A2’? a complex analogous to Q"¢ but
where the number of dx'’s is m and where there are no relations on
the Bf—this “free” case models the unconstrained geometric situation
in which the number of independent variables is m, and we have seen
that

(1) HAL) =0, k<m.
4.4. The determined case. By definition, the determined case is an exterior

differential system whose Cartan characters are the same as for a determined
PDE system

u constant linear combination
u/ox” = ! nel
of du/ox ,...,0u/dx
where u = ’(ul , ..., u’). The Cartan characters are given by
s =--=5, ,=5,5,=0.

In this case we may solve for the last column 6, of the tableau matrix in terms

of the first n — 1 columns @ 50 1 < p £ n—1. Thus we have relations

0,=0',
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where each b’ is an s x s matrix. These relations induce relations
an = prI
P
on the vector-valued forms 6, = ‘..., 67, ...). When written out fully, these
relations are
@ _ gapnB
0, = bﬂ 0 o
a _ gappp
0,,= bﬂ 0, o
We shall refer to the case b” = 0 as the split case; on the symbol level it looks
like the PDE system du/dx" = 0. The opposite extreme is when the b’ are
generic.
It is well known and easy to prove that any determined exterior differential
system is involutive.
The minimal free resolution of the graded S-module associated to the symbol
is
0— I/Vl*.—b—ﬂ/V.* - M-=0
where W™, Wl* are s-dimensional vector spaces with respective bases w*, wy

and where

b(wy) = e,w” - by’e, - w”

corresponding to (1). We want to infer properties of the minimal free resolution
of the A{A’M .- For this we will use the standard shift notation P[{] for a graded
object P—thus P = @, P* and P[] = @, P[¢]* where P[¢]* = P***. We
introduce the complexes -
p, p,q—1 ,q—1
Q71 = gx" A Q"1 =Aﬁ_"l [11,
"p.q 2.4 ,0/P:d  ~ AP
Q =Q"7/Q =N
The first line means that Q' is a subcomplex of Q* which is isomorphic as
a complex to A;_l[l] , this being the case since there are no relations among
the ‘9;,... o In the second line, Q"* is in effect obtained by setting dx”" =0,
and it is again isomorphic as a complex to A;_l . From the exact cohomology
sequence of
O_)Q/*_)Q*_)Q//*_)O
together with (1) in the preceding section, we obtain
H Q) =0, g¢<n-2,

(1)
0 — HPL@QY) —HEPTNQ™) L HPNQTY) S HPMQY) - 0

| ,
HP-"HAL ) HP "= (AG (1))
The first result implies (3) in Theorem 1 in Section 4.2, which as one sees is

relatively elementary once one sets the problem up and has the statement that
the AL M are free in case M is.
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The exact sequence (1) will now be examined, and we shall see a great dif-
ference between the cases p = 1 and p 2 2. In the former we will see that
0 =0, just as if we were in the split case; in the latter almost the opposite will

hold. o
We first compute J in the case p = 1. Setting dx;, = (—1)'”ldxl/\---/\

@A"‘/\dxn, dx' = dx,, dx//, = (—l)pdxl/\---/\d/)?’/\---/\a'xn_1 and dx =
dx'n---adx" we have bases
0°rdx'  for H""Q™),
0*rdx for H“"(Q™) (dx=dx"rdx).
Now
8(0% ndx') = class of (6" ndx")
= class of —0, ndx
= class of d(b;”oﬂ ndx)), 1Spsn-—1,
= class of (-1)" " 'dx" Ad(b;pﬂﬂ Adx:,)
=0.
Thus when p =1 there is no difference between the split and the general case.

We next turn to the case p = 2. Let E' be the subspace dx” = 0 of E
with basis e,,...,e,_,, S = SE' the symmetric algebra of E', and M =

W™ = W"* ®, S'. Then as we have seen at the end of Section 3.2, AiM " has

generators

e,w” aw?

where I =(p,, ..., p;) and relations

e,w” aw’ + (—l)ke,wﬂ Aw* =0

among the generators, where = is congruence modulo the action of the maximal
ideal S'* of SE'. Thus we shall write elements of V' =: A;M'/S* - AIM' as

a I
2) 0 =0l ewrw’, g+ (-1)"p=0

where (t¢’)<lxﬂ = (01170 . Now each of H*'""1(Q"*) and H>"(Q'*) is isomorphic
to V', and making this identification we shall compute J: ¥’ — ¥V'. For this
we introduce indeterminates &,, ..., &, | and set

0(&) = 10,51 = ll9L4& 11,
b(&) = 1657 |-
Proposition. With the above notations
(69)(©) =[0(&), BT (="bE) (&) - (b))

Proof. We set '
£= (oiﬂe;"/\eﬂ/\dx’ € HZ,n—l(Q//*) ~ V/
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and must compute
d(p) = class of dy € H"(Q =V .
Now we have (note the signs)
d(05 A 60" ndx") = 67 76 ndx + 67 £6° ndx
ap oy B Bppo gy
= (b, N +by 0, Aep)/\dx
_ P Y B Bp po Y
= (b;‘ by,n0 - b, 6;,70 Yadx
where = is congruence modulo exact forms and we have used
d(67 n0" ndx,) = (6;,16" + 67 n0))ndx.
The proposition follows by using the symmetry conditions (2) on ¢. Q.E.D.
Discussion. M has a two-step minimal free resolution with minimal generators
and minimal generating relations given respectively by
@) w®,
. a ap B _
(ii) e,w —bge, - w" =0.
Using the proposition, we will show that AiM has a minimal free resolution
3) 0— F,-2F) - ALM — 0
where F, #0 and A has degree one. It follows that:

Ai is involutive and ¢ (AiM ) =£4(M).

We will also see that in the split case F, has generators in all degrees where F
does, but in the generic case generators of F, appear only in degrees that are
high relative to s and 7} i.e., in low degrees the generators of AiM generate
free summands.

In order to best understand the situation, we will work through the first few
degrees, and from these draw general conclusions based on the evident patterns
that will emerge.

Degree zero. Minimal generators and relations among the generators are

(i), w* aw” a<pB,
(i), en(q;aﬂwa/\wﬂ)—ep-((oayb;”wa/\wﬂ)=0 where
(i), 0+'9=0, [p,b’1=0 for p=1,...,n—1.

Thus, when we try to “lift” the relations (ii) from A to AiM we are only
able to lift certain linear combinations (ii) ,, namely those which satisfy the

equations (ii) .
Degree one. Minimal generators are a linearly independent set of elements

(i), w=yle, waw’,  y-"y=0
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taken modulo those of the form
()] v =1p,0’], 9+'p=0.

Relations among these generators are given by

(i) , e, (w:ﬂep ~w” Awﬂ) -e,- (y/;’yb,’;”ep . wa/\wﬂ) =0
where
(ii) | [6°, y’le,e, = 0.

Thus we find that the “expected” generators (i) , must be corrected by “moding
out” by the range (i)'1 of the operator ¢ — [¢, b’] whose kernel gave (ii) 6 ,
and moreover that trying to lift the relations (ii) as in (ii), requires that the
condition (i) ; be satisfied.

Degree two. Minimal generators are a linearly independent set of elements

i), W= Wf;epeawaAwﬂ, v+'y=0

taken modulo those of the form

()5 v’ =1, 01+ 16°, 9", - =0
Relations among these generators are

(ii) , e, (wfgepeaw“ Awﬂ) —e,- (t//‘fy”bztepeowa/\wﬂ) =0
where

(ii) 5 [6°, yle,e,e, = 0.

From these first few terms the general pattern is clear. The statements (i) ;,
(1) i , (ii) ;, (it) Z are interpretations of the exact cohomology sequence with the
various identifications being made. As far as the involutivity goes, from (1) it
follows that for all p there is a two-step minimal free resolution

0—-F ,—F, —+AiM—>0
where as graded vector spaces
F, ,/S"F, , = cokerd,
Fl,p/S"LFI’p >kerd,
dego=1.

The mapping J probes when a linear combination

a..a,

0 =¢I,‘..I,,—10‘;11A Aezp:ll"eap"dxn’ |11|+"'+|Ip—1|+ 1=k,

of elements of H”'"~'(A*

.—1) can be lifted to a closed form

I..nI,_ a,
y/=¢+na11m;p1,pg‘;ll,\ /\elpl’_ll/\eap/\dxp, |II|+...+']p_l|+1=k,
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of the same weight k —n+ 1 as ¢ . Writing

O=dy=FEdx
we see that the formula ¢ — E has degree one, i.e., the relations among the
generators of A‘/;M are themselves generated in degree one.

Finally, again in the case p = 2 we will make some observations about the
operator

(4) 9(&) — [9(S), b(&)].
If, say, degree ¢(&) = 2k—1 is odd, then this is an operator from a vector space
of dimension (” gkzi’fk) 6+ 10 a vector space of dimension (”_21;'2") Sl
The inequality

(n— 1 +2k) s(s—1)

v

2k 2 2k -1 2

is for s 2 2 equivalent to

(n—2+2k)M

n-—1 2

> <

2k = L+ s—1°
For fixed s and » this inequality is satisfied for
kL(s—1)(n-1)/4

but not for k > (s—1)(n—1)/4. Thus we may expect that for a generic symbol
the operator (4) will be injective for small £ but not for large k. This means
that in the minimal free resolution (3) the minimal generators of AiM in low
degree will be free—i.e., AZM will have free summands generated in the lower
degrees—but that there will definitely be degree one relations among the high
degree minimal generators of AiM . In conclusion, we may see that AiM is
involutive and in general will be a mix of free modules generated in low degree
together with involutive modules of resolution length one generated in all higher
degrees.

1+

4.5. The unmixed, overdetermined case. By definition this is an involutive ex-
terior differential system whose Cartan characters are the same as for an overde-
termined PDE system which is not a non-trivial iteration of several systems; it
is expressed by the condition

(1) S| = =8y =8, Sy =-=5,=0,
which is equivalent to the tableau having the block form
woox 0---0
- =~
n—/¢ £l

In this case we may solve for the last £ columns of the tableau matrix in terms
of the first » — £, expressed by the relations

szPQa 1§p,a§n—£,n—€+l§l,u§n.
A A=p
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Written out fully these relations are

a a nf
) 0; = b6, .

Setting B, (&) = bf & i the involutivity of the symbol is equivalent to the com-
mutation relations
(3) [B,(&), B,(E)]=0.
The minimal free resolution of the graded S-module associated to the symbol
is
0-w 2. w Lwr o Mo

As will now be explained, this is essentially the Koszul complex constructed
from the commuting “variables” B, (). For this we introduce a vector space
V' of dimension ¢ and having a basis v, where n—£+1 <1< n. We set

I’V;: _ W* ®]F AkV
and define the mapping

to be that induced by the assignment of generators
(4) 0,(w" @) = ;u’ — bie,u’

based on (2). Due to the commutation relations (3), this mapping induces
W'eSV - w
and allows us to define a degree one mapping
W oAV - wre ATy
given by

-1 —~
e,wa®vll A AT, = (-1 e,a)l(u)"’@)vly)v/11 A ATy A ATy
v

where ¢, is (4). This defines the above complex, which can be seen to be exact.
We will now show that

(5) H'(AAM)=0, 0Zg<n-—¢.

For this we retain the notations used in Sections 2.4 and 2.5, and we filter the

complex Q" as follows: Set

{y”=x”, 1£p,0sn—-2¢,

t’l,=xl, n—£+1ZA,usn,

and write a general ¢ € Q" as
¢ = ¢i‘1.:~'2pRK0;I,I A AGZ"AdyRAdtK, II|c{l,...,n—2¢},

and then define B
FeQ" = {p:|K| 2 a}.
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That is, F°Q" consists of forms that have at least a differentials selected from
the last n — £ coordinates. Clearly

FHQr ¢ FUQF,
d(F'Q") c F'Q"

while the symbol relations (2) imply that

FAN*  patl A* A, *—a
(6) FQ IF Q" =2 PA, T,
More precisely, we identify A:—e with the complex of forms

W:wi:"'g’pROZ‘/\~~-A9?"AdyR, I,c{l,...,n—(}.
;

Then for each multi-index K with |K| = a, we have that dt*ay € F*Q" and
this induces the isomorphism of vector spaces
FAn* ) patl ax A K *x—a
FQ'IF* Q"= @ di” aA,_,
|K|=a

inducing the isomorphism of complexes (6). The spectral sequence of the above
filtered complex has

EYY = HO(QY),

E®’=0 for 0Sb<n—t+a
and this implies (5).
Remark. The proof shows that the vanishing result (5) does not require the
involutivity of the symbol; it holds whenever the Cartan characters satisfy (1).
This will be a completely general phenomenon—the inequality ¢ (A’;M ) S L(M)
does not require that the symbol be involutive. The much more subtle question
of relating the minimal resolution of AXM to that of M will now be discussed

in the first non-trivial overdetermined case ¢ = 2.
For this we write the relations (2) as

apnb
0 —bﬂ 0/,,

o _ appp
0,_,=c5 0 )
The filtration introduced above has

= {¢il LKGI A AGZ"AdyKAdtn_l /\dtn} ,
F'= {(oli Ly 0'1' A /\oap/\dyK/\dtn_l
+¢”i ’a,(e‘*' A GZ”AdyKAdtn} ,

F° = {all forms ¢} .

Then we have
) qg#n,

0
HYF'/FY=0, q#n—-1,
)=0, g#n-2
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and the E spectral sequence reduces to the commutative diagram

0
!
Hn—Z(FO)
!
Hn—z(ﬁo/f;vl) 0
61
P" \ !
0 -  H"UFY —  HVFYFY) 2 gnFY) o EA(FY) S0
! !
H™1(E9) HYFY = 0
! !
0 0

In the split case J, = d, = J, = 0. This has the interpretation that a resolution
of M lifts to one of AZM . Thus
generators w” ,
3 M . a — . a —
M has generatmg relations r,:e,w” =0,r,_;ie, w =0,
generating relation among the relations: e, _,r, —e,r,_, =0
and when p =2
generators ¢ = (oiﬁwa/\wﬁ, o+ (—l)lllt(p =0,
generating relations r, given by ¢,¢ =0,
A’M has | i
A r,_,givenbye, 9 =0,
generating relations among the relations

| givenbye, ,r,—e,r, ;=0

corresponding to H"(F?), H" " (F'/F?), H"?(F°/F") respectively in the
above diagram.

In the non-split case the groups H"(F*), H" '(F'/F?), H" (F°/F') are
the same and represent what we may call “postulated” generators, relations, and
relations among the relations. The actual generators are obtained by reducing
the postulated generators modulo image J,. The postulated relations are af-
fected in two ways. First, they may not lift to actual relations—only those in
kernel 4, will do so. Secondly, those that do must be reduced by image J, .

Finally, the postulated relations among the relations H" *(F°/F') may not
lift—only ker d, = ker d, will do so. In all of this, however, we see that the

minimal presentation of AiM , and indeed of a general A’;M , has mappings
of the same degree as in the split case. Thus AZM is involutive.
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4.6. The mixed case. We shall now illustrate how the general case goes by
considering a tableau of the form:

r —
1{ r1+r2—s

n1+n2=u

ny ny
It is to be proved that
HYALM)=0, 0Zg<n,.
In the preceding section we separated the independent variables (horizontal
axis) by setting
Y=x", 12p,0<n,

(1)

t’1=x’1, n+1sA,usn,
and filtering Q" by the images F of
Q @ AYdMt ... di"} — Q"

In this case we shall also separate the dependent variables (vertical columns) as
indicated by the blocks in the tableau and shall separate the effect of differentia-
tion with respect to the two sets of dependent variables. This method will work
in general, and, as in the previous sections, the vanishing result does not require
involutivity of the tableau, this being needed only to insure the involutivity of
the A’;M . The main difficulty lies in organizing the notation.

Proceeding to the proof, we shall use the above ranges of indices and in
addition shall let

I,J,KC[l,...,n]],
R,Scn +1,...,n].
The symbol relations are
0',’R = 0 mod {0;, 023} for [R| >0, a>r,,

corresponding to the lower right-hand block a > r;, i > n, in the tableau.
The forms 0}’ , 93 r are independent and we look at a typical spanning exterior
monomial

a a K S
(2) 0=01|'/\---Aﬁlk"/\G;:RlA“-AGZR[Ady adt
where all |R, | > 0. We set
w(0) = |S],
F* = {forms ¢ with 0 (p) 2 ¢},
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where this means that each monomial in the expression of ¢ has at least a
dr*’s. Then we have a d-stable filtration

FrcF"'c..cF'cF'=q"
and from
doy = —07 ady’ mod {dt"*', ..., df"},
05, = =05 g ndy” — 055, ndt*

we see that on the successive quotients F*/F**! the exterior derivative only
“sees” d y1 ,...,dy" . More precisely, we let

ﬁ’; = {span of the forms (2) where S with |S| = a and
R=(R,,..., R)) is fixed}.

Then

Fa/ﬁ.aﬂ I~ fl

h?f'

D

a~
I+
wl
“g

If on Q’; s we set
d'0=d, (07 n AOP) A0S g Ao A0 ndy® ndE,
d”e=(—1)’°e A B Ad(o,R A- Aeijl)Ady"Adzs
where
d 0 = Ady ,
dyGJR— JPRAdy s
then the induced differential d on F?/F**' is
d=d +d".
Moreover,

1. &k,L k+1,2
,d'QRS_’Q_Ig,S ,

EAY]

d/2 - d//2 _ d/d// + d//dl -0
The point is that both the d’-cohomology and the d"-cohomology look like the
unconstrained case, and consequently

HYF*/F"™')Y =0, g<n +a.

This implies that
H'(NM)=0, gq<n,

as desired.
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The general case will be clear from a three-step tableau:
r
2
{0

N e N e’
n ny

n

We keep the same splitting of independent variables (1) and filtration F* on
Q" by the number of d t*s. We shall use the ranges of indices

{lgegn,lgngg,
1=i,jsn, ny+12p,05n+ny, ny+n,+154, usn
and corresponding blocks .
IT=(,....0), R,S=(p;,....p), M=(A{,..., 4,).
The following are a basis for the 1-forms in the ideal
07, 0 where [R| >0, 6y, where [M|>0
and forms in F*(F”/F"*') are sums of monomials:

e TN % €1 € m Ml J S
(3) 011 A /\Olk A 01|R1A AGQR[ A GIlSlMlA AelmSmMm Ady” adt

where k+{¢+m =p, |S|+|J| 2 a. As above we may split the induced exterior
differentiation on F®/F®*! into
d=d +d"+d"

where d', d”, d" are mutually graded-commuting and correspond to these
vertical blocks in the above tableau. Each of d’, d”, d" does not effect the in-
dex blocks R, ..., R,, S;M,, ..., S, M, , and the individual cohomologies
are all isomorphic to cohomology in the unconstrained case. Unwinding what
this means yields the desired vanishing result.

5. STRUCTURE OF THE CHARACTERISTIC COHOMOLOGY

We have proved that H? = 0 for 0 < g < n — ¢ where the characteristic
number { measures the degree of overdeterminedness of the exterior differential
system. In this section we shall examine the structure of the remaining groups,
focussing on the space € = H"™* of conservation laws for the system. This
discussion will require that the exterior differential system be involutive, and it
will show that & may be canonically identified with the kernel of a first-order
linear differential operator between naturally defined vector bundles.

One may ask: Is this rather abstract theorem of practical value for computing
conservation laws in specific examples? A fair question, one which we shall
begin to address when we turn to the computation of examples later in this
paper and, especially, in Part II.
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5.1. A variant of the Spencer complex. Let (X, .#) be the infinite prolongation
of an involutive exterior differential system % on a manifold X;. The exterior
powers of ¥ define a filtration F’Q"(X) whose associated graded we have
denoted by Q”’* with induced differential d. For p > 1 there is then defined
the (non-trivial) weight filtration W, (Q”>*) and we have denoted its associated

graded by Qﬁ’* with induced differential 6. The basic property is that ¢ is
linear over the functions, and making suitable constant rank assumptions we
denote by #”? the vector bundle over X defined by the cohomology of the

complex {Q",d}: N
z’;ﬂ,q =H4(Q£,*’ 5)0
We also set b EB b
7 =@,
k

Now there is a spectral sequence E’? abutting to H*(X) and with
EV =H' Q" d), ,
E? "= A"  (our primary object of study).

The weight filtration then gives a second spectral sequence {IE‘:C '} abutting to
EPl"* for each fixed p > 0 and with

_kvq_ P,4q
Jo L)

Our main result thus far has been to infer that A = 0 for 0 < g <n—¢
by showing that (i) #”'Y =0 for p > 0, g < n — £, which implies  (ii)
E?"? =0 for p >0, g < n—¢, and then this implies the above stated vanishing
result for the A?. We will now study some aspects of the structure of the non-
zero part of the characteristic cohomology. To state the result, we denote by

(1) Ve 2, p>o,
the differential in the Ef ' 4 spectral sequence, and we denote by

vzt o !

the direct sum over k of the mappings (1). Then v? = 0 and the cohomol-
ogy of the complex {#”°*, V} computes the E,-term of the weight spectral
sequence for each p > 0. Our result is given by the

Theorem. (i) In the involutive case
EP = HY(Z"", V).
(ii) Forall p 2 1,
p,n—¢ p,n—~¢
E| cHx
is the subspace given by the kernel of a canonical linear differential operator.
Corollary. & = ker Vnker d, where V:. """ - 2""* and d:E}""™* —
E>"* are canonically defined first-order linear differential operators.
1
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Proof. We have seen in Section 4.1 above (see equation (1) there) that %” 4
is the vector bundle whose typical fiber at a point ¢ is
q p
Hy, ,(AyM;)
where M, f is the graded module associated to the symbol of the exterior differ-

ential system at the point &, and where HZ,( -) refers to (the dual of) Koszul
homology in module degree m . The index k +¢ appears above and the weight
filtration encodes both the module degree and the exterior degree.
When p =1, since M is involutive and is generated in degree zero, we have
that .
H (M) =0.

Thus the weight spectral sequence degenerates at the E,-term, and
E,=H'(E,, V).

Unwinding the notation gives the first result.
The remaining part of the theorem follows from general properties of spectral

sequences {Ef’q} with E’f’q =0for 0Sg<n—¢. QE.D.

Discussion. The complex {Z L» , V} will be called the universal Spencer com-
plex. We shall explain this point.
Referring to the notations introduced in Section 2.1, in any local coordinate

system (xi ,u*, py, pg. ,...) on G, _(X,) there is a splitting
d=d,+dy,

of the exterior derivative into “vertical” and “horizontal” components. Explic-
itly,

dy, = Z 8 /0py Oy
7]=0

where we have set py = u”,

dy =Y Ddx',
' . 00
D,=0/0x'+ Y 8/dp;py:
[1]=0

For any integral manifold
JiN =G, (Xp)
of the universal Pfaffian system 67 =0, |/| 20, on X, we have
frd,67 =0,
fd 407 =0.
In fact, if the integral manifold is given by

(x) = (', (), PF(x), (%), -.0),



578 R. L. BRYANT AND P. A. GRIFFITHS

then for any function ¢ on X
f(Dp)=0/0x"("9),
so that D; is a “universal form” of 0 Jox’.

Letnow X C G, _(X,) be the underlying manifold of infinite prolongation
<# of an involutive exterior differential system % on X,. We have seen that
the equations defining X are

D,F=0
where F(x', u”, p;) varies over all the functions on G,(TX,) defined by 6 €
S le.,
F(E)=0|g
for E € G, (TX,). It follows that the vector fields D,|, are tangent to X and
induce vector fields on X that we still denote by D, . In these local coordinates
the operators
V.ﬁ«/l,q _)%1,(1+1
are then easily seen to be horizontal, in the sense that
v=Y 4D, +B
where 4', B € Hom(#"'9, #"'%*") are bundle maps that are linear over the
functions. It follows that {Z L , V} induces on any integral manifold
fiN— X,
of % a complex of vector bundles and first-order linear operators, which we

shall denote by {ﬁ”}* ,V f} . In fact, it may be seen that {Xff* ,V f} is just the
dual of (a suitable relabelling of) the Spencer complex associated to the PDE
system which is defined by the exterior differential system %, in our particular
local coordinate system (cf. Chapters IX, X of [2] for a discussion of the Spencer
complex and further references).

One may invert this discussion. That is, not knowing what Spencer cohomol-
ogy and the Spencer complex are, one is led naturally and inevitably to them
once one agrees to study the characteristic cohomology of an exterior differential

system.
The first term in the Spencer complex is
. gpn—t n—L£+1
@ v

and it is an interesting point that the universal conservation laws appear natu-
rally as a subspace of ker V, in (2).

What the theorem and its corollary give is that the space of conservation
laws is given by the kernel of a canonical linear differential operator, modulo
nothing. We have seen a special case of this in the contact and symplectic
manifold examples in Section 1. In the case of determined PDE systems, this
phenomena has been formulated in coordinates and used to compute examples
by Vinogradov [15] and others. As we shall see in Part II of this paper, the
result itself is of some use, but most importantly it serves to guide the generally
complicated computations that arise in non-trivial applications of E. Cartan’s
equivalence method.
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5.2. Quadratic conservation laws for constant coefficient linear equations. As a
first application of the general theory in the preceding section, we shall inves-
tigate the space of conservation laws associated to a constant coefficient linear
PDE system. We first consider the determined case which in suitable coordi-
nates may be written as '

) ou*(x) _ bt au® (x)

ax" B axP
where the b” = ||bg”|| are constant matrices. Associated to this system is its
symbol and we denote by M the graded module associated to the symbol. De-
noting as usual by (x', u®, p{", p;"j, ... ) the natural coordinates on the space
J®(R", R®) of infinite jets of mappings from R” to R’, we observe that the
group of gauge transformations that leave invariant the property that (1) be a
linear, homogeneous constant coefficient equation will in general be equal to
GL, x GL_, and it is this symmetry group that we shall take. We are interested
in conservation laws that are invariant under translation in R”, and for rea-

sons to be explained below we shall focus on those represented in El1 S
translation invariant forms whose coefficients are linear in the jet coordinates
u®, p}, p:.”j , ... . The following will also be explained below:

1§Pa°’§n—1,

Definition. Conservation laws represented in Ell »n=l by translation invariant

forms whose coefficients are linear in the jet coordinates will be called quadratic
conservation laws for the PDE system (1).
Theorem. The space of quadratic conservation laws for (1) is naturally isomorphic
to H"™(Sym; M).

Thus, the A-multilinear algebra appears once again, in a different form, in a
natural way associated to a geometric problem.

Proof. We shall use the notation in the preceding section. For a point & € X
we shall successively compute that part of

M
G vzl ot
(iii) d,:kerv —#>""!
corresponding to forms that are translation invariant and linear in the jet coor-
dinates. By the corollary in the preceding section, the kernel of (iii) is identified

with the space of conservation laws for (1).
Step one. We first recall notation.

e dx' and 9} are linear functions on two vector spaces, the dx’ being
linearly independent and the 6; subject to the relations

bYer = 0.
e 77 is spanned by the forms
OZ‘ Acves AO;"Adxj‘ Ao ndx

p
and Q" = Q~7 .
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e The differential
d: QP o QP!

is defined by d (dxi) =0 and
4oy = —65, ndx’,

together with the usual properties of being a derivation of the exterior
algebra.
o We will denote by A; = @A} a complex analogous to Q”*? but

where the number of dx'’s is m and where there are no relations on
the 67 —this “free” case models the unconstrained geometric situation
in which the number of independent variables is m, and we have seen
that

HAL) =0, k<m.
In order to compute the fiber
%l,n—l EHl,n—l(Q*’ d)
we proceed as in Section 4.4 and set
QP —dx" A Q" = AP,
Q/’P,q QP q/Q’P »q NAP q
In the exact cohomology sequence
O__)Hl,n—l(Q*) __)H1,n—1(9u*) N Hl,n(Ql*)
we have d = 0 as noted in Section 4.4. In fact, given
0" = £,0%ndx, € H"NQ™) |

we see that
= £,0° ndx, — f,b276% rdx,
satisfies
op=0

and thus gives a class ¢ € H (Q") which serves to provide a lifting of the

class defined by ¢” € H""~1(Q"").
Step two. We will consider sections

= £,0% ndx, — f,bP° 0% ndx,

1,n—1

of V" ! where £, is a function on X . In fact, we shall consider functions

of the form
I
fi= X fup!
|11>0, g
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that are /inear in the fiber coordinates, and where we set u* = p;. As noted
above, this has intrinsic meaning, and by a scaling argument in the independent
variables x' we see that it will suffice to consider the case where

E fiﬂpf

=k, B
‘is homogeneous of degree —k in the dependent variables. We want to compute
v gl gl
for p € #"! of this form. By definition
Vo =dp mod 5 rF
= (D, £, ~ D, f;bl") 6" ndx
(J:!ﬂpln fﬂyplpbﬂp) 6% ndx
= (fasb)” - b2’ 1;,) P}, 0" ndx.

If we set

0 () = fl

b(&) =

)| =

then we have
(2) Vo =0<+=[p(S), b(¢&)]=0
We note the analogy with the proposition in Section 4.4, where the condition
[p(&), b(£)] = 0 arose in a different context. We note there the symmetry
condition e
p+(-1)"9p=0

that was imposed on ¢ .

Step three. We assume that

I I 4 o 1,
9= f1,pl 07 ndx, — fy D162 0% ndx, € E""
satisfies V¢ = 0, and we want to compute the condition
dp=0 in E’"".

For this we denote by E ; , E! | the spectral sequences associated to the bigraded
complexes Q*, Q"* respectively. Then we have a diagram

-1

" -1
0 E2 n—1 E f,n

le Td,"
0 El ,n—1 Ei/i,n——l’

from which we see that "o

dop=0<=dp
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where .
"
9 = j;ﬁpfl?a/\dxn

llnl 1n1

is the image in E’ of pe E’

Now s
non
d o =fa,991 Aoa/\dxn.
Setting f‘fﬂ =fiﬂ +fiﬂ where

Fo=3 (f+ 015

Py = (f = -0"5.)

we see from equation (3) in Section 3.2 that
"
d o "2 0= f of =
Thus
9 = f1p0 0% ndx, — f5,07 b 0% ndx,
3) {Ve=dp=0} & where [p(¢),bE)]=0 and
@) - (-1 =0
By (3) in Section 3.2 the space of ¢ satisfying the condition
0(&) - (-1)""p©) =0

is isomorphic to H"'(Symi M') where M’ is the free module over ' =
Fle,, ..., e,_,] with generators w', ..., w*. It remains to identify those ¢
satisfying both conditions on the right-hand side of (3) with H ”_I(Symz M).
This is done in essentially the same way as for AiM " and we will only sketch

the argument.
In general, to compute the H"(SymA M) we consider the complex Q*

P of forms
V=vln 0o e @dx’, | =

where the 0 » are independent forms multiplied symmetrically. We define a
differential 5 by linearity and

6(0210”'00;:‘1')(])=Zezl0”'0(50::’)0'“002”®de,
5 (67) =07, @ dx” +bﬂ”aﬂ odx", 1<p<n—1,

where we move multiplication by dx’ across the 97" and exteriorly multiply
I3

it with dx” . Thus, more or less by definition, the cohomology of this complex
at the place with p 6’sand g dx’’s computes H(Symj M).
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We next set Q" = dx"AQ" and Q"* = Q*/Q"*, and note as in the case of
AZM we have _
HY(Q™" =0, g<n,
H' Q™) =0, qg<n-1.
From the exact cohomology sequence
0— Hn—l(ﬁ2,*) - Hn—l(ﬁlIZ,*) i) Hn(ﬁIZ,*)
for a class in H"'(Q">*) = H" '(Sym? M’) represented by

§" = f10700" @dx,, fi,—(-Df, =0
we have as in the proposition in Section 4.4 that
56" =0 = [p(¢), b(1=0.
Since ker 0 = H"™! (Symi M), we have completed the proof of the theorem.

Discussion. The conservation laws % = E?’""l map injectively to Ell"'_1 by
dl:E?’n_1 — Ell’n_l.

The above theorem identifies the classes in E 11 "1 that are in the image of d,

and that are linear in the jet coordinates. But since d, is determined by the
rules

d,(67)=d,(dx’) =0,
d,(f) =) 0f/0p;6;,

we see that d; maps exactly those classes in E?’”_l that are quadratic in the
py ’s to classes in E 11 *"~! that are linear in these coordinates. This explains the

above definition.

Now, in the classical calculus of variations perhaps the most interesting La-

grangians are those of the form
L(x', u*, pf, ..., py)dx, Il <k,

which are quadratic in the highest order terms. Similarly, as illustrated by the
various classical conservation laws and the KdV, we may expect conservation
laws that are quadratic in their highest order terms to be of particular interest.
It is for this reason that we have focussed on the quadratic conservation laws
in the above theorem. We note that finding these indirectly by studying classes
in El1 »"=1 that are linear in the p}" and satisfy certain conditions appears to
be considerably more efficient than directly studying the quadratic conservation
laws.

6. GLOBAL RESULTS

The results obtained thus far are microlocal, in a precise sense to be explained
below. In this final section we shall give a global theorem in cohomology, one
which follows in a more or less standard way from our local result, and then
we shall discuss a more geometric dual set of questions which pertain to a very
prescient theorem of Thom [10].
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6.1. A relation between ordinary and characteristic cohomology. Let % be an
involutive exterior differential system on a connected manifold X,, and as
above denote by (X, , %) the k-th prolongation with X = l_n_n X, and S =
H Upso % (cf. Section 1.3). Since % may not be a quasi-linear Pfaffian
differential system, we need to be a little careful about what is meant that %
be involutive. Denote by G, (%) C G,(TX,) the set of n-dimensional integral
elements of .%,. A priori, G,(%) is locally the locus of common zeros of
a collection of smooth functions defined in an open set of G,(TX,) (these
functions are of the special form given in Section 1.3, but that only serves to
restrict somewhat the singularities of G,(%) in the fibers of G, (TX,) — X, ).
We shall make the following regularity assumptions:

There exists a connected, locally closed submanifold X, of G,(%,) such that

(i) each point E € X, has a neighborhood U in G,(TX,) such that UnN
X, =UnNG,(SA) and such that the forms in %, give a regular set of
defining equations for UN X, , !

(i) X, consists of ordinary integral elements, and

(iii) the projection X, — X, is a submersion.

The concept that E € G,(.#) be ordinary is also explained in Chapter III of
[2]; in the real analytic case it implies that there is a local integral manifold
of % that is tangent to E. It is also shown there that with the assumptions
(i)-(iii) the prolongation tower (X, ,.% ) exists and satisfies the conditions of
Section 1.3 above. In particular, for kK 2 1 the submersions X, w1 — X, are
fibrations whose fibers are affine linear spaces, and thus the projections X, — X,
are all homotopy equivalences. (For more detail, the reader may want to consult
Chapter VI of [2] as well.)

By microlocal we shall mean in a sufficiently small neighborhood in X, of
an ordinary integral element E € X,. Our main vanishing result, given by
Theorem 2 in Section 4.2, states that in the appropriate range the characteristic
cohomology vanishes microlocally, i.e., it vanishes in the range 0 < g < n—/¢
in open sets nl_l(U) C X where m;: X — X, is the projection and U C X, is
a sufficiently small open set. We shall now prove

Theorem 1. Let % be an involutive exterior differential system of character ¢
and with trivial infinite derived system.* Then we have
(i) HY(X,R) 2 HY(X), 05g<n—-¢,

(i) 0— H"“X,R)— A" (X) > H(#Z" > H"""'(X,R) - 0
where Z? is the q-th characteristic cohomology sheaf on X .
Proof. We recall that the topology on X is defined by taking the open sets to be
n,ZI(U ) where U C X, is an open set and n,: X — X, is the projection. Then
we define the sheaves Q7, .77, Q7 = Q?/.77, by considering the appropriate

'In Chapter III of [2] there is an explanation of how forms on X;, give functions on G,(TX,)

and what it means for a set of such functions to give a regular set of defining equations.

2 This means that there are locally no non-constant functions f with df € 5 —geometrically,
it means that locally there are no “inessential variables” in the system.
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smooth forms in the open sets n,?l(U ). We then have a complex of sheaves
over X

'Q":{Q"Lgl_‘?_, SR INe LN INY'o LA NN },

and we denote by “#? the cohomology sheaves. By the assumption that A
has a trivial infinite derived system, it follows that

#° =R
is the constant sheaf. Our microlocal vanishing theorem gives
Z'=0 for O<g<n-—{.

The results (i), (ii) are then a standard consequence of these two facts.

In more detail, denote by H(Q') the hypercohomology of the complex of
sheavg_s_ Q. Then there are two spectral sequences 'E and “E each abutting
to H(Q), one where

‘E = H(#)
and the other where
VBV = Hi(H; @).
Here, J is used to denote the Cech cohomology of the sheaf in question. But,
by the usual partition of unity argument, Hg (Q)=0 for p>0 and so

\\Ep,q={0, p>0,
! HY(X), p=0.

On the other hand, 'E}"? =0 for 0 < ¢ <n — ¢, and the “picture” of the 'E,
is

H@™) N

HT(X) Hn—l(X) H;_H'I(X)

The result follows from this. Q.E.D.

6.2. #-homology. Let _# be an exterior differential system on a manifold
Y. We let A? denote a standard g-simplex and consider mappings

fAT—Y
that are of class C' on A? , including on the boundary, and that satisfy

f0=0, 6er.
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We will call such a simplex a _#-simplex, and we may then define a _# -chain
to be a singular chain each of whose simplices is a _# -simplex. The boundary
of a _#-chain is again a _#-chain, and we denote by

H* o (Y)
the resulting homology.
Definition. We shall call H, f(Y) the _#-homology of the exterior differential
system ¢ .

This concept has been introduced by Thom [10] in the special case when Y is
an open set of J¥(R", R®) and _# is the restriction to Y of the contact system.
He proved a result which is in a certain sense dual to the 1-line theorem of
Vinogradov (i.e., Vinogradov’s result [13] in the unconstrained case), although
it neither implies nor is implied by Vinogradov’s theorem. We will formulate
and discuss a possible extension of Thom’s result. It must be emphasized that
the following discussion is highly speculative and is not intended to be anything
more than suggestive. Apparently, there are great technical difficulties to be
overcome before an actual proof of any of these results can be constructed.
We have included this discussion here mainly because it indicates a geometric
interpretation of the characteristic cohomology which we believe will have great
importance for the theory.

First, remark that if we now denote the characteristic cohomology of the
complex (Q*(Y)/.7,d) by

H, (Y)=H (Q(Y)/.7,d),
then there is a natural pairing
(1) Hy(Y)®H, ,(Y)—R.

A natural question then is whether the _#-de-Rham Theorem holds. In other
words, is the pairing (1) non-degenerate? We will see that, although in general
the answer appears to be no, the question presents some very interesting and
highly non-trivial issues.
There is always a natural mapping
Hq,/(Y) — H (Y)

(homology with Z-coefficients), and by analogy with Theorem 1 in Section 6.1
above, we may pose the

Question. In case % is an involutive exterior differential system of character

£ with trivial infinite derived system, do we have
{(i) H, ,(X)> H,(X), 0<g<n-t,

(2) () H,_, ,(X)— H,_,(X)— 0

Thom’s result is that the answer to the same question for Y an open subset
of JX(R", R®) is affirmative, so that we have

Hq,f(Y)—l:)Hq(Y)’ 0§q<n$
H, ,(Y)—H,/(Y)—0.
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We will indicate how the type of arguments Thom used might be used to
establish (i) and (ii) above in the case where % satisfies the condition that it
“has no real Cartan characteristics in the range 0 < g < n — £, a condition
that we shall explain below and which is satisfied for the contact systems.

A technical issue that arises concerns the level of smoothness that we require
of _#-chains. Thus consider the induced mappings

3) Hq,uﬁm(XkH) - q,Jk(Xk)s k21

These mappings are all isomorphisms in ordinary homology and H, (X) =
H,(X,) for all k = 1.If we have a piecewise- C’ J-chain I, on X, , then
its prolongation l",: is a piecewise C’ ~! chain on X k41 - But unless j =2 we
cannot say that 1",: willbe a .7 ,-chain. Moreover, even if j 2 2 and I’ isan
J~cycle on X, , it may not be the case that l“; is an f_ -cycle since the edges
of T, may separate under prolongation. Although we see no real reason why
(3) should fail to be isomorphisms for all g, we shall not pursue this matter
here and shall restrict our attention to X, . Similar arguments to those below
will apply to the other X, .

Next, we point out that the question (2) is essentially local. That is, suppose
that for sufficiently small neighborhoods U of each point in X, we have for
the reduced -7 -homology groups

4) H ,(U)=0, 0<g<n-t.
Then by standard local-to-global arguments such as those used in the preceding
section, we may infer (2) with X, replacing X .

To discuss (4) it will be notationally more convenient to use cubes, denoted

by 07 or simply O if the dimension is understood, rather than simplices. To
establish (4) the following sort of result must be proved:

Let 0= g<n—¢ andlet X C a0t be a set of q-dimensional
faces of the boundary of a (q+1)-cube. Suppose that

[Z-U
is an F -integral manifold that has an extension as a piecewise-
C' mapping to all of 0. Then f may be extended to a
piecewise- C" S| -integral manifold. 3

(5)

By arguments of the type used by Thom, the crucial case is when X = am?t!
and this is the situation that we shall discuss.

Thus, let 0< g <n—/£ and let
6) foo U
be a piecewise- C' 7 -integral manifold where U is a sufficiently small neigh-
borhood of a point in X, . We shall sketch arguments to the effect that:

(i) In case (6) is in general position, [ may be extended to a piecewise- C'
S, -integral manifold.

3 This means that O may be subdivided and a continuous mapping f exists whichisa C !
integral manifold on each of the subcubes.
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(ii) In case there are no real Cartan characteristics, we may deform f to be
in general position.
The essential case to understand (i) is when s, = 5, =5, > 53 2 0. We shall
take first the case s; = 0 (and n = 3), and then indicate the modifications
necessary in general.
Locally we may choose coordinates (x,y, z,u,p, q,r) in J 1(]R3 , RY) such
that the constant system is, as usual,

0=du—pdx—qdy—-rdz=20

where u, p, g, r are R’-valued, and such that X , is locally given by an
equation

(7 r=F(x,y,z,u,p,q)

where F is defined in convex open set in R*** . The integers n and £ are 3

and 1, respectively, and thus the relevant dimension range is 0 S ¢ < 2.

Suppose first that ¢ = 0 and 017 'is comprised of the two points T; =
(X;,¥;>2;,4;,D0;,4;,1;), i =0,1,and where r, = F(x;,y;, z;, 4;, D;» q;) -
We want to find a piecewise- C' arc y(t) with (0) = y,, »(1) = 7, and
satisfying

) { r(t) = F(x(2), y(2), z(2), u(t), p(1), 4(2)),

U () = p(t)x' () + a()y' (t) + r(1) 2 (2).

Given x(¢), y(t), z(t), u(t) these are a set of finite (i.e., not differential) equa-
tions for p(t), q(t), r(¢). Moreover, these finite equations are underdeter-
mined. Thus we may expect that in general—i.e., when suitable open general
position conditions are satisfied—we may solve these equations.

In fact, in the case ¢ = 0 we may always solve the equations (8). If
(%95 Vo> 29) # (X, ¥, 2,), then we may assume that x, # x; and y, =
V1> Zy = z;. We may then take an arbitrary arc x(f) with x(0) = X,
x(1) = x;, x'(t) # 0, and set y(t) = z(¢) = 0. We then choose a function
u(t) with u(0) = u,, u(l) = u;, u'(0) = pyx,, (1) = p,x; and then set
p(t) = ' (t)/x'(t). Finally we may choose ¢(¢) to be any arc with g(0) = dy >
q(1) = g, to have a solution to (8). Of course, we must take care to insure
that (x(¢), y(t), z(¢), u(t), p(t), q(t)) remains in the domain of definition of
F, and this may be done by subdividing the interval and using a piecewise- C !
arc.

If, on the other hand, (x,, y,, z,) = (x,, ¥, Z,) , then a similar argument—
in fact with the same notation—applies.

Remark that in general the case ¢ = 0 of (4) follows from Chow’s theorem
(see Chapter 1 of [2]), and indeed one may view (4) as an extension of that
result.

More interesting is the case ¢ = 1. If O is the unit square 0 £ s £ 1,
0<¢t<1 inthe (s, t) plane, then we must find a mapping

9) (s, 0= (x(s,0),¥(s,0), 2(s, 1), us, 1), p(s, 1), 4(s, 1), 7(s, 1))
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satisfying

i r=F(x,y,z,u,p,q),
(10) (i) wu,=px,+qy,+rzg,

(iii) u,=px,+qy,+rz,,

and where (9) is given on the boundary of the square such that (10) is satisfied
there. If x(s,?), y(s,t), z(s,t), u(s,t) are given arbitrarily, then (10)
is a determined set of finite equations. Equations (10)-(ii) and (10)-(iii) are
analogous to the equations encountered in Thom’s result, and we may seek to
adapt his arguments to our situation. In fact, this may be done provided that
the boundary conditions are in general position. Thus, assume that the image
of 900 is in general position in the sense that we may choose coordinates so
that the projection of 0 to the (x, y, z) space is the unit square in the x,
y plane. Then we may replace s, ¢t by x, y and seek to determine a mapping
of the special form

(x, )= (x,¥,0,u(x,y),p(x,y),4d(x,y), r(x,¥))

such that (10) is satisfied. Equations (10)-(ii) and (10)-(iii) reduce to those in
Thom’s theorem, with no equations involving r since z, = z, = 0. Having
solved for p and ¢, equation (10)-(i) then gives us r. Moreover, if u,p, q
satisfy the boundary conditions, then so does r. Summarizing, if the bound-
ary conditions are in general position, then Thom’s arguments may be used to
establish (5) in the case s, =5, =5,, 55 =0.

We now point out that the arguments continue to apply—and indeed are
“easier”—if 5, # 0. In this case we may decompose R = R* @ R*™™ (s =
sy =5, = 5,) and correspondingly write v € R’ as v = (v', v"). The equation
(7) is then replaced by (

r"=F(x,y> Zyu5p’q’rl)’

and the argument proceeds as before. It is “easier” in the sense that not only
u but also 7' may be prescribed arbitrarily, subject to open conditions in the
C 1-topology plus the boundary conditions.

In summary, then, (i) above might be provable by arguments of the type used
in [10]. It remains to explain how the absence of real Cartan characteristics
allows us to achieve general position for the boundary conditions.

We recall from Chapter V in [2] that characteristics arise when the rank of
polar equations of integral elements falls below the maximum. To say that %,
has no real Cartan characteristics in the range 0 £ g < n — £ therefore means
that in this range the polar equations have constant rank. If E? is an integral
element of dimension g = 1, then this rank is s, +--- + S, (the case ¢ =0 is

trivial, and all E° are non-characteristic).

As examples, we note that this condition is satisfied for the contact system on
J k(]R" , R%), and indeed for any system whose symmetry group acts transitively
on the g-dimensional integral elements for 0 < g < n —£. The condition is
clearly generic and open. On the other hand, for the exterior differential system
arising from the J-operator in m complex variables, we have n = 2m and
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£ = m; moreover, if m = 3 there are real Cartan characteristics in dimensions
2 £ g < m even though the system itself is elliptic.

The way in which the non-characteristic condition arises is this: Referring
to the special case s =5, =5, =5,, 53 = 0 discussed above, suppose we have

f: - UcCX , - Then we wish to deform f in a neighborhood of a point
p € 80 in order to get it in general position at p. The way to do this is to
construct a little piece of integral surface near p

f

f(p)

and replace f by f given on the other side of the piece of integral surface.
Now since we are in the range 0 < ¢ < n— £, constructing the piece of integral
surface involves solving finite, not differential equations, 4 as we saw above.
Infinitesimally, constructing the piece of integral surface amounts to solving the
polar equations

(&, v) =0, 8c.7’,

where £ is the tangent to f(80) at f(p) and v € Tf(p)(X 1) - So long as these
equations do not have jumping rank, we may smoothly do this. In terms of the
coordinates used above, the absence of real characteristics means that for any
(not just a generic) choice of coordinates (x, y, z) in R® we may solve for r
as in (7). : :

In concluding this discussion, we mention that we are not saying the presence
of real Cartan characteristics necessarily provides an obstruction to the validity
of (4). What we are saying is that such characteristics provide singularity issues
that go beyond those that arose in Thom’s paper, and which clearly merit further
investigation.

6.3. Moment conditions. We retain the notation of the preceding section, and
shall work locally. In building up integral manifolds the critical dimension
is n — £, for it is here that the transition is made from “strip conditions” to
what might be called “honest differential equations™. SA very natural question
to consider is the Dirichlet problem in the critical dimension:

Given an integral manifold

f:Sn—z - X,

4 What is going on here is that we are discussing the classical strip conditions used to prescribe the
boundary values of a PDE in terms of a certain number of arbitrary functions and their derivatives.
Since we are in the range 0 < ¢ < n — £ there are no conditions imposed on the derivatives of
these functions, in the sense that the number of equations is insufficient to impose such conditions
provided that we are in general position.

s Strip conditions for g-dimensional integral manifolds in the range 0 < ¢ £ n—£ are parame-
trized by s = 5, arbitrary functions of g-variables (arbitrary means subject to open conditions in

the C l-topology). In contrast, the integral manifolds of dimension n—£+1 aregivenby s,_,, , <s
arbitrary functions of n — ¢ + 1 variables; the remaining s —s,_,,, functions will be subject to
non-trivial closed conditions given by the imposition of a PDE system.
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what are the conditions that it extend to an integral manifold
F: Bn—l+l X

Here, S"* and B"**! are the standard sphere and ball with 9B" ¢! =
S"¢: since we are working locally we may assume that a topological extension
F exists. The “moment conditions” are the homological obstruction to the
‘Dirichlet problem. More formally,

Definition. Let K be the kernel of the natural mapping
H,_, »(X)— H,_,(X).
Then the moment conditions are
K* = Hom(K , R).

There is an obvious interesting mapping
(1) W% — K
from conservation laws to moment conditions, and in this section we will discuss

a number of examples of x. Roughly speaking, it seems that y should be

injective and will sometimes, but not always, be an isomorphism.6 In these
examples, which are drawn from those in Section 1, we will work locally so that
H,_,(X)=0 and (1) reduces to

(2) & — Hom(H,_, ,(X),R).

We will also follow the notation of that section, and will therefore replace X,
< and & by X,, % and & as we shall be working with the non-prolonged
systems.
Example 1 (the contact system). In this case dim X, =2n+1 and 5 is
generated by

n .

0 =du- Zpidx'.

i=1

Also, since £ = 0 we should think of H, ]( o) as “compactly supported ho-

mology”. Thus, “cycles” are given by 1ntegra1 manifolds x — (x, u(x) Du(x))
where u is compactly supported, and no two cycles are homologous since there
are no (n + 1)-dimensional integral manifolds. The space of conservation laws
is given by functionals on integral manifolds, and (2) amounts to the mapping

P / Ax, u(x), Du(x))dx

where u(x) is compactly supported. To prove that x is an isomorphism means
to show that:

@) / Ax, u(x), Du(x))dx =0

¢ We have not proved that it ever fails to be an isomorphism; this seems to require additional
foundational work.
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for all compactly supported u = the class of A(x, u, p)dx is zero in Hg——i.e.,
Adx is a divergence, and

(i) / Ax, u(x), Du(x))dx = / Ax, a(x), Di(x))dx

forall A= u=1.
Both of these are elementary to prove.

Example 2 (the symplectic system). In this case dim X, =2n, n 22 and %
is generated by

0= dei/\dxi.

Also, from Section 1 we recall that » — ¢ = 1 and that % is one dimensional
and generated by any 1-form 6 satisfying

df =0.

The space H, JB(X()) is given by closed curves modulo the equivalence re-

lation that y ~ 0 in case y = 9" where T is a piecewise- C ! 2-chain whose
simplices are Lagrangian surfaces. We will prove two special cases towards
showing that (2) is an isomorphism.

To do this we first consider the case where y is the image of a mapping

f:S ' X,
where S' is the unit circle in R>. We will show that f extends to a mapping
F:B* - X,
satisfying .
Fe=0

if and only if the moment condition
/ 0=0
sl
is satisfied.
Choose any base point P € § ! and set
P
u(P) = / 0.
F 0

This defines a function # on S' and we have a diagram
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where ¥ = X; xR and f=(f,u) (cf. Section 1). By construction,

ff(du—-6)=0
and we may then extend f to a mapping

E:B Y
satisfying

F*(du—-6)=0

by the filling in problem for contact systems (cf. Thom [10]). For F = o F
we have

F'@=—-F"(d(du-6)=0

as required.
A slight extension of this argument deals with two mappings

f:8' = Xy, i=0,1,

which satisfy
3) /4*9=/f;‘9.

We then want to fill in the cylinder; i.e., to find a mapping
F:S'xI— X,
such that F|S' x {0} = f,, F|S' x {1} = £, and
F'e=0.
As above, we consider ¥ = S' x X, and the diagram
Stxr1 R
U _ I ln
a(s' x I — X,

where f is given by f;, f, and the lifting f exists by virtue of (3) (the u-
coordinate is now periodic with the same period fsl fi*H) . By construction,
f *(du —6) = 0 and so again by Thom’s theorem we may extend F to

F:S'xI- ¥
satisfying F*(du—6)=0.

The argument when y is an arbitrary 1-cycle is more complicated and will
be omitted.
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Example 3 (CR system). This is the example from Section 1 where X, is a

complex manifold and % is generated by the 2-forms a+a, a € QZ’O(XO) .
Since we are working locally we may assume that X, is a contractible, Stein

open setin C", m > 2. Then n =2, £ =1 and the moment conditions are
the linear functionals on H, fo(Xo) . On the other hand, as we saw in Section

1 the conservation laws are given by
%, = {holomorphic 1-forms /d(holomorphic functions)}
and we are interested in the question of whether the mapping
Uy By — Hom(Hl,]o(Xo) , R)

is an isomorphism. As in the symplectic example just considered, the crucial
result is the following theorem of Harvey-Lawson [6]:
Given a mapping

f:Sl—>X0

/fw=0
b4

for all y € &, then f extends to a holomorhic mapping of the disc.
As discussed in [6], this result may be extended to show that 4, in (2) is an
isomorphism.

satisfying

Example 4 (associative geometry). This is the exterior differential system given
by the final example in Section 1. In this case » = 3, £ = 1 and so the
crucial homology group is H, fo(Xo) . As we saw in the earlier discussion of

this example,
dim &) = 21

and we shall see that this strongly suggests (but does not quite prove) that
Ho: By — Hom(Hz,fo(Xo) , R)

fails to be surjective. 7

Let E> c R! be an associated 3-plane with B* ¢ E® the unit ball having
boundary S? = 9B®. We seek the equations on sections of the normal bundle
to B> in R, T(R7) / T(B3) = (R7 /E3 ) x B’ , that express the conditions that
the corresponding infinitesimal variation of B? remain an integral manifold of
% - In fact, letting F denote the trivial bundle with fiber R’ /E 3~ gt , the
linear equations for variation of B? asan integral manifold of % are just the
kernel of the Dirac operator
4) D:F - F
(cf. Harvey-Lawson [7]).

7 This argument only depends on the fact that dim %; < oo .



CHARACTERISTIC COHOMOLOGY OF DIFFERENTIAL SYSTEMS (I) 595

Now in general if we have a linear elliptic operator, for convenience still
denoted by (4), over the n-ball B ¢ R", then for solutions u of D and v of
the adjoint operator D*

a{(u,'u)=B/(Du, v)+B/(u,D*v)=().

In other words, the boundary values of solutions to the adjoint equation D*v =
0 give an infinite number of independent moment conditions on boundary
values of solutions to the equation Du =0.% '

Applying this to variations of B® as an integral manifold of %, it follows
that there are an infinite number of independent conditions imposed on a small
perturbation S’ of S* that S’ fill in to an integral manifold. On the other
hand, the conservation laws of the system % provide only a finite number of
moment conditions. ‘

There are two ways in which this discussion is incomplete and therefore fails
to provide an example where (2) is not an isomorphism. The first is that we
have only discussed the moment conditions to fill in S’ with a C ! integral
manifold. Conceivably, to realize S’ as the boundary of a piecewise- C ! chain
whose individual simplices are integral manifolds of % might provide enough
additional flexibility to enable (2) to be an isomorphism. Because of regularity
for elliptic equations this seems to us unlikely.

The other possibility is that when we pass to the infinite prolongation of % ,

then H (2) increases to give an infinite-dimensional H 2 which accounts for all the
moment conditions. What would probably have to happen is that the infinite
number of conservation laws for the linearized exterior differential system (4)
somehow survive to give conservation laws for .# provided that we allow higher
order jet dependence. This also seems to us unlikely.
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