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INTRODUCTION

This paper is concerned with a specific question in harmonic analysis on reductive groups
over a local field. Central to it is the notion of an endoscopic group ([Sh, [L2]), and for a
perhaps definitive treatment [K-S|. This notion is still exotic and difficult to grasp, partly
because its origins lie beyond the periphery of harmonic analysis, in the L-group (which
first arose in the theory of Eisenstein series) and in the study of Shimura varieties, and
partly because it still has not achieved in sufficient generality its original purpose, the
analysis of the internal structure of L-packets of irreducible representations.

Roughly speaking, L-packets occur in the classification of the irreducible representations
of the group G(F) of F-valued points on a reductive group over the local field F' because
there are two types of conjugacy within G(F'), that realized by elements of G(F') and that
realized by elements of G(F). Only the first appears when the harmonic analysis is treated
from a strictly analytic viewpoint, but the second intervenes when the harmonic analysis is
applied to problems in number theory, especially to the study of L-functions, and leads to
a coarser classification of irreducible representations than equivalence. The coarse classes
are called L-packets, and they are to be analyzed individually with the help of endoscopic
groups.

An endoscopic group H is not a subgroup of GG, but we can associate to a conjugacy class
in H(F') several conjugacy classes in G(F'), and the harmonic analysis on G(F) is related to
that on H(F') by means of the transfer of orbital integrals. This refers to pairs of functions,
one f on G(F) and one f on H(F) whose orbital integrals on associated conjugacy classes
are related by transfer factors [see (1.4)].

First appeared in Math. Ann., Bd 278 (1987), 219-271.
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The definition of transfer factors that not only allow one to attach to each f at least one
fH but also behave well with respect to functoriality has not been easy, and if it were not
that they had been proved to exist over the real field [Sh|, it would have been difficult to
maintain confidence in the possibility of transfer or in the usefulness of endoscopy.

The contribution of this paper is not to prove the existence of the transfer, that is to
attach to f at least one f, but simply to define the transfer factor, disentangling the
conditions imposed or suggested by the harmonic analysis, by Galois cohomology, by the
trace formula, and by the constructions over R to arrive at an explicit definition that
clearly must be the transfer factor if it exists at all and that even over the real field is an
improvement over the construction of [Sh| which was not sufficiently explicit. We flatter
ourselves that this definition is an advance and that it is not merely our lack of skill that
has made it so hard to come by, but the difficulty of the subject.

In Sect. 1 we are more explicit about the transfer of orbital integrals and transfer factors,
recalling in particular the first example that was studied, the group SL(2). Their definition
appears in Sect. 3, where it will be seen that the transfer factor is the product of five terms,
two, Ay and Arpy, serving to meet basic requirements of harmonic analysis. A third A
incorporates the basic idea of endoscopy and transfer, weighted sums of orbital integrals,
often referred to as rk-orbital integrals. The two others, A; and Ay, are cohomological in
nature and are there to compensate the arbitrary elements that had to be used in the
definition of Ay. It should be observed that A; does not appear in [Sh| where it had to be
replaced by an existence argument.

The definitions of A; and A, are quite elaborate, involving a number of general arguments
and constructions that we have preferred to place in a separate Sect. 2 which also prepares
for the product formula of Sect. 6.

Although we do not discuss the existence of the transfer, thus of f¥ for a given f, the
result of Sect. 5 is evidence that it will be available, and is in addition the source of the
factors A; and Ajp. The limit formula of (5.5) shows that the dominant term near the
identity of the combination of orbital integrals of f appearing in the transfer can be made
equal to the dominant term of the stable orbital integral of an f¥. This is clearly a necessary
condition for the existence of f¥, and is what guarantees that the choice of the correction
factor Ay is correct. The factor A, does not affect the asymptotic behavior, and is dictated
by experience with the real field.

The properties of the transfer factor that in addition to (5.5) in all probability characterize
it are the Local Hypothesis, which relates the transfer factor on an arbitrary group to that
on a quasi-split inner twisting, the Global Hypothesis, which is a product formula, and the
transfer factor over archimedean fields, already introduced in [Sh|. We prove the first two
here, in Sects. 4 and 6, reserving the proof that the transfer factor of this paper coincides
over R with that of [Sh| for a later paper.

It is a pleasure to dedicate this paper to Friedrich Hirzebruch, for one of us first realized
the significance of L-packets during a long stay in Bonn many years ago under the auspices
of the SFB, when he was able to study Shimura’s papers on automorphic forms. At the
same time the other was beginning the study of character identities for real groups, and
L-packets and character identities together led to endoscopy.
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1. PRELIMINARIES

1.1. An example. Suppose that F'is a local field of characteristic zero and G is SLy. Take
H to be a one-dimensional torus split over the quadratic extension E of F' and anisotropic
over F.. Then H is an endoscopic group for G. To vg € H(FE) we attach the conjugacy class
in G(E) consisting of semisimple elements with eigenvalues 77;'. Assume that vy # +1 lies
in H(F'). Then the associated class meets SLy(F) in a stable conjugacy class of regular
semisimple elements. Call v an image of any ~ in this stable class.

For f € C* (G(F)) form the integral ®(v, f) of f along the conjugacy class of regular
semisimple v in G(F') with respect to the G-invariant measure prescribed by a choice of
invariant forms of highest degree over F' on G and H. Then transfer between G and H
requires a function A, a transfer factor, such that

v = A1) f)

Y

extends smoothly to vy = £1. Here ZW indicates summation over representatives for the
regular semisimple conjugacy classes in G(F); A(yg,7) is to be zero unless vy is an image
of 7, so that the sum contains at most two non-zero terms.

We modify slightly the prescription for A in [L-L]. For reasons of functoriality A will
depend not on H alone but on a set (H,H, s, () of endoscopic data: H = H x W is the
L-group of H, s lies in the conjugacy class of G= PGL(2, C) determined by the elements
of GLQ(C) with eigenvalues +z, z € C, and ¢ is an embedding of H in G x W = LG that
carries H into Cent(s, G) Here we may take for W the Weil group of E/F. Equivalent, or
G—conjugate, data will yield the same factor A.

We first define a factor Ay which depends in addition on the choice of an F-splitting of
G. The quotients Ag(vw,7)/Ao(Fg,7) will, however, be canonical. To prescribe A we fix
some (7,7) with 7, an image of 7, specify A(5,,7) arbitrarily, and then set

_ \Aolvm, )
if vy is an image of 7. Thus A is canonical, up to the constant A(F,7).

The factor Ay will be a product of several terms. Only the first depends on the choice of
F-splitting. Here we will describe it for the standard splitting (B, T, X) : B is the upper
triangular subgroup, T the diagonal subgroup and X = [J}]. For the general case and for
the fact that the relative factor is independent of the choice of splitting we refer to (3.2).

Other choices are needed to define the terms in Ay: an admissible embedding of H in G
and a-data and x-data for the image of H under that embedding. Let I' = Gal(E/F). A
embedding of the torus H in G is adm1881ble if it is dual to a composition H—T- T
where 7 is some maximal torus in G containing s, 7 — T is the isomorphism attached
to (B,T) and some pair (B,T) chosen so that T is defined over F' and H—Tisal-
isomorphism. See (1.2) and (1.3). The a-data for T" consist of elements a,, a_, of E* such
that @, = —a, = a_,, where +a are the roots of T" and the bar denotes conjugation in FE.

The y-data are characters x., x_o on E* which extend the quadratic character on F*
attached to F and satisfy x_, = x5

Here then are the terms in A,.

(I <)‘(T)7ST>»
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where A\(T) is the class in H'(T) = H'(I', T(E)) of the cocycle

0  aa _
o— h{—a_l 0:|O'(h H

for o nontrivial in I'. The element h is given by h~'Th = T and h~'Bh = B, with B some
Borel subgroup containing 7'. Then « is the root of 7" in B. The element st is the unique

nontrivial ['-invariant element in f; it is also the image of s under 7 — T. Finally, the
pairing is the Tate-Nakayama pairing.

a(yr) —1
(m W=,

where 7 is the image of vy under H — T, and « is either root of 7" in G.

(ITL) (inv(ya, 7), 3T>_1,

where inv(yg,v) is the class in HY(T) of the cocycle ¢ — go(g)~' and g is given by
979 =r.

(I11,) (a,77),

where a is an element of H*(W, T\) which, roughly speaking, measures the difference between
the @-conjugaey class of the embedding & : “H — “G and the class of embeddings canonically
attached to the y-data for T [see (2.6)]. The pairing is the usual one between H'(WV, f)
and T'(F) B, Sect. 9].

(Iv) (arr) = 1) (alar) " = 1)
The image T of H in G may be replaced only by ¢~'Tg, where
geUT)={geG(E):go(g7")eT}.

If (T, {aa}, {Xa}) is replaced by a triple conjugate under 2(7’) in the obvious sense then we
see that only the terms and are affected, but then clearly the effects cancel. Thus
it remains to consider T fixed and the a-data, y-data changed. Only and involve
a-data. If a, is replaced by a, = a,b, where b, € F* then \(T") is multiplied by the class
b of the cocycle o — 2. Note that b2" lies in EX @ X,(T) = T(E). To show that the
product of the terms (I)) and is unaffected by replacing a, with a! we have only to
check that

1/2
o

<b7 ST> = Xoe(boc)'
This is clear since b is trivial if and only if b lies in Nm E*.

On the other hand, only the terms and depend on y-data. Suppose that x, is
replaced by x., = XaCa. Then (, must be trivial on F*. We use the fact that the norm map
§ — 66 from T(E) to T(F) is surjective to write vy as d707. Then a(yr) = a(ér)/a(dr)
and

Ca(M) . (M) o (a(én)

Qq Qg
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or (o (a(dr)) since a’ (a(dT) - 04(5T)> lies in F'*. Thus we have to show that when y, is
replaced by x.(, the class a appearing in the term (IIL]) is multiplied by a class a((,) such

that 1
<a(Ca)77T> = Ca(a(éT))_ )

We will see later (3.5) that in fact a is multiplied by the class of a cocycle which is given on
E* by x = (u(x)~®. That the class pairs with 7 in the desired way is the Base Change
Identity in this simple case, which follows from the remarks in [Bl Sect. 9].

Lemma [L-I]. For f € C=(G(F)) the function
i — ZA(VH,W)@(% f)

v
extends smoothly to H(F).

1.2. Notation. Throughout I’ will be a local or a global field of characteristic zero; F will
be an algebraic closure of F, and I" and Wy the Galois group and Weil group of F//F. Let
G be a connected reductive group over F'. Then G* will denote a quasi-split inner form of
G and “G the L-group of G. More precisely, we fix:

(i) (G*,) with G* _quasi- split over ' and v : G — G* an inner twist, and

(i1) (G, 0,mc) with G connected, reductive and defined over C, o an L-action of T' on G,

and ng : U(G)Y — U(G) a T-bijection.

Here W(—) denotes canonical based root data (see [K2]).

We have then for each pair (B, T) in G and (B,7) in G a canonical isomorphism T — T,
where by a pair we mean a Borel subgroup and a maximal torus contained in it.
As L-group data, that is, the data of (ii), for G* we take (G, o, ng+) where ng- is given by

V(G s B(G)Y s u(G)
Finally, “G will be the semi-direct product G x We with Wy acting by Wr — I' 2 Aut G.
We shall specify endoscopic data in a way useful for extension to the twisted case [K-S].

First note that if 1 - G — G — Wr — lisa split extension then G is not necessarily an L-
group. Nevertheless we attach to G an L-action o on G as follows. Let 2" = (B, T,{X,})

be a splitting of G. We shall require that /" is preserved by the ¢ appearing in (ii), that
is, it is a ["-splitting (or F-splitting). If ¢ : Wrp — G splits the extension then for w € Wg
we multiply Int c(w) acting on G by an element of Int G to obtain gg(w) preserving 4/

Then og is an L-action which is independent of the choice for ¢. Clearly if os coincides
with o for some choice of 4/ then it coincides for all choices.

Let (H,H,s,&) be endoscopic data for G. By this we will mean:
(i) H is a quasi-split group over F.
Its L-group data will be denoted (PA[, 0w, N ), and 1H = H x Wp.
(i) H is a split extension of Wr by H and oy coincides with op.
(77) s is a semisimple element of G.
(i) € :H — LG is an L-homomorphism, that is, a homomorphism of extensions of W,
such that
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(a) Intsoé =a®E,
where a s a locally trivial 1-cocycle of WF in the center Z(G ) of G of F s
global or a trivial 1-cocycle of Wg in Z(G ) of F'is local, and
(b) §|H s an isomorphism ofH with the connected component of the centralizer
of s in G.
Here a @ &(h) = a(w(h))&(h), h € H, with w(h) denoting the image of h under H — Wp.

Data (H',H',s',&') are equivalent to (H, H, s, &) if there exist an F-isomorphism o : H —
H', an L-isomorphism (B : H' — H and an element g of G such that:

(i) W(H) % U(H') and V(H') LN U(H) are dual,
(#4) Intgo&o B =¢ and

(iii) gsg~* lies in Z(G)Z(&")"s', where Z(€') is the centralizer in G of the image of H’

under £'.

Up to equivalence and the choice of £, which amounts to the choice of an embedding
of ’H in LG in the case H is an L-group, these are the endoscopic data of [L2, p. 20].
Note that in the definitions of [L2] the group H generated by “H° and the elements n(w),
w € W, is a split extension of Wr by *H° (see [L1, Lemma 4]).

If H is an L-group then we may assume that H = “H. This will be our assumption until
(4.4) as it greatly simplifies notation. The minor modification needed for the general case,
a passage to certain central extensions of H, will be dealt with in that section.

1.3. Point correspondences The isomorphism T, o — Tg attached to palrs (Bg,Tg) in G
and (Bg, Tg) in G transports the coroots of Tz in GG to the roots of 75 in G’ the Bg-simple
coroots to the Bg-simple roots and the WeAyl group of T, with Conﬁragredlent action, to the
Weyl group of 7. If (By, Ty) is a pair in H then there is an x in G such that Int z 0o £ maps
'TH to ’TG and By into Bg. Finally, if (B m, Th) is a pair in H then we have an isomorphism
TH — TG defined by the composition TH — T — Ta — TG and thus also an isomorphism
Ty — Tg. These isomorphisms transport the coroots of Ty in H into a subsystem of the
coroots of T in GG, the Weyl group Q2 of T into a subgroup of the Weyl group ¢ of Tg,
and the roots of T into a subset of the roots of T;. The map

TH/QH — Tg/QG

of orbits of 2y in Ty onto orbits of (0 in Ty is independent of all choices. Since these
orbits classify the conjugacy classes of semisimple elements in H(F) and G(F), and the
choice of tori is of no consequence, we have a canonical map

Anc : Cfss< (F ))%cess(e( )).

We call semisimple vy € H(F) G-regular if the image of its conjugacy class under Ansa
consists of regular semisimple elements, and strongly G-regular if the image consists of
strongly regular elements, that is, elements whose centralizer is a torus. A strongly G-regular
element is strongly regular.

The group I' = Gal(F/F) acts on conjugacy classes.

Lemma 1.3.A. Ag/q is a I'-map.

Proof. Anjc = Ac+c - Anjc- and Ag- )¢ is the map induced by 1. Since ¢ is an inner twist
Ag+ ¢ is a I'-bijection. Thus we may assume that G is quasi-split over F'. Then if T} is
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defined over F' Steinberg’s Theorem [K1| allows us to choose (Bg, 1) with both T and
Ty — T defined over F'. The lemma follows. O

Suppose that Ty is defined over F. If (Bg«, Tg+) is chosen so that Tg«, and Ty — Tg-
are defined over F', as in the proof of the lemma, then we call Ty — Tg« an admissible
embedding of Ty in G*. It is uniquely determined up to 2(7g+)-conjugacy, that is, up to
composition with Int g7, where g lies in

A(Te) = {g e G*(F) : go(g™Y) € Te-(F),0 €T }

Note that we may take g in G%, the simply-connected cover of the derived group of G*.

For strongly regular elements in G(F') or H(F') stable conjugacy is the same as conjugacy
under G(F) or H(F), and we may apply Lemma 1.3.A directly to define a correspondence
of points. Thus, if vy € H(F') is strongly G-regular then its stable conjugacy class consists
of the F-rational points in its conjugacy class in H(F). The image of this class in H(F)
under Ay, is a conjugacy class of strongly regular elements in GG (F). The class is defined
over F' and so its F-rational points are either nonexistent or form a single stable conjugacy
class of strongly regular elements in G(F'). We call strongly G-regular v5 € H(F) an image
of ¢ € G(F) if 4 lies in the image under Ay g of the conjugacy class of v in H(F). The
twisted analogue of image is norm [K-S| which explains why we have labelled vy, and not
Ya, as the image.

For arbitrary G-regular semisimple vy in H(F) we set Ty = Cent(yy, H)? and choose
an admissible embedding Ty — T+ of Ty in G*. If v¢ is regular semisimple in G(F')
and Tz = Cent(v, G)° then we say that vy is an image of g if there exists x € G* such
that Int x o ¢ maps 74 to the image vg+ of vy under Ty — T« and Tg to Tg«. The
correspondence (yg,v¢) is independent of the choice of admissible embedding Ty — T~
and extends that for the strongly regular elements. Further we have:

(i) a G-regular semisimple element of H(F') is either the image of no element or the
image of exactly one stable conjugacy class of regular semisimple elements in G(F),
and

(ii) the images of a regular semisimple element in G(F') form a union, possibly empty,
of stable conjugacy classes of G-regular semisimple elements in H(F'). If F is local
then the union is finite.

1.4. Transfer factors. We assume here that F' is local, leaving remarks on the global case
for Sect. 6.

To normalize measures on conjugacy classes we fix invariant forms of highest degree: wg
on GG, wy on H and wr on some maximal torus T in GG. Then if T" is any maximal torus
over F'in either G or H we transport wr to an invariant form wy of highest degree on T,
using an inner automorphism of GG if 7" lies in G and an isomorphism provided by the choice
of pairs otherwise. In either case wy depends only on wr.

To an invariant form w of highest degree on GG, H or T" we attach a Haar measure as
follows. There is A, € F such that o(w) = Aw, o € I'. Hilbert’s Theorem 90 allows us

to write \, as po(u~t), where p € F”. Then pw is defined over F' and the Haar measure
|pw| is well-defined. To obtain a measure independent of the choice of p we replace this by
||t uw| which will be denoted simply as |w.

It is simplest, and sufficient, to specify transfer factors on strongly regular elements. If
felCx (G (F )) then for the integral of f along the conjugacy class of any regular semisimple
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element v in G(F') we take

o w
vo.0)= [ e,
T(F)\G(F) |wr|

where T' = Cent(v,G)’. For the integral of f € C>°(H(F)) along the stable conjugacy
class of strongly G-regular vy in H(F ) we take

O (v, f ZQD (Yes ),

where the summation is over representatives vy, for the conjugacy classes in the stable
conjugacy class of yy. If vy is not strongly regular this must be modified [see (4.3)].
Suppose A is a function on

strongly G-regular strongly regular
elements in H(F) elements in G(F')

such that

(i) A(ym,7y) depends only on the conjugacy class of v in G(F) and the stable conjugacy
class of vy in H(F'), and
(ii)) A(yg,7y) = 0 unless vy is an image of .
Then we say that f € C° (G(F)) and [ € C> (H(F)) have A-matching orbital integrals

if
O™ (yu, 1) = ZA’YH7’7 7 f)

for all strongly G-regular elements vy in H (F). The summation is over representatives
~ for the conjugacy classes of strongly regular elements in G(F); only a finite number of
terms in the sum are nonzero.

We call A a transfer factor if for each f € C°(G(F)) there exists f# € C>°(H(F)) with
A-matching orbital integrals. It is best to demand that A(vy,~) be nonzero if vy is an
image of v, and sometimes preferable to work with functions in the Schwartz space [Sh.

In Sect. 3 we will define a function A. If GG is quasi-split over F' then the procedure
is exactly that for SL(2). In general, however, the term inv(yy,~) appearing in (IIL;]) of
(1.1) is no longer well-defined as the torus 7" will be taken in G* rather than G. Since only
quotients really matter we define instead a relative invariant following [K-S|, and obtain
a canonical relative factor A(yy,v;7y,7) in place of the quotient Ag(vy,7)/Ao(Fy,7) in
(1.1.1)).

The next section describes, in a general setting, two constructions needed for Sect. 3.

2. KEY LEMMAS

2.1. General remarks. Suppose that k is a field of characteristic zero with algebraic
closure k, and that G is a connected reductive algebraic group defined and quasi-split over
k. Let (B7 T, {Xa}) be a k-splitting of G and T" be a group acting on GG by automorphisms
which preserve (B, T, {Xa}). Then T acts on the Weyl group Q = Q(G, T) of T in G. For
0 =wxpe QxT we define n(f) = n(w) x o € G(k) x T', where n(w) € Norm(T(E), G(E))

is given by the following well-known construction [Spr].
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Let a be a simple root of T in B. Then by definition X, = X,,, 0 € I'. Let H, be the
coroot for o regarded as an element of Lie T. Fix the root vector X_, for —a by requiring
that [X,, X_o] = Hy. Then oX_, =X_,,, 0 €T Set

n(a) = exp X, exp(—X_,) exp X,
0

so that n(a) is the image of [ _{§] under the homomorphism SL(2) — G attached to the
Lie triple {X,, Ho, X o} Let w € Q, w # 1, be written in reduced form w(ay) - - w(a,).
Then we may set n(w) = n(ay)---n(q,) since this latter product is independent of the
choice of reduced expression for w [Spr]. If w =1 set n(w) = 1. Then Int n(w) acts on T as
w and

n(ew)) =e(nw)), e€T.
Thus if § = w % ¢ then n(f) = n(w) x g acts on T" as 6 and

n(01)nn(02) = t(61,02)n(6.0), 0; € Q2 xT,

where t(0;,6,) is a 2-cocycle of 2 x I' in T(k).
Lemma 2.1.A.

t(@l, 02) - H (—1)av.
a>0
97 a<0
0507 'a>0
Here o > 0 means « is a root of T in B, and o is the coroot for a as element of X.(T).
Then (—1)*" € k* ® X.(T) C T(k).

Proof. We will verify in the next lemma that the right side is, like the left, a 2-cocycle. It
is therefore enough to show that the equality is valid when (i) ¢, or #, lies in I and when
(ii) #; and 6, lie in © and further 6, = w(a) where « is simple. Case (i) is clear. For case
(ii), let w = w(ay) - - -w(a,) be a reduced expression for ¢5. Then R, = {f > 0,wf < 0}
is the set of positive roots separating the positive Weyl chamber W, from w™'W, and
contains r elements. There are two possibilities. Either w™'a > 0, w(a)w(ay) - - w(a,) is
a reduced expression for w(a)w and Ry = R, U{w a}, or w'a < 0 and there is a
reduced expression for w with w(a;) = w(a). In the first case both sides of the putative
equality are 1; in the second both are (—1)av. The lemma is thus proved. 0

Let X be a free finitely generated Z-module and ¥ be a group which acts on X and
contains an element € sending A to —A, A € X. Then with trivial action of £*, ¥ acts on
E* @ X. Let R be a finite X-stable subset of X and p be a gauge on R, by which we mean
that p: R — {£1} and p(—\) = —p(A\), A € R. We abbreviate a product over those A € R
for which

p(AN) =1, plc™'N\)=-1, p(rle7N) =1

by Hzl),a,‘r'

Lemma 2.1.B. )

tyo,7)=[[(-1)" orTeX

1,0,

s a 2-cocycle of ¥ with values in k™ ® X.
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Proof. The coboundary of this 2-cochain is the product over all A with p(\) = 1 of (—1)M*,
where N is the number of ordered triples in

{(0_1)\, o7, 9_17'_10_1)\), (A, o7, 9_17_10_1)\),
O W e VRO W anS Y T_la_l)\)}

on which p takes alternating signs. Thus if p(¢0~'77'07!)\) = —1 there can be a contribution
only from the first and last triples and then only if p( *1/\) = —1, p(t7'o7'X) = 1 when
both triples contribute, so that N = 2. If p(o~'77'¢7'\) = 1 and p(c~'\) = 1 then
either the first and second triples contribute or none does, so that N is 2 or 0, but if
p(o~'77'07'\) =1 and p(c=')\) = —1 then the third triple contributes and exactly one of
the second and fourth, so that N is 2. The lemma is proved. U

Lemma 2.1.C. If q is also a gauge on R, then t, is cohomologous to t,.

Proof. We may assume that ¥ is transitive on R and that X is free on {/\ p(A) =1 }
Then by Shapiro’s Lemma we reduce to the case R = {£\} where the assertion is clear

In the application of (2.3) and (2.6) we will have €2 = 1 and 3 will be the product of
{1, €} and a subgroup I'. Then if 3 acts transitively on R either R consists of exactly two
[-orbits O and —O or I' also acts transitively on R, in which case R is a I'-orbit O, where
O = —0. In the former case O is called asymmetric and in the latter symmetric.

Lemma 2.1.D. Suppose that R =|J+0O, where O is asymmetric. Then the restriction of
t, is trivial.

Proof. We may assume X is free on O. Then again by Shapiro’s Lemma we reduce to the
case R = {+A} where the assertion is clear. O

2.2. a-Data. First we consider splitting ¢, in P oX , given an extension of the action of X
on k to k with e acting trivially. A collection {ay : A € R} is a set of a-data for the action
of I' in R if:

(i) ax € k" and a,n = o(ay), 0 €T, A€ R, and

(ii) A_)\ = —Qay, AER.
Of course, a-data need not exist. If they do then we can split ¢, on I' in the following way.

For a product over those A € R such that p(¢™*\) =1 and p(r'\) = —1 we write

Set

o,7"°

P
up(o) = Haﬁ, ocel.
1,0
Lemma 2.2.A.
ty(o,7) = Ouy(o, 7), o,7el.

Proof.

uy(o,7) = up(0)o (uy(7))up(or) H ay l_IaA H ay.

l,o7
Fix A € R with p(\) = 1. Then the contributions of the terms with exponents £\ are as
follows.

(i) ple™XN) = 1, plrlo7N)= 1:1
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(i) ploe™N) = 1, prlo N =—-1:a}-a, =1
(iil) p(e™N) = =1, p(r o7\ = 1: @} -a"} = a}(—a)) ™ = (=1)*
(iv) ploc™'\) = -1, p(r7le™'\)=—-1: 1.
Thus duy(o,7) = [1],.(=1)* = t,(a,7). O

As a corollary of this lemma, or by simply modifying the proof, we have:

Lemma 2.2.B. Suppose that {by : A € R} satisfies by € k",
bor = O'(bk), ocel', and b_,=0b,.
Then

P
vp(o) = H by, oel,
1,0

s a 1-cocycle of I in FoX.
By the usual argument with Shapiro’s Lemma we have:

Lemma 2.2.C.

(a) The class of v, is independent of p, and
(b) if R = £O where O is an asymmetric I'-orbit then v, is cohomologically trivial.

Proof.

(a) We may assume that R = {£A}. Then the only gauges are +p, where p(\) = 1.
Since b~3 = bby,** we have that v_, = v,w, where w(o) = b;** if oA = —\ and
w(o) = 1 otherwise. But w(o) = zo(x)™! where z = b ™.

(b) Again assume R = {£A}. Then v, = 1.

U

2.3. An application. Our first task is to define an invariant for a pair (T, {aa}), where T
is a maximal torus defined over k in a connected reductive group G defined and quasi-split
over k, and {a,} is a set of a-data for T, i.e., for the action of I' = Gal(k/k) on the set
R(G,T) of roots of T in GG. Note that in this setting a-data are readily verified to exist.

We fix a k-splitting (B, T, {Xa}) of G. There will be no harm in assuming G semisimple
and simply-connected and we do so to conserve notation. Denote by o the action of o € T’
onT,andset I' = {0 : 0 € I'}. Again 2 will be the Weyl group Q(G, T).

Choose a Borel subgroup B of G containing T' and h € G such that (B, T)" = (B, T).
Denote by o7 both the action of 0 € I on T and its transport to T by Int A~!. Set

I'p={or:0el’'} CQAxT.

If wy (o) is the element of © defined by Int(h™'o(h)) then or = wr(o) x 0.
The a-data for T serve also for the action on I" on RY(G,T) and, after transport, for the
action of I'r on R = RY(G, T); {a_'} is also a set of a-data. By Lemmas 2.1.A and 2.2.A

n(or) = n(wr(o)) x o, oecl,

satisfies )
n(or)o (n(TT)) n ((JT)T) = 0z(op, )"



12 ROBERT P. LANGLANDS AND DIANA SHELSTAD

where
w(or) = [J a2’
1,0
and p(a) = 1 if and only if « is a root of T in B. Then

O'T—>$O'TH(WTO')
)

is a homomorphism of I'y in Norm( G(k ) x I'. Otherwise stated,

UT—H?”L( ) z(or)n(wr (o))
is a 1-cocycle of I'y in Norm (T(E), G (E))

Now hm(or)o(h~') = h(m(or)o(h~')h)h~" lies in T(k) and is evidently a 1-cocycle of T
in T(k). Since h is unique up to left multiplication by an element of 7'(k) this cocycle
yields, for given k-splitting, a-data and B D T, a well-defined element A(T") = A4,3(T") of
H! <F, T(E)) = HY(T). We note some of its properties.

2.3.1. The splitting (B, T, {Xa}) may be replaced only by (Bg, TY, {Xg}), where g € G(k)
is such that go(g)~! lies in the center Z of G, o € I'. Then m(or) is replaced by g~ 'm(or)g
and h by hg. Thus the cocycle defining A(T') is replaced by

hg(g~'mr(0)g)o(hg) ™ = go(g)~ hmr(a)a(h)™".
Then A(T) is multiplied by the class g in H'(T) represented by o — go(g)~!

2.3.2. Suppose that the a-data {a,} are replaced by {a/}. Then a! = b,a,, where
boa = 0(bs) for all o in the group ¥ generated by I' and €, and hm(or)o(h™!) is replaced by

hv,(op)hthm(or)o (™),
where v, is the 1-cocycle op — [[% 02" of I'p in T(k) (cf. Lemma 2.2.B). Note that

l,0 "«

hvy(or)h~" is the cocycle b, : o — []], b2’ of T in T'(k), ¢ denoting the transport of the

gauge p to RY(G,T) by Int h, and that the class b of b, in H'(T) is independent of the
gauge ¢ (Lemma 2.2.C).

2.3.3. Next we show that A\(7') is independent of B. Suppose that B is replaced by vBv™1,
v € Norm(T, G). Set u = h~'vh € Norm(T, G), and suppose that u is the element of
defined by u. We now have to transport o on T to T by Int(h~*v~!). Suppose we obtain
ol = wh(o) x . Then since h v~ to(vh) = h v h-h7to(h)-o(h~'vh) = u='h~ta(h)o(u)
we have wi(0) = p~'wr(o)o(p). Let Iy = { o} : @ € I'}. The a-data {a},} obtained by
transport for I'}, satisfy al, = a,q, @ € R(G, T). We then define m(o7.) in the same way as
m(or) and consider

vhm(oy)o(h™ vt = hum(oy)o(u o (h™1).

But now um(o)o(u)~! = b(or)m(or), where or — b(o7) is a 1-cocycle of I'r with values
in T. It remains to show:

Lemma 2.3.A. The cocycle b is trivial.
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Proof. We have m(or) = z(or)n(wr(0)) and m(o%) = z(oh)n(wh(0)); z(or) is defined in
terms of {a,} and z(0%) in terms of {al,}. Then
(o) = ol )n(n~ wr(0)o (1)
which equals
2@ty (1o (0), )ty (1 0 (0)) () () m (1)

w(op)u (z(or) )ty (n” wr(0), o (1)t (n™ wr (o)) (™ ym(or)n (o (1)).
Now n(u) = Au, where A € T, and then

n(o (1) = o (n(n) = o(N)o ()

/

Also we have n(u™1) = n(p) 'ty (g, p=t). Thus um(oh)o(u)~! is equal to
p(2(05) () [t (1 (), )7 ()| A (o),
and b(or) is equivalent to
(@ (o)) 2(0r) ™ by, 1 ety (1 wr(0), @ (1)) (07w (@) |.
We now omit the subscript 7" in notation. That b(c) is trivial follows from:

Lemma 2.3.B.
(a) Let 6 = [0, az®". Then p(z(o’))z(o)™t is equal to

1u "«
— aV aV
5o (67" 11 (=1) 1T (=1)
p(@)=p(p~ta)=p(p~tota)=1 p(@)=p(cte)=p(p~tota)=1
p(ota)=—1 p(pta)=—1

(b) tp(u,ufl)u[tp(uflw(a),a(,u))tp(ufl,w(a))] is equal to

I1 (=1~ 11 (—1)*

p(a)=p(p~ta)=p(p~to " a)=1 pla)=p(cta)=p(p~ o~ a)=1
plota)=-1 p(pta)=-1
Proof.
p(z(o))z(o) ™ = T @ I e
p(a)=1 p(a)=1
p(p o pa)=-1 plota)=-1
= H agv H a;o‘v.
p(p~ta)=1 p(a)=1
plp~ o ta)=—1 plo~ta)=-1

The contributions to this product are as follows.

(i) pla) =1, p(u~'a) = plo~"'a) = —1: az®". )

i) pla) = p(p~'a) =ppto~la) = 1, po~ a) = —1: a;®".
(u'a) =1, pla) = plo~'a) = p(u~'o " a) = —1: al’

( \

ota) =p(p~ta) =1, p(p o a) = —1: ai .
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§o(6) ! = H az® H at’.
pla)=1 plota)=1
p(pta)=-1 p(pto ta)=—1
The contributions to this product are the following.
(i) p(e) =1, p(p~'a) = p(o~'a) = —1: a;®
(i) p(@) = p(u~'e) = p(u~'o'a) = =1, po~'a) = 1: ag” = (—1)*" a2,
(ii)) p(p~'a) = —1, p(a) = plo~"a) = p(p~oa) = 1 a;® = (=1)*"aZf .
(iv) plo~a) = p(u~te) =1, p(p~to~ta) = —1: a3
The assertion (a) follows.
For (b) we observe first that p(o~'a) = p(a) so that p(w(o) o) = p(c~'a) for all roots .

Thus ¢,(u, u_l)u<tp (w1, w(a))) is equal to

I o I o= I o I

p(a)=1 p(a)=p(c~ " pa)=1 p(a)=1 p(a)=1
p(pta)=-1 p(pa)=-1 p(pta)=-1 p(pta)=p(cta)=-1

On the other hand,

Performing the obvious cancellations, we obtain

II o

p(a)=p(c~ta)=1
p(p~ta)=-1

Also ,u(tp(u_lw(a), a(u))) is equal to

I o= I

p(@)=p(p~ o~ pa)=1 p(p~te)=p(p~to"ta)=1
p(o pa)=-1 p(ota)=-1

Then &,(p, i~ )i (b (170, 0 (1))t (17", () ) equals

I o 11 (=1

p(e)=p(c~'a)=1 p(pta)=p(n o a)=1
p(pta)=—1 plo™ta)=-1
The nontrivial contributions to this product occur only for either
() pla) = p(pla) = p(plo~ta) = 1, plo~la) = —1, or (i) p(a) = plo~'a) =
p(ptora) =1, p(u~ta) = —1. Thus (b) follows, and the lemma is proved. O
O

2.3.4. Suppose now that Int g~' maps T to 7" over F and carries a-data {a,} for T to
the a-data {a,} for 7. We construct A\(T) = A4,3(T) and A(T") = Afa,1(17). Note that if
B D T is used to define the cocycle m(or) then B’ = gBg~! yields m(or) = m(or). From

hm(or)o(h)™" = g(g~ " hm(or)o(h) 'a(g))g " - go(g)™"

we conclude that if g € H'(T) is the class of the cocycle o — go(g)~! then \(T) is g times
the image of A\(7”) under the homomorphism H'(T") — H'(T) given by Int g.
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2.3.5. Finally, suppose that k is a number field, v is a place of k and k, is the completion of k
at v. Then a-data for T as torus over k, or global a-data serve as well as a-data for T over k,,
or local a-data. We therefore obtain both A\(T') € H*(T', T) and \,(T) € H'(T,,T) attached
to given global a-data and k-splitting of G. For o € T, C I', m(or) = z(or)n(wr(0)) is
the same whether given in terms of k or of k,. Thus \,(T') is the image of A\(T') under

HY(I,T) — H'(T,,,T).

2.4. An explicit splitting. We return to the setting of (2.1). Recall that if p, ¢ are gauges
on R then ¢, and t, are cohomologous 2-cocycles of ¥ in £* ® X (Lemma 2.1.C). Here we

shall construct an explicit splitting of ¢,/t,.

Let s,/0(0) = [, (=D [I_,)(=1)*, o € T, where ], is the product over A such that

pAN) =1, ple'N)=—1, ¢ =q(c*N) =1
and H(f o) the product over A such that

pA) =ple™'N) =1, g(N)=-1, gl 'N) =1
Observe that s,/,, = s_,/, = 5,/—p = L.
Lemma 2.4.A. The coboundary of s,/q s t,/t,.
Proof. For o, 7€ I', A € R, set

SN = (PN, p(0™N), p(17 07N, q(V), g0 A) g(m 7o TIN)).
Then
SP/Q(U)U(SP/Q(T))SP/Q(O-T)il = H(_l))\a
where the product is taken over the six sets given respectively by S(\) equal to:
( 1,—-1,+1, 1, 1,41);

(+£1, 1, 1 +1, 1, 1);
( 1411, 1, il 1);
(1, L4l—1, 1,41)
(£1, 1, 1,41, 1, 1);
( 1L+, 1,—1,+1, 1),

The contribution of +\ to this product is as follows.

(a) If all entries in S(A) are positive: 1.
(b) If exactly five entries in S()\) are positive: (—1)* if S(\) = (1,1,1,1,
(1,—1,1,1,1,1), and 1 otherwise.

Y ) ) Y

(c) If exactly four entries in S(\) are positive: (—1)* if S()\) =
(1,-1, 1,-1, 1, 1),
(1,-1, 1, 1, 1,-1),
(1, 1,-1, 1,-1, 1),
(-1, 1, 1, 1,-1, 1),
(-1, 1,-1, 1, 1, 1),
or

and 1 otherwise.

-1,1) or
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(d) If exactly three entries in S(\) are positive: (—1)* if £5(\) =
(1, 1,-1,-1, 1,-1),
(1-1-1, 1,—1. 1),
(1,-1, 1,-1,—1, 1),
or

(=1, 1,-1,—-1, 1, 1),
and 1 otherwise.
On the other hand, ¢,(c,7)/t,(o,7) = [][(—1)* where the product is now over each of
{A:S(\) =(1,-1,1,41,+1,+1) }
and
{N:S(\) = (£1,£1,£1,1,-1,1) }.
Consider the contribution to this product from A. In cases (a) and (b) the contribution
is the same as for Js,/,. In cases (c) and (d) if £ contribute (—1)* to s,/, we find that

exactly one of A and —\ contributes (—1)* to t,/t,, and conversely. Thus t,/t, coincides
with s/, and the lemma is proved. O

Corollary 2.4.B.

(7) Sq/p i cohomologous to s, /4.
(1) SpjgSq/r 15 cohomologous to s, ;.

Proof. In view of Lemma 2.4.A both sq/ps;/lq and sp/qsq/rs;/a are cocycles. We can then

reduce in the usual way with Shapiro’s Lemma to the case R = {£A}. Then ¢, r = £p and
the lemma is clear. O

2.5. x-Data. We consider the case k = C and I' = Gal(L/F'), where F' is a local or a
global field and L is a finite Galois extension of F'. The group X = (I', ¢) acts on C* ® X
with trivial action on C*. The cocycle ¢, is nontrivial in general. Let W be the Weil group
of L/F. Then W acts on C* ® X through W — I'. The inflation of ¢, to W does split [L1].
Here we shall construct a splitting of it using y-data which are prescribed as follows.

Set I'yy={cel:cAd=A}and 'y ={oce€l:0A=+X}, A € R. Once A has been
fixed we delete it in notation. Then F; C L will be the fixed field of I',, and F. the fixed
field of I'y. Note that [F : Fi] is 2 or 1 according as the I'-orbit of A is symmetric or
asymmetric. Set Wy = Wy, p, and W, = Wy p,. Then by x-data for the action of I" on R
we mean a collection { x) : A € R } such that the following hold.

(i) xx is a character on C,y, where Cyy is the multiplicative group of F, or the idele
class group of F.yy, according as F 1is local or global.

In either case we may regard y, as a character on W, = W,,.
(1) x_» =X, and
XU)\:X)\'O'il, O'EF,)\GR.
(i9) If [Fy : Fy1] = 2 then x», as character on C, extends the quadratic character on
C. attached to the extension F, /F.. It is readily verified that y-data exist.

To prescribe the splitting we shall at first assume that > acts transitively on R. In general,
it is a product of the splittings for the orbits. Fix A € R and choose representatives oy, ..., 0,
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for TL\I'. Then +0; '\, ..., 40, ')\ are the elements of R listed without redundancy. Define
a gauge p on R by

p(N)=1 ifand onlyif N =o;'A, some 1<i<n.

Choose wq,...,w, € W such that w; maps to o; under W — I'. Then wy,...,w, are
representatives for W \W. If w € W then define u;(w) € W byE|
wiw = u;(w)wy, i=1,...,n.

Choose representatives vy € Wy and vy for W, \W. in case [F; : F1| =2 and an element
vy of W if F, = F.. Note that yx(vivv;t) = xa(v)™'. For u € W. define vy(u) € W, by

vo - u = vo(u) - vy,
where i" = 0 or 1, as appropriate. For u € W_. set
s(u) = xa (UO(U))
and for w € W set
ro(w) = T (v (w) )™ = TT s(ww) ™,
i=1 i=1

where \; = ; 'A. Then r, is a 1-chain of W with values in C* ® X.
If ¢ is any gauge on R set

Tq = Sq/pTp-
Lemma 2.5.A. The coboundary of rq is t,.

Proof. In view of Lemma 2.4.A we have only to consider the case ¢ = p. Suppose that v,
w € W. Then
wvw = u;(V)wpw = w;(v)uy (w)w
so that u;(vw) = u;(v)uy(w). If v — o under W — T then
0'/\7;/ = 0'0'171)\ = EZ‘O'i_l/\ = Ei)\i7

where ¢; = +1 or —1 according as u;(v) € Wy or not. Observe that ¢; = p(c~');). Now

rp(v)v(ryp(w)) = H S(Uz‘(v))/\is(ui/ (w))a’\i

and

We claim that

s(up(w))™ =t - s(uy(w))

IEditorial comment: Although 4’ is defined a couple of lines below, it is unclear how i is defined here.
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where t = 1 unless ¢; = —1 and uy(w) ¢ W, in which case it is —1. But ¢; = ( '\;) and
if w— 7 under W — T then uy(w) ¢ W, if and only if p(77')\)) = p(r~ 1o 1\) = —1.
We conclude that

rp)o(ry())rpow) ™ = T DN = [[ (=D =t (0,w).
p(a’lAi):—l 10,7

p(r7lo™I\)=1
To prove the claim there is more convenient notation. Let u, v € W, and suppose u — o,
v — 7 under Wy — I'y. Set € = p(c~'\) and § = p(t7~'o07!\). Then the claim asserts that

s(u)s(v)“s(uv) ! = {_1 ife=—1,5=1

1 otherwise,
where s(u) = x»(vo(u)). If u € W4, and in particular if W, = W, then € = 1 and vo(u) =
vourg ', vo(uv) = vouvy 'vp(v) so that X (vo(uw))xa(vo(v)) = xa(vo(uv)). If u ¢ W, then
vouv = vo(u)vyv. If also v € W, then vo(u)viv = vo(u)vyvvy oy and vo(uv) = vo(u)vivvy .
Thus
X (vo(uv)) = xa(vo(w)) xa(v1voy ) = xa(vo(u)) xa(v) .
If both u, v lie outside W, then

vouv = vo(u)v1v = vo(uw)v1vy vg(v)v;
= vo(u)v1vy g (v) vy vivg Mg
Thus
vo(uv) = vo(u)vivy tve(v)vy fvivg !
and

X (vo(uv)) = xa(vo(w)) xa (v1vo(v)vr ') xa(v1vg oy g ) xa ()

= =2 (vo(w)) xa (vo(v))

since xA(v?) = —1 and x,(vizv;') = xa(2)7!, € W,. The claim is thus verified, and
Lemma 2.5.A proved. O

It remains to check that the various choices made have no effect on r,, up to 1-coboundaries.

First we observe that
n

rg(@) = rp(2) = [ o (Nmf, 0i2)7 > 2 e L”,
i=1
is independent of the choices for vy, vy, wy,...,w, and A, and that r,(zw) = r,(z)r,(w),
relL*, weW.

Consider a change in vy, v;. Then r, is replaced by a cochain r,. To show that the
cocycle r,,r;l is trivial we may assume X is free on { A € R:p(\) =1} and reduce to
the case R = {£A} by Shapiro’s Lemma. It is sufficient now to observe that r, and ry,
coincide on W, for then rprl;l defines an element of H* (Gal(F+ JFL),C* @ X ) This group
is readily seen to be trivial.

Another choice wi,...,w!, for wy,...,w, leads to a gauge p’ and it has to be shown
that the cocycle sy /prpr; is trivial. Again we reduce to the case R = {£A}. Since
p' = £p, sy is trivial and, as above, it needs only to be shown that r, and r, coincide
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on W,. We may assume p(A\) = p'(=A) = 1, wy = vp and w] = v;. Then A\ = A,
N = =X and uy(w) = vowyy ', uh(w) = viwv;', w € W. Thus for w € W, we have
X\ (u’l(w))x1 = xa(viwoy )™ = ya(w) = xa (ul(w))/\ and r,(w) = ry(w), as desired.

Finally, replacing A by —A\ clearly has no effect. If we replace A by X' = pA and
v € W is a lifting of ¢ then 'y = o[ 0! and we may take o/ = go;. Then X\, = )\
and we set w, = vw;, so that u(w) = vu;(w)v~t. We also take v) = vvov!, so that
vpul(w) = vugu;(w)v=t. Since yy (vrv™!) = x\(z) the independence is clear.

Corollary 2.5.B. Suppose {(\: X € R} satisfies:
(i) ¢y is a character on Cyy and hence on W,.
(i) ox=C oo, o€, NeER and (=", AER.
(4id) If [Fyx 0 Fial = 2 then () is trivial on Cyy.
Then

c(w) = ﬁ(,\ (vo(ui(w))>/\i, we W,

1s a 1-cocycle of W with values in C* @ X. Its cohomology class is independent of the
choices made in its construction.

If the action of ¥ on R is not transitive we define r, and c for each X-orbit, thus for each
pair +0O of I'-orbits, and then take products over all such pairs. The results are denoted
again r, and c.

2.6. A second application. Suppose that G is a connected reductive group defined over
F. Recall that YG = G x Wg. Suppose that T is a maximal torus over I'in G. Then
we shall attach to x-data for T, that is, for the action of I' = Gal(F/F) on R(G,T), a
canonical G-conjugacy class of admissible embeddings of *T in *G. B
There will be no harm in replacing F' throughout by a finite Galois extension L C F' of
F over which T splits, and we do so without change in notation. Denote by o the action of
o €T on G and set T = {o :0 eI} Fix a I'-splitting <]§,’I‘, {X;/}) of G.
A homomorphism ¢ : T — LG is an admissible embedding if
(i) € maps T to T by the isomorphism attached to the pair (B, T) and the choice of a
Borel subgroup B in G containing 7', and
(ii) {(w) € G x w, w e W.
The @—conjugacy class of € is {Int go&:g¢€ G } It is independent of the choice of (]§, ’f‘)
and B.
We fix B. Then to specify £ we have only to give a homomorphism w — &(w) = &o(w) X w
where &y(w) € Norm(T, G) and where, in addition, if w — ¢ under W — T" then Int £(w)

~

acts on T as the transport by & of the action of ¢ € I" on T. We write this transport o as
wr(o)xo € QxT, and set I'r = {or : 0 € I' }. The x-data {x,} for T provide y-data for

the action of I'y on R = RV(@, T), {x;'} is also a set of y-data.
By Lemma 2.1.A

n(w) = n(wr(o)) x w € Norm(T, G) x w, we W,

satisfies
n(wl)n(wQ)n(wle)_l = tp(aly 02)7
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if w; — o; under W — T, where p(a) = 1 if and only if oV is a root of T in B. By
Lemma 2.5.A the inflation of ¢, to W is split by r; !, where r, is the 1-cochain of W in T
attached to {x.} as in (2.5). We now use p, for the gauge fixed there so that r, = s,/,,7p,,
and note that 7" is the cochain attached to {x,'}. Thus with

E(w) = rp(w)n(wr(o)) x w, weW

we obtain an admissible homomorphism ¢ : T — “G. It is determined uniquely up to
T-conjugacy by the I'-splitting, Borel subgroup B and x-data for T'.
2.6.1. Suppose that the I'-splitting is replaced by another, (Bg,Tg, {Xiv}) We may
suppose that g € G is T-invariant [K2]. Then n(w) is replaced by ¢~'n(w)g, w € W, and
€8T — EG by Int g7 0 £, so that the G-conjugacy class of ¢ is not affected.
2.6.2. We show now that the @—conjugacy class of ¢ is independent of the choice of B.
Suppose that B is replaced by B’ = vBv~!, where v € Norm(T, G), and ¢’ is obtained in
place of {. Let p1in 2 = Q(G, T) be the element defined by the transport of Intv|, to T by &.
Then the transport of o from T to T via &' is 0 = W (o) x o, where Wi (o) = ptwr(o)o ().
Lemma 2.6.A. We have

g =Intg™' o,
where g € Norm(T, G) acts on T as .

Proof. The two sets of data {x,} and {x/, = X} yield
§(w) = rp(w)n(wr(o)) x w, & (w) =7, (wn(wp(o)) x w

if w — o under W — I'. We delete the subscript T in our notation. Lemma 2.1.A shows
that

~

= ) (w)ty (1 (), (), (17, () (w(0) ) (1)
= () p(p, ™ tp(u‘lw(cf%0(#))%(#‘1,W(U))T;(w)}Tp(w)‘lf(w)n(u)-

By Lemma 2.3.B,
tp(p, ) [tp (1 'w(o), ()t (u, w(a))}

H (1) H (=1)% = s4(0),

p()=p(p~te)=p(p~lo"ta)=1 pla)=p(cta)=p(p~to ta)=1
plo " a)=-1 p(pta)=-1

is equal to

where ¢ is the gauge po u~ .
To complete the proof we observe that p(r ) = Sq/po (0)Tpo (W), so that

-1

() 1 ()™ = 530 (0) i (1) 50 (0) 70 (0)
= 5q/p(0). O
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2.6.3. Suppose that the y-data {y.} are replaced by {x.,}. Then Y/, = (sXa, Where
{ (s : @ € R} satisfies the conditions of Corollary 2.5.B. Let ¢ be the cocycle defined there.
Then the embedding ¢ is replaced by ¢ ® & where

cRE(t X w) = c(w)é(t X w), txwerT.

2.6.4. Suppose that Int g=* maps T to T" over F and carries the y-data {x,} for T to
data {x,} for T". Now g defines a canonical isomorphism )\, : “T" — “T. Let £ be the
embedding of LT in LG defined (up to & (f)—conjugacy) by the choice of Borel subgroup
B D T. Then ¢ = o )\, is the embedding of 7" in “G defined by the Borel subgroup
B’ = g7'Bg of G. Thus the class of embeddings attached to (7”,{x/,}) is obtained from
that attached to (T, {Xxa}) by composition with the canonical “T" — T

2.6.5. There is a simple local-global relationship when F' is a number field. Suppose that v
is a place of F' and F, is the completion of F' at v. Fix a place w of L dividing v, and set

Iy = Gal(Ly/F,), Wy, = Wr,/p,. Then a homomorphism W, — W for which

1 —— LY > W, y 1y > 1
1 — O, > W > I > 1

is commutative attaches to £ : TxW — GxW alocal embedding &, : T % W, — G W.
Since ¢(Cp,,) C T x Cr,, where T = ¢ (f), &, is determined uniquely up to ’T‘—conjugacy
by €.

On the other hand, the place w of L determines completions of the subfields, F. and F..
These completions coincide with F, y and F, 1, the subfields of L, defined by I', ; =
{ocel,:oAx=A}and ', .+ ={o €, :0X==+A}. Then the natural embeddings F, ; —
Cy, Fy+ — C4 allow us to construct y-data {X&U)} for the action of I',, local data, from
x-data {x.} for the action of I', global data.

To prescribe an admissible ¢ : T x W — G x W we have to give a I'-splitting of G and
a Borel subgroup B of G containing 7' as well as {x.}. The same splitting and Borel
subgroup together with {XS’)} yield a local embedding & : T x W, — G x W,. Because
the choices made in our constructions do not matter we can arrange that & (w,) = {(w) if
w, — w under W,, — W. Thus, up to ’f‘—conjugacy, ¢! is the local embedding attached to &,
and passage from global to local embeddings is consistent with passage from global to local
x-data.

3. DEFINITIONS

3.1. Notation. Throughout Sect. 3 F' will be local and vy, 7, will be strongly G-regular
elements in H(F') which are images of the elements v, 7, in G(F).

Let Ty, Ty, be the centralizers of vy, ¥y in H. We fix admissible embeddings Ty — T
and Ty — T of Ty and Ty in G*, the quasi-split form of G, and denote by v and 7 the
images of vy and 7, under these embeddings. Notation for tori and elements in G itself
will always include the subscript G.

We denote by R the root system of T' in G*, by R the coroots, by 2 the Weyl group, by
RY, the subsystem of coroots from H, by Ry the subset of roots from H and by Qp the
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Weyl group generated by Ry or R);. The analogous objects for T will be denoted R, R’
and so on.

We further fix a-data and y-data for the action of I' = Gal(F/F) on the roots of T' and
of T. These may also be regarded as a-data and y-data for the action on the coroots, and
are unaffected by passage to the simply-connected covering GZ, of the derived group G*. If
Ty — T is replaced by an 2(T")-conjugate [recall (1.3)] then we may use this conjugation
to transport given a-data and y-data to data for the new image of Ty.

To check the effect of our choice of embedding Ty — T', a-data {a,} and y-data {x.} we
will have only to determine the effect of:

(A) replacing (Ty — T,{aa}, {xa}) by an A(T)-conjugate triple, and
(B) changing {as}, {xo} with Ty — T fized.
Recall that Ty — T' is given by the choice of Borel subgroups By in H and B in G*, of

pairs (By, Ty) in H and (B,T) in G and of z € G such that Intx o & maps Ty to T and
By into B. Several choices yield the same embedding. We may, without loss of generality,

fix [-splittings (By, Th, {XH}) of H and (B, T.{X}) of G and require that (By, Ty) and
(B, T) be the chosen pairs in H and G for both T w — T and Ty — T. Up to equivalence of
endoscopic data we may assume that & maps 7Ty to 7 and By into B. Since the endoscopic
datum s is central in & (}AI ), it lies in 7 and its preimage in T ' is independent of the choice
of By; so its image sp in T depends only on the embeddmg Ty —T.

There is a canonical embedding of the center Z(G) of G in T Let Tad =T/Z(G). Then
Ty = 7T0(Tad) will denote the component group of the I'-invariants in Tad The image of sy
in fad is I-invariant and so defines an element sy of my. Finally we recall from [K2| that
Tate-Nakayama duality provides a pairing

(,): HY(T,Ty.) x m9 — C*.
3.2. Term A.

Definition.
Ar(vm,v6) = <)\(Tsc)7ST>’
where \(Ti.) is computed relative to an F-splitting 44" of G [see (2.3)].

Lemma 3.2.A.

Ai(vm,va)/ A1V Va)
is independent of the choice of s/

Proof. Suppose 4/ is replaced by //g where g € G*.(F) is such that go(g™!) lies in the
center Zy. of G¥,, 0 € I'. Then \(T,) is multiplied by the class gr of ¢ — go(g™') in

sc?

HY(T:), by (2.3.1). Thus we have to show that

(gr,sr) = (87, 87)-
There will be no harm in replacing F by a finite Galois extension over which T is split. We

do so without change in notation. Then following [L2, Lemma 6.2] we identify H'(T,.) with
HY (X (Ty)), H'(Zs) with H*(X.(Toa)/X.(Ti)) and H'(Zs) — H(Ti) with

H(X(Toa) [ Xu(Tic)) = HH (X (To)).
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Suppose the class of ¢ — go(g™') in H'(Z) corresponds to that of ¢ — A,, where
Ao € Xi(Taa)/ X« (Tye). Let A, be a coset representative for A,. Then g corresponds to the
class of Y (07" — 1A, in H™(X.(T)) and (gr,sr) = (3, (07" — 1)A,) (sr) if we regard

the sum as a character on 7. Similarly, there is a formula

(&7 57) = (Z(O’;l - 1)Xo> (sT).

g

To compare the two, we may choose an element x of G* such that =7z = T and such that
t — x~ 'tz is the transfer to T, T of an isomorphism Ty — T inner in H. Then xo(z7')
represents an element of Q. Under Int z~!, T is identified as T with twisted Galois action
o7 = 0(c) x op, where o(c) € Qp, and sz is identified with s;. We may assume \, = \,,
so that

(g7, s7) = <Z (o7 0(0)" = 1))\(7) (s7)

(e

= <Z(051 - 1))\a> (sr)

= <gT7ST>7

since o(0) € Qy fixes or(sy). O

Lemma 3.2.B. If (Ty — T, {a.}) is replaced by its g-conjugate, g € A(Ty.), then Ai(vm, V)
1s multiplied by
<gTa ST>_1a
where gr is the class of o — go(g™t) in H'(T}.).
Proof. This follows immediately from (2.3.4). O

Lemma 3.2.C. Suppose that the a-data {a,} are replaced by {al}. Set b, = al,/a,. Then
Ar(vm,va) is multiplied by:
T xa (),

where {xa.} are x-data and the product is over representatives « for the symmetric orbits
of I' in the roots of T that are outside H.

Recall that b, € F}, and that if @ belongs to a symmetric orbit then y,, restricts to the
quadratic character on F7J, attached to Fli,/Fiq (2.5). Also Xa(ba) = Xoal(bsa), 0 €T, s0
that the choice of orbit representative does not matter.

Proof of the lemma. By (2.3.2) Ar(vg,7) is multiplied by (b,sr) where b is represented
by the cocycle o — H‘io bgv, q being some gauge on R. The choice of ¢ does not matter
(Lemma 2.2.C). If O is a I'-orbit then the contribution from £O to this product is also a
cocycle. Suppose it represents the class byo. Then b =[], bio. If O is asymmetric then
b is trivial (Lemma 2.2.C). Thus it remains to show the following:

Lemma 3.2.D. If O is symmetric then
(i) (bo,sr) =1 if O is contained in Ry and
(i) (bo,st) = Xa(ba) if O is outside Ry, where a represents O.
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Proof. We extend the Shapiro lemma arguments of Sect. 2. Let X» be the free abelian
group on OY = {a":a € O,q(a) =1} with the inherited action of I'. Fix some o € OY
and let X, be the subgroup generated by a¥. Then the stabilizer 'y, of {£a} in I" acts on
X, and Xp = Indgia X,. Let Tp be the torus over F with X.(Tp) = Xp and T, be the
torus over F.y, with X,(7,) = X,. Then T, is one-dimensional, anisotropic over Fl, and
split over F,,, and Tp = Resgi“ T,. From the natural homomorphism Xo — X, (Ty.) we
obtain Tp — T, over F' and an L—horg\omorphism T\ad — fo. Let so be the image of sy, or

more precisely of the image of sy in G,q. Then
a’(sp) = a’(sr), aeO.
We pull by back to H'(Tp), as we may, without change in notation. If sy is the image

. .

of sy under mo(TL)) — mo(T}) then the functoriality of Tate-Nakayama duality yields

<bT, ST> = <b(9, S(9>.

If O C Ry then o¥(sy) =1, a € O, and so sp = 1. This proves the first assertion of the
lemma.

If O is outside H we compute (bp,sep) by reduction to T,. The image b, of bp under
HYT,Tp) = H'(T'+q4,T,) is represented by

o {bav, oo = —«
o

1, oo =«

~

Let s, be the image of sp under WO(TB) ~ 7o(T +). Then by restriction of scalars for
Tate-Nakayama duality we have:

<bo, S(9> = <ba, Sa>.

Since Wo(fol; +a) consists of two elements and s is clearly nontrivial, s, must be nontrivial.
Then, as observed in (1.1),

(ba,8a) = Xalba),

and the lemma is proved. O
O

3.3. Term Ay.

Definition. Any(vm,ve) =[] xa (%), where the product is over representatives « for

the orbits of I' in the roots of T' that are outside H.

the choice of representative a does not matter.

Since

Lemma 3.3.A. If O is asymmetric then the contribution from +0O is x, (a(’y)), where «
lies in either O or —QO.
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() () o (S () vt
O

Lemma 3.3.B. If (Ty = T,{aa},{Xxa}) is replaced by an A(T)-conjugate then Au(vm, V)
1s unchanged.

Proof. This is immediate. 0J

Lemma 3.3.C. If the a-data {a,} are replaced by {a.}, where a, = anby, then Au(vu,va)
1s multiplied by

where the product is over representatives for the symmetric orbits outside H.

Proof. By definition Ap(vg,7¢) is multiplied by [] x«(be) ™!, where the product is over
representatives for all orbits outside H. Since

Xa(ba)X—a(b-a) = Xa(ba>X;1(ba> =1
we may ignore the asymmetric orbits.

It remains to consider the effect on Ay (yy,v¢) of replacing the x-data {x.} by {x.}-
Suppose (, = X, x5 Then if @ lies in a symmetric orbit ¢, must be an extension to F.* of
the trivial character on F7,.

Suppose that O is symmetric and ¢ is some gauge on O. We denote by X© the free
abelian group on O, = {a €0 :qa)=1 } with the inherited action of I'; and let X*
be the submodule generated by some o € O,, so that X = Indf. .., X% Define the
torus T9 over F by X*(T9) = X© and T® over Fy, by X*(T%) = X®. Then T° is one-
dimensional, anisotropic over F., and split over F,,, and T° = Res?“ T*. From the natural
homomorphism X© — X*(T') we obtain a homomorphism 7' — T over F and then

T(F) = TO(F) 5 T*(Fia).
Let v be the image of v in T*(Fl,). Then

a(y) = a(y%).
Since the norm map T%(F,) — T%(FL,) is surjective we may write
7 = 5%,

where 0% € T*(F,) and the bar denotes conjugation in 7%(F,) with respect to T%(FLi,).

Although we could do without it here we describe the analogous construction for an
asymmetric orbit ©. Thus X*© is the free abelian group on O and X is the subgroup
generated by some a in O. Then I acts and X has stabilizer I'y, = '+,. We define T*°
over F' by X*(T*9) = X*9; T is the one-dimensional F,-split torus with X*(7%) = X,
and T*° = Res}, T°. From X*° — X*(T) we obtain

T(F) = T*(F) = T*(F,).
If v is the image of v then a(v*) = a(v). O
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Lemma 3.3.D. If the x-data {x.} are replaced by {x.,}, where x., = Xala, then Au(vu,Va)
18 multiplied by

asymm symm

H Ca(7”) H Ca(6%),

where the product T[*™" is over representatives o for pairs +O of asymmetric orbits
outside H, and [[™™ is over representatives for the symmetric orbits outside H.

Proof. The contribution [[*™™ is clear from Lemma 3.3.A. If « lies in a symmetric orbit
we have

a(7) = a(y") = a(8°5%) = a(8*) /a(5").

Hence
o) —1Y _ . (a(*) — alom)
Ca( o ) Ca( ana(0%) )
= (, (M) ¢, (@(5a))_1
= Ca(a(6)
since <a(5°‘) - W) /aq lies in F7, and (, (04((5"‘))_1 = Ca((67)). O

3.4. Term Ay, or Ay. The next two terms will be denoted Ay, and Ay, or more briefly
Ay and Ay, since they are combined in a single term in the twisted case [K-S].

We begin with the case that G is quasi-split over F', taking G as G* and the twist 1 to
be the identity. Since 7y is an image of 74 there exists h € G such that hygh™! = 7. Set
v(o) = ho(h)™!. Because v is strongly regular the class inv(yg,vg) of v(o) in H'(T,.) is
well-defined.

Definition (G quasi-split). Ai(yu,v6¢) = {(inv(yu, 7a), sT>_1.

In general, we work with the two pairs of elements vy, 7¢ and 7, 75. There exist h,

h € G*, such that
1

hb(ye)h™ =~ and M(Fg)h =7
Set
v(o) = hu(o)o(h)™" and o(c) = hu(o)o(h)™?,
where u(c) € G, and ¢o(¢))™! = Intu(c), o € . Then v(c) and v(0) are cochains of T in
T,. and T, each well-defined up to coboundaries because ~ and 7 are strongly regular.

Further, v = 0v = Ju, each coboundary taking values in the center Zs. of Gj,. Let
U =U(T,T) be the torus

T XTSC/{(z_l,z):zGZSC}.

Then o0 — (v(0)~!,7(0)) defines an element of H'(U) which is independent of the choices
for u(c), h and h. We write this class as

. (VHWG)
mv\ —— |-
YH> VG
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From Ty, x Ty — U we get H'(Ty) x HY(Ts.) — HY(U). If G is quasi-split then

1nv<%§%§> is the image of (inv(yw,ve) ™ inv(¥ 4, Ve))-

Recall that fad is f/Z (@), the torus dual to the preimage T, of T in Gs.. We denote
by T, the torus dual to T,q = T/Z(G). Then the center Z;. of the simply-connected

covering of the derived group of GG, which is a finite group isomorphic to Zg, is canonically
embedded in T, and T,.. Set

~
~ -_

ﬁ:TSCXTSC/{(z,Z):ZGZSC}.

A~

Then X*(U) C Xi(fsc x Ty). At the same time, X*(U) C X*(Ti. X Ty.). The Q-pairing
between X *(ﬁc x Ty.) and X*(Ty. x T.) yields a dual Z-pairing between X *(ﬁ ) and X*(U),
and so U is the torus dual to U. N

To the endoscopic datum s we attach sy € mo(U") as follows. Suppose 5 lies in the
preimiige under 7g — Taq of the proje/(\:tion of s onto Toq = T/Z (@) From T — T and
T — T we obtain T — fsc and Toe — Ts. The images 51 and T of 5 depend only on the
embeddings Ty — T and Ty — T. The image sy of ('§T,§T) in U is independent of the
choice of 5. It is also I-invariant and so defines an element sy of mo(U").
Definition. Ay (vy,v6¢; 71 7a) = <inv(M>,sU>.

Ya G
Note that if G is quasi-split over F' then
As (v, 76 T Te) = (inv(vm,76),57) (inv(Tar, 7), S7)-
Lemma 3.4.A. If Ty — T and Ty — T are replaced by their g- and G-conjugates, where

g € WTy) and g € UTs), then Ay(Va,Ya; T, V) ts multiplied by

<gT7 ST> <g77 ST>717
where gr is the class of o0 — go(g™') in H'(T..), and g7 the class of o — Go(g~') in
HY(T.).

Proof. v(o) is replaced by g'v(c)a(g) and g(g7 v(0)a(g))g™" = v(o) - (ga(g)_l)_l. Simi-
larly for 7(o) and the lemma follows. O
3.5. Term Ay, or A,. For the construction here we fix Borel subgroups By D Ty, B D T
which yield the isomorphism fH =Ty —>T — T dual to Ty — T. To the y-data {xa.}
are attached admissible embeddings &7 : “T — LG extending T — T and &g, : 2Ty — “H
extending fH — Tu. Then
£ &ry = alr,

where a is a 1-cocycle of W in T for the transport of the action of Wgr on T. We transport
a to T without change in notation. Its class a in H'(Wpg, 7/:) is independent of the choice of
By and B by (2.6.2), and of the T-splittings (By, Ty, {X*"}) and (B,T,{X}) by (2.6.1).
Further if (TH — T, {Xa}) is replaced by its g-conjugate, g € 2(T"), then a is replaced by
its image in H'(Wp, T9) under the map induced by Int g=* [see (2.6.4)].

Definition. Ay(vy,v6) = (a,7).



28 ROBERT P. LANGLANDS AND DIANA SHELSTAD

Clearly, replacing
(TH — T7 {aa}a {Xa})
by an 2((T)-conjugate has no effect on Ay(yy,va)-
Lemma 3.5.A. Suppose that the x-data {x} are replaced by {x,}, where x., = Xala-
Then As(vu,va) is multiplied by

asymm symm

T ¢0m " T )

where the product [[**™ is over representatives v for the pairs +O of asymmetric orbits
outside H and [[™™™ is over representatives « for the symmetric orbits outside H.

The elements v* and 0* were defined in (3.3), and will be recalled in the proof.

1

Proof. According to (2.6.3) a is replaced by ac™" where c is represented by the cocycle

-1
«

c(w) = H ﬁ Ca (vo (uz(w>)>"z

a =1
Here the product [], is over representatives a for pairs +O of I'-orbits of roots of T" that lie
outside H. The elements vy (u;(w)), o; "o were defined in (2.5). Note also Corollary 2.5.B.

Suppose that O is a symmetric orbit outside H. As in (3.3) we have
T(F) = TO(F) 2 T*(F,).
Then 7© denotes the image of v in T9(F) and v* its image in 7°(F,); 7% = 6%6*. We have
also
H'Wg,,,, T*) = H'(Wg, TC) — H*(Wg,T).

We pull ¢ back to cp in H (W, 70 ) and let ¢, be the corresponding element of

Hl (WF:ECU ﬁ) :
Then

<C> ,7> = <CO7 ,YO>
by the functoriality of (,) which follows from its definition [Bl Sect. 9]. Moreover

<C(’)7 70> = <Ca7 ,ya>

because the pairing (,) respects restriction of scalars (see [B]). To compute (c,,v*) we
introduce S,, the group obtained from G,, by restriction of scalars from F, to F.,, and

the obvious homomorphism S, — T, surjective on Fly,-valued points. By functoriality, we
may replace ¢, by its image in H'(W.,, S,) and conclude that

(ca,7") = Ca(a(0%)).
For asymmetric O we have
T(F) — T*O(F) = T*(F,)
as in (3.3), and dual
H (W, T%) = H'(Wp, T=0) — H (W, T).

again it is sufficient to compute (c,,v*). Now T is split over F,, and from c,(w) = (,(w),
w € Wg,, we obtain

(€a, ") = Cala(%))-
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This completes the proof of the lemma. O

3.6. Term Ap. If v € T(F) then ], (a(y) — 1), where the product is over all roots of T
in G*, lies in F'. We set
1/2

Dg-(v) =

[[(a(v) - 1)

«

Definition. A (vm,v¢) = Do+ () Dy (vm) L.
Then Ay (vh,ve) depends only on the stable conjugacy class of 7.

3.7. The factor A. We now fix the pair 7, 7, and specify A(7,7) arbitrarily. Then
we define

Ay ve) = AT Ye) Ave, Y63 Vs Vo)
where
AV, va; Vi, Va)
is equal to
A1(va,va) ) An(va, va) ) Anr, (Ve va) ' Arv(Va,Ya)
AV 7e) AulTw7e) A, Ye) AvTa:7e)
In the case that G is quasi-split over F' we set

Ao(vi,ve) = Ai(ve, va) An(ve, va) AL (Ve va) Ao (Vs ve ) Arv (Vs Ye)

“Arn, (Ve Yas T Va)-

so that

A(vr, 76378, Va) = DoY) /Do (Ve Ve)-
Recall that Ar(vy,vq), but not Ar(ve,va)/A1(F g, V), depends on the choice of an F-
splitting for G*.

Theorem 3.7.A. A(yy,vq) is independent of the choice of admissible embeddings, a-data
and x-data.

Proof. If Ty — T, Ty — T and their a-data, y-data are replaced by 4(7T')-, A4(T)-conjugates
then only A; and A; are changed. By Lemmas 3.2.B and 3.4.A, A is unchanged. If the
a-data and y-data alone are changed then A;, Ay, and A, are affected. Again the effects
cancel, by Lemmas 3.2.C, 3.3.C, 3.3.D, and 3.5.A. 0

The same lemmas show that the factor Ay(yy,7¢) is independent of these choices.
Finally, if no strongly regular element in G(F’) has an image in H(F') we set A = 0.

4. SOME PROPERTIES OF A
4.1. Invariance.
Lemma 4.1.A.
A(Vir Y6750 ) A0 Y6 Vi 18) = A 16 Vi 18)-
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Proof. 1t is enough to show this with A replaced by A; = Ay, that is to show that

<inv(1,2)a SU1,2> <inv(2,3)a SU2,3> = <inv(1,3)7 SU173>7
where

, N e il i

IHV(i’j) = 1mv % y UZ,] = U(T ,TJ),

7H7 ’}/G
1 <i<j<3,and T" is the image of Cent(v%, H) under some admissible embedding in G*.
Let
V=TLxT2 x Ts%:/{ (z7h 2w w) 2w € Zy }

in the notation of (3.4). There are F-homomorphisms U; ; — V. Under the induced maps
on cohomology the image of inv(; 3 is the product of the images of inv(; 9y and inv(y ). Still
following the notation of (3.4) we see that the dual of V' is

‘7:fslcxffcxfi/{(z,z,z):zEZ\SC}.

Let sy be the image of (Sy1,S72,S73) in WO(XA/F). Then

(inv(1,2), Su, ) (INV(2,3), Sty ) = <image(inv<172)) image(inv(s,3)), sv>
which equals
<image(inv(1,3)), sv> = (inv(1,3), S, 4)
and the lemma is proved. O
Corollary 4.1.B.

(1) A(vu,va;vm:76) =1 and
(11) AV va) = Alva, ve) AV, ve v ve) of Ya, Y are images of ya, Y respectively.

Lemma 4.1.C. A(vy,7q) depends only on the stable conjugacy class of vy in H(F) and
the conjugacy class of vo in G(F).
Proof. Let v = g 'y¢g, g € G(F). Then
A(vm.ve) = Ay, ve) A(ve, e v, Ya).
On examining the terms Ay, ..., Ay we see that
A(vm:Ye; v, v6) = M(ve, ve3 Vi, V6)

and so it remains to check that A;(vy,v4;vm,Va) = 1. There is g € Gy(F) such that
9 a9 = 97'vag1- Then gi0(g,)~" is a cocycle with values in Ker(Gy. — G). If h € G*,

is such that hi)(yg)h™' = v then hw(gl)w(v’g)(hw(gl))_l = v and so the cocycle defining
inv(%) is of the form <w (g10(g1)™") "
with <;/)(gla(gl)*1)71, ST> ‘A1 (vH,ve; Y, Vo). The first term in this product is trivial since
Y(gio(g1)™") € Ker(Gi, — G*); the second is trivial by (4.1.B).

Suppose v} = h~'ygh is stably conjugate to vy. Then an admissible embedding of

Cent (v}, H) in G* is obtained by composition of an admissible embedding of Cent(vg, H)
with Int h. Term-by-term examination of A yields A(vy, va; vm, Va) = 1. O

U(U)_lav(0)>- Then Ay (vu,v¢; VY, Ya) coincides
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4.2. The local hypothesis. We now examine the relation between factors for G and those
for G*.

The endoscopic data (H,H, s, &) serve both G and G*. Suppose that strongly G-regular
v € H(F) is an image of 75 € G(F). Then vy is also strongly G*-regular. By Steinberg’s
Theorem [K1J, vx is the image of a stable conjugacy class of elements in G*(F'). Suppose
that e+ belongs to this class. Then both A(vg,v¢) and A(vg, ve+) are defined and nonzero.
Set

Acyc+ (Y, Y6 v6) = Ay, ve) [ Alve, ve-).
It is clear from the definitions that this assumes a quite simple form, for we may use the
same auxiliary data of admissible embeddings, a-data and y-data to define all terms in
the numerator and denominator. Since A(vg,v¢) and A(yy, ye+) are canonical only up to
constants we will investigate

Acye- (i, 6, v6+) Bayer (Vi Ve Ve-)
where 7}, is an image of 7, and of ..
First we shall define a number Ay (g, Yo+; 76, Vo). There are unique admissible embed-
dings Cent(vyy, H) — Cent(yg+, G*) and Cent(~};, H) — Cent(yg., G*) mapping vy to ve-

and vy to 5. We set
. VH, VG
AH(’YG;’VG*?W/GvV/G*) =\ mv / / »Su
Y Vo

in the notation of (3.4). Note that inv(jy,H ’jy/G ) is represented by the cocycle

H G
(o(h)u(o) " h™ Ru(o)o ()7,
where h, b € G, and
Wp(e)h™ =6, WO(GN T =

Moreover u(c) € G%. is given by ¥o(¢))™! = Int u(c). Then Ay is independent of the choice
of vg, ..., 7« within their conjugacy classes (see the proof of Lemma 4.1.C).

Lemma 4.2.A.
AG/G* (’7H77G77G*)/AG/G* (7}{77&77/6‘*) = )\H(’VGWG*; ’Y’G;’V/G*)-

Proof. We choose admissible embeddings as in the definition of Ay. Since Ay, Ay, Ag, Ay
take the same values at (yy, Vo) as at (v, 7g+) only A; yields a nontrivial contribution to
the left side. In view of Corollary 4.1.B this contribution is

A (ymv63 Vi 6) A (Vs Ve Vi Vo) = AV V6 Vi v6)
by our choice of embeddings. This equals

)\H(’YGa e P/G? 7}[)7
and the lemma is proved. O

The following is then immediate:
Corollary 4.2.B.
A0V, 76)
AV V6+)

A(’}/]'{7 /YG)

= A (Ve Yo Yas Vo
Mgy ¢ 76")
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This asserts that the factors A satisfy the Local Hypothesis of [L2, Chap. VI|. To reconcile
our notation with that of [L2] we note that if Ty = Cent(yy, H), T = Cent(vg+, G*) and
T = Cent(yq, G) then

Ty o > T > T
Ta

is a diagram D, where Ty — T is the admissible embedding taking vy to v5+« and Int ho ) :
Te — T. Similarly we have D’

T, —— Ty > T > 1"

T

e
The Local Hypothesis states that ¢(D, D’), the left side of Lemma 4.2.A; is given by an

expression «(6(E, E')) which we now show to coincide with Ay = Ay (va, Ya+, V6 V6 )-
There is no harm in assuming G simply-connected. Let U = U(T,T"). Then we have

X (U) = X (Tog) x Xu(Toy).
The elements A € X, (Toq), N € X.(T.,) are defined on p. 84 of [L2]. On modifying
A as on p. 85 we may assume (6.12) of p. 85. Then O(E,E') = A — X. On the other
hand, (X, X) € X,(U) and defines an element of H'(X,(U)) which corresponds under
Tate-Nakayama duality to the class of the cocycle

(o(h)u(o) A= Wu(o)a(h') ™)
defining 1nv(%) in H'(U). Since « is obtained from the endoscopic datum s [L2] p. 100]

H' G

we conclude that x(6(E, E')) coincides with Ay.

4.3. Extension to all G-regular elements. The definition of Ay (vy, va; 7 g, Vo) requires
that G-regular vy be strongly regular. The notion of image, however, is well-defined for an
arbitrary G-regular semisimple element in H(F') [recall (1.3)] and we expect an identity

> (v, 1) = ZAWG (Ve f9)

for all G-regular semisimple elements vy in H(F'), where A(vy,vg) = 0 unless vy is an
image of 4.

We shall extend A by continuity. Suppose 7% € Ty (F') is G-regular and is an image of
& € Tg(F). Fix an admissible embedding Ty — T of T in G* and an isomorphism Int xot) :
T — Tg over F so that 7% — 7% under Ty — Ti. Suppose gy, . . ., g, are representatives

for D(Te) = Te(F)\A(Te)/G(F), where A(Tz) = {g e G(F) : golg)™" € To(F) } Then if
va € Ta(F) is strongly regular the elements g; 'y¢g; are representatives for the conjugacy
classes in the stable conjugacy class of 7. We may find a sequence {yy} of strongly
G-regular elements in Ty (F) such that {yg} — 7%. Let 7¢ be the image of v under
Ty — Tg. Then the limit v, = g, '72g; of {9 '7¢g:} has 7% as image. We define
Alvgve) = lim Alva, g7 9690,
YH—

H—=YH
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as an examination of the terms in A shows the right side to be well-defined. Then if f, f#
have A-matching orbital integrals we have

(W ) =) AL R( ),
=1

where ®(1%, f) is as specified in (1.3) and

m

O (v, 1) =D @i £,
j=1
with 7}‘{ = hj_ly?{hj and {h;} representatives for D(Ty). Thus on either side a conjugacy
class may contribute several terms.

4.4. Passage to central extensions. The center of G is canonically embedded as a
central subgroup of H. If vy is an image of 75 then zyg is an image of zvq, 2z € Z(F).
Still assuming H is “H we have:

Lemma 4.4.A. There is a character \° on Z(F) such that
A('Z'/yHerYG’) = )‘G<Z)A(7Ha’YG)7 EAS Z(F>7
for all v, va-

The proof will be included in another paper. There is one case which it is useful to treat
here.

Proof for z in the identity component Z° of Z. According to the definitions,

Alzvm, 2v6) A(vm, v6) ™ = Ba(2vm, 276) Do (i, v6) ™! = (&, 2),
so that we have to show that the character z — (a, z) on Z°(F) is independent of the choice
of vy and of Ty — T, y-data and a-data. The last three choices have no effect because
they have no effect on A.
Given also ¥ and Ty — T we form S =T x T/Z°, Sy =Ty x Ty /2°, G = G x G/2°
and H = H x H/Z°, where Z° is embedded in each case by z — (z,27!). Because Z° is
connected we have natural embeddings

Lg s I M, ISy s Ty x M Ty, "G > 'G x G, "H—'H x'H

and may form commutative diagrams

LI — I x L Lg s LpxlT
fj j(s,g) 53[ j(gmﬁ
LG — 5 G x L@ g — L@

and so on. As a result we conclude that the element (a,a) of H'(Wp,T x T) is the image

-~

of an element a of H'(Wg, S). Then

(a,2)(@ 2) " = ((a,a),(z,27) =@1) =1
and the lemma is proved. 0]
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We now remove the assumption that H is an L-group. The data (H,H, s, &) given, orbital
integrals of functions on G(F') will be matched not with those of functions on H(F) but
with those of functions on H;(F'), where H; is a central extension of H. We shall take H;
attached to a central extension of GG as the arguments are more transparent. Thus we fix
a z-extension 1 — 71 — G7 — G — 1 of G [K1]. This means, in particular, that Z; is a
connected central subgroup of G, G1(F) — G ( ) is surjective and the derived group of Gy
is simply-connected. The dual sequence 1 — GG —7Z—1 allows us to regard G as
a subgroup of G,. We may assume that o, (o) and og(o) agree on G’, o €T, so that “G
embeds canonically in LG;.

There is a central extension 1 — Z; — H; — H — 1 and embedding &, : “H; < *G such
that (Hy,"H,, s, &) are endoscopic data for Gy (see [L1]). The parameter for a character A
on Zi(F) is given by

WF E— LGl E— L21 s
where the ﬁrsAt arrow denotes the restriction of & to Wy and the second is the natural
extension of Gy — Z.

The matching is to be between orbital integrals of functions f on G(F'), and thus of
functions on G4 (F) invariant under Z;(F), and orbital integrals of functions f** on H,(F)
satisfying

fH(zh) = M=2) f7(h), 2z € Z\(F), he H/(F).

We need consider only elements vy, whose image in H(F') is strongly G-regular. Then
Yu, is an image of vo € G(F) if it is an image of some 7, in the preimage of v¢ in Gy (F).
The element 7¢, is uniquely determined. We say that f and ff' have A-matching orbital
integrals if, as usual,

> (v, f11) ZA (Ve v6) (v f)

for all such ~y,. Because of the transformatlon rule for fHt we must have

A(27H177G) = )‘(Z>A(7H17’7G>7 z € Zl(F)
The factor A(ym,,7a,) has been defined. We set

A(7H177G’) = A(’YHU’YGJ
if v, is an image of g, and 7y is the image of v, under G1(F) — G(F), or A(vy,,v7¢) =0
if vy, is not an image of 4.
Recall that
A(Z/YHl’ z,yGl) = >‘1<Z)A(7H177G1)7 zZ e Zl(F)>
where )\ is the character on the center of G (F') attached to a [see the beginning of the
proof of (4.4.A)]. To conclude that

A(zvm,v6) = M2)A(va s 76)
we have only to show that A\; coincides with A on Z;(F’). But a is represented by the cocycle
a defined by
gl'fTH1< ):a( )£T1< ) wEWFv
where Ty, = Cent(yg,, H1) and T, Ty, — Ty is an adm1881ble embedding. To compute
A1 on Zi(F) we project a onto Zl, obtaining a; : Wp — Zl Since, by construction,
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ry, (W) € H x w and & (w) € G x w, w € Wp, we have that W LN L@, — L7, coincides
with w — a1 (w) x w and then \; = A on Z,(F) by definition.

The group H; is determined up to isomorphism by G; and (H,H, s, &), but & may be
replaced by b ® & where b is a 1-cocycle of Wr in the center of H 1. This cocycle determines
a character \g on Hy(F) and A\, A\; are replaced by A\, A\gA;.

Finally, we observe that it is only the equivalence class of (H,H, s, ) that matters for
the definition of A. The choice of twist ¢ : G — G* does affect A, but ) may be replaced

by Int x o ¢, x € G*, without effect.

5. REGULAR UNIPOTENT ANALYSIS

5.1. Regular unipotent elements (review). Recall that the regular unipotent elements
of G(F) are characterized by the property that each lies in exactly one Borel subgroup of
G. They form a single conjugacy class [St].

Suppose B is a Borel subgroup of GG containing the maximal torus 7. Denote by N the
unipotent radical of B. For a simple root a of T"in B let N, be the 1-parameter subgroup
of N attached to a and N® be the subgroup of N generated by the 1-parameter subgroups
for the remaining roots of T in B, so that NN is the direct product N, - N*. Set N' =), N
Given root vectors {X,} we define z,(u) for v in N by

u=expry(u)X, (mod N%).

Then u is regular if and only if x,(u) is nonzero for all simple «. See [St, pp. 110-112| for
this and the next paragraph.
Fix ug regular in N. Then every regular element in N may be written in the form

u =t ut,

where v’ € N’ is uniquely determined and t € T is determined modulo the center Z of
G. Conversely, every element of this form is regular in N. Note that z,(t 'v/ugt) =
a(t) g (ug).

Let u be any regular unipotent element of G, B, be the Borel subgroup containing u,
and T}, be a maximal torus in B,. For each simple root o of T, in B, define a root vector
XY by requiring exp X to be the projection of v onto N,. Write »2/(u) for the splitting
(Bu, Ty, {X"}) of G. Every splitting of G is obtained in this manner.

The following are equivalent:

(i) G is quasi-split over F.
(ii) G has an F-splitting.

(iii) There are regular unipotent elements in G(F).

For (iii) = (ii) we observe that if u € G(F) then »/(u) is an F-splitting as long as T), is
chosen over F'. Note also that then 4/ (u) is determined up to N (F)-conjugacy by w. For
(i) = (iii), the existence of a Borel subgroup over F' implies that the conjugacy class of
regular unipotent elements is defined over F'. This class then contains an F-rational point
[K1].

From now on G will be quasi-split over F'. The regular unipotent elements in G(F") form
a single stable conjugacy class by definition [KI]. Suppose 7" and B = T'N are defined over
F. Then each G(F)-conjugacy class of regular unipotent elements in G(F') meets N(F). If
ug € N(F) is regular then the regular element v = t1v/ugt in N is F-rational if and only if
u' € N'(F) and to(t™%) € Z(F), o € T.
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Lemma 5.1.A. The correspondence u — y»/ (u) induces a bijection between the G(F)-
conjugacy classes of reqular unipotent elements in G(F') and the G(F)-conjugacy classes of
F-splittings of G.

Proof. As above, if u € B(F') then 4/ (u) is determined up to N(F')-conjugacy, where N is
the unipotent radical of B. On the other hand, if 5/ = (B, T, {Xa}) is an F-splitting then
we can find u € N such that y/(u) = /. For o0 € I' we must have 4/ (ou) = 4/ as well,
which implies that v 'o(u) lies in N’. Because H' (F N’ (F)) is trivial we can find v’ € N’
such that uu’ € N(F). Then »/ = y/(uv'). It is clear now that v — 4/ u induces a
surjective map from G(F')-conjugacy classes to G(F)-conjugacy classes. For injectivity it is
enough to show that if B = T'N is over F' and y/(uy) = 4/ (u2), where u; and us lie in
N(F), then uy and uy are N(F)-conjugate. But 4/ u; = y5/ us implies that u; = t~1ujugt
and uy =t~ ubupt with ¢ € T and u}, v}, € N’, for some fixed regular uy € N(F). Because
uy, ug € N(F) we have to(t™') € Z, 0 € T, and u}, uy, € N'(F). Thus it is enough to

show that ujup and ubuy are conjugate under N(F'). This is so because N'(F')uq is the
N (F)-conjugacy class of ug [Stl, p. 112] and H* (F, N (F)) = 1. The proof is then complete.

We now define a transfer factor A(u) for u regular unipotent in G(F'). Fix an F-splitting
y/” = (B, T,{X,}) of G. There exists h € Gy such that

(W) =/,
where h acts in the obvious manner. Then ho(h)™! lies in the center Zy. of Gy, o € I'. The
class inv(u) of o — ho(h)™! in HY(T, Z.) is well-defined.

To pair inv(u) with the endoscopic datum s we choose any maximal torus 7" over F' in G
which contains regular elements with images in H(F'). inv(u) has an image invy(u) under

HY(Z,) — HY(T,.). As earlier, (3.1), s determines an element sy of mo(7;). We set
(inv(u), s) = {invy(u), sr).

The argument used in the proof of Lemma 3.2.A shows that (inv(u),s) is independent
of the choice for T'. In addition if we define A(Fy, ) and A¢(F g, 7)) as in (3.7), but
use—for reasons that will appear later—the opposite splitting 4/ = (Boo, T, {X_0}),
where B, N B = T and the root vectors X_,, are fixed as in (2.1), then

_ A(7H77G)
A = R )

is independent of the choice of 4/”. Finally, A(u) depends only on the G(F')-conjugacy
class of u in G(F). O

(inv(u), s)

5.2. Stars and the variety X. This will be a review of some material from [L3]. We
continue with G quasi-split over F' and (B, T, {Xa}) an F-splitting of G.

Let T be a maximal torus over F' in G. We fix some Borel subgroup Br containing 7'
and in the usual manner transport the roots, Weyl group, Weyl chambers and Galois action
for T' to T without change in notation. We denote by €2 the Weyl group, by 20 the set of
Weyl chambers and by W, the chamber attached to By or B. If w € Q we write W (w) for
the chamber w™'W, and B% for the Borel subgroup w~'Brw, where w € G represents w.

Let S be the variety of stars attached to 7' [L3]. The choice of Br affects S, but a
different choice yields an F-isomorphic variety. Recall that the elements of S are functions
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from 20 to B, the variety of Borel subgroups of G. A typical element will be denoted
(B(W)). The F-structure is defined by

o(BW)) = (U(B(o;l(W)))), oer,

and G acts on the right:
(BOW))" = (97'B(W)g).
If W, W’ are adjacent chambers, so that W = W (w) and W’ = W (w(a)w) for some w € Q
and simple root a of T in B then by definition (B(W), B(W’)) lies in the closure of the
orbit of (Br, BX™) in B2.
The standard star sy is given by B(W(w)) = By, w € Q. A star is regular if it lies
in the G-orbit of sy. The F-rational regular stars form the orbit of sy under 2A(7") =

{g eG(F):golg ) eT }

Let By be opposite to B relative to T. Then S(B.) consists of all (B(W)) for which
each B(W) is opposite to B, and S(B,, B) consists of those stars for which we also have
B(W,) =B. If B,, = TN, then the morphism

(n, (B(W))) — (BW))"

from Ny X S(Bw, B) to S(By) allows us to identify these two varieties.

If W is a chamber and 8 a W-simple root the coordinate function z(W, (), or z(w, «), is
defined on S(By,B). Here w € Q2 and B-simple « are given by W = W(w) and wf = a.
The chamber W' = W (w(a)w) is adjacent to W and there is a unique h € Ny, such that

hB(W)h™! = B,
and then
hB(W"h™! = exp(—2X_o)BexpzX_q,
where 2 = 2(W, ) = z(w, a) lies in F. We have, for F-rational (B(W)),

)1
(5.2.1) o(z(w,a)) = z(owor', oa), oel.

If g€ Gand s = (B (W)) is a star we write g € s if g € (), B(W). Let X consist
of all pairs (g, s), where g is regular semisimple, s is regular and g € s, and let X be
the closure of X% in G x S. Both X° and X are defined over F, and X is contained in

{(9,s):g€s}. Thus¢: (g, (B(W))) — (9, B(W,)) is a well-defined morphism from X

to the Springer-Grothendieck variety M = {(g,B) g€ B } Let my : M — G be the
projection onto the first factor and ¢y : M — T be defined by ¢y (g, B) = v if hlgh = v
mod Ny where B" = By and Ny is the unipotent radical of By. Both m; and ¢, are
smooth and ), is proper. Set m = my; 0 & and ¢ = ¢y 0 £. Then both 7 and ¢ are defined
over F, and ¢ i 1s smooth and proper.

Set M'0 =Ty (Gregss). Then ¢ : X% — M is an isomorphism. If v € T is regular then
¢~ () is the G-orbit of (v, sp) and so may be identified with the conjugacy class of v in G.
If also v is F-rational then ¢~!()(F) is identified with the stable conjugacy class of v in
G(F).
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5.3. Regular unipotent elements and X. Suppose u € G is regular unipotent and
contained in the Borel subgroup B,. Then we define the star s, by B(W) = B,, W € 20,
and set x, = (u, $,).

Lemma 5.3.A.
(i) x, lies in X.
(i) If u € G(F) then x, € X(F).
(4ii) & : X — M is invertible at x,,.

Proof. A point in S(B.,) may be written s, where s € S(B,, B) and h € N,. Suppose
g € s". Then we write g = h~'tnh, where t € T, n € N. We calculate the z-coordinates of
s in terms of t, n as follows.

Let s = (B(W)). If a is B-simple then z = z(W,, @) is the solution to

B(w(a)Wy) = exp(—2X_o)Bexp 2X_,.
On the other hand, write tn as
tn = texp(zq(n)Xa)n'
where n’ € N®. The condition that
texp(zq(n)X.)n' € B(w(a)Ws)
is the requirement in SL(2) that

1 Ojfla O |[1 =z 1 0] |a1 =
2z 1010 a0 1||—=2 1| |y1 b
be upper triangular, where x = z,(n), z = z(W,,a) and «a(t) = a.
If s is regular then z # 0 and
vz =12,n)z(Wi,a)=1—-a?=1—a(t)".

This equation continues to hold on X. Observe also that a; is then a=! and z; is a?x. More
generally, suppose W = W(w) and wf3 = a. Then:

Lemma 5.3.B. If n is reqular then
1-pH)~"
z W’/B = 1 o\
WO =)
where x(W, B) is a rational function of tn which is defined and equal to x,(n) att = 1.
Proof. Consider now z = z(w(a1)Wy,w(oq)ag), where ag, oy are B-simple. Let z; be the
coordinate z(W,, aq) of s, so that
exp 21X _o, B(w(a)W,) exp—21X_o, =B

n
e exp 21X o, B(w(a)w(ag)Wy) exp —21.X_q, = exp(—2X_ay)Bexp 2X_q,.
Thus z is the coordinate z(W., ) for the star
Bi(W) = exp 21 X_a, B(w(aq)W) exp —21 X _q,, W e 25,
which is regular if s is. Replace tn by

ting =exp 1 X_q, tnexp —21X_,,.
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Then if z,,(n1) # 0 we get
1 —ap(ty) ™!
Lag (nl) '
The earlier SL(2) calculation shows that t; = w(ay)(t) and also that if ap = «; then
Tag(n1) = ap(t)xa,(n). Otherwise x,,(n1) is a more complicated function of ¢ and a but

it is equal to z,,(n) at t = 1, for then z; = 0. Thus the lemma is verified in the case of
z(w(on) W4, w(ar)ag). We repeat this procedure to obtain the lemma in general. O

2 (w(on)Wa, w(ar)ap)

From this lemma we deduce immediately Lemma 5.3.A. For (h='tnh,s) € X the star s is
a rational function of ¢, n and h that is defined in a neighborhood of t = 1, n = u, where it
takes the value s,,. O

Corollary 5.3.C. ¢ : X — T is smooth at x,.

5.4. Orbital integrals as fiber integrals. From now on we assume F' local and view
> e Ay v6)®(v6, f), f€CE (G(F)), as a fiber integral on X (F). Fix for once and for
all an admissible embedding Ty — T of Ty in G, which is quasi-split over F', along with
the Borel subgroup By containing 7. If 7 is the image of vy under Ty — T then

¥ = > Ay, ve)é(ve, f)

is a function on the regular elements of T'(F'). Its value at v is an integral over the fiber
¢ H(7)(F) in X(F) as follows.

The forms wg, wr on G, T and measures |wg|, |wr| have been specified in (1.4). To wg
there is attached a G-invariant form wy; of highest degree on M nowhere vanishing on M°
and hence, after transport by &, a G-invariant form wx of highest degree on X nowhere
vanishing on X L3, Lemma 2.8]. We embed the variety U, of regular unipotent elements
in G as an open subvariety of ¢~!(1) under u — x,. More generally if z € Z we embed
2Uyeg as an open subvariety of ¢~'(z). Then ¢ is smooth at the points in 2zl and we see
easily that wy is nonvanishing around 2. If v € T(F') is regular then the quotient of
wx by ¢*(wr) defines a G-invariant form w,, of highest degree along ¢~!(v). For z € Z we
similarly obtain a G-invariant form w, of highest degree along zlf,.,. For v and z F-rational
the measures |w,| on ¢~ (7)(F) and |w,| on Z,(F) are specified in the manner of (1.4).
Recalling the definition of wr in (1.4) we note that |w,| is independent of 7. On the other
hand, by |[L3, Lemma 2.12],

jwrl = [Tt = a() ™| lwal Iz,
where the product is over roots a of 17" in By. We replace |w,| by
* 1/2
il = TTleM)] " lw|

to obtain
Wil = De(9)lwel/lwr|.
Then for vy strongly G-regular we may write

Du(vi) Y ALy, ve)®(ve, f)

G
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as
[ a@fE@)s)

=1 (7)(F)

where
A(z) = Ay, 7(2)) Du (i) De ()~
With suitable conventions there is a similar formula in the case v is not strongly regular,
but we shall not need this fact.
Since G is quasi-split over F' we have defined A(yy,7q) as

A(7H7 VG)

— = —=Ao(vE:70),

Ao(Va: Ve oy, 96)

where 7, 7 are fixed and
Ag = AlAnA 1 AsAy.
But A (yu,76) = Da(y)Du(ve) ™" and Ai(yu,va), Aulvm, va), Da(vm,v6) depend only
on . Thus Aq(z) = Ay (yy,m(z)) alone varies along the fiber ¢~(v)(F).
Write z as (7g, s) and assume s € S(By). To specify A;(z), we choose g € G such that

(’YG7 S) = (’77 30)g7
where sg is the standard star. Then inv(yg,v¢) is the class of the cocycle o — go(g)™! in
HY(T) and
Al('r) = <inv(7H7 76')717 ST>

[see (3.4)]. More precisely, we should pass to Gy to define inv(vg,vg). We do so without
change in notation. Proposition 5.2 of [L3] describes the inverse cocycle (g)g~" in terms
of coordinates. We recall this next.

The cocycle A(T') from (2.3) will be computed relative to a-data {a,} and the splitting
opposite to (B, T, {Xa}). Also p will denote the gauge on the roots of T" in GG attached to

Br, and [[}, will indicate a product over roots a such that p(a) = 1 and plozta) = —1.
Suppose w(ay) - - - w(ay,.) is a reduced expression for wr(o), where or = wr(o) xo. Set wy = 1
and wy = w(ag) - wlag), 1 <k < 7. If pla) =1 and p(o;'a) = —1 then a = w1 (o),

some 1 < k < 7, and we may set
z2(o,a) = z(—wp A W4, —a).
Note that —w, W, = wp_w_W, and
—O = W 1W_ O,
where w_ € © maps W, to —W, and a = —w_ay.

-1

Lemma 5.4.A. inv(yy,vg)~" is represented by the cocycle

i)

Proof. This formula has just to be reconciled with that of [L3, Proposition 5.2]. We have
used h, where (Br,T)" = (B, T), to identify roots of T" with roots of T. Suppose that
(Bp, T)" = (By, T) and wuo(0) = w_wr(o)w_. Then

Woo(0) = w(ay) - - w(@,)
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is a reduced expression. We define n(ww(0)) and n(ws(c)™") as in (2.1), but relative to
the splitting opposite to (B,T, {Xa}). Thus

n(we (o)) = n(—a,) - n(—a).
By Lemma 2.1.A

1(wee(0) 1) = n(we(0)) " TT(-1)*,

where []_ indicates a product over roots « such that both « and —w. (o) 'a are positive
for B.,. Note that hy (Hw(—l)“v>h1—1 = [I2.(=1)*". Applying (5.2.1) we rewrite the

1,0

formula of [L3|] as

times

H Z(O’, wkil(ak))w(al)”'w(akfl)az h;l

(To make the comparison with [L3] easier we note that hy <> hw_", that n(we(0)™") +
Wy, * Way, and that all u,, are 1. We recall from (5.2.1)) that o(2(w,a)) = z(owos ', oa).)

Since \(T') : 0 — h1< - agv>n(woo(a))cr(h1_1), we obtain

p p
)\(T)’lna H Hzaa )~
1,0 1,0
as desired, because Int h; takes the root @ of T to the root —a of T'. 0
Lemma 5.4.B. Ifyg = ny'tnn, where n € N is reqular and n, € N, then z(0, o) = 135_(;_153)),

where (o, ) = g, (n) as vy — 1.

Proof. $(yg,s) = 7 implies that h~'vh = ¢t and we have only to apply Lemma 5.3.B to
2(—wp 1 W4, —a). O

The constructions and results of (5.3) and (5.4) are described for SL(2) in |L-S].

5.5. A limit formula. We assume that H; is a central extension of H as constructed
n (4.4). The character A“* of Lemma 4.4.A defines characters A\ on Z;(F), the kernel
of Hi(F) — H(F), and \“ on Z%(F), the preimage of the center Z(F) of G(F) under
H,(F) — H(F). Recall that Z(F) is canonically embedded in H(F'). The projection of
ZE(F) onto Z(F) will be written as 2; — 2, and ~; will be an element of H,(F) with
strongly G-regular image vy in H(F).

Theorem 5.5.A.
lim DH1 " ZA '717’7G)(I)(7G7f>'

Y121
G

1S equal to

%z ZA (zu, f),  fe€CT(G(F)),
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where ) indicates summation over representatives u for the G(F')-conjugacy classes of
regular unipotent elements in G(F), and

B(zu, f) = / flws|,

the integral being taken over the conjugacy class of zu, an open subset of 2Ueqs(F).

Corollary 5.5.B. If f € C°(G(F)) and f* € C*(Hi(F),\) have A-matching orbital

integrals then
Z@(zlul, z1 ZA (zu, f).

Proof of the Theorem. Because A(z171, 27g) = A9 (21)A(71,7¢) we reduce immediately to
the case z; = 1. Replacing G by GG; we may assume that H; = H. By known properties of
the asymptotic behavior of orbital integrals it suffices to consider a function f supported in
a small neighborhood of a regular unipotent element in G(F).

Suppose that v is strongly regular, and let x = (yg, s) lie in ¢! (7)(F), with s in the
coordinate patch S(B.). We write z as (tn, s1)"', where n; € By, s1 € S(Bx,B) and
t = h™'vh, and assume n € N is regular. Then all that has to be shown is that as v — 1
we have A(x) = A(n). From (5.4) we have

Alz) — A(?H>7_G>
No(Vr,7e)
Both A¢(Fy, 7o) and Ar(vy,7a) are to be computed relative to the same F-splitting, that
opposite to (B, T, {Xa}). Nothing else depends on a splitting.
The quotient A(Fy,7a)/Ao(F g, V) is a constant which also appears in A(n). By
definition

“A1(ve,ve) - Aulve, ve) - Ay, ve) - A (ve, Ya)-

(v ve) = (M), sr).

Au(vu,ve) Hxa( )

where the product is over representatives « for the I'- orblts of roots of T outside H. If O is
an asymmetric orbit then the contribution for £0O is a character (which we could take to be
trivial) evaluated at v (Lemma 3.3.A). Thus we need take into account only the symmetric
orbits. It remains to consider Ay(vgy,va), for As(vm,va) is a character evaluated at v and
so has limit 1. But

Also

-1

Ay (va,ve) = (inv(ve, ve) ™ sr)

and inv (v, ) "' is represented by the cocycle

D)™ H((m))

1,0

\

of Lemma 5.4.A. On cancellation with A; we may replace inv(vx,vg) ™' by the class of the

cocycle
\ \

() -UCe)

1,0
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(see Lemma 5.4.B). But around 1, a(7)"/? is well-defined and continuous. Thus we rewrite

the cocycle as
\2

(1) TG

l,0 1,0

Since aa/ (oz(’y)l/2 — a(’y)_l/2> lies in F}, the first product is a cocycle (Lemma 2.2.B).
The pairing of this cocycle with sy yields

[ (a7

where the product is taken over representatives a for the symmetric I'-orbits of roots outside
H (Lemma 3.2.D). The product of this term with the contribution of the symmetric orbits

to AH is then:
1/2
[ (o 2oy = e,

and so approaches 1 as v — 1. We Conclude that
A(7H77G) :
lim A —————=1lim(C(v), s7),
“/1—% (@) = AoV V) 71_>H%< ) ST>

where C(v) is represented by the cocycle
p

[ (st )t )"

1,0

But lim,_,; z(0, @)a(y) Y2 = 24, (n) (Lemma 5.4.B). Thus it remains to show that

P v
H Lay, (n)
1,0

represents the class invy(n) defined in (5.1).
We shall pass to Gg. as necessary, without change in notation. Choose t € T such that

a(t) = z4(n)
for all simple roots . Then inv(n) is the class of o — to(t)™! in H'(Z). Its image invy(n)
in H'(T) is, after transport to T, the class of this same cocycle but now for the or-action

on T.
Set t; = w_(t7!), and note that

for all simple a. We have also that
o(t)t;" = w_(ot ™ w_(t) = w_(to(t™)) = to(t™)

since this last element is central. Thus it is enough to show that:

Hxak (n)®" is cohomologous to o (ty)t]".
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But [[{, 7a, (n)*" = [T, Ta, (n)“s1(@). For this, recall that wr (o) = w(ay) - wla,) is a
reduced expression and wy = 1, w, = w(ay) - --w(ag), 1 <k < r. Hence

[[za () = [T an(tr)* 0 = tiw(an) - wla) (67 = tiw (@) (67).

k=1
Since ot; = t; (mod Z), this equals
o(t)wr(0)(oty") = a(t)or(ty’) = o)ty - tior(ty ),

and we are done. O

6. GLOBAL CONSEQUENCES

6.1. Outline. Here the results take a simple form. To explain them we continue the
example of SL(2) from (1.1). Now F' is a number field with adele ring A. The global
matching concerns

(6.1.1) > Aa(vm,76)®alve 1),

G

where vy # £1 lies in H(F') and is an adelic image of 7g € G(A), Pa(yq, f) is the
integral of a function f on G(A) along the G(A)-conjugacy class of 7, and the sum is over
representatives v5 for G(A)-conjugacy classes. The factor A, is prescribed as follows.

To say that vy is an adelic image of v we mean, in this example, that v is everywhere
locally stably conjugate to the image v of vy under some admissible embedding H — T
of H in G defined over F. If v¢, is the component of v at the place v then the element
inv(vy,v60) of H' (T, T(E,)) is defined as in of (1.1). For almost all v it is trivial
and the image inv(yg) of ¥, inv(vx,7a,) in the 2-element group H' (T, T(E)\T(Ag)) is
independent of the choice of 7. Moreover, inv(7¢) is trivial if and only if the G(A)-conjugacy
class of 75 meets G(F'). Tate-Nakayama duality allows us to pair inv(ys) with the image
sy in TT of the endoscopic datum s, that is, with the nontrivial element of 77. Then we
define

Aa(vu,v6) = (inv(e), st)-
Thus Aa(vH,76) = 1 if the G(A)-conjugacy class of v meets G(F) and Aa(vy,ve) = —1
otherwise.

We use unnormalized Tamagawa measures to specify orbital integrals. The function f is
to be of the form [], f, where f, € C°(G(F,)) for all v, and for almost all v the function
f» is to be the characteristic function of K, = G(O,) divided by the measure of K,. Then
Pa(va, f) =11, P(v6w, fo). The local factor A(yu,ve,») was defined in (1.1). Inspection of
the terms shows that

(6.1.2) Ay, v6v) =1 for almost all v
and
(6.1.3) [T 20m760) = Aa(vi,76)

provided the fixed elements 7;;, 7 are F-rational and at each place v the otherwise arbitrary

AT, 7e) is chosen so that (6.1.2)) and (6.1.3)) are satisfied.
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Then
> As(v:96)2A (Ve f ZHA Vi, 76,0) (V6,05 fo)

G
_HZA 7H77Gv '7Gvufv>

UV VG

by |L2, Lemma 8.3]. This equals [], f¥(vy) where f¥ is the smooth extension of
YH — Z A(’va IYG,U)(I)(’VGAH fv)

plexy)

to H(F,) (see Lemma 1.1.A). For almost all v, f is the characteristic function of the
maximal compact subgroup of H(F,) divided by its measure.
We set [ =], f to conclude that

() ZAA Vi, 76)®a (v, f)-

G

This is the global matching of orbital integrals for our example (see [L-Ll p. 756]).

In general we shall define an adelic factor A, and verify (6.1.2]) and the product formula
- ) for the local factors of Sect. 3. Then suppose that f H fo, 1 =TI, fF are as
usual, and that strongly G-regular v5 € H(F') is an adelic image of 75 € G(A). Because of
and [L2, Lemma 8.3] we have for almost all v that

CI)St’)/ f ZA '7H7’YGv '7Gvafv)

YG,w

each side having non-zero contribution from only one conjugacy class. Thus if f, and fX
have A-matching orbital integrals for all v we conclude that

(6.1.4) % (vur, f7) = ZAA(VH,VG)(I’A(VGJ),

G

where the left side is, by definition, the sum of the integrals of f# along the H(A)-conjugacy
classes of elements everywhere locally stably conjugate to vy. With a little care this extends
to elements vy which are G-regular but not strongly G-regular (recall (4.3) for the local
analogue).

Finally we shall observe that the Global Hypothesis of [L2] is satisfied. Thus, assuming
the Hasse Principle for G,., the factors of Sect. 3 will be correct for stabilization of the
Arthur-Selberg Trace Formula (see |[L2, Chap. VIII]).

6.2. Notation. If v is a place of F then we fix an extension v of v to F and for L C F
denote by L, the completion of L so determined. There will be no harm in working
with some suitably large finite Galois extension L C F of F. Thus I' = Gal(L/F) and
Iy = Gal(L,/F,). Set W = Wy,p and W, = W, /p,. Then we fix W, — W such that

1 — L] s W, > I, s 1

N

1—>CL > W

~
—_
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is commutative.
Global endoscopic data (H,H, s,§) yield data (H,H,,&,) for G as a group over F, such
that each of

1 y > H, > W, > 1
1 s H s H s W > 1

and

H, LN La,

o

H— LG
is commutative, where G, is the semi-direct product G x W, with W, acting through
W, — W % Aut G,

Again H need not be an L-group and we introduce central extensions of H satisfying
global analogues of the conditions of (4.4) (see |[L1, [K1]). In the following discussion we
assume that H itself satisfies these conditions and identify H with “H. Passage to the
general case is then routine, following (4.4) for the local case.

Let K =], K,, K* =[], K; be compact open subgroups of G(Ay), G*(Ay). We fix a
finite set Vj of places such that for v ¢ V4 the groups G, G* are unramified at v and K,,, K}
are hyperspecial maximal compact subgroups of G(F,), G*(F,). Outside V;, ¢ is defined
over F,, up to composition with an inner automorphism which does not affect transfer
factors. Choose g, € G(F,) such that v, = Int g, o 1 is defined over F, and takes K, to
K. Then 1), may be used to identify G(F,) with G*(F}).

6.3. Adelic images and transfer factors. Suppose vy € H(F') is G-regular and lies in
the maximal torus Ty of H.

At each place v we shall allow only admissible embeddings of T in G* which are defined
over F. These exist by Steinberg’s Theorem (see [K1]). Then we say that vy is an adelic
image of 7o € G(A) if, for every v, vy is an image of the component ¢, of 75 in G(F}).
Thus if Ty maps to T and vy to v € T(F') under some admissible embedding over F' then
we require that for each v there exists x, € G*(L,) such that Int z, o ) maps the maximal
torus in G containing ¢, to 1" over F, and carries g, to 7.

Suppose vy, 7y are strongly G-regular elements of H(F') and are adelic images of 7g,
Yo € G(A). For an L splitting T" the element

. 7Ha IVG,’U
My =NV ———
<7Ha IYG,v)
of H'(T,, U(L,)) was defined in (3.4).

Lemma 6.3.A. u, =1 for almost all v.

Proof. Take an L splitting T". For almost all v ¢ Vp: (i) L is unramified at v; (ii) v, g, lie
in K,; and (iii) for each root a of T"in G*, () is a unit in the ring of integers of L,. That
vu is an image of v, means, for v ¢ V4, that 74, and ~ are stably conjugate. If (i), (ii),
and (iii) are satisfied 75, and v are conjugate under K, (|[L2, Lemma 8.3]). If K, is the
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stabilizer of the hyperspecial point = of the Bruhat-Tits building of G(F),) we denote by
K. the stabilizer of x in Gs.(F,) and by K. the stabilizer in Gs.(L,). By [K3| (3.3.4)],
Ye.» and v are conjugate under K. . Since H' (T, Tie N Ky 1) = 1 for almost all v and
Yaw, v are strongly regular we conclude that ~¢ ,, v are conjugate under K. for almost all
v. Then the class inv(vy,yg,,) in H* (Fv, TSC(LU)) is trivial.

We argue similarly for 7, and 7, to obtain for almost all v ¢ 1} that

YH; VG w inV(ﬁHv 76’,1})
Ly = INV = - =1,
i Ve inv(ve, Ye,0)

and the lemma is proved. O
Let 11 be the image of Y p, in H* (I, U(L)\U(AL)) under

> H'(T,,U(L,)) - H' (T, U(L)\U(AL))

given by 1 - U(L) - U(AL) — U(L)\U(AL) — 1 and the isomorphism
> H'(T,,U(L,)) = H' (T, U(AL)).

The endoscopic datum s determines sy, € Wo(ﬁ Tv) as in (3.4). By its definition s also
determines sy € ﬁg(fard) and similarly sz [see (1.2), (3.1)]. As in (3.4) we may define
sy € 7TO<[7 ) which depends only on the choice of embeddings Ty — T, Ty — T. Global
Tate-Nakayama duality allows us to pair p with sy and the local-global relationship for the
pairing yields:

(6.3.1) (. su) = H<NvaSU,v>'
There is another way to define p. Strongly G-regular vy is an adelic image of 75 € G(A)
if and only if there exists h € G%.(AL) such that

hb(ye)h™ =~
[see the proof of (6.3.A)]. We proceed as in the local case (3.4). Recall that o ()™ =
Intu(o), u(oc) € G*.(L), and then v(c) = hu(c)o(h)™! lies in T}, with v = Ju taking
values in T,.(L). Thus v(c) defines an element ur of H* (F,TSC(L)\TSC(AL)). By global
Tate-Nakayama duality we may pair pup with sp. Further, (ur,sr) is independent of the
choice of admissible embedding Ty — T over F', and clearly

(632) <H’7 SU> = <MTa ST>/<:MT7 ST>'
It will be more convenient to write (ur,sr) as d(vu,va)-
Lemma 6.3.B.

(4) d(Vy,va) = d(vu,vq) if 7H is stably conjugate to vy in H(F).

(4) d(vm,ve) = d(vm,va) if v is G(A)-conjugate to .

(i#6) d(vir.10) = AT, T¢0) if 111> Tar are adelic images of v, 7 € G(F).
)

Proof. (i) is immediate. For (ii) we use and then (6.3.1]) to reduce to the proof of
Lemma 4.1.C for the local case. For (iii), i is trivial if v, 7, € G(F) for then we find h,

h € G*.(L) such that hi)(yg)h ™t =7, Ew(ﬁG)ﬁ_l =7. (6.3.2) now yields the result. O
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Fix strongly G-regular 7, € H(F') and 7, € G(F') such that 7, is an adelic image of 7.
We assume that such a pair 7, 7 exists; otherwise all the following factors are to be zero.

Definition. For all strongly G-regular vy € H(F),
Ay ve) = dVu,7e)/d(ves ve)
if vy is an adelic image of 7o € G(A) and Aa(vy,7g) = 0 otherwise.

By Lemma 6.4.B, Aa(vm,7¢) is independent of (i) the pair 7, J4; (ii) vy within its
stable conjugacy class; (iii) 7¢ within its G(A)-conjugacy class. Further,

AA (7H7 VG) =1
if vy is an adelic image of 7o and the G(A)-conjugacy class of 75 meets G(F).

6.4. Product formulas. To specify the local factors of (3.7) we use a pair 7, J, of
F-rational elements, as for the adelic factor. At almost all places v we set A®)(Fy,75) = 1.
At the remaining places A (Fy,%) is arbitrary except for the requirement that

H A(U) (7H77G> =1

Then as in (3.7), but with the superscript (v) inserted, we set

A(v) ('VHa ’YG’,U) - A(v) (WH’ 7G,v)A(U) (,YHa VG w5 7H7 76‘)

for all strongly G-regular vy in H(F). The relative factor A (v, v6.; 7y, V) is the
product of

AP (v, v6.0) ' AY (i, 76.0) _ AP (v, 760)
ATy Ta) AV FwTe) AV FaeTe)

and -
AIV (7H7 ,YG,U)
AN (T 76)
The various terms are defined using any admissible embeddings over F),, and a-data, y-data

for G as a group over F,. We shall use embeddings over F' and global a- and x-data [see
(2.2), (2.5)] in order to obtain product formulas for the individual terms as well as for A.

Theorem 6.4.A.
(i) For almost all v, each of

A1 (Ve, Yo Vs Ta)-

A@ (v, WG,v)7 Aﬁj) (v VG,v)7 Aé”’ (v VG,W)
and Ay (vm,Yew) equals 1.
(ii) TL, A" (i, v6.0) = 1, and similarly for A, AY) | and ALY
In the last section we showed that
A%U) (P)/H7 VG w; 7H7 76') =1
for almost all v (Lemma 6.3.A) and that

H A (V76,0 T T6) = Aa (v, )

v

(@3 and @3]
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Corollary 6.4.B.
(i) A" (v4,7G) = 1 for almost all v and

(i6) TI, AY (vir, v6.0) = Aa(ve, va)-

This product formula contains the Global Hypothesis of [L2, p. 149] because Aa (vw,7¢)
is the term x(e(D)) of [L2]. To see this we translate our terminology into that of diagrams,
as at the end of (4.2). The formula for (D) on p. 137 of [L2] determines an element of
H='(I', X.(U)) which under global Tate-Nakayama duality coincides with our p of (6.3).

Then r(e(D)) is (i, sy) which is the same as Aa (vu, 76).

Proof of Theorem.
(A1) By definition,
AV (Vi ) = (Mo(Tie), s70)
[see (3.2)]. Recall from (2.3.5) that the global invariant A(T.) € H'([,T(L)) is
defined and that \,(T}.) is the image of A\(T..) under H* (F T(L)) — H! (Fv, T(Lv)).

Thus for almost all v we have \,(T.) = 1 and then AI (VHa YGw) = 1. Further, the
image of Y., Ay(Ty) in H* (T, Toe(L)\Tw(AL)) is trivial and so

HA%U)('VH;’VG,U) - HO‘U?STW) - <imager\v7ST> =1

(2

(Aq) In (2.6.5) we attached local x-data {Xa '} to global data {x.}. The character &
is defined on F), ,, the fixed field in L, of the stabilizer of o in I',, and

AY (v v6,0) Hxa< 1>,

where the product is over representatives « for the orbits of I', in the roots of T’
which lie outside H. Note that § = (7 —! lies in F,, the fixed field in L of the
stabilizer of o in I'. On the other hand We may write x, as H Xa,p Where X, 1S a
character on (F, ® F,)*. Then we claim that

A( 7H77Gv HXOHJ

where the product is now over representatlves « for the orbits of I' in the set of
roots outside H. Then

Aﬂ’) (v v60) = 1
for almost all v and

HAH Vi, Vaw) = H H Xaw(0) = H,HXWJ@) = H/Xa(é) =1

To prove the claim we ﬁx a root o outside H and choose representatives o4, ...,0,
for I',\I'/T',, where I',, is the stabilizer of a in T". Then o1, ..., 0,a are representa-

tives for the I',-orbits in the I'-orbit of o. Thus the contribution to Aﬂj) (Ve Yow)
from these orbits is [, Yh(0:6). But Fy, @ F, = L, F, -, =110 " (Fosua) From

Xa = Xosa - i we conclude that if x,, =[], x; then x; = ng)a - 0;, and the claim is
proved.
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(Ay) By definition,

B

[K1]
[K2]
(K3
[K-S]

|L-L|
[L1]
L2]
|L3]
[L-5]

[Sh]
[Spr]
[St]

Aé”) (yi; Y60) = (@v,7),
where a, is the element a of H(W,,,T) constructed in (3.5). Because we have global
x-data and Ty — T is defined over F' we may similarly construct a € H*(W, f)
By (2.6.5) we have that a, is the image of a under H(W,T) — H'(W,, T). Thus

Ao(v,v6.) = 1 for almost all v and [], Agv)(yH,WG,U) =11, (an7) = (a,7) = 1
since v € T'(F).
The assertions of the theorem are immediate for Apy. This completes the proof.

O
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