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INTRODUCTION

In [I] we introduced the notion of transfer from a group over a local field to an associated
endoscopic group, but did not prove its existence, nor do we do so in the present paper.
None the less we carry out what is probably an unavoidable step in any proof of existence:
reduction to a local statement at the identity in the centralizer of a semisimple element, a
favorite procedure of Harish-Chandra that he referred to as descent.

The principal difficulty is to show that the transfer factors of [I| for the original group
G are compatible with those on the connected centralizer G, of the semisimple element e.
After some preliminary explanations in Section 1, the compatibility is stated as Theorem
1.6.A. In Section 2 we show that this compatibility indeed reduces the problem of existence
to a local problem at the identity on the groups G., and in passing we note some other
applications.

The remaining four sections are devoted to the proof of Theorem 1.6.A. The transfer
factors are defined in a rather elaborate manner as the product of five factors that mix
group-theoretical data with Galois cohomology. The first steps are to reduce to quasisplit
groups and then to discard two of the five factors, leaving only three, one of which is defined
in a simple fashion, and two of which involve group-theoretic and cohomological data. It
is these two that are difficult to compare for G and G.. The principal tools are the two
comparison lemmas of Section 3.

The contributions to the factors are labelled by orbits of the Galois group in sets of roots,
and the first use made of the comparison lemmas is to deal in Section 4, and rather quickly,
with all orbits except those lying outside both G, and the endoscopic group.

This leaves a rather concise but still far from trivial statement that is proved partly
by an analysis of the structure of semisimple groups and partly by explicit cohomological
calculations. The structural analysis is possible only after the critical lemma of Section
5.1 has been established. This lemma allows us to introduce an inductive component into
the argument, and then to assume that both the element ¢ and the datum s defining the
endoscopic group are essentially of order two, and moreover, that all roots are of the same
length. This done, the burden of the rest of the proof is carried by explicit arguments with
the constructs of local class field theory. They all appear in Section 6.

We cannot hope that the groping, pedestrian style of the paper will appeal to Grothendieck,
for it lacks the force and penetration that he achieved so readily, like Nietzsche’s Philosoph
der Zukunft, erfinderisch in Schematen, mitunter stolz auf Kategorien-Tafeln. None the
less, it is a great pleasure for us to express our admiration of his magnificent contributions
to the mathematics of our time.

Appeared in The Grothendieck Festschrift, Volume 11, 2007.
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1. DESCENT PRINCIPLES

1.1. Notation. We follow closely the notation of [I|. In particular, G is a connected
reductive group over a field F' of characteristic zero, now assumed local.

As in [I, Sect. 1.2] G*, 4 are quasisplit data and ‘G = G x Wp is the L-group. To
conserve notation we fix an F-splitting (B, T, {Xav}) of G and given a class of endoscopic
data choose a representative (H,H,s,§) with £ : H < LG as inclusion and s an element
of T. It is also convenient to fix an F-splitting (Bp, 75, {Ysv}) of H = Cent(s,G)® and

assume that By = BN H, T, = T.

For the moment we refer directly to [I| for the definition of the factor A. Measures also
remain as there. If ¢ € G(F) is semisimple we choose an invariant differential form of
highest degree on Cent(e, G)° in order to fix a Haar measure on the F-rational points of
this group. We require that differential forms on inner forms be obtained by transport.

1.2. Images of semisimple elements. For ¢ in G the identity component of Cent(e, G)
will be denoted G.. If € in G(F) is semisimple then, following [K;], the stable conjugacy
class of € is
{g7'g|golg) ' €G,oel},

where I' = Gal(F/F). If Cent(e, G) is connected then this coincides with the set of F-
rational points in the conjugacy class of € in G(F). In general, an F-rational ¢ = g 'eg is
stably conjugate to € if and only if Int g : G+ — G, is an inner twist. If GG is quasisplit over
F' then there is an €’ stably conjugate to € such that G is quasisplit over F' [K;}, Lemma 3.3].
We now generalize the notion of image from [I, 1.3] (see also [Ks|). It is convenient to use
the notation vy, v, ¢ when ~y is strongly G-regular and €y, €, ¢; in general.

Suppose then that ey lies in the Cartan subgroup Ty (F') of H(F'). Then we call ey a
Ty-image of eg in G(F) if for some admissible embedding Ty — T of Ty in G* carrying
ey to, say, € there exists z in G*, or just as well in GZ,, such that ¢, = Int x o ¢ has the
properties that 1,(eg) = € and that both T = ¢ *(T) and v, : Tg — T are defined over F'.
In varying Ty we obtain all images of eg. Observe that [Ky, Lemma 10.2] shows that all
images of a given ¢ are obtained by simply fixing one image ep, if it exists, and then
taking all Ty-images for some Ty fundamental in H,,,.

1.3. The function ®{'. Recall that to define transfer factors for (G, H) we may need to

pass to a central extension of H. Call a central extension H of H admissible if it is attached
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to a z-extension of G as in [I, 4.4] (although a wider class of extensions could be used [K-S].
The sequence

1 —— Z(F) — H(F) — H(F) —— 1

is then exact, where 7 is a central torus in H , and combinations of orbital integrals of
functions on G(F) are to be matched with those of functions on H(F) that transform under
Z(F) according to a certain character A [, 4.4].

Suppose €p is semisimple in H(F') and €y lies in its preimage in H (F). The factor
A(Yg,7v¢) has been defined for 75 strongly G-regular in H (F'), by which we mean that the
image vy of 7y in H(F) is strongly G-regular. We shall investigate the behavior of

) = AGw,76)® (6, f)

for vy near eg.

First, following [I, 4.3] it is easy to see that if ey is G-regular, but not strongly so, then
@? extends continuously to €y and that this extension is in fact smooth at €y. Second, if
ey is not the image of any semisimple element in G(F') then no strongly G-regular element
in H, (F) can be the image of an element in G(F) and so ®} vanishes on the strongly

G-regular elements in ﬁgH(F ). In particular CDJI? vanishes for all 75 in a neighborhood of
¢y in H(F).

We may then assume that ey is an image of an element ez in G(F). There is an
¢’y = h™tegh stably conjugate to ey such that H,, is quasisplit over F'. If €y is a T-image
of e then we may multiply h by an element of Hy to assume that the homomorphism
Inth™t: Ty — H, is defined over F', that is, that h € (Ty). Then h acts on the preimage

TH of Ty in H as an element of Ql(TH) and [I, 4.1.B] implies that
o (W 'Jih) = ®F (V)

for all strongly G-regular 7y in T, m(F). Thus we may replace ey by €}, and assume from
now on that H, is quasisplit over F. Then H,, is an endoscopic group for G, as we now
explain in detail. We sometimes denote it by H..

1.4. Descent for endoscopic data. We start then with semisimple ey in H(F'), an image
of € in G(F), and H,,, quasisplit over F. Choose Ty such that ey is a Ty-image of €g. Let
€ be the image of ey under some admissible embedding Ty — T of Ty in G*. An argument
as in the last paragraph allows us to choose the embedding so that G is quasisplit over F.
We will see that these choices are of no real importance, the essential data being ey, € and
e¢ and thus H,, G} and G.

To the endoscopic data (H,H, s, ) we shall attach an extension H. of Wg by ﬁeH and
an admissible embedding &, : H, — LGEG such that H.,, H., s and & yield endoscopic data
for G..,. Further choices will be made, for example to specify CA}EG, but again they will not
affect the isomorphism class of the endoscopic data. Moreover, all endoscopic data for G,
will be so obtained up to isomorphism.

Suppose that By D Ty in H and B D T in G* are Borel subgroups for which the already

chosen Ty — T is the attached embedding. Also suppose = € G, is such that ¢, (eg) = ¢,
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with both Tg = ¢, 1(T) and v, : T¢ — T defined over F. Note that GF and 1, serve as
quasisplit data for G
The embedding

Ty s T <2 T,

is by definition dual to a diagram
B Ty=T — T2 1

This diagram allows us to identify R(G,Tg)" with R(G,T) and then R(G
subset of R(G,T).

In fixing L-data (ée,pe) and G, = C/J\E X Wg for G., or G} we may assume that @e
contains 7 and that R(G.,T) coincides with R(G, T)" as a subset of R(G,T). We set
B, = BN G! and let B, be the Borel subgroup of G, generated by T and the B-positive
roots in 7 in G The embedding T — T of T in G provided by B, and B, will be identified

with 7 — T above. The isomorphism TG Yz T 5 T embeds TG in G, and extends to an
admissible embedding of “Ty in LG, (see, for example, [I, 2.6]). The image, again denoted
LT, is independent of the choice of extension.

The element s lies in 7" and thus in G.. Moreover H = Cent(s, G)°. We may take the
dual PA[GH of H.,, as the subgroup Cent(s, @)0 of (A}’e; PAIEH is normalized by “T;. We define

H, to be the subgroup of “G generated by PAIEH and Ty, and &, to be the inclusion map.
Observe that there is clearly a split exact sequence

1—>f]€H > He >y W > 1

and that (H,,,, H,, s,&) is a set of endoscopic data for G,

We also identify the embedding T w — T given by By N H,,, and B, N PAI with fH —T
above. Then Ty — T is an admissible embedding for both (G, H) and (G, H ). Moreover
any admissible embedding of a maximal torus of H.,, in GI is admissible as an embedding
of a mazximal torus of H in G* and carries eg to €.

It remains to examine the effects of our choice. Suppose first that B and By are changed
but that Ty — T remains fixed. Then (G,, p) is replaced by a pair (G, p), T-isomorphic
to it under a map that carries R(G,, T) to R(G.,T) and the image of LTG in LG, to its

image in “G.. This isomorphism further fixes s and carries ﬁeH and H. to the new I, -
and H.. Thus we obtain isomorphic endoscopic data for G..

With T fixed, the choice of Ty and 1, does not affect endoscopic data. Now suppose
we replace Ty — T by Ty — T. Then ey lies in both Ty, Ty and € in both T, T. We
may assume that the new Borel subgroups are obtained from By and B by conjugation in
Cent(ey, H) and Cent(e, G*). Then again the new data are seen to be isomorphic. Note
that if Ty — T is admissible for (Gewy Hepy) then we may use conjugations in H,,, and G,
and the data are unchanged.

Finally it is straightforward to check that the choice of (H,#H, s, ) within its equivalence
class does not affect the class of (H,,, H., s, 56) among data for G,. Moreover from any

class of data for G, we can recover s € T, H = Cent(s,G)°, H = (H ITg) contained in
L@ and ey sem181mple in H(F') such that (H,,, He., s, &) lies in the class.

Tg)Y with a

€q
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1.5. Descent for <I>]§I . Continuing with ey, € and eg, we assume that endoscopic data
have been fixed once and for all by the choices of the last section. Since these choices will
not be mentioned again we reserve no notation for them. In particular, Ty — T will be
an arbitrary embedding of Ty in G which is admissible for (G, H.,). To spare notation
further we assume that G?, ¢ are quasisplit data for G... If then ey is a Ty-image of g
there is an z € (G¥)s such that T = ¢, (T) and 1), : T — T are defined over F.

For 7y strongly G-regular in the preimage of Ty (F') in H(F') we calculate @Jff (V) as
> AFHY6)2 (6, f)
G

where the sum is over representatives g for the G(F)-conjugacy classes in the stable
conjugacy class of the image 7¢ of 7y under

Ty > Ty > T y Ta
We write v¢ as w™qgw, w € D(Tg), and now describe a choice of representatives for
D(Te).
Consider first the stable conjugacy class of ¢z in G(F). Since Cent(eg, G) may be

disconnected we pass to a z-extension of G and pick € € G(F') mapping to € under G — G.
1

Suppose that { g=w; ew; |0<j<n } is a set of representatives for the conjugacy classes
in the stable class of €, with wy = 1. Let w; be the image of w; in G(F), ¢; = w; 'equ,
and G; = Cent(e;, G)°. Notice that the €; need not be distinct. We use (G7,v;), where
1; = olnt w;, as quasisplit data for G;. Define a subset S(Ty) of {0,1,...,n} by j € S(Th)
if and only if €; has ey as Ty-image relative to (G, H,,,), that is, if and only if there exists

h; € G; such that Int hj_le_l maps T¢ to G over F'. Then fix some such h; and set
w; = w;h;, Tj = W, " Tew;. Passage to G shows that
{@;w' | j € S(Ty) and w' a representative for D(T}, G;) }
is a set of representatives for ©(T¢, G).
Thus ®¥ (Y) is equal to

(1.5.1) o> SDAFH, w Y, f)®(w T Y f)
J7=0 w'e®d(T},G;)
where 7, = @j_lvg@j, 0 < j < n, and J is the characteristic function of S(Ty).
From the well-known construction of Harish-Chandra [HC,| Sect. 22|, [HC,| Part VI] we
can find f/ € C°(G;(F)), 0 < j < n, such that

©(0, f) = (3, f)

for all regular semisimple ¢ in some neighborhood of ¢; in G, (F'). It remains to relate
transfer factors for (G, H) to those for (G, H,,)-

1.6. Descent for transfer factors. To conserve notation H will be assumed an L-group,
but ‘H. must of course remain arbitrary. Then H,, will be an admissible central extension
of H,, (recall 1.3) and €y will be an element in the preimage of ey in H,, (F'). We suppose
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that ey is a Ty-image as well as a Ty-image, and take Yy, 5 in ]:LH(F) with strongly
G-regular images vy € Ty, 7y € Ty in He,,(F'). Then the factors

A= A(VH»WG?WH?WG)
for (G, H) and

Ae = A(%Ha VG Vi 76‘)
for (G, H.,) are defined and non-zero whenever vy, 7, are images with respect to
(Gews Hepy) of 6, Ve in G, (F). That will be our assumption on 7, 7 throughout this

€a
section.

Let © = A/A.. Then O is naturally a product
01011010201y,

the factors corresponding to those of A and A, [I, Sect. 3]

Keeping Ty and Ty fixed we consider 3y, 7 near ¢y with v, ¢ both near e;. We
will see in 3.1 that ©;(7y, ’yg;%HﬁG) = 1. A glance at the remaining factors convinces one
that © extends continuously to (€, €q; €n, €c) taking a nonzero value there. The extension
is then seen to be smooth.

Theorem 1.6.A.
lim © (T, v 741, Ts) = |
%,%H — €n
VG Va — €G-

The proof will occupy Sections 3 to 6.
Suppose F' is nonarchimedean. Then the theorem says that

Q(:};HafyG;%H?VG) =1

for Vg, 7 near €y and g, 74 near €. Thus for the absolute factors A(vy, va), ATy, V)
for G and Ac(Vm,76), ATy, Te) for G, [I, 3.7] we have

A(PYH?’}/G) _ A(iHaVG)
A(Vmve) Ay Ta)

and so we may write
A(va,v6) = A(Yu, 76)

for vy near €y and 7g near e, where ¢ is a constant. Observe that for 7y near €y the
factor A(Vm,7¢) depends only on vy and ¢ (see [I, 4.4.A] and 3.5). We emphasize that
the assertion of the theorem is that c¢ is independent of the Cartan subgroup Ty containing
~vu. That this is crucial for the transfer of orbital integrals (and therefore characters) will
be seen in Section 2.

In the archimedean case c is a function. This however presents no difficulties in our
applications (2.4, 2.5).
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1.7. Final formula. For the pair (G;, H,,) we write ¢; in place of c¢. Then
(1.7.1) M () ZCJ

for strongly G-regular 7y sufficiently close to €y in H€ (F). Note that the characteristic
function 6(j) of (1.5.1) has disappeared because by definition @Hﬁ (Fu) =0 for j ¢ S(Tx)

(recall 1.3).

2. CONSEQUENCES

2.1. Local transfer. We say that (G, H) admits A-transfer if for each f € C(G(F))
there exists f7 € C> (f[ (F ),X) notation of 1.3) such that f and fH have A-matching

orbital integrals, that is,

(2.1.1) O (7, 1) = ZA vi,76)® (e, f)

for all strongly G-regular 75 in H (F). If H is the quasisplit form of G, so that A is
a constant, we often refer to stable transfer rather than A-transfer. Suppose that F' is
nonarchimedean. Then for 75 near 1 the factor A(Jy,v¢) depends only on the image vy
of ¥y in H(F) (see |I, 4.4] again); so we may denote it instead by Ae(vm,7s). We say
that (G, H) admits local A-transfer at the identity if for any f € C2°(G(F)) we can find
fH € C(H(F)) such that

(2.1.2) O (yyy, f11) = ZA10c<7H77G>(I)<7G7f)

G
for all strongly G-regular vy near 1 in H(F).

2.2. A characterization lemma. Throughout 2.2 and 2.3 we assume that F' is nonar-
chimedean. Suppose that ® is a stably-invariant function on the regular semisimple
elements of G(F) that is compactly supported modulo conjugation, viz., that vanishes
along all conjugacy classes of regular semisimple elements that do not meet some fixed
compact subset of G(F'). Then we call & a local stable orbital integral if for each semisimple
element € in G(F) there exists f. € C2°(G(F)) such that ®(y) = (v, f.) for all regular
semisimple v near e.

Lemma 2.2.A. Let G be a quasisplit group. If ®** is a local stable orbital integral on G(F)
then there exists f € C2°(G(F)) such that

% (y) = @¥(7, f)
for all regular semisimple v in G(F).

Proof. By a simple passage to a z-extension ([K;]) we reduce immediately to the case that
the derived group of G is simply connected.

If € is semisimple in G(F') we denote by Z, the center of G. and by Z! the set of ¢ in
Z. at which Dg/Dg,. does not vanish. For € in Z! we have G = G, and Zs = Z,, while
if € € Z. — Z! then Go 2 G, so that dimGe > dim G, and Z, C Z.. Notice that the
group G, is Cent(Z,, G). Thus if g € G(F) then g 'eg is stably conjugate to e if and only if

Intg~': Z. — Z,-1., is defined over F, that is, Z, is stably conjugate to Z,-1,.
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There are only finitely many stable conjugacy classes among groups Z.. We label
representatives Zy, ..., Z, for these classes so that Z; is the center of G, the group G(¢) =
Cent(Z,, G) is quasisplit over F' for each ¢ (using [K;, Lemma 3.3|), and so that dim G(¢) <
dim G(k) if k < ¢. Notice that if Z, = Z then G({) = G, and Z, = Z..

It is sufficient to show for each ¢ = 0,...,r that if a local stable orbital integral ®st
vanishes on the regular semisimple elements in a neighborhood of (J,_, Zi(F') then there
exists f, € C2°(G(F)) such that

(2.2.1) O (7) = 2%(v, fo)

for all v near (J,., Zx(F'), for if € is stably conjugate to ¢ in this set then any regular +’
close to € is stably conjugate to a 7 close to € because G, is quasisplit. Thus implies
that

(I)St(’y/) — (I)St("}//, fé)
We then proceed inductively, replacing the original @ by

Y= (I)St(77 f0)7

passing to Z;, and so on.
Because Gy, is simply connected, stable semisimple conjugacy classes are labelled by
orbits of the Weyl group in a fixed Cartan subgroup 7" over F. Of course the orbits lie

in T'(F'), and not all such orbits label stable conjugacy classes. Suppose we are given a
Galois-invariant metric on T'(F), one such orbit 7 = {to,t,,...,%,}, and a § > 0. Then the
set of all g € G(F) such that the semisimple part of ¢ is conjugate in G(F) to an s such
that |s —t;| < 0 for some 7 is an open subset of G(F') that is stably invariant. Multiplying
a given function f by the characteristic function of such a set, we concentrate its stable
orbital integrals on the set X (7,4) of regular  such that 7 is conjugate to s with |s —#;| < ¢
for some 9.

Thus a stable conjugacy class that meets Z;(F) will intersect Z,(F') in a finite set
{€o, ..., €}, and mapping Z, into T over F' we send the elements € = ¢, ..., €, to tg,...,t,.
We complete this set to a full orbit 7 = {t¢,...,¢s}. Since G, is quasisplit, it is clear that if ¢
is sufficiently small then any stable conjugacy class in X (7, J) meets any given neighborhood
of € in G.. In verifying this, we may suppose that Z, C T so that t; = e.

A stable conjugacy class in X (7, d) is then represented by an s € T'(") such that |[s—e| < 0
and such that for any o € Gal(F'/F') there is a u, in the normalizer of 7" in G(F') satisfying

(2.2.2) o(s) = u; su,.

Since

}a(s) - a(e)} = |0(3) — e‘ = |u;13ug — €,
we can choose ¢ sufficiently small that forces u, to centralize . Consequently, by
Steinberg’s Theorem, s determines a stable conjugacy class in G.(F'). Moreover, if ¢ is
small enough this class must meet the given neighborhood of € in G..

By assumption, there is an f, such that ®%°(y) = ®(, f,) for 7 in a neighborhood of € in
G., and we conclude that this relation is valid on all of X (7,d). A simple partition-of-unity
argument completes the proof. Observe that we could have dispensed with the introduction
of the groups Z,, if we had wished to do so.
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2.3. Reduction to local transfer.

Theorem 2.3.A. Suppose all pairs (G, H,;) have local A -transfer at the identity. Then
(G, H) has A-transfer.

Proof. We first observe that if G is replaced by a z-extension G the hypothesis of the
theorem remains valid. Further it is then sufficient to prove the theorem for G. Thus we
may as well assume H an L-group. By Lemma 2.2.A we have then just to show that

(I)H 7H ZAP)/H?’}/G 7Gaf)7

defined so far for vy strongly G-regular in H(F'), is a local stable orbital integral on H(F).
We shall use the descent formula (1.7.1)). Observe also that local A-transfer at the identity
for (G, H., ) implies local A.-transfer at ey for the same pair (see Lemma 3.5.A).

First, if ey is regular semisimple in H(F'), so that H,, is a Cartan subgroup of H, then
local transfer at ey for (G.,, H.,) implies by that CID? extends smoothly to eg.
Thus we have <I>]Ic{ defined on all regular semisimple elements of H(F'). It is further locally
constant, stable, and compactly supported modulo conjugation.

For general ez we use to obtain f' € C°(H.,, (F)) and thus f” € C>°(H(F)) such

that
& (y) = * (v, f') = ©* (yu, [")
for vy near ey. Thus be is a local stable orbital integral and the proof is complete.

2.4. Equisingular matching. We call ey and eg equisingular if H,,, is an inner form of
G.., that is, if ey is (G, H)-regular in the sense of [Ky|. Assume that f, f¥ have A-matching
orbital integrals. For simplicity, we shall suppose that the derived group of G is simply
connected so that neither H itself nor H., need be replaced by a central extension in
the matchings. Note also that Cent(ey, H) is connected [Kj, Lemma 3.2]. Following [Ky],
and by the homogeneity of germs, we may expect a stable combination of the integrals
of f along the conjugacy classes in the stable class of ey to match with some suitable
combination of the integrals of f along the classes in the stable class of ¢;. We shall show
this is true and so verify some conjectures in [Ks.

The first step is to define a factor A(ey, eq). Let ey be a Ty-image of €;. Then we set

A(EHa €G> = hmA('YH> ,YG)a

where the limit is taken as vy — €y in Ty(F) and v — €g, and vy is an image of .
Suppose F' nonarchimedean. If we consider also 7, 7 with 7, near ey in another Cartan
subgroup Ty (F) of H,, (F) then A (vu, Ve ¥g, Vo) = 1 since H,,, is the quasisplit inner
form of G.,. Thus Theorem 1.6.A asserts that

O(vw,Ya; Vm> Va) = A(ve, va; Yas Va)
= A(VH:WG)/A<7H77G)
=1

if vy, 7 near ey are images of 7g, 7, near e. In other words, A(vy,7g) is a constant
independent of the Cartan subgroup containing vy and A(ey, €) equals this constant. If
F' is archimedean we still have A.(vy, Y6; 75, V) = 1 but Theorem 1.6.A asserts only that
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We conclude nevertheless that A(ey, €g) is well-defined, that is, independent of the choice
of TH

We write O(eg, f) for the integral of f along the conjugacy class of €, keeping in mind our
convention for measures (1.1). A sign e(G) is defined in [Ky|. If we sum over representatives
¢jy for the conjugacy classes in the stable conjugacy class of ey then

O (en, f1) =Y e(He, )O(ely, )

€

is a stable distribution [K3), [Ss].

Lemma 2.4.A. Suppose ey is (G, H)-reqular. Then
(2.4.1) O (e, ™) = e(Gey) Alen, e6)Oleq, f)
€G
where the sum is over representatives e for the conjugacy classes in G(F) equisingular

Proof. (i) F' nonarchimedean. Suppose vy is near ey in a fundamental Cartan subgroup
Ty(F) of He,, (F). Then by descent (1.7),

> ALy 1) (e, f)

coincides with

ZA’YHa'V] 7jaf])

and thus with
ZA €H7€] 7]afj)

The zero-degree term in the Shahka germ expansion of this expression is

)\ZA(EH7€j)€(Gj)fj(€j>

where )\ is a constant depending only on ey (see [K3, §3]). Apart from A, this is the right
side of (2.4.1)). At the same time,

> Ay, v6) (e, f)

coincides with @ (v, f) which has A\O® (ey, f) as zero-degree term in its germ expansion.

So ([2.4.1)) is proved.

(ii) F' archimedean. Descent again yields

> Al e) (e, f ZA v, 76)®* (e, f).

In place of germ expansions we use Harlsh—Chandra s limit formula [HCj, Lemma 17.5].
Again Ty is taken to be fundamental in H,,. We write yg € Ty(F) as egexp X and
multiply each side of the equation

O (v, f1) =D Ay, 1)@ (5, 1)

J
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by

I1 (Q(EH)QMXW _ e—am/z)?

the product being over all positive roots of T in H. We then apply the operator w,, =
[T Ha, the product being now over positive roots in H,,,, and take limits as X — 0. As a
first step we obtain on the right side

Z A(EH, 6]‘) lim Wey (HI eo‘(X)/2 _ e_Oé(X)/2> (I)St(,yj7 f])
J

(see [S5] for the explicit form of A(vyg,~;), especially the term As(ym,v;), and [W], p. 371]
for a similar calculation).

We calculate this new limit by means of Harish-Chandra’s formula as in [S5, §2.9], using
the results of §37 of [HCj| to keep track of constants. The contribution of the right side is

then
ZA €m, €j) e(G 6] = /\ZA €, €)e(G5)0 ¢, f),

A being a constant depending only on H,,,. The left side contributes AO* (g, f7), and so
the lemma is proved.

Observe that from our product formula for A(vy,v¢) [I, §6.4] we obtain a product formula
for A(ey, ec) as conjectured in K, §6.10].

2.5. Regular matching. Suppose d¢ is regular in G(F'), that is, that Cent(dg, G) is of
minimal dimension. Let d¢ = equg be the Jordan decomposition; both €5 and ug belong
to G(F'). Assume €g has image ey in H(F'). As usual, we take H,, quasisplit over F' and
then choose uy regular unipotent in H.,(F'). Thus g = eguy is regular in H(F). We
shall use descent and the regular unipotent matching of [I, §5.5] to match integrals over the
classes of 0y and dg. For simplicity of notation we assume H, H. are L-groups and that
Cent(ey, H), Cent(ee, G) are connected. The stable conjugacy classes of dy, d¢ are then
the F-points in their F-classes.

Set @8y, fH7) = > ®(d}, f¥), where the sum is over representatives %, for conjugacy
classes in the stable conjugacy class of dy. Then descent to H,, and Theorem 5.5.A of [I]
show immediately that

(o, f1) = lim Doy, (va) ™ (. f1)

YH —€H
so that fH — ®(5y, f) is a stable distribution.
At the same time we set

Alenseq) = lim  Alyw, va)/Advm: ve),
TG—ea

the limits taken as in 1.6, and
A (0g) = Meg)Aug)
in the notation of [I, 5.5], with A\, A calculated with respect to (G, Hc,;). Then we define
A(0m,0¢) = Alem, eq)Ac(dg).
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Suppose f and f have A-matching orbital integrals. Descent and the regular-unipotent
matching also imply easily that

W}iEiH DEH(WH)ZA(VHWG (va, f ZA (01, 06)® (¢ f),

G

and so we have the matching

O (0, f1) = ZA(SH,(SG (6 f)-

Here we have dealt with both the nonarchlmedean and archimedean cases. We also see
that if 0y = eguy is regular in H(F) and ey is not an image then

q)St(aH? fH) =0.
Finally we remark that if f € C2°(G(F)) is supported on the full regular set of G(F') then

we can find f € C°(H(F)) supported on the full regular set of H(F) with A-matching
integrals.

2.6. Archimedean transfer. Suppose [’ is archimedean. If F' = C we can define transfer
factors for G over C or for the group G= ReSR G over R obtained by restriction of scalars.
On identifying G(C) with G(R) in the usual way we see that the transfer factors for a pair

(G(C), H(C)) are the same as for (é(R), f[(R)) (this is a special case of a fact used in

5.5). It is then sufficient to treat the case F' = R. Again there will be no harm in taking H
to be an L-group.

For real groups a transfer factor, that we now denote A®) (v, v4), was defined in [Sy]
using diagrams. It includes moreover an implicitly defined sign, (see [S4, Section 3.5]).

Theorem 2.6.A. There is a constant ¢ such that

A(/VH, /YG) - CA(R) (/YHv ’YG)
for all G-regular vy in H(R).

Proof. By continuity we can assume vy strongly G-regular, and because both A and
A®) gatisfy the Local Hypothesis ([T, 4.2.B], [Ly, Lemma 6.17]) we may assume that G is
quasisplit over R.

For an imaginary root o we may take the y-datum x, as the character z — z/|z| on C*
and for the remaining roots we take y, trivial. Then inspection of the terms in each factor
shows that

A(vi,v6) = o(Ta) A™ (va,76)
where Ty = Cent(vyy, H). Up to a constant independent of Ty, ¢(Ty) is either real or purely
imaginary. To show that ¢(7y) is in fact independent of Ty, which is what the theorem
asserts, we argue as follows.

By the matching of orbital integrals for A®) [S4] there is for each Schwartz function
f on g(R) a Schwartz function f on H(R) (or an essentially Schwartz function if the
embedding £ : “H — LG is not of unitary type [S3]) such that

CI)St(")/H, fH) = Z A(R) <7H7 7G)®(7G7 f)

G
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for all strongly G-regular elements v5. We multiply both sides by Dy (vy). The left side has
a limit as vy — 1 through any Cartan subgroup and the limit is independent of the choice
of Cartan subgroups. This follows from applying the Harish-Chandra jump conditions to
stable orbital integrals [S;, Section 4]. The right side then has the same property. But so
also does
vo =Y Ay, 10)® (e, f)
gl

by [I, Theorem 5.5.A]. Because G is quasisplit over R we can choose f such that the limit is
nonzero. Thus we get a contradiction unless ¢(Ty) is independent of Ty, and the theorem
is proved.

We conclude now that for each Schwartz function f on G(R) there exists an (essentially)
Schwartz function f# on H(R) with A-matching orbital integrals. Then the Paley-Wiener
results of [C-D] allow us to take f# € C*(H(R),Kpy) if f € C=(G(R),K), with Ky,
K maximal compact subgroups of H(R), G(R) respectively and the notation indicating
bi- K z-finite or bi-K-finite functions.

Of course we have not used the Descent Theorem (1.6.A) in this proof of A-transfer.
However the proof of A®)-transfer that we have used is based on the Harish-Chandra jump
conditions and these come from descent to centralizers of semiregular elements. Many of
the arguments in [S;]-[S,] for A®)-transfer are essentially special cases of results needed
for 1.6.A. To prove A-transfer directly we may apply the results of Section 1 to verify the
jump conditions of [S;] for ®{'. Since we still need some of the arguments from [S;]-[S4]
and overall the proof is not much shorter, we forgo the details.

3. COMPARISON LEMMAS
3.1. Reduction to quasisplit groups. Recall from 1.6 that

@(’YH, G 7H7 VG) = A(VH? G iHa 7G>/A€<7H7 gler 7H7 7G)7
where vy, 7 are images of vq, 7 relative to (H.,,Ge,). We consider the limit of © as
Yi, Y approach ey through fixed Cartan subgroups denoted respectively Ty, Ty, and g,

V¢ approach €g. Theorem 1.6.A, which we have to prove, states that this limit is 1.
Fix embeddings Ty — T, Ty — T for (H.,,G?). Recall that we assume G?, ¢ to be

€H
quasisplit data for G.,. Write 7, 7 for the images of v, 7, as usual. If we factor © as we
factor A, A, then only ©; = Oy, depends on 7¢, 7 rather than on v, 7 alone. The next

lemma allows us to replace G by G*, ¢ by € and ¢, 7 by 7, 7.
Lemma 3.1.A.

61(7H77G;7H77G) =1
Proof. We use the notation of [I, 3.4], putting a subscript € on those objects attached to
Ge,- We may take u(o) to be the image in G, of the element u.(o) in (G)sc, and h and h
to be the images of h, and h.. Then v(c) and T(c) are the images of v.(c) and 7.(c). The
cochains v, and v, have the same coboundary and it takes values in the inverse image W (a
finite group) of ZZ, in (G})s.. So we have a cocycle ¢ with values in

V= Te—sc X Te—sc/Wa

where we use a notational principle that admits several variants: the subscript € — sc
indicates inverse image in (G¥)s.. The classes inv(vy, va; Y, Vo) and inve(vy, Yo Vi V)
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are the images of the class of ¢ under the homomorphisms induced by

U
(3.1.1) Vv /

U
Dual to (3.1.1) we have

U
(3.1.2) 7 /

U,

To prove the lemma it is sufficient to show that the images of sy and sy, in V are the
same. N

The L-data for G* (see 1.4) provide T = T and 7 = T. We have two commutative
diagrams.

Vv » U

|

Te—ad X Te—ad —_— Tad

XTd

V—e— U

™

Tefad X Tefad
Using them we extend (3.1.2)) to a commutative diagram

~

U<—TSCXTSC<—7;CX7;C

S
AN :

~
~

Ue — Tefsc X Tefsc — ﬁfsc X 7;7sc

‘//\v

We may write s € Tg. as the product of the image of s, in 7._. with an element of the
aV(z) =1,0" € R(G.,T) } Embed R

diagonally in 7. x 7. without change in notation. Then we have just to show that the

identity component R of the subgroup {x € Tse

image of R in 17_13 trivial. But R is connected and V — i_ad X T._.q has finite kernel
because T, 4. X T'._sc — V does. Thus it is enough to show that
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~ ~

R >V > Le—ad X Te—ad

is trivial. That, however, is immediate, and the lemma is proved.

3.2. Remarks and notation. We assume from now on that G = G*, e¢g = €, ¢ = v
and ¥, = 7. Then O(yy,v;7y,7) is a quotient O(vy,7v)/O(Fy,7). So also is each of Oy,
O, O, and Opy. The embeddings Ty — T, Ty —>T being fixed, we may delete v and %
from the notation. We may further fix Borel subgroups By D B, D Ty, B D B. D T,
By and so on, for which Ty — T, Ty — T are the attached embeddings. There is then a
canonical identification of the roots of 7 in G with those of T. It carries the B-positive
roots to the B-positive ones, the (positive) roots of T in G, to the (positive) roots of
T in G, and the roots from H to the roots from H. Thus we use the simpler notation
R = R(G), R. = R(G.), Rs = R(H), and so on, for root systems. Also R(G) — R(G.) will
be abbreviated as R(G/G.) and R(G) — (R(G.) U R(H)) as R(G/G., H).
In this notation Oy (ygy) is written as

I et -1

a€ER(G/Gc,H)
and so
) 1/2
lim O (yy) = H |a(e) — 1] /
YH —€H
a€R(G/Ge,H)
= lim O 7y).
YH—€H

Thus Oy contributes 1 to the limit and it remains to examine

S =y O1ln) Oulyn)  O20vnm)
0T = 6,Gu) Ouu) ©:l)

The First Lemma of Comparison will allow us to examine O1(vy)/O1(7y) and the Second
to examine Oq(vy)/O2(7 ). For the remaining term observe for now that

Jim Ou(ya) = 1;[ “ (%)

(e}

where the product is over representatives for the orbits in R(G/Ge, H) under the Galois
action for 7. There is a similar formula for limy, ., ©1(7y) involving the I'z-orbits.

To compute ©; we need also to fix F-splittings (B, T, {Xa}) of G and (BE,TE, {Yﬁ})
of G, but then we can use B, B, along with B, B, to identify T, T, with T, and again
identify all roots as roots of T. Recall that we write I' for Gal(F/F), I'y for {or |0 €T},
I' for {o =01 |0ce€l'} and so on. In [I, Section 2] we identified I'r as a subgroup of
I'Q(G,T) xT'. Now we find it convenient to work with Q(G,T) x I'r and to identify I'7 as
a subgroup of . x I'r, where Q. = Q(G,,T). Thus for o € I' we may write o7 as w X or,
where w € 2.. We shall often write o for o7 and o for o7, so that ¢ = w x 0.

3.3. First Lemma of Comparison. The term Aj(yg) was defined in [I, 3.2] using a
passage to Gs.. We can just as well take A = A\(T"), which coincides with the image of A\(7Ty.)
in H'(T), and pair this with the element sy € Wo(fr) defined by s. Then Oy(yy) = (@, s7)
where = A\_!'. Here again we use the subscript € to indicate an object attached to G..
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Similarly, ©1(7y) = (@, s7), where i = ﬁ;l and the pairing is now that for H'(T) and
7T0(TF>.

Let Inth : T — T, Inth. : T, — T be the isomorphisms provided by B, B and B,
B.. We now write n(or) for the element n(wr(c)) of [I, 2.3]. Then X is represented by
hx(or)n(or)o(h)~' and A\, by hexe(or)ne(or)o(he)~. Thus u is represented by

hx(or)n(or)o(h) to(hdnd(or)  o(or) h !
There is a similar formula for 7.

Set
y(or) = ha(op)h™' - hew (o) Tht = H as

a>0
or ta<0

where the product is over a € R(G/G.).

On the other hand, for § € Q. x I'r we have n() € Norm(G,T') on regarding Q. x 't as
a subgroup of Q@ x I [I, 2.1] and n.(d) € Norm(G., T;) if we regard Q. x I'r as a subgroup
of Q. xT'.. Then

n(61)n(6y) = t(01, 02)n(6102)
nﬁ(el)n€<92) = t€<91, 92)716(0192)

and if
7(917 02) = ht(gh Qg)h_lhete(el, 92)_1h€_1
then )
T(00,) = [[ (=D,
a>0
97 a<0
05107 a>0

with the product again over « € R(G/G.) (see [I, Lemma 2.1.A]).
The restriction of 7 to I'z is also the coboundary of y [I, 2.2.a]. Since 7 = 77! we can
write the more convenient:

(3.3.1) oy =711

(see also [, 2.3]).
For w € Q. we define b(w) € T' by

hn(w)h ™' = b(w)hn(w)h .
Finally, suppose p(o) represents the cohomology class p. Then for w x o € Q. x I'r we set
2(w % 0) = blw)w(y(o) (o)) T(w, o)
Note that w = 1 yields
plo) =ylo)z(0),  oelr.
Lemma 3.3.A. (First Lemma of Comparison).
n(e) =y(@)=(@), oely
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Proof. Write @ as w x 0. Then we calculate (o) as
hz(7)n(wo)o(h  h )n (wo) T (7)) h !
17 (w, o) thn(w)n(o)a (b h)nd(o)  n (w)th !
7(w, o) thn(w)h ty (o) (o) hene(w) th !
( p(0))b(w)

Il
Q

< g g <l

o N e
Ql

T(w,0) 'w(ylo) (o

2(9),

Q|

Q|
~— ~— ~—

and the lemma is proved.
Most of the time we will assume a condition that is satisfied, for example, if Ty is
maximally split in H,,. It is:

'+ C Qg x ', where ) is the Weyl group for
(3.3.2) a root system Ry C R(H,, ) that has a base
Yo stable under I'r.

The assumption will be harmless because of the transitivity property in Lemma 4.1.A of [I].
Lemma 3.3.B. Given (3.3.2) we may choose the cocycle (o) representing u such that
w(p(o)) = plo), we, oely.

Proof. Multiplying h or h. by an appropriate element of T" replaces u(c) by an arbitrary
element in its class. So we need only verify that the class of u lies in the image of
HY(T%) — HY(T), where T%% is the centralizer of Qy in T. If ¥y = {a,...,q,} then
t = (au(t),..., o (t)) yields an exact sequence 1 — T — T'— S — 1 with S an induced
torus. Since H'(S) = 1, the lemma follows.

We suppose now that (o) is fixed by €, inflate it to 2y x I'r and then restrict to I'z.
Suppose the cocycle so obtained is v. Then

v(o) = p(o), ogel.
Lemma 3.3.C. Given we have
(1, s7) = (v, s7).
Proof. We identify T as T with Galois action I'z and thus 7" x T as T x T with action

I';.7. The element sz of mo(T") is then identified with s; and so we drop subscripts.
Working in T x T we have

</‘L7 ST>/<V7 ST> - <(M7 V)) (87 8_1)>'
If we define the F-torus A by

X.(4) = { (M, 2) € X(T x T) ’ M= € (30 ],
with Galois action induced by I',, 7 then we have Galois homomorphisms
A—-TxT, TxT— A
Since the image of (s,s7!) under the map induced by T x % — A is trivial we have only to

show that (u,v) lies in the image of H'(A) — H'(T' x T). The diagonal embedding of T
in T' x T factors through A but the induced homomorphism 7" — A is not defined over F.
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However, by (3.3.2)), if we restrict to T then we do get a map over F. Since p takes values
in T%% and has image (u,v) under H'(T%) — H*(A) — H*(T x T) the lemma is proved.
Finally, continuing to assume ({3.3.2)), we set
o % 0) = 7w, 7)o (y(0) b))

Then v is a 1-cocycle of I'+ in T = T. By the Lemma of Comparison it coincides with v~}
and we conclude:

Lemma 3.3.D. Under the condition we have

@I(WH)/@I(’YH) (v, s7).

3.4. The Second Lemma of Comparison. The term Ay(yy) was defined in [I, 3.5]
using the construction of [I, 2.6]. For once and for all, we assume H is an L-group, as we

may without loss of generality. The choices of 3.2 provide T — T, Ty — T. As in L, 2.6]
we extend these to T — LG, Ty < LH by defining

m(w) = r(w)n(o) X w,
ms(w) = rg(w)ng(o) x w.
Here w — o under W — T', r and n(o) denote 7, and n(wr(c)) of [I, 2.6], and we indicate

objects attached to H by the subscript s. For T, Ty we have similarly 7 and ;. Then if
€ :H — L@ is the embedding provided by our endoscopic data, we have

&(ms(w)) = a(w)m(w)
E(ms(w)) = a(w)m(w).

On transporting a, @ to T, T we obtain a HY(W,T) and a € HY(W, T). By definition,

O2 (v, Vi) = Baym) /R (V)
= (a,7)(@75) "
The definition of the cochain r appears in [I, 2.5]. Set
c(w) = r(w)r(w)™,  e(w) =F(w)7s(w)
The coboundaries of the cochains n, ny defined on Q(H) x I'r are denoted ¢, ¢, (see [I, 2.1]).
Set 7 = tt;!. Finally for w € Q(H) we define b(w) € T by

n(w) =blwns(w),  w € QH).

-1

We will freely transport objects among T, T and T without change in notation.

Lemma 3.4.A. (Second Lemma of Comparison). Let w € W map to o € I'r and to
wx o e 'r. Then

a(w)™ = E(w)/l;(w)w (c(w)a(w) ) F(w, o).
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Proof.
m(w) =T(w)n(wo) X w

=7(w)t(w, o) 'n(w)n(o) x w

= F(w)t(w, o) b(w)ny(w)r(w) 'm(w)

= F(w)t(w, o)~ bw)w (r(w) " a(w) ) ns(W)€ (ms(w))
and

(s (w)) = 7y(w)ts(w, o) " ng(w)ny(o)
= Ts(w)ts(w, 0) " w(rs(w))ng(w)E (ms(w))

so that

a(w) ™ = ¢(w)7(w, o) 'b(w)w (c(w)_la(w)_l),

and the lemma is proved.

Let
(w, w) = bw)w(c(w)  a(w) ) F(w,0) "
Then
a(w)™t = c(w)z (1, w)
and

a(w) ™ = e(w)z (w, w).
Note the similarity to the First Lemma. The Second Lemma will be applied a little
differently however. We shall give an example of the technlque in the next section.
Note that ¢ — w(t)t™! lifts to a homomorphism «,, : T - TSC Here, as elsewhere, TSC
denotes the inverse image of T in the simply-connected covering Gbc of the derived group
of G. Thus if we multiply 2, (w,w) by a(w) we obtain

Z(w, w) :3( Jw ( (w)’l)/\(w a)’lw(a(w))_la(w)
in the image of TSC in 7. More precisely, /b\
Zse(w, w) = ( Jw ( (w

has image z(w,w) under Gee — G,
To calculate O, we also need A§ which is attached to (G, H,,). For this we pass, if
needed, to an admissible extension H., of H., (recall 1.3). We then have exact sequences

7 may be constructed in GSC Then

) 7w, o) aw(a(w) ™)

!
)

1 s T > H > 71 > 1

Y

and

—_
;
;
N

> 1

y =

In place of a., a. we have a, 56 that take values in 7', T. These two cocycles have the same
projection on Z; [I, 4.4]. The Second Lemma of Comparison becomes

-1

Ge(w) ™ = T (w) 2 e (w, w)

and a.(w)z (w,w) is equal to

/l;e(w)w (ce(w))

7w, 0) " w (@ (w) ) (w)
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which takes values in T (or ic or i_sc). The terms 36, Ce, T, are /b\, ¢, T for the group G..

3.5. An application. The following was stated in [I] as Lemma 4.4.A but not proved in
general.

Lemma 3.5.A. There is a character X\ on the center Z(F) of G(F) such that
A(zv, 276) = M)Ay, ve), 2 € Z(F)
for all vu, va-

This applies to arbitrary GG but we reduce immediately to the quasisplit case for it is only
A, that is affected by replacing vy, v¢ by 27w, 27a.

Proof. All we need to show is that

{(a,a),(z,27")) = 1.
Define a torus S over F' by
X*(S) = { (M1, do) € X*(T) x X*(T) ‘ A — A € X*(Tha) }

Here again we identify T with 7 over F and thus X*(T) with X*(T). We have Galois
homomorphisms TxT — S and S — TxT. Since (z, 271) lies in the kernel of T(F)xT(F) —
S(F) it is enough to show that (a,a) lies in the image of H (W, S) — H(W,T x T).

The torus S is isomorphic to T x T... We obtain the factor T by factoring the diagonal
embedding T —TxT =TxT through S ; so clearly T — Sisnot compatible with the Galois

action. On the other hand Ty, — S is obtained from X*(Thq) — {0} x X*(Tha) C X*(9),
and so does respect Galois action.

By the Second Lemma of Comparison the cocycle w — (a(w),@(w)) with values in TxT
is the image of the cochain

w— (a(w),e(w) ' Ze(w, w) ™)
with values in S = T x Ts.. We have to show that this cochain is a cocycle. It may be

written as
(a(w), 1) (1,E(w)_1) (1, Zoe(w, w) ™).
The coboundary of the first term is

) > (1w (or(at) )

if w; = w; X 0; € I'; the coboundary of the second is (1,?(11)1, wg)). Note that 7(wq,wq) =
T(01,02) = T(wy X 01,ws X 09). Thus it remains to show that the coboundary of Z. is

(wy,wy) = T(wy X 01,Wws X 09), <01 (a(wQ))).

This is Lemma 4.2.A.
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4. ANALYSIS OF b, b AND A REDUCTION

4.1. Galois action. By definition,

b(w) = hn(w)h~ hnd(w) A", wen,
and in the dual setting,
B(w) = n(w)ns(w)™, we QH)=Q,.

We have immediately,
b(wr)wi (b(ws) ) b(wiws) ™! = T (w1, wo)

o~

Bbwwr (b(w2>)3(w1w2)*1 = 7w, ws).

Recall that these objects may be constructed in G and GSC, the simply-connected forms
for G and G For G, and H= G we may work in the simply-connected forms and project
into Gy or Gy.. This will be the rule throughout, although in notation we may identify an
element with its image in G or G.

To describe the effect of I'r on b and b we consider the two cases together but keep in
mind that in the former we have a genuine Galois action and in the latter an algebraic
action.

First define

(4.1.1)

f(w,0) = ht(o,w)t(ow,0 " o(w)(t(o,e™") )R
for w x o € Q. x I'r and similarly f(w, o) for w x 0 € Qg x I'r. Then we see easily that
hn(o)n(w)n(o)'h" = f(w,0)hn(o(w))h "

where n(o) = n(o) x 0 € G x ' (recall from 3.3 that we have changed slightly the notation
of [I]). In the dual case we have

(n(o) x w)n(w)(n(o) x w)_l = flw, o)n(o(w))

where w — o under W — T. Set e = ff~' and € = ff.'. We assume (3.3.2)) for the first
part of the next lemma.

Lemma 4.1.A.
(a) e(w,0)b(c(w)) = o(w)(y(0))y(o) o (bw)) forwx o€ Qe xTr,

and
(b) e(w, U)Z(a(w)) = Qo(w) (c(w)a(w))a@(w)) forw — o and w x o € Qg x .

Proof. This is a straightforward calculation. For (a) we suppress h, h. from the equation in
order to make the calculation more transparent. Then n(o(w)) = b(o(w))n.(o(w)) implies

n(o)n(wn(o) ! = e(w, a)b(a(w))ne(a)ne(w)nﬁ(a)’1
and so it is enough to show that

n(o)n(w)n(e) ™" = o(w)(y(0))y(o) "o (b(w))nc(o)nc(w)ne(o) .
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But

and all we need is that
n(o)n.(w)n(o) ™" = o(w)(y(0))y(0) " 'n(o)n.(w)n(o) "
Suppressing h, h, we deduce from the equation
ha(o)n(o)o(h)™ = p(o)her(o)n(o)o(h)™
that n(o) acts on n.(w) as
po)ze(o)x(o) " nc(o) = ulo)y(o) 'n.(o).
Since o(w) fixes p(o) we are done. R

(b) is similar. Because & : “H < LG is the identity on H = G,, we may write
1

(n(o) x w)n(w)(n(o) x w)  as
w, 0)b(0(w))€(ns(0) x w)ny(w)€ (n(o) x w) ™"

Then all we need is

(n(0) x w)ns(w)(n(0) x W) ™" = Qg (alw)e(w))€(ns(0) x w)ng(w)E(ns(o) x w) ™"

But r(w)n(o) x w, an element of LG, acts on n,(w) as

a(w) ™ ry(w)¢(ns(0) x w).
Thus n(0) X w acts as a(w) " e(w) ™€ (ny(o) x w) and (b) follows.

A/—\

4.2. Calculation of a coboundary. Recall the cochain z on Qg x Wr:

2w, w) = b(w)w(c(w) 7w, o) Lay (a(w) ).

Lemma 4.2.A. The coboundary of Z is
7/:(1 : (wlwl; CL)QU)Q) — ?(ngl,WQO'Q)awl <O'1 (a('LU2>)) .

Proof. Because 7, is a 2-cocycle it defines an extension of Q, x Wr by ic. This extension
is generated by Ti. and elements s(n), n € Qs x Wy, with

s(n)ts(n)~ = n(t)
and

s(m)s(m2) = Ta(m1, m2) ().
We prove the lemma by showing that

n— Z(n)~"s(n) = s1(n)
splits the extension.
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Let w — o € I'y. Then

s1(ww) =

= s1(w)sy(w
Moreover,
s1(wiws) = A(wlwz)’ls(wlwg)
= w (3@2))_ B(wr) " F (wr, w2) T (w1, wa) (i) 5(ws)
= wy (3(@@)) 7lg(w1)_15(w1)5(w2)
= Sl(wl)sl(wg)
Finally,

s1(wiwsy) = c(wiwy)  s(wywy)
= c(wy) "ty (c(wg))il?(wh Wo) T (w1, wa) ™ s(wy)s(ws)
= 81(11)1)81(11)2).
To show that

s1(wiwy)s1(wawy) = Sl(wlUl(w2)w1w2)
and thus complete the proof of the lemma we need only verify that

(4.2.1) s1(o(w)) = s1(w)si(w)si(w) .
The right side is

which equals
a(w)(c<w)—1)c(w)a(3(w))ls(w)s(w)s(w)—l
and s(w)s(w)s(w) ™! is s(o(w)) times
To(w,w)To(ww, w™ o (w) (To(w,w™ ")),

It follows readily from the definitions that this last product is equal to

e(w, 7)) (0 (a(w_l))>
or, since a(w) is a cocycle, to
e(w, o)) (alw) ™).
Thus the right side of (4.2.1)) equals
s -1 1.
0<b(w)> o) (c(w)a(w)) e(w,o)s(o(w)).
-1

Since the left side is /l;(a(w))
finish the proof.

s(c(w)) we need only appeal to part (b) of Lemma 4.1.A to
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Recall the definition of the cochain z on Q. x I'p:

2(w,0) = bw)w(y(o) ) T(w,0) "
A similar, but simpler, argument establishes the next lemma.

Lemma 4.2.B. z has coboundary 7.

4.3. Explicit form. In the setting of [I, 2.1] suppose that /3 is a positive root. Let 5 = v,
where v € Q and [, is simple. Write wy for wg,.

Lemma 4.3.A.
n(ws) = 6,(B)n(v)n(wo)n(v)™

5,(8) = [T(=»~

and the product is over roots o for which

where

a>0, wga<0 and v 'wsa > 0.
Proof. n(ws) = n(vwer™'), and this is the product of
t(vwo, v 1) (v, wo) ws (H(r, v )

and n(v)n(wo)n(v)~t. Moreover t(v,wy) = 1 since a > 0, v~ *a < 0 and wy 'v~'a > 0 implies
that v~ 'a = — 3y and hence that a = —f3, contradicting o, 8 > 0.
It remains then to show that

6,(8) = t(vwo, v ") ws (t(v, v ).

The right side is [][(—=1)*", the product being taken over those o for which a > 0,
v wsa < 0, wga > 0 and those for which wga > 0, v !wsa < 0. This coincides with the
product over @ < 0, v !wga < 0, wgar > 0 and thus with 4, (3); so the lemma is proved.

Let Rg = {a€R|a>0, wga < 0, oz;éﬂ}. Then a root « lies in Rg if and only if
—wga does and then the two elements are distinct. We can therefore choose a subset R} of
Rg such that Rg is the disjoint union of R} and —wg(Rj). Then

5a(8) = ]~

ozERéL
is well determined up to a factor (£1)#" because —wza” = —aV + (a", 3)3". Notice that
we may take R} = {a € Rg | v 'wgar > 0} since v ws(—wsa) = —v o and v lwza =

wg, (v 1a) have opposite signs. Thus
(4.3.1) n(ws) = 0a(8)(£1)? n(v)n(we)n(v)~ .

Clearly this also holds when f is negative.

We return to the setting of 4.1, working in G4, and @sc. Since (3.3.2)) is in force, there
exists Ry C R(H,,,) with ['p-stable base 3. Then I'z C Qg x I'r, Qg being the Weyl group
generated by ¥,. We are interested in b(w), b(w) for w € Qy. By (4.1.1) we need only

~

consider b(wg), b(wg) with 5 € ;. Set
3(8) = da(B)dc.(B)™

and

b(B) = 05(8")65(8Y) "
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Lemma 4.3.A. There exist bg € FX, Zg € C* such that
b(ws) = b 8(8)

and R o
b(ws) = bﬁa(ﬁ).

Proof. The first relation is immediate from (4 once we recall that n(wg) = b(wg)n.(ws),
and note that both n = n(v)n(wy)n(v)=! and ne = Ne(Ve)ne(wo )ne(ve) ™! lie in the image
of SL(2) in G determined by 3, so that n = a?'n,, with a € F~. The second relation is
proved in the same way.

Note that wg — bgv has a natural extension to a 1-coboundary b, of {2y in T}, as follows.
Choose t € Ty such that 3(t) = bg, 8 € ¥o. Then clearly w — tw(t)~! has the property
that wg — bgv. It is independent of the choice of t, provided we take t in the image of

F* @ (xY). Define 6(w), w € Q, by
b(w) = byd(w)
and the dual g(w) similarly. Note that 06 = 7, 90 = 7.

4.4. Root types. To prove Theorem 1.6.A we use R(H) and R(G.) to partition the roots.
The notation will be as follows.

type(a): R(H)N R(G,) = R(H,,) = R

type(b): R(H) — R(G.) = R(H/H,,) = R"

type(c): R(G.) — R(H) = R(G./H,,,) = R©

type(d): R— (R(H)UR(G.)) = R(G/H,G.) = R.

This also gives a classification of the I'z-orbits O and the I'z-orbits O in R. Observe that

Oul(vm) H Xa( 1)

OCRW

with a similar formula for O (7).
In the next section we so arrange some choices that roots of type (b) or (c) contribute
nothing to O1(yu, )

4.5. Analysis of O, O5. Recall that if

V(@) = 7(w, 0)w (y(0))bw) (@),
where @ = w X o, then we evaluate O1(vy,7) by pairing the class of the cocycle v with
s7. By definition, 7(w, o) = [[(—=1)*", where the product is over roots « for which o > 0,
wla <0, c7'wla >0 and a € R(G/G.). Such a are of type (b) or of type (d) and we
consider the products 7, 7(4 over roots of each type to define 7 = 7(® 7@ The same
can be done with y and 7. Then to write v as v®®v@ it remains to factor b as b®b@ . To
describe the contribution from roots of type (b) we recall that these are the roots of H
outside H,,,. But b was attached to the pair (G, G.). Now we use the fact that ¥y C R(H,,,)
in the assumption to observe that we can attach b to (H, H,,,) in the same manner.
From (4.3) we have b (w) = b6 (w), w € Q, along with b(w) = b,d(w). Recall that there
is some freedom of choice in 7, §. For 8 € ¥ we may arrange that 67 (wg) is the same as
the contribution 6% (ws) to d(ws) from roots of type (b). Then we define 6§ (w) = 6 (w)
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for all w € Qy and 6@ = §/§®. Note that 90® = 717 = 7) and 95D = 7(@)_ Set b — bH
and b = b,/ b Finally, b(® = b 5@ has coboundary 7@, while b® = bP5®) coincides
with b, This yields a factoring v = v®v@_ and v®, v(¥ are cocycles. Thus

<U> ST) - <U(b)7 ST> <U(d)7 ST>

because s central in H implies that
(W, s7) = (W, 57) = 1.

Observe that if there are no roots of type (d) then v9 is trivial and O1(yy,7y) = 1.
We shall use a similar but dual argument for ©,. Here we have roots of types (c) and (d)
to deal with. The term Ay(vy)/As(7y) is obtained by pairing the cocycle

(afw),a(w)) = (alw), a(w)e(w) "b(w) Fw, o)w(c(w))ay (a(w)))
= (a(w), a(w)e(w) " Z(w, w) ™),

of Win T x T with the element (y,5 ) of T(F) x T(F). We may thicken T to T as at the
end of Section 3.4 in order to compare directly with Ay (vx)/As (7). In notation we will

not distinguish between 7' and T, or T and T. Thus for O,(vx)/Os(7,) we have to pair
the cocycle

(a(w),a(w)) (ac(w), a(w)™") = (a(w)ac(w) ™", a(w)a(w)™")
with (y,771).

Now b is attached to (G, H). Similarly we have b, attached to (G, H,,). Factor B(w)
as b (w)g(d) (w) = b, (w)g(d) w), as we did b(w). The factoring of ¢, 7 and ¢ is immediate,
again as before. Set a'®(w) = a.(w) and a¥(w) = a(w)/a.(w). Then clearly a(w) factors
as @9 (w)a¥(w) where @ (w) = @.(w) and Oy(vx,7y) equals

((#@)a ), (6.7,

or, more explicitly,

(9000 e w) 20 ). 0077 ),

with R
2D (w, w) = b ()T (w, a)‘lw(c(d) (w)_l)aw (a(d)(w)_1>.

Observe that in the case that there are no roots of type (d) our proof of Theorem 1.6.A is
complete.

5. FINAL REDUCTIONS

5.1. Introduction. To complete the proof of Theorem 1.6.A we have to show that

d _
O (vi; Tyy) = (0, 57)
and

O (i) = { (a(w). 7w, (177 )
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satisfy
5.1.1.  The limit as vy, ¥y approach ey of

d — d _
O (vir; 705 (v Vi)

I () I w("57)

0eOrb(@) @eorb(‘i)

18 equal to

Here Orb@ denotes the collection of orbits in R@, and Orb® has a similar meaning. It
is moreover understood that « is a representative of @, and @ of O. In addition, for an
asymmetric orbit O we may choose, when convenient, the y-data and the a-data trivial,
but then a, = —1 for a« € —O. We propose to verify in part by induction on the
dimension of Gge,.

Suppose Ry satisfies the condition . For example, Ry could be R(H,) itself. We
choose p so that the condition of Lemma 3.3.B is satisfied. Suppose moreover that
Ry C Ry C R, where Ry is also I'p-invariant. Then the dual system R} may be taken as
{a¥ ]| @ € Ry }, and we may construct a quasisplit group G; containing Cartan subgroups
identical to 7" and T (and identified with them), and with R, as its root system. The
group (G; need not be isomorphig to a subgroup of GG, but it will have an endoscopic group

attached to sp in T or to 57 in T. Denote this endoscopic group by H;. The groups 7" and
T have images in H;.

Let X7 = Zy x I'p. Taking the non-trivial element of Z5 to act as —1 we obtain an action
of ¥r and of Q¢ x X7 on R and on R.; = R — R;. Let A be a set on which X7 acts, and
denote the image of A € A under the non-trivial element of Zs by —\. Suppose that —\ is
never equal to A. Finally, extend the action on A to €2y x X1 by letting )y act trivially.

The critical lemma for the reduction is the following.

Lemma 5.1.A. If there is a mapping from R.; to A compatible with the action of Qo X I'r
then Assertion is true with respect to G, T, T, € if it is true with respect to G1, T, T,
€.

Before proving this lemma it is as well to remind ourselves what it means. We have
endoscopic data for four groups G, G., Gy, G.; all of which share tori T, T. However the
factors A, are defined on covering groups T, T, T., T., Ty, T, T: 1, TEJ defined by central
extensions of the four groups. For G itself we have of course made the necessary extensions
at the very beginning, so that for G the tori T, T are covered by themselves. We must
also choose € in 7., mapping to € and therefore common to T, as well as ¢, € Ty N T},
aelan Te,l with similar properties. Thus the Assertion is to be understood as
applying not literally to G; . but to the covering group of GG; and to ¢ in it. Of course,
only the limit of ©, could possibly be affected by the various choices, and it is not.

5.2. Beginning of the proof of critical lemma. We may as well assume that the
mapping from R.; — A is surjective. Observe that the classification of roots in R; into
types is the same in Ry as in R. The choice of a-data and y-data remains at our disposal.

It is clear that, copying the definitions of §2.1 and §2.5 of [I], we may define fields F)},
Fiy, A € A, and, associated to A, collections of a-data, {a,}, and y-data, {x,}. Since the
mapping from R.; is compatible with the actions of I'r and I'7 we choose a, = az = a,
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and Xo = xaoNmpg, /r, Xa = xa o Nmp /g, if @ = A. Inside R; we choose the same a-data
and x-data for G as for G;.

It Orb(j%, Orb(Ndi denote the orbits outside R; it is easy to show that with these choices of
a-data and of y-data the second expression in (5.1.1)) divided by the analogous expression
for GG is equal to

g, ale)—1
2.1 | | —_— | | =l —— ].
(5 ) Xa<0[(€) . 1) XCV( aa )
OeOrbSﬂ) 6eorb(ff

To prove Lemma 5.1.A we show that these same choices lead to

(5.2.2) @@ (Ve Vu) = @gd) (ve, Ve

(5.2.3) lim ©5” (a1, 757) = 1im O3 (v, 7)1

The subscript 1 on the right indicates that we are calculating with respect to G4.
If 'y, 'y consist of the elements in the Galois group I'y fixing «, A respectively, then

Qo . (03
X“(a(e) - 1) = 1l sale) — 1
F)\/Fa
Thus the first product on the left side of (5.2.1)) is the product over a set of representatives
for the orbits of the image of R.; in A of

w1l OC(E)A_ 1

a— A\

The same calculation barred yields the identical result, so that is 1.

The left side of is obtained by pairing the cocycle v® with sz We shall factor
v as vgd), the cocycle attached to Gy, times U(Ndl) and then show that v(wdl) is a coboundary.
The relation follows immediately.

Since v¥ is a product,
V(o) = 7w, o) (5D (0) )1 (@) 5 @),

we easily factor it by factoring each term. The first two and the last are given as products
over the roots in R(¥), which we may decompose as products over Rgd) and R — Rgd) = R(Ndf.

Finally we define b(NC? (w) by the equation
b (w) = b (@) ().

Since R, and R., are invariant under 2y, we may define

d Y
yAwo)= ] e
a>0
a€R~ 1

w e~ la<0
(df is obtained by restricting y

I'7. Moreover, it follows from Lemma 2.2.A of [I] that the coboundary of y,(vdl) is the inverse

on all of 2y x I'yr. The a-data have been so chosen that 7 (dl) to

~ ~
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of Tidl). Thus
79 w,0) = 190) w0 (1900)) ¥ D wo)
and is a consequence of the next lemma.
Lemma 5.2.A. We may so choose b (w) and bgd) (w) that
b (w) =y (@)
In addition to b(ld), we may define bgb) and by, and then b(ﬁ, b~.1. Moreover
bt (w) = b2 (W)Y (w).

Lemma 5.2.A will follow from the next lemma, applied first to the pair G, G; and then
to the pair H, H;, the group H; being defined by Ry N R(H).

Lemma 5.2.B. We may so choose b(w) and by (w) that
bur(w) = yoa(w) ™.

Proof. Both sides of this equation have the same coboundary, so that it is sufficient to
verify that it can be satisfied for w = wg, 8 € ¥y. Recall from Lemma 4.3.A that

(5.2.4) b(ws) = b 0(B).
A similar equation is valid in Gj:
(5.2.5) bi(ws) = b 461 (8).

The factors 0(3) and 6,(8) are defined by sets R} and Rf,;. We may suppose that
Rj N Ry = R{ 4. To define Rj N (R~;) = RZ, 5 choose a set A of representatives for the
orbits of Z, in A and agree that o € R; N (R.y) if and only if &« — X\ € AT. Observe that if
a — A then —wga — —A.

From (5.2.4)) and (5.2.5)) we obtain a factorization

bwl(wg) = b[ivw&l(ﬁ)
0(B) = H (=1~

+
aERNl’ﬁ

The expression on the right in Lemma 5.2.B is

(5.2.6) I e

acER 1
a>0,wa<0

when w = wg. Putting o and —wa together, and noting that

aava—wav _ agv (_aa)—wav _ &a\/ﬂ)ﬁv (_1)wav’

« e
\2

a
(-1 = (21 (e,
we see that is equal to
oaB) [ el
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To show that

(5.2.7) [T o«

+
ozERNLﬁ

a>0,wla<0
is a possible choice for b.; g we apply the next lemma. To state it, set
et(w,0) = e(w,0)er(w, o)™
with )
e(w,0) = 7(0,w)T(ow, 0 o(w)(r(e,07 "))
as in (4.1).
Lemma 5.2.C. Suppose that for each € ¥ we are given c(f) € F*. We may choose
b1 g = c(B) for all B if and only if the following equations are valid for all o € I'p:

U(C(ﬁ))aﬂ U(5~1(5)) = yui(o)o(w) (Z/~1(U)71)€~1(W7 U)C(Uﬂ)gﬁvérvl(UB)-
If we define ¢(3) by (5.2.7)) this equation is simply
0 (y~1(ws)™h) = yer(0)o(Ws) (y~1(0) ) emn(wp, @)yar(wop) ",
for in the lemma w is wg. This equation is better written as

et (w5, 0) = 11(0) 0 (Y1 (@5)) Yt (0(wp)) o (w5) (ya (0)).
Inserting the factors of

Yt (0w5)yr(005) "0 (w3) (a0 ™) "o (ws) (o (yr (07h) ) =1

at suitable places and recalling that the boundary of y.; is 7_] we transform the equation
to
_ 1y —1
et (Ws, 0) = T (0, wp) Ten (0w, 0o (wp) (Ter(0,071))
which is true by definition.
Lemma 5.2.C is verified by applying the definitions and the following lemma for G, as
well as for G.

Lemma 5.2.D. Suppose that for each f € ¥ we are given c(f3) C . We may choose
bs = c(B) for all 5 if and only if the following equations are valid for all o € I'p:

o (c(8) o (5(8)) = y(0)o(w) (y(o) ) e(w, o)e(B) ™ 6(aB).
Proof. The necessity, namely the equation
a(b(w)) = y(o)o(w)(y(o)™")e(w, 0)b(o(w)),

is the first part of Lemma 4.1.A.

To prove the sufficiency we observe that what the conditions of the lemma determine are
ABY)
the quotients <0 (c(ﬁ))c(aﬁ)”) , where A is any weight. Thus it permits multiplication

of any given collection by a collection {d(ﬁ)} satisfying

(c(a@)aea )" =1.
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On the other hand, we do not destroy the condition of Lemma 3.3.B if we multiply h by an

element ¢ such that ﬁ(ta(t‘l))ﬁv =1 for all § € ¥y. Replacing g by o3, we rewrite this
condition as

aB(t)" = o () Ve,
Since the change in h replaces b(wg) by 5(t)b(wg) the equality (5.2.2)) is proved.

5.3. The term O\”. The relation causes the most difficulty. For the calculations
we must pass exph(:ltly to a z- extensmn G} of G1 The associated quantltles will be

~

denoted with a prime. All tori T T TH = TS, TH = Ts, as well as Ty, T4, Ts1, Tsq

~

were identified. Thus we have embeddings 7' < Tl’ , Ts — T, ;71 and so on. We transfer
cocycles with values on one group to another group in which it is imbedded without
change in notation. Suppose € in 7" maps to e. The left side of (5.2.3) is obtained by

pairing (a(w)ac(w) ™, a(w)a.(w)™") with (e,e') or, passing to T', with (¢/,¢™"). The right
side is obtained by pairing (a1 (w)ae(w) ™, @ (w)a.i (w)™) with (¢/,¢'~'). Thus it suffices
to show that (a(w)ai(w)™,@(w)a (w)™!) yields 1 upon pairing with (¢,¢ ') and that
(ac(w)ae1(w) ™, @ (w)ae 1 (w) ™) also yields 1.

We shall prove the first assertion, which is a statement about G and G;. The second

follows from it upon substitution of G, for G, and G.; for G;. Set ay(w) = a(w)a;(w)™?,

Go(w) = a(w)a, (w)~t. We want to show that

(5.3.1) <(a2,52), (e',e'—1)> ~1.

Let Y be the span over Z of Ry, and define a torus S by the relation
X.(5) = { (A, 1) ‘ Ae X T),pe X, (T)A—peyY }

Notice that X,(7") and X, (%’ ) are, if desired, identified, so that the locations of A and
are specified only to make the Galms action clear.

The inclusion X,(5) — X,(T") & X, (T’) defines § — 7' x T/ and T' x T' — S. Under
the latter, (¢,¢~') — 1. Thus to establish (5-3.1)) it suffices to show that (as,@s) is the
image of a cocycle with values in S. The decomposition

X.(8) = X (T &Y : (A ) ~ (A A= p)
yields an isomorphism S~T'x ﬁ, if R is defined by X*(ﬁ) =Y. It is not an isomorphism of
Galois modules. None the less if aj is a cocycle with values in 7" then w — ab(w) x 1 = az(w)
does take values in S. There are two points to verify.
(5.3.2) The cocycle a), can be so chosen that ag is a cocycle.

It can at the same time be so chosen that the image of a3 is in

(5.3.3) the same class as (a2,52)-

This will take some effort.

The tori T T, Ty = T are identified in a fixed way with 7. The normalizer of T in
L@ projects modulo T 1tself to Q(G) x I'p. Denote the inverse image of Qy x I'r by EM.
Since € is contained in Q(G1), Q(M) and Q(M;) we may define “M{, *M,, "M/, in the

same way, the kernel of “M; — Qg x I'r or of “M,; — Qy x 'y being T
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The cocycles used to define ay are defined by means of homomorphisms attached to the
x-data:

£ — M C L@, &t — I C LG
& MT — EM, C EG; A .LM;IQLGM,
and to imbeddings:
n:t*H =G, gy tH e EGY
The cocycle @ is defined in a similar manner by ¢, Ell, £, E/Sl
We shall construct homomorphisms
(5.3.4) @M = MY, gt PM — ML
with the following properties:
(a) They are compatible with the projections to €y x I'7.
(b) Let 7, T be the natural homomorphisms
.t St 7 LT S BT
defined by the imbedding T T , T < T'. Then

—=/

flom=pof, &oT=¢pol ¢ om=pof, & ,0T=pof,
C erelsatEAsuc that
Th i T h th
pon=adton o,
on ]\Z, the inverse image of () in L),

These conditions are clarified by a diagram

LT 3 LM ¥ LM{

| "T naT
LT : LMS L]\f;1

For technical reasons we need variants of ¢, ;. Let T be the inverse image of 7, in the
simply-connected covering G of the derived group of G with the action of the Galois group
defined by T. Define T in a similar fashion with I'z replacing I'z. Let H be the connected
centralizer of s in é, and let G; be the connected S-group associated to the group with
root system R; and Cartan subgroups dual to T. Let H, be the connected centralizer of s
in 51.

We have imbeddings

'77:[?“—)6, ﬁ:]ﬂ'{ﬁ‘—)él.
Let M be the inverse image of €y in the normalizer of T in é, and define ]\7[/3, ]T/[/l, M, in
a similar fashion. There are obvious maps
M — M, M, — ™, M —™M], M, — ™M,

We shall also construct

—~

@:M%Mh QES:MS_)]’\ZS,I
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so that the diagrams

M —LZ> Ml M L ]/\>[/s,1
(5.3.5) l l l l :
LM 5 LM{ LMs = LM;,l

are commutative. Observe that “M acts on M, “M] on M, and so on.
Moreover there will be a lifting of ¢ to t in 7" such that

pon= ad%vo?h 0 Q.
Finally, if m € LM, m, € IM,, in € My, i, € M,
(5.3.6) g(m(m)) = ¢(m)(2(m)), & (ms(ms)) = %(ms)(@s(ms))
Granting the constructing of ¢, s, @, ©s we verify (5.3.2)) and ( . Set
Y1 =ypon, Wy=adtonop, U =goi, wz—adto"ho%
and let
1(m) = ay(w)iha(m)

if m € M, projects to w. It is of course condition (c) that guarantees that a} is a function
of this projection alone. Since

a(w)é(m) = no&(m), merT, m—w,
and
ay(w)éy(m) = ny o0& 1(m), melT, m—w,
we conclude from condition (b) that
ay(w) = a(w)ay (w)to(t) ™,

if w— o € I'y. Thus ay and @), lie in the same class; so we replace ay by aj in (5.3.1]).
The same calculation is however, valid for @ and @;. Thus we conclude that we may

replace @y by aj in (5.3.1). With this choice of a, the condition (5.3.3)) is clear.
Passing to the condition ([5.3.2)) we first note that if w € €2y then the homomorphism w — 1

takes X, (T\’ ) to Y and thus defines a homomorphism «, : T’ = R. Under the isomorphism
S ~T" x R, the action of o € I" sends (t,1) to (O'T(%\), ay, (UT(?)> ) if o5 = w x op. Thus

the boundary of w — (aj(w),1) is

(aa(w2),1) (w1 (0 02)) 0, () (02)) ) (o) 1),

-1

which is simply «, <01 (a’z(wg))> or oy (O‘ofl(wl) (a’z(w2))—1), Thus we have to show that

for all w € Qg and all w in W
(5.3.7) a, (ah(w)) = 1.

Since au,w, (t) = wy 0 ay, (Hw (1) it suffices to verify this for w = wy, § € o Then if Rg
is defined by X.(Rg) = Zf, the homomorphism obviously factors through T T RB-
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Since Z5 C X*(f), there is a homomorphism \g : ﬁg — T. If it were injective we could
verify (5.3.7) by establishing the relation

w(dh(w) = dylw),
for the composition Ag o o, takes tto w(t)t .

Unfortunately the homomorphism Mg is not always mJectlve If, however, we replace T
by T then it becomes so. Of course al(w) is not defined in T, but let @ (w) lie in T and
have an image in T, that is congruent to a}(w) modulo the center of G}. Then (ah(w))
is the image of o, (a4(w)) and

0 (@3(w)) = (@) Tw) .

Choose m € M, mapping to 0~ '(w), where w — o € I'r. Then

)
da(w) (d1(m) ) = (w(m) = b (w(m),
On the other hand,

10 (Fatm) = 00 (a() (o)) Y0
= ) (m) ()

We conclude that
1= @ (w) s (w(m))@ (w) ™ s (w(m)) " = Gh(w)w (@ (w))

5.4. Construction of p and ¢,. We begin with a general system R, as in §2 of [I], and
assume further that we have a surjective map R — A, A having the properties of (5.1). We
suppose that y-data are given on A and that if & — A then x, = x» o Nmpg, /p,.

Let p be a given gauge on R. On A we can construct a gauge pp by choosing in each orbit
a representative A, as well as coset representatives oy, ...,0, for I'y /" and then defining
pa(o;'\) to be 1. Define, in the notation of §2.5 of [I], r,, by

rps (W) = ﬁXA (Uo (Ui(IU)))A;y
=Y a,  A=o'\

Oé—))w‘

where

Set p'(a) = pa ()\(a)), and define a gauge p; on R in the same way as py was defined on A.

Lemma 5.4.A. The cochains w — Sy (w)ry, (w) and w — s,/ (w)ry (w) differ by a
coboundary.

It follows readily from §2.5 of [I] that the quotient of those two cochains is a cocycle.
It is enough to prove this lemma when the module X has { acR ‘ P(a)=1 } as a basis
over Z, R is a single orbit under the group ¥ introduced in §2.5 of [I], and for each A € A,

)\:Za.
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To prove the lemma we have to prove that the quotient factors through a Galois group,
and that if a € R then the projection on the one-parameter subgroup ﬁa associated to Za
of the restriction of the cocycle to W, is a coboundary. Fix one aw € R, and let A = A(«).

Take the Weil group W to be Wy, where L is a large, finite, Galois extension of F'. We
first observe that for z € L* C Wy p,

(5.4.1) Tpa (1) = 1y ().
The right side has been computed in [I, §2.5] as
B
H Xo(Nmj, o)’ = H X5 Ha(x) :
o€l 4.\ po(B)=1 Ls
the equality following from the relation
Xop(0) = X3(2).

Since x_p = Xgl, the gauge pj, can be replaced by p’. If & — X then in the same way the

left side is
o

H Xu Ha(x)

pa(p)=1 o€l

which is equal to
B
II ITx{ II IIe@
pa(p)=1B—p pEl\I's o€l
or
B
IT IIxs{ Il o
pa(p)=1p6—p o€l

Thus (5.4.1)) is clear.

Since the restrictions of s,/ and s,/ to W, always have trivial projections to fAia, it
is only the quotient 7, (w)ry (w)~" that need be considered. Taking the projection of the
restriction also allows us to suppose that A = {£A}, I' = T'4), with pp(A) = 1.

Choose vg = 1 € Wy, and if X is symmetric v; =v € Wi, — Wy,. If w € W4, let w =
r(w)v;, x(w) € Wiy, Then x = x» may be regarded as a character of W, = Wp, p =W,

and
i (w0) = x((w)) "
Projecting on R., we obtain X(m(w)))‘.
Since r_,; = 1, we may assume that pj = 1. It is convenient to consider three cases
separately, although in all of them the conclusion will be that 7, (w) projects to x (z(w))".
(i) o asymmetric, A\ asymmetric. We calculate with the notation of §2.5 of [I], noting
that with our choice of y,,

X (ui(w)) = x(waww; ).
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Taking, as we may, w; = 1, so that wy is also 1 for w € W, = W, we see that
the projection of

rp(w) = [ [ x(wiww; )™
on R, is x(wiwwi )™ = x(w)®.

(ii) o asymmetric, A symmetric. Let v — 7 € " and let 0y, ...,0, be a set of represen-
tatives for v4,\I't,. Then {o1,...,0,,017,...,0,7} is a set of representatives for
L1\ Lift 0; to w; in W, and set T(w) = vz(w)v~!. We take oy = 1, w; = 1. If
w = z(w) then

T, (w) = H X(xix(w)wgl)ai H X(wﬁ(w)wj_,ly_lai,

where j* = j'(i,w) is defined by 0,0 = p;(d)oy if T(w) — 7. If w € 'y, then the
projection of the right hand side on Ea is X(as(w)) because « is asymmetric. If w
were z(w)v and o the image of w in I" then oo would be a and oA would be A. This
is impossible.

(iii) o symmetric, A symmetric. We take the representatives of I'1,\I" to lie in I'y and
we take v in T'io\['yo. If w = z(w) lies in W, then 7, (w) is calculated as in (i). If

w = z(w)v lies in Wi, \W,, then the projection of v, on R, is again x(z(w))®.
Returning to our special situation we choose py on A, pj on R.;, and p} on R;. Together
pp and p), define py on R. We have natural factorizations

Sp/po (w) = Sp/po,l<w)3p/po7~1 (w) = Sp/p} (w)sp/p() (w)
T'po (w> = T'po,1 (w)TPO,Nl(w) =Tyt (w)T% (w)
rp(w) = rp1(w)rp a1 (w).

There are similar factorizations for the barred quantities.
Recall from §2.6 of [I] that

¢(w) = rp(w)n(wT(U)) X W
= Sp/Po,l(w)rpml(w)SP/Po,Nl(w)rpo,Nl(w)n(wT(o-)) X w.

In view of the lemma, we are free to replace s,/p,,~17py,~1 bY Sp/p'Tp,, Obtaining a homomor-
phism that we still denote by &,

{(w) = Sp/p071<w)rpo,1 (w)sp/p’ (w)ry, (w)n(WT<U)) X w.

We modify &(w) in exactly the same fashion. R R
The homomorphism ¢ is defined on 7" as the imbedding of T" into 7". To define it on all
of XM, we must define gp(n (wa(a)) X w), w € Qy, we W, w— o. Since s,y is defined

on all of 2y x I'r we may set

@(n(wa(U)) X w) = s;/lp,(wa)'r’;Al(w)nl (wwr (o)) x w.
There are three conditions to verify in order to show that ¢ is a homomorphism. For
simplicity, write n(wr(0)) x w € *G as n(w).
(i) go(n(wl))go(n(wg)) = t(wl,wg)go(n(wlwg)), Wi, we € N
(ii) go(n(wl))go(n(wg)) = t(al,ag)gp(n(wlwg)), w; € Wp, w; — oy
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(iii) gp(n(w))gp(n(w))gp(n(w))_l = et(w,o)go<n(a(w))>, w € Ny, 0 € wp, w— 0.

Here

(5.4.2) er(w, 0) = t(w, o)t(ow, o o (W) (Ho, 0 ) 7
The relation (i) amounts to
(5.4.3) s;‘;/ (w1 )wq (s}];, (wz)>t1(w1,cu2)sp‘p/ (wiws) = t(wy,w2).

The p that occurs here is really the restriction of p on R to R.;, and in this sense tt;' = tp.
Since t,(w) = 1 for w € Qg because p’ is invariant under € the relation (5.4.3)) is clear
from Lemma 2.4.A of [I].

The relation (ii) is valid for a similar reason. One has only to observe that

s (w0 (15, (w2) )y (wiwa) =ty (01, 02).

The relation (iii) amounts to the equality of

Sz:/lp’ () (W) (sp/pr (0)) er, (w, o) (S;/lp, (w))
and
e, (0169),
if e;, is defined by the analogue of , (G1 replacing GG and t; therefore replacing t. If

e~ is defined as in (5.2.8),E| the element wg being replaced by w, then e.; = etet_ll. On the
other hand, the boundary of s,/, being ¢,/t,, we have

55 (@)7(@) (5 () (5571 () )5y 4 (o) = €51 ex,,
Clearly
[ €tp.
Moreover
ty(w,0) =1 ty(ow,0") =ty(o,07") =c(w)(ty(o,07)),

because p’ is invariant under Q. Thus
p

-1 -1
etetl = €t = etp th,.

(The inelegant appeal to the fact that we are dealing with cochains of order two is entailed
by an infelicitous definition of ¢ in §2.6 of [I]).

The homomorphism ¢, is defined in a similar fashion. Condition (a) is of course manifest,
and condition (b) follows easily from the definitions. To verify (c) we have to prove the

existence of ¢ € T such that

(5.4.4) @(77(%(%))) = adt(m (sos (ns(w@)))) B e %o

Suppose we can prove the existence of ¢, € T and for each 8 € %y of Ay € C* such that
gp(n(ns(wﬁ))> = Njadt, (771 (sos (m(%))))

(5.4.5)
= )\gtlwfg(tl)ilnl (SOS (ns (Wﬁ))) :

'Editorial comment: It is unknown to what (5.2.8) refers.
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Then we choose to such that 8Y(t2) = Ag for all 5 € ¥, and (5.4.4) follows with t = t;t.
Observe first of all that if w = wg then

n(ns(w)) = b~ (wn(w),

so that

On the other hand,

m (%(ns(w))) =5, W (ns1(W)) = 5, (W) (w)na (w).

Thus the pertinent factor is

syho(@)s b (@) (w)bi (w).

Since p’ is invariant under €2,

S;/Ip/(w)sps/p; (w) = H (=17,
a>0,w ta<0,p (a)=1
O(GR*(RSURH

with R, = R(H). Observing that p/(—w™'a) = —p/(a), we write this as

hot)™ I (DT = hw(t) T8(w)s, ()

a€R*T—(RIURT)

with
b= J] (-1~
a€R*—R],
p'(a)=-1

Equation (j5.4.5)) now follows from part (b) of Lemma 4.3.A.

The coroots a that appear in the definition of s,/, and r),, are also coweights of f, SO
that we may interpret the expression defining them as giving functions s,/, and r),, with

values in 7. Then ¢ is defined by
@(n(wa(U)) X w) = ’§;/1p, (wo )7, (w)ny (wwr (o)) x w,

and even on a group containing M that we could call M. That it is a homomorphism is
proved in exactly the same way as for ¢. The homomorphism @, is defined in a similar
fashion, and the diagrams are clearly commutative. That the element ¢ can be also
lifted to ¢ so that Zo7 = adt o7, o @, is also clear. Finally is valid because we can
define ¢ on L)\ and Ps ON L.

5.5. Reducing the dimension of Gg4... Since we are arguing by induction, we can exclude
from consideration any group G with subgroups G*, ..., G" such that dim G, < dim Gge,
for all 7 and such that the truth of the statement for all of the G* implies its truth
for G. Since that statement is clearly invariant under z-extensions [Kj| and since any two
z-extensions are covered by a common z-extension, we can immediately suppose that Gge,
is simple over F', and indeed that (G is obtained by restriction of scalars from a group over
a larger field. Then a simple argument that we prefer to omit allows us to assume that
Gger is absolutely simple.
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There are two obvious ways of constructing a root system R; between Ry, = R(H.)
and R invariant under 'y and with a map to A satisfying the conditions of the critical
Lemma 5.1.A. The first is to take R; = (« ‘ ale)?=1), A={a(e)} C F” and the map
o — a(e). The second is to take Ry = (a | a¥(s)* =1), A = {a"(s)} C C* with 'y acting
trivially and the map o — «(s). Since we can always use the transitivity of Lemma 4.1.A
of [I] to choose T' = T,,,, we can also suppose that is satisfied. Thus we are reduced
to the case that a(e) = £1 and a”(s) = £1 for all a.

In general let us call (G, ¢, s, T,T) primitive if

(i) the element € is not central in G, and s is not central in G,

(ii) Gger is absolutely simple,

(iii) the set R is not empty,

(iv) there is no system R; C R satisfying the conditions of the critical lemma, so that in
particular €? is central in G and s? central in G.

We now assume that (G, ¢, s, T, f) is primitive, and see what this implies, although we
shall see that the critical lemma allows us to impose even further constraints on the problem.
On p. 708 of [Ly] a diagram, either a Dynkin diagram or an extended Dynkin diagram,
together with an action of the Galois group was attached to the pair (f ,8) (there denoted
(¢Ty, k). In the present case the diagram DY (there denoted D) is the union of Xy, XY
(there denoted Xy, X;). The same construction can be applied to T, € yielding D, Xy, X;.

Lemma 5.5.A. If (G, ¢,s,T,T) is primitive then both diagrams D, DV are extended Dynkin
diagrams, and X1, X{ both consist of a single simple root, whose coefficient in the expansion
of the largest root is 2.

It suffices to treat the diagram D. Then X; is just a set of simple roots for G.. If it were
a subset of a set of simple roots for GG, then G, would be the Levi factor of a parabolic
subgroup of G. This parabolic subgroup need not be defined over F. Take R; = R(G.)
and let A(«) be the restriction of « to the center of G.. It is clear that A(a) # A~!(«) for
a € R(G/Gy). Thus a — A(«) satisfies the condition of Lemma 5.1.A, contradicting the
assumption of primitivity.

We conclude in particular that D is an extended diagram, and that X, contains the
negative of the largest root ag. Let o, ..., a, be the simple roots. By construction every
root a such that a(e) = —1 is the sum of a single element of X; and an integral linear
combination with non-negative coefficients of the elements of X,. If a; € X; then —q;
assumes the value —1 at e. Thus for some ay,

(5.5.1) —oj = oy + Z cioy — CoQrp,
ij.k
with ¢; > 0, ¢; =0 if oy ¢ Xo. Since

¢
(552) g = Z biCki
=1

with b, > 0 for all 7, the equation (5.5.1)) is only possible if j # k and X; = {a;, .},
co=0bj=b,=1orj==Fkand X; = {o;}, cb; = 2. If X1 = {a;} and b; = 1 then (5.5.2)
implies that ag(€) = —1, which is out of the question. Thus to prove the lemma, we need
only exclude the possibility that X; = {«a;, o}
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The action of G, on the quotient g/g. is a direct sum of distinct irreducible represen-
tations p. Thus to each o € R(G/G;) we can associate the p = p(«) in which it appears.
Clearly T acts on the set of these p and o (p(a)) = p(cc) while p(—a) = p, the contragredi-
ent of p. We extend the action of I' = 'y to ¥ = X1 by demanding that the non-trivial
element of Zy C ¥ send p to p.

We claim that

01 =0+ Y 0
p=p

g, being the space of p, is a subalgebra. The root system of G is obviously a possible R,
for we can take A={p|p=~p}.

Each p has a minimal weight and by the definition of Xy, X; this weight lies in X;. Let it
be o; = j(p). Then g, ~ g; if and only if

—Qj = Qj + Z C;0; — CoQy, c; > 0.
a;EXg
Comparing this equation with equation (5.5.1) we see that g; = g if X; consists of a single
element, and that g; = g. if it consists of two elements. We infer first that it is in both
cases a subalgebra, and then that X; consists of a single element, that we denote «;.

The connected components of X, decompose it into the disjoint union of connected
diagrams permuted among themselves by I'r and, in the same way, [', for we could as
well define X, X, starting with 7 rather than 7. The result is the same. Suppose that
X, is the disjoint union of two non-empty subdiagrams X;,, X{j, each invariant under I'y
and each the union of connected components of X, itself. We shall use the transitivity of
Lemma 4.1.A of [I] and the Critical Lemma to show that this case too may be reduced to
that of a group of lower dimension, so that we may impose one further restriction,

(v) Xo is not the disjoint union of two non-empty subdiagrams Xj,, X{j each invariant
under I'r and each the union of connected components of X, itself. Moreover X
satisfies the same condition.

Supposing that such a decomposition exists we let Xj, be the subset containing the
negative of the largest root. Since X, is the Dynkin diagram of g, this leads to a direct
sum decomposition,

(5.5.3) go=9g ®g"
To be definite, we put the center of g. in g'. It is pertinent to observe that g. has the
same rank as g because X; consists of a single element. We have seen, moreover, that the
representation p of g on g/g. is irreducible.

The decomposition implies a tensor-product decomposition p ~ p’ ® p”. Since
p =~ p we have p ~ p/, p” ~ p". Moreover every element o of R(G/G.) may be represented
as a = (o/,a"), where (d/, ") are the weights of p/ and p”.

Lemma 5.5.B. (i) o is never zero; (i) There is an « for which o is not zero. Moreover

o is zero if and only if a is a rational linear combination of roots in Xj.

Every root of Xj) is orthogonal to every root of X{j. Thus Xj,, X{j span mutually orthogonal
subspaces of X*(Tye;) ® R whose sum is X*(Tye;) ® R. The components o/, o of & may be
identified with its components in the two summands. Thus «” is zero if and only if « is a
(necessarily rational) linear combination of roots in X and o/ if and only if it is a linear
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combination of roots in X{j. Since X{ is contained in the set of roots simple with respect
to a suitable order, a root that is a rational linear combination of the elements of X{ is
necessarily an integral linear combination. The first assertion of the lemma follows.

If o/" were 0 for all o then p” would be trivial and the roots in X{j orthogonal to «; and
to all the roots in X{,. This contradicts the assumed absolute simplicity.

Take Ry = R(H.), and let R{ be the set of a € R, that are roots in g’ and R{ the set of
a € Ry that are roots in g”. If 2, Q" are the Weyl groups of ¢, g” then Qy = Q(Q; with
QL =N, Qf =2 NQ". In the same way H, factors as H, - H.

If

I'p={wlo)o|oelr}
and if w(o) = W' (o)W (0), W'(0) € ), W’ (o) € Qf then
Iy ={w'(o)o|ocelr}
is a subgroup of 2y x I'r and
Iy ={w'(o)0’ | o' €'y }.

As the notation implies, '+ gives the Galois action for a group 7" that could be substituted
either for 7" or for 7. By Lemma 4.1.A of [I] it suffices to prove Theorem 5.1.A for the pairs
(T,T") and (T",T). To deal with the pair (T,7") we apply the critical lemma, taking the
Ry that appears there to be R} and R; to be the union of R(G.) and

{a e R(G/G.) | " =0}

and introducing yet a third Cartan subgroup, whose projection on H! is stably conjugate to
the projections of T or 7", but whose projection on H! is maximal split. Then A is defined
on R(G/G;) by Ma) = a”. For the pair T', T we take the Ry of the Critical Lemma to be
Rj. The set R; is R(G.) and A is defined on R(G/G1) by A(«) = . It is again necessary
to introduce a third supplementary torus and to use transitivity.

Lemma 5.5.C. Suppose that (G,¢,s,T,T) is primitive and that in addition the condition
(v) is satisfied. Then all roots in R(G) are of the same length.

We examine the possibilities for groups with roots of unequal length, using the appendices
of [B].
(i) Be: The diagram is

—ag

The dual diagram is

S fe Ba B
and
Qg =g +20 + -+ 20y, Bo=201+ - +2B81+ B
Condition (v) and Lemma 5.5.A imply that X; = {as}, that ¢ = 2k is even, that
XY = {Bk} and that I'r acts nontrivially on the diagram. We conclude that a(e) =1
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if v is long and that a(e) = 1 if «v is short. On the other hand, a¥(s) = —1 only if
a” is short, although a(s) can be 1 for some short roots. Since

RY ={a|ale=-1a"(s)=-1},

it is empty, and groups G of type B, are excluded.
(ii) Cp: By the symmetry of the conditions, groups of type Cy are also excluded.
(iii) Fy: The diagram is

—Q aq (e Qs Qg
and
Qo = 20(1 + 3042 + 4@3 + 20&4.

Then X; = {a4}. Thus, with the notation of Table VIII of [B], a(e) = —1 if and
only if a = %(j:el + €y £+ €3 + ¢4), and therefore, in particular, only if « is short. By
duality ¥ (s) = —1 only if « is long, so that R is empty.

(iv) Go: The diagram is

and
Qo = 3061 + 20&2.
Thus X; = {ay}. This however, is incompatible with condition (v).

6. THE ORDER-TWO CASE

6.1. Introduction. According to the last section it remains only to prove ([5.1.1)) under
the following assumptions:

(6.1.1) ale) = £1, a’(s) = +1, a € R;
and
(6.1.2) all roots in R are the same length.

In this case the roots of type (d) are those @ € R for which a(e) = —1 = a(s).
We begin by describing formulas for @@ and lim @gd). Let T\, be the F-torus with dual

f(s) = Ta.a/{1, s7} endowed with the action induced by I'z. Then dual to

1 —— {1,s7} > Tag s Ty — 1

we have

1 s A > Tis) s T s 1

where A has order exactly two. Each of the terms in v(@ and hence also v¥ itself, can be
constructed in T.. We do so without change in notation. A lifting ¥ of v(¥ to a cochain in

T (F) will be described in (6.2). The coboundary dv takes values in A and so defines an
element ¢; of H*(T', A) = {#1}. Then

(6.1.3) 1" (111, 7n) = 1.
To check this we note that the inclusion {1, s5} < Thaq yields

H*1<X*(TSC)> s HY(Z/22).
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We have a commutative diagram

HY(Ty.) ——— H?*(A)

E

H—1<X*(TSC)) —— HY(2/)22)

2

(see |Li] or [M]) and since @%d)(fyHﬁH) is given by evaluating v(?, as an element of
H (X* (TSC)>, on s, (6.1.3) follows.

The term lim @éd) is handled similarly. Following (4.5) it is given as
( (0. i) 129w, e ),

the pairing being that for H (W, T x %) and T(F) x T(F). We shall move to the torus
S =T x Ty from (3.5). It has the Galois action

(6.1.4) 7 (t, 1) — (U(tl)aaw (J(tl))wa(tz)),

where @ = w x 0. We also have T x T — S over F and dually S — T x T (see (3.5) for
definitions). Recall that

w — (a(d)(w),E(d)(w)_l’zxd)(w,w)A)
is a cocycle in S with image
w — (a(d) (w), D (w)e D (w) 12D (w, w)’1>
under R
HYW,S) — H'W, T xT).
More precisely, this was shown in (3.5) for cochains without the superscript (d), but a

factoring argument as in (4.5) allows us to consider just the contributions of type (d). We
may therefore compute lim Oq(vy,7y) as

( (90w )50 0,0) ) s

where eg is the image of (¢, ¢~") under T'(F) x T(F) — S(F). Note that €5 = (1, €aq) Where
€ad = €,4 is the image of € under T — Tq.
Next define a torus T{.) over I' by

1 —— {1, e} sy Tod » T — 1

Then we have

with B of order 2, and

-~ =

1—>1xB—>fxﬁ6)—>TxTSC—>1 ,

or, more simply,
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~
€

1 » B y T x Tie) y S !
In T x ﬁe) the Galois action is given by (6.1.4)) with «, now taking values in ﬁe), as is

~

possible because the roots of ¥y lie in X, (7). Dual to this is

1 —— {l,es} > S > T'x Ty —— 1

In the next section we will define a lifting of @ (w) =12 (w, w) " € Ty to T(¢) and thus a
lifting of the cocycle

a(w) = (a(w), o9 (w) 2 (w, w) )
to a cochain u(w) with values in T x f(e). The coboundary Ou takes values in B and factors
through W — T. Tt then defines an element €, of H*(T', B) = {+1} and
(6.1.5) lim O (vp, V) = €2.

This follows from the commutativity of the diagram below (see the observations at the end
of Section 6.5).

H'(Wp, T x Tpy) — H'(Wp,S) —— H2(T', B)
2 2 2
(T xTio)(F) ——— S(F) ——— {1l,es}”
We observe that A ~ B ~ u, and that the homomorphism
H*(T, pg) — H*(T, pua)
is injective. This is essential in all that follows.
6.2. Liftings. Fix i = iz € F such that i = —1. We write v (7) as 7@ (7) v, (w x o),
where
0a(w x 0) = 7w, ) (39 ) )0 ) !
with ¢ = w X ¢, and lift term by term. First
@) = [[ ws(@
OCR@)

where

We shall define §5(7) € T(5) and then set 9 (5) = [[5 U5(7).
To fix a-data for all asymmetric orbits, choose one orbit, say O, from each pair +0O and
set a, = —1 for a € O, a, = 1 for a« € —O. Define
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and B
Y ol@) =1
On the other hand, if O is symmetric fix & > 0 in O and then representatives o; =
1,09,...,0, for I ,\I' such that o = Ej_la > 0 for each j. Thus O = {iaj ‘ 1<j< n}
Fix \/a, € F” and define Vaa; = aj_l\/@. We have

To@) = ][] aa.
o la;<0
Set

Uo@ = [ (vaa,)™.

It remains to lift the terms in v,(w x o). We define ¥ () in the same way we did ’yv(d) (@)
and then lift w (y(d)(a)> as w<§(d)(a)>. The term 7@ (w, o) is a product of elements (—1)*

\Y

over certain a of type (d). Lift 7(?(w, o) to the corresponding product 7@ (w, o) of elements
i20" Recall from (4.5) that b@ (w) = b6 (w). The factor §@(w) is a product of terms
(=1)*" each of which we lift to i2*". Recall from (4.3) that b is of the form I, :Bg’“ , where

2, € F, B € So. Such an element is naturally lifted to 7, (s) (by the same formula) since
2y C X*(T(s)).
On the dual side we have to lift the cocycle

(a(d)(w)@(d)(w)—lg(d)(w,w)—1> _ <1’E(d)(w)_1)U*(w < w)
with
Uy (W X w) = <a(d)(w)7%{d)(w7w)_1>

_ (a(d) (), 79 (w0, 0w (C(d) (w)> a, <a(d) (w))g(d) (w)—1) .

Now i = ic will denote a square root of —1 in C. We start with ¢ (w), lifting it to 7@ (w)
in 7/;(5)- Then (1,¢(w)™) is to be lifted to (1,%{d)(w)_1>.

The term & (w) is a product []r.5(w) over pairs +O of orbits of type (d). We proceed
term by term in this product. If O is asymmetric then we take y-data for +£O to be trivial.
There is still a nontrivial contribution to r, g, namely the term s/, of [I, 2.4]. Here p is the
gauge on £0O defined by the fixed order on the roots and ¢ is given by ¢(«) = 1 if and only

if « € O. Thus ([I, 2.4])
Sp/a(0) = H (=1

a>0
7 ta<0
acO
and 7,5(w) = s,/,(0) if w — o under W — T'. We define 7,5(w) to be the product 2"

over the same roots.
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If O is symmetric the contribution Sp/q 18 trivial because we have arranged that p = q.
On the other hand, the y-data {x,} now are nontrivial. Following [I, 2.5] we write

res() = Hx (vo(usw))) " = [T sl w))™.

j=1

Fix some square root of the complex number s(u;(w)), denoting it by /s(u;(w)), and then
set

Faw) = [T v5(us(w)™.

It remains to lift u.(w x w). Again we proceed term by term. We lift (¥ (w) as we did
D (w), 7D (w, ) as we did 79 (w, o), and b (w) as we did b¥(w). We shall regard a,, as

taking values in T(). Then
Us(w X w) = (a(d)(w),%(d) (w, a)w(gd) (w))aw <a(d) (w))g(d) (w)_l).

6.3. Some coboundaries. For « of type (d) the element (—1)%*" of A is nontrivial and
all such elements coincide. Similarly, B = { (£1)** | a type (d) }. We identify both A
and B with us = {£1}. At the same time we identify ic and iz, and then the subgroup
B’ of f(e) generated by {iza | a type (d)} with the subgroup A’ of T(,) generated by

{izav ‘ a type (d) } (recall that all roots have the same length); this of course does not

respect the action of 'y or I'z. According to and we have to compute the
2-cocycle 0v du with values in po. This coincides with 9v/0u which is more convenient
for calculations. Where needed, we inflate cocycles of I" to W without mentioning it in
notation.

In this section we investigate the contributions to 0v/du from v, and u,. First, v, and v,
are well-defined on €0y x I'y. From Lemma 4.2.B we have

v, (wip, wao) = 7D (W1 p, weo) 7

and so if we lift 7(9 to 79 by replacing each term (—1)“v by i2*” then we conclude that
Ov,. 7D takes values in A = to. Similarly u, and wu, are well-defined on ¢ x W and
Lemma 4.2.A shows that aﬂ*%(d) takes values in B = A = 5. Here w x 0 € g x W acts
on T x YA”(E) as in (6.1.4). Hence 00,, 0u, take values in B’ = A, and 90, /0, takes values

in A since 7@ is identified with 79, The cochain 97, /0, is not in general a cocycle (since
the operator d in the numerator is that for the Galois action on T(,) and the operator
in the denominator is for the dual algebraic action). We calculate its coboundary as the

coboundary of 00,7/ 9,7@ and thus as

(wip, wao, wsT) = pT D (wyo, ng)/p%(d) (wa0, w3T)

1 ()"

a<0,o¢6R(d)
U*1w27 la<0

-1, -1 _~1 -1
T wy o twy, a>0

which equals
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When A is identified as o this becomes

)

pl ) N(wa0,w3T)

(wlpa W0, (U37_) — < i

where N (wy0,wsT) is the number of roots o appearing in the product above.
We embed pio in piy = pyg(F), the group of fourth roots of unity in F. The group Qo x W
acts on yy through I'. Fix € € F” such that €% =4 and consider

5 N(wa0)
M(wip, weo) = (E) )

where N(wy0) is the number of « of type (d) for which a > 0, 0~'w;'a < 0. The cochain
M takes values in p4. Observing that

N(wi0) + N(war) — N(wiowsT) = 2N (w10, waT)
we find that M is the inverse of (6.3.1)F] Let 6 = M 9v*/0u*. Then we have proved:

Lemma 6.3.A. 0 is a 2-cocycle of Qg x U'r with values in py.

Lemma 6.3.B.
O(wy1 X pywa X 0) =0(p,0).

Proof. Because 6 is a 2-cocycle it defines an extension of 2y x I'r by 4. The extension is
generated by uy and elements 7, n € Qg x 'y, with

nan b =mn(x), Wi = 0(m,n2)(mmne)".
We have to show that
(wip)" (w20)" = 0(p, o) (w1 pwa0)".
For this it is sufficient to verify

(6.3.2) 0109 = (wywe)"
(6.3.3) wo = (wo)"
and

(6.3.4) cwo = (owa MM,

Moreover ([6.3.4)) need only be verified for w = wg, 8 € ¥y. Indeed, assume that
holds for w; and wy. Then
G (wiws)" ot = 5w 0y0 !
= 0010 10We0 = (owio ) (owao T HN
= (owiwyo )"

so that (6.3.4)) is also valid for wyws.

If all these conditions are satisfied then
(w1p) (wa0)" = B1pwaT = plp~ wip) @0
or

p5(0 p wipwso) = 0(p, ) (po)" ((po) ™) (wipwap ™) (por)"

2Editorial comment: It is unknown to what (6.3.1) refers.
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which is
0(p, o) (wipwra)"
and the lemma follows.
The three conditions may be rewritten as

(635) 09(&]1,&)2) =1

(6.3.6) O(w,o) =1

(6.3.7) 0(o,w)o (W) (0(c, 07 ) (0w, 07") = 1.

First observe that M (wy, w2) M(w, a) = 1. In addition, we calculate
,w)o(w) (M )Y M(ow,07)

as

(i)N(w)<£)N(Ul) (E)N(Ul) B (£>N(W)
oé o€ of - \o¢ '
But N(w) is twice the number of roots of type (d) in Rj; so we may rewrite this expression
as ()@,

Turning now to Jv, and Ou,, each taking values in A’, and £ = Jv,/0u, taking values in
A = po, we have

L(wy,ws) = Ib(wr, ws) /Ob(wy, ws) = 1
and L(w, o) is the quotient of

by

/b\(w)_lw (E(w)) o (a(w)) T(w,0)'w (E(w))

F(w,0) ' F(w,0) = 1.
Here, and below, the superscript (d) has been omitted from the notation. Similarly we find
L(ow,0 No(w)(L(o,07")) =1,

and so it remains to compute £(o,w) in the case w = wg, f € L. We obtain L(o,w) as the
quotient of

and this is

Jo)o (Ww) )7 (o(w).0) o (@) (i) b(ow))
by

e(w)o (B(@) : 7(o(w),0) " o (W) (Aw) )b (0(w)) T (a(w))

We may cancel 7 and 7 and then insert €(w,0) in the numerator and g\(w,a) in the
denominator. Recall that e(w, o) and e(w, o) were defined in (4.1). We consider only the

contribution from roots of type (d) and lift to € and € by lifting each term (—1)*" or (—1)®
to 120" = 2, B
We also factor b(w) as b,0(w) and similarly b(w). This yields

ﬁ(O’, (,U) = ElEQEg(ElE\QE\Q,)_I

-1
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where

Ey = by (b;"),

By = j(0)o(w) (i(0)) "

By = §(0(w))o g(w))_le(w, o)

Ey = by (b ™)

By = dw)o(w) (Fw)) ™ oy (alw)™)
and

~ - ~1
Ey = 5(0(w))0(5(w)) e(w,0).
Recall that w = wg. To simplify this expression for £(o,w) we need some preparation.

Lemma 6.3.C. There exists ng = +1 such that
-1 .
§(o(ws))o(6(ws)) " elws, o) =13’

\%

and

g(a(w@)a(&w@) e(wg,0) = ngﬁ.

Proof. This is a long calculation in which we repeatedly use the fact that

(~1)7" (1)) = ()
First, e(w,0) = 7(0,w)7(ow, 07 )o(w)(7(o,07)7"). The last two factors are respectively
the product over a > 0, w™ o™l < 0, ow o7 'a > 0 and that over cwlo~ta > 0,
wlo™ta > 0 of (—=1)*". When multiplied together they yield the product over a < 0,
wlo™la < 0, ow™to~la > 0. The first factor is the product over a > 0, o tar < 0,
wlo~la > 0 of (—=1)*". For e(w, o) we then have the products over

(1) a>0, wlcla>0, c'a>0, ocwlola<0
and

(2) a>0, wlcla>0, oc'a<0, cwlola>0
of (—1)*".

The contributions of ¢ (d(wg)), 6(c(ws)) to the left side of the first equation are the
products over, respectively,

(3) cla>0, wlcla<O, clac R}
and
(4) a>0, ow'lola<0, a € Rj

of the same term. Here w = wg. The left side of the second equation is an exactly analogous
product, roots replacing coroots in the exponents.

Consider the contribution of {£«,+a’}, where o/ = —cw 'o7'a. If @ and o' have
opposite signs then these can be contributions only to and . Taking o > 0 and
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supposing that w™'o~'a and o 'a have opposite signs, we see immediately that these
contributions are:
c'a>0, olaeR)y : (-1
cla>0, o lag Ry (1) (=1);
cla<0, —olac Ry : (-1)
ocla<0, —oclad¢ Rg ; (—l)o‘v(—l)_o"v.
Thus we are done with the case of opposite signs. Observe that explicit calculations were
not really necessary. It suffices to observe that the contribution to each of (2)) and ( . is
(1", 7 € (o, %a).

If o, o have the same sign, then {+«, +a’} can contribute to , or . There must
be a contribution from exactly one root to . There is a contribution from at most one
root to ([3). It occurs if and only if there is no contribution to (). Because we may identify
each root with its coroot the same argument applies on the dual side to yield the second

equation. The lemma is thus proved.
We now recall the equations in Lemma 4.1.A. The first,

e(w, U)b(a(w)) =o(w) (y(a))y(a)_lo(b(w)),

is an equation in Gg.. It may be written as
_ -1 —1 -1
b7 (0, )y(@)or (@) (y(@) " = [3(0(w))e (5w) ew,a)]
But b, bﬁv, bo(w) = b5 ’B because w = wg, and

W@ (y(e)) ™ = [T as Loz = ([Lat)"

the product being over a such that a > 0, c7'av < 0. Thus the equation may be rewritten

as
[awb,@ el ’ﬁ} ZHE’BV

bogo(bg) ' [ [ al™? = ns.
Now we pass to T{y), obtaining
_ aV oBY oBY
[baﬂa(bﬁ) ek "ﬂ =g’

in this torus. The left side is F;Es and so
BBy ="

or, since we are in Gg., as

Similarly on the dual side, we find
E1E2 = ngﬁ .
But ngﬁ " is identified with ngﬁ . We therefore cancel F; E> with E1E2 and conclude that
L(o,w) = Bs/FEs.
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) ) o U(E\(w)) N 2aY o ) [R;(d)]
This quotient is simply m or [[,e R (d) (ﬁ) . In po this is <$> . Hence

L(o,w)L(ow,c o (w) (E(U, 0_1))

-1

cancels with
M(ow)M(ow, o )o(w)(M(o, 0_1))71
and the proof of Lemma 6.3.B is complete.
We now return to 0v/0u and write it as a product of cocycles

(M dy/de)~ - (M, )du,).

Lemma 6.3.B says that we may calculate the second cocycle as M 0%y/J¢ using the action
of I'p rather than I'z. Factor M as [[, M where

&- No(o)
MO(p, U) = (P_f) 3

No(o) being the number of a in O for which a > 0 and ¢~ 'aw < 0. Then we have
MIg)oE =[] Aso
+0
where
Aro = MoM_0 Yo 0y-0/0r+0
if O is asymmetric. By now familiar arguments show that d0yo 0y_0/0r+o (O asymmetric)
and 0yp/0ro (O symmetric) take values in po and that Aip is a 2-cocycle with values in

My
Similarly,

May/oe =] Mo
+0
where now

We conclude:

Theorem 6.3.C.

-1
05/0u = | [[As0 | | ][ o0
+0 +0

6.4. Remaining steps. To complete the proof of (5.1.1)) we will show:

(6.4.1) At is trivial for £O asymmetric,
(6.4.2) inve Ao = Xalae) for O symmetric,
and

(6.4.3) [Ixa(=2) =[] xa(-2).

Here invy denotes the isomorphism H Q(F, fg) = Zy. Since we have chosen i € C* and
i € F~ we may identify this Z; with 14(C). In this section we prove (6.4.1) and (6.4.3).
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Suppose that O is asymmetric. Then

(Y0 0y-0/0T+0)(p,0) = -,

and so

ropo)= I = 1 2

1
a>0 p§ a>0

o~ la<0 o~ la<0
aceOuU-0 aceO

Let £/p€ = €. Then ¢* =1, p(i)/i = ¢ 2 and

Neo(po)=| [ e T ¢ = @hme™,

where N is the number of terms in the first product and N is the number in the second.
We observe that N; = Ny and thus prove (6.4.1)).

Let ® be the group of all automorphisms ¢ of R(Y such that p(—a) = —¢(a) for all a.
Fix a and let ®, be the group fixing o and ®, the group fixing the set {+a}. Let 0;,
i =1, 2, be the characters of order two of ®,,/®, and set

Pi = Indgia 91

To be specific, let 6; be the trivial character. For some subset S of R(® such that R® is
the disjoint union of S and —S let N(¢) be the number of o in S such that ¢~'(a) € —S.
Then

det py(p)/ det p1(i9) = (~1)V ).

The group g x I'r is imbedded in ® and it is easily seen that N(w) is even for w € €.
Thus if ¢ in I'p corresponds to @ in ' then

(6.4.4) det pa(0)/ det p1 (o) = det p2(7)/ det p1 (7).
Lemma 6.4.A. Suppose o € 't corresponds to x € F*. Then

[T xs(2) = det pa(o)/ det (o).
o

Since the lemma will be valid for T' just as well as for T, it together with ([6.4.4]) implies
(6.4.3).
Proof. We note that p; is the direct sum over a set of representatives ¢ for the double
cosets ., \P/T'r of the representations

r
pf = Ind;r g, 0i0ade.

If o7'(a) = 8 then
PrNe™ ®iap =Tig
and 0, o ad ¢ is the character x5 regarded as a character of Gal(F/Fyg) = I'15.
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If o4,...,0, is a set of representatives for Fig\F and o0 = ﬁj(a)aj/ then

det pg(c)/ det pf (o H X8 BJ

and, by local class field theory, this is Xﬁ( ). Slnce
det pa(0)/ det p1 (o H det pg(0)/ det py (o),

the lemma follows.

6.5. Symmetric orbits. Throughout this section O will be a symmetric orbit. Recall that
O = {:I:ozj } 1<75<n }, where o; = aj’loz > 0 and oy = 1,09,...,0, are representatives
for I'y,. Define o(p), oyi(0) € 'y by 0;p = a;(p)oj and oj0 = o (0)ojn. For o € 'y,
define 6(c) =0 if oo = a and (o) =1 if car = —av.

Lemma 6.5.A. o
6<aj/(0')) “

|

Proof. Let 6 be the character on I'y, given by 6(c) = £1 according as ca = +a. Then we
find

1 () =1
jo(p) =1]7; {\/@ ifH(Oéj(p)):_l}

~ T it O(ay(0) =1 | ™"
ele) = 117" oy ) et it o(ag(e)) = -1
and
o)L = TTo 141 it 0(a ()00 () =1 ™
boleo) ‘H ﬂ‘ {Wa—arl ife(%@))e(%,(a)):_l} |
Thus

— 1 2aY
do(p,0) = Haj 1Aj !

where A; is given by the following table:

00,0 [6(ox (@) | 4,
1 1
L | 1 (o0 i/
—1 1 1
o I B W NV Y OGS

Since a;j(p)y/@a = £/, if oj(p)o = o, that is, if 6(a;(p)) = 1, the lemma follows.
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Recall that to define 7o and 7o we have chosen w; mapping to o; under W — I', writing
wijw = uj(w)wy, Wi = WivgUWov, vou = vo(u)vg with k=0 or 1 and s(u) = xa(vo(w)),
u € Wx. Then

T w>=H¢5<uj<w>>2“ﬂ‘,
U)T(f) H\/_ u] 0(a;(p)) 20

where w — p under W — I', and
—2a;
= H \/E(U] (U))Uj/ (w’)) .
J

Hence

Lemma 6.5.B.
Iro(w,w') HBQO[J

where
0(a;(p))

V(i) (V3 (@)

a V5 (u (w)uy (')

From these two lemmas we conclude that

j J

o= [—& )
’ a;(p)€ ’

A0\
Ao = Hajfl(#) X,

J

Let

and define \ by

Lemma 6.5.C. )\ is a coboundary.

Proof. Because 0;'A;/A; = 0; ' B;/B; we may write \' as

71 6 OL-/(O’)
aj . g) ( j )
| | C- .
j Bj i (Pf

From the definition of A; we see that

. L1 9508 (e (0)
oA _ (0510)) (os)8(e @)

B; i

ﬁﬂ%@ﬁ@ﬂ@)
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where n; = aj_l(f)/f. We also find that
(7105 )¢/ o) )
. . . 6(0& 7 (O'))
coincides with (pn;/n;)"\"7"""/. Thus

, 26(cvj(p))6 a (o)
N = Hnj P ( )(

P/ 779')5(% @),

J

On the other hand, the coboundary of []; nj(aj(a)) is

) —6(aj(p)a (o
H(nf(%(”)) (ony Y (@) (astoray >)>_
J
Because
8(a;(p)) + d(ay (o)) = d(as(p)ayi (o)) = 25(a;(p))d (e (o)),
this coboundary coincides with ), and the lemma is proved.
We discard the term X' from Ay leaving

A;C;
oL i
I (457)

which equals
-1

(o) [ V3 (13 ()) /3 iy ()"
V5 (u (w)uy (w'))

[Io7" | (€vaa/as(o)(6v/a))

Consider the cocycle A\, of Wi, in py given by

Vs(wuw)

where w,w’ — p,o under W4, — I't,. Then Ao is the image of A, under the corestriction
homomorphism from H?*(Wi,, pus) to H?(W, py). Since

Ss(w"fP
(w,0') > (€v/an/pl(Evan)" [ Vaw) (ﬂ_>>

inVF )\@ = inVFi& )\a,
to prove (6.4.2)) it is sufficient to prove that
(6.5.1) inv Ay = Xa(aa)-

If Ry — R, is an isogeny of tori over a local field F' with kernel D then local class field
theory (|M, Chap. 1]) yields two sequences in duality

(6.5.2) D(F) —— Ry(F) —— Ry(F) —— H'\(F, D)

(6.5.3) H*(F,D) «+—— HYW,R,) +—— H'(W,Ry) «—— H'(F,D) .
The pairing is in all cases to C* or a subgroup of it, and

D = Hom (D,MOO(F) ® ,uoo(C)).
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We use in two different ways the compatibility of the two sequences with the pairing, for
the commutativity of diagrams (/6.6.1]) and (6.6.2) are special cases of it. Since we use the
compatibility at both ends, we need to pay attention to signs. Moreover we know of no
reference for the compatibility, although it follows from standard results. So we include
here some very brief remarks, based on the constructions in |Lg].

F irstAof all, when proving the compatibility, one can confine attention to elements of
H'(F, R;) and thus of H'(K/F, R;) for some large K. (Notice the proof that )\, factors
through I'y, in the next section.) Then o € H'(K/F, R;) when paired with the cup product
U~ of 3 € H? (K/F, X*(RZ-)) and the fundamental class of K/F' yields (a, 8) = (5, «).
The pairing between o/ € H(F, D) and 8 € H/(F, D) is given by

B'Ud € HAF,D ® D) — H? (F 1in(F) © un(0)> ~ 11 (C).
Here n is sufficiently large and ' U’ : p,0 — B'(p) ® pd/(0).

Choosing n so that nX,(Rs) C X.(R;) C X.(Ry) we see that it is enough to treat the
case that nX,(Ry) = X.(R;). Then

1 » D y Ry > Ry > 1

is obtained by tensoring

=1 =X =X

(6.5.4) 1 —— p,(F) y I y I > 1
with X,.(Ry). R
Suppose o € H'(F, D) has image a and 3’ is the image of 3 U~. Then by Proposition 5
of [S€, Chap. VIIL, Sect. 3], 8/ = BU &7, 6 being the map H*(F,F") — H? (F Mn(?))
attached to . Thus
fUd =pUdyUd =—-BUd" Udy.
Choose n divisible by [K : F]. Then
H2(K/F, pa(K)) — H(K/F.K*),

is an isomorphism as is
H*(K/F, pn(K)) = H*(K/F, i (K))

if n|m.
The product U’ = 7y, is a class in H?(K/F, 1,(C)). Lifting v, 1 to 7, 31 with values

in pi,2(K), p,2(C) we obtain a product of chains 7; U7 that projects to v, U~y. Since
(MUY =0mUy+mnuUdy
must be trivial in H'(K/F, ju,(K) ® p,(C)), and 95 = 67, 971 = (8, @), we conclude that
pUa = (B, a)y.

This is one of the compatibilities. R
For the other, take « € H'(K/F, D), and o = da, ' = BU~. Then

BU~rUda=pFUdaUry=45§LUa)Ury,
and (S U a) = (5, q).
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6.6. Final calculations. First we observe that

B = \/E(w)(\/E(w/))e(p)(\/g(ww’))_l, w,w € Wy,

is given by the following table. The elements ¢, ¢’ lie in W,.

w | w B
t |t ] Vs)VsE)ys(tt)
t |ty | Vst)VsE)s()
ton | | AV ()
tor | 201 | V3 Va(E) /(o)
The proof of will be divided into the following cases:
(I) 1€ Fia;
(IT) ¢ € F, — Fiq;
(ITT) ¢ ¢ F,.
We shall delete the subscript a from notation. Thus a., Xa, Aa, Fira become a, x, A, F4;
we write F), for F,.
To verify directly that A factors through I'y, we choose an open subgroup U of finite
index in F'* that does not contain —1. Then V = U? is also open and of finite index and
u — v = u? is a topological isomorphism between the two groups. Define a character u of

V by p(v) = x(u). Then p? is equal to xy on V. We may suppose U and V are invariant
under I'y. Then V' is a normal subgroup of W, and we may so choose \/s(t), t € W, such

that

Vs(vt) = p(v)Vs(t).
Since p(vv) = x(uw) = 1, v € V, it follows easily from the table that B factors through
V\W. and thus through I'. We now prove (6.5.1]).

Case I. We may assume F' nonarchimedean. Let L be the cyclic quartic extension Fy ({4/a)
of Fl., 7 be the generator {y/a — iy/a and u; be the character on Gal(L/FL) given by
pi(7) =171 We pull u; back to a character on I'y and observe that

pé—\/ja) =wm(p),  peTlL

Because x(—1) = x(i*) = 1 we may choose a character py on F such that u3 = x.
Regard s as a character on W, and set /s = pz. As usual, let w,w’ — p,o under
W, — I'. Then in the table of values for B we obtain 1, 1, puo ()", (T v?)~?, so that
B is given by

(w,w") = [ps o trans(w")] o)
where frans is the transfer homomorphism W2 — W2, Since ps o trans corresponds to
restriction of uy to FY we may write this as

(w, w') = pa(0) %)
on identifying this restriction as a character on I'y.
Observe next that on F or I'y we have p? = pu2 = x so that 0 = pou;"' is of order
two. Also (p,0) — ua(0) 2% is cohomologous to (p,d) — pa(p)°@), for they differ by the
boundary of p — p2(p)?®. We conclude that X is the cocycle

(p,0) = 0(p)".
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We interpret this as the cup-product of  in H*(Fy, y12(C)) and é in H' (Fi, MQ(F)).
In general the diagram,

*

pin(Fa)* ¢ (FY)" e (FY) ¢ HY(Fa, pua(F))

(6.6.1) . . . 2‘

H?(Fy, p1,(C)) +—— H (W4, C*) «—— HY (W, C*) «—— H'(Fy, 11,(C))

defined by z — 2", F = FX, is commutative. Thus

inv A = 0(a®) = p2(a”)py ' (a®) = x(a)py * (a®).
However, the norm of £/a is
(1) (i) €' =
so that u;(a?) = 1. Thus the relation is valid in this case.

Observe that slight variations of the preceding arguments allow one to verify readily in
all cases that if (6.5.1]) is valid for one choice of a and x then it is valid for all.

Case II. We may choose a = —i, v/a = £~1. Then X is given by B~!. The diagram (6.6.1])
is now to be replaced by the analogous diagram for the group R with the twisted action
p:x — p(x)’?). Then C* is replaced by R. We take n = 4, and then the kernel of z — z,
R—R is, because of the twisted action and because i € F, — F., isomorphic to p4(F).

The analogue of (6.6.1)) is
Z; « R* « R* « HY(Fy,Z,)*
(6.6.2) 2‘ 2

2 2 ‘

12 (Fyps(F)) e H\We, B) ¢ H'(We, B) e H'(Fuou(F))

It is again commutative.

The element B~ lies in H?(Fy, ps(Fy)), and comes as the boundary of a 1-cochain on
W, with values in R, namely w — /s5(w)™!
cocycle 7 : w — s(w) 2.

The element inv \ is obtained, after our identification, by pairing B with a=! =i in Z,4 (or
ps(F)). Thus, by commutativity of the diagram, it is obtained as the value of the character

. Taking the fourth power, we obtain the

1

v associated to the cocycle r on a~!. In general if z € ﬁ, thus if z € F', and 2z = 1, then
z=1yy ' and v(z) = x(y)~2 because the function s* restricted to W, is x2. For z =i we
have y = 1+ ¢ and

X(y) ™ = x(20) 7" = x(=i) = x(a),
because 2 is the norm of y.

Case III. We have not been able in Case III to deal directly with fields of even residual
characteristic. They can, however, be handled by a global argument. Suppose, for present
purposes, that F, is a quadratic extension of the number field F., that a € Fy and @ = —a,
and that x is an idele class character of Ir, whose restriction to Ir, is the character 0p, /p,
associated to the quadratic extension. The construction of A\ in Section 6.5 can be carried
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out globally. At a place in F that does not split in F',, the global construction is compatible
with the local. However, A can also be restricted to the local Weil group at a place v that
splits in F'y. We claim that the relation (6.5.1]) is valid at this local place. Thus

inv\, = x,(a) = 1.

To see this observe first that x,(—1) = 1 so that x, is a square. Since 0(p) = 1 if p lies in
the decomposition group, the denominator of the expression defining A, is 1. Since d(¢) =0
if o is in the decomposition group, the numerator is also 1.

We conclude that if is valid at all but one place then it is valid at the remaining
place. It is certainly valid at the archimedean places, for if they are not split they fall under
Case II. Moreover, given local data at one place, we can extend these local data to global
data and in such a way that at any prescribed finite set of places not containing the original
one the extension splits. Therefore it suffices to treat the case of odd residual characteristic.

Since i ¢ F, we have a diagram of fields

/\

E = Fy(i)
ramlﬁe‘k Aamlﬁed
All intermediate extensions are quadratlc and [K : Fy] = 4. Let ¢ be the number of

elements in the residue field, so that ¢ =3 (mod 4) and ¢* — 1 =0 (mod 8). Let m be the
largest power of 2 dividing ¢> — 1 and let ¢ be a primitive mth root of unity in £. We may
suppose that

(=g (@
Since F /F. is ramified, we may choose a so that a*> = @ is a uniformizing parameter in

Fy. Then K ((4/5) and K (\“/Z ) are linearly disjoint and Galois over F..
Thus we may enlarge our diagram of fields to

K(Va) \/_) K(V0)

!
/
\

AVAY

There exists a 7 € I'y such that

(6.6.3) ra=—a, 7(Va)=¢Va, r(%) = /<

We choose 1, 7 as representatives for T'L\I';.
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The group of units OF in Oy is a product {£1}U, where U is the set of all a in O whose
image in the residue field has odd order. We define x on F}* by the following conditions:

XU=1 x(-1)=-1, x(-a’)=1
Then we extend it to F, obtaining a character x of order 4. This character defines a
cyclic quartic extension of F, that evidently contains K because x? is unramified. Thus
it is the quadratic extension of K associated to the character v(z) = x(zZ). Since v is
not trivial on units it is ramified, and thus of the form K(,/ya), where 7 is a unit. Then

1 = v(—vya) = v(y)x(a®) = —v(v), so that v(y) = —1. Consequently we may take v = (,
and the field is K (v/Ca).

Consider the element § of H! (F+, M(FJF)) given by p = /a/p(/a) and the element 6

of H'(F},1a(C)) given by y. According to the diagram the invariant of their cup
product is x(a).

To complete the proof of in Case III and thus of Theorem 1.6.A it remains to
show that A\ is in the class of the corestriction of § U 6. The cup product itself is given by

ord(o
(o0) — (Va/o(va)) ™"

if we identify, as usual, 14(C) with Z, and set x (o) = ¢ ord(o).

We calculate the corestriction with the coset representatives (1,7) for I'y\I'x obtaining
a 2-cocycle p. We construct the extension of I't by p4(F) defined by pu, letting & be the
representative of o € I'y in it. Then p- 7 = p,,(po)”. We want to choose a, € p14(F) so
that if ¢ = a,0 then po = A, ,(po).

We first examine the restriction of the cocycle p to I'y. There it is given by

y w— —1 ord(o) (. a1 ord(ror™1)
= (Vap(va)™) " (Varpr (Va) )
We claim that ord(7o7!) = — ord(c). It is enough to verify this on an element o such that

o(v/Ca) = %iy/Ca. Then, by (6.6.3),
rorY(y/Za) = ro(~iy/a) = r(+y/Ca) = Fiy/Ca = o~ (v/Ca).

ord(o)

Thus
4 -1 _1/4 -1  _q1/4 _1y\ord(c
o = (Va p(va) v~ (Va) " pr (V) ) = (o) )™
On the other hand, the numerator of the quotient defining A is trivial on I'; since §(o) = 0

for 0 € I',. The denominator is easily calculated since it is just the pullback to I'y through
x of the 2-cocycle of the extension

1 —— 12(C) —— ps(C) —— m(C) —— 1

If we choose o such that ord(oy) = 1 then for 0 < a,b < 4 this is just

\ B 1 a+b<4
T )21 a4+b>4

Thus both cocycles are defined on Gal(K (v/Ca)/F,) and if we take

G1=01, (0f)"=¢&a(§) 7 (01", (o7)” =& (§) 7 (09)"
then - & = \,,(po)™~ on 'y, because o2(£) = €7 = €.
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1

If o belongsto 'y then 1-7=7,7-0 =707 -7, 7-7 =72, so that

_ —1( a 2(a/\ "1 ordo _ ¢—2ord(o) __ ;—ord(o)
fro =T \/ET(\/E) =¢ =1 :
On the other hand,

Ao = (VAD) Valo)xor 1) = Vx(@)Walror ),

and we have chosen /x(0f) = Ve2mia/t = ¢2™i/8 for ) < a < 4. Thus

2ria/8 2mi(d-a)/8 _ _q
Arp = 1.
Then we set 7 = 57, where (3 is yet to be determined, and define (7o)~ so that
(10)™ = A570 = A, B7(a5)75 = A5 87 (a0 ) ir o (T0)"
This done, we have to verify that
(6.6.4) o1 = Aor(0T)™.
If this equation is valid then

Args = € 0<a<d,

5 (1p)” = 0Aep) 1575 = 0 (Arp) " Aon(07) P
which equals
0 ) Ror Aty T rt0m ) Arirtarp (079)™ = Agirpl07p) ™.
Moreover, if is valid for p as well as o then
(00)™F = X007 = A, 5PNoir ) Ao (pTT)™ = N7 (p0 7)™,

Thus it enough to verify it for o;.
The left side is equal to o1(8) s, ~(07)"; the right side is

)\0177)\;;;157(%;1 J! (o7)".

Since ord(7?) =2, 1-7 =7, 701 = (Tou 7 )T,
-1

porr =7 (Var*(Va) ) =,

while

Aoy = (\/€2m/4)71\/e2m/4 -1
Thus we must have

o1(B)B7! = —7(601(§) ") = —€o(§) T = ¢

Since o4(i1) = —1, we may take
B=¢li=¢
It is easy to verify that (7p)~0 = \;,,(Tpo)™ if p, 0 € 'y, and if
(6.6.5) = A (1)

it is easy to verify that (p7)~(07)~ = X,ror(pr07)™, p, 0 € T'y. Thus the proof of
Theorem 1.6.A will be complete once ([6.6.5)) is established. It is clear that p,, =1 and
that ord(7?) = 2. Therefore

72— (ﬁ’/f\)Q _ 52/\2 _ 62<T2>/\ _ _52(7_2)~'
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On the other hand,

Ar=VCaT(/(a) === -3

and we are done.
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