THE DIMENSION OF SPACES OF AUTOMORPHIC FORMS

R. P. LANGLANDS

1. The trace formula of Selberg reduces the problem of calculating the dimension of a
space of automorphic forms, at least when there is a compact fundamental domain, to the
evaluation of certain integrals. Some of these integrals have been evaluated by Selberg. An
apparently different class of definite integrals has occurred in Harish-Chandra’s investigations
of the representations of semi-simple groups. These integrals have been evaluated. In this
paper, after clarifying the relation between the two types of integrals, we go on to complete
the evaluation of the integrals appearing in the trace formula. Before the formula for the
dimension that results is described let us review Harish-Chandra’s construction of bounded
symmetric domains and introduce the automorphic forms to be considered.

If G is the connected component of the identity in the group of pseudo-conformal mappings
of a bounded symmetric domain then G has a trivial centre and a maximal compact subgroup
of any simple component has non discrete centre. Conversely if G is a connected semi-simple
group with these two properties then G is the connected component of the identity in the
group of pseudo-conformal mappings of a bounded symmetric domain [2(d)]. Let g be the Lie
algebra of G and g, its complexification. Let G, be the simply-connected complex Lie group
with Lie algebra g.; replace G by the connected subgroup G of G, with Lie algebra g. Let K
be a maximal compact subgroup of G with Lie algebra £; then £ contains a Cartan subalgebra
h of g. Fix once and for all an order on h. This order is to be so chosen that g. is the direct
sum of €., p, and p_; p, is spanned by the root vectors belonging to the totally positive roots
and p_ by the root vectors belonging to the totally negative roots. Moreover p, and p_ are
abelian and [¢.,p,] C py and [E.,p_] Cp_. Let P,, P_, and K, be the connected subgroups
of G. with Lie algebras p,, p_, and €. respectively. The exponential mapping of p, into P,
is bijective; thus P, is provided with the structure of a complex vector space. Moreover
G C PLK.P_ and P, N K.P_ = {1}. Then P, K.P_/K.P_ which is identified with p, is
a complex vector space and the image of GG is a bounded symmetric domain B. Finally it
should be observed that GN K.P_ = K and that p, is an open subset of the space G./K .P-.
Now identify p, with complex coordinate space and let z be the column of coordinates. If
g € G, z € py, and 2’ = g(z) € p; (in the space G./K.P-) let dz’ = (g, z)dz. Before
defining the automorphic forms it is necessary to establish a lemma.

Lemma 1. Let K, be the restriction of K, to py, then u(g, z) € K..

Suppose X € py and f(+) is holomorphic in a neighborhood of 2’ on p, or P, since they
are identified. Set h(pykp_) = f(py), p+ € Py, k € K., p_ € P_. Then h(-) is a holomorphic
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function on part of G.. Let z=p € P, and 2/ =p’ € P, then, at t =0,

%h(g exp(tX)p) = %h(exp(tg(X))p’)

= %h(p’ exp(tp’flg(X)))
= LOX)R) + LA + L(X)h()
= L(X1)h(p) = R(X1)h(p").

Here p1g(X) = X1 + Xo + X3, X; € py, Xy € &, X3 € p_. L(X;) and R(X;) denote
the obvious left or right invariant differential operators. It is necessary to verify that the
map X — X, is given by an element of K,.. But gp = p'kp_; so p'"lg = kp_p~! and
kp_p Y (X) = kp_(X) = k(X) (mod & + p_); thus X; = k(X). Finally it should be
remarked that u(g, z) is a holomorphic function of g and z.

Suppose that ¢ is an irreducible, holomorphic matrix representation of K. of degree d
which is unitary on K. Then, since (9192, 2) = p(g1, 922)1t(g2, 2), it is easily seen that the
action of G' on the space H(o) of holomorphic functions on B, whose values are column
vectors of length d, defined by g~ f(z) = 07 '(g,2)f(gz), with o(g,2) = o(u(g,2)), is a
representation of G. If T is a discrete subgroup of G define an (unrestricted) automorphic
form of type o to be a function f in H (o) such that vf = f for all 7 in I". For subgroups
of the symplectic group this definition is essentially the same as that of [7]. As is shown
there the dimension of the space, H(I', ), of automorphic forms of type o is finite if G/I"
is compact. For a large class of representations o the calculations of this paper lead to the
following formula for the dimension

(1) N, 0) = Z V(GV/FV)X(’”-
{7}

The sum is over a set of representatives of those conjugacy classes of I' that have a fixed
point in B. G, is the centralizer of v in G and I, is the centralizer of v in I'. If the Haar
measure v on G, is appropriately normalized then x(y) equals

(_1)% Zw'y\w 6(8) l_L)cEP.Y (SA(H(X) + Sp(Ha))GSA(H)JFSP(H)
U(BW) [G’Y : Gg] HaGPW p’y(Ha> Hag}; (6%a(H) _ 6_%,1([{))

~

(2)

The various symbols will be explained in the course of the proof. This formula agrees with
those presented in [3] and [6].

2. In this paragraph and the next the trace formula is reviewed in our special context and a
first connection with the work of Harish-Chandra is established. The end result is formula
with the numbers x(v) expressed as integrals.

Since u(k,2) = k € K., the measure

dz = |det(p(g,0))

- I dx: dy:.

with z = ¢(0), is well-defined on B and invariant under G. The invariant measure on G is to

be so normalized that
[ ez = [ 1(5(0) o
B G
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Set G(z2) = 0* " (g,0)071(g,0) with z = g(0). G(z) is well-defined and

G(9(2)) = 0" (9, 2)G(2)07 (g, 2)-
Introduce the space H?(o) of functions f in H(co) for which [ f*(2)G(z)f(z) dz is finite. The
action of G on H?(o) is easily seen to be unitary. The functional f — f;(z), where f;(z) is
the jth coordinate of f(z), is bounded on H?(o); let

/Bg;(Zh 22)G(22) f (22) dzo = [(21)

and set K (z1,29) = (gl(zl, 29)y -+, ga(21, 2:2))* Observe that

K(gzb 922) = U(9> Zl)K(Zb 2’2)0*(9, 22)'

If L*(0) is the space of measurable functions f on B for which [ f*(2)G(z)f(z) dz is finite
then

Zl / K Zl,ZQ )f(Zg) ng
defines the orthogonal projection of L?(c) onto H?(c). Consequently
K*(22,21) = K(21, 22)
and

/BK(zg,zg)G(zg)K(zg, z1)dzy = K(z3, 21).

Although not necessary it is convenient to verify now that the representation of G in H?(o)
is equivalent to a representation investigated by Harish-Chandra [2(c)]. Let W be the inverse
image of B under the map G, — G;' — G.'/K.P_ (W = P_K.B™! if B is considered a
subset of P.); then if g € W and f € H(o) set f(g) = o (97" 0)f(¢7'(0)). Then f(g)
satisfies: (ag)f(pkg) = o(k)f(g) if p € P_ and k € K,; moreover f(g) is holomorphic on W
and if f(2) is in H*(o) then

SOl = [ recee = [ 6] o

So the mapping is an isometry on H?(c). The kernel is replaced by

)-
K(g1.92) = 0 (91", 0)K (91 1(0), 95 1(0)) 0" (95", 0).
Observe that (1) K(klgl,kggg) = U(/{Zl)K(gl,g2>U*(l€2) if ]{51, kz S KC, (11) K(pgl,g2> =
K (g1,pg2) = K(gl,gz) if p € P_, (ili) K(g19,929) = K(g1,92) if g € G, (iv) K*(g2,91) =
K(g1,92), and (v) [ K(g1,92)K (g2, 93) dg2 = K (g1, 93)-

Now we mtroduce a third space of functions. Suppose £, is the semi-simple part of €. and ¢
is the centre of €., then €. = ¢, + ¢ and h. = h. N € + ¢. Any linear functional on h. N €, may
be extended to h. by setting it equal to zero on ¢. Then the given order on the real linear
functions on b, induces an order on the real linear functions on h. N €. The representation
o restricted to ¥, is irreducible; let 1y be a unit vector belonging to the highest weight
with respect to the above order. Then, for all h € b, hi)g = A(h)y where A is a linear
functional on h.. Extending the customary language call A the highest weight of o. If f(g)
is a holomorphic function on W satisfying (cg) above set h(g) = (f(g),%o). Then (a) if
p € P_, h(pg) = h(g); (B) if n € N’, the connected group with Lie algebra n’ =Y CX_,,
the sum being over the positive roots a for which X_, € €., then h(ng) = h(g); and (v) if a
is in the Cartan subgroup A of G with algebra b, then h(ag) = £(a)h(g) with &(a) = M if
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a = exp(H). Conversely given a holomorphic function on W satisfying («), (/3), and () there
is a holomorphic function f(g) such that h(g) = (f(g),%0). Indeed for fixed g the function
h' (k) = h(kg) on K satisfies (i) h'(ak) = {(a)h' (k) if a € AN K and (ii) R(X)K (k) = 0 if
X €. Let £ be an index for the classes of inequivalent irreducible representations of K and
let ( f](k)> be the matrices of the representations chosen with respect to a basis (¢1, ..., ¢4,)
consisting of eigenvectors of h; moreover suppose ¢; belongs to the highest weight. Then
W(k)~> 20> a5 (k). Using (i) and (i) it is easily seen that, first of all, af; = 0 unless
i = 1 and then that o;; = 0 unless £ = {(c). So (k) = >_, ay;o1;(k). Set f(g) = > ai;o;
then h(g) = (f(g),v0); moreover f(g) is a holomorphic function of g satisfying (cg) above.
Finally the Schur orthogonality relations imply that

/Glh(g)fdgz/G)(f(g),%))zdg

= [ [ [(rtka). )

=d‘1/GHf(g)H2dg-

This shows that the representation of G on H?(o) is equivalent to the representation my
studied by Harish-Chandra [2(c)].

Now set ¥(g1,92) = (K(g1,92)¢0,%0). This function satisfies (i) ¥ (ng,1) = (g, 1) if
ne N, (i) ${pg, 1) = (g, 1) if p € P, (iii) t(ag, 1) = E(a)(g,1) if a € A, (iv) ¥(ga, 1) =
@_1@/)(9, 1)ifa € ANK, and (v) ¥(g,1) is a holomorphic function on W. But Harish-
Chandra ([2(c)], p. 22) has shown that there is essentially only one function with these
properties; 50 (g, 1) = dua(g). 6 = $(1,1) and va(g) = (((9)d0, do)e*@). Here ¢ is a
representation of G. with highest weight Ag and A = A — Ag; moreover Aq is so chosen that A
vanishes on h. N E.. ¢ is a unit vector belonging to the weight Ag. The function p~*(g71,0)

2
dg

—~

is a holomorphic function on W with values in Kc. It may be lifted to a function on W, the
universal covering space of W, with values in K., the universal covering group of K.. K.
is the product of a simply connected, complex abelian group C' with Lie algebra ¢ and a
semi-simple group. Mapping W into IN(C, projecting on C, and then taking the logarithm one
obtains I'(¢g) which lies in ¢. Thus I'(g) is a single-valued function on W but a multiple-valued
function on W.

Certainly ¢ # 0 if H*(o) # {0}. In particular, if Xz is a root vector belonging to the
positive root 3, if X_z belongs to — and Hs = [X5, —X_g| then ([2(d)], p. 612) H*(o) # {0}
if 2671 (Hpg) (A(Hg) + p(Hg)) < 0 for every totally positive root 3. p is one-half the sum of
the positive roots.

3. It will now be supposed that 287 (Hg) (A(Hg) + p(Hg) + 2p+(Hg)) < 1 for every totally
positive root [3; p; is one-half the sum of the totally positive roots. Then ([2(d)], p. 610)
1 (g) is integrable and, since o is irreducible, K (g, 1) is integrable. Let H* (o) be the space
of functions in H (o) such that f*(z)G(z)f(z) is bounded. Then, if f(z) is in H>(0),

/B K (21, 2)G(20) f(22) d
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converges. To verify that it equals f(z;) it is sufficient to show that H?(c) contains all
polynomials for then the argument of Godement in [7] applies. To do this it is sufficient
to show that G(z) is integrable over B. This is the same as showing that ||0*1(g*1, 0)”2 is
integrable over G. Let A, be the connected group with Lie algebra a,, ([2(d)], p. 583). Then
every element of G may be written as kjaks with ki, ko € K and a € A,. Moreover

o g0 = o~ a0 = o)

2
([2(d)], p- 599). But Ha(h(a))H = tr(a(hQ(a))) which is known to be integrable. Let

L3(T', o) be the space of measurable functions on B, whose values are column vectors of length
d, such that o= '(v, 2) f(vz) = f(z) for all zin B and all v in T and [, f*(2)G(2)f(z) dz is
finite, where F'is a fundamental domain for I' in B. Then

() — /B K(2)G(2)(2) d

defines the orthogonal projection of L*(T', o) onto H(T', o). Now
/ K(21,22)G(22) f(22) dzo = / Z K(217’YZ2)0*_1(% 22)G(22)f(22) d2z
B P

provided > K (21,vas)o* " !(v, 23) is uniformly absolutely convergent for z; and 2, in F. To
verify this it is sufficient to show that ) . K (g1, g27y) converges uniformly absolutely in some
neighborhood of each point (g7, ¢5) in G x G. Since o is irreducible it is enough to consider
the series > r|ta(g179; )| Writing g = kiaks we have ([2(d)], pp. 598-600)

[ea9)] < |(CCkt o, C(@)C hz)r) X))

< M@)o (h(a)).

Let ¢ be the mapping of G onto the symmetric space G/K and let r be the metric on G/K.
Every element of G may be written as a product g = kyaks with ki, ks € K and with a € A,
such that loga € a;o = {X € ay, ‘ a(X) > 0 for all positive roots a}. To be more precise
one introduces an order on the linear functions on a,,, extends a,, to a Cartan subalgebra of
g, extends the ordering, and takes the positive roots of this subalgebra with respect to the
resulting order. Although it is not a priori uniquely determined by g we set a(g) = a. We
want to show that if € > 0 is given it is possible to choose €; so that if h; and hsy are in G

and 7(¢(h1), ¢(hs)) < € then y(log(a(hl)) - log(a(hz))>’ < €||lv|| for any linear functional

v on ap,. It is enough to establish this for a basis of the space of linear functionals which
may be supposed to consist of the highest weights of certain representations of G restricted
to a,,. Let 7 be such a representation which may be supposed to satisfy W(Q(g)) ()
if 6 is the Cartan involution of G leaving K fixed. Then g — 7(g)7*(g) defines an imbedding
of G/K in a manner which we shall pretend is isometric in the space of positive definite
Hermitian matrices with the Riemannian metric d*Y = tr(Y "'dYY1dY). So it is enough
to show that if P, and P, are positive definite matrices with maximum eigenvalues A\, Ay
then |log \/Ao| < € if (P, ) < e (cf. [2(i)], p. 280). If P, = AA* and P, = A(0;je*)A*,
01>y > >y, then r(Py, Py) = (X0, 02) "%, Let ||z = 1 and [|A*z||2 = Ay; then, if
y= A"z, Ay = >0 e%y? > e\, Similarly A\; = e g5 s0 —a; < log A1/ < —a,.
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As a consequence there are positive numbers ¢ and § < 1 such that if

Ulg) = {9 | r(6(9).0(s)) < 5}

At ) < [ T (n(ate)

U(g")

then

dg.

Let Uy and U, be compact neighborhoods of ¢; and ¢) respectively. There is an integer N such
that for g; € U, and g, € U, any point in G belongs to at most N of the sets U(g1vg5 '), v € T

Finally given € > 0 there is a positive number M such that if Vj, = {g ‘ r(¢(g), 9(1)) > M}

then
/VM 6>\<F(a(9)))XAO (h(a(g))) dg < e.

For all but a finite set I'y of elements of I, UwUQ_1 C G — Viryr. Thus

> exp (A (F (a(gwg;l))DxM (h(a(gwgril))) < cNe
¢
which was to be shown.

The kernel Y"1 K (21,722)0* (7, 22) is continuous; thus if {w'}, i = 1,
orthonormal basis for H(T', o),
N(T,o)

ZK(zl,’yzz)a*_l(%zz) = Z W' (z1)w™ ().

=1

But
N(T,0)
NI = Y /F S @ ()G () (2)
i=1 jb
consequently

N, o) = / tr ZK(Z,VZ)G*A(%Z)G(Z) dz.
F
.
Following Selberg [5] this may be written

2.2 / tr{ K (2, 871982)0" (87198, 2)G(2) } d=.

(v} T ATV E

...,N([',o), is an

The outer sum is over a set of representatives of the conjugacy classes of I'; the inner sum is
over a set of coset representatives of the centralizer I', of v in I'. Rewrite the last sum as

Z Z /Ftr{a_l(ﬂ, 2)K(Bz,vB2)0* (70, z)G(z)} dz

{7} IV

{7}

= Z /ﬂ tr{K(z,yz)a*’

l(v,z)G(z)} dz.
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F, is a fundamental domain for I'; in B. Replace these integrals by integrals over fundamental
domains F. for I', acting on G' to the right to obtain

Z/ tr )79 1(0))0*‘1(%9’1(0))G(gf1(()))}dg
(75
_Z/ tr{K (979" }dg.

{r}
According to [5] this equals

ZV(GV/FV)/S tr{K(gvg ™", 1)} ds,;

{7}

G, is the centralizer of v in G; S, = G/G,; and the measures are so normalized that
dg = ds, dg,. v(G,/T',) is the volume of a fundamental domain for I', acting to the left (or
right) in G,. It is of some importance to observe that every integral appearing is absolutely
convergent. If v is in I' set

x0) = [ w{Klgrg ™ 0}ds,

5
Apart from the arbitrariness of the invariant measure on S,, x(7y) depends only on the
conjugacy class of v in GG. By the Schur orthogonality relations

") Zd/s /K(K(kgvg‘lk‘l,l)@/}o,@bo) dk ds.,

= d5/ / Ualkgyg k™) dk ds.,.
s, JK
4. The first step in the evaluation of these integrals is to calculate dd. Now

H(K(g, 1)1, o) ‘2 = /‘(K(g, 1)1, %) ’

//’ wo,wo)rdkdg

=d‘1/G||K(g,1>on dg

— d—l/(K*(g,l)K(g, )¢, o) dg
G
- d_l( ( ) )¢07¢0) - d_16

which shows that dj = Hw,\ ? since H K wo,wo)H = 52H¢A(9)HQ. But Hw/\(g)Hf2
has been calculated by Harish- Chandra ([2(d)], p. 608); it equals

(@) TT|(ACHS) + p(H2) /o(15)|

BeP

dg
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where P is the set of positive roots and ¢(G) is a constant independent of A. To calculate
c(G) take o(k) = (det l{:)‘l k € K., so that A = —2p,; this is permissible since, as will be
seen in a moment, 287 (Hg)(—2p4(Hg) + p(Hg)) < 0 for every totally positive root 8. Then

leato)l| ™ = e(G) TT |(=20+ (Hs) + p(H2) / o(H3) | = (G
BeP

since Hﬁep|—2p+(H5) + p(Hg)| = Hﬁep{p(HB)}. To see this observe that ([2(b)], p. 749)
one could choose as a set of positive roots the positive roots with root vectors in €. and the
negatives of the totally positive roots. Let p’ be one-half the sum of the positive roots in this
new order. Then p' = p—2p, and 287 (Hp)p'(Hp) = 2(—B(H_,g))7lp’(H_/3) < 0 since —f3
is positive in this new order if 3 is totally positive. There is an element s in the normalizer
of . in G. which takes the positive roots in the original order into the positive roots in the
new order; in particular p'(H) = p(s~'(H)). Now

[H, 5(X,)] = s([s‘l(H),XaD — s (H))s(Xa) = s(a)(H)s(Xa)

and

H;(a) = [X;(oc)7X/—s(oz)] = [S(Xa)aS(Xfaﬂ = s(Ha).
Now [H{ ), X{ (] = s[Ha, Xo] = a(Ha) X[, Soif all X, are so normalized that a(H,) = 2
then H' ) = Hy(a). Consequently

s(a

LI/ Hs) | = |11 /' (His)| = |11 7 (s(H)) | = | T] p(H5)-
pep pep BepP Bep
On the other hand ¥(g) = det(u(g_l,O)) satisfies (i) ¥(pg) = ¥(g) if p € P_, (i )
U(gk) = p(kg) = det ' (k) (g) if k € K., (iii) ¥(g) is holomorphic on W, and (iv) (1) =
This is enough to ensure that 1(g) = ¥a(g). Thus

Jestall = | w )1 dg
_/B‘det 11(g,0)) ‘Q‘det(u(g,O))‘_QH dz; dy;

= v(B).

v(B) is the Euclidean volume of B. In conclusion

v(1) = (=1 /o(B) [T ((ACHs) + p(H3)) /p(H5) ).
gepP
with b equal to the complex dimension of B.

It will be useful at this point to establish some notation. The universal covering groups of
G and K. have been denoted by G and K,. If G, is a subgroup of G then Gy is the group
of all elements in G lying over G;. Elements of G will be denoted by g and 7 and their
projection in G by g and ~; similarly k£ € K, projects on k. If N is a simply-connected
subgroup of G then N is isomorphic to the connected component of the identity in N so the
same symbol will be used for corresponding elements in the two groups. Finally g7g ! will
be written gyg~!.
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Every element of T' is semi-simple [1]; this implies in particular that GS, the connected
component of the identity in G, is of finite index in G.. The measure on G, will be so
normalized that, on GY, dg, = dg3. Then if the measure on S = G'/GY is normalized in the
usual manner

() =dilG, 69 / da(kgrg ) dkds?
SO
with dy = dd. But ¢, may be lifted to a function on G and X(7) may be written as
3) a6y G [ [ nhia ) dk st
59 JK

Recall that ¥4 (9) = (¢(g)¢o, qbo)e’\(r@). Revising the notation slightly denote the linear
functions A and A associated to the representation o by X and A’ and let A be an arbitrary
linear function on . vanishing on b, N €, and, accordingly, let A = Ag + \. dx and 4 (9),
but not 1, (g), are still defined. Let us now see for which functions A the integral converges.

The function u(g,z) on G x B may be lifted to a function x(g, z) on G x B with values
in K, which satisfies 1(g1,922)16(ge, 2) = (G192, 2)- Perhaps the Simplest way to see this

is to observe that if z = p, p € Py, then p~ Lisin W = P_K,B! ([2(¢)], p- 5) and so is

p gt = p,%_lpf, p. € B: then u(g, 2) = k. In particular u(k\gks, 0) = k1u(g, 0)ks so that

T (k1gkz) = T(ky) + T(3) + (ko).
Now write § = kyaks with a = exp(}_;_, t:(X,, + X_,)) ([2(d)], p. 599).

It is possible to choose a basis {cy, ..., ¢} for ¢ so that the coordinates of I'(k;) and I'(k»)
are purely imaginary and those of I'(a) are of the form ), log(cosh ¢;)a;; with a;; > 0. If
the basis is chosen from i(c¢ N ¢) the first condition is satisfied. The second will be satisfied
if we choose a basis so that the projection of H,,, ¢ = 1,...,s, on the centre has positive
coordinates ([2(d)], p. 600). It will be enough to show that this can be done when the group
is simple and ¢ has dimension 1. But 2p;(H.,,) > 0,7 =1,...,s, and 2p;(H) is determined
solely by the projection of H on ¢ since it is the trace of the representation of £ on p,. Since
H., € it the assertion is proved. It will be shown below that for fixed 7 the imaginary parts
of the coordinates of I'(gy¢g~!) remain bounded as g varies over G; consequently the integral
over S converges absolutely if Re{A(¢;) — N'(¢;)} < 0 and represents a function of A which
is continuous on this set and holomorphic in its interior. Thus it will be sufficient to evaluate
the integral when A(¢;) is real and very much less than zero.

We now establish the unproved assertion. The notation of [2(d)] will be used. In showing
that the i imaginary parts of the coordinates of I'(gyg~!) are bounded we may suppose that

g= kl exp(X )k2 with X € a,, and k:l and k’g in some fixed compact subset of K. Suppose
(k) is the result of projecting k on the centre of K and then taking the logarithm. Then

P(gg™") = w(u—l(expaﬁ%w—%;lexp(—X>,o))

= —7r<,u(exp(—X), O)) - W(u(% kot exp(—X)(O))>
— 7r<,u(eXp(X), koy kgt exp(—X)(O)))
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The first term gives no contribution to the imaginary part. p(7, z) is defined for z in an open
subset of p, containing the closure of B; so it is possible to define u(7, z) on the same set.
Since it is continuous it takes the closure of B into a compact set. Thus only the third term
causes trouble. So we consider ,u(exp(X ), Z) letting 2z vary over B.

The calculations will be simplified if we first prove a lemma. Every element X of p,
determines a linear transformation from p_ to €., namely T(X)Y = [X, Y] if YV € p_.

Introduce on p_ and €. the Hermitian inner product —B (Yl, (Ys) > then

Lemma 2. B is the set of vectors X in py for which 21 — T*(X)T(X) is positive definite.
If k is in K then
T(k(X)) = Ad(k)T(X) Ad(k™)
and
T k(X)) T(K(X)) = Ad(R)T*(X)T(X) Ad(k™);
moreover X is in B if and only if £(X) is in B. So in proving the lemma we may replace X

by any element equivalent to it under the adjoint action of K. Suppose X is in B then X
may be supposed equal to >, a; X, with —1 < a; < 1. Any element of p_ may be written

Y = ZbX_%%—ZZb Xoat ) D baXoa

i aeb; 1<j a€P;;

Then
= @il X0, X0 ]+ )Y aibal X, Xoa] + > aibalXs,, X,
i=1 i a€l; 4,j €l
It is easily seen that B(Xa,g(X5)> = 0 unless @ = § and that [X,,,Y] is orthogonal to
X, Y] if i # j. Moreover 0([X,,, X_4]) = [X_,,, X, and

Y50
_B<[X%>X—a]> [X—%vXBD = _B<[[X%7X—a]aX—%LX5)
B X X0)
= a(H,,)B(X_a, X5).
Since a(H,,) =0, 1, or 2 it follows that || T(X) YH < 2|[Y||?. Conversely, suppose X € p
and ||T(X)YH2 < 2|Y]|? for every Y in p_. If X = Y7 @, X, with q; real, as may be

assumed, then ||[X, X_,,] P = 2a?|| X _,||?, so that |a;] < 1. Tt follows that X is in B.
Similar calculations now show that if

ZalX 3D baXa+ D> D baXa

i «a€P; i<j a€P;;

isin B then |a¢;| < 1,i=1,...,s
The original assertion will be proved if we show that the imaginary coordinates of

™ (u (eXp (X, +X_,)), z))
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remain bounded as z varies over B. Let z = exp(Xj) with X as above and set g(t) =
exp(t(X,, + X_,,)). Write

Xo = Z aaXa+aiX7i + Z o Xo = X1+ Xo + X3

CMESi agéSl
aty;

where S; is the set of roots which vanish on H,,. Then

9(t) exp(Xo) = exp(X1)g(t) exp(X2) exp(X3).
Here ¢(t) and exp(X3) belong to the complex group whose Lie algebra is spanned by H;, X,

77

and X_.,. A simple calculation in SL(2, C) shows that
g(t) = exp(a(t)X,,) exp(b(t)H,,) exp(c(t) X _,)
with
a(t) = (a; cosht + sinh t)(a; sinht + cosht) ™!
b(t) = —log(a; sinh t 4 cosh t)
c(t) = sinh t(a;sinh ¢ + cosht) ™.
Finally

exp(c(t) X ;) exp(X3) = exp(X;) exp(X,)
with Xy = Ad(exp(—X3)) (c(t)X_,); so Xy = c(t)X_,, + Y caXa. The sum is over the
positive compact roots. This implies that exp(Xy) is the product of an element in K, the
semi-simple component of }N(C, and an element in P_. So

7r<,u(g(t), z)) = 7r<exp(b(t)H%)) = —log(a; sinh t + cosh t)7 (exp(H.,,)).
The coordinates of 7(exp(H,,)) are real and, since |a;| < 1,

Re(a; sinht 4 cosht) > 0;

SO

_g < Im(log(a;sinht + cosht)) < g

It will be seen that for A(¢;) < 0 and 7 semi-simple the double integral in (3] is absolutely
convergent; consequently in our analysis the integral over K may be omitted and v need not
belong to I'.

5. It will be convenient in the evaluation of the integrals to omit at first any detailed
estimates. These will be discussed in the next paragraph. Suppose that ~ is a regular element
in G and let v belong to the centralizer B of the Cartan subalgebra j of g. According to
[2(e)] it may be supposed that 6(j) = j. Hence j =j; + jo with j; =jNe€ and jo =jNp. The
case that jo = {0} will be treated first. Then B C K and it may be supposed that j = b.
G, € K and the measure on G, is so normalized that the total measure of Gg is 1. The
integration over Sg in may then be replaced by an integration over GG; as will be seen
below the integral is then a continuous function of 7 as 7 varies over the regular elements
in K. Harish-Chandra has shown that if T, is the character of the representation m then

1) =ds [ dg{ / f@oww@g—l)d’ga}
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when f is an infinitely differentiable function with compact support. If the support of f
is contained in the set of regular elements in GKG~! the order of integration may be
reversed. Another formula for T)(f) is implicit in the papers [2(c)] and [2(e)]. However
before introducing this it must be observed that B is connected and thus every element of B
can be written as the exponential of an element in h. In particular, let 7 = exp(H). Then
TA(f) is obtained by integrating f against a continuous function whose value at 7 is

—1

11 (e%a(m _ ef%aw)) 3 €(s)er st

a€EP SEW

P is the set of positive roots; w is the Weyl group of K,.; and €(s) = 1 according as s is
the product of an even or odd number of reflections. It should be observed that the second
hypothesis of Section 10 of [2(e)] does not hold here. So it is necessary to prove Lemma 43
using Fourier integrals rather than series. The value of x(v) obtained agrees with since
B, is reduced to a point with v(B,) = 1, P, is empty, and w, is reduced to {1}.

Retaining the assumption that 7 is regular it will now be supposed that j, # {0}. Define
the subgroups M and N as on page 212 of [2(g)] with j replacing bo then ([2(g)], p. 216)

wA(gﬁg_l)dsg :/ Ya(kmnAn~'m ™ k™) dk dm dn,
G/GS KxMxN

if the Haar measures on M and N are suitably normalized. It should be observed that,
contrary to the assertion in [2(e)], the centralizer B in G of a Cartan subalgebra is not

always commutative. Thus, if 7 belongs to B one must consider [, g0 f (979~1) dg and not

fG/B f(g7g) dg; B is the projection of B on G and B is the connected component of the

identity in B. The theorems of [2(h)] used later must be interpreted with this observation in
mind. It is not difficult (cf. [2(a)], p. 509) to see that the above integral equals

{(X,-)_l(v)/ Ya(knmAm ™) dk dm dn

KXxMxN
with £(X;)(7) equal to the determinant of the restriction of I — ad(y) to n, the Lie algebra of
N. It can be assumed that j, is contained in a,,. Then, in the notation of [2(d)], for some ¢
either v~ 1(X,,) or v *(X_,,) is in n.. Since the order on j, is arbitrary suppose that v~(X,,)
is in n.. .
vH(X,,) = §(Xw — X, — Hy)

and 2iv~'(X,,) = X is in g and thus in n. Let Ny = {exp(tX) | —oco <t <oo}; Ny is a
closed subgroup of IV, so that the above integral may be written

&) / { / ) Ua (kexp(tX)nmym k™) dt} dk dm d.
KxMxNi\N —

[e. 9]

To show that y(v) = 0 it is sufficient to show that the inner integral is identically zero; this
will be done using Cauchy’s integral theorem. Recall that

Y (kexp(tX)nmym ™'k~ = <C(k)§(exp(tX)) C(nmaym ™ k™ gy, (;50) AMI@)
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with g = exp(tX)nm~ym™'. The first term is clearly an entire function of .

I'(g) = —W(u(mim_ln_l,exp(—tX)(()))> - W(M(exp(—tX), O))

For m, 7, and n fixed the first term is defined, bounded, and analytic in ¢ so long as
exp(—tX)(0) is in B. If it is observed that the subgroup of G. whose Lie algebra is spanned
by H,,, X,,, and X_,, is the homomorphic image of SL(2, C) then the calculations may be
performed in this group. Now

i 1—ti i
X = (—i @) exp(tX) = ( i1 +ti)

()6 )t )

Thus exp(—tX)(0) = —it(1 — it) "' X,, is in B if |it(1 —ti)~'| <1 or Im(t) > —1 and

—w(,u(exp(—tX), O)) = log(1 — ti)ﬁ(exp(Hw))

is analytic in the half-plane Im(¢) > —%. Moreover, in this region

and

‘w,\ (kexp(tX)nmym™'k™")

<e(L+[¢)" |1 — i)

<ec(1+ )~
if \(H,,) < 0. n is a positive integer. Here and in what follows ¢ is used as a generic symbol
for a positive constant. Cauchy’s integral theorem may now be applied.

Suppose 7 is singular. 7 belongs to the centralizer of at least one Cartan subgroup j of
g; j may be taken such that 0(j) = j. Let g, be the centralizer of 7 in g, then 6(g,) = g,.
Consequently g, is the direct sum of an abelian algebra a and a semi-simple algebra g;.
Let j; be a fundamental Cartan subalgebra of g; ([2(g)], p- 236). Then j; + a is a Cartan
sub-algebra of g which may be supposed to equal j. Let B° be the connected component of
the centralizer of j in G. Then

/ flg*)dg* =/ dsg/ f((990)") dgg
G/BO feyles) G9/BO
—/ dsfi/ f((991)) dgi
a/ay G1/B1

if G, is the connected group with Lie algebra g, and B; = B’ N G,. The measures are so
normalized that dg = dg* db and dgg = dg db, db being the Haar measure on B°. Moreover
Gg is the homomorphic image of G; x A where A is the connected group with Lie algebra a.
The measure on Gf)y is so normalized that

/f(93)d93=/ f(g1a) dg; da.
GQ, Gi1xA

Finally let BY be the connected component of the identity in B; and write the above integral

as
(B, : B?}l/ dsg/ f((g991)") dgi.
feylel) G9/BY
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Choose 7; close to the identity in B so that 77, is regular then

(4) (B : BY] (97hy ) dg" = / ds)) / Fgn g g™t dgi.
a/a G1/B?

f
G/BO
If G is any connected semi-simple group with finite center, By the centralizer of a Cartan
subalgebra j; of g1, and m(g;) a function on él, the universal covering group of (g1, then a
function can be defined on B, by

0= 210 [ mlgiTior) do
GY/BY

when the integral exists. To obtain A;(7;) map G, into the simply connected complex
group whose Lie algebra is the complexification of gq; let 71 go into 71 and set v; = exp(H;)
with H; in the complexification of j;. Then Ay(3;) = e V] _,(e*U) —1); P is the
set of positive roots with respect to some order on j; and p; is one-half the sum of the
roots in P;. For every a € P, H, defines an invariant differential operator D, on Bj; set
Dy = [],ep Do Harish-Chandra [2(h)] has shown that if m(g;) is infinitely differentiable
with compact support then

lim Dy¢m(71) = am(1).

n—1

a is a constant independent of m and a # 0 if j; is fundamental. To be more precise ¢, (71)
is defined if ; is regular and the limit is taken on the set of regular elements.

Apply this result formally to equation () with f(g) = dawa(g) and m(g1) = dava(g791971).
If BY is not compact the left side is 0 and one obtains

/ datpa(g7g ") ds) = 0,
G/GY

so that x(v) = 0 if v has no fixed point in B. If B® is compact it may be supposed that j = b
and that j; =j N g;. In this case By is connected. If 79, = exp(H + H;) then

. / daton (g ") ds
a/a

-1

o LaH+mH) —Lla(H+H) sA(HA+H)+sp(H+Hy)
= o oug | T by et} |3 ggpesorsm s

acP sEw

a¢ Py
if the total measure of B is 1 as will be assumed and if an order on j; is so chosen that the
positive roots are just the positive roots of j whose root vectors lie in g; .. The denominator
is regular at H; = 0 and is invariant under the Weyl group of g, .. Thus, as on page 159 of
[2(h)] the right side equals

-1

sa(H) _ —la(H)> ; sA(H+H1)+sp(H+Hy)
(et ) | g, et !

aceP s
ag¢P
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The second term equals

wq Z €(s) H (sA(Ha) + sp(Ha))esA(H)Jrsp(H);

w1 /w acP

wy is the Weyl group of €. M gy . and w; is its order. The sum is over a set of representatives
of cosets of wy in w. It remains to calculate a. Since, as is easily seen, every non-compact
positive root of g; . is totally positive, G is locally isomorphic to the product of a compact
group and the group of pseudo-conformal mappings of a bounded symmetric domain B,. A,
and ¥, (¢1) may be defined in the same manner as A and 1, (g); the compact component
causes no difficulty [2(c)]. Apply the limit formula of Harish-Chandra to du, %, (g1) to obtain

a‘d/\1 = I}lm Dl Z 6(8)68A1(H1)+5P1(H1)

1—)0
secwi

= ws H (Al(Ha) + pl(Ha))

if the total measures of B} is 1 as may be assumed. If the measure on G; is normalized in
the same way as that on G, then

dn, = (=1 fo(B,) T ((A(Ha) + o1 (Ha) /1 (H))
acPy
if b, is equal to the complex dimension of B,. The constant a is now easily determined.
Setting P, = P,, p1 = p,, and w; = w, the value of is found to be

(1) 2w €(8) Haer, (sA(Ha) + sp(Hy))esAH)+se(H)

v(B,) Gy G HaePA, p(Ha) Ho%éellj (6%0‘(}1) - e‘ia(H)>

and is established. It should be observed that since the total measure of both B® and BY
must be 1 the measure on A, and thus on Gg, is completely determined.

6. The prime task of this section is to justify the above application of the limit formula of
Harish-Chandra. The truth of the other unproved statements above will become evident in
the course of the justification so there is no need to mention them explicitly again. G will
now denote a connected semi-simple group with finite centre and G will denote its universal
covering group. All the other standard symbols will also refer to G.

In particular a, will be a maximal abelian subalgebra of p. If {H,} is a basis for a, and
if g = K exp(H)Eg with H = Y7, t;H; set t; = t;(g). The family (t,(g)) is not uniquely
determined by g. Let w(k), for k € K, be the determinant of the restriction of I — Ad(k) to
p; then

Lemma 3. There are positive constants €, ¢, and q such that

exp| D |tilgkg )] | = clw®)|"exp| e [ti(g)|
i=1 i=1
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1/2
If A= (A4;) is any matrix set ||A| = (Zi,j|Aij|2> and if g € G let ||g]| = ||Ad(g)]|
where Ad(g) is the matrix of the adjoint of g with respect to a basis of g orthonormal with
respect to the inner product —B(X, Q(Y)). It is easy to verify that

(5) C1exp 512‘2‘(9)‘ > |lgll = coexp 522‘7%(9)‘
=1 =1

for some positive constants cq, ca, f1, and fB5. Now it is sufficient to verify the lemma
for ¢ = a = exp(H). If Ad(k) = (s;;) with respect to a basis which diagonalizes a, then
laka™||* = 37, ; e s? . The \;; are linear functions on a,. For a fixed k with w(k) # 0
this must approach infinity with "7 |¢;| ([2(h)], p. 743). Let S(H) be the set of pairs (ij)
for which A\;;(H) > 0 then

Z S?j 70

(i5)€S(H)
unless w(k) = 0. Moreover, for some small positive number €(H), (ij) € S(H) implies
Nij(H) > 3e(H) >0 |ti]- Let M = {H =7 t;H; | >;_|[t:| = 1}. If H is in M there is a
neighbourhood U(H) of H in M such that if H' is in U(H) and ¢ > 0 then

lexp(tH" )k exp(—tH")||” = exp | e(H)t > || o8
i=1 (ij)eS(H)
Since Y ;e s;; vanishes only when w(k) vanishes the theorem of Lojasiewicz [4] implies
that there are positive constants ¢(H) and ¢(H) such that
1/2
(H)
> sy zdE)e®)]
(ij)eS(H)
for all k. All that is left is to observe that M is compact.

Suppose 7 is a semi-simple element of G. Define G, Gg, (G4, and so on, as before. It is no
longer necessary, however, to suppose that j; is fundamental. Then

B [ gy = [ s [ ((ae)) dot
G/BO G/ay G1/BY
If Ay1(71) and D; are defined as above we are to show that

lim Dy A (7,) / ds’ / (9797 9™ dgy
G/GY G1/BY

’y1~>1

(6)
=a [ gy ") ds)
G/GY
71 is chosen so that 47, is regular and the limit is taken in the manner previously indicated.
Of course it will be necessary to impose some conditions on the function . If 1 is infinitely
differentiable with compact support then for 7; in some compact neighbourhood of the
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identity the inner integral on the left, a function on G/ Gg, vanishes outside some fixed
compact set U ([2(h)], Thm. 1). Moreover

D1A1(71) / ¢(9791’7V19171971) dgf
G1/BY

converges uniformly on U to ay(gyg~") ([2(h)], Thms. 2 and 4). This shows the validity
of (6]) for functions with compact support. To establish it for another function ¢ it would be
sufficient to show that for any € > 0 there is a sequence {wi (5)} of infinitely differentiable
functions with compact support such that

(i) lim DA (71) Vi(g37g ) dg* = D12 (1) Y(g3ng ) dg*
1700 G/BO G/BO
uniformly in 7; and
(i) lim Vi(gyg ") ds = W(gyg ") dsd.
= Ja/ao G/GY

71 is, of course, to lie in a fixed compact neighbourhood of the identity and be such that 7,
is regular.

In order to establish the existence of {i;} it is sufficient to assume that v is infinitely
differentiable and that there is a sufficiently large constant o such that, for any left-invariant
differential operator D on G, |D(q)| < ¢(D)llg >

Once it has been verified that this condition is satisfied by 14 (g) when X is real and
A(H,,) < 0 there will no longer be any need to refer speciﬁcally to this function. For

convenience, if X € g we denote the differential operator < f(gexp(tX ))‘ by X. It may
be supposed that D = Hlﬁf_l X; so that

D0s(@) = D{ (¢l)on )X M} = 37 D (l)on, ) DX

o runs over the subsets of {1,...,k} and D, = [],., X; with the order of the X;’s left

unchanged. ¢’ is the complement of o. Now D, (¢(g9)¢o, ¢0) = (C(9) [Tico C(Xi)d0, ¢0), sO
that there is no doubt that

Do (¢Lg)eo, 60) | < (D) g

with some constant «q. To find Dge’\(r@) we must differentiate

exp| M| T EH exp(t; X;)
1€o
with respect to each of the variables and evaluate the result at the origin. But

D g]Jexpt:X)) | === H,eXp(—th@-)g“,O :

i€o 1€0
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the prime indicating that the order of the factors is reversed, and this equals

—n(uG0)) — 7 | | T exp(—tx0),971(0)

i€0

There is an open neighbourhood U of the identity in G, and an open neighbourhood V' of B,
the closure of B, such that h € U implies h~'(V) C p,. Consequently pu(h™!,2) is defined
and analytic on U x V. So is 7r(,u(h_1, z)) and its derivatives at the identity are bounded
functions on B. Thus

‘Daek(r@”‘ < c¢(D,)

Ar@) ’

9

but )e’\(r@)‘ < ¢(N) exp(Zf:1|ti(g)‘)\(Hw)> ([2(d)], p. 600). Thus, if A\(H,,) < 0, i =

1,...,s,

‘ D, Mr@)| <

c(Dy)exp | —ao Z‘tz@)

with as large and positive. These remarks and formula show that the assumption is
satisfied.

We shall need a non-decreasing sequence {gbz('gv)} of infinitely differentiable functions
on G with compact support satisfying conditions: («)lim; . ¢;(g) = 1, () there is a non-
decreasing sequence {U;} of open sets which exhausts G such that ¢;(§) = 1 on U;, (7) if D
is a left-invariant differential operator on G then |D¢Z(§)’ < ¢(D) for all i and g. We write,

after Iwasawa, G = KHN. If {X,} is a basis for g and if (a;;) is the matrix of Ad(hn) with
respect to this basis then

f(khn) Z iy (k: exp(tX; )hn)
= Z gif (khn;Y;, Z;)
J

it X;=Y;+Z;,Y;ctand Z; € h+n. If D, is a left-invariant differential on K and D, a
right-invariant differential operator on HN then f(g; Dy, Ds) is the result of the successive
applications of these two operators to f considered as a function on K x HN. In particular,

Lt Gims D1, DY)

khn: 1, 7;) =
f( TL,, J) dt

t=0
[terating we obtain
f(khn) Zgz (hn) f(khn; D, D3):

gi(hn) is a polynomial in the coefficients of Ad(hn). f X e hp+nand X = X; + Xo, X € b,
X5 € n, then

%f(exp(tX)hn) = %f(exp(tXl)hn) + %f (h exp(th_l(Xg))n>.
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Consequently B _
Df(khn) = 3" gi(hn, h™") f (khn; Di, Dy, D});

Di acts on K, Di on H, and Di on N. Moreover g;(hn,h™') is a polynomial in the
coefficients of Ad(hn) and Ad(h™'). The functions ¢;(g) are to be constructed as products
¢i(khn) = ¢} (k)p7(h)d3(n). Since the coefficients g;(hn, h™!) are independent of k we need

only require that {(b}(k;)} satisfy («), (B), and (y). This requirement is easily satisfied

since K is the product of a vector group and a compact group. H is a vector group and
the coefficients g;(nh, h™!) are exponential polynomials on H so we need only require that
{¢?(h)} satisfy (a) and (3) and that the derivatives of ¢?(h) go to zero faster than any
exponential polynomial uniformly in 7. N is a closed subset of the space of endomorphisms
of g and the functions g;(hn, h™!) are polynomials in the coefficients of Ad(n). Thus the
functions ¢2(n) can be obtained as the restriction to N of a sequence of functions on a vector
group which satisfies () and (/) and is such that the derivatives of the functions go to zero
faster than any inverse polynomial uniformly in .

Now set ¥;(g) = ¢:(g)1(g). To establish ({i) it is sufficient to show that for any invariant

differential operator v on B

(7) lim vA(7) vilgig ") dg" = vA(F) Y(gig ") dg*
i—00 G/BO G/BY
uniformly in 7 on any bounded subset (i.e. a subset with compact closure in E) of the set of
regular elements in B. A(¥) is defined in the same manner as A;(3;). To obtain (f}) from this
relation it is sufficient to set v = D; and to observe that A;(3;)A~Y(37,) is regular at 7, = 1.
If M and N are the groups introduced on p. 212 of [2(g)] then

A7) V(gyg~ ") dg* = A@“){(Xl)_l(ﬁ)/ Y(knmAm k™) dk dm dn.
G/B° KxMxN

Let S be a finite set of invariant differential operators on B and let ¢ be the maximum
degree of the operators in S. Let ¢ belong to S and let D be a left-invariant differential
operator on G. Then § determines in an obvious fashion a left invariant differential operator
on G which will be denoted &’. Then

’5(D¢(lmm§m—1k—1))) — | Ad(km)(8) Dy (knmAm~"k~)|

< [lkml|e(D)l[nmym="|=

and

‘5(D¢(k:nm%7m_1k_1)) - 5(D¢,~(k:nm§m‘1k_1))‘ < ||kml|“e(D)|[nmym "]

Moreover there is an increasing sequence {V;} of open sets in N x M which exhaust N x M,
so that the left side of the latter inequality is zero if (n,m) € V;.

Recall that B is the connected component of the identity of the centralizer in G of a Cartan
subalgebra j and that 6(j) = j. An examination of the form of the matrices of Ad(m~ym™!) and
Ad(n) with respect to a basis which diagonalizes j N p shows that ||[nmym~|| > [[mym™1.
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Hmee

Thus ||nmym™ < fmym =71 |nmym ™ if aq + a2 = a. Now 7 may be written as

YAy with7_ € BN K and 7, € exp(jNp). Then
= It Hlmy-m™ = cfw- (v I I Him<.

Here w_(v_) is the determinant of the restriction of I — Ad(y_) to mNp and ¢, ¢, and € are
positive constants. Thus

1“:04

[lmym™

e[ [[nmaym |7 < clw_ ()| o702 o2+ | o2,
Consequently
8) / ‘(5(Dw(lmm:?m’lk’1)) ’ dk dm dn
KxMxN
is at most
D)o )| F e [ s i [ ol
M N
and
9) / ‘5(D¢(k:nm”7’m_1k_1)) — 5 (D (knmAm~ k1)) ‘ dk dm dn
KxMxN
is at most

(a2—a a]—« ag—a o
D)|w- (y-) "7 Iyt Q/HmH 2= |7 dm dn.

Now it can be shown (cf. [2(g)], Cor. 1 to Lemma 6) that the integral over N in ({8]) converges
if vy is sufficiently large. Then, fixing oy, we can choose «; so large that the first integral
converges. Moreover, by the dominated convergence theorem, the integrals in converge to
zero as 1 approaches infinity. We conclude first of all that

$s(7) = A®) U(g79~") dg”
G/BO
is defined on B’ = {? €B ‘ w_(y-) # O} and is the uniform limit on compact subsets of B’

of the sequence {¢y,(7)}.

There is a finite set {vy,...,v,} of invariant differential operators on B such that any
other v, may be written as v = > j=1 Vju; where the u; are invariant under the Weyl group of
gc ([2(f)], p- 101). For each u; there is a left-invariant and right-invariant differential operator
Dj on G so that qub%ﬁ) = QZSD].WW) ([2(11)], p. 155) Then

Vbuiz) = D UibDu)
j=1
The right side is a sum of terms of the form
?(7) / 8 (D (knmAym ™k 1)) dk dm dn.
KxMxN

gb@') is a regular function on B 0 is one of a finite set of invariant differential operators on
B and D is a left-invariant and right-invariant differential operator on G. As a consequence
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of the estimates above the sequence {v¢y, )} converges uniformly on compact subsets of B’
and it must converge to vy ). So

(cr—on) | .
[vhy@) — vhpe) < w- (=) | e(v,4)

on any fixed bounded subset of B'. Moreover lim; o ¢(v,7) = 0. The proof of can now
be completed by an argument essentially the same as that on pp. 208-211 of [2(g)]. There is
no point in reproducing it. If we show that

(10) U(gigt)ds)
G/GY

is absolutely convergent then a simple application of the dominated convergence theorem
suffices to establish . Choose a maximal abelian subspace of g; Np and extend it to a
Cartan subalgebra j; of g1, then j = j; + a is a Cartan subalgebra of g and 6(j) = j. We again
introduce the groups M and N. If n is the Lie algebra of N let n; = nNg; and let Ny be the
connected group with Lie algebra n;. If ny = (I — Ad(v))n then, according to Lemma 7.0 of
[1], every element of N may be written uniquely in the form exp(Y3)n; with n; € Ny and
Y, € ny. Then if B, is the connected group with Lie algebra j N p every element of G may be
written uniquely as g = kexp(X) exp(Y3)n1b. with X € mNp, m being the Lie algebra of M,
and by € By (cf. [2(h)], p. 215). Let ¢o(n1b4) be a non-negative function on Ny B such that

/ ¢0(nlb+) dn1 db+ = ]_,
N1By

and set ¢(g) = ||exp(X eXp(Yg)HBQﬁO(nle if g = kexp(X) exp(Ys)n1by. Here § is a suitably
chosen non—negatlve constant. Then a function may be defined on G/ Gg by
= / ¢(997) dgy;
G5

s?, is the coset containing g. We shall show that if 5 is sufficiently large then qﬁ(sg) is greater
than some fixed positive constant for all s9. It may be assumed that g = k exp(X) exp(Y2).
If K, is the connected group with Lie algebra €N g, and if gu = k" exp(X') exp(Y;)nb',,
u € K, then

o(s9) = / o(gunqby) dudny dby
K»YXN1><B+

:/ Hexp(X’) eXp(%)Hﬁe_zpl(logb;) du.
Ky

Suppose f1(21) and f(22) are two non-negative functions of the variables z; and z; and z; and
zo are subject to some relation. We shall write f; > f, if there is a positive constant ¢ and a
non-negative constant 3 such that cff(z) > fa(2) for all pairs (21, 23) satisfying the given
relation. The assertion will be proved if it is shown that ||exp(X”) exp(Y3)|| - e?p1(logbl) Tf
H, €jnp then 2p,(H™") is the trace of the restriction of Ad(H, ) to ny.

Since ||exp(X) exp(Y)|| = |lexp(X’) exp(Y3)n} b’+H it is easily seen, after choosing a basis
of g which diagonalizes j N p, that Hexp(X Yexp(Y || Hexp bﬁrH If a_ is a maximal
abelian subalgebra of m Np then a_ + (j Np) is a maximum abelian subalgebra a, of p. Let
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X' =k_(H_) with H_ € a_ and k- € M N K and let b/, = exp(H,) with Hy € jnyp. If a is
the restriction of a root to a, then

log|lexp(X)¥, || > |a(H- + H)

since the restrictions of the roots to a, span the space of linear functions on a,, there is a
constant ¢ such that for any linear function A

c|| Al log||exp(X), || = |MH- + H,)|.
Since a_ N (jNp) = {0} it is now clear that
lexp(X) exp()]| = 0] and  [lexp(X) exp(¥3)]| = [lexp (X))
From this one easily deduces that |[exp(X)exp(Ya)|| = ||exp(Y5)ni||. If nf = exp(¥Y)
and exp(Yy) exp(Y!) = exp(Y’) with Y/ € n; and Y’ € n then the four variables (Y/,Y3),
Y’ (Ad (exp(YY)), Ad (exp(Yﬁ))) and Ad(exp(Y”)) are polynomial functions of each other
(cf.[2(h)], pp. 737738 and the reference cited there.) Consequently
lexpY)][ > [lexp(¥D)][ - andlexp(¥)[| > [lexp(¥)]],

I

so that
lexp(X) exp(Ya) || > [|exp(Yy)|| and [lexp(X) exp(Ya)[| - [lexp(Y3)]-
However, if njt, u~t = w'b;'n;" then
Fexp(X) exp(Ya)miby = K exp(X") exp(V)u!

and the argument may be reversed. Consequently |lexp(X’) exp(Y)|| = [|b),|| = e?r(oeb),
The absolute convergence of (10) will be established if it is shown that

/G (g9 6(g) dg

converges. However this integral equals
/ [ (kmnAn~ 'm ™ k)| ¢(kmnb..) dk dm dn db, .
KxMxNxBy

If n = exp(Ya)n; as before then dn = dYs dn; where dY; is the Euclidean measure on ny and
this integral equals

/I(XMXHQ

The integrand is less than or equal to

[ exp(Y2) || dk dm dY.

W (kmexp(Y2)7 exp(=Ya)m™ k™)

U ml? |ep(v) ||

cH (mexp(Ya)yexp(=Y2)y 'm ™ ymym™
which is at most
cl|exp(Ya)y exp(=Ya)y ||~ lm 248 | lmrym |~ ||exp(Y2) ||

if a; + g = a, a1, ag > 0. Tt follows from Lemma 8 of [2(h)] that ||mym™!|| = ||m|| and
from Lemma 2 of that paper that

[exp(Ya)y exp(=Ya)y || = 1+ [[ V2.
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Thus if « is sufficiently large the integrand is less than or equal to a multiple of

(1 + [|Yall) ™ {|m] %

with 81 and [, large. Consequently the integral converges. It should be observed that 7 is
fixed so that uniform estimates like that of Lemma 3 are not necessary.
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