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1. INTRODUCTION

(i) Summary of results.

The problem of constructing algebraic cycles with given properties — e.g., in a
given homology class — is one of the longest standing and deepest questions in
algebraic geometry. Over the years there have been several variational approaches
centered around the question

(1(1).1) Given a family {X:}tep of smooth algebraic varieties with Xy, = X, and
given a codimension-p algebraic subvariety Z C X whose fundamental
class 1o(Z) remains of Hodge type (p,p) in H*P(X;, C) fort in an analytic
neighborhood of to, is there a family of subvarieties {Z; }1cp with Zy, = Z ¢

Especially notable here is Spencer Bloch’s semi-regularity paper [B]. The advantage
of this approach is that one can use the full strength of the deformation theory
of subvarieties. One might similarly ask whether there is a family of algebraic
cycles {Z;}iep deforming Z; some first steps toward an infinitesimal theory for
this problem were the subject of [G-G2]. A third possible context, which we will
consider here, is to work in the Chow group. Thus, letting £ € CHP(X) be the
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rational equivalence class represented by [Z], the question (1(i).1) should be first
modified to
(1(1).2) Under the assumptions in (1(i).1), is there a family & € CHP(X;) with
gto = é"?
There is a basic obstruction to solving this problem, namely that the fundamental
class ¥o(¢) must remain of Hodge type (p,p) in H?P(X;,C) for ¢ in an analytic
neighborhood of tg. For p = 1, this is the only obstruction. We will see below, for

p > 2 that even modulo torsion there are other obstructions to deforming £ even
when y(£) = 0. The full question (1(i)2) is interesting, as is the question

(1(1).3) Under the assumptions of (1(i).1), is there a family § € CHP(X,) with
Yo(0) = vo(8)?

This question has a formal analogue where, so to speak, we try to construct
& as a formal power series in ¢, and the purpose of this paper is to develop an
obstruction calculus that will help to understand the formal analogue of (1(i).3).
Two applications of this calculus are the following, where again everything is modulo
torsion

(1(i).4) Suppose that £ € CHP(X) and as in (1(i).1) assume that the fundamental
class o (&) remains of Hodge type (p,p) fort in an analytic neighborhood
of to. Suppose further that

(1(1).5) filan (QI;;/«?:) = = H"(0x)=0.
Then (1(i).2) is true formally.
For p = 2, we are hypothesizing that
H3*(0x)=0
which is equivalent to saying
JHX) = T (X)abs

i.e. J2(X) is an abelian variety. By upper-semicontinuity the same should be true
for nearby X;. By the Generalized Hodge Conjecture, all of the J(X;) should lie in
the image of the Abel-Jacobi maps, and we expect no further obstructions beyond
Yo(€) remaining of Hodge type. However, if

H3(0x)#0
then there exist cycles £ with 19(¢) = 0 and AJ%(£) non-torsion, yet where
im(AJ%,) C torsion for 0 < [t| < e

as in [G] and [V]. So (1(i).2) cannot hold in this situation. The precise explanation
of what “being true formally” means will be given below. We will also see that the
assumption (1(i).5) implies that, at least formally, questions (1(i).2) and (1(i).3)
coincide; i.e., there are no obstructions to formally lifting F1CHP(X).
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In general we will see that:

(1().6) If

() == =0. 2,

then F"™CHP(X) is formally unobstructed to all orders in t. Taking m =
p we have that

(1(1).7) FPCHP(X)is formally unobstructed.

Here we use the version of the conjectural filtration on Chow groups of [G-G1].
Since the fundamental works of Bloch and others (cf. [B], [Q] and [S]) leading to
the identification, again modulo torsion,

(1(1).8) CHP(X)® Q= H” (K} (0x)) ®Q

where K (0x) is the sheaf associated to the p*™-Milnor K-groups of the local rings
Ox , for some time it has been understood that for p 2 2 the groups C H?(X) have
an arithmetic aspect. Below we shall show that:

(1(1).9) Suppose that X is defined over Q and that £ € CHP(X(Q)) and, as in
(1(i).4), ¥o(§) remains of Hodge type (p,p) fort in an analytic neighbor-
hood of tg. Then formally (1(i).2) has an affirmative answer.

We shall also see that, in general, the lifting of ¢ € CHP(X(Q)) can only be
formal. Of course, if the HC is true then question (1(i).3) will have an affirmative
answer. Thus, there is some arithmetic/geometric subtlety in the difference between
(1(i).2) and (1(i).3).

Before turning to a more detailed description of the contents of this paper we
might summarize by saying that this work contains good news and bad news: The
good news is that, under only Hodge-theoretic assumptions, we are able to construct
something; the bad news is that there are subtle obstructions to the convergence of
this iterative construction. There has been a significant recent progress in tackling
such issues, cf. the excellent survey of Chambert-Loir [C-L].

(ii) Discussion of techniques

We will work with an algebraic family of algebraic varieties, given by
(1(ii).1) X - B.
Here, X and B are smooth complex varieties and 7 is a smooth projective map. We

shall sometimes write (1(ii).1) as

(1(ii).2) {Xihien

where X; = 7w 1(t) is a smooth, projective variety. It will cause no essential loss
in generality if we assume that B is one-dimensional. We let ¢y € B be a reference
point and set X = X;,; we then may think of (1(ii).1) as a deformation of X. We
denote by Jx C Ox the ideal sheaf of X, and set

Oxm = o‘vx/j?+1
X, = scheme (Xi,,0x, ) .

m
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Geometrically the scheme X,, is the m*™ order neighborhood of X in X, or equiva-
lently the deformation to order m of X given by (1(ii).2). We have natural maps

xm—i—l — xm

and we let

X =limX,,

. we shall refer to X as the formal

m)

be the scheme (X, O4) where O4 , = lim,, Ox
neighborhood of X in X. ’

For a codimension-p algebraic cycle Z we denote by £ = [Z] € CHP(X) the cor-
responding rational equivalence class. Throughout this paper we will work modulo
torsion. We denote by

Yo(§) = vo(Z) € Hg"(X)

the fundamental class of £ or Z. Here
Hg?(X) = H?*(X,Z) N HPP(X)

is the usual Hodge group of integral cohomology classes of Hodge type (p,p), con-
sidered modulo torsion.
Fundamental to this work is the Soulé variant of the Bloch-Quillen identification

(1(1).8) CHP(X) > HP (fKII)VI(OX)) mod torsion .

Relative to a Zariski covering U, of X, we may represent elements on the right as
cocycles formed from symbols

(1(11)3) {fla”'?fp}V fleOF( (Uaom"'ﬂUap) .
If Z is a codimension-p subvariety whose ideal sheaf has a resolution by locally free
sheaves, then from this data we may construct the corresponding cocycle (1(ii).3).
Thus, in a sense we may think of the RHS as giving the “equations” of the rational
equivalence class of an algebraic cycle.

The central thrust of this work is to develop a calculus for successively lifting
a class £ € H? (K (0x)) to classes &n, € HP (K2 (Ox,,)) over the infinitesimal
neighborhoods of X in X. We are not saying that the identification (1(i).8) extends
to the schemes X, (this may be an interesting question). Rather, if we can lift
§ = [Z] to a class in HP(U, X' (Oy)) where U is a Zariski neighborhood of X in X,
then from

CHP(U) = H? (U, X (0v))

we will have lifted [Z] to [Z] € CHP(U) where Z is a codimension-p algebraic cycle
in U. Our work will enable us to analyze the corresponding formal question of
lifting ¢ to & € HP (KM (04)).

The general mechanisms for lifting geometric objects given by “equations” over
successive infinitesimal neighborhoods is well known and classical, dating from the
earliest works of Kodaira and Spencer. The fundamental observation in the present

study is the following: Recall that for any ring R there is a natural map
(1(ii).4) Ky (R) — QF
where the RHS are the absolute Kéhler differentials. The map (1(ii).4) is induced
by

d d

{rl,...,rp}—>ﬂ/\~-~/\ﬁ, r; € R*.

1 Tp

By abuse of notation we denote this dlogr; A--- Adlogr,.
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For any scheme Y the maps (1(ii).4) give maps

KM (Oy) — 00

inducing on cohomology what is called the arithmetic cycle class mapping (cf. [Sv])

(1(ii).5) 0 HP (K3 (0y)) — H (%) -

The basic observation in this work is:

(1(ii).6)  The obstruction to lifting & € H? (K3 (Ox,,)) to H? (XM (0x,,,,)) de-
. . »
pends only on the arithmetic cycle class n(¢y,) € HP (me/Q)'

To interpret (1(ii).6) we recall from [G-G1] that, assuming the important con-
jecture of Bloch-Beilinson, the arithmetic cycle class 7(Z) captures some — but
not all — of the information in [Z] € CHP(X). For p = 1 this “lost” information
is not crucial to the obstruction to lifting £ = [Z], this being essentially due to the
p =1 case of (1(i).7). However, for p = 2 this lost information is non-trivial for the
lifting problem and may be related to the issue of non-convergence of the formal
iterative construction leading to the results (1(i).4) and (1(i).9).

In section 2(i) we will review the classical 15¢ order Kodaira-Spencer theory,
especially the extension class and subsequent coboundary maps associated to the
exact sheaf sequence

. —1
(1(ii).7) 0—>Q’)’(/Q@Q’)’(/@ —>Q’3’CI/Q—>Q’)’(/Q—>O
where the first map is
CBwH dtAp+tw, t2=0.

The central fact, deriving ultimately from Kahler geometry, is that the coboundary
map in the exact cohomology sequence of (1(ii).7)

(1(ii).8) He (Q’)’( /Q) 2y g (Qg’g/@ :
is zero. We also establish another result (proposition (2(i).13)) that follows from the
degeneracy at Fs of the Leray spectral sequence associated to a smooth, projective
morphism.

In section 2(ii) we analyze the 1%% order obstruction theory for the groups
HP (XM (0x)). The basic observation is the commutative diagram

0 —— % —— K (0x,) —— K(Ox) —— 0

(1(ii).9) l ln ln

p—1 D D D
0 » W@y — Oxyyq —— U — 0
where the left hand vertical arrow is
— eddp
and the top left hand horizontal arrow is induced by
d dg,_
(1(i1).10) FEA AL At gy, 12=0

g1 Ip—1
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where f € Ox.,9i € O%,. The m = 1 result (1(ii).6) follows from (1(ii).8)
and (1(ii).9). The geometric understanding of the relationship between first order
obstruction theory and the filtration on H? (X} (0x)) = CHP(X) is also given.
In section 3(i) we give the rudiments of higher order Kodaira-Spencer theory in
a form that is amenable to the calculations we need to make. (We make no attempt
to provide a systematic general theory as is done in [R] and [E-V].) In particular
the higher order analogues of (1(ii).7) and (1(ii).8) are given.
Finally in section 3(ii) we turn to the higher order deformation for the groups
H? (X3 (0x)). The analogue of (1(ii).9) is the diagram
(1(ii).11)

0 —— Qgg/é —— KM(0x,) —— KM (0x,,_,) —— 0

I I b e

1
0 » Q0@ g » Qo > > 0

where the left hand map in the top row is the same as (1(ii).10) with ¢™ replacing ¢;
the exactness here requires a somewhat intricate lemma on e-Steinberg symbols (cf.
(3(ii).3)). With this formalism in place we give the proofs of the main applications

(1(1).5)—(1(i).7) and (1(i).9).

In Section 4 we discuss failures of the formal theory; i.e., examples where all the
obstructions to formally lifting vanish but where no choice of successive extensions
will lead to a convergent, or geometric, result. This phenomenon was encoun-
tered in an earlier work [G-G1], and it may have to do with theory of G-functions
(cf. [A]). We feel that its understanding presents a significant issue.

2. FIRST ORDER OBSTRUCTION THEORY

(i) Variants of Kodaira-Spencer theory

In this section, we collect together some classical results of deformation theory.
Given a family X — B, the basic object in classical Kodaira-Spencer theory is the
exact sequence

0—>@x/3—>@x—>’fr*93—)0.

Letting ¢ denote a local uniformizing parameter on B with 7= (o) = X, we may
rewrite this sequence as

0 — Ox/p — Ox — Ox ®J/0t — 0.
Reducing this sequence modulo t™*! and setting
O = Ox// (1)
we obtain
(231).1) 0— 0, — Ox, — O0x, ®9/0t — 0.

The 1%¢ order classical Kodaira-Spencer theory is derived from the m = 0 case of
this sequence, which setting ©p = O x we write as

(2(1).2) 0—Ox — Ox, — Ox @I/t — 0.
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Denoting by d§ the coboundary map in exact cohomology sequences we have the
classical

Definition: The (15 order) Kodaira-Spencer class associated to X — B is given
by
0, =6(0/0t) € H'(Ox) .

Geometrically, we think of 6; as the obstruction to lifting 0/0t to the fibre over
t = 0 in the family X — B. This is clearly the obstruction to trivializing X — B
to 1% order, i.e.,

=0 X=X x Spec((C[t]/tZ) .

Equivalently, 67 is the obstruction to splitting the sequence given by (2(i).2), this
obstruction being the same as the extension class in H'(Hom(Ox,©)) ® /0t =
H'Y(©x) of (2(i).2).

When we study the geometry of X — B inductively over the successive infinites-
imal neighborhoods Xy, especially in the study of algebraic cycles and cohomology,
there are a number of related sequences to (2(i).1). We shall now discuss their 15
order versions.

On the 1% order neighborhood X1, we have t? = 0 and the three basic sequences
for our study are

(i) 0—)0){—)@3@—)0)(—)()
(2(2)-3) (i); 0— Ox ®Qy)c — Qe — Lyjc — 0
(iii) 0—)@X—>@x1—>ﬂ'*@3—>0.

Here, the right arrows are restriction mappings and the left arrows are given re-
spectively by

(i) f—tf
(i) foe — fdt+te
(iii) 0 — .0, where i : X — X .

More precisely, under (i) we have to give for each € X a map
t
Ox’m — Oxl,z .
For f € Ox , we choose any fe Ox, » with f|X = f and then the map is
f—tf.

Since ¢2 = 0, the choice of lifting f does not matter. Similar remarks apply to (i)
and (iii). We may write
(i) =t
(i) =dtdt
(iif) = .
The extension classes of the sequences (2(i).3) are of interest. By the remarks

above we expect that all of these can be derived from the 1% order Kodaira-Spencer
class §; € H'(©x), and we shall now explain how this goes. For this we note that
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there are pairings
Ox ® O0x — Ox
(2(i).4) Ox ®c QE(/(C — Ox ®Q§(/<C
Ox ®cOx — Ox
given respectively by
0@ f— Lof (=0-1)
0 @w— 0lwd Low
00— Lyo (=1[0,0])
where £ denotes Lie derivative. Of these maps only § ® w — 0w is O x-linear;
the remainder are C-linear derivations.
(2(1).5) Proposition: The extension classes associated to the exact sequences
(2(i).3) are respectively
(i) Lel € H! (HOHI(C (Ox,Ox))

(i) 6] L, € H' (Homo, (e, Ox)) & H' (Home (24 ¢, 0% c))
(iii) Lg, € H' (Home (O, /5, 0x)) -

Proof: We shall prove the most interesting case (ii); a similar argument will apply
to the other cases. We shall also work in the analytic topology; the algebraic
case may be established by a similar argument, or alternatively the result may be
deduced from GAGA. Finally, we shall carry out the computations when dim X = 1;
the extension to the general case is only notationally more complicated.

We may cover X by open sets U, in which there are box coordinates (z4,t). In
the overlaps Uyg =: U, N Up we will have

2

. t
(2(1).6) 2o = fap(28,t) = fap(28) + fap1(28)t + fagz(t5)5 + e
We first claim that the Kodaira-Spencer class is represented by the cocycle
(2(i).7) 91%(3 = faﬂl(Z5)8/8Za S H! ({Ua}, @)() .

To see this, we let (9/0t) be the lift of 9/0t in the (24, t) coordinate system. Then
in Uap

{ ((8/0t)5 — (9/0t)a)) -t =0

((0/0t)5 = (0/01)a) - 20 = o4FD| = fupr(25)
which is what is wanted.
We now let e, be the product extension of a function or a differential form from
Ua N X to Uy. Then by (2(i).6) we have

(e — ea)dzq = 0., fap(2p)dzp + fap1(2p)dt + 0., fap1(2p)t mod 2, tdt .
The first term is dz, expressed in the zg-coordinate system. The second term is,
by (2(1).7),

oaﬁleza ;
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and using the Lie derivative formula the third term is the coefficient of dzg in
Lg dZa

expressed in the zg-coordinate system. (I

apBl

From (2(i).3) (ii); we infer the exact sequence

(2(1).3) (i), 00— @0k, —h —0% . —0

whose extension class is
01] ® Lo, ,
where the first term is induced from the pairing

—1
Ox ®QI;(/C —>Q§(/C )

It is well-known and elementary that the coboundary maps in the long exact
cohomology sequences associated to short exact sheaf sequences are given by cup-
products with the extension classes.

(2(i).8) Proposition: The coboundary maps in the long exact cohomology sequences
arising from (2(i).3)(i) and (ii), corresponding to Lg, are zero. Thus the only non-
zero coboundary maps are

H (9%

61] -1
) = e (95
Proof: Using the Lie derivative formula
Low = d(0]w) + 0]dw ,
the proposition follows from the Kéhler manifold fact that the mapping

H(9%c) =5 HY (%2)

induced by the exterior derivative is zero. Indeed, there is a commutative diagram

HO(%)c) —— H(%2)

l l

HPI(X) —2— HEPMI(X)

(since d = 9 on Q’)}/C), and it is a Kahler fact that every class in HY?(X) is

represented by a J-closed form (e.g., take the harmonic representative for a given
Kéhler metric). O

Remarks: This result has the following elementary geometric meaning: Given
»
w e HY (Q % /C)7

Cow € HIT (0% o)

is the 15 obstruction to finding a family w; € HY (Q&t/c) with wg = w. But from

H'(X,C)= & H (Q’)’( /C>

it follows that dim H¢ (Qp

X, /C> is constant and hence w extends to a family w;.
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The 15 obstruction to extending 6; € H'(Ox) to 61, € H'(Oy,) is given by

£’91 (01) = [017 91]

which is also zero, although the map

HY(Ox) ﬂ) H+(0y)

is in general non-zero.

Remark: A result of Herb Clemens (cf. [C]) states that for § € H'(©x) the map

0,6] : H (Qg( p

J -1
) —— e (95)
is zero. More generally, for §; € H"(Ox), i = 1,2, the map

[01,02] : HY (Qgc/(c) . gatritr (Q.I;(_/(IC)

is zero. This follows from the standard differential-geometric formula

(eljﬁez - L92 (elj)) W= [01a 92”&)
together with

Lo, HY (9
being the zero map as a consequence of

Lo,w = 601 ]dw + d(6; |w)

) =1 (%)

as above.

Corollary: If X is a Calabi- Yau manifold then for 6, € H™(Ox),
[01,62] =0.

Proof: This follows from
H™+m2(0y) = Hritre (Q?&é)
and the commutativity of the diagram
H™(Ox) ® H™" (Qﬁc/(c) —  H"(0x)
Ul l
H (g2) o Y (Qhe) — H™ (%)
using that the pairing in the bottom row is non-degenerate.

Corollary (Bogomolov): Calabi-Yau varieties are unobstructed.

Proof: This is a well-known consequence of the fact that

H'(0x)® H(O©)x -1 H20y)

is zero.

O

Finally we want to extend the above discussion to absolute differentials. Here we
assume that X — B is algebraic and we work in the algebraic setting — Zariski

topology, sheaf of regular (in the algebraic sense) functions, etc. We will discuss

(2(1)-3) (iv); 00— Ox ® Qg — D,y — Uxjg — 0
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and the sequences derived from it by exterior algebra. Here, for any scheme Y we
denote by y/q the sheaf of absolute Kéhler differentials. From (2(i).3)(iv); we
deduce a diagram

0 0

0
| l l

0 — Qe®0x  — Q¢e®0x, — Qpe®0x — 0

|

(219 0 —  Ox®Qy,, — Q0 — Q0 — 0

l |

0 —  0x®%,c — Qe — Qe — 0
0 0 0

The left hand column is the same as the right hand column direct summed with
Ox in the Qﬁf/Q and Qé{/@ terms and with ide , being the corresponding map.
The commutativity of the diagram (2(i).9) results from the following considera-
tions. We let k be a field of definition of X and choose a smooth variety .S defined
over Q and with
E=2Q(S).
We then denote by
8(X) - S
the k-spread of X.
If sg € S is a Q-generic point of S, i.e., sy does not lie on any proper subvariety
of S defined over Q, then
7 Hs0) = X
and under this identification,
/2 = W@)(@/2ln(x) -
We also not that

1 ~l
Do = V)0l -
If X — B is defined over k, then for ¢t € B(k) we have the k-spread

8(Xt) — S
of X;. Passing to complex points, the family {8(X;)}icp gives

Replacing Q}C/Q by Q,lc/Q in the diagram (2(i).9) loses no geometric information. If
X% B
is a family defined over k, then we get

8(X) — 8(B)

N
S .



12 MARK GREEN AND PHILLIP GRIFFITHS

We may identify
Ol =0l
X1(k)/Q = *88(20)1(Q)/Qlr-1(80)
The natural exact sequence
0 = D0 @ O, (k) = i, 1y /@ = ey = 0

becomes

1 1 1
0= Q50)/0) ® 9s001@/0l,, = W @yels, = eoiysl, =0

so that by base change the term in the middle in (2(i).9) may be thought of as the
complexification of the 1-forms in a 1% order neighborhood of X in §(X) and the
horizontal and vertical arrows reflect the sequences of the type (2(i).3)(ii); in the
B and S directions respectively.

Let 0 € H'(Oxx)) ® Q}C/Q denote the 1%' order Kodaira-Spencer class of

8(X) — S, where we identify 75 S = Q,lc/Q. Then o gives the extension class
of

0= Qo ® Oxmy = Loxywn /e = Ly = 0
and by the process described in proposition (2(i).5) it induces the extension classes
of the vertical sequences in (2(i).9). Moreover we have

[91, O'] = 0 5
and this implies the commutativity of (2(i).9).
For 6 € © x (1) the Lie derivative
may be defined by
Lg(w) = 0]dw + d(0|w)
where d = dx/p. We will see that:

The induced map
Lo, H (9 ) » HI (9 )
1S zero.

For general p, the sheaves Qf, /g are filtered by
(2(1).10) FrOf o = image {Qg/@ 0 QL Ol /Q} .
There is a spectral sequence which abuts to Hq(Q’;,/Q) and whose E;-term is Q@
H4 (Q@;g ). For Y = X the maps Ly, are zero on these groups and hence vanish

on Hq(Qg’(/Q). Thus we have the

(2(i).11) Proposition: The coboundary maps in the exact cohomology sequence of

0= Qa0  —SQF QP

x/Q P x/0 X1 /Q x/0 0

are 6 = 01| @ Ly,.

Lo .
Theorem: HY(Q% ) —» HI*™! (Qg(/@) is 0.

The proof proceeds by a number of steps.

(a) QI))((k)/Q = Qg(x)/(@) |30 where s is a Q-generic point of S.
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(b) Thus we need to show

L
H? (Qg(x)(@)/@)’so> S HH (Qg(x)(@)/Q’so)

is zero.

()
H

D o i q D
(QS(X)(Q)/@|so) T U Z};}f;pen H (Uv QS(X)(Q)/Q) (log D)
def/QCS

where for U Zariski open, def/Q in S, write U = X — D, D divisor with

normal crossings.

(d) The map
p Lo, +1 p
He (U’QS(X)@)/@UO%D)) —— HY (Uvgs(xmz)/@(logm)
is zero.

Proof of (d): Since Ly, = (|61) od — d o (]0;), we just need that

p d p+1
He (U’ Qs x) @008 D)) — Hf (0’ Qs (x)(@/0108 D))

is zero. But this follows by base change from showing

d 1 +1
He (U, Q8 e (log D)) NS (U, QL o e log D))

is zero. This follows from degeneracy of the Hodge-De Rham spectral sequence for
logarithmic differentials.

To conclude this section we shall give for later use a technical result which,
however, has interesting geometric content. For this we consider the diagram

0 0 0
10p—1 10P 1l:u 1lp

0 — FQX/Q@F QX/@ —_— Flel/Q — F(jX/Q — 0
p—1 D D 2

0 R LR o R — Qvcll/@ — Q)j/(@ — 0

—1

0 — QQ/CGBQ&/C s Qgcl/c s Qﬁ(/@ — 0

0 0 0

A piece of the cohomology diagram is, using proposition (2(i).11), given by

0
FlHq(Qé’(/Q)
(20)-12) HU (9, o) — HO(%,,) 5 B ()

HO () 25 Ho (%)
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The replacement of HY(F'Q% ) by F*H(QY ) will be explained below.

(2(1).13) Proposition: Let n € H1(Qf

X/Q> have image denoted by nc € H‘I(Qﬂ’(/c).
Suppose that

01]nc =0
in HQ+1(Q€(_/(1C). Then we can find n' € F*HY(Q% ) such that
O1l(n+n")=0
in HITH Q4 0.
(2(i).14) Corollary: Under the assumptions of the proposition, we may modify 7

by o € FXHU(Q, ¢) so that o+ 1y lifts to HU(Q, ).

Geometrically, nc € HY (QS’(/C) = HP4(X) C HPT(X,C). The assumption

in the proposition is that, to 15" order, n¢ remains of Hodge type (p,q) when
we identify all the HP14(X,,C) with HP%(X,C) for |t — to| < € (Gauss-Manin
connection). This implies that 7c lifts to H?(Qf /C)' What the proposition states
is that we may modify the absolute class n € H?(QF /Q) by 1’ keeping the same
(n+7')c = nc so that n + 7’ lifts to H‘?(Q’j’cl/Q).

Proof of (2(i).13): We first recall the relative deRham formulation of the degen-
eracy at Fy of the Leray spectral sequence of a proper smooth mapping

w-1.5s

of quisi-projective varieties, where for our application we may take S to be affine.
Now Q3 /c is filtered by

F"‘Q{,V/(c = image {f* (Q’S”/C> ® Q",;/C — Q;V/C}
with
Gr™ 0y c 2 Qe ® Q;;/Tg
(we drop the f*). Since S is assumed to be affine the Leray spectral sequence has
B = 1O (95 ) @ HY (Qhys)
and
di = Vyys

is the Gauss-Manin connection. By the theorem of Blanchard-Deligne this spectral
degenerates at E5. The cohomology group

HY(W) = B (¢ )
has a natural filtration with

GrPHY(W) = (HO (Qg/c> ® HPTY ( ;V/S))Vw/s

where ( )v,,, denotes the cohomology of the sequence

e HO (Qg/c) ®Hq( ;V/S) Yw/s o (ngg) ®H’1( ;V/S) S
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Suppose now that we have
W—SxT

which we think of as a family of families
Wy — S, teT and Wy=W
to each of which the above considerations apply. We then have
VW/T .
) T rt e (057)

The issue we want to consider is whether Vyy 7 induces non-trivial maps

o Qe @ HY ( W,

vW/T

er (GrT’H‘?(W) Qo ® Grqu(W)>

—— coker (GTPHHQ(W) Yoy — Qe ® GTPHH‘I(W))

We may rewrite this as

o (10 (0,) o5 (03,.).
(2(1).15) — Qe @ (O (2 0 HP (20))) }VW/S
—— coker {similar groups} .
Now, and this is the point, assuming that 7" is contractible
W— S xT

has its own Leray spectral sequence which degenerates at Fo, and we claim that
the maps in (2(i).15) are part of do for this spectral sequence. First, denoting by
X a typical fibre of W — S we have that

9 (2 500) > H ()
localizes over sp € S to H1(X). Now
(HO (ngT/(C) ® Hqip(X)>
The LHS contains

ker {(HO (%) H(FP(X))VW/S b o HO(90) @ qu(X)} ,

s (O (0515c) @ HPH (X))

Vw/sxT Vw/sxr

the RHS contains

Qb e @ (HO (042) @ HI P+ (X))
Vwys

Visr (H (Qe) @ Hor1 ()

and the do mapping contains (2(i).15).
Finally, we apply these considerations to the situation where

W—TxS
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is given by
W, = 8(Xy)
| | teT®)
S = S
and
W | T x {80} = X
T = T
to conclude (2(i).13). O

(ii) First order obstructions for lifting Chow groups

Basic assumption: We are working modulo torsion, and for simplicity of notation
we use

CHP?(X)
to denote the usual Chow group modulo torsion. By basic results of Bloch-Quillen
and Soulé we have

(2(ii).1) CHP(X) = H? (X, (0x))

where K} (0x) is the sheaf (in the Zariski topology) given by the p™ Milnor
K-groups constructed from the local rings Ox ;.

The basic idea is to make the identification (2(ii).1) and then calculate the ob-
struction to lifting a class in H?(X}(Ox)) over the successive infinitesimal neigh-
borhoods X of X in X. For this the basic sequence following Van der Kallen and
Bloch is
(2(ii).2) 0 — Qi — K (Ox,) — K (0x) — 0.

The right hand map is given by restriction of Steinberg symbols

{fla"'afp}g){fl |X;-"afp|X}7 fl’EO*th
and the left hand map is induced by

(2(i).3) LD 2]

—{1+tf,g1,---Gp}, t2=0
9 Ip—1

where f € Ox ., gi € 0%, and f.an,... , gp denote lifts of these functions to Oy, .
We shall prove later that this mapping is well-defined and that (2(ii).2) is exact.
Also, it will simplify the notation to write (2(ii).3) as
dgl A 99p—1
f ~Jp—1

p—1

= {1+tfi91,.. . gp—1}

with the extensions bemg‘ understood.
To explain the basic observation behind this work, we recall the arithmetic cycle
class mapping

HY (K3(0x)) 5 H (%))

induced by

.. d d
(20).4) A ]{ d=dxo
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(we omit the usual (2my/—1)P factor, as it will play no role in this paper and would
only serve as a notational d1stract10n).

(2(ii).5) Proposition: The coboundary map ¢ in the exact cohomology sequence of
(2(ii).2) is given by

8(6) =0uJn(), €€ HP (K,(0x)) -

Since §(£) is the 15 order obstruction to lifting & to & € H? (X3 (0x,)), we have
the to us remarkable conclusion:

(2(ii).5) The obstruction to lifting & to & depends only on the arithmetic cycle
class n(&).

In our paper [G-G1] we have proposed a set of Hodge-theoretic invariants ¢g(Z),

., pop—2(Z) of an algebraic cycle Z € ZP(X) which, assuming a conjecture of
Bloch-Beilinson, would be a complete set of invariants of the rational equivalence
class [Z] € CHP(X) modulo torsion. The invariants ¢o(Z), ¢1(Z),p3(Z),...,
wap—3(Z) determine the arithmetic cycle class n(Z), so at first glance it appears
that the obstruction to lifting & = [Z] only “sees” slightly more than one half of
the invariants of £. The actual situation is somewhat subtle and will be discussed
later.

For the proof of (2(ii).5) we consider the diagram

0 —— QgL —— KM (Ox,) —— KM (Ox) —— 0

! ! !

p—1 D P
0 P W)@V — Mye —— e

Here, the bottom row is the exact sheaf sequence in proposition (2(i).11), the first
map being

— 0.

(2(ii).8) CBw dt A p+tw.

The two right hand vertical arrows are APdlog as in (2(ii).4). The left hand vertical
arrow is

(2(i1).9) o= pddp.
The commutativity of (2(ii).7) follows from (2(ii).8) and
d d dg,—
AP dlog{1+tf, g1, gy o} = dt A FIIL A p BI0mL |y F9L L Bt
g1 gp 1 g1 Ip—1
Passing to cohomology we have
(2(ii).10)
HP (341 (0x,)) —— HP (K3(0x) T (95)
K K |
1
2 (0, ) —— H” (15/(0x)) o H () © (9% )

Here, the right hand vertical arrow is, by (2(ii).10)

p+1 (Op-1
Y= @@ dye, peH (QX/@) .
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Since by proposition (2(i).11)

6 = 91J@L91
= 01

where £y, = 0 on cohomology, we have

This proves the proposition.

O

Remark: It is to us quite interesting that the QF /0 summand in the bottom row

of (2(ii).7), which plays no role in the obstruction to lifting a class in H? (Q%

X/Q

) to

H”(Q]gcl/(@)7 is absent from the top row in (2(ii).11). We may say that the geometric
question of lifting a class in HP(K)(0x)) to HP (K7 (Ox,)) does not see irrelevant

information.

We will now give the geometric interpretation of the obstruction in proposition
(2(ii).5) and of the conclusion (2(ii).5) in the first two cases p = 1, p = 2; the

interpretation in the case p = 2 will extend to the cases p = 2.
p = 1. In this case — which is classical — the sequence (2(ii).2) reduces to
0—0x = 0%, — 0% =0
with the first map being
f—1+tf, t2=0.
The basic obstruction diagram (2(ii).10) is
H'(0%,) —— H'(0%) —— H*(0x)

l ! |

H' (04, ,q) —— H' (Qk)q) —— H*(0x) .

To interpret 61 |n(€) where £ = H' (0%), we have

where the dotted arrow has the interpretation
nc(€) is the fundamental class o(€) € HM1(X).
Moreover,

01]n(&) = 01| nc (&) is the 15 order deviation of 1o (&) from remain-
ing of Hodge type (1,1) in the family {X:}ieB.
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Geometrically, to lift £ € Pic(X) to Pic(X), the Chern class of £ must remain in
Hg'(X;) for all t, and once this happens ¢ lifts since the family Pic’(X;) is unob-
structed. The above gives the 15¢ order calculation that this is the case. Nothing
new happens here.

p = 2. In this case the obstruction diagram (2(ii).10) together with the exact
cohomology sequence of

0= Qg @ 0x = Qg = Ve =0

combine to give a diagram (X3 = K5 in this case)

Here, O1(€) is what we shall call the primary 15% order obstruction to lifting £ €
H?(X2(0x)) to H?>(X2(Ox,)). From the discussion above we may infer the inter-
pretation

(2(i1).12)  The primary 15° order obstruction is given by
01(8) = 01]1bo(8);

it represents the 15 order deviation of the fundamental class 1o(€) €
H?2(X) from remaining of Hodge type (2,2) in the family {X;}iep.

Proof: Let nc : H*(X2(0x)) — H? (Qg{/«:) be the mapping induced on cohomology
by
{f1, f2} = dclog f1 Adclog fo
where dc = dx/c. It is well known that under the isomorphism
H? (Q§ /C) ~ F22(X)
we have (up to the factor (27/—1)72)
ne(€) = vo(§)

corresponds to the fundamental class of £. Since

01(8) = 61]nc(§)
the result (2(ii).12) follows. O
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In (2(ii).11) the dotted arrow means that O3 () is defined only if O4(£) = 0. Sup-
pose this is the case. We shall refer to O5(€) as the secondary 15¢ order obstruction
to lifting ¢ = H?(K2(Ox)) to H*(X2(Ox,)), and we shall now give its geometric
interpretation.

For this we need a short discussion recalling some of the material from
[G-G1]. Suppose that & = [Z] € CHP(X(k)) where both X and Z are defined
over field k. Taking k-spreads we have first the spread

(2(ii).13) $(X) -5 8
of X and then the spread
(2(ii).14) 8(Z) € Z°(8(X)(Q))

of Z. Both 8§(X) and 8§(Z) are only defined up to ambiguities as discussed in (loc.
cit). The arithmetic cycle class

n(8(2)) € H <Q§(x)(@)/@g) :

By base change

H” (9 0y70) © € = H” (%) € H#(8(X),C)
and under this inclusion
n(8(2)) € Hg"(8(X))
is the fundamental class of 8(Z). We shall denote by
Yo(8(Z)) € H*(8(X),C)/ambiguities

the image of 7(8(Z)) when we factor out the ambiguities in H?P(§(X),C) induced
by the ambiguities in (2(ii).13) and (2(ii).14). From (loc. cit) we have

(2(ii).15) »o(8(Z)) may be identified with n(§) .

This has the following precise meaning. We consider the Leray spectral sequence
of (2(ii).13) for the sheaf {5y ¢ and localized over the generic point so € S. This

spectral sequence degenerates at Fy (cf. [E-P]), and making the identification
(2(ii).16) Qs/c.5 = 0 ©C C Qg

we have (loc. cit)

3 P,q __ q + T
(2(ii).17) EPT = (QC/Q © HP+ ( X/C»va
Here the right hand side is the cohomology of the complex

QL4 @ H () 2 08 ® H (Qx/c) ~ 083 @ H (05 )

where V, is the arithmetic Gauss-Manin connection. This spectral sequence abuts
to

(2(ii).18) HPt (Q§<x>/<c) localized at so = Hp+q( r /Q)
where the isomorphism results from (2(ii).16). Taking ¢ = 0 and r = p, ¥ (8(Z))

belongs to the LHS in (2(ii).18), n(£) belongs to the RHS and under this identifi-
cation

(2(ii).19) Yo(8(Z)) = n(§) -
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Finally, from [G-G1]
(2(ii).20) {Hp (Qg(x)/c> localized at so} ~ g? (QZ(X)/C) /ambiguities.

Combining (2(ii).18) and (2(ii).20) we see that the map (2(ii).19) is injective, and
this is the meaning of (2(ii).15).

After these preliminaries we may finally give the geometric interpretation of the
secondary 15¢ order obstruction. Namely, if ¢ € H?(K3(Ox)) deforms to & €
H?(X3(0x,)) then we will have & = [Z;] for a family of cycles Z; € Z2(X,).
Assuming everything is defined over k, we will have the family of spreads

- { 8(X;) — S, t € B(k)

8(Z:) € Z*(X(X)(Q)) -
In particular,
(2(ii).22) Yo (8(Z))remains of Hodge type (2,2) in the family (2(ii).21) .

The vanishing of the primary 15¢ order obstruction O1(¢) is the 15¢ order implica-
tion of this in the top piece of the Leray filtration on H*(8§(X),C) mod ambigui-
ties. Assuming O;(€) = 0, the vanishing of O5(&) is well-defined and geometrically
gives the condition that in (2(ii).22) the second piece in the Leray filtration of
H*(8(X),C) mod ambiguities be true to 15¢ order.

This interpretation extends in the evident way for all p. We may summarize the
above discussion as follows:

(2(i1).23)  The 15° order obstruction to lifting a rational equivalence class [Z] €
CHP(X) is expressed by the diagram

There are filtrations on CHP(X) = HP(X)(0x)), H”(Q’)}/Q) and
Hp"'l(Q];(_/é), and the maps in the above diagram all preserve these fil-
trations. The filtration on the obstruction space H”"’l(QI))(_/é) reflects

the geometric condition that, to 15° order, the pieces of the fundamental
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class of the spread 8(Z) in the Leray filtration on H?P(8(X),C) mod
ambiguities remain of Hodge type (p,p).

. . P
Since the filtrations on CHP(X) and HP(QX/@

the obstruction space H pH(Q’;/(a) has only p — 1 steps, and since the obstruction

) have p steps and the filtration on

map preserves the filtrations, we may infer the following

(2(ii).24) Corollary: To 1%* order, FPCHP(X) is unobstructed.

For p = 1 this is the well-known fact that Pic’(X) moves smoothly with X in a fam-
ily. For p = 2 this appears to be a new observation whose geometric interpretation
we will discuss later.

3. HIGHER ORDER OBSTRUCTION THEORY

(i) Higher order Kodaira-Spencer theory

There are two well-developed systematic higher order Kodaira-Spencer theories
[EV], [R]. The rudimentary theory given here is amenable to the computations we
need to make.

Recalling the exact sequence (2(i).1) we give the

Definition: The m™ order Kodaira-Spencer class is

0, = 6(0/0t) € H' (Op_1) .

For m = 1 we have the usual 1%% order Kodaira-Spencer class §; € H'(©x). The
class 0,,, depends on the choice of local coordinate ¢t on B; however we observe that
it’s vanishing does not depend on this choice

O = 0 if, and only if, X, = X x Spec(C[t]/t™ 1) .

The above definition is convenient for calculations, and the geometric conclusions
that will be drawn from these calculations will not depend on the choice of param-
eter t. One may of course give an intrinsic definition, but for our purposes this is
not necessary. Remark that a change of parameter

t — at + bt?

1

91 — () 91
a
1 b

= (@) ()]
a a

from which the general pattern of how the 6,, transform is clear.
Using the notation (2(i).6) and setting

induces

(361 s = Fapm (23)9/ 020,
we have ) )
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Thus the Cech representative cocycles for 61,0, ... are given by
elaﬁ = élaﬁ
(3(1).2)) 0205 = O10p + th2ap

Under a change of ¢t as above
- 1\ -
brap — <a) 0108

- 1\ - b\ =
0208 — (a) 0208 + (a?> 0108 -

Since Oy, p is a sheaf of Lie algebras and since vertical vector fields for X — B
vanish on the function ¢, the ©,, are sheaves of Lie algebras. Moreover, there is an
exact sequence

(3(1).3) 0 Ox
We claim that:

m

®m @m—l 0 B m Z 1 .

(3(i).4) The extension class of (3(i).3) is given by an element
em € Hl(Derc (@mfl, @X)) s

where Derg(0,,—1,0x) are the C-linear Lie algebra homomorphisms.

Proof: The cases m = 1,2 will illustrate the general pattern. Using again the
notation (2(i).6) and setting jas(25) = 0., fap(25), we have in Uyp

Qoo = jus(za) {1 10, fot (25)7 (25)

t2 .
+§azﬁfa[52(25)ja§(2ﬁ) + - } dzg mod dt .

If we take the difference of the box coordinate liftings of 0/0z, in Ug and U, we
have

2
€5 (0/020) — e (0/020) = — (taZafaﬁl(zﬁ) + S0 fupalas) + ) 0/0z0

= tham(zm + gfaBZ(Z,B) +> a/aza,a/aza] .
It follows that for v, w sections of © x over Uyg
e1ap(v) = [élag/l)}
e2ap(v +tw) = |:0~20457w:| +1 [élaﬂ,v}

(3(1)-5))

using the notation (3(i).1). The fact that the extension classes are in
Derc (@m_l, @X)
is a consequence of the Jacobi identity. O
Comparing (3(i).4) and (3(i).5) we see that

0., 1s constructed from 0,,_1 and e, .
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Thus, for m = 1 we have
0 Ox 0, Ox 0

and the extension class

€1 = 91 .
From
61(91) = [91,91] =0
we have ~
[01,61] = 362
and by (3(i).4)
GQQB = élaﬁ + tégag .
In general, we will have
em = Om_1 € H" (Derc (0,,-1,0x))
and R
e(@m-1) = [0m-1,0m—1] = 00,
leading to
amaﬁ - emflaﬁ + tmémaﬁ .
In addition to the sequence (2(i).1) we now consider the sequences analogous
to (2(i).3)
(3(1)-6)

i 0 Ox Oy Oy, —0 mzl
(i) " m—1

(i), 0—>OX@Q§/C—>Q%cm/<c—>9:1xm,1/c—>0 m>1
(i), 0—0x® Q)0 — %, 10— %, 00 mz1.

(3(1).7) Proposition: The extension classes of (3(i).6) are all induced from 6, .
Specifically, there are maps

0,,_1 — Derc (Oxm_l,ox)

Ot — Dere (%, 0x @ 0% ) k=C,Q
which induce maps

H' (©,-1) — H* (Derc (0x,,_,,0x))

H' (1) — H* (Derc (0% ), 0x 9 9%, ))
under which 0,, goes to corresponding extension classes.

Proof: The inclusion
@C)C/B C Ox
and pairing
Ox ®c Ox — Ox
induce
Om-1®c Ox,,_, —> Ox,,_, -
The case m = 1 of the proposition is given in the proof of proposition (2(i).5). For
the case m = 2 we consider a function g € Oy If z € U, we write

m—1,T°

9 = go(2a) +tg1(2a)
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and extend g to eq(g) € Ox,, » using the (z4,t) box coordinates. If z € Ug then
we write as in (2(i).6)

t2
Za = fap(2p) + tfapi(25) + 5 fapz(2p) + -

and look at the t? term in eg(g) — e (g); i-e.,

1
65(9) - ea(g) = §faﬂ2aza90 + faﬂlazagl

which was to be proved. We will write the RHS of this equation as £4,g where

1~ .
('6929)04,6 = 50204590 + 91&691 .
A similar calculation for
w = g0(2a)dza + tg1(za)dza
gives
eg(w) — ez(w) = Oz |w ® Lo,w
where the cocycle representatives are
(HQJW)ag = 9~2aﬁJ90(za)d'za + élaﬁjgl(za)dza
(o) ap = L4, (90(2a)dza) + L5, (g1(za)dza) . O

0108

Definition: We define

(3(1).8) Lo : HY (Q”

) — H (%) F=QC

to be the Q% Ik
of

(3(1).9) 0— Q0% , — O,

-component of the coboundary map in the exact cohomology sequence

— 0, k1.

As in the case m = 0 (cf. proposition (2(i).8)) we have
(3(1).10) Proposition: The maps (3(i).8) are all zero.

Proof: As in the proof of (2(i).8) and (2(i).11) it will suffice to do the case k = C.
The case m = 2 will illustrate how the general pattern goes. The coboundary maps
in the cohomology sequences of

0 —— Qpt @Qﬁ(/c — QOF — Qgcl/c —— 0

X/C X2/c
0 ——  Wye — O, p — U p ——0

give a commutative diagram
Lo
H1 (QZD)CQ/C> — HY (Qgcl/c) —— H! (%2/«:)

| | H

H1 (Q§C2/B) s HY (Qgcl/B) 7, gatt (Q’;(/C) .
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Now HY(Q /) Tepresents m-jets of sections of the vector bundle RO g~ B

(the fact that this is a locally free sheaf being a consequence of dim H q(Q’)"(t /cc) =
constant). It follows that 6" = 0, which implies the result.

The remaining coboundary map in the exact cohomology sequence of (3(i).9)
will be denoted by

(3(1).11) He (Q’D’Cmil/& O, pat (Qg’g/i) .

It has the following geometric interpretation: An element in H' q(QID)Cm,l /C) repre-
sents an (m — 1)-jet of section of RngC/C — B, and the coboundary

5(p) = 8'(9) @ 9" () € HIH (1) © HOH (9% )
represents the obstruction to lifting ¢ to an m-jet. By (3(i).8) and (3(i).10)

3" () = Lo, =0.
We now denote by ® € (RETC),, the unique local (in the analytic topology) exten-

sion of ¢ € Hq(Q’)’(/C) C HPT(X,C) to a section of RPTC. By our assumption,

to order m — 1 the section corresponding ® of RPTIC ® Op lies in the sub-bundle
(3(i).12) F? (RP*7 @ 0p) C RPTIC® Op .
Then

Om e
represents the deviation of ® remaining in the sub-bundle (3(i).12) to order m. If
we write everything out in terms of Cech cocycles as above we see that Om | is
expressed by an algebraic contraction operator of ¢ with the m'" order Kodaira-
Spencer class 6,,.

We conclude this section with a higher order analogue of proposition (2(i).13).
The proof will be given elsewhere.
(3(1).13) Proposition: Let n € H? <Q§m7l/Q) have image denoted by nc €
Ha (Qgcm_l/«:)' Suppose that

HmJ nc = 0
is HqH(Q’)’(_/(lc). Then there exists ' € Fqu(Qgcm,l/c) such that
0l(n+n')=0

, —1
in HIH Q).
(3(i).14) Corollary: Under the assumptions of the proposition, we may modify n
byn' € FlHq(Qgcm_l/Q) such that n+n' lifts to Hq(Qgcm/Q)'

(ii) Higher order obstructions to lifting Chow groups; applications

This section is essentially an amalgam of sections 2(ii) and 3(i). Referring to (2(i).1)
and (2(i).2), the basic sequence for the higher order obstruction theory is

(3(ii).1) 0 — Oy — K3 (0x,.) — 531 (O, ) — 0.
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Referring to (2(ii).3), the first map is induced by
d dg,— 5
3Gi).2) A oA S {1+tmf,g1,...,§p_1} . mtl—.
g1 Ip—1
The exactness of (3(ii).1) follows from the obvious general case of the following
result, for simplicity of notation stated here in the case p = 2.

In the following proposition and its proof, it is convenient to replace ¢ by €, so
that €™ = 0.

(3(ii).3) Proposition: Every element of X2(Ox,, ,) can be written as a product of
elements of the form

{figo+gie+ -+ gme™} fr9i € Ox .

Proof: We will say that a ring R is spanned by powers if for every d > 0 every
r € R is a sum of d™" powers

r:pf+-~~pfl, piER.
Claim 1: Ox , is spanned by powers.

Proof: We first note that a homogeneous polynomial r € Clzy, ..., x| of degree
k-d is a sum of d"® powers; this is just the fact that for V a vector space the image
of the Veronese map

spans P Sym? V.
Next we see that Op: , is spanned by powers: Given f € Op , we write

f=P/Q" (restricted to X)
where P, (@ are homogeneous polynomials with Q(z) # 0 and apply the first obser-
vation.
Claim 2: Every element of K;(Ox,, ) is a product of elements of the form
{fr90+g1e+ -+ gme™}, {14 ue’, 1+ v’}
where f, g;,u,v € Ox 4.
Proof: We will show that for any k& with 0 < k < m
(3(ii).4)
L+ fr€+ frpr €T €™ = (14 fre®) (1 + frop1€ 4 frpoef 24 4 fmem) .
Assuming this we have
fo+ fied -+ fmn€™ = fo(1 +ure)(1 + uge?) - - (1 4 upne™)
for some uq, ..., Uy, from which it follows that
{fo+ fie+- -+ fme™ g0+ qre+ -+ gme™}
= {fo(l +u1€) (1 + uge?) - (14 wpme™), go(1 + vie)(1 + voe?) -+ (1 4 vmem)}

= {fong}H {fo, 1+ vie'} H {1+ ;e g0} H {14 upe®, 1+ ve'}
i j k,l
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which proves the claim.

As for (3(ii).4) we have

(L+ fue) ™t =1— fue® + foe* — - -

so that

(1+ fre®)HA + fue® + frgr ™+ ) =14 fri1€f? mod €62

which gives (3(ii).4).
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Claim 3: This is the same as claim 2, but where now we only use elements of the
form

{14+u'e", 1+ 07} u,v € Ox »

in the second factors.

Proof: Using claim 1 to write
we have

H{l +pgei,1—|—qéej} = {1—|—uiei,1—|—vjej} -T

a,f
where T is a product of terms of the form

{14+de 140"}
where
i+ >4

Now we use descending induction on i+ j, the case i+j = 2m+ 1 being automatic.

Claim 4: If wy,...,w; are the i'" roots of —1 and ny,...,n; the ' roots of —1,
then

H{l + waue, 1+ ngve} = {1+ u'e, 1+07el} .

a,B

Proof: This follows from

+wque) = 14+ ule

1+ ngve) = 1+09e .

i
it

Claim 5: If u(z) # v(z), then

{1 + we, 1+ve}{ 1+U6} {1+ue,
u

v }_1.
— v

Proof: If Aand A—1 € 0% ,, then A+ Be € 0%, and by the Steinberg relation
{A+ Be,1— A—Be}=1.
If follows that

Be Be Be Be
lz{A,l—A}{A,l—l_A}{l—FA,l—A}{l—l—A,l—l_A}. O

Setting

u= BJA, v=B/A-1,
i.e.

A=v/(v—u), 1—-A=u/(u—v)
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then

1:{ v ,1+ve}{1+ue, 4 }{l—l—ue,l—i—ve}. O
v—u U—v
In our arguments we will always be able to arrange that u(z) # v(x).

Proof of proposition (3(ii).3): We first write
w=pi+--+pk, vzq{+~-~q{
where, using the notations from Claim 3,
waP () # npqu(z) for all o, B, A\, it .
This is easy to arrange. Then

{1+ue,1+vel} = [ {1+wapae, 1 +m5q.e}
@B\ p

modulo terms of the form {1 +u/e’', 1+ v'e/ } with i’ + 5’ > i+ j, and

{1 + wapa€, 1+ Uﬁq/ﬁ}

WaPx
= {1 + ngque, Lt } { ob 1 +Wap)\5} .
N4 — WaPx WaPx — Npqu

This completes the proof: Claim 2 gets us down to elements in the statement of
the proposition and terms of the forms {1+ ue’, 1+ ev’}. Claim 3 gets us down to
elements we want plus terms {1+ u’e’, 1+v7¢/}. Claim 4 reduces these to products
of {1+ Ae, 1+ Be} terms. Finally, the {1+ Ae, 1+ Be} terms are written as products
of the form

{f, 1+ Ae} and {1+ Ae, f}
which have the desired form. O

From (3(i).6) (iii), and (3(ii.1) we infer the commutative diagram

(3(i1).5)

0 —— 0% — KM (0x,) —— KM (0x,,_,) — 0

| K K
p—1 D D D
00— Dyg®q —— Oy, 0 — O, o —0.
Here the left hand vertical arrow is

p—pddp,

and the other two vertical arrows are the APdlog maps. We recall that the bottom
left horizontal arrow is

YR w—=mt™ T Ay 4+ t"w
and the commutativity of (3(ii).5) follows from (3(ii).2). From proposition (3(i).10)

we deduce the

(3(ii).6) Proposition: The obstruction to lifting & € HP(XK)(Ox,,_,)) to
HP (X (Ox,,)) is given by



FORMAL DEFORMATION OF CHOW GROUPS 31

where 0,, is the m*™ order Kodaira-Spencer class and n(£) is the arithmetic cycle
class of €.

(3(ii).7) Corollary: Let £ € CHP(X) and suppose that the fundamental class 1o ()
remains of Hodge type (p,p) in an analytic neighborhood of ty € B. Assume also
that

(3(ii).8) P+ (Qgg/é) = HPYYO) = 0.

Then & lifts formally to Hp(fKéV[(Oic).
Remark: If (3(ii).8) is not satisfied, then the HC implies that we may find &' €
FLCH?(X) such that £ 4 ¢ lifts to HP(X)(0x)) (and hence to HP(K)(04))).

From (3(i).14) we know the corresponding statement for the arithmetic cycle class
n(§); we do not know that we can choose

' =n(&')
for some ¢’ € FYCHP(X); in fact, this is a geometric existence theorem that would

follow from the HC applied to the spread of X and & (cf. (2(ii).23) — there are
evident higher order analogues of this statement).

(3(ii.9) Corollary: Any ¢ € FPCHP(X) formally lifts to HP (K2 (04)).

Proof: This is just the higher order extension of (2(ii).24). O

We now turn to the more arithmetic aspects and shall prove the following

(3(ii).10) Proposition: Suppose that X is defined over Q and that { € CHP(X(Q)).
Suppose further that the fundamental class 1o(§) remains of Hodge type (p,p) in
all H?**(Xy,C) for t in an analytic neighborhood of t. Then & lifts formally to
H”(ﬂ(éw((?jc)).

Proof: It will simplify the notation to take the case p = 2; the general argument
is the same. Since X is defined over Q, the sequence

(3(ii).11) 0 — 0f)p® Ox Q0 Q¢ 0

splits as a sequence of O x-modules (see below). Making as usual the identification
CH?*(X) = H*(X2(0x)), referring to (2(ii).11) the obstruction §(¢) € H*(Q q)
to lifting & to H?(XK2(Ox,)) may, using the splitting of (3(ii).11), be written as

6(6) = 01(§) ® 0(¢) € H* (2 ) @ Qhjq ® H(0x)

The primary 15 order obstruction 01 () vanishes by our assumption on % (£), and
therefore we have to show that the secondary 1% order obstruction

(3(ii).12) 05(6) = 0.

Geometrically, this is clear from the interpretation of O2(€), the reason being that
the spread of the pair (X, ) has no continuous parameters. However, we want to
give a computational proof that will extend to higher order.

Proof: We begin with some background remarks. Let z1,...x, € Q(X) give local
uniformizing parameter in a Zariski neighborhood on X. Denote by df € Q% Qe
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the absolute Kéhler differential of f € Ox ,, and by dcf the image of df in Q% /Ca
The map
((3(11)13) d([jl‘i — dl‘,

extended by Ox ,-linearity splits the sequence (3(ii).11).
Locally in the analytic topology, any f € Ox , may be expanded as a power
series in the x;

(3(ii).14) f= Zale (2" = (z1) - (2n)™) .
I

If f € Ox(x),» for some field k& with Q@ C k C C, then the a; € k. As was proved
in [G-G2|, we may compute the absolute differential df by differentiating the series
(3(i).14) term by term, where da; € { , is the absolute Kahler differential of

ar € k. The resultant series converges and represents the power series expansion
of df. If kK = Q, then the da;y = 0 and df is given by termwise differentiation of
(3(ii).14) in the usual sense. As a consequence, if f € Ox , NQ(X) and

def = fidc;
where f; € Ox , NQ(X), then it follows that
df = fidw; .
i

This implies that the splitting of (3(ii).11) given by (3(ii).13) is independent of the
choice of local uniformizing parameters.
Now let {U,} be a Zariski covering of X and let
¢ € H? (X2 (Ox(r))) be represented by {gapy, hasy}
e H! (@X/(C) be represented by 6,39/0z, .

Then
. d dh
(3(i).15) S(€)as = Ous) (222 7 G2
9oy gy
If gsyx and hg,x are represented by series as in (3(ii).14) above, then the O2(§)agya

component of §(&)ag+a is represented by the series

di dch d dh
GQgJ{ gp1x , dehsy | degpon m,\}
9By hgya 9By hgyx

where in (3(ii).14) we have set

df = darx’ € Qo ® Ox. -
I

In particular, if & = Q then dgg,n = dhg,x = 0 and so O2(¢) = 0, thereby
establishing (3(ii).12).

If £ € H?(K2(Ox(g)) and 01(§) = 0, then 6(¢) = 0 and we may write the
obstruction cocycle (3(ii).15) as a coboundary of a cochain defined over Q. Thus
we may lift £ to

(3(ii).16) {Gapy + tghgy hpyr +thg\ b, =0,
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where g;ﬁVOX(Q)(UaM) and hlﬁw\ € Ox(@(Upya). The fact that we may keep
things defined over Q through 15% order implies that when we calculate the 274
order obstruction to lifting & only the deviation of ¥y(£) remaining of Hodge type
(2,2) to 2" order will appear. This process, when iterated, will lead to a proof of
(3(ii).10).

We will discuss the next case of extending &; € H?(K2(0Ox,)) given by (3(ii).16)
to & € H%(K2(Ox,)). By proposition (3(ii).6) the obstruction is given by

(3(ii).17) 3(&1) = O2]n(&1) € H® (Q}(/Q) .
Using the splitting of (3(ii).11) we may write
(&) = 01(&1) ® O02(&1)

where

{ 01(61) = Oa)nc(€r) € H? (9% c )
02(&1) € Qf o ® H*(Ox) .

Now 61 (1) represents the deviation of 1 (¢) remaining of Hodge type (2,2) to 274
order, and by assumption it vanishes. As for O2(&1), it is computed from terms of
the type

(3(ii).18) dlog (gapy + tfipy) A dlog (hgyx +thj.,) -

More precisely, by (3(ii).17) a Cech representative of O(¢1) will be given by the
contraction of (3(ii).18) with the vector field

(3(ii).19) (1) 01050/0% 0 + 020,50/ 074

where the first term contracts the coefficient of ¢ in (3(ii).8) and the second contracts
the other term. Since gnsy and g’am are defined over QQ this contraction vanishes.

Since the cocycles representing the cohomology classes that arise as in (3(ii).17)
are only defined up to coboundaries, the conclusion that we may draw is that the
Cech cocycle representing & (&1) is a coboundary, and as before since the vector field
(3(ii).19) is defined over Q this coboundary may be taken to also be defined over Q.

The argument now proceeds inductively over the infinitesimal neighborhoods
X.n, taking care to ensure at each state that the coefficients in the formal power
series remain in Q. O

4. FAILURES OF THE FORMAL THEORY

In classical algebraic geometry — where “classical” in the study of cycles refers
to codimension one — it is a general principle that a construction that can be made
formally can be made geometrically; we abbreviate this by saying that

(4.1) formal = actual.

For example, a result from the earliest days of deformation theory — valid in either
the algebraic or analytic setting — states that if we are given a family

{Xt}teB
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where h?(Ox) = 0, and given [Z] € CH'(X) then
(4.2)  there is a family [Z;] € CH(X,) which specializes to [Z] at t = ty.

Here there are two caveats: First, we are not saying that the cycle Z deforms; only
that its class in CH'(X) does. The second is that in the algebraic case we may
have to pass an étalé covering of B. Finally, the assumption h?(Ox) = 0 may be
replaced by the assumption that the fundamental class 1)o(Z) remains of Hodge
type (1,1) in H?(X;,C) for t in an analytic neighborhood of t.

In the analytic setting, the proof of this result may be done by showing induc-
tively that the successive terms in the power series construction of &, € H(X1(0x,))
may be chosen in a “bounded” fashion so as to insure convergence. Such arguments
are common in the works of Kodaira-Spencer, Grauert and others during the 1950’s
and 1960’s.

However, in order to use the Bloch-Quillen result, we need our formal defor-
mation to lift to a rational/algebraic function on B. Here, there is no GAGA
principle to rely on. There has been considerable progress made in recent years in
approaching issues of rationality and algebraicity; see the Bourbaki talk of [CL].

An even more basic illustration of (4.1) is the statement

(4.3) every tangent vector T € TCHY(X) is tangent to an arc in CH(X).

Here, by TC H'(X) we mean the p = 1 case of the formal tangent space

(4.4) TCH?(X) = H? (9?/5)

to the Chow groups defined by Bloch [cf. B3]. The result (4.3) is more commonly
expressed by saying that CH'(X) is representable and reduced. For reasons that
will appear shortly, we have expressed it in the form (4.3).

The central point of this section is to explain the following:

(4.5)  Forp = 2 the principle (4.1) is false. In fact, already for p = 2 the analogues
of (4.2) and (4.3) are false.

This will be done by a series of examples, based mostly on our paper [G-G2] in
which we defined for p = 1,n the tangent space TZP(X) to the space ZP(X)
of codimension-p cycles on X, the subspace TZ% (X) to the subgroup of cycles
rationally equivalent to zero, and then we showed in some cases that

(4.6) TCHP(X) 2 TZP(X)/TZ%(X) .

As discussed in loc. cit we expect that these definitions can be extended for all p
and that (4.6) will hold in general. Also, as discussed in §10 we expect that —
essentially for the geometric reasons stated there — it can be shown that

(4.7) Both TZ?(X) and TZE

rat

(X) are formally reduced.
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This means that every tangent vector is tangent to a formal arc in ZP(X) and
ZP . (X). We shall also show that

rat

(4.8)  The principal (4.1) is valid for TZY(X) and TZL,.(X), but is in general false
forp=2.

In the following examples we will use the notations and terminology of [G-G2].
Example (i): Tn CH?(P?,T) we consider the arc

z(t) = (b,t) — (b, 1) — (1,¢) + (1,1)

where b € Q*,b not a root of unity. This arc is non-constant in CH?(P?,T), but
its velocity

Z(t) = d €Ot o = TGr*CH*(P,T)

b
is identically zero. In this, building a formal power series F(t) in
(4.9) Y,YNnT) @& C(V,YNnT)

Y C(P2,T)
which maps to z(¢t) under the map
(Y, f) = div f

involves inductively solving in C* ®z C* equations of the type
m n
Hai®b¢:H(1fcy)®c,,, ey #1.
i=1 v=1
Here, the LHS is given and the RHS is to be solved for.
The assumption that b is not a root of unity implies that z(¢) is non-constant.
We are grateful to A. Merkurjev for explaining this. To solve for the terms in the
series, at the first step the assumption that b € Q* gives

db=0  (d=dcg)-

We can then solve the equation
n
(1+t)®b= H(al,—i—tbl,)@(l—a,,—tb,,) , t*=0 and a, € Q*"\{1},b, €Q,
v=1

where the length n of the Steinberg relation on the right depends on the arithmetic
complexity of b. This gives the t-coefficient in the formal series for F(t). For
the t2-coefficient we again have to an equation of this type where the length of
the Steinberg relation depends on the arithmetic complexity of the a, and the b,.
There is no inductive choice of the solution to these equations that will yield a
convergent answer. Although we don’t know how to make this precise, we feel that
the underlying reason is that there is no way to bound the arithmetic complexity of
the successive choices. In any case, the above is an example of an arc in Z2(P2?,T)
whre 2/(t) € Z2, (P2, T) but where there can only be formal arcs in (4.9) that map
to z(t).

Ezample (ii): Let X be a regular surface with H2(Ox) # 0, Y C X a smooth curve
and suppose that X and Y are both defined over Q (or over a number field). Then
the map

CHY(Y) — CH*(X)
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is in general non-constant, while its differential

TCHY(Y) —s  TCH*(X)
l Ul
Hl(Oy) — Q%:/Q@)HQ(O)()

is identically zero. Although not as explicit, the reason seems to be analogous to
that in example (i).

Ezample (iii): Let X be a threefold defined over Q having H?(Ox) = 0 and for
which the abelian part J2 (X) of the intermediate Jacobian J?(X) is zero — i.e.,
there are no sub-Hodge structures in H*!(X) & H"2(X) (for the existence of such
see example (iv) below). Then (cf. [G-G2])

TGr*CH?*(X) = H*(Q%¢)

may be non-zero but, since J% (X) = 0 there are no actual families. In this case,
for p € HQ(Qﬁ(/C) there is a tangent vector

T € TZ*(X)

which maps to ¢ under the isomorphism (4.6). Any arc in Z?(X) with tangent 7
can only be formal; assuming the heurestic (4.7), Z2(X) is only formally reduced.

In concluding we would like to speculate on one possible way of understanding
the convergence issues that arise above and in [G-G2].

In the classical case of deformation theory — e.g., the deformation of classes in
CH'(X) — the objects encountered are finite dimensional schemes (more formally,
the functors are representable), and by results such as the Artin approximation
theorem any construction that can be made formally can be modified at sufficiently
high order to be convergent. Analytically we are inductively solving equations of
the type

(4.10) i = dy;
with sup norm estimates of the sort
(4.11) 1¥ill = Cllell

that are sufficient to obtain convergence in the analytic category.

In the non-classical case where the objects are not finite dimensional and arith-
metic/geometric considerations arise — e.g., the deformation of classes in C HF (X)
for p =2 2 — the issues of convergence are more subtle. One way of thinking of it
is that we have to be able to construct convergent series expansions of algebraic
functions defined over, say, Q. To do so we have to be able to solve (4.10) with
estimates (4.11) where we think of || || as | |, together with estimates

(4.12) [%ilp < Cleilp

for each prime p. We must bound “size” both in the usual analytic sense and in
the sense of arithmetic complexity.
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