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Preface

In these days of dizzying scientific progress some apology is called for when offering to
the mathematical public a work written twelve years ago. It certainly bears the stamp of a
juvenile hand, and I had always hoped to revise it, but my inclination to a real effort grew
ever slighter, and the manuscript was becoming an albatross about my neck. There were
two possibilities: to forget about it completely, or to publish it as it stood; and I preferred
the second.

There were, when it was first written, other reasons for delaying publication. The study
of Eisenstein series is a preliminary to the development of a trace formula, and the trace
formula has been a long time evolving. Not only does it present serious analytic difficulties,
but also the uses to which it should be put have not been clear. A sustained attack on the
analytic difficulties is now being carried out, by Arthur and others, and, thanks to a large
extent to developments within the theory of Eisenstein series itself, we now have a clearer
picture of the theorems that will low from the trace formula. However a great deal remains
to be done, and a complete treatment of Eisenstein series, even imperfect, may be useful to
those wishing to try their hand at developing or using the trace formula.

Much of the material in §2-8§6 is included in Harish-Chandra’s notes (Lecture Notes 62).
He, following an idea of Selberg with which I was not familiar, uses the Maass-Selberg
relations. Since I was not aware of them when I wrote it, they do not figure in the present
text; they would have simplified the exposition at places.

In §2-§6 Eisenstein series associated to cusp forms are treated. However the central
concern is with the spectral decomposition, and for this one needs all Eisenstein series. The
strategy of these notes is, the preliminary discussion of §2-8§6 completed, to carry out the
spectral decomposition and the study of the general Eisenstein series simultaneously, by an
inductive procedure; so §7 is the heart of the text.

It has proven almost impenetrable. In an attempt to alleviate the situation, I have
added some appendices. The first is an old and elementary manuscript, dating from 1962.
Its aim when written was to expose a technique, discovered by Godement and Selberg as
well, for handling some Eisenstein series in several variables. The method, involving a form
of Hartog’s lemma, has not yet proved to be of much importance; but it should not be
forgotten. In addition, and this is the reason for including it, it contains in nascent form the
method of treating Eisenstein series associated to forms which are not cuspidal employed
in §7.

The second appendix may be viewed as an introduction to §7. The principal theorems
proved there are stated as clearly as I could manage. The language of adeles is employed,
because it is simpler and because it is the adelic form of the theorems which is most
frequently applied. I caution the reader that he will not appreciate the relation between §7
and this appendix until he has an intimate understanding of §7. The appendix should be
read first however.

iii
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It is also difficult to come to terms with §7 without a feeling for examples. Some were
given in my lecture on Eisenstein series in Algebraic Groups and Discontinous Subgroups.
Others exhibiting the more complicated phenomena that can occur are given in the third
appendix, whose first few pages should be glanced at before §7 is tackled.

The last appendix has nothing to do with §7. It is included at the suggestion of Serge
Lang, and is an exposition of the Selberg method in the context in which it was originally
discovered.

In the introduction I thank those who encouraged me during my study of Eisenstein
series. Here I would like to thank those, Godement and Harish-Chandra, who encouraged
me after the notes were written. Harish-Chandra’s encouragement was generous in the
extreme and came at what was otherwise a difficult time. Its importance to me cannot be
exaggerated.

It has been my good fortune to have had these notes typed by Margaret (Peggy) Murray,
whose skills as a mathematical typist are known to all visitors to the IAS. I thank her for
another superb job.
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CHAPTER 1

Introduction

One problem in the theory of automorphic forms that has come to the fore recently
is that of explicitly describing the decomposition, into irreducible representations, of the
regular representation of certain topological groups on Hilbert spaces of the form £(T'\G)
when I' is a discrete subgroup of G. Usually I' is such that the volume of I'\G is finite.
Except for some abelian groups, this problem is far from solved. However, Selberg has
discovered that the gross features of the decomposition are determined by simple properties
of the group I' and this discovery has led to the development, mostly by Selberg himself,
of the theory of Eisenstein series. Of course he has preferred to state the problems in
terms of eigenfunction expansions for partial differential equations or integral operators.
At present the theory is developed only for the connected reductive Lie groups which,
without real loss of generality, may be assumed to have compact centres. Even for these
groups some difficulties remain. However, some of the problems mentioned in [19] are
resolved in this paper, which is an exposition of that part of the theory which asserts that
all Eisenstein series are meromorphic functions which satisfy functional equations and that
the decomposition of £2(I'\G) is determined by the representations occurring discretely in
L2(T'\G) and certain related Hilbert spaces. For precise statements the reader may refer to
Section 7.

At present it is expected that the main assertions of this paper are true if the volume
of I'\G is finite. It is of course assumed that G is a connected reductive Lie group.
Unfortunately not enough is known about the geometry of such discrete groups to allow one
to work with this assumption alone. However, the property which is described in Section 2
and which I thereafter assume I' possesses is possessed by all discrete groups known to
me which have a fundamental domain with finite volume. Indeed it is abstracted from the
results of Borel [2] on arithmetically defined groups. Section 2 is devoted to a discussion of
the consequences of this property. In Section 3 the notion of a cusp form is introduced and
some preliminary estimates are derived. In Section 4 we begin the discussion of Eisenstein
series, while Section 5 contains some important technical results. In Section 6 the functional
equations for Eisenstein series associated to cusp forms are proved. For series in one variable
the argument is essentially the same as one sketched to me by Professor Selberg nearly
two years ago, but for the series in several variables new arguments of a different nature
are necessary. In Section 7 the functional equations for the remaining Eisenstein series are
derived in the course of decomposing £2(I'\@) into irreducible representations.

I have been helped and encouraged by many people while investigating the Eisenstein
series but for now I would like to thank, as I hope I may without presumption, only
Professors Bochner and Gunning for their kind and generous encouragement, three years
ago, of the first results of this investigation.






CHAPTER 2

The assumptions

Let G be a Lie group with Lie algebra g. It will be supposed that G has only a finite
number of connected components and that g is the direct sum of an abelian subalgebra and
a semi-simple Lie algebra g°. It will also be supposed that the centre of G*, the connected
subgroup of G with Lie algebra g°, is finite. Suppose a is a maximal abelian subalgebra
of g® whose image in ad g is diagonalizable. Choose an order on the space of real linear
functions on a and let ) be the set of positive linear functions o on a such that there is
a non-zero element X in g such that [H, X| = o(H)X for all H in a. The set @ is called
the set of positive roots of a. Suppose a’ is another such subalgebra and )’ is the set
of positive roots of @' with respect to some order. It is known that there is some ¢ in
G* such that Adg(a) = o’ and such that if o/ € Q' then the linear function « defined by
a(H) = o/ (Ad g(H)) belongs to Q. Moreover any two elements of G* with this property
belong to the same right coset of the centralizer of a in G°. The set G itself possesses the
first of these two properties and it will be assumed that it also possesses the second. Then
the centralizer of a meets each component of G.

For the purposes of this paper it is best to define a parabolic subgroup P of G to be
the normalizer in GG of a subalgebra p of g such that the complexification p. = p ®gr C of p
contains a Cartan subalgebra j. of g. together with the root vectors belonging to the roots
of j. which are positive with respect to some order on j.. It is readily verified that the Lie
algebra of P is p so that P is its own normalizer. Let n be a maximal normal subalgebra of
p® = p N g® which consists entirely of elements whose adjoints are nilpotent and let m’ be a
maximal subalgebra of p whose image in ad g is fully reducible. It follows from [16] that
p = m’ +n and that m’ contains a Cartan subalgebra of g. Let a be a subalgebra of the
centre of m’ N g® whose image in ad g is diagonalizable. If m is the orthogonal complement
of a, with respect to the Killing form on g, in m’ then anm = {0}. There is a set @) of real
linear functions on a such that n =% _,n, where

n,={Xen|[HX]=aH)X foral Hina}.

The Lie algebra a or A, the connected subgroup of P with the Lie algebra a, will be called a
split component of P if the trace of the restriction of ad Y to n, is zero for any ¥ in m and
any « in (). There is a Cartan subalgebra j of g and an order on the real linear functions
on j. such that a C j € m’ and such that @) consists of the restrictions of the positive roots
to a except perhaps for zero. Let @/, be the set of positive roots whose restriction to a

equals a; then
1/dimn, » o

o' €Qy,
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is zero on j N m and equals o on a. Thus if ZQGQ cox = 0 and ¢, > 0 for all a then

Z Z (dimngy) tead =0

acQ a'eqQ),
which implies that ¢, = 0 for all «. In particular zero does not belong to () so that m’ is
the centralizer and normalizer of a in g.

Since m’ contains a Cartan subalgebra it is its own normalizer. Let us show that if M’
is the normalizer of m’ in P then the connected component of M’ is of finite index in M’.
The group M’ is the inverse image in G of the intersection of an algebraic group with Ad G.
Since Ad G contains the connected component, in the topological sense, of the group of
automorphisms of g which leave each element of the centre fixed the assertion follows from
Theorem 4 of [23]. Since the Lie algebra of M’ is m it follows from Lemma 3.1 of [16] that
M’ is the inverse image in G of a maximal fully reducible subgroup of the image of P in
AdG. Let N be the connected subgroup of G with the Lie algebra n. Since the image of N
in AdG is simply connected it follows readily from [16] that M’ and N are closed, that
P=M'-N, and that M' NN = {1}.

We must also verify that M’ is the centralizer of a in G. It certainly contains the
centralizer of a in G. Let b be a maximal abelian subalgebra of g* which contains a such
that the image of b in ad g is diagonalizable. Certainly m’ contains b. Let b = b; + by
where b; is the intersection of b with the centre of m’ and by is the intersection of b with
the semi-simple part of m’. It is a maximal abelian subalgebra of the semi-simple part of
m’ whose image in adm’ is diagonalizable. It may be supposed (cf. [11, p. 749]) that the
positive roots of b are the roots whose root vectors either lie in n., the complexification
of n, or lie in m/, and belong to positive roots of by. If m lies in M’ then Adm(by) = b;.
Moreover replacing if necessary m by mmg where mg lies in the connected component of M’
and hence in the centralizer of a we may suppose that Adm(by) = by and that Adm takes
positive roots of by to positive roots of by. Thus Adm(b) = b and Adm leaves invariant
the set of positive roots of b; consequently, by assumption, m lies in the centralizer of b
and hence of a. It should also be remarked that the centralizer of A meets each component
of P and G and P meets each component of G.

If M is the group of all m in M’ such that the restriction of Adm to n, has determinant
+1 for all a then m is closed; since () contains a basis for the space of linear functions on a the
intersection AN M is {1}. Let a,...,a, be such a basis. To see that AM = M’ introduce
the group M; of all m in M’ such that the restriction of Adm to n,, has determinant +1
for 1 < i < p. Certainly AM; = M’. So it has merely to be verified that M, which is
contained in M, is equal to M;. Since the Lie algebra of both M and M, is m the group
M contains the connected component of AM;. Since AN M; = {1} the index [M; : M]
equals [AM; : AM| which is finite. It follows readily that M = M;. It is clear that M
and S = M N are uniquely determined by P and A. The pair (P, S) will be called a split
parabolic subgroup with A as split component. Its rank is the dimension of A. Observe
that A is not uniquely determined by the pair (P, 5).

The next few lemmas serve to establish some simple properties of split parabolic
subgroups which will be used repeatedly throughout the paper. If (P, S) and (P, S;) are
any two split parabolic subgroups then (P,S) is said to contain (Py,S;) if P contains P,
and S contains 5j.
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Lemma 2.1. Suppose (P,S) contains (Py,51). Let A be a split component of (P,S) and
Ay a split component of (Py,S1). There is an element p in the connected component of P
such that pAp~! is contained in A;.

Since S is a normal subgroup of P, pAp~—! will be a split component of (P, S). According
to Theorem 4.1 of [16] there is a p in the connected component of P such that a; +m C
Adp(a+m). Thus it suffices to show that if a; +m, is contained in a+m then a is contained
in a;. If a; +my € a4+ m then a and a; commute so that a is contained in a; + my; moreover
m contains m; because mNs; = (a+m)NsNs; 2 (a; + my) Ns; =my. Consequently a is
orthogonal to m; with respect to the Killing form and hence is contained in a;.

Lemma 2.2. Suppose P is a parabolic subgroup and a is a split component of P. Let

{oa, ..., } be a minimal subset of Q such that any o in Q can be written as a linear
combination Yt m;q;, with non-negative integers m;. Then the set {aq ..., ay } is linearly
independent.

This lemma will be proved in the same manner as Lemma 1 of [13]. Let (\, ) be the
bilinear form on the space of linear functions on a dual to the restriction of the Killing
form to a. It is enough to show that if ; and j are two distinct indices that a; — «; neither
equals zero nor belongs to ) and that if a and [ belong to ) neither a — g nor 5 — «
belongs to @ or is zero then (o, 5) < 0. If this is so and Y 7 a;o;, =0let F={i|a; >0}

and F' = {i|a; <0}. Set
= Z(LL'OQ’7 = —Zaiai’

il i€F’

0 < </\7 )\) = — Z Z aiaj<ozi7,ozj’> < 0
i€F jEF’
which implies that A = 0. As a consequence of a previous remark a; = 0, 1 < i < p.
Certainly o; — ay, is not zero of ¢ # j; suppose that o; — «; = a belongs to (). Then

P
Qj, — &5, = E mQ,
k=1

(mi — Day, + (mj + 1)y, + Z myoy,, =0
k#i,j

then

or

so that m; — 1 < 0. Hence m; = 0 and
o = (m]' + 1)Oéj7 + Z Moy,
ki,
which is a contradiction. Suppose a and 3 belong to () and neither o« — 3 nor 5 — a belongs
to @ or is zero. Choose the Cartan subalgebra j as above and let (X, ') be the bilinear

form on the space of linear functions on the complexification of j N g* dual to the Killing
form. If u is the restriction of i’ to a then

(a,p) = 1/dimn, Z (O/nu/)

oa’'eq)?,
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In particular of 3’ belongs to Q; then

(a, B) =1/ dimn, Z (o, ")
a'eqQyl,
Because of the assumption on a and (3, o — /3’ is neither a root nor zero; thus (cf. [15]
Ch. IV]) each term of the sum and hence the sum itself is non-positive. It is clear that
the set {a,...,a, } is unique and is a basis for the set of linear functions on a; it will be
called the set of simple roots of a. It is also clear that if P; contains P and A; is a split
component of P, contained in A then the set of simple roots of a; is contained in the set of
linear functions on a; obtained by restricting the simple roots of a to a;.

Lemma 2.3. Suppose
P=PCPC---CPHF
s a sequence of parabolic subgroups with split components
Al DA DDA
and
If {a1,, ..., } is the set of simple roots of a and {«;, ..., o, } restricted to a; is the set of
simple roots for a;, 1 < j <k, then
aj={Hea|a(H)=0,i<j}
and if

then

Conversely if F' is a subset of {1,...,p}; if
‘a={Heca|a(H)=0 forallic F};

*Q/:{aeQ|a(H)7é0forsomeH€*a};

and if 'm is the orthogonal complement of *a in the centralizer of *a in g then p = ‘a+"m+™"n
is the Lie algebra of a parabolic subgroup *P of G which contains P and has *a as a split
component.

In the discussions above various objects such as A, (), n have been associated to a
parabolic subgroup P; the corresponding objects associated to another parabolic group,
say Py, will be denoted by the same symbols, for example A;, ()1, ny, with the appropriate
indices attached. It is enough to prove the direct part of the lemma for £k = 2. Since
P, properly contains P, and since, as is readily seen, P; is the normalizer of n;, j =1, 2
the algebra ny must be properly contained in n;. Consequently there is an a € ) whose
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restriction to ay is zero and o = le m;c;, with non-negative integers m,. Let @; be the

restriction of o, to as and let @; = > ¥, n;a;; then
p
0= Z(m] + mmj)@j;
=2
som; =0, 7 > 2 and a = ma;,. Since dimay — dima; = 1 the direct part of the lemma is
proved. Proceeding to the converse we see that if *P is taken to be the normalizer of *p in
G then *P is parabolic by definition. It contains the connected component of P and the
centralizer of A in G; so it contains all of P. Moreover the image of *a 4 *m in ad g is fully
reducible and " is a normal subalgebra of *p; so to prove that *a is a split component of *P
it has to be shown that if « belongs to Q)" and
Qa={BcQ ‘ o(H) = B(H) for all H in "a },
then the trace of the restriction of ad X to ) seq., N 18 zero for all X in ‘m. It is enough to
show this when X belongs to the centre of ‘'m. But then X commutes with a and so lies
in a+m;say X =Y + Z. If i belongs to F' the trace of the restriction of ad X' to n,, is
@; (Y)dimn,, ; on the other hand it is zero because n,, belongs to 'm. Thus a; (Y) = 0 for
all + € F, so that Y belongs to *a and hence is zero. Since the assertion is certainly true for
Z it is true for X.

There are some simple conventions which will be useful later. If j. and j.. are two Cartan
subalgebras of g. and an order is given on the set of real linear functions on j. and j. then
there is exactly one map from j. to j. which takes positive roots to positive roots and is
induced by an element of the adjoint group of g.. Thus one can introduce an abstract Lie
algebra which is provided with a set of positive roots and a uniquely defined isomorphism of
this Lie algebra with each Cartan subalgebra such that positive roots correspond to positive
roots. Call this the Cartan subalgebra of g.. Suppose (P, S) is a split parabolic subgroup
with A and A’ as split components. Let j be a Cartan subalgebra containing a and let j’
be a Cartan subalgebra containing a’. Choose orders on j. and j., so that the root vectors
belonging to positive roots lie in p.. There is a p; in P such that Adp;(a) = o; since the
centralizer of A meets each component of P there is a p in the connected component of
P such that Adp(H) = Adp,(H) for all H in a. Let Adp(j) =j”. There is an element m
in the adjoint group of m. such that Adp Adm(a) = o/, AdpAdm(j) =j, and Adp Adm’
takes positive roots of j’ to positive roots of j. The maps of a —j — j. and o' — i — j,
determine maps of a and a’ into the Cartan subalgebra of g. and if H belongs to a then
H and Ad p,(H) have the same image. The image of a will be called the split component
of (P,S). Usually the context will indicate whether it is a split component or the split
component which is being referred to. If F' is a subset of the set of simple roots of the split
component it determines a subset of the set of simple roots of any split component which,
according to the previous lemma, determines another split parabolic subgroup. The latter
depends only on F' and will be called simply the split parabolic subgroup determined by F';
such a subgroup will be said to belong to (P, .S).

If (P, S) is a split parabolic subgroup with the split component a let a1, ..., a, be the
linear functions on a such that (a,;, «;) = d;;, 1 <4, j < p. Of course o ,...,q, are the
simple roots of a. If —oo < ¢; < ¢ < 00 let

a+(01,02):{H6a|01<ai7(H><CQ, 1<Z<p}
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and let

+Cl(01,02) = {HE a ‘ < Oéﬂ‘(H) <cy, 1K1 <p}
It will be convenient to set a*(0,00) = a* and *a(0,00) = Ta. If A is the simply-connected
abstract Lie group with the Lie algebra a then A will also be called the split component
of (P,S). The map H — exp H is bijective; if X is a linear function on a set &,(exp H) =
exp()\(H)). If 0 < < < oo welet

At (er,c) = {a €A ‘ c1 <& (a) <cp 1< gp}
and

TA(er, ) ={aeA|er <&, (a)<ca 1<i<p}
We shall make frequent use of the two following geometrical lemmas.

Lemma 2.4. For each s < 0o there is a t < oo such that a*(s,00) is contained in Ta(t, 00).
In particular a* is contained in *a.

For each s there is an element H in a such that a®(s,c0) is contained in H + a™; thus
it is enough to show that a® is contained in *a. Suppose we could show that (a’, a’) > 0,
1 <4, j<p Then a; = ?:1 aj-ozj, with “3" > 0 and it follows immediately that a* is
contained in *a. Since (a;, ;) < 01if i # j this lemma is a consequence of the next.

Lemma 2.5. Suppose V' is a Fuclidean space of dimension n and A1, ..., A\, s a basis
for V such that (N, A;) < 0ifi # j. If A;, 1 < i < n, are such that (M\;, ;) = 6
then either there are two non-empty disjoint subsets Fy and Fy of {1,...,n} such that

FLUF,={1,...,n} and (N\;,\;) =0 ifi € Fy, j € F, or (A\;,\;) >0 for alli and j.

The lemma is easily proved if n < 2 so suppose that n > 2 and that the lemma is true
for n — 1. Suppose that, for some i and j, (A;,A;) < 0. Choose k different from ¢ and
J and project {)\57 | ( # k:} on the orthogonal complement of )\ to obtain {,u& ‘ (+#k }
Certainly for ¢ # k the vector A, is orthogonal to A and (A, ftm,) = ftem. Moreover

(ke bm,) = (Ao Am,) = (A M) Ay Ak, )/ Ak, Ak) < (Aes Am,)
with equality only if Ay or A, is orthogonal to A\; . By the induction assumption there are
two disjoint subsets of F| and Fj of { £ |1 < /¢ < n, ¢ # k} such that (ue, i) =0if £ € F]
and m € Fj. For such a pair (ue, ftm,) = (Ar,, Am,); so either (Mg, Ay ) = 0 for all £ € F] or
(Am,» Ak,) = 0 for all m € Fy. This proves the assertion.

Suppose that a is just a split component of P and F' is a subset of (). Let ¢ =
{Hea | a(H) =0 for all « € F' }; if F is a subset of the set of simple roots ¢ is called a
distinguished subspace of a. Let g. be the orthogonal complement of ¢ in the centralizer of
¢ in g and let G be any subgroup of G with the Lie algebra g, which satisfies the same
conditions as GG. Then p N g, is the Lie algebra of a parabolic subgroup P’ of GG, and b, the
orthogonal complement of ¢ in a, is a split component of P’. We regard the dual space of b
as the set of linear functions on a which vanish on ¢. Let 3, ,..., 3, be the simple roots
of b; {f1,,...,0,} is a subset of ). There are two quadratic forms on the dual space of b,
namely the one dual to the restriction of the Killing form on g to b and the one dual to
the restriction of the Killing form on g, to b. Thus there are two possible definitions of
Ba1,...,0, and hence two possible definitions of 0. In the proof of Theorem 7.7 it will be
necessary to know that both definitions give the same *b. A little thought convinces us
that this is a consequence of the next lemma.
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The split parabolic subgroup (P, S) will be called reducible if g can be written as the
direct sum of two ideals g; and g; in such a way that p = p; + po with p; = p N g; and
5 =861 + s with 5;, =sNg;. Then n =n; +ny with n; =nnNg;. If ais a split component
of (P,S) and ' is the centralizer of a in g then m’ = m} + m}, with m, = m’ N g;. Since
m = m'Ns, it is also the direct sum of m; and my while a, being the orthogonal complement
of m in m/, is the direct sum of a; and a,. If (P,S) is not reducible it will be called
irreducible.

Lemma 2.6. Suppose that the split parabolic subgroup (P,S) is irreducible and suppose
that m is a representation of g on the finite-dimensional vector space V' such that if o is a
linear function on a and

Vao={veV |n(Hv=aH)w for al H ina},

then the trace of the restriction of n(X) to V, is zero for all X in m. Then there is a
constant ¢ such that trace{w(H,)m(Hs)} = ¢(Hy, Hy) for all Hy and H, in a.

If g contains a non-trivial centre then g is abelian and a = {0}; so there is nothing
to prove. We suppose then that g is semi-simple, so that the Killing form (X,Y’) is non-
degenerate. Consider the bilinear form trace 7(X)7(Y) = (X,Y) on g. It is readily verified
that

((X,Y],Z)+ (V,[X,Z]) =0
Let T be the linear transformation on g such that (X,Y) = (T'X,Y); then (TX,Y) =
(X,TY) and T([X,Y]) = [X,TY]. If H belongs to a and X belongs to m the assumption
of the lemma implies that (H, X) = 0. Moreover choosing a basis for V' with respect to
which the transformations 7(H), H € a, are in diagonal form we see that (X,Y) =0 if X
belongs to p and Y belongs to n. If a belongs to @) let

n, ={Xeg|[H X]=-a(H)X forall Hing}

and let n™ =3 _ong. If X belongs to a+m+n~ and Y belongs to n~ then (X,Y) = 0.
Thus if H belongs to a then (TH,Y) = 0 for Y in m +n +n~, so that TH lies in a.
For the same reason Tm C m and Tm C n. Let A{,..., A\, be the eigenvalues of T" and
let g ={X €eg ‘ (T — \)"X =0 for some n }. Each g;, 1 <4 < r, is an ideal of g and
g=Pg,p=P(pNg), and s = P(s N g;). We conclude that » = 1. The restriction of T
to a is symmetric with respect to the restriction of the Killing form to a. Since the latter is
positive definite the restriction of 7" to a is a multiple of the identity. This certainly implies
the assertion of the lemma.

Now suppose I' is a discrete subgroup of G. When describing the conditions to be
imposed on I' we should be aware of the following fact.

Lemma 2.7. IfT is a discrete subgroup of G, if (P1,S1) and (Ps, S2) are two split parabolic
subgroups, if T NP, C S;, i =1, 2, if the volume of I' N S;\S; is finite fori =1, 2, and if
P12P2, thenSlgSg.

Let S = 51N Sy; then I'M P, C S. It is a normal subgroup of Sy and S\S; is isomorphic
to S1\S152 and is consequently abelian. It follows readily from the definition of a split
parabolic subgroup that the Haar measure on S is left and right invariant. This is also
true of the Haar measure on S\Sy and hence it is true of the Haar measure on S. Thus

/ ds — / ds» / ds = u(S\S)p(T A S\S)
FﬂSQ\SQ S\S2 I'nS2\S
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Consequently (S\Ss) is finite and S\ Ss is compact. Since the natural mapping from S\ S,
to S1\S15; is continuous S7\ 515 is also compact. But 51\515; is a subgroup of S\ P
which is isomorphic to A; and A; contains no non-trivial compact subgroups. We conclude
that Sy is contained in Sj.

If T is a discrete subgroup of G and (P, S) is a split parabolic subgroup then (P, S) will
be called cuspidal if every split parabolic subgroup (P’,S") belonging to (P,.S) is such that
NP CS I'n N\N'is compact, and I' N S\S’ has finite volume. A cuspidal subgroup
such that I' N S\S is compact will be called percuspidal. Since the last lemma implies
that S is uniquely determined by P and I' we will speak of P as cuspidal or percuspidal.
If P is a cuspidal subgroup the group N\S which is isomorphic to M satisfies the same
conditions as G. It will usually be identified with M. The image © of ' NS in M is
a discrete subgroup of M. If (*P,*S) is a split parabolic group belonging to (P,.S) then
(TP,1S) = (*N\P N *S,*N\S) is a split parabolic subgroup of *M. If (P, S) is a cuspidal
group of G then (TP,1S) is a cuspidal subgroup of *M with respect to the group *0.

Once we have defined the notion of a Siegel domain we shall state the condition to be
imposed on I'. Fix once and for all a maximal compact subgroup K of G which contains a
maximal compact subgroup of Gy. If (P, S) is a split parabolic subgroup, if ¢ is a positive
number, and if w is a compact subset of S then a Siegel domain & = &(¢,w) associated to
(P,S) is

{gzsak|s€w, a € At (c, 00), /{:GK}
Here A is any split component of (P, S).

A set E of percuspidal subgroups will be said to be complete if when (P, S;) and
(P,,S5) belong to E there is a g in G such that gPig~! = P, and ¢S;g~! = Sy and when
(P, S) belongs to E and 7 belongs to I' the pair (yPy~t,vSy~!) belongs to E.

Assumption. There is a complete set of E of percuspidal subgroups such that if P is any
cuspidal subgroup belonging to an element of E there is a subset {Py,..., P,} of E such that
P belongs to P;, 1 <i < r, and Siegel domain &; associated to (N\P, NS, N\S;) such that
M =J;_, ©6,;. Moreover there is a finite subset I of E such that E'=J,cp Upep yP~y~L.

Henceforth a cuspidal subgroup will mean a cuspidal subgroup belonging to an element
of F/ and a percuspidal subgroup will mean an element of E. It is apparent that the
assumption has been so formulated that if *P is a cuspidal subgroup then it is still satisfied
if the pair I', G is replaced by the pair O, *M. Let us verify that this is so if F is replaced
by the set of subgroups *N\ P N*S where P belongs to E and *P belongs to P. It is enough
to verify that if (*P,*S) is a split parabolic group belonging to (P, S;) and to (P, Ss) and
gPig™' = P,, gS19g7! = S, then g lies in *P. Let *a be a split component of (*P,*S); let a; be
a split component of (P, S;) containing *a; and let b be a maximal abelian subalgebra of g°
containing a; whose image in ad g is diagonalizable. Choose p in *P so that (pPyp~!, pSop™)
has a split component a, which contains “a and is contained in b and so that Ad pg(a;) = ay
and Adpg(b) = b. Replacing g by pg if necessary we may suppose that p = 1. Choose an
order on the real linear functions on b so that any root whose restriction to a; lies in @)y is
positive. If the restriction of the positive root a to *a lies in *() then the restriction to a; of
the root o defined by

o'(H) = a(Adg(H))
lies in ()7 and is thus positive. The roots whose restrictions to *a are zero are determined
by their restrictions to the intersection of b with the semi-simple part of "m. It is possible
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(cf. [11]) to choose an order on the linear functions on this intersection so that the positive
roots are the restrictions of those roots a of b such that o/, with o/ (H) = «(Ad g(h)), is
positive. It is also possible to choose an order so that the positive roots are the restrictions
of the positive roots of b. Consequently there is an m in *M such that Admg(b) = b and
Admg takes positive roots to positive roots. Then mg belongs to the centralizer of b and
hence to *P; so the assertion is proved.

Some consequences of the assumption which are necessary for the analysis of this paper
will now be deduced. If (P, S) is a split parabolic subgroup of G the map (p, k) — pk is an
analytic map from P x K onto G. If A is a split component of (P, S) then every element p
of P may be written uniquely as a product p = as with ¢ in A and s in S. Although in
the decomposition g = pk the factor p may not be uniquely determined by ¢ the factor
a = a(g) of the product p = as is. In fact the image of a(g) in the split component of (P, S)
is. Henceforth, for the sake of definiteness, a(g) will denote this image. Every percuspidal
subgroup has the same split component which will call §. Suppose the rank of § is p and
aq,...,a, are the linear functions on h dual to the simple roots.

Lemma 2.8. If P is a percuspidal subgroup there is a constant yi such that &, (a(fy)) < U,
1<i<p, forall v inT.

If C'is a compact subset of GG so is KC' and {a(h) | h € KC’} is compact; thus there
are two positive numbers pq and gy with gy < po such that it is contained in YA(uq, po). If
g = ask with a in A, s in S, and k in K and h belongs to C' then a(gh) = a(kh)a(g), so
that

ko (a) < &a(algh)) < paba,(a),  1<i<p,
In particular in proving the lemma we may replace I by a subgroup of finite index which
will still satisfy the basic assumption, and hence may suppose that G is connected. If P is a
cuspidal subgroup let A =T'NS. If P is percuspidal there is a compact set w in S such that
every left coset Ay of A in I' contains an element 7' = sa(y)k with s in w. For the purposes
of the lemma only those v such that v/ = v need be considered. It is not difficult to see
(cf. |22 App. I1]) that there is a finite number of elements 4y, ..., d, in ' N N such that the
connected component of the centralizer of {d1,...,0,} in N N is N€, the centre of N. A
variant of Lemma 2 of [18] then shows that I' N N°\ N¢ is compact so that, in particular,
there is an element § # 1 in ' N If Q° is the set of « in @ such that n, Nn® # {0} there
is a constant v such that, for all v in T, & (a(y)) < v for at least one a in @Q°. If not there

would be a sequence {v,} with {5; ! (a(w))} converging to zero for all o in ¢, so that

vy =Ky (aT () (s dse)ale) ) ke
would converge to 1 which is impossible.

If g=@;_, g; with g; simple, then p = ,_, pNg; so that n®=P;_ n°Ng,. Ifjisa
Cartan subalgebra containing a, if an order is chosen on j as before, and if 1 is a subspace
of n®N g; invariant under Adp for p € P then the complexification of tv contains a vector
belonging to the lowest weight of the representation g — Ad(g~') of G on g,;. Since this
vector is unique n°N g, C ng, for some 5; in ). The lowest weight is the negative of a
dominant integral function; so 8; = Y7, bla; with b} > 0. Thus there is a constant v/

j=1"1
such that, for all v in I,

min &, (a(y)) <V
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In any case Lemma 2.8 is now proved for percuspidal subgroups of rank one.

If Gy is a maximal compact normal subgroup of GG then in the proof of the lemma G
may be replaced by Go\G and T" by Go\I'Gy. In other words it may be supposed that G has
no compact normal subgroup. Let Z be the centre of G. If we could show that ' Z\Z was
compact we could replace G by Z\G and I by Z\I'Z and assume that G has no centre. We
will show by induction on the dimension of G that if I'\G has finite volume then I' N Z\Z
is compact. This is certainly true if GG is abelian and, in particular, if the dimension of G is
one. Suppose then that G is not abelian and of dimension larger than one. Because of our
assumptions the group G has a finite covering which is a product of simple groups. We may
as well replace G by this group and I' by its inverse image in this group. Let G =[], Gi
where G; is simple for 1 < i < r < n. We may as well assume that G; is abelian for some .
Choose ¢ in I' but not in Z. It follows from Corollary 4.4 in [I] that the centralizer of ¢
in I" is not of finite index in I and hence that for some ~ in I, § 'y~ 16vy = € does not lie
in the centre of G. Let € = H?:l ¢; and suppose that ¢; does not lie in the centre of GG; for
1 <i<m where 1 <m < n. It follows as in [20] that the projection of I on G’ = [[%, G;
is discrete and that the volume of ' G"\G" is finite if G” = [];_,,,, G:. Since G” contains
a subgroup of Z which is of finite index in Z and otherwise satisfies the same conditions as
G the proof may be completed by induction.

If G has no centre and no compact normal subgroup I is said to be reducible if there are
two non-trivial closed normal subgroups GG; and G5 such that Gy NGy = {1}, G = G1Go,
and I' is commensurable with the product of 'y =I'N Gy and 'y = ' N G. The group I is
irreducible when it is not reducible. Since if one of a pair of commensurable groups satisfies
the basic assumption so does the other, it may be supposed when I is reducible that it
is the product of I'y and I's. If we show that I'; and I'y satisfy the basic assumption we
need only prove the lemma for irreducible groups. If *P is a cuspidal subgroup for I' then
*P = *P*P, with *P, = *P N G; and *N = *N;*N, with *N; = *N N G;. Since I' N *N\*N is
thus the product of I' N *N;\*N; and T N *N,\*N, both factors are compact. Moreover if
S; =*9NG; then I'; N*P; C7*S; and ' NP C %51%5,. If *A is a split component of (*P,*S)
and *A; is the projection of *A on G; then *A;*A, is a split component of *P and determines
the split parabolic subgroup (*P,*S1%S2). Since the measure of I' N *S1%S5\*S1%S, is clearly
finite Lemma 2.7 implies that *S = *51*S;. It follows readily that (*P;,*S;) is a cuspidal
subgroup for I';, « = 1, 2. Once this is known it is easy to convince oneself that I';, i = 1, 2,
satisfies the basic assumption.

To make use of the condition that I' is irreducible another lemma is necessary.

Lemma 2.9. Suppose I is irreducible. If P is a cuspidal subgroup of I' and ay,..., o, are
the linear functions on a dual to the simple roots then (o, a ;) >0 for all i and j.

To prove this it is necessary to show that if the first alternative of Lemma 2.6 obtains
then I' is reducible. Let F} and F5 be the two subsets of that lemma and let P, and P
be the two cuspidal subgroups determined by them. We will show in a moment that n is
the Lie algebra generated by Y7 | n,, and that if i € Fy, j € F, then [n,, ,n,,] = 0. Thus
n =ny @ ny if n; is the algebra generated by > ¢ Nay, - Moreover n; is the maximal normal
subalgebra of p; N g° containing only elements whose adjoints are nilpotent. The centralizer
of ay is a fully reducible subalgebra of g and lies in the normalizer of n;. The kernel of the
representation of this algebra on ny is a fully reducible subalgebra g,. The normalizer g’ of
go is the sum of a fully reducible subalgebra g; and go; g’ contains n; in the centralizer of a;
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and thus contains p;. Since p; is parabolic g’ = g. Since gs contains ny and I' N V; # {1}
for i = 1, 2 it follows from Theorem 1’ of [20] that T is reducible.

To begin the proof of the first of the above assertions we show that if « is in ) then
(a, @) > 0 for some j. If this were not so then, since av = »>7_, m;ay;,,

q
0<(o,a) = ij(aj,,@ <0
j=1

Choose a Cartan subalgebra j of g containing a and choose an order as before on the real
linear functions on j.. If o’ is a positive root and the restriction « of o’ to a is neither zero
nor «;, 1 <i < ¢, then for some j there is a ' in Qf% such that o/ — ' is a positive root.
Indeed if this were not so then, since 8 — o’ is not a root for any such ', we would have
(o, B") < 0. Consequently,
(a, ;) <0, 1<i<q,

which is impossible. Let n’ be the algebra generated by Z?=1 Ny, ; it is enough to show
that n., the complexification of n’, equals n.. We suppose that this is not so and derive a
contradiction. Order the elements of () lexicographically according to the basis {a; ,..., a4 }
and let @ be a minimal element for which there is a root o’ in )/, such that X/, a root
vector belonging to ¢/, is not in n.. Choose a j and a #' in Q’% so that o/ — ' is a root.
The root vectors of X, and X, _g both belong to n, and thus X, which is a complex
multiple of [ X4, X, _g] does also. As for the second assertion we observe that if

1€ Fl, ] S F27

and
o €eqQ,, Feq,,

then o — ' is neither a root nor zero. Moreover

0= Y (o 8).

FEQh,
So each term is zero and for no 4’ in Q’a] is o/ 4+ " a root. This shows that
M, ey | = 0.

Suppose that I' is irreducible and that the assertion of Lemma 2.8 is not true for the
percuspidal subgroup P. There is a sequence {v;} CI' and a k, 1 < k < p, such that

lim &, (a(y5)) = o0

It may be supposed that £k = 1. Let *P be the cuspidal subgroup belonging to P determined
by {o% ‘ 1# 1 } Let v; = njajm;k; with n; in *N, a; in *A, m; in *M, and k; in K.
Replacing v; by d;7; with §; € *A ="' N *S and choosing a subsequence if necessary we
may assume that {n;} belongs to a fixed compact set and that {m;} belongs to a given
Siegel domain associated to the percuspidal subgroup TP’ = *N\ P’ N*S of *M, where P’ is
a percuspidal subgroup of G to which *P belongs. If TA’ is the split component of P’ and
A’ = A is the split component of P’ then a'(v;) = a;Ta’(m;). There is a constant ¢ such that

ga,i (a,<7j>) > Cgoé,i(aj)
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This follows immediately if ¢ = 1 since

504,1 (a/(’yj)) = 504,1 (a/)
and from Lemma 2.5 if ¢ > 1. Since
<a,i7a,1> > Oa 1 < Z < q
there is a positive constant r such that
e (a;) = €, (ay).
However
fa,l (aj) = ga,l (a(VjD;
SO
lim &, ,(a'(7;)) =00,  1<i<p,
J—00 ’
which we know to be impossible.

The next lemma is a simple variant of a well known fact but it is best to give a proof
since it is basic to this paper. Suppose P is a parabolic with split component a. Let j be a
Cartan subalgebra such that a Cj C p and choose an order on the real linear functions
on j. as before. Let a1,...,, be the linear functions on a dual to the simple roots and
let @; be the linear function on j which agrees with a; on a and is zero on the orthogonal
complement of a. There is a negative number d; such that d;a; is the lowest weight of a

representation p; of GGy, the connected component of (G, acting on the complex vector space
V; to the right.

Lemma 2.10. If X\ is a linear function on a such that there is a non-zero vector v in V;
with vp;(a) = &x(a) for all a in A then

q
A= diOéﬂ' + Z n ;o
j=1
with n; 2 0, 1 < j < q. Moreover if v; is a non-zero vector belonging to the lowest weight
then
{g € Go|vipi(9) = pvi with p e C}
is the intersection with Gy of the split parabolic subgroup P; determined by {o% ‘ JjF#1 }

Let
w={Hecal|a;(H),j#i}
and let @)} be the set of positive roots of a which do not vanish on a;. Set
ny= > nl;
agQ;
then
g=n, +a;+m;+n,.
Let
V! ={v]|vpi(X)=0for X €n;}.
If W is a subspace of V; invariant and irreducible under a; + m; then the vector belonging
to the lowest weight of the representation of a; + m; on W must be a multiple of v; and the
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lowest weight must be d;a ;. Consequently V; is the set of multiples of v;. Let Vi(") be the
linear space spanned by

and let ™V, be the linear space spanned by
{vipi(X1) - pi(Xi) | X; €n; and k< n}.

We show by induction that Vi(n) C (V. This is certainly true for n = 1 since k may be
zero. If X;,..., X,,_; belong to n; and X,, belongs to g then

vipi(X1) -+ pi(Xy)
is equal to

Uipi(Xl) o 'pi(Xn—Z)pi([Xn—la Xn]) + Uipi(Xl) o 'pi(Xn—2)pi<Xn)pi(Xn—l>~
Applying induction to the two terms on the right we are finished. The first assertion of the
lemma follows immediately. Let

Pl ={g€Go|uvipilg) = pv; with p € C}

The intersection of P; with Gy is just the normalizer of n; in G,. Thus it leaves V/
invariant and is contained in P/. To complete the proof we need only show that p is
contained in p;. If m/ is a maximal fully reducible subalgebra of p. containing a; + m; then
{ X € m} | vipi(X) =0} is a normal subalgebra of m; and its orthogonal complement in
m, with respect to the Killing form lies in a; + m; because it commutes with a;. Thus its
orthogonal complement is a; and [a;, m}] = 0; so m, = a + m;. Let n} be a maximal normal
subalgebra of p; such that ad X is a nilpotent for all X in n,. Then n} is contained in n;
and p, = m} + nl. It follows that p; = p;.

Before stating the next lemma we make some comments on the normalization of Haar
measures. We suppose that the Haar measure on G is given. The Haar measure on K
will be so normalized that the total volume of K is one. If P is a cuspidal subgroup the
left-invariant Haar measure on P will be so normalized that

/G<b(g)dg=/P/K¢(pk)dpdk_

Let p be one-half the sum of the elements of @@ and if a = exp H belongs to A let
w(a) = exp(—p(H)). Let dH be the Lebesgue measure a normalized so that the measure of
a unit cube is one and let da be the Haar measure on A such that d(exp H) = dH. Choose,
as is possible, a Haar measure on S so that

/PQS(Z?) dp:/s/Aaﬁ(sa)uﬂ(a) ds da.

Choose the invariant measure on I'V N\ V so that the volume of ' N\ N is one and choose
the Haar measure on /N so that

/N d(n)dn = /F QN\N(SZ $(6n) dn.

Finally choose the Haar measure on M so that

/S ¢(s)ds = /N /M d(nm) dn dm
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Lemma 2.11. Let P be a percuspidal subgroup and w a compact subset of S. There are
constants ¢ and r such that for any t <1 and any g in G the intersection of I'g and the
Siegel domain &(w,t) associated to p has at most ct™" elements.

It is easy to convince oneself that it is enough to prove the lemma when G is connected.
In this case the representations p; introduced before Lemma 2.10 are representations of G.
Choose a norm on V; so that p;(k) is unitary for all k in K. If g = sa(g)k then

vipi(g) = fg (a(g>)vipi(k)v
so that
[vipi(9)|| = €5, (alg)) [[vill-
If T is a linear transformation then ||7'|| denotes as usual the norm of 7. Choosing a basis
of v;;, 1 < j < ny, for V; such that
vigpi(a) = 5/\“-(@)%]'
for all a in A, we see that there is a constant ¢; such that, for all v in V; and all @ in A,

o) e in 6, (@) ol

1<j<n

Moreover, it follows from Lemma 2.10 that there is a constant s such that, for all a in
AT (t,00),
min &y, (a) > tsfgfi(a).

1<j<n;
Let ¢, be such that, for all s in w and all v in V},
[vpi(s)]| = eallo]l.
Suppose g and ¢’ = g, with 7 in ', both belong to &(w,t). Certainly

loi(a")]] = &2, (@) il

On the other hand
[vipi(v9)|| = creat®€5 (alg))[Jvipi(7) |

and

[vipi(7) || = €&, (a()l|vill-

It follows from Lemma 2.8 that there are constants c3 and ¢4 and s; such that

€ai(alg) < est™ o, (a(7))éa, (alg)) < eat™a,(alg)).
Since g = v~ 1¢/, the argument may be reversed. Thus there are constants cs, cg, and s,
such that
cs > a, (a(v)) > cgt*?, 1<i<p.
Let us estimate the order of
U(t) = {7 = sak ‘ s €wi, a€ TA(ct™,c5), k € K}

with w; a compact subset of S. There are certainly constants by, b, and rq, ry such that
TA(cet™, c5) is contained in A1 (byt"™, byt™). Choose a conditionally compact open set in G
such that v,U N~pU # & implies 3 = 7,; then by can be so chosen that v € U(t) implies

’}/U € w2(t)A+(bltT1, bgtrQ)K,
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where
wo(t) = {slaSQa_l ’ S1 € Wy, So € wo, a € AT(byt", bot™) }
and wy is the projection of KU on S. Consequently the order of U(t) is at most a constant

times the product of
/ w?(a) da
A+ (brt71 ,bat"2)

and the volume of wo(t). A simple calculation, which will not be given here, now shows
that the order of U(t) is bounded by a constant times a power of ¢. If it can be shown that
for each g in &(w, t) and each « in I the number of elements ¢ in A = T'N P such that dvg
belongs to &(w, t) is bounded by a constant independent of ¢, 7, and g then the lemma will
be proved. If vg = sak then §s must be in w. If there is no such ¢ the assertion is true; if
there is one, say dg, then any other § equals §'dy with éw Nw # @.

Corollary. Let P, and P, be percuspidal subgroups and let *P be a cuspidal subgroup
belonging to Py. Let &, be a Siegel domain associated to Py, let TGy be a Siegel domain
associated to TPy = *N\P,N*S, let w be a compact subset of *N, and let b, s, and t be positive
numbers. Let Tay be the split component of TPy. There is a constant v, which depends only
on G and s, and a constant ¢ such that if g € Sy, v € I', and vg = namk with n in w , a
in *AT(t,00), m in TG, k in K, and n(a) < by*(Tas(m)) then

1(ai(9)) < e (Taa(m))

Moreover if *P = G the constant r can be taken to be 1.

If oy ,...,p, are the simple roots of a;, then
n(ai(9)) = sup &, (a1(9));
1<i<p
similarly, if 31 ,..., 3, are the simple roots of fa,,
n(Taztm)) = sup &, (Taz(m)).
1<i<q
Suppose that
H < 5,617 <Ta2(m)>7 1 < 1 < q,
for all m in T&. If m is given as in the lemma, let M = (Tag(m)); then
log 11 < &g, (*ag(m)> < log M, 1<i<yq.

Since
logt <logé,, (a) < logb + slog M

and since ay(7g) = a'ay(m) there is a constant ry, which depends only on G and s, and a
constant ro such that

‘bg&u, (az(vg))‘ <rilogM 471,  1<i<p.

In particular there is a constant r3, which depends only on G and s, and two positive
constants ¢; and ¢y such that

i (a2(79)) =t M
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and
fa. (a2(79)) < caM™,

for 1 < i < p. Choose u so that uPu™' = Pj; then a;(uygu™") = as(vg). Let v; have the
same significance as above except that the group P is replaced by P;. Then there is a
constant r4, which depends only on GG and s, and a constant c3 such that

& (a(g)) il = |

Thus there is a constant r5, which depends only on G and s, and a constant ¢, such that
o (a1(g)) < eaM™.
Appealing to Lemma 2.4 we see that &, (al(g)) is bounded away from zero for 1 < i < p.

vipi (v e (uygu ) H csM™ET (az(vg)) vl

Since log &, (a1 (g)) is a linear combination of log ¢, , (al (g)), 1 <7 < p the first assertion
of the lemma is proved.

To complete the proof of the lemma we have to show that if &; and &5 are Siegel
domains associated to P, and P, respectively then there is a constant ¢ such that if ¢
belongs to &; and g belongs to G5 then

n(ai(9)) < en(az(v9))
Using Lemma 2. 10 as above we see that fa (a1 (’yg)) is bounded away from zero and

infinity for 1 <i < p. Thus &, ((11 ) rnust be also.
The next lemma will not be needed untll Section 5.

Lemma 2.12. Suppose P and P' are two percuspidal subgroups and & and &' are associated
Siegel domains. Let F and F' be two subsets, with the same number of elements, of the
set of simple roots of b and let *P and *P’ be the cuspidal subgroups belonging to P and P’
respectively determined by F' and F'. If 0 < b < 1 there are constants t and t' such that
if g belongs to & and &, (a(g)) >t when a does not belong to F and & (a(g)) > &g (a(g))
when (B belongs to F' and o does not, if ¢’ belongs to &' and satisfies the corresponding
conditions, and if v belongs to F' and vg = ¢’ then v*Py~ = *P'. Moreover if P = P’ and,
for some g in G, g*Pg~* = *P’ and ¢*Sg~* =*S’ then *P = *P’', *S =*S".

Suppose, for the moment, merely that g belongs to &, ¢’ belongs to &', and vg = ¢'.
Choose u so that uy belongs to Gy and so that uP'u™! = P. Choosing v; in V; as above we
see that

&8 (a(@) llvill = €2, (aly u™)) Jwipi(uyg) |
> i (a(y'u™h)Ex (d' () vl
if w; is such that
& (a(y ) w; = vipi(y " uh).
Of course a similar inequality is valid if g and ¢’ are interchanged. Since u may be supposed
to lie in a finite set independent of v we conclude as before that a='(g)a’(¢') lies in a
compact set. Moreover, as in the proof of Lemma 2.11, v~! must belong to one of a finite

number of left-cosets of A. Consequently w;, 1 < ¢ < p, must belong to a finite subset of V;
and there must be a constant ¢ such that

[wipi(ug'u™)|| < €& (a'(g"))
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Moreover, it follows from the proof of Lemma 2.10 that there are positive constants b and r
such that if w; is not a multiple of v; then

|| wipi(ug'v™")|| = be% (a'(¢))E% (a'(9"))-
Choose t' so large that bt’ > ¢ and choose ¢ in an analogous fashion. If g and ¢’ satisfy the

conditions of the lemma then v~ 'u~! must belong to ﬂai cr Pi, where P; is defined as in
Lemma 2.10. It is easily seen that

a; €F
so v~ u~! belongs to *P. Index the system of simple roots so that

fm, (a'(g’)) > 5042, (a’(g’)) Z e 2 gap, (a'(g’))

There is an integer ¢ such that F' = {o,11,...,a, }. If t' is very large then
Ear, (a(9)) > &, (al9))
if i <g<j. Thusif 3,,..., 03, is the system of simple roots indexed so that

&, (a(9)) = €5, (alg)) = -+ = &, (al9)),
then
{B1,,.. .. B} ={oa,...,a,}
Since {Byt1,--., 0y} = F the sets F and F” are equal and u*P'u~"' = *P. Then

,Yfl*Plfy — vflufl*Pufy — *P
To prove the second assertion we observe that (*P’,*S") belongs to
(P,S) andto (gPg~", gSg™").

We have proved while discussing the basic assumption that this implies that ¢ belongs to
“P’.

The next lemma will not be needed until Section 6 when we begin to prove the functional
equations for the Eisenstein series in several variables. Let P be a cuspidal subgroup of rank
q with a as split component. A set {f;,...,/,} of roots of a is said to be a fundamental
system if every other root can be written as a linear combination of 3 ,..., 3, with integral
coefficients all of the same sign. It is clear that if P, and P, are two cuspidal subgroups, ¢
belongs to G, Adg(a;) = ay, and B = {5, ..., [, } is a fundamental system of roots for a,,
then

g 'B={B, 0Adg,...,B, 0Adg}

is a fundamental system. The Weyl chamber Wp associated to a fundamental system is
[{Hea|Bi(H) >0, 1<i<q},

so that
Ad(gil)WB = Wg_lB

It is clear that the Weyl chambers associated to two distinct fundamental systems are
disjoint. The only fundamental system immediately at hand is the set of simple roots and
the associated Weyl chamber is a™. If P; and P, are as above we defined Q(ay,a3) to be
the set of all linear transformations from a; to as obtained by restricting Ad g to a; if ¢ in
G is such that Adg(a;) = ay. The groups P, and P, are said to be associate if 2(ay, az) is
not empty.
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Suppose F, is a percuspidal subgroup and P is a cuspidal subgroup belonging to

Py. Let {ai,...,a,} be the set of simple roots for h and suppose that P is deter-
mined by {ag+1,,...,05} . If 1 < j < ¢ let *P; be the cuspidal subgroup determined
by {a;, g1, ..., }. Suppose "a; is contained in a. To prove the next lemma it is neces-

sary to know that for each P and j there is an element g in *M; such that Ad g(a N *m;)
is the split component of a cuspidal subgroup which belongs to Fy N *M; and such that if
« is the unique simple root of a N *m; then ao Ad g~ is a negative root of Ad g(a N m;).
Unfortunately the only apparent way to show this is to use the functional equations for the
Eisenstein series. Since the lemma is used to prove some of these functional equations a
certain amount of care is necessary. Namely if ¢ > 1 one needs only the functional equations
of the Eisenstein series for the pairs (*0;,*M;) and since the percuspidal subgroups have
rank less than those for (I', G) one can assume them to be proved. On the other hand
if ¢ = 1 the lemma is not used in the proof of the functional equations. In any case we
will take this fact for granted and prove the lemma. Everyone will be able to resolve the
difficulty for himself once he has finished the paper.

Lemma 2.13. Let Py be a percuspidal subgroup and let F' = {Py,...,P.} be a complete
family of associate cuspidal subgroups belonging to Fy. If P belongs to F and FE is the
collection of fundamental systems of roots of a then a is the closure of Ugep Wp. If BEE
then there is a unique i, 1 <i <7, and a unique s in Q(a;, a) such that sa; = Wp.

Suppose as before that P is determined by {og41,...,a, }. If 1 < j < ¢ let g; be one of
the elements of *M; whose existence was posited above. Denote the restriction of Ad g; to a
by s; and let s;(a) = b;. Denote the restriction of oy ,...,a, to a also by a;,...,a,. Then
aj, o sj’l restricted to b; N *m; is the unique simple root. Thus the simple roots 3 ,. .., 3,
of b; can be so indexed that «a; o sj_1 = —f; and o o sj_1 = B, + b;;8;, with b;; > 0 if ¢ # 7.
More conveniently, 3; o s; = —o; and f3; o s; = oy + b;jcrj. To prove the first assertion it
is enough to show that if Hy belongs to a and «(Hy) # 0 for all roots « then there is some
i and some s in (a;, a) such that s™*(H,) belongs to a;. There is a point H; in a™ such
that the line through Hy and H; intersects none of the sets

{Hea|a(H)=pH)=0}
where a and [ are two linearly independent roots. If no such ¢ and s exist let Hy be the

point closest to Hy on the segment joining Hy and H; which is such that the closed segment
from H; to Hs lies entirely in the closure of

U U s(a;).

=1 s€Q(a;,a)
Note that Hs is not Hy. Let Hy lie in the closure of ta;” with ¢ in Q(ax, a). Replacing Hy
by t7'(Hy) and P by P if necessary it may be supposed that H, lies in the closure of a™.
Choose j so that

an(Hy) >0, 1<0<q, (4],
and a; (Hs) = 0. Then «; (Hp) < 0, so that if H lies on the segment joining Hy and H, and
is sufficiently close to H, then s;H lies in bj*; this is a contradiction.
It is certainly clear that if B belongs to E then there is an i and an s in (a;, a) such

that saj = Wp. Suppose that ¢ belongs to Q(ax, a) and ta) = Wg. Then s~ 't(af) = af. If
s is the restriction of Ad h to a; and ¢ is the restriction of Ad g to a; then h='gP,g~'h = P;.
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The previous lemma implies that i = k and that h~'g belongs to P;. Since the normalizer
and centralizer of a; in P; are the same it follows that s~!t is the identity.

If a is as in the lemma the transformations sy, ..., s, just introduced will be called the
reflections belonging, respectively, to a1, ..., o,. We have proved that if a and b belong to
{ai,...,a,} then every element of {2(a, b) is a product of reflections; if s is the product of n
but no fewer reflections then n is called the length of s. Two refinements of this corollary
will eventually be necessary; the first in the proof of Lemma 6.1 and the second in the proof
of Lemma 7.4.

Corollary 1. Every s in Q(a,b) can be written as a product s, - - - s9s1 of reflections in such
a way that if sy, lies in Q(a;,, a;,) and belongs to the simple root oy, of a;,, then sjy_q - - - sl(a;g)
18 contained in

{HEaik|O!k(H)>0}.

Of course n is not necessarily the length of s. Let W = sat. Take a line segment
joining a point in the interior of Wp to a point in the interior of b™ which does not meet
any of the sets { H € b } a(H) = B(H) =0} where o and /3 are two linearly independent
roots. If the segment intersects only one Weyl chamber the result if obvious. The lemma
will be proved by induction on the number, m, of the Weyl chambers which it intersects.
If m is greater than one, let the segment intersect the boundary of b* at H,. Index the
simple roots B, ..., B, of b so that 1 (Hy) = 0 and 3, (Hy) > 0 if j > 1. Then if H belongs
to b™ the number 5 (sH) is negative, so that if r is the reflection belonging to /5, the
number (—f3; or~')(rsH) is positive. Let t = rs; if r belongs to (b, ¢) then ¢ belongs to
Q(a,¢). Since there is a line segment connecting W and 7~ !(¢*) which meets only in m — 1
Weyl chambers, there is a line segment connecting ¢ and ta™ = rWp which meets only
m — 1 Weyl chambers. If the corollary is true for ¢, say t = s,,_1---s; and s, = r~! then
s = S, --- 51 and this product satisfies the conditions of the corollary.

Suppose aq,...,a, are, as in the lemma, split components of P,,..., P. respectively.
Suppose that, for 1 < i < r, S; is a collection of m-dimensional affine subspaces of the
complexification of a; defined by equations of the form «(H) = 1 where « is a root and
p is a complex number. If s belongs to S; and t belongs to S; we shall define (s, t) as the

set of distinct linear transformations from s to { H ’ —H e t} obtained by restricting the

elements of (a;, a;) to 5. Suppose that each s in S = (J,_, S; is of the form X (s) + where
5 is the complexification of a distinguished subspace of h and the point X (s) is orthogonal
to §; suppose also that for each s in S the set (s, ) contains an element sy such that

so(X(s)+H) =-X(s)+ H
for all H in's. Then if r € Q(v,s) and t € Q(s, t) the transformation tsor belongs to Q(, t).

Every element s of Q(s,t) defines an element of (s, t) in an obvious fashion. Such an s is

called a reflection belonging to the simple root « of s if the element it defines in (s, t) is
that reflection. It is easy to convince oneself of the following fact.

Corollary 2. Suppose that for every s in S and every simple root o of S there is a t in S
and a reflection in (s, t) which belongs to a. Then if s and t belong to S and s belongs to
Q(s,t) there are reflections ry, ...,r1 such that if ry, belongs to (s, sy) and si in Q(sk, Sk)
defines the identity in Q(sy, s;) the transformation s equals the product 1,8, 17p_1 -+ r28171.

As before the minimal value for n is called the length of s.






CHAPTER 3

Cusp forms

As usual the invariant measure on I'\G is normalized by the condition that

/Gcb(g)dgz/F\G > o(vg) ¢ dg

T

If ¢ is a locally integrable function on I'\G, P is a cuspidal subgroup, and "= NA, then
oo) = [ ottgrag= [ olng)an

A\T INN\N
is defined for almost all g. A function ¢ in £(I"'\G), the space of square-integrable functions

on I'\G, such that a(g) is zero for almost all g and all cuspidal subgroups except G itself
will be called a cusp form. It is clear that the space of all cusp forms is a closed subspace of
L(I'\G) invariant under the action of G on L(I'\G); it will be denoted by Ly(I'\G). Before
establishing the fundamental property of Ly(I'\G) it is necessary to discuss in some detail

the integral
= [ stamysimyan

when ¢ is a locally integral function on T'\G and f is a once continuously differentiable
function on G with compact support.

Suppose P is a percuspidal subgroup of G and F' is a subset of the set of simple roots
of hh. Let P, be the cuspidal subgroup belonging to P determined by the set F'. Let

2 = ng) dn

62(9) / e

and let ¢1 = ¢ — ¢. Then (/\(f)gb) (g9) equals

(3.2) /G o(h) f(g~1h) / o1(h)f(g~"h) dh + / ba(h) Fg~h) dh.

The second integral will be allowed to stand. The first can be written as

/Nl (PONNG sernn,\rnN

If we make use of the fact that

(ndh) f(g~t6,ndh) dn 3 dh.
/Ff_‘lNl\Nl Z '

61€I'NNy

¢1(0nh) = ¢1(nh)

/ ¢1(nh)dn =0,
FﬂNl\Nl

23

and
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this repeated integral can be written as

/ {/ o1(nh) f(g,nh) dn} dh
NiITNN\G | TN\

flgh)y= Y flg7'on)— > f(g~'ndh) dn

seI'NN NN \I'NN M

:/F S {F(g7'6h) — f(g~ onh)} dn

ANIAN sernN

with

It should be recalled that N; is a normal subgroup of N and I' N N; a normal subgroup of
I'nN.

If & = 6(t,w) is a Siegel domain associated to P it is necessary to estimate f(g,h)
when ¢ is in &(¢,w). It may be supposed that (I' " V)w contains N. Since f(g,dh) = f(g,h)
if 6 € ' N we can take h = nja;mik; with ny in wN' N, a; in A, my in M, and k; in K.
Suppose g = sak = a(a"'sa)k = au with s in w and a in A" (¢,00); then u lies in a compact
set U; which depends on w and t. The integrand in the expression for f(g,h) equals

Z {f(u"'a" " ahy) — f(u " a " onah,)}
éeI'NN

with hy = a=th. If w; is a compact subset of N; such that (I' N Ni)w; = N; it is enough to
estimate this sum for n in w;. Let U be a compact set containing the support of f. If a
given term of this sum is to be different from zero either a='éah; or a~'énah; must belong
to U1U. Then either

(a~'6aa"*n1a)(a tmiay)
or

(a"'onaa" nia)(a ' myay)
belongs to PN U UK. It follows that there is a compact set V' in N depending only on
S and U such that a='da belongs to V. Choose a conditionally compact open set V; in
N so that if § belongs to I' M N and §V; N V] is not empty then § = 1; there is a compact
set V5 in N such that a~'Vja is contained in V3 if a belongs to AT (¢, 00). If a~'da belongs
to V then V] is contained in aV Vha~!. Consequently the number of terms in the above
sum which are different from zero is at most a constant times the measure of aVVoa~! and
a simple calculation shows that this is at most a constant times w™2(a). Finally there is
a compact subset wy of AM such that every term of the above sum vanishes unless mya;
belongs to aws,.

If {X;} is a basis of g there is a constant u such that ‘)\ ; (g)‘ u for all 7 and g. If

X € g then A\(X)f(g) is defined to be the value of f(g exp tX) at t = 0. Then
| f(u""a ahy) — f(u" a" onahy)|

is less than or equal to

1

J

AMAd(hTY) Ad(aM)X) f(u e "dexptXahy)|dt
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if n = exp X. Since n lies in a fixed compact set so does X. Moreover
hy = a *nyaa " myalky

lies in a compact set depending only on & and U. Consequently the right hand side is less
than a constant, depending only on &, U, and yu, times the largest eigenvalue of Ad(a™!)
on Ni. In conclusion there is a constant ¢, depending only on &, U, and pu, such that for
all gin & and all h

o; ¢F

| f(g, )| < cwz(a(g)){min Eos, (a(g))} :

Moreover the first integral in the expression for A(f)¢(g) is equal to

/ w?(b) / / o1 (nanbmk) f (g, nynbmk) dny p dn p dbdm dk
aws X K Nl(FﬂN)\N FﬂNl\Nl

or, as is sometimes preferable,

/ w2(b){/ o1(nbmk) f (g, nbmk) dk} dbdm dk.
aws X K I'NN\N

The absolute value of the first integral is at most

cw*(a(g)) {ﬁlg}v & (al9)) } / . uﬂ(b){/FON\N‘qﬁl (nbmk)| dn}db dm dk.

If ws is a compact subset of N such that (I' N N)ws = N this expression is at most
-1
(3.b) cw*(a(g))] min &, (a(g)) / |p1(h)| dh
o ¢F wzaws K

For the same reasons the absolute value of the second integral is at most
~1
(3.c) cw?(a(g)) {min €, (a(g))} / |o(h)| dh.
¢ F waaws K

Lemma 3.1. Let ¢ belong to Lo(I'\G), let f be a once continuously differentiable function
with compact support, and let P be a percuspidal subgroup. If & = &(t,w) is a Siegel
domain associated to P there is a constant ¢ depending only on & and f such that for g in

&
INHo(g)] < cw " (alg))n " (alg)) |4l

Here ||¢]| is the norm of ¢ in £(I'\G) and if a belongs to A then
n(a) = max &, (a)

It is enough to establish the inequality on each

& = {966, (a9) > &, (al9), 1< <p}
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For simplicity take ¢ = 1. In the above discussion take F' = {O% ‘ j#1 } The second
term in (3.a)) is zero; so to estimate A(f)@(g) we need only estimate (3.b). The integral is

at most
1/2
{/ dh} {/ |¢(h)\2dh}
w3awz K wzaws K

Since wzaw, K is contained in a fixed Siegel domain &(t',w’) for all @ in A™ (¢, 00), the second
integral is at most a constant times ||¢[|?. If wy and w5 are compact subsets of A and M
respectively such that wsy is contained in wyws the first integral is at most

{ [ d}{ [ db}{ [ dm}.

min &,,(a) = fal,(a) = 77(@(9))

ai7¢F

1/2

Since

if g = sak is in G4, the lemma follows.
It is a standard fact that A(f) is a bounded linear operator on L(I'\G). It is readily
seen to leave Lo(I'\G) invariant.

Corollary. If f is once continuously differentiable with compact support then the restriction
of A(f) to Lo(T'\G) is a compact operator.

Since w™(a)n~'(a) is square integrable on any Siegel domain the corollary follows
immediately from Ascoli’s lemma, the above lemma, and the fact that I'\G is covered by a
finite number of Siegel domains. The significance of the corollary is seen from the following
lemma.

Lemma 3.2. Let G be a locally compact group and m a strongly continuous unitary
representation of G on the separable Hilbert space 0. Suppose that for any neighbourhood
U of the identity in G there is an integrable function f on G with support in U such that

f(9) >0, ﬂmszlxtéﬂm@=l

and 7(f) is compact; then U is the orthogonal direct sum of countably many invariant
subspaces on each of which there is induced an irreducible representation of G. Moreover
no irreducible representation of G occurs more than a finite number of times in 3.

Of course 7(f) is defined by
w(fo = [ Horlads

if v belongs to *U. Consider the families of closed mutually orthogonal subspaces of U
which are invariant and irreducible under the action of GG. If these families are ordered by
inclusion there will be a maximal one. Let the direct sum of the subspaces in some family be
0. In order to prove the first assertion it is necessary to show that 20 equals 0. Suppose
the contrary and let 20" be the orthogonal complement of 2J in 0. Choose a v in 20" with
|v]| = 1 and choose U so that ||[v — m(g)v|| < 4 if g is in U. Choose f as in the statement
of the lemma. Then || (f)v — v|| <} so that 7(f)v # 0. The restriction of 7(f) to 20’ is
self-adjoint and thus has a non-zero eigenvalue p. Let 20, be the finite-dimensional space of
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eigenfunctions belonging to the eigenvalue . Choose from the family of non-zero subspaces
of A, obtained by intersecting 2], with closed invariant subspaces of 20" a minimal one
2. Take the intersection U, of all closed invariant subspaces of 20" containing 20j. Since
U, # {0} a contradiction will result if it is shown that 2, is irreducible. If 2, were not
then it would be the orthogonal direct sum of two closed invariant subspaces 2U; and *Us.
Since U; N AW, is contained in YV N W), = AJ;, for i = 1 and 2, the space V; N W), is either
{0} or 20;,. But 7(f)U; C Y, so

W, = (V1 NW,) © (V>N2W,)

and, consequently, U; N AW, = AT, for i equal to 1 or 2. This is impossible. The second
assertion follows from the observation that if some irreducible representation occurred with
infinite multiplicity then, for some f, m(f) would have a non-zero eigenvalue of infinite
multiplicity.

Before proceeding to the next consequence of the estimates and we need a
simple lemma.

Lemma 3.3. Let W, ... &™) be Siegel domains, associated to the percuspidal subgroups
PO PM™ respectively, which cover T\G. Suppose ¢ and r are real numbers and ¢(g) is
a locally integrable function on I'\G such that

0(9)] < e (a(9))

if g belongs to SO . If *P is a cuspidal subgroup and

~

o(a,m, k) = /m*N\*N (namk™) dn

for a in *A, m in *M and k in K then there is a constant ry, which does not depend on ¢,
such that for any compact set C in *A, any percuspidal subgroup 'P of *M, and any Siegel
domain TS associated to 'P there is a constant ci, which does not depend on ¢, such that

-~

“o(a,m, k)‘ <ont (M(m))

if a belongs to C' and m belongs to 1&. In particular if *P = G then ri can be taken equal
to r.

If w is a compact subset of *N such that (I' N *N)w = *N then

~

“Ba,m, k)| < sup|(namk ™)

If ¢ = namk™" choose v in I' so that vg belongs to & for some i. According to the
corollary to Lemma 2.11 there is a constant 75 such that for any C, TP, and & there is a
constant ¢y such that

1 (a(") (79)) < ¢ (*a(m)) ;

Since n<a(i) (7g)> is bounded below on & for each i, it can be supposed for the first

assertion that r» > 0. Then take ry = rry and ¢; = ccjy. If *P is G the lemma also asserts
that if & is any Siegel domain associated to a percuspidal subgroup P then there is a
constant ¢; such that ‘qb(g)| <an' (a(g)) on G. Given g in G again choose 7 in I' so that
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vg belongs to & for some i. The corollary to Lemma 2.11 asserts that there is a number
¢o independent of ¢ and g such that

' <0 alg)n(a%(9) < e
Take c¢; = ccly if r > 0 and take ¢; = ccy” if r < 0.
Lemma 3.4. Suppose 1) ... &) gre Siegel domains, associated to percuspidal subgroups,
which cover T\G. Suppose that ¢(g) is a locally integrable function on T\G and that there

are constants ¢ and r such that {qﬁ(g)‘ <on” (a(i) (g)) if g belongs to SW. Let U be a compact

subset of G, let u be a constant, let {X;} be a basis of g, and let f(g) be a once continuously
differentiable function on G with support in U such that |)\(X,)f(g)| < p for all g and i. If
S is a Siegel domain associated to the percuspidal subgroup P and if k is a non-negative
integer there is a constant ¢y, depending on c, r, U, u, &, and k but not on ¢ or f, such
that

AB(1)6(9) = Xo(Ndilg)| < e (alg))

on

N

&1 ={9€6| &, (a(9) >, (al9). 1<

In accordance with our notational principles
¢i(g) = / ¢(ng) dn
FﬁNi\Ni

if P; is the percuspidal subgroup belonging to P determined by { o, ‘ j#1 } The assertion
of the lemma is certainly true for £ = 0. The proof for general k will proceed by induction.
For simplicity take : = 1. Since

o}

(X(5)0)” = N(1)6

(2

it will be enough to show that if there is a constant s such that for any Siegel domain &
g@(g)‘ < dn? (a(g)) on &; then for any &

associated to P there is a constant ¢ such that

there is a constant ¢ so that

A6(9) = M1 (9)] < o (alg))

on &;. Of course it will also have to be shown that the constants ¢; do not depend on f or
¢. Indeed we apply this assertion first to ¢ with s = r and then in general to A\*(f)¢ with

s =1 — k. Since N

A(f)o(g) = A(f)er(g)
is nothing but the first term on the right side of (3.al) it can be estimated by means of (3.b)).
Thus

Aol9) = NPn(o)| < caw (@) (alo) [ Jonth)]dn
wzawa K
if g belongs to &;. First observe that if g belongs to G; then

n(a(g)) = o, (alg))

There is a Siegel domain &’ such that when a = a(g) and g belongs to & the set wsaws, K
belongs to &'. Let w, and ws; be compact subsets of A and M respectively such that ws
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is contained in wyws; then the integral is less than or equal to a constant, which does not
depend on ¢, times

/ w?(ab)n®(ab) db
w4
which is certainly less than a constant times w?(a)n®(a).

Corollary. Suppose V is a finite-dimensional subspace of Lo(T'\G) invariant under \(f)
for f continuous with compact support and such that f(kgk™") = f(g) for all g in G and all
k i K. Then given any real number r and any Siegel domain & associated to a percuspidal
subgroup P there is a constant ¢ such that, for all ¢ in V and all g in S,

|6(9)] < e (a(9)) || 6(9)]-

Since for a given ¢ there are constants ¢; and r; such that w™'(a) < ¢;7™(a) for a in
AT (t,00), the corollary will follow from Lemmas 3.1 and 3.3 if it is shown that there is a
once continuously differentiable function f; satisfying the conditions of the lemma such
that A(fo)¢ = ¢ for all ¢ in V. Let {¢y,...,¢,} be an orthonormal basis for V' and let U
be a neighbourhood of the identity in G such that

[A(9)éi — o] < (2n)~"
if g belongs to U and 1 < ¢ < n. Then, for any ¢ in U,

(96— ]l < slol

if g is in U. Choose f to be a non-negative function, once continuously differentiable with
support in u, such that [, f(g)dg = 1 and f(kgk™") = f(g) for all g in G and all k in
K. Then the restriction of A(f) to v is invertible. Thus there is a polynomial p with no
constant term such that p()\( f )) is the identity on V. In the group algebra p(f) is defined,;
set fo = p(f). If V was not a space of square-integrable functions but a space of continuous
functions and otherwise satisfied the conditions of the lemma then a simple modification of
the above argument would show the existence of the function fj.

If P is a cuspidal subgroup then the pair M, O satisfies the same conditions as the pair
G, I'. Tt will often be convenient not to distinguish between functions on ©\M, T\S, and
AT\ P. Also every function ¢ on G defines a function on P x K by ¢(p, k) = ¢(pk~1). Since
G = PK, functions on GG may be identified with functions on P x K which are invariant
under right translation by (k, k) if k belongs to K N P. If V is a closed invariant subspace of
L(O\M) let (V') be the set of measurable functions ® on AT\G such that ®(mg) belongs
to V as a function of m for each fixed ¢ in G and

/ |®(mk)|* dm dk = ||®|? < o
O\MxK
If H belongs to a., the complexification of a, and ® belongs to (V') consider the function

exp((H(h), H) + p(H(1)) ) (k)

on G. If g belongs to G it is not difficult to see that there is another function ®,(h) in
&(V) such that

exp((H(hg), H) + p(H(hg)) ) @(hg) = exp((H(h), H) + p(H(R)) ) @1 (k)
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The function ®; depends on @, g, and H. If we set &; = 7(g, H)® then 7(g, H) is a bounded
linear transformation from &(V') to &(V), m(g192, H) = w(g1, H)7(ge, H), and w(1,H) = I.
In fact it is easy to see that 7(g, H) is a strongly continuous representation of G on E(V)
for each H in a.. The representation is unitary if H is purely imaginary. If f is a continuous
function on G with compact support then 7(f, H) can be defined as usual by

9 = | fonla. @ dy
It is readily seen that for almost all g
exp((H(gh), H) + p(H(gh)) ) ((f, H)®)(g)

is equal to
/Gexp(<H(gh),H> +p(H(gh)))‘I>(gh)f(h) dh.

If F is a finite set of irreducible representations of K let W be the space of functions
on K spanned by the matrix elements of the representations in F'. The space W will be
called an admissible subspace of the space of functions on K. Let &(V, W) be the space of
functions ® in E(V') such that, for almost all g, ®(gk) belongs to W, that is, agrees with
an element of W except on a set of measure zero. With no loss it may be assumed that
it always belongs to W. Observe that &(V, W) is just the space of functions ® in E(V)
such that the space spanned by { Ak)® } ke K } is finite-dimensional and contains only
irreducible representations of K equivalent to those in F'. If f is a continuous function on
G with compact support and f(kgk™") = f(g) for all g and k then = (f, H) leaves (V, W)
invariant.

Suppose *P is a cuspidal subgroup belonging to P. If ® belongs to &(V), define a
function on *M x K by ®(*m, k) = ¢(*pk~!) if *p in *P projects onto *m. Since G = *PK
this defines an isomorphism of &(V') with a space of functions on *M x K. Indeed let
TP =*N\PN*S then TP is a cuspidal subgroup of *M and M is the same as M. Also
TP x K is a cuspidal subgroup of *M x K for the group *© x {1}. If L is the space of square
integrable functions on K then the image of &(1) is the set of all functions in (V' ® L)
which are invariant under right translations by (k*, k) where k belongs to K N*P and * is
the projection of k on *M. Denote the group of such elements by *K; and let *K be the
projection of K N*P on *M. The group *K plays the same role for *M as K does for G.
Suppose ® belongs to E(V, W). Then

CID(*m*krl, ]{]{?2) = @(*m*klkz_lk:_l).
For fixed *m and k this function belongs to the space of functions on *K x K of the form

B(kiky ') with ¢ in W. A typical element of W is of the form 0ij, that is, the matrix element
of a representation in F'. Since

Uz] kl ZO-ZE kl O-ZJ )

it belongs to the space W* if W* is the space of functions on *K x K spanned by the
matrix elements of those irreducible representations of *K x K obtained by taking the tensor
product of an irreducible representation of K N *P contained in the restriction to K N *P,
which is isomorphic to *K, of one of the representations in F’ with a representation of K
contragredient to one of the representations in F. Thus the image of €(V, ) is contained



3. CUSP FORMS 31

in &(V ® L, W*); indeed it is readily seen to be contained in €(V ® W, W*) and to be the
space of all functions in &(V ® W, W*) invariant under right translation by elements of *Kj.
On occasion it will be convenient to identify &(V, W) with this subspace.

Since the representation of M on L£(©\M) is strongly continuous there is associated to
each element X in the centre 3’ of the universal enveloping algebra of m a closed operator
A(X) on L(O\M). Indeed if 7 is any strongly continuous representation of M on a Hilbert
space L there is associated to each X in 3" a closed operator m(X). If £ is irreducible then

L= éﬁj
j=1

where each £; is invariant and irreducible under the action of Mj, the connected component
of M. The restriction of 7(X) to £, is equal to a multiple, &;(X)I, of the identity. The
map X — &;(X) is a homomorphism of 3’ into the complex numbers. Let us say that the
representation belongs to the homomorphism ;. Suppose the closed invariant subspace V'
is a direct sum @ V; of closed, mutually orthogonal subspaces V; each of which is invariant
and irreducible under the action of M. As we have just remarked each V; is a direct sum

ng
DV
Jj=1

of subspaces invariant and irreducible under the action of M,. Suppose V;; belongs to the
homomorphism &;;. The space V' will be called an admissible subspace of L(©\M) if V is
contained in £(©\M) and there are only a finite number of distinct homomorphisms in the

set {&J}

Lemma 3.5. If V is an admissible subspace of Lo(©\M) and W is an admissible subspace
of the space of functions on K then €V, W) is finite-dimensional.

In the discussion above take *P equal to P. Then &(V,W) is isomorphic to a sub-
space of E(V @ W, W*). It is readily seen that V ® W is an admissible subspace of
Lo(© x {1}\M x K) and that W* is an admissible subspace of the space of functions on
*K x K. Since it is enough to show that &(V @ W, W*) is finite-dimensional we have reduced
the lemma to the case that P and M are equal to G. Suppose V =P V,. V' =PV,
where the second sum is taken over those V; which contain vectors transforming according
to one of the representations in F' then E(V,W) = &V’ W). In other words it can be
supposed that each V; contains vectors transforming under K according to one of the
representations in F. For each ¢ let

V=@V,
j=1

where each Vj; is invariant and irreducible under the action of Gy, the connected component
of G, and belongs to the homomorphism §&;;. It is known ([L0, Theorem 3|) that there are
only a finite number of irreducible unitary representations of GGy which belong to a given
homomorphism of 3, the centre of the universal enveloping algebra of g, and which contain
vectors transforming according to a given irreducible representation of K N Gy. Thus there
is a finite set F of irreducible representations of G such that for each ¢ there is a j such
that the representation of Gy on Vj; is equivalent to one of the representations in £. As a
consequence of Lemma 3.2 applied to GGy there are only a finite number of V. It is known
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however (cf. [10, Theorem 4|) that for each ¢ the space of functions in V; transforming
according to one of the representations in F' is finite-dimensional. This completes the proof
of the lemma. Since E(V,W) is finite-dimensional it follows from the proof of the corollary
to Lemma 3.4 that it can be considered as a space of continuous functions.

Suppose ¢(g) is a continuous function on T\G such that for each ¢ in G the function
¢(mg) on ®\M belongs to V and the function ¢(gk) on K belongs to W. For each a in A
consider the function ¢(sak) on T\S x K or on AT\ P x K. If ky belongs to KNP =KNS
then ¢(sk; ‘akok) = ¢(sak) since sky'akoa='s™! is in N. Thus it defines a function ®'(a)
on AT\G which is seen to belong to €(V,W). The space of all such functions ¢ for which
¢'(+), which is a function on A with values in &(V, W), has compact support will be called
DV, W).

Lemma 3.6. Suppose V is an admissible subspace of Lo(O\M) and W is an admissible
subspace of functions on K. If ¢ belongs to D(V,W) then 3 \\p ¢(v9) is absolutely

convergent; its sum (;ﬁ\(g) is a function on T\G. If &y is a Siegel domain associated
to a percuspidal subgroup Py and if r is a real number there is a constant ¢ such that

)5(9)’ < en(aolg)) for g in &p.

There is one point in Section 6 where we will need a slightly stronger assertion than
that of the lemma. It is convenient to prove it at the same time as we prove the lemma.

Corollary. Let ¢(g) be a function on T\G and suppose that there is a constant t such
that ¢(namk) = 0 unless a belongs to At (t,00). Let Pi,..., P, be percuspidal subgroups
to which P belongs and suppose that there are Siegel domains 16+, ...,16,, associated to
TP, = N\P; NS which cover ©\M. Suppose that there is a constant s such that given any
constant ry there is a constant ¢y such that, for 1 <i < m,

[(namik)| < evn (@) (Tai(m))

if m belongs to 1&,. Finally suppose that there are constants u and b with 1 > b > 0 such
that ¢(namk) = 0 if n(a) > w and the projection of m on ©\M belongs to the projection on
O\M of

{m €', ‘ n(Tai(m)> < n(a) }
for some i. Then
> " 6(v9) = )

A\l
is absolutely convergent and if &y is a Siegel domain associated to a percuspidal subgroup

3(9)| < ar (asl9)) for g in &s.

It is a consequence of Lemma 3.5 and the corollary to Lemma 3.4 that the function
of the lemma satisfies the conditions of the corollary. Let w be a compact subset of N
such that ('N N)w = N. If g is in &g let U be the set of all elements 7 in I' such that
vg = namk with n in w, a in A*(¢,00), m in '&; for some i, and k in K. Since any left
coset of A in I' contains an element 7 such that y¢ = namk with n in w, a in A, m in '&;
for some i, and k in K and since ¢(namk) = 0 unless a belongs to A*(¢,00) it is enough to

Py and r is a real number there is a constant ¢ such that
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> Jo(v9)]

yeU

We first estimate the number of elements in U(v), which is the set of all v in U such that
vg = namk with n in w, a in A*(t,00), m in '&; for some i and such that n(Tai(m)) <,
and k in K. Suppose '&; = 1&;(Tw;, Tt;) and let w; = wiw;. If v belongs to U(v) then, for
some i, vg = n;aa;k; with n; in w;, a in A*(t,00), a; in TAF(7t;, 00) and such that n(a;) < v,
and k in K. Since a; is considered as an element of TA; the number 7(a;) is the maximum of
€.(a;) as « varies over the simple roots of Ta;. Consider the point aa; in 4;. Let oy ..., q,
be the simple roots of § which vanish on a; then

o, (aa;) = &, (a;) 2 Tt

estimate

)

for 1 <j<gq. If j >q then
1

€ay (ar) = T €% (@)
k=1
with d; < 0; thus if § = >"]_, d) then

€a; (aa;) = &q; (a)6a, (ai) = tn’(a;) > to°
Consequently ~g is contained in the Siegel domain &;(w;,tv°) associated to P if tv° <
min{'¢;, ..., ,,}. In any case it follows from Lemma 2.11 that there are constants ¢y and
r9 which are independent of ¢ such that U(v) has at most cov™ elements. If ¢p(namk) is not
zero either n(a) < u or n(fa;(m)) > n°(a), where n(a) is the maximum of &,(a) as a varies

over the simple roots of a. Consequently given any number 7, there is a constant ¢ such
that

[(nam)| < e (Tai(m))
If N(g) is the largest integer such that vg = namk with n in w, a in A*(t,00), m in 16, for
some i, k in K, and ¢(vg) # 0, implies n(Ta;(m)) > N(g) then

[e.9]

> lé(r9)] < diea (n+1)"2n"

yeu n=N(g)
which in turn is at most
—ie2(r1 12 = 1)(N(g) + 1)
if N(g) >1,r; <0, 73 >0, and r + 79+ 1 < 0. Since the corollary to Lemma 2.11 implies
that there are positive constants c3 and r3 such that
N(g) +1 > esn™(ao(yg))

the lemma and corollary are proved.

Let P be a cuspidal subgroup and let ¢(g) be a measurable function on T\G. Suppose
that given any Siegel domain '& associated to a percuspidal subgroup "P of M and any
compact subset C of A there are constants ¢ and r such that

[o(namk)| < ey (1a(m))
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if @ belongs to C' and m belongs to '&. If V' is an admissible subspace of Lo(©\M) and W
is an admissible subspace of the space of functions on K and if ¢) belongs to ©(V, W) then

¥(g)o(g) dg

T\G
is convergent. If it vanishes for all choices of V' and W and all ¥ then we say that the
cuspidal component of ¢ is zero.

Lemma 3.7. Let W, ... &™) be Siegel domains, associated to the percuspidal subgroups
PO . P respectively, which cover T\G. Suppose that ¢(g) is a continuous function
on I'\G and that there are constants ¢ and r such that

[6(9)| < e (a(9))

if g belongs to &Y. If the cuspidal component of
o9)= [ olng)dn
INN\N

is zero for every cuspidal subgroup P then ¢(g) is identically zero.

AIt is a consequence of Lemma 3.3 that it is meaningful to speak of the cuspidal component
of ¢ being zero. The lemma will be proved by induction on the rank of the percuspidal
subgroups of G. If they are of rank 0 so that I'\G is compact then ¢ is itself a cusp
form. It follows from Lemma 3.2 and the corollary to Lemma 3.1 that the subspace of
L(I'\G) spanned by the space &(V, W) with V' an admissible subspace of Ly(I'\G) and W
an admissible subspace of the space of functions on K is dense in £(I'\G). Since in this
case D(V, W) = &V, W) and (E(g) = ¢(g) when P = G, the assumptions of the lemma
imply that ¢ is orthogonal to every element of £(I'\G) and is consequently zero.

If the rank of the percuspidal subgroups of G is p, suppose that the lemma is true when
the percuspidal subgroups are of rank less than p. Let *P be a cuspidal subgroup and
consider

~

o(a,m, k) = /FO*N\*N d(namk™1) dn

According to Lemma 3.3 *qg(a, m, k) is for each fixed a in *A a function on "© x {1}\*M x K
which satisfies the given conditions on its rate of growth on Siegel domains of *M x K. If
TP is a cuspidal subgroup of *M there is a cuspidal subgroup P to which *P belongs such
that TP = *N\P N*S. Then

()" (a,m, k) = /@ e “b(a,nm, k) dn
*ON

:/ dn{/ (b(nlnamkl)dnl} dn
*ONTN\TN TN*N\*N

= / (namk™") dn,
TAN\N

so that
(3.d) (o) Na,m, k) = damk ™)
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Suppose that V"’ is an admissible subspace of Lo(© x {1}\M x K) and W’ is an admissible
subspace of the space of functions on *K x K. As in the remarks preceding Lemma 3.5, *K
is the projection on *M of K N*P. If ¢ belongs to ®(V’, W’) then

/ b(m, k) d(amk™") dm dk
TTx{1}\*M x K

is equal to

/ b(mko, kko) dko Sd(amk™") dm dk.
TTx{1}\*M x K *Ko

This equality will be referred to as (3.e). Suppose ((a) is a continuous function on *A with
compact support. Then we can define a function {(g) on T\G by setting

g(namk™") = ((a) | 1p(mko, kko)

Ko
If F’ is the set of irreducible representations of *X x K whose matrix elements span W',
let F' be a finite set of irreducible representations of K which contains the representations
contragredient to the irreducible representations of K occurring in the restrictions of the
representations of F” to K. If W is the space of functions on K spanned by the matrix
elements of the representations in F' then, for each g in G, £(gk) is a function in W. It
is also easy to see that there is an admissible subspace V' of Ly(©\M) such that V' is
contained in V ® W if F is suitably chosen. Then £(g) belongs to ©(V,W). Consequently

/ wQ(a)C(a){/ »(m, k)g(amk_l)dmdk}da
*A TTx{1}\*M x K

~

£(g)o(g)dg =0

™G
Since ((a) is arbitrary we conclude that the left side of is zero and hence that for each
a in *A the function *gg(a, m, k) on *M x K satisfies the conditions of the lemma. By the
induction assumption *a(a, m, k), and hence *a(g), is identically zero if the rank of *P is
positive.

Suppose fi,..., fr are once continuously differentiable functions on G with compact
support. Let ¢1 = A(f1) -+ - A(fr)¢. It follows from Lemma 3.4 that there is a constant ¢
such that

is equal to

‘¢1 (9) } <an ™t (a(i) (9))

if g belongs to &, 1 <i < m. Let ¢ be some fixed integer greater than r so that ¢(g) is
bounded and hence square integrable on I'\G. If P is a cuspidal subgroup different from G
then N R

o1 =A(f1) - Afe)¢ =0
so that ¢; is a cusp form. The functions fi, ..., f; can be so chosen that f;(kgk™t) = f(g)
for all g and all k£ and for 1 < j < ¢ and ¢;(h) is arbitrarily close to ¢(h) for any given A in
G. Consequently if it can be shown that ¢, is identically zero for all such fi,..., f; it will
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follow that ¢ is identically zero. Suppose V' is an admissible subspace of Ly(I'\G), W is an
admissible subspace of the space of functions on K, and ¢ belongs to &(V,W); then

W@)bg) g = [ M)+ NS (0)olg) dg = 0

NG NG
since A(f;) - A(fi)y also belongs to €(V,W). The functions f; are defined by f7(g) =
Tj (g7 1). Since, as follows from Lemma 3.2, the space spanned by the various &(V, W) is

dense in Lo(I'\G) the function ¢; must be identically zero.
We also see from the above proof that if ¢(g) satisfies the first condition of the lemma

and if the cuspidal component of ¢ is zero for all cuspidal subgroups of rank at least ¢ then

(E is identically zero for all cuspidal subgroups of rank at least ¢q. Let us now prove a simple
variant of the above lemma which will be used in Section 4.

Corollary. Suppose that ¢ belongs to L(I'\G) and that if P is any cuspidal subgroup, V' an
admissible subspace of Lo(O\M), W an admissible subspace of the space of the functions of
K, and ¢ an element of ©(V,W) then

U(9)é(g) dg =
NG
The function ¢ is then zero.
It is enough to show that if f is a once continuously differentiable function on G with

compact support such that f(kgk™') = f(g) for all g and k then \(f)¢ is identically zero.
Let ¢1 = A(f)¢. Then, if ¢ belongs to D(V, W) and ¥ = \(f*)v,

V@) pi(g)dg= | ¥1(9)blg) dg

G T\G

since 1; also belongs to ©(V,W). If we can obtain a suitable estimate on ¢;, we can
conclude from the lemma that ¢, is identically zero. But A(f)¢(g) is equal to

(g7'h) dh = h “Lvn) S an.
/925 F\Gqﬁ( ) EF:f(g vh)

Consequently ‘)\(f)gb(g)‘ is at most

) 1/2 1/2
{/F\G\cb(h)l dh} {/F\Gdh} itelggrjlf(g vh)|

Let U be the support of f and suppose that for all 2 in G the set { v | vh € gU } has at most
N(g) elements; then the above expression is less than or equal to a constant times N(g).
Let Gg = Sy(w, t) be a Siegel domain associated to the percuspidal subgroup Fp; at the cost
of increasing the size of & it may be supposed that Aqgw = Sy. Let w; and ws be compact
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subsets of Sy and Ag respectively such that KU is contained in wjwy K. Choose a number ¢/
such that AJ (¢, 00) contains the product of wy and Af (¢, 00) and let &) = Gy(w,t’). Every
element ' of I' such that +'h belongs to gU can be written as a product v in such a
way that vh belongs to & and dw Nwagwiag’ is not empty if ag = ag(g). It follows from
Lemma 2.11 that the number of choices for v is bounded independent of h. The condition
on § is that ag'dag is contained in ay 'wagay 'w ag. But the union over all ag in AJ (¢, 00)
of these sets is contained in a compact set. We conclude first of all that the projection of
d on M = N\S must belong to a fixed compact set and therefore must be one of a finite
number of points. Consequently d can be written as a product of ;05 where 5 is one of a
finite set of points, d; belongs to I' N Ny, and ag *d1a¢ belongs to a fixed compact subset of
Ny. The discussion preceding Lemma 3.1 shows that the number of choices for §; is at most
a constant times w™?(ag). Thus, on &y, N(g) can be taken as a constant times w™2(ao(g)).
The required estimate is now established.






CHAPTER 4

Eisenstein series

Let P be a cuspidal subgroup of G, let V' be an admissible subspace of L(©\M), and let
W be the space of functions on K spanned by the matrix elements of some representation
of K. It will follow from Lemma 4.3 that &(V,W) is finite-dimensional and thus by the
argument used in Section 3 that every element of &(V, W) is continuous. We assume then
that &(V, W) is a finite-dimensional space of continuous functions. If ® is an element of
¢(V,W) and H belongs to a., the series

(4.a) > exp(<H(vg), H)+ p(H(vg)))q’(vg)
A\D
is called an Eisenstein series.

Lemma 4.1. The series (4.a) converges uniformly absolutely on compact subsets of the
Cartesian product of

Ql:{HEac| Rea; > (o, p), 1§i<rankP}

and Gq. If the sum is E(g, ®, H) then E(g, ®, H) is infinitely differentiable as a function of
g and H and is analytic as a function of H for each fixed g. Moreover if Py is a percuspidal
subgroup of G and &gy a Siegel domain associated to Py there is a locally bounded function
c(H) on 4 which depends only on the real part of H such that, for g in &,

|E(9,®, H)| < c(H) eXp<<Ho(g), Re H) + 2p(Ho(g)) — p(Hé(g))>
where H|(g) is the projection of Hy(g) on a.
Let 28 be the universal enveloping algebra of g. The map

Y - %(gexp tY) = AY)f(9)

of g into the space of the left-invariant vector fields on GG can be extended to an isomorphism
X — MX) of B with the algebra of left-invariant differential operators on G' and the map

Y = %(exp(—tY)g) = /\,(Y)f(g)

of g into the space of right-invariant vector fields on G can be extended to an isomorphism
X — N(X) of B with the algebra of right-invariant differential operators on G. If f is an
infinitely differentiable function on G with compact support and if

Flg,®, H) = exp((H(g), H) + p(H(9)) ) ()
with @ in &(V, W), then as we have observed above

(4.b) A(f)E (g, H) = exp((H(9), H) + p(H(9)) ) F (9, (f, H)®, H)

39
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It is easily verified that if ¢(g) is any locally integrable function on G then
AX)A()(g) = AN (X)f)d(9)

Arguing as in the corollary to Lemma 3.3 we see that for a given Hj there is an infinitely
differentiable function fy with compact support such that fo(kgk™) = fo(g) for all ¢ in
G and all k in K and such that 7(fy, Ho) is the identity on &(V,W). For H close to Hy,
7(fo, H) is non-singular and we see from that for any such H

NX)F(g, @, H) = exp((H(g), H) + p(H(9)) ) f (g, (X, H)®, H)

if we define 7(X, H) to be m(X(X)fo, H)7 ' (fo, H). Of course 7(X,H) is independent
of the choice of f;. The map (X, ®) — 7(X, H)® can be extended to a linear map of
B ® €(V,W) into &(V), if 9B,, is the space spanned by

then 93,, is invariant under the adjoint group of G. If £k € K and ¢ is a differentiable
function then
MAdE(X))A(R)o(g) = AE)MX)$(g),
so that the map of 9B, @ €(V, W) into (V') commutes with K. If 1] is the space of functions
on K which is spanned by the matrix elements of the representation of K in 8,, ® W and
if the degree of X is at most m, then m(X, H)¢ belongs to €(V, ;). Consequently the
second assertion of the lemma follows immediately from the first.
To prove the last assertion we will estimate the series

> eXp<<H(’yg), H)+ p(H(vg))> ‘P(vg)’

A\
which equals
(4.0) > exp((H(vg). Re H) + p(H(19)) ) [2(79)].
A\

so that it may as well be supposed that H is real. To prove the first assertion it is enough
to show that the second series is uniformly convergent on compact subsets of 2 x G. It
follows from Lemma 2.5 that if C' is a compact subset of 2 there is a constant u such that

a;(H(vg)) < p, 1 <1<q,
for v in I" and ¢ in C. This number ¢ is of course the rank of P. If (] is a compact subset
of A and if Hy is such that a;(Hy) < Rea;(H) for all H in C} and 1 < i < ¢ then

exp<<H(’yg), H) + p(H(vg))> < ceXp<<H(vg), Hy) + p(H(vg))>

for all H in ('} and all g in C'. Here c is some constant depending on p. To prove the first
assertion it is then enough to prove that the series converges uniformly for H, fixed
and for ¢g in a compact subset of G.

Given H, choose fy(g) as above so that 7(fy, H) is the identity on &(V, W). Then

F(vg,®, Hy) = /GF(vg, ®, Ho) fo(g™"h) dh.
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Let Cy be the support of fy and let C's = C'Cs; then if g belongs to C' the series on the right
is dominated by

MY {F(yh, @, Hy)| dh
A\l
if M = supjcg|f(h)|. If the numbers of elements in {7 | yg € C3 } is less than or equal to
N for all g in G and if Cj is the projection of C3 on I'\G, the sum above is at most N times

/ > |F(vh, @, Hy)| dh < / |F(h, ®, Ho)| dh
C4 CS

A\l

where C5 is the projection on T\G of I'C3. To prove the first assertion it has merely to
be shown that the integral on the right is finite. Before doing this we return to the last
assertion. If H is in a sufficiently small neighbourhood of Hy then n(fy, H) is non-singular
on &V, W) and if & € &V, W) then

2||7(f, Ho)@| > I|2]].
Given V¥ in &(V,W) and H in this neighbourhood choose ® so that 7(fy, H)® = ¥. Then

F(hg, W, H)| < /G |[F(yh, @, H)|| folg™'h)| dh.

so that to estimate the series (4.c)) and establish the last assertion it will be enough to show
that there is a locally bounded function ¢;(H) on 2 such that for g in Sy, ® in E(V, W),
and H real and in 2

(4.d) Z/|Fh<I>HHfg v 'h)| dh
A\T
is at most
ex(H) @] exp ((Holg). H) +20(Ho(g)) — p(Hi(9)) ).
The expression equals

h<I>H —1p dh < ag F(h,®, H) dh
/A\ bt w2 (g”/c@’ (h, ., H)|

if g is in &y. The set C(g) is the projection on T\G of I'¢Cy and c is some constant. The
inequality is a consequence of the estimate used to prove the corollary to Lemma 3.7.
Lemma 2.10 can be used to prove that ['gCs is contained in

{sexp(H+H' k‘sGS ke K, He a(oou)}

where p is some constant. The integral is at most exp((H()(g), H> — p(Hé(g))) times

/ exp((X, H) — p(X)) |dz| |®(mk)| dm dk.
+a(—oo,u) O\M x K

The second integral is at most p(©\M)Y?||®|| and the first is a constant times
q

H{ (v, (H) — (o, p))fl exp (o, (H)}

=1
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This completes the proof of both the first and the last assertion.
Two remarks should now be made. The first is that if C' is a compact subset of I'\G
and € is a positive number there is a constant ¢ and a point Hy in a such that if
Re(ay,(h)) > (ai, p) + €
for 1 <i < qand @ isin €V, W) then, for g in C,
|E(g,®, H)| < c||®| exp(Ho, Re H).

The second is that if X belongs to B, then

NX)E(g,®,H) = E(g, (X, H)®, H).

Both statements have been essentially proved in the course of proving the above lemma.
We can in particular choose V' and W to be the space of constant functions on M and
K respectively. It is clear that if ®(¢g) = 1 and H is real then

E(g,®,H) > F(g,9,H)

This observation will allow us to prove a variant of Lemma 4.1 which will be used in the
proof of the functional equations for the Eisenstein series in several variables. Suppose that
*P is a cuspidal subgroup belonging to P and ¢(g) a function on *A*T\G. The orthogonal
complement Ta of *a in a can be regarded as the split component of TP = *N\P N*S. It is
contained in 'h, the orthogonal complement of *a in b, which in turn can be regarded as the
split component of the percuspidal subgroups of *M. Suppose that there is a point TH in fa
such that if &, is a Siegel domain associated to the percuspidal subgroup P, of *M then

)] < cexp( (' Hotm), 1) + p(* i)

if m belongs to Tyy and k belongs to K. Here 'H/(m) is the projection of THy(m) on Ta.
Suppose *H belongs to *u.. Let us verify that the series

3 exp <<*H (v9),"H) + p("H (vg))cb('yg))
A\

converges absolutely if H = *H +H belongs to a. Suppose that Py, ..., Py, are percuspidal
subgroups of G to which *P belongs and &, ..., &, are Siegel domains of *M, associated
to the groups TPy, ..., P, respectively, such that Ui, f&; covers 'O\*M. Let P,..., P,
be the cuspidal subgroups with the split component a belonging to Fyy, ..., Py, respectively.
The function !gb(g)‘ is bounded by a constant multiple of

303 exp(< (59). ' H) —l—p(THOZ((Sg)))

=1 A;\*A
which equals
Z Z exp(<TH (Om), TH> +p<TH61(Og)>)
=1 TA,; \*©

if g = namk with n in *N, a in *A, m in *M, and k in K and if TH/;(g) is the projection of
Hy;(g) on Ta. Since

(Hilg), H) + p(Hi(9)) = (*H(g),"H) + p(*H(9)) + (Hilg), ' H ) + p(" Hiy(59))
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the assertion is seen to follow from the lemma. The assertion has now to be refined slightly.

Suppose that in Lemma 2.10 the parabolic group is a percuspidal subgroup. If s belongs
to Q(bh,h) then A can be taken to be the linear function defined by A(H) = d;a;(sH).
We infer from the lemma that o ;(H) — o ;(sH) is non-negative on h*. It will be seen
eventually that if a and b are distinguished subspaces of f then Q(a, b) is the set of linear
transformations from a to b obtained by restricting to a those elements of Q(h, ) which
take a onto b. It follows readily that if H belongs to a™ and s belongs to £(a, b) then
H — sH belongs to *h.

Suppose that *P and P are as before but that the function ¢(g) on *A*T\G satisfies

<3 ¥ exp (T Ha(m) (1)) + (i) ).

i=1 setQ(a,a;)

Here ai,...,a, are the distinguished subspaces of h such that TQ(a, a;), which is the set of
all linear transformations from a to a; induced by elements of €2(h, ) that leave each point
“a fixed, is not empty. Combining the result of the previous paragraph with the convexity
of the exponential function we see that

> exp <<*H('yg), ‘H)+p("H (79))) ¢(79)

*A\D

converges if *H + TH belongs to the convex hull of
n
=1 SETQ(G,C(Z')
There is no need to be explicit about the sense in which the convergence is uniform.

For the further study of Eisenstein series some facts about differential operators on G
must be reviewed. In [9] it has been shown that 3, the centre of B, is isomorphic to the
algebra J of polynomials on j. invariant under the Weyl group €2 of g.. Let this isomorphism
take X in 3 to px. For our purposes the form of the isomorphism is of some importance. If
P is a split parabolic subgroup of G with A as a split component and if « is in @ let

n, ={Xeg|[Ha]=-aH)X forall Hina}.

Ifn= = ZQEQ n, then g. = n.+ a. +m. + n_. If the universal enveloping algebras of n, a,
m, n~ are N, A, N, I~ respectively then the map

Xl X XQ (29 X3 X X4 — X1X2X3X4

extends to a vector space isomorphism of 9 ® A ® M @ N~ with B. Identify the image of
1@ARM® 1 with AR M. If X belongs to 3 then X is congruent modulo n/B to a unique
element X in A M, say X = X; + Xo. If 3’ is the centre of M it is clear that X; belongs
to A ® 3’. The advantage of this decomposition for us rests on the fact that if X belongs
to 3 then A\(X) = N(X’) if X’ is the result of applying to X the anti-automorphism of 8B
which sends Y in g to =Y. Thus, if ¢(g) is a function on N\G, \(X)o(g) = N(X])o(g).
Let j. = a; @ j.. where j, is the Cartan subalgebra of m.. There is of course an isomorphism
of 3’ with the algebra J' of polynomials on j, invariant under the Weyl group of m.. Let
X — px be that isomorphism of 2 with the algebra of polynomials on a. which assigns
to Y in a the polynomial py(H) = (H, H) + p(H). Since j. is the direct sum of a, and j, a
polynomial on either of the latter defines a polynomial on j.. If X = > X; ® Y; belongs
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to A ® 3’ let px = > px,py,- The image of A ® 3 is the set J; of all polynomials on j,.
invariant under the Weyl group €’ of a. +m.. If X belongs to 3 and X = X; + X, as above
then px = px,. The module J; is finite over J and so is the set of all polynomials on j.. If
X — £(X) is a homomorphism of J or J into the complex numbers there is a point Z in j.
or in j, respectively such that £(X) = px(Z).
If P is a cuspidal subgroup and V' is an admissible subspace of L(©\M) then V' can be

written as a direct sum,

DV

i=1

where V; is closed and invariant under the action of the connected component of M and
AMX)d = px(Z!)¢ if ¢ belongs to V; and X belongs to 3’, Z! being some point in j.. Although
V; is not admissible we can still define (V;, W) and &(V,W) = @_, €(V;, W). If & belongs
to €(V;, W), X belongs to 3, and X = X; + X, as above then

AX)F (g, @, H) = N(X1)F(g,®, H)
-3 exp((H(g). H) + p(H(3)) ), (Z)2(0)

_ZPU pY Z/ F(g7<b7H)

= pX(Z-)F(g, o H)
if Xy =3 ,U;®Y;and Z; = H + Z;. Thus
(4.e) MX)E(g,P,H) =px(Z;)E(g,P, H)
Lemma 4.2. Let P be a cuspidal subgroup of G; let ¢ be an infinitely differentiable function
on N\G; and suppose that there is an integer { and a Z in j. such that, for all X in 3,
(MX) —pX(z))egb =0. Let k =[Q: Q). If {p;} is a basis for the polynomials on a of
degree at most k*(, if {Zy,...,Z;} is a set of representatives of the orbits of ' in QZ, and
Z; = H;, + Z! with H; in a. and Z] in j.. then there are unique functions ¢,; on NA\G such
that ,

(V) = px(20) 'y = 0

if X belong to 3’ and

= iexp(<H(g),Hi> ){Zpy lej )}

If {Yi,...,Y,} generate A ® 3’ over the image of 3 and if {X7,..., X, } generate 3 the
linear space 2J spanned by

{/\/(X{)al"'/\/(X{,)QUXO/}/M)‘1<ai<€, 1<]<u}

if finite-dimensional and is invariant under X' (X”) for X’ in 2A®3’. Since A®3’ is commutative
one has a representation of this algebra on 2J. Let K be a set of representatives for the
left-cosets of ' in 2 and if s € Q and p is a polynomial on j. let p*(W) = p(sW) for W in
je. If X belongs to A ® 3’ the polynomial

p(U) =W -p%)

seK
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has coefficients in J; by means of the isomorphism between J and 3 it defines a polynomial
q with coefficients in 3 and ¢(X) = 0. If p(U, Z) is the polynomial

[ -px(s2))

seK

with constant coefficients then, restricted to 25,

(p(V(x7),2) = X (p(X’)))M — 0.
So
[TV = px(s2)" =0

sER
From this it follows immediately that 20 is the direct sum of spaces 2y, ...,20, with

w; = {vew ‘ (N(X) = px(Z)" =0 forall X in A@ 3 }.

Then ¢ can be written uniquely as Z;‘i:l ¢} with ¢ in 20;. Suppose ¥ belongs to 20, for
some 7. If g is fixed in G let ¥(a, g) be the function ¥ (ag) on A. If X belongs to 2 then

(AX) = px(Hy)" W(a,g) =0
This implies that

Y(exp H, g) = exp((H, H;) + p(H)) Z Wi(g)p;(H

where the functions ¢%(g) are uniquely determined and infinitely differentiable. If @’ = exp H'
let

exp((H — H', H) + p(H — H'))pn(H — H') = ZT,m exp((H, H;) + p(H))p;(H)

Since ¥(a’ 'a,da'g) = ¥ (ag) we have
> Tl (a'g) = ¥, (9).
J

Consequently
9) = Tim(a(g)) ¥ (9)

is a function on A\G and

= 3" Uu(0)pn(0) = exp((H(9), H) + p(H )Z% 9)p; (H

Since the functions 1;(g) are readily seen to be functions on N\G the lemma follows.

Two remarks should be made in connection with this lemma. The first is just that if ¢
is a function on T'\G then, for all ¢ and j, ¢;; will be a function on AT\G. For the second,
suppose that ¢ = 1 and suppose that there is a subset {Z1,...,Z,} of {Zl, ..., Z} such
that ¢;; is identically zero unless 1 < ¢ < u. Suppose moreover that for 1 <7 < u there is a
unique element s; in K such that s;Z = Z; and that

H =H, 1<j<t
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implies Z; = Z;. Referring back to the proof we see that
p(N(X"),Z) = N (p(X")) = 0;

SO
[TV = px(s2)) =o0.
SER

If X belongs to 2 we see also that

T

TTOMX) = px(Hy)) 6 =0.

i=1
Hence
NX)¢; = px(H;)o;

and
(4.0 8l9) = D exp((H(g). H) + p(H(9)) ) &u(a),

where ¢;(g) is a function on NA\G such that
X(X/)<Z5i = pX(Zz{)@
is X belongs to 3'.
If ¢ is a fixed integer, Z1,..., Z,, points in j., and o4, ..., o, irreducible representations
of K let
N2y, ooy oy 01y ey o L)
be the set of infinitely differentiably functions ¢ on I'\G such that

m

¢
[T = px(2) ¢ =0
i=1
for every X in 3, { Ak)o ‘ ke K } spans a finite-dimensional space such that the restriction
of A\(k), k € K, to this space contains only irreducible representations equivalent to one
of o1,...,0,, and there is a constant r such that for any Siegel domain &, associated to a
percuspidal subgroup P, there is a constant ¢ such that

|9(9)| < en” (alg))

for g in &. The following lemma is essentially the same as the one stated in [14].

Lemma 4.3. The space
D21y Doy 01y ey O )
s finite-dimensional.
There is no less of generality in assuming that Z; and Z; do not belong to the same
orbit under €2 unless ¢ = j. Then

D21,y Doy 01y ey O L)

is the direct sum of
D(Ziyo1, .. 00 L), 1<i<m
In other words it can be assumed that m = 1. Let

DZ,01,...,000) =9
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The first step is to show that the set $ of all functions ¢ in § such that

/ ¢(ng)dn =0
TAN\N

for all cuspidal subgroups except G itself is finite-dimensional. From Lemma 3.4 we see that
9o N Lo(I'\G) is finite-dimensional. Consequently to prove that £ is finite-dimensional it
would be enough to show that £, is contained in L£o(I'\G). If s is a real number let $o(s)
be the set of functions in £, such that for any Siegel domain & there is a constant ¢ such
that
|0(9)| < en®(alg))
for g in &. Since
$Ho = U $o(s)
seR
it must be shown that $o(s) is contained in Lo(I'\G). This is certainly true if s = 0 and if
it is true for s; it is true for all s less than s;. If it is not true in general let sq be the least
upper bound of all the s for which it is true. If f is once continuously differentiable with
compact support and, for all g and k,

f(kgk™) = f(g)

then A(f) takes $) and ) into themselves. Indeed according to Lemma 3.3 if ¢ belongs
to 9o (SO + %) then A(f)¢ belongs to £ (so — %) and hence to $9 N Lo(I'\G). There is a
sequence { f,,} of such functions such that A(f,,)¢ converges uniformly to ¢ on compact sets.
Since {A(f.)¢} belongs to o N Lo(I'\G) which is finite-dimensional so does ¢. This is a
contradiction. We have in particular proved the lemma if the percuspidal subgroups of G
are of rank 0 so that we can use induction on the rank of the percuspidal SubgrOEps of G.
To complete the proof it will be enough to show that the range of the map ¢ — ¢ where

3g) = / oy e dn

is finite-dimensional for every cuspidal subgroup of rank one. According to the previous
lemma there is a finite set {71, ..., Z;} of elements of j. such that if Z; = H; + Z! then ¢(g)
may be written as

Xt: eXp(<H(9), Hi> + P(H(g))) Z%(H(g))’%(g)

i=1

where the ¢;; are functions on AT\G. We shall show that, for each i and j, ¢;; lies in
a certain finite-dimensional space. Consider ¢;; as a function on © x {1}\M x K. The
percuspidal subgroups here have rank one less than for G. It will be enough to show that
there are points Wy, ..., W, in j., representations y,...,7, of N\N(K N P) x K, and an
integer ¢’ such that ¢;; belongs to

Wy, oo Wy Ty, 03 £

This follows almost immediately from Lemma 4.2 and Lemma 3.3.
Observe that if ¢ belongs to

fj(Zly---aZm; O1y+++,0n; E)
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and v belongs to
N2, Dy 01y 00 0) N Ly(T\G) =
then, by the corollary to Lemma 3.3,

¥(g)P(g) dg

G
is defined. Thus there is a unique ¢’ in £, such that ¢ — ¢’ is orthogonal to Jo; ¢’ is called

the cuspidal component of ¢. It is easy to see that if V' is any admissible subspace of

Lo(T'\G) and W is any admissible subspace of the space of continuous functions on K and
1 belongs to E(V, W), then

(g)dlg)dg = | ¥(9)¢ (9)dg
NG NG

These two lemmas will now be used to study the Eisenstein series. Suppose P™") and P(?)
are two cuspidal subgroups and V) is an admissible subspace of £L(OMW\M®). As before

write V M as S0, v Where AMX)p = pX(Zi(l))gb if ¢ belongs to Vi(l) and X belongs to

7
3, Z belng some point in je (M Because we have two cuspidal subgroups it is notationally
convenient to replace the prime that has been used earlier by the superscript (1) or (2). If

® belongs to Q‘E(Vif)l), W) and HY and al) satisfies the conditions of Lemma 4.1 consider

/ E(ng,® H" )dn_/ E(tg,®, HY) dt
CAN@A\N @) ACN\T(2)

which is equal to

/Au)\T(z) Z

exp <<H(” (1tg), H(”> +p (H(” (7t9)> ) O (~tg) dt.
AO\T

Replace the sum by a sum over double cosets to obtain

/ exp <<H W (ytg), H (1)> +p (H M (7t9)> ) O(tg) dt.
A@ Ay 1ADN\TE)

The terms of this sum will be considered individually.
If

O(g, H,~) = / exp <<H(” (7tg), H‘”> + p(H(” (vtg)) ) D(ytg) dt
A(Q)ﬂ’y_lA(l)’y\T(Z

and if W1, ..., W, is the set of representatives of the orbits of Q® in Q(H® + Zi(ol)) and
W; = H@) + W-(z), we can write

Zexp<<m2> ) o (H10) )} e (110t

A\T/AR)

Setting
Gja(m, k) = dju(mk™),

2) « {1}\M(2)

we obtain functions on
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There are irreducible representations 74, ..., 7, of
(N@)\N@)(K N P<2>)) ¥ K
and an integer ¢ such that ¢;; belongs to
9(2)”.
Let ¢, be the cuspidal component of ¢;. If V' is an admissible subspace of

Lo (@<2>  {INM® x K>

Tl ooy Ty b).

and W’ an admissible subspace of the space of continuous functions on
<N<2>\N(2>(K N P<2>)> x K
and if ¢ belongs to &(V,W’), then

/ ®(exp HYmk™t, HY y)ih(m, k) dm dk
0N\ MPIxK
is equal to the sum from j =1 to ¢ of exp((H(Q), H](2)> + p(H(2))> times

(Zni |

The first integral is an analytic function of H") on

AWM = {H(l) caV | Real (HW) > (al,p), 1 <i<qW }

. ;(m, k) (m, k) dm dk}.

O\M@xK

if ¢ is the rank of P, It vanishes identically if it vanishes identically on some open
subset of AN, If s, and s, belong to |, a set of representatives for the left cosets of Q2 in
), and s belongs to Q? then the equation

ssi(HY + Z20) = s,(HO + 21

is satisfied on all of al¥ or on a proper subspace of all). Let 2; be the open set of points
H® in AW such that for any s, s1, and so,

ss1(HY + 20y = so(HD + 21)

only if this equation holds identically. On this set of points the number ¢ above is constant.
We can then choose fixed elements sq, ..., s, in Q and take, for H® in 2,
W, = s;(HO + ().

It is readily seen that

DD [ g Cme K ) i
k X

is a continuous function on 2. It vanishes unless Z ) is one of a finite number of points.

j
Since ZJ(-Q) is a linear function of H it will be a constant if this integral does not vanish

identically. Then s;(2;) will be contained in a®. Since s; is non-singular this can only
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happen if the rank of P is at least as great as the rank of P(). We conclude that the
cuspidal component of ®(g, H" ) and thus of

/ E(ng,®, HY)dn
INN@A\N @)

is zero if the rank of P® is less than the rank of P,

We now treat the case that V) is contained in Lo(©@MW\M®). Tt will be shown later
that if the rank of P® is greater than the rank of P! then the cuspidal component of
®(g, HV,~) vanishes identically. Anticipating this result, we consider the case of equal

rank. Let si,..., s, be the elements of K = {51, . sn} such that s;(a®) = a®. Let Hj(?)

now be the projection of s;(H® + Zi(ol)) ona?. If 1 < j; < mand m < j» < n the equation
H J(IQ) =H J(f) cannot be identically satisfied. Let 2, be the set of points in H® in 24 such
that H](-lg) + H(Q) if 1 < j; <m and m < js < n and such that

s (HO + Z)) = s (HO + Z,7)
or
s; (HY) = sj2<H(1>>, L 2 <
only if this equation holds identically on a"). Suppose H(! belongs to A, and
Sj1 (H(l)) = sz(H(l))a I<j1, jasm

then s;, 3;21 belongs to Q) so that j; = j,. According to the remark following Lemma 3.7
¢jr = ¢ and then according to the remark following the proof of Lemma 4.2

00, 1.7) = e ((H(g). 1)+ p(HO() Yo

Grouping together those s; which determine the same element of Q(a®,a?) we can write
the right hand side as

Z eXp(<H(2)(g),sH(1)> + p(H(Q)(g)>)@s(g;*y),

s€Q(aD) a(2)

where ®,(mk~!;~) belongs to
£0<@(2)  {IN\M® x K).

This sum is of course zero if P and P® are not associate.
In general for any ® in &(V®" W) we see that, for H1) in 2s,

/ E(ng,®, HY)dn
INN@\N®)

S % ew((#0et) 4 p(100) )oul)

ACN\T/AM s€Q(aD),a(2)

is equal to

In order to simplify the statements of our conclusions let us introduce the notion of a
simple admissible subspace. Let P be a cuspidal subgroup and let j. = a. + j. where j. is
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the Cartan subalgebra of m.. If Z’ is a point in j, and 7, ..., Z! is the orbit of Z' under
those elements in the group of automorphisms of g. generated by G and the adjoint group
of g. which normalize both j. and a. then the sum V of all closed subspaces of Ly(©\M)
which are invariant and irreducible under the action of the connected component of M and
which belong to one of the characters X — px(Z!) of 3’ will be called a simple admissible
subspace of Lo(©\M). Since V' is invariant under M it is an admissible subspace. A simple
admissible subspace of the space of continuous functions on K is the space of functions
spanned by the matrix elements of an irreducible representation of K. If P() and P®
are two associate cuspidal subgroups and Z( is a point of jél) let Z® be the image of
ZM) under some element of Q which takes a onto a®. If V() and V® are the simple
admissible subspaces defined by Z() and Z® respectively then V) and V' are said to
be associated. As a convention two associate admissible subspaces will always be simple. It
will be enough to state the results for simple admissible subspaces because every admissible
subspace is contained in a finite sum of simple admissible subspaces. In particular if V(!

and W are simple admissible subspaces and V®) is the simple admissible subspace associate
to VW if ® belongs to &(VM W), and if H?® belongs to U? then

(4.) / exp(<H W (ytg), H (”> + p<H (1)(%9)))@(%9) dt
A~ TADNTE)
is equal to

(4.1) ST e (<H<2> (9), sHW) + p(H® <g>)) (N (s, H)@ ) (g).

s€Q(a1) a(2))
Here N, (s, HV) is, for each H) in %A, and each s, a linear transformation from ¢(V®, W)
to &(V@ W); it is analytic as a function of H".

It is necessary to establish the formula (4.h)) on all of 2(. To do this it is enough to
show that all but one of the terms in (4.h)) vanish identically on 2. Choose some s; in
Q(a®, a?); since 2, is connected the corresponding term of (4.h)) will vanish identically if
it vanishes for real values of the argument. If H® is real and in 2, then

(soHW, sHWY < (soHWV 5o HM)
if s belongs to Q(a™, a®) but does not equal so. In (4.5) take
g = expa(soHV)mk,

where a is a positive real number, exp a(soH ")) belongs to some split component A?) of
P®@_m belongs to M®, and k belongs to K, and replace H" by bH™) where b is a positive
real number such that bH) belongs to A. Then multiply by

exp(—ab(soH(l), soHW) — ap(sOH(l)))
and take the limit as a approaches infinity. The result is
N, (s0; HY)®(mk).

On the other hand if the same substitution is effected in (4.g) the result is bounded by a
constant times

HO (h(t, 7)), bH®D HO (h(t, )dt
/A@mvmuw\ﬂz) exp(< (n(t,7)) >+p( (A( 7)))
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with h(t,y) = ytexpa(soHM)mk, because ®(g) is a bounded function. Of course this
integral is finite and it equals the sum over A® Ny TAMANAR /T N N of

exp(<H(1) (h(n,vé)),bH(1)> + p(H(l) (h(n,yé)))) dn.

Choose u in the connected component of G so that ' Py and P both belong to the
percuspidal subgroup P. Suppose that split components a®), a®® and a have been chosen
for PV, P?) and P respectively so that Ad(u~')a® and a® are both contained in a. The
Lie algebra p contains a subalgebra b such that a C b C g, and b is a maximal subalgebra
of gs such that { AdH | H € b} is diagonalizable. By Bruhat’s lemma [12] vdu can be
written as pup; where p belongs to P, p; to v~ 'P®u and v belongs to the normalizer of b.
Then each integral above is the product of

exo ({1501 + o)

\/5_17_1A<1)750N(2>\N(1)

and the integral over
S TIAW s N N\ ND)
of

eXp<H(1) (vplu_lnu expa (Ad(u‘l)(soH(l))> u_lmk:) ,bHW 4 Hp>

if H, is such that (H, H,) = p(H) for H in h. Let Ny = u"'N®uy and replace the integral
by an integral over

t_lp_lA(l)pt N No\No.
Now v~ 'p~'!AWpy N N is contained in v~ 'p~'SWpv N Ny and both these groups are uni-
modular. So the integral is a product of

(v pPAWpy A No\o~ptSWpu N Ny)

and an integral over v='SMvy N Ny\ Ny since p~1SWp = S, If p; = nymya; with ny in N,
my in p ' MPu, and a; in v APy the integrand is

exp<H(1) (vn exp <a Ad(u™) (80[‘[(1))) mlalu_lmk) JDHW 4 Hp>.

If H belongs to b then

n — exp(—H)nexp H = &£(n)
defines a map of v='SMwv N Ny\ Ny onto itself; let dn = exp pi(H) dé(n). Then this integral
is the product of

exp (ab<Ad(vul)(ng(1)), H(1)> +ap (Ad(vul)soH(l))) + ap; <Ad(u’1)(50H(1))>

and
/ exp<H(1)(vnm1a1u’1mk), bHW 4 Hp> dn.
Uﬁls(l)UﬁNo\No

This integral is of course independent of a. If Ad(vu=")(soH™) does not equal H™ choose
b so large that

P(Ad(UU_l)(soH(l))> + (Ad(u_l)(SOH(l))> — p(soHW)
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is less than
blsoH®M, sgHM) — b<Ad(vu*1)(50H<l>), H<1>>

Then the result of multiplying (4.g) by
exp(—ab(sOH(l), soHW) — ap(sOH(l)))

and taking the limit as a approaches infinity is zero. Thus if N, (so, H) is not identically
zero there is some ¢ in A® such that Ad(vu~') maps a® onto aV) and is equal to the
inverse of 5o on a®. If ydu = pvp; then yu = pv(pyu~'6~1u) and v can be chosen to depend
only on 7. Thus there is at most one term of which does not vanish identically. Before
summarizing the conclusions reached so far let us make some remarks which are useful
for calculating the transformations N, (s, HV) explicitly. If N,(s, HY) does not vanish
identically let v = p(vu™")(up1u~"); simplifying we can write v = nya;wny with ny in N,
a; in AW, ny in N® | and with w such that Adw takes a®® onto a and is inverse to s on
a®. Then equals the product of

exp ((HO(an), 1) + (1 (ar)) )
and the sum over (I'N N®)(A® Nyt ADA)N\AB of
exp <<H(1)(wn25ng), H(1)> + p(H(I) (wnﬂng))) ®(wnqdng) dn

/5—1—\,—1A(1)—y§ﬂN(2)\N(2)

Although we will not press the point here it is not difficult to see that the sum is finite
and that 6 'y PAMy6 N N®@ is equal to 6y~ (NM NT)yd N N?. Consider the linear
transformation on &(V W) which sends ® to ® with ®'(g) equal to the product of

exp (= (H(a).sH?) ~ (#10)))
and

/ exp (<H(1) (wng), H(1)> +p <H(1) (wng)) ) d(wng) dn.
wmINMyNN@\N?2)

Note that @' is a function on A@ N@\G. Considered as a function on M®? x K| it is a
function on w'O@MWw\ M. Since the sum is finite w'OMw and O are commensurable.
We can define the subspace of V) (w) of Lo(w 0@ w\M®?) associate to V1) and &’ belongs

to Q‘E(V(Q) (w), W) Denote the linear transformation from &(V®") W) to (’E(V(Z) (w), W> by
B(w, HY). Write, for brevity
u(5‘17_1(N(1) NT)vd N N\ IND 46 N N(2)),
which is independent of ¢, as pu; then
N, (s, HDYD(m, k)
equals

3 ;Lexp(<H(1)(a1), H<1>> v p(H(l)(a1)>>B(w, HOYD(3m, k)

(CAN@) (A My~ 1AM\ AR)
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if 0 is the projection of 6 on M®. The sum is a kind of Hecke operator. However this
representation of the linear transformations will not be used in this paper.
If s belongs to Q(aV, a?) let

N(s, HD) = Y Ny(s,HY).
AMN\T/A(®)

Lemma 4.4. Suppose PV and P® are two cuspidal subgroups and suppose VY is a simple
admissible subspace of Lo(@MW\MW) and W is a simple admissible subspace of the space of
continuous functions on K. If PV and P® are not associate then the cuspidal component

of
/ E(ng,®, HY)dn
INN@\N @)

is zero; however if P and P® are associate then

/ E(ng,®, HY)dn
INN@A\N @)

1S equal to

> (g sH) 4 () )N s, 1000
56Q(a(1>7a(2))
where N(s, HV) is for each HY in AN a linear transformation from VW W) to
E(VA W) which is analytic as a function of HWY.

This lemma is not yet completely proved; the proof will come eventually. First however
let us establish some properties of the functions N (s, HM).

Lemma 4.5.

(i) There is an element Hél) in aV) and a constant ¢ = c(e) such that, for all s in

Q(aV, a),
HN(S, HW) ’ < cexp(H", Re HY)

for all HY in AD with o; (HW) > (o, p) + €.
(i) Let F' be a subset of the simple roots of b and let

a={Hebh|aH)=0ifacF}

Suppose *a is contained in aV) and a® and s in Q(aV,a®) leaves each point of *a
fized. Let *P1Y and *P® be the unique cuspidal subgroups belonging to P and
P®@ respectively with *a as a split component. If *PY and *P® are not conjugate
under T' then N(s, HY) = 0; if *P1V) = *P2) =*P then N(s, HV) is the restriction
to €V W) of N(ts,THW).

(iii) If s belongs to Q(a),a®)) then N(s, HV) is analytic on the convex hull of AV
and —s~H(A®) and

N(s, HV) = N*(s7, —sH").

Let us start with part (ii). First of all we have to explain the notation. If *P(") = *P(2) =
P let

FpE — N\ PO %5, i=1,2.
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Then 'P® x K is a cuspidal subgroup of *M x K with split component Ta® if a® is
the orthogonal sum of *a and Ta®. The restriction of s to fa® defines an element s of
Q(fa®, Ta®). So tPM and TP? are associate. As we remarked in Section 3, the space
&(V@ W) can be identified with a subspace of &(V® @ W, W*). Although the subspace
W* is not simple it is a sum of simple admissible subspaces so that if TH®) belongs to
A1) which is defined in the obvious manner, the linear transformation N (s, TH®) from
(VO @ W, W*) to ¢(VE @ W* W @ W*) is still defined. If H® belongs to AN and
HY =*HO 4 TH® then THY belongs to fAM) and part (ii) of the lemma asserts that
N(s, HM) is the restriction to &V W) of N(fs,THM). To prove it we start from the
formula
(4.1) N(s, HD)y= Y N,(s,HY).
AM\T/A®)
If N, (s, HY) is not zero we know that v = pyupy with p; in PO, p, in P®| and v such
that the restriction of Ad(v) to a® is the inverse of s. We are here considering a!) and a®
as subsets of g. Let *a and *a® be the image of *a in al¥) and a® respectively. Then Adv
takes *a®) to *a(® in such a way that positive roots go to positive roots. Thus
U(*P(2))U_1 _ (*P(1)>
So
7(*P(2)>771 — *P(l),
which proves the first assertion. If *P(V) = *P(2) = *P then +*P~~! = *P so v belongs to *P.
The sum defining N (s, H (1)) may be replaced by a sum over a set of representatives of the
cosets AW\*A /AP Moreover if 7, and v, belong to *A and 6,720y = 2 with d; in AD, &,
in A® then project on
B =(CAN'N)\"A
to obtain *51*’71*52 = *72 with *6z in
TAD = (ANNNAD, =12,
Conversely if *0;%y,"0; = *y5 then there is a § in *AN*N C AWM 5o that 0017102 = 7. Finally
if H belongs to a'® and v belongs to *P then

exp<<H, sHW) + p(H)) N, (s, HD)®(mk™),
with m in *M and k in K, is equal to

/ exp (<H<1> (7t exp Hmk™Y), HV + Hp>> O(~t exp Hmk ™) dt.
A@ Ay -1AMN\TO
Since A® N ~y~*AM~ contains *N NI and
p("NNI\'N) =1,
the integral is the product of

exp((.5CHO) ) + o1 )



56 4. EISENSTEIN SERIES
and the integral over TA®) N~ L(TAD YA\ IT@) of
exp (<TH(WH exp THmk™1),TH® + Hp>) d("yttexp THmE™Y) dit.
Here H = *H + TH with *H in *a and TH in fa®®. This integral equals
exp (<TH, S(TH(l))> + p(TH)) No(Ts, THOYD (m, k).

Thus N, (s, HY) is the restriction of N-,(s,TH®). Substituting in we obtain the result.

Before proving the rest of the lemma we should comment on the formulation of part (ii).
Suppose P and o P, ' = P’ are two conjugate cuspidal subgroups. Then 7,57, ' = S’ and
we may suppose that split components A and A’ for (P, S) and (P’,S’) respectively have
been so chosen that ypAvy; ' = A’. Every function ¢ on AT\G defines a function ¢' = D¢
on A'T"\G by

¢'(9) = w(d' (7)) 8% '9)-

Let us verify that

/ |¢(mk)|* dm dk = / |8/ (m'E) | dm
O\MXK O\M'xK
Since we may suppose that M’ = v, M~; ', the right side is equal to

) [ (om0 () dmak
O\MxK
which equals

P a)) [ ot u(m) dm
if

The map n — yn7y, ' of N to N’ is measure preserving since I' N N is mapped to I' N N’
and I' N N\N and I' 0" N\ N’ both have measure one. Since the map H — Ad~(H) of a
to o’ is an isometry the map a — vpay, ' of A to A’ is measure preserving. If 1(g) is a
continuous function on G with compact support then

/G ¥(g) dg

/Ndn/sz(a) da/Mdm/dev,b('yOnamk)

[oan [ i [ dm [ arotanomos o)
/ i M K

The latter integral is in turn equal to

) [ an [ wHayda [ am [ defpamin oyt

We conclude that

is equal to

which equals

p(m) = w(d'(0))
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and the assertion is verified. In the same way if ¢ is a function on ©\M and ¢ = D¢ is
defined by

¢'(m') = w(d' (7)) d(e 'mo)

L Jetmam= [ o) am

The map D takes Lo(©\M) to Lo(©"\M'). If V is an admissible subspace of L(©\M)
and W is an admissible subspace of the space of functions on K then D takes €(V, W) to
V', W) if V! = DV. If ® belongs to E(V, W) let

D(H)® = exp<—<H'(%), H>>D<I>.

then

Then
E(g,®,H) = Zexp(w(vg), )+ p(H(vg)))Mvg)
A\T

or

> eXp<<H(%‘1w), H)+ p(H(%‘lvg))) (75 79)-

AND
If g = n'd'm’k’ then

%9 = (1 "1"0) (% "a%) (7 'm0)70 'k
so that
H(vy'g) = H'(g) + H(% ")

In particular H (v, ') = —H'(7). Consequently the sum equals

> eXp(<H’(vg)> H) + p(H’(vg))> (D(H)®)(g) = E(g, D(H)2, H).

ANT
Thus the theory of Eisenstein series is the same for both cuspidal subgroups. This is the
reason that only the case that the cuspidal subgroups P;" and P; are equal is treated
explicitly in the lemma. Finally we remark that if ¢ belongs to ©(V, W) and ¢’ is defined
by @' (v09) = ¢(g) then ¢’ belongs to ©(V, W) and

> o(vg) =D ¢ ().

A\l AND

Part (iii) and the improved assertion of Lemma 4.4 will be proved at the same time
by means of Fourier integrals. Suppose P is a percuspidal subgroup, V' is an admissible
subspace of Lo(©\M), and W is an admissible subspace of the space of functions on K. If
¢(g) belongs to ©(V, W) then, for each a in A, let ®'(a) be that element of &(V, W) whose
value at (m, k) is ¢(amk™'). If ¢ is the rank of P and H belongs go a, let

O(H) = /(ID/(eXpX) exp(—(X, H) — p(X)) dX.
The function ®(H), which is a meromorphic function on a., will be called the Fourier
transform of ¢. By the inversion formula

o(g) = (%>q/Re(H)Y eXp(<H(g),H> +p(H(g))><I>(H,9) |dH |
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if Y is any point in a and ®(H, g) is the value of ®(H) at g. In the following ¢ will be
chosen to be infinitely differentiable so that this integral is absolutely convergent. If

a(Y) > (o, p)
for every simple root of a then

oo = (5) [, Eloatn.

Since we have still to complete the proof of Lemma 4.4 we take P®, i = 1, 2, to be
cuspidal subgroups, V@ to be an admissible subspace of Lo(@@W\M®) | and W® to be an
admissible subspace of the space of functions on K. Suppose ¢ belongs to ®(V® W)
and ¥ belongs to &(V®) W®); then it has to be shown that if the rank of P is less than
the rank of PV the integral

. — —(2)
(4.§) /T o ¢(9){ /A - E(tg, v, H )dt} dg

vanishes for all H® in A®. As usual we write this as a sum over the double cosets

G\T/AD
/(b {/exp H( )(ytg), H® +Hp>§(7tg) dt} dg.

The outer integral is over T\ G; the inner over A N4~ !A@AN\TO, We shall show that
each term vanishes. A typical term equals

(4.%) / exp(H? (79), H? + H, )6(9)¥(19) dg
AMPy=TA@N\G
which equals
/ exp( H® (g), H® + H, )o(y"'9)¥(g) dg
AP NyAMy—1\G
If .
1
o0 =(52) [ exa(HO@)HY 4 H,)a(H.g)aH)
2m Re(H)=Y
with Y in AV, and ¢(HM, H®) is obtained by integrating
exp<H(1) (v texp HOmk™ ), HY + Hp><I>(H(1), v texp HOmEk™ )T (mk™?)

first over A® Ny TAMAN\T with respect to dt and afterwards over O\ M?) x K with
respect to dm dk, then (4.k|) equals

(4.0) / exp(H, H® — Hp>{ / §(HW H) \dH(l)]} dH
(2) ReH=Y
Since {(HW, H) vamshes when rank P is greater than rank P®), so does (4.K). Suppose

now that P ) ) and P are associate, then VM) and V() are associate, and that W = W ®),
Then ¢(HW, H?)) equals

exp(<H<2>, sHDY + p(H<2>)) <N¢1(s, HOY(HWD), m)
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where s is some element of Q(a(!), a®) determined by . Substitute in (4.4) to obtain

/ exp(—(H, —s’lH@)))
a()

: {/ exp(H, HV) (Nv_l(s, HOYO(HW), qf) ]de\} dH
Re HO) =Y

The outer integral and the corresponding integral for

(4.m) /u<1> exp(—(H, —s_lH(2)>>

: { / exp(H, HD) (N(s, HOY(HD), qf) |dH(1)|} dH,
ReHM =Y

which is obtained by summing over double cosets, are absolutely convergent. On the other

hand (4.k) equals
1 q
(—) / exp(—(H,—s‘lH(2)>>
21 a(D)

: / exp(H, HV) ((I)(H(l)), Nv(s-l,ﬁ(”)@ dHW| Y am.
Re(HW)=Y

The sum over double cosets equals

4w (3) [, ew(-tm-s 1)

- / exp(H, HV) (@(H“)), N(s71, ﬁ@’)\p) dHY| S al
Re(HM)=Y

Thus (4.m|) and (4.n)) are equal. From the Fourier inversion formula (4.n|) equals
((I)(—s‘lH(g)),N(s‘l,ﬁm)‘lf>

On the other hand the inner integral in (4.ml) is the Fourier transform of a function
analytic on A1) and uniformly integrable along vertical “lines.” Thus its product with

exp(—(H , Hél)>> is absolutely integrable if H(()l) is in AL, Referring to (4.ml) we see that

this product is also integrable if H(()l) is in —s~1(2A?)). From Holder’s inequality the product
is integrable if H(()l) is in the convex hull of these two sets and then the integral must give
us the analytic continuation of

(N(s, HOYo(HO), @)
to this region. Consequently
(N*(s—l,ﬁ@))@(—s—lﬂ@)),xp) - (N(s,—5‘1H(2))<I>(—s‘1H(2)),\I/>

which proves (iii).
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Finally we prove (i). We start from the observation made at the end of Lemma 4.1 that
if C'is a compact subset of I'\G or of G then

>

A\T
for g in C. If w C N and

|©(v9)| < c]| || exp(Re HY, HSY)

exp<H(”(vg), HY + H,o>

NO = (T NN
and if wg C C' then

eXP<H(”(’Vt9), HY + Hp>‘\@(’ytg)| dt

ACAT/A®) /A<2>071A<1>7\T(2>

is at most

c|®| exp(Re HV, HM).
This remains true if for each s in Q(a®™, a®) we sum only over those 7 such that N (s, HD)
is not identically zero. Then

N(s, HO)®(g)| < el exp(H®, H") exp <—<H<2> (9), Re(s(H™)) >)

which proves the assertion since the linear functionals on &(V (3 1) obtained from evalu-
ating a function at a point span the space of linear functionals on &(V® W),

The relation of being associate breaks up the cuspidal subgroups into equivalence classes.
A set of representatives {P} for conjugacy classes under I' in one of these equivalence
classes will be called a complete family of associate cuspidal subgroups. If P, € {P} and
Vo is a simple admissible subspace of Ly(©¢\ M) then for each P in {P} there is a simple
admissible subspace associate to Vy. The family {V'} so obtained will be called a complete
family of associate admissible subspaces. Let W be a simple admissible subspace of the
space of functions on K. If P belongs to {P} and V, which is a subspace of L(©\M),
belongs to {V'}, and if ¢ belongs to ®(V, W) then a(g) belongs to L(I'\G). Let the closed
space spanned by the functions ¢ as P varies over {P} be denoted by L({P},{V},W).
Whenever we have {P}, {V}, and W as above we will denote by a®™, ... a™ the distinct
split components of the elements of { P}, by PV ... P#mi) those elements of {P} with
a®® as split component, and by @ the direct sum

et w)
k=1

Moreover if H® belongs to a) and s belongs to Q(a®”, al)) we will denote the linear
transformation from €@ to &) which takes ® in &(V 5 W) to that element of ¢U) whose
component in (V) W) is N(s, HD)® by M (s, H?). Of course N(s, H") depends on
PGk and PUY and is not everywhere defined. Finally if

.
k=1
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belongs to €@ we let

E(g,®, HY) ZE g, P, H

Lemma 4.6.

(7)

()

Suppose {P};, {V}i, Wi, i =1, 2, are respectively a complete family of associate
cuspidal subgroups, a complete family of associate admissible subspaces, and a
simple admissible subspace of the space of functions on K ; then E({P}l, {V}, Wl)
is orthogonal to L({P}2,{V}s, W) unless {P}, and {P}, are representatives of
the same equivalence class, the elements of {V'}1 and {V}y are associate, and
Wi = Ws. Moreover L(T\G) is the direct sum of all the spaces L({P},{V}, W)
and, for a fized {P} and {V}, @y, L{P}, {V}, W) is invariant under G.

If {P}, {V}, and W are given and if, for 1 < i <71 and 1 < k < m;, ¢ and
Vi, which belongs to D(VER) W), are the Fourier transforms of ®; ,(H®) and
W, 1 (HD) respectively let

- o
k=1
and

@) = @‘I’i,k(H()
k=1

Then

~

/F\GTT?: ik 9V

i=1 j=1 1 ¢=1

1S equal to

1\¢ . . _— .
(-) / (M(s, HD), o(HD), W,(~sH' ))) dH |
2m Re(H())=Y

summed over s in Q(a®, ab)) and 1 < i, j <r. Here q is the rank of elements of
{P} and Y is a real pomt in AD

Suppose P®, i =1, 2 are cuspidal subgroups, suppose V is an admissible subspace

of Lo(6W\M®), and W is an admissible subspace of the space of functions on K. If ¢

belongs to D (VM WM and ¢ belongs to ®(V®, W) let

Then

1 q
() = <%) /R(Hm)_ym eXp<H(1)(g),H(1)—|—Hp><b([—](1)7g) dHD),

1 q
vig) = (%) /R H@—y(2) eXp<H(2) (9), HY + Hp>\IJ(H(2),g) |dH(2)"
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is equal to

1) " My, g )
ad  (5) [ BH(I)ZW{ [ FoE(s0w®).m )dg}wﬂ |

if Y belongs to UM, The inner integral is of the same form as and as we know
vanishes unless P and P® are associate. If P and P® are associate and V® and
W® are simple admissible spaces for i = 1, 2, then it is zero unless V(! and V® are
associate and W) = W®_ Finally if P and P® and V) and V® are associate and
WO = W = W the inner integral is readily seen to equal

( 1 )q Z (N(H(1)73)‘I’<H(l)),\Il(—gﬁ(l))>

2m
s€Q(aD) a(2)

This proves part (ii) of the lemma and the first assertion of part (i). The second assertion
follows readily from the second corollary to Lemma 3.7.
To complete the proof of part (i) it is enough to show that

Pry.{vyw)

is invariant under A(f) when f is continuous with compact support. If W; and W, are
simple admissible subspaces of the space of functions on K define C(Wy, W3) to be the set
of all continuous functions on G' with compact support such that f(k~'g) belongs to W
for each g in G and f(gk™!) belongs to W, for each g in G. Tt is enough to show that for

any W; and W5 the space
P Lry{viW)
w

is invariant under A(f) for all f in C(W3, W3). Suppose ¢(g) belongs to D(V, W) for some
V in {V} and some W and
1 q
o =(5) [ exo((ta). ) + (110 008 a1
@ Re H=Y

If f belongs to C(Wy, W3) then

A(olg) = [ olah)(h) dn
G
equals 0 unless Wy = W. If Wy, = W it is readily seen that A(f)¢ belongs to ©(V, W);

Ao = (Mfe)"

the third assertion of part (i) is proved. Moreover

(4.r) A(f)o(g) = ( ! )q/ReH:Y exp<<H(9)aH> +P(H(9))>‘P’(H, 9)dH

o
if ®(H) =n=(f, H)®(H).
Let us now introduce some notation which will be useful later. Suppose {P}, {V'}, and
W are given. Suppose that, for 1 < < r, &;(H (i)) is a function defined on some subset of agl)

with values in €. We shall use the notation ®(H) for the r-tuple (@1([{(1)), e (IDT(H(’”))>
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of functions and occasionally talk of ® as though it were a function. If ®,(HW),... &, (H™)
arise as in part (ii) of the lemma, let us denote

room;

YD b

i=1 k=1
by ¢. If R?* > (p,p) the map ¢(-) — ¢ can be extended to the space of all functions
O(H) = (<I>1(H(1)), - CDT(H(’”))> which are such that ®;(H®) is analytic on

)

and dominated on this set by a square-integrable function of Im(H®). The formula
of part (ii) of the lemma will still be valid. In particular the map can be extended
to the set § of all functions ®(H) such that ®;(H®) is analytic on the above set and

p(Im(H®)) @ (H)

{ HY € al)

HRe(H@)

is bounded on the above set if p is any polynomial. The set §) is

invariant under multiplication by polynomials.






CHAPTER 5

Miscellaneous lemmas

In order to avoid interruptions later we collect together in this section a number of
lemmas necessary in the proof of the functional equations of the Eisenstein series.

Lemma 5.1. Let ¢ be a continuous function on I'\G and suppose that there is a constant r
such that if &' is a Siegel domain associated to a percuspidal subgroup P’ there is a constant
c such that ‘¢(g)’ <dn” (a’(g)) if g belongs to &'. Suppose that there is an integer q such
that if *P is any cuspidal subgroup then the cuspidal component of

o= [ o

is zero unless the rank of *P equals q. Let {Pi, ..., Ps} be a set of representatives for the
conjugacy classes of cuspidal subgroups of rank q and for each i let V; be an admissible
subspace of Lo(©;\M;); let W be an admissible space of functions on K. Suppose there is
an integer N such that if {pgk) ‘ 1<k < t} s a basis for the polynomials on a; of degree
at most N then

Si

t
(5.0) [ stmydn =3 esp(tie). HY) Yool (i) 2 (o)
FONZ'\NZ' j=1 k=1

with (IDZ(-j’k) in €(V;,,W). Let {p; | 1 <i<u} be a basis for the polynomials on b of degree
at most N; then given any percuspidal subgroup P and any Siegel domain & associated to
P there is a constant ¢ such that on G

(5.b) |6(9)| < e iiexp<ﬂ(g),ReH§j>> i‘pk(H(g))’

i=1 j=1

Suppose f is an infinitely differentiably function on GG with compact support such that
f(kgk™) = f(g) for all g and k. Let ¢; = A(f)¢. If *P is any cuspidal subgroup, *V an
admissible subspace of Lo(*©\*M), W an admissible space of functions on K, and ¢ an
element of ®(*V," V) we have

w9 Bilo)dg = [ Ao dla)dy
“T\G “T\G

If ¢ belongs to D (*V, V) so does A\(f*)1 so that both integrals are zero if the rank of *P is
not ¢. On the other hand if H; belongs to the complexification of the split component of P;

and CIDZ(-k), 1 < k < t, belongs to &(V;, W) then the result of applying A(f) to the function
t
k k
exp(Hilg), Hi)3 > i (Hilg))#{"(9)
k=1

65
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is the function
t t
exp(Hi(9), Hi){ D_p” (Hilg)) | d_a*0(f, H)® | (9)
k=1 =1

where 79 (f H;) is a linear transformation on &(V® W). The matrix (W(k’e)(f, HJ)

defines a linear transformation on

t
Pevew
k=1

which we will denote by 7 (f, H;) even though = (f, H;) usually has another meaning. Given

the finite set of points Hi(l), . ,Hi(si) we readily see that we can choose f so that m(f, Hi(j))
is the identity for 1 <7< s, 1 < J < 54

/ ¢(ng) dn = / o1(ng) dn
TAN;\N; TAN;\N;

for 1 < i < s, It follows from Lemma 3.7 that A\(f)¢ = ¢. Arguing the same way as in the
proof of Lemma 4.1 we see that if X is in the centre of the universal enveloping algebra
then the result of applying A(X) to the function

exp<H¢ H> ZPZ (I)(k)( )

is the function

exp(Hi(g), H)4 Y p (Hi(g)) | Y a™0(X, H)2l | (g)
k=1 /=1

where 7" (X, H;) is a linear transformation on &(V® W). It then follows readily that
there are points 7, ..., Z,, in j., irreducible representations o4, ..., 0, of K, and an integer
¢y such that ¢ belongs to

N2y Doy 01y ey 0 ).

If ¢ = 0 the inequality merely asserts that ¢(g) is bounded on any Siegel domain.
That this is so follows of course from Lemma 3.5 and the corollary to Lemma 3.4. The
lemma will be proved for a general value of ¢ by induction. Suppose ¢ is positive. If
{a1,,...,a,,} is the set of simple roots of h let *P; be the cuspidal subgroups belonging to
P determined by {aj, | j#Ei } It follows from Lemma 4.2 that

Ji

/Fﬁ*Ni\*Ni P(ng) dn = Z eXp< *H(] > Z aQ J (4.k) (9)

j=1

where (ﬁz(-j *) is a function on *A;T;\G, the elements *Hi(] ), 1 < j < j;, are distinct, and the
set of homogeneous polynomials q§1)7 e ,qgki) is linearly independent. Let us consider gbl(] k)
as a function on "©; x {1}\*M; x K and show that it satisfies the conditions of the lemma.

Since the functions
exp(H, HOY P CH),  1<5<jn, 1<k <k,
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are linearly independent, ¢§.j k) (m, k) is a linear combination of functions of the form

/ p(namk™1) dn
TA*N;\*N;

with a in *4;. Any condition of the lemma which is satisfied by the latter functions will

also be satisfied by each of the functions gzﬁz(»j *) Lemma 3.3 shows that the condition on the
rate of growth on Siegel domains is satisfied. The proof of Lemma 3.7 shows that if TP x K
is a cuspidal subgroup of *M; x K then the cuspidal component of

/ / p(nanymk™") dn p dny
*@J‘ITN\TN Fﬂ*Ni\*Ni

is zero unless the rank of TP, or equivalently TP x K, is ¢ — 1. Finally we must find the
analogue of the form ([5.al).

In order to free the indices ¢, 7, and k for other use we set ¢ = iy, j = jo, and k = k.
If P’ is a cuspidal subgroup of rank ¢ to which *P,, belongs suppose for simplicity that
P’ = P, for some i. If F' is the subset of {1,...,s;} consisting of those j such that the
projection of Hi(j ) on the complexification of *a;, equals *Hl-(gO) and if rM, ... r®) is a basis
for the polynomials on the orthogonal complement Ta; of "a;, in a; of degree at most N — M,
with M equal to the degree of qi(f‘)), then

ok
[ NTN;\TN, ¢§(J)O 0)(nm7 k) dn
ig i i

is equal to
t;
(5.c) 3 exp<TH,.(m), TH;j)> S (in<m)) WOP (g1,
JEF k=1
Here

TPi _ *Nio\F)i N *Sioa Hi(j) — *Hi(j) + THi(j)7
with *Hi(j) in the complexification of a;, and THi(j) in the complexification of Ta;. The
functions \Ifgj’k) are linear combinations of the functions <I>§j #) " Considered as functions on
*M;, x K they belong to &(V; x W, W*) as we saw when proving Lemma 3.5.

Applying the induction assumption to each of the functions ¢5j *) e see that if '@, is a
Siegel domain associated to a percuspidal subgroup of *M; there is a constant ¢; such that

if ¢ = n;a;m;k; and m; belongs to '&; then

/Fm*N-\*N- o(ng)dn| < ¢ XS: i exp<H(g), Re HZ,(J')> Zu:’pk (H(g))‘

i=1 j=1
Suppose G is a Siegel domain associated to P. It is enough to establish the inequal-

ity (5.b)) on each

& = {9¢6 |t (al9) > &, (alg), 1< <p )

It is not difficult to see that there is a Siegel domain &, associated to a percuspidal
subgroup of *M; such that & is contained in *N;*A4;7&, K; the simple calculations necessary
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for a complete verification are carried out later in this section. Since \(f)¢ = ¢ we see from
Lemma 3.4 that if b is any real number there is a constant ¢ such that

< dn’(aly))

o)~ [ olng)an

on &;. For b sufficiently small n° a(g)) is bounded on & by a constant times the expression
in brackets on the right side of (5.bf). So the lemma is proved.

Corollary. If, for each i and j,
Re<a7k(Hi(j))> <A{ag,p), 1<k<p

then ¢ is square integrable on I'\G.

It has only to be verified that the right side of (5.b)) is square integrable on any Siegel
domain. This is a routine calculation.

Lemma 5.2. Let {¢,} be a sequence of functions on I'\G and suppose that for each n there
is a constant r(n) such that if &' is a Siegel domain associated to a percuspidal subgroup
there is a constant c'(n) such that

|6(9)| < d(n)n"™ (d'(g))
if g belongs to &'. Suppose that there is an integer q such that if *P is any cuspidal subgroup
then the cuspidal component of
On(zg)de
TN*N\*N

is zero unless the rank of *P is q. Let {Pi,..., P} be a set of representatives for the
conjugacy classes of cuspidal subgroups of rank q and for each i let V; be an admissible
subspace of Lo(©;\M,); let W be an admissible space of functions on K. Suppose there is
an integer N such that if {pgk) ‘ 1<k t} 1s a basis for the polynomials on a; of degree
at most N then

S; ¢
[ outaa) e = S exo( o). ) X ot (1))
FﬂNZ‘\Ni =1 —

with HSZ) in the complezification of a; and CIDEf;’ik) in €(V;, W). Finally suppose that
lim HY) = HY
nsoo Mt 7

and
lim ¢V = oY

n A
n—o00 ’

exist for all i, j, and k. Then there is a function ¢ on I'\G such that
lim ¢,(g) = 6(9)

uniformly on compact sets. Moreover if & is any Siegel domain associated to a percuspidal
subgroup there is a constant ¢ such that ‘%(9)‘ 15 less than or equal to

s Si

) S S0 Y S S (o) re 52 S (10

i=1 j=1 k=1 i=1 j=1
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The polynomials p, are the same as in the previous lemma. If f is an infinitely
differentiable function on G with compact support such that

f(kgk™") = f(g)
for all ¢g and k then define 7(f, H;) as in the proof of the previous lemma. Choose f such
that m(f, Hfj)) is the identity for 1 <7 < s, 1 < j < s;. If we take the direct sum

DD(> e m

i=1 j=1 =

then we can define the operator

ééé”(fa ng)) =Tn
i=1 j=1

on this space. For n sufficiently large the determinant of 7, will be at least % Thus for
n sufficiently large there is a polynomial p, of a certain fixed degree with no constant
term and with uniformly bounded coefficients such that p,(m,) is the identity. Because of
Lemmas 3.7 and 5.1 we can ignore any finite set of terms in the sequence; so we suppose
that p, is defined for all n. The function f,, = p,(f) is defined in the group algebra and
the argument used in the proof of Lemma 5.1 shows that A\(f,,)¢, = ¢,. There is a fixed
compact set which contains the support of all the functions f,, and if X belongs to g there
is a constant p such that
IAX) fulg)] < 1o

for all n and all g.

In the statement of the lemma the limit as n approaches infinity of <I>7(f; ’ik) is to be taken in
the norm on &(V;, W) that has been introduced earlier. This, as we know, implies uniform
convergence. Thus if ¢ equals zero the first assertion of the lemma is immediate. The
second is also; so we suppose that ¢ is positive and proceed by induction. Let

S S;i t
v(m) = 3 > el
i=1 j=1 k=1
If lim,, o v(n) = 0 we have only to establish the inequality because we can then take
¢ to be zero. Since ¢, is zero when v(n) is, the lemma will be valid for the given sequence
if it is valid for the sequence which results when all terms with v(n) equal to zero are
removed. We thus suppose that v(n) is different from zero for all n. If the lemma were
false for a given sequence with lim,, ., v(n) = 0 then from this sequence we could select a
subsequence for which the lemma is false and for which
lim ufl(n)q)g’ik)
n— 00 ’
exists for all i, j, and k; replacing the elements of this subsequence by v~!(n)¢, we obtain
a sequence for which the lemma is false and for which lim,,_,., ¥(n) = 1. We now prove the
lemma in the case that lim,,_,,, v(n) is not zero.
Let 60, ..., 6™ be a set of Siegel domains, associated to the percuspidal subgroups
PO PW respectively, which cover I'\G. If {#,} is any sequence satisfying the conditions
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of the lemma it follows from Lemmas 3.7 and 5.1 that for 1 < n < oo there is a constant
c1(n) such that

s S;

5o o] < e 2D en(H00).Re) (S| (#0)
k=1

i=1 j=1

if g belongs to &®). It may be supposed that c;(n) is the smallest number for which
is valid. Since we can always take & to be one of &M ... &® the inequality will
be proved, at least when lim,,_,., v(n) is not zero, if it is shown that the sequence {c(n)
is bounded. At the moment however there are still two possibilities; either the sequence
is bounded or it is not. In the second case replace ¢, by ¢;'(n)¢, and, for the present at
least, assume that {ci(n)} is bounded. It follows from Ascoli’s lemma and the relation
A(fn)Pn = ¢n that we can choose a subsequence {¢] } so that

lim ¢,,(9) = 6(9)
exists for each g and the convergence is uniform on compact sets. Lemma 3.3 and the

dominated convergence theorem imply that if *P is a cuspidal subgroup of rank different
from ¢ then the cuspidal component of

/ ¢(ng) dn
CN*N\*N

is zero. Moreover

/ ¢(ng) dn = Z exp< ), lim H(j > Zp ) lim CID(] k)(g).
TAN\N;

If {¢,} did not converge to gb uniformly on all compact sets we could choose another
subsequence which converged to ¢ which is not equal to ¢; but the cuspidal component of

/ b(ng) — ¢ (ng) dn
CA*N\*N

would be zero for any cuspidal subgroup. According to Lemma 3.7 this is impossible. For
the same reasons, if

lim @ ]’k) =0

n—o0

for all 7, j, and k then ¢ is zero. In order to exclude the second possibility for it has
to be shown that if is satisfied with a bounded sequence {c;(n)} and

lim &Y% =0

n— o0 ’
for all 7, 5, and k then

lim ¢;(n) =0

n—oo
Once the second possibility is excluded the lemma will be proved.
We will suppose that lim,, ., ¢1(n) is not zero and derive a contradiction. Passing to a
subsequence if necessary it may be supposed that there is a definite Siegel domain, which
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we again call &, among & ... &® such that

-1

(5.0 sup|éulg) iZexp< (9). Re HY)) i)pk(Ho))\ — ¢i(n)

9€6 =1 j=1

is greater than or equal to € > 0 for all n; & is of course associated to the percuspidal
subgroup P. Let *P;, 1 <1 < p, be the cuspldal subgroup belonging to P determined by
the set {%, ’ J# z} and let

6i={g€6‘€ai,(a(9)) > €, 1<j<p}-

Suppose it could be shown that there is a sequence {c’1 (n)} of numbers converging to zero

so that
[ o
I'N*Ng\*Ny

is less than or equal to

(5.5) {303 exp(H(g) e ) i\pk(H(g»)

=1 j5=1

if g belongs to &,. Then it would follow from Lemma 3.4 that there was a constant ¢
independent of n such that, for g in &, ‘(b(g)| is at most

() + st at) ) 3 D exp( () Re 1)) 4 S ()|

There is a conditionally compact subset C' of & such that ¢/n~'(a(g)) < 3 if g is not in C.
If in the left side of (5.d)) ¢ is allowed to vary only over the complement of C' the results

would be at most ¢} (n) + 3¢ (n). Thus if n were so large that ¢, (n) < ie
1 2 1 2

-1 -1
sup|dn(g) ZZeXp< ), HY) > Z‘pk(H@))‘ > €
gec i=1 j=1 k=1

This is however impossible since ¢,(g) converges to zero uniformly on compact sets.
The induction assumption will be used to establish (5.g). As in the proof of Lemma 5.1

let
Ji(n) ki .
* * j k) [ B
[ oumgyan =" exn(Hil) D) D o (Hi(9)0 (0
IN*N; \*N; j=1 k=1
where d)l(»j’k) is a function on *AﬂT-\G the elements

are distinct, and the set of homogeneous polynomials qgl), e ,ql(ki) is linearly independent.

We have already seen in the proof of Lemma 5.1 that if (bg ’f) are considered as functions

on "®©; x {1}\*M; x K then the sequences {¢£i;k)} satisfy all conditions of the lemma, with
q replaced by g — 1, except perhaps the last. We again replace ¢ by i, j by jo, and k by
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ko in order to free the indices 7, j, and k. For each n and each i define a partition P;(n)
of {1,...,s;} by demanding that two integers j; and js belong to the same class of the
partition if and only if HT(LJ;) and Hfff) have the same projection on "a;,. Breaking the
sequence into a number of subsequences we can suppose that j;(n) = j; and P;j(n) = P, are
independent of n. With this assumption we can verify the last condition of the lemma for

e
the sequence ¢§520 0

for simplicity that P = P, for some ¢. Let M be the degree of qi(fO). If F'is the subset of
{1,...,s;} consisting of those j such that the projection of HY) on ", equals *H'” and if

n,t n,t0

) IfPisa cuspidal subgroup of rank ¢ to which *P;; belongs, suppose

rM .. r®) is a basis for the polynomials on the orthogonal complement fa; of u;, in a; of
degree at most N — M then
/ gbggo’k(’)(nm, k) dn
* iOmTNi\TNi

t;

Z exp<THi(m), ‘LH?(IJZ)> (0 (THi(m))\I/ff;’ik) (mk™1).

jJEF k=1

is equal to

Here
P = "Ni \P; NS4,

with *Hfjj in the complexification of a;, and THS? in the complexification of Ta;. It is clear
that lim,,_ TH,(L]Z) exists for each j. The functions \Ilii’ik)
(3.k)

n,%

are linear combinations of the

functions ® with coefficients which do not depend on n; consequently

: (k) _
i Wil =0
for each i, j, and k. The inequality follows immediately from the induction assumption.
In the next section it will be necessary to investigate the integral over I'\G of various
expressions involving the terms of a sequence {¢,} which satisfies the conditions of the
lemma with ¢ = 1. In order to do this we must be able to estimate the integral of }gb(g) ’2
over certain subsets of G and I'\G. For example if C' is a compact subset of G then

/Clcbn(g)lgdg = 0(*(n))

if v(n) has the same meaning as in the proof of the lemma. Suppose that & is a Siegel
domain associated to the percuspidal subgroup P. If «; , ..., , are the simple roots of b
let *P; be the cuspidal subgroup of rank one determined by {ozj7 ‘ j#1 } and let

6; = {9 €6 ‘ fai,(a(g)) > faj,(a(g)), 1< gp}
It follows from Lemmas 3.4 and 5.2 that if
“Dni(9) :/ bn(ng) dn
TN \*N;
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and r is any real number then
0n(9) = "Buil9)| = O(w(m) 7 (al9))

for all g in &;. Since n" (a(g)) is square integrable on &; for r < 0

/G_ dnlg) — *<$n,i(g)‘2dg = 0(*(n)).
If1>b>0let

&i(b) = {g €6,
We shall show that

(5.1) /b .

and hence that
5.1 n >dg = O(V*(n
(5.) /Gi(b)\sﬁ ()] dg = O(*(n)

It will be better to prove a slightly stronger assertion than (5.h]). Suppose that & = &(c,w).
If g is in G let ¢ = namk with n in *N;, a in *4;, m in *M;, and k in K. If TA, = AN *M,
then TA; is the split component of the cuspidal subgroup 'P;, = *N;\P N*S; of *M;. If ¢
belongs to S and j # i then

£a, (a(g)) > gg (a(g)) for some j # i }

2

dg = O(v*(n))

~

o, (lai(m)) = &, (al9) > e
It follows readily from Lemma 2.6 that

& (faitm)) =TT &8 (fastm))

i
with ¢; > 0; consequently
bui (@) = e (lai(m)) > 4
with some constant ¢;. If g belongs to &;(b) then, for some j # i,
oy (laim)) TT € (Faslm)) > €, (@).
ki

Consequently there is a constant b; > 0 such that, for some other 7,

6o, (Tastm)) > &b ()

Suppose w; and wy are compact subsets of *N; and TS, respectively such that w is contained
in wiwy; then we can choose n in w; and m in &;(c, w,). For each a in *A; let

() = {m e T (en) [ n(lam) = ) |

The integral of (5.h]) is at most a constant, which does not depend on n, times

6) / w2<a>{ /
*Af (c1,00) Ula)xK

i (amk)

2
dm dk} da.
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To estimate (.j) we can replace *P; by any cuspidal subgroup conjugate to it. In particular
we can suppose that *P; is one of the groups P, ..., P;. If *P; equals P;, the above integral
equals

2

iQ
/ w?(a) / Zexp(H,HT(ng) Pz(ok)(H)CI)gZZ (mk™1)| dmdk ; da
AT (c1,00) Ua)x K '

j=1 k=1

if a = exp H. Given any real number r there is a constant ¢(r) such that
(]»k) -1 ]’k) s

O (m, k| < ey @ I (Fas(m) )

n,%0
if m belongs to '&;. Thus if 7 is less than or equal to zero the above integral is

Sig 9
O(v*(n)) / w?(a)n*b( Z Z‘exp (H, HT(LJZO pgf)(H)‘ da
*Aig (c1,00) j=1 k=1
which is O(v2(n)) for r sufficiently small.
For each 7 let Pz-(l), cee Pi(”i) be a set of percuspidal subgroups to which P; belongs which

are such that there are Siegel domains T(‘SZ(-j ),

Tpi(j) _ Nz’\PZ'(j) NS

1 < 7 < n;, associated to

whose union covers ©;\M;. It may be supposed that {P-(l) ‘ 1<75< m} contains a

(2

complete set of representatives for the conjugacy classes of percuspidal subgroups to
which P, belongs and hence that { pY
of representatives for the conjugacy classes of percuspldal subgroups. It should perhaps

be recalled that we have seen in Section 2 that if two percuspidal subgroups to which P,
belongs are conjugate then the conjugation can be effected by an element of A;. Let t be a

<7< } contains a complete set

positive number and for each ¢ and j let w ) be a compact subset of .S; 25 ; let 6 ) be the
set of all ¢ in the Siegel domain & (¢, w! )) such that

&(a(9)) = & (P (9))

if B is any simple root of h and « is the unique simple root which does not vanish on a;. Let
us now verify that (Ji_, UL, ] ) covers I'\G if t is sufficiently small and the sets w(j ) are
sufficiently large. Since F\G is covered by a finite number of Siegel domains it is enough to
show that if ¢ and the sets ng ) are suitably chosen the projection of the above set on ['\G
contains the projection on I'\G of any given Siegel domain &. Suppose & is associated to
the percuspidal subgroup P and *Pj is the cuspidal subgroup belonging to P determined
by {a& ’ (#k } It is enough to show that the projection of the above set contains the
projection on I'\G of

& = {9€6 |t (al9)) > €, (al0), 1< <D}

for each k. Given k there is an ¢ and a j and a v in I' such that v*"P,y~! = P, and
yP~y~t P( Let & = S(c,w). The projection of &, on I'\G is the same as the projection
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on I'\G of 7&j. The set &, is contained in
’)/(,d’}/_lN-(j)A(j)—’—( )'YK

2

since A \S is compact there is a Siegel domain &, G )( z(j )) such that 78y, is contained

in AE”GE”(t,wl{] ). The set 76, will then be contained in AY&Y because

€a< "(vgr™ ))Zfak,(a(g))

if v is the unique simple root which does not vanish on a;. '
If1>b>0and u>0let &7 (b u) be the set of all g in & such that

&(a(9) < & (a?(9)).
for all simple roots § of b different from «, and such that &,(a;(g)) > u. Let F be the
projection on T'\G of J;_, UjZ, &Y (b, u). We now know that

() J Nl dg = 0().

Let F; be the projection on A\G of [J;L, & J)(b u). It follows from Lemma 2.12 that if

u is sufficiently large and b is sufﬁClently small the projections on I'\G of F; and F} are
disjoint unless ¢ = j and that the projection of F; into I'\G is injective. Thus if ¢(g) is any
function on I'\G for which

¥(g) dg

"G
is defined the integral is equal to

6.0 > [ v@dss [ i

We also know that

(5.m) /F |

if

2

$n(9) — dnilg)| dg = O(*(n))

Pralg) = / o Bl

There is one more lemma which should be established before we go on to the proof of
the functional equations.

Lemma 5.3. Let U be an open subset of the n-dimensional complex coordinate space.
Suppose that to each point z in U there is associated a continuous function E(g,z) on T'\G.
Suppose that for each z in U there is a constant r such that if G is any Siegel domain,
associated to a percuspidal subgroup P, there is a constant ¢, which may also depend on z,
such that

|E(g, 2)| < en”(alg))
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if g belongs to &. Suppose that there is an integer q such that if *P is any cuspidal subgroup
then the cuspidal component of
/ E(ng, z)dn
TN \*N

is zero for all z unless the rank of *P equals q. Let { P, ..., Ps} be a set of representatives for
the conjugacy classes of cuspidal subgroups of rank q and for each i let V; be an admissible
subspace of Lo(O;\M;); let W be an admissible space of functions on K. Suppose there is

an integer N such that if {pgk) ‘ 1<k< t} s a basis for the polynomials on a; of degree
at most N then

S; t
/ Bng, 2)dn = exp( Hilg), HY(2)) >~ p (Hilg)) 2 (g, 2).
CNN;\N; =1 1

For each z and each i and j the point Hi(j)(z) belongs to the complexification of a;; @Ej’k) (9,2)
is the value at g of an element @Ej’k)(z) of €(Vi,W). If Hfj)(z) and @Z(j’k)(z) are holomorphic
functions on U, with values in the complexification of a; and E(V;, W) respectively, for all i,
J, and k then E(g,z) is a continuous function on T'\G x U which is holomorphic in z for

each fized g.
It follows immediately from Lemma 5.2 that F(g, 2) is a continuous function on I'\G' x U.
Let 2% = (29,...,22%) be a point in U and let
B={z=(z,....,2) | lzi— 2| <€}
be a polycylinder whose closure is contained in U. It is enough to show that F(g,z) is

analytic in B for each g. To do this we show that if C; is the contour consisting of the
circle of radius € about 2} transversed in the positive direction then

E(g.2) = (z%) /C s /C G B(9,0) TIG - =)

=1
when 2z is in B. Denote the right hand side by F1(g, z). It follows from Lemma 5.2 that if &
is any Siegel domain there are constants ¢ and r such that }E(g, z)’ < " (a(g)) for all g in
S and all z in the closure of B. Consequently for all z in B the function E(g, z) — Fi(g, 2)
satisfies the first condition of Lemma 3.7. If *P is a cuspidal subgroup then

/ Ei(ng, z)dn
TAN\*N

(2%@)”/01 d¢y - /n dgn{/mw\w E(ng,() dn} [IG—=)"

(=1

is equal to

It follows from Fubini’s theorem that the cuspidal component of

/ Ei(ng, z)dn
TAN\*N
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is zero if the rank of *P is not ¢q. However

/ Ei(ng,z)dn
TAN;\N;

is equal to the sum over 7, 1 < j < s;, and k, 1 <k <t of

n

(%) /C dii-- /C an{eXp<Hi<g>, HP(0))p (Hilg)) 279 (g, o} [T¢—="

=1
Since the expression in the brackets is a holomorphic function of { this equals

S t

> exp( Hilg), B () )l (Hilg)) 209 (g, 2)

j=1 k=1

and the lemma follows from Lemma 3.7.

7






CHAPTER 6

Some functional equations

We are now ready to prove the functional equations for the Eisenstein series associated
to cusp forms. Let {P} be a complete family of associate cuspidal subgroups; let {V'} be
a complete family of associate admissible subspaces; and let W be a simple admissible
subspace of the space of functions on K. If a), ... a are the distinct subspaces of b
occurring among the split components of the elements of { P} then for each transformation
s in Q(a®, a™) we have defined a holomorphic function M (s, H®) on A% with values in
the space of linear transformations from ¢ to &U) and for each point ® in ¢ we have
defined a continuous function E(g,®, H®) on I'\G x A® which is holomorphic in H®
for each fixed g. In order to avoid some unpleasant verbosity later we introduce some
conventions now. As usual M (s, H?) is said to be holomorphic or meromorphic on some
open set V containing A® if there is a holomorphic or meromorphic function, which is
still denoted by M(s, H®), on V whose restriction to 2% is M (s, H®). The function
E(-,®, H") is said to be holomorphic on V if there is a continuous function on I'\G x V
which is holomorphic in H® for each fixed g and equals E(g, ®, H®) on I'\G x A®. Of
course this function on I'\G x V is still denoted by E(g,®, H®). The function E(-, ®, H®)
is said to be meromorphic on V if it is holomorphic on an open dense subset V'’ of V' and
if for each point H(()l) in V there is a non-zero holomorphic function f(H®) defined in a
neighbourhood U of H” such that f(H®)E(g,®, H®) is the restriction to T\G x (U N V")
of a continuous function on I'\G x (U N'V') which is holomorphic on U NV for each fixed g.
If V' is the complement of the intersection of V' with a set of hyperplanes and if f(H®)
can always be taken as a product of linear functions we will say that the singularities
of E(-,®, H®) in V lie along hyperplanes. A similar convention applies to the functions
M (s, HD).

Lemma 6.1. For each i and each j and each transformation s in Q(a®,a")) the function
M (s, H(i)) is meromorphic on a¥ and its singularities lie along hyperplanes. For each i
and each ® in ED the function E(-,®, H) is meromorphic on a®) and its singularities lie
along hyperplanes. If s belongs to Q(a®, aW)), t belongs to Q(al), a®)), and ® belongs to
¢ then
M(ts, HY) = M(t, sHDYM (s, H?)
and
E(g, M(S,H@)q),sH(i)) — BE(g,®, HD),

There are a number of other properties of the functions E(-, ®, H¥)) which it is important
to remark.
Lemma 6.2. Fiz i and fix Ho(i) in a®. Suppose that for every j and every s in Q(a® al))
the function M (s, H") is analytic at Hél). Then for every ® in €9 the function E(-, ®, H®)

79
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1s analytic at H(()i) and if & is a Siegel domain, associated to a percuspidal subgroup P,
there are constants ¢ and r such that, for g in S,

‘E(g, o, Héi))( < e (a(g)).

Moreover if *P is a cuspidal subgroup the cuspidal component of

/ E(ng, ®, H ) dn
PN \*N

is zero unless *P belongs to {P} but

/ E(ng,tb,Héi))dn
INNGO\N G0

> e (#0990 s1) + p(H90(0)) ) (B9 05, 12 )

SGQ(q(i>7a<j))
if EUY is the projection of €9 on &V W),

1S equal to

It should be observed immediately that this lemma is true if H((]i) belongs to A®. Let
us begin the proof of these two lemmas with some remarks of a general nature. We recall
that if ®(-) and ¥(-) belong to the space § introduced in Section 4 then

(9)¥(g) dg
G
is equal to

(6.a) ZZ Z <%)q/RGH(Z.):Y(Z.)<M<S’H(i)>®i<H(i)>’\Pj(_Sﬁ(i)» dH ).

=1 j=1 seQ(a(®,ald))

If, for 1 <i <, fi(H) is a bounded analytic function on

D= {0 o | ren®) < 1)

and if ®(H) is in $ then
FO(H) = (AHED)@UHY), .., f(H)0, ()

is in §. Suppose that, for all s in Q(a@,a?), f;(sH®) = f;(H®) and let f;(H) = f
If (6.a) is denoted by (®(-), ¥(-)) it is readlly verified that

(fOR(), () = (20), £7()¥())

In particular (f*(-)f(-)®(:), ¥(+)) is a positive definite hermitian symmetric form on .

(—H).

Suppose k is a positive number and, for each i and all H in D, |fz(H)| < k then

(/f2 - fz’*(H)fi<H)> = gi(H)
is defined, analytic, and bounded on D; and ¢ (H) = ¢;(H). If the square root is properly
chosen then g;(sH) = g;(H) for all s in Q(a®,al)). Since

K= f7(H) fi(H) = g; (H)gi(H),

1/2
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we see that

(FOR(), F()2() < B (2(), ().
Consequently f defines a bounded linear operator A(f) on L({P},{V}, W). If s;(f) is
the closure of the range of f;(H) for H in D; then the spectrum of A(f) is contained in
Uiy si(f). It is clear that \*(f) = A(f*) so that if f = f* then A(f) is self-adjoint. If H
belongs to D;, let H = Hy 4+ iH, with H; and H, in a®; then

(H,H) = (Hy, Hy) — (Ha, Hy) + 2i(Hy, Hy)
so that Re(H, H) < R?. If Repu > R? let fI'(H) = (1 — (H, H))_l; then \(f#) is a bounded
operator on L({P},{V},W). Since the map ®(-) — f*(-)®(-) is a one-to-one map of £
onto itself the range of A(f*) is dense. Consequently if f;(H) = (H, H) the map
() = (A()21(), - S ()
defines a closed, self-adjoint, linear operator A on L({P},{V}, W) and

Af") = (n—A)"" = R(u, A),
where R(p, A) is an analytic function of p off the infinite interval (—oo, R.
Suppose ®;; belongs to &V W) and H® belongs to A®; consider

> exp (<H K (vg), H “>> + p(H (&) (vg)) > ®; 1.(79).

(ik\F

Let & be a Siegel domain, associated to a percuspidal subgroup P, and let C' be a

fixed compact set. For each i let ag ), . Oté be the simple roots of h so numbered that

O‘ﬁlm . oz](o) vanish on a¥; we will also denote the restriction of ozj) to a¥) by a; W if

1 < 7 < ¢q. The methods used to prove Lemma 2.11 can be used to show that there is a
constant z such that if g belongs to & and h belongs to C' then

ozf;) (H ik) (vgh)> T+ a(z) (H(g))
for 1 < j < q. Let F'(h, ®;;, HY) equal

exp (<H(z’,k) (h), H(i)> + p<H(z’,k) (h))) (I)i,k(h)
if, for all j,
a (H“”“(h)) z+ ol (H(g))
and let it equal zero otherwise; then set
E'(h, @, HO) = Y F'(yh, @i, HY).
AR\
The functions E(h, ®;, H") and E'(h, ®,;, H?Y) are equal on gC. The Fourier transform
of F'(h, ®,, H") is

-1

q
Haéf)(Hl(z) — H®) exp((X, Hfl) — HY)y 4 <H(9), H1(l) — H(i)>) D; 1.
i—1
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if X in h is such that o ;(X) =2, 1 < j < p, and a is the volume of

{Hea”0<afim <t 1<<a}
If N
q)i:@q)i,k
k=1
and

E'(h, ®;, H") = ZE’ 9, i, HV)
k=1
then Lemma 4.6 together with some simple approximation arguments shows that

E'(-,®;, HD)
is an analytic function on A with values in £({P},{V},W) and that

/ E'(h, ®;, HYE (b, U;, HY) dh
G

is equal to
2

a NP T (i) (i)
(61) S o [ (e O )

eQ(a(i>7a<J'))

with £(H®) equal to

exp

(X0 HO = ) + (X(o). Y = 511

i ) (g7) i
[T, o) (H{ — HO)a (H, + sHO)

if Y@ is suitably chosen and X(g) = X + H(g).

Suppose that for any choice of 2 and g and all ®; the function E'(g, ®;, H®") is analytic
in a region V' containing A®. If f is a continuous function on G choose C' so that it contains
the support of f; then

(6.) A E(g, &, HO) = / B/ (gh, s, HO) £(h) dh

is a continuous function on I'\G' x V which is an analytic function of H® for each fixed g.
In particular if f(kgk™') = f(g) for all g in G and all k in K then E(g, (f, HD)®;, HG )>

is analytic on V for each g. Of course
k=1

But f can be so chosen that 7(f, H®) is non-singular in the neighbourhood of any given
point H(()i). Consequently E(g, ®;, H?) is, for each g and each ®;, analytic on V. In the
course of proving the lemmas for the Eisenstein series in more than one variable we will meet
a slightly different situation. There will be a function fy such that fo(kgk™) = fo(g) for all
g and k, the determinant of the linear transformation 7 (fo, H®") on ¢® does not vanish
identically, and A\(fo)E'(-, ®;, H®) is analytic on V for all ®;, all g, and all 2. Arguing as
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above we see that E(-, 7(fo, HD)D;, H(i)> is analytic on V and hence that E(-, ®;, H®) is

meromorphic on V.
If G is a Siegel domain and C' a compact subset of GG let us choose x as above. Suppose
that given any compact subset U of V' there are constants ¢ and r such that

(6.d) | B 1) | < e (atg)) 1]

if H® belongs to U and g belongs to &. If we refer to the formula (6.c) and the proof of
the corollary to Lemma 3.7 we see that there are constants ¢ and r’ such that

B(g, @i, HO)| < ¢ (al9)) 0]

if g is in & and H® is in U. If all the functions M (s, H®) are analytic on V we see by
combining the dominated convergence theorem and the estimates of Section 3 with the
principle of permanence of functional relations that Lemma 6.2 is valid for any point of V.
On the other hand suppose only that A(fy)E'(-, ®;, H?) is analytic on V for all ®; but that
for any G and any C' and any compact subset U of V' there are constants ¢ and r such that

MG E o 1| < e (atg)) il

if g is in & and H® is in U. If all the functions M (s, H®)) are meromorphic on V we see
just as above that Lemma 6.2 is valid at those points where the determinant of 7(fy, H®)

is not zero. It is a little more difficult to obtain Lemma 6.2 for a point Hél) at which the
determinant of 7(fy, H®”) vanishes. If the assumption of the lemma is satisfied we can

apply Lemma 5.2 to define E(-,®, H®") in a neighbourhood of H(()i) by continuity. That
every assertion of the lemma except the first is valid for each point in a neighbourhood

of H(()l) follows immediately from the earlier lemma. Once we are assured of this we can
immediately deduce the first assertion from Lemma 5.3.

The prefatory remarks over we will now prove the lemmas for the case that the elements
of { P} have rank one. The case of rank greater than one will then be proved by induction.
If the elements of { P} have rank one then, as follows from Lemma 2.13, r is either 1 or 2
and if r is 2 then Q(a®, a®), i = 1, 2, contains only the identity transformation. If z is a

complex number let H"(z) be that element of al” such that
o® ( Hm(Z)) — 2(a®, a@y1/2
if o) is the one simple root of a®. Let & be &M or &) @ &) according as r is 1 or 2. If r
is 1 and there is an s in Q(a®, a(V)) different from the identity then sH = —H for all H in
a() so that s is uniquely determined; in this case let M (z) = M(s, H(l)(z)>. If there is no
such s let M(z) be 0; as we shall see this possibility cannot occur. If r is 2 and s belongs
to Q(a), a®) then S(H(l)(z)> = —H®(2) for all z so that s is again uniquely determined.
In this case let
0 M<s—1, H<2>(z))
M(z) =
M (s, HO(2)) 0
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If r is 1 and ® belongs to & we set
E(g,®,z) = E(g, D, H(l)(z)>
and if r is 2 and ® = ®&; ® P, belongs to & we set
E(g,®,2) = E<g, o, H<1>(z)) n E(g, o, H(2)(Z)>
Lemma 6.1 can be reformulated as follows.

Lemma 6.3. The function M(z) is meromorphic on the complex plane and for each ® in
& the function E(-, ®,z) is meromorphic on the complex plane. Moreover M(z)M(—z) =1
and, for all @,

E(g, M(z)®, —z) = FE(g,9,2).

There is no value in reformulating Lemma 6.2. As we observed in the introduction this
lemma will be proved by the method of [19]. The space $ can be considered as a space
of functions defined in a region of the complex plane with values in €. If ®(-) is in $ we

denote @, (H(l)(z)> or &, (H(l)(z)> ® Py (H(Q)(z)> if 7is 2 by ®(z). If

6.0 = | d(9)dlg)dg
\G
then
PR 1 c+ioo
(6.€) (¢, ) = 57 /_' ((I)(z), \If(—z)) + (M(z)cb(z), \I’(E)) dz

if ¢ is greater than but sufficiently close to
(@@, D)2l p) = (p, p).
If ¢; > Re A > ¢ then
) PR 1 c+100 ) -
(RO205.5) = 5 [ 02 =2 { (00, ¥(-2) + (M()0(), () } dz

and the latter integral is the sum of

(6.) (m)l{ (@(A), \y(—X)> n <M(A)¢>()\), xp(X))}
and
(6.9) % cij:)(v = (), ¥(-2) + (M(2)2(2), ¥(2)) } d.

The function <R()\2, A)qAﬁ, @E) is analytic if A? does not belong to (—oo, R?), that is, A is not

imaginary and not in the interval [—(p, )2 {p, p>1/2] If &(z) = e’ ® and U(z) = U
with constant ® and ¥ then is an entire function of \ and equals

(2A)—le”2{(<b, W) + (M(N)®, \p)}

Consequently M () is analytic for Re A > 0, \ ¢ (0, {p, p>1/2].
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We next show that E(-, ®, \) is holomorphic for Re A > 0, A ¢ (O, (p, p}l/Q]. If z is given
and @, belongs to &(VER W) let F'(g, ®; 1, HY) equal
exp((H09100). 1) + p(HD(9)) )uuto)
if
o® (H(zyk) (g)> < (0D o)
and let it equal zero otherwise. Let

El(qu)i,k,H(i)): Z F’(vg,@iﬁk,H(i))

AGRN\D
and if -
=P
i=1 k=1
belongs to € let
E,(g7 c1)7 Z) - Z Z El <ga cI)i,k:7 H(z)(z)> :
i=1 k=1

It follows from that

E'(g,®,\)E (9,9, 1) dg
NG
is equal to

1 B c+1i00 _
ﬁu{ [ @wio- @) e = (e n) {8 - 2 - z)*}dz}
if ¢ is as in . If x is sufficiently large one sees readily, making use of Lemma 4.5(i), that
the above integral equals

(6.h) e\ 4 7)"H(D, )
+ e — N THM N, ) + eI (N — )7 (D, M () D).

In general we obtain

O"E' O"E'
TN, (W
(Gt S )
by differentiating ({6.h)) n times with respect to A and m. Thus
=1 oE'
E — A= X" =—(, D, A
vt il = Al G s )H

is seen to converge in the largest circle about Ay which does not meet the imaginary axis or
the real axis. Since the above formulae persist in any subset of

{/\ Red >0, Ad (0, <p,p)1/2} }
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in which E’(-,®,)\) is defined we conclude that E’(-, ®, \) is an analytic function in this
region. Since the analogue of is readily deduced from (6.h]) we also see that Lemma 6.2

is valid if H” = H®(z) and z is in this region.
The next step in the proof is to show that there are a finite number of points z1,..., 2,
in the interval (O, {p, p>1/2] such that M (z) and E(-, ®, z) are analytic in the region Re z > 0

except perhaps at z,...,2,. It is enough to establish this for the function M(z) because
we can then apply Lemmas 5.2 and 5.3 to obtain the assertion for E(-, ®, z). Suppose that
either there is a sequence {z,} converging to a point z, of the positive real axis and a
sequence {®,} in € with ||®,| = 1 such that

UM} = ()
is unbounded or there are two sequences {z,} and {z]} approaching zy and an element ®
of & such that
lim M(z,)® # lim M(z])®.
n—oo n—o0
In the first case select a subsequence such that lim,,_,., v, = 0o and
lim v, *M(z,)®, = ®

n—o0

exists; then {E(, v1o,, zn)} satisfies the conditions of Lemma 5.2. In the second case
{E(,®,2,) — E(-,®,2,)} does; let

lim M(z,)® — M(z,)® = ®
n—o0

In either case let the limit function by ¢o. If P’ is a cuspidal subgroup not in {P} the
cuspidal component of
/ ®o(ng) dn
TAN/\N’
is zero. However
/ ontng)dn = exp (- (HO9(g). HO ) + 0 (HOP(g) ) (B0 )
FmN(i,k)\N(i,k)

if E(%) is the projection of € on (V¥ 1), By the corollary to Lemma 5.1 the function ¢
belongs to £(I'\G). It is clear that it belongs to £L({P},{V}, W). For each z in (O, (p, ,0>1/2]
let £(z) be the set of all functions ¢ in £L({P},{V}, W) such that

/ o(ng) do = exp (- (H(9), 1O ) + p(H() ) ED0(g)
FmN(i,k)\N(i,k)

for some ¥ in €. Since ¥ = 0 implies ¢ = 0 the space £(z) is finite-dimensional. If ®(z) is
in $ then

¢(9)¥(g) dg = (®(2), V)
G
from which we conclude that v is the domain of A and Ay = z%). In particular L(z;)
and L(zy) are orthogonal if z; and z; are different. It is clear that there is a constant ¢

which is independent of z such that ||| < ¢||¢|| for any z in (O, {p, ,0>1/2] and all ¢ in

L(z). If there was a sequence {z,} in <0, {p, p)l/ﬂ, converging to a point in (O, {p, p>1/2],
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such that £(z,) # {0} for all n it is clear that we could construct a sequence {¢,} with
¥y in L(z,) and ||[¢,|| = 1 which satisfied the hypotheses of Lemma 5.2. It would follow
from the dominated convergence theorem, applied as in the corollary to Lemma 5.1 that
lim,,_, ¥, exists in L(I'\G). This is impossible for an orthonormal sequence. Thus the set

of points for which £(z) # {0} is discrete in (0, {p, p)l/ﬂ. If 2 is not in this set then M(w)

is bounded on the complement of the real axis in a neighbourhood of z and lim,,_,, M (w)
exists. It follows from the reflection principle that M(z) is analytic in the right half plane
except at this set of points.

We have still to exclude the possibility that the above set of points has 0 as a limit
point. If it does let {z,} be a monotone decreasing sequence of points converging to 0 with
L(z,) # {0} for all n. Let {¢,,} be a sequence of functions such that v, belongs to L(z,)
and [[1,]| = 1. Let U,, be that element of E such that

/mNu,k)\N(i,k) Ynlng) dn = exp (_<H(i7k) (9); H(i)('zn)> + P(H(i’k) (9))) (ECH,)(g)

for all 7 and k. If ¥/ = ||¥,[| "'V, it may be supposed that lim, ., ¥/ exists. To obtain
a contradiction we make use of the formulae (5.k]), (5.4), and (5.ml). The first and second

show us that
[ 1@ ds =3 [ ulorio) + 01wa)
G

The third shows us that

/ Y (9)nlg) dg = / i )B0(9) dg + O (W)
F;

The integral on the right is equal to
F!

if F} is the projection of F; on T;\G, for we can suppose that the inverse image in A;\G of
F! is F;. If we then apply the estimate obtained for (5.j|) we see that

Um(9),(9) dg

G
is equal to

Z / wQ(a){/ &mJ(amk)im(amk) dm dk} da+ O(||W,,])).
i=1 A:r (u,oo) @i\MiXK

The only integrals on the right which are different from zero are those for which P; belongs
to {P}. If however P, is conjugate to PYY) and we suppose, for simplicity, that {P,, ..., P,}

contains { plem) ‘ 1<kr, 1<m<m } the corresponding integral equals
(Zm + 20) " exp(—a’l(zm + 2z,) log u) (B9, EUHT,).
The number a has been introduced in the expression (6.b)). Summing we obtain
5m,n = (Zm + Zn)_l eXp(_a_l(Zm + Zn) log u) (\Ijma \Ijn) + O(H\PmH)
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Set m = n to see that lim,, || ¥V.| = 0 and
1= (22,) " exp(—2a"" 2 log u) | ¥, ||* + O (|| V]|
Hence [|V,,|| = O(z,ln/z); consequently if m # n
0= 2(2p2m) 2 (2n + 2m) "NV, ') + O(21/?).

If we divide by z/? and recall that limy, oo (W7, W7 ) = 1 we conclude that 2/ (2 + 20) !

is bounded for all m and n. But that is clearly impossible.

Let .
?=PD2u
i=1 k=1
belong to & and let
M(2)® = P EP Pinl2)
i=1 k=1

If x is given and M (z) is defined let F” (g, D, k., H(i)(z)) equal F<g, D, k. H(i)(z)) if
o® ( £k (g)> < (0, o)

and let it equal —F (g, D, (2),—H (i)(z)> otherwise. Observe that the notation is deceptive.
The Fourier transform of F” <g, @iﬁkH(")(A)) evaluated at H(z) is equal to

(A — z)_1 exp(ax()\ — Z))‘sz — (A4 Z)_1 exp(—ax(/\ + z))lllzk(/\)
It follows from Lemma 4.1 that the series

> F (79, i, H(i)(z)>

AGRN\T

converges for Re z > (p, p)/?; denote its sum by E” (g, D, k, H(i)(z)>. If

E'(g,®,2) = 3 3 E" (g, @, HO(2))

i=1 k=1
then Lemma 4.6, together with a simple approximation argument, shows that E”(g, ®, z) is
square-integrable on I'\G for Rez > (p, p)'/2. We need an explicit formula for

(E"(9,®,)), E"(g,9,p1)).
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If we use formula (4.p) we see that this inner product is equal to the sum of eight integrals
which we list below.

(i) % Rez:c(A —2) 7 (m+2) exp(az(A + 7)) (P, V) dz

(i) 2‘_732 [ ) ep(an(h— ) (8 M(0)¥) s

(iii) 2_—7T1Z ReZ:C(A +2) 7 (B +2) explaz(m — ) (M(N)®, V) dz

(iv) % [ ) (a4 70) (M) M (1))

) % [ =22 exp(an(r+ 71— 29) (M ()9, 9) d:

(vi) 2_—732 Rez:c(A —2) M+ 2) texplaz(A — 1 — 22)) (M(2)®, M(p) V) dz

(vii) 2_—732 [ = ) e (e — A= 29) (M () M()0. V) d:

(viii) % RGZZC(A +2) 7 (m+ 2) texp(—az(A + T+ 22)) (M(2) M(N)®, M (p)¥) dz

If we then make use of Lemma 4.5(i) these integrals can be evaluated when z is sufficiently
large by using the residue theorem. The result when A + 77 £ 0 and A — 7 # 0 follows.

(i) (A +70) exp(az(A + 7)) (P, )

(ii) 0

(ii) 0

(iv) (1) exp(—ax(A+ 7)) (M(N)@, M(u)T)

() - N explan(i— A) (M), B) + (O~ 1) exp(ar(h - 1) (&, M()0)
() C 4 ) exp(ax(A+ 7)) (M(N)®, M(u)¥

(vii) —(A+n) texp(—az(A + 1) (M(N)®, M(p)P)

(viii) 0

Adding up these eight terms we see that
(E"(9.®,7), E"(9, ¥, 1))
is equal to the sum of
(A+7) {exp (az(A+ 7)) (@, V) — exp(—az (A + 7)) (M (NP, M(u)\I/)}
and
1{6 ax(A = 1)) (@, M(p)V) — exp(az(m — ) (M(\)®, \IJ)}
It is known that M (z) is analytic in the right half-plane except at a finite number of points;

it can be shown in a number of ways and, in particular, will follow from the discussion
below that this is also true of E”(-,®, z) considered as a function with values in £L(I'\G).
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The formula for (E”(g, O N), E"(g, \If,u)) is valid in this larger region. If A = o + i7 and
1 = X the above formula reduces to the sum of

(20)7" {exp(Zaxa)((I), U) — exp(2azo) (M (X)®, M(A)T) }

and
(2i7)~* {exp(%axT) (@, M(N\)¥) — exp(—2iazT)(M(N\)®, V) }

The sum will be labelled (6.i). If we choose ® so that [|®| =1 and ||M(N)®| = ||[M())]|
and then take ® = ¥ we can conclude that

(20)_1{exp(2a:p0) — exp(—2ama)}HM()\)H2 + |7‘|_1HM()\)H > 0.
As a consequence
|M(N)|| < max{2expdazo,4o/|r|expazc}.
We conclude first of all that || ())]] is bounded in the neighbourhood of any point different

from zero on the imaginary axis. Let us show next that HE” (-, D, )\)H is bounded in the
neighbourhood of any such point.

To be more precise we will show that E”(-, ®, \) is holomorphic in any region U in which
both M(A) and E(-, ®, \) are holomorphic and in which E(-, ®, \) satisfies the analogue of
Lemma 6.2 and that if B is a bounded set of this region on which ||M(}) || is bounded then

|E”(-,®,\)|| is bounded on B. As above if ® belongs to € let

M(2)® = P EB D, 1(2).

i=1 k=1

If x is given and M (z) is defined let F"” <g, D, k. H(i)(z)> equal
F(g.0i HO(2)) + F (9, @i0(2), ~ HO(2))

if a(® (H(i’k) (g)) > r{a® o) and let it equal zero otherwise. Let

E" <g, Oy, H@(z)) -3 <g, Oy, H@)(z)).
AlR\T
The series converges whenever it is defined. As usual let
E'"(g, P, Z) _ Z Z " <g’ (I)i,ka H(i)(Z’)),
i=1 k=1
then
E"(9,®,2) = E(g,®,2) — E"(g9,, 2).

Consequently the function E”(-,®,z) can be defined, although it may not be square
integrable, whenever M (z) and E(-,®, z) are both defined. In particular it can be defined
on U. We will show that if 2y is any complex number and if HM (Z)H is bounded on the
intersection of B with some neighbourhood of 2, then there is another neighbourhood of
zo such that HE" (-, D, z)H is finite and bounded on the intersection of this neighbourhood
with B. This will establish the second part of the assertion. To see that the first part will
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also follow we observe that the above statement implies that HE’ (-, P, z)H is bounded on
any compact subset of U; thus we have only to prove that

/ E"(9, %, \)P(g) dg
NG

is holomorphic on U if ¢ is a continuous function on I'\G with compact support However,
this follows from the fact that if C' is a compact subset of G the set {E” g,® ‘ geC }
of functions on U is equicontinuous. We have to show that if {z,} is any sequence of points

in B converging to z, then the sequence HE” (9,9, 2, ||} is bounded. Let the sets F' and

F;, 1 < i < s, be the same as in (5.K), (5.4), and ( We suppose again that F; is the
inverse 1mage of its projection F] on T\G The set {Pl, ..., Ps} can be so chosen that
it contains the set {P}; then for each j and ¢ there is a unique i such that PU9) = P,

Let F}" (g, ®j75,H(j)(z)) equal F" (g, qu,gH(j)(z)) if g belongs to F; and let it equal zero
otherwise; let Fy’ (g, (I)j’g7H(j)(Z)> equal

F" (g, @50, HO()) = F" (9, @50, HY(2)).

If the sets wgk) used to define the sets F; have been appropriately chosen, as we assume,
the functions F}’ <g, Do, H (j)(zn)> satisfy, uniformly in n, the conditions of the corollary
to Lemma 3.6. Thus if

Eé// <g’ (I)j,b H(j) (Z)) = Z FQHI (g, (I)j,b H(j) (Z)),
AGO\T

we know that the sequence {‘

Eé”(', q)M’H(j)(zn)> H} is bounded. Let

Ei” (g’ (I)jj,H(j)(Z)) —E" (g7q)j’£7 H(j)(z)> N Eg/ (g’ (I)jj,H(j)(Z))'

The function E! (g, ®,,HY)(z)) is zero on I'\G — F. Thus
1 g,

2

[ B Pl= [ BGom) - 33 B (00,0 HO )| dg
NG-F NG-F

j=1 ¢=1

It follows from that the latter integrals are uniformly bounded. Moreover the integrals

/ |E"(g,®, 2,)|" dg
F;

are uniformly bounded if and only if the integrals
2

JACTE R 9 9F: 1 (RO EIEe) | B

4 7j=1 /=1
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are. But it follows from the definition of the sets F; that on F; the sum
> B 0o HO )
j=1 £=1

is zero if P; does not belong to { P} and is F"” (g, D4, H(j)(z)) if P, = PUY. If the number

u used in the definition of the sets F; is sufficiently large, as we suppose, then in all cases

the sum equals
/ E(ng, ®, z,) dn.
FQNZ'\NZ'

We can complete are argument by appealing to the estimate (5.m]).
It now follows from (/6.i)) that

(20)_1{exp(2a:ﬁa)(@, U) — exp(—2aza) (M(\)P, M()\)\I!)}

is bounded in the neighbourhood of any point Ay on the imaginary axis different from zero.
Hence
lim M*(ANM(\) =1

)\~>)\0
or .
lim MM\ =1
)\—>)\0

since M*(\) = M()). Moreover if the interval [a,b] does not contain zero there is an € > 0
such that HM )\)H is bounded for 0 < 0 < € and a < 7 < b; consequently

ii{%HM_l(a —ir) — M(o +i7)|| = 0.

Define M(\) for ReA < 0 by M(\) = M~'(—)). Let C be the contour consisting of the
lines joining ia — €, ia+ €, ib+¢€, ib— € and then ia — € again. It is clear that, for 0 < |o| <,
a<T<b,

M(A):i/(z—A)—lM( dz+hm—/ {M(=6+it) — M(5+it)} (it — \)~" dt.
C

271 5—0 27

The final integral equals

/{M M (6 +it) } dt.

So the limit is zero. This shows that the function M (\) defined in the left half-plane is
the analytic continuation of the function M (\) defined the right half-plane. Thus M ()) is
meromorphic except perhaps at a finite number of points 0, £z, ..., +z2, in the interval

[—(p, P2, p, p)”} :
Let us verify that the same is true of E(-,®,\) for all & in €. It follows from Lemma 5.2
that
(lji{(% E(g,®,0 +i1) = E(g,D,i1)

converges for all 7 different from zero and all g and that the convergence is uniform on
compact subsets of G for each 7. If we use this fact to define E(g,®,z) for non-zero
imaginary values of z all the assertions of Lemma 6.2, except perhaps the first, will be
valid if H(()Z) = H9(z) with z imaginary and different from zero. We define E(g, ®, \) when
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Re A < 0 by setting it equal to E(g, M(X\)®, —X). With this definition all the assertions
of Lemma 6.2, except perhaps the last, are valid if Héi) = Héi)(z) with Rez < 0 and z
different from —=z1,..., —z,. Every assertion, except perhaps the first and last, is valid if
Hél) = HU(z) with z imaginary and different from zero. However

/ E(ng, M(A\)®, —\) dn
FQN(i’k)\N(i’k)

is equal to the sum of

exp (<H<i,k> (9), HO(=)) + p(HOY <g>)) (ECDM(N2)(9)
and
exp(<H<@>’f> (9), HOO) ) + p(H <g>)) (ECPM (=01 (N)2)(9)
which, since M (—=\)M () = I, is equal to the sum of

exp (<H<i’k> (9), HOW) ) + p(H <g>)) (BU2)(g)
and
exp (<HW€> (9), HO(=2)) + p(HP (g))) (E“PMM2(9)).

Consequently the last assertion is also valid. It follows from Lemma 3.7 that the two
definitions of E(g, ®, \) agree when X is imaginary and then from Lemma 5.3 that E(-, ®, \)
is analytic at the non-zero points on the imaginary axis.

It remains to examine the behavior of M(\) and E(-, ®, A) at the points 0, £z1, ..., +z,.
Since we readily see from Lemma 5.2 that the behavior of E(-, ®,\) is at least as good as
that of M(\) we shall only study the latter. We shall show that M (\) is analytic at zero
and has at most a simple pole at the points 21, ..., z,. If ®(z) and ¥(z) belong to $ the
formula expresses the inner product (5, YZ) as a contour integral. We shall replace the
contour of by the sum of n + 1 other contours C,C1,...,C,. Let ¢ > 0 be so small
that the closed discs of radius € about 0, 21, ..., z, are disjoint. Let C;, 1 < i < n, be the
circle of radius € about z; traversed in the positive direction; let C' be the path running
from —ioco to ie along the imaginary axis, then in the positive direction on the circle of
radius € and centre zero to i€, and then along the imaginary axis to ico. Our estimates of
|M(N)|| are good enough that we can replace the right side of by the sum of

1
271 C

(®(2), U(=2)) + (M(2)®(2), U(2)) dz
and )
1 —
;Q_m/ci(M(z)@(z),\P(z)) dz

This sum will be labelled (6.k). Suppose that E(-) is, in the terminology of [21], the
resolution of the identity belonging to the linear transformation A. It is well known ([21]
Theorem 5.10]) that, if b is greater than a and ¢ is positive,

00 3{(£®57) - (50-03.0) } - 3{ (B@3.5) - (Bta-05.7) }
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is given by

1
6.m lim — RN A),¢,7) dA
( ) SN0 271 /C(a’b@&)( ( ) Qb ?/1)
where the contour C(a, b, c,d) consists of two polygonal paths whose vertices are in order
b+1id, b+1ic, a+ic, a+1id and a — 9, a —ic, b —ic, b — 10 respectively. Since the spectrum
of A is contained in (—oo, (p, p)) we know that E({p,p)) = I. Choose a and b so that

b > a > 0 and so that exactly one of the numbers 2%,..., 22 say 22, belongs to the interval
[a,b]. If we use the formula to calculate (6.m|) we find that (6.4) is equal to
1
(6.n) — [ (M(2)®(2), ¥(z)) d=.
27 e,

Since this is true for any such a and b we conclude that (6.n) is equal to E(b) — E(a). If
we assume, as we may, that M(z) is not analytic at any of the points zi,...,z, we see
that 27, ..., 22 are isolated points in the spectrum of A. Consequently, for any ¢ and 1 in

L{PAVEW),
(R(X*, A)o, ¢)
has only a simple pole at zy,..., z,. Referring to the discussion following and we
see that the same is true of M ().
If we again use to calculate (6.m|) we find that (E ()o, 1/1) is continuous except at

22, ..., 2% and, perhaps, zero and that, if € is positive but sufficiently small,
is equal to
I 1
. — d(2),¥(—2))dz+ — M(z)P U(z))d

if C(€) is the semi-circle of radius € and centre zero transversed in the positive direction
from —ie to €. Hence
~ ~ 1
(B0)6.0) = (B0 - 0)6,8) =lim -— / (M(2)®(2), ¥(3)) dz.
e\0 211 C(e)

The right side must be a positive definite hermitian symmetric form on $. However it is
defined if ®(z) and ¥(z) are merely defined and analytic in some neighbourhood of zero. A
simple approximation argument shows that it remains positive definite on this large space
of functions. Consequently, if w(z) is a scalar-valued function, analytic in a neighbourhood
of zero,

1

(6.p) i /C EEREVERE),06) >0

If § is positive we can take w(z) to be either (6 4+ 2)¥/2 or (6 — 2)'/?; then @(Z)w(z) is 0 + 2
or § — z. Substituting in the relation we conclude that

1 L
i /C(e) (=M(2)®(2), 8(z)) d= = 0
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Applying Schwarz’s inequality to (6.p|) we can conclude more generally that

1 L

li /C (M)2(), 9(=) d= =0
Consequently
(6.q) (E(o)a,i) —( (0—0)3, 0 _11{%%/ (M (2)0(0), U(0)) dz.

There is a linear transformation M on € such that the rlght side of this equation equals
M (2(0),¥(0)).

We shall use the equation we have just found to show that £(0) = E(0—0). It is enough
to show that, for all functions ®(z) in ), E(O)q?: E0— O)gg Suppose [ is a continuous
function on G with compact support such that f(kgk™') = f(g) for all g in G and all k in
K. For each H® in a!” we have defined, in Section 3, a linear transformation 7(f, HD)
on &V W), For each complex number z the direct sum of the linear transformations
7T<f, H(i)(z)> is a linear transformation 7(f,z) on €. It follows from that if W¥(z)

belongs to $ and

Wy (=) = 7(f, 2)0(2)
then \(f ){/,\ = 121\1. As a consequence A(f) commutes with A and with E(z) for all z. Choosing
f so that w(f,0) is the identity we deduce from that if ¢ = E(0)¢ — E(0 — 0)¢ then
A f)¢' = ¢'. Hence ¢ is continuous. Referring to Lemma 4.6(i) we see that if P is a
cuspidal subgroup the cuspidal component of

/ ¢'(ng) dn
TNN\N

is zero unless P is conjugate to an element of {P}. However it follows from and the
remark following the proof of Lemma 3.7 that

AWWWWWWW”Wwde@XMWMMM@»

If P is a percuspidal subgroup to which P®* belongs and & a Siegel domain associated
to P then the left, and hence the right, side must be square integrable on &. A simple
calculation shows that this is so only if E¢*) M ®(0) is zero. Since i and k are arbitrary the
function ¢’ is identically zero.

Now let C' be the semi-circle of radius 1 and centre zero traversed in the positive direction
from —i to 7. Suppose 0 < |A\| < 1 and Re A > 0; since vanishes and M (z) is unitary
for imaginary z, the residue theorem implies

MO = = /_Z(z S IM(2) ds + zi (2= N) ' M(2) d

2mi ™ Jo

Since the right side vanishes if X is replaced by —\ we have

1 B 1 _

(6.r) M(\) = g/ (e + (y—7)°) 1M(z'y) dy + — / {(z AN+ (2 + A)_l}M(z) dz
i 2m Jo

if A = o +17. We shall use this equation to show that

(6.s) lim M(o+it)= M(0)

o\0, 70
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exists. Since M (0) must equal lim,_,o M (i7) which is unitary and, hence, invertible we shall
conclude that there is an € > 0 such that M ()\) and M ~*(\) are uniformly bounded on

{A|0<|A <€ ReA>=0}

Consequently M () is bounded in a neighbourhood of zero and zero is a removable
singularity:.
Let p
M/<Z) = d-M(Z)
z
It is a familiar, and easily proved, fact that (6.s) will follows from (6.r]) if it is shown that

lim, o M (iy) = M(0) exists and that, if N > 0, there are positive constants ¢’ and r’ such
that || M’(iy)|| < c|y["~" for 0 < |y| < N. We know that, for every ® in €, |E"(-,®,iy)||
is bounded on {y } 0<|yl <N } If in 1D we replace 7 by y and take the limit as o
approaches zero we find that (E”(-, O iy), E(-, U, ly)) is equal to

(M~ (iy) M’ (iy)®, ) — (2iy)‘1{(M(iy)<I>,\If) - (M‘l(iy)q%‘lf)}
if the number z is taken to be zero. Consequently the linear transformationﬂ
B(y) = =M~ (iy) M (iy) — (2iy)~" (M (iy) — M~ (iy))

is positive definite for y different from zero and is bounded on {y ’ 0<ly <N } If we
show that there is a > 0 and positive constants ¢ and r such that

[ M (iy) — M~ (iy)|| < 2cy”
if 0 <y < ¢ it will follow that, for some ¢ and »/,
HM/(Zy)” < c/yr’fl
if 0 < |y| < N. We shall conclude that
lim M (iy) = M(0
tim M (i) = M(0)

and
lim M (iy) = M0
lim M (iy) (0)
exist and that

lim M (iy) = lim M~ (iy)
so that M(0) = M~*(0). Since
M'(—2) = MY (2)M'(2)M~*(z)

1(Added 1999) There appears to be a sign missing in the first term. Fortunately this does not affect the

argument in any serious way. The argument is an elaboration of one for the ordinary differential equation

do sin 6

=z

dy y
where ¢(y) is bounded. If the sign is positive and y small, then for —m < 6 < 7 either 6 hovers about 0 or is
driven to 4. Thus €% either hovers about 1 or is driven to —1. If the sign is negative, the roles of 1 and —1
are reversed. The sign can be changed simply by replacing 8 by 6 + m. In the text the argument is made
quantitative and extended to the vector-valued function M (iy), which is analogous to €. Multiplying M by
—1 changes the sign. It also replaces B by —B, but that is of no consequence.

+ c(y),
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we need only establish the above estimate on the 1nterval (0, N]. Choose b so that HB || <b
for 0 < y < N. Suppose 0 < y and suppose € is an eigenvalue for M (iy) of multiplicity
m. It is known that if ¢/ is sufficiently close to y then M (iy’) has exactly m eigenvalues,
counted with multiplicities, which are close to e®. If

8yb < [sin 0|
it is possible to obtain more precise information about the position of these m eigenvalues.

Choose an orthonormal basis @4, ..., ®, for € consisting of eigenvectors of M(iy) and let
e ..., e’ be the corresponding eigenvalues. If

=) o9
j=1
with .
Z’%’P =1
j=1
is a unit vector then
(M (iy)®, D) Zewﬂa 2

and

(M'(iy)®, ®) =Y "y~ " sinb;e |oy|* + (M (iy) B(y)®, ®)
j=1

which is equal to

D (v singe” + B)layl’
j=1
if
B = (M(iy)B(y)®, )
Certainly || < b. It follows from the first formula that (M (iy)®, ®) lies in the convex

hull of the eigenvalues of M(iy); a similar assertion is of course valid for any unitary
transformation. For any positive 1/

(M Ze’%a |2—1—z/ (M'(is)®, @) ds

Let t =y’ — y and suppose | is so small that ||M’(is) — M'(iy)|| < bif [s — y| < [t]; then

(M (iy)®, @) = Xn:e”f (1 — ity "sinb; — B(t))|oy|*
j=1

with |B(t)]| < 2bt. Set
v;(t) = Fty sin; £ iB(t)
and set
u;(t) = e (1 F ivj(t))
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The upper or lower sign is taken according as sinf; > 0 or sinf; < 0. The number v;(¢)
equals
(Fty ' sind; + 8bt) + (—8bt £ iB(t))

If t <0 and 8yb < |sin ;| the second term lies in the sector { z | |argz| < T } and the first
term is positive.

Suppose ¢ is an eigenvalue of M (iy) of multiplicity m and Syb < |sin f]; we shall show
that if ¢/ is less than but sufficiently close to y the m eigenvalues of M (iy) which are close
to € then lie in

jarg 2| < f}
3

Again the upper or the lower sign is taken according as sinf > 0 or sinf < 0. This will

follow if it is shown that for some € with 0 < € < {5 these eigenvalues lie in

12

X(t) = { e (1 Fi(Fty 'sinf + 8th + z))

Y(t):{ew(l:Fi($ty_1sin9+8tb+z)) —giz¢egargzgziz¢e}

4 2 4

The set e X (t) is the shaded sector of the diagram below, and e~*Y (¢) is the shaded
half-plane

sinfd > 0

wlx
wlx
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Choose ¢ so that the boundary of Y(0) contains no eigenvalues of M (iy) except .
We establish the assertion by showing that if Y(0) contains ¢ eigenvalues of M (iy) then
Y (t) contains ¢ eigenvalues of M (iy + it) when ¢ is negative but sufficiently close to 0. Let
e, ... "% be the ( eigenvalues of M (iy) which lie in Y(0). If

‘
(I) = Z Oéjq)j
j=1
is a unit vector then
‘
(M(iy +it)®,®) = > u;(t)]ay|?
j=1

If 1 <j </l and e £ ¢ then, for |¢| sufficiently small, u;(¢) lies in Y (¢) simply because it
is close to €. If ¢ = ¢ the calculations above show that wu;(t) lies in Y (¢). Since the
set is convex (M (iy +it)P, CD) does also. If the assertion were false we could choose ¢ to
be a linear combination of eigenvectors of M (iy + it) belonging to eigenvalues lying in the
complement of Y'(¢), and thereby force (M (iy + it)®, ®) to lie in the complement. This is
a contradiction.

A glance at the diagram allows us to infer that if ¢’ is an eigenvalue of M (iy') lying
close to e then

(6.t) +(0—0') > £sin(0 —0') > (y — ') (v~ "[sin 6] — 8b)

provided of course that 6" is chosen near . We readily deduce that if —1 < a < 1 there is
an € > ( such that the number of eigenvalues which lie on the arc

Vi) ={ e’

and the number of eigenvalues which lie on the arc { et ! cosf < a} are non-decreasing
functions on (0,¢€). Indeed we can find € and a such that these functions are equal and
constant on (0, €). For example at a point y at which one of the eigenvalues § = 0(y) enters
or leaves V' (y) we have

|sin @] < 8yb, cosf < O}

|sin 0| = 8yb
Hence (6.t)) holds. Moreover if ' is close to y but less than it then

/
—8y'b+ |sind'| = (8yb — [sind|) — (8y'b — |sinf'|) = (y — y’){8b ¥ .Z Zl cos 9”}
with 0" close to 6. Since cos@” < 0 the right hand side is greater than or equal to 8b(y — v/).
It follows that
8y'b — |sind'| < 0
so that V(y) has more elements than V (y/).

We next observe that the eigenvalues of M (iy) which do not lie on V(y) must all
approach 1. Suppose they did not. From all the eigenvalues ¢ of M (iy) which lie outside
of V(y) choose one ¢”®, with 0 < |—6(y)| < 7, for which cosf is a minimum and set
a(y) = cosf(y); then a(y) > a. If liminf, ,pa(y) # 1 then there is an o’ < 1 such that
a(y) < d for all sufficiently small y. Consequently there is a constant ¢’ such that

|y_1 sin Q(y)’ — 8>yt
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for all sufficiently small y. It then follows from that, for ¢/ less than but sufficiently
close to vy,

6w)] = 0] =y (y— o).
Hence, for all v/ <y

0(y)| — |0(v)] = 1c’ logy/y

which is a patent impossibility. Choose § > 0 so that [sin6(6)| < 1, cos6#(6) > i, and
32b0 < 1. Let r = 1/5 and choose ¢ so that ¢6” = 1. We shall show that if 0 < y < §
then ‘sin 9(y)| ey Ifd <e< 1, c>8b, as we may suppose, we can combine this with
our earlier assertion to see that HM iy) — M~(iy)|| < 2cy” on the interval (0,0]. If the
assertion is false for some number 3’ let y be the least upper bound of the numbers for
which it is false. It is true for y and ‘Sin G(y)‘ = cy". If Y is less than, but sufficiently close
to, y then
: . 1 1 _
jsin0(y)| = [sin0(y")] > 5 (16w)] — [0G)]) = 5 =) (e ™ = 8b).

Since

1 1
r—1 —r_ r—1 —1
= =0 > =0 " > 160,
Y 2 Y 2
we see that

: / r 1 rT— /
|sin6(y")| < ey -5 Yy —1v)

However, for 1/ sufficiently close to ,

so that
|sin6(y)| < cly')".
This is a contradiction.
We turn now to the proof of Lemmas 6.1 and 6.2 for families of cuspidal subgroups of
rank greater than one. Let a® be one of a™, ..., a("), where r is now the integer introduced
at the beginning of the present section. If a,(j) is a simple root of a® let

g%m:o}

If we fix ¢ and /¢ then as was remarked before stating Lemma 2.13, there is a unique j such
that a¥) contains ag and such that Q(a®, a)) contains an element s such that agﬁ)’ os!
is a positive root of al¥) if and only if m # £. We first show that if ® belongs to & then

E(g,®, H) is meromorphic on the convex hull of A and s~'2A() and, on this set
E(g,M(s,H)CD, sH) = FE(g, 9, H).
For each & there is a unique cuspidal subgroup *P®*) belonging to P* which has the split

a)) = {H € a®

component ag We define *PU*) in the same manner. There is no harm in supposing that
the elements of { P} have been so chosen that if *P(#1) and *P*2) or *PU#2) are conjugate
they are equal. Choose *P in

{P 1<k <m b= {P 1<k <m, ]
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and suppose *P = *P0*) for 1 < k < m} and *P = *PU* for 1 < k < m/;. Let

/
mi

e = P eWir x w,we)

k=1

and let ,
fel) — @ @(V(J}k) x W, W*).

k=1

According to the remarks preceding Lemma 3.5 we can identify
P et
k=1

or
Do

with the space of functions in T&® or T(’E(J respectlvely which are invariant under right
translations by elements of *Ky. If H belongs to al) let H = *H + 'H with *H in the
complexification of aZ ) and TH orthogonal to ag) The restriction of M (s, H) to

Eé E(Vk
k=1

depends only on "H and agrees with the restriction to this space of a linear transformation
on fE® which, using a notation suggested by that of Lemma 4.5(ii), we call M ('s, TH). If

® belongs to
P e
k=1
then M (s, H)® belongs to
GJB @(V(J k)
k=1
It is enough to show that for each *P and each ® in
P e
k=1
the function E(g, ®, H) is meromorphic on the convex hull of A® and s~'AY) and

E(g,M(Ts,TH)q>,sH> — E(g,®, H).
It
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then
E(g,®, H) ZE 9., H
k=1

and if H belongs to A® then

(60)  E(g, @ H)=Y_ >  exp (<H 9 (6vg), H > + p(H () (579)) ) 1. (079).
*A\T A0\ *A

If g is in G let g = namk™" with n in *N, a in *A, m in *M, and k in K then

> exp (<H 0 (59), H )+ p((H (59)>) i (3g)

A(i,k)\*A
is equal to
eXp<<*H *H> + p(*H( ))) Z eXp(<JfH(i,k)(9m)’ TH> + p(TH(Hm)>)<I>k(0m, k)
TA(i,k)\*@
if
and

TAGR) — xg N T pik)
The sum on the right is, essentially, the Eisenstein series F ((m, k), @, TH ) associated to
the function ®;, considered as an element of &(V %) x W, W*), and the cuspidal subgroup
TPk % K. Tt is not quite this Eisenstein series because the Killing form on *m is not the
restriction to *m of the Killing form on g. We ignore this difficulty. It is a function on
O x {1}\*M x K which is invariant under right translations by elements of */, and can
thus be considered a function on *I'\G which we write as E(g, ®x, "H). The right side of

equals
>~ exo((H(vg) ) + p(H(19)) ) Elrg, @i, H).

*A\D
Consequently
(6.v) E(g,®,H)=>_ eXP<<*H(79), “HY) + p(*H(vg))>E(vg, o, 'H)
*A\D
if, for all g,
E(g,®,"H) = E(g, &y, 'H)
k=1
A similar result is valid if 7 is replaced by j. The cuspidal subgroups
TPW) x K, 1<k<m,

have a common split component Ta? of dimension one. Since Lemmas 6.1 and 6. 2 are valid
for families of cuspidal subgroups of rank one E(-,®,TH) is meromorphic on fa® and

E(,®, H) = E(.,M(TS,TH)cb,TH)
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Let & be a Siegel domain associated to a percuspidal subgroup P of *M. If U is a bounded
subset of Ta® let p(TH) be a polynomial such that p(fH)M('s,'H) is analytic on U. It
follows readily from Lemmas 5.2 and 6.2 that there is a constant ¢ such that, for all m in
G, all kin K, and all TH in U,

‘p(TH)E<(m, k), @, TH) ‘

is at most

c{exp(<TH(m), ReTH>> + exp(<TH(m), TS(ReTH)>) } exp p(TH@ (m)).

Here TH(m) belongs, of course, to Th the split component of fP and its projection on fa®
is tH®(m). The remarks following the proof of Lemma 4.1 imply that converges
absolutely if H is in the convex hull of A% and s~ and M('s,-) is analytic at TH,
that E (-, ®, H) is meromorphic on this set, and that every assertion of Lemma 6.2 except

perhaps the last is true if Héi) belongs to this set. Since sH = *H + Ts(TH) the relation
E(g,®,H)=E(g,M(s,H)®, H)

is immediate. It is however the last assertion of Lemma 6.2 which is of importance to us.

Let ® belong to € and let P"% belong to {P}. Fix a split component, which we still
call a® | of P9 and let X belong to a®, m to M™9 and k to K. If H belongs to 2A®
then

/ E(nexp Xmk,®, H)dn
FmN(h,Z)\N(h,E)

is equal to
S exp((X,tH) + p(X)) (E(W)M(t, H)<I>> (mk)

teQ(al® al@)
if £ is the projection of €™ on &V W), If ty,...,t, are the elements of Q(a®, al¥))
there are elements X;,..., X, of a” such that det (exp((Xx,tyH> + p(Xx))) does not

vanish identically. The inverse, (a,,(H)), of the matrix (exp((Xx,tyH> + p(Xx))) is a
meromorphic function on a® and (E(h’e)]\/[ (te, H )(I>> (m, k) is equal to

n

Z%y(H)/ E(nexp X,mk,®, H) dn

y:l FmN(h,Z)\N(h,Z)

which is meromorphic on the convex hull of A® and s~ . Since m and k are arbitrary
this is also true of E™Y M (t, H) and hence of M(t, H) for any t. Moreover

/ E(ng,®, H)dn
FmN(h,Z)\N(h,Z)

is equal to

> (B0 e) + p(0(0)) ) (B0 10, 1)) )

teQ(al® a(h))
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at those points of the convex hull where both sides are defined. A similar result is of course
valid if 7 is replaced by j. Use this together with the functional equation we have discovered
to see that the left side of this equation also equals

Y ew (<HW> (g), tsH> + p<HW> (g))> (EW)M(t, sH)M (s, H)<I>> (g).

teQ(a(J‘XaUﬂ)
This is so for every ¢ only if
M(t,sH)M (s, H) = M(ts, H).

If i and j are arbitrary and s is any element of Q(a”, al)) then, according to the first
corollary to Lemma 2.13, s can be written as a product of reflections, say s = s,,---s1. Let
us show by induction on n that M (s, H®) is meromorphic on a” and that its singularities lie
along hyperplanes. If n = 1 then the discussion above, together with the remarks following
the proof of Lemma 4.5(ii), shows that M(s, H?) depends, apart from an exponential
factor, on only one variable and is a meromorphic function on a”. On the set A®

M(s,HD) = M(sp - - $9, 51 HD)M (s, H)

The induction assumption implies that M (s, H®) is meromorphic on all of a®) and that its
singularities lie along hyperplanes. It can also be shown by induction that if ¢ belongs to

Q(a¥ a®) then
M(ts, H?) = M(t,sH")M (s, HD).
Indeed
M(ts, Hm) = M(tsn TS, H(i)) = M(tsn © S, S1H(i))M(S1, H(i)).
Apply the induction assumption to the first factor to see that M(ts, H®) equals
M(t, sHY)M sy, - - 9,51 HD)M (51, HY) = M(t, sH )M (s, H?).

There is one more property of the functions M (s, H®) which will be needed to complete the
proof of Lemma 6.1. If, as above, s is in Q(a,a")), choose s,,...,s; so that s = s, --- 5
and so that if t;, = s,_1---51, 2 < k < n, and s, lies in Q(a(*), aU%)) and belongs to the

simple root oy, then ¢ ((a(i))+> is contained in

{H € alix)

an(H) >0 }
Then
(6W) M(S7 H(l)) = M(Sn, th(Z)) e M(SQ, tlH(i))M(Sl, H(z))

But there are only a finite number of singular hyperplanes of M (s, H) which intersect the
closure of
{ H e alw

Reay (H) >0 }

Consequently there are only a finite number of singular hyperplanes of M (s, H®) which
intersect the closure of the tube over (a)*.

For each i, 1 <1 < r, there are a finite number of points Zl(i), cee Zﬁ? in the orthogonal
complement of ag) in j. such that for any X in 3, the centre of the universal enveloping
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algebra of g, for any H® in a, and for 1 < k < m;, the eigenvalues of 7(X, H®), the
linear transformation on &(V &k 1) deﬁned in Section 4, belong to the set

{PX(H“) + 20, Py (HD Z;?)}.
There is certainly a polynomial p in 3 such that
p(HD + 2y =0,  1<k<n,,

if, for some s, H® in al? belongs to a singular hyperplane of M(s,-) which intersects the
closure of the tube over (a”)*, but such that p(H® + Z ) does not vanish identically on
al for any choice of 7 and k. Thus there is an X in 3 such that for all 4, all 7, and all s in
Q(a® al)) the function
M(s, HN)r(X, HD)

is analytic on the closure of the tube over (a(¥)* but not identically zero. Let f be an
infinitely differentiable function G such that f(kgk™') = f (g) for all g and all k£ and such
that the determinant of the linear transformation 7(f, H( ) on &) vanishes identically for
no i. Set fo = N(X)f; then n(fy, HV) = n(X, HM)r(f, H) and its determinant does not
vanish identically. If G is a Siegel domain associated to a percuspidal subgroup then for
each g in & define E'(h, ®;, H?) as in the beginning of this section. According to and
the inner product of A(fo)E'(, CD“H ) and A\(fo)E'(-,¥;, Héj)) is equal to

2

Z 2m)4

s€Q(al®) a(9)

/ (2 (s, HOYx( fo, HO)®, 7 (fo, —sH )05 ) (s, HO) |dH)
Re HO =Y (®
with

&(s, HD)

= eXP<X(9), HY + Féj) D4 sHC > H a, e H(i))ag)(ﬁg) + sHD)

If the relation (6.w])) is combined with the estimates obtained for the function M(z) of
Lemma 6.3 when Rez > 0 it is seen that in this 1ntegra1 Y@ can be replaced by 0.
Consequently the expression is an analytic function of (H h ), H, (g )) on the Cartesian product
of the tubes over (a®)* and (a¥))*. Applying an argument similar to that used in the
case of a single variable we see that \(fy)E'(-, ®;, H®) is an analytic function on the tube
over (a®)* with values in £(I'\G). The estimate of (6.d)) is a manifest consequence of the
above expression for the inner product. We conclude that E(-, ¢;, H?) is meromorphic
on the tube over (a)* and that Lemma 6.2 is true if Hy' (0 5 1s in this set. If H® lies on
the boundary of this set and if, for every h and all ¢ in Q( ) aW), M(t,-) is analytic at
H® then, applying Lemma 5.2, we define E(-, ®, H®) by contlnulty Suppose W is a Weyl
chamber of a¥). Choose the unique j and the unique s in Q(a®, al¥)) such that sW = (al))*
and if H® is in the closure of the tube over W set

B, @, HY) = B(-, M(s, HO) @, sH)
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when the right side is defined. Then

/ E(ng,®;, H") dn
NN O\ N (h,6)

is equal to

S e (<HW> (9),tsH )+ p( 1) <g>)) (B™OM (@t sHO)M(s, HO),) (g).
teQ(ald) alh)

Since the cuspidal component of
/ E(ng, ®;, HD) dn
INN\N

is zero if P is not conjugate to an element of {P} and since E(-,®;, H?) has the proper
rate of growth on Siegel domains it follows from Lemma 5.2 that E(-, ®;,-) can be defined
at H% in the closure of W if, for all h and all ¢ in Q(a®?,a®), M(t,-) is analytic at H®.
However a given point H¥) at which all functions M (¢, -) are analytic may lie in the closure
of more than one Weyl chamber so that it is not clear that we have defined E(-, ®, H®)
unambiguously; but to see that we have, it is sufficient to refer to Lemma 3.7. Lemma 5.3
implies that E(-, ®;, H®) is meromorphic on al” and that the first assertion of Lemma 6.2
is valid. It remains to verify the functional equations. Appealing again to Lemma 3.7 we see

that it is enough to show that for all 7, all s in Q(a®,a"?)), and for 1 <h <7, 1 <L < my,

/ E(ng, ®;, HY) dn = / E(ng, M(s, HN)a,, sH(i)> dn.
FmN(h,é)\N(h,Z) FmN(h,Z)\N(h,Z)
The left side has just been calculated; the right side is
3y exp<<HW> (9)tsH ) + p(H"0 <g)>) (E™OM (@t sHO)M(s, HO);) (g).
teQ(ald) a(h))

Since ' ' '
M(t,sHOYM (s, HD) = M (ts, H)
they are equal.



CHAPTER 7

The main theorem

As was stressed in the introduction the central problem of this paper is to obtain a spec-
tral decomposition for £(I'\G) with respect to the action of G. Referring to Lemma 4.6 we see
that it is enough to obtain a spectral decomposition for each of the spaces E({P}, {V}, W)
with respect to the action of C(W,W). If ¢ is the rank of the elements of {P} it will be
seen that £({P},{V}, W) is the direct sum of ¢ + 1 invariant and mutually orthogonal
subspaces

,Cm({P},{V},W>, 0<m<yq,
and that, in a sense which will become clear later, the spectrum
C(W,W) in L,,({P},{V},W)

is of dimension m. The spectral decomposition of £,({P},{V}, W) will be effected by
means of the Eisenstein series discussed in Section 6, the Eisenstein series associated to cusp
forms. The spectral decomposition of £m({P}, {V}, W), m < ¢, is effected by means of
the Eisenstein series in m-variables which are residues of the Eisenstein series in ¢ variables
associated to cusp forms. More precisely the series in m-variables are residues of the series
in m 4+ 1 variables. In any case they are by definition meromorphic functions and it will
be proved that they must satisfy functional equations similar to those of Lemma 6.1. It
will also be shown that there are relations between the functions defined by Eisenstein
series and certain other functions that arise in the process of taking residues but cannot be
defined directly. It will be apparent, a posteriori, that the Eisenstein series described above
are precisely those of Lemma 4.1.

It will be easy to define the space L,({P},{V},W); the other spaces L,, ({P}, {V}, W),
m < ¢ will be defined by induction. Although the spaces Em({P}, {V}, W) can be shown,
a posteriori, to be unique it is, unfortunately, necessary to define them by means of objects
which are definitely not unique. Since the induction on m must be supplemented by an
induction similar to that of the last section this lack of uniqueness will cause us trouble
if we do not take the precaution of providing at each step the necessary material for the
supplementary induction. To do this it is best to let {P} denote a full class of associate
cuspidal subgroups rather than a set of representatives for the conjugacy classes in an
equivalence class. Then E({P}, {V}, W) is just the closure of the space of functions spanned
by the functions

o(9) =Y _¢(19)
A\l

where for some P in { P}, ¢ belongs to ©(V, W). Suppose *P is a cuspidal subgroup belonging
to some element P of {P}. The space D(V @ W, W*) of functions on T x {1}\*M x K has
been defined; it can be regarded as a space of functions on *AT x {1}\*P x K. The subspace
D(V @ W, W*) consisting of those functions ¢ such that ¢(p1, k1) = ¢(p2, ko) when p; and
p2 belong to *P, k; and ky belong to K, and p1k; ' = pyk; ' can be regarded as a space of

107
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functions on *AT\G. It will be called "D(V,W). Then *L({P},{V}, W) will be the closure,
in £("®© x {1}\"M x K), of the space of functions on *A*T\G spanned by functions of the

form R
dlg9) = b(v9)
A\A
where, for some P in *{ P}, the set of elements in {P}, to which *P belongs, ¢ belongs to
DV, W). If a, ..., a™ are as before the distinct split components of the elements of { P}

we let *{ P} be the set of elements in *{ P} with the split component a” and define { P}
in a similar fashion. Suppose P belongs to *{P}® and fa® is the orthogonal complement
of *a in a®. Let *9(V, W) be the set of all functions ®(-) with values in C(V, W) which are
defined and analytic on

{ H e Tql?

[Re H|| < R}

and are such that, if p is any polynomial, H p(Im H)P(H) || is bounded on this set. Here R is
the number introduced at the end of Section 4 and ||Re H|| is the norm of Re H in a. If we
are to use these new spaces effectively we have to realize that all of the facts proved earlier
have analogues for these new types of spaces. Since the proof generally consists merely of
regarding functions on *N*A\G as functions on *M x K we will use the analogues without
comment. In particular the analogue of the operator A on £({P},{V}, W) is defined on
*L({P},{V},W); it will also be called A.

Since the entire discussion concerns one family { P}, one family {V'}, and one space W
we fix the three of them immediately and start by introducing some simple notions. Let
a=a® with 1 <i<r. If s is a complex affine subspace of a, defined by equations of the
form a(H) = p where « is a positive root of a and y is a complex number then s = X (s) +5
where § is a complex subspace of a. defined by real linear equations which contains zero and
X (s) is orthogonal to s. Let S(s) be the symmetric algebra over the orthogonal complement
of 5. Suppose “a is a distinguished subspace of a and suppose § contains *s. If Ta is the
orthogonal complement of “a in a there is a unique isomorphism Z — D(Z) of S(s) with a
subalgebra of the algebra of holomorphic differential operators on fa, such that

_d
Cdt

if Y belongs to the orthogonal complement of 5. If & is a finite-dimensional unitary space and
if ®(-) is a function with values in & which is defined and analytic in a neighbourhood of the
point H in Ta. let d®(H) be that element of L(S(s), €), the space of linear transformations
from S(s) to &, defined by

D(Y)f(H) (H+1tY)

t=0

dP(H)(Z) = D(Z)P(H).
The space L(S (s), G) can be identified with the space of formal power series over the
orthogonal complement of § with coefficients in € and we obtain d®(H) by expanding the
function
Oy(Y)=d(H+Y)

about the origin. If f(-) is a function with values in the space of linear transformations
from € to & which is defined and analytic in a neighbourhood of H we can regard df (H)
as a power series; if F' belongs to L(S(s), ) the product df (H)F is defined and belongs
to L(S(s), ). There is a unique conjugate linear isomorphism Z — Z* of S(s) with itself
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such that Y* = —Y if Y belongs to the orthogonal complement of § and there is a unique
function (7, F') on
S(s) ® € x L(S(s), €)
which is linear in the first variable and conjugate linear in the second and such that
(Z® O, F) = (@,F(Z*))

if Z isin S(s), ® is in €, and F is in L(S(s), €). It is easily seen that if A is any linear
function on S(s) ® € there is an F in L(S(s), €) such that A(T) = (T, F) for all T in
S(s) ® €. If we define the order of F', denoted O(F'), to be the degree of the term of lowest
degree which actually occurs in the power series expansion of F' and if we say that a linear
transformation N from L(S (s), QE) to some other vector space is of finite degree n if NF' =0
when O(F) is greater than n and if NF' # 0 for some F' of order n then a linear function A
on L(S(s), €) is of finite degree if and only if there is a 7" in S(s) ® € such that A(F) is
the complex conjugate of (T, F) for all F. In particular if t is a subspace of a¥) defined
by linear equations of the form o(H) = p where « is a positive root of a¥) and p is a
complex number, if & is another unitary space, and if N is a linear transformation from
L(S(s), €) to S(t) ® E’ which is of finite degree, there is a unique linear transformation N*
from L(S(t), ) to S(s) ® € such that (NF, F’) is the complex conjugate of (N*F’, F) for
all ' and F" and N* is of finite degree.

There is a unique isomorphism Z — pz of S(s) with a subalgebra of the algebra of
polynomials on Ta, such that py(H) = (H,Y) if Y belongs to the orthogonal complement
of 5. If P belongs to {P}, V is the corresponding element of {V'}, and *P is the cuspidal
subgroup with split component *a belonging to P and if *A is a split component of *P there
is a unique map of S(s) ® E(V,W) into the space of functions on *AT\G such that the
image of Z @ ® is pz(TH(g))®(g) if TH(g) is the projection of H(g) on Ta. We denote the
image of T" by T'(+). If 1/(g) belongs to O (V, W) then we can represent 1)(g) as a Fourier
transform

1
00 = o | o101+ 011 ) ) wla. 1)
where W(-) is a holomorphic function on Ta, with values in &(V, W) and (g, H) is the value
of U(H) at g, and p is the dimension of Ta. We shall need the formula

(7.a) <T, d\If(—F)) - [T\*MXKexp(<TH(m),H> +p(TH(m)>)T(m)E(m) dm dk

for H in Ta, and T in S(s) ® &(V,W). We need only verify it for T'= Z @ ®. If Y belongs
to Ta then the function 1 (exp Ymk) on M x K belongs to &(V,W); call it ¥'(Y). Then

U(H) = [ exp(~(Y.H) = pV) V() 4]

Consequently
DZYUH) = | exp(=(Vo ) = p(¥)) e (<) W(¥) JaY |
Since the complex conjugate of pz«(=Y) is pz(Y),
<<I>, D(Z*)\IJ(—F))
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is equal to

jﬂ w?(a) da /@\M dm/de{eXp«Y, H) + p(Y))pZ(Y)q)(mk)E(exp Ymk)}

ﬂT\*MXK exp (<TH(m), H> + p(TH(m)>> (Z® q))(mk)a(mk) dm dk.

Suppose that t is contained in & and is also defined by equations of the form o(H) = p
where « is a positive root and p is a complex number. There are a number of simple
relations between S(s) and S(t) which we state now although they are not needed till later.
Let So(t) be the symmetric algebra over the orthogonal complement of t in s; then S(t) is
isomorphic in a natural manner to Sy(t) ® S(s). If F belongs to L(S(t), €) and X, belongs
to So(t) let Xo V F be that element of L(S(s), €) such that

(XoV F)(X) = F(Xo® X).

It is clear that S(t) ® € is isomorphic to Sy(t) @ (S(s) ® €) and that if T belongs to S(s) ® €
then
(T, XoVF)=(X;®T,F).
If F(-) is a function defined in a neighbourhood of a point H in fa with values in L(S(s), €)
such that F(-)(X) is analytic at H for all X in S(s) we let dF'(H) be that element of
L(S(t), €) such that
dF(H)(Xo ® X) = D(Xo)(F(H)(X)).
It is clear that
d(d®)(H) = d®(H).

There is one more definition to make before we can begin to prove anything. Let s be a
subspace of a?) as above and suppose that if *P is any cuspidal subgroup belonging to an
element of {P} whose split component *a is contained in § and P is any element of *{ P}
there is given a function F(g, F, H) on

"A*T\G x L(S(s), €(V,W)) x Ts.

Here 's is the projection of s on the orthogonal complement of *a. The space s together
with this collection of functions will be called an Eisenstein system belonging to s if the
functions E(-,-,-) do not all vanish identically and the following conditions are satisfied.

(i) Suppose *P and a P in *{ P} are given. For each g in G and each F in
L(S(s), €(V. V)

the function E(g, F, H) on 's is meromorphic. Moreover if H, is any point of s
there is a polynomial p(H) which is a product of linear polynomials a(H) — p,
where « is a positive root of Ta and y is a complex number, and which does not
vanish identically on Ts and a neighbourhood U of Hy such that p(H)E(g, F, H)
is, for all F in L(S(s), €(V,W)), a continuous function on *AT\G x U which is
analytic on U for each fixed g and such that if G, is a Siegel domain associated
to a percuspidal subgroup Py of *M and F belongs to L(S(s), €(V,W)), there are
constants ¢ and b such that

|p(H)E(mk, F, H)| <enf (ao(m))
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for all m in Sy, k in K, and all H in U. The function E(g, F, H) is for each g and
H a linear function of F' and there is an integer n such that F(g, F, H) vanishes
for all g and H if the order of F' is greater than n.

If *a is a distinguished subspace of a® which is contained in § and if a¥) contains

‘a let TQU)(s) be the set of distinct linear transformations from s into aY) obtained
by restricting the elements of TQ(a” a()) to s. If s belongs to TQU)(s) let

55:{—(E)‘H€5};

s, is a complex affine subspace of a¥). Suppose the cuspidal subgroup *P with
split component *a, the group P in *{P}®, and the group P’ in *{ P} are given.
Then for every s in TQU)(s) there is a function N(s, H) on s with values in the
space of linear transformations from L(S(s), €(V,W)) to S(s,) ® €(V',W) such
that for all F'in L(S(s), &(V,W)) and all F’ in L(S(s,), €(V’',W)) the function
(N(s, H)F, F’) is meromorphic on 's. If Hy is a point of Ts there is a polynomial
p(H) and a neighbourhood U as before such that p(N)(N (s, H)F, F') is analytic
on U for all F' and F’. Moreover there is an integer n such that (N(s, H)F, F”)
vanishes identically if the order of F' or of F” is greater than n. Finally, if
TP =*N\P' Nn*S
then

(7.b) / E(nmk, F, H) dn
ONTN\TN'

(iii)

(7.c)

= Z exp <<TH’(m), 5H> - p(TH’(m)>> N (s, H)F(mk)
provided both sides are defined. However, if P” is a cuspidal subgroup to which *P
belongs and P” does not belong to { P} then the cuspidal component of

/ E(nmk, F,H)dn
Nt N\t N7
is zero.

Suppose *P;, with split component *a;, is a cuspidal subgroup belonging to some
element of {P} and *P, with split component *a, is a cuspidal subgroup belonging
to *P; and suppose § contains *a;. If P belongs to *{P}gl) and hence to *{P}®
and F belongs to L(S(s), &(V,W)) then E;(-, F,-) and E(-, F,-) are functions on
*A T \G x Ts; and *A*T\G x 's respectively. If H belongs to fs let H = H* +TH
where *H belong to the complexification of the orthogonal complement of *a in *ay
and "H belongs to 'sy; if H belongs to

U J s (o9
oy gll(j) SETﬂl(a(i)’a(ﬂ'))
then

E(g,F.H)= > eXp<<*H1(vg), H) + po(*Hl(vg))>E1(vg, F,'H)
*A1\*A
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if By(-, F,-) is analytic at TH. Here po(*H(g)) is the value of p at the projection of
*H1(g) on the orthogonal complement of *a. The convergence of is implied by
the remarks following the proof of Lemma 4.1. Moreover if P’ belongs to *{P}gj )
and s belongs to Tng)(s) then
N(s,H) = Ny(s,TH).
(iv) Suppose *P; and *P; are cuspidal subgroups with the split component *a which both

belong to elements of {P} and suppose § contains *a. Suppose P; belongs to {P}; (@)

and P, belongs to {P}2 and suppose there is a v in ' such that v*P; = *P»y and
vP, = Pyy. If H belongs to 's let D(H) be the map from &(Vy, W) to €V, W)
and D be the map from functions on *A,*T7\G to the functions on *A5*15\G which
were defined in Section 4; then if F belongs to L(S(s), &(V,W))

(7.d) DE,(g,F,H) = Ey(9,dD(H)F,H).
Moreover if P/ and P, belong to {P}?) and *{P}{ respectively and there is a &
in I with
P, = Py
and
3Py ="Py6

so that the map D(H) from &(V], W) to &(Vy, W) is defined for all H in Ts and if
s belongs to fQU)(s) then

(7.e) (Ny(s, H)F, F') = (Ng(s, H)(dD(H)F), dD(—sﬁ)F’)

for all F' and F".
(v) If k is in K then

NE)E(g, F,H) = E(g, \(k)F, H)
and if f belongs to C(W, W) then

Nf)E(g, F, H) = E(g,d(w(f, H))F, H).

Suppose that s = a. Then S(s) is just the space of constants so that, for all P in
{P}®, the map F — F(1) defines an isomorphism of L(S(s), &(V,W)) with &V, W). If
*P is a cuspidal subgroup with split component *a which belongs to some element of {P}, if
*a is contained in a®, if P belongs to {P}?, and if F belongs to L(S(s), &(V,W)) we let

E(g,F,H) =) exp<<H(vg),H> + PO(H(’YQ)))(I’(’YQ)
AVA

if H belongs to "A(®. Here ® = F(1) and p(H(g)) is the value of p at the projection of
H(g) on the orthogonal complement of *a. This collection of functions certainly defines an
Eisenstein system and, as remarked before, all the other Eisenstein systems of interest to
us will be obtained from systems of this type by taking residues. Let us see explicitly how
this is done.

Suppose that s is a subspace of a = a(® defined by equations of the same form as before
and suppose that ¢(-) is a function meromorphic on all of § whose singularities lie along
hyperplanes of the form «(H) = p where « is a real linear function a and p is a complex
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number. Suppose we have a hyperplane t, not necessarily a singular hyperplane of ¢(-),
of this form and suppose we choose a real unit normal H, to t. Then we can define a
meromorphic function Res¢¢(-) on t by

Res ¢(H / ¢(H + 6¢*™° Hy) d(e*™)

if ¢ is so small that ¢(H + zHy) has no singularities for 0 < |z| < 2J. It is easily verified
that the singularities of Res; ¢(-) lie on the intersections with t of the singular hyperplanes
of ¢(-) different from t. Now suppose we have an Eisenstein system {E(-,-,-)} belonging to
s and suppose t is a hyperplane of s defined by an equation of the form «a(H) = p where «
is a positive root of a. We now define an Eisenstein system belonging to t. Suppose that
*P is a cuspidal subgroup belonging to some element of { P} and suppose that the split
component *a of *P is contained in t. Then *a is also contained in § so that if P belongs to
P} there is a function E(-,-,-) defined on

A*T\G x L(S(s), €(V, W)
)

If g is in G and ®(-) is a function on a, with values in €(V, W) which is defined and analytic
in a neighbourhood of H in fa® then ResTtE(g, do(.), ) is defined in a neighbourhood of

H in t. Let .
2%
d®(H + zHy) :;5 )O(H))
and let

E(g,F,H+ zHy) = Y 2E,(g,F, H)
Y=—00
if F belongs to L(S(s), &(V,W)). Of course only a finite number of terms with negative y
actually occur. Then

Res B(g, d®(H), H) = 3 %Ey<g,d(D(H§)<I>(H)),H).

If F belongs to L(S(t), &(V,W)) we set

1 T
R{esE(g,F,H): E aEy(g,HO\/F,H)
r+y=—1
We must verify that the collection of functions of Res; E(-,-,-) is an Eisenstein system

belonging to t. Condition (i) is easily verified. If *P and P are as above and if P’ belongs
to *{ P} then

/ Res E(nmk, F,H) = > — / (nmk, HE v F, H) dn.
ontN\TN/ i Jont N’

oty=—1 \TN/

Suppose that, for s in QU (s),
N(s,H + zHg) = Y 2"Ny(s, H),

V=—00
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then
/ E,(nmk,HiV F,H)dn
Nt N\T N/

is equal to the sum over s in QU)(s) of
exp(<TH’(m), SH> + p<TH’(m))> Z l<TH’(m), sHo>u(Nv(s, H)(H{ V F))(mk).

u!
=y

If for ¢ in TQU)(t) we take Res, N (¢, H) be that linear transformation from L(S(t), €(V, W))
to S(t;) ® (V' W), where
tt:{—(m)‘]iet},
which sends F in L(S(t), €(V,W)) to
1 u x
>y T (sHo)" @ No(s, H)(H; V F),

s z4ytv=-1

where the outer sum is over those s in fQ0)(s) whose restriction to t equals ¢, then
/ Res E(nmk, F, H) dn
Nt N\t N

is equal to

3 exp(<TH'(m), tH> + p(TH’(m))> (RtesN(t, H)F) (mk).

tet Q) (t)

It is now an easy matter to complete the verification of condition (ii). It should be
remarked that if ®(-) is a function with values in &(V, W) which is defined and analytic in
a neighbourhood of H in fa® and if ¥(-) is a function with values in &(V’, W) which is
defined and analytic in an open set of fal) containing

{ —sH ‘ s € 1QU) () }
then

Res %:)( )(N(S,H) dd(H), d\If(—sH))
s€ ) (s

is equal to
3 Res(N(t,H) d(H), dqf(—sﬁ)).
et
The conditions of (iii), (iv), and (v) are also verified easily.

There is a lemma which should be proved before we leave the subject of residues. It
appears rather complicated because it is stated in such a form that it is directly applicable
in the proof of Theorem 7.1, which is the only place it is used; however, it is essentially a
simple consequence of the usual residue theorem. If s is a subspace of a = a¥), for some i
with 1 <4 < r, defined by the equations of the usual form and if {E (-, )} is an Eisenstein
system belonging to s then a hyperplane t of s will be called a singular hyperplane of the
Eisenstein system if there is a cuspidal subgroup *P whose split component *a is contained
in t and a cuspidal subgroup P contained in *{P}(i) such that the projection of t on Ts
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is either a singular hyperplane of E(-, F, H) for some F in L(S(s), &(V,W)) or a singular
hyperplane of (N(s, H)F, F') for some F in L(S(s), &V, W)), some P’ in {P}9, some s
in 7QW(s), and some F’ in L(S(s), €(V’,W)). Only a finite number of singular hyperplanes
of the Eisenstein system meet each compact subset of 5. Let
s5=X(s)+(sNa)
If Z is a point in § and a is a positive number or infinity let
Us,Z,a)={Z+iH |He€sNa, |H|<a}

and if *a is a distinguished subspace of a which is contained in § let U('s, Z,a) be the
projection of U(s, Z,a) on 's. Let a be a positive number and let Z; and Z, be two distinct
points ins. If 0 < o < 1 let
Z(x)=axZy+ (1 — )2,

and suppose that there is a number zy with 0 < xy < 1 such that no singular hyperplane
of the Eisenstein system meets the closure of U (5, Z(x), a) if z # x¢ and such that any
singular hyperplane which meets the closure of U (s, Z(xp), a) is defined by an equation of
the form (H, Zy — Z;) = p where p is a complex number. If *P, P, P’ and s are given we
want to consider

1 1
7.t , / E(g,d®(H), H) dH — — / E(g,d®(H), H) dH
(7.0 2mi)™ Ju(ts,22.0) ( (). H) 2mi)™ Ju(ts,z1.a) ( (). H)

as well as the sum over s in QU)(s) of

(7.8)

<27”')’”{/U(+ﬁz ) (N (s, 1) do(H), d%(~sH) ) dH

_/ (N (s, H), doo (i), aw(~sT)) dH}.
U(ts,21,a)

The function ®(H) is a function with values in &(V, W) that is defined and analytic in
a neighbourhood of the closure of | J,.,; U('s, Z,a) in fa®) and W(H) is a function with
values in (V' W) which is defined and analytic in a neighbourhood of

U U U('s,, —sZ,a)

setQ) (5) 0<2<1

in fa”). The dimension of s is m.
Choose coordinates z = (21, ..., 2,) on 's such that H(z) belongs to 5 if and only if z is
real, such that

(H(z),H(w)) = Z 2| Wy,

such that 77, the projection of Z; on 's, is equal to H(0,...,0), and such that TZ, =
1/2
H(0,...,0,c) with some positive number ¢. Set w = (0,...,¢). Ifa’ = <a2 — ||Im X(s)H2>

the above differences are equal to

1\"™ . 1\" ,
o () [ ewrmdnedn=(52) [ otdn-d,
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with ¢(z) equal to E(g, dCID(H(z))) or to
> (N(s, H(2)) do(H(2)), d% (~sH(2)) ).

Choose b > @’ so that no singular hyperplane of ¢(-) intersects

(11, Wm—1, T + Ym) Z|yz|2<62 <z <e T # x9C ),

and so that any singular hyperplane which intersects

(Y1, -+« 1Ym—1, ToC + 1Ym) Z|yk|2 < b

is defined by an equation of the form z,, = u. Choose, in the m — 1-dimensional coordinate
space, a finite set of half-open rectangles J®, 1 < ¢ < n, defined by
ol <y < 1<k<m-1

and for each ¢ a positive number v’ such that

n

U{ (yla"'aymfbym) ‘ (yla"wymfl) € ']ga ‘ym‘ < ’Ye}

=1
contains the closed ball of radius a’ and is contained in the open ball of radius b. The
expression ([7.h) differs from

R s crirt
(71) ZW/O‘% dyl o /afn dym 1 / / ¢ Wiy Wm— lazm) dzm

=1
by the sum of two integrals. Each of these integrals is of the form

/Qﬁ(z)dzl/\---/\dzm
Y

where U is an open subset of a real oriented subspace of the coordinate space which is of
dimension m and is contained in

(k) (27i)™

{z=(zm,- . 2m) | [Imz| > d'}.

If 2, = pj, 1 < j < p are the singular hyperplanes of ¢(z) which meet

(1Y1s - -+ 1WYm—1, ToC + 1Y) Z'yi|2 <b

and ¢;(21,...,2n,_1) is the residue of ¢(z1, ..., zm_1, 2m) at p; the sum differs from

ZZ 27T m— 1/ ¢] th.. Zym 1)dy1 dym 1

jlél
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by an integral of the form (7.k)). The latter sum differs from

P
1 / . .
o \m—1 qb'(lyla'-'>Zym—1)dy1"'dym—l
jz:; (27r)m ! lyl<a; ’
with a} = ((¢/)? — (Im ,uj)2)1/2 by a sum of the form

p

1
ZW/U qu(Z) le VANEIEIAN dZm_l
j=1 j

where U; is an open subset of a real oriented subspace of dimension m — 1 of the hyperplane
Zm = jt; Which is contained in
{z="(21,.. -, Zm-1,2m) | Imz|| > d' }.

Let t1,...,t, be the singular hyperplanes of the Eisenstein system which meet the closure
of U (5, Z(xo), a). If none of the t,, 1 < ¢ < n contain *a then the expression ([7.f) is equal
to a sum of integrals of the form

1
(2mi)™
where U’ is an open subset of some real subspace of dimension m' of the space Tt, the
projection on fa(® of t, which is s itself or a singular hyperplane of the Eisenstein system
such that t contains "a, and is contained in {H ‘ |Im H|| > a } and E'(-,-,-) is E(-,-,-) or
Res¢ E(+,-,-). If *a is contained in one, and hence all, of the t, then the expression ([7.f]
differs from

(7.0)

/ E'(g,d®(H), H) dH

m

) /
—_— Res E(g,d®(H),H) dH,
; (27rl>m_l U(Tte Wpe,a) te ( )

where W, is a point in X (t;) + (t, N a®)) such that Re W, is in the convex hull of Re Z;
and Re Z,, by a sum of integrals of the form . A similar assertion is valid for the
expression ([7.g). The last sum is replaced by

Z Z /U(Tt - (RtesN(t, H) d@(H),d\p(_tﬁO dH

(=1 teTQ(J) t )
and the integrals (|7./)) are replaced by
1
(2mi)™
with ¢ in TQUW(¢) and N'(t, H) equal to N(t,H) if t' = s and to Resy N(t, H) if ¥ is a
singular hyperplane. The lemma we need is a refinement of these observations. In stating
it we keep to our previous notation.

(7.m) / | (N’(t, H)do(H), d\lf(—tﬁ)) dH

Lemma 7.1. Suppose that for every positive number a there is given a non-empty open
convex subset V(a) of

X(s) = (5N a)
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such that no singular hyperplane intersects the closure of U(s, W, a) if W belongs to V(a) and
such that V (ay) contains V (ay) if ay is less that ay. Let Z be a given point in X (s)+ (5Na®)
and if W belongs to X (s) + (5N a®) let
W(x)=(1—-2)Z+xW.

Then there is a subset T of the set S of singular hyperplanes, and for each t in T a
distinguished unit normal, and for each a > 0 a non-empty open convex subset W (a) of
V(a), and, for each t, a non-empty open convex subset V (t,a) of X(t) + (tNa®) such that,
for any *P, P, and P" such thats contains *a, any W in V(a), any choice of W (t) in V (t,a),
and any € > 0 such that no element of T meets the closure of U(s7 W(x), a) if 0 <z < e,

the difference between
1

— E(g,d®(H),H)dH
(2mi)™ /U(Ts,I/V,a) ( )
and, if 0 < x < €,

1
, E(g,d®(H),H)dH
(27-”)771 /U(TE,W(:B),LL) (g ( ) )

; /
+ R — Res E(g,d®(H), H) dH
Z (2mi)m—1 U(ttw(e),a) ¢ ( (H) )

is a sum of integrals of the form (7.4). In the above expression the second sum is over those
t in T such that t contains *a. Moreover the difference between

> L /U(TSWG) <N(s,H) dcb(H),d\p(—sF)) dH

s€TQU) (s) (27TZ)m

and the sum of

Z (27T1i)m /U(Ts W (z),a) <N(S7 H) d2(H), dlp(_Sﬁ)) dH

setQ0) (s)
and
>y W / (RtesN(t, H) dcb(H),d\p(—tﬁ)) dH
et (1) U (T, W (t),a)
is a sum of integrals of the form . The sets U' appearing in the integrals of the form

and (7.m)) can be taken to be such that { Re H | H € U’} lies in the convex hull of Re Z
and {Re H | H € V(a) }. The sets V(t,a) can be chosen so that { Re H | H € V(t,a) } lies
in the interior of the convex hull of ReZ and {ReH | H € V(a) }, and so that V(t,a)
contains V (t,az) if ay is less that as, and no singular hyperplane of the Eisenstein system
belonging to t meets the closure of U(t,W,a) if W lies in V(t,a). If no singular hyperplane
meets the closure of U(s, Z,a) the conclusions are valid when x = 0.

We have not troubled to be explicit about the conditions on the functions ®(-) and V().
They will become clear. Replacing V' (a) by V(N (a)) where N(a) is the integer such that

N(a)—1<a< N(a)

we can suppose that
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Let P(a) be the set of hyperplanes of 5 which are the projections on s of those elements of
S which meet { H | [[Im H|| < a}. If N is a positive integer the set of points W in V(N)
such that the interior of the segment joining Z and W does not contain a point belonging
to two distinct hyperplanes in P(N) is a non-empty open subset of V(V). Let W(N) be a
non-empty convex open subset of this set and let

W(a) = W(N(a))

if a > 0. If the sets are chosen inductively it can be arranged that W (N;) contains W (Ny)
if NV is less than N,. Let T'(a) be the set of singular hyperplanes whose projection on s
separates Z and W (a) and let

T=|JT(a)

a>0
If t belongs to T" and t intersects

{H||mH|<a},

so that t belongs to T'(a) let V(t,a) be the inverse image in t of the intersection of the
projection of t on 5 with the convex hull of Z and W (a); let the distinguished normal to t
be the one which points in the direction of W (a). If t does not intersect { H | [Im H|| < a }
let b be the smallest number such that t intersects { H | [|[Im H|| < b} and set

V(t,a) = V(D).

In proving the lemma it may be assumed that W (t) is the inverse image in t of the
intersection of the projection of t on s with the line joining Z and W. Choosing a polygonal
path Zy, Zy, ..., Z, from W(z) to W which lies in the convex hull of Z and W (a), which
meets no element of P(a) except the projections of the elements of T'(a) and these only
once and in the same point as the lines joining Z and W, and which is such that no point
Z;, 1 < j < nlies on any element of P(a) and such that any line segment of the path
crosses at most one element of P(a) and crosses that in a normal direction, and observing
that the difference between the integrals over U(s, W, a) and U (Tﬁ, W(z), a) is equal to the
sum of the differences between the integrals over U('s, Z;,a) and U('s, Z;_;,a), 1 < j < n,
we see that the lemma is a consequence of the discussion preceding it. To conform to
the definition of an Eisenstein system we have to remove those t for which all functions
Res¢ E(+, -, -) vanish.

Unfortunately this lemma on residues is not sufficient for our needs; it must be supple-
mented by another which we state informally but, for an obvious reason, do not prove. If s
is as above and € and a are positive numbers let

C(s,€e,a) = {X(E)—I—H

HEE|B€HH<QHMﬂX@f+H”w<a}

If U is an open set of the sphere of radius € in 5§ N a® then
{2X(s)+(1-2)Z|0<z<1, Z€U}
will be called a cone of radius € and centre X (s). Suppose that, just as in the lemma, we

are given an Eisenstein system belonging to s. Suppose that for every a > 0 there are two
non-empty convex cones V; (s, €(a),a), i = 1, 2 of radius €(a) and centre X (s) such that no
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singular hyperplane meets the closure of U(s, W, a) if W belongs to V;(s,e(a), a) and such
that
Vi(s, e(ay), al) D) V}(s, e(az), ag)

if a; < ay. Suppose that, for all a, every singular hyperplane which meets the closure of
C(s, e(a), a) meets the closure of U (s, X (s), a). Then there is a subset 1" of the set of singular
hyperplanes such that Re X (s) = X (t) for all t in 7', and for each t in T a distinguished
unit normal to t, and, for each a > 0, two non-empty convex cones VVZ-(s, e(a), a) of radius
€(a) and centre X (t) such that

Wi(s,e(a),a) C Vi(s,e(a),a)

and, for each t in 7', an open convex cone V (t,e(a),a) of radius e(a) and centre X (t) such
that if, for some a > 0, W; belongs to W; (5, e(a), a) and W(t), t € T, belongs to V(t, e(a), a)
then the difference between the sum over s in QU)(s) of

1

W{/U(Ts Wi (N(S,H) d®(H),d\I/(—sﬁ)) dH

_ / (N (s, H) do(H), dw(~sH)) dH}
U(ts,W3,a)

and

>y ﬁ/ <ResN(t, H)d®(H), dqf(—tﬁ)) dH
teTQ(j)(t)( i) U(itw(9.a) \
is the sum of integrals of the form (7.m)). It is clear that one again has some control over
the location of the sets U’ which occur. Moreover if t is in 7" any singular hyperplane of
the associated Eisenstein system which meets the closure of C(t, €(a), a) meets the closure
of U (t, X(¢), a) and we can assume that if W lies in V(t, e(a), a) then no such hyperplane
meets the closure of U(t, W, a).
Suppose that for each i, 1 < i < r, we are given a collection S of distinct affine
subspaces of dimension m which are defined by equations of the usual form. Let

S = U S®
=1

and suppose that for each s in S we are given an Eisenstein system belonging to s. In order
to appreciate Theorem 7.7 we have to have some understanding of the relations which the
functions in this collection of Eisenstein systems may satisfy and of the conditions under
which the relations must be satisfied. The next four lemmas provide us with the necessary
understanding. In other words Theorem 7.7 can be regarded, if one is thinking only of the
Eisenstein series, as asserting that all Eisenstein series satisfy certain conditions and we
are about to show that all Eisenstein series satisfying these conditions satisfy functional
equations.

If 5 is a subspace of a'? and t is a subspace of a¥) defined by equations on the usual
form and if *a is a distinguished subspace of both a®® and a¥) which is contained in § and t
we let TQ(s, t) be the set of distinct linear transformations in fQ()(s) such that s, = t. Two
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linear transformations of Q(a®”,a()) which have the same effect on every element of s have
the same effect on every element of the space ' spanned by s and zero and on

E’:{H)Fes’}

Thus TQ(s, t) can also be regarded as a set of linear transformations from s’ to t or from
§ to t'. Such a convention is necessary in order to make some of the expressions belong
meaningful. Suppose that for every element s of the collection S there is an element s°
of Q(s,s) which fixes each element of 5. Certainly s° is unique. If *a is a distinguished
subspace of h let

CREPEER

a C E}
and let .
i=1

Two elements s and t of *S are said to be equivalent if TQ(s, t) is not empty.

Lemma 7.2. Suppose that for each i, 1 < i < r, S is a collection of distinct affine
subspaces of dimension m, of a®), defined by equations of the form a(H) = . where « is
a positive root of a®) and u is a complex number, such that only a finite number of the
elements of S meet each compact subset of a9, Suppose that if s belongs to S and a
1s the orthogonal complement of the distinguished subspace of largest dimension which s
contained in's then Re X(s) belongs to *a and lies in a fived compact subset of a®) and
suppose that for each s in S the set )(s,s) contains an element which leaves each point
of s fized. Finally suppose that if 5 is in S there is given an Fisenstein system belonging
to 5 and that if *P is a cuspidal subgroup, with split component *a, if P belongs to *{ P},
P’ belongs to *{ P}, s belongs to *SY, and s belongs to TQY)(s) then N(s, H) vanishes
identically unless s belongs to TQ(s, t) for some t in *SY). Then S is finite and for each s
in S the point X(s) is real. Moreover, for any choice of *a, every equivalence class in *S
contains an element s such that's is the complezification of a distinguished subspace of b.

There is another lemma which must be proved first.

Lemma 7.3. Suppose that ¢ is a function in E({P}, {V}, W) and suppose that there is an
integer N such that if P belongs to { P} and {py | 1<y < :1:} s a basis for the polynomials
on a, the split component of P, of degree at most N then there are distinct points Hy, ..., H,
in a. and functions ®,,, 1 <z <u, 1 <y <vin &V, W) such that

T [ omgdn =3 es((Ho) 1) +(H(9) § 3 B (H(6) 220

r=1

If
> py(H(9)) Py

does not vanish identically then H, is real.
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If we agree that an empty sum is zero then we can suppose that

> py(H(9))®ay(g)

is never identically zero. The lemma will be proved by induction on the rank of the elements
in {P}. If that rank is zero there is nothing to prove; so suppose it is a positive number ¢
and the lemma is true for families of cuspidal subgroups of rank ¢ — 1. If P belongs to {P}
and P’ = yP~y~!, v in I, then

/ s(g)dn’ = [ olung)dn
FﬂN’\N’ PAN\N
so that the right side of (7.n) is equal to

Zexp( (vg), H,) + p(H'(~g) )Zpy 4(9).
Since H'(vg) = H(g) + H'(7), the sets {Hy,..., H,} and {H{,..., H.} are the same. Thus

for 1 <7 < r the set
U {#.... H}=F

Pe{P}®
is finite.
If P belongs to {P}® let X, be that element of S({0}) such that px, = p, and let

T, =) X,®,,
y=1
If ¢ belongs to D(V, W) it follows from the relation ([7.a]) that
=1
If
fC)=(hH0), - f()
is such that A(f) can be defined as in Section 6 then

(M. 9) = (6:2)9)

is equal to
u

S (T d(frw) (- 1)),

=1
In particular, if for each i, f; vanishes to a sufficiently high order at each point of F; then
A f)¢ = 0. If H belongs to F; and H' belongs to F; and there is no s in Q(a®, al )) such
that sH = H' then we can choose an f(-) so that fz( ) # fi(H). Consequently we can
find O, ..., ) such that
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and \(f(®))¢ satisfies the same conditions as ¢ except that if H belongs to Fl-(x), the analogue
of F;, and H' belongs to F]@ then H' = sH for some s in 2(a¥, al?). Since it is enough to
prove the lemma for each A(f(®*))¢, we assume that ¢ already satisfies this extra condition.
Let ¢(f) be the value of f; at one and hence every point in F;. Since A(f) is normal

M) = c(f)p and N(f*)p =<(f)d = c(f*)¢p. Thus, if H belongs to F;, fi(H) = fi(—H)
and there is an s in Q(a®, a®) such that sH = H and (H, H) is real.

To prove the lemma we need only show that for some P in {P} one of Hy,..., H, is
real. It is not difficult to see that for each P in {P} the points — Re H,, 1 < x < u, belong
to Ta. We forego describing the proof in detail because in all applications we shall make of
the lemma it will be apparent that this is so. Let

[ = max { (g, o) "2, (Re HI)}

1<k<q
and if {Hy,..., H,} is not empty let
1(P) = max p,

1<x<u
If ¢ does not vanish identically choose Fy so that
po = p(Fo) = pu(P)
for all P in {P}; the number pg is negative. Let
Ha,fo“:u(PO) = Qg (Re Hﬁﬁo)
and let *P be the cuspidal subgroup belonging to F, with split component
a={H€ca|a,H) =0, L#L}.

It follows without difficulty from Lemma 4.2 that if {qy ‘ 1<y < } is a basis for the
polynomials on “a of degree at most N then there are distinct points *H,, 1 < x < ¢/, in *a,
and functions ¢,, in *A*T\G such that

/‘ ¢(ng) dn
CA*N\*N

is equal to

Zexp( *H ,"H, >—|—p *H ) ZQy *H Qba:,y(g)

It follows from formula (3.d)) that if P is an element of {P} and g = amk with a in *A, m
in *M, and k in K then

u

S~ e ((H9), 1) + p(H(9)) ) 3 Py (H(9)) @4 (0)

=1

is equal to

“H(g),"H,) + p("H(g ) (*H(g / L (nmk) d
;exp« 2+ qu gy P (R
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Applying this relation to F, we see that if the indices are chosen appropriately we can
suppose that the projection of H,, on *a. is *H;. Let

/ 1y(nmk) dn
*ONTN\TN

Zexp(< TH )+ p(TH(m))) Zr (1H(m)) @sc(9)

where {7, |1 <z <"} is a basis for the polynomials of degree at most N on 'a, the
orthogonal complement of *a in a, and ®,, , belongs to &(V,W). We suppose that for each
x there is a y such that

equal

Z T, (U—I(m)) D,z

z=1
does not vanish identically. If we show that — Re("H,) belongs to *(Ta) for 1 <z < u” it
will follow from the corollary to Lemma 5.1 that ¢, , is square integrable. It is then obv10us
that it belongs to *C({P},{V}, W). The induction assumption implies that "H, is real for
1 <z <u”. In particular we can choose x; so that

Hy,y ="H, + "H,,.
Since
<H9607H > <*H17*H1> + <TH9617THZL“1>
is real the number (*Hy,*H;) is real and *H; is either real or purely imaginary. It is not

purely imaginary since a4, (Re H,,) = a,(Re*H;). Consequently H,, is real. To show that
—Re(TH,) belongs to *(Ta) we have to show that a(ReTH,) < 0 if ¢ # £,. Certainly

oo (Re("Hy +TH,) ) < o 0.0 po

and
a g, (Re(*Hl + THx)> = —ay,(Re™H;) = <Oé7go,a/7go>1/2[1,0.
Thus
0 o("Hy) < s )2 {pg = (0,00 3o, 0,0 2 a)pio f < 0
if £ £ 0,

Suppose that, for each P in {P}(i) and 1 < z < u, T, has the same meaning as above.
It has been observed that

S (T dfv(-1) - Zf H,)(To.d¥(-H,))

=1
if f(-)=(fi(-),..-, f(+)), if, for each 1, fl(-) is a bounded analytic function on D;, and if

fi(sH) = fi(H) 1f s belongs to Q(a®, al?)). Tt is clear that the equality must also be valid
for any function f(-) such that f;(-) is analytic in a neighbourhood of

O U {—sﬁ‘HEFj}.

7=1 sQ(ald),a)
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Indeed for any such function
(T W (~T.)) = T~ ) (T aW(~T1,)).

We turn to the proof of Lemma 7.2. Let C' be an equivalence class in *S and choose s in
C' so that § contains a distinguished subspace of the largest possible dimension. Replace, if
necessary, “a by this larger space and suppose that this distinguished subspace is *a itself.
Of course the equivalence class to which s belongs may become smaller but this is irrelevant.
Suppose s lies in *S® and let s be the projection of s on the orthogonal complement of *a.
A point H in Ts which does not lie on a singular hyperplane of any of the functions E(-, -, )
which are defined on s and which is such that if s; and s, are in TQU)(s) for some j then
s1H = sy H only if s; = s, will be called a general point of fs. There is at least one cuspidal
subgroup *P with *a as split component and one element of *{ P} such that for some F
in L(S(s), &(V,W)) the function E(g, F, H) on *A*T\G X " does not vanish identically.
Suppose that the general point H lies in U (Ts, X(s), oo). If P’ belongs to *{ P}\%) then

/ E(nmk,F, H)
ONTN/\T N’

> eXp(<H/(g), sH) + p(H’(g))>N(57 H)F(g).
st (s)

is equal to

The factor N (s, H) is zero unless s belongs to Q(s, t) for some t in *SU). Moreover t belongs
to C and *SU) the largest distinguished subspace which t contains is *a. Thus if N(s, H)F
is not zero then
—Re(sH) = Re(Xs,)

belongs to *(fal?)) if Tal) is the orthogonal complement of *a in a¥). Lemma 7.3 implies
that sH is real for all such s. If § were not the complexification of *a we could choose an H
which was not real so that E(g, I, H) did not vanish identically and obtain a contradiction.
Consequently 's = {X(s)} and X(s) is real. If s and t are equivalent then X (t) is real
if and only if X (s) is; so it has only to be shown that S is finite. This of course follows
immediately from the assumptions of the lemma and the fact that

X(s) = Re X(s)

for all s in S.

Suppose *P with the split component *a is a cuspidal subgroup belonging to one of
the elements of {P}. Let P* 1 < k < my, be a complete set of representatives for the
elements of *{ P} and let

¢V = Pevih w).
k=1
If S is as above and s belongs to *S, t belongs to *S¢), and s belongs to (s, t) let M (s, H)
be that linear transformation from L(S (s), QE(Z')) to S(t) ® €Y such that if F' belongs to
L(S(s), E(V k), W)) then the component of M (s, H)F in S(t) ® ¢(VU9 W) is N(s, H)F.
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Of course N(s, H) depends on P%* and PV, If C' is an equivalence class in *S choose s
in C so that § = a, where, if s belongs to *S, a is a distinguished subspace of a®. Let
Qs,C) = | 1(s, 1)
teC

and let Qy(s,C) be the set of elements in Q(s, C') which leave each point of 5 fixed. Let s°
be the linear transformation in (s, s) which induces the identity on s. If t; and t; belong
to C' then every element of Q(t;,t;) can be written as a product ts%s~! with s in Q(s, t;)
and ¢ in Q(s, t;). If H is in Ts we form the two matrices

M(H) = (M(ts’s™", ss"H)); s, t € Q(s,C)
M = (M(ts"s™", ss"H)); s,t € Qo(s,C)
The first matrix is a meromorphic function of H; the second is a constant. If s belongs

to (s, C) there is a unique j, such that s, belongs to *SUs). The matrix M (H) can be
regarded as a linear transformation from

Z L<5(55)7 Q,:(ﬁ))

s€Q(s,C)

> S(s,) @€l

s€Q(s,C)
It has a finite-dimensional range and the dimension of its range is its rank. A similar remark
applies to M. We shall see that the functional equations for all the Eisenstein series are a
consequence of the following lemma.

to

Lemma 7.4. Suppose that, for 1<i<r, 89 is the collection of Lemma 7.2 and suppose
that for any *P, any s in *S®, any t in *SU), any P in (P}, any P’ in {P}Y), and
any s in Q(s,t) the functions N(s, H) and N*(s~',—sH) are equal. If *P with the split
component *a is given, if C is an equivalence class in *S, if s belongs to C' and s is the
complexification of a distinguished subspace of b, then, if M(-) is defined at H, the rank of
M(H) is the same as the rank of M.

If M(-) is defined at H and if sH = tH for some s and ¢ in Q(s, C') implies sH' = tH’
for all H' in Ts then H is said to be a general point of Ts. Since the rank of M(H) is never
less than the rank of M it is enough to show that at a general point the rank of M (H) is
no greater than the rank of M. If t belongs to *SU) and

F= éﬂ;
(=1

belongs to -
@) — 3,0)
L(S(t) ¢ ) @L(S(t) (Vi W))
let
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If F' =@ F; belongs to

@)L@% @ﬁ

s€Q(s,C)
and H belongs to Ts, let

E(g,F,H) = ZEg,Fs,ss H).

Suppose that H is a general point and for some such F' the function E(-, F, H), which is
defined, is zero. If m belongs to *M and k belongs to K then

/ E(nmk, F, H) dn
QNI NUGO\TN G0

is equal to

(7.0) §:exp(< )tH> (H““an)) T @i

s€Q(s,C)
where the outer sum is over those ¢ in (s, C') such that j; = j and @ﬁ{ﬁ
*ATUO\G associated to the projection of M(ts’s~t, ss"H)F, on
S(sy) @ &V W),
Since H is a general point it follows that

Z (I)JZ)

s€Q(s,C)

is the function on

is zero; consequently
Z M(ts®s™, ss"H)F, = 0
€Q(s,0)
for all ¢ in Q(s, C).
If the dimension of "a is m, the dimension of the elements of S, there is nothing to prove.
We treat the case that the dimension of *a is m — 1 first. Let H be a general point of Ts
and suppose that Im H # 0 and

Re H = X(s) + H’

with a(H') small and positive if « is the unique simple root of Ta. As usual 5 = a, and fa is
the orthogonal complement of *a in a. Let us show that if

is such that
Z M(tss™t ss"H)F,
s€Q(s,C)

is zero for t in Qy(s,C) then it is zero for all ¢. Lemma 7.3 implies that E(-, F, H) can not
belong to *C({P},{V},W) and be different from zero; so we show that E(-, F, H) belongs
to *C({P},{V},W). In the expression the sum can be replaced by a sum over the
elements ¢ of the complement of Qy(s,C) in Q(s,C) such that j; = j. The corollary to
Lemma 5.1 can be applied if it is shown that, for all such ¢, — Re(tH) belongs to *(fa®)
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provided «(H’) is sufficiently small. Since —Re(tH) is close to X (s;) this is perfectly
obvious if *a is the largest distinguished subspace contained in s;. If it is not then s; is the
complexification of a distinguished subspace a’ of a¥). If o/ is the unique simple root of the
orthogonal complement of *a in ' then it follows from Lemma 2.13 that o/(tH’) is negative.
Lemma 2.5 implies that —tH belongs to T(fal)).

Since the set of points satisfying the condition of the previous paragraph is open it is
enough to prove that the rank of M(H) is not greater than the rank of M when H is in
this set. Every element

G= P G

teQ(s,C)
in the range of M(H) is of the form
G, = Z M(ts’s™1, ss"H)F,
s€Q(s,C)

with F, in L(S(gs), eUs)). The map

is an injection of the range of M(H) into
@ S(ﬁt) ® G(jt).
t€90(5,0)

It is sufficient to show that the image is contained in the range of M. If not there would be
a set
{E ‘ tGQQ(E,C)}

Z Z (M(tso‘gil’SSOH)Fstt/) =0

teQo(s,C) s€Qo(s,C)
for all sets { F; | s € Qo(s,C) } and

Yo D (M@s"sT ss"H)F, ) #0

teQo(s,C) s€Q(s,C)

such that

for some set { F ‘ s € Q(s, C) } However, the first relation is independent of H so that,
replacing H by —s"H and using the relation
M(ts®s™!, —sH) = M*(ss%t ™", ts"H),
we deduce that
Z M(ss’t 1 ts"H)F] = 0
teQo(s,C)
for all s in Qy(s,C) and hence for all s and all H. But the complex conjugate of the
expression on the left of the second relation is

SNy (M (ss%—l, tso(—soﬁ))ﬁ;’, F)

s€Q(s,C) | teQo(s,0)

and must be zero.
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The general case will be treated by induction. Suppose that the dimension of *a is
n with n less than m — 1 and that the assertion of the lemma is valid if the dimension
of *a is greater than n. Let (s, C') be the set of all s in (s, C') such that § contains a
distinguished subspace which is larger than "o and let

M'(H) = (M(ts’s™", ss"H)); s,t € Q(s,C)

We first show that the rank of M(H) is no larger than the rank of M'(H). It is enough to
show this when H is a general point in U (Ts, X(s), oo) which is not real. The argument is
then very much like the one just presented. Indeed if

and

for all ¢ in Q'(s,C) then E(-, F, H) is zero because — Re(sH) = Re X (s,) lies in *(fa®) if
a, belongs to *S) and s does not belong to (s, C'). Consequently this equality is valid for
all t. As before the restriction of the map

P c.—- § c.

s€Q(s,C) s€Q(5,C)

to the range of M (H) can be shown to be an injection into the range of M'(H). It remains
to show that the rank of M'(H) is no larger than the rank of M.

Suppose *P; is a cuspidal subgroup with split component *a; belonging to an element
of {P}. Suppose also that *P belongs to *P, and that *a is properly contained in *a;. For
each i, 1 <i<r, *{P}gi) is a subset of P}, Let P 1 < k < my, be a complete set of
representatives for the conjugacy classes in *{P}gi). It may as well be supposed that Pl(i’k)
is conjugate to P 1 < k < m/. The elements of C' which belong to *S; break up into a
number of equivalence classes C,...,C,. In each C,, 1 < x < u, choose an s, such that s,
is a distinguished subspace of . For each x fix s, in (s,s,) and let Q(s, C,) be the set
of all s in Q(s, C') such that ss’s;! belongs to Q(s,, C,) and let (s, C,) be the set of all
s such that ss%s;! belongs to Qy(s,,C,). The induction assumption will be used to show
that if F, s € Q(s, C,), belongs to

/.
Js

DL (S(ss), (V0 W))

(=1

m

if H is a general point of s, and if
Z M(ts’s™, ss"H)F, = 0
$€Q(s,Cy)

for all ¢ in Qy(s, C,) then this relation is valid for all ¢ in Q(s, C). It is sufficient to establish
this when s,5°H belongs to the intersection of Ts and

U U S_I(Tﬂ(j))

*aq gu(j> setOy (u(l) ,a(j))



130 7. THE MAIN THEOREM

where ¢ is such that s, € *Sfi). If

x )

m/
Js

I, = @Ff, t = 555"
=1

and D(H) is the linear transformation from &(VU=9 W) to QS(Vl(jS’é), W) defined in Section 4,
let GY = dD(H)F! and let

i
G, =EPai

=1

The relation ((7.€)) and the last part of condition (iii) for an Eisenstein system imply that
Z M (ts%s7 ! s H )Gy = 0
SEQ(SI,CS)
for all ¢ in Qq(s,,C,) if H, is the projection of
SgsmH = s,5H

on the orthogonal complement of *a;. According to the induction assumption the relation
must then be valid for all ¢ in Q(s,, C,.). Consequently

Z E\(g,Gs, 852H,) = 0.

$€Q(54,Cq)

The relations (7.c)) and (7.d]) imply that
Z E(g,F,,s5"H) = Z E(g,Gs,ss,H) = 0.

5€Q(s,Cy) $€Q(52,Cx)
We obtain the assertion by appealing to the remarks made when we started the proof.
Suppose that for each s in Q(s, C,) we are given Fj in

/.
Js

D L(S(ss), ¢V U0, W)).

k=1
It will also be necessary to know that we can find for each s in (s, C,) an element F! of

mz L(S(s,), €(ve0, W)
k=1

such that
Z M(ts®s™t ss"H)F, = Z M(tss™ ss"H)F!

5€Q(s,Cy) 5€Q0(s,Cx)
for all t in Q(s, C'). If G is defined for s in Q(s,, C,) as before the induction assumption
guarantees the existence of a set

{G|s€Q(s:,C)}

such that

Z M (ts2s71, s H, )Gy = Z M (tsPs™1, sV H, )G,

s€Q(s4,Cx) 5€Q0(54,Cz)
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for all ¢ in Q(s,, C,). We need only choose a set
{FS, ‘ S € Qo(ﬁ,Cx) }

which is related to {G"} the way {F} is related to {G,}.
Let
M{(H) = (M(ts"s™", ss°H)), s €Q(s,0), teN(s,C).
Choosing *a; so that its complexification is § we see that the ranks of M{(H) and M are
the same. It will now be shown that the range of M’(H) is contained in the range of M}(H)
and this will complete the proof of the lemma. Suppose that t in *S) belongs to C, that F

belongs to L(S(t), E(VUh, W)) for some ¢, 1 < ¢ < m;, and that there is an r in Q'(s, C)
with s, = t. Let us show that
@ M(ts% = rs"H)F
teQ (5,0)
belongs to the range of M| (H). Choose *a; so that t contains *a; and choose *P; so that *P,

belongs to PUY. If ¢ belongs to C, then we can choose for each s in (s, C,) an element
F, of

u.s\

S L(S(ss), (Vv Uh), W))

=1

ol

so that
Z M(ts%s™ 58" H)Fy = M (ts"r ', rs"H)F
s€Q0(5,C)

for all . We may as well assume then that t is the complexification of a distinguished
subspace of §.

Since the lemma is true for n = m — 1 the set of ¢ in C such that t is the complexification
of a distinguished subspace satisfies the hypothesis of the second corollary to Lemma 2.13.
The assertion will be proved by induction on the length of . Suppose that t' is another
element of C such that ¥ is the complexification of a distinguished subspace and suppose
that r = pt’r’ where r’ belongs to (s,t') and has length one less than that of r, t° belongs
to Q(t, ') and leaves every element of ¥ fixed, and p is a reflection in Q(¥,t). Choose *a
so that *a; is of dimension m — 1, is contained in t and ¥, and is such that p leaves each
element of *a; fixed and let *P; belong to P, There is an x such that t and ¢ both belong
to C,. Let s, =t and s, = 7’. It has been shown that for each s in Qq(s, C,,) we can choose
F, in

m.s\

S L(S(ss), ¢ (VUh), W))

=1

=

such that
Z M(tsst, ss"H)F, = M (ts"' ", 7' sH)F
5€Q0(5,Cx)
for all t. Since the length of each s in Qy(s, C,) is the same as that of 7/, the proof may be
completed by applying the induction assumption.
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Corollary 1. Suppose the collections SU, 1 < i < r, and the associated Eisenstein
systems satisfy the conditions of Lemmas 7.2 and 7.3. Suppose moreover that if *P is a
cuspidal subgroup belonging to an element of { P}, if a1 <i < v, are the elements of

{ (i
a
is a polynomial on Ta®, the orthogonal complement of *a in a9, and p;(sH) = p;(H) for
all H in ta® and all s in 1Q(a,aV)) then for any s in *S@, any P in {P}V, any F in
L(S(s), €(V,W)), any t in *SD, any P' in {P}D, any F" in L(S(t), &(V,W),), and any s
in Q(s, t)

1<i< 7"} which contain *a, the split component of *P, and if, for 1 <i <1/, p;

(N(s, H) dp,(H)F, F') = (N(s, H)F, dp;(—sﬁ)F’>
Then for any *P, p1(-),...,pr(-), 5, P, F, t, P', and s as above

and

N(s,H)(dp;(H)F) = p;(H)N(s, H)F.

Of course the equalities above are not valid for literally all H in s; rather the two
sides are equal as meromorphic functions. It is enough to prove the equalities when H is
a general point of 's. Since the two equalities are then equivalent, it is only necessary to
prove one of them. Suppose first of all that s is the complexification of *a. It was seen in
the proof of Lemma 7.2 that if # = X (s) then E(-, F, H) belongs to *L({P},{V}, W). If ¢
belongs to *®(V', W) then

/ E(mk, F, H)d(mk) dm dk
*O\*M x K

is equal to
SOy <N(s, H)F, dqx(—sﬁ))
te*S() setQ(s,t)
According to the remarks following the proof of Lemma 7.3,

(N(S,H)F,d(p;qf(—sﬁ)>> = p,(H) <N(3,H)F, d\p(—sﬁ)>
for all s. Thus for all F" in L(S(t), &(V,W))
(N(s, H) dp;(H) F, F') = (N(S,H)F, dp’(—sH) F) = pi(H)(N(s, H)F, F)

This proves the second equality in this case. Next suppose that s is the complexification of
a distinguished subspace of a®. It follows from the relation that the first equality is
valid on an open set and hence on all of s.

In the general case we prove the second equality. Because of the relation (7.€]) it is
enough to show that if C' is an equivalence class in *S and if an s in C' such that s is the
complexification of a distinguished subspace of b is chosen, then for all s and ¢ in (s, C')
and all F in €U+

M(ts"s™", ss"H) (dp;,(ss’H)F) = p;,(ss"H)M (ts’s™", ss"H) F.

It follows from Lemma 7.4 that if for a given s and F' this relation is valid for all ¢ in
Qo(s, C) then it is true for all ¢ in Q(s, C'). It has just been proved that it is valid for s in
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Qo(s,C) and ¢t in (s, C') and it remains to prove that it is valid for s in (s, C') and ¢ in
Qo(s,C). Take such an s and ¢ and let F’ belong to ¢Us) and F’ to &U"); then

(M(tos’l, ss"H)(dp;,(ss"H) F), F’) = (M(tsosfl, ss"H)F, dp3,(—tH) F’)
which is the complex conjugate of
<M(ss%1, —{H) (dp}ft(—tﬁ) F) , F) = . (—(H) (M(ssofl, —{H)F, F)

Since the complex conjugate of the right hand side is
p;,(ss"H)(M(ts"s™", ss"H)F, F"),

we are done.
The next corollary can be obtained by an argument essentially the same as the one just
given. Since it is of no great importance the proof will be omitted.

Corollary 2. If the collections S, 1 < i < r, and the associated Eisenstein systems
satisfy the hypotheses of Lemmas 7.2 and 7.4, they are uniquely determined if for every
cuspidal subgroup *P of rank m belonging to some element of {P} the sets *SW, 1 <i <r
are given and if for every s in *SY, every P in {P}, and every F in L(S(s), &(V,W))
the function E(-, X (s),F) is given.

It is now necessary to find some conditions on the collections S@, 1 < i < r, and the
associated Eisenstein systems which imply the hypotheses of Lemmas 7.2 and 7.4 and the
first corollary but which are, at least in our context, easier to verify. It must be expected
that they will be rather technical. For convenience, if *P and fa®, 1 < <7/, are as in the
first corollary we will denote the collection of r'-tuples p(-) = (pi(*), ..., p()) satisfying the
conditions of that corollary by "J. The collection of 7'-tuples f(-) = {f1(-),..., fw(-)} where

|Re H|| < R} and f,(H) = f;(sH) if

s belongs to TQ(a”, al)) will be denoted by fJy. The number R has been introduced in
Section 4.

fi(+) is a bounded analytic function on { H e ta®

Lemma 7.5. Suppose that S, 1 < i < r, is a collection of distinct affine subspaces of
a® which are of dimension m and which are defined by equations of the form a(H) =
where o is a positive root of a® and u is a complex number and suppose that there is an
Eisenstein system associated to each element of S = J,_, S . Suppose that if s belongs
to S and a is the orthogonal complement in a'¥) of the distinguished subspace of largest
dimension which is contained in s then Re X (s) belongs to Ta and X (s) lies in D;. Suppose
also that only a finite number of elements of S meet any compact subset of al”, Finally
suppose that if *P s a cuspidal subgroup with split component *a belonging to an element

of {P} and if a®), 1 <i < ', are the elements of { a®
there is an orthogonal projection Q, which commutes with X(f) if f(-) belongs to 13y, of
*L({P},{V},W) onto a subspace and for every positive number a and each i a polynomial
r; on Ya® which does not vanish identically on 's if s belongs to *S® such that if P belongs
to { P}, P’ belongs to (P}, '(-) belongs to *H(V, W),

O() = ri()'()

1<K r} which contain *a then
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and V(-) belongs to *H(V', W) then the difference (7.p) between
(RO 4)Q5,7)

and
-1

ZZ

s€*5() seTQU) (s
and the dzﬁerence (7.q) between

<N(s, H) d((>\ — (H, H)) @(H)),d\y(—sﬁ)> dH

U(ts,X(s),a)

(@ BOY, 4)0)

and

2. 2 ¢

5€x8() s€TQ J)(s)

'/U@s,x(s),a) (N(S,H) d@(H),d((A —(—sH, —sﬁ>)_1\y(—sﬁ))> dH

are analytic for Re A < R* — a®. Then for every s in S the set )(s,8) contains an element

which leaves each point of § fized. Moreover if *P is a cuspidal subgroup with split component
‘a, P belongs to (P}, P’ belongs to *{P}\Y), s belongs to *S%, and s belongs to TQU)(s)
then N (s, H) vanishes identically unless s, =t for some t in *SY and then
N(s,H)=N*(s*,—sH)
Finally, if F belongs to L(S(s), &(V,W)), F' belongs to L(S(t), E(V',W)), and p(-) belong
to '3 then
(N(s, H) dp;(H) F, F') = <N(s, H)F, dp(—sH) F’) .

There is one simple assertion which is central to the proof of this lemma. We first
establish it. Let a be a positive number, let *P be a cuspidal subgroup belonging to some
element of {P}, let 5 belong to *S¥, let P belong to *{P}", let P’ belong to *{ P}V and
suppose that for each s in fQU)(s) there is a given function M (s, H) on s with values in
the space of linear transformations from L(S(s), €(V,W)) to S(s;) ® €(V', W) such that
(M (s, H)F, F' ) is meromorphic on Ts for all F' and F’ and vanishes identically if the order
of F' or of F” is sufficiently large. Suppose that if

O(-) = ri(-) ()
with () in *9(V, W) and ¥(-) belongs to *H(V’, W) then
(M(s, H) d(H), dqf(—sﬁ))
is analytic on the closure of U('s, X(s),a) for all s and
3 L/ (M(s,H)d((A —(H, H))‘1¢(H)>,dqx(—sﬁ)) dH
. (27m>m U(ts,X(s),a)
s€TQ)(s)
is analytic for Re A < R? — a?; then if
Re(X(s), X (s)) > R* — a”,
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each of the functions M (s, ) is identically zero. Suppose not and suppose that M(s, H)F
vanishes identically for all s if the order of F' is greater than n but that for some s and
some I = F, of order n the function M(s, H)F, does not vanish identically. There are
polynomials g, 1 < k < £ on Ta® and functions ®;, 1 < k < ¢, in &(V, W) such that the
order of

is greater than n. Let
()= R S )

with some scalar valued function f(-); then

<M(3,H)d<()\ _(H, ) >

= (A= (H,H))"

-1

F(H)ry(H) (M(s, H)Fp, d\I/(—sﬁ)) .

Let

om =3 ri(H)(M(s,H)FO,d\I/(—sﬁ)).
€100 (s)

/ (A — (. 1))
U(ts,X(s),a)

is analytic for ReA > R? — a%. Let B be the unit sphere in 5 N fa( and let dB be the
volume element on B. Set

§(r) = /Bf(X(s) +’i7"1/2H>g<HX(5) +ir1/2H) dB.
If (Re X (s),Re X (s)) = p and (Im X (s),Im X (s)) = v then

Then
—1

f(H)g(H)dH

2

W= [ e ar

is analytic for
ReA>R*—a®>—pu+v
and the right side is negative On the other hand if 0 < € < a® — v,

lim - {((—c +0) — ¢(—¢ — i6)} = E(e)e™*,

S\O 271 {C
so that
§(r)=0
for 0 < r < p+a* — R? — v and hence for all r. Since f(H) can be taken to be the product
of exp(H, H) and any polynomial we conclude that g(H) vanishes identically. A simple
approximation argument which has been used implicitly before allows us to conclude that
M(s,H)Fy =0

for all s and this is a contradiction.
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Let *P be a cuspidal subgroup belonging to some element of {P}, let P belong to
P} let P’ belong to *{P}Y), and let s belong to *S®. Let ¢(-) be a polynomial on
a which vanishes to such a high order on every element t of *SU) different from s itself
that if t belongs to TQW(t) then N(¢, H) o dq(H) vanishes identically on t and to such a
high order on every space t;, with t in *SU) and ¢ in TQU)(t), different from s itself that
d*q(—tH)N(t, H) vanishes identically on 't but which does not vanish identically on s itself.
Of course d*q(H) is defined by the condition that

(&*q(H) T, F) = (T,dg(H) F)

for all T in S(t,) @ €(V, W) and all F in L(S(t), €(V,W)). In (7.p) replace ®(-) by q(-)®(:)
and let

W) =¥
and in replace j by i, A by A, ®(-) by
U() =r()¥'()

and ¥(-) by ¢(-)®(-); then subtract the complex conjugate of from (7.p]). Since the
complex conjugate of <Q1Z, R(A, A)qg) is
(RO 2)Q3,7),

the result is

2 <27r1¢>m /U(fs,xw) (M“’ H)d( (A~ (8. H)) " o)), m—sm) aH

where M (s, H) equals

d*rj(—sH)N(s, H) dq(H)

if 5, does not belong to *S) and equals
d*rj(—sﬁ){z\r(s, H) — N*(s71, —sﬁ)} dg(H)
if s, does belong to *S). Since a can be taken as large as necessary we conclude that
N(s,H)=0

if 5, does not belong to *S) and that

N(s,H)= N*(s*, —sH)
if s, does belong to *SU). If f(-) belong to J, then

(RO QNN B) = (RO, QD).

Thus we can also conclude that if
M(s, H) = {N(s, H)df (H) — d* (f*(—sﬁ))zv(s, H)} dg(H)

then

S (2;2.)7” /U(w(s)ﬁa) <M(3,H)d((A— (H, H))_1<I>(H)>,\If(—sﬁ)) dH

set Q) ()
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is analytic for Re A\ > R? — a?. Consequently
N(s, H) df (H) = d*(f*(~sH) ) N(s, H)

for f(-) in 'Jy and hence, by a simple approximation argument, for f(-) in 3. The first
assertion of the lemma has still to be proved.

Suppose s belongs to *S™. Let *P be a cuspidal subgroup belonging to some element
of {P} such that E(-,-,-) is not identically zero for some P in *{P}®. Suppose that
E(-,F,-) = 0if O(F) > n but E(-,F,-) # 0 for some F in O(F) = n. Let h(-) be a

polynomial on at” such that

h(H — X(s)) = px(H)
where X lies in S(s) and is homogeneous of degree n, and such that

E(-,dh(H)F,-) #0
for some F in L(S(s), €(V,W)). We first show that if we take P’ = P then for some s in
fQ)(s,s) the function
d' (h*(—sﬁ)>N(s, H)dh(H) # 0
Suppose the contrary. Fix some positive number a with
(Re X(s),Re X(s)) > R* — a®.

Choose ¢(-) as above; let ®'(-) belong to *9(V, W); and set

©() =ri(-)a(-)h(-)2'(-)
Replacing ¥(-) by ®(+) in |) we obtain (R(/\, A)Qgg, Qgg), which must be analytic for
ReA > R — a2. Tt follows from Theorem 5.10 of [21] that Q¢ belongs to the range of
E(R? — a?). However, if this is so then for any P’ in *{P}") and any ¥(-) in *9(V’, W) the
function <R(/\, A)QQAS, @) is analytic for Re A > R? — a?; consequently

2 (27Tli)m /U(TS,X(E),a) (N(S’ H) d<(A i H>)_1¢(H)>’dqj(_3ﬁ>> dt

setQ@) (s)

is analytic for Re A\ > R? — a%. Thus
N(s,H)dh(H)=0
for all s which is impossible. In particular there is some s in (s, s). For such an s,
sX(s) = —X(s)
consequently (X (s), X(s)) is real. Choose ® in &(V, W) so that
& (h*(—sﬁ))zv(s,ﬂ) d(h(H)®) 20

for some s in TQ0 (s, 5). If

and
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and if b < a, and p = (X(s), X(s)) — b* then

((1 — E(1))Q0, QZ) - 3 /U(Tﬁm) ) F(H)g(—sH)E(s, H) dH

(2mi) 510 (5.9)

with
(s, 1) = (N(s, H) d(r(H)a(H)R()®), d(r(H)a(H)I(H) )

For some s the function £(s, H) does not vanish identically. Consequently the expression
on the right is a positive semi-definite Hermitian symmetric form in f(-) and ¢(-) which
does not vanish identically. A simple approximation argument shows that there must be
an s° in TQ (s, s) such that H = —s"H for all H in U('s, X(s),b). Choosing b sufficiently
close to a we conclude that H = —s"H for all H in U('s, X(s), 00) and that s leaves every
element of 5 fixed.

Collections of subspaces and Eisenstein systems satisfying the conditions of Lemma 7.5
are just what we need to describe the spectral decomposition of the spaces *E({P}, {V}, W)
Let us see how to associate to each such collection a closed subspace of each of the spaces

LHPYAVEW).

Lemma 7.6. Suppose that S, 1 <i < r, is a collection of distinct affine subspaces of a®
and that if 5 belongs to S = |Ji_, SW there is given an Eisenstein system belonging to s.
Suppose that S and the associated Eisenstein systems satisfy the hypotheses of Lemma 7.5.
Let *P be a cuspidal subgroup belonging to some element of {P} and let *L'({P},{V}, W)

be the closed subspace of *C({P},{V}, W) generated by functions of the form (I — E(A))Q(E

where A and ®(-) are such that for some positive number a, some i, and some P in *{ P}
the inequality R?> — X\ < a? is satisfied and

() =ri(-)®'(-)
with () in H(V,W). Let Cy,...,C, be the equivalence classes in *S and for each x,

1 <z < u, choose s, in C, such that s, is the complezification of a distinguished subspace
of b. If P belongs to {P} and ®(-) belongs to *H(V, W) then

Z E(g,d®(ss)H),ssoH)
s€Q) (s4,Cy)
is analytic on U(Tﬁw,X(sm),oo), where
Q(s,,Cp) = {s € Uss Co) | Js =1 }

and if w, is the number of elements in TQ(sgc,sm) then

u

NP 0 0
o0.0)= Y o /U oy 2 Blg AL, sl d

z=1 s€Q0) (54,Cx)
belongs to *C' ({P},{V}, W) and the projection of & on L' ({P},{V},W) is equal to

li_)m o(-,a).
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Moreover if P’ belongs to {P}Y) and U(-) belongs to *H(V',W) then
3 3 <N(tsgs*1, ssOH) dd(ssH), d\p(—tﬁ))
t€QU) (54,C2) s€Q (52,Cy)
1 analytic on U(Tsx, X(s,), oo) and the inner product of the projections ofa and 1Z on
L{PyAVEW)

s equal to

u

1 0.—1 .0 0 yas
G / ZZ(N(tsxs 55U H) d(b(ssmH),d\Il(—tH)) dH.
The inner sums are over ¢t € QU)(s,,C,) and s € QW (s,, C,). The integral is over

U(Tsx,X(sw), oo).
Suppose a is a positive number, P belongs to *{P}®,
B() = r()P'()
with ®'(-) in *A(V, W), P’ belongs to { P}, and ¥(-) belongs to *H(V’,W). To begin the
proof of the lemma we calculate the inner product <(I — E(A))Qgg, {D\) when \ > R? — a?.
Choose 8 > R%, a = A, and v > 0; according to Theorem 5.10 of [21]

PR 1 PR
((1 — E(\)Q4, ¢) = Jim — /C(aﬂm (R(z, A)Qd, w) dz.

6—0 271

x=1

Since (7.p) is analytic for Re A > R? — a? it follows from the first corollary to Lemma 7.4
that the right side equals

(1512%%/ o {ZZ o / — (H, H)) 1(N(S,H) d(ID(H),d\I!(—sH)) dH} dz.
The sums are over s € *S® and s € TQU)(s). The inner integral is over U (s, X(s),a). Let
(X(), X(s)) = u(s)

Then a > (u(s) — )\)1/2' so this limit equals

2. 2 ¢

50 seiate FTO™ Ju(tex @), (ute)-0)72)

which we prefer to write as

(7.x) ZZZ 2m / ( (ts0s7L, 550 H) d@(sng),dw(—tﬁ)) dH

The inner sums are over t € QU)(s,,C,) and s € QW(s,,C,). The inner integral is
over U (T5x,X (52), ((s2) — N) Y 2). It should perhaps be observed that if H belongs to
U('sy, X (s,), 00) then

(N(s, H)dd(H), d@(-ﬂ)) dH

—tH =ts%H.
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Let
xvwy= Y L<S((5x)s), (v, W)), 1<z <,
5€Q) (54,Cz)
and define X, (V’, W) is a similar fashion. If F' = @ F; belongs to X,.(V,W) and F' = € F!
belongs to X, (V', W) let

[FF)= ). > (N(tsdsT! ssUH)F, F).
teQWU) (s,,Cq) s€QD (54,Cx)
Of course [F, F'] depends on H. A simple approximation argument shows that, when H
belongs to U(sx, X(s,), oo),
(7.8) [F,Fl>0; |[FF)|*<I[FF|F,F)

At this point we need to remind ourselves of a number of simple facts from the theory
of integration (cf. [5, Ch. II]). Let £,(V,W;\) be the space of all functions

F(H) =P F.(H)

on U(Tﬁza X(s,), (u(ss) — A) 1/2) with values in X, (V, W) such that [F(H), F] is measurable

for every F'in X,.(V, W),
Foo,(H) = Fy(syrH)

for all r in TQ(s,,s,), and
),
Wy (2m)™ U(Tsx,X(ﬁm),(p(sm)—)\)l/2>

is finite. If two functions whose difference has norm zero are identified, £,(V, W; X) becomes
a Hilbert space.

[F(H), F(H)] |dH| = ||F(-)|

P L.(v. W) = L(v, W3 )
r=1
is also a Hilbert space with the dense subset

RV =3P @ do(ssiH) | () =r()P'(), ¥'(-) € BV, W)

=1 Q) (82,Cz)

The map R
o) = (I - E(N)Qo
can be extended to an isometric map of £(V,W;\) into *L'({P},{V}, W)

F() = f
where .
F() = F.().
=1
Let L£,(V,W) be the set of all functions

F()=EF()
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on U('s,, X (s,),00) with values in X,(V, W) such that [F(H), F] is measurable for every
Fin X, (V,W),

Fyo,(H) = Fy(rs)H)
for all r in 7Q(s,,s,), and

1
W/Uu%,m ).00) [FCH), PU] L] = |[F()

is finite. The set £,(V,W) is also a Hilbert space; let

I

B c.vw) = v,

The spaces L(V,W; \) can be regarded as subspaces of L(V, W) and (J, L(V,W; A) is dense

in £(V,W). The map F(-) — f can be extended to an isometric mapping of £(V, W) into
*L'({P},{V},W). It follows readily from that if F(-) belongs to L(V, W) and G(-)
belong to L(V', W) then

u

~ 1
F9=> i | F(H), G(H)] |dH],
; We (27)™ U (15, (52),00) [ ]
Let F*(-) = @ F*(-), 1 < z < u, be a function in U (s, X (s,), 00) with values in X,(V, W)
such that
war (H) = Fy(rsyH)

for all r in TQ(s,, s,) and suppose that if G(-) = @%_, G.(-) belongs to £(V,W; \) for some
A then [F,(H),G,(H)] is measurable for 1 < z < u and

- 1

gt Wy (2m)™ /U(T%X(SI),(M(SZ)_/\)1/2)

is defined and is at most c||G(-)|| where ¢ is some constant. Then F(-) belongs to £(V, W)
and its norm is at most c.

If ®(-) belongs to *H(V, W) and
F,(Hy= @ do(sstH),
€00 (50,C2)

this condition is satisfied with ¢ = ||®||. If P’ belongs to {P}¥ and ¥(.) belongs to
(V' W) it then follows from (7.s)) that

> > (N (tsys™', ssoH) d®(ssyH), d\p(—tﬁ))

teQU) (54,C5) s€Q0 (55,C4)

[F.(H),G,(H)] dH

is integrable on U (Tsz, X(s,), oo). However, it is a meromorphic function with singularities
which lie along hyperplanes of the form a(H) = y; so it is integrable over U (Tsx, X(sz), oo)
only if it is analytic on this set. Applying the map F(-) — f to the above element of
L(V,W) we obtain a function ¢’ in *L'({P},{V},W). To prove the final assertion of the
lemma it is sufficient to show that ¢ is the projection of ¢ on *£’ ({P},{V},W) or that

~

((1-BW)Q4.3) = ((1 - EX)Q3,¢)
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whenever there is a positive number a and a P’ in *{ P} for some j such that R? — \ < a?
and V() = r;(-)W'(-) with ¥'(-) in *H(V’, W). This follows from the formula with ®(-)
and V(-) interchanged.

Take ®(-) as in the last paragraph and suppose that for some x

> E(d®(ss)H),ss0H) = E(-, H)
$€Q (55,C)

is not analytic on U (Tﬁx,X (51,),00). Let t be a singular hyperplane which intersects
U('s,, X (s;),00). Select a unit normal to t, take an arbitrary analytic function g(-) on s,
and consider Res{g(H)E(-,H)}. If P’ belongs to {P}") for some j and ¢ belongs to
D (V,W) then

t

[@\*M B Res{g(H)E(mk, H)}i(mk) dm di

is equal to

t

Res / g(H)E(mk, H)i(mk:) dm dk ;.
O\*M x K
If ) is the Fourier transform of W(-) the expression in brackets is equal to
om) Y 3 (N(tsgs—l, ssO H) dd(ssH), d@(-tﬁ)).
teQU) (54,C5) s€Q (55,04)

Since no singular hyperplanes of this function intersect U (Tsx, X(sz), oo) the residue is zero.
Comparing this conclusion with Lemma 3.7 we obtain a contradiction. Suppose that ¢'(-, a)
is the image in *C'({ P}, {V'}, W) of the element

é F,(H
=1

of L(V,W) where

€ (5,,C)
if |[Im H|| < a and F,(H) =0 if |Im H|| > a. Certainly the limit of ¢'(-,a) as a approaches
infinity is equal to the function ¢’ of the previous paragraph. To complete the proof of the
lemma it has to be shown that ¢/(-,a) = ¢(-,a). To do this we show that if P’ belongs to
“ P}V for some j and 1 belongs to *®(V, W) then

(¢/(1a),0) = (6(a), ).

Now (¢(~, a),zZ) is equal to

el Z{/ g E AR s H) k) dmczk}dﬂ.

J::l
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The outer integral is over U (Tﬁ, X(s), a) and the inner sum is over s € Q@ (s,, C,). Referring
to (7.a]) we see that if ¢ is the Fourier transform of ¥(-) this equals

Zi: W / Z Z <N(t823’1, ssoH) d®(ssUH), d\I/(—tF)) dH

which is, of course, equal to <q§’(-, a), zZ)

There is a corollary to this lemma which is of great importance to us.

Corollary. Let *P be a cuspidal subgroup belonging to some element of {P} let P belong
to {P}, let 5 belong to *S© and let F belong to L(S(s), &(V,W)). If a is the largest
distinguished subspace which s contains and if r is the inverse image in s of a singular
hyperplane of the function E(-,F, H) on s which meets U(Tﬁ, X(s), oo) then 7 contains a.

Suppose that § is the complexification of a distinguished subspace a of h. The assertion
in this case is that E(-, F, H) has no singular hyperplanes which meet U (Tﬁ, X(s), oo) and
it will be proved by induction on dim a — dim *a. We first take this difference to be one. Let
Hy be a unit vector in 's Na®. If X is a singular point of E(-, F, H) lying in U (s, X (s), o0)
let

E(g, F, X +izH,) = Z Z*Ey(g)
k=—m
with m > 0 and F_,,(g) # 0. If s belongs to C, choose s, = s and let F"(-), for sufficiently
large n, be that element of £,(V, W) such that F'(H) vanishes identically if s is not in
10 (s,5), Fo(H) equals nz™F if H = X +izH, with 1/2n < z < 1/n and equals zero
otherwise, and F,(H) = Fy(rs"H) if r belongs to Q(s,s). Since, for large n,
1/n
[l =ntjom [ (N X)FF) e
1/2n
we conclude that lim7Hoo||F”(-)H2 = 0. Let f™ be the image of F"(-) in *L'({P},{V},W).
An argument like that used in the proof of the lemma shows that
1/n

f"(g) = n/27r/ ME(g, F, X +izHy) dz
1/2n

1/n
=n/2m Z / 2" E(g) dz,
be—m VY 1/2n
so that .
lim f"(g) = —E_n(9g)
n—00 47
uniformly on compact sets. Comparing the two results we conclude that E_,,(¢g) =0, and
this is impossible.

Suppose that dim a — dim *a = n is greater than one and that the assertion is true when
dim a — dim *a is less than n. If t in *S¥) belongs to the same equivalence class as s, if P
belongs to *{ P}®, if I’ belongs to L(S(s), eV, W)), if P’ belongs to *{ P}V if F’ belongs
to L(S(t), &(V,W)), if s belongs to Q(s,s), and if ¢ belongs to Q(s, t) then
2

’ (N(ts’s™",ss"H)F, F')
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is at most
(N(ss%s™ ", ss"H)F, F)(N(ts"t ' ts"H)F', )

which in turn equals

(N(s% ss"H)F,F)(N(t°, ts"H)F', F")
if H belongs to U (Ts,X (s), oo). Consequently if a singular hyperplane of the function
(N(ts"s™1, ss"H)F, F') meets U('s, X(s), 00) it must be a singular hyperplane of

(N ts"H)F' F").

This fact will be used to show that, if for some F' in L(S (s), €(V, W)) the hyperplane Tt
meets U(Ts, X(s), oo) and is a singular hyperplane of E(-, F, H), then for some j, some t in
*5() such that the largest distinguished subspace contained in t is larger than *a, some P’ in
{P}U), some F' in L(S(t), €(V',W)), and some ¢ in (s, t) the function (N (¢°, ts"H)F’, F")
has Tt as a singular hyperplane. Suppose not, and let t be the inverse image of 't in s.
Select a unit normal to v and consider the function Res, E(-, -, ) defined on

*A*T\G x L(S(x), E(V,W)) x {t}.

If r belongs to fQU)(x) for some j, then Res, N(r,) is zero unless there is a t in *S¥) such
that the largest distinguished subspace contained in t is *a, and a ¢ in TQ(s, t) such that r is
the restriction to v of . Then

Re{—r(X(t))} = —r(X(s)) = X(¢)
belongs to *(fa?)). It follows from the corollary to Lemma 5.1 that if F'is in L(S(x), &(V, W))
and Res, E(-, F, H) is defined at H in U(Tt, X(r),00), then it belongs to *£({P},{V},W).
Choosing such an H which is not real we contradict Lemma 7.3.

Let us, for brevity, call those s in S such that s is the complexification of a distinguished
subspace principal. To complete the induction and to prove the lemma for those elements
of S which are not principal we will use the functional equations proved in Lemma 7.4.
Let C be an equivalence class in *S and choose a principal element s in C. If s is in *S®

and belongs to C' and if P in *{ P} is given we can choose the set of representatives P,
1 < k < ml, so that it contains P. Choose
- D

SEQO 5 C)

with FY in L(S(ss), @US)> so that the set of vectors e, ) £7 (H) with
F/(H) = Z M(ts’s™!, ss"H)FY
5€Q0(5,C)
is a basis for the range of M (H) when M (H) is defined. There are elements
- D @
5€Q0(5,0)
such that if { G, | t € Q(s,C) } belongs to the range of M(H) and

Gy = Z cy Iy
y=1
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for all ¢ then

cy= Y (G.GY).

SEQo(S,C)
If I belongs to L(S(sl), E(V k), W)) for some k, s; belongs to 1Q(s,s,), and
c,(H)FY(H) = M(ts"s;!, s1s"H)F
y=1
for all ¢t then

v

(7.t) E(g,F,518°H) =Y ¢,(H){ > &g, FY, ss"H)

y=1 s€Q(s,C)

Suppose that s, is principal and that v; is the inverse image in s; of a singular hyperplane
of E(-,F,-). Let t in *SU) be an element of C' which contains a distinguished subspace *a,
larger than *a such that for some P’ in {P}Y), some F’ in L(S(t), &(V’,W)), and some
t1 in TQ(sq,t) the function (N(¢°,t;s{H)F’, F') has Tt; as a singular hyperplane. Since
N(t° t,sYH) depends only on the projection of ¢;s¢H on the orthogonal complement of *a;
the hyperplane ¢;5{(t;) contains *a;. There is a principal element in *S; which is equivalent
to t; it may be supposed that we have chosen s to be this element. Choose a t in {)(s, t)
which leaves every element of *a; fixed. Let us take s; to be t;'t%. Then E(g, F, s;s"H)
has a singular hyperplane Tt which meets U (Tﬁ, X(s), oo) such that t contains *a;. As usual
the inverse image t of Tt in s is written as X (tr) +t. Now

cy(H) = Z (M(ts°sy ", s1s"H)F, GY)
teQo(s,C)

and is thus analytic on U (Ts, X(s), oo). Consequently for some s in y(s,C') the function
E(-,FY,ss"H) has t for a singular hyperplane. In other words we can suppose that if s
belongs to *S®, there is a P in {P}*®, and an F in L(S(s), &(V,W)) such that E(-, F,-)
has a singular hyperplane 't which meets U (Ts, X(s), oo) and is such that t contains *a;.
Let *P; be the cuspidal subgroup with split component *a; which belongs to P and let
Ei(-,+,-) be the associated function on

ATN\G x L(S(s), €(V,W)) x s’

if 's’ is the projection of s on the orthogonal complement of *a,. It follows from the rela-
tion that E(-, F,-) must have a singular hyperplane in Ts’ which meets U (Ts’ , X (s, oo)
and this contradicts the induction assumption.

The general case now follows readily from the relation . Indeed a singular hyperplane
of the function E(-, F, H) defined on Ts;, the projection of 5; on the orthogonal complement
of *a, can meet U (Ts, X (s), 00) only if it is a singular hyperplane of (M(tsosl_l, H)F,G,) for
some s in TQ2(s,51) and some ¢ in Qy(s,C) and hence, by (7.9), a singular hyperplane of
(M(sY, H)F, F). Since M(s{, H) depends only on the projection of H on the orthogonal
complement of the largest distinguished subspace contained in 5; the corollary follows.

The principal assertion of the paper can now be formulated as follows.
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Theorem 7.1. There are g+1 unique collections Sy, = J;_, S% of affine spaces of dimension
m and unique Eisenstein systems, one belonging to each element of S,,, 0 < m < q, which
satisfy the hypotheses of Lemma 7.5 such that if *P is a cuspidal subgroup belonging to some
element of { P} and *C,,({P},{V}, W) is the closed subspace of *C({P},{V},W) associated
to S;, by Lemma 7.6 then, if "q is the dimension of *a,
q
LAPYLVEW) = S La({PHAVYW)

m=*q
and Lo, ({P}, {V}, W) is orthogonal to *L,,,({P},{V}, W) if mi # mo.

We will use induction on m to establish the existence of these collections and the
associated Eisenstein system. Let us first describe the form the induction step takes, then
show how to start the induction, and then carry it out in general. Let m be an integer with
0 < m < g and suppose that we have defined the collections Sff), l1<i<rforalln>m
and that if n; # ny the spaces *C,,, ({P},{V},W) and *L,, ({P},{V},W) are orthogonal.
Suppose that for 1 < i < 7 we have also defined a collection S® of distinct affine subspaces
of a!” of dimension m and a collection T® of not necessarily distinct affine subspaces of
al” of dimension m — 1 and that we have associated an Eisenstein system to each element
of S® and T®. Suppose that every space in S or T meets D, and that only a finite
number of the elements of S® or T®) meet each compact subset of al’. In particular then
if s belongs to S® or T the point X (s) lies in D;; we assume also that Re X (s) belongs
to *a if a is the orthogonal complement of the largest distinguished subspace contained in
5 and to the closure of Ta(s) if a(s) is the orthogonal complement of 5 in a. Recall that
*a(s) has been defined in the discussion preceding Lemma 2.6. If 5 belongs to S it is said
to be of type A if for every positive number a we have defined a non-empty convex cone
V(s,a) with centre X (s) and radius €(a) so that if ay is less than as then V(s,a;) contains
V (s, az), so that every singular hyperplane of the associated Eisenstein system which meets
the closure of the cylinder C(s, €(a),a) meets the closure of U(s, X(s),a) but no singular
hyperplane meets the closure of U(s, Z,a) if Z belongs to V (s, a), and so that the closure
of V(s,a) is contained in D;. An element t of T is said to be of type B if it satisfies, in
addition to these conditions, the condition we now describe. Let P belong to {P}, let *P
belong to P, and let F belong to L(S(t), &(V,W)). If a is the largest distinguished subspace
which t contains and if ¢ is the inverse image in t of a singular hyperplane of the function
E(-, F,-), which is defined on 't, which meets U(Tt, X(t), oo) then t contains a. If t lies in
T it is said to be of type C' if for every positive number a we have defined a non-empty
open convex subset V(t,a) of t so that if a; is less than ay then V(t,a;) contains V (¢, ay) so
that no singular hyperplane meets the closure of U(t, Z, a) if Z belongs to V (t,a), and so
that { Re Z | Z € V(t,a) } is contained in the interior of the convex hull of (a®)* and the
closure of *a(t). We assume that every element of S is of type A and every element of
T® is of type B or C.

Suppose that *P is the cuspidal subgroup belonging to some element of { P} and let Q
be the projection of *C({P},{V},W) onto the orthogonal complement of

q

ST oL ({PHAVEW)

n=m-+1
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We suppose that @ is zero if m is less than *¢ but that if m > *¢ then for any P in *{P}®,
any ®(-) in *9(V, W), any P’ in {P}Y) and ¥(-) in *H(V", ) and any positive number a

the difference between (R(/\, A)Q(E, zZ) and the sum of

> Z /(N(s,H)d((A —(H, H>)_1<I>(H)>,d\11(—sﬁ)) dH

s€*8() seTQU)( )

and

> Z T 1/(N(t,H)d(()\—(H,H>)_1<I>(H)),d\11(—sﬁ)> dH

te*T () tetQU) (¢ )
is analytic for Re A > R* — a? if Z(s) belongs to V (&, a) and Z(t) belongs to V(t,a). The
integrals are over U (Ts, Z(s), a) and U (Tt, Z (1), a) respectively. The integer m’ equals m —*q.
We also suppose that the difference between (QQAﬁ, R(N, A)zZ) and the sum of

3 Z G /(N(s,H)d@(H),d((X—(—sﬁ,—sﬁ>>_1\11(—sﬁ))>dH

s€*S() seTQU) (s

and

-1
3 Z G /(N(t,H) d@(H),d((X— <—sﬁ,—sﬁ)) m(-ﬁ))) dH
te*T () tet Q) (¢
is analytic for Re A\ > R? — a®. The integrals are again over U('s, Z(s),a) and U(Tt, Z(t), a).
It is an easy matter to verify that the collections S satisfy the conditions of Lemma 7.5.
First of all, Lemma 7.6, with m replaced by n > m, make it obvious that A(f) commutes
with Q if f(-) belongs to "Jy, so that it is only necessary to verify that for each *P and
each positive number a there are polynomials r;(-), 1 <4 <7/, on Tall 9 for which and
1‘) have the required property. Since there are only a finite number of t in *T® for which
U('t, Z(¢), a) is not empty, a polynomial r;(-) can be chosen so that, for all P and P’, all
such t, and all ¢ in TQU)(t), the function N (¢, H) dr;(H) vanishes identically on Tt but so
that 7;(-) does not vanish identically on s if s belongs to *S. It may also be supposed
that if s belongs to S® and s intersects

{HeD;||ImH| <a}
then, for all P and P’ and all s in fQU)(s), the functions N(s, H)dr;(H) on fs has no
singular hyperplanes which meet

{HeD;||ImH| <a}

The conditions of the last paragraph imply that with such polynomials the conditions of
Lemma 7.5 are satisfied. To see this one has to use the argument preceding Lemma 7.1 in

the way that Lemma 7.1 is used below. We will take S to be SO
We must now examine the expression

(7.0) 3 Z o / " Z(s)a)(N(s,H)d@(H),d\If(—sﬁ))dH.

s€*xS() scTQW) (s
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Since the set S = J;_, S () is finite we may suppose that, for each positive a, the cones
V(s,a), s € S, all have the same radius €(a). We may also suppose that €(a) is such that
for each a and each s there is a cone W (s, a) with centre X(s) and radius ¢(a) such that
if s belongs to (s, t) for some t in S and Z belongs to ss°(W(s,a)) there is no singular
hyperplane of the Eisenstein system associated to t which meets the closure of U(t, Z,a). It
may also be supposed that if ¢t and s belong to S the collections

{ssO(W(s,a)) ‘ s € Qs t) }
and
{rrp(W(t, a)) | r € Qe t) }
are the same if (t,s) is not empty and that if s € Q(s,t) and t € Q(s,t) then
ss’(W(s,a)) Nts"(W(s,a)) # @

implies s = ¢t. Choose for each s in S and each s in (s, s) a point Z(s,s) in SSO(W(B a)).

Accordmg to the remarks following the proof of Lemma 7.1 there is a collection T of

— 1-dimensional affine spaces and for each t in Tl( ) an Eisenstein system belonging to t
and a cone V(t,a), with centre X (t) and some radius d(a), such that, for all *P, (|7.ul) is
equal to the sum of

(7.v) ZZZ 2m /U(T o )(N(S,H) dcb(H),d\If(—sH)) dH

and

(7.w) 3 Z / (N(t, H)do(H), dqf(—tﬁ)> dH

te T LT (¢ U(TZ(t),a)
with Z(t) in V(t,a), and a sum of terms of the same type as (7.m). The sums in are
over s € *S®, r € Q(s,5), and s € TQU)(s) and the number of elements in (s, s) is w(s).
We can certainly suppose that, with the cones V' (t, a), the elements of Tl(i) are all of type B.
The supplementary condition on elements of type B must of course be verified but that is
not difficult. We can also suppose that the sets U’ occurring in the terms of the form ([7.m))

all lie in
{H||ReH| <R, [ImH|| >a}

This implies that if ®(H) is replaced by (A — (H, H)) 1(ID(H) or W(H) is replaced by
_ -1
</\ —(H,H >> U(H) the difference between ([7.ul) and the sum of (7.v]) and (7.w)) is analytic

for Re A > R? — a?®. If t belongs to Tl(i) we will also have to know that if a is the orthogonal
complement of the largest distinguished subspace contained in t then Re X (t) lies in fa and
that if a(t) is the orthogonal complement in a®® of t then Re X (t) lies in the closure of *a(t).
The space t is a singular hyperplane of some s in S® such that t meets U (5,X (s), oo);
consequently Re X (t) = X (s). The first point follows from the corollary to Lemma 7.6
because according to it we can assume that the largest distinguished subspaces contained
in 5 and t are the same. If o is a positive root of a let H, be such that

(H,Ha) = a(H)



7. THE MAIN THEOREM 149

for all H in a. The second point follows from the observation that the closures of *a(s)
and Ta(t) are the non-negative linear combinations of the elements H, where o varies over
the positive roots which vanish on § and t respectively.

Let C1,...,C, be the equivalence classes in *S and for each x choose a principal element
s, in C,. Let 7Y, 1 < y < v,, be a subset of ((s,, s,) such that every element of Q(s,,s,)

can be written in the form ss2r¥ with a unique y and a unique s in 1Q(s,,s,). Choose for

each = a point Z, in W(s,,a) and if s belongs to C, and s belongs to (s, s) let
Z(s,s) = ts%(Z,)
if ¢ is the unique element of (s,,s) such that
ss’(W(s,a)) = ts)(W(sz,0a)).
The expression (7.v)) is equal to

ZU:Z )(2mi)m /ZZ( (ts2s™!, ss0H) d®(ss H),dW(— tH)) dH.

The integra,l is taken over U (Tsx,rg(Zx),&) and the sums are over t € QU)(s,,C,) and
s € QW(s,,C,). It follows from Lemma 7.6 that each of these integrands is analytic in the
closure of C (sx, e(a), a); consequently the argument used in the proof of Lemma 7.1 shows
that the sum is equal to

(7.x) Z m / Z Z(N(tsgs_l, ssUH)d®(ssPH), d@(—tﬁ)) dH.

(the integral is here taken over U(s,, X(s,),a)) plus a sum of terms of the form

W / > Z(N(tsgsfl, ssOH) dd(ssH), d\I!(—tﬁ)) dH

where U’ is an open subset of an m/-dimensional oriented real subspace of s, which lies in

{H e'ls, | |ReH|| < R, |Im H| > a }

-1

In any case if ®(H) is replaced by (A — (H,H))  ®(H) or ¥(H) is replaced by

-1

(X —(H, H>> U(H)
the difference between (7.x]) and (7.v)) is analytic for Re A > R* —a?. If g/gm is the projection
of ¢ on *L,, ({P},{V}, W) it follows readily from Lemma 7.6 that the difference between
RO\ Ao, zZ) and (7.x) with ®(H) replaced by (A — (H, H)) ™ ®(H) is analytic for Re A >
R? — @? and that the difference between <$m, R(), A)qZ) and (7.x)) with W(H) replaced by

_ -1
</\ — (H, H)) U(H) is analytic for Re A > R?* — a?. In conclusion, if @' is the projection
of *L({P},{V},W) on the orthogonal complement of

q

> Ln({P}AVYW)

n=m
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and R is the union of Tl(i) and T then the difference between (R()\, A)Q 5, 12) and

3 W/(N(r, H) d(()\ —(H, H>)_1<I>(H)>,d\11(—sﬁ)) dH

and the difference between (Qgg, R(), A)&) and

ZZW{R,_I / (N(r, H) d<I>(H),d<<X— (—rH, —rﬁ>)_1\ll(—rﬁ)>) dH

are analytic for Re A > R? —a®. The sums in the two displayed expressions are over t € RO,
r € 1QU)(v), and the integral is taken over U (Tt, Z(v), a). In particular if m = *g these sums

are empty so that (R()\, A)Q &E, 12) is entire and, hence @’ gg = 0. Consequently

q

LCHAPHAVEW) = P Ln({PHAVEW).
m=*q
We observed after defining an Eisenstein system that, for 1 < i < r, we could define
in a simple manner an Eisenstein system belonging to a®. If R = {a®} and if for all

positive numbers a we take V(a”,a) to be {H c AN Nal | ||H| < R} then it follows
readily from the relation (4.p|) that the difference between (R(/\7 A)a, 12) and

D ﬁ / (N(s, H) d((A —(H, H))”@(H)) , d\y(—sﬁ)) dH

and the difference between ((E, R(\, A)QZ) and

ZZ@/(N(S,H) dcb(H),d((X_ (—sH, —sﬁ)>1q!(—3ﬁ)>) dH

are analytic for Re A > R? — a? if Z(x) belongs to V(r,a). The ranges of summation and
integration are the same as above, and the integer ¢’ equals ¢ — 7.

We now change notations so that m — 1 or ¢ is m and show that from the collections R®*)
we can construct collections S and T which satisfy the induction assumption. Apart
from the uniqueness this will complete the proof of the lemma. The construction is such
that the analytic conditions on the associated Eisenstein systems are manifest; so only the
less obvious geometrical conditions will be verified. Suppose that t belongs to R¥ and
is of type C; since {ReH | H € V(r,a) } lies in the interior of the convex hull of (a®)*
and the closure of *a(t) there is an open cone with centre X (tr) whose projection on a®
lies in the interior of this convex hull. We tentatively let S® be the set of distinct affine
subspaces s of a? such that s = ¢ for some v in R®. For each s in S® and each positive
number a we choose a non-empty convex open cone V(s,a) with centre X (s) and radius
d(a) so that V(s,a;) contains V' (s, az) if a; is less than as, so that if s = v and v belongs to
R® then every singular hyperplane of the Eisenstein system associated to t which meets
the closure of the cylinder C/(s,8(a),a) meets the closure of U (s, X(s),a) but so that no
such hyperplane meets the closure of U(s, Z,a) if Z belongs to V(s,a), and so that the
closure of V(s,a) lies in D;. If s = ¢ with v in R®) and of type C we further demand that
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{ReH | H € V(s,a) } lie in the interior of the convex hull of (s”))* and the closure of
*a(s).

Suppose that t belongs to R® and is of type C. Choose the unique s in S such that
t = 5. Suppose that Y belongs to V (s, a), that Z belongs to V(¢,a), and that the segment
joining ReY and Re Z meets the projection on a of the singular hyperplane t of the
Eisenstein system belonging to t. We have observed that the closure of *a(t) is contained
in the closure of *a(t). Thus { Re H ! H€V(t,a)} and {ReH | H €V (s,a) } lie in the
interior of the convex hull of (a®))* and the closure of *a(t). The intersection of the convex
hull of these two sets with { Re H | H € t} also lies in this set. Take a point in this set,
which is not empty, and project it on a(t); the result is Re X (t). Thus Re X (t) lies in the
interior of the convex hull of the closure of a(t) and the projection of (a®)* on a(t). If
is a positive root of a(t), if H lies in (a®)*, and if H' is the projection of H on a(t) then
a(H') = a(H) which is positive. Thus Re X (t) lies in the interior of the convex hull of a*(t)
and the closure of *a(t). This is *a(t) itself. If 8, ,..., 3, are the simple roots of a(t) then

p
Re X(t) = ) b;Hpg,

with b; > 0. Let a1, ..., a, be the simple roots of a) and let

q
B, = E bjray,
k=1

with by, > 0. If
p
Z bjbjg - 0
j=1

for some ¢ then b;, = 0 for all j and t contains the distinguished subspace of a defined by
ap (H) =0, k # (. It follows readily that if a is the orthogonal complement of the largest
distinguished subspace which t contains then Re X () lies in *a.

The elements of T will arise in two ways. Suppose that v belongs to R® and is of
type C. Choose the unique s in S® such that v = 5 As a consequence of Lemma 7.1 we
can choose a collection T © of affine subspaces of a¥) of dimension m — 1 and a collection of

Eisenstein systems, one belonging to each element of T((:)) so that the difference between

3 ﬁ/{mz(t) , (NG, 1) do (), d9(~sH)) dH

retQ@) (v)

and the sum of
1 [—
Z W/ (Nt(s,H) d@(H),d\P(—sH)) dH

setQi) (s) U(ts,Z(s),a)

and
2 Z = / (N(t, ) d®(H), dlIf(—sﬁ)) dH
te T (v) tetQU) (1) U(t,Z(t),a)

is a sum of integrals of the form ( - Of course Z(r) belongs to V(t,a), Z(s) belongs to
V(s,a), and Z(t) belongs to a suitably chosen V'(t,a). Referring to the previous paragraph
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we see that t, with the given V (t, a), may be supposed to be of type C. The meaning of the
function N,(s, H) is clear.

Suppose that t belongs to R® and is of type B. Choose the unique s in S such that
t = 5. Appealing now to the remarks following the proof of Lemma 7.1 we obtain the same
conclusions as above except that the elements of T (t) are of type B. We let

T — U T(i)(t)

t€R(®)

If s belongs to S we associate to s the Eisenstein system obtained by adding together
the Eisenstein systems belonging to those v in R such that v = s. If the sum is not an
Eisenstein system, that is, if it vanishes identically, we remove s from S®. The collections
S® and T® satisfy the induction assumptions.

The proof of the uniqueness will merely be sketched. We apply the second corollary to
Lemma 7.4. Suppose that the collections S,,, 0 < m < ¢, of affine spaces together with an
associated collection of Eisenstein systems satisfy the conditions of the theorem. Let *P be a
cuspidal subgroup of rank m belonging to some element of { P}. If P belongs to *{ P} and
®(-) belongs to *H(V, W) the projection of ¢ on the subspace of *L({P},{V}, W) spanned
by eigenfunctions of the operator A is uniquely determined and is equal to

S B(de(X(s), X(s))

sexS3@)
It follows readily that the points X(s), s € *S®, and the functions E(-, F, X (s)), F €
L(S(s), €(V,W)), are uniquely determined.
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APPENDIX I

Dirichlet series associated with quadratic forms

1.

The object of this paper is to describe and prove the functional equations for some
Dirichlet series suggested by Selberg in [6]. In that paper he introduces invariant differential
operators on the space of positive definite m x m matrices; it is unnecessary to describe the
operators explicitly now. The series considered here arise when one attempts to construct
eigenfunctions of these differential operators which are invariant under the unimodular
substitutions 7" — UTU’. The integral matrix U has determinant +1. As Selberg observes,

if s =(s1,...,8m) is a complex m-tuple and s,,,1 = 0 then
1 1
w(T,s) = T T[Tl
k=1

is an eigenfunction of the invariant differential operators. Here |T'|; is the subdeterminant
formed from the first £ rows of columns of 7. Since the differential operators are invariant,
if A is a non-singular m x m matrix w(A'TA,s) is also an eigenfunction with the same
eigenvalues. In particular, if A is a sub-diagonal matrix with diagonal elements 41 then
w(ATA',s) = w(T,S). Consequently the function

(1) T, s) = X:w(UTU'7 s)
{U}

is, at least formally, an eigenfunction which is invariant under unimodular substitutions.
The sum is over a set of representatives of right-cosets of the group, V, of sub-diagonal
matrices in the group of unimodular matrices. The series converges when Re(s1 — sx) > %,
k=1,...,m —1. One hopes to obtain eigenfunctions for other values of s by continuing
Q(T, s) analytically. If this is possible it is natural to expect that Q(7T, s) satisfies some
functional equations. The form of these equations is suggested by the eigenvalues of the
differential operators corresponding to the eigenfunction w(7,s) for they are symmetric

functions of s. To be precise, if
a(t) =t(t — )7 'T()¢(2t)
and
(2) (T, s) = ECL(% + 5 — sj>Q(T, s)
then (T, s) is an entire symmetric function of s.

Similar series may be obtained from the modular group and the generalized upper

half-plane. If Z = X +:Y with Y > 0, the functions
1 1
X(Z,S) :W(Y,Sl—F%,...,Sm—i— %)
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are eigenfunctions of the invariant differential operators. Moreover x(Z,s) is invariant

under the group, N, of modular transformations of the form

A B
0 At

with A in V. Form the function

(3) X(Z,5) = 3 x(M(2),5).

{M}
The sum is over a set of representatives of right cosets of N in the modular group. The
series converges when Re(spy1 — sx) > 3, k=1,...,m — 1, and Re(s;) > %. Let

1 1 1
(4) ®(Z,s) = ga<2 + 5 3J>a(2 + s + sj) 1:[(1(2 + s@)X(Z, s).
The function ®(Z, s) may be analytically continued to an entire symmetric function of s.
Moreover

O(Z,+81,...,E8m) =DP(Z,51,...,8m).

So @ is invariant under the Weyl group of the symplectic group just as W is invariant
under the Weyl group of the special linear group.

Professor Bochner suggested the possibility of defining analogous functions for any
algebraic number field. In order to do this I describe alternative definitions of the series
and . For this some elementary algebraic facts are required and it is convenient to state
these for an arbitrary algebraic number field, k, of finite degree over the rationals.

Let z,, be the m-dimensional coordinate space over k. The elements of z,, are taken to
be row vectors. All modules over o, the ring of integers of k are to be finitely generated
and to be contained in z,,. Such a module, n, is said to be of rank k if the subspace z of
Zm generated by n is of dimension k. The rank of a module will often be indicated by a
subscript. In the following m will denote some fixed module in z,, of rank m. A submodule
n of m is said to be primitive (with respect to m) if n = zNm. If n; is a submodule of m
the quotient space z,,/z may be identified with z,,_, and the image of m is a module m’ in
Zm—k- If ny is primitive the kernel of the mapping m — m’ is n,. It is known that there is a
submodule p of m which maps onto m’ such that m = n; @ p.

Now suppose that k is the rational field and that m consists of the elements of z,, with

integral coordinates. If U = (u),...,u},) is a unimodular matrix with rows us, ..., u,, let
n; be the submodule of m consisting of integral linear combinations of uy, ..., u;. Here ny
is clearly of rank k and it is primitive. For, let U™! = (wy, ..., w,) then if u = Zle a;u; s

integral ww; = o, 1 < j < k, is integral. So to each unimodular U there is associated an
ascending chain n; C --- C n,, of primitive submodules. If U and V give rise to the same
chain then

U = 41101

Uy = A21V1 + G22V2

U = Gm1 + ** + CGpmUnm
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with integral a,;; or U = AV with

Comparing determinants one sees that A is unimodular. Consequently U and V belong to
the same right-coset of V. Conversely let ny C ny--- C n,, be an ascending chain of primitive
submodules. There is a vector u; such that n; consists of integral multiples of u;. Let ny ®p;
be the decomposition of m described above. Then ny Np; is of rank 1 and consists of integral
multiples of a vector us. The elements of ny are integral linear combinations of u; and us.
Continuing in this manner one obtains vectors uq, ..., u,, such that n; consists of integral
linear combinations of wy, ..., u,. Moreover the matrix (u,...,u,,) is unimodular since
Uy, - .., Uy span n, = m. Thus there is a one-to-one correspondence between right-cosets of
V' and ascending chains of primitive submodules.

It remains to describe w(UTU’, s) in terms of the chain. Suppose once again that k is an
arbitrary algebraic number field. For convenience in calculating, the kth exterior product
of z,, is taken to be z/,\ and the coordinates of the kth exterior product of the vectors

k
ai, ..., are the k x k subdeterminants of the matrix (o, ...,a})". If nis a module in z,,
then n* is the module in Z(m) generated by the kth exterior products of the vectors in n. If
k

ny, is of rank k it is often convenient to write n* instead of nf; in this case n” is of rank 1.
Now if U = (u},...,u!, )" is a unimodular matrix and n; C --- C n,, the associated chain
of submodules n* consists of integral multiples of ©* = u; A - - A uy, the exterior product of
Ui, ..., us. Moreover, if T* is the (7;) X (Z‘) matrix formed from the k x k subdeterminants
of T then, by the general Lagrange identity,
\UTU'|, = u*T*u" .

Since uFTku* depends only on 7" and ny it may be written T{n;}. Then
w(U'TU, s) = T{n,} "% H Ty} —sn3
k=1

m+1

_ gy [T
k=1

and .
T, s) = T{m} " Y [ T {2
k=1

The sum is over all ascending chains of primitive submodules of the module of integral
vectors.

Now let k£ be an algebraic number field of degree n over the rationals. Let kq, ..., k, be
the conjugates of k; as usual k; is real if 1 < i < r; and complex if r; < ¢ < n; moreover
Kivr, = ki, 71 < i <11 4 re. Let T be the n-tuple (Ty,...,T,). Each T;, 1 < i < 1, is
a positive definite m x m symmetric matrix; T;, r; < ¢ < n, is a positive definite m x m
Hermitian matrix, and 7;,,, = T;, r1 <i<rs+ry. If nis a module of rank 1 in z,, let a
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be a nonzero vector in n and let a = {a € k| aa € n}. It is an ideal in k and n = ac. Let

T{n} = N%a H apTia,
k=1
Of course ay is the kth conjugate of . The matrix T{n} is independent of the vector «
chosen. If ny, is of rank k set T{n,} = T*{n*}; T* = (Tf,...,T%). Finally, if m is a finitely
generated module in z,, of rank m set

(1) (T, m,s) = T{m}" T > [ T{nes s

This sum is over all ascending chains, n; C ny C --- C n,,, of primitive submodules of m.
Let
a(t) = t(t — 1)m ™2 22 AT (¢) T (2t) ™2 (2t),

A being the absolute value of the discriminant of &£ and ((-) is the zeta-function of k. Then
set

(2" U(T,m,s) Ha( +SZ—8J>Q(T,m,S)
1>
Theorem 1.
(i) The series converges if Re(spp1 — s) > 5, k=1,...,m— 1.
(4) W(T,m,s) may be analytically continued to an entire symmetric function of s.
In order to carry out an induction on m it is necessary to add
(#ii) If s = o +it, then ‘\I/(T, m,s)‘ < f(o) Hi#ﬂs;C — s+ 1).

Of course f depends on 7" and m but no attempt is made here to determine precise estimates
for W.
Now consider the series ([3). If M(Z) = X; +iY; and

A B
(e o)
then Y; = (CZ + D) 'Y(CZ + D) ' so Y, = (CZ + D)Y~Y(CZ + D)*. Moreover
WY1, 81,y 8m) =W (Y1 =5, ..., —51)

and if F is the matrix (&;,,41-4),
(Y, s) =w(EYE,s).
Consequently the series may be written
m+1 m+1
Zw’((cz +D)Y YCZ + D)*, —s, — s T)‘
From an m x 2m matrix forming the lower half of a modular matrix, M, we may construct
the chain ny C --- C n,, of primitive lattices; n; is the lattice spanned by the last k& rows of
M and n,, is orthogonal to itself with respect to the skew-symmetric form

Z TiYm+i — Yilmy1 = ny’
i=1
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Two modular matrices give rise to the same ascending chain if and only if they belong to
the same right coset of N.

Conversely, given such an ascending chain of lattices, let {uy,...,u;} span n. Then it
is possible to choose vy, ..., v, so that viJu;- = J;;. Suppose vy, ...,v, have been chosen.
Select v,y1 so that v, Ju; = 511 and then subtract a suitable linear combination of
ui,...,u, so that vp+1(]v§. =0,7=1,...,p+ 1. It is clear that the matrix with rows
Uy« oo s U1y U, - - -, Up 1S modular.

Now let W be the real part of the matrix (Z,1)'Y ~*(Z,I); then

(CZ+ D)YY CZ+ D) = (C,D)W(C, D).

Using the previous notation the series may now be written

m
STt
k=1

the sum is over all ascending chains, n; C --- C n,,, of primitive submodules of the module
of the integral vectors with the property that n,, is orthogonal to itself.

Now let k be an algebraic number field as before. Let W = (Wy,...,W,,) be an n-tuple
of matrices satisfying the same conditions as above; let m be a module of rank 2m in zg,,;
and let J be a non-degenerate skew-symmetric form with coefficients in k. We suppose,
moreover, that J;WW, 17; = W, J; denoting the conjugates of J, and that m.J = m~!, which
has been defined in Section 5. Then define

(3) x(W,m, s) ZHW{n }om—hTSm— k15

the sum is over all ascending chains, n; C --- C n,,, of primitive submodules of M such
that n,, is orthogonal to itself with respect to J. Let

(4" (W, m, s) Ha( + 8 — ) ( +s,+s])Ha( +s,) (W, m, s).

1>)

Theorem 2.
(i) The series converges if Re(sgp1 — sp) > 5, k=1,...,m —1 and Re(s;) > 1.

2
(ii) ®(W, m,s) may be analytically continued to an entire symmetric function of s.

(i15) (W ,m, £s1,...,%8,) =W, m,s1,...,8n).

The discussion of Section 2 and pp. 58-77 of [5] should provide the reader with the
necessary facts about Hecke’s theta-formula and its relation to Dirichlet series. It leads
immediately to a proof of Theorem 1 when m = 2. For other values of m the theorem
is proved by induction in Section 4. Section 3 contains a preliminary discussion of the
series (). In Section 5 another functional equation for ¥ (7', m, s) is proved and Theorem 2
is proved in Section 6. In Section 7 the relation of ¥ (7, m,s) to some Dirichlet series
investigated by Koecher is discussed and in Section 8 a result of Klingen on the convergence
of Eisenstein series is derived.
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2.
Let T = (T3,...,T,) be as above and consider the series
(5) OT,ay,...,a,) = Z e~ ITe2 i (o Thar,)
(6%
Here ay,...,a,,, are m ideals in k; ¢ = (Hz Aai)_l/mn with Aa; = AN?q;; the sum is over
all vectors o = (ay, . .., a,,) with a; in a;; and oy, is the kth conjugate of . Let {a;1, ..., aimn}
be a basis for a;, then a; = Zj a;jx;; with integral z;; and
n
Zak‘kaa;g - (:Ella <y L1n, T21,--- ,xmn)S(.Tll, cee ,men),
k=1

where, denoting for the moment conjugates by superscripts and setting 7T}, = (tf’j), S is the
matrix

1 n
a/ll ...... a’ll
1 n
aln ...... al’n

"1 1
a/ml ...... aml
1 n
i a/mn ...... amn
- . -
tiy tm
“un " n
11 . im
1 1
tml . tmn .
n n

| ml tmm_
o . -
all ...... all
i .
all ...... aln

1 —1
aml ...... amn
—n —n
aml ...... amn

The usual considerations show that
(6) O(T.ar,....an) = [[ITL " "OT " a,... )
k
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where, if 0 is the different, a} = 0~'a; '. It is not difficult to show that

(7) O(T,ay,..., ay) — 1] < Ce 31T | (7es) =™,
Let m be a module in z,, of rank m and consider the series
p(T,m,t) =Y T{n}
{n1}

the sum is over all primitive submodules of m of rank 1. If n is any submodule of m of
rank 1 let z be the one-dimensional subspace of z,, generated by n and set n; = zNm. The
ideal ny is primitive and if b = {a € k | any € n} then b is an integral ideal and n = bn;.
This representation of n as the product of an integral ideal and a primitive submodule is
unique. Thus

C(2t) (T, m, 1) ZT{n} ~t
The sum is now over all submodules of m of rank 1 and ((2t) is the zeta function of k. It is
known that m = Am’; A is some m X m matrix in k& and
m = {a:(al,...,am) ’ a, € a, ag,...,amEO},

a being some ideal in k. If ATA = (A\T1Aq,..., AT, A,), A; being the conjugates of A,
then o(T,m,t) = p(A'TA,w',t). Consequently it may be assumed that m = m’. It is also

convenient to take |T;| =1, =1,...,m; then
C2t)p(T, m,t) = Z(Nzai)_t Z H(@kaaﬁg)_
{a;} a k=1
In the sum a; runs over a set of representatives of ideal classes; a = (aq,...,a,) with
a; € aa; a; € a; ', j=2,...,m; a =0 is excluded from the sum and no two « differ by

multiplication with a unit. For if « is of this form for some ¢ then a;a is a submodule of
rank 1 in m. Conversely if n is a submodule of rank 1 it has previously been observed that
it may be written as b8 where 3 is a vector in z,, and b is an ideal in k. If b is in the class
of a;, let b = a;(a) and @ = af, then n = a;a and « is of the above form. Moreover « is
uniquely determined up to multiplication by a unit.
Multiply by
(Na)2t/m7r—nt2—2r2tAtr(t)rlF(2t)r2
and apply the usual transformation to obtain

> / dz - / doy 1 o TR T et ¢ T
{a;} « N

r+1=r1+ry ¢ = (Alaa;")Ala; )™ )
The familiar change of variables gives

N - ntv 2 12 v - 2 -1 -1 -1
Z— e’ dv dny - dn,§ © eTH|eg| "oaa; a0 | =1
fay o =1

~1/2 ~1/2

_l/mnanddi:1,1<z <r,di=2,m<i<r+1.

Here w is the order of the group of roots of unity in k and {e,... €.} is a system of
fundamental units; for the meaning of N the reader is referred to [5].
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It is easy to conclude from the estimate that, if t = o +iT and 0 > 7 > %,

(9) (T, m,t)| < f(o)

Breaking the region of integration into two parts and changing the variable of integration,

becomes

N [ 1/2 1/2 !
Z_/ entv/ dm"'/ dn,< © e”TH|Ee|2m7aai_1,...,ai_1 -1
fay 00 e !

—1/2

N [ 1/2 1/2 r
+ Z — / e~ / dny - - / dn.< ©| e T H|€£|2W’ aai—l7 o ai_l 1
{a;} wJo -1/2 =

—-1/2

Apply the formula @ to obtain

N [< 1/2 1/2 r

Z—/ entv/ dﬁl/ dnr © evTH’€Z|2m?aa;17a;l7'--7‘1;1 —1
w Jo _ _

{a;} /=1

1/2 1/2

N

+ —

w

{ai}
00 " 1/2 1/2 T
/ en<2t>v/ d?’h/ dT]r Ol e'T 1H|eg|2"’f,0_1a_1al-,0_lai,...,O_laz- —1

0 —-1/2 —1/2 /=1

Nh Nh

wnt wn(% — t) '

The integer h is the class number of the field.
It is now easy to prove Theorem 1 when m =1 or 2. Indeed if m =1, 2; = k, m is an
ideal a, and ¥(T,m,s) = N**a[], t{. Since, when m = 2, ¥(T, m, s1, s3) is homogeneous

1=1"
of degree s;+s9in T}, i = 1,...,n, it may be assumed that |T;| = 1. It may also be assumed
that m has the form of the module m’ described above. Then
1 1
(10) Q(T7 m, Sy, 52) - T{m}82+4gp(T7 m, 5 + 82 — Sl>

and the series converges when Re(2 + s, — s1) > 1 or Re(sz — s1) > 1. Moreover, since
T{m} = N%a, U(T,m, s1,55) is ((s2 — s1)% — 1)T{m}***52 times the function represented by
(10) when ¢ =  + s» — s;. Thus it is an entire function. Since |T;| =1

=—1 0 1 0 —1

T = [—1 O]Ti 1 01

and

I8 '
—1 o _ , o
Ofe'T H\e@\m,b lalg;,07te; | = O e”TH\eAQW,D Ya;, 07 a gy
=1 =1

Here and in the following f (0) is used to denote a function of the real part of a complex vector which
majorizes a function of the complex vector. The function it denotes may vary from line to line.
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However the function does not depend on the representatives of the ideal classes chosen;
so a; could be replaced by daa; '. The result is the same as that obtained by interchanging
s1 and s9; thus is a symmetric function of s; and s, and so is V(7,m, s1, s3).

3.

If nj, and my, are two primitive submodules of m of rank k such that n} = m} then n; and
my, lie in the same k-dimensional subspace of z,, and, thus, must be the same. Consequently
the series for Q(T, m, s) is majorized by, setting s = o + i,

m—1
m— 1
T{m}om* " : H ‘P(Tk,mk, =+ Ok — Uk)-
k=1

2
So, when % + Opy1 — O > %(’:), k=1,...,m—1, the series converges and, using (9)),
(11) (T m, )| < o) [T (s =0 +1).
i#]

This is not the region of convergence promised in part (i) of Theorem 1; however (i) will
follow from (ii) and Landau’s Theorem on Dirichlet series with positive coefficients.

Before proceeding with the proof of (ii) it will be convenient to describe certain useful
arrangements of the series (I). That series may be written

T{m}mTHZ ZHT{uj}Sj*SjH*% Z H T{nj}Sj*SjH*%

{ny} j=1 j=k+1
The outer sum is over all primitive submodules of rank k. The first inner sum is over all
chains, ny C ny C --- C ny, of primitive submodules ending at n;; the second is over all
chains, ny C ngyq C - -+ C n,y,, beginning at ny.
It was observed above that for each n, there is a submodule p such that m = n, @ p.
Choose bases {aq,...,a,} and {agi1, ..., q,} for the subspace of z,, generated by n; and

p respectively. Then
!/
n = {(x:(al,...,ak) ‘ E aiaiEnk}

p,:{/@:(bk+1,...,bm>‘ sz‘aiep}

are finitely generated modules in z; and z,_,. To simplify calculations assume that

n = {(al,...,ak) ‘ ay € b, as,...,a; € 0}; b is some ideal in k. Let B be the matrix

and

(af,...,a}) and A the matrix (of,...,a},)’; then set R = BTB'. 1t is convenient to omit
any explicit reference to the components in such equations.

There is a one-to-one correspondence between chains ny; C --- C n; ending at n; and
chains nj C --- C nj in n’. Moreover T'{n;} = R{n;}. Consequently the first inner sum is

E+1 k+1
Q(Ranl751_3k+l_T:"'ask_8k+1_T)-
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There is also a one-to-one correspondence between chains ny C ng,; C - -+ C n,,, chains
in p, and chains q; C g2 C -+ C ¢y, in p’. Introduce the n-tuple of matrices

_/ —
ATA(I,...,Ic,k:+1; 1kk4+1) "7 ATA(I,.A.,k,k:Jrl; 1,....k,m)
5= z z
_/ —
ATA(L...,k,m; 1,..,kk+1) "7 ATA(l,..‘,k,m; 1,....,k,m)

If H = (hy;) is any matrix H, . ..., 1S the determinant of the matrix (h;,;,), u,v =
1,...,¢. Since

S(ilv--wiﬁjlw--’ﬂ)

is equal to
— . —
(ATA(l,...,k;l,...,k)y ' x ATA(l,...,k,il,...,ig;1,...,k,j1,...,jz)7
it 1s not difficult to show that
J— _
(12) T{nppe} = N0 [ (AT A gor, ) S{ae}

The product is the product of the indicated subdeterminants of the components of ATA .
Consequently the second inner sum with the factor T’ {m}mT+1 incorporated is the product of

kE—1 k—1

T{m /(7)o = TTATA )0

and
QS 9, Skits - Sm)-
However
—/
(13) N0 [[ATA, v gy = T{m}

and the factor T{nk}_5k+2_”'_5m_4m_f_l may be absorbed into the first sum. The result is

T{m}H 4N “(N20) " T mQ(S ' s, -, ) QUR W, 7)
{ni}
with
4 Y
There is a corresponding representation of W:

(14)  U(T,m,s) = v (s)T{m}*/* Z(N%)Sk+1+'"+8m\1;(5, P Skits - Sm)U(R W, 7)

m m
TS TSk T T S T e SE T Sk T T Sm e )

ng
with |
’}/k(S) = HCL(§ + S; — Sj).
i>k
i<k
The series converges if 0,1 — or > b (b is a suitable positive constant), k =
1,...,m—1. Assume that parts (ii) and (iii) of the theorem are true for k¥ and m — k. Then

the series is symmetric in the first £ and last m — k coordinates of s. Thus, if for some
permutation 7w of {1,...,m} which leaves the sets {1,...,k} and {k+ 1,...,m} invariant
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Or(ht1) — Oxk) = b, K =1,...,m — 1, the series will converge and the estimate ((11]) will be
valid. It will now be shown that the series converges in the region defined by
(15) 0i — 05 = Cm—i(b) + ci(b); i>k j<k

The constants ¢, x(b) and ¢, (b) are obtained from the following lemma.

Lemma. If v = (v1,...,%m) is an m-tuple of real numbers and b is a positive constant
there are m-tuples of 7', 7" such that

() v=3(+"+7"),
() 1y =il < em(b) and |y =] < em(b),
(iit) there are permutations ©" and 7" such that
’77/1"(k+1) — ’}/;./(k) 2 b, ’)/;{//(kJrl) — ’Y;://(k) 2 b, k= 1, N (2 1.

cm(D) is a constant depending only on m and b.

Suppose the lemma has been proven for 1,...,m — 1. It may be supposed that ¢;(b) <
() < - < ¢poq(b) and that 44 = v > - =2 9. Iy — 9 = (m — 1)(2cm_1(b) +b)
then for some k, vx — Y11 = 2¢m—1(b) + b. Apply the lemma to the vectors (vq,...,7) and
(Vkt1s - - - ¥m) to obtain v, ..., 70, 7Y, ..., These m-tuples satisfy the conditions of the
lemma if ¢, (b) = ¢no1(b). If 1 — i < (M —1)(2¢1m-1(b) + b) set a = 2(m — 1)¢y—1(b) +mb
and

n=n+m-1av=7%+m-2)a.... 7% ="7m
NW=n—(m-1)a7%=7-(m=2)a..., 7% ="7"nm
Then
Ve = Vegr = @+ — Y1 = a— (m —1)(2¢,-1(b) +b) =D,
Vg1 = Ve = @+ Yo — 3 = a— (m—1)(2c,1(b) +b) =b.

This proves the lemma if ¢,,(b) = (m — 1)a.
If s=(s1,...,8n) = (01 +im,...,0m + iTy) is in the region defined by apply the

lemma to (o1, ...,0%) and (0k11,...,0,) to obtain o1,...,0,., o7 ... o0 . Set
/ / . !/ .
s'= (o) +it,... 00, +iTm),
" " - " -
s" = (o] +ir,..., 0, +i1y),

s(t)=ts' + (1 —1t)s"
Then the series may be written

—1/4 1+ico —ico ,
(16) T{m}k/A‘Z / dt+/ dte' 'yk( ())<N25)3k+1 Vet sm (£)
1

\IJ(S, P, sk (t), .. ,sm(t))\II(R, W, r(t)).
Because of the assumed validity of (iii) the integrals converge. Inverting the order of
integration and summation gives a series with a convergent majorant of the form

| H(}si(t) —s;()] + 1) S fngo

i#] {ng}

211
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o being the real part of t. Consequently converges and is equal to

—1/4 pldoo —100
Timy e /1 dt+/ dt " U (T, m, s(1)).

2m Ji_ o .

So ¥(T,m, s) is defined; moreover

o0

\@(T,m,s>\<c/ e TT(1siit) — s,601)] +1) £ (")

e i7#]

+TT(Isi+it) = s, + )] +1) £(o)  dt
i#]
< f(o) H(|Sz — ;| +1),
i#]
o being the real part of s.

4.

The theorem will now be proved by induction. It is sufficient to show that for each
N >0, ¥(T,m, s) may be continued analytically to the region: 377 *|oy| < N, 0,,_1 and
o, arbitrary. The diagram represents a decomposition of this region into four overlapping
parts. The region I lies in the region defined by when &k =m — 1. The region II lies
in the region defined by when £ = m — 2. Moreover when k = m — 1 or m — 2 the
assumption of Section 3 is part of the induction hypothesis. Consequently ¥ (7', m, s) may
be continued analytically to the regions I and II. Moreover it will be symmetric there in s,
and s,; consequently it may be extended to III. The inequality will be valid in these
regions.

III II

v

To extend W to the region IV let
51 = Sm—11 Sm

52 = Sm—1 — Sm
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Then, taking c¢ large enough, the formula

e—gg c+100 —c—100 GCQ‘I/ <T, m,Si,...,S8m—2, 1;4, 51;C>
U(T,m,s) = 57 / d(—l—/ } r
c —c+100

effects the desired continuation to IV. Moreover the inequality is easily shown to
remain valid.

—100

5.

If m is a module of rank m in z,, let m~!

simple consequence of the definition

={pf|ap €o forall « € m}. Asan essentially

(17) U(T,m,s) = V(T ,m? —s)
Indeed, to establish this it is sufficient to show that
(18) AT, m, 51, 8m) = UT Y =5, ..., —51)

in the common region of convergence for the two series. If n; is a submodule of rank £ let
Om—k = {B cm! ‘ af’ =0 for all a € n, } Then q,,_x is primitive and corresponding to
the chain ny C -+ C n,, is the chain q; C --- C g, = m~'. To prove ((18)) it is sufficient to
show

(19) T{m}mTJrl HT{nk}Sk*SkH*% = Tﬁl{m*l}m+1 H T {qm_ Sk*Skﬂ*%
k=1
Of course, so = 0. Replacing T" by AT A if necessary, it may be assumed that
n={a=(a,...,a0,...,0) ‘ a; € a; }, k=1,...,m,
a;, 1 =1,...,m, being some ideal in k. Then

Gt ={B=1(0,...,0,bp11,...,by) | i €a;' }, k=0,...,m—1.

Since both sides are homogeneous of degree ), s; in T} it may be assumed that |T;| =1
7=1,...,n. Then

T{n,} = N*(a HT

and
T {Clm p} = N3(a, ol HTk+1, Smi kL, m)

= N*(a ak+1 HT(L i1k

The product is over the indicated subdeterminants of the components of T" or T_l; there is
no convenient place for the subscripts. Thus the left side of (19| D ) is

( N3a 5m+m ! | | | | Sk—8k+1—%
*y 7 7 7

(N%ay)* 5" (N2ay)
and the right side is

m
(NZa, )=t T (N2 )T [T (Tnn) 072,
k=1

which establishes (19)).
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6.

The proof of Theorem 2 will now be given omitting, however, that part of the analysis
which is merely a repetition of the above. As in the proof of Theorem 1, the series for
x(W,m, s) is majorized by

H90<Wk + Sm—k+1 — Sm— k)

with sy = 0. Consequently it converges for

(20) Re(sg+1 — sx) > b, kE=1,...,m—1, Re(sy)>b,

b being some positive constant. The series for ®(1W, m, s) may be written
[ ) ) EE( o o)l
1>] 1>] k=1

The outer sum is over all primitive Submodules which are orthogonal to themselves with
respect to J; the inner sum is over all chains n; C --- C n,, of primitive submodules which

end at n,,. For each n,, choose a basis {«a, ..., a,} for the subspace of z,,, spanned by n,,.
Set A= (-l ) and let V = AWA'; then the inner sum is
m+1 m+1
vivn—-s,————,...,—8§1 — ——
( N, —§ 4 S1 4 )

with n = { (a1,...,an) | 3 aje; € ny, }. Then

(21) ®(W,m,s) Ha( +sl+s]>Ha( +81)

1>)
m+1 m+ 1
. Ulvn —s, ————,...,—$ — ———
Z ( )t 4 1 4 >
Using the lemma and the techniques of Section 3 it can be shown that the series
converges for Re(s;) > b;, i = 1,...,m, and represents a symmetric function of (si,...,s,).

To continue the function to negative values of the arguments the arrangement

(22) Ha( +81+33>a(%+si—sj)
H < +51>ZZ ( +81>HW{nk}smk smis1—1

is used. The outer sum is over all chains n; C --- C n,,_; such that n,,_; is orthogonal to
itself; the inner sum is over all primitive submodules n,, such that n,,_; C n,, C n: nﬁ%l
is the orthogonal complement of n,, ; with respect to .J.

Let {f1,...,Bms1} be a basis for the subspace of zs, generated by n,, ;. Set B =

(8,---8,.,) and U = BWB'. Let

p={(on i) | YobBeni )

m—1
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and

q= { (b1, ... bmg1) ) szﬂi €Ny }
Now in the argument preceding replace ny by q, m by p and T by U. We conclude
that there is a module g, of rank 2 in 25, an n-tuple S of 2 x 2 matrices, an ideal b, and a
one-to-one correspondence between the primitive submodules n,,, and primitive submodules,
q1, of rank 1 in g2 such that

Win,} = N*65{q,}.

Consequently the inner sum is

m—1

1 1
D R (Ce LT CENEEE
k=1

which equals

m—1

1 1 1 1
D R (e R LTCENE N
k=1

or
1

m—1
1 1 1
T Winees s b vt a0 (Siaus— .1
k=1
However, by formulae and
S{a*} = (N?6) 2 W {n,_ } W {n, 1 }.
By the proof of the formula
—1
Wing_} = W{mdW  {qn-1},

qm_1 being the orthogonal complement of nt |, in m~!. Since m™! =mJ, q,_1 = 0,1 J.
Moreover W{m} = [[,|W;|N?*(m*") and (m~')?" = |J|m*™, so that N*(n*") = N~'(|J]).
Moreover, J;W, ' J, = W;, so that N2(|J]) = [1,IW;|®. Consequently W{m} = 1. Finally
—
W{ni,l} =W {nm_lJ} = W{ﬂm_l}.
Thus the inner sum in equals

1

m—1

1 1
11 W{nk}Smk—Smkﬂ—%W{nm_l}—“—sz—%<N26>31‘5‘P(57 G251~ ‘1>'
k=1
So it is an entire function of s; which is invariant when s; changes sign. Using the previous
methods it may be concluded that ®(7", m, s) may be continued to the region: Re(s;) > b;,
1=2,...,m, s arbitrary. It may then be continued to any domain obtained from this one
by permuting the variables. The continuation to the entire m-dimensional space is then

effected by Cauchy’s integral formula.
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7.

Koecher [4] establishes, at least when the basic algebraic number field is the rational
field, a functional equation for the series

(23) G(T,m,t) => T{n}'
{n}

where the sum is taken over all submodules of rank k of a given module m, of rank m,
contained in z,,. It will be shown in this section that for special values of s the function
U(T,m,s) reduces, apart from a factor depending only on ¢, to (x(7,m,¢) and that the
functional equation for (; is a special case of the functional equations for W. The factor
however has too many zeros and it is apparently not possible to deduce Koecher’s results
on the poles of (i from the fact that ¥ is entire. These may be established by separate
arguments similar to those above.

The series in may be reduced to a sum over primitive submodules. If nis a submodule
of rank k£ then n may be uniquely represented as ang; n; is a primitive submodule and a is
an integral right ideal in the ring of endomorphisms of ny. Using the theory of algebras, as
presented in [1], it is not difficult to show that equals

(24) C2t)---¢(2t = (k—=1)) > T{ng} ™,
{n&}
the sum now being over all primitive submodules of rank k. Here ((-) is the zeta-function

of the given field k.
Using formula of Section 3 it may be shown by induction that

m—1 m—3 m—1
— —_— ) =, T ¢
1 N T J+ 1 > YmT{m}

() e
o) )

b(t) = 7~ ™27 22 AT (1) T (2t) 2 (2t).
Indeed, by the induction hypothesis and formula with k£ =1

m—3 -1
(e P )

4
Ha( +5; — 51>fym 1T{m}t+2 ZT{n 1 —t-m

i=2 {n1}

Setting s; — ¢ — mT“ =—Fors =t-— mT_l and applying formula , we obtain (25).

As a consequence

(25) v (T, m,t—

with

m—1 m-—1 1 m—1 m-k-—1
\II(T,m,Sl,...,Sk,— 4 y — 4 +§,...,— 4 —+ 2 )
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is equal to
k
’Yk(S)’Ym—kT{m}kM Z(Ngb)8k+l+"'+smS(p,)_kM\IJ (R, n/7 s, + (m _ k’)z _ %7 N )
{ni}
or " "
;. m— _om—
Vk(S)Vm—kZ\I/(R,n,Sl —4 yeey Sk —4 )
{nx}
Now let sp = —t + mT’l, ce, 81 =—t+ mTfl — % and apply again to obtain
(26) Ve Ym—kVk(S) Z T{n} ™"
{ni}
Let
a'(t) = m M2 AT (#) T (2)",
1
o) =1t - 3 )attccan,
and
T, i m—j j
(T = - ) (t— =5 ) G(T :
(T, m, t) g(t 2)<t 5 )a (t 2)@( ,m, )
Finally, let Wy (¢) be the function obtained by multiplying together all terms of the matrix
w(t_§> ¢<t_%) ....... w(t_.mT*?)
o(t=13) |
| g) ¢(t_ mT'“)

Then, if £ < m, equals
Vi Ym—k Uk (t) Wi (T, m, T).
1

Since ¥(t) = w(§ — t), replacing ¢ by 7 — ¢ in the above matrix gives the same result as

reflecting it in its centre. Consequently
m
o) =g 1),

Making use of the functional equations for ¥, we see that

is equal to
m—1 k-1 m—1 m-—1 m—1 m-—-k-—1
V(T m, —t — e, =t — R
(’m’ + 4 2 ) ) + 4 ) 4 b ) 4 + 2 >
or
—_1 m—1 m—1 k-1 m—-—1 m-k-—1 m—1
v T = t— — )
< 7m 7t 4 ) 7t 4 2 ) 4 2 ) ) 4 )
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This is the same as

Lt m m—1 k-1
et T

T{m}~*/2g (T

which equals
Ve Ym—kVk (% - t) T{m} ">y, (T_l, m !, % - t) ~
So

U (T, m, t) = T{m} *2q, (T‘l, m % - t).
This is the functional equation of Koecher.

Suppose for the moment that the number field is the rational field. According to

equation (3.17) of [4], V. (T, m,t) is zero at the numbers common to {O, ;, e k—gl} and
mokil | m } However if k = m, T' is the identity matrix, and m is the lattice of integral

vectors, then

(T, m, t) H\If(t——)

But, as is well known, ¥(¢) does not vanish for real values of ¢.
In view of this it seems worthwhile to sketch a proof of the

Proposition. V. (T, m,t) is an entire function.

It is only necessary to establish this for £ < m since V,,(T, m,t) may be expressed in
terms of the zeta-function of £ and the proposition follows from the known properties of
this zeta function. The proof is by induction. For k£ = 1 the proposition is a consequence of
the discussion in Section 2. Suppose it is true for £ — 1. Set

alt) = t(t - g) d(H)C(28),
s =T1(e-2) (e~ "2 (12 ),

j=0
m—k+1

() = t(t - T) a(H)W(21),

and consider the series

k—1 —s —s
(27) alsf(oe (s s = 50 ) 3 Tm) ()
nCng
The sum is over all chains of primitive submodules of ranks 1 and k. Call the function
defined by o(T,m, s1,s;). To establish the proposition it will be shown that ¢ is an
entire function of s; and s; and that

Nhk
T 0,t) = —— V(T ,m,t
(10( , m, U, ) 2Qun k( m, )
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If 01 and oy are the real parts of s; and s, the diagram represents a decomposition of
the (s1,sy) space. The function ¢(T,m, s, s;) is clearly analytic in the region I. As before
the continuation into the regions II, I1I, IV is effected by suitable arrangements of the
series . Moreover in the regions I, II, I1I, IV, ¢ will have only polynomial growth on
vertical lines. The proof of this is omitted; the analysis required is the same as above.
Consequently Cauchy’s integral formula may be applied to effect the continuation to the
entire (s1, sx) space.

Since, in the notation of Section 5,
__1 _ _
DT A{ay ' =T{m} Y T{n,} ™,
{ax} {nm—x}
the functional equation for Wy (7T, m,t) yields the equality of

(250) T(e2) (- 52 ) (e 2)ee ) > i

J=0

and

k—1 . . .
mek_t J m=-Jy(m-J ; =3
(28b) T{m} H(t — 5) (t - >a < - t)((m—]—Qt) > T{nn} %,
j=0 {"m—r}
in the sense that the functions represented by these series are equal. For brevity some

equalities in the proof of the proposition have been written in this manner.
The first arrangement of the series is, in the notation of the argument preceding

formula (12),

(29) B(sk)y <81 + 55 — %) ZT{nk}—Sk\Ifl(R, ', s)
{ng}

which, as a consequence of (28), equals
k k—1 )
(30) 04(5 - Sl)ﬁ(SkW (81 + sk — T) Z T{nk_l}sl_gT{nk}%—81—Sk'
Ne—1Cng

(30)) converges in the part of the region IT which is sufficiently far to the left of the o} axis.
(29) converges wherever or converge. Arguments similar to those of Section 3
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show that it converges in all of I and II. In particular, if in , s1 is set equal to zero the
result is Y220, (T, m, sp,).

2un

The second arrangement is, in the notation of Section 3 but with n; representing ny,
k—1 —s —s
(31) a(sy)y (81 + S — T) ZT{nl} L(NZB) %Wy, 1 (S, p, si).
{ni}

Using (28) and simplifying, becomes the product of

(32a) a(s1)p (mT_l - 3k>’7<51 + 55 — %)T{m} sy

and
(32D) SO r{n} T T T

The sum is over all chains n; C n,,_r.1. This series converges in that part of the region I1I
which is sufficiently far below the o;-axis. Consequently converges in the regions I and
I11.

Replacing ny by n,,_x.1 in the definition of R and n’, write (32) as

m_l m—k

(s ("5 ) Tmy 5

times

Z T{nmfk+1}sk7m74‘1’1 <R7 W, 81+ sp — %)
{nm—k+1}

This is similar to the series and by the same argument may be shown to converge in
IV.

It should be remarked that if this sequence of rearrangements is carried one step further
the functional equation is obtained.

The proposition implies that ((7', m, t) is a meromorphic function with at most a simple
pole at t = 3,..., m’Tk“ Some information about the residues may be obtained from the

equations
Vi Ym—kVk <§) Uy, <T, m, 5) = Y Ym—j¥; (§> v, <T, m, 5)

if 1 <j, k<m and

m m _

2
if 1 <k < m and j = m. To prove it observe that the left side is the value of ¥ at
(—Z+m_1—k_1 Ldgmt o med —m_1+m_k_1)
2 4 2 72 4 4 77 4 2
and the right side is the value of ¥ at
N R R SR SRS S
2 4 2 72 4 77 4 77 4 2

But the second vector is obtained by permuting the coordinates of the first.
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8.

Let Z; = X; +1Y;, Y; > 0, be n m X m matrices in the generalized upper half-plane and
let k£ be a totally-real field of degree n. If n,, is a module of rank m in zy,,, let ay,..., a,
be a basis for the vector space generated by n,, and let m,, be the module generated over o
by ai,...,a,,. Then n,, = am,,, where a is some ideal in k£ whose class depends only on
n,. Let A= (o] --a,) and set

MZi,..., Zying) = Na ] [|Ai(Z:, 1)),

where A;, i =1,...,n, are the conjugates of A. Moreover \(Z1, ..., Z,;n,,) does not depend
on the basis chosen. Then the Eisenstein series are defined by
(33) Co(Z1y s Znid) = D M1,y D i) ™

{nm}

The sum is over those primitive submodules of rank m of the module of integral vectors
in 29, which are orthogonal to themselves with respect to the skew-symmetric form
> XiYmsi — YiTmes and such that the ideal a is in the class j. The integer g is even. It will
now be shown that the series converges absolutely if g > m + 1 (cf. [3]).

Let W; be the real part of the matrix (Z;, I)'Y; (Z;, I) and W the n-tuple (W7, ..., W,,).
It follows from the discussion in Section 1 that

2
(34) M2y, Zoin) | = [ 1YW {0}
In the formula set s, =t — %, Sm-1=1—1,...,8 =t—"5 and obtain, by formula ,

1 1 _

(35) ymlgla(§+si+sj) Ha<§~|—si>ZW{nm} ,
i>] 7

for V{n} = W{n,,}. The sum is over all primitive submodules of rank m which are

orthogonal to themselves. Since is an entire function the series converges to the right

of the first real zero of the coefficient

1 1
HCL(§ +8i+8j> HCL(§ —|—8i>
1> 7
That is, where s; > %, 1=1,...,m,ort > ’”T“ It follows from that converges
absolutely if g > m + 1.
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APPENDIX II
Adéle groups

The principal theorem in the text, Theorem 7.7 is so formulated that it is impossible
to understand its statement without knowing its proof as well, and that is technically
complicated. In an attempt to remedy the situation, whose disadvantages are manifest, I
shall reformulate the theorem in this appendix.

The first, obvious point is that it should be formulated adelicly, for a reductive algebraic
group over a number field F'. The adele ring of F' will be denoted A. The typical function
space which one has to understand in applications of the trace formula is of the following
sort. Suppose Z is the centre of G and Z; a closed subgroup of Z(A) for which ZyZ(F) is
also closed and ZyZ(F)\Z(A) is compact. Let £ be a character of Z; trivial on Zy N Z(F),
which for the moment we take to be unitary, in order to postpone the explanation that
would otherwise be necessary. Let £ = L(£) be the space of measurable functions on ¢ on

G(F)\G(A) satisfying
(i) p(29) = £(2)p(9)

.. 2
(ii) / le(g)|" dg < o0
ZoG(F)\G(A)

The space L is clearly a Hilbert space and, of course, G(A) acts by right translations.
The decompositions of £ that we seek are to respect the action of G(A). An obvious
decomposition is

(1) LE) =L
¢

where ¢ runs over all extensions of £ to Z(F)\Z(A). It seems therefore that we might as
well take Zy = Z(A).

However, this will not do for the induction which lies at the heart of the study of
Eisenstein series. It is even necessary to drop the assumption that Z,Z(F)\Z(A) is compact
but it is still demanded that £ be unitary. In any case the set of all homomorphisms of
ZoZ(F)\Z(A) into R is a finite-dimensional vector space X (R) over R. Multiplication by
the scalar r takes x to z — x(z)". The map that associates to x ® ¢ the character z — x(2)°
extends to an injection of X (C) into the set of characters of ZoZ(F)\Z(A). Thus the set
D of extensions ¢ to £ to ZyZ(F)\Z(A) is a complex manifold, each component being an
affine space. The component containing ( is

{Cx|xeX(C)}.
The set Dy of unitary characters in a component, a real subspace of the same dimension, is
defined by Re( = 0, if
Re ¢ = [(].

177
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The character |¢| may be uniquely extended to a homomorphism v of G(A) into RT. We
can define £(¢) by substituting for the condition ({i), the following:

(i)
Since we may uniquely extend elements of X (R) to G(A), we may also regard the elements
of X(C) as characters of G(A). The map ¢ — ¢’ = x¢. That is,

©'(9) = x(9)¢(9)

is an isomorphism of £(¢) with £({x). This enables us to regard the spaces £(() as an
analytic bundle over D, the holomorphic sections locally on ¢ € X(C) being of the form

_ 2
/ v2(g)|e(9)]” dg < oo.
Z(A)G(F)\G(A)

n

X(9)8 Y ai(Cx)eilg)

i=1

with ¢; in £(¢) and a; holomorphic with values in C.
If p lies in £(§) and is smooth with support that is compact modulo ZyG(F') and ( lies
in D set

B(g,() = / o(29)¢ 7 (2) d.
ZoZ(F)\Z(A)

Then, if we take the dual Haar measure on Dy,

2 = ) dc|.
) oto) = [ alo.0)lac
Indeed if x € X(R) is given then

olo)= [ ato.0)lacl

There are various ways to define |d(| on Re ( = x. The simplest is by transport of structure
from Dy to

Dox ={¢| Re¢=x}
The most intuitive is to define |dC| in terms of affine coordinates on the components. From
one easily deduces the direct integral decomposition

(&)
3) ﬁ@:/C@ML

Dy
A cusp form in £ is defined by the condition that whenever N is the unipotent radical
of a parabolic subgroup P over F' different from G itself then

/ w(ng)dn =0
N(F)\N(A)

for almost all g. It is sufficient to impose this condition for those P containing a given
minimal Fy. We consider henceforth only such P and these we divide into classes {P} of
associate parabolic subgroups. The class {G} consists of G alone. The space of cusp forms
on L£(€) will be denoted by £({G},¢). For cusp forms the direct integral becomes

(&)
L({G}.¢) = /D £({G}.¢) |dc].
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If ZoZ(F)\Z(A) is compact then £({G},&) decomposes into a direct sum of invariant,
irreducible subspaces, and any irreducible representation of G(A) occurs in £({G},€) with
finite, perhaps zero, multiplicity. This is in particular so when ¢ is replaced by ¢ in D.
Moreover the decomposition of £({G},¢) and L({G},(x), x € X(C), are parallel.

Suppose P is a parabolic subgroup of G with Levi factor M. It is understood that
P and M are defined over F' and that P contains F,. Since Z is contained in the centre
of M, L({M},€) is defined as a space of functions on M(A) and M (A) acts on it. The
representation

Ind(G(A), M(A), £({M},¢))
is really a representation of G(A) induced from the representation of P(A) obtained from
the homomorphism P(A) — M(A) and the action of M(A) on L({M},§). It acts on the
space of functions ¢ on N(A)\G(A) satisfying
(i) for all g € G(A):
p(ng) € L({M},¢),
(i)
2
/ ‘gp(mg)‘ dg < oo.
ZoN(A)P(F)\G(A)
We denote this space of functions by &(P,¢).
Let D(M) and Dy(M) be the analogues of D and Dy when G is replaced by M. We
may also define Ind (G(A), M(A),L({M}, C)) for ¢ € D(M). The induced representation

is unitary if Re ( = &, where ¢ is defined by the condition that §%(m) is the absolute value of
the determinant of the restrictions of Adm to n, the Lie algebra of N. It is easily seen that

Ind(G(A),M(A),ﬁ({M},f)) - /69 Ind(G(A),M(A),E({M},(é)) ).

Do(M)
Thus if ¢ is a well-behaved function in &(P,¢) and

B(g,¢) = / o(ag)C (a)5(a) da
Z0Zyv (F)\Zp(A)

then
o) = / (¢, g) ldc]
Do(M)

We cannot easily describe what, at least for the purpose immediately at hand, a well-behaved
function in &(P, ) is, without stepping slightly outside the categories introduced above.
Let Xj/(R) be defined in the same way as X (R) except that M replaces G. Set

M°®={me M(A)|x(m)=1forall y e X(R)}.

Then M° contains M (F) and the definitions made for M (F)\M(A) could also have been
made for M(F)\M°. Fix a maximal compact subgroup of [[, G(F,) C G(A), where the
product is taken over all infinite places. Let €y(P, &) be the space of continuous functions
p in E(P, ) with the following properties.

(i) ¢ is Ko-finite.

(ii) ¢ is invariant under a compact open subgroup of G(Ay).

(iii) For all ¢ € G(A) the support of m — ¢(mg), a function on M(A), is compact

modulo M.
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(iv) There is an invariant subspace V of the space of cusp forms on M? transforming
according to £ which is the sum of finitely many irreducible subspaces, and for all
g € G the function m — p(mg), now regarded as a function on M?, lies in V.

The functions ¢ in (P, ¢) will serve us well. In particular
)= > ¢
P(E)\G(F)

is a function in £(§). If ¢y lies in (P, &) and o lies in E(P, &) then ¢ and @y are
orthogonal if P; and P, are not associate. If { P} is a class of associate parabolic subgroups
we let £({P},€) be the closure of the linear span of the functions @ with ¢ € €y(P,§) and
P € {P}. It is proved quite early in the theory (cf. Lemma 4.6) that
(4) L&) =P L({P}.€).

{r}

Abstractly seen, the main problem of the theory of Eisenstein series is to analyze the
space L(€) or the spaces £({P},€) in terms of the cusp forms on the various M. This
analysis is carried out—in principle—in the text. However, one can be satisfied with a more
perspicuous statement if one is content to analyze £(£) in terms of the representations

occurring discretely in the spaces of automorphic forms on the groups M.
It is clear that

clirre) - [ CL({PY.Q) )

Let £(G,{P},() be the closure of the sum of irreducible invariant subspaces of £({P},()
and let

L{GHPLE = LGAPLE) = [ £(GAP}) Il

Do
We write {P} > {P} if there is a P € {P} and a P, € {P,} with P O P;. We shall
construct a finer decomposition

{Py-{P1}

If P € {P} let p=p({P1}) be the set of classes of associate parabolic subgroups P (M) of
M of the form

P(M)=MnP
with P, € {P,} and P, C P. The space E({P}, {P\}, f) will be isomorphic to a subspace of

(6) P Pumd (G(A), M(A), L‘(M, {Py(m)}, g))

Pe{P} »

which may also be written as

(7) D P /D ®(M) Ind <G(A), M(A), /L(M, {Py(m)}, ga)) ldC|

pPe{P} »p
To describe these subspaces, we need the Eisenstein series.
The induced representations occurring in ([6) act on a space QE(P, {Pl(M )},{5) of
functions ¢ on N(A)P(F)\G(A) that satisfy the condition: for all g € G(A) the function
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m — p(mg) lies in E(M, {Pl, (M)},£> We may also introduce QEO<P, {Pl(M)},f) in
much the same manner as we introduced &y(P, ). The induced representations in act
on spaces G(P {Pl } (5) and the spaces & (P {Pl )},C), just as above, form a

holomorphic vector bundle over Dy(M).
If L is the lattice of rational characters of M over F' then X (R) may be imbedded in
L ® R, and the positive Weyl chamber in X (R) with respect to P is well-defined. We write

X1 > Xz if x1x5 ! lies in it. If ® lies in &, (P, {Pl, (M)},Cé) and Re( > 0 the series

E(g,®)= )  ®(y9)
P(F)\G(F)
converges. For each ¢ it may be analytically continued to a meromorphic function on the
whole vector bundle, which will of course be linear on the fibres. It is an important part of
the Corollary to Lemma 7.6 that none of its singular hyperplanes—the singularities all lie
along hyperplanes—meet the set Re( = 0. If

o= ¥ lacl
with ®(¢) in & (P, {Pl(M)},QS), lies in QEO(P, {Pl(M)},§> then

i [ 900 i

exists, the limit being taken over an increasing exhaustive family of compact subsets of
Dqo(M). The linear transformation ¢ — Ty extends to a continuous linear transformation

from Q‘E(P, {P(M)}, f) to L(§). By additivity we define it on

o @@(P,{Pl(M)},g’).

pPe{P} »p

Then T commutes with the action on G(A) and its image is, by definition, £({P},{P1},¢).
It has still to be explained how, apart from a constant factor, T" is the composition of an
orthogonal projection and an isometric imbedding. The functional equations now begin to

play a role.
Suppose P and P’ lie in {P}. If & = P, lies in

Peo(P{P()},¢)
p
= ZE(97(I)P)
p

we set

If Re( > ¢ consider

Since, as a function,
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this integral is equal to

O (w™ng) dn.

2

wEN’(F)\G(F)/P(F) /wlP(F)wﬁN’(F)\N’(A)
We are only interested in those w for which
wMw™ = M.

Then the integral equals

¥'(g) = ®(w™'ng) dn

/wN(A)wlﬂN’(A)\N’(A)

and
d — N(w)d = @’

is a linear transformation
@€0<P,{P1( ) @QEO<P’ (P}, ¢ 5’)
p

It is easy to turn

Hom® @QO(P {P(M)},¢5), @@0<P’ [P}, )

into a holomorphic bundle on D(M) and N(w) can be extended to a meromorphic section
of it. Observe that N(mw) = N(w) if m € M(F'). The important functional equations are
the following.

(i) If woMwy ' = M’ and w; M'w;' = M" then
N(’IUl)N(U)Q) = N(wlwg).

(ii) For any w
E(g,N(w)®) = E(g, ®).
They are consequences of the rather turbid Lemma 7.4, immediate once its meaning is
understood.
There is in addition a more elementary functional equation. We easily define a natural
sesquilinear pairing

P eo(P{P(D)}.6) 5 x 3 P eo(PAPON}LTS) b = C,
p p

If K is a compact subgroup of G(A) and G(A) is a finite disjoint union

UNA)M(A)gK,
there are constants ¢; such that

o)y =3 /N G /M o /K ks f(nmgk).

G(A)
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The pairing is

(th1,¥2) = ZCz/

Zn (A

dm /K s (magek) By (mgik).

According to Lemma 7.5 the adjoint N *(w) of

w): D QEO(P, {P(m)}, gé) ~Pe (P’, {P/(M)}, gw*la)
Nw™): e (P’, {P{(M)},Z_wlé) ~@Pe <P, {Pl(M)},Z_15>.

The functional equations

is

N(w HN(w) = Nw)N(w™") =1

then imply that N(w) is an isomorphism and an isometry when ( is unitary.
The functional equations for Eisenstein series imply that if

SOZ@SOP

then T'¢(g), which is given by,

lLim. Z / g,(I>p |d§|

Pe{P}

is also equal to

i 3 [ B(0.2 S vwene) )

Pe{P}
Here the sum is over all w such that, for some P’ € {P}, wMw™ = M’ taken modulo
M (F), and w is the number of terms in the sum. It is implicit that we have fixed a Levi
factor of each P in {P}. The linear transformation

EB@(CH@{ ZN J®p(C") }

is the orthogonal projection U of the space onto the closed, G(A)-invariant subspace
defined by the equations
Pp(CY) = N(w)@p(C)
whenever wMw™! = M'. Tt is clear that T = TU. If @ ®p(() lies in the range of U then
(Lemma 7.6)
1Tl = wliel®

The main results of the text summarized, I would like to draw attention to a couple of
questions that it seems worthwhile to pursue. The first, which I mention only in passing, is
to extend the decompositions and to other function spaces, especially those needed
for the study of cohomology groups (cf. [6]). The second involves a closer study of the
operators N(w). They have already led to many interesting, largely unsolved problems in
the theory of automorphic forms and group representations (|4} 5]).

Suppose V' is an irreducible invariant subspace of

ZL(M,{Pl(M)},QO(s).
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If ¢ = (yx lies in the same component as (; we may define
Ve ={x(m)p(m) | p eV}
as well as the spaces (P, V) on which the induced representations
Ind(G(A), M(A), pc)
act. Here p, is the representation of M(A) on V;. We may also introduce &y(P, V¢).
There are two ways of regarding the functions ® in &(P, ;). First of all, ® may be
considered a function on N(A)P(F)\G(A) for which the function
m — ®(mg)
is for all g an element F(g) of V. We may on the other hand emphasize F', from which ®
may be recovered; it is a function on N(A)\G(A) with values in V; and
F(mg) = pc(m)F(g)
for all m and g.

If wMw™' = M and ¢/ = (%', we can introduce a space V/, and a representation pf, of
M'(A) on it in two different ways. Either V- is V; and

1

pe(m') = 5(m) pec(m), m=w"mw,

Vo = {90’ ¢'(m') = 5(;&2;)90(7%) }

and p¢ acts by right translations. With the second definition V/, is clearly a subspace of
L(¢"0"). Since N(w) is easily seen to take €(P,V;) to & (F',V/,) we conclude that V), lies

in
P (., {P(ar)}, o).
o
In terms of F' and F” and the first definition of V{,, we have

F'(g) =

or

/ F(w 'ng) dn.

wN(A)w=1NN'(A)\N'(A)

The integrals are now vector-valued. It is this definition of N(w), which now takes F' to F”,
that we prefer to work with. Of course the formula above is only valid for Re{ > §. We
write V' as a tensor product over the places of F'

V=V,

Then N(w) too becomes a product of local operators N,(w) : F, — F! with

R - [ Fi(w™'ng)dn, g G(F,).
wN(F,)w= NN (F,)\N'(F,)

Suppose, in order to describe the second problem, that the L-functions and e-factors
intimated in [4] have been defined for all irreducible representations of M (F,) and all
relevant representations of the associate group MY of M. Using the notions of [4] we
see that MV acts on n¥ N w 'nVw\w™'nVw. Here n¥, n’V lie in the Lie algebra of the
associate group GV and w is obtained from the isomorphism of the Weyl groups of G and

GY. Denote the above representation of the group MY by r(w) and, in order to make
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room for a subscript, denote p: by p(¢). The calculations of [2], [3], and [5] suggest the
introduction of a normalized intertwining operator R,(w) by the equation

L 07 v 7~
O.p@QFw)
€(0, po(€),m(w), 1) L (L, pu(€), T(w))
where 7(w) is contragredient to r(w). Exploiting the anticipated functional equation we
obtain the global formula

Ny(w) =

_ _ L(0,p(). 7(w))

If s(w) is the representation of MY on w™'n"Vw then
r(w) = r(w) = s(w) — s(1)

and

L(0,p(¢),7(w)) — L(0,p(¢), (1))
L(0,p(C), r(w))  L(0, p(¢), s(w))
If woMwy,' = M' and wiM'w;' = M" then s'(1) composed with m — wymw, ' is s(wy)
and s'(w;) composed with the same homomorphism is s(wjws). Consequently the quotient
of the two L-functions is multiplicative in w.
We are led to the following questions:

Is it possible to continue analytically the operators R,(w), which are at first defined for
Re (, > 0 to meromorphic functions on an entire component of the local analogue of D(m)?
Is R,(w) then unitary on Do(M)? Is the functional equation
Rv(wl)Rv(wg) = Rv<w1’LU2)
satisfied?
If r is archimedean, the L-functions and e-factors can be defined ([7]). It is very likely

that, in this case, answers to the above questions are contained in the work of Knapp-Stein
[1]; but I have not tried to check this.
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APPENDIX III

Examples for §7

It might be a help to the reader who resolves to force his way through the jungle
of Paragraph §7 to know the sources, apart from the author’s expository inadequacy, of
the complexity of the notation and the proofs. A number of unexpected and unwanted
complications must be taken into account, and it may be asked whether they can really,
under sufficiently unfavorable circumstances, arise or whether it was simply not within the
author’s power to eliminate them from consideration. Unfortunately they do arise, and they
cannot be ignored unless a procedure radically different form that of the text be found.

I cannot comment on all the complexities, for a good deal of time has elapsed since the
text was written, and I myself now have difficulty finding my way through it. But some of
them were sufficiently vexing to imprint themselves indelibly on my memory, and these I
shall try to explain.

Some of the notational elaborateness is of course purely formal, a result of the generality,
and this part it is best to remove at once by fixing our attention on some special cases, in
which the essential mathematics is none the less retained.

We take G to be the set of real points in a simply-connected Chevalley group and I'
to be the set of integral points. Fix a percuspidal subgroup P; then all other percuspidal
subgroups are conjugate to it with respect to I'. We take V and W to be the space of
constant functions so that €(V, W) too consists of constant functions. The corresponding
Eisenstein series we parametrize by A in the dual of the Lie algebra a, rather than by an
element in a itself, as in the text. When writing it I was too strongly influenced by the
then prevalent fashion of identifying a with its dual.

We take ® to be identically 1 and write E(g, \) instead of E(g, ®, H). The constant

term of E(g, A), that is
/ E(ng, \) dn
IAN\N

Z M (s, \)eNH@)+e(H(9))

seQ
where M (s, \) is now a scalar which if G is SL(2) can be easily computed. Lemma 6.1 then
shows that it is in general equal to

is then

I §(A\(H,))

o EA+A(H))
Here
) = e ()6t

187
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and H, is the coroot defined by
(A, @)
(o, @)

ANH,) =2

The space E({P}, {V}, W) is isomorphic to the space obtained by completing the space
of complex-valued functions of A holomorphic in the tube over a large ball and decaying
sufficiently rapidly at infinity. The inner product is

(1) L/R M )P [dA

(2m)
Here )\ must satisfy
(Ao, ) > (p, )
for all positive roots a. The integer ¢ is the rank of G.
On the space £ of functions on the set Re A\ = 0 square-integrable with respect to the
measure I\

‘Q‘ ’ (271')‘1

we introduce the operator
1
Q:d(\) — ] D M(s7!, sA)D(sN).

Since
M (s, t\)M(t,\) = M(st,\)
the operator () is a projection. Its range consists of the functions satisfying

B(s)) = M(s, ) B(N)

for all s and A. Since
M(s,\) = M(s7 —s))
we infer also that () is self-adjoint. The inner product of Q® and WV is given by .

If Ao were 0 we would infer that £({P},{V}, W) was isomorphic to the quotient of £
by the kernel of () or to the range of ). This is the kind of concrete realization of the
space L({P},{V}, W) which the theory of Eisenstein series seeks to give. If the functions
M (s, A) had no poles in the region defined by

(2) Re(\, o) >0

for all positive @ we could, because of the Cauchy integral theorem, replace Ay by 0. However,
they do have poles. But we can deform the contour of integration in to Re A = 0 if the
zeros of ®(\) compensate for the poles of the functions M (s, A). Therefore, the subspace
of L({P},{V}, W) generated by such functions is isomorphic to the quotient of £ by the
kernel of @ and the inner product of the projection of the elements of L({P},{V}, W)
represented by ®(\) and W()\) on this subspace is given by with A\ replaced by 0.

The inner product of the projections on the orthogonal complement of the subspace will
be given by the residues which enter when we deform Re A = A\g to Re A = 0. This will be a
sum of integrals of roughly the same type as , but over hyperplanes of dimension ¢ — 1.
The procedure of §7 is to treat them in the same way, and then to proceed by induction
until there is nothing left. The procedure is carried out fully for two simple examples in [1].
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A number of difficulties can enter at the later stages which do not appear at first. The
functions M (s, \) remain bounded as Im A — oo in the region defined by so that the
application of the residue theorem is clearly justified. However, at least in the general case
when the functions M (s, \) are not explicitly known, it was necessary to deform the contour
into regions in which, so far as I could see, the behaviour of the relevant functions as
Im A — oo was no longer easy to understand. Some substitute for estimates was necessary.
It is provided by unpleasant lemmas, such as Lemma 7.1, and the spectral theory of the
operator A introduced in §6. The idea is, if I may use a one-dimensional diagram to
illustrate it, to deform the contour as indicated and then to show

a

b

that at least on the range of an idempotent in the spectral decomposition of A associated
to a finite interval only the interval [a, b] of the deformed contour matters. Of course for a
given idempotent the interval [a, b] has to be taken sufficiently large. For function fields,
this sort of problem would not arise.

At the first stage the functions M (s, A) have simple poles so that the residues which
appear do not involve the derivatives of ®(\) or W()A). At later stages this may not be so,
and the elaborate discussion of notation with which §7 is prefaced is not to be avoided.
The first—and only—example of such behaviour that I know is provided by the exceptional
group of type Gs.

The root diagram for G is:

Bs

B Ba Ba Bs

B
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We take as coordinates of A the numbers z; = A(Hp, ), 22 = A(Hpg,) and the measure |d)|
is then dy; dy,. Since the poles of the functions M (s, A) all lie on hyperplanes defined by
real equations we can represent the process of deforming the contour and the singular

hyperplanes met thereby by a diagram in the real plane. The singularities that are met all

lie on the hyperplanes s; defined by
AHs) =1,  1<i<6.

As can be seen in the diagram, if we move the contour along the dotted line indicated we

- e

may pick up residues at the points \q, ..

In order to write out the resulting residual integrals explicitly as in §7 we have to list the
elements of €(s;, s,), and then tabulate the residues of M (s, A) on s; for each s in (s;, s;)
We first list the elements of the Weyl group, together with the positive roots that they send
to negative roots. Let p; be the reflection defined by 3; and ¢(6) the rotation through the

angle 6.
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{8>0]o8<0}
1
P1 B
P2 B, B2, B3

P3 517527537647/85
P4 62763764765756

Ps 547/35766
Pe Be
U(%) 61752

o (%) B, B2, B3, Ba
o(m) | Bi, B2, Bs, Ba, Bs, Bs
U(%ﬂ) B3, Ba, Bs, Bs

5

3

U( ) 65a/66
TABLE 3
Sj
5, 51 S3 S5
P1= P+ P2 = 04 P3 =T+
51
o(m) = p_ o(¥) =0 o(3) =1
_ -1 _ -1 _ -1 _ -1 _ -1 _ -1
P2 = P+pP+04 = Pp-pP4+0_ pP3=04p404 =0_P40_ Pa=T4pP+0 = T_pPy0_
53
o(5) = p-proi = pypyo=t | o(n) =0 proyt =oipro”t |o(F) =71 proit =TipioTt
— -1 _ ~1 _ -1 _ -1 _ -1 _ ~1
P3 = P+P+T4 = P—P+T_ Pe=04+p4+Ty = 0_P4T_ Ps = T4P+T4 = T-P+T_
S5
o(3) =pipm=t = popyrit | o(F) =0 pyrit =opperst | o(m) = Toperyt = Tperst

TABLE 4

Since an element of the Weyl group takes long roots to long roots and short roots to
short roots, the set (s;,s;) is empty unless ¢ and j are both even or both odd. This allows
us to consider the two sets {s1, 53,55} and {s9,5,4,56} separately. We tabulate below the
sets €)(s;,s;), together with another more convenient labelling of the elements in them.
The second labelling refers only to their action on s;. Of course then p,, p_, etc., which
appear in the two tables are distinct, but there is no point in encumbering the notation
with primes or superscripts.
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5 .
J
5 5 5
S; 2 4 6
_ -1 _ -1 _ -1 _ -1 _ -1 _ ~1
P2 = P+T+P4 = P-T+P— P3 = 04T4Py = 0-_T4pP_ Pa=T4T4 Py = T-T4pP_
52
_ -1 _ ~1 2r\ _ -1 _ ~1 _ -1 _ ~1
o(m) = p-T4py = p4Tep_ U(?ﬂ) =0-TPy = 04T4P— 0(%) =T-T4P+ = T4T4P-
_ -1 _ -1 _ -1 _ ~1 _ -1 _ -1
pP3 = pP4T4+0 = Pp-T40_ Py =04T40, = 0_T40_ Ps = T4T404 = T_T40_
54
o(%)=pireot =p_ri0oi | o(m)=o_mpo; =oymiot | o(F) =140 =T4Ti0 "
Pe = P+ Ps = 0+ Pe = T+
56
R 4m _
o(%) =r- o(4m) =0 o(m) =7
TABLE 5

We have next to choose a coordinate on each of the s; and calculate the residues of
M(s, ), s € Q(s;,s;), with respect to it. The coordinate will be denoted z and will be the
restriction of the coordinate on the total A-space indicated in the table below.

51 59

53

54 55

56

3 1_
2+22 3

[\J[o%)

21

- )\(H,BQ)

- )‘(Hﬁz’)) % -

22

[

1
2+21

To calculate the residue we have to choose near s; as coordinates A\(Hg,) and £\(Hg,) where
z = a; = A(Hpg,) and express the other coordinates A(Hpg,) in terms of them.
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Principal coordinates Other coordinates
1) A(H/JH)’ )‘(Hﬁﬁ) Hﬁz = 3H/31 + Hﬂﬁ H/J’ = 2H51 + H,Be
H/3’4 = 3Hﬁ1 + 2H56 Hﬁ = H/Bl + Hﬁﬁ

3

5

2) A(Hg,), —A(Hp,) | Hp,=Hp, —Hps, ~ Hp, =2Hg, —3Hp,

= Hp, —2Hp,  Hpy = Hp, — 3Hp,

3) )‘(HB3)7 _)‘(Hﬂ2) H51 - Hﬂ2 - Hﬁ3 H54 - 3Hﬁ3 - Hﬁ2
H/Bs = 2Hﬂ3 - Hﬂ2 H/D’e = 3HB3 - 2H,32

4) )‘(Hﬁ4)7 _)‘(Hﬂs) H/Bl = Hﬁ4 - 2H55 Hﬁ = 2Hﬁ4 - SHﬁs
Hg, = Hg, — Hp;  Hp, = 3Hp, — Hp,

5) A(Hﬁs)v _)‘(Hﬁs) Hﬁl = Hﬂs» - Hﬁs H,32 = 3H55 - 2Hﬂ6
Hb’s = 2Hﬁ5 - Hﬁes H,34 = BHBE) - H/J’e

6) A(Hpgs), MHpg,) Hpg, = 3Hp, + Hg,  Hpg, = 2Hp, + Hp,
Hg, =3Hp, +2Hp, Hp, = Hp, + Hp,

In table (6]) the residues n(o,z) or n(o,\), A = A(z), for the elements of table are
given and in table those for the elements of table . To obtain them one uses the
formula for M(s, ), the table (3)), and the relations (5). To make sure that there is no
ambiguity I observe that, for example, the entry in the third row and third column of @ is
n(typyo;t, z) and corresponds to the third row and third column of . The residue of

gfl(i)z) at z=11s ?12) Thus, for example, the residue of M(O’(W), )\) on §; is

L E(-9)€(z-5)8(+5)E(E+3) €29 1 &(z-3)822)
§@E(z—3) (= +5) (= +3)E(z+3) € +22) € &(=+35)E(L+22)

To save space the factor

ﬁ, which should appear before all entries, is omitted and &(az + b)
is written as (az + b)
The difference between and the analogous integral with Ao = 0 is the sum of

(8) >N Y 2% /R n(o, \)®(\) U (—oN) dz
) e A=No;

=1 j=1 0€Q(s2;,525

() Y Y b (0, \)B(A) T (o) d.

3
1 27TZ Re )\:)\21‘_1

i=1 i=1 c€Q(s2;—1,52j—1)
Here A\ = A\(2). If we follow the procedure of §7, we deform the contours to Re A = A(0).
The resulting expressions give the inner product of the projections on the one-dimensional
spectrum. The residues which arise during the deformation when added together give the
inner product of the projections on the spectrum of dimension 0. We shall see that the
subspace corresponding to the discrete spectrum, that is, the spectrum of dimension 0, is

of dimension two, consisting of the constant functions and another eigenspace of dimension
one.



194

III. EXAMPLES FOR §7

(2+1/2)
(245/2)

(2-1/2) (22)
(z+5/2) (22+1)

(2—3/2) (22)

(z+1/2) (22)

(2+5/2) (1+22)

(z+5/2) (22+1)

(243/2)
(245/2)

(1/2-2) (z+1/2)

(3/2—2) (2+1/2) (22)

(5/2—2) (245/2)

(5/2—2) (245/2) (22+1)

(241/2) _(22)

(1/2—2) (24+1/2) (22)

(z15/2) (22+1)

(5/2—2) (2+5/2) (22+1)

(1/2—2) (2+3/2)
(5/2-2) (245/2)

(2-1/2) _(22)

(z4+1/2) (3/2—2) (22)

(2+5/2) (22+1)

(z+5/2) (5/2—=z) (22+1)

(243/2) (3/2=2)
(z+5/2) (5/2—=2)

(z+1/2) (3/2=2)

(2—1/2) (3/2—2) (22)

(245/2) (5/2—2)

(z+5/2) (5/2—z) (22+1)

TABLE 6

(1/2-2) (1/2+2)
(3/2—2) (3/2+=)

(1/2—2) (1/2+2) (1/243z) (22)
(3/2—z) (3/2+z2) (3/2+43z) (22+1)

(1/242) (=1/2+32) (22)

(3/24z) (3/243z) (2z+1)

(1/2—2) (1/242) (—=1/2+43z) (2z)
(3/2—2) (3/2+z) (3/2+3z) (2z2+1)

(1/2—2) (1/2+z) (1/2+43%)
(3/2—2) (3/242) (3/2+3z)

(1/2-2)
(3/2—2)

(22)  (3241/2) (241/2) (1/2—2)
(224+1) (32+3/2) (2+3/2) (3/2—2)

(32+41/2) (2+1/2) (1/2—2) (1/2—3z)

(32+3/2) (2+3/2) (3/2—2) (3/2—32)

(1/2—2) (1/2—3z)
(3/2—2) (3/2—3z)

(2+1/2) (1/2—2) (1/2—3z2)

(22)

(32+41/2) (2+1/2) (1/2—2) (1/2—3z2)

(22)  (3241/2) (2+1/2)

(z+3/2) (3/2—=2) (3/2—32)

(22+1) (3243/2) (243/2) (3/2—2) (3/2—32)

(2z+1) (324+3/2) (2+3/2)

(32—1/2) (22) (2+1/2)
(3243/2) (2z+1) (2+3/2)

(32+1/2) (2+1/2)
(3243/2) (24+3/2)

(+1/2)
(2+3/2)

(22)  (32+1/2) (2+1/2)
(2z+1) (3243/2) (2+3/2)

(2—1/2) (32—1/2) (22)
(24+3/2) (32+3/2) (22+1)

TABLE 7
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Before carrying out the deformation and computing the residues explicitly, we write
out for the collections {s1, s3,55} and {s2, 54,56} the matrix M (H) figuring in Lemma 7.4,
observing as a check upon tables @ and that they satisfy the conclusion of Lemma 7.4,
that is, they are both of rank one. H is now A = A(z) and the matrix elements are functions
of z. The matrices are given in tables and . Once again, to save space the factor
?12) has been omitted from all entries and {(az + b) is written simply (az + b). In the
element s° of the text is p;; in (11)) it is 7. Thus if A = A\(z) the entry in the box of
(10) with row labelled o, and column p_ is £(2)n(oypip=t, p_piA). It should perhaps be
stressed that if A\ = A(z) then for all o the coordinate of —c A is £z.

Since none of the functions n(o, A) has a singularity on Re A = A\(0) we may deform each
of the terms in and @ separately. Since there are eighteen terms in each of the two
expressions, and since some of the residues arising are complicated, the computation will be
lengthy. None the less it is best to write it out completely, for one appreciates better the
difficulties faced in §7 if one sees the procedure which was there described in an abstract
form carried out in a specific case, which is after all relatively simple. Suppose that, near
z=1,

5(2)—Zil+a+b(z—1)+o(<z_1)2).




,0+ p_ O'_|_ o_ T+ T_
0 1 (—2—3/2) (—22) (1/2—=2) (1/2—2) (—22) (—2—1/2) (—22) (3/2—2)
+ G/2—2) (1—22) 5/2—2) (5/2—2) (1=22) | (==%5/2) (1-22) (5/2—2)
P (2—3/2) (22) 1 (z+1/2) (22) (1/24=2) (3/242) (2—1/2) (22)
= | z¥5/2) 22+1) (z+5/2) (22+1) (5/2+2) (5/2+2) (z+5/2) (1+22)
oo | G2 | 22 (29 | (2-2) (/2te) | GRS GES | GG | /2t (3/2-2)
+ (2+5/2) (5/2—2) (1-22) | (5/2—2) (5/2+=) ,((112222) .((17_222)) (5/2+2) (5/2—=2)
(z+1/2)_(22) (1/2-2) GRS GRS | (W2te) (1/2-2) | (1/2-2) (3/242) | G753 50T
O— | z75/2) @z+D) (5/2—2) _(22) (5/212) (5/2—2) | (5/2—2) (5/2+2) (o)
(1422) (1+42z)
(:-1/2) _(22) (3/2-2) CATCm | (U242) 3/2-2) | (3/2-2) (3/242) | (o3 7D
T+ | (z55/2) @241 (5/2—2) _(22) (5/212) (5/2—2) | (5/2—2) (5/2+2) (o)
(2z+1) (14+2z)
. (43/2) | (c2-1/2) (<29) | (2-2) (3/242) | Grmd G | G Gas | (3/242) (3/2-2)
_ (z+5/2) (5/2—z) (1-22) | (5/2—2) (5/2+=) '((1—_222)) .((1—_2;2)) (5/2+z) (5/2—=)

TABLE 10. {sy,63,55}

96T
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p+ p_ U+ o_ T+ T_
(1/2—2) (1/2+%) (22) (1/2432) (1/2—2) (1/2+%) (241/2) (22)
(1/242) (1/2—=2) (3/2=2) (3/2+z) (1+22) (3/2+3z) (3/2—2) (3/2+%) (z+3/2) (22+1) (1/2—2)
P+ | BJ212) B/2—2) | .(B2-1/2) () (1/2+7) (1/2-z) _(1/243z2) (32-1/2) (3/2—2)
(32+3/2) (1+2z) (3/2+2) (3/2—=2) (3/2+32) (32+3/2)
(1/242) (1/2—=2) (1/242) (1/2—=2) (—2z) (1/2—32) (1/2—2) (—22)
G/2+2) G/2—2 | (1/2=2) (1/242) (3/2+2) (3/2—2) (1—22) (3/2-—3%) (z+1/2) (3/2=7) (1=22)
P— | (c1/2-35) (-20) | (3/2—2) (3/2+2) _(1/2-32) (1/2-2) (1/242) (=+3/2) (=1/2-32)
(3/2=32) (1—2%2) (3/2—32) (3/2—2) (3/2+z) (3/2—3z)
(1/242) (1/2—=2) (1/2—2) (1/2+2) (1/2432) (1/242) (1/2—2) (1/2+2) (1/2—z) (=22)
o (3/2+2) (3/2—2) (3/2—2) (3/2+z) (3/2+32) (3/2+%2) (3/2—2) (3/2+z) (3z+1/2) (2+1/2) (3/2—2) (1—22)
+ | (=22) (1/2-32) (3241/2) (1/2-2) (1/2-32) (=22) (1/2-32) (1/243%) (3213/2) (243/2) (1/2-32)
(1—22) (3/2—3z) (3243/2) (3/2—2) (3/2—3z) (1—22) (3/2—3z) (3/2432) (3/2—3z)
(1/2+42) (1/2-2) (1/2-2) (1/2+2) (1/242) (1/2=2) (1/2-2) (1/2+2)
o (3/2+2) (3/2—2) (3/2=2) (3/2+%) (3/2+2) (3/2—2) (3/2—2) (3/2+%) (3241/2) (22) (241/2) | (1/2—2) (1/2—32)
- (1/2-32) (22 @at1/2) | (22) (1/2432) (1/2-32) L(1/2-32) (1/2+32) (3243/2) (2+1) (243/2) | (3/2—2) (3/2—32)
(3/2—32) (1+22) (32+3/2) (1+22) (3/2+32) (3/2—32) (3/2—32) (3/2+32)
(1/2—2) (=22) . (1/2—2) (=22) (=1/2-2) (=2z)
. (3/2—=) (1—2z) (1/2—2) (1/2—2) (1/2-32) (3/2—2) (1—2z) 1 (3/2+2) (1—2z)
+ (=1/2-32) (3/2—2) (3/2—2) (3/2—32) (1/2-32) (=1/2-32)
(3/2—32) (3/2—32) (3/2—32)
(1/242) _(22) (1/2+2) _(32) (:-1/2) _(22)
- (1/2+4=) (3/2+2) (2z+1) (3/2+2) (1122) (1/24z) (1/243%) (=13/2) (1122) 1
- (3/2+2) (B2-1/2) (1/2+32) (3/2+2) (3/2+32) (32=1/2)
(3243/2) (3/2+32) (3213/2)
TABLE 11. {89,54,56}

L§ 4Od SHTIINVXH 'III
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1) We begin by finding the residues for s;. At A\

3 )

5 <z < 5
Let R(p+), R(p—), and so on, denote the residues arising from the corresponding terms of
(8). Making use of (4) and (6) we obtain the following results. Observe that the relevant

singularities occur at the intersections of s; with some other s;.

R(ps) =0,
_£B) — 1 _
R(p-) = —5(2)52(4)¢(53)\D(53) + —25(2>£(3>@(52)\I’(52)7
1 _
R(oy) = W‘b(ﬁz)q’(ﬁz)-

The term R(o_) is more complicated because the poles of n(o_, \) are not simple. We

let D; be the differential operator
d

Then, as the conscientious reader will readily verify, R(c_) is the sum of

t=0

1 T, E—
W{@(BQ)DG\P(&) + D4<I>(52)\1;(54)}
and
3a @) 0 _
{252(2>€ (3)  £(3)83(2)  2€2(2)€2(3) }@(52)‘1’(54)-

Moreover R(7,) is the sum of

-1 . B
W{M&)DM&) + D4<I>(B2)\If(ﬁ4)}
and
0 58T —a £(3) ¢(2) _
e ") | s * e * B )T
while
R(r_)=0.
Adding these six terms together we see that the total residue from s; is
3 ¥ a _ | _
25(2)5(3)(1)(52)\11(52) T 52(2)6(3)‘13(52)‘1’(@4) - mq’(&)l)ﬂ’(@;).

Since there is considerable cancellation involved in these calculations which cannot be
predicted from general principles, the interested reader is advised to verify each step for
himself.
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2) The residues for s, are easier to find. The coordinate of the point A\, satisfies % <z< %

R(P+T+Pll) =0,

o) = s (3)7(3)
R(o47:p}") 3§f2§§2)(§2(g)¢(i3> <%)
rie-n) = e (3)7(5)
) =g (3)°(5)
R(t_m:p) =0

The sum of these six terms is 0. It is clear from the diagram of the spaces s; that there are
no residues for s3 or 54. The residues from s; and s are however extremely complicated.

5) The coordinate of ;5 satisfies % <z < % Putting our head down and bashing on we

obtain the following results for the residues. R(p,p,7,') is the sum of

1 — =
W{(D(&)Dﬂj(&) + Dﬂ’(@iﬂ’(@)}

—a £(3) £(2) _
{252(2)5(3) TeR)eE) T PR)EE) }¢><ﬁ4)‘11<52)-

The expression R(p_p,7.') is easier to determine; it equals

52() (64) ( Bﬁ)

Since —fg does not lie in the dual of the positive chamber, we infer from Lemma 7.5 that
this term will be cancelled by another, for it cannot remain when all the residues are added
together.

and
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The other terms grow more complicated. R(o,p,7;') is the sum of the following
expressions.

1 - .
e | P20 DAT () + 300 DIT(E) + 3 DR(ET(5) |

1 1 £'(2) ¢(3) " |
ﬂ>{ Qﬂ>%ﬂ+8@x%$>‘e@x@J{Dﬂﬁw (52) + D (B) Do (5 }:
R aRC) ¢(3) 1 (e _
“”{ (@@ﬁ@f*eex%m)+f%mam<z %)}@w@wwm

L) os (e 20€e)) 1 (¢r) 2E) T(4,)
am{%mam(em é@))+49m(9@ g@>)}ﬂ@wwm

The expression R(c_p,7;"') is not so difficult to determine; it is the sum of

and

G _
{52(2)52(3) £3(2)€(3) }@(/34)\1;(52)'
However, R(7,py75 ') is simply
-1 o
Fe M)

With R(7_ p+T;1) complications appear once again. It is the sum of the following terms.

1 1 2 1 '
%%mam{ B(30) D30 + S DERBIT(5) + () DT

25@ { e 3>}{D“”5” (59 + 23D

(2)(3)
5| e 5“” PR N PPN T R PR e
£2)) 2\ €2)e(3) €4(2)EB) | T €2(2)6(3) 2 RS

// B 2 B 1 §/1(3) B 2(5/(3))2 B
{ ( i °(2) ) 2¢2(2) (52(3) &(3) )}q)(ﬁ4)‘1/(ﬁ4).
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We add up all the terms above and find that the total contribution from s5 is the sum
of the following six expressions.

o (€ e N .
{6(2> (53(2>§(3) o) 2(3>> EHEE) }‘D(@*)‘I’(@*)’

;
_mm@(mﬁ(ﬁ) %M&)D@(@;);
o M) — e BT
_mwm)pﬁ(ﬁg) ngfb(@ﬁ(ﬂz);
o0 PP T0) ~ 551 (el * Emer )OI

The term involving ¥(—/) has not yet disappeared.
The reader will be losing heart, for we still have s4 to work through. He is urged to
persist, for the final result is very simple. I do not know the reason.

6) The coordinate of \g is greater then % It will be seen from the diagram of the spaces s;
that we may pick up residues at three points, at the intersection of s and s1, at the common
intersection of s¢, 55, 53, and s, and at the intersection of sg with 4. The corresponding
values of z are ;’, ;, and 1 . The contribution R(p, ) is the sum of the following terms.

1 1 26 ’5
e | PP EIDE) + DT + 3030 DI |
€®) e

1 a 1 N
5(2){52(2)§(3) B 5(52( 2)€2(3) T £3(2)€(3 ))}{ O(B4)V(Bs) + P(B4)Ds W (54)}
1 11 9 '_7 . 35/ 35/
e (o + 50) o

| {95/(2)8<3)+ (5/(225}@@4)@ )

6£(2) | £(2)€(3)  £4(2)€3)

-1 oo (o) 2060) 5 (2 2¢@)”
1262(2) {5(2) (52(3) £3(3) + £(3) (52(2) £3(2) ) } (B1)W(B4);

The value of R(p_) is simply

e’

It cancels the term for s5 which had troubled us.
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The value of R(cy) is
e
For R(o_) we obtain the sum of three terms.
1

W{Dﬂ’(@lﬁ(ﬂﬂ + <I>(64)Dﬁ(ﬁ2)};
a 3¢/(3)

{252(2)5(3) T 2e2(2)€2(3) }‘5(54)@(&2);
% (ggé)(g()f)@)@(%)@(%)

Although R(7y) is zero, but R(7_) is the sum of the following nine terms. 0 is now
one-half the sum of the positive roots.
1

£(2)£(6)

! L 2 1 25 :
663(2)5(3){ O(B4) D3V (Ba) + D B(B1)V(Bs) + 2‘19(54)1)3‘1’(54)}»
¢'(3) £(2)

1 J—
2£(2) {52(2)§2(3) * 3(2)€(3 )}{@(54)193‘1’(54) + D3¢(ﬁ4)\lf(ﬁ4)},

—2a
SE@eE) LD + D(BIT(B) |

®(0) W (0);

2a ( ) /( B |
o Eem * EeE I
2)

—1 ) 9¢(
6£(2) | €(2)
1

}(I)(BDE(BD;
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Adding the six contributions together we see that the total residue from sg is the sum
of the following terms.

1 1 1

1 . J—
se e | D6 + DaR(B)T(5) |
’ _ &) b7 1 2 N2\T( 2.
262(2)&(3) (a £(3) )(I)(@L)\P(BQ) + 1263(2)€(2 )¢(64)(D5 D)V (By);

1 - L (e e
s PP ) T g (52@)52(3) REOT

a

T 2
WD;@(@;)\P(&) B2)E3) >£<> (54)(D5 §D3>\IJ(54),

50’ - a (€2 | € ) -
—————O(B)V(Sy) — ( + O(L4)V ().
e Y e T eeem) T
Now all we have to do is add together the contributions from s, ..., ss. The result may
be expressed simply in matrix notation as:

3))@(54)191‘1/(54);

1
U(p) |7 |E@eE0 0 0 0 D (p)
0 3 a —1
U (/) KR)EB)  LREG)  2E2)E0E) D(B2)
a 2q2 —a
T (6) 0 ook wom woo|| 20
U (fs) 0 1 1 Dy ®(4)
ol WREE DD 6ERED | - -

That the matrix turns out to be symmetric and positive-definite is a check on our calculations.
Since it is of rank two, the discrete spectrum contains two points. One of the associated
subspaces is the space of constant functions. The constant term of the functions in the
other space is not a sum of pure exponentials. The appearance of a second point in the
discrete spectrum is a surprise. One wonders what its significance is.

In the example just discussed the functions n(o, A) were analytic on the line Re A = A\(0),
and the corresponding residues of the Eisenstein series must be as well. This may not
always be so, and one must be content with a weaker assertion, that of Lemma 7.6. This is
seen already with the one-dimensional spectrum for the group of type As.

This is the group SL(4). We may take as coordinates of A\, parameters z1, 29, 23, 24 With
> z; = 0. The elements of the Weyl group are permutations and

Em—2y)
H E(L+ 2z —z)
S(Z)>8(J)
At the first stage the integration will be taken over the set Rez; = 2 with 2 — 20 > 1

if 7 < j. Then it is moved to Rez; = 0. Residues are obtained on the hyperplanes s;;
defined by z; — z; = 1. These give the two-dimensional spectrum. In order to obtain the
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one-dimensional spectrum the integration has then to be moved to

Oki  Okj
Re Zp = 7 — 7,
where ¢y; is Kronecker’s delta. If M(s, A) has a singularity on s;; then s(i) > s(j). If £ < ¢
and s(k) > s(¢) with (ij) # (k) then
§(zr — 20)
§(1 + 2 — Zg)
is a factor of the residue. If £ # j then 1 + 2, — 2, > 1 during the deformation and the
zeros of the denominator play no role. If £ = j then s(i) > s(¢) and the residue contains

the factor
f(zz - Z@) f(zj - Z@)

§(1+ 2 — 20) (1 + 2 — )
Since z; = 1+ z; on §;; the denominator is again harmless. The relevant singularities lie on
the intersection of s;; with some s;/ .
Because we are interested in the one-dimensional spectrum and want to proceed as
expeditiously as possible, we shall only write down those two-dimensional residues which in
turn yield one-dimensional residues. We take 2 — 20 ; > 20, — 2§, i =1, 2.

1) i =1, j = 4. When we deform the two-dimensional integral on s14 we pick up no residues.
So this hyperplane may be ignored.

2) i = 1, j = 3. Because of our choice of 2!, the only singular hyperplane that we meet
during the deformation is s14. The intersection is s = (%,0, %1, %1) + (u,v,u,u) with
3u +v = 0. We obtain contributions from those s for which s(4) < s(1) and s(3) < s(1).
For these we obtain the following results:

s R(s)

(1234) — (3412) <§,0,%1, %) ¥ (w0, u,u) — (%,%,%,O) + (u, u, u, ) (23)(24)
— (4312) = (F5520) + (wuwo) | —(23)(24)
~ (3421) = (%1 =10, %) ¥ (uyu0,u) | (12)(23)(34)
s (4321) = (%,%1,0, %) + (uyu,0,u) | —(12)(23)(34)
. (3241) = (50,35 2) + (wvuw) (12)(23)
. (4231) = (30,32 + woww) | —(12)(24)
(2341 = (0, 2,3 %) + (0, u, 1) (12)
s (2431) = (0, 2,3, %) + (0, u,u, 1) —(12)

The symbol (k) is an abbreviation for

§(zk — 20)
5(1 + 2k — Zg)
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and we have omitted from all the R(s) a common constant. But this is unimportant, for we
see that the residues cancel in pairs and that s;3 contributes nothing to the one-dimensional
spectrum.

3) i =1, j = 2. There will be singularities at the intersections of §15 with s13 and s;4.
Because of our choice of 2?, they are the only ones which affect our calculations.

S$12MNs 21 0)+( )

==, —,— U, U, U,V

12 13 37 37 37 s Wy Wy 9
2 —1 -1

S99 514 = (5,?,0, ?) + (u,u,v,u).

If s contributes to the residue on the first intersection then s(2) < s(1) and s(3) < s(1).
If 50 is the interchange of (2) and (3) then ssy has the same effect on 512 N s13, but the
residues of R(s) and R(ssg) are of opposite sign because

§(22 — 23)
(14 2z — 23)
is —1 when zy = z3. Thus the contribution of the first intersection to the one-dimensional
spectrum is 0.
If s contributes to the residue on the second intersection then s(2) < s(1) and s(4) < s(1).
The possibilities are given below.

=

==
W ®»

(1234) 2413

W
[\
—_
w
W
w
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=~
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w
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w =~
[\ w
H~ [\]
—_ —_
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[\
w
S~—
w w
=~ IS
N— N— SN— N— N— SN— N— S— [ ——
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w
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~ Y~ o~ o~ o~ o~ o~
e~
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—_

3421

[\]
w

~~ o~~~ ~~ o~
—_
w
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)
)
)

|
—
—_
w
~—

Since
21— 23 = —(23 — 24)
on the intersection,
{(22 —23)  &(z3—z4)
5(1 + 29 — 23) 5(1 + 23 — 24)
Once again the cancellation is complete.

=1.
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4) i = 2, j = 4. The poles occur at the intersection of 694 with s19, s13, and s14. These
intersections are:

S94 M 612 = (L 0707 _1) + (U,U,U,U),

11 -1 -1

524 ﬂﬁlg - (5757777) + (U,U,U,U),
(11 =2

594 r1514 - (575707?> —|—(u,u,v,u).



(34)
(13)(34)
(13)(23)(34)
(13)(23)
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— (—=1,0,0,1) + (u,u,v,u)
— (=1,0,0,1) + (u,v,u,u)
— (0,1,0,—1) + (v, u, u, u)

(1,0,0,—1) + (u,u,v,u) — (—1,0,1,0) + (u,u, u,v)

(1234) 8—> (4213)

(1234) — (3142) (

We list in the three cases the relevant s and the corresponding residues.

)
b)

a
We have omitted the common factor e

~—~~ o~ o~~~ o~~~
R s e
AN A »m» o >
— N N N N~
—— /N /N /N
N e
— == &N o
S~ N N~ N~
e N e Y
N 9™
= =
~— N~ N~

—~

(@

—

N—
—— /N /N /N
2 3 2 3 03
S s 3 = 3
s = 3 3 =
S 3 = 3 =
~— N N~ N~ N~
+ + 4+ 4+ +
~—~~ I~

N =N HAN A =
—N 1IN AN =N

—

—

1
£(2)°

We have omitted a common factor
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c) If s contributes to the residue for the third intersection then s(4) < s(1) and s(4) < s(2).
If so interchanges 1 and 2 and leaves 3 and 4 fixed, then ssy contributes as well. Since

R(s) = —R(sso)
the total contribution will be 0.

5) i = 2, j = 3. The relevant poles occur at the intersection of so3 with s19, 513, 514, and
s594. These intersections are as follows:

593610 = (1, 0, —1,0) + (u,u,u, ’U),

11 -2

5923 r\|513 - (575)?70> + (U,U,U,U),
11 -1 -1

S93 M 614 = (5757777) + (U,U,U,U),

2 -1 —1
593 NSy = (0, g, ?, ?) -+ (U,U,U,U).

Again we list the pertinent s and the corresponding R(s):

a)

s R(s)
3214) (1,0,—1,0) + (u, u,u,v)

(1231) — (3214)
— (3241)
— (3421)

( )
( )
(u, v, u,u) (14)(24)
( )

— (4321) (14)(24)(34)

Again a common factor 3 has been omitted.

£(2)¢
b) The same argument as above establishes that the total contribution from this intersection

is 0.
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d) Here again the total contribution is 0.

6) i = 3, j = 4. The intersections with any of the other s;;; are now relevant. These
intersections are as follows:

1 —-11 -1

G534 NG9 = (5,7,5,7) + (u, u,v,v),
s34 Ns13 = (1,0,0,—1) + (u, v, u,u),
l01_—2>+(uvuu)
3773 3 T
634 Ns93 = (0,1,0, —1) + (u,v,v,v),

G534 M Ggq = (0,1,1,_—2> + (u,v,v,v).
3’3 3

Again we take each possibility in order and list the pertinent s and the corresponding R(s).

534 M 614 = (
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b)
s R(s)
(1234) — (4312) (1,0,0,—1) + (u,v,u,u) — (—1,0,1,0) + (u, u,u,v) (23)(24)
— (4321) 5 (=1,0,0,1) + (u,u,v,u) | (12)(23)(24)
( ) - (_17070’1) + (u,v,u, u) (12)(24)
— (2431) — (0,—-1,0,1) + (v, u, u, u) (12)
The common factor 5(2)5 B) has been omitted.
c) The total contribution is again 0.
d)
s R(s)
(1234) — (1432) (0,1,0,—1) + (u,v,v,v) 0,—1,0,1 U, v, 0,0, ) 1

(1432)
— (4132)
— (4312)

A —~ — —
\‘}—‘
=
=
—
~— ~— ~— A

— (4321)

Again the common factor m has been omitted.
e) The total contribution is 0.

The one-dimensional spectrum is therefore determined by two collections of subspaces.
The first collection is formed by:

(0,1,0,-1) + (u,v,v,v),
(1,0,0,—-1) + (v, u,v,v),
(1,0,0,—1) + (v, v, u,v),
(1,0,—1,0) + (v, v,v,u).

For any two, s and t, of these subspaces, the set (s, t) consists of a single element. The
matrix M (H) figuring in Lemma 7.4 is given, apart from the factor DED )5(3) in Table (12)).
It is, as it must be of rank one. However, it does have singularities at ©u = v = 0, that is, on
the line over which we must finally integrate.

This is disconcerting at first, but, as shown in the text, presents no insurmountable
problem. The constant term of the Eisenstein series, or system, associated to the line
(1,0,—1,0) + (u,v,v,v) is, apart from the factor

1

£(2)€(3)

1 3
65214- 22—2Z3—§Z4’

given by the sum of

6—zg+z4€uzl+vz2+v23+vz4 6(“ — U= 1) e—zl—i—zg 6112’1+7)22+UZ3+UZ4
E(u—v+2)
which has no poles on the line Re(u — v) = 0 and

5(]‘ +u— U) —z1+24 evzl+uzz+UZ3+UZ4 + é(u _ U) evzl+v22+u23+v24 '
E2+u—v) E(l4+u—v)
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(0,1,0,—1) (1,0,0,—1) (1,0,0,—1) (1,0,—1,0)
+(u,v,v,v) +(v,u,v,v) +(v,v,u,v) +(v,v,0,u)
(0,1,0,—1) 1 £(14v—u) E(v—u) E(v—u—1)
+(u,v,v,v) £(2+v—u) &(24+v—u) E(v—u+2)
(1,0,0,—1) E(1+u—v) E(1+v—u) £(1+u—v) E(v—u) &(14+u—v) E(v—u)

+(v,u,v,v) £(24+u—v) £(2+v—u) £(24u—v) | &(24v—u) E(2+u—v) £(24v—u)

(1,0,0,—1) E(u—v) E(1+v—u) E(u—v) E(1+v—u) E(1+u—v) E(1+v—u)
+(v,v,u,v) £(24+u—v) £(2+v—u) £(24u—v) | &(24+v—u) E(2+u—v) £(2+v—u)

(1,0,—1,0) E(u—v—1) E(u—v) E(14+u—v) 1
+(v,v,0,u) £(24u—v) £(24u—v) &(24+u—v)

TABLE 12. The entries are M (ts%s™!, ss"H). The rows are indexed by ¢, and
the columns by s. The entry at the top of a given column is the result of
applying ss” to the entry at the top of the first column. The rows are labelled
in a similar fashion.

Since the factor &(51(-1::)1)) equals —1 at u = v, this term too has no poles on the lines Re(u—v).
Thus the constant term, and hence the Eisenstein series itself is analytic on that line. This
is a simple illustration of the corollary to Lemma 7.6.

The second collection is formed by

1 -1 1 —1
( )—l—(u,u,v,v)

27272 2
11 -1 -1
(5, 3 o 7) + (u, v, u,v)
11 -1 -1
(557 5 7) + (u,v,v,u)
The sets (s, t) now consist of two elements. The matrix of Lemma 7.4 is given in Table (L3)).
It may be readily verified that it is of rank one.



1 -11 -1 1 -11 —1 11 -1 —1 11 -1 —1 11 -1 —1 11 -1 —1
330203 330203 32303 5757777) (2727 773 ) (2727 373 )
+(/u"/u‘7,")7ru +(/L}7/U’,"l‘7,"L +(u’v$v7u) +(U7u’u7v) +(u7v7u’v) +(’U7u’v7u)
E(v—u) £(v—u)
1 Z2Fv—u) E(v—u) E(v—u) £Q+v—u) Z2+v—u)
E(v—u—1) 24+v—u 24+v—u 24+v—u _E(v—u)
TEE— &( ) &( ) &( ) s
E(u—v) E(u—v)
E2+u—v) 1 §(u—v) §(u—v) E2tu—v) £(1+u—v)
E(u—v—1) 2+u—v 2+u—v _E(u—v) 2+u—v
Same) &( ) &( ) el &( )
E(v—u) E(Q+v—u) E(u—v) E(v—u)
§(u—v) E(v—u) g2+v—u) €(2+v—u) £(2+u—v) €2+v—u)
&£(24u—v) £(2+v—u) _E(u—v) (1 +u—v) E(14v—u) (1 +u—v)
£(2+u—v) £(2+u—w) E(2+v—u) £(2+u—w)
E(1+u—v) E(14v—u) E(u=v) £(14v—u)
303 §(u—v) §(v—u) E(2tu—v) £(2tv—u) g(2+tu—v) €(2+v—u)
+( £(2tu—v) £(2tv—u) E(0+v—u) _E(u—v) E(4v—u) E(u—v) E(0tu—v)
' £@tv—u) g2 Tu—0) €@tv—w) E(1tu—v) g2 tu—v)
11 E(v—u) £(14u—v) E(v—u) E(14u—v) E(v—u)
22 §(Q+u—v) E+v—w) e(2+u—v) g2Fv—u) e(2tu—v) g2+v—u)
+( £(2+u—v) _Ew—u) _Ew—u) E(4u—v) E(14v—u) EQtu—v) E(w—u)
’ €2Ftv—u) €2tv—w £2Fu—v) @tv—u) £2Fu—v) E(1+v—u)
11 E(u—v) E(u—v) E(Q+v—u) E(u—v) £(14v—u)
33 E(1+u—v) £(1+v—u) g2 Fu—v) g2 +o—u) E2tu—v) g +o—u)
+( _E(u—v) £(2+v—u) E(+v—u) _Eu—v) E(ldv—u) E(u—v) E(4u—v)
g2+u—v) E2+v—u) E2+u—v) €@+v—u) E(1+u—v) E2+u—v)

TABLE 13. The principle according to which the entries are indexed is the same as in the preceding table.
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APPENDIX IV

The simplest case

I have been requested to append an independent exposition of the methods employed
in the text in the simplest case, that of a Fuchsian subgroup I' of G = PSL(2,R) with a
single cusp, the Eisenstein series being taken to be invariant under right multiplication
by elements of K = PSO(2,R). The methods of the text when applied to SL(2,R) are
basically those of Selberg, with the inner product formula of §4 taking the place of what
Harish-Chandra has called the Maass-Selberg relation. But this and a few other minor
modifications do not affect the essence of the proof.

In order to be as brief as possible, I shall tailor the exposition to the needs of a competent
analyst familiar with the first part of Lang’s book and the geometry of fundamental domains.
Moreover I shall use the Maass-Selberg relation as well as the inner product formula.

If
a 0 1 x
g= (0 Oé_l) (0 1>k7 a = Oé(g) > 07

with £ in K and A a complex number, set
F(g,\) = ™.

If P is the group of upper triangular matrices and the cusp is supposed to lie at infinity

then the Eisenstein series
E(g,\) = Y F(yg,))

NP\l
converges for Re A > 1. It is continuous as a function of g and )\ and analytic as a function
of A in this region. It needs to be analytically continued.
If N is the group of matrices in P with eigenvalues 1 then

(1) /mN\N E(ng, \)dn

is easily evaluated. We take the measure of I' N N\ N to be 1 and write I' as a union of
double cosets
(N N)v( N P).

The integral then becomes the sum over these double cosets of

/ F(yng, A) dn
(TNN)y~H(CNP)Y\N

If v lies in the trivial double coset this integral is equal to F'(g, A). Otherwise it is

/ F(yng, A) dn.
N

217
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O I D [

we see that this integral equals

art /NF<(_(1) (1)>n)\> dn p F(g,—\)

and conclude that the integral is equal to

where M () is analytic for Re A > 1. The analytic continuation of E(g, A) is bound up with
that of M(\).
If ¢ is a smooth, compactly supported function on N\G/K we may write

og) = / RPN A

T or

where ®(\) is an entire function. The function

olg) = > o(v9)

NP\

Writing

is smooth and compactly supported on I'\G and in particular lies in L?(T'\G). It is given
by

~ 1
(2) og) = 2—/ O(y)E(g, A)|dA], Ao > 1.
T JRe A=Xo
If we have chosen the Haar measures properly we may calculate the inner product
(6.9) = | dl9)dlg)dy
NG

as follows. Substitute the formula ([2)) for a(g) and write out @Z(g) according to its definition.
We obtain

1 —
— (A E(g, A Ww(vg)dg p |dA].
o7 s PO g 20 32 Tl 1

The inner integral is equal to

/FHP\G E(g,\)¢(g) dg = /Ooo{o/\ﬂ + M()\)OZ)VFI}OCQE(((S Oﬁ1)> %y.

By the Fourier inversion formula this integral is equal to

V(=) +MNTN).
We see that the product is given by

1 — -
(3) = {CD()\)\I/(—A) + M()\)CD(/\)\I/()\)} d.
27 JRe A=
We can already deduce a great deal from the fact that defines an inner product

which is positive semi-definite. By approximation, we may extend the inner product to the
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space of functions analytic and bounded in some strip |[Re \| < 1+ ¢, € > 0, and decreasing
to 0 at infinity faster than any polynomial. We denote it by (®(-), ¥(-)). We may form the
completion with respect to this inner product and obtain a Hilbert space H.

If f is bounded and analytic in some strip |[Re A\| < 1+ ¢, € > 0, and

F(=2) =F),

then
(fO)R), () = (@), f()¥())

Here

) =F(=X)
Suppose

sup  |f(N)] < k.

[Re A|[<14-€

Then

g(N) = VK2 = [N (V)
is analytic and bounded for |[Re A\| < 1 4 e¢. Moreover
9(A) = g(=})

and

Thus
(2 = £ ()20),2()) = (9()2(), g()2()).
We conclude that multiplication by f extends to a bounded linear operator on H with
adjoint given by multiplication by f*.
If © > 1 we may in particular take
1

f(A)Zm-

The associated operator is bounded and self-adjoint. Its range is clearly dense. We deduce
that multiplication by \? defines an unbounded self-adjoint operator A on H with

1
R(p, A) = ——
(11, A) A
being the operator defined by the given f.
If Rep > Ag > 1 then

(RO, A)R(), 9()) = 5 /R ﬁ{@(ﬁ(—n+M<A><1><A>@<X>}|dA|.

This integral may be evaluated by moving the lines of integration off to the right. We
obtain the sum of

(4) 3 { 2T () + M) 20T}
and, if \; is very large,
% . ﬁ{@@)ﬁ(—m £ MO)RNER) } A,
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The resolvent R(u?, A) is certainly analytic in the domain Reu > 0, o ¢ (0,1]. We infer
that the expression (4) is too. Taking

B(p) = U(p) = e
we can deduce that M (u) is analytic in the same region.
We next continue the function E(g, A) into this region. Observe that if f is a continuous
function on G with compact support and invariant under multiplication by elements of K
from the left or the right then

r(f)F(g,A) = / F(gh,\)f(h)dh

G
is equal to
ap(A)F (g, ).
Here a1 (\) is an entire function of A and for any given A we may choose f so that as(\) # 0.
We conclude immediately from the definition of E(g, ) that

r(f)E(g,\) = ap(N)E(g, A, ReA > 1.

If A\ - E(-,\) can be analytically continued when regarded as a function with values in the
space of locally integrable functions on I'\G this relation will persist and we may infer that
the continuation yields in fact a continuous function of g and A.

We now introduce two auxiliary functions. If

a 0 1 =z
9:(0 a1)<o 1)k’ a>0,

F(g,\), a<l1
F/ A — ) Y )
(9.2) {0, a>1,

let

and let

" _ F(ga )‘)7 a < 17
Fg, %) = {—M(A)F(g, ), a> 1

If ReA > 1, Rep > 1 we may invoke an approximation argument and apply our inner
product formula to the pairs

(i) o(g) = F'(g, M), U(g) = F'(g, 1),
(i) o(g) = F'(g. M), U(g) = F"(g, ).
For the first pair the Fourier transform of ¢ is
1
@ =
(2) = +—
Thus if
E(gN) = > Flg,)
INP\T
then
(E/('v )‘)a E,('a l’[’))
is equal to
1 1 M
+ (2) dz.

27 Jreomry A= 2)(A+2) (A= 2)(H—2)
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We evaluate the integral by moving the vertical line of integration off to the right. The
result is

1 M) M(n) _
=w(\ ).
PR w(A, 1)
In general
o o a?n
5 E'(-, ) E'(- = AT
5) (B CN. 5B () = grmmwm)
Thus if A\; is any point with Re \; > 1,
=1 o
— A= A" E'(, A
> b gEe )|

converges in the largest circle about \; which does not meet the real or imaginary axis.
Since the formula persists in any region in Re A > 0, Rep > 0, A, u ¢ (0,1] to which
the functions in it can be analytically continued we deduce by iteration that
A= E'(:, )
may be analytically continued as a function with values in L?(T'\G) to the region Re A > 0,
A ¢ (0,1]. Since
> (F(rg,0) = F'(vg, 1)
NP\l
is clearly an analytic function of A, E(g, \) can itself be continued to this region.
For the second pair the Fourier transform of ¢ is

1 MO
A—z A+z
The integrand occurring in the formula for

(E”(',)\),E”(',,U)),

d(2) =

where
E"(g,0) = > F"(g,)),
NP\l
will now be the sum of eight terms. They can each be easily evaluated by moving the line
of integration to the left or right. Carrying out the evaluation and summing one obtains

1 — 1 —
(6) Sl MO = 5= {0y - MG}
The formula just obtained remains valid for ReA > 0, Rep > 0, A\, pu ¢ (0,1]. Since
(6] is positive when A = p we infer that M(X) is bounded in the neighbourhood of any
point different from 0 on the imaginary axis. By this we mean that it is bounded in the
intersection of a small disc about that point with the region in which M (\) has so far been
defined. We shall deduce that HE” (-, ) H is also bounded in such a neighbourhood.

Assuming this for the moment we return to ([6)) once again and conclude that
|IM(N)| =1
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as A — i7, a point on the imaginary axis different from 0. Of course we are constrained to
approach it from the right-hand side. Since

we also have

liﬁllel(J—iT) — M(o +i1) = 0.

We define
(7) M(X) = M7} (=A)

for ReA < 0, A € [—1,0) and infer from the reflection principle that M ()) can then be
extended across the imaginary axis as well. It is defined and meromorphic outside the
interval [—1, 1] and satisfies the functional equation (7).

To complete the proof of the analytic continuation and the functional equation we need
a lemma. Suppose Ai, Ao, ... is a sequence of points and Ay — A. Suppose in addition that
for each A\ we are given a continuous function Ej(g) on I'\G with the following properties.

(i) There is a constant a and constants ¢, > 0 such that

|Ex(9)] < cralg)”

for a(g) > € > 0. Here € is fixed.
(ii) Ek(g) is orthogonal to all rapidly decreasing cusp forms.
(iii) If f is a continuous, compactly supported function in G bi-invariant under K then

r(f)Er(g) = ap(Me) Er(9)-
(iv)
/FHN\N Ek(ng) dn = AkF(g, /\k) + BkF(g, _)\k>

with Ak, Bk in C.

Then if the sequences {A}, { By} are bounded, the inequalities of (i) are valid with a
bounded sequence c¢,. Moreover, if the sequences {A}, {Bx} converge then the sequence
{Ek(g)} converges uniformly on compact sets.

In order to prove the lemma we have to look at

1(D)eta) = [ e fia myan
more carefully. Let

©2(g) = /F - @(ng) dn

and define ¢1(g) by
#(9) = ¢1(9) + p2(9)-
The expression for 7(f)y(g) breaks up then into the sum of two similar expressions, and
we want to consider the first

/ o1 (1) f (g™ h) dh.
G

We write it as

/ P stgman

éel'nN



IV. THE SIMPLEST CASE 223

The qualitative behaviour of the kernel

(8) > flg'on)

oel'nN

1 z\[(fa O
g:<0 1)(0 a—1>k'7 ’x‘<b>a>€>07

is easy enough to discover. Let

()6 2

We assume, for it is simply a matter of the proper choice of coordinates in the space defining

SL(2,R), that
1 k
FﬂN:{(O 1) kGZ}.

We may take b = 1 and assume that |y| < b. It is clear that there is a 6 > 0 such that each
term of the sum (8] is 0 unless

(9) 5<E<5

However when this is so the sum becomes, at least if f is bi-invariant under K,

S )6 )

Replacing the sum by an integral, we see that is equal to

/N f(g~'nh)dn + R(g, h)

where R(g, k) is 0 unless (9) is satisfied, and then it goes to zero faster than any power of
a is a — 00.
The integral

for

/ o1 (1) f (g™ ) dh
G

is equal to

ﬁ%MG¢NMR@J0WL

If
|o(h)| < ca(h)®
for 5(h) > € > 0, with € sufficiently small, this integral is smaller in absolute value than
cd(r)a(g)*™"
for any real r. Here d(r) and ¢’ depend on f, but there is an obvious uniformity.

We return to the proof of the lemma. Choose an f with af(\) # 0. We may as well
suppose that af(\;) # 0 for all k. If
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then
(10) fer(fe) Ex(9) = fER(9).
The inequality (i) implies a similar inequality

|Ex(9)] < deralg)”

for a(g) > €. Here ¢ is a constant depending on I', €, ¢/, and a. Applying the discussion of
the previous paragraph to f, and ¢(g) = Ei(g), we see that

with

(12) |Ri(9)] < deya(g)”.
Here @’ is a real number with

(13) a’ < —inf|Re A\, a <a,

and d depends on d’.
We choose ¢, to be as small as possible and yet still satisfy (i). If the sequence is not
bounded we pass to a subsequence and suppose ¢ T oco. Then for some g with a(g) > €

(14) |Eul9)] > Falg)"

It follows from (1)), (12), and that there is an R such that for all £ any ¢ satisfying
also satisfies
1) a(g) < R.

From and Ascoli’s lemma we can pass to a subsequence and suppose that {éEk(g)}

converges uniformly on compact sets to a function E(g). By this function will not be
identically zero. On the other hand

/ E(ng)dn=0
PAN\N

and E(g) is orthogonal to all rapidly decreasing cusp forms. This is a contradiction.
Once we know that the ¢, can be taken to be bounded, we can apply and Ascoli’s
lemma to find convergent subsequences of {Ek(g)} If two subsequences converged to
different limits then the difference of the limits would again be cusp forms and yet orthogonal
to cusp forms. This contradiction yields the second assertion of the lemma.
It also follows from the above proof that

Ey(9) — AkF (g, \i) — BeF (9, =)

is uniformly rapidly decreasing as a(g) — oo and in particular is uniformly square integrable.
If Ex(g9) = E(g, \r) is an Eisenstein series then for a(g) sufficiently large this difference
is just E'(g,\r). The boundedness of |E'(-,\)|| in a neighbourhood of a point on the
imaginary axis which we asserted above is therefore clear.

We define E(g, \) in the domain Re A < 0, A ¢ [—1,0) by
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Then
/F oy F09.0) = Flo. )+ MO)F(g, -

and the discussion above allows us to extend by the reflection principle across the imaginary
axis.

It remains to treat the interval [—1,1]. Here it is simplest to depart from the methods
of the text and to employ instead the Maass-Selberg relations. To verify these it is best to
regard a function on G\ K as a function of

z2=x+1y
in the upper half-plane. Here
gi =2
and if
1 z\/a O
92:@)1)(0 a*)k
then

gi = x +ia’.
If E(g) is a function on I'\G let

If

r(f)E=as;(A\E
for compactly supported, bi-invariant f then

r(f)F = ap(A\)F

for all such f. Moreover if A is the operator

ox?  Oy?

then o
AE="_"F
4
and o
AF = 4_ F
Thus if A #0
Atl —A+1
F(g) = AF(g,\) + BF(g,—\) = Ay 2 + By %
while if A =0

F(g) = Ay"? + By'*Iny
The proof of the lemma shows that if E(g) does not grow too rapidly as a(g) — oo then

E(g) ~ F(g).
Suppose we have two such function F and E’ corresponding to the same A\. Remove from

the upper half-plane the region y > R, for a sufficiently large R, as well as the transforms
under I' of all such points. Division by I' then yields a manifold M which may be thought
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of as a closed manifold with a cylindrical tube protruding from it. The boundary is a circle,
the image of y = R. If we integrate with respect to the invariant area,

0:/ AE-E' — E-AF'.
M

Integrating by parts we see easily that the right side is asymptotic as y — oo to
MAB' — BA") A#0
BA' — AB’ A=0.
These are the Maass-Selberg relations. We conclude in particular that if £ and £’ are both

orthogonal to cusp forms then they are proportional.
Now choose any point Ay # 0 in the interval [—1,1]. Choose a nonsingular matrix

(¢ 0

so that if Fy(g) is a function as above corresponding to Ay and orthogonal to cusp forms
then

(16) CLAO + bB() =0.
If E(g) corresponds to A and is also orthogonal to cusp forms then for A close to Ag
cA+dB

must dominate

aA+dB.
Otherwise we could choose a sequence A\, — ¢ and a sequence Ej(g) with

Our lemma would then show that £, — Ej, for some Ej, contradicting .
To show that M (\) is meromorphic near Ay we have only to show that
a+bM(X)
c+dM(N)
is continuous. We have just observed that it is bounded. If it were not continuous at A, or
rather, since it is only defined in a dense set, if it cannot be extended to be continuous, we
could choose two sequences {\}}, {\/} both approaching A but with
bM (A bM (N,
MV ) i, @+ OM(A)
c+ dM(N,) c+ dM (X))
The lemma would give two functions E'(g) and E”(g) whose difference F(g) would have

lim

with
aA+bB #0
cA+dB =0

This is a contradiction.
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To show that M () is meromorphic at A\g = 0 we use for A near 0 the representation
sinh Aa(g)

A
and a simple variant of the basic lemma. Otherwise the argument is the same.

F(g) = Aa(g) cosh Aa(g) + Ba(g)
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