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I. BBEJEHUE

[leomerpudeckas Teopus aBTOMOPMHBIX (OPM OBLIIO BBEJIEHA PYCCKAMU MaTeMaTHKAaMM,
nanpumep Braaamvupom JpundersIoM, n pasBuTas pycCKO-aMepuKaHcKoil mkomoit]] mo
9roit Teopueil s nesoBosieH. CoBpeMennas apudmMeTnieckas Teopus aBTOMOPMHBIX (opM
BO3HUKJIA B MIECTHAIATHIX T'OJaX JBAIIATOrO CTOJIETUS M3 YeTBIPEX UCTOYMKA: M3 BO300-
HOBJICHHMS 3HUTeJIEM HCCIe0BaHU JIEBATHA/IATOrO CTOJIETHA; U3 Teopun ['ekke; u3 Teopun
moJieil KJ1IacCoB; U3 TEOPUHU IIPEJICTaB/IeHuel IPyII, B KOTOPOoi BaxKubIM nMena Ppobennyca,
[l'epmana Beitng, Xapum-Yanapel. B sroit apudmMernydeckoil Teopun, HesaMeHIMOI cocTaB-
HOIl 9acTBhIO SBJIAIOTCA cOOCTBEeHHBbIE uncia ['ekke. Bocmomp30BaBIINCh STUME YNUCIAME, MBI
orpejie/isieM IPe3BbIYaifHo BaxKHble L-QyHKINU. DTU 9ucaa COOCTBEHHDBIE YHC/IA OIIEPATOPOB
[ekke. DT omepaTophl ONpeIeEHbl B apudMeTHIeCKOil TeOpUn HO He B TOI MeOMeTPUYIECKO
Teopun KOoTopas IpeJicTaBiena [aiiropu min CDpeHKeJIeMH TpyanocTb TOM, 9TO B TEOPUU
PYCCKO-aMePUKAHCKO MIKOJIbI COOCTBEHHBIE BEKTOPHI 3aMEHEHbI COOCTBEHHAMU IIyUKAMHU,
CYIIECTBOBAHUE KOTOPBIX 3aTPY/IHUTENHHO JI0 CUX IIOP HEBO3MOXKHO JI0Ka3aTh. Kpowme Toro,
olrcanue KJIacCUPUIUPYIONIEro MPOCTPAHCTBA B 9TON TEOPUU IPEJCTABJIEHO MOHATAMU U3
TEOPUU IIYIKOB, CTEKOB M TOIOJIOIMIECKIME BOIIPOCAME, BBEIEHHBIMI ITOOBI CO3/IATh TEOPHIO
KJIacCUUIUPYIONIEro POCTPAHCTBA, KOTOPAas BIOJHUT MO OOJIbINEH YacTu PyHKTOPHAIbHDBIE
TpeboBanuus ['porenuka. Jra Teopusd BaKHa, HO 110 MOEMY OHa He Ta TeOpUs KOTOpas
HEXOIMMa JIJIsl BBICKA3bIBAHUI U JIOKA3aTEILCTB NeOMETPUIECKOT0 BUA, Te KOTOPbIE S HAa3BaJI
B apudmeTndecKoil Teopun pyHkTOopuasiibHOCTENl U B3anmuocTeil. [lo mpuunne koTopyio
00BSICHIO TI0Ke, MOYKET OBITh YTO B T€OMETPUYECKOH TeOpUu JIydIle CKa3aThb JBOMCTBEHHOCTD,
HO (DYHKTOPHAJBHOCTH CJIeCcTBHUE JBoiicTBennocTr. OiHa u3 1meseit apudmernieckoil Teopun,
JI0Ka3aTh (PyHKTOPUAIBHOCTD U MOJIB3YSCh 3TON (DYHKTOPHAIBHOCTHIO IIOCTPOUTH aBTOMOD-
HYIO TPYIIILY Faﬂya,ﬂ HO B TeOMeTPHUYecKoil Teopun 3ta rpymnmna lanya yxe nana. OpHako
HY2KHO JIOKa3aTh, YTO JaHHAs IPYIa 00/1aiaer XKeJanubiMu cBoiicTBaMu. To 410 HeoOXo Mo
3HATH JIJIT OCHOB I'€OMETPHUYECKO# Teopuii, BBOJIUMONW B 9TOI CTaThe, 3TO OOIIEIPUATHBIC
ompejiesieHns U3 cpepbl MHOYKECTB, TPOCTPAHCTOB M Mep.

Hesb 9TO# cTaThsd ONKMCaTh TO, YTO KAXKETCs MHE IMOJIXOAINIM aHAJIONOM apudmMeTne-
CKOIl Teopuu, U JIOKA3aTh 9TO JjIs UHTEPECHOI'O, JazKe Pa3uTe/IbHOr0, HO JIEFKO JOCTYITHOI'O
ciydast: rpyninbsl GL(2) mag ssumnrudeckoit kpusoit. Ho cyriecTByor e reomeTpudeckue
TEOPUH, HaJ[ TOJIEM Faﬂyﬂﬁ U JIpyrasd, KaK B 9TOI cTaTbe, HaJl I0JIeM KOMILJIEKCHBIX YUCEI.
4 Bammaressio ne pacemorpen mu |G] nu [L], Ho mue kaxkercs(!) aro |L] npenmaraer mis
oyt BYHKITHI Ha/l KOHEYHOM TI0JIEM TEOPHUIO KOTOpasd COBMECTUMa ¢ Po3eTcKuM KaMHEM
Anspe Befmﬂﬂ. Kpowme toro, u mo-moemy odenb uatepecto, corsacto [L, Th. 0.1] amsa rakoro
o aproMopdnas rpymma Lanya nzomopdua Gal(F/F). C 1pyroit CTOpOHBI, TOYHO TAK Ke
kak Teopema [Isnu-Bunepa unu reopust npeodbpazosanuit Pypwe st 0000MIEHHBIX (DY HKITHI

Y[G] Hoknan Progres récents dans la théorie de Langlands géométrique, Sém. Bourbaki, Janvier, 2016
nanucan leuncom laittiropu ymobHasi cChLIKA.

2[F] Lectures on the Langlands program and conformal field theory, Frontiers in number theory, physics,
and geometry.

3910 GBLIO CYIIECTBEHHOE HEIOHUMAHNE C MOeii cTOpOHbL. OH HCIPABICH B IPUMEYAHAN

https://publications.ias.edu/sites/default /files/discovery.pdf

4[L] V. Lafforgue, Chtoucas et programme de Langlands pour les corps de fonctions (https://arxiv.org/

abs/1404.3998)
°IW| De la métaphysique aux mathématiques, Oeuvres scientifiques, vol. IT crp. 408-412.
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[IBaprma He 3amenaior L2-teopmio mpeobpazosanuit Pypne na R nmm ma R, n = 2,3, ...,
no-mMoeMy Teopus npesyioxkennas B [G] ne samensier L2-teopuio oneparopos Iekke. 91 mymaio
YTO TaKasg TeopUs IyIIECTBYET JIs KayKJIOW PeLyKTUBHOM IPYIIIBI Ha ITPOU3BOJIBLHOM MOBEPX-
noctu Pumana. Ilopoit g Oy/1y KacaTbcst obImero cirydasi HO s CEPHE3HO O HEM HE PA3MbBIIILISLIL.
[enb sToit crarbu onucanue reopun jyist rpynnsbl GL(2) Has sjmnTuaeckoil KpuBoit, st
KOTOPO#1 OHA y2Ke JIOCTyIIHee. XOTs g MOy IPEJCTaBUTh cebe obImuil CreKTpaabHbI BHL
reOMeTPHUYECKOIl TeOpuu, si He MOTY IIPEJICTABUTL cebe Teopuu, KoTopas 00beuHIeT €€ C
teopueit ommcannoil B [G]. Kak nocsenee nabiosenne, reoMeTpuieckast TeOpHsi OTHOCUTCST
OTYaCTH K KOMILIEKCHO-IuMdepenTuaibHoit reOMeTpUn, HO 9Ta CTaThs HAIMCAHA JJIs CIICIU-
AJINCTOB 10 TEOPUU aBTOMOPMHBIX (POPM, KOTOPHIM 3Ta reOMeTprYecKas TeOpHsl MOXKET ObIThH
HewsBecTHa. BesecTBue Takoil cOOCTBEHHOI ¢J1ab0CTH, s BKJIIOYN HEKOTOPbIE SJIeMEHTAPHbIE
obbsacuenns nousaTuit B [AB|. D1u o6bsacuenns dacto npeacrapisior coboii pacTaHyThIE OT-
crymienus. CBepx TOro, s MO3BOJIN cebe MHOTHE JIPYTUe OTCTYILIEHUS, HEKOTOPbIE JIOBOJIHLHO
9JIEMEHTAPHDIC, UCXO/Is U3 TIPE/IIOJIOZKEHUs, ITO OOJILITNHCTBO YUTATEICH TaK YK€ KaK s MMeeT
KaK MOXKHO MEHBbIIIE OIbiTa ¢ auddepeHnuaabaoil reomeTpueii, Tak Kax si.

Konmoska HeckoJIbKO pe3kasi, HO MOSBJICHAE PEIIUTEIHHOIO 3HAKA B MECTe, IJIe s MEHbIIe
BCETO €ro 0KUJaJ, MOJTBEP/INIO MOIO YBEPEHHOCTH B IIPABUILHOCTU Moero yoexaenus. Mue
OombIe He HYKHO ObLITO yOeKIaTh B 9TOM.

Nznoxkenne HeTOCTATOYHO MOAPOOHO, HO TeMa HOBA & Hallle MMOHUMAaHWe HEeCOBEPIIEHO,
[I0O3TOMY TIOJIHOE OObACHEHHE OBLIO OBI 3/16Ch HEYMECTHDIM.

ABTomopdnaga rpymma I'amya. Tak kak rrmaBHas 1e/ib 9TOH cTaTbu, BBEJIEHNE B T€OMET-
PUUECKYIO TEOPUIO U IIPE/IBAPUTETLHOE — BO3MOXKHO BPEMEHHOE, BO3MOYKHO OKOHUYATEIHLHOE —
IIOCTPOCHHE COOTBETCTBYIOIIETO MaTeMaTUICCKOI'O IIpeAMeETa, d IPEAIIOIUTaI0 OIIPEAC/INTD ee
TOTYAC. DTO MPEIIOIATaeT BBEJICHNE TAKON TPYIIIBI, KOTOPAs MOCTABJISIETCS C P ITUCAHUSI-
MI IS TpeBpallenus roMopgusMa, oT Heé K rpymme (G, K cOOCTBEHHOMY CONPAMKEHHOMY
CEYCHUIO. STI/I CcedeHud OlIpeaesieHbl HU2Ke. 9TI/I npealnuncanud MoryT 6bITb CJIOZKHBIMH. Ha—
IpUMep OHU MOJIB3YIOTCA Teopemoii ATbu-Borra. B jr000M cirydae, MbI 110/IBEp2K/1aeM 3aKOH
B3aumuocTu Jyist GL(2) u sjumunTideckoii KpUBOi, cHAYa I8 BBIYUCIIsIs COCTBEHHbIE 3HAYEHUE
ortepatopos l'ekke, a 3arem ceazuoctu Anra-Musica. He npesonaras, 1ro 9o npeanpusrue
KaKNM-T100 00pa30M MMeeT TaKoe Ke 3HaYeHue Kak JIocTrKenus JleeKnnia, mpocTo Kak
JIETKOMBICJIEHHOE 3aMevaHne, s Ipejjaraio B KadecTBe JIpyroro naspanusd, Was ist und was
soll die geometrische Theorie der automorphen Formen? ‘ﬂ

3amMmeuaHusda O cJjiore U coAep>kKaHum 3Toii ctarbu. OHa HAIMCAHA IS MATEMATUKOB,
3HAKOMBIX C TeOpHueil aBTOMOP(HBIX (POPM HAJT YUCJOBBIMU ITOJIIMU HO, KaK U 5, C HEOOJIBIIIIM
3HaHueM JuddepeHaIbHONl TeOMeTPUN, B YACTHOCTH BEKTOPHBIX PACCIOEHWIT U CBA3HOCTEIN.
[TosTomy 3HAYNUTEIBHOE MECTO OTBEJIEHHO IIPOCTBIM HMJIM U3BECTHBIM MOHATHAM. Hemuoro
3HAKOMCTBA C HUMH HeJIOCTaTOuHA, Kak s moHs npu usydenuu [A] u [AB]. O6bschenust srux
ABTOPOB SBJIAIOTCS KPATKUME W IVIQJKUMU, HO PEJIKO TOUHBIMHU U PEJIKO MOIPOOHBIME, TIO-
BUJIUMOMY, IIOTOMY, YTO OHU IIPEJIIIoJIaraan y YuTaTes s HEKOTOPOro 3HAKOMCTBA ¢ OCHOBHBIMU
noudaTuaMu. ¢l jrymast, 9To y MeHs OHO ObLJI0, HO CHA4YaJjia 9TOr0 OBLJIO HEJOCTATOYHO JII
TOYHOI'O MIOHMMAHUS X BBIBOJIOB U JaxKe UX OCHOBHBIX yTBep:KjeHus. [losromy g mobasui
CIOJTa BCE JIOTIOJIHUTE/IbHBIE PA3MBIIILIEHUs, KOTOPBIE S CYNTAJ HEOOXOIUMBIMY UJIN TIOJIE3HBIMU,
HO TOJIBKO II0 Mepe 3TOI HEOOXOJIUMOCTH.

69ror KBa/IpaT YKa3blBaeT Ha KOHeI] OTCTYILJICHUS.
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Ectb ipocToe HO mosie3noe 3aMedanue. B 1oBojax 3Toi cTaTbu €CTh TPHU CTEIeHH: YETKOe
YCTAHOBJICHUE COOCTBEHHBIX (PYHKIUI U COOCTBEHHBIX 3HaUYeHMl onepaTopoB ['ekke; 4éTKOE
ycTaHOBJIeHUE cBA3HOCTEN fAura-Mmica; mx cpaBHeHnwue.

S npummén K moHMMAaHUI HEeOOXOINMO OCHOBBI TEOPUH TOJIBKO B XOJI€ YTEHHUs CChLIOK
U HaIlUCaHUS CTATbH, TAKUM 00pa30M, UTO 9TO HAYAJIOCH C YTBEPXKIAEHUS, JIJISI KOTOPOIO
JIOKa3aTe/IbCTBO MOIJIO ObITH 0OECIIEYeHO TOJIBKO MEJJICHHO, KOT/IA s TIPUIIIE/ K TTOHUMAHIIO
cooTBeTcTBYIOMIElN Teopun. Moe nepBoHavda/bHOEe TOHMMAHUE JIOKA3aHHONW TeOpPeMbl He COJIEP-
JKaJI0 HU TOYHOTO yTBEPIKJIEHMs, HU OOJIBIIOr0 3HaHUs i depeHnabHO-TeOMeTPUIECKOro
ocHoBanusi. [loaToMy, OBLIIO MHOTO Wero si He MOT TIPEJIBUIETh U He ObLI TOTOB. DTO MPUBEJIO
K U30BITOYHOCTU U OTCTYILICHUSIM, HEKOTOPBIE dJIeMEeHTapHbIe, KOTOphIe Oy /IyT 00y30ii i1
reomMeTpa, HO, BO3MOKHO, MOT'YT ITOMOYb CIEIUAJIICTAaM B 00JIACTIX, OTHOCAIIUXCA K (PyH1a-
MEHTAJILHOM MpobJeMe 3Toil cTaThbi, & UMEHHO B3aUMHOCTU U (DYHKTOPHAJIHLHOCTU B TEOPUN
aBTOMOPMHBIX (hopM, a He TOJIHKO B OJIHO U3 €€ TPEX Pa3HOBUIHOCTEM, HO BO BCEX, XOTd 9T
CTaTbhs MMOCBAIIEHA UCKIIOUNTEIBHO T€OMETPUIECKON TEOPUH.

B konrie KOHIIOB, s1 HEe 3asBUJI TEOPEMY, XOTsI MOT Obl, U YATATEb MOT Obl 3aKJIIOYUTH
COOTBETCTBYIOIIEE YTBEPKIeHrne. 10, YTO OPA3UTEIHHO, - 9TO TOYHOE CIEIICHIE BHIYUCICHUI
CcOOCTBEHHBIX CONPSKEHHBIX ceueHHuil ['ekke u crpoenus teopun fura-Mwusica. Xorsa Ha
JTAHHBIIT MOMEHT §1 HE MM TOYHOTO BOCIIOMUHAHUS O BBIYUC/IEHUSX B KJIACCUIECKON TEOPUH,
(6o HavasbHBIE BhIUKCIeHus B Layce, mbo Gosee nosaaue pacyersl B Hasse u s HaunHaO
onacarbCsd, 4TO s He U3YUUJI UX JOCTATOYHO), MHE KAyKeTCsl YTO CYIIECTBYET HEPU3HAHHOE
CXOJICTBO MEXK/Iy HUMHU U T€MHU UYTO B 9TOH crarbe. B oboux ciydasdx JiBa, IO-BHIUMOMY,
pa3HBbIX 00bEKTa CBSI3aHbI TPETHUM UYBCTBUTE/IHLHBIM YaCOBBIM MeXaHH3MOM. B 3Toit crarhe
9TO BBINVISJIUT KAK IIOCJIE/I0BATEIbHOCTD CXOJICTB MEXKJLY JBYMS JIOBOJIBHO CJIOKHBIME, HO
KOHKPETHBIME, BBIYUCICHUSIMU, ¥ B CAMOM KOHIIE CDABHEHUE MOXKET OBITH 3aBEPIICHO TOJIHKO
Osraroapst yAMBUTEIHHON JeTajI, KOTOpasl MOSB/ISIETCsT B 000UX, XOTs TI0 PA3HBIM ITPUIMHAM.
[IpsiTarh 9TO B yTBEPXKJIEHUN TEOPEMbBI, KOTOpasi, B KOHIIE KOHIOB, OYIET TOJBKO OCOOBIM
CJIydaeM, Ka3aJach XaMCKHUM.

[Tocrpoenue crarbu npocro. K kouiy pasmena §lII pazbschens: e dbyHKTOPHATIBHOCTH
B reomerpuieckoM Kourekcre. B §IV] s HanoMuHao KIaccuIeckyro Teopus JLITHITHIECKIX
KPHUBBIX, 13 KOTOPOi MbI UepliaeM, UTOObI CJeaTh Hallle 00CYyXKIeHne KakK MOXKHO 0oJiee
npounbiM. Creayromnime TPy pas3/iesia MOCBIeHbl BBEIEHUIO onepaTopoB ['eKKe 1 BHIYNCIEHIIO
X cOOCTBEHHBIX (DYHKIMIT U COOCTBEHHBIX 3HAYEHMII, HO B paMKax IpocTpaHcTBa ['misbepra.
[Tocsie storo B VI n §IX] Benomunaerca neobxoammast muddepeniumanbHas reomerpus,
unorja Ha ocHopHoM ypore. B §X]u §XI| nasnbHeiiniee o6cyzkienne reopun fura-Muiiica
MPUBOJINT K CPABHEHMIO C PAHHUMHI PacdéraMu B Teopun [eKke, a 3aTeM JIETKO K JKeJTaHHOMY
cpaaenuio. [locneanuit pasmesr kpatok. ¢ mo3Bom cebe MHOTHE OTCTYILIEHHH, HEKOTOPBIE
JIOBOJIBHO 3JIEMEHTApPHbBIC, UCXOJIA U3 MIPEIOI0KEHNA, I9TO OOJIBINMHCTBO YUTATE/IeH OYy/IyT
UMeTh KaK MOYKHO MEHbBIIEe OIbITa ¢ Jud depeHnnaabHoil TeoMeTpueil, Tak »Ke Kak .

Hakomnerr, cioBo o si3bike. Korma s 3amnmcaljicss B yHEBepcUTEeT B BaHKyBepe B Bo3pacTe
IIECTHAIIATH JIeT, TPUOBIBIIUI U3 JIePEeBHU, 1 OBLI IMOCBAIIEH B HOBBII MUpP HE TOJILKO MaTe-
MaTHUKW, HO TaKzKe ObLT OCBEJIOMJIEH O TOM, YTO B MUPE CYIIECTBYET OOJIBIIIOE KOJTUIECTBO
SI3BIKOB, HEKOTOPBIE U3 KOTOPBIX B HACTOSIEE BPeMsl HEOOXOIUMBI JIIs YCIENTHONW KU3HN KaK
MaTeMaTHK. XOTd U MEeJIJIEHHO, d Y3HaJ, YTO OHH ITPEJJIAraloT ropa3ao OOJIbINe, YeM CaMy
MaTeMaTuKy. K coka/leHnio, 110 TpUIuHAM, KOTOPhIEe 3/IeCh He HYKHO TOAPOOHO OMUCHIBATH,



MaTeMaTndeckas mpodeccus O0JIbINe He MMpejjiaraeT 3TO OKHO Mupy. TeMm He MeHee Kejia-
HUE HAIMCATD CTATHIO HA PYCCKOM SI3BIKE OCTABAJIOCh. DTa CTAThs ObLIa MOEH MOCTIeTHEe
BO3MOKHOCTBIO CJI€JIATH 9TO.

Pasmbrnuiss nat 9Toit crarbheil, ocjie TOro, Kak oHa ObLa 3aBepllieHa, U HaJl €€ CTUJIEM,
s ObLT 033J[adeH MHOTMMU OTCTYILUICHUSIMU U UX OTHOIIEHWEM, HO TOIJa NPUIUHA CTasIa
OYEBUIHON. DTO CBA3AHO C TE€M, YTO OCHOBHAS YACTH PADOTHI MOCBAIIEHA MOUM YCUJIUSAM IO
HOHUMAHUIO MOHATHI, B3ATHIX U3 [A] u nebosbimoit wactu [AB|. ITocie Toro, kaxk crpoerue
Bung n npupoya casnocreit Adura-Muica craam mOHATHI, MOs €JIMHCTBEHHAs UJiest OBLIO
BBejieHne onepaTopoB ['ekke, Kak ormepaTopoB B TMIBOEPTOM IIPOCTPAHCTBE. DTO OBLIO TPOCTO,
XOTsI HOBO U JIazKe HECKOJIBKO PEBOJIIONMOHHO, NOO MPUBI3aHHOCTh MaTEMATHKOB K ITy9IKaM
Obl1a yHUBepcasibHa. B 9Toil crarhe MydKOB HET.

B okonvaTenbHOM 3aK/II0UEHUN S TOIEPKUBAIO CBOE HEJOBOILCTBO U3JIOKEHHBIM 3/1eCh, HO
JIOCTATOYHBIH OTYET TpedyeT KPaTKOIro HO IOJTHOIO 00IIero uiJjoxenus teopun fnra-Muiiica,
a TaKXKe MOHUMaHUe IMOCJIeTHUX ad3alleB 3TOH CTATbU, B KOTOPBIX MOSBJISIOTCS MPIMbIE
n300paKeHNsT PACCIOCHUN W WHJIYTUPOBAHHBIX [IPEJICTAB/ICHUN, HO TIOHUMAaeMble TIPU OOIIUX
yCIoBuAX. B HacTosImee BpeMst 9TO BPsJL JIX JIOCTYITHO. DTO 3a/a4a IpejiaraeMas TuTaTeIo.

II. OCHOBHBIE MOHATUSA OBIIEN TEOPUU

B nepByto odepesib HaM Hy2KHa pelyKTHUBHAs ajrebpandeckas rpymmna G Ha KOMITAKTHOMN
Heocoboit anredpandeckoit kpusoit M waj C u eé Kiaccudupyiomiee mpoctpaictso Bung. A
Oy/ly pa3bsaCHATDH 00IIee IMpeJyIoyKeHne, KOTopoe Oy/1y JJOKa3bIBaTh INIABHBIM 00pa30M st
rpynny G = GL(2) maj samunrudeckoir kpusoit M. Dror ciydaii yxke nopasuresen. ¢
UCIOJIB3YIO 3aKJIIOUEHUS U3 CTaThU ATI)I/IH Bo3morkHO, OHU JIOCTATOYHBI TAKKE JIJIs TPYIIIIHI
GL(n).

[Iycts F' mosie mepomopdubix dbyuxnuit Hag M. [lycts Ap anrebpa agesneit mons F u F,
JoKasbHOe 1ojie B Touke © € M. Kombio O,, kosbuo neisix sinement B F, u O = [, O,.
OrHorenne

Bung = G(F)\G(AF)/G(O)
m3secrro. Ono nokazano B ([F],83). ¢ o6bsacuio ero mmxke. [Tozxke, MbI KpaTKO 00bACHUM
KaknM obpazoMm it Hac Bung npescraBisger coboil TOMOJIOTHYECKOe TPOCTPAHCTBO XOTS U
He Xayc0pdHOBO MPOCTPAHCTBO U YTO OH HOCUTEDb JIOKAJILHO METPUYIECKON CTPYKTYPHI U
mepst i, s G = GL(2) u sjummnruaeckas Kpubasi M cTpyKypa U Mepa IIPOCTHIL.

Onepatopsl Tekke - smneitnble oTobpazkenns npocrpanctsa L2(p). [aBHas Tema 9Toil cTa-
ThU orepaTopbl ['eKKe n mx coOcTBeHHbIe 3HadYeHnd. [[g Kaxk 10t Toukn x € M cymecTByer
KoMMyTaTHBHas aarebpa L'exke §);. DTn aareGppl KOMMYTATUBHBL U TIOIAPHO KOMMY TATUBHBI.
[Iycte © € §,, TOorga TO SPMUTOBO COIPSAKEHHBIN orneparop O - Toxke omneparop ['ekke.
CienoBaTeIbHO CYIIECTBYET COOTBETCTBYIOIIEE CIIEKTPAIbHOE Pa3JIozKeHUe IMPOCTPAHCTBA
L?(u) u 1iess 9Toit cTaThu - OMHMcaHne COOCTBEHHUX 3HaueHneil n coOCTBeHHUX (DYHKIUE 3TOTO
pasiiozkenusi. XOTsl B 9TOU CTAThE TOBOPUTCS MPEUMYIIECTBEHHO 00 S/UTUIITUIECKUX KPUBAX,
s1 HEe MOT'Y JIepP2KaThCs OT HECKOJbKHUX 00mmx 3amevdanuit. C 60Kbeil TOMOIIBIO s BEPHYCH
K 00I1eit KpuBoil 11o3:ke. B cieayroriem pasjeste s cchopMyaupyo odIue IpeInoI0KeHnsd,

7[A] Vector bundles over an elliptic curve, Proc. London Math. Soc. vol. 7, 1957
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KOTOPBIE 5 JOKaXKy MO3Ke JIJIsl SJINITHYIecKoit KpuBoii. Kaxk it onepatop ['ekke © ompeje-
JINTCsT COOTBETCTBHEM O. DTO COOTBETCTBHE TMOAMHOXKECTBO MHOXKecTBa Bung X Bung. 910
COOTBETCTBUE TaKyKe HOCUTEb MEPbI, KOTOPYIO OyJIeT JIydIlle OIICAaTh HO37Ke.

III. T'UNOTE3A

XoTd MBI JIOKaXKeM TU TPEJIITOJIOKEHIS TOJIHKO JIJIsi KPUBBIX IIEPBOTO POJIa OJINH a He JJIs
BBICIIIIX POJIOB, 1 TOJBKO Jijist TpyIibl GL(2), MHE KarXKeTcs 9TO OHU TaKKe CIIPABEJJINBBI JJIst
GL(n), 6arogaps crarbe [A]. Boobmie ects e crynenu: (i) GL(2) 3ameno apyroit rpymioii;
(ii) M 3amenHo pOM3BOJIBHOI KOMIIAKTHOI TOBEPXHOCTHIO PuMana. ¢l emé He pasMbIiiisan 06
9TUX CePhE3HO. 4 MPesIokKy OMHAKO yOenTeIbHYI0 TUIIOTe3y, HO ITOOBI YTBEPIUTD €€ JIsd
g > 1 neobxo Mo OyJIeT MPOyMaTh CJIOXKHOCTH CTPYKTYphl Bung. Ecth Koneuno emé ojna
CTyIeHb, PA3BETBIEHHAS TEOPHs, HO 00 ITON s HUKOTJA HE PA3MBIIILISIL.

NsBectro uro anrebpa [ekke rpymmer G = GL(2) win mpon3BosIbHOM peyKTUBHON MPYIIIIbI,
- B 9TOM pa3zJiesie pedb HAET 00 9TUM - H30MOpPGHA KOJBILY MPEICTaBIeHUN TBONCTBEHHON
rpymmsl “G 1 uTo Kazkierit romoMopduaM 370t anre6psl B C 3aaH MOTYIIPOCTHIM KJIaccoM 0 B
L@. Crenmoparensio, cobcTBennoil (hyHKIUE Beex onepaTopos [eKke mm Jryde cobCTBeHHLIM
3HAYEHUSM COOTBETCBYET (DYHKINS 3HAUYEHUs] KOTOPOW B TOUKe x € M TpPeaCcTaB/IAOT MOJTy-
MIPOCTHIH KJIacc {9(33)} Mbr Ha3bIBaEM 3TO COOCTBEHHBIM COTIPSI?KEHHBIM CeUeHUeM Wi, DoJiee
KpaTKO, COOCTBEHHBIM cedeHneM. CTPYKTypa MHOXKECTBa 9TUX cedeHnei HescHa. V3BecTHO
9TO eCThb TaKasl yKe Teopus jijis Bcex M u Bcex (G U MBI pacCMaTpUBaeM B 9TOM pasjielie
o0muit ciryJaii.

B Teopun aBromopdubIx hopM noHsaTHE (PYHKTOPHAJIHLHOCTEH BbIpazKaeT TO, YTO MHO-
JKECTBO CeueHueil MM MHOYKECTBO TeX cedeHueil KoTopble IpuHa yexkaioT L2-reopun Jano
romomMopdu3MaMu, WK YHATAPHLIMUA NOMOMOPMU3MAMHE, MPEJIITOIAraeMoil aBTOMOPQHOM
rpymst [aya s LG, Ilneacrapasercs, 9To pasimame MezK Ly apudMeTHuecKoil 1 TeoMeTpude-
CKOI1 Teopuell 3aK/II0YAeTCs B TO, 9YTO T€OMETPUIECKYIO TEOPUIO MOXKHO OIHUCHIBATD ITPOCTHIM
ynorpebjieHneM OOBIMHBIX ToHATHI. B apudmerndeckoir Teopun 310 He Tak. B aTOM paziesne
s1 OIUCKHIBAIO ODIIYIO TUIIOTE3Y, KOTOPYIO 5 JOKAXKY I03Ke, IMOCIe HEKOTOPOH MOTOTOBKH.

[TousiTne cBs3amHOe ¢ apromMopdHOit Tpymoit ['anya npuBogurces B ctarbe ATbu U BOTTa.ﬁ
DTa cTaThsl, BMECTe C yKe YIOMSHYTOi crarheit ATbu, okazasa OOJbIoe BIUSHAE Ha HACTOS-
myio crareio. 910 nongtue ectb rpynna I'g (JABL Th. 6.7]). g kpusoii poga g 91a rpymmna
- MIPOJIOJIZKEHNE TEHTPATBLHOTO PACIIHPEHUS

(1.a) l1-Z—->T—->mM)—1, Tr=RxzI.
['pymma I' mopoxaena smementamu Ay, ..., Ay, By,...,Byun J =1 € Z ¢ ogHBIM OTHOIICHIEM
(1.b) AIBIAT BT A By Ay By - AgByA B =0, J =1€Z.

B crenyromux pasmenax, rie g = 1, yeranosyieno uro Aq, By npeacrasisior netin (0, 2wy ),
(0, 2ws) B saIMITHYECKOl KpuBoit M.

MpbI HHTEPECYeMCs TOJBKO ¢ TAKUMHE IIPEJICTABICHUAMIE () TPYIIILI I IT0 HOPSIKH 3JIEMEHTOB
o(A;), ¢(B;) n ¢(J) Bce Koneunsl. OHNM HA3BIBAIOTCA JOMYCTHUMbIMEI. Ham Hy»KHa TakKe
rpymna I' = Z x I'. Bosmoxkuo aro mopsiiok smementoB ¢z x 1) € Ux 1,z € Z, U =
{w eC ’ lw| = 1}, 1 € T, 6eckoneuen. Cmaraemoe Z ne nposiisiercs B [AB|, moromy 1o
B 9TOf1 cTaThe Kyiacc JepHa paccioeHus 3ajlaH Tak 4To Bung cTaHOBHTCS CBS3aHHBIM, TO
€CThb CBA3AHHLIM KOMIIOHEHTOM IIpaBUIbHOro Bung. Bioxkenue storo Z B I HECKOIBKO

8[AB] The Yang-Mills equations over Riemann surfaces, Phil. Trans. Royal Soc. Lond., vol. 308, 1983
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npousBosibHO. OHO cBst3aHO ¢ BbIOOpoM paccioennss A = Ag B [Al Th. 6], n HaCTOAIIEH
crarpu. Ceitaad)

(1.c) A1BIAT By Ao By Ay Byt AgBg AT B =0 % .

DTy HOBYIO TPYIIIY $ Ha3bIBaio aBromMopdHoil rpymmoit amya. Bosee Touno, aBromopdHast
rpynna lamya [y siBigerca nponssesienneM Z ¢ 0OPaTHBIM IIPEJIEJIOM BCEX KOHETHBIX IPYIII
Jipobeit rpymmbl I'. B oToit rpyiie (Ha KazK0M KOHETHOM yPOBHE 3TOM I'PYIIIILI — 3TO TO, YTO
BaKHO) HOPsIKN 00pa30B 3aeMeHToB O(A;), ¢(B;) u ¢(J) Bce koreunbl. Hanpumep criepsa Mbl
cTpouM Tepecedenue 'y Bcex sijiep TOMOMOPU3MOB I'PYIIILI [' K IpyIiIe ¢ MopsiIKOM KOTOPbIii
JenuTcd Ha 2, Torja nepecedennus ['sg, 'a7g00 1 Tax mastee. Torma

(1.d) Paue = Im Z/n(k)Z x Im T'/T),

rae n(k) = (k)*. Dra gocamnas meneTHIHHOCTb HEOOXOIUMA IOTOMY YTO CBA3HOCTH U
COOCTBEHHBIE COIPSI?KEHHBIE CeUEHUsI B3aUMHO CBsI3aHBI, HO pa3/IndHbl. B 4acTHOCTH JOMOJIHH-
TesibHOEe Z Hy»KHO 11oToMmy, uTo Bung HecsizHo. Kak Oyiaer o0bscHeHO 1103:K€e, HejgapoM 'y u
[, 0b6a orpesesiensbl kak n3MeHenne rpymibl ['. CoOCTBEHHBIE CONPSIKEHHBIE CETEHMA U CBSI3-
noctu Anra-Muica Tecno cBasanbl. f 3amedaro Takxke, 9uto B [, ypaBuenune J =1, 1€ Z
3aMEHSIETCS

J=1,1 G@Z/nz,

rje z — nz/m, m|n B BO3pacTaoloii moc/1e/10BaTeIbHOCTH HAIIPABO.

IIycth “Gupit - KOMIIAKTHBIH BH rpynnsl “G. 1 IpeonoxKy 3To, HO TOJBKO IPHOJIT3H-
TEJILHO [TOTOMY YTO 3TO IPEJJIOKEHIE TO3BOJIAET U3BEXKATh HIOCKOIMYIECKUE TPY/IHOCTH,
YTO CYHIECTBYeT OMEKTHBHOE OTOOPasKeHNe MHOXKECTBA COOCTBEHHBIX CONPSZKCHHDBIX CCUCHUIT
C MHOKECTBOM roMOMOPGU3MOB IpyHIb Lyt B “Gunie. 1les HacTodmell cTaThn 10Ka3aTh
570 Jyist rpymsl GL(2), xors Mue Kaxkercst 910 cTarbs [A] mosBosmia 66l OMYIUTH JOKa-
saresibeTBo it GL(n). Ectb 37ech oHako TpyaHoCTb. 41 ené He 3Har0 Kak paclo3HaBATh
HEIpUBOAUMOe TipejicTaBiienne rpymnoit [y B GL(n), ecomm pasmep n 6osiblie deM IBYX JazKe
JUIS SJLTUIITUYECKO Kpuboit. Yuraresao Oyjer sCHO 4To s craj noHuMarh crarbu [AB]|
u [A] Tonbpko Torga, KOrga s mmcas 3Ty cTaTbhio. [lepBOHAYAIBLHO MOE CTpeMJIeHHe ObLIO
CKPOMHEE, HO MHE Ceiiuac KarXKeTcsd 9TO IJIABHBIE YTBEPXKICHUS MeOMEeTPUIECKOl TeOpUr Hal
C yauBUTEILHO IPOCTHI, XOTs HeoYeBUIHBL. ¢ He 3Hato ecom antaresasam |Gl win [L] HyxHO
WA JTaZKe TIOJI3HO UX HOHUMATD.

Caydyaii HyseBoro poja. Eciim poji paBeH HyJI0, ypaBHEHUE 0ecCMBbICJIEHHO, TaK
a10 [,y HYXKHO ONpeeuTh Ho-Japyromy. MHe KaKeTcs, 9TO HET WHOIO BBIOOpa, KpoMme
MIPEJIITOJIOXKEHNUST, ITO OHO PABHO Z. DTO COBMECTUMO C TE€M, UTO JIJIsA POJIA HYJIb, BCE PACCIOCHUS
SABJISIIOTCS IPSIMBIMU CyMMaMU JIMHEHHBIX PACCIOCHUN, KaK/10€ U3 KOTOPBIX caM sIBJIsIeTCS
CTEIeHBIO OJIMHOYHOIO JIMTHEHTHOTO PACcC/JI0eHUs CTEIIeHN HYJ/Ib. DTOT CJIydail SBHO HCKJIIOYEH

IMonesHo 3aMeTUTh YTO

00 0------ 0 1 1 0 0cvvveenn 0 1 0 0Qcvevennne 0 0 0 0---n-- 0 1
1 0 0------ 00 0 a 0Q-vvvvvne 0 0 a 0-vvvenns 0 1 0 0--v--- 0 0
o 01 0---... 0 0 00 a2....... 0 _10 o0 a2 ... .. 0 01 0-+---- 0 0
O 0 O ------ 1 0 () () 0 ...... a1 () 0 0------ a1 () 0O 0------ 1 0

rue a = exp(2mi/n). Dro upocroii nupumep ypasuenus (1.c).
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u3 obcyxenns B [AB|. Betomy B 910it crathe dnraTesio 6yeT sicHO, 9To OHa ObLia ObI JTydIie
Halncana, KaK B OTHOIIIEHUN SCHOCTHU, TAK U B TOYHOCTH, €CJIA OBI ¢ JIydIle pa3doupaJics B
teopun Anra-Mwuuica B wactnoctu, u B auddepenruaabuoit reomerpun B 1iesoM. Hl

Ectpb nBa BaxkHBIX 3aMeuanus. Bo-1epBbIX, f PACCMOTPIO TOJILKO HEPA3BETIEHHYIO TEOPHUIO.
Bo-BTopbix, B apudmerndeckoil Teopun CyIecTBOBaHHE aBTOMODPQHOI rpytiibl [amya K-
BUBAJIEHTHO (byHKTOpI/IaJIbHOCTI/I.H Tecnas cBA3b MeK Iy Teopueil ajarebpandecKux duces u
Teopueil anrebpandeckux Kpubbix HaL C ObL1a onucana lemexkuugom u Bebepom B ctaTbe
[DW]H Teopus anrebpaiiueckux KpuBbIx HaJI moseM [amya npubasiena Aujgpe Beitmom [W].

Teopun apyx crareit [A] u [AB|, MmHe u Moum wmraTesnsiv 1o GoJIbIell YACTH HE3HAKOMBI .
[TosToMy s TPOCTPAHHO OObICHIO HECKOJIBKUX ITOHSITHIA.

IV. TEOPUA NPUBEJAEHUSA 1Jid SJIIUNITUYECKON KPUBOU

Dra BayKHasd TEOpUsl JOCTHUIJIA CBOENO OKOHYATEIHLHOTO BUJA HaJl MOJeM ajredpaiiueckux
quces B JoKjaa1e bopeis u Xapﬂm—‘laﬁﬂpbﬂ HO JIJIS PUMAaHOBOI IMOBEPXHOCTHU €€ erlé Her. B
crarbe [A], Lemma 4 ectb Hauaio 910l T€OpUY Jjisi IPOU3BOIBLHOIO POJIA, HO i g = 1 3aBep-
mennasi Teopust ecth i GL(2) u naxe mig GL(n) B camoii craTbe, KOTOPYIO sl OObSCHSIIO B
nepByto odepesib st GL(2), HO 6e3 JI0Ka3aTeIbLCTB. DTa TeOPHsl - 3aKOHIEHHOE OIUCAHUE
Bung, To ecTh onucanue Bcex ABYMEPHBIX BEKTOPHBIX paccaoeHuii. st Toro, 4Todbl J0Ka3aTh
€€ Hy’KHa COBPEMEHHasl TeOPUH CBA30K, HO UYTOOBI OIUCATH €€ s MPEeIIOUNTAI0 IPUMEHATH
Teopuio Beiiepmrpacca Kak oHa IpejcTaB/ieHa B KHUTE Y UTTEKepa BaTCOHaH DTO KOHETHO
He Heobxoumo. Cropee 310 1poba Moero 3HaHus Teopuit ATbst 1 ATbu-BoTrTa 1 npu3Hak Monx
maremarudeckux npucrpactuit! Konnenmun B [AB], koropbie oTpazkaror KOHEIHO COBPEMEH-
HEE MOHATUS KOMILIEKCHOM jnddepeHimaabHOil FeOMETPUR, a CJIEJI0BATEIBHO - TONOJIOTUN 1
KOMILJIEKCHOI'O aHAJIM3a, UCKJIIOUNTEILHO 3/1eranTHbl. Ho OHM abCcTpakTHBI U HOBUYKY JIETKO
HPOIVISIIETh UX CJIOXKHOCTD M TOHKOCTD, UTO 9aCTO CAYYaJoCh CO MHOI IIpU YTEHUN UX PabOT.
91 mpumén K BBIBO/LY, YTO KOHKPETHOE BBIPAYKEHME X, IIPEAOXPAHICT OT HEIPaBUTEIHOTO
nornmanust. Urak ecimn L = 27wy @ 2Zws, wy,ws € C, wy/wy ¢ R. Torga kpusas M = C/L.
B sroit crarbe GL(n)-paccioenne, 310 Takas MaTpHIHO3HAYEHAsT MEPOMODPQHAs Cl)yHKLLI/IﬂE
M(z), z € C,aro M(z+ \) = M(2)K(z) ns Bcex A € L, tine marpuria K rosmomopdHa.

B teopuit Beitepmirpacca curma-dyukinust o(z), z € C, urpaer oCHaBHYIO pOJib. BoT
eé cpoiicTeer: (1) ona rosomopdua; (ii) eé pasiokenne B cTenaHuon pajg o(z) = z + - -;
(iil) o(z + 2wy ) = —e2METIo(2)) o(2 + 2wy) = —e22EF2) g (2); (iv) nwy — powr = T /2; (V)
ecn o(z) =0 Torma z € L.

10316 sasBiaenne omutoano. OHO GyIET UCIPABICHO B APYroM MecTe. TeM He MeHee B MeOMeTPHIecKoil
Teopu: 3Ta Ipymra odeHb Baxkua! Ero samena B apudmeTnaeckoii Teopun 06CyKIaeTcss B KPATKOM 3aImcKe
Last or very well last thoughts on the theory of automorphic forms.
https://publications.ias.edu/sites/default /files/discovery.pdf

11[DVV] R. Dedekind u H, Weber, Theorie der algebraischen Funktionen einer Verdnderlichen, 1880

12[BH] Borel, Armand; Harish-Chandra, Arithmetic subgroups of algebraic groups, Bull. Amer. Math.,
1961, v. 67, 579-583 u Borel, Armand; Harish-Chandra, Arithmetic subgroups of algebraic groups, Ann. of
Math., 1962, v. 75, 485-535.

BIWW] A Course of Modern Analysis, Camb. Univ. Press, 1958

My =+ 1y ciryx)ut koopauHaroit B C u mHOTIA JPyTraMu IeJIsSIMHI.



[Iycts aq, ..., am, by, ..., b, Touku B C. Torma

o(z—a)o(z—ag) - 0(z — ap)
@) 4(2) = o(z—="0b1)o(z—by) --0(z—by)

mepomopduas dyukius ot 2z € C. Kpome Toro

Oz + 2w1) = qb(Z)(_l)m*”e?m (m—n)(z+wn) p=2m {72 ai=37_ by }

(2.a) = ¢(2)(=1)
Oz + 2wp) = p(2)(—1)mne2rlm—m) () = 2m {T ai-Ti b }
1)

(2.b) = ¢(2)(= e,

e 0 =" a; — Z?Zl b;. Pynknud ¢ nepuoudecKa, TOIbKO ecan m = n. B aroM ciydae
oHa oObraHas ¢ pyuKIUs Ha C, KoTropoe HakpbiBaeT KpuByto M. Eciu m =n u 6 = 0,
torja ¢ dyukius Haa M. Ecin o 3ameneno dbyukimeit o’ (z) = o(z) exp(Az), A € C, Torma
ypasHeHus (iil) 3aMeHEHSIIOTCS yPABHEHUSAME

(2.c) o' (2 + 2w;) = —ePFPiG! (1) = —e®ig!(2), 1l =+ Iwi.

To ecTh, 3TH ypaBHEHUS SBJSIOTCA TOJIBKO HOpMAaJu3alyei pyHKIMI 0 WU, €CJI XOTUTE
0 U 0’ oNpesessIIoT pa3IndHNe, HO S9KBUBAJECHTHUE JIMHEHIe paccioeHusi. Y paBHeHue (iv)
[PU 9TOM He u3MeHgeTcs. YpapHenn (iii) ompeasaloT CKIeHBaHIe U HE MEHSIET PACCIOEHHs.
B obnactu 2zw; + 2yws, 0 < 2,y < 1 y DYHKIUT 0 €CTh TOJBKO OJUH HYJIb. JTO MPUINHA
ypaBHEHUS (iv).m Boobie ¢ onpesenaer guneiinoe pacciaoenne A = A(ay, ..., amy, b, ..., by)
JIJIE KOTOPOI'0 OHO CaMO SIBJISETCS MHOIO3HAYHBLIM cedenueM. JIBa paccioenus A u A =
Ady, ... al by, ..., b)) mB0oMOPdHBI eciu U TOJBKO ecat m —n =m' —n', n

m'

ai+- - +ap—b—-—by=ay+---+a, —b——by mod 2rwZ + 21wy Z.

m—n 2771 m—n)(z4w1) ,—2m0

e

m—n 2772 m— n)(erwg)e

Torga crerens paccyioeHus ectb 1 — m. [lo-MmoeMy 910 onucaHue JHHEHHBIX PACCTOCHIN CaMOe
SICHOE, HO JIJIsi PACCJIOEHUi OOJIbINe pa3MepHOCTH, MTOJI0OHO TeM 9TO B CTaTbe AThHU, 9acTO
HYZKHO TI0JTb30BAThCsI KOTOMOJIOTHYIeCKaMi MeTojaMu. TeopeMbl u jieMMbl ATbU pa300pPUMBHI,
BO3MOZKHO ITOTOMY, YTO MHOXKECTBA KOTOPBIMU OH 3aHUMAETCSI TOXKE CTEKH, XOTsl HI B CTATHE
ATbu HE 371eCh CTEKOB HeT. J[J1s1 Hero oHuM MPOCTPaHCTBa a JJId HaC - IPOCTPAHCTBA C JIOKATBLHOM
METPHKOI M ¢ Mepoii. 371eCh 5 XOUy MPezK/ie BCEro ONICATh IPOCTPAHCTBO Bungr, (o) mogpakas
ATtpe.

Hat s;mnnruaeckoit KpuBoil mMeeTcst JBa pojia JIBYMEPHBIX PaCCIOEHU, Pa3IoKIMble
paccinoenus, ® = A; ® Ay, u paccioenus poja Arbsi, To ecTb jpyrue. Ilycrs D(m,n)
MuOXKecTBO @ = Ay @ Ay syt koTopbeix deg Ay, To ecTh crenenb Ay, KOTOpasi paBHA M U

15HpaBI/IJIbH06 YCJIOBHE, JJisl TOIO YTOObI AIUTENb (a1, . .
BaeTcd ypaBHEHUEM

., @) GbUI 9KBUBAJEHTHBIM (b1, ..., by, ), OIKCHI-

0=a1+--+a,—by —---—b, € 22w, + 27wy, k=1,2.

To ecTb, ecyiu 9TH ypallHeHUsI B CuJIe, TO ecThb Takoe A € C, uro dyuknus exp(—Az)p(z) nepuoguandna 1o
oTHOIIEHNIO K 27w + 2Zws. s aroro, Hy»KHO 91006l —2 \wg, — 2ni0 € 2miZ nya k = 1, 2. Ilyctb 6 = 2w;.
Ecrs nBa wncna: misa k = 1, —2 \wy — 4wy, n g k = 2, =2 wy — 4npwy. Ecm A = —21n;, To mepBoe
qncyio 0 a Bropoe 4niwy — dnwe = 2mi. Ecau 0 = 2ws 1o moBoj cxojien. Takue paccMOTpeHUsl U3JIUIHBL, HO
YTEelIuTE/IbHBI.
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creniedb Ay KoTOpas paBHa n. MHOXKecTBO pacciaoeHuit poga ATbs ecTb 00beIMHEHNE

U Am,m) p U | A(m + 1,m)

meZ meZ

Jlist 06ImMX KPUBUX MMEIOTCsI Pa3JIozKUMble U HEPA3JIOXKUMbIe pacciioerust. B crarbe ATbu
MHOZKECTBO 9TUX Hocyeuux ectb E(r, d) rue r panr u d crenenb. [lepes Tem Kak s onuiiry
911 paccyoerus s ormedy 9ro Ay @ Ay sxsuBasenTro A} @ AL TOrIa M TOJBKO TOrJA, KOTJA
{A1, A2} = {A], AL}, Crenosaresisro D (m, n) aByMepHOE KOMILIEKCHOE MHOroobOpasue. Ecim
M = M TO 3TO eCTh ocobast KpuBasi, A1 KOTopoit A; = As.

B npoTuBono/oxKHOCTb apruPMETHIECKOR TeOPUH IIPUBEICHNE, B T€OMETPUIECKON Teopun
rouno. To ecth dbyHmamenTantbHast 061acTh TouHO onucana. B crarbe Atbu (Lemma 3)
KaK IMEePBBI Mar n Kak cjeacTsrue TeopeMbl Pumana-Poxa 11 paccioennit 6071ee BBICOKOI
pasMepHOCTell JJ0Ka3aHO 9TO, I JIBYMEPHOI'O PACC/IOeHHsT HaJl SJINITUIECKO KPUBOil eCTh
[IpEeJICTaBUTETD

(3) o— (Aol ;) deg Ay < 2+ deg Ay,

XOTH 9TO U HE HY2KHO, ATB?[ IpearoduTacT IIpeAarojararb J0CTaTOIHOCTD cedyeHnit Yy JaHHOI'O
paccioenus ©, TO ecTb, UTO Jisi KaxK 10l Touku x € M orobpazkenue ['(O) — O, clopbek-
TuBHO, rje ['(0) cocrout u3 cedennii O. Jljist 9T0r0 JIOCTATOYHO 3aMEHUTH paccioenue O,
pacciioenneit ©' = A® O, rae A noaxoasnioe smHeiinoe paccioenne. Kaxkaoe 3aK/I09eHne st
O’ aBisercs TakxKe 3ak/odeHneM g ©. Boobie, eciu y paccioenust o060l pasMepHOCTH
JIOCTATOYHOCTDL CEYEHUM, TOrJa Yy HEro €CTh BEPXHBLIH TPEeyrosbHbIH IIpe/icTaBuTelb. Kak
Bropas JI (Lemma 6") Arbs yreepxkuaer (Lemma 6') uro eciin paccioenue © HEPa3I0KIMO
u ecu ['(©) # 0, Torma y Hero ecrb Takoe MaKCUMAaJbHOE PACIIeIICHIe

A1 K ke *

0 A2 Koo *
(4) O~ P

0 0 0...... A,

aro A; > Ay > 1, THom(A,A;) #0,i=2,...,nu'(A) # 0. B ganneiit MmomenT n = 2, HO
[I0JIE3HO TOBOPUTHL 06 00IIeM ciiydae. DTO OlsTh CleJCcTBIE TeopeMbl Pumana-Poxa.

Ho crenyromas aprymentanus ATbU TPyJIHA U S X049y 00bICHATH TOJIBKO BBIBOJIbI, KOTOPLIE
JUIS HAC BasKHBI, MHOI/A OTJIOXKAsA OObSCHEHNE, U APYTHe, KOTOPLIe HAM He HYKHBI, JaxKe
IPOIYCTUTE. ¢1 TI0JIb3YI0Ch CTAPOMOIHBIMU TIOHATUAME. EcTh B Teopun Beitepmrpacca Bropast
BazKHast (PYHKIMSA, 9Ta (PYyHKITHS

o d _d'(2)
(2.d) ((z) = Eln o(z) = (=)
OHa yj10BJIeTBOPSIeT /IMTUBHAM YCJIOBUSIM,
(20 (ot 2n) = C(2) + 2m (= 4 2um) = C(2) + 2

B dyunamenranbuoit obsractu syt rpynibl L C C y Heé ecTh TOJIBKO OJUH MOJIIOC U 3TOT
pacnoyioxkern B Touke (. Marpura

5 e = (i ) =ew (5 )
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VAOBJIETBOPACT MYJITUIIIMKATUBHAM YCJIOBUAM,

1 2n :
CuienioBaresibho, ona ompejenser GL(2)-paccioenne I1. Ecim A sinneneiinoe pacciioenue
torya A ® I1 Toxke GL(2)-paccioenne A @ IT u A’ ® I sxkBuBasenTHbI TOJBKO ecan A u A’
skeuBajieHTHBI ([A], Th. 5). Crenens deg(A®II) pasua 2 deg A. MHOKecTBO TaKHMX paccaoeHuit
¢ crenenbio 2m ectb MHOXKecTBO 2A(m, m). Bosee obumit Buy onpeenenus (4) mpusaurces B

(IA], Th. 5)

o O
N
—~

S
S—

~

I

o O

(6) F,. = exXp

o O

o O

o O
A

ON....
~—

marpuiia nopsaka r. Hyxno Oyners joka3arh 4To F). HEpa3J/I0KUMO, HO Mbl OIDAHUIHBAEMCS
rpymmnoit GL(2). Pacmosioxkenue moJiroca MOXKHO [EPEHECTH, YMHOXKUB CJIeBa Ha

1 h()

o 1)
rze h(-) - mepomopduast dyHKIus ¢ noaocamu B 0 u J11060ii APYTOil TOYKE I KOTOPBIX,
KOHEYHO, CyMMa BBIYETOB PaBHa HYJIIO.

Omnpezenuts MHOKECTBO A(m~+1,m) B 0JJHOM CMBICJIE TPY/IHEE, TOTOMY YTO KAHOHUIECKOTO
BBIOOpa HET, HO B JIPyroM cMbIcie Jjierde. OHO COCTOUT U3

o(z—ay)o(z — ay)
O'(Z — bl)O'(Z — bg) ’

1 z

™) F) =y i) ) o) =
Te aq,as, by, by dUKCHpoBaHHBI, a1 + as = by + by, a1 — as # by — by HO d TIepeMeHHO. DTO
3HAYUT YTO KaK MHOkecTBO A(m,m) ~ A(m,m + 1) ~ M. Bo3aM0OKHO 9TO 9TO OIHCAHUE
MOKA’KeTCsl HECKOJIBKO TIPOU3BOJIBHBIM HO HYKHO mpocMarpersb [A], 4To6bl OHITE 94TO OHO
Hens6exkHo. [TomyTHO ¢ pu3Hao uro nouath [A] Mue Tpy/HO

Omucarn obume BoiBo bl ATbu ([Al Th. 6]) mosesno u B JaHHOl cTaThe HAM 9TO HYZKHO.
On omnmchiBaeT Bce HEpa3JIOKUMbIe paccioeHus M pa3MepHOCTH WX PAHTa r U CTEIEHU
d. ITosre3no cHavasa BEIOpATH JAaHHOE JIMHENHHOe paccyoenne Ay = Ay, creneHn oguH. DTO
paccyoeHne 3a/1aH0 BRIOpaHHO TouKoit Aj. Torma paccioenune Kaxk 1o cTyenn d ornpeJieieHo:
ecim d = 0 pacciioerHne TpuBHAJIbHO; ecy d > (0 TO MMeeTcsl cedeHue C eIUHCTBEHHbBIM
[IOJIFOCOM U €70 CTereHio d B Touke Ag, HO HUKAKOro HyJs; ecan d < 0 TO HyJIb 3aMEHsIeTCs
nosiocoM. C arumu BeIGOpaMu, Jist JaHHOTO 1 MHOXKecTBa & (1, d), KOTOpbIE MbI BBEJIEM, BCE
OTOKJIECTBJICHDI.

[Tycte Teneps d = ar +d', rne 0 < d < r. Eciu a = 0 1o MbI niepeiiiéM HemoCpeICTBEHHO
K BTOpOit ctaguu. Ecim a > 0 Torma

N =A@ N,

16311 croBa GbIIM HAIMCAHDI, KOJA 51 HAYAI [ICATH o1y ctarbio. OHI OCTAIOTCST CIPABE/JIMBBIMU U KOTJIA
s 3aKAHYIUBAIO €€ CITyCTs JIBA I'0jIa, TO €CTh B T€UEHUU IMOUTH TPEX JeT. Sl Hava  AyMaThb O reOMeTPUIECKON
reopur B 2011 rojy. Yremaer to, uro F,. B [Al Th. 5] npocro BbIpazkaercs: yepe3 3HaKOMYy0 dyHKImO ((-).
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rne N’ mepasnoxkumoe paccioenne paszmeprnoctu ' = r u crernenu d'. CiaenoBaTeIbHO MbI
MOYKEM MEPERTH K BTOPOIi cTajun 1 IpenojokuTh uro d = d — ar < r' = r. Ecim d’ = 0 sra

cTaJnd nocaeadad, Ho ecan d > 0
I x
N/ — (O N//) 9

e I equamaHas Mmarpuia panra s < 1. Ilycrs v’ panr N”. Torna r” menbine yem 1’ u
crenenb d” = d'. Tounblii BU MaTPUILI * HE OTHOCUTCS K Jiejly. BaXKHO TOJIBKO TO, UTO
M'" nepasnoxumo. Torga panr r” = r —s < r. Hauanbnag pasjBoéHHOCTb NOAB/IAETCHA
3sech cHoBa. IIpojioikas Mbl npuyiéM K nape (7,d = 0), N = Fr. [ljs paccjioenuii BbICITEro
HOPSIKA MOKHO 3aMEHATH MaTPHIION

1 0-..... 0 o(2)

0 1.---.. 0 o(2)
(7') L 0(2)

0 0. ... 1 o(2)

0 0--v--- 0 o7 Yz—d)

Muozxkectso Bungr,,) €cTh HOCTPOIiKa B KOTOPOI HMEIOTCS 7 CTYTEHEK MEK/Ly STazKIMI.

Ommcanne ATbeit 5TOro mpeBpaleHnst Pa3/jiInaHo, HO O9eHb Moy4InTebHo. [loe3no mars
ero HO € HeCKOJIbKUMU JIOTIOJHUTEIbHBIMU oipobHOCTAME. [Tycth E(r, d) MHOXKECTBO Hepas-
JIOKUMBIX PACCIOCHUN Pa3MEPHOCTH 7" U CTENEHH d, ¥ MyCTb h OOIMit HAMOOIBIIHHA JIeTUTE/Ib
r u d. ATbs onuceiBaer orobpazkenne .4 : E(h,0) — £(r,d) KoTopoe 06paTHO K HAIIEMY
npespaieano. To ectsb, oH cTpout sjemenTsl B £(r, d), Torjga Kak Mbl pasbupaem nx. Co-
craBHBIE YacTH ero crpoenus: (1) oo : Fp — Fp; (i) apger(E) 1 E = A® . 4(E); (iil) econ
0 <d<r, Torma

1 0---... O ke vvio i *
O 1...-.. O kevvioi i *
: B *
(8) ara(E)=[0 0-- - T ke «|, Ee&mo).
0 0---... 0
o ; r—ga(E)
0 0-..... 0

D10 mpooIIKAETCs 0 TexX 1op, moka 1’ = r —nd < d = d' + r’. 3aren upumensiem (i) u
npojoszkaeM. Takum 06pa3om, yist JaHHOTO T 1 Kazkjaoro d, MuoxkecTBO & (1, d) 0TOXKIeCTB-
JIAETCS C SJUIANITUIECKON KpuBoit M u Bce CTyIlleHH OECKOHETHOM JIECTHUIbI, —00 < d < 00,
HOYTH OJINHAKOBHI.

[Toka, crpykrypy B MHO)ecTBO Bung = G(F)\GL(n, Ar)/G(O) Mbl BBeIH HEIOCTATOTHO.
Ecth Tonosorus Ho ona 6ecriosiesna. MuoxkecTBo B Bung OTKPBITO €C/IM U TOJBLKO €CJIU €ro
upoobpa3 B GL(n, Ar)/G(O) orkpsit. Tem He MeHee cyrecTByer pasiokenne Bung orHore-
HI€ KOTOPOT'O K €r0 TOIMOJIOMHU 1O GOJIBINOI 9acTh He BayKHO. A MMEHHO, KayKJi0€ PacCIOCHUE
€CTDb IIpAMag CyMMa HepPa3JIo2KUMbIX PACCJIOCHUN PA3MEPHOCTH T'1,...,Tk, 1 + -+ + T = 7.
OkasbIBaeTcst, 9T0 JijIst onepaTropos [ekke, MHOXKeCTBO Bung cocTonT U3 oT/1e/IbHBIX MHOYKECTB
D(rq,...,rg) CONIACHO HEYIIOPSIOYEHHOMY MHOXKECTBY {71, ..., T}, KOTOPOE OIpesaIaer co-
npsi>KeHHblii Kiaace noarpyni Jlesu. Ilycrs E(r)-MHOKECTBO HEPA3IOKUMBIX PaCCIOEHUI
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pPasMepHOCTH T U gk(r) - cuMMeTpu3upoBaHHoe k-KparTHoe npoussejerne E(r) ¢ coboit. Torma
D(Tl, cee ark) - gkl(sl) Koewe X gkl(sl)a

{ry,...,r,} cocroutr u3 s; mopropeHusix ki pasza u tak jgasnee. B cymoctu D(ry, ..., rg) €cTh
IPOU3BE/ICHIE MHOYKECTB

(9) U &@a),

rie 7 3a7aHo 1 (7, d) ecTh MHOKECTBO HEPA3JIOXKUMBIX PACCIAOEHHI DA3SMEPHOCTH T U CTEIIeHH
d. Kak Tomojioruieckoe 1mpocTpancTBo 310 npubiusureabio Z X M =7 x U x U, rue U =
{z eC | |z| = 1}. DTO TOKe TOIOJIOrIYecKast TpyIIa U eé rpyia xapakrepos ecTb U X Z X Z.
MozkHO ToJ1araTh, 9TO OHA TaK:Ke Mapamerpusaer (IpUOJIU3UTENbHO) COOCTBEHHBIE (DYHKIIUH
oniepaTopoB ['ekke. VMest 5T0 B BU/Ly MBI IepeiijieM K THIIOTe3e HO CliepBa 0OHA IEKUBAIOIIEE
sameuanue. Coryacuo Teopeme 7 B [A] ecsin x xapakrep rpynmet £(1,0) Torma x onpegaiaer
dyukmuio ¢ snadennsvu B U Haj KaxkoMm F(r,d) B MHOYXKeCTBe @D Ecm z € U, Torna
Bropas yukimd 1, : N — 2%, ITak BO3MOXKHO 9TO €CTh IPOCTOE MM CKOPee HEeCIOKHOE
omnmcaHue, MOJIHOIO MHOXKeCTBa COOCTBEHHBIX (DyHKIMI orepaTopoB l'ekke. Mbl qaum ero
I T = 2.
st smmunrdeckoit kpuBoit ¢ = 1 u rpynmna [ mopoxierna snementamu A, B,

ABAT'B'=1+40€Z.

CoryracHo runorese, cobcTBernble GyHKIWN oneparopos l'ekke s GL(n) coorBercyior
npejictaBiaeHusaM [y, pasmeproctu n. [lapabommdeckue cobcTBEHHBIE (DYHKITUH COOTBETCBYIOT
HEIPUBOMMAM TIpejicTaBienusiM. [lyctb p ectb Takoe npescrasienne. Torma p(1) = € U n

p(A)p(B)p(A)"'p(B)~ = (I
Tax kak det(¢I) = 1, ¢ ectb Kopenb u3 epunuipl. [lycrs k ero nopasgok. Kpome sroro p(B)
u (p(B) nomobusie Marpunpl. Ilycrs k|n mopsagok p(B). Cambrit mpocToil mpumep

0010 0 0 L0 0--vvven 0
0n 0-ovevne 0
0010-----. 0 ;
A:)\ ’B:,LLOOT] ........ Q7
1000 0 :
00 0------- nh—1

A\, € C*, ¥ = 1. Ho B s10i1 cTaThe 5 paccmarpusato Toabko GL(2)

B cremyromux Tpéx pasjenax s paccMaTpuBaro omepatopbl Lekke juist rpymisr GL(2).
[Tocirenmbrit pasmgesn caMblii BayKHBIN, caMblil 3aMedaTe/IbHbBIH, HO IIePBbIi 1 BTOPOI pas3iesbl
COJIEPKAIOT HEOOXOIMMYIO TIOJINOTOBKY.

V. COOTBETCTBUY ['EKKE

Jlnsg kaxxoit Toukn x € M ecTh KOMMyTaTUBHasA ajaredpa §),., onpejeeHHas COOTBETCTBHEM
u mepoit. Mer maunnaem ¢ rpynnbl GL(2) u sjumunrideckoit KpuBoii U it 9TON IPYIIIBL U
9TOI KpuUBOil 9Ta Mepa Oyaer odeBuaHa. [loaToMy s OTK/IabIBai0 €€ obImee ompeje/eHue,
HAJIeSCh 11032Ke Ha CJIydail 4Tobbl e 06bsicHuTb. [Tojxogmmue nousitust ipusesienst B [AB §9].
Aurebpa $), pousBeieHa AByMs JABOMHBIMU Momy/assMu. OQUH U3 HUX JIEFOK. ECTh KOHETHO
oUeBHIHAS JIOKaJIbHAsT KoopauHaTta z Hajg M = C/L, Ho 4To6bl BBeCTH ortepaTopbl ['eKke
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HY2KHO YTOYHUTDH TOUKY = € M wu JIydine HoJib30BaThbCs MPOU3BOJIBHON KOOPIMHATON 2,
z;(x) = 0 moroMy dUTO T CyllecTBeHHbI Tapamerp omeparopa. st JaHHON TOYKU ecThb JiBa
OCHOBHBIX OIEPATOPa, TO €CTh JIBA OCHOBHBIX CMEXKHBIX Kiacca 1o Mogyio G(O,):

210 b0
A = G(Ox)( 01 G(O,); Ay = 0 ot G(O,)

YT06BI OLPEAETUTH COOTBETCTBYIOIUX JBa OIEpaTOpa HY»KHO BBECTH Mepy f Ha Bung mimm
G(AFr)/G(OF). Obiee onpejeserne Mepa TpyaHO, HO jyist rpymibl GL(2) Gyaer oueBuien
BBIOOD, KOTOPBIM MBI OJIb3YEMCs KaK BPEMEHHBIM OIllpejiesienneM. Bropoii oniepaTop ecThb
IPOCTO

. ' 0
@2 @2:cf_>f>f(g):f g 0 —1 )
HO HepBOﬁ orepaTop

(10) ©1=01,: f—=f, f9) :/h N )f(h) dh.
€gQ z

[lepBblit HHTErpPAJI IO TOUKE U Mepa TAKOBa ITO Mepa TOYKU paBHa 1. Mbl omucbiBaem 061aCTh
UTErpUPOBAHUS JIjis BTOPOIO OIIEPATOpa. JTOT OlepaTop He SPMUTOB, HO €CJIU Mbl IIpUbaBUM
UCIPABJIEHbIN oriepaTop O} MOpoXKIeHHasl ajrebpa KOMMYTATHBHA U SPMHUTOBO 3aMKHYTA.
Mper pacemorpum pasuble caydan: (a) g € D(m,n), m—n > 2; (b) g € ®(m,n), m—n = 1;

(c) g€ D(m,n),m—n=0;(d) g €A(m,n), m—n=1; (e) g € A(m,n), m —n = 0. Baxuo
3aMevaTh ITO KOMILICKCHas pazMepHocTh dim®(m,n) = 2 u aro dimA(m,n) = 1. Torga
COOTCBETCTBEHHO 9THM IISITH BO3MOYKHOCTSIM 3JIEMEHT /i B HAXOJUTCS B

(a) O(m+1,n)UD(m,n+ 1);

(b) ®(m+1,n)UD(m,n+1)UA(m,n+ 1), tae m = n + 1;

(c) D(m+1,n)UA(m +1,n), tne m = n;

(d) D(m,n+1)UA(m,n+ 1) tae m =n + 1;

(e) D(m+1,n)UA(m + 1,n) tae m = n.
Coyuau m = n,m = n £ 1 HOAYEPKHYTHI, IIOTOMY YTO OHH COOTBETCTBYIOT DACCJIOCHUSAM
poza Arbu. Ectb sipyroit o6pas, 4To0bl BHIPA3UTh 9TH 3aK/I0uenus. Ecin HocuTesb hyHKIm
f B (a) ®(m,n), m —n = 2; (b) D(m,n), m —n = 1; (c) D(m,n), m —n = 0; (d)
A(m,n), m —n =1; (e) A(m,n), m —n = 0 rorma vHocuresnb pyukuun f' B (10) HaxoTUTCS
coorBercTBeHHO B (a) D(m+1,n)UD(m,n+1); (b) D(m+1,n)UD(m,n+1)UA(m,m); (c)
D(m+1,m)UD(m, m)UA(m+1,m); (d) D(m, m)UA(m, m); (e) D(m+1,m)UA(m+1,m).
DTO HECKOJIBKO MIEMETHILHO, HO 51 HE COBCEM YBEDEH.

¢l HaYMHAIO ¢ OIMCAHWsSI IPEJICTABUTEJIEl JIEBBIX CMEXKHBIX KJIACCOB B

(1) 60960, 9= (1)

Onu JaHHbl YMHO2KEHUEM ¢ CJIEBO MaTpUIlaMA

(12) (6 1) (1 ¢)ecc
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D10 maéT

b0 zta 1
(13 (5 1) (%0 §)ecc

T

Hy»xno namomunth uto B 91ux JAByx ypasHenusx C C O,. Eciu A ckangp, To ectb A €
Ir =A%, u fi(g) = f(Ag), Torma fi(g9) = O1f1 = f'(Ag). D10 nO3BOISET ClIEsIATH HECKOIBKO
VIPOIIEHU B BBIIHCICHHSX.

JIérko ommcars snementsl G(F,) u naxe snementsl G(F,)/G(O,), HO TPYJIHO omnncaTh
snementsl G(Ap) mm G(Ap/G(OF)), 10TOMY UTO B IIPUHINIE HyZKHO 3a/aBaTh OECKOHET-
HOE MHOYKECTBO KOODJIMHAT, HO MOYKHO HPHUHSATH HOYTH BCIOLY €IMHUTHYIO MATPHILY. DTHUX
KOODJIMHAT $I HE IIPUBOKY.

Ecin Mpr nagnnaeM ¢ g € D (m, n) TO MBI MOXKEM B34ATh:

z," 0 — 0
g:<0 1),?77/7&71—0,
= (Z“é'z” ?),m:nzo.

IIOTOMY YTO omeparop l'ekke KOMMYyTHDPYeT ¢ YMHOKEHUEM Ha JIMHeiiHoe paccjoenune. Mbr
yMHOXKaeM ¢ ¢ mpasa ¢ marpunamu ((13]). Ecaun m # 0 sro ﬂaeﬂ

oMzt 0
(14 (5 0)

KoTopas npunaexaer O (m + 1,0), u

—-m ,—1 —m
2y Ry @ 2y,

/

Bce Bu100pB! @ # 0 jaior 3KBUBaJIEHTHBIE paccioenus. Eem a = 0, paccioenne IpUHAIJIEXKHAT
®(m, 1). Mbl Boibupaem a = 1 u nepecrasisiem crosomsl. Torma (14') paBao

" 2z 0\ (1 2t
(147) Zw( 0 1)(0 1)

Ecmu f € F Mbl MOKeM yMHOXKHUTDH HAJIEBO C

o 1)

1"Omnucanne snemenra B Bung mwm maxe B G(A)/G(OF) TpyaHO TOTOMY 4TO GOJIBINAS YACTH KOODIHHAT
u3smmas. Kpome Toro, npezacrasuresns sinementa B Bung 8 G(A)/G(OF) e yrukases. Hyubl 1o6past BoJst
n BHnManune untaress! Hanpumep, eciu v # x Bmecro (14]) myqme namucars

z;™ 0\ (z;' 0 H 1 0\ [z;™ 0\[z7' O
0 1 0 1 0 1) {0 1 0o 1)
y¢m’u
2™ 0\ [z;la 1
0 1 2710

u Bmecto (147)
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9TOOBI TOJTyYaTh

iz M O\ (1 2t + fame
(15) Zw( 0 1) (0 1 :

Ects tpu cinygas: m = 2,m = 1,m = 0. MnsI onucayim B Teopun Beiiepmrpacca Bce
mepomopdubie dynxmuu najg M. Eciu m > 2) Mbl MozkeM BuIGpaTh Takoe f, 4To 2, ' +
fzmzt € [1, Or naxe ecim u = 2. CaenosarenbHo, paccioenne (15]) ecrs pasmoxumoe
pacciioenme

(15) (z%’" z;)

B ©(m,1). Ocraérea m = 1,

27tz 2t 2t 27t
(16) ( Z;l O > ~ ( 0 ch_l )7

u m = 0 caydan, Koropbie pasiudsbl. Ecin g1, go € G(AF), g1 ~ g2 BbIpAKaeT PABEHCTBO B
Bung.
Ecimu m = 1, nycrb u + x u 2v JuHeiHO 3KBUBaJeHTHBI. Mbl paccMaTpuBaem

P
/ u u xT
(16") 2y ( 0 - ) )

HeobxomMo 3HATH KOT/a paccaoeHue usomopduo ([5). Eciu v = z = v, T0 0veBHHO UTO
510 Tak. [lycrs u # @ u nyers Ay = (2,/24), A2 = (2,/2,). Torma Hom(A1, A2) = 0. Cornacuo
|Al Lemma 5| sTo mozmpasymeBaer 4To paccioenue pas0knMo. MOXKHO IPOBEpSIET 3TO
[PSIMO TTIOTOMY 9TO MATpPHUIlA B paBHa

1/2 0\ [zt z7Y\ (1 =2;*\/2 O 1 -1 2o\ [T 2t

o 1)Lo 1 /)lo z*f\o 1)7 0o 1 0 1 )\o 2t
rje nepBas MaTpuiia crpaso Haxogurea B GL(2, F'). Dra marpuna B GL(2, Ar) HO Kpome
touku {u,z} ona B G(O,). Ml pacmarpusaeMm (HakTOPLI B U U & OT/ICJIBHO

(16.0) Lo=1\ (2" 2" _ (=t =t =1\ _ [z 0\(1 1-=) (2" 0
4o 1)\o 1) Vo 1 “{o 1)\o 1 0 1
1 -1\ [1 2! 1 0
(16.b) (o 1) (0 z;1> = (0 le)
Ecim m = 0, Mbr mosrygaem

zoztz;t 0 zuzytzta 22t
o) (s

[TepBoe paccioenne naxonuresa B D(1,0). Ecim a = 0, To Bropoe paccioenue Toxke B ©(1,0) =
9(0,1). g npyrux ciaydaes, Bce a # 0 Jal0T OIUHAKOBOE PACCIOCHUE, 3aaH0E C

11 -1 -1 11
a7 s e m W T m W
2! 0 0 2! ’
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IIOTOMY 4YTO

aa [ a 0\[(fa BY(1 O o
(7 o)‘(o 1)<7 0)(0 a‘1>’ acC
21 1 ozt 1 0
=t o) T o o2t N(o le)'

Ecmu u # v, nycrb v — u ~ x — y. CymecrByer GpyHKIUs [ ¢ HyJISIME B Y, U U TOJIOCAMBI B
x,u. Suaqur Hom(Ay, Ag) # 0, eciim Ay = (24/2,), Ao = (1/2,) n moxnO, untars qaro ((17')
HEPA3JIOZKIMO.

-1 —1.,-1 -1
1 Zuzv ZUZU Zx ~ —1 1 Zx
(]'7 ) ( O Zx_l ) ZUZ'U <O Zy_l) .

Eciu x1 # x, 1 # y, ectb Takas Gyukims f € F, uro B 1 Bejer cebst Kak f ~ 1/z,,,aB T
eé mosesienne cxomauoe f ~ —1/z,, tae f ronmomopdna B ocraibubix Toukax, u f(y) = 0. Mer

YMHO2KaeM CJIEBO C ManHHOﬁ
L f
0 1
YTOOBI IIOJIYIUTD

1 ozt B
(18) 22yt (0 211) =2,2,'0,, 11 #Y.

Ecmmu=v

Marpuna © npecrasiena B (4). Ipyroit npeacraBuress paccioeHns

1 —2
(18") @N(O jﬁl>, we~vtY— U~ T

w

D1u sxBuBaseHTHOCTH 0ObsAcHeHb! B [Al. f nmpusHao 4To MOSI yBEPEHHOCTDH B 9THX BBIUHCIIC-
Hugx orpanndena. Mue ne 1o cebe ¢ muoxkecrsoM G(F)\G(Ar)/G(OF).

B cityuae (d) Mbl BHIGHpaeM mpejicraBieHue muozkecTsa (1, 0) HO, MeHsist 063HAYEHNE,
w HA u. YMHOXKasi Ha MaTPHIIbI HoJIy YaeM

(19) 2ot 272 zla+ 27122 1 1z ta+ 2122
0 z') 2zt 0 0 izt

Ecim uw = x nepBoe paccjioenne paBHO

/ -1 1 Z:Jc_l
(19) (0 )

koropoe poja A(1,1). Ecim u # x Mbl paccmaTpuBaeMm

(197) LA\ (=" 22\ (1 e\ _ (=" fa'+27+e!
0 1 0 z1)J\0 1 0 zt ’

rie ¢ € Cu f € F. Mbr BoiOupaem f, ¢ mojiocaMu TOJIBKO B & U U, TAK 9TO MOJIOC B U
YCTPaHEH W 3aTeM TaKoe ¢, 9TO TOJIOC B & TOXKe YyCTpaHeH. Torjaa MOXKHO TaK»Ke YCTPAHUTH
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YJIEHBI HUZKHOTO MOPSAIKA B BEPXHOM IIpaBoM KoedduimenTe, YToObI MOy YUTh

210
" x

pora O(1,1).

st MaTpuilbl BTOPOro pojia B eCTh HECKOJIbKO Bo3MoOxKHOcTeil. [lepen Tem, Kak ux
paccMOTpeTh HYXKHO OOBACHUTH 0coOeHHOCTH Teopuu Arbnu. OHa He Ipejjaraer I6TKHit
PEIEHT YTOOBI yCTAHOBUT, €CJIN JAHHOE PACCIOCHIE PA3/IOKIMO WK HeT. PaccMoTpuM Ha
IPUMED PACCIOCHUE

10
®:<0 d),deIF,beAF.

[IycTn

1
0, = <O> 0, = (d).
Mpbr npenonaraem ato deg(©s) > 0 u ato © ~ A; & Ay pasnoxumo. Ecm A; # (1,0)",
1=1,2, torma A; — Oy ciopbexkTupHO u deg A; > deg ©,. CremoBaTebHO
deg ©y = deg A1 + deg Ay > 2deg Oy
1 3TO HEBO3MOXKHO. VHaue roBops, 6o A; 6o Ay pasHo, sydrie skBusajeaTHo, (1,0)".
[Tycrs Ay = (1,0)". Toraa

(20) (A A2) =09, 9=]] 9. € G(OF), g, = ((1) ?”), By € 0,6, € O,
veM v
u
_ 1 ,_
(21) AQ—A®(¢2), ¢i€F,Z—1,2,
riae A smreiinoe paccioenue, u (b + [,d)/0.d = (¢1/¢2), MepomopdHas bynknus or € M.
MBI IOJIb3YeMCd 3THM BBIBOJIOM YTOOBI JIOKA3bIBATH HEPA3JIOKIMOCTE PA3JIMIHbLIX PACCIOCHHIA.
On KazKeTcs MHe HECKOJIbKO HEYKJIIOXKNM 1 OOJIbIIE BCETO HEIIOAXOMSIINM KOraa poa g > 1,
HO B JAHHBII MOMEHT y MEHs JPYTOro cI1ocoba HeT.
Pacmorpum maTpuity

1z ta+ 2122
(22) O = (0 -1_-1

u3 (19)). Ecom a = 0 Torga 510 pacciioeHne sKBUBAJIEHTHO

1 -3
(23.a) (0 ?2>, b=2z23d=27? u=u;
x
uim
1 -1,-2
(23.b) (0 ?_1?11>, b=z t22d=2 "2, u#ua.

ny (b+ p,d)/d,d, v € M, ecTh eIMHCTBEHHBI 1TOJIIOC B ToUKe u. Ho Takoit MepomopdHOii
dbyukuun ver. Cuenosarenbro (21) Hepasaoxumoe.
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Ecin a # 0 ay«ume myzxuo mucars ((19) Touno xkak

-1 -1 —2
1 2z 'a+ 2, 1 z,

-1 -1
0 z; 0 =z,

(24)

Ho ectb onsre y (b + S,d)/d,d epuncreennsiii noayc B Hokre u. CiemoBarebHO Hepas-
noxkumo. Cortacho [A] ectb deThipe HEPA3IOKUMBIX PACCIOEHHSI C JIAHHBIM JIETEPMUAHAHTOM
yeTHOM crerteneii. [loaTomy ecim x JaHO, YeThIpe U JaIOT JaHHOE PaCCIOCHHUE.

Cuyuaii (e) cambrit jérkuii. Tak kak omneparopbl [ekke KOMMYTH(DYIOT OTHOCUTEIHHO TEH-
30PHOI0O IIPOU3BEIEHUSI ¢ JTUHEHHBIM PAaCCIOHEHHEM, JIJIsT JAHHOTO T JIOCTATOYHO PACCMOTPETH

(25) (6 % )00,

[IpeobpaszoBanue 3Toit TOYKHU JAHO JBYMs POJIAMUA TOYOK,

2t o2t (2t 0 /11 2780
(0 1)‘(0 1)(0 1)”(0 1)69(1’0)’

-1 —2
zpra+ 2,7 1

z ! 0
0
1 —a\(zta+2% 1 221 1 2.2
(0 1) Z_l 0 ~ Z—l 0 ~ 0 Z—l EQ{(LO)

XoTs JIoKa3aTe/IbCTBA BBINVISAATD HEYIOBJIETBOPUTEIbHBI, 3TU BBIBOJIBI IIPEJICTABIIATC YO€,11-
resibHBIM. O6bsicHuM!

CrepBa MBI TIOJIBEIEM UTOI'M HAIIMX PA3MBIILICHUN. B 4acTHOCTH, MBI y3HaeM 9TO pasMep-
nocts dim (gA;/G(O,)) Beerna pasto 0, xors 910 mogMHOKecTBO MHOKecTBa G(AfR)/G(OF)
nm ero oopas B Bung, MoxkeT comepzkarh 060JbIIe 01HOTO d1eMeHTa. Cre10BaTeIbHO 001aCTh
MHTErPUPOBAHUSA B @—KOHeque MHOKeCTBO. Boob1me, X0Ts s1 9TOro 3/1eCh He OObSICHIO,
Mepa 3TOoro mHrerpaJa omupeaenéna dopmoit [Idadda, HO /1151 KOHETHOIO MHOXKECTBA 3TO
OTIpeJIEJIEHHO TaK, 9YTO Mepa KaxK/10# Toukn 1. 3HAYUT, MBI MOKeM OTJIOKHUTDH BBEJIEHNEe 00IIOi
Teopuit 3Toit POPMbI Ha, IIOTOM.

Paccmorpum 1sh cygaes (a),. . . ,(e). Juist kazkmoro cydast Mbl 0JIb3yeMcsi OTHOIIIEHUSIMI

0:f:(9) = f:(9), [-(9) = [(29), fi(9) = ['(z9), f'(9) = ©if(9), i=1,2, z€ A}
To ectb orobpakenus ©; u f — f, KOMMyTUPYIOT.
(a) Ecim m —n > 2 Torga o6pa3 MaTpuis!

2z, 0
0 ="

(26) “ N -n | " -n,—1

COCTOUT U3 JIBYX TOYEK
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(b)

(27')

(27")

ROBERT LANGLANDS

Eciu m —n = 1 on cocrour us u, cormacto (|16,

w1 2t
2 ) € mam),

€CJIN JIUBU30D M - U — M - U JINHEHHO SKBUBAJICHTEH UBU30DY .
Ecaun m —n = 0 to obpas cocrout onsdrh u3 (26]), o ceiiuac cormacuo (18),

ecyii U # v u

Ob6o3Ha"YeHe HECKOIBKO U3MeHeHO oTHOcHTe bHO ((18). £ 3ameuyto uro u = v gaér
He GouibIie deM (126)).
B (19) u mpoberaer M u ymectnasi 006s1acTh onpeeaeHnsa O

—2
1 =z,

-1 ]»
0 =z,

1 00pa3bl, TO eCTh 00J1aCTh 3HAYEHUI orepaTopa O ¢ 00JIACTHIO OIPEJICJICHHOCTH
2(1,0), nanst (19). Or nepebIX 9JIEMEHTOB MHOZKECTBA MBI TIOJIy4aeM cHadaJIa,
pU U = &, TOUKY B 2A(1,1). Or apyrux u Mol mosyanm Touku (19”) B D(1,1).
C nepBoro B3IJisa Ha KazyKeTcsl, 9TO €CTh TOJIBKO OJIHa HEJOCTAIONAsd TOUKA,
u = x, Ho D(1,1) nBymeprio! Bropsie smeMeHTH MHOKECTBA BCE HEPA3JIOKUMBIE,
¢ nerepmunantoM z, 'z 1. Cornacno crarwe [Al, ectb Touno wernipe Toukn B A(1,1) ¢
mganabiM gerepmuaanToM. B 2((1,0) ects Tosbko oxma. To ects coorsercsue 2A(1,0) —
A(1,1), coorBercrue pona 4 — 1.

Jlnist taHHOrO T OOIMUIL 9JIEMEHT O0JIACTH OILpeIeIeHNs JTaH MaTPUIAM

-1
Zuzy (é & ) € 2(0,0),

TO ecTh Kak pacciioenue (27) mesasucumoe ot z. [IpeobpasoBanue ectb b0

-1
zuzy " <26 (1)) € 9(1,0),

aubo

1oz
e\t

T

€ 2A(1,0).

I A(m,m), m # 0, 2,2, 3amensierca na z, ™. Coorserceue 2A(0,0) — 2A(1,0)
OMEKTHBHO.
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VI. ONEPATOPHI ['EKKE

Xorst Bung Kax TomoJiornvieckoe mpoCcTPaHCTBO TPYIHO ONMPEIEINTD, JlaxKe sl CIydasd
G = GL(2) u ssumnrudeckoit kpusoit M, 0HO TpocTo Kak i depeHTuaabHO-reOMeTPUIECKOe
[IPOCTPAHCTBO, XOTh ObI I 3T0il napbl. Mbl pacMOTpuM ceiidac 9ToT ciaydaii. g mero
muoroobpasue [lukapa Pic(M) 3a mano npoussejenunem JaByx okpyzkHocteit ¢ Z. CorymacHo
crarbe [A], mHOXKecTBO Bung mano kak obbennaenne

D= U@(m,n) U U”D(m,m) ,

m>n
CJIEJIOBATEILHO CHMMeTpudeckoro npousseaenus Pic(M) ¢ coboit, u
A=---UA(-1,-1) UA(—=1,0) UA(0,0) UA(1,0) UA(1,1) UA(2,1)---

O603HaueHns 3/1€Ch CJIEIKO IIPOU3BOJIbHBL. [1031Hee MBI BBEIEM Mepy Ha 9TOM IIPOCTPAHCTBE;
oHa Oy/IeT 10 cyIecTBy (pakTop-Mepa Mepbl Xaapa, uTtak 31o Mepa Jlebera u. Omepatopsr
Tekke 06pasyoT ajre6py KOMMYTHPYIONIUX OrPAHUYEHHBIX olepaTopos Ha L2(f1), 3aMKHYTYIO
OTHOCHTETHHO SPMUTOIO-COMPSI?KEHHBIX OIIEPATOPOB.

A nopuépkusao uro dim 2 = 1, xora dim® = 2, uro L*(u) = L*(u, ) & L*(p, ) u uto
HenpepbIBHBIE (DYHKIMN ¢ KOMIAKTHOM HOCHTEJIEM IJIOTHBI B L2 (1), YIuBUTEIbHO, U jlazkKe
cHaJYaJja TPEBOXKHO, UTO 3THU JBa IIPOCTPAHCTBA MHBAPUAHTHBI OTHOCUTEIHLHO OIIEPATOPOB
I'ekke. ¢ mogcHro. 910 0YeBUIHO 1y O, . Oneparop O, mpeiacTaBideTca Kak

DD DA

AD AA )
Hyzxmuo jokazath, uro DA =0, AD = 0, To ecTb 4TO OHU HYJIb KaK onepaTopsl o L*(2) B
L*(®D) coorercrienno LA(D) B L*(). Otu nBa ypaBHEHUs! BHIPAZKAIOT TO, YTO 9 HA3BIBAIO
1peobJraJlaHeM JTHArOHAJIbbIX KJIETOK. BO3MOXKHO, 9TO NIPUHITUI KOTOPOTO OHU IIPUMEPOM

SIBJISIETCS BOOOIIE MpaBujieH. K Tak, TO OH IVIaBHBINA BBIBOJ 9TON CTATHU.
Cormacto , I ©1 , Hy?KHO pacMOTPETh CHaJaJIa:
(i) s namnoro g € ®(m, n) muoxkecrso gA;/G(O,) N,
u TOr/IA
(ii) st marnoro g € A(m,n) muoxectso gA;/G(O,) ND.
Dtu nepecevenns onpexensior min orpannunsaior Hocurens f’ B (L0). To ects, onn garor
HOCHTEJIb, MOXKeT OBITh He caMoil Majienbkuii, dyakiwn (10) B TOM nam ApyroMm MHOXKECTBE.
Anpo oneparopa A;, - pox MaTPHIBI CTPOKH UM CTOJIONA KOTOPBIE IapaMeTPUPOBAHEI
muOozKecTBOM D U . Crie1oBaTesIbHO, 9TO PO COCTOUT U3 UETBIPEX OJIOKOB, JMATOHAJIBHBIX
610k0B (D,9), (A, A) n HeguaronatbHbIX 670K0B (D, ), (A, D). MbI unTepecyemest cefiaac
HEJIMATOHAJIbHBIME OJIOKAMH.
B nepBom cityuae, st Kotoporo coorsercTBue D — A nHocut ® K 2 u neperocut HpyHKIUNA
¢ A K D, MHOKECTBO YMECTHBIX 3JIEMEHTOB B OJI0Ke 1rycTo, ecim m — n # 0, £1. Ecim m = 1,
n = 0, s10 1o cymectBy (16") ecau v = x. BoJiee TOYHO, MHOXKECTBO COCTOUT W3

1 o2t
o 1)
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rie A mpousBoJIbHO JinHEHOe paccioenue. To ectsb ecoin f HempepblBHO ¢ HocuTesteM B 2A(n, n),
dbyukmusa f' B (10) xak dynkmmsa na O monecéna

-1
A (Z‘B (1)) A nuneitHoe paccioenne

To ecTb, ero HOCUTE b MTOJMHOXKECTBO 9TOTO MHOXKecTBa. Ho Takast byHKIMA Kak QyHKIUI B
L?(Bung) ectb Hy/Ib-pyHKIMsI, HOTOMY YTO 3TO MHOYKECTBO KaK KOMILIEKCHOE MHOrooGpasue
omHOMepHO a ® aymepno. O6mmit ciay4dait m = n + 1 - ToT ke camblit. OJHAKO 9TOT JI0BOJ,
HeyzoByieTBopuTesieH. Bbjok AD pasen 0 mo aByMm npuduHaMm: (i) HET €CTECTBEHHOIO CPEJICTBA
orpannyenust L?-byHKTIMU Ha MPOCTPAHCBO Gojlee HU3KOI paszmepHocTH; (ii) omeparopbl
I'ekke spmuToBbl. Ciienoarenbho ykazom! To ects sror 670K 0. HO 970 Haér mpaBuibHbBIE
BAKJIIOYCHUA U yOeuTebyio Teopuio. OHO MpeICTaB/IIeT TaKzKe CYIIECTBEHHDIN T0BOJ B
CJICJTYIONINX 3aMevaHusIX.

Ecnu m = n mbr npeanonaraem uro m = n = 0, Torjaa Kjaacc paccaoeHust OIIpeIe/IEH
TOYKOM ¥, HOTOMY 4TO v — u ~ = — y u x janH. To ectb obpa3 muoxkectsa 2A(0,0) u Boobie
o6pas A(m,m) B ® onnomepen. Cienosarensno DA = 0.

B BTopom ciayuae obszatenbao aro m —n = 0, +1. Eciim m = 1,n = 0, To nepecedenune
gA1/G(O,) N D 3amanHO ¢ npou3BosbHBIM 4 € X. To ecThb, pasMepHOCTD IIepecedeHust
pasHa 1. Cire0BaTeIbHO, OHO HE MOYKET HOCHTHh HeTpHBHAIbHYIO L2-dbynknuio. Ecaun m =
n = 0 TOT Ke caMblil BBIBOJI, €CTb CJIeJICTBHe ypaBHeHus (27')).

BosmoxkHo uTo 3Ta camocroarenbuoctb L2 (p, D) u L*(p,2A) To, uro ormmvaer L?-reopuio
or my4dkoBoii Teopuu B [G].

VII. COBCTBEHHBIE 3HAYEHIS 1 COBCTBEHHBIE ®VHKIINU OIIEPATOPOB ['EKKE

[Tepen TeM Kak Mbl PACCMOTPUM CIIEKTD OIepaTopoB ['€KKe MbI BO3BpaIaeMcs K JIECTHUIIE

E(r,d), d = —00,...,00 nug r = 2. Mbl He paccmarpuBaeM ciydail obiero 7. V1 ocobbrii
caydait u obmuii cayvait pacmorpenst B [Al. st r = 2, secthuna
(28) (=1, —1),2(0, —1),2(0,0),2(1,0),2A(1, 1), A(2, 1), ...

Ecmu A nuneitnoe paccionne crenenn 1 torga © — A ® © Takoit m3oMopdu3M 910

A(j,7) = A+ 1,5 +1)

HO omepaTop I'ekke ©; Taxoii, 4T0

4 mauywmnaro ¢ ucupapieHus win Jrydiie ¢ 6ojiee TogHbIM BujoM TeopeMbl [AL Th. 6] u
caeayomux TeopeM, 1o ectb deg A = 1, e A nuneiinoe pacciioenue 31oit TeopeMbl. [lycTnb
Pic,, (M), MHOXKeCTBO JINHEHHBIX paccIoeHnil crerneHn n. $1 npeanodnTan GopMyInpoBaTh
[Al Lemma 16, Th. 5,6,7], Beime Bcero Th. 6, caemyromum obpasom. Ecth Takoe GrekTusHOE
orobpazxenne A <> Pic(M), uro:

(i) ecim Aq nuHeliHOe paccioenne u © <> A Torga Ay - © <5 Ap - A;
(ii) paccioenne Fy B Th. 5, nim B onpeeienne @, COOTBETCTBYET TPUBUAJIHLHOMY pPac-
CJIOCHMUIO;

(iii) ecom © mamo ¢ () u A = (071) Torma © + A.
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CrestoBaTesibHO, MbI MOXKeM OTOXKj1ecTBUTh 2 ¢ Pic(M), HO 9T0 OTOXKECTBIEHNE HCKYC-
CTBeHHOe, 1 D ¢ cuMMHUTpUIecKuM npoussejienneM Pic(M) ¢ coboit. Kpome toro, kaxpas
HeyIopsiioYeHHast apa (Y1, X2) YHETAPHBIX XapakrepoB rpymibl Pic(M) onpejernser dhyHK-
110,

(20) (5 5) = x@nal) + xelapa(d) a5 e piccan

Haj ». Mbl qokaxkeM 9T0 9T (DYHKIMK JIAIOT BCe COOCTBEHHBIE (PYHKIINU opepaTopoB [ekke,
B CMBICJIE 9TOI TeOpuu, ¢ HocuTesiéM ® u 9To cobcTBeHHbI Kirace dynkimit (29) B Touke x

Xi'(@) 0
& e

Juist Beex © B M. JloctaTodHo j10Ka3aTh, YTO BCe 3TN (PYHKIMU COOCTBEHHDbIE (DYHKITUHU, TIOTOMY
YTO OYEBUJIHO YTO OHM JIAIOT CIEKTPaJIbHOE pasjioxKeHue. ¢l HAIIOMHIO 9TO COOCTBEHHAsI
dyHKIMSA onpeesiser s KayKI0i TOUKOW & IMOJIYIIPOCTHIi, Jake YHUTAPHBIH, COOCTBEHHBIN
kiacc B GL(2, C), a mMeHHO JileTepMUHAHT ¢ O, HO 9TO OYEBU/HO, U CJIe]] ¢ Of.

Mpur yTBepzK1aeM 3TO criepBa i ©, OTKIaJIbIBasg paccMoTrpenne Muoxkecta 2l. Kb onars
JTBa, CYIIECTBEHHBIX CJIydas:

2™ 0 ZulZzy 0
g:(% 1),m7én:0; gz( é 1>,m:n:0.

A szameugaro, uro z, ™ U z,/z, U3006paKaOT JUBU3OPLL M - u U v — u. U3 - MBI

3aKodaeM, 9ro ecam m # 0, +1 dynknusa nomuoxkena na x1(z; ') + xa(z, ) B TOYKE (, TO
ecThb

(30.a) x1(@)x2(8) + xa(a@)x1(8)

3aMCHEHO CYMMOIﬁ

x1(a)xi(z x2(8) + xa(@)x2(z; )xa(B8) + xa(@)x2(B)x2(z 1) + xa(a)xa(B)x2(z 1),

KOTOpad paBHa IIPOU3BEIACHUIO

{Xl(@) 2(8) + xz2(a }{Xl Y+ xa(zy )}

Ecim m = 1 Takoit ke BBIBOJI CJIe/lyeT U3 ypaBHUIi . u ([16.4) ¢ (16.1)), cxopee u3 ([25)).
Jnss m = 0 moBox Tor xke. OdueBuano, aro dhyuknuu (30.a)) 7aBAIOT MOJBHOE MHOXKECTBO

coOCTBeHHBIX (DYHKIIMI Haj D).

Mabr paccmarpuBaeM Terepb 2. KoMOnHaTapHbIA aHAJIN3 3TOrO CJIydas HECKOJILKO CJIOYKEH.
CobcrBennast (pyHKIIMS OIpeesiaeT COOCTBEHHBIN CONPSIzKEeHHBIN KIacc, UTaK JJId KayK oM
ToukM B M HYXKHO BBOJUTH JIBa COOCTBEHHBIX 4Yucaa. /st ® MBI 1I0JIB30BAJIUCH JIBYMSI
CaAMOCTOSTE/ILbHUMU KapaKTepaMu, HO Jijid 2 ABYX MPaBIMBO CAMOCTOATE/ILHUX KapaKTepOB
HeT.

[Tycth £ MHOXKECTBO JIMHEHHBIX paccyioeHuii u £,, Te W3 HUX CTeleHb KOTOPHIX paBHA
m. Torga, cornacuo [A], A(m,m) = {A ® Fo} u A(m + 1,m) muoxecrso {A ® F(d)}, rae
A € £, tne F(d) onaa uz marpuir , JlaHa HO KpOMe 3TOTO Mpom3BoJbHaA. K ToMmy ke
A @ F(d) ~ Ay ® F(d) Toraa u Tonbko Korya A2 ~ A3. Byjer Jydiine o6bACHUTE CIeICTBS
9BOI'0 TOTYAC KE.

18K comxamenmio oGosnadenue, x(z; ') = x ' (z) mroxoe. ¥ maserocs uro 910 npuemiemo! BriGop cueman B

(30)-
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Jlemma 1. Coomeemcmeue Ay : 2A(j,7) — A(j + 1,7) wemwper-odnosnaunoe, 1o coomsem-
cmeue Ay A(j,7 — 1) — A(4,j) 0dno-wemuipexsnarnoe.

Do caesicTBre TPEX 06CTOATENBCTB: (1) Aj KOMMYTUPYET C yMHOXKEHHEM Ha JIMHEHHOe
paccioenne; (ii) mam A(j, j) merepmunanT dersipex-oauosnader; (iii) mag A(j, 7 + 1) merep-
MHUHAHT B3aMMHO ojfHO3HatdeH. [lepBoe yTBep:KIeHIe OUEBUHO U IPYTHE JOKA3bIBAHb! B [Al
Th. 7). Hanpumep, ecin B MaTpuie

2t 22 (2 0\ [1 2P
0 zt) L0 1/\l0 2!

KJIacC BTOPOTo (haKTopa He M3MEHSETCs TP 3aMeHe

-2
1 =z,

-1 >
0 =z,

A A~
HO KJIACC BTOPOro hakTopa B u3Mensiercs ecan A Herpusnasibao. CaMblil JiydImuil npuém
9T00bI TAPAMETPU30BATH 9JIEMEHTBI B 2 CJIe Iy OIIbIii:
(i) cuepBa, oMH mApaMeETpP €CTh CTEICHDb ero jJerepMunanTa; (i) ecam ra crenenb HeUETHA,
TO 9TOT JIETEPMHUHAHT CaM IIPEJICTABJSET BTOPOil mapamerp; (iil) ecau crenenp 4érHasi, TO
sTor a1emenT pased AFy, rie Fy nano B (), u ero sropoit napamerp ects A. CitegobaTensHo,
napaMeTp 3aJ[aH CTEIeHbIO U JIMHEHBIM PACCIOCHNEM, U3 KOTOPBIX MEPBbIii H3JIUIIEH.
[Tepsnrit omeparop ['ekke O MOBBIMAET CTENEHb Ha eAMHUILY. [JeTepMUHAHT YMHOKAETCST HA
A = (z;1). Coorsercrenno nemme, g A(m, m+1) oroGpazkeHne KOTOPOe JJAHO COOTBETCTBHEM
lexke 1 : 4, a wag A(m,m) ono 4 : 1.
Hannoit xapaxrep x rpymint Pic(M) onpesenser dbynkmuo f, Ha MHOXKeCTBe

(31) Aeven = mUOO A(m,m) = {A® F, | A € Pic(M)},

umenno, f; A ® Fy = x(A). Ecrm x TpuBnaibho Hasy {A € Aoven ‘ A% = 1} TOTJIa TMEeTCsT
taxoe X a0 X(A) = X(A?). Iycrs bynkuus f, raxoe pacmmpenne fy g0 2, aro fl(A) =
X(det A). Eciu x He Takoe, Torga f>'< paBHO HYJI0 HaT Aoqq, JAOMOTHEHTEM MHOXKECTBA Aeven
B U,

m=0o0
(31.a) Aoaa = U 2A(m,m+1).

m=—o0

OTi QYHKIUH COCTAB/ISIIOT IOJHOE MHOXKECTBO COOCTBEHHBIX (DYHKIMIA orrepaTopoB I'ekke ¢

nocutesiem B 2. Tounee, mpocTpancTBo dyHKINE HaL 2 COCTOUT U3 I€THIPEX TOIIIPOCTPAHCTB.
[Tepeoe &, cocrout m3 takmx dyukmumit f aro f(A ® ©) = f(O) ecim deg® qérno n
A%? = 1, 50 ecm deg © mewdTHO Takoro yciaosua HeT. OYHKIHMA TPOU3BOIBHA HAM Uodd,
HO HEIPUPBIBHA WK C MHTEIPUPYEMHBIM KBaJIPATOM B 3aBUCUMOCTH OT OOCTOSTEIbCTB.
Ects Tpum npyrux momnpocrpancra, 6;, ¢ = 1,2,3. Ilyctb x;, ¢ = 1,2,3 He-eITMHUYIHBII
KapakTep rpymibl Picg(M) = {A € Pic(M )}, takoit uto A? = 1. §I 3aMeualo 4TO HOPHAIOK
9TON TI'PYHIBI YeThIpe U 9TO KBajpar Kaxkjaoro A € Picy(M) tpuBnanbusbii. [lycrs &;
muOKecTBO Takux dbynknuit f ato f(AO) = x;(A)f(©), A € Picg(M) u f(O) =0 ecam deg O
HeuéTHO. [Ij15 TeOpeM MOTHOTHI HY?KHO TPeboBaTh 9TOOBI KBaJIPAT, TO €CTh €ro adCOIOTHAI
BeJIMYMHA, 3TUX (DYHKINN ObLT HHTEIPUPYEM, HO UHOTJA JPYTOe YCJIOBHE JIydIle, HAIIPUMEp
JIJI OTTUCAHNUS COOCTBEHHBIX (DYHKINI U COOCTBEHHBIX COMPSI?KEHHBIX KJIACCOB OPEPATOPOB
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[exke. Ciietytormast jgeMmMa HEIIOCPEICTBEHHOE CJIEJICTBIE ITePBOii JIeMMBI. 'T'peTbe yTBep:K IeHe

ecThb ciesicTBue ypaphenus ((32.a)).

JIemma 2. (a) Had waoscdvm npocmparcmeom &;, i = 1,2,3 onepamop ©1 ecmv Hyav.
(b) Kaotcdoe npocmpancmeo &;, i = 0,1,2,3 unsapuanmmo npu Os. (c) Bee cobemeseniivie
cevenus sosnukrarom 6 A ¢ kpamuocmvro 1

CaemosarenbHo, g ¢ = 1,2,3 u Bcex © € M BuI COOCTBEHHBIX KJIACCOB €CTh

a, O
0 —ag)’

TO €CThb €ro CJieJl ecTh HyJIb. B camoMm mgese, coocrBennbie dpyukunu [ g &;, i = 1,2, 3,
rakue dynkmmn aro f = 0 #Hag Aoqq u ato f(AO) = \;(A)f(O) ecom A € Picy(M). [Tos-
HO€ MHOXKECTBO 9THUX COOCTBEHHBIX (PYHKIUI COCTAB/IEHO OIPAHUYIECHUSIMU K MHOXKECTBOMY
Aoven Takux ysximit AFy — x(A), rme orpanndenne xapakrepa X K Picy(M) paBrO ;.
CrenoBaTeba

(32.a) a, = £/ —f(z71).

BHaK He m3MeHster conpsikeHHbIH Kiaace (32). Mbl MoxKeM BBIOpATh KBaJIpaTHBL KODEHb
HEMPEPBIBHBIM 00PA30M, a 3aTeM TIOGATBIO ONPEICTHTD ero 10 3uakal’| Mbr BozBparmMcs K
JI0Ka3aTeIbCTBY TPEThero yTBep:KieHus B §X1|

OcraBjieHHOE TPOCTPAHCTBO COCTABJIEHO (DYHKIWAME JleTepMuHanTa, © — f(det ©). Ko-
TOpble W3 STUX (DYHKIWIT ecTh cobcTBeHHBbIe QyHKIUU oneparopos lekke? ITycts p(A),
A € Pic(M) pasuo 1/2 ecm deg A wérno u 1 ecam deg A meuérno. Torga cobcTBeHHBIE
dbysKIn gansl Kak px, rae y kapakrep Pic(M). Cobersennble 3nadenus Oq, u Oy, PaBHLI
2x(x), x*(x) u cOOCTBEHHBIN CONPSKEHHbIH KIAce JaH MaTPHIOL

(33) x(z) 0
0 x(z)

Kombunaropuka 3/1eCh HECKOJIBKO HEOOBIYHA. ¢ MOMIEPKUBAIO, OKA3BIBAETCA ITO KPATHOCTH
KazKJI0T0 coOCTBEHHOTO compsizkennoro kiaacca B L?(2) onna. Ho atu ocrasiennbie coGeTBEH-
HbIE CONPSIZKEHHBIE K/JIACChl MOABIAOTCA TakKe B L2(D). DTo KazKeTcst MHe yJMBUTETLHBIM.

Ectb ofu myHKT KOTOPBIH HEOOXOIMMO HO TOIIEPKUBATD U HECKOJIBKO JIPYTUX, KOTOPbIE
[OJIE3HO TIOMHUTEL. MHOXKecTBO KapakTepos rpyiibl Pic(M) - obbeuHeHne MHOKECTBaA, AP
{x,nx}, tie n(A) = (—1)deA, Kaxoit nape accormmposan cOGCTBEHHBIH KIacc.

4 3amedalo TakxKe, YTO YpE3BBIYANHO TPY/IHO OTJIMYUTH COOCTBEHHbIE (PYHKIIUU, COOCTBEH-
HbIe TOYKN 1 cOOCTBeHHBbIe 3HadeHns. CyIecTByeT MpOM3BO/IbHBI BHIOOD, HESIBHBIN B TIEPBOM,
HO He B JApyrux. BakHo pa3ziamdaTrh uX CBOWCTBA, HO 9TO HE JIETKO!

(32) a€C, la] =1,

Jlemma 3. 9mo nocmpoenue unsexmusHo.

Korma s BriepBbie IPHIIET K 9TOMY BOIPOCY, s He 3HAJ 06 OCIIOKHEHUSIX, HE3HAYNTEIBHBIX, HO BAsKHBIX,
BOZHUKAIOIUX B 9TOM omnucannu. OyHkius f onHo3HaYHA, HO (DYHKIMS (v, HE BCELJA SIBJISIETCS TAKOBOM.
To, 94TO MBI MOXKEM U JIOJI2KHBI CJejIaTh, 9TO BbIOpaTh €€ TakK, 4TOObI OHAa ObLa OMHO3HAYHA HA OJHOM
n3 Tpex JABOMHBIX MOoKpbiTHit M’ kpusoit M. Torma sicHo, 9TO co6CTBEHHBIC PYyHKIMNA 00Pa3yIOT MOJIHBII
OPTOTOHAJIbHBIN Oa3uc. ¢l HAAEIOCh YTO ITO KOPOTKOE OObSICHEHUE JTOCTATOTHO.

QOqPGSBquafIHO TPYIHO PA3IUIUTh COOCTBEHHDbIE (DYHKINM, COOCTBEHHBIE KJIACCHI 1 COOCTBEHHBIE 3HAMEHUSI.
Cy1ecTByeT Ipou3BOJIbHBIN BHIOOD, HESIBHBIN B IIEPBOM, HO HE B JPYrux. BaXKHO OT/IMYaTh UX CBOICTBA, HO
9TO He JIETKO!



26 ROBERT LANGLANDS

Cren MmaTpuIbt HyJIb 771 Beex x. Jia cieya Kiracca HaXOAMEerocss B IJIaBHOM DLy,
TO €CTh MPUCOCTUHSIONIErocs K mape Kapakrepos Pic(M), sto meBozmoxkmo. CienoBaresbHo,
JIOCTATOYHO PacCMOTPETh KJlacchl ipucoeannennie K S;, ¢ = 1,2, 3. Toraa ciejt ecTh eIMHUIHO
Hyb. CreoBaTe/IbHO TOJIBKO JIeTePMUHAHT 3/1ech ymecTeH. Ho corytacHo ypasaenuto (32.al)
JleTepMUHAHT paBeH f2(z;). A gonycrumble byHKIME TaKOBHU, YTO €CJH f1, fo JOIMYCTUMbI 1
f1 = £ fs BCrony, Torma fi; = €fs BCIOLYy ¢ KOHCTAHTOI €.

OxonuaTebHasT Teopusi OyIeT Teopueil i PeyKTUBHBIX IpyIil. VTak BO3MOXKHO UTO
rpynmna GL(2) BBomuT B 3abuyxienue. [Tosromy mMbl KpaTko pacemorpuMm rpymmny SL(2),
JIJI KOTOPOI Iapabo/IMIecKuii CIIeKTp KOHeUYeH. BepodaTHO 4To 9TO CIpaBe/InBO /I BCEX
HOJIyIPOCTHIX rpymil. Mel He paccMoTpe i 3Toit rpymibl 1 € oneparopos I'ekke, Ho Bungy,z) C
Bungp,2) n ux cobcrpennble PyHKIUU HOJIyYEHbI OrpaHudeHneM. ¢l emeé He mpoBepuil 4To
sIBJIEHUE TIPE0DIaIAIONINX JTHArOHATbHBIX KJIGTOKE 000CHOBAHO JIjII YMHOXKEHUS, JIJIsT BCEX
oneparopos l'ekke u jyist SL(2), B 9acTHOCTH JIJIs OEPATOPA OIIPE/IeJIEHHOTO MATPHIION

27t 0
0 =z/

Tem He MeHee s1 UCKOJIB3YIO 5T0. OrpannmdenHne Kaxkaoro mnpocrpancrtsa 6;, i = 0,1, 2, 3, Ha
SL(2) omromepno. [Tosromy, mapabomdeckuit criekrp rpymis! SL(2) dersipexpasmepen. Onnn
U3 TUX COOCTBEHHBIX CONPSIKEHHBIX KJIACCOB TOXKe NapabomdecKuii. 41 CKIOHEH aymarh,
YTO JIIS BCEX TOJIYIIPOCTHIX TPYIIT MapabOIMIecKrii CIIEKTP KOHEYEH, HO s eIlé He 3HaI0 Kak
9TO TIOCYUTATh.

[Teper Tem, Kak 0OpPATUTHCSI K OCHOBHOMY BOIIPOCY €CTh HECKOJIBKO ITPOCTHIX 3aMevaHMUii.
Ecin nBa xapakrepa X1, X2 Takue, 9To npucoeuaenubie Gyuxiun fi, fo, fi + AFy — x;(A)
JIAIOT TOT 2Ke cOOCTBEeHHbII conpsizkennbrit kiace (31.a]), To ectb x1(2; ) = +x2(27!) Beromy,
rorga f1 = fo. Kpome Troro A — det AF, maér ecrecrBeHHOE MOKPBITHE YE€TBEPTOrO HOPSIKA.
MozkeT OBITH YTO HEBAXKHO, HO Jijid ¢ = 1,2, 3 Mepuobl COMPAKEHHOTO KIacca W 1 Wa.

Ilepuonabr nu dyukmuun. Ilpexme deM MbI 3aKOHIMM 3TOT pasjies, sl XOoTesl Obl, ¢aejarhb
OYeBMTHOE HEDOJIBIT0Ee HADIIOAEHNE, TOTOMY 9TO 3TO TO YTO CMYTHJIO MEHsI, CBSI3aHO B
KOHIIE KOHIIOB C BaXKHBIMHU YACTAMK TEOPHUH, KOTOPbIE ITPOCMOTPEIN OOBITHO ITPOHUIIATETLHBIE
aropbl crarbu [AB|. Kpusas M sanana pemérkoit L = 2wiZ + 2wsZ, TO ecTh €€ TOYKU
nanbl kKak C/L. Ho dysknum, cBs3HOCTH 1 T.J1. JTAHBI KaK C/z, rue L= 2m7 + 2nyZ. Ho
MBI BCTpEYAEM BBIIIE HE TOJHKO 9THU MAapaMeTPhl HO TakyKe Te 4To JaHbl Kak C/ 2L u3-3a
TOTO, YTO €CTh JIByMEPHBIH JIeTePMUHAHT, KOTOPBIH HOsABIAETCs B §IX| [0 JIPYIUM IPHIAHAM.
[Tocennas Bo3amMokHocTh He Oblta 3ametdena B [AB].

VIII. CBA3HOCTU U KPUBU3HA

Teopema Arbu-BorTa onmcana B ciieLyroneM pasjeiie, HO 9T00bI JOKA3aTh 3Ty TEOPEMY UM
HY2KHbI HECKOJIbKO OCHOBBIX PE3YJIbTaTOB MMOCTPOEHBIX U3 IV100aIbHON JnddepeHnnaibHoi
reoMeTpunuun, KOTOphbI€ HE 6bIJ'H/I MHE N3BECTHBI. BOBMO}KHO Y9TO OHHM U3BECTHLI YMTaTEJIgAM, HO,
CKOpee BCero, OHU He 3HAIOT O HUX OoJibie, YeM . [Toaromy s npenodnTaio 0ObICHUTD UX
371eCh, XOTS U TOJBKO T€ KOTOPbIe HaM HYKHBI. /lej10 B TOM, 9T0 HaM HY>KHO OBITH 3HAKOMBIE
HE TOJIbKO C OCHOBHBIMH OIIpe/iesieHusiMu i depeHimanbHoil reoMeTpun, HO HaM TaKKe
HY>KHBI HEKOTOPbIE HaBBbIKH B UX MCIIOJIb30BAHUML.

2L1o ectw pasencrso AD = DA = 0.
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B [AB]|, npexe gem o6bsicHuTh TeopeMmy, aBropbl Beesn U(1)-pacciioenue () Koropoe st
X04y 3JIKCh onucarh Jist kpusoit M. Tlo ciosam [AB| “let @ — M be a U(1)-bundle with
Chern class 1 endowed with a fixed harmonic or Yang-Mills connection. If we normalize the
metric on M so that it has total volume 1 the curvaturd of this harmonic connection on
Q@ is —2miw, where w is the volume form on M The universal covering M — M is of course

a flat w1 (M)-bundle, so that the fibre product @ x,; M is a U(1) x 71 (M)-bundle over M
with connection still having curvature —2miw. In particular this connection A is a Yang-Mills
connection. ..” YTBepxKaeHue 4To Kjiaacc YxkeHs paBeH 1 3HAUUT, YTO Y CEUCHUS €CTH €IIE
OJIUH HYJIb, CKOpee YeM TOJIIOChI. XOTH JIJI TeOMETPa 9TH MPEJJIOZKEHUS U 3TU YTBEPKICHUSI
SICHBI U TIPUBBIYHBI, I MeHsI He Tak. /s MeHs u i1 HeCKOJbKHUX JIPYTUX YnuTaTesei
JIETKO JIUIITb HEIPABUJILHO MOHATDH. [[o3TOMY g onmchiBaio moHATHS 0OCTOATETHHO, 0COOEHO
paccioenne () 1 CBA3HOCTD A.ﬁ Ho, otkyna 6epercs sra cBsasnocth?! CHadasa TPyIHO OBLIO
TOHATH!

3/1ech ecTh 00bICHUTEbHASA TPY/IHOCTH. DTO HE BOIIPOC OJHOIO WJIH JBYX OIlpejieennii. B
[AB| npesosnozkeno, 4ro y auraresisi UMEIOTCS HEKOTOPbIE 3HaHUs B U depeHIuaibHOI
reomeTpun. Mue KazkeTcs, 9TO B 9TOI cTaThe 3TO HeOIArOopazyMHoO mpenoararh. s mens
U JIJIs 9UTaTe s HeOOXOIUMO MOsICHUTH HEKOTOPbhIE TOHATHS 0OoJiee MOAPOOHO U puodpecTn
MIOJIJIMHHOE 3HAKOMCTBO C HUMH U MX BO3MOKHOCTAM. llonarue cBaznoctu fmnra-Mwuica,
MIOCJIeJICTBHAA KOTOPOT'O CJIOYKHBI, CAMO T10 ce0e HeJIETKO MOHATh. fl HaunHaio ¢ MaTepuaJia u3
crarbu [AB|, HO TONBKO 15T S/UTHNITHYIECKUX KPUBBIX.

XO0Ts1 9TO 1 HEOOXOIMMO, s IPEIIOYNTAIO OIINCAHIe B paMKaxX 00J1ee 3HAKOMOI MHOI TeOpHn
Beitepmirpacca. B cymuocTu ¢BA3HOCTD JlaHa JIOKAJbHO (DYHKIHEH 0 B , HO IIOJTHOE
onncanue ciaoxkuee. Heobxommmo Tak ke BbIBecTH U3 Heé paccioenne fAura—Mumica. Ho
yesoBue fura—Musuica, KoTopoe st 00bICHIO TI032Ke, OIPEJIEJIsIeTCsl KPOMe TOIO He TOJIHKO
METPUKOI Ha PACC/JIOEHUH HO TaKKe MeTPHUKO# Ha M. DT0o yKe BTOPUUHBIN BOIIPOC.

BosmoxkHO 9TO YnTaTe Ih TAKKEe HE3HAKOM C KOMILIEKCHOU JuddepeHinaabHoit reoMmeTpueit
Kak u 4. [losTomy s mpejarato, Jiyig Hero u jjis cebsd, HECKOJIBKO OCHOBHBIX OIPEJIE/IEHHUIA,
koropble HaxonsaTcst B [AB| u ¢ koropamu reomerpsr 3HakoMbl. HacKoJIbKO MHE M3BECTHO,
KPUBHU3HA, KOTOpas TaK BaxKHa JjIa HACTOAIIEH CTaThbU, OTCYTCTBYET B PYCCKO-aMEPUKAHCKOIT
maremarudeckoit Teopun |G|, xoTst Bo3amoxkHO uTo ypasrenue fura-Musnica, Kak dbusnaeckast
Teopus, BO3HUKAET Ha €€ 3aJHOM ILJIaHe. DTO CYIINECTBEHHO I HAIUX IIeJieil, TTOTOMY
qro TeopeMma Arbu-BorTa HEoOXOaMMa, XOTd M BrOopocTerleHHa. MHe KaXKeTcs TaKxKe, 9To
[IOJIE3HO U JazKe HeoOXOINMO He CMEINBATH T€OMETPUUIECKYIO TEOPUIO0 aBTOMOPMHBIX (hOpM ¢
KOH(OPMHO#T Teopueil moJieit mim Teopueil KaJudpPOBOUHBIX 1oJieit. ¥ criepBa KpaTKo 00bsICHIO

223 1eCh €CTh HEJIOCKA3AHHOE IPE/IIIOJIOMKEHIE HIIH YCJIOBHE O KOTOPOM $1 CICJIAI0 3aMeuaHie 032Ke. Bpeenne
comuoxkuresu 71 (M) B [AB 6.5] neitcryer Ha rpyuiy paccioenun Ho He Ha eé anre6py JIu. Ilosromy monsTue
KPUBHU3HBI MaJIO0 M3MeHEHO. TeM He MeHee IPHUCYTCTBUE IPYIIIBI OyIeT BayKHO. DTO OyeT 0bbsicHeHo 6osee
mo/ipobHO 1To32ke. MHe ToHa00M/I0Ch HEKOTOPOE BpeMs, ITOOBI MOHATL 3TO BaxKHOe cTpoenme. Iloka s
orpaHndych onHuM 3aMedanueM. Eciu G = U, p|Z obs3arenpHo paBHO enuuuie. Ecan, ogHako, g = 1, a
TAK¥Ke ecm ¢ > 1, HO MBI paccMaTpUBaeM 0CObbIe CIydau, TOTa Mbl MOXKeM u3MeHuTh 3Hadenue p(A) u p(B)
KakK HaM HpaBUTCs. [loTpeOHOCTH B 9TOM TPOSBJIAETCS B pasjesie X.

Oxa3sbiBaeTcs, K MOeMy OOJIBIIOMY YAUBIIEHUIO, YTO B HACTOsIIE! cTarbe TONIbKO paccsoenus U(1) = U(1)”
HyJsieBoit crerienn n = () BayKHBI, TO €CTh TPUBUAJIBLHOE PACCIOEHHUE ¢ TOCTOSTHHOM MeTpuKoil. ¢ moHsa 3To
TOJIBKO TOCJIe 3HATUTENBHOTO Pa3MBIIIJIEHNsI HaJ[ BOIpocaMn cTatbu u Beisomamu [AB].

23[T] Yro kacaercsa ocHoBHbIX onpenenenuii, kuura Clifford Taubes, Differential Geometry - mose3nas
JIOTIOJTHUTEIbHAST CCHLIKA.
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ornorerne reopunt B [AB| k coberBennbivM 3navennsam oneparopos ['ekke. Heckosbko monsTuii,
CBABAHHDBIX ¢ KPUBU3HOM U CBA3HOCTSIMHU, OY/IyT Pa3bsaCHEHBI Ha CJIEIYIONIEM IIPUMEpE.

Heso B ToM, 9TO COOCTBEHHDBIE 3HAUEHUS o1epaTopoB ['eKke nanbl pyukpeii na M 3nadenue
KOTOpOii B Touke x € M HaXOIUTCsA B 3PMUTOBOM KOMIOHeHTe ajare6pnl JIu rpymmer “G.
Ecim G = GL(2), KoMnakTHBI BUJ KOTOPOro ecTh ynurapHaa rpymna U(2), 'G = G,
aireopa JIu g rpynnst G upamas cymma U @ b, tae h = iU mpocTpaHCTBO JIBYMEPHBIX
SpMuTOBLIX MaTpun,. C JIpyroif CTOPOHEBI, €CTh CBA3HOCTH 3HAadYeHne KOTOPBIX B Vg = g,
MBI THTEpecyeMcs 0 GOJIBINOH YacTu TUMHE, 3HaueHnn KoTopelx B YU, MbI jokazkeM, 9To
cOOCTBEHHDIE 3HaquHﬂ orniepaTopoB ['eKKe JaHbl MHTErpagaMu cBa3HocTu Anra-Muica c
COOTBETCTBYIONIIMI HAYATLHLIMI YCIOBHAME U yMHOMXKEHB! Ha i = \/—1. $I KoHeuHo ToJarao
9TO TAKOe yTBEp:KJeHre BooOIe paBauBo, HO jgaxe Jid GL(2) u summnrudeckoi KpuBoii
HY?KHO €Ié MHOIO TIOHATH U MHOI'O OOBSICHUTL. DTO COOTBETCTBHUE €CTh CJIEJCTBUE OTHOIICHHUST
JeTaseil 3TUX JBYX MHOXKECTB.

[Tousitue o cesa3uocTn Aura-Musiica olnpeeeHo TOMbLKO JjIs YHUTAPHON CBI3HOCTH. B
JOOOM cilydae sl pacCMaTpUBalioO TOJILKO Takue cBstznocTu. Criegyionye 06baCHEHNs] B3AThI
u3 [AB §3,4,5,6], xorst obosHauenne ciaerka nsmereHo. Ilycrs P pacciioenue Jijist TPy b
U = U(2), ro ectb mis eé anrebpot JIu U(2). CesasrocTsh A-pacirierieHue moce0BaTebHOCTH

(34) 0—TpP — TP — 7 ' TM — 0,

rie T obo3navaeT KacaTeabHOE MPOCTPAHCTBO U g cjoit paccioenus. CBepx TOro, Hy»KHO
4T00BI paciierierre 66110 nHBapuanTHO oTHOCHTE/bHO U! To ecTh ¢BA3HOCTH OmpeieieHa
wa: TP — TpP ¢ npocTbiMu HY>KHBIMI CBOHCTBaMU, KOTOPbIE OueBUAHbL. [losToMmy MOXKHO
noausTs Bexroproe nome X ¢ TM k TP. Tlyers X — X. Torna Fiu(X,Y) = wa[X, Y] mepa
KpuBu3HbBI cBsa3HocTell. Kak dyukiums napst { X, Y}, Fu nuddepennranbhas dhbopma 3HATEHHST
KoTopoit HaxojgaTcd B anredbpe JIu U. Boobie k pacciioernto P u KaxKJI0My IIPeJICTaBJICHIIO
g i U — mepBble TOJIyUeHbl 13 BTOPBIX — IPUCOEINHEHO BEKTOPHOE paccyioerue. OUeBu HO,
4T0 F4 cevueHme pacc/JoeHus, OlpeJIeJIeHOI0 TEH30PHBIM ITPOU3BEIEHUEM JIBYMEPHO (DOPMBbI
¢ IIPUCOEIMHEHHBIM IpejicTaBiaerHneM. K cuactoio xF'4 mporre. OHo - cedenne paccioenus: P
U 9TO CeYeHNe MHBAPUAHTHO.

D10 3aMevaHne BaxKHO JyIs joKazaresnberBa Teopembl B [ABL §6, Th. 6.7]. Urak ero
Hy:kHO noHEMaTh. Tak Kak F(A) € Q*(M;ad(P)), xFa € Q°(M,ad(P)), 10 ectb *F4
dbyukiws 3uadenust Koropoit B cioe jiexkar B ad(P) = U. Tak kak A unBapuantho xF'(pg) =
Adg™ x F(p). TlosroMy ero conpsiKeHHBI KJIacc MOCTOSHEH BHYTPH CJjiod. Lyio6ajibHoe
IIOCTOSAHCTBO €CTh cjejicTBue yeaoBud fura-Mmuiiica, KoTopoe Mbl OObACHIM HUKE. 1 3aMeTu
aro ycjoeue duara-Mwuica, xorsa u BaxKHO i TeopeMmbl ATbu-BoTTa, mepBonadaibHO He
OTHOCHTCS K JIETTy.

3/1ech ecTb BOBMOXKHOCTS IyTaHunbl. [locTpoerne paccioenns (), Kak paccioenne flHra-
Muwuuica HyKHO, HO €ro TOYHOE ITOCTPOEHHE ¢ MOCTOAHOM KPUBU3HOW He HyKHO. Tem He Menee,
OHO TIOJIE3HO JIJIsi CPABHEHUS ¢ Teopueil orepaTopoB ['ekke.

Mpu1 paccmaTpuBaeM CBSI3HOCTU HA PUMAHOBBIX MMOBEPXHOCTAX U Yy HUX €CTh 0COObIE CBOI-
CTBHH MHue Tpy/HO He 3a0bITh TO, YTO B HepByio odepenb M B [AB| ects BemecTsennoe

244 MIPU3HAIOCH 9TO TO OOCTOSITEIBCTBO, 9TO KACATEIBHOE TPOCTPAHCTBO N-MEPHOTO KOMILJIEKCHOTO PACC/Io-
€HHUs Ha OJITHOMEPHOIT KOMILIEKCHON KpHUBOil 4n-MepHOe, BCEeTia CMYIIAeT MEHS.

25.qume HAIIOMHHITH 4TO JIOKaJIbHAs ajrebpa [exke n3omopdna KoubIly pecTapiennii G u aro xapakrep
5TOTO KOJIBIIA, COOTBenBylomuit v € G nan ciemgom 7 — tr (7). OBBIYHO 7y YHUTAPHO, HO y CJIEMIA TAKOTO
pa3Inyalroniero CBOMCTBa HeT.

26[AB, §4,5] wim |GH| Principles of Algebraic Geometry, crp. 72, P. Griffiths, J. Harris.
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mrorooGpasme! Nrax 3sesna Xomxal |
x: Q3 (C) =0}, ® C =" M) o Q™ (M) - Q},(C)

Taxkad 970 * = —i Ha Q10 n * = ¢ ma Q%! MbI BEIOpam TaKyio METPHUKY, HOCTOSHHYIO METPHUKY,
9TO COOTBETCTBYIONIAs KOMILIEKCHAs CTPYKTYpa jaHa obbraabiMu d' = 0/0z = d/dx + id/dy,
d" =d/dx —id/dy. C 51uM mocTpoeHreM MbI IpeodpasyeM JIefiCTBUTEbOE TIPOCTPAHCTBO B
KOMIIJIEKCHOE TIPOCTPAHCTBO. DTO MBI MOYKEM TIOBTOPUTH C PA3JIOKEHUsIMHU, co3aaBasd dy u d'y
ot U-cesasnocreit dA. Tak kak 9Ta craThs He ajipecoBana auddepeHTHaTLHBIM T€OMETPAM S
obbsacustio. [IpucoemaenbiM K CBI3HOCTH A U BCEM aCCONMUPOBAHHBIM Pa3JIOYKEHUSIM €CTh
KOBapUAHTHAS IMPOU3BOJIHAST U €€ CONPSKEHHDIN TnddepeHunabublil orepaTop d.
¢l HATOMUHAIO YTO BBIMIEN3/IOKEHHOE CIIPABE/JINBO TAKZKE JJI PA3JIOXKEHUSI,

(35) Q¢ (M, ad(P)) = QY(M,ad(P)) & Q"' (M, ad(P)).

OTU NPOCTPAHCTBA - COOCTBEHHBbIE TPOCTPAHCTBa oreparopa . [lycrs d4 KoBapuanTHOE
nuddepeHImpoBanre TPUCOSTUHEHO K A.

QUO(M, ad(P)) —2 02(M;ad(P))
(35.a) deT TdiA
Q% (M, ad(P)) G o (M;ad(P))

Ecrb o6parHoe mocTpoenue K 31oit quarpamme, koropoe jgano B [GH|. Tlonesno noguepkuy s
paziamanoe ornorenne nocrpoerns B [AB| u [GH| x sroit nnarpamme. B [AB| merpukoii
BMeECT€e C YHUTAPHON CBA3HOCTHIO K rosioMopduoii crpykrype; Ho B [GH| merpukoii Bmecre ¢
roJIoMOpHOI CTPYKTYPOil K YHUTAPHON CBA3HOCTH.

4 HecoMHEHHO CJIMINKOM TIOJIPOOHO OOBSCHAIO HO BayKHO TMOHUMAThH OCHOBHBIE OTIPEIe/IeHUs
TOYHO. BellCTBUTEILHOCTH 1 HE JIOCTATOYHO OOBACHWUI, IIOTOMY YTO g 110 Ha4YaJy HeJI0CTa-
touno nounmast. B [AB| nokaszano, uro HuKHss cTpenka B OTIpe iesIsieT KOMIIJIEKCHO-
AHATUTHIECKYTO CTPYKTYPY HaJl paccaoeruem. C npyroit croponst B [GH, ctp. 72| o6bscammocs
KaK BEKTOPHOE PACCJIOCHUE C KOMILJICKCHO-aHAJIUTUIECKON CTPYKTON U SPMUTOBON METPUKONA
omnpeJiesisieT CBA3HOCTh. B HacToseM oOCyXKIeHUN 9TO 3HAYUT, YTO JrarpamMma , B
KOTOPOI1 CBSI3HOCTDH TOJIBKO TIOJIpa3yMeBaeMa, JlaHa JIBYMs pa3HbIMI MHOYKEeCTBAMU. ¢ mpuIesn
K TIOHUMaHAHUIO 9TOI KBUBAJIEHTHOCTH HO JIOBOJIBHO MEJJIEHHO. ¢1 TIOBTOPSIIO, UTO JIJIs MEHS
HACTOSAIIAs CTaThs IMOBOJ, K U3yYE€HUIO KOMILIEKCHON uddepennnaabHoil reoMeTpun. DTta
teopust gaét [ABl Th. 6.7] koTopas BroxHOBIISIET OmpeeieHe aBToMOpdHOI rpymmbr [asys.
MpbI 00bACHEM TI032K€ TIOCTPOEHHE STON METPUKHU JIJIsi 0COOOTO CITydasd.

Cuepsa s xorex 6bl kpaTko o0bsacanTs orHomenne [AB] u [GH] x xuarpanvme (35.2)). B [AB]
MeTPHUKA JlaHa U OTPAHIYNBAET CBA3HOCTD, KoTopas qaét crpesku; B [GH| merpuka Toxe nana
Ho ¢ crpenkoii d’y = 0, u 0ba ompeensaioT cBa3HoCTb. CIle0BATEIbHO, €CIH PA3MEPHOCTD
pPACCI0eHNs paBHA OJIHOMY U €CJIM €CTh TOJIOMOP(HOE ceveHre, i eCJIM KOHEYHO TaKOe CeueHune
JIOKaJTbHO, TO OHO U €T'0 IepeMeHHas JIJTNHA OIIPE/IEIAIOT, 110 Kpaline Mepe JIOKAJIbHO, CBA3HOCTD,
KOTOpasg COBMECTUMAas ¢ METPHUKOM, WJIN €CJIM Mbl TaK MPEJIOYTEM, TO Mbl MOXKEM MOMEHATD
METPUKY TaK YTOOBI OH& ObLIa COBMECTHMA C CBA3HOCTBIO. 41 MOJYEPKUBAIO, UTO €CTh JIBE
MeTpuku, oyiHa Ha M u napyras #Ha paccioerun. Ceidac MbI UMeeM JIeJI0 C METPHUKON Ha

2TKak 51 MHOTOKDATHO 3aMedal, si BBIYYMI AUPPEPEHITUAIBHYI0 T€OMETPUIO B TO BPEMs KaK s IIUCAJ ITY
crarbio. [Toaromy mHOrIA ONpese/ieHnst ObLIN JAHHBI ITPEXKIEBPEMEHO, HEPABUILHO WIn HermosiHo. Hampumep,
msg nocrpoenus [GH| merpuka na M e orHocuTcs K geiy. ¢l BEPHYCh K 9TOMY BOLPOCY IIO32KE.
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pPACC/IOCHIH. DTa CBA3HOCTb HE3ABUCUMA OT TOJIOMOPMHBIX CEUCHUI U CJIe0BATE/IHHO OHA
oIpejiesieHa rJI00aIbLHO.

Moé mocTpoenue paccoeHus CBsA3HO ¢ Teopueit Beiteprirpacca. 910 He HEOOXOIUMO 1
JlarkKe HEeyKJIIoyKe, [0 KpaiiHeil Mepe cHadajia, HO, JIJIsi MEHsi, CTABUT €ro B 0oJjiee 3HAKOMYTO
u GoJtee yoeuTe/IbHYI0 paMKy. B Hadasie MHe BCE OBLIIO B HOBU3HY: MTOCTPOEHHE CBSI3HOCTH,
ecan MeTpuka Ha paccioennu nana [GH| crp. 73|; kpuBusHa; TecHOE OTHOIIEHIE CBA3HOCTE
Aura-Musuica ¢ nocrosmersom [ABJ.

[Moaxomgmee pacciaoenne ¢ mist [ABL Th. 6.7] Mbl mosrygaem oT TpUBHATIBHOIO PACCIOCHHS,
€CJTM MBI TT03BOJISIEM IIOJIIOC B HyJse. 91 HAIUCAsI 9TH CJI0Ba HECKOJIHKO MECSAIEeB Ha3aJi, HO He
TMOHMMAJT IX TIPABHILHO, TIPHHUHAS cebe 3HATHTEILHOE 3aMeMaTe beTBo LY DTo mopasyMena-
€T, YTO HEeT KAHOHUIECKOTO BBIPAYKEHUS CeUeHUsI B OKpecTHOCTH HY/Isd. DyHKIMS ¢ ¢ MOJII0COM
HOps/IKa OJMH BLIOpaHa, Ha npumMep o & wmm , 1 JeficTBUTeIbHOe CedeHUe 1), TO C IOJIOCOM,
nanucano kak ¥(-) = f(-)¢(-). Ceuenne f He KaHOHUYECKAs IOTOMY UTO ¢) He KAHOHHIECKOE.
OyHKIUA 0 JIydine, II0OTOMY YTO OHa MOYKeT UCIo/b3oBaThest Besge B C.

YT100BI 11071b30BaTHCS JIEMMOI B [GH]H KOTOpas JIa€T CBA3HOCTH, HAM HYKHa SPMUTOBA,
MeTpuKa Ha (). Tak Kak pazmMepHOCTb () paBHa 1, JOCTATOYHO BBECTH TAKYIO MOJOKUTEIHHYIO
dbyuxmmo s(z) > 0 qTﬂ

(36.a) s(z)‘a(z)‘_Q = s(z4+2w;)|o(z + 2wi)‘_2 = s(z+2w;) exp<—4 Re(n;(z + wz))> ‘a(z)‘_Q.

[Ipexkie Tem, eM MBI JJOKaKeM, 9TO eCTh Takas GyHKIWs, g orMedy ciesyiomee. [Iycrs g(-),
BOZMOZKHO, HerosomMopdHoe JokasbHoe cevenne paccioennal] Torma f(z) = g(2)o(2) Beiomy
KOHEYHO U MeTpHKa Ha () Oolpe/ieieHa:

(36.b) (9(2),9(2)) = [F(2)|s71(2).

Y MeHsi HEeT JApyroro OCHOBaHUA JIjIsI €€ BBEJAEHUS, TOJIbKO TO, ITOOBI OHO CJIYXKUJIO IIEJIN.

28MHe GBbLIO HEOKMIAHHO TPYJIHO MOHATDH [OCTPOEHUE IIYyIKOB ().

299 ra meMMa He Hy»KHA IS OIPEIe/ICHNs CBA3HOCTU IIOTOMY ITO OHA JaéT 3HAKOMYIO (DYHKIIMIO, HO STOT
OYEPK YCTaBJISIET TaKKe IT0BOJI, y3HATH HEMHOIO AudpepeHnnaabHOi reOMeTPUH. KJIOMe TOI'O i HAUUHAJ C
9TON JIEMMBI U TOJIBKO IOCJIE ITOJTHOTO paSlVH)IIH.HeHI/IH IIpI/I3Ha.J'I7 9TO OHa HE COBCEM ylVIeCTHa JJIA HOTpe6HOCTeﬁ
craThbu. B 4acTHOCTH, 9 HE MPU3HABAJI IIPEUMYIIECTB, BO3MOXKHO, HEOOXOMUMOCTH BBeJeHus DyHKImA S(-).

309yraresmo HPUIETCS IIPOCTUTH MEHSI, HO JIJIst BOIIPOCOB aud dpepeHIraabHOi TeOMeTPUH €CTh IBE METPUKU,
KOTOPbIE HY?KHO yUYUTHIBATH, Ta, 9TO Ha Oa3uce, u ojHa Ha cjioe. KpuBu3Ha orpaxkaer u To, u Japyroe. To ecrb,
KPUBU3HA, OIPE/Ie/IeHA PA3HOCTBIO OBLICTPOTHI BPAIlEHUsI B CJIOE, IIOPOXKICHHOTO JBMKeHueM B basuce. Ha
basuce, U3-3a €ro METPUKHU, B KazKJI0W TOUYKE €CTh ITAJOHHAS ILIOIMAIb, TAK YTO MEPEeMEHHOe AeHCTBUTETHLHOE
YHCJI0 SKBUBAJIEHTHO M3MEHsIoNIelics miomaae 1 Haobopor. CeasHocru Sura-Mminica, o Kpaiine Mepe eciiu
pa3MepHOCTh paBHa OIHOMY, TAKOBBI UTO UX KPUBM3HA F' 110CTOA, TO €CTh OHA YIOBJIETBOPSET yPaBHEHUIO
*F = 0. Mue TpyaHO OBLIO MOHATH KaK 9TO MOXKeT ObIThb st cBsA3HOCTH (). OJiHA 11e/ib, HauajbHasl 1eb,
9TOro pasjiesia - MOHATH TO, HO sl OBICTPO y3HAJ YTO UX OBLJIO IOpa3io 0oJIbllle KOTOPhIE si HE IOHUMAI.

Iocrpoenne Koropoe obbsicieno B [GH|, HesaBucumo or Merpuku Ha M, HO KPUBU3HA 3aBHCHMA OT HEE.
C jspyroit croponbl, cBsi3HocTh Aura-Mujijica TakoBa, 9T0 KpUBU3HA MOCTOsiHA. MHE He sICHO, KAK METpUKa
Ha CJIOE BIMZET Ha KPUBMU3HY. ¢ Ipeijiaraio aBa IpuMepa, oauH 60jiee IPUBJIEKATEIbHBIN, deM apyroii. £
3aMevaro, YT0 KOHEYHAas 11eJib, CDABHEHHUE JIByX HE3€MHBIX Bellleli, COIPSXKEHHBIX KJIACCOB | €éKKe, KOTOpbIe
MEHSIOTCSI OT TOYKU K TOYKEe, U MHTerpaJjoB cBsa3HocTell fAura-Mujuica, Ipupoga KOTOPHIX OObsICHEHA 10
Hekoropoii crenenn B [AB|. s sumunTiaeckux KPUBBIX TPYJHOCTH OTHOCUTENBHO MIPOCTHIE.

OkassbiBaercs, uro nocrpoerne B [GH| He coBcem To, 4o HaM Hy?KHO, HO OHO IIPEJJIAraeT IEPBOHAYAIBHOE
[IOHUMAHIE METOJOB IIOCTPOEHHUSI CBA3ZHOCTEH € IpeIIMCaHHbLIMU CBORCTBAMI.

31T ectw, ecim X € L u g onpezeneno B Touke A, rorma dbyskmus (z — \)g(z) Koneuna B Touxe .
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Ypasuenue ([36.8)) SKBHBAJIEHTHO
(36.¢) s(z + 2w;) = s(z) exp (4 Re(n;(z + wz))>

CremoBaTeIbHO

s(z + 2wy + 2wsy) = s(z + 2wy) exp (4 Re(na(z + wi + w2))>

s(z) exp <4 Re(m(z + wl))> exp <4 Re(na(z 4+ w1 + wg))> ;

s(z + 2wy + 2wy) = s(2 + ws) exp<4 Re(m(z + w2 + wl))>

= s(z) exp (4 Re(na(z + w2))> exp (4 Re(mi(z 4+ ws + wl))> .
DT0 BO3ZMOXKHO TOJILKO €CJIH
(36.d) exp(4Re(now1)) = exp(4 Re(mw,)),

KOTOpOE eCTh CJIeJICTBUe ypaBHeHUs 21wy — 2newy = i [WW. cTp. 446].
MpuI criepsa onpejiesium s u 3areM HaromuuM o Josoje B [GH|. Tlyers z = 2aw; + 2bws,
a,b € R. Jljas nacrosmwx teseii a, b yjaobubie jeiicrsuresbibie nepementbiel? Tycts

(36.¢) s(z) = s(a,b) = exp(aa® + Bab + vb* + da + €b).
Tora cormacuo (36.c) HyKHble ypaBHeHs
s(a+1,b) = s(a,b) exp(8 Re(mwia) + 8 Re(nmwsb) + 4 Re(mwr)),
(36.1) s(a,b+ 1) = s(a,b) exp(8 Re(npwab) + 8 Re(nawia) + 4 Re(npws));
HO COTJIACHO JefiCTBUTE IbHBIE Y DABHEHHUSI
s(a+1,b) = s(a,b) exp(2ca + a + b+ 0),
(36.g) s(a,b+ 1) = s(a,b) exp(Ba + 270 + v + €).

CpaBHenne 3Tux ypasHeHuil 1aér «, 7, J,€ 6e3 Tpyja, HO [ [ €CTh JiBa OLpe/Ie/IeHNns,
KOTODBIE JIAI0T caMoe 3Hadenne u3-3a ([36.d). 3Hadenus stux mgaru ducria:

(36.h) a =4Re(mwy), f = 4Re(muwz) =4Re(nawi), v =4Re(naws), 6 =€=0.

Ha srom Mmecre MbI y2Ke BbiOpasu Merpuky Ha cjioe, Kak B [GH|. ITosxke Mbl BeiGHpaem
B Ka4ecTBe JOMOJIHUTEILHOIO ONbITa pas3Hyio. OaHaKO, Mbl OTCTyIIAeM cefiiac OT MeTo/a B

3217151 CJIe/yIOMEX BBIMUCJICHHEIT S 3aMeTy ITO
2Wo — ZWwWy = 20,((,01@2 — 51LU2); 2W] — zZwW1 = 2[)(0)2@1 — wgu.q).
CHeﬂOBaTeHBHO JINHENHbIEe OTHOIIIEHUSI JINHEeITHBIX IIepeMeHbIX a, b K IIepeMEeHHbIM Z,Z JaHbl
71 ZWo — ZWao b*l 2ZW1 — ZwW1 .

(37) =5 ——— b= —————;
2 Wiy — Wi 2 W1 — Walq

8a 1 Wo 8b 1 w1 8a 1 —W 6() 1 —W1

0z 2 Wiy — Wiwo " Oz 2 Wol — Wawq T 0z 2 W1y — Wiws T 0z 2 Wo — Walq '
1151 SICHOCTHM MBI yCTPAHUM U3 9TUX BBIPAYKEHUIH OOIIUI 3HAMEHATEb 1) = WiWs — W1Ws, YTOOBI Oy IUThH

(37 ) 8@ Wo (% w1 6& w2 8[) w1
a _—_—=— — = —— _—_—=" —— — = —,

0z 2n Oz 2n’ Oz 2n’ 0z 2n
sl ,ILO6aBJ'IIO 9TO, C TOYHOCTBIO 1O MHOXKHUTEJIA :tl, YUCJIO 1) ABazKAbI IJIOMIA/b TapaJiieiorpaMMa CO CTOpOHaMU
w1, wW2.
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IGH], B koropom rosomopdHast cTpyKTypa obecrnednBaer JOMOJHUTEIBLHOE YCIOBUE (TO eCTh
D" = 0 |[GH, crp. 73]) u BBOIMM HPAMO YIJIOBOE JIBUZKEHHE CBAZHOCTH. $1 BepHYyCh HO3Ke K
9TOMY JOBOJY B paMKaX IOINBITKH JOCTATOYHO IOHATH HMOHATHE KPUBU3HBI, IIOCKOJIBKY OHO
rogBgeTcsa B Teopun fAura-Mmca.

Kpusasg M, kak BellecTBeHHOE MHOTooOpasue, JByMepHa U CBA3HOCTDL jpuraercsa B C
KOTOpOe TOKe JiByMepHO. CJie/IoBaTe/IbHO 9Ta CBA3HOCTD OIpe/ie/ieHa NH(PUHITE3UMAJIHHO
YeTBIPbMS BEIIeCTBEHHAMHU ITapaMeTpaMu. YCJIOBUE YHUTAPHOCTH YMEHBINAET UX JI0 JIBYX,
KOTOpPbI€ YUCTO MHUMBI. MbI BEPpHEMCA K 9TUM ABYM IIapaMeTpaM I1032Ke, IIOTOMY 9TO OHU JJal0T
KpuBu3HY. [/106a7bHO ¥ HAC €CTh ceffuac KOMILJIEKCHOE JIMHEIHOEe PACCI0eHne ¢ MeTPUKoii. ¢
nosropso. Ecim 21 —29 € L, Torna (zl, a(zl)_l), (22, 0(22)_1) IPEJCTABJISIOT TAKYIO 2K€ TOUKY
B PaCCJIOEHNH, TOJIBKO ecii 0(z1) = o(22) u 910 MaoBepositho. Eemmn f € C, 2 € C,u A € L,
rorja (z, f) u (z+ A, f) IpeacTaBasgioT Takyio e TOUYKy B pacciaoeHun. Eig pas, riaBHbIil
npeaMer GyHKIast o(+) HO OHA He OJHO3HAYHO. TeM He MeHee OHa OIpese/iseT MeTPUKY Ha
CJT0€ M KOMILIEKCHYIO CTPYKTYPy paccioenus. Dra merpuka f(-) — s~ 72()|a ()| F(4)].

Korma s mucas 3Ty craThio s y3HAJ 9TO OBLIO HECKOJBKO OCHOBHBIX MATEMATHIECKUX
MIOHSITHI, MOE TIOHMMAaHIEe KOTOPBIX OBLIO HEJOCTATOYHO WM JayKe OMIMO0IHO. Y 0ObsICHIO MX
B CJIEJIYIONINX CTPOKaX, HO He obpalasi 0coO0ro BHUMaHWs Ha MOU HeJI0pa3yMeHHsl, HallpuMep
sHadenus jgeMMbl [lyankape. B camom jeste, To 9To, HeTpuBuajabHoe auddpepeHimajibHoe
ypaBHEHUE 0 f = 0 TakoBO, YTO MHOXKECTBO €r0 peIIeHNN 3aMKHYTHO OTHOCUTE/IHLHO YMHO-
2KEHUAd, 3TO O6CTO§IT€HBCTBO, HEIIPUBLIYHOCTU KOTOPOI'O A HE IIpU3HaBaJl I'OJaMM, XOTd €ro
BayKHOCTH OveBH IHA. VTak mocTpoenne (), CymnecTBOBaHIE KOTOPOI'O OYEBUIHO JijId AThU 1
Borra, Bocro/iHSIET HECKOJIBKO IIPOOETIOB B MOEM 00pa30BaHUM.

Xors st 06bsicuio niocrpoenne B [GH| mos:xke, BepHyBIHCH K 9TOMY 0OpAIEHUIO B PAMKaX
[OIBITKH JOCTATOYHO HOHATH MOHATHE KPUBU3HBI, ITIOCKOJBKY OHO IOSIBJISETCS B TEOPUUS
Anra-Muica, s IpeanoYnTan HAYUHATH ¢ IIPOCTOrO OIMUCAHUS ¥ ITOCTPOEHUS TTOIXOIATIIIX
OJIHOMEPHBIX CcBA3HOCTEH. OOBIKHOBEHHO U HIPEAIOYTHTEIHLHO JBUYKEHIE HAIMCATD JIOrapud-
muaecku 17, = exp(p; + i61), rue py u 0 BerectBenuble GyHKIMI. OYHKIWA ) TOTHOCTHIO
omnpeesiercss MeTpuKoit. CBA3HOCTH JaHa BbIpaXKEHHEM

/
Ui / Iy
— = p1() +i01 ().
Uit
MOYKHO OIpeIeUTE 1) B OTHONICHNH JAHHOTO CedeHHs, KOTOPOe MOKeT OBITh 0 ', TO eCThb
OIIpeIeJIUTh

(37.) me)=n0) =2, n=prib

ObosHaveHne 371eCb TaKOBO, YTO BTOPOii UJI€H, XOTsl M CO 3HAKOM MHUHYC, €CTh CBA3HOCTB! ¢
3aMevalo, ITO OHa CBA3HOCTD, KPHBH3HA KOTOPOIl pABHASIETCS HYJIO, TO €CTh €& MHTErpat o+
OJIHO3HAYHO OIIPEJIEJICH JIOKAIBHO.
[TockoIbKY CBSI3BHOCTH YHHTApPHA ,
_ 2
s7'(-)|o(-)|” exp(2p) = constant.

CrenosaresbHo, dp(+) ogro3HATHO Onpesesero. OHO JTAHO ypaBHEHHEM
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OnHAaKO 9TO HE p KOTOPBIM MBI HHTEpecyeMcs, 910 6. XOoTs s 107aroe BpeMs He MpU3HaBaJ
9TOr0, €CTh OYEBUHDII BBIOOD, MHNMOIT anasor ypasuenuii (36.g) n (36.h]),

9 _ (9aa + 8b) da + (Ba + 24b) db,

TO eCTblg
(36.1) (2aa + 1) da + (Baa + 27b) db,

e @ = 4Im(nwy), f1 = 4Im(nws), B2 = 4Im(newr), 7 = 4Im(nows). Pasmemenne asyx
YUcesl B 3HAYUTE/ILHON CTelleH: POU3BOJIbHO. X MoxKHO mepectaBisTh. CrieJCTBHE - TOJIBKO
3aMeHa 3HaKa. Te, KTO 3HAKOMBI C KPUBU3HOH HEME/JIEHHO HPHU3HAIOT, ITO I0JIyYeHHAs]
KpPUBHU3HA ,61 —62 = 27. Hy:kHO 0o/iHaKO MPU3HATDH, YTO 3TO KPUBU3HA OTHOCUTEILHO KOOPIMHAT
(@, b) 1 9TO OTHOCUTEJILHO STUX KOOPJMHAT, TIOMAIh (hyHAMeHTaIbHOiT ob1actu pastaa 1! Vtak
STH BBIYUCJCHNS COBMECTUMBI ¢ yTBepKIeHusvu B [AB|. ¢ momuepkuBaro Bo-11epBbIX, 91O
9TOT BBIBOJI, IIPE/IIOIATAET OCOOEHHBIH BHIOOP MeTpUKN Ha M , UMEHHO JIMHEHHO NHBAPUAHTHYTO
METPUKY, U BO-BTOPBIX, 9TO BBIOOP € XOTS U €CTECTBEHHBII, HO TOYXKe MTPOM3BOJILHBI.

MpbI BBe/IM M3MEHEHUE CBA3HOCTHU JIOBOJILHO CJIYYaiiHO, HO 9TO OYEHb BaXKHOE M3MEHEHHE,
KOTOpOe JaéT HaM BBIOOp paccioenus (), npejcrasientoro Ha crp. 560 u3 [AB]. Tak kak
KPUBHU3HA PACCIOCHUS ITOCTOSHHA U MeTpuka Ha M mHBapraHTHA OTHOCUTE/IHLHO ITEPEHOCOB,
9Ta U3MEHEHHas CBA3HOCTHL poda dAnra-Mmmaca. ¢ mpusHaioch, 9TO 371€Ch s HECKOJIBKO
HEPEIUTEIeH, IOTOMY YTO yTBep:KjeHne Tpedyer ToskoBanne ypapaenus [AB 6.1] a umenno
JUTS JIAHHOW CBA3HOCTH U JIJIsI PACCMaTPUBAEMOIl METPUKN KPUBU3HA +F' MOCTOAHHA - KayKeTCH,
YUTO TIOCTOSTHHAST KPUBU3HA, SABJISIETCS CBOMCTBOM Iaphl, CBA3HOCTU U MeTpuku. Kpome Toro,
KaK s JJOBOJIbHO POOKO 3aMedy OISATh B JIPYI'OM MECTe CTaThH, JieiicTBrE d 4 - 9TO JIJIT OOBITHBIX
dbyHKIMiT mepeHoc, Tak YTO MO0 OTHOIIEHWO K HeMy ' He Mensiercs. D1o ypasuerue [AB|
6.1]. 4 camrato, 9To 3TO TOJKOBaHME HAJYMAHO, HO OHO MOJTBEPIK/IEHO mpejyioxKennem (6.1)
B [AB].

Y100bI yOEUTHCA B IIPABUILHOCTH HAIIIErO JIOBO/A, MbI JOJIXKHBI IIOBTOPUTH BBIYUCICHUS
us3 7, HO B JlorapudMUIECKOM BHJE W TOJBKO it MHUMOI dacTtu. [losTomy 310
odeBuiHO. Tem He MeHee, 9TOOBI YCIOKOUTH ceOsl U duTaTesis, s IpoBely Bbruncienue. [lo
Mepe TOro, Kak sl MPOJIOJIZKAIO TBITAThCA 0cTaroqHo moHsdTh [AB|, 1Tobbl mpumMernTs ero
K TeOMeTPHUIECKOil Teopun aBTOMOPMHBIX (DOPM, 51 CTAHOBJIIOCH OOJIee HEIPUHYKIEHHBIM B
00pazKeHuu ¢ OCHOBHBIMHU UMD hEepeHIInaIbHO-TeOMETPUICCKUMI TOHATUAME. TeMm He MeHee, g
MIPOJIOJIZKAI0 UCIBITHIBATH HEJIOCTATOK JIOBEPHS TIPH MTPOU3BOJIHHOM BCTABIEHUEM IOJIIOCA WJTH
HYyJIsI, IyTeM CKJeMBaHUsI BOKPYT Kpyra! ¢l He MOry cKa3aThb, 9TO § MOJHOCTHIO 9TO MOHUMAO.

Hanpumep, m3meHeHme eficTBATEIBHON YaCTH CBSI3HOCTE!, MyJIBTHILIMKATHBHO Kak B (36.a))
nin jorapudMUIECKr, He U3MeHsIeT KPUBU3HY, ITIOCKOJIbLKY OHHU OIPEIe/IAI0TCA JorapudMuie-
CKOIl Tpon3BojiHas (DYHKIMH, onipeeaeHHoi Ha mokpbiTuun C kpuboit M. Mbl MoxXKeM cjie/1aTh
TO 2Ke caMoe JIJIs MHUMOIT 9acTH, Jyis KoTopoit KpuBusHa Baxkuee. /L GL(1)-paccioenus nay
KPUBOIi, OTHOIIIEHNE JIBYX JIOKAJbHBIX ITAPAMETPOB 2] U 25 JIAHO IMOKA3aTeIbHON (hyHKIIIEH

(36.9) ? = exp(c +di), c¢,d€R,
2

330603na4enne BBOJUT B 3abJiyKJjieHre. 3HaYeHUsI @ U b sIBJISIIOTCS CABUTAMU, HO da U db sIBJISIFOTCSI
muddepennnalaMy B Ha9aJIbHOM TOYKe, KOTOpasl caMa He MMeeT 3HaYCHUs.
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C ¢ U d BeIeCTBEHHBIMU U C d JOKAJbHO OJIHOZHATHO OIPEJIEIEHHBIMI C TOYHOCTBIO O
KOHCTaHTHI B 277Z. HUnciao ¢ ogHO3HAYHO OIpejieseHo. BripaKasch IIPOCTO, B IIOKa3aTese
[IPUCYTCTBYET & IATUBHAsI HEOIHO3HAYHOCTh, 1 OHAa JIeXKHUT B 2mR.

Ilepenpinka s pasmbliiiieHuil. Beejienne Hyseil u MOJI0OCOB SIBJIAETCA OCOOEHHOCTHIO
TEOpUNU JINHEHHBIX PACCIOCHNI Ha KPUBBIX, U JIyUIIe CIPOCUTDH cebst, YTO MMEHHO ITPOUCKO/IUT !
¢l mpusHatoch, 9TO B 1e70M U, B yactHocTH, 1yt GL(1), MHe TPYIHO MOMHHUTB, ITO CBSI3HOCTD
Jaéres JorapudMUIecKoil Tpon3BoIHOM. [le10 B ToM, ITO 00CYK/IeHIe B IIPeIbLIyIeM ad3ale
CIIPABE/IJINBO TOXKE IS JABYX JIMBH30POB C HYJISMU W MOJIFOCAMU TIPH YCJIOBUU, UTO MOPSIIKN
HyJIeil 1 TTOJTI0COB Be3/1e OJIMHAKOBBI, CKOpee I Ipobu BYX (DYHKINN, TPEICTABISIONTNX
OJIMH U TOT 2Ke JquBU30p. [Ipeabiayinee obcyKieHne OBLIO JIJIS OJTHOTO ITOJIIOCA UJIN
omHOrO HyJs1. ¢l moHmMaro, 9To 310 paszdopuuBo. Ho OFHO J1e/10 9TO ONBITHBIA reoMeTp
IIPOCMATPUBAET MOAPOOHOCTHU, JPYroe Jijisd IPecTapesioro HapymuTead. durtarejb MOKeT
3aJIaThCsI BOIIPOCOM, 9TO MeHsi OecriokoutT? Bompoc B ToM, «Imodemy BBejeHue Hyseil u
[IOJIIOCOB B YHUTAPHOM PACCIOCHUN, CBA3AHHOE C KOMILJIEKCHBIM PACC/IOEHUEM, SBJIAETCS I€TKO
ompeiesieHHoil oneparmeit?s OTBeET JIe;KUT B OTHOIIEHUH ! |

To, aro s mpearan B , COCTOUT B TOM, ITOOBI BOCIIPOU3BECTHU TTOPSIIOK —
JUIsl IMCTO MHUMOIl JaCTH CBSI3HOCTH, B OTJIMYUE OT YMCTO peastbHOl dactu. Takum obpasom,
dopmybl 1 @, 1, B2,y JOCTATOYHO SICHBI.

Heny>xHble njin npexjieBpeMeHHble 00bsiCHEHUs. TeM He MeHee OHM BCe TIOXOIsIIITH!
DTO cKopee KpaTKoe OTCTYILIEHHE, 3HAYeHUEe KOTOPOTO JIJI 3TON cTaThby HE IMPOSIBUTCH JI0
TeX I0p, MOKa MbI He TIPUJIEM K YPaBHEHUIO . OHO TpeIBUJIUT U YACTUIHO COBIAJIACT C
MTOCTIIYIOMUMEI 00bsACHeHUusIMI. Kax g yKe orMedy B JPYIrOM MeCTe 9TOr0 TEeKCTa MJIM KaK
s OTMeTy HHKe, TJIABHBIN BBIBOJL — 9TO B3aMMHO OJHO3HATHOE OTOOparKeHe MEXKILy IBYMsSI
MHOKECTBAMU, U IJEMEHTHI 9TUX MHOYKECTB CAMU MHOXKECTBEHBI, TAK YTO Ba’KHO BbIOPATH
camble IIpocThie TipeacraBuTesin. CKopee BCEro - OHO STUX MHOYKECTB OIPEIEIEHO TOJBKO
[OCJIe TOTO, KAK MBI BBIOPAJIN HECKOJIBKO JIPYTUX OMPEJIEISIONINX MTapaMeTpoB. DT0 0COOEHHO
BayKHO i1 cBsizHOCTEl Srra-Mmiica, /1718 KOTOPBIX HEOOXOIMMO BBIOpATh CBA3HOCTDH () ¢
kyaccoM Uzkenst 1 a Ttakzke merpuku Ha M u Ha (. 4 caemana 370 U HEBOJILHO, OOJIBIIE OT
yJIadqu, 9eM OT XOPOIIEro YIIPaBJIeHUs, Mbl IPUILIA K ITOCTOSHHBIM CBSI3sIM, KaK U BBIIIIE,
a 3aTeM, KaK [MOKA3aHO HUKe, IPH MOKa3arTe bHbIX GyHKusx ((53[), Koropsle Mbl MOKeM
CPaBHUBATH C BBIBOJAMHU B . Cuyuait G = GL(1), KoHEUHO, OCOGEHHBI, TOTOMY YTO
COIIpsi2KEHHbIE KJIACCHI UMEIOT YHUKaJIbHBIE mpejicrasuren, Ho g GL(2), kotopoe mepecraer
ObITH TakuM, 910 He TaK. Kak Mbl yBumum B [XI|, cpaBHeHne BCE 2Ke BO3MOXKHO.

B MBI cebltaeMest Ha KomMenTapuu [AB| o sumeitabx paccioennsx, 0coGeHHO TeX,
KOTOpBIe nMeroT crereHb (). JIjist s/munTutaecknx KpUBbIX OHU O0COOEHHO pocThl. OHM AAI0TCS
AoATY, Te A - BBIIENIEHHOE JIMHElHOe PacCIoeH e MepBoil cTemenn, a Aj - ero mepeso. Mer
MOXKEM TaKzKe MPEJIITOI0KNATE, IIPOCTO JJIs orpeesieHHocT 9to Ag m Ag cBsasanbt ¢ 0 € L.
MpbI Takzke MOoxKeM IpocTo mepeBectu Touky 0 Ha z € C urobsl noayuntsh Ay. Kpususua
MIPOU3BEJIEHUS - 9TO PA3HOCTh KPUBU3HBI JIUHEHHUX PACCIOEHUN, OJIHA M3 KOTOPBIX SBJISIETCS
nepexo oM Apyroii. CBA3ZHOCTD, COeMHEHHAs ¢ npousBeenneM AgA !, aBisgercs pasHOCTBIO

JByX cBsizHocteil Buja (36.1), To ecthb
(36.%) (28(a0 — 1) + Bu(bo — b1)) da+ (Balao — ar) + 23(bo — by) ) db.
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Kosadbdunuentsr Tenepb Bce MOCTOSHHBI, TaK 9TO KPUBU3HA paBHa HYJI0. J[ByMepHBIil BEeKTOD

ap — a1 2
1
(36.1) bo — by eR
MTPOU3BOJIEH HO
(36.m) 2a f *
Ba 27

nano. Ectb hopmyssl miist &, (1, B2, 7 Kak GYHKINT W1, We, TIOTOMY YTO CYIIECTBYIOT (DOPMYJIbI
st 1, 0 = 1,2, [WW), crp. 445-446|. Tem e Menee, st He 3HaI0, KaK BEJET cebsl ONPeIeIUTENh
9TOW MATPUILLI, HAIIPUMED, TJIe OH UCUYE3aeT, HO 9TO HE KAXKETC COOTBETCTBYIONINM IICJISIM
HacTodIel crarbu. Mbl BepHeMcs K 9TOMY BOIIPOCY I03:Ke, HO 6€3 MOJIHOCThIO 000CHOBAHHOTO
oTBeTa Ha Hero. Bo3aMOXKHO YUTO HE OYEBHIHO UUTATEJIIO, UTO, BHIOMpasi METPUKY Ha CJIOE,
orpe/iesisieMyto s(+) U CBSI3HOCTB, onpe/iessieMyto ypasHenueM (36.1), s HekoTopoe BpeMsi He
IpU3HABAJ, UTO § BBIOMPAJ METPHUKY U CBA3HOCTH, BBejeHHble Ha [ABl ctp. 560|. [Toncku
CBSI3HOCTHU C IOCTOSTHHOW KPUBU3HON 3aHUMa N Mou Mbicjin. CHavYaa s He MMOHUMAJI, ITO
HOCTOsIHHAST KPUBU3HA ¢ cTaHgapTHON Merpukoil Ha M = C/L noapasymesaer, 1o ornpe/iese-
HUIO, 9TO CBSI3HOCTD ObLIa CBASHOCTHL SHra-Mmica. Ilenabio ObLIa mpocToTa. DTa IpocTOTa
JlesIaeT OKOHuUaTebHoe cpaBHeHue ¢ BbiBo/ bl JVII| HamHoro nporme. S npussieky BHUMaHUe
quTaTe/Id Ha TO, YTO IMOCTOAHCTBO cBA3HOCTH fHra-Mmusica B 9TO HE TO, KOTOPOE
[TOSABJISIETCS TI032KE B E

[Tociearee HAXOAUTCST Ha TPUBHAJIHLHOM JIMHEHHOM pacciaoeHuun Ha M, mepBoe ke Ha
pacc/ioeHny, B KOTOPOM BBEJIEHBI HYJIb U 1ojioc. [loxoxke, 9T0 mepBoe He mMeeT OTHOIICHUS
K HaIel mesn. 9 yImoMuHao ero TOJbKO JIjIs TOTO, 9TOOBI IIOMECTUTH Hallle 00CYK/IeHUE B
Hajexkanuit cger. CyIecTByeT Takas IIyTaHUIA MOHSITHI, KOTOPash KayKeTCsl Hen30eKHO
CTOPOHOM CJI0XKHOM T depeHITnaIbHO TeOMeTPUN, ITO MOYKET OBITh IOJIE3HO YKA3aTh, ITO
KOMIIJIEKCHAST CBSI3HOCTb K YHUTAPHON CBI3HOCTH HA YHUTAPHOM PACCIOEHUU, WM, BEpHee, K
CBSI3AHHOMY C HEM BEIEeCTBEHHOMY JIMTHEHHOMY PaCCJIOCHHIO, O3HAYAET, ITO MHAYE CMYIIAIOIIIe
[IOJTIIOCA UCYE3aioT.

C npyroit CTOPOHBI, 1 HE YBEPEH, IYTO MOE IMOHUMAHKME YHUTAPHBIX CBI3HOCTEH JIOCTATOYHO.
41 xoTesr ObI IPUBECTHU €r0 3/1eCh K OCMOTPY dnTaTesis. Pedsb nger o mpeodbpa3oBaHun JTOKAJIHHO
MepPOMOP(MHOTO cevueHns: KOMILJIEKCHOTO PACCIOEHUS B HEIIPEPBIBHOE CEUCHUE BEIECTBEHHOIO,
TO €CTh YHUTAPHOI'O, PACC/IOEHUSI, KOTOPOEe CBI3AaHHO C €r0, TO €CTh OIPE/Ie/IsIeMOe MHIMOI
YACTBIO ero Jiorapudma, TO eCTh €ro MoJIIPHON YacThio. JIOKaIbHO, MBI IUIIEM MEPOMOPMHYTO
dbynkuna kak az’exp(p(2)), k € Z, rne a = |a|exp(in) # 0 ¢ n € R zeiicreurensnas
koHcTtanTa, p(0) = 0, z = rexp(if), r > 0. YHuTapHasi CBA3HOCTD ONpe/ieeHa 3Toi (dbyHKIneil
u naHa Kak tkn + ¢ Im@(z2).

34 Hanporus, OHI TIOCTOSIHBL ¢ HYJICBOH KPHBU3HOM 1 JIMHEHHBIMU HHTErPAJaMH, KK B (B3). Taxnm o6pazom,
OHU SABJISIIOTCS CBsizsimu STHra-Muuiica, To ectb oHH yioBiersopsitor ypasHenuto [AB| 6.1]. 51 ocrasisito 1o
IIPEJJIO’KEHNE, ITOOBI IATh MOHATH, HACKOJIBLKO TEOPHs, IPEJICTABICHHAS WA IIOCTABJIEHHAs B 9TON CTaThe,
34BUCUT OT JIETAJIEH W KAK MEJJIEHHO sT 3TO MOHsLI. [IomyTHO, s 3aMedalo, erne 0JHO 06CTOATENLCTEO, SHAMEHNE
KOTOpPOro 51 He cpa3y moHsul. Paccioerne  u3 [AB]| cosnamaer ¢ paccioernem A B [A], koropoe B HacTOsIIIEH
cratbe crano Ag. Crenenp A, KOTOpas BCTpeuaeTcst B ONUCAHNY CBA3KHN Bua Aura-Mumica, cooTBeTcTByeT
koabduimenty u — u™, u € U(1) B coorBercrByromem romomopdusme I'g 8 GL(1), [ABl (6.6)]. B kauecrse
JIOTIOJTHATEIFHOTO KOMMEHTApUS K (hOpMaIn3My, JUHEHHOE pacCiaoeHne () SBISAEeTCS PacCCIOCHUEM BUJIA
Sura-Muiica noromy, uro ypasuenue [ABL (6.1)] agauruBrO OTHOCHTENHHO TEH30PHBIX [IPOU3BEICHUII.
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DTO JOCTATOIHO SICHO, HO XapaKTep YHUTAPHOH CBSI3HOCTHU, KOTOPBIH Tak OMpesesieH, TPY/I-
mo Haiitu. OH onpejiesigeTcs CKIeNBaHNEM, KaK U HadaJIbHOe MepOoMOp(HOe paccjioenne, HO B
neHTpe paspbiBaeTcd. Kiiouku uMeroT HeOOIbINON eHTPAJIbHBIH KPYT ¢ BHEITHUM COEINHEHU-
eM, JIOKaJIbHOE OIIpe/ie/IeHne KOTOPOro B 00JIaCTH, HEITOCPEICTBEHHO OKPYKAIOIIei KJI0I0K, He
SIBJISIETCST TPYAHBIM. DTO, OJHAKO, BJIEYET CIABUT BIOJIb IIPAMON JeHCTBUTEIbHBIX THUCEI, 110~
CKOJIbKY BBeJIeHHe (MHUMOrO) jiorapudma moTpeboBajio 3aMeHbl OKPYZKHOCTD MOKAa3aTeIbHOIT
dyukIMs ¢ npsiMoit eé jorapudma. ITO TPOUCKOIUT HA TPAHUIE MAJIOTO KPyTa, HO TOJIHKO
Ha rpanuiie. B 1eHTpe Kpyra ocTaércs Kakas-To TaifHa, IJile HEKOTOPbIe PBYTCH.

Ectpb emme omHo mobovuHOE 3aMedaHHE B CBS3U C PACC/IOEHHAMU Kak A = AOAl’l. Mur
BoobpazkaeMm, 94To M - 3TO MOpe U YUTO CBA3LHOCTH ONMUCHIBaeT MOTOK. Ha mpumep, morok A
ectb coueranue Ag m A7'. YV HepBoro ecth 0co6EHHOCTD, BOJOBOPOT (BUXPh); y BTOPOIO TOKeE
€CTb 0CODEHHOCTD, TOXKE BOJIOBOPOT, HO B IPOTHUBOIIOJIOXKHOM HallpaBjeHun. Bo3MoxKHO J1axe,
YTO OHH OYJyT BBIOpPAHBI ¢ pa3HBIMU CHJIaM. Ec/im OHU MMEIOT OJUHAKOBYIO CUJIY, TO OHU
OyIyT KOMIIEHCHPOBATHCSICS, KOI/Ia JABe TOUYKK OYAyT mepeMeriarbca BMecre. Mue 310 TpyaHO
MIOHATH, KaK T€OMETPUYECKHU, TaK U (PU3NIECKHU, HO (PU3MYECKUIT aHasIor ero oberdaet. ¢l
npegjaarar ero reM MmaTeMaTukKaM, KOTOpble, KaK 1 , C prﬂHOCTeﬁ IIOHUMAIT CJIOZKHOCTU
pacciioennit u cBsaznocreil. W

Ho To, aTo mtst Hac BaxKHO, KpUBU3HA [TOCTOSTHA U OHA He paBHa Hy 0. CedeHne, ompe;ieieH-
Hoe pyHKIWeElH 0!, HO-BIIMMOMY He MMeeT KPHBH3HBI, HO 9TO He Tak. KpuBm3na CKphITa B
nostioce B Touke (). Bojiee BaykKHBIM SBJIsieTC cpaBHEHUE COOCTBEHHBIX CONPS?KEHHBIX CEUEHUit ¢
HHTerpajaMu cBasHocteit dnra-Musica. DTu npeaMeTsbl OIPeIe/IAI0TCA UX IPEJICTABUTEISIM,
KOTOpBIE BBIOPAHbI B HEKOTOPOI CTEIeHH ITPOU3BOJIbHO. T PyIHO O0bACHUTH 1E/Ib 9TOH CTAThH,
CpaBHEHUE CO6CTB€HHI)IX COIIPA?KEHHBIX KJIaCCOB C CBASHOCTAMU HHFa—MI/IJ'[.HC& u c 1upejacraB-
JIEHUSIMH aBTOMOPHO# rpymiiel ays. [lo kpaiine mepe, TPy HOCTD ABJISETCS CJIEICTBUEM
JIBYX, Jlaxke TPEX hakTopos. Kitacc conmpsazKeHHOCTH OMUCHIBACTCH BHIOOPOM IIPEICTABUTEIA,
KOTOprfI ABJIACTCA HECKOJIBKO ITPOU3BOJIbHBIM. CBer TOT'O, KJIaCC U3MEHACTCA OT TOUYKHU K
TOYKE; K TOMY K€ IOHATHEe CBA3HOCTH fura-Mmuica 3aBUCHT OT BbIOOpa MeTpuku Ha M.
[IpeanoururesibHee BLIOUpAThH T€, KOTOPDIE JE/IAI0T IIPUPO/LY BBIBOJIOB HamboJiee cHbIMU. 41
MIPEIIIOYUTAIO TIPEJICTABUTE Ceifiuac IMOC/Ie/ICTBUS HEYIaTHOTO BHIOOP METPUKHU U 3BA3HOCTH.
Ectb xoneuno jBe merpuku, Ha M u Ha cjioe

BaTHHyTOG OTCTYILJICHUeE. Shve) OTCTYyIlJIEHUE HECKOJIbKO PaCTAHYTO. LLGJIO B TOM, 4YTO
HEBO3MO2KHO IIOHATDL IIPUPOILY CBA3HOCTEH 0€3 YeTKOT0 HOHIMAHUA OTHOIICHNS MEZKJ1Yy CBA3-
HOCTAMU 1 Cl)yHKLLI/IHMI/I. Onn MOr'yT OBITD rHeﬁCTBHTeﬂbHOSHa‘IHbIMbI, MHHUMO3HaYHBIMU MNJIN
KOMIIJICKCHO3HaAYHbBIMBI. TeOpI/IH JJIgd HUX OJMHaKOBa, XOTdA B TPEThbEM Cliy4dae MbI IMeECM

35U yraress 3aMEHNT MOIO TPEBOTY U HEYBEPEHHOCTD, KOIJA $i IIBITAIOCH OCBOMTDL He3HaKoMyIo mudde-
PEeHIMAILHYIO TeoMeTpuio. S onsaTh obpalaio ero - Ui eé¢ - BHIMaHHe Ha OJHO ypaBHEHHEe, OCOOCHHBII
BIJ| KOTOPOIO BaKeH Ul 9Toil crarbu. D10 ypasHenue dura-Musuica [ABL 6.1], To ectb dg *x F(A) = 0,
HO JIsl JIMHEHHOrO paccjioeHus Ha KpubBoil Tak, 4ro paccioenust U(1). Hamomuum [ABL crp. 548|, uro
F(A) € Q*(M,ad(P)). Kak npeacrasiaenne ad(U) rpusnamsno Q% (M, ad(P)) = Q*(M) u «F(A) maxonures
B TPUBUAJBHOM PACCJIOEHUEM TJIe CBSI3HOCTh TPUBHAJIbHA. UTaK, CBI3HOCTH, KOTOPYIO MBI TOJBKO UTO MOCTPO-
WH, cBst3HOCTh SlHra-Muinica. XoTs s eIné He MOHMMAI0 MHOTHX IHOCJIEJICTBUIL 3TOrO MOHSITHS, s yTBEPIKIAI0,
YTO 3TO 3aMeYaHue OCHOBHOE JJIs 3TOoi craThu! Mbl HMeeM JIesIo ¢ JTMHEHHBIM PaCCIOCHHEM, TAKIM O0Gpa3oM,
¢ abesteBoii rpynmoi G. Dto npenpuienue obmero nosoga B [ABL crp. 560], KoTOpBI Tak BaxkeH Juisi 9TOMH
craTby. II0BTOPASCH, s MOMUEPKUBAIO, YTO B HAIINX OOCTOATELCTBAX BMECTE, JIMHEHOe paccaoeHue W PaBHO-
MepHas (MHBAPUAHTHAsI OTHOCUTEJILHO IEPEHOCOB) MeTpuka Ha 6asuce M, 3nak casuoctu Adura-Musuica
ABJISETCS TIOCTOAHHON KPUBHU3HOM. 3HAYeHNe KPUBU3HBI ONPEIEIAETCS KIACCOM UKEeHs PACCIOCHHS.
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JIeJIO ¢ KOHTYPHBIM WHTErPAJIOM, JIjIs KOTOPOrO KPUBHU3HA HY/b. lIpolne Bcero maymarsh o
JIeHCTBUTETbHO3ZHAYHBIX (DYHKIIAIX.

[lepBoHauaIBHOE BBHIUUCIICHUE JJIsI CBA3HOCTH orpejesernoit (37.b)) namno B . O6nacTb
- dbyHgamenTa bHasg obsacTh ganHasg {aw; +bwy | —1 < a,b < 1}. Tak kak MHOKeCTBO L
He IIepeceKkaeT €€ IPaHMILY, Mbl MOXKEM BBIYKMC/IATH UHTErPaJl CBI3HOCTH 110 3TOH I'DAHUIIE
6e3 IOIOJIHITEIHLHOrO onpeaenenns. [lo mpuunnaM, TpeOyIouM JaabHelnero oobsacHeHNUs,
KOTOpBIE MBI OTKJIQJIBIBAEM, TOJHKO MHUMAasl YaCTh BBIParKeHUS UMeeT 3HAYECHHUE.
CoriacHo 5Ta MHUMast 9acTh ((z) 0z. UHTerpasn no rpaxuie cymma

/(wl,_w2 ¢(2) dz+/(_w17w2g“(z) dz = /(M’_w2 (C(2) = C(z + 2wn)) dz

w1,—w2) w1,w2) w1,—w2)

1,—w2
(38.a) = —/ 219 dz = 4winy
(7

w1,—w2)

/“JW ((z)dz + /(_%_w2 ((z)dz = /(_WL_UJ2 (C(2) = C(= + 2w1)) dz

(w1,—wa2) —w1,w2) —w1,w2)
—Ww1,—w2
(38.b) = —/ 2n1 dz = —4won;.
(~w1,w2)
CiiesioBaTesibHO 9Ta cyMMa paBHa 4dwine — dwen = —27i, Kak obbsicusiercs B [WW], e

9TO ypaBHEHUE OBOCHOBBIBAETCSI apI'yMEHTAMH U3 T€OPUU IOJOMOPMHBIX (DYHKIUA O1HON
[IEPEMEHHO. DTOT pacueT SBHO CBs3aH C T€M, UTO IMPUBOJIUT K BbipakeHuio (36.i) Ho mx
OTHOIIIEHNE, C IIEPBOIO B3IJIAJIA, HEIOHSITHO HesicHO. [Ipeskie Bcero s 3aMedaro, 9TO CONJIaCHO
dbyukms ((-) - sorapudmudeckasi nponsBoHas GYHKIUK o(+), TaK YTO MHTETPAJ
dbyuxmnu ((-) max BeipazkerneM In o(+), KOTOpoe He OHO3HATHO.

OHAKO, MBI CO3/IaeM TPY/IHOCTH, CMeINBas JBe pa3Hble OlepaIlud WU JIBa MOHATHI:
UHTEIrPUPOBAHNE KOMILIEKCHON (DYHKIUU KOMILJIEKCHOI TIepeMEeHHON 1 KPUBU3HA, KOTOPast
BJIMSIET HA WHTErpaJjl OT JelCTBUTEIHLHON (DYHKIUU JBYX BEIIECTBEHHBIX MepeMeHHbIX. ¢
BCTaBJISIIO [IPU3HAHUE.

¢l mpusHaA 9TO, XOTS s W MOXKWUJION, HO s HUKOTJIA JIOCTATOYHO HE MOHUMAJI TOHSITHS
KPUBU3HBI. DTa CTaThs MO0 HEOOXOIUMOCTH €CTh MOBOJ, ¢JIeJIaTh 3T0. Tak Kak OHa HAIMCaHa
IJIaBHBIM 00Pa30M KakK BKJIAJ B TEOPHUIO aBTOMOPMHBIX HopM, 1 0e3 KoedaHnil BKIFOUIT
CBOI 0030p HEKOTOPBIX OCHOBHBIX HMOHSATHI. VI3MeHeHne KOHTEKCTa SABISeTCsl (DOPMAJIBHBIM.
4 zamensro anre6bpy JIn U(1) amrebpoit Jlu R u obaacts C obaacteio R + R. Do m0-
Ka3bIBAET TO, YTO MHE IMPEJICTABISAETCS CYIIHOCTHIO MOHATHST KPpUBU3HBI. CBA3HOCTH €CTh
muddepennuanbhas dhopma oz, y) dx + [(z,y) dy. Bopoc B ToM, Kak MoXKeT

(u2,v2)
(39) /( {alz,y) dz + B, y) dy)

u1,01)
He OBITH HE3aBUCHMBIM OT KPHUBOII mHTerpupoBanusi! Hadge roBopsi, Kak MHTErpaJl 1o 3a-
MKHYTO# KpuBoit C' He MOYXKeT ObITh paBeH HYJIIO?
[IycTh B 9TOM KOPOTKOM OTCTYILJIEHUH € MaJoe, JlazkKe NHPUHUTE3UMaIbHOe, IUCI0. Mbl
HOKPBIBAEM IIJIOCKOCTh PEIéTKOn {me,ne}, m,n € Z u 6epém obbeunerne X Tex siveek,
B KoTopble HAXOJATCA BO BHYTPEHHON YacT Y 970l (mpocToii) 3aMKHYTON KpuBOil. DTa
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BHYTDPEHHOCTD (IPUOIU3UTEIBHO!) 9CTh 00be[UHEHNE, TO eCTh

(39.a) /fxydxdy—Z/fxydxdy—l—O()

BCcX

[lycrs f(x,y) = da/dy—dS/dx. Dro Gyner kpususzna. ['panuria Kax10ro B 3a/laHa 9eThIpbMs
YIOPSAJIOUEHHBIMU PEOPAMU B TIOPSJIKE IPOTUB 9acoBoii crpesiku e1(B), f2(B), ea( B), f1(B),
r7e, Ha IpHUMep, €] JAaHO KakK {(a, b), (a + e,b)}. OcraBisiss B CTOPOHE MOTPENIHOCTE, MbI

HOJIyIUM 13 CyMMBI B ([39.a]) cymmy

Z / adm+/ adr + Bdy + B dy
e1(B) e2(B) f2(B) f1(B)

BCcX
DTO paBHO
Z {a(z,y) —a(z,y+¢€)} dz + { (z,y) + Bz +e,y)} dy
Bcx (a(B) fu(B
da s d
(39.b) :Z —e/ dy—l—e/ —dzr p = / ___a dx dy
Pt &1 (B) dy dz dr dy
dg  da
= — — — ¢rdxdy+ O
S = pee-o0
rjie, 9TOObI OBITH SICHBIM, s BBEJI JIBa OCEBBIX pebpa, €] = e, ﬁ = — f1. Dro 3nauur, uaro (39)
HE 3aBUCUT OT KPUBOI €C/iu KPUBU3HA
ds  da
(39.c) i d_y

Bripazkasich mpocTo BBIpAzKEHO, PA3HOCTH TIEPEHOCOB Ha IIPOTUBOIOJIOKHBIX TOPU30HTAIBHBIX
croponax Ha oriudatores ot O(e?). Ecim kpususna pasHa Hyimo, 3ta pasnoctb O(e3). 9to
paccMOTpeHne TOHIMaeT JiBa Borpoca. /o Kakoii cTenieHn KpUBU3HA 3aBUCUT OT METPUKHU W
oT KoopauHat? ¢ He yBepeH, UTO 9T BOIPOCHI BaXKHbI. B JTaHHBI MOMEHT OHU HEYMECTHBI.
Baxkno TO, 9TO MHTErpa KPUBU3HBI 110 BHYTPEHHOCTH IIPOCTON 3aMKHYTON KPUBOI paBeH
HTerpajy CBI3HOCTU 10 caMoil Kpuse. B JioboM cirydae 3aMevaHus MMOCse ypaBHEHUS
OIPABJIAHBl HEKOTOPOI CTENEHNU, TaK YKe Kak yTBep:KeHue, B3satoe u3 crarbu [AB].

Mur emié ne BBesin metpuku Ha M. CrepoBaTebHO HAM HE MOXKHO MOBOPUTH O CBSI3HOCTU
HAura-Munnca. Tem He MeHee MbI y2Ke BBEJIM IPUMED CBAZHOCTH, KPUBU3HA KOTOPOU IIOCTOSTHA.
D10 yxKe Xopomnii 3HaK. ¢l XoTes TI0Ka3aTh ITO € MOMOIIHI0 TeOMETPUIECKOTO JTOBO/IA, TAKUM
00pa3oM, YTO OHO ABJIIETCH YTBEpKAeHeM o Kpuuste. Ho g Ob11 yoexaen, uro nynkt 0 € L
HIUYIEro He IPUHECET, U MTOITOMY, 3aIlyCTUB er0, s HEOJHOKPATHO CMYIINAJIC. Sl Hee M neKast
CBOIO OIMUOKY, KOTOpas OKa3aaach JOBOJLHO O4deBHIHOM. CIie/yiolye HeCKOIbKO CTPAHUIL, B
Ka4decTBe IMOMOIIM YATATEJIIO, s MBITAIOCh OObACHUTEL cebe NCTOYHUKHN CBOUX OIMUOOK, CaMU
1o cebe MoyvIuTe/IbHbIE.

4 muoro pas cebutasicsa na jgemmy B [GH|, koropas npemiaraer mocrpoenue cBa3HocTeit
C T€M WA UHBIM CBOWCTBOM, HO YIIYCTUJI BO3MOYKHOCTU OYEBUJIHOIO (haKkTa, UTO Jorapud-
MUYecKast Tpon3BoiHast MYHKINs K DYHKIINU, KOTOPas HUTJIE HE paBHA HYJIIO U KOTOPAast
MOKeT OBIThH JINOO TOJIOXKUTEIbHO, MO0 ¢ abCOMIOTHON BEJIMYNHONW paBHOW OJHOMY, JIMOO
MTOMILIIEKCHOM, OIIpeJIe/isieT CBSI3HOCTD, JaykKe CBA3HOCTH OTHOCSIIYIOCA K HACTOSIIEMY 00CY K-
JIEHUI0. ITO He ObLI0 mpegHamMepenubiM. OHO OBLIO MOCTYIKOM HEBUHHOTO, OIIEJIOMJICHHOTO
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CJIOXKHOCTBIO TIpeaMeTa. ¢l 0co3HaBa BO3SMOXKHOCTH, KOTOPBIE OBLIN IIPE/IJIOYKEHBI, HO TOJBKO
HESBHO. Y MeHs He OBLIO 3[paBOr0 CMBIC/IA 3aBJISATH O HUX SIBHO. DTO 3HAYUT, ITO IIOHIMAaHUE
nemmbl B [GH| mosiesno, Ho He obszaresibuo jig Hamumx neseil. TpygHo HOBepUTh, 9TO o
HEJIOCTATOTHO CO3HABAJ YTBEP:K/IEHNE O TOM, 9TO HyJieBas KPUBU3HA, IOMAMO HEKOTOPBIX TOH-
KOCTel, sIBJISE€TCsT HEOOXOIUMBIM U JJOCTATOTHBIM YCJIOBHEM TOT'O, IYTO CBA3HOCTD OIIPEIE/IAeTC s
dyukineit

B 1o xe Bpems 51 paccmaTpuBaro obparHoe mocrpoenune koropoe gano B [GH, crp. 72|. Ha
KOMILJIEKCHO# TJIOCKOCTH WJIN HA PUMAHOBOI MTOBEPXHOCTU MMEIOTCS TPU BUJIA OJTHOMEPHBIX
CBSI3HOCTeIi: OJTHOMEpPHAsI IeHCTBUTE/IbHAS CBSI3HOCTD, IMCTO MHUMAsT OJTHOMEDHAsT CBI3HOCTD,
KOMILJIEKCHAsT CBSI3HOCTD, TO ecTh, Hanpumep, f(-)dz win f(-) dz. Kaxnas u3 Hux npejcras-
JigeT coboi (PYHKIMIO Ha MEPEMEHHOM OJIHOMEPHOM KOMILJIEKCHOM ITPOCTPAHCTBE, TO €CTh
Ha KacaTeJbHOM IpocTrpancTse. O0/acTh 3HAUEHNU MTEPBBIX JIBYX ABJIAETCH OJIHOMEPHONW HO
JUtst Tperbedi ona jBymepHas. [loctpoenne B [GH| gaér ¢Bsi3sHOCTH TPETHOro pojia U MOJIE3HO
pa3ayMbIBATH O Heil. JIoKaabHO, CBA3HOCTH IIPUCBAMBACT HAIPABJIEHUIO B JIBYMEPHOM Kaca-
TEJITHOM IIPOCTPAHCTBE, HAIIPABJIEHUE BO JIByMEPHOM cJjioe. 1o ecThb, JIOKAILHO WA B TOUYKE
OHa JIaHA YeTBIPHMU UHC/IAMHE, IOTOMY YTO OHA MPUINCHIBAET K KaXKJIOMY U3 JBYX BEKTOPOB
apyroit BekTop, 1o yeaosue D" = 0 (J[GH], crp. 73) yMeHbITaeT 3T0 YMCIO 10 ABYX. YMHBII
JIOBO/I, KOTOPBIN MCIIOJIB3YET UX BTOPOE YCJIOBUE, TO €CTh YCIOBUE COBMECTUMOCTH C METPUKOIA,
a 3aTeM OIIpeessieT CBA3HOCTD ITOJTHOCTHIO.

Ecrb, onHako, OyHKIMsT COOTBETCTBYIOIIAsT HAIIIEMY PACCJIOCHUIO U OHA 0+ = € exp(if), rie
€ > 0, xoTs OHa U He Oo/HO3HAYHA. Fé jorapudmudeckas TPOU3BOIHAS OIPEICTACT CBA3ZHOCTb.
Jlj1s1 5TOrO J10BO/IA BLIGOP METPHKM Ha CJIOAX BaykeH 1 4 Bbiopai f(-) — s~ 1/2(.) ’ f) |, KOTOpast
HE Ta, YTOU MbI TOJBKO 9TO UCIOJIB30BAJIN, XOTS OHA U TOX0XKa. Y HeE eCTh CYIIeCTBEHHbIH
HEJIOCTATOK, TaK KaK OHA JAET METPHUKY, KOTOpasi He OIpeJeeHa B TOUKaX MHOKeCTBa L.
DTO He BaXKHO B JAHHBIM MOMEHT, HO OHO UCTOYHUK SABJIEHUSI, C KOTOPBIM MbI Oy/IeM UMEeTh
nesio. B npeapiayinemM o0bsiCHEHUE MOXKHO OBLIIO He paccMmarpuBarh Toukd B L. OHu He
ObLIH, 110 cyTH, ocobenubiMu. Ceitgac 310 He Tak. ¢ X04uy 0ObACHUTH, YTO € ITON CBA3HOCTHIO
TOYKHU B L BBI3BIBAIOT TPYAHOCTH. CBSI3HOCTDH U METPHUKA Ha CJIOSX MEPECTAIOT OIPEIeIAThCS.
[TosTomy MeTpuKa Ha CJI0SX JOJKHA OBITH n3MeHeHa. Kak cjejcTBue, CBI3HOCTb MEepecTaeT
OBITH CBsI3HOCTD flHra-Muiiic, MmoHaTus, KoTopas ele IpeJICTOUT onpeeanTb. Ho 310 Jérko.
To, uro HEHmpuUsTHO, JJIsi BOCCTAHOBJIEHHUS CBOiicTBa fHra-Musica Mbl JOJ2KHBI BBECTH
HCKYCCTBEHHYIO U HENPUATHYIO METPUKY Ha OCHOBe M OO MCKYCCTBEHHYIO CBSI3HOCTB. DTO
YPOK, JIJISI TeX, KOTOPbIe XOTSIT PACCMATPUIIATH OOIIYI0 TEOPHIO.

MbI HaOMUHAEM O HBIHEITHUX 00cTosiTesibeTBax. Mbl paccmarpuaeM dbyukiuu f(-) Ha
KOMILJIEKCHOH TIJIOCKOCTH, MEPUOJINYECKHe 110 OTHOIIEHUIO K penéTke L, U JOIyCKalolme
HOJTIOC TIEPBOTO TOPSAJIKA B TOUKAX 3TOro MHOkecTBa. Criepa mMeTpuka Ha cyoe f(-) — ‘ f (){

1

HO 9TO HEYJIOBJIETBOPHUTEJBbHO B [ M3-3a BO3MOXKHBIX ITOJIIOCOB. Hy>KHO mM3MeHUTH’'| €€ B
okpectHOCTH L.

36TyT YKHO IIOMECTHTb JOIOJIATeIbHOe 3aMedanne. OyHKIUA o~ ! oIpeeIaeT CBI3HOCTb Ha FOJOMOPMHOM
PACCIOEHAN U, KaK Mbl O0bSICHIM, HA 9TOM pacciioeHnn ectb Merpuka. Corsacto ¢ nemmoii B [GH| romomopduast
CTPYKTYpa BMECTE C METPHUKOIl OIpee/aeT CBA3HOCTh. JTa CBA3HOCTD, CBA3HOCTH Anra-Musiica HO TOJIBKO
10 OTHOIIIEHUIO K MCKYCCTBEHHOW MeTpUKY Ha M. DTOT mpuMep Moy IUTeeH.
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Iz 3T0rﬂ MBI YMHOXKHUM $(Z) Ha TAKyIO IVIaJKyI0 HepruojndecKyio dbyHkimo m(z) =
m(|z=A]), A € L, aro m(z) = |z — A\|* ecim |z — A|, A € L, ouenp mazo, Ha mpumep
|z — A < /2, aro m(z) > 0 ecom z ¢ L u §/2 < |z — A < § musa ogaoro A € L, [aro
m(z) =1 ecau |z — A| = 0 ayisa Bcex A € L. Ecau A € L syuamie npeanosarats 9ro A = 0. 910
U3MEHEeHNe METPUKHU KOTOPOE JAET CeYEeHHsIM C TIOJII0COM MOPSAI0K KOTOPOIO PaBeH OJHOMY U
C OrpaHMYeHHOl IMHOI B oKpecTHOCTH Hy/Id. C 9THUM IOCTpOeHHeM 0! JIOKaJIbHOE cedeHue
PacCI0eHnst ¢ KOHEIHOMN JiymuHOM. JIpyroe TOJIKOBaHOE TO, UTO 9TO JIOKAJbbIE CEYeHUsT TIOC/Ie
YMHOXKeHUs Ha o (+), HO 910 HaM He HyKHO! CliepBa Hy?KHO BBECTH B IIOCTPOEHUE CEYEHMUSI, B
ero GECKOHETHO MAJIOM BUJIE, JIONOJIHUTENIbHbIH ajuruBHblil wien [GH, ctp. 73]

1 Om 1 5 om

m(z) 0z " m(z) T mz)
MO2KHO BBIYHCIATE €ro He3aBUCHMO. JlaHHoe BHIYUC/IEHIe OCTAETCsl CIPABEJIMBBIM B 00/ 1aCTH
B KOTOPOit KO3 dunment m(-) paBeH 0JHOMY, HO BHe 3TOH 00JIACTH €CTh JOTOJIHUTETHHbII
a/umTuBHBI wien. To, 4To ¢ He MOHSI U3HAYAIBHO, OBLIO TO, UTO BKJIJ Bbipazkenus (40))
ObLI Hy/JIb W YTO BKJIAJ BbIPAYKEHU cyThb gena. Ileab JJIMHOrO OTCTYILIEHUS TOrO
paszena, npuobpeTenne NOHATHI W BLIYUCICHHI, TT0IPa3yMeBaeMbIX B IIOHATAN KPUBU3HLI
1 HEeOOXOIMMBIX JJId IMOHMMaHMA cBasHocTu A. IJlaBHasg TeMma OTHOIIEHHE CBA3b MEXKIY
MHTErpaJIOM CBS3HOCTH II0 I'PAHMIIE JAHHONI 00JIACTH M MHTErPAJIOM €€ KPUBHU3HEI 110 9TO
obacTi.

91 xores1 JoKa3aTh 3TO ¢ MOMOIIBIO N'€OMETPUIECKOIO J0BOJIA, TAKUM 0OpPa30M, 4TO OHO
SIBHO €CTh yTBepzKienue o Kpususne. Ho s 6bun yoexen, aro nynkr 0 € L Hudero He
PUHECET, U [IO3TOMY, OIYCTHB €r0, sl HEOAHOKPATHO MOJIydas Hyjb. S HeIeJasaMu MCKaJl
OMMOKY, OTOMY YTO TaKas OMIMOKa MOXKET ObITh JIETKO BbI3BaHa HEIPABUILHBIM 3HAKOM H
UMEHHO, KaK JI0DaB/IeHUe IyTaHUIbl eCTh ypaBHenue Kormm-Pumana.

HyCTbﬁ ocg=c¢ee” €>0,0 € R. Torna Ino = In e + i6 romomopdua. CiieoBaTebHO

1&_8lne_@' 1%_311&6__%
edr Or Oy €dy Oy  Ox

(41)

Kpowme Toro,
Plne 9 (00 d (00 d [Olne ?*Ine  9*lne 9*lne
02 oe\dyf T oy\ax) T oy ST o ok oy
To ectb Ine — a Takxke 0 — rapmonudeckue (yuxnuu. ¢ mepecMarpuBajl 3TU OCHOBBIE
OTHOIIIEHNE YACTUIHO, TIOTOMY 9TO MPOIILIIO MHOIO BPEMEHH, 9TO s MpOYInTal KHUTY Beits,

HO TO2K€ IIOTOMY YTO 3HaKM TaK BazKHbI IIPHU pacdeTe KPUBU3HLI. MHe Ka3aJI0Cb BO3MO2KHBIM,
qTO 9 Mor omubouHo npuiitu K 0%¢/dz* + 0%¢/0y* a ne x 9%¢/dx* — 0%¢/0y?*. Nmest 310

0.

37¢] crapatoch ceffuac MOIB30BATHCS He TOJILKO METOIOM HO TAK:Ke 0GO3HAUCHIEM 13 [GH], xoTopoe o6brasO
Ho xurpoymuo. Hanpumep st paznmuuaio 0 u d = 0 + 0. Tem ve menee do = Jdo! ¢ 3ameuaro Takxke 49To
do xkomrekcHblil muddepeHiuan, KOTOpblii Mbl MOXKEM WHTErPUPOBATH BI0ab KpuBoit B C, To ecThb dz
cuapet ¢ 1/dt u kpusas gana z = z(t) € C, t € R. CoBpemenublii nuddepeHnuaibH0-reOMeTPUIECKI S3bIK
[IPUTJIAXKEHHBINH ¥ BCEOO'HEMJIFONIUI, HO OH YacTO He PACKpbIBAET KJIIOYEBOI'O Bolpoca. ¢ 3aMevaro Tak»Ke, 4To
oreparop 0/0z npeBpalaer BeleCTBeHHY0 (BDYHKIMIO B KOMIUIEKCHY0 (BDYHKIHIO. 1 MOBTOPSIfO, ‘KOMILIEKCHAST
nuddepennuaibiag reomerpust qyxkia mue.” C obosnavenuem B [GH]|, koropoe Mbl unave He ucnosb3yem,
1 09s(z) do(z) ds  d'(2) o'(z) 0o
(40) 0=—— dz — =—— - dz, dz = ,
s(z) 0z o(z) s(z)  o(z) o(z) o(z)
MIOTOMY 9TO 0 TOJIOMOP(HO.
383Hak # mepeormpeeseTCs.
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B BUJIY, d UCKAJ JIOJITO€ BPeMs I TaKOH OIMMMOKM HO THIeTHO. HaKoHell, TOHHABIIN 9TO
KPUBU3HA JIE2KUT B TIOBEJIEHNH Ha 0c000il Touke (), 1 OBICTPO MOHSI IPaBUIbLHBIE OIIPE/IeTIeHNS,
YyBCTBYsl, KOHEYHO, CeOs JIOBOJILHO TUIYIIBIM.

B camom nene, aTa craThd Jlaja MHE MIOBOJ, IMOJAYyMATh HaJl IOHATHEM KPUBU3HBI, U€TO s
HUKOIJIa He Jiesiagl panbiine. Ho mnpex e dem MbI mepeiijieM K KPUBU3HE, 51 XOTeJ Obl IPU3HATD
YTO €CTh OCHOBHOE, JIAXKe 3JIEMEHTAPHOE YTBEPXK/IEHUE 3HAYUCHIE KOTOPOI'o s HE MOHUMAJ, TO
€CTb ypaBHEHUE
d (df d (df
dy \dz | dz | dy
JUTst QYHKIMK JIBYX [IEPEMEHHBIX. B caMoM Jiesie, 10 Kanpusy MOero oopa3oBaHMs BO3MOXKHO
YTO 5 €r0 MPUHSLIT 0e3 JIOKA3aTe/IbeTBa. BO BCAKOM citydae, OJHOMEPHAs YHUTAPHAA CBA3HOCTD
JIaHa JIOKAJILHO OIPEJIE/IEHHBIM YIJIOBBIM U3MEHEHUEM (p, KOTOPOE M3MEHSET CKOPOCTH IIPU
JINHEITHOM JIBM2KEHUU M KOTOPOE caMo 10 cede juHeitHo. Mtak, nuamenenue ¢ mpu JBUKEHUN
(dz,dy) nano adzx + [ dy. OgHaKO BO3MOYKHO UTO 3TO JBUZKEHUE IIPU WHTETPUPOBAHUN HE
POM3BOAUT (DYHKIIUU TMOTOMY UTO JIJIsi Takoi (hbyHKImu f HYyKHO Oyjier, 9T00bI

da _ d [df d fdf\ _dp

(42)

d_y:dy dr |~ da dy _d_y
a ODOBIYHO JIJIsT 33/IAHHON CBA3HOCTH

da  dp

JleBast 4acTh 9TOro HEpaBeHCTBaA JAET OIpe/Ie/IeHIe KPUBU3HBI. DTO MIPOCTOE HEPABEHCTBO
3HAYNUT, YTO KPUBHU3HA YaCTO He PaBHA HyJb. Ho HAM Hy KeH ObLT JUIHHHBIHA PsIJT PA3MBIITIIEHAN
9T00B! TIpuiiTh K (42.a)).

Tak kak BoIpakenue ((42.a)) suHeHOE, MBI MOYKEM BBIUUC/IUTD BKJIAJIbI BhIPAZKEHHI i
(41)) pasmesnsro. [Ipexe dem Mbl HadHEM HeoOXO/MMOe 3aMedanne. Kak omnpeeseHo Hamn,
KazKJIpIil cyoif paccioenus oroxaectsiserca ¢ C. Takum obpazom, Ha HHGUHATE3UMATLHOM
YPOBHE, JIBUZKCHUE CBA3HOCTEH JTaHO OAHO3HAYHO OIIPEJIEJCHOM CYMMON JAefICTBUTEILHOIO
JIBIZKEHUST 1 MHUMOTO JIBIzKeHust. JleficTBuTeIbHOE JBIZKEHNE OJTHOZHAYHO OIPEIETICHO MET-
PHYECKOH MHBAPUAHTHOCTHIO. o IeJIb - MOIepKUBATh TOCTOSHHYO JUTnHY. VTak TOJbKO
MHHUMO€ JIBUZKEHIE OTHOCUTCS K JIEJIY.

B03MOXKHO 9TO I10JIE3HO, €CJIM MBI IIPOJOJIZKUM OOCYZK/I€HIe KPUBU3HBI ¢ HEKOTOPBIMU
KPATKNMHU OO'bSICHEHNSIMHE, IIPEXKJIE €M Mbl HATHEM BBIUHC/ICHIs HEOOXOIMbIE /T HACTOSAIIIX
nesteit. Moé nornmanne 6ojiee yBEPEHHO, €CIH OHO OTPAXKaeTCs B IIPOCTBIX PACUETax.

Mpr naunHaemcst ¢ MHEMOIT dacTu Beipaxkenus (40), To ecTh ¢ MHUMOMN YacTH BbIPAKeHUA
Jo /o (z), koropas pasra 0 ln o = ((2) dz. Tosbko MHEMAas 9aCTh TOrO BBIPAZKEHUS OTHOCUTCS
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Olne Olne 1 (00 100)
(91110—2{ i By }dz—i_é{%_ﬁa_y}dz’

rae 6 yrimoBast mepeMeHHas. MHMMAs 9acTh 9TOrO BbIpaKeHUs ¢ = y/—1 IBaKIbI

lﬁlned _lﬁlned +1@dx—l%d B %_(ﬂne dr + 81ne_@ p
2 0r VT2 oy 2 0x 2y v= Ox oy Ox oy I

CutesioBaTe IbHO KPUBU3HA PaBHA, IIOJOBUHE BLIPAZKCHUS
%6 4 0%0 n 0?Ine n 0%Ine

Jdydx  Oxdy 0x? oy?
O4eBHIHO YTO CyMMa IEPBBIX JIBYX YIEHOB paBHa HYJIO, CyMMa BTOPBIX JIBYX YJIEHOB TaKKe
paBHa HyJ1o u3-3a ypasienuii Komu-Pumana. XoTs s elie HECIIOKOAHO OTHOIIYCH K MOUM
pacderaM, OHH, 110 KpaiiHeil Mepe, JaloT 3aK/II0UeHIe CONIACYIOIIEeCs ¢ IPU3HAHHON Teopuei.

[Tocsiennoe u pemaromniee BeIMUC/ICHIE KPUBU3HBI BKJIAJL - (PYHKIINN IEPEMEHHO 7', KOTO-
poiii jian (41)). ¢ xouy crepsa, MpocTo yIIyUIIUTh CBOE TIOHUMAHUE, OIMUCATH BPAIIATeTHHO-
CHUMMETPHYECKYIO CBA3HOCTh. OHa JlaHa MHGUHATE3NMAILHBEIM IIOBOPOTOM, U IVIAJIKas JazKe
Br=20.

K ey

(43)

g~ dg = a(x,y) dz + B(z,y) dy.
$1 X04y 4TOOLI 3Ta CBA3HOCTDL ObLIa BpallaTeJbHO CUMMETPUYHOI, C/Ie0BATeIbHO NHBAPH-
AHTHOI OTHOCUTETHHO
(x,y) — (cos px — sin py, sin px + cos py)
Wi
a(z,y) = a(x,y) cos pxr + B(z,y)sinpz, B(r,y) — —asingr + [ cos gz,
KOTOpOE PaBHO

(a(z,y) B(x,y)) = (alz,y) ﬂ(x,y))( cos Sin90>'

—singp cosp

CienoBaresibHO
) (ales) Blen) = (o B)( St ),

391061 GBITH YBEPEHHBIM 4TO 51 IoHUMat0 obosHauenune kuuru |[GH|, s Bbrancisiio

0 0 o .0 1 o .0
dz - — +dz- dz-(ax—zay)—l-zdf (ax—l—zay)

0z 0z
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riae a and b dbyknuii r u (z,y) = r(cos, sin ). Beraucinm KpuBushy.

g _ dadr dyp  dbdr . dy

dr drdx ¢+GCOS¢_+d_d_ 05y bmw%
da db

:d—COS@Z)sm@Z)—aCOS@/Jsmw/qud—cos Y+ bsin® Y /7.

r

da dadr dy  dbdr dvp

a " drdy cos Y asmw a " drdy sin v bcoswdy
da

= %smwcosd) —asiny cos/r — %sm y — bcos* ) /r

Paznocts paBna

db db 1 d(br)
(45) O+0+d +b/r_d +b/r = o
Vrak KpuBu3Ha He 3aBUCUT OT KoeddUIUeHTa a.

Cormnacuo ypasuenusiv B [GH ctp. 72|, nononnurensustit akTop m(+) BBOIUT a/IATHBHBII
e (41)). KpuBnsna Beramcisgercst tak ke kak (43)), HO mepBbie JIBa WIEHbI OTCYTCTBYIOT U
In € 3amensiemcs dynknumeit Inm(-). Ho B mporusonosoxkuocTs wieny Ine, anen Inm(-) we

rapMoHnYeckast byHKIws. UrHopupyst Ha MIHOBEHIE MHOXKHUTENb 1/2) mojgpasyMeBaeMblil B

(A1), mpr BErMUCTSIEM
Jdlnm 1 dmor 1 xdm Glnm 1 dmor 1 ydm

or m(z,y) dr 0z m(z,y)r dr’ dy m(z,y) dr 0y  m(z,y)r dr
[Tpomoirkast u auddepeHupys emé pas, Mbl HAXOIUM
1 dm
) dr
dm
y) dr

9?Inm 1 (:p dm)2 1 2*d*m
+
(
#lnm 1 y dm 2+ 1 y2d2m+ 1_y2
oy m2(x,y) \r dr m(z,y) r? dr2  m(z, rooor3

Ox? m?(z,y) \r dr
Cymma paBHa

1
r dr m(z,y) r? dr? +m(x
1

2 2
(46) 1 <dm) 1 d®m 1 1dm
m(

. R + -

m2(z,y) \ dr z,y) dr2  m(x,y)r dr
U [IPOU3BEJIEHIE ITOrO BhIpayKeHusl ¢ (DyHKIUe 1 1 3a0bIThIM COMHOXKUTEIbHEM 1/2 paBHO
npousBoaHol dbyukuuu df /dr eciau

r dm
46.a = ——
( ) / 2m dr
Oynknus m(zr,y) = r = /2% + y%. Buavenne f(0) OIHO3HAYHO OIIPEJIETIEHO U PABHO 2.
Eciu z > 0 3navenne f = 1. CaeoBaTe/IbHO UHTEIPAJ KPUBU3HbBI

0? lnm 9% Inm < df
4 =7 — = —27.
(47) / / { 2 ) }da: dy = /0 .

C 9TuUM BBIYHUCICHIEM MBI [IOJIBEPXKJIAEM, UTO KACAETCH KPUBU3HBI TO HAIA CBA3HOCTDH, TAKas
ke Kak cBst3HOCTH B [ABl ctp. 560|. BosmoxkHO, UTO ecTh m3MeHeHne B 3HAKE, HO 9TO HEBAYKHO.

Ectb emé nBe moOOYHBIX TpeMeTa KOTOPbIE HY2KHO 00bICHATD, IEPBBIi, 9TOOBI CPABHUTH
olpe/ieJieHre KPUBI3HBI, OMMCAHHOE BBIIEe, BTOPBIM OlpejiesieHreM, koropoe nato B [AB],
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1 BTOPOIi, 9TOOBI OObSICHUTH B 9TUX IIPOCTHIX paMKaX IOHdATHe cBsizHocTu fura-Mmiica.
XO0Ts 9TO MOYKET OBITh BayKHO B JIDYTUX CJIyYasix, 0COOEHHO ec/ii pa3Mep OOJIbIlle YeM OJINH,
[OHsSITHE CBA3HOCTH flHra-Mmusnica Bpsi Jin MMeeT CyIIeCTBEHHOe 3HAYeHNe B JAHHOM CJIydae.
JleitcTBUTENIBHO, TI€JIb HAIIETO KPATKOTO 00bACHEHUS, C/Ie/IaTh 9TO SICHO. TeM He MeHee JIydIIe
npucnocobutbes K yesosuto [ABL crp. 560]. eso B ToM, 9T0 HEOOXOAUMO BHIOPATH METPUKY
Ha M, OTHOCUTEIBHO KOTOPO# JIaHHAS CBI3HOCTH CBA3HOCTH dAHra-Musica. 9to To, 9TO
s HAYAJIBHO JIyMaJi, U TO 9TO s ceidac oO0bscHA©. [loyanTenbHO OObSICHUTHL pa3/ndHbIE
CTOPOHBI ITOTO MOHATHS 110 OJTHOMY, TIOCKOJIbKY OHU CeOsT IIPEeJICTABJISIOT.

Mbr MOZKEM cefiaac BOCIIOIB30BAThCS ONpPeJIe/IeHeM KPUBU3HN 3TON CBSI3HOCTU JAHHBIM B
[AB|. Vexompr aByx orpejiesieHuii, TOro YTO BBIBEIEHO U3 u toro uro B [AB|, Te xe,
U caMu olpejiesieHust eJiBa pasandnbl. Ho Mbl pacemarpusaem 1o uto B [AB| moromy, uro
nocrpoenre B [AB| §7] rak BaxkHo syist Hac. [ToHsiTre KOTOPBIMU MBI HOJIB3yEeMCsl HY?KHO
00BACHSTH OCTOPOKHO . JleficTBuresbro, ynrars [AB| s Mens yaoBosibeTBre, HO IOHUMATD
ero TpyaHo. JIoBOABI CIMIIIKOM JIETKH, CJUIIKOM CBOOOIHBI M TPYIHBI, HE JJI €ro JIBYX
ABTOPOB HO JIJIsI MEHsI, KOTOPOMY TeOpus CBsA3HOCTeH Oblia HesnakoMma. [loxkastyit 3o ToxKe
CIIpaBeJINBOM i anTaTessd. Kcim g He 1006aB/Isii0 HECKOJIBKO BBIMUC/IEHUN 1 HEIIPBAMIBHO
nmoHMa0. Bo3aMOXKHO 9TO unTaTesb Takxke. ¢l 1eiicTBUTEIhHO HECKOBKO Pa3 HeIPBAMILHO
nounmast. Utax st BeiBoxky dopmyity qust F'(A) [ABL §3] mist mpocroro cirydast KOTOPBIM MbI
unrepecyemecs. Omnpenenenne F'(A) Baxuo s BoickasbiBanus [AB, Th. 6.7]. Cienosarenbho
OHO HaM HYykKHO. Kpome Toro ono csgazano ¢ teopueir fura — Mwnica.

BosMoxkHO 9TO MOE 0ObsICHEHWE HESICHO, HO MbI IEPEIIN C METPUKH Ha YHUTAPHYIO
CBA3HOCTH. MBI MOXKEM ceifdac BOCIOIb30BATCS OlpeIe/IeHIeM KPUBU3HU 9TOM CBI3HOCTH,
naaubiM B [AB|. Vexonpr 1ByX onpeesienuit, Toro, 9To BBIBEJICHO 13 u Toro uro B [AB],
re yke. Ho mbl ocmarpuBaem 1o B [AB| moromy wro mocrpoenue B [AB| §7| Tak Baxkno mis
Hac. [loHsgaTre KOTOPBIME MBI TIOJIB3YETCS HY?KHO O0bICHUTH OCTOPOKHO.

Beraunciienust JJokaJIbHbI, c10i ogHoMepeH, To ectb U(1) min R, u 6a3a 0TKpBITOE MHOKECTBO
B C ¢ koopamHaTambl Z,y. YMecTHble onpejeienns Haxoiarca B [AB, §3|. docrarouno
paccMaTpUBaTDH JIBa KacaTe/bHBIX BEKTOPHBIX I0JIsd X = %, Y = %. CBA3HOCTD TPUIAET
KaskKJIOMy BEKTOPHOMY IIOJIFOCY WJIM HAIIPABJIEHUIO HaJl 0A31COM, FOPU30HTAITHBIN BEKTOPHBII
[IOJTIOC, TaK 9TO

- d d o0

X X=4{= . _9

> (mﬂ@wuﬁ, a(x,y) %

(48) d d o0
Y—Y=<{—0b — b - =

> iy (fff,y)de1 , b(x,y) 3y

rje 01, KOTopoe HecBsi3aHo ¢ #, KoopjuHaTa Ha cjioe u d/df; TOJBKO HEMOBUKHBII KacaTeb-
HBIiT BeKTOp B cyioe. CBepx Toro a(z,y), b(x,y) cyIlecTBeHHO apaMeTpbl KOTOPbIE OIPe/IeJIeHbI
dyukmueit § = Imlogo. f nmosropsito uro X, Y nepemertienusi, onpeieeHHbIe CBI3HOCTEN.

MpbI HaumHAEM BBIYHCIEHUS ceiidac, HO MOJIE3HO OObACHITH PYKOBOJICTBO IIOTOMY YTO €CTh
PsiJl 0OCOOEHHBIX 0DOCTOSITE/ILCTB KOTOPBIE JaloT BhIBOJI. [lepBoe yciaoBus Komm-Pumana u
ITIOTOM pa3JIMYHbIe OTHOIIEeHNs B Teopun Beitepmrpacca. [locienoBaresbHOCTE MaTEMaTHKI
nopasuTebHa/

Bropbie wiensl B ckobkax jaror orobpaxkenue w, [ABl §3| u onpenensitor Kpusushy,
KOTOpas JaHa

(48.a) XY - YX.
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Mper mozxem 3amensThb napy { X, Y} mapoit { f X, gY '} Ho Kak 3ameqano B [AB| serko nposepsith
aro [fX1,9Y1] = fg[X1, Y1] ma Beex { X1, Y1} CremoBaresbHO 10CTATOYHO paccMaTpUBaTH
n3bpannyio mapy. CeasnocTs onpesenena dbyakumeii a(-,-) u b(+, -). B mpoTuBomooKHoCTH
asropam [AB] s ynorpebsisiio obbikaoBenHbIe KOOpauHaThl i U(1) u U(1).

Xors 9Ta menernibHoCTb, Kotopast asropaM [AB| ne ny»kHa, s Bbraucisio npexe Fu(X,Y)
u Torga [,, F(A). Mbl HaunHaeM ¢ ypaBHEHUSMEA

S d? db d d?
XY = —— b —
dedy " dzdo, +a(z,y) (w,y)d%,
= d? da d d?
YX = ——+b —.
B KOTOPBIX YJI€HBI
d? d?
I b [
a(x,y)dydel, (@,9) 7 0,

OTCYTCTBYIOT TIoToMy uTo d/df; HesaBucumo ot x u y. eficTBuTesibHO, HECMOTPs Ha 0603HA~
venwne, d/df, sekrop B U(1). CrenoBarebuo

e~ dv  da) d
Xy —yx==2_220 2
{dw dy}dQI
)48 KpI/IBI/I3Ha ,IL&H&
db  da db da
48.b FAXY)={— - = VdeAdy = —dx Ady + — dy A da.
(48.b) A(,){dx dy}xydxw y+dyyx

D10 obosnadenue crarsu [AB|, rae 2-bopma (X,Y) — F4(X,Y) nanucana xak F(A).

[TozBosbTe MHE 100aBUTH CJI0BO O Teopun Anra-Mmuiica. HUToObI onpe/ie/TTh CBA3HOCTH
Anra-Muica win 38e371y Xo/Ka HY?KHO BbIOpaTh MeTpuky Ha M. Drta Merpuka (met) mana,
3Be3sia Xojpka onpejesena Kak B [T ypasaeruew,

(49) v Axv' = (v,0") volyy,

rae (v,v') 3amano merpukoii u voly, muddepennmanbaas dopma. Harre nocrpoenue takoso,
YTO OHO HE cchlraercd Ha Merpuky. CiemoBaTebHo OHO cBoOOoaHo. Ho HyzKHO BBIOpaTh €ro
IPaBUILHO. YCJI0BUE 3TOro JiaHo Kak ypasuenue (6.1) B [AB| crp. 559],

(49.2) dx F(A) = 0.

To ecrb, npuMenenne 38e3/bl Xojzka K KpupusHe F(A) 1aér ceyeHnne HENOJBUKHOE OTHO-
curesbro dA. B [AB| ects o6o3nadenne cesaznoctn A wiu dy, #Ho D ectb eé obo3HAUEHHUE B
IGH]. Dra kpususna nana. To cux nop Merpuka He MMesa 3HAUEHHsI, HO TelePb OHA JIOJIKHA
OBbITH ollpejiesIeHa TaK, YTOOBI 9TO YCJIOBUE YJOBIETBOPSIIOCH. 3Be3/a XozKa J1aHa MEeTPUKOM

ma M [

4OCnegyfomee COOTHOITIEHNEe, KOHEYHO, UMEeT OCHOBHOE 3HAYUEHUeE [/l TIOHATH ypaBHeHuit dnra-Muiica
¥, KaK IPEJACTaBJISIETCS, OTHOCUTCS K HECKOJBbKO CJIOYKHBIM ITOHSITHsIM, HO Ha JIAHHBIIT MOMEHT MbI UMEEeM
JIEJIO TOJIBKO € ajreOpamdeckumu KpuBbiMu. Tak, xF' - 9T0 MPOCTO BEIECTBEHHO3HAYHAST (DYHKIIUSI, IO3TOMY
cedeHne He KaKOoro-anbo pacC/IoeHnsI, KOTOPOE JOJIKHO OBITH OIpEeIesIeHO, a TPUBUAJILHOTO JIUHEHHOTO
paccioenns. CienoBaTe/bHO, yPaBHEHNE O3HAYAET, UTO *F' IIOCTOSTHO, HO Mbl BHIOPAJIN HA, SJIIUITHYECKON
KPHUBOI MTOCTSHHYIO METPUKY C TOCTOSTHHOM KPUBHU3HOM, TAK UTO 3TO IKBUBAJEHTHO TPEOOBAHUIO, ITOOBI F
ObLTa, KOHCTAHTOH. MeTpuka OTHOCUTCS K Jey Jjisi (GOPMBI C CTEIIEHBIO OJUH WU JaXKe J[Ba, HO He JJIs
TPUBUAJBLHOTO PACCJIOeHUs, Tie HaxoauTcs *F'. 1o aTomy Bompocy s, BO3MOXKHO, TIOBTOPSIIOCH UJIU IIOBTOPIOCH.
Ho cragasa 310 6b1710 TOHKOE pasjindne, KOTOPOe MHE He OBLIO SICHO.
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Kpusast M nana kak daxropipocrpanctso C/L. Mbl HaunHaeM ¢ 0ObIYHBIMU KOOD/IHATA-
Mol (x,y) #Ha C u C/L u obbranoit Mmerpukoii /22 + y2. B obmacre tae |z — A| = 6 maa Beex

A € L MbI He MeHseM 3Toro. B 3Toit obsacTn KpuBu3na paBHa HYJI0, xdr = dy, xdy = —dz,
u ([49.4) copasenmmeo. Tan, rae |z — A| < §/2, kpususna nana ([43)), koTopoe pasHO
1 1 1 1
4r% +

3 §-2+772-;-2r:0.

CretoBaresibio Mbl He MeHsiem Merpuky Ha C urnm Ha C/L B 91oit obractu. B kosbre /2 <
|A| < 6, MbI MeHsteM MeTpuKY Ha KO3 dunueHT ¢(-), KOTOPBIl BpaliaTebHO-CAMMETPUYEH,
TO ecThb g = ¢(r), KOTOPBIl TIOCTOSIHEH BHYTPH M BHE KOJIbIIA U KOTOPBI Tajiok. ¢ 3amedaro,
YTO MBI HE OOpallaeM BHUMAHUs HA YICHBI CBA3HOCTH KOTOPBIEC JTAHBI , [IOTOMY YTO OHU
HIYEro He BHOCAT B KpuBu3Hy. Beie s 6611 citerka nebpexken. Tounee, kpususna F(A) me
JeficTBUTE/IbHA, YncTO MENMA. Ho 3T0 He BaxkHO. 3HaUCHHE TO, 9TO UTOT JIBUKEHUs d 4
u jprkennsi F'(A) orMeHsieTcst yMHOXKEHHEM *, TO €CTh €€ NH(DUHUTE3UMAbHBIM JIefiCTBIEM.
D10 ompeiesisgeT 00bEM, TO €CTh ILIOMIAIb, B KOJbIe 0/2 < |z| < 6. Bue Kosblta MbI yMHOKaeM
ILJIOTA/ b HA TIOCTOSHHYIO €CJTH HeOOXOINMO.

41 sameqaro, aro 3Be3na Xojzka onpejesena B [I] Tonbko st 0cOGEHHBIX paccIoeHnit HO
oTIpe/iesIeHne TOBCeMecTHO crpaBenBo. OcobeHHast gepra B TOM, 4TO v, v’ B cJioe HO volyy
OTHOCUTCS K KacaTe/IbHOMY IIPOCTPAHCTBY. XOTS s OIKMCAJ JIOBOJIBHO IIPOCTPAHHO STOT IIPUMED
cBasHocTu fHra-Mujica st He yBepeH, 9TO 3TO MOHSATHE BayKHO JIJIs T€OMETPUYIECKONH TeOpUun
aBTOMOPGHBIX (POPM B KOTOPOIT 6a30BOE IIPOCTPAHCTBO KOMILIEKCHOW PA3MEPHOCTU OJIUH.
[Ipeaprymmit pasmesi, B KOTOPOM MOATBEPXK IAeTCs HadaabHOE YTBEP:KICHUE O CYIIECTBOBAHUN
cBsznocTu fura-Mujiica, ecTb MOJrOTOBKA K CJICYIOIIEMY.

TpyaHoCcTh BOBHUKHET, HO JIyUIlle OTJIO?KUTDH €€ pa3pelleHne 10 TeX Mop, MOKa OHa, CTaHO-
BUTCs sicHOM. Tem He MeHee MBI MOYKEM OmHucaTh e€é cpasy. Huke B Teopeme s MOJIB3YIOCH
noHgTueM cpa3Hocreit fdura — Mwuica, To ectb Merpuka na M BoiOpana. [loTom g cpaBHIO
CJIeJICTBUS TeopeMbl ¢ caiejerBusiMu pasjena [VII To ects ¢ onncannem cobCTBEHHBIX CONPSI-
JKeHHBIX KJsiaccoB. Ho Takoit Kjtace jaH ojHuM u3 ero mpejicrasuresieir. Ha yiady mbr BbiOpasn
ysiobubIe nipecTapuTe/ . C JIpyroit CTOPOHBI BHIOOP METPUKHU, TO €CTh BHIOOD CBSI3HOCTU HE
OKa3aJIcsd IOJIE3HBIM. XOTsd MBI CIIaCeHbI O0INEi Teopueil n OBJIaIeHueM 3TOoi Teopueit 0boruMu
aBTOPaMU, K CYACTHIO, Mbl MOXKEM TOXKe paboTaThb B paMkax OObIIHO#N merpukwu. Jlywrre
CKa3aTb, UTO HAIl BHIOOP METPUKHU Ha PACCJOCHUU HEXOPOII U 9TO HEOOXOIUMO OBbLIO BBECTU
HECKOJIBKO ITPOM3BOJIbHBIX UCIPAB/IeHNI. DTO ObLIO HEYKJIIOXKEe, KaK Mbl 00bsicHuM Hizke. ll

JlonosiHuTEeIbHOE O0'bsICHEHEHNE U UCIIPABJIEHUE. DTOT Pases ObLI TMOCBIIIEH 00bsC-
HEHUIO ITOCTPOEHUs He3aMeHUMOro paccyioenusd Q. YToObl yIIpOCTUTH MOU yCUJIUAA, S BBEJ
ya00HyI0 MeTpuKy B oTKJoHeHnu. Ho st Hac riaBHoe yrBepxkjenue B [AB| Th. 6.7, rema
KoToporo cesa3Hoctu Anra-Mmiica. VIx onpenenenune tak, 9ro MeTpuka Ha M oka3biBaeT
pelraroiee BINsAHIEe Ha UX CBOHCTBA. DTO OCOOEHHO CIIPABEJJINBO JIJI SJLUIUITHIECKIX KPUBBIX,
JIJISE KOTOPBIX CYIIECTBYET €CTeCTBEHHbIE BHIOOPA METPUKH, TO €CTh IOCTOAHHBIE METPUKH.
DTO MOCTOAHCTBO HAPYIIEHO BBeAeHueM Touku Q. DyHKIUA o1 MHOro3HAYEHHOE CeueHue
pacciioenust Q.

4 yxke ckazas 310, HO Jjsd MeHs auddepennuaabHas TeoMeTpus JaAOUPUHT, B KOTOPOM s
BOIIET TIOTOMY, YTO CXOJICTBO JIBYX TEOPHil, apudMETUIECKONH U T€OMETPUICCKOM, HACTOIHKO
nopasnTesbHO. KcraTn Bo3HIKaeT BOIPOC, KOTOPHI g He IHITAJICS OTBETUTH. VIMEHHO B 9TOif
CTaTbe Pedb UJIET O KOMILUIEKCHOH Tud depeHrmaabHoll TeoMeTpril KOMIIJIEKCHBIX KPUBBIX U O
Teopun fAura-MuJica cBa3aHHON ¢ HUMH. 41 He 3HAI0, OTHOCUTC Ju Teopus fAura-Muica st
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MHOT000Opa3nii bojee BHICOKIX pa3MepHocTell K Teopuu aBToMOpdHBIX dhopm. MHe Karxkercst
MAaJIOBEPOSITHO, HO ¢ €Il€ He 3HAKOM HU C IePBOil, HU CO BTOPO# M3 TUX JIBYX TEOPUil, HA C
JIPYTOii Teopueil, To ecTh HU ¢ JuddepeHImaabHoi reoMeTpuii Hu ¢ Teopun fAnra-Muica
GoJ1ee BBICOKOIT pasMepHOCTH. DTO B CTOPOHY, MHe Kaxkercs, 1to B [AB| rinasnas ocobennoctsb
Teopuit e€ JUHEHHOCTH

OTa JUHEHHOCTH He MPOSBUIACH B HAIIUX PACUETAX, JIJIsi KOTOPBIX Mbl BBEJIM HECKOJIBKO ITPO-
U3BOJIBHBI MHOXKHUTEH m(+) HO 6e3 M3MeHeHus! mpejyiaraeMoil ¢Bs3HocTi. OHa MPOsiBIIIACH
¢ u3MeHeHeM cBa3HOCTH. MbI Jiydre Boioepem eé¢ Bauzy. Il

IX. TEOPEMA ATbU-BOTTA

H JlokazareabcBo OyJieT OoJjiee BayKHO YeM TeopeMa, HO HadWHaeM ¢ TeopeMbl. dToObI
3adBUTh TEOPEMY HYKHO Oy/IeTh BbIBECTH MOAXOAANIyI0 ['g-cBsa3HOCTD. Torma /iis KarxkKaoro
I‘OMOMOp(bI/IBMalﬂ p: I'rm = G ectb numymupoBannasd G-cBA3HOCTL A,. Y TBEPK/ICHIE TCOPEMBI
upocro ([ABl Th. 6.7]).

Teopema. Ilpeobpazosanoe p — A, onpedessem 63aummo 00no3naveroe omobpasicerue
MEHCAY KAGCCAMU CONPAANCEHHBIT 20MOMOPPuU3Mmo8 p : 'y — G u Kaaccamy 9K6UBAAEHMMHOCTIU
ceasnocmeti Anea — Muanca naod M.

[ToMumo OTCTYIIEHNS YSICHEHHOIO B IIPEIBLIYINEN TIaBe, 9TO ePBOe OSBIEHNE CBAZHOCTH,
1 B utore - auddepeHInaIbHOi NTeOMETPUN, B JIOBOJE 9TOI CTAThU W MPUINHA IIPEIbLIyIIei
o0bsicHeHns1. ¢l He XO4y JlaBaTh MOJIHOE JOKA3aTEIHCTBO ITOM TEOPEeMBbI, HO KOMILIEKCHAS
nuddepeHnraibiasg reOMeTprs BeCbMa pa3BUTas 00/1aCTb, IIOHUMAaHUE KOTOPOIl Tpedyer
OIIbITA M IIOHUMaHUs. JIerko HempaBuJIbHO IIOHUMATD PACCYK/IEHHE OIBITHBIX T€OMETPOB, a
aBropbl [AB| HECOMHEHHO OIBITHBI, U3-33 HEJIOCTATOYOIO TIOHUMAHUSI CYIIECTBEHHOIO MPEJI-
cTaBJIeHUS KaK KPpUBHU3HBIL. J[j1s1 MeHsI OBLIO TakK, HO MHOT'HE 3a0/Iy2KICHNUA ObLIN UCIPABJICHBI
IIPH ITOMOIIH KJIACCUIECKON TEOPUH JIMITUICCKIX KPUBUX

EcThb cTOIBKO CTOPOH TEOpuu, KOTOPhIE g M3HAYAIBHO HEIIPABUIBHO TIOHUMAJI, TaK ITO MHE
IPUXOIUIOCH TOBTOPHO IIEPECMATPHUBATE TO, UTO o nuca. Ha npumep, Hu rpymmna GG B Teopeme
uu ['r He 06s3aTenbHO CBsI3HBI. Tem He MeHee, st nokasarenberBa B [AB| mpennonaraercs,
aro rpynna G cBs3Ha. MHe KaxkeTcst ObLIO OBl MOJIE3HO 100aBUTH HECKOJIBKO CJIOB 00 00IIeM
ciaydae. B caMoM Jiesie, MHE Ka3aJi0Ch, 9TO UX JIOKA3aTEJIbCTBO BJICUYET 3a COOOI IMepexos] K

41378 IPOSABIAETCH TOMBKO ¢ CIACTIIMBLIM COBIAJCHAEM METPHK Ha cJIoe 1 Ha Kpusoii M. Ompa nemcrsyer
Ha noctpoenue B3sito yactnano u3 [GH|, npyras na nmoustue ceasuoctn Adura-Mumica. CooreTcTBy Oz
BBIOOD OBLI C/IeIaH B 9TOH CTaTheE.

42 yraTens MOKET HIIM HE MOMKET 3aMETUTH, UTO €CTh CYIICCTBEHHOE YIIyHIICHIe TOHIMAHMIS H JISTKOCTI
MEXKJLy STUM PA3JeJOM U CJEIAYIONUM. DTOT Pa3Jiesl HyKIaeTcs B IIePecMOTpe, HO s IPEJIITOYEsl OCTABUTD €ro
110 JIByM IpuarHaM. IlepBasi JIEHUBOCTB, ¥, BO3MOXKHO, 0OoJiee yOeuTe/ibHasi, BO-BTOPBIX, IIOTOMY YTO MHOTHE
BO3MOXKHBIE YATATE/IN PA3JesIiOT MO€e IepBOHAYAIBLHOE HEBEXKECTBO. KCTh TakyKe MOE yOexK ieHre B TOM, UTO,
ecyu Oyzner 0becredeHo OCIeI0BaTeIbHOE 00bICHEHNE, €My JIYUIle TOJ0XKIATh, [IOKA TEOPUs BYJIET B IEJIOM
JIydIlie TOHATHA.

43B camoM feste B 9TOM 0TOOpAZKCHHH HY?KHO 3aMennTh rpymny G rpymmoit G, no ecmn G = GL(n) Torma
G = LG. Asropur crareu [AB] ne cosmasamm norsTus rpynmet L. EcTh Tounast MOC/TE0BATETEHOCTD

1-Z—-Tr—->U(l) xm(M)—1

Tax xak rpymmsl I'g 1 U(1) X 71 HEKOMIAKTHBI, HOCJIE/LYIOIIEE IIOCTPOEHUE HE COBEPIIEHHO HAIJISIIIHO.

M3y ror absan n IepBbIe HECKOJIPKO U3 CJIEIYIONUX ab3a1eB ObLIN HAIMCAHBI KAK S CTApaJICs YTBEPIUTH
[IOJI03PEHIEe UM HAJEXKIy 4TO TeopeMa ATbu-Borra ObLIa 0auH U3 KIIIOYeil K B3aMMHOCTH B M€OMETPUIECKOM
Teopun. 4 pemmn coxpanuts nx. OHn orpaxaror mon TpyaHocTr ¢ [AB|, n3 xoroporo obosnauenue Gepéres.
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rpyIIie MeHbIIEeNl Pa3MepHOCTH, KOTOpas MOYKET ObITh HECBA3HOM. f1 00bICHSI0 TPYTHOCTD,
x0T Jyist Hac oHa He Tskena. B [AB| crp. 561], aBropsl npeamnosaraor uro Gx = G, HO GbLIO
ObI BOBMOXKHO 4TO (Gx HecBsA3HO jaxke ecu G cBa3Ho. CregoBaTe/IbHO MIepexo] K IPYIIe
H x S 6b11 661 ocnentabiii. OgHaKo, Kak s 00bsICHIO HUXKE, 9TO HE TaK, XOTsS €CTh TOHKOCTD.

BosbimucTBO TPY/IHOCTElH OBLIO BBISBAHO MOUMM HEJJOCTATOYHBIM HOHUMAHHEM JI0BOJIOB.
Cuauasa cioBocoueranne ‘M — M is of course a flat (M )-bundle’ kazamoch MHE ITyCTBIMBIL
cJI0BaMbl U 3HAYEHUE U MpaBja cjioBocodeTanus: ‘A is a Yang-Mills connection’ kazasuch
sscubiMu. O6opot ‘of course’- cob1a3H 71 HEOIBITHOIO YUTATEIsI, HE CJAUIIKOM TIIATEIHLHO
JIYMAIOIIEro O 3asiBJICHUN, KOTOpoe OH duTaeT. [[03ToMy OH 9TO He BEIOJTHO OHUMAET. JTHU
cioBa He mycThl. OyHmaMeHTaIbHAS TPYIIIA OIPee/IeHa TeTISIMUA BhIXOIANUME U3 TOUKU.
CremoBareIbHO OHA JIOKAJIBHO OMHO3HATHO OIpe/esieHa, HO He TyobaabHo. [10b6agasHOo OHA
OTIpeJIesIsieTCsl 10 n30MopduU3Ma JAHHOTO IIyTeM OT OJIHOW TOYKHU JI0 Apyroil. Mtak monsTHe
dbynpamenTaabHas rpymisl TOHKO. OHa CcKOpee Iy90K WIN ToXKe My4doK. Bo BesKoM cirydae To,
9TO s1 MEJIJIEHHO OIeHHJI, 3TO oTHomeHne ['g cBss3HOCTH K (G-CBAZHOCTH. DTO OBLIO BOIIPOCOM
neonbiTHOCTH. [lepexon Tak posen. K ToMy ke s He JIOCTATOYHO CO3HABAJI IIPOCTEHIIINE
npuMepbl, narpumep Jjgorapudumudeckoit pynkiyn na C* C C ¢ TpUBHAJIBLHBIM PACCIOCHIEM
B KOTOPOM BBejieH 1oJjiioc B Touke (. Baxkno nonumars, uto #u I'r, Hu G He 06s13aTE/IHHO
CBSI3HBI. .

Bo BcakoMm citydae, Kak TOJIBKO MBI TIoiimMeM cBsi3b Mexkry M, M, I'g un pacciioenueM cBsi-
3aHHBIM C HUMU, MBI TIOMeM Kak mepeiitu oT romomopdusma ' — G ¥ G-paccioennto fnra-
Muica. Hy»kH0 moarBepiuTh, 9T0 TaKUM 00pa3oM MBI mosydaeM Kaxkjgoe G-paccmoenne. To
YTO 3TO TMOCTPOEHNE JIAET CBA3HOCTDH sICHO U3 ONpPeesIeHHI .

Cutetyrornme CTPOKH TIPeTHA3HAYEHHBI JIJIs] YATATeell KOTOPbIe TaK YK€ HEONbITHbIE TeOMeT-
DBl K&K U 1, HO 9T00bI OHATH 7080 13 [AB, crp. 560/561| HyKHO cXBaTUThL MOCTPOEHUS
B rpocteiiiiiem Bujie. Hampumep, BMecTo TOro, 9To0bl BCTABJIATD MOJIOC WU HYJIb, MbI BbI-
OupaeM IMOCTOSHHYIO TOUYKY N € 7/ U BCTaBJIsIeM B OKPECTHOCTU JAHHOW TOYKU MPOCTYIO
bynkmuio f(re?) ¢ snauenuavu B U(1), Ho ckiensanue ¢ GpyHKIHUel ¢ JJAHO ypaBHEHHEM
f(re®) exp(inf) = g(re?). Ecim n # 0, cpaBHenne NpoucXouT TOJILKO B Kiutne. HepozmozxHo
910 ‘DyHKINA WK ‘cedeHne’ B MOJIHOW OKPECTHOCTH TOYKU. DTO OMPEJIE/IEHNE TTOIXOIUT
st crpouteniberBa U(1)-paceioenust vHa [ABl crp. 560|. [Tocrpoenne (M )-paccioenns u3
npeJcraBienust Tpyniel w1 (M) 3HAKOMa. DTH 3aMedaHust TTO3BOJISIIOT HAM CJIEJ0OBATH JOBOJLY
Ha ctpanuna H560-561.

JloBo, B HampaBjieHI: OT TOMOMOPMU3MA JI0 CBA3HOCTH - 1OYTU (popMaJIbHbIi. OT CBA3-
HOCTHU JI0 TOMOMOD(U3Ma IEPBBI IIar - UCIOJIb30BAThH OIPEeeHNe, TVIABHBIM 00pa3oM
IOCTOSTHCTBO (byHKIME *F', To ecTh ycnoBue Aura-Musuica, arobbl onpenesmts X € g, a-
rebpe HI/IE Baronapst yciioBusiM, ONMCaHHBIM B CHOCKe rpymmna Gy = (G, BBeJieHHas B
Hadase crpanuiel [ABL cTp. 562|, cBsazana. D10, M0-BUIMMOMY, TT0[pa3yMeBaeTCs HESIBHO B
obcyx)mennn Ha 9roi crpanure. CytmecrBoBanne To9ku X u rpymribl Gy HEOOXOTUMO [T
omMCcaHWs CBA3HOCTeH Ha 9Toil crpanuiie. Ha cTpanuie ecTh TakyKe paspellenne TPYIHOCTH,
KOTOpas OecrioKomia MeHsl BO BpeMs BCEX MOUX Pa3MBIIIEHU 00 9TuX Borpocax. 1o ecTb

45 onnoit CTOPOHBI MBI BBeJIM L-TPYIIITy, C APYTOil CTOPOHBI MBI HE CTAPAJINCH MCIIOJIH30BATH WA OIUCATH
ero (opmaJibHbIe CBOWCTBA, CBI3aHHBIE C 3AKPYUUBAHUAMUA U paciuuperusimu osoca. ['pynmnsr GL(1) win
GL(2) aukonm obpaszom He 3akpyuensl. Jloson Ha [AB| crp. 561-562] mHOTIA HesiCeH, Tak UTO sl XOTY, UTOOBI
MOHU IIPEJIIIOJIOKEHNS ObLIN YETKUMH.

46Cormacuo [K| A. Knapp, Lie groups Beyond an Introduction, Second Edition, Birkhauser, Boston, 2002,
Corollary 4.51, To ects “In a compact connected Lie group, the centralizer of a torus is connected.”
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cobcTBeHHOE 3HaUeHne ['eKKe B JJAHHON TOUYKE KJIaCC CONPSKEHHBIX 3JIEMEHTOB, KOTOPBIi JIaH
IIyTeM BBICTABJIEHHSI OJIHOTO djIeMeHTa Kiacca. Koroporo? EcTh emé 4ro-To, KoTopoe Hy:KHO
00bsicanTh. Ho 91 B IepByIo ouepesib X049y PaccMOTPETD Kﬂaccn(bHKaumﬂ [ABl (6.12)] mua
rpynmsl GL(2).

Mue Kazkercs, 9To 10j1e3H0 nfonmchiBaTh ceifdyac BO3MOXKHBIE 0Opa3bl rpynnbl IR, 1O
MEHBbIIIE Mepe, JIJI HePUBOJANMBIX YHUTAPHBIX npencrasiernii p B GL(2). I'pynna 'g = R xz
I" onpenenena A, B,1 € Ru ABA™'B~! = J =1 ¢€ R, B KoTopoM 1 He e UHUYHDI I9MEHT.
Ecm G = GL(1), *G = GL(1), n npeacrasnenus p : I'r — GL(1) snerko ormmcpBaorca. Ouu
nansl ¢ orHomenusavu: A - o € U(1), B— e U(1l), z € R/Z, x = x(x) € U(1), tme x
xapaxTep rpynnsl R. Ecin G = GL(2), G = GL(2), det p(J) = 1, J nenrpajbHO 1 ecThb JiBe
BO3MOKHOCTH:

xi(4A) 0 xi(B) 0 10

(50.&) :0<A): 0 X2(A) ) p(B): 0 X2(B) ) p(J): 0 1)

e xi(+), Xi(+) /iBa HEMPEPBIBHBIX YHUTAPHBIX XapakTepa rpymibl Z X ') ompejiesieHoii rpymoit
JIMHEIHO 3KBUBAJEHTHBIX JUBH30POB;

(501) = (5 ) e =() o) ="y 1)

a,b € C*, |a|] = |b| = 1. K romy ke HYzKHO, 9TO CBSI3HOCTH orpejeauT p Ha R u a = det p
[IOJTy9aeTcs u3 p.

Ceituac HEOOXOMMO MTPU3HATH OCHOBHYIO IIYTAHWUILY B MOUX PA3MBIIIJIEHUAX O COOCTBEHHBIX
dyukmax u cBa3HocTaX ['ekke. CBsA3b MeXK Iy TIEPBOil 1 BTOPOIl KOCBEHO OIOCPEICTBOBAHA
nByms rpynnavu: ['g u Iy He Hy2KHO BBOIUTBH TIOCpeTHIYECKTE CBI3HOCTHU. Y BJI€IE€HHBII
MOUM TePBOHAYAIBHBIM HEBEYKECTBOM CBA3HOCTEN, f MOJHOCTHIO TMOTEPS CBOE BpeMs Ha
MONBITKAaX MOHATH uxX. OJiHaKO 9TO He ObLIO 1moTepeit. Mbl He TOHUMaeM apudMeTUIeCKOH
B3aMMHOCTHU B IIUPOKOM CMBICJIE, I TeCHasi CBA3b Mexy Teopueil fura-Musca u reomerpu-
YECKOW B3aUMHOCTBIO HE MOYKET OBITH MOJHOCTHIO CJIYIaflHOCTBIO, TAK UTO BpeMsl He ObLIO
norepsino. Kpome Toro, xors s 9acTo 3aObIBAIO IIPUPOJLY OTHOIIEHUS] MEYKJLy STUMH JIBY-
Msl MHOXKecTBamu, oHO TpsiMoe! CoOCTBEHHBIE CONPSIYKEHHBIE CEYUEHUsT ONPEJIEIAIOTC KaK
MHTErpaJjibl CBA3HOCTH.

Kaxk s 00bsicHMI, g TOHUMATO 9ITO JIUIIAM CJIEIYIONIUM B TEOPUH PACC/IOCHHIT, CYIIECTBOBAHNE
() 3HAKOMO, HO MHE 9TO HE TaK U s IPEIIOYNTas, 10 KpaiiHeil Mepe JacTUIHO, OIUCAHIE
B paMKax 6ojiee 3HaKOMOI Teopun Beitepmrpacca. CHadajia MHE TPYIHO OBLIO MOHITH KaK
paccyioeHne 1 CBSI3HOCTD JIAHBI JIOKAJILHO (yHKIwmeit ¢ B (2.¢)). f me mornman Takxke HyKHbIE
u3MeHeHus: MeTpuky Ha M u Ha paccyioeHun. ¢ ciiesan Bcé BO3MOXKHOE, YTOObI IIPE/ICTABUTD
HEOOXOIUMbIE O0bsICHEHUSI B MPEJLIIYIIEH TJIaBe, XOTsd, KaK, MOYKET ObITh, 3aMETI/I YUTATEb,
MHe OBLIIO HHOTJIA TPY/HO MOJHOCTBIO BBINUTHIBATH IepBble ab3arbl pasneia [ABl §4]. Mrak B
9TOM TJIaBe MBI MOXKEM OOCYIUTH JI0KA3aTeIbCTBO TeopeMbl AThu-BorTa. Yurarero Toxe
6aropasyMHO crpabisaTbesa B cratbe [ABL erp. 560|, rae ypasaerue dy x F' = 0 BaxKHO.

BarajgodyHoe 3asiBJIeHNIE WM Iepexol Ha crpaHuie 561 - 970 HesiBHOE N HEOCTOPOXKHOE
[IPEJIITOJIOXKEHNE TIPU TIePEXoJie OT CTPOKHU 5 K cTpoke 6, uro Gx = G ¢BA3HO. DTO BCEro

47Hpe,uOCTepe>KeHne. Tormostorn He MOX0XKM Ha OCTAJIBHBIX U3 HAc. 1o, YTO UM sICHO, HAM TPY/aHO. 7
xores 6bl epeBecTr JBa npegoxkenust u3 [ABl crp. 561], 4061 GBITH yBEPEHHBIM, YTO 51 IPABUJIBHO MX
nouss. ‘Any G-bundle P with connection induces a G-bundle P with connection. Conversely if P lifts to P
then P is unique and inherits a connection from that of P. To ects rpynma G rpymma gobpeit rpymnmst G
KoHeuHoil noarpynnoit. To ects, ecm § € G nycrs Gg = {g € G | g — g}



50 ROBERT LANGLANDS

JIUIITH HEOCTOPOXKHas OMMOKa, HO HaM OyJIeT BaXXHO M3YYUTDh OCOOBIN Cjiydail U OIMHCATD
HeoOXOIMMOEe M3MEHEHIE.

Ha sToM MecTe HEOOXOMUMO IETKO OOBACHUTDL PA3HUILY MEXK/Y HACTOAIIMMU YCJIOBUSIMH,
TO €CTh YCJOBUSIMU CJIEIYIONIEro pas3jiesa u yciosusivu [AB|. Mbr xoTum onmcarsb co6-
CTBEHHBIE COIPsIzKEHHbIE KJIACChl U COOCTBEHHBIE (PYHKIMK OmeparopoB I'ekke. DTa GyHKIM
Ha Bung y KoToporo ectb 6ECKOHETHOE MHOXKECTBO CBA3HBIX KOMIIOHEHTHI. Cjie10BaTe/ IbHO
HYKHO PACCUUTHIBATH Ha HEIPEPBIBHOE MHOXKECTBO COOCTBEHHBIX COIMPS?KEHHBIX KJIACC. DTO
orpaxkaercs B Muoxkutese Z B ypaaenun (|1.d)). C apyroii cTOpoHBI, U3 HENPBIPHIBHOIO
ceMeiicTBa JIAHHOTO TeopeMoit AThu-BorTa OTHOCATCS K JIe/Iy TOJIBKO Te CBSI3HOCTHU JIJIsT
KOTOPBIX MHTErpaJl OJHO3HaYeH. DTO Oyer o0CyKIeHo B ciemytomeM paszerte. Ceitdac Mbl
paccmarpusaeM J1oBoj, cratbu [AB].

Ectb, ognako, emgé oxno 3arpyaaerne. HaMm Hy»KHO Oy/eT cpaBHUBATh onnucaHue ATbu-
Borra, koTOpoe mpe/rosaraeT JaHHbBIN KJaacc cBsasHocTeil Aura-Muniica, To ecTh JaHHYIO
MeTpuKy Ha M, ¢ HammM onucanueM cobcTBeHHbIX GyHKIN ['ekke. CKopee, MbI H0I2KHbI
ybeuThesd, uTo onucanne ATbr-BoTTa He 3aBUCUT OT METPUKM, UTAK OT HEsIBHOI 3aBUCHUMOCTHU
Ha Heil mousaTus casznocreir Aura-Mmuica. HyKkHo Takzke nmonnmMaTh KakK OHO 3aBUCUT OT
BBIOOpa (). B mipempinymnem passese s crapasicst O0bsICHATE 9TO ¢ TpuMepamu. MHe KaxKeTcs
9TO 9TO JIocTaTo4uHo. Takas Ope3r/imBoCTh HEOOXOMMAa, TOTOMY YTO T€OMETPhI UMEIOT OIBIT 1
MMOHMMAHUE JIJIsI YCBOCHHS Pa3HBIX OCYIIECTBICHUS TAKOTO YK€ TOHATHSA HO Y MEHs 9TOTO OIbITa
uetr. Ho stydie 91o st 00bsICHSIIO B IIEPBYIO OYepe/ib JT0Ka3aTeIbcBO TeopeMbl ATbu-Borra n
IIOTOM PACCMATPIO PA3JIMIHBIE OTOXK/IECTBICHUsI. dnuTaTe/ 10 HeCOMHEHHO JIydIlie MPOIyCTUTD
UX cHadaja. BO3MOXKHO, UTO s1 TOXKe He BepHyCh K HUM. Kak s1 y:Kke rucasi, B JaHHBIH MOMEHT
[peJIBapUTE/IbHbIE O0bsACHEHUS JIOCTATOTHHI.

[Ipeske geMm s1 PoIOIKY obOCyzKaeHne aoKa3areabcTBa Arbu-Borra, g Xorea Obl mpu-
3HATD, YTO I HEMPABUJILHO, [0 MEHbIIEH Mepe HeJOCTATOYHO CHO, MOHSI TO, YTO 5 TBITAJIC
JIOKa3aTh. ¢ MpOI0/IKy BBEJICHUE JIBYX MHOXKECTBa IMapaMeTPOB, YbU OTHOIIEHUE, OTHO K
JIPYTOMY, HECKOJILKO cy10KH0. O6a TaHbl MIpecTaBIeHIaMy rpynnsl B “G, KoTopoe B 9Toit
crarbe obbikHOBeHHO GL(2), Ho GL(2), PGL(2) n SL(2) cxommusl. s reopembr Arbu-Borra
sta rpynna ['r; amsa teopun ['ekke sta rpymma [',,. tak onm tecno cBasanbl. Ix mipes-
CTaBJIEHUS TapaMeTpU3yIOT MOI00HbIe IPeIMEeThI: st TeopeMbl ATbu-BoTTa 9T0 CBSI3HOCTH
dAura-Mwumica, ast Teopun I'ekke 9T0 cOOCTBEHHBIE COIPsizKEeHHbIE cedeHust. Hajio mosrarars,
YTO 9TO BJIEUET 3a COOOM CBA3b MEXKy MHOXKeCTBaMU rmapameTpoB. OUeBuIHOE TOCTPOCHUE
UHTETPUPOBAHNE CBA3HOCTH, HO OHO TpebyeT Hava bHOE 3HAYEHUE, U [TO3ITOMY JIOMOJTHUTE b
Hble mapaMerpbl. TodHee, HaYAIbHOE 3HAUEHNE HYKHO HA OJIHOM CBSI3HOM KOMIIOHEHTE. DTO
TOXKe, KAK Mbl YBUJINM, HE COBCEM ITPABHUIHHO.

Mos mepBoHadabHas MeJIb COCTOSAIa B TOM, YTOOBI CO3/IaTh HAYAJO TEOPUU aBTOMOPQHOI
rpynnet Lasya B paMkax reoMmerprdeckoii reopun. MHe Ka3aioch, 910 oHO Haxouaoch B [AB]
Th. 6.7], HO OKa3aJI0Ch, YTO HY?KHO He TOJIbKO MOHMMAHNE KPUBU3HBI HO TaKKe MOHUMAHKEe
BapUAIMOHHOI'O MCUNCJICHUsI, XOTsI U CKPOMHBIM 0OpazoM. HeobxoammMo Tak:ke UCIIPABUTDH
TeopeMy, HaCKOJIbKO 9TO YMECTHO B HAIIUX YC/JIOBUAX.

Harre onmcanne cobcTBeHHBIX GyHKINN ['€KKe 1 cOOCTBEHHBIX KJIACCOB JIJIsI SJITUITHIECKOM
KPHUBO# MMOKA3a/10, ITO Ha KaXKJIOM KOMIIOHEHTe MHOXKeCTBa Bung OHU JIaHBI MaTpUIIAMU
KO3 PUIMEHTHI KOTOPBIX JIAHBI TOKA3ATEIbHBIMI (DYHKITUSIMU [TOKA3aTe/Ib KOTOPBIX JINHeen,
TO eCTh KaxK/10it KoMIoHeHT JaH Kak C/L n mofusThIil nokasaressb auHeiier. Takum o6pasom
OHa JIaHA WHTEIPAJIOM ILJIOCKO# cBsi3HOCTH. TO €CTh, 110 CYACTIIMBON CJIYYaitHOCTHA CBA3HOCTHIO
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Aura-Munnnca. JImaeltHOCTh MOKa3bIBaeTCs IIOTOMY, YTO y MHOXKecTBa M ecTh mojpasyMeBae-
Mas CTPYKTypa prnnbl.ﬁ Takum obpaszom BooOIIE MBI OXKHJIaeM MHOrooOpasusi fIkobu min
JIMCKPETHOE CKOILJICHUE ITPOU3BeIeHNs TaKuX MHOTooOpasuit. Ho y Mens HeT HU BpemeHU, HI
MY>KeCTBa Ipe/LyrajiaTh OOl cirydai.

YpesBbIuaitHO TPYIHO OTIMIUTH COOCTBEHHBIE (DYHKIINH, COOCTBEHHBIE TOUKN U COOCTBEHHbBIE
sunavenus. CyIecTByeT MpOu3BOILHBIN BBIOOD, HESBHBIN B IIEPBOM, HO HE B Jpyrux. BakHo
pas/imiaTh UX CBOWCTBA, HO HE JIETKO!

¢l mpu3HaroCch TakzKe, 9TO BOIPOC O MMapaMeTpax MeHs HeMHOTo o3ajaduBaeT. C Toukn
3peHns opeparopoB ['ekke, aJINTUBHBIN WK JINHEHHBIH mapameTp Ha M 1moaxoadninii, 0coOeHo
st ©o. C TOUKM 3peHusi TapMOHUIECKON TEOPUH €CTh JBe BO3MOYKHOCTHU: CIIEPBa METPUKA
Torja cBa3HocTh Kak B [AB]; ciiepsa cBasHocTb - TOTIA METPUKA KaK B 3TOI cTaThe, M0 Kpaiine
Mepe 1opoit. OHu MOTyT HaBeCTH Ha pa3Hble MOHATUS TAPMOHMIECKON 3BA3HOCTU. ¢ BBIOpa
Bropyio Ho B [AB| nepsast ynorpe6iiena. IlosTomy BO3HUKAET BOIPOC 06 SKBUBAJIECHTHOCTH.
¢l ocTaBiisiio €ero B CTOPOHE. DTOT BOIPOC U JIPYTHE MOJ00HBIE BOIIPOCHI ITOAPA3yMeBaeMbl B
[AB| e oru e obeyxmamics. Hamo nomarats 9ro HyzKHBIE JOKa3aTeIbCTBA HETPYIHBL B
caMoOM JieJie, BOTIPOC JIjIsi HUX HACTOJIBKO JIETOK, 9TO s IPOCMOTPET UX 00bsiCHEeHNE, HAIIPUMED,
ypasrernio (6.10), F(A) = X ® w, X € g. 3nech s mo3Bosisito cebe mpernosokenne. B
Teopun [eKKe 9TO MOCTOSTHCTBO BbIpakKeHWe BIIUSHUA sKOOMaHa, a B Teopun Arbu-BorTta oHO
oTpaxkaer ycjaoBue dAnra-Muica.

Bocriomunanue o crpoennu mHoxKectBa Bung. CrepBa Bo3HUKaeT HECKOJIBKO TTOOOTHBIX
BorpocoB. Ilpexie Bcero cobcrBernast byHKIms oneparopos l'ekke, dyukimsa na Bung,
KoTopoe HecBszHo. CreoBaTeIbHO OHA He Be3Je jaHa mHTerpajoM. Ho Mbl BeIOpain B
§IV] muneitnoe paccioenne Ag = A4,, KOTOpOe pa3pelacT HaM OTOXKIECTBIIATH MHOKECTBO
HEIIPUBOJIMMBIX PACCIOEHUIN paHT KOTOPBIX, TO €CTh PAa3MEPHOCTh, paBHA I U CTEIIeHb paBHA
d+rn, 0 < r <d,n€Z c MHOXKECTBOM PaCCJIOCHHI PAHT KOTOPBIX PABEH " U CTEIeHb paBHA
d, M < M ® Ay |Al Th. 6]. Jaa d = 2, caydait KOTOPBII MBI paccMaTpUaeM, 9TO UMeEET
orromeHnE K Aoyen, Aoad B §5. Korma Mbr paccMOTpUM CJI€JCTBUA 9TOTO, MBI TTOAMEM, ITO JIJIs
rpynmbl GL(2) He0OX0MMO B TIEPBYIO OYepejib Pa3JIndarh JiBa pojia cOOCTBEHHbIX (hyHKIINIA,
HOCHUTETH KOTOPBIX, KAK HE CTPaHHO, 6e3 obmmux 3jemenToB. llepBblit poj cooTBercTyer
IPSIMOI CyMMe JIBYX JIMHeiHbIX paccrioennii. Bropoii pox otncan B §VIIl Hame namepenne B
9TOM paz/iesie 00bICHUTH TEOPEMY ATbH-BOTTaH OtHAaKO MBI MOYKEM TEPENHTH K HAJIOXKEHUIO
kpuBoit M. Kombunaropuka [AB| tpebyer, s cumraro, Gosbimoro BamManust. Hampuwmep,
g G = GL(1) u M sjmnTudeckoit KpUBOi, OJHOMEPHOE MPEJICTABICHAE TTPOU3BOIHHO
Ha A u B, HO obsizaTesnbHo pasHo 1 Ha J B (6.6) u, cienoBaresnbHo, Ha Z, HO 9TO He Tak
JUUIsI TIpeJICTaBIeHuil 6osiee BHICOKO# pasMepHOocTH. MHe KaxKeTces ITO aBTOPbI OObACHAT 9TO
B (6.12) Ha cTp. 561, HO BO3MOYKHO YTO ITO HE CPaA3y SICHO.

DTO 3HAYUT HE TOJHKO W3MEHEHUE 3asBJIeHIA HO TakKe pazamans Mexk iy ['r wm [N m Tyye.
Bropoe mHOXKeECTBO cBsi3aHo ¢ Bung i1 KOTOPOro ecTh mapamerp, TO €CTh CTelleHb, KOTOpast
CBsI3aHA ¢ yMHOXKeHneM Ha Ao = A 4,. DT0 1n03BosIsieT, I KazK 10l cobcTBeHHON byHKIm f
u Kazkjoro uncia « € U(1), seesenne apyroit dynxumn N +— f(N)ad®s N, Sro muoxkurens
Z s , KOTODBI IPOBEPSIET (v. DTOT MHOKUTEH OTCyTCBYeT B (|1.8)).

48ﬂquc HE IPUHUMATD 3TOTO yTBEPXKIECHUS BCEPHES.
YHesnaunTenpHbI HegocMoTp. B ux nokasaresbCcTBe MMEIOTCHA HE3HAYNUTEJIbHBIE YIIYIIEHUS, KaK
nokaseiBaeT npuMep yxke rpymibsl GL(2). Ho, BO3MOXKHO, UTO s1 HEIPABUIBHO TIOHSII Y€TBEPTYIO CTPOKY B

[AB| crp. 561].



52 ROBERT LANGLANDS

OcTaByisgs 9TO pacCMOTpPEHUE B CTOPOHE, €CTh BTOPas PA3HUIA MEXKJy CBAZHOCTAME U
COOCTBEHHDBIMU COTPSI)KHBIMU CEYCHUSMHU, KPOME TeX, KOTOpbIe OueBHIHBL. [Ipexk e Bcero,
BEJIMYMHBI TIePBLIX JleskaT B ajireope JIu (rpymmst “Gl), a Be/muuHbl BTOPLIX JIeXKaT B IPYyIIIe
Jiu (YG), no ecrim G = GL(2), G = L'G. Cnenosaresbho, jijist cpaBHEHUs HYKHO HE TOJIBKO
MHTErPUPOBAHNE HO TAKXKe HAYAJILHOE 3HAUYEHUE,

MpsI BepHEMCST K 9TOMY BOIIPOCY B CJIEIAYIOIIEM pa3jesie, HO CHAaYaIa HeOOXOIUMO TOHITh
oo B [ABL §6], To ecTh nmokazarenbecTBO TEOpembl 6.7 n HyzKHbIe H3MeHeHNA. Mbl HadMHAEM
C YpaBHEHUsI U ero 3HaYEHWeM, He 3a0bIBast, UTO Mbl HE 3aHUMAEMCS TOJIBKO JTUHEHHBIMI
PACCJIOEHUSIMU, TO €CTh TOJIBKO PACCIOEHUSIMIA Pa3MePHOCTh KOTOPBIX paBHa equHuIie. OHo
BbIparKaeT OTHOIIEHNE CBA3HOCTU K MeTpuke, Ha M u He Ha paccioeruu. Mbl yke Buje/m
KaK TEePEXO/IUTh OT CBA3HOCTU Ha METPUKY. ABTOPBI 3aMEYAIOT, YTO 9TA CBA3HOCTD, I'PYIIIA
koropoit I'g [AB|, crp. 596, (6.5)] He KoMIaKTHA.

Mer ymﬂ ocMmoTpesnn ypasHeHue dy x F' = (0 Kak ypaBHeHue KOTOPBIM OmpejiesieHo F
HO ¢ Jpyroit menbio. ¢ Haxoxy joBox u 3akiodenue B [AB| aymecubivu. Ogaako, gem
0O0JIBITIE YeJIOBEK JiymMaeT 00 9TOM, TeM OOJIbIle TIOHATHE B €r0 MPOCTOTE CTAHOBUTCS SCHBIM,
1o Kpaitneii Mepe, Ha HECKOJIBKO 9acoB. ¢l mpe/imosiarato, 9To Jijisd MHOrooopasuil 60/bImeit
Pa3MEpPHOCTH, OH ACHCTBUATEABHO CJAOXKHBIN

Ecrb Baxknas nogpobrocts onpeenenns B [ABl crp. 560/561|. B nauane [AB, ctp. 526|
rpynna G KOMIIAKTHA HO He 00si3aTesIbHO CBsi3HA. DTO BaxKHO, notomy 4uto Gx = G [AB|
crp. 561], Tak yTo mepBas rpyiima Toxke He 06sg3aTeIHHO CBsi3HA. HO OHA HEOXKUJAHHO U
HEYMECTHO MPHUHSATA CBA3HON B ciejyonieM ab3aie. Mue KaxkeTcsi, 9T0 B CJIydae Gx
obs3aresibHo HecsazHo. CienoBarenbro B [AB| scrs Hebonbimas omubka. [To-moemy 510
CYIIECTBEHHAs OMINOKA, KOTOPYIO MOXKHO MCIIPABUTH, [E€peiijisd K KOHETHOMY HaJoyKeHuo M,
kotopoe s (50.b|) Toxke synnTudeckas kpusas. Mbl BepHEMCs K 3TOMY.

Cuauana F' — xF npeepamaer kpususny F € Q%(M,adg) B xF dyukuuo, Kotopas
SKBUBapUaHTHas B oTHomenuu jeiicreusa G (Bepuee “G). Asropnl npuxongar cuepsa [AB|
ctp. 560] k BeIBOMY, uTO *F = *F(A), A = A,, IOCTOSIHO 1O TOPU3OHTAIBLHBIM KPHBLIM.
DTO MO3BOJIET UM IIPUBOJINTEH CTPYKTYpHYIO rpyiiy ¢ G kK Gx, crabmin3atop Toukn X
B xF = xF(A). Touka X npousBoJIbHO BBIOPAHHBIN 91eMeHT 13 opouThl Touku xF. Ilycrs
Px = xF~Y{X}. Torna Px/Gx = M. Crenosaressio F = F(A) = X ® w tiie w 06béM. Tak
Kak X € g, BOBMOXKHO UTO €ro MOKa3aTe/JbHbII WHTerpaJl, 3HaUeHUsI KOTOPOI0 HAXO/IATCS
B G 1 KOTOPBI# OIpe/ie/ieH Haua bHBIM YCJIOBUEM, JAET COOCTEHHOE COIPSI?KEHHOE CeUeHUe
oriepatoB ['ekke. MbI OBBbSICHUM 3TO B CJIEIYIONIEM Pa3/Ie/ie HO TOJIBKO JJIsT SJUIUIITUIECKUX
KpuBuX. BepogTHo, uTo BooOIe Teopus cxogaHa. Ho g xody oObacHUTD JIOKA3aTeIbCTBO Ha
[AB| p. 561] gy s;mmmnrunaeckoit kpusoit n rpymmst GL(2).

MpbI cHagasta IPOIOJIZKUM OOCYIKJIeHIe UX JI0Ka3aTelbcTB, B3dB G = (G x. DTO BaxKHOE
YIPOIIEHHe, HO IIpeXKJe HaM HyKHO HOHATH 3agsienue, ‘The Yang-Mills connection A,
defined by a homomorphism p : I'r — G has curvature X, ® w where X, is the element of
the Lie algebra g of G defined by dp : R — g.” 4 3ameualo, 4To B NIpeablIyIneM pasjelie
pPa3sMepHOCTL pacciioeHus Oblia paHa epuauie. Ceiiuac ona npoussosbHa. Crie0BaTEILHO

50310 nano 3HadeHmeM B Ay Xapakrepa, ONpPeIeeHHOIO Ha JONOIHUTEILHOM COMHOXKUTENS Z B
Caepx TOro, Hy?KHO 9TODBI UHTETPAJI, & CKOPEE €r0 COIPSIYKEHHBIN KJIACC, OB OMHO3HAYHBIM. DTO IPUINHA,
4TO o BeIBOXKY rpyuusl I'/T, B .

S1C reomerpruecKoil TOUKH 3peHnst HAIIHE IPHMEpPbI 09eHb IpocThi! I10Ie3H0 HAIIOMHUTD, UTO HA3HAUCHNIE
* Xojzka mepecTaHoBka MyHKImn u ABy-hopMm. CBEPX TOrO MOXKHO PACIINPATH €0 OMPEIETeHUE i BCEX
BEKTOPHBIX DAaCCJIOCHUA.
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ceiiyac BbIpazKeHue CTAHOBUTCS KOCOCHMMETPUYIECKON (popMOil, 3HAYEHHS KOTOPOIi B §.
Crenosarensuo [AB| crp. 561] p(I'r) xkommytupyer ¢ X = X, up: I'n - Gx =G.

Mur unrepecyemcst reopueit B [AB| Tosbko B cBsizu ¢ aBromopdubiMu hopMaMs, HO TIOJIE3HO
cHavaJia onmcarTh ux 3akiodenns juid rpynnsl GL(2) [ABL crp. 561]. Ilycrs H = GL(1),
S = SL(2), G = GL(2). Ects romomopdusm H x S — G ¢ aapom D = {£1}. IIycrs
G=G/D,H=H/D,S=S/D. Utak G = H x S. Ckpwitoe B obcyxaenmu [AB| crp. 611]
€CTh HEeYTO, TIOX0XKee Ha OTHOIIEHUE JIMCKPETHON cepuu K KOMITAKTHBIM HoArpyminaM Kaprana.
OHO HOSABJISIETCS B BUJIE MOJHATHS CBSI3HOCTH U €€ HHTErPAJIOB, KOTOPBIH HAIIOMUHAET ODOILYIO
CBsI3b Mexk 1y nojrpymmnavu Kaprana u Kiaaccudukaryeil mpejcTaB/eHnii Wil aBTOMOPMHBIX
dbopm. Onnako ¢ Toukn 3penusi, B3aToi B crarbe [AB| mesBro mimm GeccosnaresabHo, 910
O3HAYAeT Mepexo/] K JIBOITHOMY HaJIOKEHUI0, KoTopoe cBouT rpymiy G K rpyiie G y. Ipyrumu
croBamu, b0 G = G x aub0 HEOOXOAMMO MepeiiTH Ha OTHO3HATHO OIPE/Ie/IeHYI0 BIBOHE
HAKPBIBAIOIILYIO SJIMIITHYECKYIO KPUBYIO IE€Pe] BBEJIEHUEM OIUCAHUs, KOTOPOE MMOSIBJISI€TCS
Ha [ABl crp. 561|. D1a pasaBoennocTs, KoTopast nosisisercs B [50.a)/50.b|. Takum obpasom,
MOSIBJIAETCS BOZMOYKHOCTH TPEX MapaMeTPOB /I OJIHON U TO# Ke CBA3HOCTH. DTO JIOJIZKHO
OBITH IIPOBEPEHO

CooTBercTBUE ONUCAHUS PSMBIM CyYMMaM OJTHOMEPHBIX CBSI3HOCTEl sicHO. B mpo-
TUBHOM CJIy4ae eCTh OJIHO3HAYHO OIpeJIeIeHOe KBaJIpaTUIecKoe HajloyKeHne Kpuoit M Has
KOTOpBbIM (G 3aMEHSIeTCsT ero CBA3HOI KOMIIOHeHTOM. [lociie 5Toro mara, Mbl MOXKEM 0OPATHTh-
cs x omucannio [ABl (6.12)]. Orobpazkenue [ B (6.12) mpoekTuBHBI 06pa3 0TOOpaXKeHUs p B
. OjtHaKO Ha HTOM TAIe, HEOOXOIUMO ODPATUTHCS K MPEJIOXKEHUTO, MMOsIBIIIONIEHCsS Ha
HECKOJIBKHX cTpoKax pambire, ‘Conversely if P lifts to P, ...7 & 3aMevalo, 4To s HCIPABISIO
UX YIyIIEHHe TOJbKO B PACCMATPUBAEMOM OCOOEHHOM Cliydae, a He BOOOIIEe. DTO s OCTABJISIO
npyrum. 1 106aBJIO TaK¥Ke, 9TO CyIECTBYeT TPU BO3MOYKHBIX KBAIPATHIECKIX HAJIOKEHUI
KpuBoit M m KaKJi0e BO3MOYKHO.

Ciyuaii npejcTapisieT MeHbInuil naTepec. OH CBA3aH ¢ HEIPEPBIBHBIM CIIEKTPOM.
Mue Kakercs, 9TO ceffdac Hy?KHO OCTAHOBUTHCS U MOJYMATh O TOM, UTO MbI XOTUM JIOKA3aTh.
[Ipexkie Bcero, Mbl paccmaTpuBaeM TOJIbKO rpymny G = GL(2) wim rpynmsl TeCHO CBsi3aHble
c ueit, SL(2) u PGL(2). Moit nepBoe, npubm3uTesbHOe, MPEJIIOIoKeHne ObLIO COOTBET-
CTBHE MEXK/Iy COOCTBEHHBIMU 3HAYEHUSIMUA UJIU COOCTBEHHBIMU COMPAKEHHBIMU CEUIEHUSIMU
ortepaTopoB 'ekke u cBsizHocTsimu Sara-Mumnica. Ojnako, coorBercrBue He Tak! Ilepsoii
OYEBUJIHON TIPUYNHON SBJISAETCS TO, YTO CBSI3HOCTH ONPEJIENISIOTCS HA CBSI3HBIX MHOXKECTBAX,
HO COOCTBEHHBIE COIPSI?KEHHbIE CEUEHUsT OIIpeIe/IeHbl Ha HECBSI3aHHBIX MHOXKECTBaxX. Bropast
[pUYMHA Ta, 9TO WX IapaMeTpbl pasHble. [IpaBuiibHOE yTBEPXKIEHHE COCTOUT B TOM, YTO
[epBbIe MOJIYYEHbl U3 BTOPOr'O 3a JIBa Ilara, HHTErPUPOBAHUE, B KOTOPOM MbI JIEPXKUM TOJIBKO
HEKOTOPBIE UCXOJIbI, M TPOCTHIE MYJIbTUILINKATHBHBIE OTOXK/ICCTBICHUS PA3INIHBIX MHOXKECTB.
MbI 00BICHUM 9TO B CJICIYIOMINX JIBYX pa3jiesiax.

[Tpexkie geM MBI HATHEM HEOOXONMBbIe O0bSICHEHUS B CJICIYIOIIEM IIPEJIeie, JIyUIle BCero
COCTABUTH IETKOE, XOTs TOYKE MPUOJIM3UTEHFHOE MIPEICTABICHUE O BUJIE MAPAMETPOB JIJIs
JIBYX MHOKeCTB, Bung m MHO»)KecTBa cOOCTBEHHBIX (pyHKIMIA onepaTopos ['ekke. CocraBHBIE
qacTu MHOXKecTBa Bung, muoxkecrBa Z, R, U = U(1) = R/Z. Ecom G = GL(1), BunG
ronojioruuecku Z X U x U. Eciu G = GL(2), Bung npubiusureibHO—1epBbIii KOMIIOHEHT
COCTOHT H3 Hap, B KOTOPBIX IOPSIJIOK HE MMeeT 3HAUEHMsI, HO s HE 3aMedy [ePexo/l K YaCTHOMY:

52Ha CaMOM JleJjie €eCThb TpU. 4 6bL1 oueHb CMYIIIEH B Te€4YeHue OYeHb JIOJI'OT'0 BpEeMEHN COOCTBEHHBIMU
CcedYeHusAgAMU BUIA % U UX OTHOIICHUSIMHU.
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9TO He OTHOCUTCS K 3TOMY I'pyOOMY ONHMCAaHUIO—00beNHEHNE IBYX MHOYKECTB—

ZxUxUxZxUxU

Z x U x U.

Hpoiicteno, mist GL(2) MuoxkecTBo co6CcTBeHHBIX (byHKIMIA [eKKe,KOTOpOe MbI PACMOTPEIN
B §VII| Toxke 06bemHEHNEE JIBYX MHOMKECTB, HO UX I'Py6oe OlncaHne—

UxZxZxUxXxZXxZ

UxZxZ.

D1u npubM3UTEIHHBIE 3aMeIaHusT OY/IyT 033/1a9NBaTh YUTATE/IsI, HO 9TO He HAOOP CBI3HOCTEI,
KaK MbI U3yYaJd UX B IPEAbLIYIIEM pasjese, a Hadop MHTerpasioB, MOJyIeHHbIX U3 HUX,
KOTOPbIE MBI BBEJIEM B CJIEJIYIONIEM IIpeJiesie U KOTOPbhIe COOTBETCTBYIOT (DyHKIUAM [eKke.
CymiecTByeT JIOMOJTHUTEIBHBIN MapaMeTp, JBONCTBEHHBIN 1O CTEIeHU CBA30K, HE IMPSIMO
CBsI3aHHBIN ¢ cBA3HOCTAME. OH sIBJISETCS UCTOYHUKOM (bakTopa Z B .

Cremyroriee MpeJyIozKEeHNe - 9TO BCE, ITO OCTAJIOCH OT Psijia HEITOJAXOIANIBIX CTPAHUIL. JTO
OTTIEYATOK OTYAAHUHA, KOTOPOE WHOTJIa MEHs OJI0JIEBAJIO TPU HAIMCAHUU 3TOi crarbu. 1
[IPU3HAJICA 9TO JJIst MeHs guddepeHimaibiasg reOMeTprsi TPYAHA ITOTOMY, 9TO CYIIeCTBYIOT
TaK MHOI'O 9KBUBAJIEHTHOCTE! MPU M3MEHEHUN KOOPIWHAT WJIN METPUK.

YuurbiBasi 3TH rpyOble OTOXKJIECTBJIEHSI, Mbl HAYMHAEM OHUMAThH CBA3b CO BTOPBHIM CO-
MHOXKHUTEJIEM B . O/tHaKo, HAYWHAST CJIETYIOIINN Pa3/ies, s 3aMeTUJI, ITO, TOTJIOMEeHHbII
OCOOBIM CJIyYaeM SJITUINITUICCKON KPUBOM, s1 HE 3aMETH OCOOCHHOCTEH, TIOSIBISIONTUXCS JIIs
IPOEKTUBHOM mpsaMoit. OHI TOCTOiHBIE KPATKOro o0bsicHeHus. e poji paBeH HYyJIIO, OIpe-
nesterre Ha [ABL crp. 559] BOZMOXKHO TOJIBKO €CJIU IyCTOE TIPOU3BEICHNE DABHO €JIMHHUIIE.

CremoBaTeIbHO
9

[T4.B]=1,
1
HO 9TOT 1 B MyJITI/IHJH/IKaTI/IBHOfI rpyiie n Jajigd KOTOMOJIOTUYECKUX ITPUYINH OH IIPUKJICCH K

0 € R. Urak I'g = R. Coracuo ypasuenusiv [AB| (6.12)], ayist kazxkmgoro n € Z cyiiecTByer
eIMHCTBEHHAs CBS3HOCTH SlHra-Musuica ¢ cTeleHbio paBHON n U pa3sMEpPHOCTHIO PABHOIM
omaromy. IIpexkjie geM MBI nepeijieM K CJIeIyIolel riase, BO3MOXKHO, CTOUT OINCATh WX,
TOJILKO ITOOBI JIydIlle O3HAKOMHUTBCS C TIOHATHEM CBSI3HOCTH. IIpOEKTHBHAs IIpaBast, TO €CTh
C BmecTe ¢ 00 Wn {(z, 1) | z € C} U {1,0}, dakrop-nipocrpancrso rpymmsr U(2). Jlyume,
ona C x C — (0,0) o moxyio (21, 22) — (212,202), z € C* mm {(z,1) | z € C} U {1,0},
urak C BMecte ¢ 0o. lHBapuaHTHas MeTpPHKa, TO €CTh WHBApUAHTHAs 110 oTHoIeHno Kk U(2),
JIAETCST BhIPasKeHneM

dx? + dy?
(51) e
(1422 +92)?
z = x + iy, wim ero KBaJparHbiM Kopuém. Obosnadenne nesicuo! Brwipaxenwue (dz,dy)

KacaTeJbHOI BEKTOp. MBI HCIO/IB3yeM 3Ty METPUKY IS OIIPeie/IeHUs] TTOHATHEM MEeTPUKHI
HAura-Mwuica. 9ToT BEIOOD METPUKM JAET TaKKe 3Be3/y XojpKa. [[puBbIaHbIil 00beM JaH B

JACTHOCTU
dz N\ dy

(1+x2+y2>2
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1 C 9TUM BBIOOPOM

dy J dx
A+ +?2 YT vt
Mpbr ucrosib3yem 5Ty MeTPUKY, YTOOBI ONpeIe/inTh paccioenue () Ha chepe Pumana. Ciremyro-
e BBIYUCACHUS TOKA3BIBAIOT, YTO OHA MHBAPUAHTHA OTHOCUTEIBHO JIEHCTBHUS yHUTAPHOM
TPYIIIIBI

(51.a) *dr = —

az+b
Z— —.
cz+d
Tak kax B 3TOM ciaydae yHIaMeHTabHas rpyiima TpuBuagibua u M = M, stor ciayuait
MaJIONHTEPEeCEH.
[IycTn
az+b a (az 4+ b)c ad — be
51.b =—") dz = — dz = —= dz,
(51.b) 1T d - cz+d (cz+d)? : (cz + d)? :
rie
a b
c d
yuaurapto. [IpoBepum, uro npeobpaszosanue ((51.b)) coxpansier MeTpuKy u 00beM, TO €CTh
(51.0) da? + dy? dei + dyi
.c =
(I+a249y2)? (1423 +y3)?
u
dz dz le dEl

A+ a2+ 2?2 (A+a+yl)?
HO 9TU JIB€ YpaBHEHUA HU OJHO U Te 2Ke. CBer TOI'O

d — bel? dzdz
dz dz, = Mdzdgz 2—247
(51.) lcz + d| lcz + d|
' laz +b)> ez +d)* +]az+ 0 1+ |z
l+af+y; =1+ = =
lcz + d|? lcz + d|? lcz + dJ?

IIOTOMY YTO MaTpHIla

a b
(< )
siBjsieTcst yauTapHoii. CreoBaTe/IbHO ypaBHEHNE BEPHO.

[Tocse »TOro THIATEIBHOIO M, BO3MOXKHO, JIMIIHEI'O pacdeTa, d XOoTeJa Obl 11obaJioBaTh
HEKOTOPBIMU KPAaTKUMbI O6H_[I/IMBI PaSMbINIJIEHUAMHA, IIOTOMY YTO €CThb IIPOCTBIE Y€PThl TCOPUUN
paccioeHneil, KOTopble MeHsI 03a[adnBaiOT. ABTOPBI CTAThU HE BBOJAT pacC/JoeHns (), KOTa
PO/T paBEH HYJIIO, IIO9TOMY UTO JJI IIPOCKTUBHOMN IPAMOI €CTh TOJILKO TPUBUAJIbHAS 3BI3HOCTD
Aura-Mwnnca. Tem He MeHee, eCTh paccjioeHne ¢ IOJIFOCOM B Touke 00. MBI paccMaTpruBaeM UX,
HO I10 OTHOIIIEHUIO K KOOPJAWHATAM 7, f, mojaras, 9To Ha OECKOHEYHOCTH OHU UMEIOT IIPOCTOit
IIOJIIOC, TO €CTh C ILJIOCKUMbBI KOOPIMHATAMHU OHH JIAHBI OKOJIO OECKOHEYHOCTH BbIParKeHUEM
f(1/2)271) f(0) # 0. OcHOBHBIE OCOGEHHOCTH €0 MOBEJIEHUs 3a1al0TC MHUMOIl YaCThIO
norapudwma log 1/z, To ectb —0, KoTOpOE HeonpesieHo Tam rue 7 = 0.

Hpyrumu ciaoBamu, Moe 60jiee paHHee OIUCAHNE ¢ TOYKHU 3PEHUsI BUXPs ObLIO HEYIOBJIETBO-
purtesibHbIM. Hudero ocobeHHOro, Kak BOJI0BOPOT, He BBOAUTCA. Mbl BBEJIM COBEPIIIEHHO HOBBIT
IIpe/IMET B TEOPHIO, MOBEJIEHNE KOTOPOTO BOJIM3H, HO HE B 3aJIaHHON TOYKE, 3a/1aCTCS IEJIbIM
YUCJIOM M, KOTOPOE U3MepsieT U3MEHEHHe 27 110 ¢, Korjia Mbl 00XOUM IEHTPAJIBHYIO TOUKY.
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Ero Moxno paccmaTpuBaTh TOJIBKO KaK HOBYIO M PA3/IMYHYIO OCOOEHHOCTD, He OYKBaJILHO,
a 00pa3HO WJIM MOHSITUIHO. DTO BJIMAET Ha OKPECTHOCTH TOYKHU, IIOTOMY YTO 9TO HPUBOIUT
K U3MEHEHUWIO YPOBHS KaK B KPYToBoil jiecTHUIle. MBI He Bo3BpaIiaeMcs Ty/da, OTKY/Ia MbI
TIPUIILIN.

B manHOM citydae MBI MOKEM ITOIBITATbCsT UCIIOJIB30BATh KOOPAUHATHI 7, BO BCeil ILIOC-
KOCTHU U TIPEJLyCMOTPETH CBA3HOCTD, JBUKYILYIOCT B OKPY2KHOCTAX HEIOABUXKHOTO PAJILYCa
oTHOCHUTEJILHO TOUKK 1 = (). MBI BcTpedaemcsd ¢ TPYJTHOCTBIO, U B 9TOM CYTh JI€Jia, TO €CTh
[PUYMHA, 110 KOTOPOW HET MHTEPECHBIX CBA3HOCTEN Ha, MPOEKTHBHOW NpsMoil. Korjga Mbr
npuxouM K r = (0, MBI HE MOXKEM 3aKPbITh CBA3HOCTH. MbI ctajkuBaemcd npu 7 = 0 ¢
HEBO3MOXKHBIM BBIOOPOM YTJIOBOTO BPAINEHUs, IO MPUINHAM HEIIPEPBIBHOCTU . JTO TOTIOJIO-
ruyeckoe orpanmdenue. [loyHoe yriioBoe jBMKeHne BOKPYT 3aMKHYTONW KPUBOW HE MOYKET
U3MEHUThCA 0e3 Pe3KOro u3MeHeHHs IIPUPOJIbI cBsi3HocTel. Harpumep, eé KpuBu3Ha HE MOXKET
ocTaBaTbCsl paBHOI HYy/10. CKOpee, JJIsd TOro, 9T00bl BOSMECTHTDh HesIBHOE BBEJICHUE KPUBUBHBI
0CODEHHOCTBIO, HEOOXOIMMO BBECTH UTO-TO €IIE, U 3TO MOXKET ObITH BBIIOJHEHO IIEPEXOJIsT
K MOKPBITHUIO, T/ 3aMKHYTbIe KPUBBIE TIEPECTAIOT OBITH 3aMKHYTHIMU U OIPAHUYEHUS HAJIO-
JKEeHHbIe KPUBUBHON yadiorcd. Mue moTpeboBaIoch HEKOTOPOE BpeMsi, He TOJIHLKO YTOOBI
[IACATH Ty CTATHIO, HO TOYXKE UTOOBI OTEHUTH 9TO. DTO PEIIeHne, OTHAKO, HEBO3ZMOXKHO JIJIs
IIPOEKTUBHON ITPAMOIA.

Takum obpazoM, /Uit HEro Ha 6ECKOHEYHOCTH CBI3HOCTH OyIyT mMmeTh Bui afl + br, e a
OTJIMYHAsd OT HYJId KOHCTaHTa, cKazkeM 1. Kak HOBHYOK, 5 JyMaJI, YTO OYeHb BaXKHO ITPUCOEIN-
HUATBHCS K CBA3HOCTSM, OIIPEJIEIeHHBIM IOJIOMOP(MHBIMU CBSI3HOCTSMU, TO €CTh, YTO IIOHATHE
CBSI3HOCTEN CHJIBHO 3aBHCHUT OT TEOPUU INOJJOMOPQHBIX WK MEPOMOPMHBIX (DYHKIHUA. ITO
ObL10 He3ayMbIBatole. ['ojoMopdhHbIE CBSI3HOCTH BasKHBI, IJIABHBIM 00pa30M MHUMA MJIH
yIJIOBas 4acTh Jorapudma, uMeeT 00JIbIIOI He3aBUCUMbINT I€OMETPUYECKUl UHTEPEC U, Iepe-
XOJIs K JIorapudpMy U MHUMOM 9acTH, CTAHOBUTCA MPOCTO PeasibHOM CBA3HOCTHIO. KpuBusna
onpegenserca nM. Uexoansie cepiikn na [GH| B kaxoit-to Mepe sIBIstioTCst 0OTpaszkenueM Moeit
IpexKHEl Bephbl B MIEPBUIHOCTDL rojioMopdHoit Teopun. B uém pasznuna mex iy cdepoit Kom-
IJIeKCa W SJIINITHYIecKoi KpuBoit? ITogemy MBI MOXKeM BBOIWTH HETPUBHAJIbHBIE CBSI3HOCTH
BO BTOPOM, a He B IIepBoM. B HacrosImee BpeMs BOIIPOC, MOKaJIYi, He BhI3BIBAET OOJIBINON 03a-
O0YEHHOCTH, HO CTOUT KPATKO OCTAHOBUTHCS Ha HeM. JIJIs 9/IMITHYIecKO KPUBOH Mbl MOTJIH
OBl B3sITh IIPOCTOI MOJIIOC B OJIHON TOYKE M PACIPOCTPAHUTH €ro Ha MepPOMOP(MHYIO (DYHKIIIIO
Ha BCeil KpuBoil 6€3 KaKUX-JI100 JOIOIHUTEIbHBIX 110J110coB in Hyas. OyHKIM 01 TaKoBa.
Torna MuHUMag 9acThb Jiorapudma HaM J1aj1a CBA3HOCTD C OJIHUM ITOJTIOCOM, CBA3ZHOCTD, KOTOPYIO
MBI MOIJIM ObI 3aTe€M M3MEHHUTh TaKUM 00pa30oM, 9ToObl KpUBU3HA ObLiIa IIOCTOSHHOM, HO 9TOT
ITOCJIETHUI ar ObLI TOJIBKO PaJU U3AIIECTBA. DbLIM TaKKe MPEeJIbIIYIIIe Marn, KOTopbie
UMeJIU 3HaYeHHE.

MprI 3ariaTu/Iin IeHy 3a 9TO pacliupeHne, MeHy y2Ke HesiBHYIO B (DYHKIUU 0, a UMEHHO HaM
HPUIILIOCH TIEPERTH Ha HAJIOKEHNEe, Ha KOMILIEKCHYIO IIJIOCKOCTD, 9TOOBI OBITh B COCTOSAHUN TJIE
MBI MOTJIA ObI HHTETPUPOBATH U IOy IUTH OJHOSHATHYIO (DYHKIIUIO. DTO BO3MOXKHO, TIOTOMY
YTO SJLIUNTUYIECKAs KPUBasl HE OJHOCBs3HA, KakK cdepa. JIErko mpeacraBuTh mosyYeHHY 0
dyHKIMO. DIUTHITHYECKAs KPUBAasl MOKPHITA TJIOCKOCTHIO, TAKUM 00pa30M, 4TOOBI ILJIOCKOCTD
ObLIa KaK 00'be/IMHEHNE TTapaJLIe/IoNPaMMOB M UHTErpaJjl CBA3HOCTH paBHOMEPEH, PABHOMEPHO
MOJIHUMASCh M CITyCKasCh OT MapaJiieJlorpaMMa K TapaJiiesiorpaMMy, HO B TO K€ BPeMs OCTa-
Basich HelpepbIBHBIM. /[ cdepbr Pumana, Koropas 0JJHOCBA3HA HET TMOKPBITUS HA KOTOPOE
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MOKHO MPONTHU. BIM30CTh J1I000i TOYKH, CKaXKeM, OECKOHETHOW TOYKM, HEMEJICHHO 3aKPbI-
Baercst. Her Beixoma. CTpyKTypa cpasy BUIHA Ha IJIOCKOCTHU, MOKPBIBAIOMIEH /LTI THIECKYTO
KpuByio. /Ij1s1 KpuBBIX 60J1€€ BHICOKOTO POJIa MOsI HHTYHITUS TEPIUT HEYIAdy.

Ho noyemy 6b1 He mo3BoINTh cebe aBa moJiroca? Borpoc ouens xoporr. Beé, uro s mory
OTBETHTD, 9TO TO, YTO Ha MeHs cuibHO 1moB/usI0 [AB| u ero BBesenue (). Hurarenn n0/KHbL
OyIyT OTBETUTH Ha ITOT BOIPOC JJist cebsi. DTO MOKET UMETh 3HAYUEHUE JIJIsT PA3BETBJICHHOM
Teopun ['ekke.

B macrosimieit pabore MBI, Jaxke IPeIIoIOKUTETHHO, HEe pacCMaTPUBaeM Pa3BEeTBJIEHHBIE
cobcTBeHHbIe QyHKIMN onepaTopoB ['ekke. OHEU JO/KHBI MPOSIBISITHCA KaK HEPA3BETBICHHBIE
coOCTBEeHHBIE (PYHKIIUK 110 Pa3BETBIEHHOMY MOKPBITHIO. JTO MPUHIUI (PYHKTOPUATLHOCTH.
Takum obpasom, eciu OBbI CyIecTBOBaJIa OOIasd Hepas3BeTBJICHHAS TeOpUd U ecJiu (PYyHK-
TOPUAJIBHOCTHh BepHA B KOHTEKCTE NeOMETPUIECKUX aBTOMOP(MHBIX (OpM, pasBeTB/ICHHAS
TeoOpHUsi MOXKeT OBITh HCCJIeOBaHa depe3 Pas3sBeTBJIEHHbIE HaKPBITUA HCXOITHOTO 0a30BOIO
MHOrooOpasusi. B orimane ot apudMeTuueckoro ciydas, MOKPhITUS KPUBBIX OTHOCUTEIHLHO
JocTyHbl — mwin s 0wl togymas Tak! Ml

Kazkast cesa3nocts fura-Musica MoxkeT BbIOpaTh cOOCTBEHHOE PacCIoeHre 1 COOCTBEHHYIO
MeTpHKyﬁ To ecTb, MOXKHO JIaTh CBA3HOCTH TOJIBKO €CJIM PACC/IOEHUEe HAJTUIHO HO TIOC/Te-
JIYIOIIUIT BBIOOP METPUKHU HaA PACCOCHUU MOXKET ObITh MPUCIIOCOOJIEH K PA3IUIHBIM TIEJIIM,
HAIPUMeEP, 9TOOBI 110 OTHOIIEHUIO K Hell. JIaHHasi CBA3HOCTH ObLIa CBA3HOCTHIO Anra-Mmuica.
MpI y2Ke TTO3HAKOMUJIUCH C 9TUM paHbIie. ¢ TakyKe 3amMedalo, 9To Jiisi HAC CBA3HOCTU flHTa-
Muiica TOJIBKO TPOMEXKYTOUHbIE TTOHATHE. KOHEeTHOEe COOTBETCTBHE MEXKLy COOCTBEHHBIMU
COIPSZKEHHBIMU CEUCHUSIMbI U ITPEACTABICHUSIMEI TPYIIIBI [ gyt .

4 mobapiistio ere HECKOIBKO ¢10B 0 cepe Pumana. Ceitdac mjis Kaxkioro k € Z Mbl bibepem
eé KaK TpPUBHAJIbHOE PACCIOCHHE C ITOJII0COM ITPOU3BOJIbHOI cTeneHn k B becKkoHeuHoCcTH. Ecin
k < 0 sro0 He mosroc, oo HyJb. s Hacrosmero mpumepa G = GL(1). Ecau n = 0 ymecrhas
cBsI3HOCTD SHra-Muica Tpusnaibaa. CireoBaTe/IbHO, OHA TJIOCKA 1O JTI000I MeTpuke. Kaxk
U paHbllle, g BbIOEPY BpallaTebHO-CUMMeTPUIHyIo MeTpuky, df* + m(r)dr?. Onnaxko mbl
ceifigac paccMaTprBaeM ILIOCKOCTh, OpasyMeBaeMo jobasisis 0o, a He C/ L. CBsi3HOCTH JlaHa
KakK U JIOIOJIHUTEJILHOTO UjeHa HeT. Vtak ucuncieHne BegayInoe oT K MOKET
ITOBTOPSATHCSI, XOTsI IIPOUCXOIUT U3MEHEHNEe HalpaBJICHUSI U, CJIEJI0BATEIHLHO, TPYIHO yIECTh
u3MeHenue 3HaKa u opuentanun. Mcexon 27k ecin m(z) = |z|** B okpecTnocTn Toukn oo u
m(e?z) = m(z) > 0, z € C. Ecin Mbl XOTUM TIOJIyuuTh cBA3HOCTb SInra-Musiica, mocieHuit
mar - U3MeHUTh MeTPUKY Ha MPOEKTUBHON mpsmoii. Kak B mpexkuaee mpumepe OHa OCTaéTCs
CBODOOTHOI.

Tax muOTO TIpom3BoJa ImyraeT. OJHAKO, W 3TO d XOUy IMOAIEPKHYTH, B KOHIIE KOHIIOB,
CBSIBHOCTH SIBJIAOTCSI TOJIBKO TTPOMEKyTOUHbIMI. CpaBHEHME OyIeT MeXK 1y COOCTBEHHBIMUI
COTIPAYKEHHBIME CedeHUAMN 1 ToMoMopdusmamu [y — “G. Tlo3BoabTe MHE HOIBITATHCS
pazobparbest B cyTu Jsiena. IIpexkie Bcero, onpenenenne cea3noctn fAnra-Muiica mpemo-
Jlaraet, 9To MeTpuKH, U Ha M 1 Ha pacc/jioeHuu, JaHbl. Toraa MOKHO IMPHUIINCATH KaxKIOMY
romomopdusMy p rpymisl Ly B G romomopdusm @F /Ty B L@, u cnenosaresnno Toxke
romomopdusm I' B LG, dror nocsieanuii romomopdusm jaét coracto [AB] Th. 6.7] ceaszHocTts
Aura-Muica. Beibupast 1moaxosiume uCxXo/IHble 3HAYeHHsI, Mbl MOXKEM MWHTEIPUPOBATH ITU
ceasnocTH. Viexon byHKIMA KOTOPBIX 3HaueHns jexar B “G. Hecomnenno, uto sta dbyHKIms

53H0;Lpa3yMeBaeMmM B 9TOM YTBEPXKJIEHUH ABJIAE€TCA U3ydeHNe KJIACCOB SKBUBAJICHTHOCTU CBA3HOCTEMN
BMeCTe C METPHUKOIi, KOTOpOe s He MpeIpuHsii!
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3aBUCHAT OT BBIOOpa MeTpuK, Toit Ha M u Toit Ha paccioennn. OaHako camMa (QYHKIIASA He
nMeeT 3HaUeHNs. BaxKeH TOJTBKO eé CONPSKEHHBI KIacc, KOTOPHIN MepeMEeHseTCS OT TOYKH K
TouKe. ¢l He MpoBEpMII, YTO KJIACCH B JTAHHON TOYKe 3aJ[aHHbIE CIIOCOOOM 3TOI CTATHU Ha 3TO,
He 3aBUCAT OT JIBYyX METPUK KOTODBIE MCIOJIL30BAHBI B onpejessenun. Mue ne xBaraio Hu
CHJIBI HE BpeMeHH!

[Ipezk e 1em st Bo3Bparych K npumenenuio reoput B [AB|, st xo1y kparko obeymTh ciaydait,
koria M 3aj1aHO TPOEKTUBHON MPSAMOI, KOTOPBI HE paCCMOTPMBAJICSI HAMU, TIOTOMY YTO OHO
CJIMIIIKOM TIPOCTO, Osiarojiaps teopeme ['porenauka. Jlydrie, ogHako, cprepBa paccCMOTPETh
kpatko yrnorpebierns [AB| Th. 6.7], 13 KOTOPBIX HCKIIIOUAETCST KPUBas HYJIEBOTO POJIA, TOJBKO
JTst yOeImMest, 9TO Mbl UX moHuMaeM. B mokaszaresnberse nosipistiorest Kak U(1), Tak u M (1), n
00a OHM BJIUSIOT H& CBA3HOCTHU, KOTOPBIE JTaéT TeopeMoil. 1 HAIKX Iiesieil BJIUSHIE [1€PBOTO
He uMeeT 3HadeHud. [pyruMu cjoBamMu, Mbl IPEIOIAraeM, UTO MPEeJICTaBJIeHIe PYIIIIbI
U(1) TpuBnaabHo. DTO 03HAYAET, YTO MBI UMEEM JIEI0 C OJIHOMEPHAMHE [PEJICTABICHUSIMU,
IpOM3BOJILHBIMEU Ha A 1 B 1 oueHb npoctbiMu Ha mpoobpase rpyrmb U(1).

Ha npeapiaynux crpanumnax 661 TOJBKO HEOOJIBIIAs TONBITKA TO3HAKOMUTHCS C TEO-
pemoit [ABl Th. 6.7] u ee nocrencrusvu. EcTh oHAKO €116 OJIMH BOIPOC, KOTOPBIi JIETKO
npocMaTpuBaercs. BosamoxkHo uro orpanmdenue p : 'r — G k R rakoe aro p(J) # 1. Ono
YaCcTO KOPEHb U3 €INHUIIHI.

X. ABTOMOP®HAZ I'PVIIA ['"AJIVA U UHTETPUPYEMBIE CBSA3HOCTU

910 He camu cBazHOCTH SHra-Mmiica, a UX ONpeeIeHHbIe HHTErPAJIbl, KOTOPLIE COOTBET-
cTBYIOT ToMoMopdu3MaM aproMopdmoit rpymie Fanya B G, Haganmble 3nadenns mHTErpaioB
HaXoJIATCs B yHUTApHOM Buje Ipymibl “G, koropas st Hac o6brano GL(2) u ToabKo moryT-
o GL(1) nim usmenenue rpynnsl GL(2) kak SL(2) u PGL(2). U cBasnocT u uHTErpasibl
OTHOCATCS K CBA3HBIM MHOXKECTBAM. JTU MOTYT OBIThH PACCIOCHHA CTEIEHb KOTOPBIX HYJIhb
CiiestoBaTe/IbHO HY?KHO HaUYMHATDH ¢ HUX, HO yJ0OHO cliepBa OObACHUTD HOC/IeIHbI mar. Pac-
cioerne Ag 6b110 BBeeno a §IV]u rensopuoe npoussegenne N — Ag®@ N naér nzomopdusmbl
D(m,n) = D(m+1,n+1), A(m,m) = A(m+1,m+1), A(m+ 1,m) — A(m + 2,m + 1).
Ipynna Ty mana B ((1.d]) kax npoussenenune. CiieoBaTeIbHO TIPOU3BOIBHOE HEIIPUBOJIUMOE
YHATAPHOE IIPECTABJICHNAE STON IPYIIIBI JAHO KaK IIPOU3BEICHNE U3 IMPEJICTABICHU TPYIIIbI
Z:1€Z — €€ C,le|] =1 urpynms ligf /Tn(k). Her cMpicia paccmaTpuaTh camm cobCTeH-
Hble dyHkimu ¢ HocureaeM B D. OHU COOTBETCTBYIOT (HEYIIOPSJIOUEHO) MPSIMBIM CyMMAaM
JIBYX OJHOMEPHBIX IIpejcTaBieHueil. s oJHOMEpHOro ImpejacTaB/IeHus MOXKHO 3aMEHUTh
lign I'/T ) Tpymmoit hg Z/nZ x hg Z/nZ. dro paér o, uro Heobxoaumo. [lomumo napa-
Metpa € u dbyHKnuit n € Z — €", 970 1aér nokasaresabable dyuknug exp(ak +bl), k1 € Z, na
M c napamerpamu a, b narnevu B (36.€), KOTOpbIE JAIOT HOIHYI0 OPTOHOPMAJIBHYIO CHCTEMY
Ha Bung ecmm G = GL(1). Hanomuanm, uro Bung ~ Z X M, X0Ts1 9TO OTOXK/JECTBJICHUE
HECKOJIBKO IIPOM3BOJIBLHO. Y1 3amedero, 94To obInee 0TOXKIAECTBACHNE TAKOro POJA IS BCEX

54Mur eme ne DPaCKPBLIN HAIEil TJIABHOM I1€JIM, ONUCAHNE KJIACCOB COOCTBEHHBIX COIPSKEHHBIX CeYeHUell.
Otu dyskimy Ha M, 3HAUYEHUsI KOTOPBIX COIpsi2KeHHbIe Kjiacchl. OHu 3ajatorcs GyHKIusIMu Touek B M, u3
KOTOPBIX B IPUHIUIE HAYTO HE OTJINYIAETCs. DTU (DYHKIUU JAHBI ONPEIEIbIMIA HHTEMPAJIAMU C HAYATHBIMUI
3HaYeHWsIMU. TaK Kak (DYHKIUs, 10 KpaiiHeil Mepe, KJIACC COMPSKEHHOCTH, OIPEIEIIeMbIil HHTerPUPOBAHIEM
U HAYAJIbHBIMH YCJIOBUSIMU JIOJIZKHBI OBITH OJTHO3HAYHBI, HAOOD JOMYCTUMBIX HAYAJIBHBIX YCIOBUN MOXKET OBITH
BecbMa MaJibIM. JI71s pacciioeHuii pa3MepHOCTh KOTOPBIX OOJIBbIE YeM OJUH, IOHSTHE HAYAJIHLHOIO 3HAYEHUS
uckycaee. HempepbrIBHBITI TTapaMeTp TOSBIIAETCS KaK MapaMeTp, JBOMCTBEHHBIN K 2z € Z, KOTOPBIil eCThb
napamerp cBsi3aHHBIX KoMmmonenT. OjiHa Touka AJ, TpuBHaILHOE pacc/oeHne, He3aBUCUMO OT Ag.
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IPYIII BJIECYET 3a COOOM CTPYKTYPY Ha IMOJHLIM HAOOpe COOCTBEHHBIX 3HAYEHU, paccMaT-
pUBaeMBbIX JIjId BCEX T'PYIIT OJHOBPEMEHHO, UTO He siBJIsieTcsd npucymeii. ¢ 3amedaro Toxe,
uro naznadenue rpymnsl G (FGl) B [AB, Th. 6.7] memuoro oTim4aercss oT TOro, KOTopoe
yMecTHO 371ech. [lokazaresnbnas dyukimn exp(ak + bl), onpeseseHHbI HHTEIPA CBA3HOCTEN
(a,b) — ak+bl. Jlerko 3a0bITh, HO HE CJI/IyeT 3a0bIBATE, 9TO B u €CTh TIPOU3BOJIbHBII,
HO Hem30eKHBIN BBIOOP HEMOABUKHOW ToukM Ag € M u merpuku Ha M ¥ HA TPUBHAIHLHOM
JIMHEHOM PaCCJIOCHUU.

[Tokazaresiabie DYHKINN € JTUHEHHBIM TTOKA3aTeJIeM eCTeCTBEHHO IMOSBUJINCH B HAIEM
o0cy»kteHnn cOOCTBEHHBIX 3HadeHUil ['ekKe, onpeiesienre KOTOPBIX MOAPa3yMeBaeT METPUKY
1 Ha M HEM Ha cjiogx Jioboro paccioerusi. C Japyroit cTOpOHBI, 06a OHU TOSIBJISIIOTCS B
orpejiesiennu cBsizHocTeil dura-Muica, n merpuka Ha M ocobenHo BaxkHa. OHa MOABIAETCS
B onpesenennn ) B [ABl crp. 560] u B noctpoennu, B mpeblIyIeM pasjiese, CBI3HOCTH W Ha
() ¢ 0CODEHHO TTPOCTHIM BHUJIOM, TOT UTO C ITIOCTOSTHHOW KpUBHU3HOI. Temeppb duraTesio mpeiia-
raercs usyauthb [ABl crp. 560| npurnMast, Kak u Mbl, 6Jarogapst BHIYUCICHUSM IPEJIbIIYIIEro
naparpada, Mmerpuky Ha M KoTOpas BbIBeJieHa U3 MeTpukn Ha C, MHBAPpUAHTHON OTHOCH-
TeJILHO MIEPEHOCOB, TaKuM obpasoM 4uto *, F' = F(A) u w Bce HOCTOHHHBI.H CirenoBareibHO
BBINIEYTIOMSIHY Tasi CBSI3HOCTH TOYKE MOCTOSTHHA, M, KaK BBIIIE, [TOKa3aTe/ b €€ MHTerpaja eCThb
rmokaszarebHas (DYHKINS C JIMHEHHBIM MMoKa3aTeseM. VIMEeHHO 3TO TO3BOJIIET CPABHUBATH

BBIBOJIBI JBYX paszesos, [VII| u [[X]

Baragka. Dra npejjioxkenue ¢. .. we can restrict ourselves .. .to the case Gx = G.” na [AB|,
crp. 561|. Dra 3arajika, KOTOPYIO JEMKO PENIUTD.

Tpymuocts mjist KpuBoit M, cydail, ¢ KOTOPBIM MBI HIMEEM JIeJI0, Ta, 9TO IPUCYTCTBHE A 1
B B rpymre Ilyankape 3a0b1T0. 9TOT ciydail goKeH ObITh THIIMIHBIM. Mbl MOXKeM repeiitu
K KOHEYHOMY HastoxkeHuio rje orucanne B [AB| npasmibno. 1 nobasio, aro sror ciywaii
JIUTsT HAC caMblit nHTepecHbrit. Jlyqme pacemorpers GL(1) no GL(2). Torma 3aMEHEHO

(52) p(A) = (x(4)), p(B) = (x(B)), p(J)=(1),

u (50.b|) re nosivystercs. Tonosmurensubie napamerpsl Y (), © € R/Z, x(z) € U(1) 3amenenst
X € R, r € R, moroMy 4TO 1epBoe ecThb MOKa3aTeIbHbI HHTerpaa (pyHKImn X, TO eCTh
exp(izX). Ecrb emé MmuOro hyHKIWMiA BToporo mopsijika. ToJbKO Te mapaMeTpbl BTOPOro pojia,
HHTErpaJl KOTOPBIX JIAET OJHO3HAYHYIO (DYHKIMIO HA M, OTHOCSTCS K JIeJTy.

Mg rpymmsr GL(1) coberBennbie byHKIMN (TO €CTh EPEMEHHBIE CONPSIZKEHHBIE KJIACCHI )
JlaHBl KapakTepaMbl X Ipynnbl [[ukapa, KOTOpble Iar0TCs, MPekKe BCETO, NX 3HAUEHUEM
X(Ao) B ormeuénHoilt Touke Ay, crenoBarensro xapakrepoM rpymust Z B ([1.d). Kpowme Toro,
HEOOXO/INM XapaKTep HMOJAIPYIIIbI, 38JIaHHOM JIMBU30PAMU CTENEeHN HYJIb, TO €CTh TOYKA CaMOi
rpyunbt M = C/L. Takue xapakrepbl JaHbl JIOrapudMUUeCKUME HHTETPAIAME JIMHEHHBIX
dyHKIHIA.

554 TOYEPKUBAIO, YTO B MPEABIIAYIIEM pa3ese ObLIO HEIPOCTO CO3/IaTh HA PACCAOeHUH () CBSI3HOCTH C
TOCTOSHHON KpuBu3HOH. Mbl mosmb3yemcs stum. Hu B wacTHOM ciIydae S/UIMOTHYeCKON KPUBOIA, HU B 0OIIEM
s He TBITAJICA MOHATH, KAaK KPUBU3HA U3MEHSIETCS C CBA3HOCTHIO. B 1esioM, MHe BCE emré HEermpocTo TaeTcst
TIOHATHE CBSI3HOCTH, XOTS 1 yOeams1 cedst B €€ BaXKHOCTH JIjIsI TeoMeTpudeckoit Teopun. 4 mobasiistio 371ecCh,
ITIOTOMY YTO 9TO HYKHO J00ABUTH TJIe-TO, YTO C METPHUKOIl, KOTOPYIO MbI BbIOpasu, cessnoctu Aura-Muica
Ha paccyoenun crernenn 0 nocrosabl. Hajexkaree nzioxkenne Tpedyer ropasno O60JIbIIEro ObITa, YeM Y
MEHsI, 1 MHOTUX JTOOABOYHBIX CTPAHHUIL.



60 ROBERT LANGLANDS

1t cOOCTBEHHBIX KJIACCOB POJIa ®), OTHOIICHUE MEXK/Iy COOCTBEHHBIMU COTPSIZKEHHBIMU
ceueHMesME U COOCTBEHHBIME (yHKIMAMI 0bbsacHeno dopmyaamu (30) u (30.a) Bmecre ¢
IIPOMEXKYTOUHBIM 00CY K IEHUEM.

ITpusnanue u 6ecniokoiicTBo. Mol HaunHaeMm npuMeHsTh BoiBob! u3 [ABL Th. 6.7]. & y3uasn
00 ypasuennu fura-Muiiica, KOrjia mMIcaI 3Ty CTAThIO, IOTOMY UTO 9TO BayKHO JIJIs IIOHIMAaHUST
e€ mjien, Ho MO ONBIT pabOThI ¢ HUM U ¢ T depeHnmaIbHol reomeTpueit orpanmden. Terepn
MBI ITBITAEMCS TIOHATH ero mpocteiinme coiicrsa. g G = GL(1) romoMopduaMbl U3 TpyIIIb!
I'r, [ABl 6.6], B U(1) paznoxksarca kak nponssegenne U(1) — U(1) u m (M) — U(1). B
KadecTBe IIPOCTOTr0, HO BayKHOTO ITPUMEPA, MBI PACCMOTPHUM apryMeHT Ha cTpanure 560 B
[AB|, crp| ¢ rpynmoit G = Lie U(1), LieG = g = R. Torma X € R nocrosino. Tem e menee,
€CTh BaKHBII BOIIPOC, YTO, OYAyYN OUYEBUJIHBIM I HUX, aBTOPBHI HE OOBACHAIOT YETKO,
HO MHE O0bSICHUTH 3TO HECKOJIBKO 3aTPYIUTEIBHO. 4 TPUBBIK 3aHUMATLCH PETyKTUBHBIMU
aredpanvIecKuMU IPYIIIAaME i UX KOMIAKTHbIMU (opmamu, Ha npumep U(1), HO Her Takoro
orpannvenust Ha rpyuiy G B dhopmyie p : ' — G ma [AB| cTp. 560]. Moxno gomycrutsb
gro G = R. ¥V aByx rpyum ogHa u Ta ke ajaredbpa JIu. 9To TOJIBKO TO, ITO BTOPOi BHIOOD
npejiaraer 6osbine BoamozkHocTeit. Tounee, Bmecte ¢ Teopemoit [AB, Th. 6.7], 310 obecriewnr,
9TO TOJBIHTErPAJIbHBIE BBIPAYKEHUsI B [IOKA3aTeIaX ypaBHeHus ((53|) mpesctaB/isior CBA3HOCT
Anra-Mniuica, HO He 6e3 masbHEliIero obcykaennsi. Bosmoxkuocts npuaaTtus G = R yxe
YIIOMUHAJIACh B CHOCKE [HE3HAUNUTETHHDBI HEJTOCMOTD .

Cuenytormiee ypasaenue ((53|) siBjisieTcs epBbIM IIIaroM B HAIIEM CPABHEHUH CBSI3HOCTEN
HAura-Mwusica, ¢ oHON CTOPOHBI, U COOCTBEHHBIX 3HaveHuit ['ekke, ¢ JAPyroit CTOPOHBI, HO
9TO TOHKOE cpaBHenue. CoOCTBeHHBIE 3HAYEHUS 3a/IaI0TC KakK (DyHKIMK napamerpa B Bung,
3HaueHHsl KOTOpbIX Jiexkat B LG koropoe jyist nac papno GL(1) um GL(2), Ho 3ToT napamerp
TOJIBKO KJIACC COIPSIZ?KEHHBIX TMOJIYIIPOCTBIX 3JIEMEHTOB B 9TOU rpytme. TakuMm obpas3om, B
BBIOPAHHBIX MPEICTABATEISAX CYIIECTBYeT OO/IbINAas JIBYCMbBICTIEHHOCTb. C APYTOit CTOPOHBI,
oHATHe CBA3HOCTH AHra-Musiica Tpedyer Merpukn Kak Ha M, Tak Ha cjiogx. K cyacTbio,
JUTS SJUTUITHYECKO KPUBOI CYIIIECTBYET OUeHb MAJEHbKIIT KJIACC €CTECTBEHHBIX METPHUK Ha
M C Pic(M), n onn mHBapHaHTHBI OTHOCUTEJIHLHO [IEPEHOCOB. BiloyKeHme 3/1eCh HECKOJIBKO
npou3sBosibHOe! Bojiee Toro, 5To nmonsitue TpedyeT BhIOOpA JIMHEHHOTO paccaoeHus () U Ha HEM
cBaznocTu. K Tomy ke, 9T00bI yCTAHOBUTH OMEKITNIO MKy cBA3HocTaMu Anra-Musuica u
romomopdusmamu p : ' — G [AB, crp. 560]|, HeoOX0MMO BBIOPATH METPUKY HA JAHHOM
JqmHeitnoMm paccioeruu (), a takxke p : 'g — G. Torma, coorBeTCTBUE 3aBUCUT OT BCEX ITUX
mapaMeTpoB, BO3MOXKHO €J1a00, BO3MOYKHO CHJIBHO HO HEOOXOJIMMO, YTO B KOHIIE KOHIIOB, MbI
IPUIEM K 9IE6TKO OIPeIeIEHHOM OMEeKIN MeK/Iy COOCTBEHHBIMU COIIPSI?ZKEHHBIMU CeTIeHUSIMU
JUTS TAHHOH TPYHIIEI 1 roMoMopdmsMamu asToMopdnoii rpynnsl Lamya B “G. $1 mabmronaio,
B YACTHOCTHU, YTO MBI JIOJI?KHBI TOHATH 3aBUCUMOCTD OT (). Cresanublil BEIOOD, BEIyINii K
MOCTOSIHHOW KPUBHM3HE, OBLII CJIe/IaH, IPEeXK e YeM s y3HAJ ero BaXKHOCTh, 110 Kpaiineil Mepe, B
91Ol cTtarbe. JIErKo 3a0BITH OOJIBIIYIO YAaCTh MTPOU3BOJIA B IIOCTPOEHUN COOTBETCTBUS STOMN
cratbu. M

Bmecro Toro, 9Tobbl HEMOCPEICTBEHHO HadaTh ¢ caydaeM GL(2), KOTopbIM MBI 3aHIMAa-
emcs, Mbl uzydaeM rpymny GL(1), s KoTopoit BBIBOJIBI IPOCTHI, U IMENEeTHIBHOCTE MEHee
HeobxoiMa. Bo-1iepBbIX, COOCTBEHHBIE 3HAYEHUE, TO €CTh COIPSAKEHHbBIN KJIacC, TOTOYETHO
€JIMHCTBEHHOE Yucjio. KpoMe Toro cedeHue HEJIBYCMBICJIEHO, TO €CTh OHO (DYHKIUS U TH
dbyuxun gérko Berancisiored. Oun xapakteps! rpymib! [ukapa. Dta rpymmna npousseaenue
rpymmst {Af | n € Z} ~ Z, koropasi ecTb [epBbIil COMHOKUTEID B , C TPYTIION TUBU30POB
A— Ay, A€ M, 10 ectb ¢ camoii rpymmoit M = C/L. ['pynma HenpepbIBHBIX XapaKTEPOB TOI
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IPYIIBL TaHa mapoii nesbix aucen k, | € Z, xkak B (3|) auke. s namux mesteit #e00X01IMO
IpeodPa30BaTh 9TU XaPAKTEPHI B TIAPY KOMILIEKCHBIX YUCEJT ¢ aDCOIOTHON BEJTMINHON, paBHO
€JINHUIE, ITOOBI MBI MOTJIN anerHHTﬂ kazkjiomy romomopdusmy C/L k U xapakrep
TPYTIIBI @ I'/T k). Ecm k =1 = 0, sToT roMoMopdusM paBeH TPUBHATLHOMY FOMOMOP(U3-
my A — 1, B — 1. Bekrop (k,1), KOHETHO, TIOIBEPIKEH YHUMO/LYJISIPHOMY 1TPe00pa30BaHHUIO,
moroMy 4To 6a3uc perétku L He ompejesisiercs ojiHo3HauYHO. Takum oOpa3oM, eciin mmapa-
MeTp He paBeH (), MOXKHO IIPEIIIOJIOKUTh, ITO MTOCJIe YHUMO/LY/ISIPHOTO TTPeo0pa30BaHus OH
umeer Buz (K,0), k' # 0. XoTs MBI 3/1€Ch IMeEM JIeJI0 ¢ 9€M-TO OU€HD HpOCTbIMﬂ JIyqnie
BCEr0 TO 9TO OHO HAM IIPEJICTABJISETCS TOJTHOCTBIO SIBHBIM. B IPOTUBHOM C/TydYae BO3HUKAET
[yTaHWUIA, 110 Kpaiineit Mepe, B MoéM Mo3ry. JIuneitnas dyukiws k'a’, onpeessiemast HOBBIMI
koopauHaTamu (a’,b'), To ecTh TeMU, KOTOPbIE OIpe/IeJieHbl HOBbIM Ga3ucoM Kak (a,b) B
HavaJIbHBIM Gasucom (2w, 2ws), I6TKO ONpeJiesieHa U He 3aBUCHT OT BbIOOpa M3MEHEHBIX
koopnHaToB. HaMm octaérest 00bICHUTH BO3MOYKHBIE BHIOODHI.

(@)= (2 5). asricz

)
e ad — By =1,d =K, V' = 0. Marpumna onpejeena 3a UCKI0UeHUs panTopa
10
+ 1) TE€ Z.

[Tepemena Gaszuca BIEYET 3a cOOOI IepeMeHy TOPaXKJIAIOIIBIX 9JIEMEHTOB,
A— A =AB°, B— B =AB.

[TocKoOJIbKY MBI IBITAEMCSI OIPEJIEIUTh OJHOMEDHOE IIPEJICTABJIEHNE BTOPOTO MHOXKUTE/ ISt
rpyuibl [y, MBI B CYIIIHOCTH UMeEEM JIeJI0 ¢ HOopoxK gatomumu dementamu A’ u B’ abesesoit
rpynnbl u npejcrasiaenne A — exp(2wi/k), B' — 1. HecrHo roBopsi, 3mu JAeACTBHs MeHs
OECIIOKOAT.

OJ1HAKO MBI MOZKEM BEPHYTB U BHIPA3HUTD €€ Kak JIMHEHHYIO (DYHKIINIO HAYAJIbHBIX KOOD/MHAT.
Omna omnpejsesaer TakKe OJHOMEPHOE IPEJICTABIEHNUE TPYIIIIBI l&nF/ Loy B (Ld), 4 —
exp(2mi/k’), B' — 1. ITocKOJIbKY MBI MMeEM JIeJI0 ¢ OJHOMEPHBIM MPEJICTABJICHUEM, MbI
MOZKEM TaK’Ke ONPEJIEINTh 9TO Ipejcrapienne depes A — exp(2mia/k’) u B — exp(2mib/k')
IPOCTO 1IyTéM Bhipazkenus A’ u B’ 110 MOJYJIIO IPYIIIbI, HOPOKICHHOH KOMMYTATOPAME. DTOT
CII0co6 MMeeT CTPAHHYIO0 OCOOEHHOCTDH, YTO YaCTh YUCJIMTENs] CTAHOBUTCS 3HAMEHATEJEM,
KOTOPBIIl 03a]a4NBaeT MEHA U MOYKET 033JIa9UTh YHTATE/IS.

Hajieroch, Terepb 09€BUJIHO, 9TO TO, U4TO OCTAETCA 00bACHUTD Jyia rpytnbl GL(1) aBis-
eTcd ImapaMeTpu3anyeil OrpaHnIeHns COOOCTBEHHOIO CONPS?KEHOI0 CeYeHNs Ha MHOYKECTBO
{A—Ay| A€ M}, cBasnas KoMIoHeHTa KOTOPOro ectb Bungr). s Mens, kaxk u jia
quTaTesis, g 3aMevaro, 4To JIJIg JUHEHHBIX paccoeHnii 6OIbITMHCTBO BOIIPOCOB, BOBMOXKHO, U
BCE, MOYKHO CBECTH K BOIIPOCAM JIJIsi PACCIOeHuii cTerenb KOTOPhIX paBHa (), B3SB TEH30pHOE
npousseienne ¢ Ag. DTo He Tak /It PacCIOeHUi pa3Mep KOTOPBIX GOJIbIIE.

56310 npeBpaleHne nUMeeT CTPAHHBIN BHJI, YACTH UHC/IUTENS CTAHOBATCH 3HAMECHATEIICM, KOTOPBIH 0381~
qUBAET MEHsI M MOXKET 033J[a9nuTh duTaress. VITak, XOTs 9TO IPOCTON BOMPOC, s TPEAIOYATAIO OMUCATH €I
HOAPOGHO, UTOOBI yOemuTh cebs, ecan He auraTess. KeTh qBa HeCOBecTUMBIX 0603HaveHus, To uTo B [A] u To
uro B [AB|. 3navenne snaka A n3mensiercs. 31ech Mbl BHE3AIHO MeHsIeM 0OO3HAYEHHE C IIEPBOIO HA BTOPOE.

"HO OveHD BasKHBIM!
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B caemyromenm ypasuennn (H3) mokazaresab €CTh HHTEIPAJ CBA3HOCTH 10 KPUBOIT OT 2 70
Z?

1
(53) {20, 2} — exp 4m'/ (ka + 1b)df » = exp{4mi(ka + Ib)},
0

rJie @, b koopuHaTh Kak B (36.€) Toukm z — 29 ~ A—Ag = AA;, k1 € Zu0 < 6 < 1. Jlérko
WK, 10 KpaiiHeil Mepe, MHE OBLIO JIEFKO MpOoCcMOTpeTh HasHadenue 71 (M) B ompe/esieHum
I'r win pazmmune mexxay G = U u G = R* B coorromennn p : 'r — G wa [AB| crp. 560].
Ecim G = R, 1o nesible ancia k u | onpejiesisioTcs OrpaHrudeHueM p Ha Ty, TO €CTh Ha
ero obpatubiit 06pas. He ciemyer 3a0bIBaTh, 9TO /Il TIOJTHOTO OTPE/Ie/IEHUsT COOCTBEHHOTO
3HadeHus: [ ekke HaM HY»KHO ITOJIHOCTBIO yKa3aTh COOCTBEHHYIO (DYHKIIMIO M, TAKIM 00pa30M,
JaTh e€ 3HadeHue npu Ag. 1o 3a71aéTcsa n3obparxkenneMm 1 € Z, 3j1eMeHTa IePBOr0 MHOKUTE/IST
5 (Ld).

Henbie uncia k, [ BeiOpanbr cBoboHO. [less sToro yeaosus, To ectb 4to k, | € Zi, cocTouT B
TOM, 4TOOBI MOJILIHTEIPAIHLHOE BhIPAZKEHNE B OBLIO OJTHO3HAYHON (DYHKITMEN TIepeMeHHO
z € C/L. Ilpocroit Bui mHTErpyeMOii (DYHKIUH €CTh CJIEJICTBIE OOCTOSTE/ILCTBA, ITO CBsA3-
HOCTBH KOTOPas MOSABJISETCH B HOJABIHTEIPAILHOM BBIPAYKEHUH €CTh CBA3HOCTHL Anra-Mumiuica.
DTU CBI3HOCTU CaMbl 110 cebe CJIeCTBUE TIIATE/ILHO MOJI0OPAHHBIX METPUK Ha 6a3e u Ha
cogx pacciaoerns (). f oobscusio! Beibop merpuku #Ha M ObLT HEC/IOXKEH HO BHIOOD METPUKI
Ha CJIOSTX OBLT BJIOXHOBEH 0e3 sicHOi 1esteit. Crreiytomunii BLIOOP CBSI3HOCTHU OBLIT Pa3yMHOI
Jorajgkoit. 4 yrke ObLT yOeXKIeH WJIH TIOHSLT, UTO cBa3HocTH fHra-Mmuiiica 9acTo moCTOAHHBI

Hamomunm, uTo mHTErpas SIBJISIETCS ONpesesleHHbIM. J[JIsT Hac BaxKHO TO, YTO
orpejiesisieT XapaKTep, TO €CTh MpeJICTaB/IeHre, BTOpoil rpymmsl B npoussegenun (1.d)), B
JIAHHYIO MUHYTY MOYKHO 3aMEHUTb BTOPOI MHOXKUTENb B Z X @ I'/T (k) TPy1IION 1&111 Z/nZ x

im 7 /n’Z oromy uaro GL(1) abenesa. [To sroit npuunue k u | J0IKHBL OBITH I_LeJIbIMI/IH

[Ipu obcyzkmennu Ha crpannnax [ABL crp. 559/560| HekoTopbie ocHOBBIE 3HAHUS O nubde-
PEHIINaIbHON TeOMETPHUH TOAPA3yYMEBIOTCsI. MBI MOXKEM CUUTATH 3TO CAMO CODOI pasyMero-
IIIIMCsI, HO TeM He MeHee s XOTeJI Obl YTOOBI YnTaTe/b 0co3Haa 370. OHO IMPOCTO MOBTOPEHHE
CBA3M MEXKJly HYJIEBOW KPUBHU3HONM M YETKO OINpedeeHHbIMI MHTEerpaJaMi CBA3HOCTEH HO
B MHOT'OCBsI3HBIX objiacTsx. [lepsoe ciemcrBue ux ects ypasuenue (6.10) u B wacTHOCTH,
yreepxaerne [AB crp. 561, 1. 7-9] - ‘Now line-bundles with harmonic connection ... can be
uniquely expressed as Q¥ ® Ly ...where Ly is flat.” Ci0Bo «rapMOHIHYECKOE» MMEET MHOT'O
SHAYEHW, U JIy 9l CIIocob MOHATh, 9TO nuMeloT B Buje aBTopbl [AB| - 510 nsyunts yrBep-
JKjeHne ux TeopeMbl 6.7 n eé npuMmenenns. CHavasa, HACKOJIBKO s IIOHUMAIO, JJIsT HUX HET
HUKaKON Pa3HUIBI MEXKJIy CJIOBaMH ‘TapMoHudeckas’ u ‘dAnra-Mwuica.’

[penpiaymee 3aspienve u3 [AB| Bb3Basio y MeHst HEKOTOpOE CMyIIEHHE, OTOMY YTO
MO€e 3HaHWE SJIIUITUIECKUX KPUBBIX SIBJIAETCS IIOBEPXHOCTHBIM. Be3 IOJrOTOBKHU s HE MOLY
JIOKa3aTh, 9YTO YMHOYKEHIE JINHEHHBIX PACCIOCHUI CTelleH! HYJIb SKBUBAJIEHTHO CJIOXKEHHIO
JIeJTUTEIsT CTeleHU HYJIb, & €CJI TOYKa (PUKCHpOBaHA, KaK JjIsd Halrero (Q, Tak 4ro KpHBaﬂﬂ

98Toumee, BaKHOCTD HAIIETO BBIGOpA - SCTETHIeCKAs. OKOHIATEbHOE CPABHEHHE TOMOMOPMU3MOB [ans —
L@ ¢ cobCTBEHHBIME CONPAYKEHHBIME CEUCHUSIMU IIPOCTO BBIPAYKACTCH.

59Mp1 B3sum daxrop 2 uz [WW], HO oH uHOrzA siBisIeTCs pensiTcTBrEM. ECTh elre 071HO 06CTOsTebCTBO,
KOTOPOE TIOABJIETCA TPU U3YUYEHUU PACCIOCHU, JUHEIHbIE PACCTIOCHUS CTEIeHN 1, KOTOphIe MBI pacCcMaT-
PHUBAJI C TAKOU OCTOPOXKHOCTBHIO B MPEJLLIYIIEM pa3zese, He MOSIBIISAIOTCSI B Teopun ['eKke Jjid rpynmbl

GL(1).

60Hpe,ZLHOJIO}KI/ITeJH)HO KpuBasi C pOoJIOM HYJIb.
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CTAHOBUTCS TPYIIIOH, & YMHOMKEHIE TPOCTO CJIOKEHNEM TOYEK. DTO OTBEYACT HA BOIIPOC MOCTIE
(36.ml), KoTOpBIiT OCTAJICS paHee OTKPBITHIM.

MBI MOZKEM, B 9aCTHOCTHU, BOCIIOJIB30BaThCs 9TUM yTBep:Kaennem u3 [AB|, arobbr yrounuTh
Hare obcyxkenne ypasuenust (36.1). DTu 3amedanus, KOHETHO, HE COBCEM YIIOBJIETBOPUTEIb-
HBI, IIOTOMY YTO OHU IIPEJIIOJIAralOT OJHOE IIOHUMAHNE YTBEPKJICHAA U €ro JOKa3aTeJIbCTBA,
HO OYEBHU/IHO YUTO 9TO yBeJIO ObI HAC CJUIIKOM JIajeKo. Kpome Toro, siCHO, 9TO MbI IMeEM
JIEJIO € BOIIPOCAMU, KOTOPbIE 3HAKOMBI 3HATOKaM. B J1ioOoM cjiydae B 3asBJICHUH BBIIIE TTOIPa-
3yMEBAETCs, UTO OTOIEKJIECTBIEHNE, KOTOPOE OHO OIMCHIBAET, BIeYeT 3a coOO0il OTHOIIEeHnEe K
TEH30PHBLIM [IPOU3BEJACHUAM JIMHEHHBIX PACCIIOCHUN.

ITepexon ot I',y kK I'r. Mot npumensiem [AB, Th. 6.7] k GL(1) paccioenusim u cB3HO-
craMm, nzydast romomopdusmel I'g — GL(1). fno, uto ABA™'B~! — 1 € GL(1). Urax,
z € Z — exp(2minz), n € Z. O6paser A, B paBubl exp(2mia), exp(27mif3), rae a,  Ha jgaH-
HBIIE MOMEHT He omnpejiesieHbl. Ternepb Mbl IIpepBaeM cebst 9To0bl Pa3MBIILIATE. Mbl UIem
peicTaBIeHnst [,y CBSI3aHO ¢ COOCTEHHBIM COTPsiZKeHHBIM cedenneM, ceituac B GL(1). Omno-
MepHoOe npejcraBierne [y, nano npejacrasiaenneM Z B GL(1), z € Z — exp(2minz), u nByms
qucsaamu «, f B Q/Z. d1u 1Ba dnc/ia MOSBUINCH KaK /N U /N B 06CyKJICHNH, IPE/IIEeCTBY-
omem dopmyite (53). K coxanenuo, s He CMOD IOIIEPKUBATD IOC/IEOBATEIBHOE 3HATECHHE.
Wtak aBa MHOXKECTBa IapaMeTPOB OAMHAKOBBI. OCTaeTcst OMUCATh CBA3ZHOCTH, ONPEIe/ICHHbIE,
corsacuo [AB| Th. 6.7|, sTumu mapamerpamu, 10 ecth s1uMu npeacrasierusmu I'g B GL(1).
Omnu sBiistiorcs npousseieHusivu npecrasienust U(1) ¢ npeacrasienuem rpymibt mq (M).
[Tpencrasienne rpymnsl U(1l) gaHO TEJBIM IUCIOM. DTO SIBJSETCS CTEIEHBIO OCHOBHOTO
JIMHEHHOro paccioenus (), Kak (pakTop pacc/IoeHus, KOTOPOE CBA3aHO C JaHHBIM IIPEJICTaB-
nerreM. Bropoii (pakTop - 110cKoe JInHeiiHOe paccyioenue, onpejesgeMas IPeICTaBIeHneM
m1(M), Takum 06pas3oM, HEIOCPEJACTBEHHO QyHIAMEHTATBHON IpyIoii 6e3 paccioeHust ()
IBYMs Hapamerpamu «, 3. OHaKO HaM He Hy>KHBI BCe Iaphl, TOIBLKO T€, KOTOPbIE JAI0T IepH-
ommaecKyio dyHknmio. g apyrux rpymm 3To 6yaeT BOIpPOC MEPHOJANIECKIX CONPIKEHHBIX
kJaccos. M

Huraresns 3amernt, uro rpynmna U(1) B [ABl 6.6] emé ne 6pi1a BaykHON 9acTbio HAIIETO
00CY2KIeHIA. DTO IOTOMY, YTO T€ OJHOMEPHBIE IPECTABICHNS I'PYIIBI 'R, KOTOPbIE YMECTHDI
B JIAHHOM KOHTEKCTE, TPUBUAJBHBI 110 €ro Ipoobpasy B 3Toi rpymie. ¢ moguepKuBaio, 9ro
reopust Adura-Musica sBisieTcst BayKHBIM (aKTOPOM B HallleM OOCYZKJIEHUU, HO 9TO HaM
Hy>KHa TOJIBKO HeDOJIbIIas 4acThb 9Toit Teopuu. [Ipexkie Bcero, Mbl nuMeeM JI€10 ¢ TeopHueit Jist
KpUBBIX. Bo-BTOpBIX, orpanndenue romomopdusma p : I'g — G xk U(1) mwiu ero obparHoMy
obpazy B ['r ocobernoro Buga. Ono Tak, ato Z — 1. JIpyrue BO3MOKHOCTH BO3HUKAIOT JIJIsT
GL(2), xoTopas 115 Hac TIaBHBL CIIydaii.

OjiHako Teopusi Jjisi 9TON Ipymibl Gyaer BoiBedeHa u3 teopun g GL(1), ucnonn3ys,
PEXKJIE BCEro, 3Ty TEOPHIO BMECTE ¢ MHJLYIIMPOBAHHBIMU [IPEJICTABJCHUSIMI B PAMKAX TPYIIIL
[aut € OHOM cTOpOHBI, U rpyni ['r ¢ APYTOH CTOPOHDI.

g G = GL(1), Mbl BeIOpasm 0cOOEHHBII KJIaCC MPEJICTABJICHHBIX 0, W TIOTOM MOJMHOYKe-
crBo cBs3HOCTel flHra-Musuica cBazaHHbIX ¢ STUME npejcTasierusMu. T G = GL(2) mosos
nozoben. Eciu npejicrapienne npuBoauMoe, Mbl PACCMATPUBAEM JBE KOMIIOHEHTHI OTJIE/IbHO,
npuas K Iape CBA3HOCTel M K mape (pyHKINHA Kak B co cxoaubIMu yeaopuaMu. OHu
Oy/IyT COOTBETCTBOBATH COOCTBEHHBIM (DYHKIMIM poja D). MTak mycTs p HEMPUBOIUMO. DTO
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nozipasymMesaet, uto p : ABATIB™! — —1 € GL(2) u uTo, ¢ NOJXOAAIMMI KOOPIUHATAMH,

(54) A (‘6‘ _2) B (2 g) a8 € U(1),
HNTaK 49TO
(54.a) J=1€ZCR—>(_(1) _(1))

YroObl MOHATH CBA3HOCTD, KOTOPas OlpPeJIe/IeHa STUM [PeJICTaBIeHIeM, JIydIlle MepeiT K
Hepa3BeTBJIEHHOMY J1BofiHOMY HaJioxkenuio M’ kpusoit M. CymiecrByior Tpu u3 Hux. Kakoit
U3 HUX Mbl BBIOUPAEM, 9TO TOJIHKO BOIIPOC YCJIOBHOCTU mjH obozHadenus. OHU JAIOT CXOJIHBIE
PE3YJILTATHI, HO HEBBICKA3aHAasd KPATHOCTD, KAk MbI yBiauM, nounall] IIpeamomoxum, Ha
IIpHUMeEp, UTO OHA OIPEJIe/IAeTCs MOArPyIoil, opozxtentoit { A, B?}.

Emé omuo orcrynsienue. XoTs HaM HYKHEH TOJbKO OCOOEHHOM cjiydail CJIe/IyIONoro
BBIUUCJIEHUS, JIydIlle TIOHUMATh TO, YTO BEPHO 00IIe U BazKHO 00Ie 001Ie st JAPYTUX TPYIIIL.
MpbI Toxke Hada M U3ydaTh (bOpMasbHbIE CBOWCTBA OTHOIMIEHHsT MeXK Ty ['uy¢ ¢ OJIHOI cTOpOHE,
u I'r ¢ apyroit, a Takxke MexRIy [,y 1 KaccaMu CONPSXKEHHOCTH ¢ OJIHO¥ cTopoHoit n I'g
U ero OTHOIIeHUs ¢ cBa3HocTsMu Aura-Mwuuic ¢ apyroii. B wacrnocru, tpu m = 1 Mbl
[IOJIHOCTBIO TIOHUMAEM COOTHOIIeHHE. XOTsl 3/IeCh HET Halllero HAMEepPEHUs pacCMaTPUBATH
mobyio rpymiy, kpome GL(1), GL(2), mytie Bcero BKIIOYATH HEKOTOPBIE 00IIHe HAOIIOICH ST
0 cobcrBeHHbIX 3HauUeHUsX p(A) 1 p(B) Upu HENPUBOJANMBIX [PECTABICHUIX PA3MEPHOCTH 1
rpymmet 'r. Kaxoe rakoe npescrasienne qano npemacrasiernem rpymmnst I (JABL crp. 559])
1 coBMecTnMbIM mpescrasienneM rpymust Z (JABl (6.5)]). Xors 3aech wer Hamrero namepenust
paccmarpuBaTh Apyryto rpyiiry, kpome GL(1) u GL(2), syudine BKIIOYUTH HEKOTOPBIE 00IIHe
HabJro/IeHnst 0 cobcTBeHHbIX 3HaueHusiX p(A) u p(B) 1jisi HENPUBOAMMBIX TIPEJICTABIEHUIT
pasmepuoctu n. OcnoBuoe npensitcrBue K Teopun g GL(n) sexxkur He B Teopun cBs3eii
Aura-Mwica, a B Teopun onepatopos ['ekke, koropast emie Hegocrynsa i GL(n). Ilycrs
m >0, w.o.1. (m,n) = 1.

1 0 [0 I 0 0
0 exp(Qﬂ'im/n) [ I 0 0
A=qal - : . . ) 7
: : Do exp(2mm(n — 2)/n) 0
0 0 O oo, 0 eXp(27Ti(n — 1)m/n)
(55)
00 0-..... 0 1
10 0-v---- 0 0
B=pF: . )
000 - 0O
000 : 10

tak a0 ABA™'B™! = J paBno exp(27im/n) yMHOKEHUIO Ha €IUHUILY. DTO BbIparkKeHHe,
KOHEYHO, HE SBJISETCS OJIHO3HAYHO OIPEJIC/ICHBIM, TaK KAK TOJIHKO KJIACCHI COPSIZKEHUST NMEIOT
3HAYECHUE U 00pa3ys KJIacC COIPSIKEHHOCTH TI0 cTereHsM MaTpuiibl A u B, Mbl yMHOXKUM A 1

61H HE 3HalO, KaK 9Ta IIPOABUTCHA JJIdA JAPYTrUX I'PDYIIIL. ,ZLJIH Harlmei T'pyHIIbl 3TO OKa3aJIOCh, HO TOJINKO B
KOHIIE KOHIIOB, JIO?2KHBIM YTBEPXKICHUEM. 4 ocraBun ero, 4TOOBI BCIIOMHUT HEOIIpEeACeJIEHHOCTDb, B KOTOpOﬁ A
OCTaBaJICd OY€Hb JOJITO.
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B nezaBucnMo Ha, JII00BIE N-€ KOPHU U3 €IMHAIBL. JTU 00IIe HAOIIOAEHIS BayKHbI 1 TOJIE3HO
UX 3allOMHUATDH, HO OHU He HeyrocpeicTBeHHo ymecTHb. W

Mur Buibpaau M'. S ceituac BBey, cHavaJia HEYKJIIOKBIM 00pa30M, IIOTOMY YTO s OBLI
HEOITBITEH, TOT/Ia OOBITHBIM 06pa30M, JIByMepHYTo cBsi3HoCTh. Orpannuenne p : 'r — GL(2)
Ha COOTBETCTBYIOILYIO MOArpyIIly 'y SBJISETCS TOra IPSMOIl CyMMOI U aCCOIMUPOBAHHBIM
pacciIoeHneM, CyIIeCTBOBaHIE KOTOPOTO 0DECIIEUNBAETCs IPEIbIAY MU COOOPaKEHUSIMUA TO-
JKe IpsIMasg CyMMa. 3aTeM PacCMOTPHUM JIMHEHHOe paccioenne HaJl HajgoxkenneM M’ cBs3anHoe
C OHOW WJIU APYTON €ro KOMIIOHEHTON.

Bepuémcs Ternephb K ONMMCAHUIO IBYMEPHBIX PACC/IOEHUI, KOTOPOE OBLIO PEPBAHO STUMUI
caydaiiHbIMU 3amMedaHusMu. JIOBOIbHO SICHO, YTO MPOUCXO/UT C IEPEHOCOM WJIA IPOEKITAei
JmHeitnoro paccyoenust Ha M’ Ha aBymepnoe paccioenne wa M. To, uro ceifuac HyzKHO,
CJIOBECHOE OIMCAHUE U IIPOBEpPKA, UTO UCXOJ He SaBI/ICI/IT@ OT TpeX BO3MOXKHBIX BBIOOPOB
nastioxkenns M'. ¢l u3BuHSIOCH Iepe) YuTaTeeM 3a Takoe MMOoAPOoOHOoe 0ObsICHeHne, HO st
MOEro cOOCTBEHHOTO HA3WUAHUA WA IIOYYEeHHUsI, 3TO OUYEHDb ITOJIE3HO.

OynmamMeHTaIbHYIO 001acTh A fjst M ciieayer npeacTaBUTh Kak MmapaJsiie/iorpaMM, pas-
MeEIIeHHbIN 0ojiee MM MeHee BEePTHKAJIBLHO, OT TOYKH 3PEHHUs] UNTATeNIsl, B KOMILIEKCHOM
wiockocTu. g M’ sta Oblia Obl HapaJuieorpaMM BMECTE € ero IepeBOoIoM BBepX. B camom
Jiesie, st Xo4dy TIIATeThbHO OCMOTPETh TOCTPOeHNe, O0bsICHUB, ITO, HAIIPUMED, KaK MCXO/T 3aBU-
CUT OT BBIOOPa MOpasKIyIoNuX 3aemMenTos A u B u or Beibopa noarpymmnsl, ganuoit { A, B?}
ckopee veM jannoit { A% B}, uro6er onpejgentsb M'. IT0GB BKIIOUUTH IIPOCTYIO JIHAIDAMMY,
s1 TIPEJIIoJIarai, 9ro A ropusoHTaJIbHO U B BePTUKAIbHO, a 4TO (DyHIaMeHTaIbHasd 00J1acThb
JTlaHa KBaﬂpaTOME]

(56)

OHoMepHOe paccyioenne Ha M’ Tak Kak CBSI3HOCTH Ha HEM TOXKe OJHOMEPHOE PacC/IOeHUe
mwim cBa3HocTh Ha C. Torja Bo3bMEM MPSIMYIO CYMMY 3TOTO PACC/IOEHUs U €r0o IepeHoca Ha
2wy. DTO MaéT AByMEPHOE PACCIOEHNe WM CBA3HOCTDH Ha M.

Ho jsiyure qymats Kak Torosior. Eciiu ObI s ObLT TOIOJIOrOM, 1 ObI TPOCTO cKazaJs: «Bosbmure
HPAMOIT 00pa3 3TOro JUHEHHOTO PACCIOCHUT OTHOCUTE/ILHO JIBOWHOrO noKphiTud M — M,
9TOOBI ITOJIYIUTh JIByMEPHOE BEKTOPHOE paccyioeHne Ha M.» DTo HaéT xKeaeMblil ncxoj. B
caMoM JieJie, XOTs JIJId TOro, YTOObI yOeauTh ceOs B 9TOM, MHE HYZKHO IIPHUJIOKHUTH HECKOJIBKO
yenmii, 910 Beero Jmib nepedopmymposka ompeiesenus B [AB) crp. 560]. Mbr mpogosrzkaem
obcyKlenne, Ipocd YuTaTe/sd He 3a0bIBATH O TPEX BO3MOXKHBIX JIBOMHBIX MOKPBITHUS.

62Kak yike oTMedanoch, HAOBOPOT, ITO BABUCHT OT BLIOODA.

63,ZLJ15{ M’ cymectsyer Tpu BblbOpa. g omHOro, dPyHIAMEHTAILHAA 00JaCTh 33,1a8TCs 00heJMHeHueM
ksazparos B (0,0) u (1,0), ausa npyroro - oobenunernem keaaparos B (0,0) u (0,1), a TpeTbe 0ObeauHEHNE
kBazparos B (0,0) u (1,1). OHu cooTBeTCTBYIOT TpeM HeHyJeBbIM djeMenTam L/2L, a nmenso (1,0), (0,1)
u (1,1). Ha guarpamme, npegcrasiennoit duronu [lynuo, 910 nmocaennauii BLIGOP, KOTOPBIA PeICTaBIIeH.
Jlydme Bcero mpecTaBuTh €ro ¢ ApyruM BHIOOPOM (DyHIAMEHTaJbLHON 00JIaCTH, KBAIPATOM IMOBEPHYTHIM Ha
45 TpaycoB.
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[Ipezkte ueM MBI IIPOJOJIZKAM, MBI JOJIKHBI PACCMOTPETh BJIUsHUE Tepexojia Ha M’ Ha
Tounyto nocienosareabocTh [ABl 6.1]. Testo B Tom, Kak MbI yike 3HaEM, 4TO J U3MEHSIETCSI
U CTAHOBUTCSI

(57) J = AB*A7'B™? = (ABA™")?*B~? = (JB)*)B~* = J>.

Han stum HastO2KeHHEM CBS3HOCTH €CTh IpAMasg CyMMa, KOMIOHEHTHI KOTOPON HEpPaBHBI.
CiresroBaTebio €€ cTpoenune sicHo. Borpoc cBOUTCS K MPEIbIIYINEMY CJIyYaio, HO C 3aMeHOM
Z na Z' = 2Z un U(1) 3amensiercst ero asyKparnbiM mokpeitrem U’(1). B To ke Bpems
rpymma 71 (M) 3aMensercs noArpymioii ¢ nuaekcoM nsa. Takum obpasom, cama [y saBisieTcs
noarpynmoii rpynnsl ['g ¢ uagexkcom aBa. ['pynmna U Takxke nsmensiercs. Pambiie 310 06110
Z\R, Ho Tenepb 310 Z'\R u MBI flomycKaeM mpejicTaBiienusi, Koropbie Ha Z'\Z yHUKATIbHBIM
HETPUBUAJIBHBIM XapaKTepoM 3Toi Tpymibl. OHU ONPEIesIAioT, COTJIACHO PEIbIIYIIEeMY
00bsICHEHUIO, TIPEXKe Bcero, cBs3HOCTb fura-Mwuica pasmeprnoctu omua wa M’ u, BO-
BTOPBIX, IO ONMMICAHHOI BBIIIe KOHCTPYKIINH, CBA3HOCTEL fAHra-Mmica nHa M pa3zmepHOCTH
nBa. IlepBoe cBs3aHO ¢ Hpe/craBIenneM rpyunsl [’y pasmeprocTn euHaubl. Bropoe cszano
C UHJYIIMPOBAHHBLIM IIPeJCTaBIeHneM I'PyHibl ['g, U 9TO mMeeT pa3dMepHOCThb jBa. OHO
Henpupo Mo noromy uro ABA™'B™Y — Ju J — —1.

¢l me 3HAI0, KAK 3TO MPOABUTCS JJId JPYTUX TPYIIIL, HO JIJI HACTOSIIETO ITPUMEPA MOJIE3HO
PacCMOTPETD SIBJICHHE C TOYKU 3peHnst napel rpyi I'g u I'g 10 ToKe ¢ TOUKHN 3penust napsbl [,
u [, ., ommoit reomerputeckoil u Apyroit apudmerntdeckoit. /s mepBoii maper, /171 KOTOPOil
COOTBETCTBYIOIIHNE orpeesernst nosisigorcst B [ABl crp. 560|, ogeBumto uro orpanudenue
IpeJICTaB/IeHns p K rpylie 'y sIBisieTcs IpsiMOit CyMMOM JIBYX Pa3HBIX IIPeJICTABIIEHHI,
noromy uto obpas p(A) € GL(2) mmeer j1Ba pasHbIX COOCTBEHHBIX 3HAYCHH j:l@

Bonpoc coBectu. Ectb Baxknbie 3ameuanus o GL(1)-paccioenusix, KoTopble si 3a0bLI
00bIACHUTD, XOTs OBbLIHM CJIe/IaHbl HeOOXOo/IuMble Tpurotossienus. [Ipexke Bcero, mia G =
GL(1) romomopdusmbr va p [AB| crp. 560| paBubl 1 na z = J = 1 € Z. 910 1pocTo
BCE, uro HaMm HyxkHO. s rpynuet G = GL(2) sto 6ymer apyroe nemno. Ha camom nere,
JUIS HAIUX TeJiedi, jyist Teopun aBToMopdHbIX (Gopm onn pasabl 1 wHa U(1) ecoim G =
GL(1). D70 3naunt, uro omm gamsl AByMms duciaamu B U(1). CymiecTBoBaHIe CBA3aHHBIX
paccioennii 0KHO ObITh 6o BbiBeneHo u3 dpasbl B [ABl crp. 561|, nuruposanHoii
patee, 160 u3 Hamero obcyzxkuenus (36.K). Oxpaxo, Ha IepBbIi B3IVIsLL, MBI IMEEM IO C
Pa3IUYIHBIMY MOHATUAMHA IJIOCKOCTH. BO-TIepBbIX, CyIecTByeT MHOrO3HaYHAsA (DYHKIU, B
KOTOPOI U3MEHEeHUsI OnpeIesisaiorcs romoMopdusmoM rpymimsl [agya B U(1) a Bo-BTOpBIX
JInHeitHas 1I0cKast (BYHKIMSA, B KOTOPO#l CKJIOHBI JIAHBI JIByMs JIEHCTBUTEIbHBIMU THCJIAMHU,
U3MEHEHUSIMU 110 CTOpOHaM (DYH/IAMEHTAJBHOTO mHapaJuiesiorpama. Takum oOpa3oM, OHU
JIeCTBUTEIIBHO OJIHO U TO Ke. DTO BTOPOi BUJI, KOTOPbI ObLT 11pe/nodnTesneH B ((53)).
Takzke HeoOXOaUMO He yiyckarb u3 Buiy yciosue [ABlL 6.6] u omnpenenenue p. Ecin
orparndenne p Ha mpoobpa3 U(1l) TpuBHaIbHO, TO JIJIs ONPEIEeHUs CBA3HOCTU CBSI3AHHOM €
HUM MBI MOYKEM ITPOCTO 3aMEHUTH () TPUBUAJIBLHBIM OJHOMEPHBIM PACCIOCHUEM TTIOTOMY HTO,
IOCTpoeHue, mojipasymesaemoe B ciosax ‘Given any homomorphism p : I'n — G we then get
an induced G-connection,” noapasymeBaer JiejieHne Ha S1po 0ToOpazKkennst p, To ecTb ) Xy M
samensiercs Ha 1 Xy M = M wmm ckopee U(1) x 5, M. Takast cBA3HOCTD 005138 TE/IBHO OCTOSIHA.

64Kak 6Bu1O 3ameveHo, orHomenne Gx = Gy, NOsIBJISIOINIEECs: B BEPXHEN 9acTH CJIEIYIONIEH CTPAHUITHI
crarbu [AB| He ob6s13aTenbHO 060CHOBAHO.
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B Harem 0co6HOM cirydae MOCTOSTHCTBO KPUBHU3HBI U METPUKH O3HadaeT, uro crermern U (1)
JIAIOT ITOCKYIO CBA3HOCTH |

To, 9TO CTAaHOBHUTCHA MPO3PAUHBIM, KOTJA Mbl HAYMHAEM Pa3MBIILIATH O COOCTBEHHBIX
sHadeHusAx [ekke Bua A, 310 cxoncTBo rpymnbl ['g ¢ aBromopdHoit rpytmoit [arya, KoTopast
TaK BaykKHA B T€OpUH aBTOMOP(MHBIX (OPM U B TEOpUH HpeACTaBﬂeHHﬁm DTO TPUBOJINT,
IO00HO 9TOI Teopuu, K HEKOTOpOoil (byHKTOpHaaIbHOCTH B Teopuu fHra-Mmiica, HO Tak:Ke
BBOJIUT BO3MOYKHOCTBH IPSIMBIX 00pPa30B, U 3TOT'O g He BUJIET B OOBIYHON aBTOMOPQHOIT Teopun
WId B TEOPUH JIOKAJBHOIO Ipejcrapiaenns. [lo kpaiineit mepe, ecjim Obl s1 9TO yBUJIEN, S
ero He y3Haj. Bo3amoxkHO 9TO 9T0 3amena 0a3bi! Tem He MeHee, B YaCTHOCTU B TEOPHH JIJIs
rpymsl GL(1) u GL(2) uro Mbl cobupaemMcst onucaTh, €CcTh HAMEK Ha IT0-TO 3HaKoMoe. To, 1To
HOSBJIAETCS B TEOMETPUIECKON TEOPHH, & He B apUMMETHICCKON TEOPHUH, 9TO WH/LY [IMPOBAHHDIE
[IPEJICTABIICHUS U TpsiMble 00pa3bl. OCHOBHOE TOHATHE SBJIsieTCcs 'R, KOTOPYIO S HA30BY
rpymma Ateu-Borra. Ona cBsizana ¢ rpynmoit [',y, ¢ KOTOPOi MBI y2Ke 3HAKOMBI. Teopust Ha
M’ ssnsiercst yactbio Teopun Haj M. Kaxk uzectno u3 apudpMeTudeckoil Teopun — CKopee, Kak
OXKUJIAETCS OT apUMPMETHIECKON TEOPUN U OT FeOMETPUICCKON TEOPUHU — PsiJl BAXKHBIX BBIBOJIOB
B 9TOI TEOPUU MOZXKET ObITh B HACTOLAINEe BPEMs BbIPDAXKEH C TOYKU 3PEHU aBTOMOPQHOII
rpymnbl [amya, XoTd Mbl JaJEK OT OOIIero moHUMaHusd 3Toil rpynnbio. [Ipucoennennas
aBTOMOp(Has rpymia [axya He gBJIsIeTCst IPOCTO MPOU3BEIeHNeM TPYIIbl Ha M’ ¢ rpymmoii
Gal(M'/M).

['pymnna I'r gBisercs anajaor aBToMOpgHO# rpymibl [amrya, B TOM CMBICTIE, YTO €r0 TOMO-
MopdusMbl K rpytie G onpeessaor csa3noctu fAnra-Musica co snaderusvu B G. OHako
aromopdHas rpymmna [aiya mmeer Tak)Ke JOKAJIbHYIO (opMy. BO3MOXKHO 4TO HEKOTOPBIE
quTaTe/ M HE3HAKOMBI HU C €€ FﬂO6aJIbeIM B JI0M HH C €€ JIOKaJIbHBIM BI/I,[LOM.H prHHa
I'r e nmeer JiokasibHOTO BUja. CKOpee Mbl pacCMaTpPUBaEM TOJIBKO €€ 9acTHOEe, KOTOPOe
OoIpeaesieHoO HEPA3BETBJICHHBIMU IIPEACTaBJICHUAMM, TO €CTh IIPE/ACTaBJICHUAMN a.HI‘e6pr FeKKe.
CremoBaTeIbHO, BO3SMOYXKHO ITO 3TOT YaCTHBIH JOKAJBHBIN BHIJI, IPOCTO JoKaabHoe “G, no
MHE KazkeTcs Jjrydine ocMoTperh GL(n) mpexe yeM npuiiTu K 3aK/II0YeH0. Bo3MOXKHO 9TO
9TO 0oJIee CJIOXKHO

Taxum obpaszoMm, neperoc aroMopdHubIx dpopMm or M na M’ HACKOILKO MbI IIOHUMAECM
970, cBsA3aH ¢ orobpakennem I . B [y, B meopun namenemnns 6a3ncaﬁ MBI [IEPEXO/IUM OT
OJTHOTO TI0JIst K GoJtbinemy 1oJiio. [Tose kpusoit M’ Gosbite, uem nosie M, Tak 4To Mbl OyjieMm
n3ydaTh 37ech HEUTO 1omo0Hoe. BKyc TeM He MeHee oTimvaercs. B camom esie, IBMKEHHe
B IIPOTHUBOIIOJIOXKHOM CMbICJIe, U 9T0 myTtaer. M’ sapisercs nHakpbitueM M u MbI EMeeM

65Haznauenme U(1) 1 ero npe/cTapieHmii HESICHO B 9TOH CTAThe, B KOTOPOil PACCMATPHBAIOTCS TOJIBKO
GL(1) u GL(2). Bsuio 6bl sicHee eciu Mbl pacCMaTPHUBAJIIN IPYNObI 6osiee BbICOKOro patra. Ckopee oHM
MOKAYKYTCS TOJBKO B KOHIIE TOI CTATHU, HO CYIIECTBEHHBIM 00pPa3oM.

66 Tyume oBpamarsbest ¢ STUM 3asBICHIEM OCTOPOKHO. [eoMeTpuuecKast Teopust i apudMeTIIecKas TeOpust
DA3HBbI.

670 i TOKAIBHBI BULL TOSBIISIETCS B CTATHE [L2] On the Classification of Irreducible Representations of
Real Algebraic Groups, Math. Surveys and Monographs vol. 31, 1988 kak rpymmna Beiist. JIokaabHbIil Bul
I'PYIIIBL, OCKOJIbKY PEYb UIET TOJLKO O HEPA3BETBJIEHHBIX MPEJCTABICHUAX, HO JIJIg BCeX OA30BBIX MOJIEH,
TO €CThb 1I0JIsl AJIre0PAMIECKUX 9UCe UK 110Jist DYHKIWH, ABJISI0TC IPOCTO Z, TaK 9TO Mbl KMEEM JIEJIO C
obpazom 1 B Z B LG 1 ero conpszkeHHBIM KJI1acCOM.

68Heckombko MueMormeckux c1080B. Ecu M’ — M riajikoe KOHEHHOMEPHOE HAJIOMKEHHE, TOI/a 00PATHBIIL
ob6pa3 paccyioenus na M ectb paccioenue na M’ ¢ Taxoii ke pazmepuocreil. C Apyroii ¢TOPOHBI PA3MEPHOCTH
upsMoro obpasa paccioenust A na M’ pasua [M' : M]dim A. Tlepsoe nocrpoenue ectb uaMeHenue 6a3uca, HO
3TO BJIOPOE KOTOPOEe HAM BazKHO.

Y9[L1] Base change for GL(2), Annals of Mathematics Studies, vol. 96 (1980).
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JIeJIO C IPSAMBIMUI o6pa3aM1/1.m B manHOM ciydyae 9TO COOTBETCTBYET WH/IYKIINH JIMHEHTHOTO
paccioenuss Ha M K JBYMEpHOMY BeKTOpHOMY paccioenuto Ha M’'. Mbl yxke 1mogpoOHO
OTHMCAJIA 9TO B POCTBHIX BhIpaxKeHusx. Tenepnb Ieab COCTOUT B TOM, YTOOBI OObACHUTH 3TO
KaK WHJYKIMN U3 OJHOMEPHOTO Ipe/ICTaBIeHus 17, . B AByMepHOe IPeCTaBIeHne TPYIIIIbI
[aut- DTO, B CBOIO 0Yepe/ib, MOYXKET OBITH BHIPAXKEHO KaK IePexo/] K JIByMEPHON CBI3HOCTU
Ha M, KoTOpBIil 1pn nHTEerprpoBannu, Kak u s GL(1), 91o0br onpe/iesiaTh BOSMOKHBIE
COOCTBEHHBIE COTPSI?)KEHHBIE CEUCHUS. 3aTeM 3TO Oy/IeT CPABHUBATHCS B CJIEYIOMEM Pa3Jelie
¢ knaccamu lekke, orncanupivu B §VII W

Mper1 Oyiem nepexoauthb ot popm Ha M’k dpopmam wa M. C n1pyroit cropoHbl, B Teopuu SIHra-
Muwica, Takium 00pa3oM, B TEOPUH B KOTOPOI CBS3HOCTH SIBJISIIOTCS IVIABHBIMU ITPeIMeTaMH,
CYIIIECTBYET IpsiMOii 00pa3, a UMEHHO IPAMOit 0bpa3 cjoii cjioeM. KakoBo ero oTHoreHune K
romoMopduszmam Atbu-BorTa 1 romomopduzmam apromopdubx rpyi Laxya? B aToit crarhbe
MBI H3y9aeM IPOCTOi, HO MOYUUTENbHBIH, caydail 3Toro Bompoca. EcTb MHOTO Ha0€/ [ TUBBIX
BTOPOCTEIIEHHBIX BOIIPOCOB, KOTOPbIE HY?KHO O0bsICHUTD, HO UX IPEJCTABICHUE HEM30EKHO
Oecriopsgadnoe. Yurareio TpuIeTcs MPOCTUTD MEHH.

[IepBoe me10, KOTOpOE MHE He SICHO, SIBJISIETCSI COOTHOIIIEHNE MeXKIy Ao winm Ay 1 MHOXKU-
resem U(1) B (6.6). Mbr Tak:ke He YETKO PEIUIA PA3HUILy MeK 1y Teopueil ura-Mumica
u Teopueil coocrBeHHbIX dyHKIuil ['ekke. [lepBasi, Ha TIEPBBIN B3IJIsII, /s CBA3HBIX TPO-
CTPAaHCTB, TAKIM 00Pa30M, JIJIsi CBSI3HBIX KOMIIOHEHT MHOYKecTBa Bung. Bropas nys Bcero
Bung. VY nac, kak y Atun, ectb pukcupopanubie Ag u Ag. TerszopHoe npounssejienne ¢ crere-
HME Ay OTHOCHT HAC OT OJIHOTO KOMIIOHEHTa K Jipyromy. Ecim € jr060e KOMILIEKCHOe TUCIIO
abCOJTIOTHOTO 3HaYeHUs 1, TO MBI MOYKEM PACIIUPUTH (DYHKIIUIO U3 OJHOI CBA3HON KOMIIOHEH-
o1 Bung B gipyryio ¢ ypasueruem f(Ag ® A) = ef(x). D10 o3navaeT, 4T0 NP MOCTPOCHUH
cobcTBeHHbIX pyHKIUiT ['eKKe nim coOOCTBEHHBIX 3HAYEHUI Mbl MOYXKEM COCPEIOTOYUTHCS Ha
HECKOJIbKUX CBSI3aHHBIX KOMIOHeHTax Huskoii cremenn. s GL(1) sra crenensb HyIb 1 st
GL(2) crenern 0 u 1. BosmoxKHO, 5T 3a0bLIT 9T0 CKa3aTh, IOTOMY UTO sl HE 3HAJ O €r0 3HAYEHHH,
Ho paccioenue () Arbu-Borra Takxke siBiasiercst pacciaoerneM A Arbu. To ecTh monnMaercst,
9TO OHM PaBHBI (MJIM, MOYKET ObITb, OJIHO U3 HUX OOPATHOE K JPYrOMY, B KOTOPOM CJIydae
Hare o0Cy»K/IeHHe JIOJI?KHO ObITh CJIeTrKa I/ISMGHGHO.H

Kazkercst, HeT HEKAKOro criocoba n3bexkars Beejenns Ay. K coxkasenuro, 910, mMo-BUIIMOMY,
pe/rnosiaraeT BeIOOp, HACKOIBKO 9TO BO3MOXKHO, A{ /IS KaXK/I0r0 HEPA3BETBJIEHHOIO IO~
kpbiTust M u B coBMecTuMoM Bujie. Mbl MoxkeMm jymarh 0 Ay IpocTo Kak o Touke B M u
A} xaxk Touka B M'. Takum oOpazom, MOKeM IPeIIOoKUTh, ¥To ecan M” — M’ — M,
torma Aj — A — Ap. TO ecTb MBI IPE/IIOJIOKNM, ITO MBI IMEEM IT0CJIeI0BATELHBIN HAOOD
0a30BBIX TOYOK JIJIsd BCEX Hepa3BeTBJICHHBIX MOKpbITHit M. Takum oOpasom, y HacC €CTb OC/Ie-
JIOBATEILHDIN CII0C00 IIpeodpa3oBaHms JUHEHHBIX paccaoennii Ha odoit M’ Ha pacciaoenus
crerienn 0. [lyist AByMepHOro pacc/ioeHus TeH30pHOE IpousBejicHne crererun Ay nmpeobpasyer
ero B paccyioenne Koroporo crernenb () mian 1. Takum o6pazom, TOCTATOYHO PACCMOTPETH ITH
nBe BosMoknoctu. Konewno, Beibop A Tora omnpesenser Af.

Tonkwuit Borrpoc. YTobbl B34Th NpsiMoe n3obpazkenue, peniérka L' 10KHa ObITh TOIMHO-
»kecTBoM permérku L. B pannom ciaydae, 2L C L' C L C apyroii ¢cTOpOHbBI, KazKeTCsl 4TO
apaMeTphl JTUHEHHBIX (DYHKINI, KOTOpbIE CBS3aHbI ¢ L', TOIyYaloTcsa TOJBKO KaK JIOJ0 TeX,

0B o6branoOl TEOPUHU TPYIIIa HaJl OOJIBIITAM TIOJIEM PACCMATPUBAETCS KaK TPYIIIa HAJT MEHBITAM TIOJIEM.
OtHolledne K IpsiMbiM 00pa3y He cpa3y BuiHO. Mbl BepHEMCs K HeMy. duTaresb 3aMETUT HECKOIBKO
MMOBTOPEHUT. DTO TOTOMY, UTO si TOJIHBKO MEJJIEHHO MMOHUMAIO TO, UTO si OObSICHSIIO.

"IMue TPY/IHO 3aIIOMHUTH TOYHOE OIIPeJiejieHne Kiacca UkeHsd.
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KoTopble cBsi3anbl ¢ L, L' C L. Oxnako sto e tak, noromy, uro [AB| Th. 6.7] nozsossier Hyx-
Hyio c¢Bobojty. HenpusouMmble mpejicTaB/ieHls, KOTOPbIE €CTh CYIIEeCTBEHHBIE MTPE/ICTAB/ICHNUSI,
JIaHbI KaK CKJenBaHue coBMecTHBIX rpejctapieHuit [' m R. WL

Mp1 errie He omHMcAJIM IIPUMED CBSA3M MEXKJLy IPeJICTaBJICHUSIMA IPyHiibl ['g 1 JTuHEHHBIMUI
paccioenusamu. lpumnio Bpems caenars 31o. Ceiidac sICHO, YTO HAM HY?KHO PacCMaTPUBATDH
tosbko paccstoenus crernernu 0. Corsacuo [AB| oro Gyzer 3a1aH0 OHOMEPHBIM IPEICTABICHN-
€M Ty M UTO IIPeJICTaB/IeHue OYJIEeT, IIPezK jie BCero, TPUBUAJIBHO Ha, J, MMOCKOIBKY J dBJIsgeTCA
KOMMYTATOPOM, & BO-BTODBIX, YTO OH OyjeT TpuuajbHbiM Ha U(1), TOCKOIBKY CTeIeHb
pasHa 0. [TockobKy MBI paccMaTpUBaeM TOJIBKO SJIIUIITHYECKNE KPUBbIE, TO O3HAYAET, ITO
oHo 3anaéres obpasamu exp(4kami), exp(4lbmi) kak B (53). Dru aBa uncia nexar B U(1),
HO B OCTaJIbHOM TpOou3BOJIbHBI. C JIpyroit cTOpOHBI, Jijid TeX IpejcTaBieHuii ['g, KoTopbie
UMEIOT OTHOIeHKEe K Teopun ['ekke, nBa uucia k, [ 10/KHBI OBITH HeabiMu ducaaMu. CoriacHo
obeyxaennio Ha crp. H60 u3 [AB|, B uacrnoctu, ypasuenue (6.10), npejcrasienue JTuHERHO
Ha R, x — ex, x € R, u eJ = 1, nockonsky ABA 'B~! = J € R. DTo onpejenenue ancia
¢! Yucna a u b nexxar B R. Yenosue B (H3)), uro oxu jiexkar B Z, He HAKJIAJBIBACTCS CBOM-
crBoM fHra-Mmiica, a oTHOIIIEHHEM K COOCTBEHHBIM 3HadeHusiM ['ekke. Bojiee nnrepecHbIM
BOIIPOCOM ABJIIETCA (PYHKIUS MPAMBIX W300parkenuii. Ham HY2KHO TOJIBKO 3a00TUTHCSA O TOM,
qro M’ aBasiercst IBOWHBIM HajioKeHreM M, TI09TOMY MbI pacCMaTPUBAEM KBaJIPpATHIHOE
pacummpeHue moJaei.

HekoTopbie obIime 3aMedaHusi. XOTs Hallla TJIaBHAsl TeMa cefiaac siBJIseTCs IPYIIOii
GL(2), BO3MOKHO 4UTO HaIU 3aK/04UeHus Oyer 6ojiee yoeuTebHbe, eCJIU MbI TIPEPBEMCS
HekoTopbiME 3aMmevdanuaMu o GL(n)-paccioerusix mjist 06mux n > 0. OrpaHrnauMcst Helpu-
BOJIMMBIME PACCIOCHUsIME. XOTs HaIlla TeMa B 9TOH crarbe riaBHbIM obpaszom GL(2), s 6w
[PEJIIOJIOZK I, 9TO ¢ TIoMOIIbo [A] cirywaii obiero n, ecm #e MpOCTOif, Ui STOTO YTO BICUET
3a cOOO HAXOXKJIEHNE BCEX KJIACCOB COOCTBEHHBIX CONPsi?KEHHBIX cedenuii Jyst GL(n), mo
KpalHeil Mepe, CTOUT Pa3MBbIIILJICHUA.

Mg yzke Hadam usydarh bopMaIbHbIE CBOCTBA OTHOIIEHNST MeK 1y ['r ¢ OJIHOIT CTOPOHBI,
a [au ¢ Ipyroii, a TakzKe OTHOIIEHME MKy I'PYIIoi [,y ¥ CONPSI?KEHHBIME KJIACCAMHU C
OJTHO¥I CTOPOHBI U OTHOIIEHWE MeXKty ['r U cBsi3HOCTaMu ¢ Japyroii. B wacraoctu, mpu m = 1
MBI TIOJTHOCTBIO OHUMAEM BCE COOTHOIIEHUS.

O1u HAGJIIOIEHU CBA3AHBI C JPYIUME BTOPOCTEINEHHBIME BOIIPOCAMU, KOTOPbIE, XOTs OHU
U CBsI3aHBI C 3aTPY/IHEHUSIMU 3HAKOMBIMU U3 001l Teopueii aBTOMOPMHBIX (HhopM, ObLIN
HEOKHIAHHBIMY B TellepHenHoi crarhe. [Tone dynkimii kpusoii M’ aBisiercs KBaJapaTuaHbIM
paciupenueM ero st kpusoit M. Takum o6pazom, L-rpymma rpymmnst GL(1) ays M’ sissiercst
pacmupenuem L-rpymmet piag M, a umenno GL(1, C) samensiercst Ha Zo X GL(1, C), moromy
910 yMecTHast rpymma Lanya Zs. D10 n3MeHeHue JT0/IZKHO OBITh BKJIIOYEHO B COOTBETCTBYOIIIE
muarpammbt [AB| 6.5] u [ABl 6.6]. Tounee, eciu Mbl paccMaTpuBaeM reOMETPUIECKYIO TEOPHIO
HaJ1 JBoHHbIM HastoxkenneM M’ — M, ro rpymma lanya Gal(M'/M) nomxkna ObITh BKIIIOUEHA
B rpymiy Lasya quarpavmer (6.6), koropast usmensiercst jiyist M’ ¢ mem, aro 71 (M) 3amensiercs
nam(M'),aJ —2€ZuoJ — 1€ Z, rak uro (J')> = J. Takum o6pasom, npe/icrapjieHue
7' rpynnsl I'g sBiasercs mambiv z — 2z, 2 € U(l) u maHHOM NpejCTaBIeHUEM TDYIIIbL
m1(M’). To ectb, COOTBETCTBYIOIINE MIPEJICTABICHNUS |y €CTh PACCIOEHHOE MTPOM3BEIEHOE
upezcrasirenns U(1) x m(M'). Ipyruvn cioBaMu, COOTBETCTBYIONIHE IpeacTaBieHns ['g
Tak 4To UX orpanudenue K Z nepesogur J' B —1, Ho J B 1. Takum obpasom, BraoueHne G B
TEOPHUIO HECKOJIBKO TOHKOE, IOTOMY YTO IIPH Mepexojie oT paccyoenuii Ha M’ u cBA3aHHON ¢
HUM CBsi3HOCTH ZHra-Mujiica, KOTOPBIA BBIIOJIHAETCS TPSIMBIM H300Pa30M, €CTh PACIIHPEHIe
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OJIHOMEDPHOI'O IIPe/ICTaB/IeHns IPynibl ['g K HH/IYIIIPOBAHHOMY JBYMEPHOMY IIPE/ICTABIEHUIO
['g. N

B kagecTBe BTOpOro Imara Mbl pasbsiCHsIEM HaJibIe IeIb PaccjioeHuss Ag B JaHHBIX 00-
CTOSITEJIbCTBAX, COOCTBEHHBIX CONpPszKeHHbIX cevennit i GL(2) mo smmnTuaeckoit KpuBoii.
Onn usyvamuce B §VI u nesmimucs Ha jnBa knacca: g A u Bug D. Te, Buj KOTOpbIX D yKe
OBLIN PACCMOTPEHBI, U UX OTHOIIEHUE K MPEJICTABICHUAM | 'y,¢ OBLIO BBISICHEHO, XOTS U HE K
npejicTaBIeHusaM Tpyimnbl Arbu-Borra. Mbl 3aHIMaeMcst ceifdac COOCTBEHHBIMU (DYHKITAAMEI
Brjia 2A. OHU UMEOT JII0OOIBITHOE, HO yMecTHOe cBOiicTBO. OHM MCYe3al0T HA MHOXKECTBE
Aodd, KAK YTBEPZKJIAIOCH B MIPEJIOKEHNN TTOCTIe YPABHEHUSI . Onu Takzxke paBubl () Ha
MHOXKecTBe . Takum oOpa30oM, OHM MOT'YT OBITH OJIHO3HAYHO BBIPArKEHbI KaK TEH30PHOE
[IpOU3BeJIeHNe CTeIeHN JIMHEeHHOro pacciaoennsa Ay u paccioenns: crernenn 0 wian 1. Takum
00pa3oM, 3T coOCTBeHHbIE (DYHKIUHU, TIOMUMO XapaKTepa IPYIIbl Z, olpejiesdeMble UX 3Ha-
yeHussMHu Ha pacciaoenusx B 2 crenenu 0 wian 1. ViMenno, Kazxkgoe paccioerne © pa3MepHOCTH
JIB& €CTh [IPOM3BEJIeHIe JIMHEHHOro paceioenus A u paccioenus O’ creneneit 0 i 1. Kaxkioe
cobeTBerHOE conpsizkeHHOoe cedenne f Tak, uro f(A-0) = x(A)f(O), rme x xapakTep TpyIIIb!
[Tukapa. B namHOM ciydae, qBOHCTBEHHOCTb HaBsi3aJsia cebsi, HO OHA TpeOyeT HEKOTOPOIo
00bsICHEHUSI.

Mpur obparumest k Teopun Aura-Muiica, mo3Bosis cebe HEKOTOPYIO N30BITOTHOCTh. JTa
Teopusi, KOTOpasi IMOKAa3bIBAETCA HA YPOBHE CBA3HOCTEN, TAKUM O0pPa30M, CBSI3aHHBIX MHO-
roobpasmuii, B IIPOTUBOIIOJIOKHOCTEL Teopun ['eKKe, KoTopas OIpeJie/IseTcsi OJIJHOBPEMEHHO B
KazKJI0il cTeleHn. DTU CBA3aHHbIE MHOTO0OPAa3Ust CBA3AaHBI JPYT € JPYTOM YMHOXKEHHEM C CTe-
[IEHBIO paccyioenns Ag, IO9TOMY KaKI0My IIPUCBABAETCS LEI0€e 9rcjio. To ecTh, OTaeIbHbIe
MHO2KECTBA OTOJIEK/IECTBJIEHBI JIPYT C JPYTIOM, HECKOJIBKO IIPOU3BOJILHBIM 00Pa30M, TaK UTO
yHKINS Wi CBI3HOCTH HA PACCIOCHUAX HYJIEBOW CTENEHU OIpejesisieT (PyHKIU, COOTBET-
CTBEHHO CBA3HOCTDH, Ha BcéM Bung. Takum obpazom, dyHKINA Ha OJHOM U3 MHOTOOOpa3Mii
MOXKeT OBITH ITPeodpaszoBaHa KO BCEM OCTAJTBHBIM, HCIIOJIb3Ys 9TO IeJI0e UNC/I0 U JTaHHBII
xapakTep Z, MepBblil yMHOKUTE/b B . Takum 0O6pa3oM, MBI IOHSITA TIEJTh paccoeHust Ag.
O 1tHaKO MBI He MIOHUMAaeM 9TOro B paMKax cBs3Hocteil dnra-Mmica. Ho ects TpymHOCTS!
Tenzopnoe npousseienne ¢ Ay He MeHsIeT JTeTePMUHAHT PaCCIOCHMs, OHO MeHSeT CTeIeHb.
OTa CTeleHb - pa3MepPHOCTh paccyioeHus . Tak, HalpuUMep, JJjIs PACCJIOCHUs Pa3sMEpPHOCTH
KOTOPBIX PaBHA JBYM 3TOT YMHOKHUTEb PaBeH AZ | 1 9T0 Jyig Hac BaxKHAs 3a/1a4a, CBA3HOCTH
YETHOM U HEYETHOW CTENEHU JIOJIKHBI PACCMATPUBATHCS OTIETBHO.

['pynna I'g cBsi3aHa HE TOJBKO CO BTOPBIM MHOXKHUTEIEM , HO U C TIPOU3BEJICHUEM.
ITepserit paxrop Z csazan ¢ muoxkuresem U(1) B [AB| (6.6)]. U3 [AB|, (6.6)] u nocseayrormero
00bsICHEHUST BUJIHO, ITO MbI MOYKEM M3MEHHUTH IPeJICTaBIeHne IPyIbl ['g CTENEeHbIO MpeI-
crasienust U(1) camo no cebe, npoussogs ero ¢ I'g — U(1) 1 9410 970 M3MEHHUT CTEleHb Ha
[IPOU3BEJICHNUE TOM CTENEeHN CO Pa3MEPHOCTEN UCXOIHOIO Ipe/ICTaB/IeHrs. BbIBO cOCTOUT B
TOM, YTO B HBIHEITHUX YCJIOBUAX HaM HYKHO PacCMATPUBATL TOJBKO JIBYMEPHbIE PACCIOCHUS
cremnieneit 0 u 1.

Cpasuenne cazuocteit Anra-Muica, ¢ cobcTBeHHBIME Kitaccamu ['eKke, ¢ mmpescTaBJie-
nusamu ['g u ¢ npeacrapienusmu [, gBasieTcs pa3doopumBbIM. [losTOMy MBI IIepecTaem
00BSICHSATD, ITO HEOOXOIMMO, U 3AlUCHIBATE TO, YTO MbI cesain. CooTBEeTCTBYIOIIEe CpaBHe-
HIe, cpaBHEHHe MHOXKecTBa {p ® o™ | n € Z}, rie o npencrasienne U(1) kak camoro cebst u
p npejcrasienne ['gr, moromy uro Bung wecssasuo u onpesenenne rpymnsl I'g B [AB| mpucro-
cobsieHo K cBs3aHHBIM KpuBbiM. HamomuanMm, aro B (1.d) nmeercs mogpasymeBaeMblii BEIOOD
Ag. Berauciienus, npuBojggiiye K , JIAIOT MTOHATD, YTO JIJIsI CPABHEHUA C IIPEJICTaB/ICHUSIMU
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[',ut TosbKO ['R-TIpEICTaBIEHMI, 71T KOTOPHIX ./, KOTOPBII MBI MOXKeM CYUTATh equHuIeil 1 B
R, numeer 06pa3 KOHEUHOTO TIOPSAIKA,

OpiHoMepHbIe TIpe/icTaBienns ['g, KOTOpble COOTBETCTBYIOT OJIHOMEDHBIM PAaCCIOEHUSM
obsizaresibHO TpuBnaabHbl Ha R w3 [AB 6.5] u yxe pacemorpenst. Tns uux J — 1. Hanomunw,
YTO MBI UMEEM JIeJIO C PsAJIOM IIpPEeJICTaBIeHuil, OECKOHEYHBIM B 000uX HalpaBjeHusx. s
[EHTPAIBLHOIO 3JIEMEHTa 9TOr0 Psijia, CBA3HOCTEN U HAIOrO BHIOOPA METPUKHU U CBA3HOCTH
(), cBsI3HOCTH MOCTOsiHHA. OcTalbHBIE PABHOMEPHO KajebaloTCsi M BCE IMEPHOINIECKUE C
[IEPUOIOM, pa3JessiomuM ouH. Her KoHeTHOMepHBIX IpejcTaBieHnit ['g, JjIs KOTOPBIX
obpas J upparmoHaJieH.

Tenepb ocTaércest OTKPBITUE OTHOIIEHUS COOCTBEHHBIX (PYyHKINI Buja 2, KOTOpbIE HE TaKKe
BH/Ia D, ¢ OJIHOI CTOPOHBI, K HE MPUBOJMMBIM JIBYMEPHBIM HEIMTPUBOIUMBIM ITPE/ICTABIEHIAM
rpynnst I'g win [y, ¢ apyroii croponbl. Emé pas ecTh ycjioBre panuoHaJIbLHOCTH, KOTOPOe
HaKJa/pIBaeTcd Ha nepsoe. Tpu MmHOKecTBa &, pa3IMIHbI, & UMEHHO TOBEJIEHNE KaKJIOT0
OIIPEJICJIEHO TI0 €I' OTHOIIEHUIO K TPEM xapakTepaM X;. OHU COOTBETCTBYIOT TPEM BO3MOYKHBIM
HEPA3BETBJIEHHBIM KBaJIPATUIHBIM PACIIUPEHUsIM WaIu TpéM nokpbitusym M’ kpusoit M.
PaccMOTpUM 0JIHO W3 HUX, CKazKeM To, (DyHJaMeHTaIbHad IPYyIIHa KOTOPOro HopoxKaeHa A2 u
B.

Mpur paccmarpuBaeMm KBajparudHoe mokpbitue M’ kpusoit M. Kakoro BiusiHre Takoro
U3MeHeHnst Ha npoussesenue rpymnsl Ateu-Borra Iy ¢ Gal(M'/M). 910 moctatodso sicHO.
I'pynna 71 (M') B [AB| 6.5] conepxaerca B w1 (M). Orciona caeayer, uro J' miss M’ To ectb
J' € I'y orobpaxaerca Kak 2J, To ecth J%, B ['r. D10 onpenenger orobpaxenue 3 I'g B 'R,
x € R nepexonur B 2z. OueBuano uro unjgekc obpaza ['g B 'r pasen aBym. D1o o3nadaer,
osrarogaps reopeme Arbu-Borra, uro ogHomepHoe paccioenue Slnra-Mmuuica qus M’ paér
nByMepHoe paccioenne fura-Musica jia M. ['eomerpudeckn, BTopoe IIpoOCTO MpsiMOii o0pas
[IEePBOr0, HO CTOUT, JIYUIlle YCBOUTH BCE 9TU MOHATHS W TOCTPOEHUST, KOTOPbIE MOT'YT OBITH JIJIs
quTaTeNs CTOJIBKO HE3HAKOMaMU Kak JJIsi MEeHsI, 1 POJIO/IKATh n3ydeHue onpejeneHnii. B
YACTHOCTH, ITOJIE3HO PA3AyMBIBATh O MPUPOJIE MPIMOTO N300payKeHNs B CBA3U C HACTOSIIIIMMA
Pa3MBIILJIEHUSIMU.

Hamomuum, 910 aBTOpP 3TO# CTATHU MMEET MOHATHE O TEOPUH aBTOMOPMHBIX (HOpPM HaJT
roJieM aJireOpamvdecKux duces u HaJ| rmojieM hyHKIn Ha ajaredbpandeckoit Kpusoit, Haj C,
HO U HAJT KOHEYHBIMU TIOJISIMU XOTsl MBI HE PACCMATPUBAEM UX B 9TOI cTaThe. PyKOBOSIIINM
HMPUHITUIIOM SIBJISIETCA TO, 9TO coOcTBeHHbIe (DyHKIMU [eKKe mapaMeTpusyoTces, BO3MOXKHO C
BTOPOCTEIIEHHBIMU U3MEHEHUAMU, TOMOMOP(PU3MAME MUIOTETHIECKON aBTOMOP(HON TPYyIIIThI
lanya B L-rpynmyto. Ctpoerne pyHKTOPHAILHO, HOITOMY ToMoMopdu3M oT rpymsl “Gy 1o
LGy nmpuBoImT K 0TOOparKeHnIo U3 COOCTBEHHDLIX CONPSAKEHHBIX cedennii Lexke rpymmnl G K
rTeM rpymibl G. C 9TUM CBA3aHBI MHOT'O BOIIPOCOB, B OCHOBHOM HepeIeHHbIX. B 9Toit crarhe
MBI FMeeM Jieto riaBHbM obpasom ¢ GL(1) u GL(2).

N3BuHenue. Ecth MHOrO npuduH Jijisi o0ObscHeHUs. BO3MOXKHO 9TO HEKOTOPBIE U3 HUX
SIBJISIIOTCSl TIOBTOPEHUEM JIPYTUX. DTO TakK. [[Jig MeHs 9TO mpoCcTo MOJATBEpK/ieHne (PYyHK-
TOPUAJILHBIX CBs3€il, B KOTOPOM TeOpHUs aBTOMOPQHBIX (DOPM, U MOITOMY JIPYIUe TEOPUH,

"2MbI MOZKEM OKHIATH, UTO IPOOIEMbI YCTAHOBICHNS (PyHKTOPUAIBLHOCTH B M€OMETPUICCKOM KOHTEKCTE
[TOXOXKHE Ha Te, KOTOPBINe 3/1eCh PACCMATPUBAIOTCS, TIOSBJISIOTCSA TaKXKe B apudMeTndeckoil reopuu. B aroit
TEOPUH OHU, HECOMHEHHO, Oy/IyT 60Jiee CJOKHBIMU, BKIIIOYAs OJHOBPEMEHHOE MCIOIH30BAHIE (DOPMYIIBI CJIe/Ia
7 pacuéToB, KOTOPBIE MOXOAAT Ha pacdéTol B Kuure Xacce, Klassenkorpertheorie, xorst ropasmo 60siee TpyIHBI.
Ectb Majio MareMaTnKoB ¢ My?KeCTBOM, 4TOOBI PACCMOTPETH ITH ITPOOJIEMBI, U sI HE CPeId HUX.
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noj1obubie Teopun Anra-Muiica, cBg3aHHbIE ¢ HEll, BJIOXKEHbI. ¢l TPOIIY NpoIeHns y durare-
JIsg 3a JIIOOYI0 U30BITOYHOCTD, KOTOPYIO OH CUUTAeT Ipe3MepHoii. l He MOTy OJHOBPEMEHHO
BoCIIpUHUMATDH Bee rocyeacTBus. ll

MprI mipejicTaBUIN BO3MOXKHBIN BBIOOD 3TOi aBToMopdHOit rpybl [amya 'y 10 anajgorun
¢ Teopueit moJieit KiaccoB. Ecyim 661 MBI UMeIN 71710 ¢ aBTOMOPGMHBIMEI (DOpMaMu HaJI TOJIEM
YUCEJT, IPEJIITOJI0KEHNE COCTOSIO ObI B TOM, YUTO 3Ta IPYIIA uMesa Obl Kak (pakTop rpyIiry
lanya paccmarpuBaeMoro 1oJis, emg TouHee, 00paTHYIO MpeIe/IbHYI0 TPYIIY Ipynibix Latya
€ro KOHeJIHBIX PaCIIUpeHnii. 37ech OHAa TOTHO OOpaTHas MpejebHas IPyIna rpynnsbl [aaya
HEPA3BEeTBJIEHHBIX KOHEUHBIX MOKpbITHi [amya kpuBoit M.

Hutst mosist ajirebpanmvecKux 4uces, OHa IIPeIIoJIOyKUTe IbHa, ellé OoJIbIlle, TaK UTO OHa
yaurbiBaia L-dyHKIun Beex (BO3MOXKHO, BCeX TUIaJIKUX) ajaredbpandeckux MHoroobpasuii. To
€CTh, 9Ta rpylina Oblia Obl BayKHON COCTaABHOI YacTbIO B CO3/aHUN Teopun L-DyHKIMH J11s
ajredpandecKux MHOrooOpa3uii Ha i IMCJIOBBIMU HOJIIMEA. Mbl IPEJIOKUIN BBIIIE IPYIILY
I"aut, KOTOpPast OymeT Urparh CXOAHYIO POJIb I moJei pyHKIuit Haa KpuBoit M, XOTst MbI
UCKJTIOYA/IN [T0Ka BO3MOXKHOCTb PA3BETBJICHUS.

Kak mbI y2xke ormeTnn, cBsa3HocTH SHra-Musiica siBISTFOTCS IIPU3HAKOM CBSI3HBIX MHOI'000-
pasuii, mo3TOMY JII060Ee CpaBHEHUE MPOUCXOIUT MEXKIy OECKOHETHON TOC/IeI0BATEIHHOCTHIO,
0T —00 JI0 00 CBSI3aHHBIX CBsA3HOCTEH 1 nipescraBienneM ['g. CBepx TOTO, €C/u MPeJICTABIEHNUS
KOHEIHOMEPHBI, TO 006pa3 J JoJizKeH ObITh KOHEYHOTO MopsijiKa. HakoHer, Mbl UMeeM JIeJIO C
[peICTaBIeHUsIMI, B KOTOPBIX 00pa3bl A u B UMeoT KOHEJHBI MopsiaoK. Ecau 910 npusHaHo,
CYIIIeCTBOBaHIE OMEKTUBHOTO COOTBETCTBUSA MEXKJy TAKUMU CeMefCcTBAMU IIPEeJICTABICHUS 1
npejicrapiaeHusaMu [N,y SCHO.

Eciin He OBITH OCTOPOXKHBIM, TO OOCTOATE/ILCTBO, UTO PaCCIOeHUs Buja 2 JIBYMEpPHBI,
XOTsI OHH CBsI3aHBI C IapaMeTPaMu, KOTOPbIE SIBJISIOTCS OJHOMEPHBIMHI, MOI'YT IIPUBECTH K
Iy TaHHUIIE.

YTo HYKHO OOBSICHUTH cefidac, MOCKOJIbKY B 9TOH CTAThe MBI PACCMATPUBAEM TOJIHKO
0coOeHHBIE KPUBBIE, 9TO OTHOIIEHIE NHIYKIIHHI OJTHOMEDHOT'O IIpe/ICTaBIeHns Py sl 'y K
JIBYMEpHOMY TIpejcTaBiennio I'r 1 K cobcTBeHHbIM cedennusM poaa 2A. Kpusas M’ asisiercst
OJTHOM M3 TPEX BO3MOXKHBIX SJIIUIITUIECKAX KPUBBIX, HOKPhIBaomux M Kak JBOHOE HAJIO-
xerre. YToObl OBITH KOHKPETHBIM, MbI CAUTAJIN, 9TO 9TO TOT, Ubs (PyHIaMEHTaJIbHAs TPYIIIa
nopoxkeHa A? u B. Tu Tpu KpUBbIE COOTBETCTBYIOT TPEM XapaKTepaM X; IpyIibl Picy (M)

BakHO OTMETHTD, emé pas, uto .J samensercd Ha J' = J?, o ectb J' = 2J = 2 B R.
Ocuosroe ornomenne ABA 'B~! = J wm sksuBasentno BAB 'A~! = J~'. Cnenosa-
teqbo ABA™! = JB u A"BA™" = J"B. ®ynnamenTtanbias rpyina m1(M'), ceazannas c
nokpsrtTreM M, nmeer unnekc nsa B m (M). Creposarensio [I'g : I'g] = 2.

Y10o0bI He TIyTaTh cebd U YuTaTEe/Id, I PACCMATPUBAIO COOCTBEHHBIE cedeHus ['eKKe TOJILKO
Ha CBA3HOI KoMIoHeHTe Bung, XOTd OHU HEe MOI'YT OBITH OIPE/IC/ICHBI HCKIIOUYUTE/THHO JIIs
9TOIl KOMIIOHEHTBI, & cBA3HOCTH flHra-Mmuica 6e3 Kakoii-1nbo SBHOM CCHLIKH Ha BO3MOXKHOCTD
TEH30pOTro Tpou3BejieHust ¢ mnpeacrasiennsMu rpytmbsl U(1). Heobxommvoe monoaauTebHOE
00CyzKIeHne JTOCTATOYHO ACHO. UTOOBI OBITH TOYHBIM, ecin npeactasienne R B ['g TpuBu-
aJIbHOE TIPEJICTaBJIeHue, Tor/a, Oiarogaps noaroropke B §VII| Mbl uMeeM j1eJ10 ¢ TpUBUAIBHOI
CBSI3HOCTBIO C TIOCTOSIHHBIMU MHTETpaJjiaMu, HO ecyin npejcrasienune R € ['g He TpuBmasibHO,
TO MBI HMeeM JIeJ10 ¢ crenenbio csssnoct ) [ABl crp. 560| nocrpoennoii uéTkum myTém B
I

CymiecTByeT Tpu Kjacca COOCTBEHHBIX CEYeHM, KayKIbIi 13 KOTOPBIX COOTBETCTBYET IT0/I-
rpymie nopsaka nsa u3 C/L wm pemérkoit L'/ L. Kpusas M’ onpejensgercs Kak HOKPHITHE
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M =C/L', L 2 L' 2 2L, kpusoit M = C/L, takum 06pa3oM, 94TO OHO TIOKPHITHE BTOPOIO
nopsiaka. [Ipsimoii obpas jmHeitHOro paccioenust Ha M’ Gyner Toraa paccjoeHrne pasMepHO-
cru jaBa Ha Kpusoit M. C apyroil ¢cropoHbl, JuHeldnble csasnoctu fAnra-Muica na M’ ¢
OJIHOZHAYMMHU MHTErpajJaMi IIapaMeTpU3yIoTcs, Kak Mbl 3HaeM, Kapakrepamu M’ HO Tenepb
MBI 3HaeM, Kak ¢ 3TuM obparnarbed. OIHAKO, TOJIBKO Te, KOTOPhIE He SIBJISIIOTCS XapaKTepaMu
M, nj1s KOTOPBIX YCJIOBUS TIEPUOUIHOCTH OoJiee TpebOBATE/IbHBI, YMECTHBI ceifdac. B camom
Jiejie, TOUHEe, OHU TApPaMeTPU3YIOTCs OJIHOMEPHBIMU TPEJCTABJICHUAMU TPyHnbl 'y win,
elre TOYHee, OJHOMEPHBIMIE TPEJICTaBIeHUAMEI, KOTOpble oTobpazkatoT (M) B KOHeuHOe
MHOKecTBO. HaMm Hy»KHO moKazaTh, 4To (pyHKIUN Ha 2, 3aHMMAaBIINE HAC, TTAPAMETPU3YIOTCS
Jlaxke 3aJIaHHBIMU HaAMU OJHOMEPHBIMU CBst3HOCTSIMU SHra-Musica wa M’ HO Tak:ke ux
HpAMBIMEU n300pazkenuamu Ha M, riae M’ npoitnoe nanoxkenue Kpupoi M m Bousee uérko,
aro M’ onpenensiercss L' B L, tne L/L' = Z/2Z uvo mbl obpabarsiBaem dyukimu va C/L,
kotopoe sBistercst dakropom C/L u koropoe mzomopduoe C/L'.

B §VI| mbr Buziesn, aro coberBenHbIe cevenns Buga A, KOTOPbIE He IPUHA/IEXKAT K BHJLY
D, nanbl xapakrepamu rpymnsl C/ L' koropsie He sipysitores dyukuusvu va C/L, L = L/2.

B koneunom nrore HeoOX0IMMO OY/IET YI€CTh BO3MOXKHOCTD TOI'O, UTO JIBa, PA3HBIX JTUHEIHBIX
pacC/IOeHNs UMEIOT OJIMH U TOT ¥Ke HIPsSMOil 00pa3, HO Ha JaHHBI MOMEHT MBI 3TO HE 3aMedaeM.

O6c¢crositebeTBa TakoBbl. CylecTByioT mapamerpsbl Ay M. OHu onpeesiior B IepByIo
ouepeJib JIMHeHbIe paccyioennst Ha M’ ¢ CBSSHOCTSIME & TaKKe OJHOMEpHBIE IIPeJICTaBICHUST
['g. CBaA3aHHDBIM € KaXKJILIM U3 JIMHEHHBIX PACCIOCHAN € CBA3HOCTDHIO SABJISIETCS €0 IPIMOe
n300paXkeHue, IByMepHOe BeKTOpHOe paccyioenne Ha M ¢ cBsa3HocThO. U HavabHasT CBIA3HOCTD
n e€ upsiMoit obpas sBisoTCA coeanHenusMu fura-Mmaaca. Kaxkapiit m3 HUX CBA3aH €
npeJicTaBIeHneM, ofanM rpynust I'g, apyrum rpynmst I'g . Ham myxHO n0Ka3ars, 410 1epsoe
MHJIyIIIPOBAHO U3 BTOPOI'O, TaK UTO HEOOXO/IMMast COBMECTUMOCTD sicHa. EcTh coBMecTnMOCTH,
KOTOPBIE MBI JIOJIZKHBI 9€TKO MOHUMAaTh. PopMasin3M MO3BOJIMI HaM IIPOBECTU ITPOBEPKY Ha
JINHEWHbIe paccjioeHus crerieHn () U Ha ONpeIe/IEHHBIN Kiacc npeacrasiennii ['g. OgHO ecTh
BaykKHOE OOCTOATEILCTBO, KOTOPOE MO3BOJISIET C/IEIATh CXOIHYIO PEIYyKITUIO I/l JIBYMEPHBIX
paccIoeHnit. 9TO TO, ITO COOTBETCTBYIONIHE cOOCTBeHHBIE (DyHKIMU paBHBI 0 Ha Aoqq, TAK
9TO Ha 9TOM MHOYKECTBEe COOCTBEHHBIE CeUeHUs | eKKe He OIpeJie/IeHbl. JTO 03HAYAET, ITO
OCMAaTPHUBAasi CONPSKEHHBIE CEIEeHUsT MbI MOXKEM, B3sIB TEH30PHBIE TPOU3BEJICHIS CO CTEIIEHSIMM
Ay, yMEeHBIINTH Hallle nccjeIoBanne 0 paccioenns cremnern 0, KaK MbI 9TO U ¢esiaeM. Hamia
03a00YEHHOCTD 110 TIOBOJLy COOCTBEHHBIX cedeHuii ['eKKe cBsa3aHa IJIaBHBIM 00pa3oM ¢ UX
orpaHUYeHHEeM Ha paccyioeHus crernenn (), a X 3HAYCHU Ha OCTAJbHBIX SBJISAIOTCSI TEH30PHBIM
[POU3BEJEHNEM C MOIIHOCTBIO Ag. DTO TakK »Ke XOPOIIOo, IIOTOMY YTO TEH30PHOE IIPOM3BEIeHIe
crerneHel paccioenns (), KOTOpoe, XOTsI MbI ¥ IIOCTPOMJIN €0 B IBHOM BU/IE JIJIS SJITUITUIECKIX
KPUBBIX, SIBJISETCS HECKOJbKO HESCHBIM IIPEJIMETOM, & HE JIEFKO BOCIIPUHUMAEMBIM. DTO
MBI cjiesiann B §V. BaKHBIM 1 MHTEPECHBIM SIBJISIETCS MPSIMON 00pa3 3TUX PaCCIOCHUN 1
WX OTHOIEHUs] K JIBYMEPHBIM MpejcTaBieHnsM rpymrnbl I'g win [y, s mepsoro sto
obbscusiercs B [AB]. st Broporo a0 siBsiercst ciectBrueM cooTHorerne Mexkay I'r u Doy,
a umenHo Mexiy I' u 'y, e I' moprpynmna I'r, koropas nokaxkercs B [AB| u B . Mpbr
obbsicansn Bhiie HazHadenune ['r kak pacmmperue I' B [AB|. Mbr seficTBUTEIEHO OTIOK I
€ro, XOTd U He IOJIHOCTBIO, IIyTEeM IIepexo/ia K PacCIOCHUSIM CTEIIeHN HYJIb.

"30koHYATENbHO GyIeT HEOOXOMIMO yIeCTh BO3MOKHOCTD TOTO, UTO BA PASHBIX JMHEHHDIX PACCIOCHMST
HMEIOT OJIMH M TOT YK€ NMpAMOil 00pa3, HO Ha JaHHBI MOMEHT MBI 3TO He 3aMedaeM. DTO MOHATHO, €CJI HEe MO
Kakoii-mu6o apyroit npuanae torga u3 [AB] Th. 6.7]
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[Ipexx e geM HAYATD, TO3BOJILTE MHE OODbICHUTD, KAK Pa3BUBAIOTCA OTpazkeHus. Mbl BBen
PaHbIIIE COOTBETCTBUE MEXKJLY OJHOMEPHBIMU IPEJICTABICHUAME ['g U 0JITHOMEPHBIME COOCTBEH-
HBIME CeUYeHUsIMU [eKKe. DT0 JOCTYIIHO JIJId BCeX SJIMITUYECKUX KPUBLIX, B YacTtHocTH M.
Ipymma 'y Broxkena B ['g Kak moarpyimna umjekca 2, TakuM obpasom, aro J' orobpazkaer
na 2.J. Nnzexc 2 sagaéres wepes [m (M) : m(M')] = 2.

[TapameTps! cobcTBeHHBIX cevenneil ['ekke Buja ©, KOTOpbIe He PABHLI cedeHUAM Tuia, 2,
CBH3aHbI C OJIHUM U3 TPpeX BO3MOXKHBIX TOKpbITuit M'. JInsg mannoro M’ mapamerpbl, KOTOpbIe
JTaHbI B | SIBJISIFOTCSI TEMU XapakTepaMu Tpymibl M’ KOTOpble He ABJISIOTCS XapaKTepaMu
M. CO6CTB€HHBI€ cevYeHUs ABJIAIOTCA MTOKA3aTeIN UHTErpasoB oT cBa3HocTel Aura-Musiica.

Kpome Toro napamerp, KoTopblii xapakrep M’ MOKHO coderaTh ¢ JIOOBIM XapaKTepoM
rpymibl R, koropsrit gsisiercss —1 wa J u 1 #a J', 9T00bI ONpEAEIUTH OJHOMEPHOE IIPEICTABIIE-
are ['g. D10 onpenesseT Mo MIIYKIME AByMeEpHOe IpejcTapienne I'g, KoTopoe 00sA3aTeIbHO
HEIPUBOIMMO, UHade obpas J obsa3aresibHO OyieT eanandHasd Marpuiia. C JIpyroit CTOPOHHI,
xapakrep M’ Takzke onpejesisier B onucanHoii Boiiie teopuu st GL(1) smHeitHoe pacciioenne
Ha M’ ¢ cBA3HOCTBIO, IPAMOIL 00pa3 KOTOPOTO sIBJISIETCs JIBYyMEPHBIM paccioerneM Ha M co
CBI3HOCTHIO. VIHTErpas 9Toil CBSI3HOCTE 3aTeM JAaéT KJIacC CONPSKEHHOCTH | eKKe.

Ocraercs BOIpoc 0 TOM, KaKoe IIpeJicTaB/IeHre min Kakoil xapakrep R B 'r MBI T0>KHBI
npussaTh. Jnarpammva [AB 6.6] samensercs na

1272 -5Tg =>UQ) xmM)—1, Z'=2Z, m(M)/m(M')="2,,

1 TIOCJIEJIOBATETHHOCTD
1—7Z,—-U(1)—-U1)—1
TouyHa. /IBe rpynmnbl BpaleHus OKPYKHOCTH, KOHETHO, N30MOPMHBI.

Kak s caurato, Mbl yke HaOJIIOJIAIN, OJITHOMEPHOE TIPEJICTAB/IEHUE, OT KOTOPBIX MbI MH/LyII¥-
pyeMm, He ABJAI0TCS TPUBHAJIBHBIMU Ha J, TaK YUTO CJeJyIolee IByMepHOe IIPeJICTaB/IeHNe
00s13aTeIbHO HEITPUBOAMMO. KaxK bl 13 5TUX XapaKTepoB OlpeIesgeT cBsi3HocTh Ha M’ Bujia
HAura-Musica. On mmeer crenens 0, u ero npsimoit odbpas Ha M Takxke OyJIeT UMeTh CTeleHb
0 u Bug HHP&—MHHHC&.@ Mpbr xoTuM yOeIUThCH, 9TO CBA3aHHbIE JIBYMEPHbBIC COCIUHEHUS
nMeroT BUJ, AHra-Mmnica m 9ToO MHTErprupOBaHHBIE SKCIOHEHTHI COeIMHEHUIN OIpeIe/ITioT
CBSI3aHHBIE COOCTBEHHBIE YACTU. DTO B HEKOTOPOM CMBIC/IE OYEBUIHO, HO CTOUT MOIBITATHCS
pazobpaTbcsd B IIyTaHUIIE OIPeIeIeHNI.

Jononauresabuue odue 3ameuanus. [ 'pymnna ['g modTu mpsiMoe mpounsBejieHne TpyIi-
uel R ¢ rpymmoit T' [ABl ctp. 559]. Ona paBHa 5TOMY IPOU3BEIEHHUIO PA3JCICHHOMY Ha
{n x J" | n e Z}. Umest 510 B Buy. a Takxke coorHorrerus (H5), s xoresa 6bI pacCMOTPETH
HEIPUBO/INMbIE KOHETHOMEPHBIE TpeicTaBieHns 'r. DT0, KOHETHO, TIPOCTO TEH30PHOE PO~
U3BeJIeHre HEIPUBOANMOIO TIpesicTaBiennst p(-) rpynmbl ', KoTopbie Mbl yzKe 0OCY KU, ¢
COBMECTHUMBIM XapakTepoM X rpymisl R, o ects p(J) 'x(1) pasuo equanne. Tak Kak Mbl
MOYKeM TIPOJIOJIZKUTh KazKJIbIii XapakTep rpymnbl Z 710 xapaktepa rpymnnbl R, u3 Toganoit

" Ceituac nam Hy2KHO obmiee 3amevanue. [Iycrs M KOHETHOE HAKDBITHE lanya xpusoit M. Mb1 MmoxKeM
criepBa BeIOpaTH Q u rorya g Kaxkmpoe M, M C M’ C M BBIOpATH

= &
oceGal(M/M')

Dro pasymeercs B cieyonieM obcyKaennn, B koropoM M = C/2L. Boupoc BO3HUKAET €CJIH ITO COBMECTHO
¢ Hammmu Boibopamu. Cum. [WW].
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nocsenosaresbaoctu [ABl 6.6] cieyer, aTo Kaxk0e HEIPUBOANMOE MPEJICTABICHIE IPYII-
bl ['r dBJIIeTCA TpOM3BeJIEHNEM TIPEJICTaBIeHNs p IPynnbl R u npencraBienust rpymnmb
U(1) x m(M). Mbl yzKe yOpaBHJIUCh C STHUM BTOPBIM COMHOXKUTEJIEM BBIIIIE, CKOPee, ¢ ero
[EPBBIM COMHOXKUTEJIEM. DTO O3HAYAET, YTO MbI JIOJIZKHBI PACCMATPUBATEH TOJIHKO HEITPUBOIH-
Mble nipejicrasiienust m1(M ), HO 9TO MbI ClIeIaan B . CoMHOXKUTEIN (v U 3 UMEIOT MAJIO
CTPOUTEILHOE 3HAYUEHUE.

Ecsm MbI ipesmosiozkuM, 9To, Kak Obl TO HE 6bL10, mpejcTasienue rpynnsl R B U(1)
IPOCTO & — eXP(27iza) U ecIu MbI IIPEIOIOKIM, OMSATh JKe, KAK Mbl MOKEM, UTO ¢ SIBJISIETCSI
paIMoHATIBHBIM, TOTJa MbI MOYKEM 3amucaTh ero Kak a = b+ ¢/d, tae b, ¢, d nemnbie qucia u
0<c¢/d<1lwuc>0ud>0s3anmuo npocteie. To, 94TO s XOUy CJ€IaTh, 3T0 YCTAHOBUTD, YUTO
cobcTBeHHbIe cevenns Tuia 2 nogpsstommecs B §VII| MOryT GbITh OCYIIECTBIECHBI KaK IIPSIMble
00pa3el mHTErpasioB ceasnoctu Anra-Muuica na KBaaparuanbix HokpeiTugax M. Kak Tosibko
KTO-TO OCO3HAET 3Ty BO3MOXKHOCTH, BOBHHKAET CODJIA3H M3YyUYHTh €€ B Oojiee OOIUX paMKax, B
YACTHOCTH, C TIOKPBITUSIME 00Jiee BbICOKON cTerenu. OJIHAKO 9TO ¢pa3y OTKPBHIBAET CJIUIIKOM
MHOT'O BO3MOXKHOCTEH. 41 BIIOJTHE JIOBOJIEH TE€M, UTO s OCTABJIIO 9TU UCC/ICIOBAHUS JIPYTHUM.

MBI J0JIKHBI, OJJHAKO, CHAYAJIa MOHSTh, odeMy Arbs-Bort BBesm mosie R u I'g 8 [AB] 6.4].
HcHo, gTo B HAIUX yCJIOBI/Ia)ﬂ 9TO MPOCTO PA3PEIINTH CJIOKEHNE K CBI3HOCTHU TIPOU3BOJILHOTO
MuEIMOTO WwieHa i), § € R. g nammx 1eseit yao0HO OrpaHUaImBATHCS PAITMOHATIBHBIMI
MHOYKUTEJISIMH, TIOTOMY YTO MBI XOTUM BBecTH Iepuojnieckue ceasHoctu. Torma R — 'y B
[AB, 6.5] samensierca ¢ Q — I'q, To ects obpas J B Q.

Tounee, ecyi paccMaTPUBAIOTCH TOJIHKO HEIIPUBO/IMMbIE KOHETHOMEPHBIE IIPEJICTABIEHUS
m1 (M), To cormacuo (B5|) cymecTBytor Tpu napamerpa: a,b u obpas J, Koropslil 0bsg3aTEIHHO
SIBJISIETCS KOPHEM U3 €JIMHUIBI. BoJjiee TOro, jijis HAIMX Tejieil a u b sBISIOTCS KOPHIMU
enuHCTBa. VIMenHo 10 oTitmaaet I'g or ['r. O6pas J Takzke 00g43aTeIbHO ABJIACTCS KOPHEM 13
eJIMHUIIBI, €CJIU TIPEJICTAB/IEHNEe KOHETHOMEPHO. DTO O3HAYAET, UTO MPEJICTaB/ICHIE TOCTPOEHO
B ByX dacrax. CHauasna xapakrtep rpymnnbl R Buga @ — exp(iax)exp(ibz) ¢ a € Q, u
0<a<1,acb e Znenoe uncio. Cuavasna u a+ b aByseTcs MpOU3BOILHBIM JIEHICTBUTEIbHBIM
YHICJIOM HO JIJId HAIIKUX Ieseit aydme uto a + b € Q. Takum obpasom, ['q aBigercsa odparnoil
[peJIeJIbHOI rpyIibl. Bropoit u3 s1ux xapakrepos rpymnsl R, © — exp(ibx), MOXKHO MOJIy4uTh
komnosurmeit 'q — U(1) (um 'g — U(1)) ¢ cremneHbio eIMHCTBEHHOTO IPEICTaBICHHS
U(1). O9ro upencrasienus: I'g min, ckopee, I'q, 0oOpaTHbIil IIpeesl KOHEUHBIX IIOAIPYIII
B U(1), a ckopee npejcrasienus obparnoro upegena U(1) B ['q, KoTopslil npeacrasisger
coboit rpymry. OHI JOJIKHBI OBITH JIOTIOJTHEHBI COBMECTHMBIM IIpejicTaBierneM (M), Takum
06pa3oM, COBMECTUMBIM ¢ u300pazkenueM J, Kak B (D5)) u cjie10BaTeIbHO KOHEUHOTO MOPsijIKa.

Cuieyromuii mar OyeT Ka3aThCsl CHaYaJa HEyMeCTHBIM. e Mbl mMeeM Toapernérky L'
3a/aHHOI peméTKku L B IJIOCKOCTH M BTOPOI'O paHra, TO MbI MOXKeM BbIOpaTh Oa3uc L Takoii,
9TO OTHOCHUTEJNLHO 3T0ro Oasuca L' = {abc,bd} ¢,d € Z npoussonbhbl, a,b € Z, a,b > 0.
st macrosimux teneit, a mvenno jyist rpynnbl GL(2), a 6yaer pasuo 2 u b pasuo 1. s
JPYrux rpymm oygaer 60sbiine KOOPAUHAT U OOJIbIIe BO3MOXKHOCTeM. JI1d HAIuX 1eseit Mbl
MOZKeM IIPEJIIOJIOKUTD, uTo b = 1. B Hacrosiee BpeMs: paccMaTpuBaiOTCs JIBE JLIUIITHICCKIE
KpuBbIe, KpuBasi M, ¢ KOTOpOi Mbl HAYaJ IH, U €€ penéTky L u nogpeméTky L', Takum obpasom,
nokpbiTe M’ KoTopoe, B CBOIO O4Yepe/ib, MOKPBIBAETCsSI KPUBOIi olpe/ieien ol 2L, KoTopast
cama M. Ectb Tpu Takux nokpbitug M, nogpasymesnie B VI

™To ecTh, npencrasienne 'r — G onpeneseHo JaHHbIM npencrasiedneM I'g — m (M) u m (M) —» G
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OOBSICHUB 5TO, MBI BEPHEMCS K aHAIU3Y PEJIBLIYIIErO naparpa(bam [Ipex e Bcero, orpa-
HUYeHHe HEeIPUBOIUMOTO IPEJICTABIeHNs Ha Z, MOATPYIIa, MOPOXKIEHHAs 3JIeMEHTOM .J,
3a/1a6Tcsd KOpHeM u3 enuHuilbl exp(2mia/k), rae 6o a = 0 u k He uMeeT 3HAYEHUS UK
k>0u0<a< k,onmu(a k) = 1. Torma npencrasierne na R 3amaerca dpopmyiioit
T — exp(27rz'(a/k; + l))a:, re [ menoe uynciao u 0 < a < k . 3areMm [ onpejesnsieT XxapakTep
rpynnel R/Z, Takum 06pa3oM, 9T0 OHO IeI0€ YUCJIO, B 9TO TEJI0e YUCIIO OMPEIEIsieT CHAYATIO
upejicrasienne U(1) = R/Z koropoe, kak sBujno u3 [AB| 6.6], B cBoio o4epein onpeessier
npezacrasierre R. Pasania Mexky 9TuM mpejcrapjenneM rpyminbl R v HCXOMHBIM IpeIcTaB-
JIEHHEM TIpeJIcTaB/isieT coboii npecrasienue R, 3amannoe apobbio a/k, KOTopoe camo 3a1aH0
ero 3uadenneM B J = 1 € R, KOTOpoe KOpeHb U3 eMHUIBI. 3aMeThTe UTO K JIJINHA [TOJTHOTO
[IePUo/Ia U @ IUCJIO BOJIHBI B IIEPUO/IE.

Ml y2Ke 3aMeTHIIN YTO TEH30PHOE IPO3Be/ieHue ¢ Tpecrasiennem rpymmbl U(1) usmenser
MOPSIJIOK Ha, 1e10e 9ucio. Takum obpa3oMm, Mbl MOXKeM Ipe/irnoJaratb, 94ro [ = 0. Mrak
paccMaTpUBAIOTCA YeThIpe 9ncia, a, k u aBa ducia o« u 3 B , KOTOPBIE OY/IyT KOPHAMU U3
eJIMHUIBI, ecu Ml uccseayeM I'q. Bosee Toro, npeayerom Halero paccMOTPEHHS B 3TOM
paboTe Terneph sIBISIOTC TOJILKO HelpuBojuMble pacciaoenus st GL(2), Tak ato coryiacuo
3aMeYaHUIO, CJIEIYIONEMY a =1, k= 2. 9ror ciydaii, 6e3 coMHeHUs1, TUI4IeH. Ham
nana Kpusasg M u aBykKparHoe HOKpbITre M. DTO HOKPLITHE IIOAPA3YyMEBAEMO OOCYKIACTCs
BeIIe. Bostee Toro, MbI TakKe oOHAPYKUIN paHee, ciaeays onpegenernsam [AB|, aro nanmbie,
UMeIOIuecs 10, PYKOIl, OIPeJIe/IsIIoT OJHOMEPHOe IpeJicTaBienne rpynnsl ['q. 9Tu 1aHHbIE
omrOoMepHOoe Tpescrasienne U(1), Takum oOpasoM, Iejioe 9mucjio, BMECTe ¢ XapaKTepOM
KOHEYHOI'O TTOPsiJIKa TPYIIIIbI %ﬂn Z/nZ. n, nakoner, obpasbl, TaK:Ke KOHEIHBIX MOPSJIOK,
obpasytomux A’ B’ B m(M'), BEIOpaHHBIN JIJIsI COBMECTHUMOCTH ¢ IpejcraBiennem M’ kak
gactnoe C na pemérke L'. DToT Xapakrep aa

xr — exp(2miax), x € Z/KZ,

U COBMECTHMBIM 06pa30M Ha BCeX 6oJiee BHICOKHX YPOBHAX 0OPATHOIO IPEJIea.

[Ipezkie qeM IPOJOIKUTE, s HAOJIIOIAI0 TO, UTO, XOTs OYEBU/IHO, BOZMOXKHO, OBLIO YILy-
meno. OrpaHndenne HEIPUBOAUMOIO JIBYMepHOro mpencrasienus I'g mwin ' k moarpymme
nopoxaenHoit m (M) Buia . Kpowme Toro, J = —I. tak, eIMHCTBEHHBIII CBOOOTHBIMI
napamverp x : R = R, x(J) = 1.

41 mpejicTaBIsIO0 9TO MOCTPOEHIE HECKOJIBKO HHAYe, TaK 9TO OHO sicHO. [lepBbIM 1marom B
HOCTPOEHUH OTHOMEPHOTO IIpejicTaBienus st 'y, Ho Takke n st 'y, sABjIsieTcst mocTpoeHne
npegcrasierns U(1) x m1(U), a 3areM cOBMECTUMOTrO MPeICTABIEHHUST rpynnbﬁ lim Z /nZ.

Ceiiaac HyKHO OBIACHUTEH OoTHOIIeHHe Mexkjay ' m I'g mam Tto 4To Mexmy Fb u I'q.
Bo3MOKHO 9uTaTENIO0 UTO 9TO yKe sicHo. JocTarodHO O0OBSCHUTH 3TO JjId BTOPOil IIa-
pel. EquncrBennas pasnocts, Kpome mepasenctsa w1 (M') C m (M), oraomenune J' = 2.J.
Kpome toro [I'g : I'y] = 2, HO 510 MOTOMY uTO M’ nBykparnoe mokpeitue M, TO ecTb
[m1(M) : w1 (M')] = 2. Mbl 3HAEM KakK IPOXOAUTH U3 OJHOMEpHOIl cBsisHoCTH S1Hra-Muuica

"6B03MOKHO UTO 9TH HO-BUILMMOMY MEJKHE CIIOKHOCTH, CAMasl CyTh HeabeJeBOil TeopuH MoJIel KJIACCOB
Iy o byHKIumi ajsrebpandeckoii KpuBoil onpemenennoit nagn C. Urtak sydimne He raHymarbea nvu. K
COYKAJIEHUIO, MIOCTPOEHNE, KaK MOE 00bsICHEHNE, HEYKJIY?KO U TOXKe MOoBTopstiornieecs. Moé moHnMaHue MmoJIHoO,
HO eIé HeCKOJILKO Heolpeeaéno. 91 emé He Mory obobsicHUTD ero juHeitHo! Hanmdane TOUHBIX 3j1eMeHTapHbBIX
BBIUUCJIEHNUI, 110 CBOEMY CXOJICTBY C KJraccuueckoit Teopueit or Iaycca mo Xacce, 06Ha16KUBaET.

771\/[131, K COXKAJIEHUIO, [IEPECTAJH ObITh HOCJIeJI0BaTeJbHBIMU B HAIIUX 0bo3HaveHusax. Koopaunars! (z,y)
371ECH MOSIBJISIIOTCS B u B pyrux Mecrax Kak (a,b). Ilosnast mocieoBaTeIbHOCTb HE B MOUX CUJIaX.

"8E ¢/ auTaTe b HEMHOTO CMYIIEH PA3JIHIHBIME IIPEIEIAMH, TAK Ke KAK H 5.



7

Ha M’ apyroit Ha M. D10 npsiMoii 06pas 0T OJHOMEPHOI'O PACCIOEHHUS K JBYMEPHOMY PaCCIO-
ennio. KakoBa ¢BsA3b MEXKJIy COOTBETCTBYIOIUME TpylaMu fAnra-Mujiica u cBa3aHHBIMEI
npejictaBiaeHusiMu? EcrecTBeHHOE TIPEJIITOI0XKEHIEe COCTOUT B TOM, 9TO OJHO WHIYIUPYETCS
U3 JIPyroro.

Pacemorpnm cHaugasa BIOKeHHe 1epBoro Bo Bropoe. st upoctoTsl - Biaoxkenue [’y C ['g.
D10 46TKO onpeesiercs BiroxkenusMu aJ’ — 2aJ, a € Rum (M) C m(M). Takum obpaszom,
KazKJI0e OJIHOMEPHOE IpeJICTaB/IeHne rpynibl 'y onpe/esser nByMepHOe IIpejcTaBIeHue
rpyunbl ['g, 00s13aTeIbHO HEIPUBOAUMBIM, IIOCKOJILKY obpas J' pasen 1, u obpas J pasen
—1. D710 ycyioBHEe Ha OrpaHWMYeHUN IepBoro mpescrapierus Ha R. OHO 1aérT B JIaHHBIX
06CTOATEICTBAX & — eXp(7Tma), m HeYETHO. 3HAYEHHUe STOrO YCJIOBUsI CTAHET OYEeBUHBIM
mozxke. ¢l MoaIepKuBa0, 9To MbI 00CY2KIaeM 3/eCh KJII0T 9TOi craTbu!

[Tocyiegauic Bonpoc, MmpeBapuTeIbHBIN JIJId HAC, 3aKII09A€TCI B TOM, ABJISETCS JIK 9TO
WHIYIIUPOBAHHOE IIPEJICTAaBICHHE, IIPEICTABICHUEM CBSI3aHHBIM C IPIMBIM 00pa3oM. Mbl
MOYKEM TaK:Ke IPEJIIOJIOKATh B HACTOAIIEM OOCY?KICHUU, TaK KaK 9TO YCJI0BUE, NMEIOIIee
JUIs HAC 3HAYEHHE, YTO YCJOBHE B MIOCJIE/IHEM IIPE/IJIOKEHUN TIPEJILIIYIIEro ab3aria BITOTHEHO.
To ectb m HeuérrHO. C OIHON CTOPOHBI, 3TO BUJIHO U3 HAUATBHBIX onpeeenuii a [ABL crp. 560],
¢ JIPyTOil CTOPOHBI, 3TO ONPeJIe/IeHre JI0BOJILHO KOpoTKoe. Tem He Menee, si Toxke Oy1y KpaToK.
D10 HE MECTO JIsl IMMUPOKOTO 0OCYKIeHNsI UX mocTpoenns. B gacraocru, daxkrop U(1) He
UTPaAET POJIU B HBIHEITHUX yCJIOBI/IHXﬂ TaK 4TO pedb UJIET O CPABHEHUH JBYX PaCCIOCHUI,
oxuo Hag M, apyroe Haz M', KarKiioe OIpeIeIeHO TeM ¥Ke PACCJIOEHUEM HaJl YHUBEPCAIbHBIM
nakpbiTuem M. CiieoBaTe/lbHO HaIlle YTBEP:KJIEHHE -TaBTOJIOIUS.

Beé, uro ocraercst cefidac - CpaBHUTH 9TH BbIBOJBI ¢ 3akiaodenusmu VI Do Tema
CJIEJTYIOIIETO Pa3ea.

[Ipexxie Bcero Mbl JIOJKHBL YETKO TIOHUMATH COOTHOIEHHE Mexky guarpammoii [ABL 6.5]
U COOTBETCTBYIOMEN quarpamMmvoit gyt M'. Bropas Bioxkena B nepByio ¢ Z' = 27, tak 9t10
U’(1) asoitroe nokpsitre rpyunst U(1). I'pynma w1 (M') Broxkena nubektusno By (M).

C yzxe BpiOpanHOM pacciioenneM Aj rpymma M’ 0TOKIeCTBIISETCA ¢ KOMIIOHEHTO! CBSI3HOCTI
ero rpynibl [Iukapa Picy, a xapakTepbl 3TOil I'pyIIIbl HapaMeTPU3YIOT, KaK Mbl BUJIC/IH,
coberBennble cedenns [ekke rpymibl GL(1) ¢ TOYHOCTBIO JIO JIONOJTHATETHLHONO MHOYKHUTEIS,
CBSI3aAHHOTO € JonoyiHuTeIbHbIM MHOXKUTEEM B ((1.d)). TlocemHee MOKHO CMEIO IPOITYCTUTS.
DTH XapaKTephbl TaK:Ke, KaK Mbl BUIEIH, JaHbl CBI3HOCTAME fHra-Mmuica, n3 KOTOPBIX MbI
MOZKeM B34Tb HpsiMOit 00pa3 Ha M. D1u npsiMbie 00pa3bl ABJISIOTCS JBYMEPHBIMU CBAZHOCTSIMHU.
OHU B 3HAYUTEJIBHOlT CTEIeHH COOTBETCTBYIOT ompesiesienusiv B [AB| k mpeicraBiennio rpy e
'k, HHIYIIPOBAHHOMY II0 OTHOILIEHHIO K ['R. DTO, Ha MOl B3IUIs1, HOPA3UTE/IbHbII BBIBOJI.

BosmozknocTs 00111t Teopun pejIcTaB/IsgeTCs, HO MbI He TIpeciejiyeM e€ 371ecb. EcTh 94To-To
elé, paBHBIM 00pa30M IIOpa3uTeIbHOE, 110 KpaiiHell Mepe JJjIisd TeX, KTO 3HaKOM ¢ paboToit
Xapunr-Yanapel. Kpusast M umeer Tpu HepasBeTBjIeHHBIX HaKpbITus M. Mbl 06HApy KN
gerbipe Kiaacca GL(2)-paccioennit Ha M, onuH KJ1acC CBA3aHHBINA ¢ PA3JIOKUMBIME PACCIIOE-
HUSIMU, U KaXKJbIil U3 TPEX JPYTUX CBI3aHHBIN ¢ OJHUM U3 HEPA3BETBJICHHBIX KBAJIPATUIHBIX
pacmupenuii mosst ¢pyuknuit Ha M. CXOJICTBO €O CHEKTPAJIBHON Teopueil MOIyIIPOCTHIX IPYIIIT
HaJI, TT0JIEM JeHCTBUTEIBLHBIX YHCeI, JlazKe Tpu OoJjiee OOIIMX yCJIOBUAX, OUYEBHUIHO, HO MHOTOE
[IPEJICTOUT CJIe/IaTh.

BamMeuanne B CTOPOHY. 3a CYET M3OLITOYHOCTH, HO JJI ICHOCTH I CHOBA BO3BPAIIAIOCH
K [AB| 6.1]. Beipaxkenue xF(A) siBisiercst mpocTo BeleCTBEHHO3HAYHOW (DYHKITHEH, a He

¥ mecrroe p: T'r — G Ha crp. 560 TpuBHAIBHO Ha u(1).
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cedeHneM HEeKOTOPOTro DoJiee CJIOXKHOIO PaccjioeHus, a d 4 IPOCTO OOBIYHBIM TuddepeHIInaIoMm
s10ii dbyrkimu. Bosee Toro, st paccioerust () Mbl BeiGpasu F(A) u xF(A) nocrosHHbIMHE,
ecmun A siBisiercst () wn crenenbio (). Kak ciieficTBue, CBA3HOCTH, BBEIEHHBIE TOCTPOSHIEM
npeecTByomuM onpeenenuio p B [ABl ctp. 560], aBiagiores mWIockuME, B CHILHOM CMBICIIE,
Tak 9TO OHM 3aJaI0TCsl OOBITHBIME [IPOU3BOAHBIMEU HA M, B 9TOM ciiydae (1, y)-IJIOCKOCTD.
DTO TPOSIBISIETCS B . 3amMedy 371eCh, IIOTOMY YTO HEOOXOJIUMO IOSICHUTH, UTO, XOTS
9TU CBA3HOCTU OYCHL IIPOCTLI, OHU COJEp2KaT IBa CBO60,Z[‘HbIX rZ[‘(BI';‘ICTBI/ITeJIbeIX ITapaMeTpa,
CKOPOCTU B JIByX He3aBUCUMbBIX Hampabyenusx. C orpanundenuem k,l B Z, a ve k,l B R,
MbI IMOKHIIaeM 00JIaCTh CBSI3HOCTEH U IIePeXOoJ M K COOCTBEHHBIM 3HAYEHUsIM OIIePATOPOB
lexke, koropsie st GL(1) 3agatoresa dyukuuamu co 3naderusmu B U(1), a He dyHKIusMy,
3HAYEHUsI KOTOPBIX ABJISIIOTCS KJlaccaMu conpsizkeHHocTr. Mbl BepHéMcs K 3Tomy. H

HeoxxknpanHoe ciesictBue koropoe OyieT ucipajieHo Huxke. Kaxkercs 4Tto BBejieHue
dbyukIwn $(+) sBjIsIeTCs MEHTPAJIBHBIM OTKPBITHEM STOI CTAThH, 10 KpaiiHeil Mepe, Jjis MeHs,
[IOTOMY YTO C HUM OTBJIEUEHHOE MOHSATHE CJIEJIAJIOCh JIOCTYIIHBIM. B mepByto odepess 310
[IPUBEJIO K OIIPeIeIeHUIM a 3areM K (36.i), koTopoe, B CBOIO Ovepejib, TPUBEIO K
HOCTOSTHHON KpuBu3He ypasHenus (47). Ectb emé ojiHo npusiTHOE CJIeJICTBHE. DTO CBA3AHO C
npuposioii Kpusushel B dopmyiie (47) u eé coorHommernem ¢ Boibop Ag u Ag. 9 yTBepxkaro,
4qT0 3aMena Ay Ha Aj IPUBOAXT K IIOCTOSHHON (110 OTHOIIECHHIO K IIJIOCKHM KOOD/IMHATAM )
U3MEHEHUIO B CBS3HOCTH U, CJICJIOBATEIbHO, HET U3MeHeHus KpuBu3Hbl. OHa 0CTaéTCs MOCTO-
sSHHO#. BoJiee Toro, m3mMenenune camMoii CBA3HOCTH O4YeHb pocTo. /lobaBiisieTcs MOCTOAHHbIIH
wien.

Erie MHOrOE 1IPEICTOUT CJ1eIaTh, HO JIydIlle OCTAHOBUTLCS U PACCMOTPETD HAIIIe MOJIOXKEHHE.
B cymrocTn, Korjia Mbl, HakoHeI, obparunck K gokazarenbery [ABL Th. 6.7], 6osnbmast gacrs
[PUTOTOBJIEHNI OKa3aach uajmiHeit. OHaKo, 1o KpaiiHeit Mepe JIJisi MeHsl, 9TO ObLIO OY€Hb
mosie3H0. [loka MBI mMeeM MOJTHOe TIPeICTAB/IEHNe O CTPOSHNN JIMHEHHBIX paccyioenuit SHra-
Muica, 1 MBI HAXOINMCS ceiiuac Ha TPaHNW MOHUMAHUs CTpOeHus paccaoenuit fura-Mmuiica
pasmepHoCcTH JiBa. KOHEYHO 9TO CIPaBEIMBO TOJIHKO JIJIA SJUIMIITUICCKIX KPUBbIX. OHE
SBJIIOTCA TPSAMBIMEI 00pa3aMu JTMHEHHBIX PACCIOEHHIT Ha OHOM M3 TPEX BO3SMOXKHBIX JTBOHBIX
nokpeituit M. Ilepexon or M u npeacrasienus I'g K mokpoituio M’ u npeiacrasienuio p’
ero dyngamenTanbioil rpymmst I'g C I'g.

Co cBoeit CTOPOHBI, JlayKe €CJIU He CO CTOPOHBI YUTATE s, UMEETCS HeKasd HeOPe:KHOCTh
[IOHUMAaHUsI, KOTOpasl JI0JIKHa ObITh ucipasjieHa. [Ipu obcyxaenun ciaenacrsuit (36.i) Mbr
BBEJII CBA3HOCTD Ha paccioennn AgAj ', n KpuBu3Ha TOf cBaA3HOCTH paBHa Hye. [I0CKOILKY
MeTpuka Ha M wim na C gBisieTcs UHBAPUAHTHOW OTHOCUTEIHLHO MEPEHOCOB 9Ta CBA3HOCTD
(ckopee 3TU CBSI3HOCTH) - CBsi3HOCTH SHra-Muuic.

OHu He SBISIOTCS CBA3HOCTIMU, BXOJANIIMUI B . OTH MPOCTO TOCTOSHHBIE CBA3U HA
TpuBHagbHOM paccioennn. Ouu npuseensl B [ABl (6.12)] ¢ H u  TpuBuajbHbIME, eCIIH
samennts U(1) x 71(M) na R*. Ecrm G = GL(1), S = {1}. D10 npaBuibHoe yTBep:KieHue.
Kazasoce 6b1, ecthb gapyrast HeOoJibinas u HeocTopoxKkuas omubdka. Cioo «flats e oznagaer
YETKO ONPEJIEJIEHHOIO, OHO O3HAYAET YETKO OIPE/ICJICHHOE HAa YHUBEPCAJIHLHOM ITOKPBITUU.
Yurare/b ¢ OrpaHUYEHHBIM 3HAKOMCTBOM € JinddepeHIuaibHoil reoMeTpueil, JT0/KeH 3HATh,
9TO IJIOCKAS CBA3HOCTD, SIBJISIETCS TEM, 9TO €€ MHTerpaJl onpeesser (pyHKIUO, JIOKAJIHHO
OJIHO3HAYHYO, HO IJI00AJIbHO, BO3MOXKHO, MHOTO3HaUHY0. OHA TOMOJOTMIECKH OTINIAETCS
CMeIeHreM MeXK/ Ty TeTeslb. TakuM 00pa3oM, JIJIsl SJIHIITIHIEeCKON KPUBOI €10 MOXKHO CUATATh
quHeiHbiM. EcTh dro-1o emg, yrobbl nMers B Buy, jase rpymnsl R u U(1) X Z ovenb 6Ju3KH.
[Tpomry mpormenust 3a CTOJBKO CHOCOK U OTCTYILIEHUIT, HO MBI PaOOTaeM B CJIOKHOM KOHTEKCTE.

=)
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ITosie3nbie HO aUITHUE OObsCHEHUS. B 3T0il ONBITKE OOHAPYKUTH WK HAYATH CO3/IAHIE
TeopuH (PYHKTOPUAJIBHOCTU B PaMKe IIPOCTEHINEro cydast, HO MOYTH He IMMOHUMAas COOTBET-
CTBYIOIIUX HJIEH, s1 0DOIIE/T Te ¥Ke caMble TIOHATHUS, ITPOKJIa/IbiBas cebe IMyTh depe3 MOHATHUSI,
KOTOpPBIE, XOTd B 3HAUYUTE/ILHON CTEIIeHU He OTHOCUJINCH K JIe/Ty, ObLIN B KOHEYHOM CUETE
HMCTOYHUKOM pelneHns. ¥ MpUIoKua Bce yCuausi, 9T00bl OTOPOCUTD JIOXKHBIE MJIM HEHYKHbIE
UJIEU U COXPAHUTH TOJBKO COOTBETCTBYIOIIHNE, HO 9TO OKA3aJ0Ch HEBO3MOXKHBIM MTOTOMY, YITO
OHM OBLIN HEPa3PBIBHO CB3aHBI B MOEM yMe ¢ perteHueM. OTHAKO CJIEIYIOIINE CTPOKU SIBHO
He HYKHBI. ¢l cOXpaHu/1 uX 9T00BI MOTIEPKHYTH, 9TO BCS CTAThs HYZK/IA€TCS B IEPECMOTPE, HO
JIydIlie BCEro TMOJIOXKIATh, ITOKa He OyJieT co3jaHa obias Teopud. 10, 9TO OKOHIATEIHLHO I10-
paXkaeT B pEIeHHH, 9TO COBEPINEHHAA TOYHOCTH CPABHEHMSA MEXKIy COOCTBEHHAMU CEUCHUSIMUI
u cBszHocTsMu Sura-Muica. Oanako, nuarpaMma JIIsA 3a0aBbI.

Ha muarpamme (56|) Kaxxapiit KBaapart, Oyab TO 9€PHBI WIn OEJIbIi, peIcTaBIsieT coO0i
mnpoctroe nokpbiTe M. O0beauHeHne YepHOro KBajpara ¢ OeJbIM KBaJIpaTOM HaJl HUM
sABJIeTCs POCThIM HokpbuiTeM M. Oxnomepnas cssasnocTh fura-Mmuuica na M’ 3amaercsa
KOHCTaHTO¥, KOTOpasl caMa OIpeJIe/IsieTcsl OTpaHuIeHUueM MpejicTaBienus p' Ha Z, TO eCTh
z — ¢z, ¢ € R. Onromeproe (okasibHOe) cevdenne z — (z) paccioernst Ha M, 510 IpOCcTO
dbyskuusg f(+) co snadenusmu B R. D10 onpesiessier (onsaTh JTOKAIbHOE) CeUEHUE TBYMEPHOTO
paccioenus Ha M. Ono naéresa z — ( f(2), f(z+ B)) Takum obpaszom, 3HaYeHns [ B 96pHOM
KBaJpaTe 0ObeMHEHBI CO 3HAUYCHUSIMHU B OeJIOM KBaJipaTe, JiexKalleM HaJl nuM. KopoTkoe
pa3MbIIIeHue HeOOXO0IUMO JIJId TIOHUMAHUS JBYMEPHOI'O CKJICMBAHUsA, KOTOPOE BJIEYET 3TO
3a coboil. 3HavueHNsT B JAHHOM YE€PHOM KBaJipaTe JOJ’KHBI IJIABHO MEHSTHCS, KOTJa MbI
JIBUTaEMCsi B 00OMX HAITPABJICHUSIX BBEPX MJIM BHU3, U BJIEBO MJIM BIIPABO, TAKUM O0Opa30M
JIMaroHaJIbHO, HEe Ha COCeIHUI OeJIblil KBaJIpaT, a Ha YepHbIil KBajpaT. To »Ke camoe BEpHO JIJIst
JIBUKEHNs OT Oesoro KBajpara 10 6esoro kBajpara. OgHaKo ecTh ere OoJibiie. JIpukenne
BKJIIOYAET B ceOsi 0OOMEH JIByX KOODJIMHAT, 1 TO2Ke OOMEH KAacaTe/IbHOTa BEKTOPa TaKIM 00pa3oM
3a/[AHHBIM cedeHueM. Fcim MBI UMeeM JIeJI0 CO CBSABHOCTBIO, OHA PEryJisipHOEe JIBUYKEHUE B
JIMAaroHaIbHBIX HalpaBeHusax. /st 97oro depHbie n GeJible KBaIpaThl MOKHO PACCMATPUBATH
otienbHO. OHAKO HEOOXOINMO 00eCIIeInTh, ITOOBI Pe3y/IbTaT OBLI TOTIa TVIAIKUM, KOTIa
MBI TIEPEXO/INM OT KBaIPATOB OJIHOIO Pojia K KBaJpaTaM JpPyroro. 1o, HECOMHEHHO, OyIeT
Tak JIJIs MOCTOAHHBIX CBA3HOCTEH M UX MHTErpajioB. YTo KacaeTcs pa3jesioB, HO He CBsA3eil,
IIOBeJIeHe B IEHTPe YEePHBIX KBaJIPATOB HE 3aBUCHT OT IIOBEJICHUsI Ha OeloM KBaJjipare.
WcnpapieHne IpoucXonT Ha IpaHulle KBaJpaTbl. ¢l TakzKe orMedaro, 410 A u B urpator
OJIMHAKOBbBIE POJIN

Ectb erie oana 1moapoOHOCTD, KOTOpast He JI0JIzKHa ObITh 3a0biTa. [Ipu mepexose uz M Ha
M’ wbr 3amensiem J anementom J' u, TakuMm ob6pasom, Mbl 3amensieM rpymiy U(1) capyroit
rpymnmoii, xorst oHa Bee emmé sBasiercst U(1). Kak u B coryaae GL(1) pasperieHHble CBSI3HOCT
3aIAI0TCSA MOCTOTHHBIMU (DYHKIIMAME, HO TElePb JBYMs MOCTOAHHBIMBI (DYHKITUSAMU, ITOPSIOK
KOTOPBIX HE UMeeT 3HaYCHUS.

80310 obbsicHenne HEYIOBJIETBOPUTEILHO, M II0 NIPUYMHAM, CBI3aHHBIM C CHOCKOM {He3HAYNTEIIbLHbII|
HeJ0CMOTP|, 8 UMEHHO, Mbl ObLIM HETOYHBIMU OTHOCHUTE/IHLHO CKJIemBaHus. MbI nMMeeM J1eJI0 ¢ IJIOCKUMU

CBSI3HOCTSIMU, U UX MOYKHO HHTEI'PUPOBATH B OJJHO3HAYHOE CeUeHMe Hal M. Bosee TOTO, HIpsIMasi, COETIMHSIFOIIAST
TOYKY B OJIHOM W3 KBaJIPATOB JUATPAMMBI C JPYTUM, OIpeJe/IsieT 3JIeMeHT (DyHIaMeHTaIbHON IPYIIbL 1,
CJIEZIOBATEBHO, IBUKEHUE OT CJIOS HA OJTHOM KOHIIE K CJIOI0 HA JPYTOM. DTO CKJIEMBAHUE, [TO/IPA3YyMEBACMOe
371eCh.
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Hakomnert, Mbl HaILIA JIByMEPHBIH BUJT BHIPAayKCHUS , HO BOIIPOCHI ocTaioTcsa. KakoBbl
yciaoBus mepuogndnoctu! /lego B TOM, 9TO MBI XOTUM IPEICTaBUTH COOCTBEHHBIN COIpPSI-
JKEHHBIIl KJIacC KaK MHTErpajbHyIo mokazaresnbuyo dyukimo. Tis GL(1) conpsizkeHHbIit
KJIaCC UMeeT eJIMHCTBEHHBII 1pejicraBuresib, Ho st GL(2) sro e Tak. Bkpartiie Bepaémcst
K YpaBHEHUIO , JIJIsT KOTOPOI'O €CTh JIBa YCJIOBUsI JJIsi OOCY?KJICHUSI: ePUOIUITHOCTD U
HavYaJIbHBIE yCJIOBUS. Mbl y2Ke TOBOPUJIM O HEPUOJUTHOCTUA. ITO UHTEIPAJIBHOCTE unces k u [.
HauasbHble ycaoBust BBOAATCS IyTeM ymHOXKeHus ((53)) Ha nmpoussosbablii s1ement u3 U(1).

HavanbHable yciioBua. VIMEHHO 3TOT 3JIEMEHT OIpeJe/IsdeT XapakTep Ha Hojarpyiie Z
rpymmsl [,y B (1.d]), To ects HA 1 € Z. D10 Z cocToUT U3 cTeneHeil Mpon3BOJIbHO BHIOPAHHOTO
Ao = Ay, KOTOpOE caM OmpeenseT HUKHUIT peies naTerpuposanns B (53)).

3/1ech BXOAUT YTO-TO, UTO JIETKO YIIYCKAETCs W3 BUJLY, IPOU3BOJI HAIEro BbiOOpa Ay min
Ag. D10 HEoOX0IUMO, a TakKe Besjecyie. B JBUKYIIAsca Touka afl + b, a cBAZHOCTD
JTaéT MoAbIHTerpajibHoe BbIpaxkerue. CaMo cob0il 9TO BbIparkeHne He JIaéT CONPSIzKEeHHBII
kJjacc B Touke Ag. Ero HyKHO yMHOXKHUTH Ha 3HAUEHHUE KJIACCa COMPSKEHHOCTH B TOYKE
Ap. DTO MOXKET OBITH TPOU3BOJIBHO BHIOPAHHBIM U SIBJISIETCS] IPUIUHON JIOMOJTHUTETHHOTO
dakTopa Z B . EcTb uT0-TO, 9TO JIErKO 3a0BITH, KOTJIA MBI JIOCTUTAEM YKEJIaeMbIX Iap -
UHTErpaJia oT cBa3noctu Anra-Munica, ¢ oJHON CTOPOHBI, U KJIACCa CONPIZKEHHOCTU JIJIs
GL(1) nau coberBenHoro comnpazkennoro cedenns st GL(2), ¢ apyroii croponst. To ecrb,
MBI HE IIbITaeMCs HAUTH cOOCTBEHHYIO (DYHKIIMIO, JIJIT KOTOPOH CYIIEeCTBYET HEOIpeIe/IeHHA
KOHCTaHTAa, HO CEMEHCTBO COOCTBEHHBIX 3HAYECHUII, M 9TO HEJIBYCMBICJICHO.

Mg GL(2) mocrpoenue 6oiee ciioxuoe. Kak yike 06bsCHSIIOCH, B T€OMETPUIECKOI Teopun
cOOCTBEHHOE 3HAYUEHUE, M3MEHSIONIEeCs: OT TOUYKNA K TOUKE, 3aMEHsIeTCsI KJIACCOM COIPSI?KEHHO-
CTH, KOTODBIN MeHsieTcst OT Touku K Touke Ha M. s GL(2) sro Bompoc mnpemocraBieHus
JIBYyX 9HCeNI, COOCTBEHHBIX 3HAYEHUIT K/IaCCa U €JIMHCTBEHHON JIBYCMBICJIEHHOCTEH - 3TO I10-
PsJIOK, B KOTOPOM OHHU JIaloTcd. BoJiee siCHO BBIPAXKEHO, YTO MbI UMEEM JIeJIO0 C KJIACCOM
CONPSI?KEHHOCTH J[Ba-Ha-Ba SPMHUTOBBIX MATPHIL, U 9TO ONPEJILIAETCI er0 COOCTBeHHBIMI 3HA-
YEeHUAME, 008 U3 KOTOPBIX ABJIAIOTCA peaabHbIMU. OTHAKO OHU HE YKA3aHBI B OMPeIeIEHHOM
nopsike. Takum 06pa3oM, CyIIECTBYET MHOXKECTBO CIIOCOOOB IPEJICTABICHUS CIIEKTPAJIHLHOTO
pazsioxkenusi. I'pynna (M) uMeer Tpu HOPMAaJIbHBIE HMOAPYIIIBI UHIEKCA JIBa, KayK/as
13 KOTOPBIX COJEP:KUT TOJLKO ojaut u3 A, B, AB, 1 Mbl MOXKEM IEPEATH K HAJIOXKEHHUIO,
ompejiesieHHoMy JiIoObIM 13 Hux. Korjma Mbl 9T0 jiesiaeM, JIByMEpHOE IPEJICTABICHUE COOT-
BETCTBYIOMION TOJAIPYIIILI IPYIIbl (G UMEET JIBE PA3JIMIHbIE HEIIPUBOIUMbIE KOMIIOHEHTHI C
pa3mepHocreit oguH. TakuMm 006pa3oM, y HAC €CTb, IO CyTH, IECTh BO3MOXKHOCTEH CJIe/I0BATD
3a Kojie0aTe/IbHBIM ITPU3HAKAM, TAKIM 00pa30M, MECTh BO3MOXKHOCTEN OIMCAHUS CBA3AHHBIX
cBszuocTeil Aura-Muica. 9To BbIZBaAIO y MeHsT OOJIBIIYIO HEOIPEIEIeHHOCTD U Iy TAHUILY.
Moe ommcanme BBIBOJIOB MOXKET BBI3BATh B UnTaTe st Te ke dyBcTBa. OHAKO, OHO CTAJIO MHE
3HAKOMBIM.

Hus G = GL(1) coorBercTBre cocToUT u3 cBA3HOCTH SHra-Munsica u CBA3aHHOTO C HUM
npejacrapieHnss I'r, ¢ OJHON CTOPOHBI, U COOTBETCTBYIOIIEIO COOCTBEHHOI'O COIPSKEHHO-
IO CeYEHUsl U CBA3AHHOIO ¢ HUM mpejcraienus [, ¢ apyroit. Mbl nmonnmaem, Kak 3T0
neiictByer Takke st G = GL(2) mOCKOJIBbKY HpPEeJCTABICHNsT WA CBSI3HOCTHU SIBIISIOTCS
HPSMBIMU CYyMMAaMH COOTBETCTBYIOIIUX OJHOMEPHBIX 00beKTOB. B obrmem ciaydae g GL(2)
MBI paccMaTpuBaeM TOJIBbKO cBsisHOCTH ZHra-Musuica, u onu, coracuo [AB|, 3amatorcs mpes-
crapierusivu ['g. Kpome Toro, kak mbl yke obHapyzkuwin st GL(1), ais wammx mesei
He BCE CBS3HOCTU UMEIOT 3HAYeHMe. DTO MOBJIEKJIO 3a co00il orpaHnvIeHne Ha ClenuaIbHbIi
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HA0Op TaKUX TpeJICTaBIeHnii, KoTopble TpuBuaibable Ha mpoobpase U(1) B I'r. g GL(2)
9TO HE TaK.

Amnajiorom OyseT nmokasare/bHast DYHKIHS, TOKA3aTeIb KOTOPOH MATPUIHBIN HHTE-
rpaji. MaTpuiry MOKHO CIUTATH JINATOHAIBHOMN, TIOCKOJIBKY KOOPJUHATHI ¢ U b OIpee/IeHbI
0 cTOpoHaM (byHIAMEHTAIbHON 001aCTH. YCIOBHE COCTOUT B TOM, 9TO MHTETPAJIBI JIBYX
JINarOHAJIBHBIX 9JIEMEHTOB SIBJISIIOTCS IIEPUOIMIECKUME, KpOMe OOIIero 3Haka.

Mpur1 BeiOpasin MeTpuky Ha M WHBAPUAHTHYIO OTHOCUTEIHLHO IIEPEHOCOB U TOYKA Ay JlaHa.
[TepBonauayibio ona Obta 0 € L. Mbl Moryi 661 3aMeHUTH €€ JII000il JIpyroil TOYKOi, TO eCThb
epeHocoM To4uKn Ay, KOTOpBIil 1aéT mepenoc GyHKIwN s(-) a Takxke GopMbl . [TepBbrii -
IPOU3BOJILHBIN U OIPEJIesIAeT JBa IpyruX. VI3aMeHenus BiaekyT 3a coOOi M3MEHEeHne CBABHOCTH
HAnra-Musica. HO, KaK MbI yBUJIUM, HET U3MEHEHUS B €r0 KPUBU3HE, KOTOPAs ABJISICTCHA
nocrostanoit. Cama dyukius s(-) sBiasgercs yHKIHed Ha mIockocTH, a He Ha M. Kak MbI
ommiieM, 3amena Aj s Ay Biieder 3a coboil n3MEHeHUe CBSI3AHHOM CBS3HOCTH, XOTS 9TO
u3MeHeHne He B e€ Kpupusne. V3menenue, T0o eCTh paszHUIa MEXKIY CBI3HOCTSIMU, CBSA3AHDI C
Ap u Aj), aBJIsieTCs TIOCKO, TO €CTh ¢ KPUBU3HOI KOoTOpas paBHa Hy/i0. [lockombKy Ay JaHo,
TOJIBKO YUTO YIIOMSHYTOE 3aMeYaHue ITO3BOJISIeT HaM OIPEJIe/IUTh CBI3HOCTh fura-Muiica
qutst rrytiisl GL(1) ¢ nesbivm aucsiamu k, [ v TMHEHHBIM PACCIOEHUEM CO CTENEHBIO HYJTh, OHO
camo cBs3aHo ¢ pasmmaneM Ay — Ag. g rpymmsr GL(1) romomopdusm p 8 [ABL Th. 6.7
obs3arebHo Takoil, uto Z C I'g. Orpannuenue p|U(1) nano neasiv quciom u p|my (M) gamo
JIBYMsI THCJIAMU.

Bcé sTo, moxkaityii, jydiie oObsICHATH B CBS3U CO CTpOKaMI/ﬂ ‘Now line bundles with
harmonic connections. ..'r now factoring through 7 (M).” Ilycts k = 0, Ly = A - Ay
Cesasnoctb, npucoeunernas Kk Ay = 0 € L, yxke BBeseHa, HO oHa 3aBucutT or A (wm Aj)
kak Touku B C, a He or Touku B C/L. Pacuérel, cBazannbie ¢ Ay TakxKe MPUMEHUMBI [t A.
DTO BCero JIMIb BOIPOC TOJICTABICHNsT HOBBIX 3HAYEHUI KOOpAMHAT. B dacTHOCTH, KPUBU3HA
ocTaéTcs TOM »Ke U OHa mocTosiHa. HoBoe pacciioeHne - 3Ta MpoCTO TePeBo/l, CBI3aHHbBIN C
A. Yro KacaeTcs U3MEHEHHDBIX CBI3HOCTEH, TO TO MPOCTO IEPEBOJT MCXOIHBIX JAHHBIX, HTAK
IpocTo Ao6aBIeHNe HOCTOSHHBIX K ABYM KoopauHataM a u b B ([36.]). Dtu ase cBasnoctn
OIIPEJIETIAIOT CBA3HOCTH HA HOBOM PacC/JoeHun Lo, KPUBU3HY KOTOPOIl MBI MOYKEM BBIYUC/IATD.
Ona pasHOCTb JBYX KPUBHU3€H, KpUBU3HbI it A u Ag. Ipyrumu ciioBamu, 310 m3MeHEeHUe
[IOCTOsIHAST CBSI3HOCTH B IJIOCKOCTU W BCE TaKWMe CBSI3HOCTH HOSIBJISIIOTCs. JIpyrumu ciioBamu,
nocrostnaas B [AB| (6.10)] mpousBosibHA, XOTs €CTh PeIIeHre, KOTOPOe sI CIUTAI0 HEYMECTHO
U 9TO BBI3BIBAET HEJOYMEHUE, 3TO OpaTh ero mo Moy 27. Yurare/ b MOXKET PenuTh caM,
JIOJIZKEH JIU OH, KaK U s, IIPOCTO UCIPABUTH ITU MPU3HAKN TIOCIIEITHOIO COUNHEHUS UJIH Ke OH
JIOJIZKEH IPUHNMATh UX Beephes. Kak Besencrsue pasnocru [AB| (6.10)], sTu Bce cBssHOCTIH
Aura-Musurca s rpynmsr GL(1).

B npuBejieHHOM MIPEJIOKEHUN €CTh ONPEICICHHAs JIBYCMbICIEHHOCTD. /IBe pasHbIX CBA3HO-
CTH MOTYT IIPUBOJIUTH K n3oMopdubIM cedenusim. Hampumep anrebpsr JIun nByx rpymmst R u
U(1) paBHBI Tak, 9TO OHU UMEIOT TE YK€ CBI3HOCTH HO C Pa3HBIMU WHTerpajgamu. 1 oObIaHO
MPUHUMAJT TIEPBOHAYAIBLHOE TIPE/IJIOYKEHNE.

Pasbscaenune. Korna jse csasnoctu fura-Muica SKBUBAJIEHTHBI! DTO JIUIIL OJUH U3 MHO-
IUX BOIIPOCOB, BO3HUKAMOIMINX 1Ipu paccemorpenun J1oBoaoB B [ABL §6]. Hampumep, mockosbky

81 yrarens ¢ OTrpaHWYEHHBIM 3HAKOMCTBOM C JuddepeHnnaj bHoil reoMeTpueil, T0JIKeH 3HATh, 9TO ILIOCKAsT
CBSI3HOCTD, SBJISETCS TAKOBOW UTO €€ MHTErpaJ OmpelesisieT (PyHKIHUI0, KOTOPasi JJOKAJIHLHO OJHO3HAYHA, HO
110062 bHO, BO3MOXKHO, MHOrO3HaYHA. OHA TOTOJOTHIECKH OTJINYAETCsT CMEIEHeM MeXKIy meTesb. Takum
00pa3oM, sl SJTUIITHIECKON KPUBOH €6 MOXKHO CINTATH JTUHEHHOIL.
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COOTBETCTBYIOIINE CBA3HOCTH JIOJIZKHBI OBITH YHUTAPHBIMH, OHU TaK KaK MbI BHJEJIN, 3aBHCHT
OT METPHUKH Ha CJIOe, & OHa He MHBAPHAHTHA. DTO O3HAYAeT, B YACTHOCTH, IS 0OCYZKIaeMBbIX
HAMU CBSI3HOCTE(l, 9TO OHU JIMHEHHO M3MEHSIIOTCH ¢ HapaMeTpaMu a 1 b U, CJleI0BaTeIbHO,
He sipsiioTcst L-unapuantaeivu (36.1). Mue Tpyano 910 nonsts . Llenounciennoe usnmene-
HII€ [IapaMeTPOB @ U b M3MeHsIeT MeTPUKY Ha CJIOSIX, HO HE CBSI3HOCTH, U LOITOMY CJIEyeT
paccMaTpuBaTh €€ KaK U3MEHEHHE JIaHHBIX. 10 ecTh, CEMENCTBO IepecTaeT ObITh TOPOM U
CTAHOBHUTCS KOMILJIEKCHOM MPsiMOii. DT0 BayKHO jiyis Harrero 3assiennst u s [AB, Th. 6.7,
KOTOpOe 6e3 Toro He mmeer cMmbicaa. Yciaosue [AB| 6.1] suneiino. W

910 yTBepKAeHne noutn He coBMectuMo ¢ [ABl (6.10), Hu ¢ yTBepKAeHNMEM, UTO IUIOCKHE
CBSI3HOCTH Ha TPHBUAJILHOM pacciioennn Tuia fnra-Muuica.

VYiyiieHrue ucpaBj€eHO WM JAbSIBOJI B JETAJIAX. @ DTOT OYePK - OTKJIOHEHUE. DTO
[OTOMY, UTO MHE HEBO3MOXKHO ObLI0 NOHATH Marepuas B [AB| npu nepsom, Bropom nim
JlazKe TPeTbeM YTeHUN. 7l JIOJIZKEeH 4acTO BO3BPAIIATHCA K UCTOYHHKY, YTOOBI BIOJIHE I10-
HATH 3HAYEHNe 3agBjenniit aBropos. Ecian M smmunruyeckas kpusas toraa M = C u 310
JIETKO TpejicTaBuTh. Toxke JIErko mpejcraButh rpymmy ['r u eé npesacrasiaenus B GL(1).
Baxno takxke orMeruTh, uTo ['R MMeeT HECKOJILKO aBTOMOP(MU3MOB, TaK YTO HEKOTOPbIE
U3 ITHUX, [MO-BUJUMOMY, PA3HBIX IPEJICTABICHUN MOTYT OBITH SKBUBAJEHTHBIMU. ITO ObI-
JIO ObI ICTOYHUKOM BO3MOYKHBIX PABEHCTB, OIMCAHHBIX TPHU 00Cy K 1eHnn ypasHeHus ((36.k]).
[I'pynma I'g mopoxkgaercs A, B u rpynmoit R nefictBuTe/IbHBIX 9HCE ¢ OJJHIM COOTHOIIEHN-
eMm ABA™'B™! = exp(27 - i). MbI 3anuceiBaeM sementsl = u3 R dopmanbno Kak 27 - .
Hekoropble, BO3MOKHO BCe, aBTOMOPMU3MBI TPYIIIBI JAl0TCst ypaBHeHusMu A — exp(i)) A,
B — exp(ip)B, \,p € Ryuecm z € R, z — x.

Bce omnomepnble mpesctaBienns rpynmsl I'g Takue, ato exp(27 - 1) — 1 € C. To ecrn,
ectb m € Z, takoe, uto A € R — exp(2mmi)), koropoe pasuo 1 ecmu A € Z, Ho A — «,
B — B, |a| = || = 1. 91 aBa uncia npousBoIbHBL. Ha JaHHBIT MOMEHT MBI HMEEM JICJI0
TOJIBKO C JINHEHHBIMY PACCIOEHUSIMUA U TOJBKO C JTUHEHHBIMU PACC/IOCHUSIMU CTEIIEHU HYJIb.
DTO BO3MOXKHO, IIOTOMY YTO MbI BBOJUM JIOMOJTHUTE/TLHOE JIMHEHHOE PACCIOCHUE CTEIeHU
OJIMH, YTO TIO3BOJIMJIO HAM HAITMCATh KarKJ0e JIMHEHHOe pacc/ioeHre KaK IMPOU3BEJIEHNEe STOTO
JIMHEHOTO PACCIOCHUs ¢ CAaMUM CODOW HECKOJIBKO pa3 W Pacc/IoOeHUe KOTOPOI'o CTENEHb HYJIb.
MoxkHO Jin 9TO cieaTh nHatde! ITO BOIPOC, KOTOPBINA Ha JTAHHBIH MOMEHT JIydIlle OCTABUTD
B cropone. Ceifuac HaIla 3ajilada COCTOUT B TOM, YTOObI HAXOJIUTH JINHEWHBIE PACCTIOCHUS,
CBSI3aHHBIE C TOJIBLKO YTO onucanubiMu romomopduzmamvu. Wl

Heymectubie HepemnmresbHOCTH. MuOXKUTETD $(+) MM ero 0OpaTHBI 9JIEMEHT He OIpe-
nensioT, ypasaenueM ((36.b|) merpuky Ha M, oHE OIpeEISIIOT METPUKY HA €€ YHUBEPCAJIHHOM
IIOKPBITHUH. STO O3Ha4YaeT, 9TO 60.HBH_IO€ KOJINYEeCTBO HaIlIIUX yTBep)K,[LeHI/Iﬁ CIIpaB€IJINBO
TOJIBKO /IJIgdd YHUBEPCaJIbHOI'O HAKPbITUA. STO B IIOpdaKe, HO HeO6XOI[‘I/IMO IIOMHUTH 06 9TOM.
ﬂByCMbICﬂeHHOCTB YCTpaHeHa TOJIBKO KOT'JTa MBI ITIPUXOJUM K CBA3HOCTAM, CBA3aHHBIM C Pa3HO-
creio A — Ag. Kpowme toro, nocruraercs orpomuoe npenmyiectso. Cssnoctn fura-Musuica
KOTOpBIE OIPEIE/ISIOTCS METPUKON NHBAPUAHTOMN 110 OTHONIEHUIO K IEPEHOCY 3aJal0TCA JIBYMSI

82[TockombKy B [AB] 6bw10 MHOrO TOrO, YTO I HE COBCEM IIOHSJ, & TAKIKE OJUH MM JIBA MOMEHTA, KOTODbIE
OBLIH, B JIydIlleM CJIydae, HeJIOCTATOYHO O0bSICHEHBI ABTOPAMHU, PA3JIMIHBIE YaCTH ITON CTATHY OBLIN HAITUCAHBI
Ha Pa3HBIX Talax Moeil 60PbObI C MATEPUAJIOM , 91 pernui, YaCTUIHO M3-3a JIEHH, 8 OTYACTH [IOTOMY, UTO
MOKeT OBITH JIydIle Jijis TeX, KTO, KaK U s, M3y4alT OCHOBBI qudOepeHnnaabHOl TeOMeTPUN BMECTe C eé
MIPUMEHEHNEM K TeOpUH aBTOMOPGHBIX (OPM, OCTABUTh YaCTh MAaTephaja B HEYIOPSIOUYeHHOH (dopMme B
KOTOPOM ¢ TIOHSJT 9TO CHAYAJIA.
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peasIbHBIMI NapaMeTPaMi, OLPE/IeJISIONIMIE JIBUKEHHE C IIOCTOSHHOM CKOPOCTBIO B IIJIOCKOCT.
Tax MblI npunum ¢ MeaTmmu oobsacHenuamu K (H3f). Yo nponcxoaur? Comuoxnrens A B
A - Ay usMensieTcss HO BO3MOYKHO, 9TO OHA BO3BPAIAeTCs K CBOCH OTIpaBHOl Touke B M HO

e B M = C. D10 Bo3MOXKHO nIoTOMY, 4TO S(-) dbynknus na M wo e na M. H

Henocruxkumoe cranoBurcst HoHATHbIM. §VIII|HavunHaeTcs ¢ IsTH IpeJIoKe i, [TOJTHOe
3HAYEeHNe KOTOPBIX TOJHKO MHE ObLI OTKPBITO, & 3aTe€M He IIOJIHOCTHIO. B dacTtHocTu o He
MIOHSLT TIPEJIJIOZKEeHre, KOTOpoe cJiefioBaJsio 3a Humu, ‘Given any homomorphism p : I'r — G we
then get an induced G-connection A, also satisfying the Yang-Mills equations. ... /lo sroro
MOMEHTa MHE y/IaJI0Ch HEMHOT'O pa300paThCs B MOCTPOCHUN PacCC/ioeHust () U ero moC/e/ICTB,
0e3 TOJITHOTO TIOHMMAHUS €ro TOYHOrO 3HadeHus. HedTo, 0cOOEHHO, yCKOJIB3HY/IO OT MEHs
MTOJTHOCTBIO . DTO TIOCTPOEHNUE TIJIOCKUX CBI3TOCTEH ¢ Pa3MepHOCThIO paBHOil equamIe. CKopee,
s 9TO TIOHSJI, HO He €ro TOCJeICTBHUS, 110 KpaiiHell Mepe, He ¢ UX IOJTHBIM 3HadeHneM. Kpowme
TOr'0, MCXOJId U3 KJIACCUYECKOIl Teopuu, TO ecTh Teopun BeliepriTpacca u Ipyrux, s He 3HAJ,
KaK JIAJIEKO 9TO eIé OCTAJIOCh OT Tepexojia K YHUTAPHLIM CBA3AM. 1 He OIEeHWJI PACCTOSHUE,
OTJIEJIAIONIEE OT HEro YHUTAPHYIO TeOpUio. DTo Bompoc He crosibko u3 U(1)-paccioennit,
CKOJIBKO U3 coeinHEHHBIX R-paccioenuit. ¢l mMCHOBITHIBAIO TPYIHOCTH C IPEJICTABICHUEM
IOCJIEJICTBUI BBEJICHNUsI HyJld WM HOJI0Ca, KaK 1 npu nocrpoennn (). $1 ne Tonosor! Boiee
TOTO, s BBEJI qpeSquaMHo BaXKHYTO CBSI3HOCTD () OUeHb HEOPEXKHO, C OTPEIe/IEHIEM (, Bl, Bg,
BHU3Y popmyssl (3 . Terepb MBI JIOJIKHBI PACCMOTPETH €€ OoJjiee TIATETHHO, €CJI Mbl
XOTHM OIeHUTH omnpejnesenus, npemmectsyomme [AB) Th. 6.7], mockosbky sT0 ritaBHas
0C00eHHOCTH UX paboThl. CKOpee, s IyMato, 9TO MbI, HAKOHEI[, B COCTOSTHUN HMCIIOJIb30BATH STy
TeopeMy JIJIsi CDABHEHUS COOCTBEHHBIX CONPSIKEHHBIX cedenneil co cpsasnoctamu fura-Muica.
|

[Tocsie Bcex HAIUX yCUJINi, B YaCTHOCTH, ITOCJIE BCEX MOUX YCUJIUI BOSHIUKAET HEOXKVTAHHBIN
Borpoc B ca3u ¢ npumenennem [AB) Th. 6.7]. BosbMéM MbI i1 IPOU3BOJIbHBLE TOMOMOPQU3M
p: I'r — G na namux neseil wim orpannydeHubiiil Kiaacc! YToObl TPOJIOIKUTD, s IIPE/INOoJIa-
rato, uro [AB| crp. 559/560] orkpeiTo mepe antaTesem. Jleso B TOM, 9TO MBI IPUMEHSIEM
TEOpeMYy C OTPAHUYEHHBIM BBIOOPOM p. ¢l yauB/IeH, HO MEHSI 9acTO Y/IUB/ISLIO, COUUHSIS 3Ty
cratbio. Beibepém G = GL(1) kak ajmurusayto rpymiy (R, ¢ 0HOMEPHBIM IpeicTaBIeHIEM
p, 3HAYEHNsT KOTOPOTro MPON3BOJIbHBI Ha mipejcTapuTesx A u B. Ha R ux snadenns: paBHbI
0. B wacrrocru, comuoxkurenb U(1) 31ech He numeer 3Hadenus. lomoMopdusm p Ha HeM
TpuBuaJjied. C JIpyroit cTOpOHBI, CyIIECTBYET OOJIBINE YeM s OIeHUJI ¢BOOOJIbI B obpase G
romoMopdusma p. U 3amensercsa na R*.

Urak nokazaresu, KOTopble nosBsAoTcs B popmyite (53) cesasnocru dura-Muiuica, orpanu-
YEeHBI YCJIOBUEM, UTO MOKA3aTe/IbHbIC (DYHKIMH OMPEI/ICHbl X WHTErPAJIAME, OJHOZHATHBIMU
na M. IIpu 3TOM JIOJIZKHO OBITH SICHO, YTO OCHOBHOW BBIBOJI 9TOI'O CTATHU YCTAHOBJIEH JIJI
npocroro ciaydas G = GL(1). Onnako, B KadecTBe KOHETHOM IIEJIM MBI HAJIeeMCsl JTOKA3aTh,
qro (1.d)) mo manHOl anrebpandeckoit KpuBoii siBJsteTcs aBToMOpdHOI rpymmoii [amrya. Tem
He MeHee, B 9TOii craThe Mbl 3aHIMaeMcs Tosibko rpymmoit GL(2). Ecre aBa poia cobeTBeHHBIX
dyHKIMI: Te HOCUTE/Ib KOTOPBIX ®) U Te HOCUTe b KOTOpbiX 2. IlepBble cOOTBETCTBYIOT
HeyTopsiJIoYeHHoi mape cobcrBenubix Gyukiuit 1y GL(1), mapamerp kotopeix man ((50.al).
Jnsa rex, mapamerp koTopbix JaH ((50.bf), orHomenun napaMerpa K cobCTBeHHON (PyHKITIH
siBjIsieTcs OoJiee cyioyKHbIM. BMmemuBatorces csznoctu fAura-Mumiuica. lepexos Takoit: ro-
MoMOpH3M [yt — PG cBasnocTs SlHra-Muiica; BHIOpaHHBII HAG0P MHTEIPAJIOB, KOTOPHIE
JIAI0T COOCTBEHHBIE COIPSI?KEHHbIE 3HAYCHUs. 3aK/TFOUCHUs 3aTEeM CPABHUBAIOTCS C BBIBOJIAMU

pazsesa [VII]
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CHauaJsia HY’KHO BEpHYTbCSI KO BTOPOMY COMHUTeJbHOMY yTBep:kaenuio B [ABl p. 561].
Het mukakoit npuaunsl, uro Gy = G. Kcratu, Bo n3dekannue myTaHUIBI 1 BCIIOMHHAIO, YTO
I'g u I',y¢ /1Be pa3uble, XOTA TECHO CBA3aHHBIE TPYIIILI.

st GL(2) cymecTBytoT cobcTBeHHbIe (DYHKIUH JIBYX BUJOB B COOTBETCTBUU C TIOJIMHO-
xecTBOM B, Ha KOTOpOM OHE omnpesesenbl: O u 2A. JIj1s1 mepBbhIX, COOCTBEHHOE COIPSXKEHIE
CeveHNUsl eCTh MpsMasi HeYIOPsI0UeHHasl CyMMa, ImapaMeTp KOTOPOil TOKe CyMMa JIBYX OJIHO-
MEPHBIX IIpeJCTaBIeHnil rpyHibl [',,:. HekoTopbie n3 HIX, BTOPOTro BUIA, TAKZKE OTHOCATCI K
mepBoMy BuIy. MbI MOXKEM CIPOCHTH, ITOYEMY OHM ITOSABJISIIOTCSI, HO HAM He HYKHO HAXOIUTh
JUUTsT HIX HOBBIE TIApaMeTpPhl. DTO Jipyrue (pYHKINN, ¢ KOTOPBIMEI MBI UMEEM 10, U KarKast
13 HUX CBS3aHA C OJHOMEPHBIMHU IPEJICTABICHUSIMIA TPeX MOATPYIIT IPYHbl ['r, ompegess-
eMBIX IIPooOpa3aMi TpPeX MOJArPYIIT WHIEKCA JBa B Tj;. 3aMEeTHM, UTO IpeJICTaB/IeHHe T,
HHIYIMPOBAHHOE M3 TPUBUAJIBLHOTO MPEJACTABICHIA KaXKI0H U3 3TUX MOATPYIII, OJUHAKOBLI 1
UX OrpaHMYeHne K JAaHHON IOATPYIIIIe, SIBJISETCs IPIMON CyMMO#l TPUBHAIBLHOIO IIPEeICTaB/Ie-
HUA U €JJMHCTBEHHOI0 HeTPUBUAILHOTO IIPEICTaBICHIs, KOTopoe TpusHaabno na M2, Kak
0COBEHHDBIH BHIOOP, MBI BLIOpa/IM HOAIPYIILY, opoxKtennyio A’ = A u B’ = B2

[Tepexos K HAKPBIBAIOIIONH KPUBOil 3aTparuBaeT He ToJbKO m1(M ), KOTOpoe 3aMeHsIeTCst
noarpymmoii 71 (M') uHmeke KoTopoii gBa, HO u rpymiy ['r u 37eMeHT J, KOTOPBIi 3aMeHsIeTCst
na J' = J?. I'pynna R, omnako, ne usmensiercs. Crieoarensio [y siBIsieTess OArPYTIIONt
BTOpOro nopsijika B I'r. C Apyroil CTOpOHBI, Mbl HAYAJN C OJHOMEPHOI cBsa3HOCTH Ha M’ 1
CBsI3aJIU C Hell JBYMEpPHYIO CBA3HOCTH Ha M. B To ke BpeMsi ojfHOMepHAasI CBSI3HOCTD CBsI3aHA
C OJJHOMEPHBIM IIpejicTaB/IeHneM ['gr ¥ JIByMepHasi CBI3HOCTH TaKyKe CBsI3aHa C JIBYMEPHBIM
npezacrasiaenneM I'r. To 9T0 MBI XOTHM clie1aTh, 9TO IPOBEPUTDH, YTO JBYMEPHAsI CBSI3HOCTD -
9Ta Ta, KOTopasd 3ajaHa TeopeMoil Arbga-Borra st AByMepHOro npejcrasiienus. Emé pas,
JIByMEpHBIE IIpeJICTaB/IeHusI ['r HEe BCe YMECTHBI.

Teneps pacemorpum obcyxenne Ha [ABl crp. 560|, nmpumenss ero Kk obenm rpyrmam
I'r u I'g. Drementsr X B g Oyayr ogunakoBel Jisd I'g um I'g. WTak, mMbl nepexonaum K
Gx st HuX oboux, oJfHaKo, He yrBepxasi, uro Gx cssazano. U(1) x m (M)-paccioenue
Ha M sBjsiercst mpocTo npsiMbiM 06paszom paccroenuss U(1) x w1 (M') na M, xors Hatie
reoMeTPUIEeCKOe OIMCAHNe, BO3SMOYKHO, HE ITOKA3aJI0 3TOro sIcHO. IT0CKOIbKY KOMITO3UIINA
JIBYX IPSIMBIX U300parkKeHrii CHOBa SIBJISIETCS MIPSIMbIM 00Pa30M, HAIIl JOBOJ] 3aBEPIIEH.

Ceitgac eIié ocTagoch TOJIHKO HEDOJIBIOE JeI0. DTO IPOCTO BOIPOC OCTATKOB. B
for T,y K T[] MBI 06Cy /M 9TOT 1Epexo | /i OJHOMEPHBIX Ipe/cTaBiaennii. Obcy K ieHue
OJIMHAKOBO XOPOIIIO OTHOCHUTCS K MHIYIUPOBAHHBIM IIPEICTABICHUSIM JIBYX I'PYIII [JIsA TOJIST 1
[IOJIT PACTIIUPEHUSI.

Apyroe npusnanue. [jig MeHS TPYJIHO MOJBHOCTHIO MOHATH Teoputo fAura-Musica. £
HUKOTJIa He ocMoTpes obreit Teopun. CreoBaTe/bHO HYKHO TTOCTOAHHO HATIOMUHATD €€
caejcrsue. Mssensaiocn! M

Kaxk st 9acTo npusHaBasics si MeJIJIEHHO MOHSLI, U eMé TOJbKO JaCTUIHO TOHUMAIO, OTHO-
IIIeHNe MeXKJ1y COOCTBEHHBIMU COIPSI?KEHHBIMU CeYeHUsIMU U CBsi3HOCTsSIMU SlHra-Munica. B
YACTHOCTH, 51 OBLI HEOCTOPOXKEH KOTJIa HAITHCAJT , cKopee s He 00bICHUJI KaK BbIOUPATD
Hava/bHble 3Havenus. OHU Janbl B crenensax Ay, B gacTHocTH B AJ, TO €cTh B TpUBHAIIL-
HOM JIMHEHOM PacCJIOCHUN, Tjie 3HadeHne 1. 3HAYeHUs B JPYTUX CTEIEHsIX JAHbl KAK MbI
obbsicann B pasaene {Hauanbabie yemoBusl’ Onpemenenns: CI0XKHBI HO ITOC/IEI0BATEIbHEI.
Tpebyercs H6osee OHOrO HAYAITHOTO 3HAUEHUS, TTOTOMY 9TO Bung He cBsa3uo. CobcTBeHHDBIE
ceuenns Juig GL(2) onuceiBatorest He Tak mpocto. Kpowme toro, maxe mis GL(1), Toabko Te
YCJIOBHUsI, KOTOPBIE JTAIOT OJHO3HAYHBIN MCXOJT JIOMycKaoTcst. Hy»KHO TakKe MOTIEPKHY Th,
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9TO /I JaHHOM rpynnbl G yMecTHBIe cBasHocTH “G-cBsiznoctn, styume g-ceasnoctn miam
LU g-casnocrn, tne “Ug yaurapusiit su rpynmsl “G. Togbko mocemnee aBsgeTcs TOTHO-
crbio TounbiM. O6o3HadeHne HecTporo. B mpoTusnonioKnocTh rpyiie UG, KoTopas HeCKOILKO
HETOYHA, TIOTOMY 9TO MOYKHO BBecTH KommoneHT [asya. Kpome Toro, I'g nmBycambicieno Tombko
[IOCKOJIBKY OHO MOKeT ObITh asirebpa JIu rpymmbsl G uiu €€ KOMIIaKTHOM (pOpMBI.

Y1065l TPOIOIKUTE, 5 Oyiy mpeamnonarars, 9to G = GL(1), GL(2) wiu, BoamoxHo, SL(2).
[TocrosinHast Touka Ay 1 MOCTOsTHOE JIMHEHOE paccioenne Ay Ol BeiOpanbr B §4, kak B [Al.
Cormracuo [AL Th. 5,Th. 6|, nocse sroro Bbibopa, mis G = GL(2), cBsi3HbIE KOMIIOHEHTBI
Bung, npejcrasisior gy Hac ocHOBHON mHTepec. OHU JTaHbl TNO0 HEYIPOSIOIEHHON mapoit
{(m,Al), (n, AQ)}, 6o (m, A), my, ma, m nexkar B Z. Mbl yke 3HaeM, 9T0 COOCTBEHHBIE
byHKIMU OnpeiesiroTes MO0 MHOXKECTBOM TOYEK MMEPBOTO POjia JIMOO MHOXKECTBOM TOYEK
Broporo poja. Oxuu comuoxurens o™ 5", «,f € C*, |a| = |f| = 1 wm o™.

Hamepenue sroro pasjena yoeaursb cebs 910 y [',ye €CTh HECKOJIBKO YOe U TeIbHBIX CBONCTE,
o kpaitaeii mepe i rpynn GL(2) u SL(2) u sjmnruaeckoit kpusoii. [Ipucyrcrsue Z B
otpesesenue rpyii I' i ay BOUSHUKAET H3-38 HAJIMYHS CTEINEHH U €ro HA3HAUEHHE SICHO.
Mer pacemarpuBaenm raBabIM obpaszoMm [ u lim I'/n(k)Z.

XI. UHTETPUPYEMBIE CBA3HOCTU U COBCTBEHHBIE ®YHKIIUN OIMMEPATOPOB ['EKKE

Craywait G = GL(1) ysxe obpaGoran B abzarne {Hekoropeie obmme savedanus}’. Oynkmur
(53) mMoxkHO paccmaTpuBaTh Kak (BYHKIMU Ha caMoM M | SIBJISIIOIIUECs CBA3HONW KOMIIOHEHTOI
Bung. 3arem oHr MOryT OBITH paclpocTpaHeHbI Ha Bcé Bung, mobasus daxrtop a’ s AfA,
ecan Aj anen sroit kommonentel u o € U(1) mamo. B sTom abszare o0bsicHACTCA TaKKe
napamMeTpU3aIys MPEICTABICHUIMEA [ yyt.

C mpyroii croponst, Jyist GL(1) maO)kecTBo Bung siBiisiercst abesieBoit rpytiioif co cBsi3HOM
KOMIIOHeHTOi. Ero MoXKHO paccMaTpuBaTh Kak mpsimoe poussejienne Z ¢ M. Takum obpaszom,
nBe DYHKINU, Ta 9TO paBHA cOOCTBeHHON (dyHKIuell ['ekKe u Ta, KoTopast ompeaessseTcs
€€ cOOCTBEHHBIMU 3HAYEHUSIMHU, sIBJISIIOTCS OJHON U Toil ke (yuknumeir Ha M. CobcrBeHHAs
GyHKIMS, KOHETHO, ONPEIEIATCS TOIBKO C TOTYHOCTBIO JI0 MYJIBTUILTUKATHBHON MOCTOSTHHOMN

Ho ayig G = GL(2) B Kax/10if TOUKe HET YETKO olpejiesieHHoro s1ementa B “G. Cymecrsyer
TOJIBKO COMPS’KEHHBIH KJIACC, U 9Ta JBYCMBICJCHHOCTH J1aéT 0 cebe 3uaTh. JIBa MO-BHAMMOMY
Pa3HBIX CEUCHMS MOTYT HAXOIUTHCA B OHOM Kjiacce. To ecTh B KaxKJI0H TOUKE X 3HAYCHUS
TOJIBKO compsizKenble Kiacchl B “G. HamommmM, 9T0 3TH 3HaUeHns 0OBLIMHO, BO3MOMKHO BCEIVIA,
SIBJISIIOTCS YHUTAPHBIMU SJIEMEHTaAMU B LG.@ BamMeTnM, HAKOHEII, 9TO €CTeCTBEHHOE MPE/I-
CTaBJICHUE COIPS2KEHHOT'O KJIACCA MOXKET ObITh IVIQJIKON (byHKIIMEH Ha IJIOCKOCTHU, 3HAYCHUS
KOTOPO#l B JIByX TOYKAX, OTJIMIAIONIUXCS 3JIeMeHTOM L, MOTyT OBITH CONPSKEHHBIMU, HO HE
PABHBIME. DTO MBI YK€ BUJIEIN B XOTsI HEJIOCKA3AJIU TIOTOMY, UTO 3HAK B Heolpe-
nenén. Oarako dyskus f(-) 0OIHO3HAYHO ONpejiesieHa Ha eIMHBEHCTBEHHOM TTOKphITH M.
Ddro M’, koropoe orimyaer Tpu Bujga. Mbl qoroBopuMcst 06 ogHOM. UTO IIPOMCXOIUT, 3TO TO,
110 KO3 dunuent «, B (32)) MoxKeT MEHATHCH 0 3HAKE MPU JIBUKEHUN T10 TIEPUOJLY, HO KJIace

839CTI) BaKHBIN BOIIpOC KOTOprﬁ 03a/1a9UJI MEHH, KOT'/Ta &1 HalluCaJl 9Ty CTaTbhbIO 1 Ha 9YTO OTBET, ,/:LOCTI/II‘HyTbII‘/'I
TOJIBKO K KOHILy, yausuTesieH. COOCTBEHHBIE COIPSZKEHHbIE CEYEHUs 33JAI0TCsS HHTEeIPAJIAMU CBA3HOCTH fIHra-
Musuica, HO KaK BblYACINTh HadajbHble yeaosusa? st GL(1) aro sicho. Mbl HAJIOXKUM UX C CTENEHIMU
Ap. Haa GL(2) He TOMBKO paccyioeHne, HO Jazke HAYAIbHBIC YCJIOBHs 3a/JaHbI IPSMBIM 00pa30M CedeHUt
GL(1)-paccioenust. Bo3amMozKHO, 4T0-TO 110100HO€ BEPHO B IIEJIOM.

8438, IPOTHBOIIOIOKHOCTS MEKTy SIBICHUSIME, 3HAKOMBIMI HAJL TIOJIEM UHCET, I TEM, UTO MbI HAGIIOTATI
B 9TOi1 cTaThe 0 reomeTpudeckoit Teopun st GL(2), yausmia MeHst.
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COIIPSIZKEHHOCTH MATPHIILI He MeHsieTcsd. Bojiee Toro, 9T0 MOYKeT TOSIBUTHCS B TPEX Pa3HBIX
HanpaBJieHnsX, 3ajauabix L/2L. Tak ke, Kak Mbl JOOaBUIH JIOMOJTHUTEIbHBIH MHOXKHUTEI
@ Z/nZ

B (1.d), MbI MOXxKeM J100aBiATE ero K ['g. D10 mo3BosseT HaMm mepeiiTn Ko BeeM 2A, Kak
Tosibko MbI ToiiMéM 24(0,0). Tlosromy I0CTATOYHO U3YYUTH CJIEYIONIEe TOCTPOEHUE HaJ
20(0,0). JTorapudm dyukuuu f(-) wim eé mpou3BoHAs ONPEIETUT OJHOMEPHYIO CBI3HOCTD
Ha M’ u eé npsimoii 0bpa3 ecThb JByMepHasi cBsa3HOCTb Ha M. U Ta u apyrast CBSI3HOCTH
Aura-Musica. fdcHo, 910 MHTErpasl 3TOM CBA3HOCTH, COOCTBEHHOE COIPSIZKEHHOE CevueHue
CBA3BIBAHO ¢ (byHKIumei f(-).

Ocraércst 06CyUTD CBA3b MEK/Ly STHMH PACCJIOCHHSIME U npejcTasienusamu I'q (mwm I'g)
u I'q (wm I'y). Hamommmw, ato [I'g : I'g] = 2 u aro J' = 2J. Bosee Toro, n 910 KjIt04 I
pasrajika 3Toii cratei, xapakrep R C Gg, cBA3aHHBIT ¢ XapakTepoM Y omupezesomum f(-)
B , paBen —1 B Touke J. MbI Konebatemcs Mexy Bung, eak HECBI3HBIM MHOXKECTBOM U
€ro CBA3HBIM IIOJIMHOZKECTBOM, TO €CTh MHOYKECTBOM PAaCCIOCHUS CTeneHnu HyJib. HeckobKo
TOIPOOHOCTEN OCTABJIEHBI YNTATEISIM.

[ToBTOpSsItO TO, YTO MBI y2Ke 3aMeTH/IU. XapakTep rpyiibl R MoxkeT ObITh 3alican Kak

exp(2miax) exp(2mifz), a€Z, 0 <P <1,

/e TIePBBI MHOXKUTENIb MMeeT [ePUOJT 1, TI09TOMY ero JIJIMHA BOJIHBI paBHa 1/, a BTOpPOii
MHOKUTE/Ib UMEEeT JIJTNHY BOJIHBI, PABHYIO IEJIOMY YHUC/IY, PABHOMY 3HAMEHATE 0 JacToro [.
B mannoMm ciaydae 910 2, orobpazkenue rpymibl GL(2). Tlosromy Mbl 3HAEM, 9TO 0KUJIATH
ecn G = GL(n). ¢ e 3HaI0, 9€ro 0XKUAATH JJIsT JAPYIUX TPYIIIL.

[Tostoxxkenne TakoBo. CobcTBeHHOE cevenne Bujia 2 MIPUCOETUHEHO K OTHOMEPHOMY PaCC/I0e-
o M’ 3uadenne koroporo B Touke J = —1. B camoMm sieie, jimHa €ro BOJIHBI OTHOCUTEILHO
J pasna 2. Ona onpejesiaeT OJHOMEPHOE MPEJICTABICHIE rpynnbﬁ F’Q. Mpur1 y2xe nonnmaem,
ITO MHAYIUPOBAHHOE IIpeJcTaB/IcHue TPYNIbl I'q HempuBOAUMO.

Mpr 0OHAPYZKMIIN, YTO COOTBETCTBYIOININE TIPEJICTABUTE/ N UMEIOT JiBa Bujia, A n D). [Tapamer-
PBI MOCJIETHUX TIPOCTO JIBa HEyTopsijodeHHbIX mapamerpa st GL(1). Urak qBycMmbiciaeHHOCTD
TOXKe 1pocTa. /[ mepBbhIX, JIBYCMBICJIEHHOCTD TOYXKE BO3MOXKHA, HO OHA BBITVISIUT MO-/IPYTOMY,
U st 04eHb JI0/r0 myTascs. Konedano, npejcrasienns suga A uzydamucs B §VII| u Ham HYKHO
TOJIBKO OOpaTUThCA K HeMy. Mbl 0OHAPYKU/IU, UTO COOCTBEHHbIE CEUEeHUs ObLIU 3a/aHbI
dbyHKIIIAME co 3HadeHnaMn B “G, KOTOpbIe GBIIN MEpHOITIECKIMI 60 ¢ TrepruogoM L,
b0 ¢ repuojiaMu B perréTke Mexky L u L/2, Tak 9T0 OHU MO OBITH CBA3AHBI C OJIHUM
u3 Tpex JBOHHbIX MOKpbiTuit M’ kpusoit M. Ouu 6bin 06HAPYKEHbI, IPEKIE IeM s TTOH
coorBercrBytornue dactu u3 [ABl §6] mocrarouno xopomto n 6bLTH GOJIBIION 3araaKoOi s
MEHSI.

Baxknoe nanomunaume. EcTb HeuTO Tak IPOCTOE UTO O HEMl, OX0XKEe, He CTOUT ¥ YIIOMUHATD
CHOBa, HO JJId HAC OYeHb BayKHO yIep:KHMBaTh ero B namaru. I'pymnna R C I'g Tak, uro
J =1 € R. OxgHako He HYKHO, 4TOObI JIJIs JAHHOro npejacrapiaerus J — 1. OuHako, Mbl
paccMaTpuBaeM TOJIBKO Te XapakTepbl X rpymmbl R tak, uro x(J) Kopenb u3 equnnibl. Toraa
x(x), z € R, tak, uro x(x) = exp(?m’(k + oz)x), k € Z u, ecim MBI paccMarpuBaeM ['q,

85X orst 51 oueHn OCTOPOZKHO OTHOCHJICS K BBIGOPY Ag, A{) 1 HAYAIBHBIM yCJIOBUAM B 7 s 9aCTO 3a0bIBAJI
HAIIOMHUTDL cebe 1 duTaTesifo od 3ToM. TeMm He MeHee OHU MIPUCYTCTBOBAJN HA MPOTSKEHUHM BCETO HAIIIETO
00CYKJIEHHUST U OCTAIOTCsl TAKOBBIMU, XOTSI U HEsIBHBIMU.

86y rarenns 3aBepHINT OlIpe/iesIeHue JIONOJTHUTEeIbHOIO0 MHOXKHUTEIs.
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a€Q,0< a< 1. Y aByx xapakrepos  — exp(2mikx), x — exp(2miax) ecTb COBEPIIEHHO
pasmHble Ha3HAYeHUsl. JHAYCHUs 1epPBbIX xapakTepos 1 B Z.J. CregoBaTe/ibHO OHU JIAHHDBI HA
R kak 11poo6pas xapaxrepa rpymmb U(1), To ectb u — u*. Mbl yxke obcymumm ux. Bropoit
MHOKUTEJIb - 3HaueHue J, u Mbl yzke obcyamnn 310 B (H5). f nomuéprusato, J =1 € R C I'g
HO BO3MOXKHO 4TO p(.J) He eJMHUIHbI 3JIeMEHT. DTU PACCMOTPEHUS JIJIsi HAC BaXKHBI €CJTH MbI
pacmaTpuBaeM JBoiiHoe Hasoxkenue M’ kpusoit M, tak uro J' = 2J. B

Ha nepsbiit B3ruisi Beisog B §VI| cocrout B TOM, 9TO CYIIECTBYET YeThIPE BUJIA COOCTBEHHBIX
CONPSIZKEHHBIX CEYEHUIl, KOTOPbIe OTHOCATCS K BHLy 2, KayKJI0€ CedeHne JTAaHO XapaKTepoM Y
Ha Pic(M) u ero Bux ommvaercs ero orpanuderneM K Picy(M) ~ Z /27 x Z,/27Z, koropoe
TO JIM TPUBUAJTBHO TO JIM OJHO U3 XapakTepoB X; rpyiibl Picy(M). Te y, Koropbie cBsA3aHbI
C TPUBHUAJBHBIM XapaKTEPOM STON I'PYHIbI, SKBUBAJEHTHBI KjaaccaM BHAa ©. ITO OBLIO
ycranossieno B §VI|

Te KOTOpBIE CBA3AHBLI C TPEMsl JIDYTUMHU XapaKTepaMu, Olpele bl byHKimei r — a2,
Kak B (32), MOTOMY 9TO TOJBKO CONPSIZKEHHBII KJIACC MaTPHILBI OTHOCHUTCS K JICJTY.
Ho ecim nBa xapakTtepa paBHBI Ha PiCeyen(M), TO oHU paBubl Ha Pic(M) mo xapakrepa
rpynnbl Z/27Z. Xors Mbl ero He Habuonaau, sieao B §VIL To uro 9TO mMMeer 3HaveHne
TOJIBKO JIjIsI OpaHUYeHusi Xapakrepa Ha RAeven. DTO orpaHnderne Ha Aeven, TO KOTOPOE
ompeiesisieT COOCTBeHHYI0 (DPYHKINIO U cOOCTBeHHBIN Kiaacc. CiieoBaTelbHO, TPU Pa3HBIX
KJIacca COOCTBEHHBIX CONPaKeHHBIX CeYeHUi He HepeceKaIOTCHﬂ 4 sroro we oxkumas. Iporrio
HEKOTOPOEe BPeMs, PEeKJIe YeM s 3aMETUJI 3TO BayKHOEe 0OCTOATEJICTBO, U 9TO BBIZBAJIO Yy MEHS
cepbe3nyio myTaHuily. MHe HEeCKOJIBbKO TPYJIHO O0bACHUTH OUYEBHJIHOE CJIEJICTBHE 0OCYKIeHNs,
KOTOPOE BbI3BAHO u . Ecsm kBaipaThl IByX HEMIPEPBIBHBIX, HEUCUE3AIONTNX (DYHKITNI
pPaBHBI, TOT/Ia OHU CaMU PABHBI JIO MOCTOSHOIO 3Haka. Takum obpas3om, eciu (DyHKIUN
PaBHBI B HEKOTOPO#l TOYKE CBI3HOIO MHOXKECTBa, TO OHU PaBHBI BComy. OTCofa cieiyer,
9TO TPU WCKTOYHTETLHBIX BUa, obHapyskennbie B §VI, me mepecexatorcal Jlse Takue
¢yHKIIMN HEe MOTYT OBITH PABHBI BCIOJLY, €CJTH KOI(PMUITMEHTHI m, N He paBHbL. Kax cjejacTsue,
cOOCTBEHHBIE KJIACCHI, CBA3aHHBIE ¢ %A, BCe Pa3HbIe, JlaXKe Te, KOTOPble TaKyKe CBA3AHBI C
®. B wacTHOCTH, CyIIeCTBYeT TPHU BHUJA TeX, KOTOPbIE CBA3aHBI TOIBKO ¢ A, KaXKIbIil U3
KOTOPBIX OIpeJIeJIsieTcs IPYTUM HeTPUBHAILHBIM XapakTepoM Picy u, ciiesjoBaTeIbHO, IPYTUM
KBaJIpATUIHBIM paciiupenneM. Pazjenenne mpon3BOJIUTCA IO OCTATKAM 1M U 7 TIO MOJLYJIIO
nBa. Lesnble qnciia ompejiesialoT MoKa3aTeIbHYI0 (PYHKIINIO B H

Ceityac MBI UMeeM B KJjacce IPEJICTABICHUN, CBI3aHHBIX ¢ 2, UeThIpe Kjacca, OJUH U3
KOTOPBIX CBSI3aH TaKyKe C KJIACCOM %) W TPeMs, CBI3aHHBIMU C TPEMsI HETPUBHUAJHHBIMU
kapakTepamu rpymibl Pice(M). Kaxplit 13 9THX HETPUBUATBHBIX XapAKTEPOB OIPEIEIsieT
¢ ero siupom KeajiparudHoe nokpeitue M’ wan M. Ilapa M’ ¢ xapakTepoMm olpejiesisier
JIByMepHOe TIpeJicTaB/ieHne rpynibl ['g. Beé, 9To HaM HY2KHO ce1aTh, 9TO MTOKa3aTh, 9TO
9TH MPEJCTABIEHUS PA3JIUIHbI, HO 3TO FCHO U3 O0CYKJIEHUS BBIIIE, U YTO OHU BKJIIOYAIOT
B cebst Bce JByMepHble npejcrasiaenns ['p momxomgmiero suma. Ho aro sto? fcmo, [aro
upe/icrasienne I'g nmm I'q HEIPUBOIUMO TOJILKO €C/I ero orpaHudeHue K I' nempuBoauMo.
OTU MbI IOHUMAEM U3 JIMArPAMMbI . Onu ungyrnuposanst u J — —1.

8TEcim mBa Kiacca TAKOTO poJa COBIALAIOT, TO MBI GYIEM HMETh [Ba KApaKTepa Y1 U X2 C IEPHOSAMIL
B L = 2L/2, takue, uro x1/x2 6bL10 paBHO £1 BCiogy u cjeaoBaresbHO ObLIO Obl paBHO 1 BCromy. D10
HEBO3MOXKHO, eCJii 00a XapaKTepbl HE PABHBI.

88X 0TSt 51 OCTABJISIIO STOT JIOBOJ] B €0 HBIHEITHEM BHJIE, ObIIIO GBI JIydIlle 3aMEeTHTD, ITO PACCMATPUBAEMBIE
CODCTBEHHBIE COIPSIXKEHHBIE CEUEHUsT OIIPEIE/ISIIOTCS UX OIMPeIeIUTeIeM U 9TO ITO MOKA3aTe/IbHbIe (DYHKIIUU C
JITHEHHBIM TIOKa3aTeaeM 2ma + 2nb, m,n € Z.

899 1ot moce HbIT a63a1l HEHYYKEH I CMyIIAeT, HO OH [paBU/IeH!
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Tenepb 3T0 coBepIieHHO sicHO. Y Hac ecTh Tpu Bujga M, Kak u B KaXK bl U3 KOTOPHIX
OJIHO3HAYHO onpejenstercsa coorHomennem M’ u M. Kaxkaplii 3 HUX 3aTeM OILpeIesier,
CHOBa HEJIBYCMBICJIEHHO, XapakTep M’ ¢ MOpsaKOM JiBa. DTO UMEHHO TO, YTO HAM HYZKHO
ObLIO B IIpe/IbIIyIIeM pasjiesie, YTOObI OIpeJe/uTh npeicTasienne 'y, a 3arem ['q

C sipyroit cTOpOHBI, IPsiMOit 00pa3 ojiHoMepHOi cBsa3HocTH AHra-Musica nipejicrasiisier
coboit aByMepHasi CBA3HOCTH AHra-Muminica. 910 ABJISeTCs OU€BUIHBIM CJIEJCTBUEM OIIPe ie-
nennst B [ABl crp. 560|. [Toctpoerne Arbu-Borra $IBHO CBs3BIBAET JBYMEPHOE IIPEJICTABICHHE
rpymst I'r (wm I'q), wHIyrmmposanHoe n3 ofHOMEpHOTo mpejicTastenns 'y (nmm I'g) x
PSMOMY 00pa3y JIMHEHHOTO PACcC/IOeHNsT KOTOPOe CB3aHO ¢ HUM. Hy»KHO TOJBKO TIATETHHO
[IPOYNUTATH [I€PBbIE HECKOJIBKO CTPOK cTP. 560. MbI MOrm ObI MPUHATH 3TO 3aK/II0UEHIE KaK
HaIly TeopeMy. DTo, Oe3yCJI0BHO, BBIBOJI 9TOH cTaThu, HO B 0OCYKJCHUU €CTh ropasjo boJjiee
BasKHOE 3asiBJICHUE, a UMEHHO TOUYHas o0Ilas Teopus, KOTOPYIO0 MOXKHO OBLJIO ObI paccMar-
pUBaThH KaK OCHOBY I'€OMETPHYECKOIl Teopun aBTOMOPMHBIX (POPM - TEOPUH, MapaJIIeIHLHOM
apudMeTUIecKOit Teopun, KOTOPYIO caMmy 10 cebe eIé MpeJCTOUT MOCTPOUTh.

4 emié pa3 HAIIOMHIO YUTATEIIO, HO B TOCJIeIHUI pa3, uTo J — —1 sBJIsieTcs COOTHOIIEHUEM
JUIST OJIHOMEPHOro npe/crasienns rpymnns ['g!

XII. O BO3MOZKHOCTH OBIIEN TEOPUU

Bamaua sicna. HaMm Hy»KHO criepBa obmuit B Teopun ATbU U TOTAA C STHM HEOOXOINMO
OyZIeT MOHATH OIepaTopbl I'eKke. DTo KarKeTcss MHE JOCTYIHBIM U MHOTOODEIIAOIIIM, HO
TPYIHBIM. Y MeHs HeT ONPEJIeJIEHHBIX PeJIOKeHN HO MHe KaxkeTcs 9To ¢gopmysta [aycca —
Bonne s ocobbix MHOr00Opa3uii OyJIeT HyKHa, TO ecTh uzydenue mdaddonoit hopmbl HA
Bung. Mue kaxkercsi, 9To 9T0 caMo 110 cebe MPUBEKJIO Obl 3HAUNTEIbHBI HHTEPEC B CBA3H C
orepaTopamMu FGKKG.[?I 4 me 3naro, kakue juddepeHnnaibHble TeOMETPUIECKUE TPYTHOCTU
pu 5ToM TposiaTcda. He sicHo 4TO pasBeTBIeHHAsT TEOPHUsS MOXKET ObITh PACCMOTPEHA IIyTeM
Iepexojia K pa3BeTBIEHHOMY MOKPBITHIO HAYAJIHLHON KPUBOIL.

HpI/IBHaHI/Ie. MOH IIOIIbITKa HallMCaTh MaTE€MaTHI€CKYIO CTaTby IIP-PYCCKNU HE MMeEeT OCHOBa-
HU, KPOMe 2KeJIaHUsT HAKOHEIL ITOHATh A3bIK, C KOTOPBIM s TTPUOOPET HEMHOT'O 3HAKOMCTBA,
XOTd HE OY€Hb, B I'OJIbl MOEH IOHOCTHU B Ha4daJIie MOEH MATEMATUYECCKON KU3HU, JIJIA KOTOPOM
9TO CYUTAIOCH HYKHO#. DTO yKe He Tak. ToaI0K K MONBITKE ObLIT mpuriamenueM IvMurpero
JlebeeBa moceruth MOCKBY, pHIJIAIIEHHE, KOTOPOE s MPHUHSLI, U 3& UTO s ObLI M OCTAIOChH
OJtarojiapen.

4 obrapyKuj1, 9To Mou 3HaHUS ObLIN Her1yOOKIMEU. Moit poaHO#l SI3bIK AHIJIUCKUI SI3bIK 1
II0 MOEMY OIIBITY OBJIaA€HHEC MWJIN IIOIIbITKa OBJIQJCTHb PYCCKUM HUJIN TYPEHKUM fI3BIKOM COBEP-
OI€HHO NMHOEe, 9Y€M OBJIaJCHUEC (bpaHH‘YSCKI/IM NI HEMEIIKUM A3BbIKOM. HaCTOHH.[Oe COYMHEHUE
OYeHb JIy4Ille, YeM ecji Obl g OcTaBaJjics OJuH. Pycckue riaroJibl, pycckue CyIecTBUTETbHbIE,
pyccKue mpuaraTe/ibHble 00pa3yoT COOCTBEHHBIH MUP. DTO MUD, UbI0 IPUPOJLY s eIlle He
nonuMaJsi. Hacrosrmas cratbs Jydiine Ojarojapsa pasropopy ¢ Basentunnoit CepreeBoit o
XapakTepe OIpeIeJIEHHBIX PYCCKUX CJIOB, Ha puMep ‘CKpbITh,” [Ipexk e Bcero, ona jydiie

9Ecre npenedarioe nsmanue Gauss-Bonnet for singular varieties, koroporo asropst Paolo Aluffi u Mark
Goresky HO s HE 3HAIO JPYTON OTCHLIKY.
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noromy, uro Okrait [lamaes mpounTas craTbio MogApodHO OT HAdYasa JI0 KOHIA U CIEJIAJ
OecuncieHHbIe TPEJJIOZKEHNS IO YTy YIIEHHIO.

On umTas Moil mepBOHAYAILHBIN TEKCT OT HavaJsa JI0 KOHIIA, UCIPABJ/ILs CJIOBAPHBIN 3amac,
BBIOOD TJIAr0JIOB, BHIOOD MECTOMMEHUI W MHOTHe, MHOTHe OMMOKM HeonbITHOCTH. Fean u
KOTJIa CTaTbs OyJieT OIyOJIMKOBaHA, OHA, HECOMHEHHO, OyJIeT TOJIBEPrHyTa JaJbHEHIITnM
HCILPaBJICHUAM, HO 4, 110 KpailHeil Mepe, Telepb IIOHUMaeM, 4TO, KaK U IIPU TYPEIKOM A3bIKe,
IIPU PYCCKOM £3BIKE MBI UMeeM JeJI0 C APYIUM yPOBHEM CTPYKTYPHOM CJIOXKHOCTHU, YeM IIPU
pabore ¢ g3bIKaMU OJIMKE K MOEMY POJIHOMY S3BIKY.

B pycckom g3bIKe TraroJibl momnaJialoT mapaMu, U CyIecTByeT OrPOMHOE KOJIMIECTBO IPe/I-
JIOTOB, KaXKJIbIIl N3 KOTOPBIX CBA3AH C €r0 COOCTBEHHBIM T IeKeM WU JABYMS CIIydaeMHu, a s
CYIIECTBUTEIHHBIX - IIIECTh CIydaeB Ha BHIOOD. £l 3HAJ 9TO, HO IEPETH OT TEOPUN HA MPAKTHUK
Tpyano. [Ipusnaioch HaAKOHEII, YTO BE3/IECYIIIOCTh CJIOBA ‘€CTh’ B MCIPABJIEHHON CTaThe MEHS
OecriokonT. ¢ U3yUnI PyccKuil I3bIK OOJIee MIEeCTU IecaTH JeT Ha3a . Mue KaykeTcs UTo 3To
CJIOBO OBLJIO TOTJIA TPOCTO MOJPA3YMEHO HO BO3MOXKHO UTO, MATEMATUIECKOE UCIIOJIb30BAHNE
Jpyroe.

DTa cTaTbs SBJSIETCS CJIEJICTBUE JIBYX TOJYKOB, MPEXKJIE BCETO, MOMBITKU ITOHATH TPUPOLY
reOMETPUIECKOl TeOPUH, COCTABUTDH cebe YETKOE IMPeICTABICHNE U O PA3HUIE MEXKy HUM U
aprMeTHIeCcKo Teopueil 1 0 UX CXOJACTBE. 371eCh s YMAt0, UTO s ObLIT YCIEITHBIM, XOTS 51
MAaJIO J0Ka3bIBal0. BO-BTOPBIX, s XOTEJ CYIECTBEHHO YIYUIUTh MOE 3HAHUE PYCCKUM. 371eCh
y MeHs OBbLIT TOJIbKO OTpaHWYEHHbIH ycreX. /[y MeHst, pycCKuil f3bIK Ha COBEPIIEHHO JIPYTOM
YPOBHE, YeM J[Ba MHOCTPAHHbIE SI3bIKA C KOTOPBIMU s 3HAKOM, (DPAHIY3CKUIl U HEMEIKWI.
Kak s 3ameTn1 Bblllie, pycCKuil i3bIK TOPA3JI0 CJIOXKHEe, YeM s OIEHUJI, JaKe OOJIbIIe, YeM
TYPEIKUil, JIpyroil sa3bIK, HA KOTOPOM y MEHsI OI'PAHUYEHHOE, HO C TPYIOM 3apaboTaBIias
yMmenue. [osromy Mom ycuinsg u ycuus Japy3eil 1 3HAKOMBIX, KOTOPbIe MEHsI TIOOIIP/IA KaK
s TIUCAJT 9TY CTATHIO, UMEJIM OrpaHUYeHHbIi ycrex. Mue Bcé ke NMpUATHO, 9TO, HECMOTPs Ha
MOI BO3pPacT, # He KaJlel0 HU BPEeMeHU, HU YCUJINHA, KOTOphbIe 4 HaJl ei.
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