HODGE THEORY AND GEOMETRY
PHILLIP GRIFFITHS

This expository paper is an expanded version of a talk given at the
joint meeting of the Edinburgh and London Mathematical Societies in
Edinburgh to celebrate the centenary of the birth of Sir William Hodge.
In the talk the emphasis was on the relationship between Hodge theory
and geometry, especially the study of algebraic cycles that was of such
interest to Hodge. Special attention will be placed on the construction
of geometric objects with Hodge-theoretic assumptions. An objective
in the talk was to make the following points:
• Formal Hodge theory (to be described below) has seen significant progress and may be said to be harmonious and, with one
exception, may be argued to be essentially complete;
• The use of Hodge theory in algebro-geometric questions has
become pronounced in recent years. Variational methods have
proved particularly effective;
• The construction of geometric objects, such as algebraic cycles
or rational equivalences between cycles, has (to the best of my
knowledge) not seen significant progress beyond the Lefschetz
(1, 1)
theorem first proved over eighty years ago;
• Aside from the (generalized) Hodge conjecture, the deepest issues in Hodge theory seem to be of an arithmetic-geometric
character; here, especially noteworthy are the conjectures of
Grothendieck and of Bloch-Beilinson. Moreover, even if one is
interested only in the complex geometry of algebraic cycles, in
higher codimensions arithmetic aspects necessarily enter. These
are reflected geometrically in the infinitesimal structure of the
spaces of algebraic cycles, and in the fact that the convergence
of formal, iterative constructions seems to involve arithmetic
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as well as Hodge-theoretic considerations. They are also reflected in Hodge-theoretic invariants, based on arithmetic constructions, of cycles in Chow groups.
• The use of non-linear PDE methods, which have proved so powerful in complex geometry, may be applied with considerable
effectiveness to Hodge theory;
• The combination of formal homological methods with ideas
from the classical topology of algebraic varieties can lead to
extensive extensions of the classical Hodge conjecture as well as
an attractive proposal for the elusive theory of “motivic cohomology”.
In this report we shall use a number of mostly standard abbreviations
which we now list:
HS
MHS
VHS
HC
GHC
IVHS
CVHS
HYM
MHC
HCAP
ECM
SCC

–
–
–
–
–
–
–
–
–
–
–
–

Hodge structure
mixed Hodge structure
variation of Hodge structure
Hodge conjecture
generalized Hodge conjecture
infinitesimal variation of Hodge structure
complex variation of Hodge structure
Hermitian-Yang-Mills
motivic Hodge structure
Hodge conjecture for admissible pairs
effective cohomological matrices
standard cycle conjectures
Outline

1.
2.
3.
4.
5.
6.
7.

Formal Hodge theory
Hodge theory and algebraic cycles
Infinitesimal methods in Hodge theory
Some arithmetic aspects of Hodge theory
Hodge-theoretic invariants of algebraic cycles
A use of non-linear PDE in Hodge theory
A recent formal construction of Nori
1. Formal Hodge theory

The basic objects of formal Hodge theory discussed in this paper are
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• A Hodge-structure (more specifically a polarized Hodge structure of weight m);
• A mixed Hodge structure (again, more specifically a polarized
mixed Hodge structure); and
• A variation of Hodge structure and, more generally, a variation
of mixed Hodge structure (again one or both with polarizations);
• The period map associated to a variation of Hodge structure.
The first three of these objects are abstractions of respectively the cohomology in degree m of a smooth complex projective algebraic variety,
the cohomology of an arbitrary complex algebraic variety, and the cohomology in a family of projective varieties whose general member is
smooth (for variation of mixed Hodge structure one drops the assumptions of projectivity and smoothness). The last object — a period
map — is essentially a differential geometric formulation of a polarized
variation of Hodge structure. We shall not discuss variation of mixed
Hodge structure, but instead refer to the references cited below which
provide a guide to the literature on this topic.
Formal Hodge theory consists of the study of the above objects and,
especially, their interrelationships. Of particular importance for this
expository paper are the use of analytic methods to study the algebrogeometric and topological properties of a family of algebraic varieties,
both globally and locally when the varieties acquire singularities (and
these are of course related). Our emphasis will be on the use of these
techniques to construct something of algebro-geometric interest. As
there are several existing accounts (cf. [22] for a series of expository
papers presenting the state of the subject twenty years ago, [6], [3],
[47], and [7] for excellent more comprehensive and recent expositions) of
formal Hodge theory, here we shall only summarize the basic definitions
and results.
Definition: A Hodge structure of weight m is given by the data (HZ , F p )
where HZ is a finitely generated lattice and F p (p = 0, . . . , m) is a decreasing filtration on the complexification H = HZ ⊗ C such that the
maps
(1.1)

F p ⊕ F̄ m−p+1 → H

are isomorphisms for all p.
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Setting
H p,q = F p ∩ F̄ q
the condition (1.1) is equivalent to
(1.2)

H=

⊕ H p,q ,

H p,q = H̄ q,p .

p+q=m

The relation between them is
0

0

F p = ⊕ H p ,m−p .
p0 =p

We shall use the abbreviation HS for “Hodge structure.”
A sub-Hodge structure is given by a sub-lattice HZ0 such that, setting
0p
0
F = H 0 ∩ F p , (HZ0 , F p ) is again a Hodge structure.
Definition: A polarized Hodge structure of weight m is given by the
data (HZ , F p , Q) where (HZ , F p ) is a Hodge structure of weight m and
Q : HZ ⊗ HZ → Z
is a bilinear form satisfying the conditions

(i) Q(u, v) = (−1)m Q(v, u)




 (ii) Q(F p , F m−p+1 ) = 0
(1.3)
(iii) the Hermitian form Q(Cu, v) is definite where




√

Cu = ( −1)p−q u,
u ∈ H p,q .
A sub-Hodge structure of a polarized Hodge structure is again a
polarized Hodge structure, as is its orthogonal under Q, and up to a
subgroup of finite index in the lattice the original Hodge structure is a
direct sum of the sub-Hodge structure and its orthogonal.
The cohomology groups H m (X, Z)/torsion of a compact Kähler manifold have a canonical Hodge structure of weight m, with (1.2) being the
famous Hodge decomposition. In case X is a smooth complex projective algebraic variety with ω = c1 (OX (L)) the Kähler class associated
to an ample line bundle L → X, for m 5 n = dim X the primitive
cohomology (here everything is modulo torsion)

ω n−m+1
H m (X, Z)prim = ker H m (X, Z) −−−−−→ H 2n−m+2 (X, Z)
has a polarization given by
Z
Q(u, v) =
X

u ∧ v ∧ ω n−m .
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Because of the hard Lefschetz theorem (which was first actually proved
by Hodge)
ω n−m
H m (X, Q) −−−∼−−→ H 2n−m (X, Q)
and the primitive decomposition theorem
H m (X, Q) = ⊕ ω k · H m−2k (X, Q)prim ,
k

the primitive cohomologies are the basic building blocks of the cohomology of a smooth projective variety. In case L = OX (1) is very
ample and Y ∈ |OX (1)| is a smooth hyperplane section, because of the
Lefschetz theorems stating that
(1.4)

H q (X, Z) → H q (Y, Z)

is an isomorphism for q 5 n − 2 and is injective for q = n − 1, the
cohomology groups H m (X, Z) for m = n and, to a somewhat lesser
extent, for m = n − 1, are of particular importance.
For the definitions of a mixed Hodge structure (MHS) and a variation
of Hodge structure (VHS) it will be convenient to work over Q instead
of Z. Thus, e.g. HQ will denote a finite dimensional Q vector space and
in the geometric case we will have
HQ = HZ ⊗ Q
where HZ is a lattice.
Definition: A mixed Hodge structure is given by data (HQ , Wm , F p )
where Wm and F p are a pair of finite filtrations with the weight filtration
· · · ⊂ Wm ⊂ Wm+1 ⊂ · · ·
defined over Q and the Hodge filtration
· · · ⊂ F p ⊂ F p−1 ⊂ · · ·
defined on H = HQ ⊗ C, and where the filtrations F p (GrW
m ) induced by
p
F on
GrW
m = Wm /Wm−1
give a Hodge structure of weight m.
There is also the notion of a polarized mixed Hodge structure, whose
formal definition we will not give here; the main property is that it gives
polarized Hodge structures on the GrW
m ’s.
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The basic example of a mixed Hodge structure is given by the cohomology H k (X, Q) of a complex variety X, where the weights satisfy
0 5 m 5 2k. For X smooth but possibly non-complete the weights
satisfy k 5 m 5 2k, while for X complete but possibly singular they
satisfy 0 5 m 5 k. These mixed Hodge structures are functorial in all
reasonable senses. For a pair of complex algebraic varieties Y ⊂ X the
relative cohomology groups H k (X, Y ) have a mixed Hodge structure
and the long exact cohomology sequence is an exact sequence of mixed
Hodge structures.
Although the definition of a MHS is relatively simple, the underlying
linear algebra is rather subtle. For example, a morphism of type (r, r)
between MHS’s (HQ , Wm , F p ) and (HQ0 , Wl0 , F 0q ) is given by a linear
map
L : HQ → HQ0
satisfying

0
 L(Wm ) ⊂ Wm+2r
 L(F p ) ⊂ F 0p+r .
Any such morphism is then strict in the sense that L(F p ) = F 0p+r ∩Im L
and similarly for the weight filtration. Because of strictness, kernels and
cokernels of morphisms inherit MHS’s.
Definition: A variation of Hodge structure (VHS) is given by data
(S, HQ , Fp , ∇) where
• S is a smooth complex algebraic variety;
• HQ is a local system of Q-vector spaces;
• H = HQ ⊗ OX is a holomorphic vector bundle with a filtration
Fp ⊂ H by holomorphic sub-bundles; and
• ∇:H → Ω1S ⊗ H is an integrable connection,
and where the conditions
• ∇HQ = 0;
• for each s ∈ S, on each fibre the induced data (HQ,s , Fsp ) gives
a Hodge structure of weight m; and
• the transversality conditions
(1.5)
are satisfied.

∇Fp ⊂ Ω1S ⊗ Fp−1
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The basic example is the cohomology along the fibres Xs = π −1 (s) of
a smooth family
π

X −→ S

(1.6)

of compact complex manifolds, where X is Kähler and where

 HQ = Rπm∗ Q
 F p = F p H m (X , C) .
s
s
There is also the notion of a polarized variation of Hodge structure
given by the additional data of
Q : HQ ⊗ HQ → Q
satisfying ∇Q = 0 and inducing a polarized Hodge structure on each
fibre. In case (1.6) is quasi-projective we then obtain a polarized VHS
by taking the primitive cohomology along the fibres.
A rich interaction between MHS’s and VHS occurs in the abstraction
of a 1-parameter degenerating family
X ⊂ X̄
↓
↓
S ⊂ S̄

(1.7)

where S̄ = {|s| < 1} is a disc, S = S̄ \ {0} a punctured disc, and
X, X̄ and Xs for s 6= 0 are smooth. Then there is a monodromy
transformation
T : HZ → HZ ,

HZ = H m (Xs0 , Z) .

It is known (cf. Chapter VI in [22]) that, after possibly passing to a
finite covering of S, we have
(T − I)m+1 = 0 .
Setting
N = log T
a weight filtration is defined on HQ by the conditions
(
(i) N : Wk → Wk−2
∼

(ii) N k : Wm+k /Wm+k−2 −→ Wm−k /Wm−k−2 .
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√
Letting s = exp( −1t) where Im t > 0, in the early 1970’s Schmid
proved that
p
lim Fsp =: F∞

Im t→∞

p
) gives a polarized MHS relative to which N
exists and that (HQ , Wk , F∞
is a morphism of type (−1, −1) (cf. chapter IV in [22]). The asymptotic
analysis leads to extensions H̄ → S̄ and F̄ p → S̄ of the Hodge bundles
such that

∇H̄ ⊂ Ω1S̄ (log D) ⊗ H̄,

D = S̄ \ S .

In the geometric situation analogous results were proved by Steenbrink (chapter VII in [22]), and a comprehensive understanding of the
topology of the pair Xs0 ⊂ X was given by Clemens and Schmid (chap•
ter VI in [22]). The extension H̄ is given by Rm
π∗ ΩX̄/S̄ (log(X̄ \X)), using
the Zariski topology and coherent algebraic sheaves.
There have been numerous applications of the theory. For example,
Let (S, HQ , Fp , V ) be a VHS where S is quasi-projective.
Then the mondromy group is semi-simple, and in the
geometric case a section of H 0 (S, HQ ) comes by restriction of a class in H m (X̄, Q) (global invariant cycle theorem).
The case of the VHS arising from the abstraction of (1.6) where
there are several parameters was finally understood in the mid 1980’s
through the work of Cattani, Kaplan and Schmid ([8]), Kashiwara [23],
Kawamata [24], and by M. Saito [37] in the geometric case. For the
study of the asymptotics one may take S̄ to be a polycylinder {|si | < 1}
in CN and
S = S̄ \ D
where D is the divisor with normal crossings given by s1 · · · sn = 0.
Passing again to finite coverings, the monodromy transformations Ti
around the punctures si = 0 satisfy
(
(Ti − I)m+1 = 0
[Ti , Tj ] = 0.
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A key step in the analysis is the following result of Cattani-Kaplan (cf.
chapter V in [22])
P
(1.9) For λ ∈ (λ1 , . . . , λn ) ∈ Rn with λi > 0, set N (λ) =
λi Ni and
let W (λ)k be the weight filtration (1.8) defined by N (λ). Then
W (λ)k is independent of λ.
Roughly speaking, the asymptotic analysis tells us that for each subset
I = {i1 , . . . , ik } ⊂ {1, . . . , n} if we set DI = {si1 = · · · = sik = 0}, then
there is over each DI a variation VI of mixed Hodge structure, where
the MHS’s arise as the Schmid limit as we approach points s0 ∈ DI
along discs ∆ ⊂ ∆N with ∆ ∩ D = {s0 }. For subsets I ⊂ J there is a
degeneration
VI → VJ
whose asymptotics also have a precise description. This description
depends on an ordering of {1, . . . , n}, but geometric conclusions such
as those to be described shortly, are independent of the ordering.
An important application of the analysis of the asymptotics of a VHS
over a punctured polycylinder as above is the isomorphism, proved by
Cattani-Kaplan-Schmid [9] and independenly by Kashiwara [23],
(1.10)

H2∗ (S̄, HQ ) ∼
= IH ∗ (S̄, i∗ HQ ).

Here, the left-hand side is the L2 -cohomology with coefficients in the
local system HQ and where the metrics are the Hodge metrics induced
from the polarizations along the fibres and with any metric asymptotic
to the Poincaré metric on the base. The right-hand side is the intersection cohomology of the local system HQ where i : S ,→ S̄ is the
inclusion. A corollary is that
For a VHS over a Zariski open S in a smooth complete
variety S̄ such that S̄\S is a divisor with normal crossings, IH l (S̄, i∗ HQ ) carries a pure Hodge structure of weight m+
l.
As will be explained below the appearance of intersection cohomology
turns out to be also rooted in geometry, but it seems that the deeper
application to geometry of results such as (1.10) may be yet to come.
Another application, due to Cattani-Kaplan-Schmid ([8]), states that
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the currents defined by the Chern forms ck (ΘF̄ p ) of the
(singular) Hodge metrics of the extended Hodge bundles
are equal to the Chern classes of those bundles
(intuitively, the singularities of ΘF̄ p do not create “residues” along D).
These results, together with the asymptotic analysis of the VHS,
have recently been used to show that
the Kodaira dimension satisfies
κ(ωS̄ (log D)) = dim S
if the differential of the period mapping is injective at
one point (Zuo [51]), and that the moduli space of canonically polarized complex manifolds is Brody-hyperbolic
(Vieweg-Zuo [43]).
In the global geometric case where one has a situation (1.7) with
X̄ and S̄ smooth and projective and the dimension of S̄ is arbitrary,
the Leray spectral sequence of the map may not degenerate at E2 as it
does when S̄ is a curve. The description of the cohomology of X̄ with
its Hodge structure in terms of the VHS associated to X → S in this
case is then replaced by a general structure theorem due to BeilinsonBernstein-Deligne and Gabber [2]. This result essentially describes
H ∗ (X̄) in terms of the intersection cohomology associated to VHS’s
over the strata in a stratification of S̄. The proof given in [2] uses
reduction to characteristic p and the Weil conjectures as proved by
Deligne. A proof in the setting of complex algebraic geometry has
been given by M. Saito [37] using his theory of mixed Hodge modules.
Perhaps because of its technical complexity, the deeper applications of
these results to geometry may also be in the future.
Finally recall that a period map is given by a locally liftable, holomorphic mapping
(1.11)

φ : S → D/Γ

where D is the classifying space for Hodge structures (HZ , Fp , Q) with
given Hodge numbers hp,q , Γ is a subgroup of Aut(HZ , Q) and ϕ satisfies
the differential condition
φ∗ : T S → HT D
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where HTs D ⊂ Ts D are the 1st order variations of a Hodge structure
(HZ , Fsp , Q) that satisfy the transversality conditions. An application of
the global invariant cycle theorem stated above is the following rigidity
result:
A period mapping (1.11) is uniquely determined by its
value at one point s0 and the induced map φ∗ : π1 (S, s0 ) →
Γ.
A long standing question, recently resolved by Kato and Usui ([25]),
has been to enlarge D to a space DΣ of extended Hodge structures
with a set of natural properties, the most important being that (1.11)
extends to
(1.12)

φ̄ : S̄ → DΣ /Γ .

This construction, which is based on the work of Cattani-KaplanSchmid, constructs DΣ /Γ as a “fine moduli space for polarized logarithmic Hodge structures with Γ-level structures”. Although not an
analytic variety in the usual sense, holomorphic maps to it are welldefined and DΣ /Γ does have an infinitesimal structure that allows one
to define the differential of the period map at the boundary. As will be
illustrated below, this should pave the way for geometric applications
of variational techniques to certain singular varieties.
In summary, I believe one may say that formal Hodge theory is now
a harmonious subject, and is perhaps one whose main applications to
geometry are now begining to reach fruition.
One incomplete aspect of the formal theory regards normal functions.
Given a HS of odd weight m = 2l − 1 there is canonically associated
the complex torus
J = H/F l + HZ .
For a VHS (S, HZ , Fp , ∇) of weight 2l − 1 there is then an associated
holomorphic fibre space
(1.13)

J→S

of complex tori. For ν a holomorphic section of this fibre space, if v is
any local lifting to J then the condition
(1.14)

∇v ≡ 0

mod Fl+1
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is well-defined. Sections ν of (1.13) satisfying (1.14), together with
certain conditions along S̄\S in case S is a quasi-projective algebraic
variety, are called normal functions. For geometric reasons to be explained below, a possible missing piece of the formal theory is the
extension to S̄ of J → S and normal functions ν. As will be explained,
here the singularities are “where the action occurs”, rather than “loci
to be filled in”.
A normal function ν has an important infinitesimal invariant (cf.
Chapter XVII in [22], [17], and [44]), denoted by δν, constructed from
the intrinsic information in ∇v and with the property that
(1.15)

δν = 0 ⇔ ν has local liftings to HZ ⊗ C .

We will say more below about this invariant.
2. Hodge theory and algebraic cycles
Let X be a smooth, n-dimensional complex projective variety. An
algebraic cycle
X
Z=
ni Zi ,
ni ∈ Z ,
i

is a finite linear combination of irreducible subvarieties Zi with integer
coefficients. Those with codim Zi = p form a group Z p (X). The basic
equivalence relation, rational equivalence, is defined by
X
div(fλ ) ≡rat 0
λ
∗

where fλ ∈ C(Yλ ) with the Yλ being irreducible subvarieties of codimension p − 1. The quotients
Z p (X)/ ≡rat =: CH p (X)
are the Chow groups. They have good functorial properties including
an intersection pairing
CH p (X) ⊗ CH q (X) → CH p+q (X) .
The basic Hodge-theoretic invariants of algebraic cycles were already
considered by Hodge. They may be expressed by
CH p (X)

ψ0

−→ Hg p (X) =: H 2p (X, Z) ∩ H p,p (X)

∪
ψ1

CH p (X)hom −→ J p (X) .
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Here, ψ0 (Z) is the fundamental class carried by an algebraic cycle
Z and Hg p (X) denotes the group of Hodge classes as defined above;
CH p (X)hom is the kernel of ψ0 . Thinking of an analytic subvariety
as defining a current by integration of smooth forms over its regular
points, this current is closed and defines ψ0 (Z). Hodge noted that
Z
ϕ = 0,
ϕ ∈ An−p+k,n−p−k (X) where k 6= 0
Zi

so that ψ0 (Z) is a Hodge class. He conjectured that ψ0 is onto. Atiyah
and Hirzebruch [1] showed that this is false for torsion classes when
p = 2, and the famous Hodge conjecture (HC) is that ψ0 is surjective
when everything is tensored with Q. For p = 1 the HC is true even
with torsion — this is the Lefschetz (1, 1) theorem [26].
The intermediate Jacobian
J p (X) =: H 2p−1 (X, C)/F p + H 2p−1 (X, Z)
and the Abel-Jacobi map ψ1 (sometimes denoted AJX ) is defined on
CH p (X)hom by generalizing the classical procedure for divisors on curves.
Using the formalism of currents, we write Z = ∂Γ where Γ is a real
2n − 2p + 1 chain and set
Z
mod periods
ψ1 (Z) = ϕ
Γ

where ϕ ∈ F n−p+1 H 2n−2p+1 (X, C). If {Zt }t∈B is an algebraic family
and Γt is the one parameter family of chains with ∂Γt = Zt traced out
by a real path in B, then again Hodge noted that
Z
ψ = 0 if ψ ∈ An−p+k+1,n−p−k (X) when k 6= 0 ;
Γt

i.e., algebraic equivalence maps to a sub-Hodge structure in H p+1,p (X)⊕
H p,p+1 (X) mod periods.
For p = 2 the Abel-Jacobi maps have very non-classical behaviour,
viz
• ker ψ1 may be infinite dimensional (Mumford [30])
• im ψ1 may be discrete and non-finitely generated (Clemens
[12]).
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Conjectures of Beilinson, building on earlier conjectures of Bloch and
ultimately related to the fact that
Exti (∗, ∗) = 0,

i=2

in the category of MHS’s, would establish some order in the situation.
Both these conjectures and the HC involve constructing something geometric — either a rational equivalence or an algebraic cycle — with
Hodge theoretic assumptions.
Next, I want to explain some of the geometry behind the missing
piece of formal Hodge theory as explained above.1 If we have the
geometric situation
(2.1)

X

⊂ X̄

↓

↓

π

S
(2.2)

Z ∈ Z p (X),

⊂ S̄

Zs = Z · Xs ∼ 0 for s ∈ S

then the family of intermediate Jacobians {J p (Xs )}s∈S forms a fibre
space J → S of complex tori and
νZ (s) =: ψ1 (Zs ) ∈ J(Xs )
gives a normal function. In case dim S = 1 and we can write
(2.3)

Zs = ∂Γs

where Γs is invariant as s turns around points of D = S̄ \ S, extending
some earlier work El Zein and Zucker (cf. Chapter XV in [22]) showed
that we may fill in the family J p (Xs ) by using the extended Hodge
bundles and the invariant part of the lattice, and then when this is done
νZ extends to S̄. In case (2.3) is not satisfied but the local monodromy
satisfies
(2.4)

(T − I)2 = 0 ,

Clemens ([11]) and M. Saito ([38]) have shown that we may extend
J p (Xs ) (s ∈ D) by the finite group
(2.5)
1The

ker(T − I)/im (T − I)

following discussion has benefitted from correspondence with Herb
Clemens, Mark Green and Richard Thomas.
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to obtain a Néron model J˜p (Xs ) and then νZ extends to νZ (s) ∈
J˜p (Xs ). However, for geometric reasons to be explained now one should
consider the situations (2.1), (2.2) where both dim S and the singularities of the degenerations are arbitrary.
Because of the Lefschetz theorems and the primitive decomposition,
the crucial case of the HC is when
(
dim X = 2n
γ ∈ Hg n (X) is a primitive Hodge class.
The classical Lefschetz inductive method is to consider a very ample
linear system |OX (l)|. We then arrive at a situation
X ⊂ X̃ ⊂ X̄
(2.6)

↓

↓

↓

S ⊂ S̃ ⊂ S̄
where {Xs }s∈S are the smooth hypersurface sections Xs ∈ |OX (l)|, the
Xs for s ∈ S̃ have at most nodal singularities, and S̄ is a suitable blow
up of |OX (l)|. A recent result, whose origins go back some thirty years,
is (cf. Chapter XIV in [22], [38])
(2.7)

A Hodge class γ ∈ Hg n (X)prim defines
an extended normal function νγ .

Here extended means that νγ is defined over S̃ and that νγ (s) ∈ J˜p (Xs )
when Xs is nodal. Of course, if γ = ψ0 (Z) for an algebraic cycle Z
then νγ = νZ and the extension in (2.7) is the one discussed earlier.
Although (2.7) does associate to a Hodge class a global analytic object,
it’s usefulness has so far been limited by the failure of Jacobi inversion
in higher codimension.
Now it has again been known for some time (cf. [21]) that one should
in fact focus on the behaviour of normal functions at the singular Xs
(s ∈ D), for the following reasons: If γ ∈ ψ0 (Z) then by moving Z in a
rational equivalence and working modulo torsion we may assume that
P
Z = i ni Zi where the Zi are smooth and in general position. Then for
l  0, a standard argument shows that there are nodal Xs0 ∈ |OX (l)|
with
[
|Z| =
Zi ⊂ Xs0 .
i
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If pλ are the nodes on Xs0 with vanishing cycles
δλ ∈ H2n−1 (Xs , Z)
where δλ → pλ as s → s0 , then if γ 6= 0 there must be a non-trivial
linear relation
X
(2.8)
mλ δλ = 0,
mλ ∈ Z
λ

among the vanishing cycles. Moreover, the monodromy around s0 satisfies (2.4), the group (2.5) is non-trivial and in general
(2.9)

0 6= [νZ (s0 )] ∈ J˜n (Xs0 )/J n (Xs0 ) .

In fact, analysis of Lefschetz’s proof of (1.4) shows that for nodal hypersurface sections the condition that the image of
H2n (Xs0 , Z) → H2n (X, Z)
contain new cycles — i.e., cycles whose primitive component is non-zero
— is (2.8). Moreover if there is a primitive algebraic cycle Z supported
on Xs0 then (2.8) is satisfied.
One problem is that the invariant (2.9) is torsion and the property
formulated HC does not see torsion phenomena. Moreover, geometrically one should not restrict to 1-parameter families but rather use the
full linear system |OX (l)|. For example the computable “algebraic part”
of the infinitesimal invariant δν of a normal function is non-trivial only
when the parameter space is higher dimensional. In addition, examples
show that when one uses a higher dimensional parameter space — but
still restricting to only nodal singularities — non-torsion phenomena
arise in the singularities of νγ .
It is interesting to note that intersection homology naturally enters
in the singularities of νγ . Taking the case where γ = ψ0 (Z) is the fundamental class of a primitive algebraic cycle which does not pass through
a node, in case Xs ∈ |OX (l)| is either smooth or has independent nodes
we have
Zs = Z · Xs ∼ 0 in Xs \{nodes},
which using the theory of intersection homology [28] we write as
[Zs ] = 0 in IH2n−2 (Xs ) .
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However, restricting still to nodal Xs one has the result that
sing νZ = {s : [Zs ] 6= 0 in IH2n−2 (Xs )} .
All of this suggests that
To the story of formal Hodge theory discussed above
should be added the analysis of intermediate Jacobians
and normal functions for a VHS with an arbitrary base.
Being optimistic, one might hope that when this theory is applied to
the geometric situation (2.6), the result (2.7) would generalize to give
an extended normal function ν̄γ defined over all of S̄. If we take only
that part S̃ of S̄ corresponding to nodal hypersurface sections, then as
discussed above both J → S and νγ extend to give
J ⊂ J̃
(2.10)

↓

↓

S ⊂ S̃ ⊂ S̄
˜ Moreover, it can be shown that assuming the HC in
and νγ ∈ Γ(S̃, J).
degrees ≤ n − 1
(2.11)

γ is an algebraic class ⇔ sing (νγ ) 6= 0 for l = l0 .

However, my feeling is that one needs the full extension of (2.10) to
J̄ → S̄ with, as a best case scenario, the properties that

(i) νγ extends to ν̄γ : S̄ → J̄



 (ii) δν̄ ∈ H 0 Ω1 (log D) ⊗ K
γ
S̄
(2.12)

(iii)
Res
(δν
)
=
6
0 ⇔ sing ν̄γ 6= φ
D
γ



(iv) sing ν̄γ 6= φ ⇔ γ is an algebraic class.
Moreover, my feeling is also that if (i) is done then (ii), (iii), (iv) may
follow using existing technology. The upshot would be that to a Hodge
class γ there is canonically associated an algebro-geometric object δν̄γ
that will have singularities if, and only if, γ is an algebraic class.
In fact, although the extension J̄ has not been defined, recent correspondence with Mark Green suggests that using the Cattani-Kaplan
result (1.9) it is possible to define the mod-torsion part, denoted
sing (ν) ⊗ Q ,
of the singularities of a normal function ν. The issue is local in a
polycylindrical neighborhood as above (1.9). Following [9] we define
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the complex

•

⊕ Bp
 B = 05p5n

 B p = ⊕ NI HQ
I

where I runs over index sets I = (i1 , . . . , ip ) with i1 < · · · < ip and the
boundary map
B p → B p+1
is a Koszul-type operator. It is known that (loc. cit.)
H q (B • ) ∼
= IH q (HQ )
where HQ is the local system over the punctured polycylinder and
IH q (HQ ) are the associated intersection cohomology groups ([28]). The
proposal referred to is
(2.13)

sing (ν) ⊗ Q ∼
= H 1 (B • ) .

Here of course the left-hand-side needs to be defined precisely; this can
be done and it exactly measures the obstruction to extending some integral multiple of ν to the identity component of the canonical extension
of the family of intermediate Jacobians.
We note that (2.13) is zero when the dimension of the base space
is one, which is consistent with the earlier comment that non-torsion
singularities of normal functions can occur only when the base is higher
dimensional.
The proof of (2.13) uses both the Cattani-Kaplan result (1.9) and the
local invariant cycle theorem as a consequence of the Clemens-Schmid
exact sequence (cf. Chapter VI in [22]).
This would be a very nice geometric story. However, we emphasize
that at present there are certainly no ideas about how to show that δν̄γ
must have singularities. In fact, one expects singularities only when l
is large enough that some Xs ∈ |OX (l)| supports a class λ in H2n (X, Q)
with
λ · γ 6= 0 ,
where we consider γ ∈ H2n (X, Q) using Poincaré duality. When X is
an algebraic surface and we write
γ · γ = −k 2 ,

k>0
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then it may be shown that we must have
(2.14)

l = (constant) k

to expect singularities for νγ . When n = 2, even if γ is assumed to be
the fundamental class of a primitive algebraic cycle no estimate such
as (2.14) is known.
The existence of singularities of normal functions for l  0 is related
to the following geometric question:
Let γ ∈ Hg p (X) be the class of an algebraic cycle and
λ ∈ Hg 1 (X) the class c1 (OX (1)). Then it is evident that
there exists an l0 such that for l = l0
γ + lλp = ψ0 (Z)
where Z is an effective cycle (i.e., a subvariety).
The question is
Can we estimate l0 in terms of γ, λ, and the ci (X).?
For p = 1, n − 1 this is true (and one need only assume that γ is a
Hodge class). For p = 2, n = 4 it does not seem to be known, one way
or the other.
3. Infinitesimal methods in Hodge theory
The infinitesimal information, denoted by IVHS (cf. Chapter III in
[22]), in the VHS that arises from a family of smooth algebraic varieties has been seen to contain surprisingly rich geometric information
(comprehensive accounts are given in [18], [46], and [7]). For example,
for the local moduli {Xs }s∈S of smooth algebraic curves of genus g = 2,
the period domain D is the Siegel generalized upper-half-plane of g × g
symmetric matrices with positive definite imaginary part, and one has
natural identifications


T ∗ (D) ∼
= Sym2 H 0 Ω1Xs0


.
Ts∗0 (S) ∼
= H 0 Ω⊗2
Xs
0

Moveover, the codifferential of the natural map
(local moduli space of curves) → D
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is
(3.1)

2

Sym H

0



Ω1Xs0



→H

0



Ω⊗2
Xs0



.

The kernel Ks0 of (3.1) is identified with the linear system of quadrics
through the canonical curve, and for Xs0 non-hyperelliptic one knows
that
\
Q∼
= Xs 0
Q∈Ks0

so that we may reconstruct Xs0 from the first order information in its
VHS. Of course, in this case the Torelli theorem states that the global
period map
(
)
principally polarized Hodge structures
Mg →
of weight one with h1,0 = g
is injective and not just of degree one onto its image, but since for
higher weights there is in general no geometric object such as the theta
divisor associated to a Hodge structure the classical methods used for
the Torelli theorem are not available and — at least to date — their
replacement by infinitesimal methods has been a particularly fruitful
approach.
For example we consider a smooth hypersurface
(3.2)

X ⊂ Pn+1 ,

n=2

defined by a polynomial equation of degree d = 3
(3.3)

F (x0 , . . . , xn+1 ) = 0 .

Setting


 C[x0 , . . . , xn+1 ] = ⊕Sk
JF,k = Sk ∩ {Fx0 , . . . , Fxn+1 }


Rk = Sk /JF,k
one has in analogy to (3.1) that the first order information in the VHS
associated to varying the equation (3.3) is given by the data
(3.4)

RN +qd ⊗ Rd → RN +(q+1)d ,

N =d−n−2

where 0 5 q 5 n − 1. Here the subtlety is that we are only given
the Rk as abstract vector spaces, not as quotients of Sk — i.e., we are
not given the vector space S1 and Rk as a quotient of Symk (S1 ). Ron
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Donagi ([22]), with later refinements by Donagi-Green ([18]) and Voisin
([45]) (cf. Chapters XII and XIII in [22]), showed that
(3.5)

Except for the cases (d, n) = (3, 2), (4, 4m), (6, 6m + 1) or
(m, mk − 2) the data (3.4) is sufficient to construct the equation
(3.3) up to a projective equivalence.

In fact, by a very clever algebraic argument they show that from (3.4)
one may first reconstruct the vector space S1 and from that the polynomial ring C[x0 , . . . xn+1 ]. Next one may determine the Jacobian ideal
JF , and then from that information easily construct the polynomial F
up to a projective equivalence.
The theme of this talk is the relation between Hodge theory and
geometry, especially the construction of geometric objects from Hodge
theoretic data. Presently we will discuss how such constructions may
arise from infinitesimal Hodge theoretic data. A very interesting application of IVHS to the study of algebraic cycles has been given by
Voisin ([46], [48]) who showed
(3.6) Let X be a general, non rigid Calabi-Yau threefold. Then the
image of the Abel-Jacobi map
(3.7)

AJX : Z 2 (X)hom → J 2 (X)

is a countable and non-finitely generated group.
This result is an existence theorem — algebraic 1-cycles are produced
on X and shown to have non-trivial Hodge theoretic properties. An
earlier result, first proved by Clemens ([12]) and then later by Voisin
([46], [50]) with a different method using IVHS, is
(3.8) For X ⊂ P4 a general quintic, the image of the Abel-Jacobi map
(3.7) is discrete and non-finitely generated.
In [46] Voisin showed that for a general Calabi-Yau the image of (3.7) is
non-torsion. Since the argument used to establish the stronger result
(3.6) is an extension of the argument used to prove the non-torsion
statement, we shall concentrate on that result.
Voisin’s arguments for (3.6) and (3.8) use the infinitesimal invariant
for normal functions. In outline algebraic 1-cycles on X are produced
as follows:
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Assume for simplicity that X is regular with local moduli space
{Xs }s∈S and with X = Xs0 . Then S is smooth (Bogomolov, Todorov,
Tian [42]) with
Ts0 S ∼
= H 1 (ΘX )

∼
= H 1 Ω2X
where the second identification uses a trivialization
Ω3 ∼
= OX .
Xs

s

Using this trivialization, for a sufficiently ample line bundle OX (1) the
smooth surfaces
S ∈ |OXs0 (1)|

(3.9)
have normal bundle

NS/Xs0 ∼
= Ω2S
and depend on

dim Ts0 (S) + dim H 0 NS/Xs0 = h2,1 (Xs0 ) + h2,0 (S)
parameters. On the other hand, the number of conditions that γ ∈
H 2 (S, Z) be of Hodge type (1, 1) is h2,0 (S). Denoting by Hg 1 (S)0 the
set of Hodge classes γ on S that satisfy γ · c1 (OS (1)) = 0, Voisin shows
that
(i) the conditions to be of Hodge type (1, 1) are independent, so
that

dim (Xs , S, γ) : S ∈ |OXs (1)|, γ ∈ Hg 1 (S)0 = dim S ,
and
(ii) the components of the left hand side of this equality are étalé
over S.
By the Lefschetz (1, 1) theorem the Poincaré dual of γ is represented
by an algebraic 1-cycle Zγ on S homologous to zero in Xs0 ; i.e.,
Zγ ∈ Z 2 (Xs0 )hom .
The argument is then completed by introducing a refinement of the
infinitesimal invariant δνZγ and showing that this is non-zero, which
implies that νZγ is non-torsion in a general J 2 (Xs ).
In using IVHS arguments in geometric questions non-trivial multiplicative properties of sheaf cohomology groups always arise. Here the
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property is that, for OX (1) sufficiently ample and after making the
identifications

TS |OX (1)| = H 0 (NS/X ) ∼
= H 0 Ω2S
the Gauss-Manin connection for the family |OX (1)| at S gives
(3.10)

 ∇¯

H 1 Ω1S −→ Hom H 0 (Ω2S ), H 2 (OS ) .

The needed multiplicative property, first formulated by Green ([17]), is
¯
There exists λ ∈ H 1 (Ω1 )0 such that ∇(λ)
is an isomorS

phism in (3.10).
Geometrically, this property translates into the implication that, as
S moves in |OX (1)| the subspace H 1,1 (X)prim ∩ H 2 (X, R) ⊂ H 2 (S, R)
moves non-trivially to intersect H 2 (S, Q), thus producing Hodge classes.
This, together with the Lefschetz (1, 1) theorem, are the ingredients to
construct algebraic cycles in Voisin’s result.
Infinitesimal methods have more commonly been used to prove nonexistence results, where they typically seem to be sharp. For example,
referring to (3.8), Green ([17]) and Voisin ([44]) independently showed
(3.11) For a general threefold X ⊂ P4 of degree d = 6, the image of
AJX is torsion.
The line of argument is to show that for any normal function ν defined
over an open set of X’s of degree at least six one has
δν = 0 ,
and conclude with a global monodromy argument.
The results (3.6) and (3.5) date back some years; detailed expositions
of these and related results are given in [18] and [45] and [7]. More recently variants on the techniques used for them have been applied by
Müller-Stach ([29]), Collino ([13]) and others to construct indecomposable cycles in Bloch’s higher Chow groups, to mention just one instance
of the ongoing use of infinitesimal Hodge theoretic methods in geometric questions.
The idea of their line of argument is this: A cycle in CH 2 (X, 1) is
P
represented by Z = λ (Yλ , fλ ) where the Yλ are irreducible curves,
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fλ ∈ C(Yλ )∗ and
X

div (fλ ) = 0 .

λ

fλ−1 (0, ∞)

Let γλ =
and set γ =
modulo torsion) one has
γ = ∂Γ,

P

λ

γλ . Then ∂γ = 0 and (working

Γ = 2-chain on X .

The current
ϕ→

XZ
Xλ −γλ

√
(log fλ )ϕ + 2π −1

Z
ϕ

mod periods

Γ

2
gives the regulator ρ(Z) ∈ HD
(X, Z(1)). One then defines an infinitesimal invariant δρ and uses geometry to show that δρ 6= 0 in the relevant
families.
Related to the problem stated in section 2 above of extending J → S
and ν to S̄ is to extend the IVHS techniques to the boundary D and,
especially, to draw geometric conclusions from this. In this regard,
based on the Kato-Usui extension of period maps discussed above, recent work of S. Saito ([39]) has extended the results of Donagi et al. to
certain singular hypersurfaces, thereby providing a step in this direction.
Finally, one interpretation of the δν’s arises from the fundamental
class ψ0 (Z) of an algebraic cycle Z expressed in the Leray spectral
sequence for R2p Ω•X/S for a smooth family X → S where S is affine. To
say that ψ0 (Zs ) = 0 means that ψ0 (Z) lives in the first filtration level
F 1 for that spectral sequence, and δνZ is essentially the Gr1 = F 1 /F 2
term. If this is zero one may go on to define higher δ k νZ ’s. From
this perspective a far reaching result of Nori ([34]) with subsequent
refinements by a number of people — especially Nagel ([32]) — leads
among other things to results of the type (3.11) in situations where
there is no classical intermediate Jacobian. An excellent account of
this development is given in [7].

4. Some arithmetic aspects of Hodge theory
One of the first realizations that, even if one is only interested in the
complex geometry of algebraic varieties, arithmetic aspects necessarily
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enter in higher codimension was in Spencer Bloch’s formula

(4.1)
Tf CH 2 (X) ∼
= H 2 Ω1X/Q
for the formal tangent space Tf CH 2 (X) of the Chow group of 0-cycles
on a complex algebraic surface X. On the right hand side of (4.1)
everything is in the algebraic setting — cohomology is in the Zariski
topology, and Ω1X/Q is the sheaf of absolute Kähler differentials associated to the structure sheaf OX whose stalks OX,x are the regular,
rational functions in a Zariski neighborhood of x ∈ X.
The origin of (4.1) is two-fold. The first is Bloch’s identification
CH 2 (X) ∼
= H 2 (K2 (OX ))
of the Chow group of 0-cycles with the cohomology of the sheaf K2 (OX )
with stalks
(4.2)

K2 (OX )x = K2 (OX,x )

arising from the higher K-groups of a ring, and the second is van der
Kallen’s identification of the formal tangent space
(4.3)

Tf K2 (R) ∼
= Ω1R/Q ,

where R is a commutative ring containing Q and Ω1R/Q are the absolute
Kähler differentials, defined as the R-module generated by symbols
dr,

r∈R

subject to the relations

d(r + r0 ) = dr + dr0
(4.4)
d(rr0 ) = rdr0 + r0 dr.
The formal tangent space is defined as
Tf K2 (R) = ker {K2 (R[]) → K2 (R)}
where 2 = 0 and the map is r + r0 → r. Taking R = C it is well
known (cf. [14]) that for a ∈ C
da = 0 in Ω1C/Q ⇔ a ∈ Q̄ .
Thus (4.1) has an unavoidably arithmetic aspect.
Recall that for any ring R with C ⊂ R one may define Ω1R/C by
adding the relation
d(ar) = adr,

a∈C
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to (4.4), and there is an exact sequence
(4.5)

0 → Ω1C/Q ⊗C R → Ω1R/Q → Ω1R/C → 0 .

In the algebraic setting one has
(4.6)

Ω1OX,x/C ∼
= OX,x (T ∗ X) ,

where the right-hand side are the regular sections of the cotangent bundle, thereby relating Kähler differentials to geometry. In the analytic
setting one may of course define Ω1OX an ,x/C , but the analogue of (4.6) is
false — the axioms of Kähler differentials do not permit term by term
differentiation of a power series.
Returning to the general discussion, using (4.5) in (4.1) we have

Ω1C/Q ⊗ H 2 (OX ) → Tf CH 2 (X) → H 2 Ω1X/C .
The right hand map is the differential of the map
CH 2 (X) → Alb(X) .
Using
H 2 (OX ) ∼
= H 0 Ω2X/C

∗

the left hand map suggests that higher differentials enter in CH 2 (X),
which was in a different way already known from Mumford’s proof that
h2,0 (X) 6= 0 ⇒ dim CH 2 (X) = ∞ .
If now X is defined over Q̄ and we replace C by Q̄ in (4.1) we get


Tf CH 2 (X(Q̄)) ∼
= H 2 Ω1X(Q̄)/Q


∼
= H 2 Ω1X(Q̄/Q̄
∼
= T Alb (X(Q̄))
where the last step follows by using (4.5) replacing C by Q̄ and the
fact that Ω1Q̄/Q = 0. This suggests formally that for X defined over
a number field k, rational equivalence and Albanese equivalence for
Z 2 (X(k̄)) should coincide (modulo torsion), a special case of a deep
conjecture of Beilinson to be discussed below.
It is of interest to try to understand the geometric significance of
(4.1). This means that one wants to define geometrically the tangent
space
T Z 2 (X)
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and, setting
2
Tg CH 2 (X) = T Z 2 (X)/T Zrat
(X)

to see if there is an isomorphism
(4.7)

Tf CH 2 (X) ∼
= Tg CH 2 (X) .

As will be explained below, such an isomorphism would imply a geometric existence theorem, albeit at the infinitesimal level. In [19] there
is a propossed definition of T Z 2 (X) (and for X of dimension n a proposed definition of T Z n (X) and T Z 1 (X) — the full definition of the
remaining T Z p (X)’s awaits resolution of non-trivial technical issues)
and with this proposed definition it is shown that (4.7) holds. As shall
now be briefly explained, both the higher differentials and arithmetic
considerations enter.
For X an n-dimensional smooth variety, the group Z n (X) is generated by configurations of points
x1 + · · · + xd ∈ X (d)
on X. The infinitesimal structure of such configurations is reflected
by the geometry of X (d) near the diagonals, where we recall that X (d)
is singular for n = 2, d = 2. This infinitesimal structure is in turn
measured by regular differential q-forms ϕd on X (d) , especially those
with the hereditary property
(4.8)

ϕd+1

X (d)

= ϕd

where the inclusion X (d) ,→ X (d+1) is given by
x1 + · · · + xd → x0 + x1 + · · · + xd
for a fixed point x0 ∈ X. We may think of such collections {ϕd } as
S
q-forms on the infinite symmetric product X (∞) = d X (d) , a semigroup whose associated group is Z n (X). Among the collections of
forms satisfying (4.8) are the traces
Tr ϕ(x1 + · · · + xd ) = ϕ(x1 ) + · · · + ϕ(xd )
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of regular forms ϕ ∈ ΩqX on X. It is then a result proved by Ting Fei
Ng ([33]) that
(4.9) The forms satisfying (4.8) are generated as an exterior algebra
by the traces of ϕ ∈ ΩqX where 0 5 q 5 n. The forms of all
degrees are required to generate.
This “explains” why higher degree forms should enter into the definition
of T Z n (X).
As a general remark, for any algebraic (or analytic) variety Y and
point y ∈ Y , one may define the coherent OY,y -modules ΩqY,y of regular
q-forms. (For example, ω ∈ ΩqY,y is given by a regular q-form on the
smooth points in a Zariski neighborhood of y that pulls up to a regular
form on one, and hence any, desingularization.) Of course, if y is a
smooth point then Ω•Y,y = ⊕ ΩqY,y is generated by Ω1Y,y . In general, the
q=1

structure of Ω•Y,y as an exterior algebra over OY,y reflects the singularity
structure of Y near y. The result (4.9) should be understood in this
context — the complete description in terms of generators and relations
seems not yet to be known.
As to the appearance of arithmetic considerations, we shall give an
example that illustrates the essential point. For this we consider in C2
the arc zαβ (t) in configurations of points with defining ideal

x2 − αy 2 , xy − βt
(α 6= 0) .
Let F be the free group generated by the 0-cycles zαβ (t), and then let
∼ be the equivalence relation on F generated by
(i)
(ii)
(iii)
(iv)

zi (t) ∼ ẑi (t) for i = 1, 2 ⇒ z1 (t) ± z2 (t) ∼ ẑ1 (t) ± ẑ2 (t)
z(t) ∼ ẑ(t) ⇒ z(λt) ∼ ẑ(λt)
λ ∈ C∗
mz(t) ∼ mẑ(t) ⇒ z(t) ∼ ẑ(t)
m ∈ Z, m 6= 0
if z(t) and ẑ(t) are effective arcs in F that have the same tangent
at t = 0 in the Hilbert scheme, then z(t) ∼ ẑ(t).

One thinks here of the definition of the tangent space to a manifold by
imposing axioms on the arcs through a point. Then by an elementary
but intricate calculation (cf. [19]) one may show
(4.10) The map
F/ ∼−→ Ω1C/Q
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given by
zαβ (t) −→ β

dα
α

is a well defined isomorphism.
In particular, for α ∈ Q̄
zαβ (t) ∼ z1β (t) .
It is an interesting exercise to show directly that, when α is a root of
unity, one may pass from zαβ (t) to z1β (t) by a sequence of the “moves”
(i)–(iv).
The result (4.7) has the following geometric corollary:
(4.11)

Let X be a surface defined over Q, xi ∈ X(Q̄) and τi ∈
P
2
Txi X(Q̄). Suppose that for τ =
i (xi , τi ) ∈ T Z (X(Q̄) the
infinitesimal Albanese condition


X
hϕ, τ i =
hϕ(xi ), τi i = 0
ϕ ∈ H 0 Ω1X(Q̄)
i

is satisfied. Then there exists an arc (Yλ (t), fλ (t)) in the space
⊕

Q̄(Y )∗

8
<

Y ⊂X(Q̄)

:

irreducible curve

such that the tangent at t = 0 to the arc
Z 2 (X) is τ .

P

λ

div(fλ (t)) in

This existence result is an infinitesimal version of a special case of the
following conjecture of Beilinson. (In what follows, we set GQ = G⊗Z Q
for any Abelian group G.)
(4.12) Let X be a smooth, projective complex algebraic variety. Then
there exists a canonical filtration F m CH p (X)Q whose graded
pieces may be defined Hodge theoretically. If X is defined over
a number field k, then
(4.13)

F 2 CH p (X(k))Q = 0 .

A number of candidates for F n CH p (X) have been proposed. In [20]
we have proposed one that is defined Hodge theoretically and has the
character of providing a “test” for rational equivalence, much as in the
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classical Abel’s theorem; this construction will be summarized in the
next section. For all of these
 0
p
p

 F CH (X)Q = CH (X)Q
F 1 CH p (X)Q = ker ψ0

(4.14)




F 2 CH p (X)Q = ker ψ1 .

Showing that the one described in [20] has the required properties depends on the generalized Hodge conjecture and (4.13).
We conclude by illustrating what sort of considerations might be
necessary to “integrate” an infinitesimal result such as (4.11) by a convergent iterative process. The one example of a “surface” with pg 6= 0
for which (4.13) is known seems to be the relative variety (P2 , T ) where
T is the coordinate axis triangle. Concretely, the result is the following:
(4.15) In C∗ × C∗ let pi = (xi , yi ) be a configuration of points with xi ,
yi ∈ Q̄ and ni ∈ Z integers such that
P

ni = 0
(i)
Q i ni Q ni
(4.16)
(ii)
i yi = 1.
i xi =
Then there exists a configuration of curves Yλ ⊂ P2 (Q̄) and
functions fλ ∈ Q̄(Yλ )∗ such that
X
X
div(fλ ) =
ni (xi , yi )
(4.17)
i

λ

and
f λ | P2 ∩ T = 1 .

(4.18)

The last condition defines the rational functions on the relative variety
(P2 , T ). The proof of this result consists in first showing that in C∗ ⊗Z C∗
one may write
Y
Y
(4.19)
(xi ⊗ yi )ni =
(aσ ⊗ 1 − aσ )
i
∗

σ

where aσ ∈ Q̄ \ {1}, and then from the right-hand side explicitly
constructing the curves Yλ (actually, lines will suffice) and rational
functions fλ such that (4.17) and (4.18) are satisfied.
What underlies this is the result, due essentially to Bloch and Suslin,
that for any algebraically closed field k of characteristic zero there is a
filtration
F p CH 2 (P2 , T (k))
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with

 Gr0
Gr1

Gr2

∼
=Z
∼
= k∗ × k∗
∼
= K2 (k).

The maps (i) and (ii) above map to Gr0 , Gr1 respectively and are the
degree and Albanese maps in the current situation. The new ingredient
is Gr2 , which has a highly arithmetic character. We are using Garland’s
theorem [16] that K2 (k) is torsion for k a number field, which extends
the result of Bass and Tate that K2 (Q) is torsion, a result closely related
to quadratic reciprocity.
If we now ask the question
Can the geometric size of the data (Yλ , fλ ) be estimated
in terms of the geometric size of the (xi , yi ) and ni ?
P
then the answer is no. Here, the geometric size of z = i ni (xi , yi )
P
P
means i |ni |, and for (Yλ , fλ ) it means λ deg Fλ where Fλ ⊂ Yλ ×
P1 ⊂ P2 × P1 is the graph of fλ . In addition to the geometric size, the
arithmetic complexity of z — meaning essentially the heights of the xi
and yi — must enter in bounding the geometric size of the (Yλ , fλ ).
Some subtle interplay between Hodge theory, geometry and arithmetic
seems to be going on here. In particular, examples show that for Hodgetheoretic reasons a convergent iterative process is not always possible
when a formal one exists, and it seems that a convergent iterative
construction will at each stage require bounds of both geometric and
arithmetic complexity.
5. Hodge-theoretic invariants of algebraic cycles
In this section we shall summarize the construction ([20]) of how, if
one assumes the GHC and the conjecture (4.12) of Beilinson, a complete
set of Hodge-theoretic invariants mod torsion of a rational equivalence
class of algebraic cycles may be given.
Let X be a smooth projective variety, which for simplicity of exposition we assume to be defined over Q̄. Let Z ∈ Z p (X) be an algebraic
cycle defined over a field k which is finitely generated over Q, and let
S be a smooth projective variety defined over Q and with
(5.1)

Q(S) ∼
=k.
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Below we shall describe how one may define the spread
Z ∈ Z p (X × S)
of Z; both S and Z are defined up to ambiguities arising from the
different geometric realizations of function field constructions. We shall
discuss Hodge-theoretic invariants
(5.2)

Ψ0 (Z), Ψ1 (Z), . . . , Ψp (Z)

with the properties:
(i) Ψ0 (Z) = Ψ1 (Z) = 0 if, and only if, ψ0 (Z) = ψ1 (Z) = 0,
(ii) assuming the GHC, the invariants (5.2) do not depend on the
particular model S satisfying (5.1) and the choice of spread Z ∈
Z p (X × S);
(iii) still assuming the GHC, the invariants (5.2) depend only on the
rational equivalence class [Z] ∈ CH p (X)Q , and the conditions
(5.3)

Ψ0 (Z) = Ψ1 (Z) = · · · = Ψp (Z) = 0

do not depend on the particular field k; and
(iv) assuming the GHC and the conjecture (4.12) of Beilinson, we
have that
(5.4)

(5.3) is satisfied if, and only if, [Z] = 0 in CH p (X).

These conditions have the following
(5.5)

Corollary: Every cycle class [Z] ∈ F m CH p (X)Q is a sum of
cycle classes defined over fields of tr deg 5 m. We need to use
tr deg m if, and only if, Ψm (Z) 6= 0.

This shows very clearly how arithmetic considerations necessarily appear in the complex geometry of algebraic cycles in higher codimension.
We shall actually (i) define Hodge-theoretic objects Hm with 0 5
m 5 2p, together with subspaces Km ⊂ CH p (X)Q , and (ii) inductively
define maps
(5.6)

ϕm : Km → Hm
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such that ϕm is defined if ϕ0 = · · · = ϕm−1 = 0 and where
ker{ϕ0 , . . . , ϕ2m−2 } =: F m CH p (X)Q ,

m=1

k

ker{Ψ0 , . . . , Ψm }.
We refer to [20] for further discussion about the definition of the Ψm
from ϕ0 , . . . , ϕ2p and various extension data.
The relation between geometry and arithmetic enters through the
aforementioned concept of a spread. Informally, we may think of any
complex algebraic variety Y as given by polynomial equations
X
Fλ (a, x) =
aλI xI = 0
I

where the coefficients aλI generate a field k ⊂ C. Since k is finitely
generated over Q, the coefficients will satisfy a generating set of equations
Gi (a) = 0
where Gi (α) ∈ Q[. . . , αλI , . . .]. The spread Y of Y is then given by the
equations
P

Fλ (b, x) = I bλI xI = 0
Gi (b) = 0.
Letting S be a (smooth, projective) model of the variety defined by the
second set of equations, (5.1) is satisfied and there is an obvious map
(5.7)

Y→S,

for which the fibre over the generic point a ∈ S is Y . The diagram
(5.7) is well defined up to a birational mapping defined over Q̄.
The spread construction may also be applied to the cycle Z ∈ Z p (X(k))
to give a cycle
Z ∈ Z p ((X × S)(Q̄)).
As noted above, both S and Z are only defined up to certain ambiguities. The Hodge-theoretic objects Hm and maps (5.6) will be constructed from the fundamental class and Abel-Jacobi maps on X × S.
Specifically, using the Künneth decomposition for the Hodge structures on H 2p (X × S) and H 2p−1 (X × S), we may decompose the fundamental class and Abel-Jacobi maps into Künneth components and
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the terms up to the middle may schematically be arranged as follows
(5.8)

(2p, 0) (2p − 1, 1) · · ·
(2p − 1, 0) · · ·

(p, p)
(p, p − 1) .

The top row corresponds to the fundamental class and the bottom row
to the Abel-Jacobi map; the (k, l) entries correspond to H k (X)⊗H l (S)
in the Künneth decomposition of H k+l (X × S). The maps (5.6) may
be pictured as
(5.9)

ϕ0 ϕ1 ϕ3 · · ·

ϕ2p−1

ϕ2 ϕ4 · · ·

ϕ2p .

Now usually the Abel-Jacobi map is only defined on the kernel of the
fundamental class mapping. However, in the current situation an interesting refinement of this is possible; the basic observation is
(5.10) The component ϕ2m of the Abel-Jacobi mapping on cycles in
Z p (X × S) is well-defined on cycles where ϕ0 = · · · = ϕ2m−1
= 0.
Moreover, assuming the GHC and using the Lefschetz theorems it may
be proved that
(5.11) Under the birational transformations arising from using a different model for a smooth projective variety S satisfying (5.1)
and for the spread Z ∈ Z p ((X×S)(Q)) of a cycle Z ∈ Z p (X(k)),
the invariants ϕ0 , . . . , ϕ2p correspond.
The argument uses in an essential way that we are working with spreads.
Finally, assuming the GHC and the Beilinson conjecture (4.12) it
may be shown that
(5.12) If ϕ0 (Z) = · · · = ϕ2p (Z) = 0, then [Z] = 0 in CH p (X)Q .
The point is that if ϕ0 (Z) = · · · = ϕ2p (Z) = 0, then using the GHC we
may choose a spread model so that
ψ0 (Z) = ψ1 (Z) = 0
on X × S. Then the Beilinson conjecture gives that, modulo torsion,
Z ≡rat 0 .
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The first interesting non-classical case is that of zero cycles on an
algebraic surface X. Then the spread is given by {Zs }s∈S where for
s ∈ S a general point Zs is a 0-cycle on X with Zs0 = Z and the first
invariant
ϕ0 (Z) ∈ H 4 (X) ⊗ H 0 (S) ∼
= H 4 (S)
is given by deg Z. The next invariant
ϕ1 (Z) ∈ H 3 (X) ⊗ H 1 (S) ∼
= Hom(H1 (S), H1 (X)) .
If ϕ0 (Z) = deg Z = 0, then there is an induced mapping
(5.13)

S → Alb(X)

given by s → Alb(Zs − Zs0 ) and ϕ1 (Z) is corresponding mapping on
the first homology. If ϕ0 (Z) = ϕ1 (Z) = 0, then the mapping (5.13) is
constant and we may set
ϕ2 (Z) = Alb(Zs )
for any s ∈ S (this is a special case of (5.10)).
Turning to
ϕ3 (Z) ∈ H 2 (X) ⊗ H 2 (S) ∩ Hg 1 (X) ⊗ Hg 1 (S)

⊥

where the ( )⊥ term results from factoring out the part resulting from
the ambiguities, we see that

ϕ3 (Z) ∈ Hom H 0 (Ω2X/C ), H 0 (Ω2S/C ) ,
and it is easy to verify that for ω ∈ H 0 (Ω2X/C )
ϕ3 (Z)(ω) = TrZ ω .
This is the invariant originally used by Mumford [30].
The final invariant

ϕ4 (Z) ∈ H 2 (X) ⊗ H 1 (S)/F 2 H 2 (S) ⊗ H 1 (S) + “integral”
where “integral” is H 3 (X × S, Z) ∩ (H 2 (X) ⊗ H 1 (S)). The numerator
has a component
∗
ϕ4 (Z)0 ∈ H 0,2 (X) ⊗ H 1 (S) ∼
= H1 (S) ⊗ H 0 Ω2X/C
with the following interpretation: Let λ be a closed loop in S representing a class [λ] ∈ H1 (S, Z) and ω ∈ H 0 (Ω2X/C ). For s ∈ λ we have
the 0-cycle Zs and 1-chain γs with
∂γs = Zs .
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We set
[

Γ=

γs

s∈λ

and define
Z

hϕ04 (Z), λ

⊗ ωi =

ω

mod periods.

Γ

If we have
γs0 = γs + δs ,
then, setting ∆ =

S

∂δs = 0

s∈λ δs ,

with the obvious notation we have
Z
Z
ω =
ω+
ω
Γ0
Γ
∆
Z
≡
ω mod periods.

Z

Γ

If
λ0 = λ + ∂Λ
for some 2-chain Λ in S, then setting
[
ZΛ =
Zs
s∈Λ

[

Σ =

γs

s∈Λ

we have, again with the obvious notation,
∂Σ = Γ0 − Γ − ZΛ
and then
Z

Z

Z

ω =

ω+

Γ0

ω
ZΛ

Γ

Z
=

ω
Γ

since
Z

Z
ω=

ZΛ

TrZ ω = 0
Λ

because TrZ ω = 0.
In conclusion, one might say that for a surface X defined over Q if
we assume the GHC and Beilinson conjectures then the analogue of
Abel’s theorem and its converse may be summarized in the following
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inductive set of “tests” that a 0-cycle Z be rationally equivalent to
zero:
Z
(i)
deg Z =
1 = 0,
1 ∈ H 0 (Ω0X )
Z

Z
(ii)

ϕ ≡ 0 periods

Alb(Z) =

ϕ ∈ H 0 (Ω1X )

γ

where if (i) is satisfied there is a 1-chain γ with ∂γ = Z, and
(
)
(a) TrZ ω = 0
R
(iii)
ω ∈ H 0 (Ω2X )
(b) Γ ω ≡ 0 periods
where Z is the spread of Z and, assuming that (ii) and (iii)(a) are
satisfied, Γ is the 2-chain traced out over a 1-cycle λ by the 1-chains γs
with ∂γs = Zs , s ∈ λ. We may think of this test as given by integrating
the q-forms in H 0 (ΩqX ), 0 5 q 5 2, where at each stage the path of
integration can be defined because the previous steps were zero.
6. A use of non-linear PDE in Hodge theory
Thus far the emphasis in this survey article has been the relationship between Hodge theory and algebraic cycles, especially the construction of cycles satisfying Hodge theoretic conditions. The considerations we have employed have been formal Hodge theoretic and
algebro-geometric. In this section we shall give an example of the use
of analysis to construct something geometric. It is interesting to note
that ultimately what is desired to construct are solutions to an overde¯
termined PDE system arising from the ∂-operator.
What is actually
solved are solutions to a determined PDE system, a system that is implied by the overdetermined one. Then global topological assumptions
on the Chern classes imply that the solution to the determined system
satisfies the overdetermined one as well. There seems to be no technique for generally solving overdetermined PDE systems, even locally
for elliptic linear equations.
One may of course ask if analytic methods may be used to construct
algebraic cycles, or holomorphic bundles and/or coherent sheaves, extending the Kodaira-Spencer proof of the Lefschetz (1, 1) theorem. I
feel that the recent work of Voisin [48] casts some doubt on the efficacy
of this approach.
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Before turning to the paricular result to be discussed, it is perhaps
worth noting that the title Harmonic Integrals of Hodge’s book reflects his introduction of linear PDE concepts into the study of the
cohomology of manifolds. Subsequently, Kodaira and Spencer among
others extensively applied linear PDE methods to algebraic geometry,
in particular giving the above mentioned proof of the Lefschetz (1, 1)
theorem where the existence of cycles is established by analytic methods. Non-linear PDE methods came to the fore after Yau’s proof of the
Calabi conjecture. Subsequently, there followed the proofs by Donaldson (for projective varieties) and by Uhlenbeck-Yau (for general compact Kähler manifolds) of the existence of Hermitian-Einstein metrics
on stable holomorphic vector bundles over compact Kähler manifolds.
These ideas were extended by Carlos Simpson to complex variations of
Hodge structure (defined below), a consequence of whose work gives
the following existence result [40], [41]:
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(6.1) Any linear representation of the fundamental group of a compact Kähler manifold can be continuously deformed into the monodromy representation of a complex variation of Hodge structure.
Corollary: For n = 3, no subgroup of finite index in SLn (Z) is the
fundamental group of a smooth projective variety.
It is this development that we shall shortly give a brief description of.
Before doing this we would like to call attention to the related works
on harmonic maps to the period domains (cf. the excellent exposition
in chapter 14 of [7] and the references cited therein). A consequence of
that work is the result
(6.2)

no compact quotient of a non-Hermitian symmetric period domain has the homotopy type of a compact Kähler manifold.

Turning to Simpson’s work, one approach is to begin by noticing
the somewhat subtle interplay between the flat connection ∇ and metric connection D in a polarized VHS. Here, the metric connection is
obtained by writing
H = ⊕ Hp,q
p+q=m

and taking (−1) times the Hodge metric in the individual Hp,q ’s. From
the properties of a VHS we may write

∇ = ∇0 + ∇00
type decomposition
D = D0 + D00
p

and
(6.3)

∇ = D + θ + θ∗

where by (1.5)
θ : Hp,q → A1,0 Hp−1,q+1



and θ∗ is the Hermitian adjoint of θ. The integrability condition ∇2 = 0
implies

(i) θ : Hp,q → Ω1S (Hp−1,q+1 ) is holomorphic


 (ii) θ ∧ θ = 0
(6.4)
(iii) the curvature of D is expressed as



Θ = (−θ ∧ θ∗ + θ∗ ∧ θ)
This leads to Simpson’s basic
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Definition: A Higgs bundle is given by a pair (E, θ) where E is a
holomorphic vector bundle and
θ : E → Ω1S (E)
is a holomorphic section of Ω1S (Hom(E, E)) that satisfies
θ∧θ =0.

(6.5)

Working with C ∞ sections, a Higgs bundle is given by an operator
∇00 = D00 + θ

(6.6)
where

D00 : E → A0,1 (E)
θ : E → A1,0 (E)
and the integrability condition


is a (0, 1) connection

(∇00 )2 = 0
is satisfied. By type considerations this gives the conclusions (6.4):

 (D00 )2 = 0 ⇒ D00 gives a complex structure on E;
D00 θ + θD00 = 0 ⇒ θ is holomorphic; and
 θ∧θ =0.
Definition: A complex variation of Hodge structure (CVHS) is given
by holomorphic Hermitian vector bundles Ep,q with metric connections
Dp and maps

θp : Ep,q → A1,0 Ep−1,q+1
such that for D = ⊕ Dp and θ = ⊕ θp , setting
p

p

∇ = D + θ + θ∗
the integrability condition
(6.7)

∇2 = 0

is satisfied.
Thus a CVHS is the same as a polarized VHS dropping the real
structure in the fibres. In particular, to a CVHS is associated a representation of π1 (S) into a group of Hodge type. Clearly a CVHS gives
a Higgs bundle by taking

E = ⊕Ep,q
∇00 = D00 + θ.
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Next we observe that, essentially because of the expression (iii)
in (6.4) for the curvature of a CVHS and the general principal that
“curvatures decrease on holomorphic sub-bundles”, the Higgs bundle associated to a CVHS has the important property of being semistable. (An account of the curvature properties of Hodge bundles and
period domains is given in [7].) In general, we recall that over an
n-dimensional compact Kähler manifold S with Kähler form ω, we
may define the degree of any coherent sheaf F by
Z
deg F =
c1 (F) ∧ ω n−1 .
S

A holomorphic vector bundle E of rank r is then said to be stable,
relative to the Kähler class [ω] ∈ H 2 (S, R), if for any proper coherent
subsheaf F ⊂ E the inequality
(6.8)

deg(E)
deg(F)
<
rk (F)
rk (E)

holds. Semi-stability is the same condition with 5 replacing <. The
basic result, due to Donaldson and Uhlenbeck-Yau, is that
a stable bundle has a unique HYM metric.
This means the following: Any metric in E gives a canonical metric connection D with curvature Θ = D2 . The metric is said to be
Hermitian-Yang-Mills (HYM) in case
(6.9)

ΛΘ = λI

where Λ is the usual Kähler operator associated to ω and I is the
identity.
The Chern forms associated to a HYM metric satisfy the pointwise
inequality


r−1 2
c2 −
c ∧ ω n−2 = 0
2r 1
which implies the inequality of Bogomolov for stable bundles. (Here,
one recalls Hodge’s proof of his index theorem.) Moreover, from this
and related formulas one may conclude that if globally we assume that

Z
Z 
c21
n−1
∧ ω n−2 = 0
c1 ∧ ω
=0,
c2 −
2
S
S
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then suitable pointwise integrands must vanish, implying that Θ = 0.
Using that a semi-stable bundle is a direct sum of stable bundles one
may conclude that
(6.10) If E is semi-stable and all ci (E) = 0, then E has a flat Hermitian
metric.
Now a CVHS gives rise to a vector bundle with a flat indefinite Hermitian metric, a situation not directly amenable to elliptic theory. To
circumvent this issue, Simpson introduced the above concept of a Higgs
bundle and extended these considerations, especially the consequence
(6.10). First, a Higgs bundle (E, θ) is stable if (6.8) holds for all proper
subsheaves F that are invariant under θ, and similarly for semi-stability.
Given a metric on E one then extends the Higgs operator (6.6) to a
connection
(6.11)

∇ = D0 + D00 + θ + θ∗

where D0 + D00 is the metric connection and θ∗ is the Hermitian adjoint
of θ. The Higgs bundle is said to be HYM if there exists a metric such
that the curvature of (6.11) satisfies (6.9). Simpson then extends the
arguments of Donaldson and Uhlenbeck-Yau to show that
(6.12) A Higgs bundle (E, θ) admits an HYM metric if, and only if, it
is a direct sum of stable Higgs bundles.
As before, a corollary is
(6.13) A semi-stable Higgs bundle (E, θ) with all ci (E) = 0 is flat.
More precisely, for the HYM metric the connection (6.11) is
integrable.
Finally, to complete the story and establish the relation between
semi-stable Higgs bundles and CVHS’s, Simpson observes that on the
set MHiggs of equivalence classes of semi-stable Higgs bundles with all
ci (E) = 0 there is a C∗ -action given by
(6.14)

t(E, θ) = (E, tθ) .

It is elementary to see that the fixed points of the action (6.14) are
exactly the CVHS’s. Indeed, a fixed point is given by an invertible
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endomorphism
T :E→E
satisfying
T θ = tθT .
The eigenvalues of T are a constant set Λ of complex members, and we
set (assuming t is not a root of unity)

ρ

 Eλ = ker(T − λI)
Λp = {λ ∈ Λ : λ, tλ, . . . , tp−1 λ ∈ Λ, tp λ 6∈ Λ}

 E = ⊕ Eλ .
λ∈Λp

Then

E = ⊕Ep
θ : Ep → Ω1S (Ep−1 )
and the conditions for a CVHS are satisfied.
To prove (6.1) one would like to deform the representation of π1 (S)
associated to a Higgs bundle (E, θ) into a fixed point under the C∗ action (6.14) by taking
lim(E, tθ)


t→0

in MHiggs . As is usual in moduli questions, the issue is that MHiggs
should be compact. With work this can be proved (cf. [41]), and together with the result that an irreducible representation of π1 (S) gives
rise to a stable Higgs bundle leads to the proof of (6.1).
7. A recent construction of Nori
This second Hodge-theoretic construction is based on work in preparation by Nori and is of a quite different character than those discussed
above. On the one hand it is formal-homological in the style initiated
in Deligne’s “Théorie de Hodge”, and on the other hand the essential
point is geometric and is an extension of the basic Lefschetz picture of
building up the homotopy type of an n-dimensional smooth variety X
by successively attaching cells of dimension n using the locus traced
out by the vanishing cycles in a Lefschetz pencil. Nori’s work leads
to the formulation of a motivic Hodge conjecture (MHC) which would
have the following two consequences:
(7.1)

Let X be a smooth complex projective variety and σ : C → C
an automorphism of the complex numbers with X σ denoting the
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corresponding projective variety. Let Z ∈ Z p (X) satisfy
ψ0 (Z) = 0 ,

ψ1 (Z) = 0 .

Then the same is true for Z σ ∈ Z p (X σ ).
In particular, although AJX is defined transcendentally, its kernel is
invariant under Galois conjugation over the field of definition of X.
(7.2)

Let X, Y be complex varieties such that for some q there is an
isomorphism of MHS’s
H q (X) ∼
= H q (Y ) .
Then the same is true for X σ and Y σ .

Nori’s formulations of the MHC and of the related Hodge conjecture
for admissable pairs (HCAP’s) are based on his construction of the
category A of effective cohomological motives (ECM’s). The central
geometric point is the following
Definition: A good pair is a pair Y ⊂ X of affine varieties such that
(7.3)

H q (X, Y ) = 0,

q 6= dim X .

For example, if Ȳ ⊂ X̄ are smooth projective varieties where Ȳ is a
hyperplane section and Y ⊂ X is obtained from Ȳ ⊂ X̄ by taking
out a transverse hyperplane section, then the central point of Lefschetz
theory [26] is that Y ⊂ X is a good pair. The existence of many good
pairs is due to Beilinson who proved:
If X is affine and Y ⊂ X is a closed subvariety with
dim Y < dim X, then there exists Z with Y ⊂ Z ⊂ X
where Z is a closed subvariety and Z ⊂ X is a good
pair.
Based on this, for an affine variety X there are many ascending chains
Z0 ⊂ Z1 ⊂ · · · ⊂ Zn = X

(n = dim X)

of good pairs, and for any such
(7.4)

H 0 (Z0 ) → H 1 (Z1 , Z0 ) → · · · → H n (Zn , Zn−1 )

is a complex that computes H ∗ (X). Note that
(i) (7.4) is a complex of MHS’s; and
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(ii) (7.4) is quasi-isomorphic to the singular chain complex of X.
Thus, in a suitable derived category the Hodge theory (i) and geometric
topology (ii) meet at a fundamental level.
Note that if Y ⊂ X is a good pair, then by étalé cohomology the
same is true of Y σ ⊂ X σ . Also note that U = X \Y is a smooth Zariski
open in X.
I will now briefly recount Nori’s formulation of the HCAP, the MHC
and the construction of the category A of ECM’s. Let X be smooth,
quasi-projective and ∪m
i=1 Di = D ⊂ X a divisor with normal crossings.
For I ⊂ {1, . . . , m} set D(I) = ∩i∈I Di and


 free group on all codimenion p 
subvarieties W ⊂ D(I) × ∆q
;
Z p (D(I))0q =


which satisfy Bloch’s conditions
here Bloch’s conditions refer to W meeting the faces of
(
)
q
X
∆q = (x0 , x1 , . . . , xq ) :
xi = 1
i=0

in subvarieties of the right codimension. This yields a double complex
(7.5)
→
Z p (X)00
→
Z p (X)01
··· →
Z p (X)02
x
x
x



··· →

⊕ Z p (Di )02
i
x


→

⊕ Z p (D(I))02 →
#I=2
x


⊕ Z p (Di )01
i
x


→

⊕ Z p (D(I))01 →
#I=2
x


⊕ Z p (Di )00
i
x

⊕ Z p (D(I))00
#I=2
x


Denoting the total complex by Z p (X, D)• , Nori formulates the
HCAP: Assume H i (X, D) = 0 for i < 2p. Then
(7.6)

H0 (Z p (X, D))Q → Hg 2p (X, D)Q
is surjective

Nori observes that even showing that the map (6.6) is defined requires
proof.
To explain the MHC, we recall that there is expected to be an abelian
category A of motives with the properties (here k is an algebraically
closed field of characteristic zero)
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(A) There is a functor
quasi-projective varieties/k → Db (A)
∪|
∪|
X
→ |X|
where Db (A) is the derived category of A;
(B) Standard cycle conjecture (SCC). There is a quasi-isomorphism
Z p (X)•,Q → Hom(Z(−p)[−2p], |X|)Q ;
or more generally a quasi-isomorphism
Z p (X, D)•,Q → Hom(Z(−p)[−2p], |(X, D)|)Q ;
(C) Motivic Hodge conjecture (MHC). There is an absolutely fully
faithful functor
A → MHS .
Standard arguments, using the hard Lefschetz theorem, show that
SCC + MHC ⇒ HC
SCC + MHC ⇒ (6.6) is an isormorphism.
Since Ext2MHS (∗, ∗) = 0, denoting by F m CH p (X)Q the filtration induced by (6.5) on Chow groups, by (C)

F 2 CH p (X)Q = kernel CH p (X)Q → H 0 (HomMHS (Q(−p)[−2p], |X|)
= kernel ψ0 ∩ kernel ψ1
is independent of the embedding k ,→ C.
We conclude with a few comments on Nori’s proposed candidate
ECM for A and the map in (A) above. The category ECM is constructed out of the rings




Y
∗
∗
End H |F = a ∈
H (X, Y ) : “conditions”


(X,Y )∈F

where F is a finite collection of good pairs Y ⊂ X and the “conditions”
refer to the commutativity of certain diagrams
X1 −→ X2
∪
∪
Y1 −→ Y2
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among the good pairs in F . The objects are left modules M over
End H ∗ |F for F a finite set of good pairs. The map
ECM → MHS
arises from the map
(A = abelian group, P = MHS) → Hom(A, P ) = MHS ,
which gives that
∗
Hom(H ∗ (X, Y ), HMHS
(X, Y )) is a MHS on the abelian
∗
group End H (X, Y ).

The crucial issue, that being the construction of the map in (A) above,
proceeds as follows: For X affine the central geometric point is that
the map


 set of complexes (6.18) arising 
from ascending chains of
(7.7)
X→


good pairs as above
leads to a map
affine varieties defined /k → Db (ECM)
into the derived category of ECM. Denoting the right-hand side of (7.7)
by |X| and taking A = ECM gives (A) for affine X’s. In general, one
uses the affine case as the basic building blocks and couples these with
more or less standard simplical constructions.
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