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[. Benenue. ['eomerpudeckasi Teopus aBTOMOPMHBIX (pOpM OBLIO BBEJICHA PYCCKAMU MaTe-
MaTukaMmu, Hanpumep Biagumupom prundensbaoM, un pa3BuTas pycCKO-aMepPUKaHCKOI TITKO-
01,2 7O 3TOI Teopueit g Hemopoaen. CoppeMentas apudMeTnIecKas TEOpHsd aBTOMOPQHBIX
dopM BO3HUKIIA B MECTHAIATHIX I'O/IaX JIBA/IIIATOIO CTOJIETUS U3 YETHIPEX NCTOYNKA: U3 BO3-
oOHOBJIEHUST 3UTEeJIEM UCCJIEIOBAHNI JIEBATHAJIIIATOTO CTOJIeTHsT; 13 Teopun [ekke; n3 Teopun
110JIeit KJIaCCOB; U3 TEOPUU IIPEJICTaBICHUEH IPYIII, B KOTOPOil BaxKHbIM nMena Ppobenunyca,
lepmana Beira, Xapurm-Yaugapel. B sToit apudmernydeckoit Teopun, He3aMeHUMON COCTaB-
HOI 4aCTBIO fABJIMIOTCA cOOCTBEHHBbIE Yncya ['ekke. Bocmob30BaBIINCH STUME IHCIAME, MbI
OTIpe/ie isieM UPe3BbIYaiiHO BarKHbIe L-(YHKINI. DTU IUCIa COOCTBEHHBIE YUC/IA OIEPATOPOB
[ekke. DT orepaTopbl ONpeesIéHbl B apudMeTUIecKoil TeOPUU HO He B TOH reoMeTpute-
CKOil Teopun KoTopas Ipejcrasiena laiinropu mm @penkenem.® TpyaHocTsh ToMm, 4To B
TEOPUU PYCCKO-aMEPUKAHCKON MIKOJIbI COOCTBEHHBIE BEKTOPHI 3aMEHEHbI COOCTBEHHAMHE 1Ty -
KaMH, CYIIEeCTBOBAaHUE KOTOPBIX 3aTPYIHUTEILHO JIO CUX MOP HEBO3MOXKHO JIoKa3aTh. Kpome
TOrO, ONKMCAaHUe KJIACCUMUIUPYIONIET0 MMPOCTPAHCTBA B 9TOI TEOPUU MPEICTABICHO TOHSITS-
MU U3 TEOPHUH IIYYKOB, CTEKOB U TOTOJIOTUYECKUMU BOIIPOCAMU, BBEJICHHBIMU YTOOBI CO3/IATh
TEOPUIO KJIACCUMPUITUPYIOMIETO TPOCTPAHCTBA, KOTOPas BIIOJHUT 1O OOJIbINEN dacTu (hyHK-
TopuaJibHbIe TpeboBaHuus ['poTeHKa. JTa TEOPHUsT BayKHA, HO TI0 MOEMY OHA He Ta TeOPUs
KOTOpasi HEXO/IMMa JIJIT BHICKA3BIBAHUI M JIOKA3ATETbCTB M€OMETPUIECKOTO BUJIA, T€ KOTO-
pble g Ha3BaJ B apudMeTHIecKoil Teopun HyHKTOPHAIBbHOCTEN 1 B3auMHocTeil. [lo mpuanme
KOTOPYIO s OOBSACHIO TOXKe, MOXKET ObITh UTO B I'€OMETPHYECKON TEeOpHUM JIydIlle CKa3aTb
JIBOWCTBEHHOCTH, HO (DYHKTOPUAILHOCTE cJieJicTBHUe JBoiicTBenHoCTH. O/1HA U3 Teseit apud-
METHUYIECKON TeOpHH, JI0Ka3aTh (DYHKTOPUAIBHOCTD U TOJIb3YACh 3TON (PYHKTOPUATIHLHOCTHIO
IOCTPOHUTEL aBTOMOpHYIO Tpyimy lamya,? HO B reomerpmdeckoil Teopum 3Ta rpymma Lamya
yxke jgana. OHAKO HYKHO JIOKA3aTh, 9TO JAHHAS TPYyIIia 00J/iaaeT *KeJaHHbIMUA CBOHCTBa-
Mu. To 9T0 HEOOXO0MMO 3HATH JIJISI OCHOB N€OMETPUIECKON TeopHil, BBOJUMOI B 3TOI cTaThe,
9TO OOIIEIPUATHBIC OIpeJie/ieHns u3 chpepbl MHOXKECTB, IPOCTPAHCTOB U Mep.

Henb 3T0#1 cTaThsl OMUCATH TO, UTO KarKeTCsl MHe IMOJIXOSAIINM aHaJIOrOM apudMeTnde-
CKOIl TeopuH, 1 JIOKa3aTh 3TO JJIs MHTEPECHOTO, JlazKe PA3UTEJHHOr0, HO JIETKO JOCTYITHOT'O
caydast: rpynnbl GL(2) waj simnruydeckoit kpusoi. Ho cyiecTByior jiBe reoMeTpudeckue
Teopun, Ha | ojieM Lasys® n pyrast, Kak B 9TOI CTaThe, Ha/[ 0JIeM KOMILIEKCHBIX dncest. 51
BHIMaTesIbHO He pacemorpen vu |G| uu |L], no mue kaxercs(!) aro |L| npemnaraer ays mosis
dyHKIMIT HAJI KOHEIHOM II0JIEM TEOPUIO0 KOTOpasi coBMecTuMa ¢ Pozerckum KamMuéM AHIpe
Beita®. Kpome Toro, u no-moemy odenn unrepecto, coracuo |L, Th. 0.1] aisa Takoro mo-
i apToMopdHas rpymnma [amya msomopdra Gal(F/F). C apyroit CTOPOHBI, TOYHO TaK 7Ke
kak Teopema [Ismm-Bunepa nim Teopus rnpeodbpazoBanuit @ypbe 11t 0000IIEHHBIX (DYHKITHT
[Isapma me 3amenaior L2-Teopuio npeobpasosanmii @ypne na R mwm na R™, n = 2,3, ...,
no-MoeMy Teopus npejioxennas B |G| ne zamenser L?-teopuio oneparopos Iexke. S jy-
MaIO0 YTO TaKas TeOpHUs UyIIeCTBYeT JJIs KaXKJION pPelyKTUBHON TPYIIIbI Ha MPOM3BOJILHOMN

2|G] Hoxman Progres récents dans la théorie de Langlands géométrique, Sém. Bourbaki, Janvier, 2016
wanucan Jlenucom laiinropu ymobHast cchliKa.

3[F] Lectures on the Langlands program and conformal field theory, Frontiers in number theory, physics,
and geometry.
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5[L] V. Lafforgue, Chtoucas et programme de Langlands pour les corps de fonctions
(http://arxiv.org/abs/1404.3998)

6[W] De la métaphysique aux mathématiques, Oeuvres scientifiques, vol. II cTp. 408-412.
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nosepxuHoctn Pumana. [lopoit g Oymy KacaTbes obmmero ciaydas HO g CEPbE3HO O HEM HE
pasmbiuist. [eab sToit crarhu onvcanue treopun jiisg rpynnbl GL(2) HaJ S7UIHITHYIECKOI
KPUBOIi, J1jIsI KOTOPOIT OHa y2Ke JIOCTyIHee. XOTs sl MOTY IIPEJICTABUTH cebe OOIIUiT ClIEKTPAJTh-
HBIIl BUJI T€OMETPUYIECKOI TEOPHH, s He MOT'Y IIPEJICTABUTDH cebe Teopun, KOTopas 00be InHsIeT
eé ¢ reopueii onucannoii B |G|. Kak nocyiesnee nHabojienne, reoMeTpudeckast TeOpust OTHO-
CUTCS OTYACTU K KOMILIEKCHO- (D depeHTHaTbHON NeOMeTPUH, HO 9Ta CTaThs HAIIUCAHA, JIJTsl
CIIEIIMAJINCTOB 110 TEOPUH aBTOMOP(MHBIX (DOPM, KOTOPBIM 9Ta T€OMETPUYIECKAsT TEOPUs MO-
»KeT ObITh HemsBecTHa. BcejejacTBrue Takoil cOOCTBEHHOI €JIabOCTHU, s BKJIFOUMI HEKOTOPbIE
9JIeMeHTapHbIe 00bsICHeHNs MOoHATHI B [AB]|. DTn 006bscHeHns YacTo IpeacTaBisior coboil
pacTsHyTbie oTcTyILieHus. CBEPX TOTO, s MO3BOJIUI cebe MHOTHE JIDYTHe OTCTYILIEHUS, HEKO-
TOpBIE JOBOJILHO dJIeMEHTapHbIe, UCXO/Id U3 IPEIIOJI0KEHNS, YTO OOJIBIITMHCTBO YUTATEei
TaK YKe KaK g UMeeT KaK MOYKHO MEHbIIE OIbITa ¢ JuddepeHnaabHoil reoMeTpreil, Tak Kak
o

Komnroska HEeCKOIBKO pe3Kasi, HO MOSBJIEHUAE PEIINTE/IHLHOIO 3HAKA B MECTe, TJIe s MEHbIIe
BCEro €ro OyKuJI1aJj, MOJATBEP/III0 MOIO YBEPEHHOCTh B TPABUJILHOCTU MOero yoekienus. Mue
0O0JIbITIE HEe HYKHO OBLIO YOEXKJIATh B 9TOM.

Wznoxxkenne HeIOCTATOYHO IMOJIPOOHO, HO TeMa HOBa a Hallle ITIOHUMaHWe HEeCOBEPITEHO,
IIO3TOMY TIOJTHOEe O0bsICHEHNE OBITIO ObI 3/71eCh HEYMECTHBIM.
ABTomopdHuag rpymnma lamya. Tak Kak rmaBHas IeJib 9TOH CTaTbU, BBEJICHUE B T€OMET-
PUYECKYIO TEOPUIO U IIPEIBAPUTETHHOE — BOSMOXKHO BPEMEHHOE, BOSMOYKHO OKOHYATEIHLHOE —
[IOCTPOEHNE COOTBETCTBYIOINIEr0 MATEMATHIECKOIO IIPEJIMETa, 5 IIPEJIIIOTUTAIO OIIPEJIE/IUTE €€
TOTYAC. DTO MPEJIIOJIATaeT BBEJEHUE TaKON I'PYIIIbI, KOTOPas MOCTABJISIETCS C IPEITNCaHU-
SMHU g IIpeBpalienus roMopdusMa, oT Heé K rpymie “G, K coOCTBEHHOMY COIPIZKEHHOMY
CEYCHUIO. DTHU CEUEHUS ONPEJICICHBI HUKE. DTU IPEIIMUCAHUs MOTYT OBITh CJI0KHBIMEU. Ha-
[IpUMep OHU TOJIB3YIOTCs Teopemoit Atbu-Borra. B moboM citydae, MbI o/iBep:K/1aeM 3aKOH
B3anMHOCTH 71 G L(2) 1 3/mnTrydecKoil KpUBOi, CHaYaa BBIYUCIIsIsT COCTBEHHbIE 3HAUCHUE
oneparopoB l'ekke, a 3areMm cBasHocTn dAnra-Mmmica. He npemmonarasi, 9To 9T0 mpeginpu-
sATHe KaKNM-JTI00 00pa30M MMeeT TaKoe yKe 3HaUeHne KaK JIOCTUKeHud [leneknHia, mpocTo
KaK JIETKOMBICJIEHHOE 3aMevanue, s IIpeJiaralo B KadecTBe JAPyroro Haspanus, Was ist und
was soll die geometrische Theorie der automorphen Formen? W’
3amMevyaHus 0 cJjiore W coAeprKaHum 3Toi crarbu. OHa HAlUCAHA JIJIsI MATEMATHKOB,
3HAKOMBIX C Teopuell aBTOMOPMHBIX (hOPM HAJI YUCJIOBBIMU MOJIIME HO, KaK U 5, ¢ HEOO/Ih-
UM 3HaHreM T PepeHInaIbHOM TeOMeTPUHN, B YaCTHOCTU BEKTOPHBIX PACCIOEHUN U CBsI3-
nocreit. [losTomy 3HAYINTETHBHOE MECTO OTBEJIEHHO MTPOCTHIM UJIM H3BECTHBIM MOHATHsIM. HeMHO-
ro 3HAKOMCTBA C HIMHU HEJOCTATOYHA, KakK s MOHsT npu nsydennn [A] u [AB|. O6bsachenns
9THUX aBTOPOB ABJISIOTCS KPATKUMU U TVIAJKUMU, HO PEJIKO TOYHBIMH U PETKO MOAPOOHBIMH,
[IO-BUIMIMOMY, TIOTOMY, YTO OHH IIPEIOJIATAINA Y YUTATe/s] HEKOTOPOT'O 3HAKOMCTBA C OCHOB-
HBIMU MOHATUAMU. ¢ JlyMaJi, 9TO y MeHs OHO ObLIO, HO CHaYaJsIa 9TOro ObLIO HEJIOCTATOYHO
JIJIs. TOYHOTO MOHMMAHUs WX BBIBOJOB U Jla2Ke UX OCHOBHBLIX yTBep:kJeHus. [lostomy s jo-
OaBUJI CIOJla BCE JONOJTHUTEIbHBIE PA3MBIIIJICHUS, KOTOPbIE 1 CINTA HEOOXOIUMBIMU WJIN
MTOJIE3HBIMU, HO TOJILKO IO MepPe 3TOi HeOOXOIUMOCTH.

Ectb ipocToe o nosie3noe 3amedanue. B j10Bojax 3Toil cTaThbu €CTh TPU CTEIEHHU: Y6TKOE
YCTAHOBJIEHUE COOCTBEHHBIX (DYHKIMII M COOCTBEHHBIX 3HaUYEHU orepaTopoB ['ekke; 1éTKOE
ycTaHoBJjieHue cBa3HocTeit fnra-Muinica; ux cpaBHeHwHe.

"ror KBa/IpaT YKa3blBaeT Ha KOHeI] OTCTYILJICHUS.



d mpumén K moHMMaHWIO HEOOXOAMMON OCHOBBI TEOPHH TOJIHKO B XOJ€ UTEHHS CCBHLIOK
U HaIWCaHUs CTATbU, TAKUM 0Opa30M, UTO 3TO HAYAJIOCh C YTBEPXKIEHUS, s KOTOPOIO
JIOKA3aTeJILCTBO MOIJIO OBITH 0OeCIeYeHO TOJIHKO MEJJIEHHO, KOT/Ia s TPUIIeS K ITOHUMAHIIO
cOOTBeTCTBYIOINEH Teopun. Moe repBoHavdabHOe TOHUMaHUE JIOKA3aHHO TeOpeMbI He COJeP-
JKaJIO HU TOYHOI'O yTBEP:K/I€HUs, HU OOJILINIOro 3Hauus nuddepeHInajbHO-TeOMeTPUIeCKOro
ocuoBanus. [loaTomy, ObLIO MHOTO Y€ro si He MOT IIPEIBUIETD U HE OBLI TOTOB. DTO IPUBEJIO
K M30BITOYHOCTU U OTCTYILIEHUSIM, HEKOTOPbBIE 3/IEMEHTAPHBIE, KOTOPhIe Oy/IyT 00y30i J1jIst
reoMerpa, HO, BO3MOYKHO, MOT'YT IIOMOYb CIEIUAJNCTAM B 00/IACTIX, OTHOCATINXCS K (DYH 1A~
MEHTAJILHON Mpo0JIeMe 3TON CTAaThi, 8 UMEHHO B3aMMHOCTH U (PYHKTOPUATHLHOCTH B TEOPUN
aBTOMOPMHBIX (DOPM, & He TOJIBKO B OJTHO U3 €€ TPEX Pa3HOBHIHOCTEN, HO BO BCEX, XOTS 3Ta
CTaThsl MOCBAIIEHA UCKITIOYUTETHHO T€OMETPUIECKON TEOPUN.

B komre KOHIIOB, s He 3asgBUJ TEOPEMY, XOTd MOT' ObI, U YATATE]b MOT Obl 3aKJIIOYUTH
COOTBETCTBYIOIEee yTBep:Kienue. To, 94ToO MOpasuTesIbHO, - 3TO TOYHOE CIIEIJIEHNE BBITUCTIE-
HUT COOCTBEHHBIX COIPSIYKEHHBIX cedeHuuilt ['ekke u crpoenus teopun Aura-Mwuica. Xors
HA JAHHBIE MOMEHT si HE UMEI0 TOYHOI'O BOCIOMHUHAHUS O BBIYUC/ICHUSAX B KJIACCHIECKOI
reopun, (b0 HavasbHbIE BhIUUCIeHUs B Layce, smbo Gosee nosauue pacdyersl B Hasse u
sl HAYMHAIO OIACAThCsl, UTO 51 HE M3YUIMJ UX JOCTATOYHO), MHE KarKeTCsl 9TO CYIECTBYET
HENPU3HAHHOE CXOJICTBO MEXKJIy HUMU W TeMH 9TO B 9TOi cTarhbe. B obomx ciaydasx IBa,
[IO-BUIMMOMY, PA3HBIX O0bEKTA CBA3AHBI TPETHUM UYBCTBUTEIbHBIM YACOBBIM MEXaHU3MOM.
B 10t craThe 9TO BBINVISJIUT KaK IOCJIEI0OBATETLHOCTD CXOJICTB MEXKIY JBYMs JTOBOJIBHO
CJIOYKHBIMU, HO KOHKDETHBIMH, BBIYUCJIEHUSIMHU, U B CAMOM KOHIIE CDaBHEHHE MOXKET OBbITb
3aBEPINEHO TOJIHLKO OJ1arojiaps yJINBUTEIbHOM JeTan, KOTOpast MOSBJISeTCS B 000UX, XOTs IO
pasubiM npuanHaM. [IpsaTraTh 9T0 B yTBEPKIEHIN TEOPEMbI, KOTOPasi, B KOHIIE KOHIIOB, Oy/1eT
TOJILKO OCOOBIM CJIydaeM, Ka3ajaCh XaMCKUM.

[TocTpoenne crarsu npocto. K konty pasmpesna §111, pazbsacuens! e GyHKTOPHATBHOCTH
B reoMeTpuvieckoM KoHTekcre. B §IV s HamoMuHao KIacCHIecKyO TEOPHUs SJLIHITHIECKIX
KPUBBIX, U3 KOTOPOIT MBI YepItaeM, 9YTOOBI C/Ie/IaTh Hallle 00CYzK/IeHne KaK MOXKHO OoJree Ipod-
ubiM. Crietytonime Tpu pasjiesia MOoCBANIECHbI BBEJICHUIO OTIepATOPOB [ eKKe U BHIYUC/ICHUIO UX
coOCTBeHHBIX (DYHKINN U COOCTBEHHBIX 3HAYEHUI, HO B paMKax IPOoCTpaHcTBa ['mindepTa.
[Toce sroro B §VIII u §IX BcnommuaeTcss mHeobxomumasi JuddepeHiaibias reOMeTpus,
unorja Ha ocHoBHoM ypoBHe. B §X u §XI masnbreiinee obcyxenne Teopun Aura-Munica
[IPUBOJUT K CPABHEHUIO C PAHHUMY PacI€éTaMu B Teopuu [ eKKe, a 3aTeM JIEFKO K YKeJTaHHOMY
cpasaennio. [locyienunit pazen kpaTok. 4 mo3Bo/mI cebe MHOTHE OTCTYILIEHUH, HEKOTOPhIe
JIOBOJTBHO 3JIEMEHTAPHBIE, UCXO/IsI U3 MPE/ITOJIOKEHNs, ITO OOJIBITUHCTBO dnTaTesaeil OyayT
MMeTh KaK MOYKHO MEHBIIEe OIbITa ¢ M depeHInaj bHOl TeOMeTprell, TaK Ke Kak si.

Hakowner, ciioBo o sa3bike. Korja s 3ammcajica B yHuBepcurer B BanKyBepe B Bo3pacte
IMIECTHA/IIIATY JIET, TPUOBIBIINI U3 JIEPEBHU, 51 OBbLIT IMOCBSIIEH B HOBBII MUD HE TOJIHKO Ma-
TeMaTHKH, HO TaKzKe ObLIT OCBEJIOMJIEH O TOM, YTO B MUPE CYIIECTBYET OOJIBIIIOE KOJIMIECTBO
SI3LIKOB, HEKOTOPBIE 3 KOTOPBIX B HACTOSIIEE BPeMsl HEOOXOIUMbI s YCIIEITHOM XKIU3HUA KAK
MaTeMaTuK. XOTsd U MEJJIEHHO, S y3HaJI, UTO OHU IPEJJjIaraioT ropasyio OOJIbIIe, YeM CaMy
MareMaTuky. K coxkasieHuio, 1o npudnHaM, KOTOPbIE 3/IeCh He HYKHO MOJIPOOHO OIUCHIBAT,
MaTeMaTudeckas mpodeccusd OOJIbINE He TpeJjlaraeT 3TO OKHO MHUPY. 1eM He MeHee KeJia-
HI€ HAIMCATb CTATBIO HA PYCCKOM SI3BIKE OCTABAJIOCh. DTa CTaThsl ObLIA MOeH IMocse Heil
BO3MOXKHOCTBIO CJIEJIATH ITO.



Pasmpimas maj 9Toit cTaThell, mocje TOro, Kak OHa OblIa 3aBepIleHa, U HaJ eé CTUJIEM,
s1 OBLT 03a/]a9eH MHOTHME OTCTYTIJIEHUSIMHU U X OTHOIIIEHHEM, HO TOTJIa TPUINHA CTasIa Ove-
BHUJTHON. DTO CBA3aHO C TEM, UTO OCHOBHAA YaCTb PAOOTHI IMOCBAIIEHA MOWM YCUJIUSIM IO
HOHUMAHUIO HOHATHH, B3AThIX U3 [A]| u Hebosbmoit vactu [AB]. Tlocse Toro, Kak crpoeHue
Bung u npupona csasuocreit Aura-Musiica craim moHATHI, MOsi €JIMHCTBEHHAs HUJes Obl-
JIO BBeJieHUe orepaTopoB ['ekke, Kak OIepaTopoB B T'MJIBOEPTOM IIPOCTPAHCTBE. ITO OBLIO
[IPOCTO, XOTsI HOBO U JIaKe HECKOJIbKO PEBOJIIOIMOHHO, MO0 MPUBSI3aHHOCTh MATEMATUKOB K
nydkam Obljla YHUBepcabHa. B 9TOl cTaTbe IMyYKOB HET.

B okoHuaTeIbHOM 3aKJIIOUEHNN s MTOIIEPKUBAI0 CBOE HEIOBOJIBCTBO M3JIOXKEHHBIM 3/1€Ch,
HO JIOCTATOYHBIA OTYET TpeOyeT KpaTKOro HO IOJIHOTO OOINEro W3JIoXKeHusi Teopun fHra-
Munnca, a Takyke HMOHUMaHUE MOCJEIHUX a03alleB 3TOM CTATbU, B KOTOPBIX MOSBJIAIOTCSH
pgMble N300pazkeHus PaCcCJIOeHIH U MHYIIMPOBAHHBIX MTPEJICTABICHUIT, HO TOHIMAaeMbIe ITPH
obmux ycaoBusgx. B macrogdinee BpeMs 9TO BPsAJL JIU JIOCTYITHO. DTO 3ajada IpejjiaraeMast
qutareso. Ml

II. OcHoBHbIe noHsATUS OOIEeil Teopuu. B mepByto odepe/ib HAM HYKHA PeJIlyKTUBHAS
ayirebpanmveckas rpyiira G Ha | KOMIIAKTHON Heocoboit airedpanteckoit kpusoit M wa C u eé
KJIaccudupyroliee mpocrpancTso Bung. 4 Oyiay pa3zbacHgaTh obIee MpejjioKeHne, KOTopoe
Oy/1y JIOKa3bIBATh TIaBHBIM 0Opa3oM Jist rpytny G = G L(2) na sjumunrudeckoii Kpusoit M.
SToT cayuail yxKe mopasuTeseH. SI MCHOML3yI0 3aKmodennd u3 crarbu ATnm.® Bosmokmo,
OHU JIOCTATOYHBI TakKe Jyisi rpynisl GL(n).

[Iycte F' mosie mepomopdubix dyukmmit nag M. [lycrs Ap anrebpa ajgeseit noss F u F,
JoKabHOe 10j1e B Touke € M. Kombro O,, kombno nensix sjnement B F, u O = [, O,.
OrHorrenne

Bung = G(F)\G(Ar)/G(O)
m3sectHo. Ono nmokazano B ([F],83). f obbsacuio ero nuxe. ITo3xke, Mbl KPaTKO OObICHUM
KaknM obpasoM it Hac Bung mpemcrasiisieT co0oi TOMOJIOTTYECKOe MPOCTPAHCTBO XOTS U
He XaycJA0p(HOBO MPOCTPAHCTBO M YTO OH HOCUTEJb JIOKAJIHLHO METPUYECKON CTPYKTYPHI U
mepst p. dng G = GL(2) u snnmntudeckast kpuBasg M cTpyKypa U Mepa IPOCTHI.

Omneparopsl ekke - uneiinble oTobpazkenns npocrpancrsa L2 (u). [iapnas Tema 3Toit cra-
Thu oneparopsl ['ekke u ux cobcrBennble 3uadenus. g kax ot Toukn r € M cyiiecTByer
KoMMyTaTuBHas ajredpa [ekke ;.. 91u aredpbl KOMMYTATUBHBI U TOTIAPHO KOMMY TaTUBHBI.
[Iycts © € ., Torga TO IPMUTOBO CONPSKEHHBIN OIIepaTOP O - Toxe onepatop ['ekke. Ciie-
JIOBATEJILHO CYIIECTBYET COOTBETCTBYIOIIEE CIIeKTpaIbHOE pasjiokenue npocrpancrsa L2 (p)
U IeJIb 9TOW CTaThbU - ONKMCAHUE COOCTBEHHUX 3HAUYEHHEH U COOCTBEHHUX (DYHKIIUU ITOrO
pasJiozkeHusi. XOTs B 9TOH CTATbe TOBOPUTCS IPEUMYIIECTBEHHO 00 SJIITMIITUIECKIUX KPUBAX,
s He MOTY JIep:KaThCs OT HECKOJIBKUX o0mmx 3amedanuii. C 00Kbeil MOMOIIBIO s BEPHYCH
K obIeit KpuBoil mosxke. B ciremytomem paszjeiie s chopMyIupyro oOIIue IpeIoI0XKeHus,
KOTOPBIE 1 JIOKaKy MO37Ke JIJIsT JTHITHIecKoil KpuBoii. Kaxkiprit oneparop ['ekke © ompe/e-
JINTCSI COOTBETCTBHEM ©. DTO COOTBETCTBHE IIOJIMHOKECTBO MHOXKecTBa Bung X Bung. 9T1o
COOTBETCTBUE TaKKe HOCUTEb MePBI, KOTOPYIO OY/IeT JIydIlle ONucaTh IMO3Ke.

ITI. Tunore3a. XoTsd MbI JJOKAXKEM STU ITPEIOJI0KEHUS TOJBKO JIJIT KPUBBIX IIEPBOI'O POJIA
OJIMH a He JIJI BBICIIUX POJIOB, M TOJIBKO it Tpymiibl G L(2), MHE KayKeTCsl YTO OHHM TaKKe
crpaseyuBel Juist GL(n), 6raromaps crarbe [A]. Boobmie ects aBe crymenn: (i) GL(2) 3a-
MEHO JAPYTOi I'PYIIION; (ii) M 3aMeHO POU3BOJILHOII KOMIIAKTHOW IOBEpXHOCThIO PuMmana.

8|A] Vector bundles over an elliptic curve, Proc. London Math. Soc. vol. 7, 1957
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4 emé He pazMBINLIAT 00 3TUX CePbE3HO. ¢ MPeIoKy OJHAKO YOeIUTETbHYIO THIIOTE3Y,
HO YTOOBI YTBEPIAUTDH €€ T g > 1 HeoOXoIUMO OYyIeT MPOoAyMaTh CJIOXKHOCTU CTPYKTYPBI
Bung. Ectb koneuno emgé ojina crynenb, pa3BeTBIEHHAs T€OPHs, HO 00 3TOI s HUKOTJA He
Pa3MBIIILISL.

Usectro uto anrebpa [ekke rpymmbt G = G L(2) win pon3BOJIbHON PElyKTUBHON IPYTI-
IIBI, - B 9TOM pa3jese pedb UIET 00 ITUM - H30MOpQHA KOJIBILY IIPeICTaBIeHII IBOHCTBEHHO
rpymms! “G u uTo Kaskrerit romoMopdusM 3Toit anre6pr! B C 3a1aH HOIYIPOCTEIM KIACCOM 6
B LG. Crenosarensno, cobeTBeHHOM (QYHKITN BeeX onepaTopos [eKKe WiIu Iydine cobCTBeH-
HBIM 3HAYEHUSIM COOTBETCBYeT (DYHKITHS 3HAUEHUsT KOTOPO# B TouKe x € M MpecTaBsiior
nostynpoctbrii kiaace {0(x)}. Mbl HazbiBaeM 310 COBCTBEHHBIM COIPSZKEHHBIM CEYeHUeM HIIH,
bosiee KpaTKo, cOOCTBeHHBIM cevdeHneM. CTPyKTypa MHOXKECTBa TUX cedeHueil HesgcHa. V13-
BECTHO YTO €CThb Takas ke Teopus st Bcex M m Bcex G U MBI pacCMaTpUBAeM B 3TOM
pasjiesie obmuii cy4ail.

B reopun aBromopdubix dhopm nouarue byHKTOPUATHLHOCTEH BBIPAYKAET TO, UTO MHOYKE-
CTBO CeveHuell NI MHOYKECTBO TeX cedeHnel KoTophle IIPHHA/IIeKaIoT L2-Teopun JaHo roMo-
MOphU3IMaME, WJIX YHUTAPHBIMEA TOMOMOP(MU3MAMHE, IIPE/ITOIAraeMoit aBTOMOP(MHON I'PYIIIIhI
lanya B “G. Ilnencrapisgercs, 9To pasimdme MexKIy apudMeTHIecKol U TeOMeTPHIecKOil
Teopueil 3aK/II09aeTcsd B TO, 9TO NT€OMETPUIECKYI0 TEOPUIO MOYKHO OIMCHIBATH TTPOCTHIM YIIO-
TpebeHneM OOBIYHBIX HMOHSATHI. B apudmerundeckoit Teopun 310 He Tak. B sToMm pasaesne s
OIIHCHIBAIO ODIIYIO THIIOTE3y, KOTOPYIO s JIOKAXKy I037Ke, TI0C/e HEKOTOPOH IMOATOTOBKU.

[Tousitue cBsizanHOe ¢ aBToMOpdHOI rpymoii [anya npusogures B ctarbe Atbu 1 Borra.
DTa cTaThs, BMECTE C yKe YIIOMSHYTOI cTaTbeil AThHU, OKasasa OOJIbINOEe BJIUsHUE HA Ha-
CTOSIIYIO cTaThio. D10 mougarue ectb rpymna ['r ([AB], Th. 6.7). dasa xkpusoit poga g sra
IpyIIa - IPOJIOJIKEHNE TIEHTPAJIBHOIO PACIITUPEHUST

9

(1L.a) 12Z—->T—->mM)—1, Tr=RxzI.
I'pynma I' nopoxkena sjnementamu Ay, ..., Ay, By...B,uJ =1 € Z ¢ ogHbIM OTHOIIEHUEM
(1.b) A1BIAT Ay By Ay By U ABGA' B =0, T =1€Z.

B crepyromux paznenax, rae g = 1, yeranosieno uto Ay, By npeicrasisior nern (0, 2wy ), (0, 2ws)
B JUIMITUYECKON KpuBoir M.

MBI nHTEpECYeMCcst TOJBKO ¢ TAKUMU IIPEJACTABICHUSMU ¢ TPYIILI I 9TO MOPSIKU SJIeMeH-
ToB ¢(A;), ¢(B;) n ¢(J) Bce kKoHedrbl. OHI HA3BIBAIOTCSI JOMYCTUMBIMI. HaM HyKHA TakKe
rpyIa [ = Z x I'. Bo3MOXKHO 9TO MOPSAIOK 3JIEMEHTOB p(zx1)eUx1,2ze€Z 1€l
6eckoneuen. Ciraraemoe Z He mposiisgercs B [AB|, moromy 4ro B 9100t crarbe Kiaace HYepua
paccyioeHust 3aJlaH TaK 49To Bung CTaHOBUTCS CBASAHHBIM, TO €CTh CBAZAHHBIM KOMIIOHEH-

TOM IpaBmiIbHOro Bung. Bioxkenne storo Z B I' Heckonbko mponsBoibHo. OHO ¢BA3aHO €

9[AB] The Yang-Mills equations over Riemann surfaces, Phil. Trans. Royal Soc. Lond., vol. 308, 1983



BBIGOpOM paccioerns A = Ag B [A, Th. 6], u §IV macrosmeit craru. Ceiraac!

(1.c) A\BIAT' BT Ay By Ay By L AGBG AT B =0 % .

DTy HOBYIO I'PYIIY s Ha3bIBalo aBToMopdHoii rpymmoit amya. Bosee Touno, aBromopdnast
rpymmna Lamya [,y aBasiercs npousseenueM Z ¢ 0OpaTHBIM IIPEIEIOM BCEX KOHETHBIX T'PYIIIL
JIpoOeit TPYTIIIBI I. B sroit rpymie (Ha KaKI0M KOHETHOM YPOBHE 3TOU TPYIIIBI — 9TO TO, UTO
BayKHO) TOPSAIKU 00pa30B aeMenToB ¢(A;), ¢(B;) u ¢(J) Bce koneunsl. Hanpumep crepsa
MBI CTPOMM IlepecedeHue [’y Bcex sjiep roMOMOPHU3MOB IPYHIbLI [ K rpylie ¢ mOps KoM
KOTODBIH jesmTed Ha 2, Torda nepecevdenns ['sg, ['a7000 1 Tax masee. Torma

(1.d) Pawe = m Z/n(k)Z x G '/,

re n(k) = (k!)*. Dra gocanmas memeTUILHOCTD HEOOXOMMA TIOTOMY UTO CBAZHOCTH M COO-
CTBEHHBIE CONPSI?KEHHbIE CeUeHNs B3aUMHO CBA3aHbBI, HO Pa3ndHbl. B d9acTHOCTH AOMOJIHU-
TesbHOE Zi HY2KHO 1oToMy, 910 Bung HecBszno. Kak Oyer oObsicHEHO 1M1032Ke, HeJgapoM ['r 1
["ut 00a omipeiesiennl Kak naMmenenue rpyibl ['. CoOcTBeHHBIE CONPSI2KEHHBIE CEUEeHNsT U CBSI3-
Hoctu fura-Musica Tecno cBazanbl. ¢l 3aMedaro Takxke, uto B ', ypaBHenue J =1, 1 € Z
3aMEHSIETCSI

J=1,1€linZ/nZ

rje z — nz/m, m|n B BO3pacTaIoINIOil M0CIe0BaATETLHOCTH HAIIPABO.

[Iycts “Guyit - KommakTaLIH Byt Tpynnel G $1 mpenonoxKy 9To, HO TOIBKO MPHOIA3T-
TEJIbHO TIOTOMY YTO 3TO HPEJJIOKEHHE MO3BOJIAET U3BEKATH IHJIOCKOINIECKNAE TPY/IHOCTH,
YTO CYIIECTBYeT OMEKTUBHOE OTOOPasKEHNE MHOYKECTBA COOCTBEHHBIX CONPAKEHHBIX CeYeHuil
¢ MHOYKECTBOM roMoMOphusMoB rpyHibl [y B “Gluyie. Lleab nacrosimieil cTaThi 0Ka3aTh
510 Jyts rpynibl GL(2), X0Tst MHe KazKeTcst 9To craThs [A] mo3sosmia 6bl MOJYIUTH JJOKa-
saresibeTBO it GL(n). Ecrb 31ech ofHAKO TPYIHOCTD. ¢ emé He 3HAI0 KaK PACIO3HABATH
HEIPUBOAUMOE IpejcTaBierne rpymnoi [y B GL(n), eciin pasmep n 6oJIbIie deM JIBYX JarKe
JUTST SJUTAITHYIeCKOi KpuBoit. Yurareso OyaeT sicHO 9To s cTas nornMaTh cratbu [AB| u [A]
TOJILKO TOTJIa, KOTJA s IIHCAJI 9TY CTaThio. [lepBoHadanbao Moé cTpeMiieHne ObII0 CKpOMHee,
HO MHE ceffiTac KayKeTcsl 9TO IJIaBHBIE yTBEPKJICHNs reomerpuyeckoii reopun nas C yaupu-
TEJILHO IPOCTBI, XOTs HeoueBUAHBI. ¢ He 3nai0 ecam untaresnsm |G| wiu |L] HykHo nim naxe
[OJIE3HO UX TIOHUMATD.

Cuyuaii HyneBoro poga. Eciu pos pasen Hyiio, ypasuenue (1.b) 6eccMbICIeHHO, TaK 9TO
[aut HY?KHO OIIPEJIEINTD II0-ApyroMy. MHe KasKeTcs, 4To HeT HHOTO BBIOOpa, KPOME IIPeIIo-
JIOYKEHKS, 4TO OHO PABHO Z. DTO COBMECTUMO C T€M, YTO JIJIsI POja Hyjlb, BCE PACCIOCHUS
SIBJISIOTCS TIPAMBIMU CyMMaMK JIMHEHHDBIX PACCIOCHUHN, KaXK/10€ U3 KOTOPbIX CaM SABJISIETCS
CTENEHBIO OJUHOYHOIO JIMHEHHOIO PACCIOCHNs CTEIEHN HYJIb. DTOT CJIydail SsBHO MCKJIIOYEH
u3 obcyxaenus B [AB|. Beromy B 9100t craThe untaresio 6yeT sicHo, 9To OHa ObLIa ObI JIydIle

0o se3m0 3aMeTuTh WTO

000 ..01y/10 0 ... 0 10 0 0 000 0 1
100 .. 00[]f[0a 0 ... 0 0 a 0 0 100 0 0
o010 o0 0f]loo e .. 0 [Z|0o o0 @ 0 010 0 0
000 ..10/\00 0 ... av! 00 0 a1 \0 0 0 10

rje a = exp(2mi/n). Dro npocroii npumep ypasaerus (1.c).
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HalncaHa, KaK B OTHOIICHUHU sICHOCTU, TaK U B TOYHOCTHU, €CJIU OBI g Jiydllle pa3doupaJsicsd B
Teopun fura-Mmica B yactHocTH, u B guddepennnaabaoii reomerpun B meaom. Ml

Ectb nBa BaxkHBIX 3amedanus. Bo-1epBbIX, g paccMOTPIO TOJHKO HEPa3BETJICHHYIO TEO-
puto. Bo-BTOphIX, B apudMeTnIecKoil Teopun cyiiecTBOBaHne aBTOMOPQHON rpymnbl [amxya
sKBHUBaJIeHTHO dyHKTOpuanbrocTu.'! Tecnas cBA3L MeK Iy TeopHeil anrebpandecKux ducelt
u Teopueil anredbpanveckux KpuBbix Hal C ObL1a onmncana lenexkunmom n Bebepom B crarhe
[DW]*2. Teopust anrebpaiiteckux Kpupbix Ha,1 nojtem [astya npubasiena Aujpe Beitiom [W].

Teopun aByx crareit [A] u [AB], MHe 1 MouMm "nTaTessM 110 GOJIBIIEH YACTH HE3HAKOMBI .
[TosTomy s MpoCTpaHHO OOBSICHIO HECKOJIBKUX TTOHATHIA.

IV. Teopus npuBeseHus AJisi JUIMNTAYECKON KPUBOIi. DTa BaKHas TEOPUsi JOCTUT-
JIa CBOEr0 OKOHYATEJbHOTO BHJIA HaJ MOJIEM ajredpaifdeckux duces B JOKJIaje Bopess u
Xapum-Yauaper'® Ho g1 puManoBoil moBepxHOCTH eé em@ Her. B crarne |A], Lemma 4 ects
HAYAJIO ITON Teopuu JIjisi TPOU3BOJIBHOTO POjia, HO Jijist ¢ = 1 3aBepllieHHas TEOPUST €CTh JIJIst
GL(2) u paxe jyist GL(n) B camoii ctaTbe, KOTOPYIO 51 O0bSICHSIO B MEPBYIO OYepeJib JIJIs
GL(2), HO 6e3 JI0Ka3aTebCTB. DTa TEOPH - 3aKOHUeHHOe onmcanne Bung, To ecThb onmcanue
BCEX JBYMEPHBIX BEKTOPHBIX paccioenuii. [Ijis Toro, 9Tobbl 10Ka3aTh €€ HyKHA COBPEMEH-
Hasl TEOPHS CBA30K, HO ITOOBI OMUCATH €€ s TPEITOINTAI0 TPUMEHSITH Teopuio Beiteprrpacca
KaK OHa IIPeJICTABJICHa B KHUTe YUTTeKepa n Barcona.'? Do xoneuno me meobxommmo. CKo-
pee 3T0 11poba Moero 3uanus Teopuit ATbd n ATbu-BoTTa M IpU3HAK MOMX MATEMATHICCKUX
npucrpactuit! Konnenmun 8 [AB|, Koropbie 0TpazkaioT KOHEIHO COBPEMEHHUE MOHATHSA KOM-
IIeKCHON JtnbhepeHITnaaIbHOl TeOMETPUHN, a CJIEIOBATEIBHO - TOMOJOTUN U KOMILJIEKCHOTO
aHaJjn3a, UCKJIIOUNTE/IHHO jieranTHbl. Ho OHI a0CTPAKTHBI U HOBUUKY JICI'KO ITPOIVISICTh MX
CJIOKHOCTH M TOHKOCTH, YTO YACTO CJIyYaJOCh CO MHOI Hpu 4YTeHuun ux pador. f mpurmén
K BBIBOJLY, YTO KOHKPETHOE BBIPDAYKEHUE UX, MPEIOXPaHsIeT OT HEIPABUTEIHOT0 TOHUMAHMS.
Urak ecmu L = 2Zw; @ 2Zws, wi,wy € C, wy/wy ¢ R. torma kpusasg M = C/L. B sroit
cratbe (GL(n)-pacciioenue, 3To Takas MaTpHIHO3HadeHas Mepomopduasa dyrkmma’® M(z),
z€ C,uro M(z+ \) = M(2)Kx(z) nns Bcex A € L, rie marpuna K rosomopdHa.

B reopuii Beitepirpacca curma-dyukius o(z), z € C, urpaer ocHaBHYIO poJib. Bor eé

ceoiicTBel: (1) ona rosomopdHa,; (ii) eé passioxenne B crenanuoit pajg o(z) = z+. . .; (iii) o(z+
2wy) = —e2mEIG () oz + 2wy) = —e22ET2)g(2); (iv) mws — mawy = Ti/2; (V) ecin
o(z) =0 rorma z € L.

[Iyctb aq, ..., am, by, ..., b, Touku B C. Torma

o(z—a))o(z—ag)...0(z — ap)
o(z—="b))o(z—by)...0(z—by,)

(2) ¢(2) =

1310 sassienne ommubouno. OHO GyIeT HCIPABIEHO B APYroM Mecte. TeM He MeHee B MeOMEeTPHUECKOil
Teopuu 3Ta rpymia oueHb BakHa! Ero samena B apudmerndeckoit Teopun 00CyKIA€TC B KPATKON 3aITUCKe

Last or very well last thoughts on the theory of automorphic forms.
http://publications.ias.edu/sites/default /files/discovery.pdf

12[DVV] R. Dedekind u H, Weber, Theorie der algebraischen Funktionen einer Veranderlichen, 1880
13[BH]
YWW]| A Course of Modern Analysis, Camb. Univ. Press, 1958

5, — ¢+ 1y ciryxui koopauHaroit B C 1 mHOTIA APYTraMu [EJIsIMUA.



MepoMopduas dyukimg ot z € C. Kpome Toro
Bz + 2ur) = §(2)(—1) B et T o)

(2.a) = ¢(2)(=

1)
B(z + 2wy) = B(2)(=1)"" e2n2(m—n)(z4w2) o =2m2{37L ai= 327 b5}
(2.b) ¢(z)(=1)

e 0 =" a; — Z?ZI b;. Pynknus ¢ nepuouiecKa, TOJIbKO eciim m = n. B aroM ciryudae
ona obbraHasg ¢ dyukiusa Hag C, kotopoe HakpbiBaeT KpuByio M. Eciu m = n u 6 = 0,
torga ¢ dyukiws nag M. Ecin o 3ameneno dyukimeii o' (z) = o(z) exp(Az), A € C, Torga
ypaBHeHus (iil) 3aMeHEHSIIOTCS yPABHEHUAMU

(2.c) o' (2 + 2w;) = —eXFPiG () = —e®hg! (2), 1) = n + Mwi.

To ecrhb, 3TU ypaBHEHUs SABJSIIOTCS TOJIBKO HOpMaJsu3alei (byHKIMA 0 WK, €CJIA XOTUTE
0 1 o' ONpeNesIIoT pasandHie, HO SKBUBAJICHTHHUE JIMHEHNe pacciaoeHus. Y paaerue (iv)
[IPU 9TOM He U3MeHsieTcst. Y paBHeHn (iii) onpesaaloT CKIerBaHie U He MeHsieT DaCcCIOCHMUs.
B obsractu 2zw; + 2yws, 0 < z,y < 1 y GyHKIUKA 0 €CTh TOJBKO OJUH HYJIb. DTO MPUINHA
ypasrenns (iv).'6 Boobme ¢ onpenenaer suneiinoe paccioenune A = A(ay, ..., Gp, by, ..., by,)
JIJIsT KOTOPOI'O OHO CaMO SIBJISIeTCsl MHOIO3HAYHBIM cedenueM. JIpa paccinoenuss A u A/
Aay, ... al b, ... b)) usomopdHbl ecii u ToabKO ecin m —n =m' —n', u

m/’)

ar+tan—b——by,=d\+---+a, —b — - —bymod 21w Z + 21w, Z.

m—n 2171 m—n)(z4w1) 727110

m—n 2772 m—n)(z+w2) —27729

Torma cremnenb pacciaoenust ectb n — m. [lo-MoeMy 9To onmcanue JIMHEHHBIX PaCCIOCHU
caMoe sICHOe, HO JIJIsi pacCJIOeHHil OOJIbIIe pa3sMepHOCTH, IOA00HO TeM YTO B cTaTbe AThbH,
YaCTO HYKHO I0JIb30BaThCs KOIOMOJIOIMYECKaMy MeTojgaMu. TeopeMbl U jeMMbl ATbu pas3-
6OPUMBBI, BO3MOYKHO MIOTOMY, 9TO MHOYKECTBA KOTOPBIMU OH 3aHUMAETCsl TOXKE CTEKU, XOTsI
HU B cTaThe ATbU HU 3J1€Ch CTEKOB HeT. JIjis1 Hero oHU MpoCTpaHCTBA a JIJIst HAC - IPOCTPAH-
CTBa C JIOKAJBHON METPUKON 1 ¢ MePOii. 3/1eCh s XOUy IIPEXKJIe BCETO OMUCATH TPOCTPAHCTBO
Bungr(2) nompazkas Arne.

Hay smmunruaeckoit KpuBoil mMeeTcs JBa POJia JIBYMEPHBIX PaCCIOCHU, Pa3IoKnMble
pacciioerust, & = Ay @ Ay, u paccioenus pojga Arbst, 10 ectb apyrue. [lycrs D (m,n) muo-
kecTBO & = Ay @ Ay 1t kKoTophix deg Ay, To ecThb cTenersb Ay, KoTopasi paBHA M U CTEIEHDb
Ay KoTopast paBHa n. MHOXkKecTBO paccjoeHuil poga ATbs ecTb 00beInHEHNE

{Umez(m, m)} | {UmezA(m +1,m)}.

Jlnst obImMX KPUBUX MMEIOTCS Pas3/IozKUMbIe U HepasJIoKUMbIe pacciaoenus. B crarbe ATbu
MHOKECTBO 3TuX nociaeaaux ectb &(r,d) rae r panr u d crenenb. [lepes TeM Kak si OMUIILY
9TH paccyioeHus si ormedy uto Ay @ Ay sksuBasentro A} @ A}, Torna u TospKO TOTIA, KOTIA

16HpaBI/IJ'IbH06 YCJIOBHE, JJIs TOTO ITOObI JIeNUTeNb (ay, . . . , Gy ) ObLI 9KBUBaJIEHTHBIM (b, . . ., by ), OIHICHI-

BaeTCsl ypaBHEHUEM
0=a1+...ap, — by — - —b, € 22wy +2Zwsy, k=1,2.

To ecrb, eciu 3TH ypanHeHus B cujie, TO ecTb Takoe A € C, yro dyHKiua exp(—Az)d(z) nepuomgundsa 1o
oTHOIIEHUIO K 2Zw, + 2Zws. st 3T0ro, Hy»KHO 9410061 —2A W), — 210 € 2miZ nua k = 1,2. Ilycts 0 = 2wy .
Ecte aBa umcna: st k = 1, =2 wy — 4wy, u uist k = 2, =2 wo — 4npwp. Ecm A = —21;, To mepBoe
qucio 0 a Bropoe 4(niws — 4wy = 2mi. Eciin 6 = 2wy 1o noBox, cxomen. Takue paccMOTPEHUsI U3JIUIIHbL,
HO YTENIUTEbHBL.
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{A1, Ao} = {A], A} }. Crenosarensio ®(m, n) aByMepHOE KOMILTEKCHOE MHOTOOOpasue. Ecm
M = M TO 3TO eCTh ocobast KpuBasi, st KoTopoil A1 = As.

B nporuBomnosioKHoCTh aprudMeTHIecKoil TeOpuu IPUBEJICHNE, B TeOMETPUIECKOH TeOpUH
toyno. To ectb dyngamenTasbHasg obiacTs TouHO onucana. B crarbe Arbu (Lemma 3)
KaK IepBbIil Mmar u Kak cjejicTBre TeopeMbl Pumana-Poxa jyist paccsioenuit 60Jiee BbICOKOI
pa3MepHOCTefi JI0Ka3aHO YTO, JIs JBYMEPHOTO PACCIOEHUS HaJl SJUIUIITHYECKON KPUBOii eCTh
npeacTaBUTE/Ib

0 A,

XOTsI 9TO ¥ HE HYXKHO, AThsI IIPEJIIOYNTAET [TPE/IIT0IaraTh JJOCTATOYHOCTh CEIeHN Y JTAHHOTO
paccioennst ©, TO ecTb, UTO I KaxKjoit Touku © € M orobpaxkenue ['(©) — O, coopb-
exTuBHO, rjie ['(©) cocrour u3 cevennit ©. /st 3m0ro 10CcTaTOMHO 3aMEHUTH paccioenne O,
pacciaoenuneii O = A ® O, rue A noaxoxgmoe JuHeHOe pacciaoenne. Kaxkioe 3akiodeHue
i © gaBisgercs Tak:Ke 3ak/odenueM i ©O. Boobiue, ecim y pacciioenus jiro60ii pa3sMepHo-
CTHU JIOCTATOYHOCTb CEYEHMUIT, TOIJIa Y HEr0 €CTh BEPXHbBIA TPEeyrobHbIH peacTapuTesh. Kak
Bropas JI (Lemma 6’) Arbs yrBepzkiaer (Lemma 6') aro ecsin pacciioenne © Hepas3IoKNIMO
u ecu I'(©) # 0, Torya y HEro ecrb Takoe MaKCUMAJIbHOE PacCIIeIIeHIe

(3) @:(A1 *) deg Ay < 2+ deg A,

J\CEE T

0 AQ * ... *
(4) O~ : : : ’

0 0 0 ... A,

aro A; > Ay > 1, THom(Ay, A;) #0,i=2,...,nuT'(Ay) # 0. B nannbiii Mmoment n = 2, Ho
[TOJIE3HO TOBOPHUTH 00 00IIEM Ciydae. DTO OIATH CJIeICTBHE TeopeMbl Pumana-Poxa.

Ho crenyromas aprymenTaruss ATbu TpygHA U S X049y OOBSICHUTH TOJIBKO BBIBOJIBI, KO-
TOpBIe JJIs HAC BayKHBI, MHOT/IA OTJIOXKAasi O0ObsICHEHNE, U JPyTHe, KOTOPble HaM He HY KHBI,
JlazKe MPOIYCTUTD. ¢ MOJIB3yI0Ch CTapOMOIHBIME TTOHATUIMU. EcTh B Teopun Beiteprirpacca
BTOpasd BaykHas (PYHKIMA, 9Ta (PYHKITHA

_d _0'(2)
(2.d) ((z) = Eln o(z) = o)
Omna yJ10BJIeTBOPSET I IMTUBHAM YCJIOBUSIM,
(2.e) C(z+2wi) = ((2) +2m, ((z+2ws) = ((2) + 212,

B dynnamenranbuoit odnactu s rpymmnsl L C C y He€ ecTh TOJBKO OJUH IMTOJIOC U 9TOT
pacnosiokern B Touke (. Marpura

o=, ) -ofs )

YAOBJIETBOPAECT MYJITUIIIMKaTHBHaM YCJIOBUAM,

M(z + 2w;) = M(2) ((1) 2{’) =12,
CrenosaresbHo, ona onpegenser GL(2)-paccioenne 1. Eciau A nuneneiinoe paccioenue To-
raa A ®I1 roxke GL(2)-pacciaoenne A ® I n A’ @ I skBuBasenTabl ToabKo ecin A n A’ sxBu-
BasteTHb! ([A], Th. 5). Crenenn deg(A ® II) pasua 2 deg A. MHOXKeCTBO TaKUX PacCI0eHHUit
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¢ crenenbio 2m ectb MHOXKecTBO 2A(m, m). Bosee obmumit Bu onpeesienus (4) mpuBauTcs B

(A,Th. 5)

0 ¢(z) O 0

0 0 ((») 0
(6) F,=exp(|: : )

0 0 0 ... (2

0O O 0 0

Marpuiia nopsiika r. Hykuo 6yaers jokasars 9To F,. Hepas3/I0KUMO, HO Mbl OTPAHIUINBAEMCSI
rpynnoit GL(2). Pacrosioxkenue mosroca MOXKHO TIEPEHECTH, YMHOXKIB CJI€Ba Ha

1 h(")

0o 1 )°

rae h(-) - mepomopdHas dyHknus ¢ noarocamu B 0 u J1i060ii IPyroi ToUKe NI KOTOPBIX,
KOHEYHO, CyMMa BBIYE€TOB paBHa HYJIIO.

Omnpenenurs MuO)KecTBO 2A(m + 1,m) B OHOM CMBIC/IE TPYJHEE, IOTOMY YTO KAHOHHUYE-
CKOI'0 BBIOOpa HET, HO B JAPYyroM cMbicie jerde. OHO COCTOUT U3

) Fa) = (§ 00 ), el = Az

0 o z—=d))’ o(z—0b1)o(z—by)’
rie ai,ds, by, by puKcupoBaHHbI, a1 + as = by + by, a; — as # by — by HO d MepeMeHHO. DTO
3HAYUT ITO KaK MHOKecTBO A(m,m) ~ A(m,m + 1) ~ M. Bo3aM0oKHO 9TO 9TO onucanue
MOKAYKETCs HECKOJIBKO IIPOM3BOJIBHBIM HO HY’KHO HPOCMATPETH |A], YTOOBI OHATH 9TO OHO
nens6exkno. [lomyTHo s mpusHato uTo nonaTh |A| Mue Tpy/mHo.’

Onucare obmue BeiBosl Ateu ([A], Th. 6) moses3no u B JaHHOI cTaThbe HAM 9TO HYZKHO.
OH onuchIBaeT BCe HEPA3JIOKUMbIE pacciaoerus M pa3sMepHOCTH WJIM paHra T W cTerneHu d.
[Tosiesno cnavasa BeIOpaTh JaHHOE JinHelHOe paccioenue Ag = A4, crenenn ojuH. D10 pac-
cJI0eHne 3a1aH0 BRIOpaHHO# Toukoit Ag. Torma pacciioenne KazkIoit cTymeHn d ONpeeIeHo:
ecn d = 0 paccjioenre TpuBHabHO; ecyit d > () TO UMeeTCs CeYeHne ¢ €IMHCTBEHHBIM 10~
JIIOCOM W ero CTereHio d B Touke Ag, HO HUKAKOro Hyss; ecau d < 0 TO Hy/JIb 3aMEHSAETCS
nosrocoM. C aruMu BeIOOpaMu, Jjist JJaHHOTO T MHOXKecTBa &£ (7, d), KOTOpble MbI BBEJIEM, BCE
OTOKJIECTBJIEHBI.

ITycts Teneps d = ar +d', tne 0 < d’ < r. Ecim a = 0 TO MbI epeiiiéM HeocpeICTBEHHO
K BTOpOI ctaguu. Ecim a > 0 Torma

N=A"®@ N,
rae N’ mepazioxkumoe pacciaoenue pasmeproct ' = r u crenenu d'. CiemoBaTebHO MbI

MOZKeM IepeifiTu K BTOPOi cTaauu U HpernojaokuTb 9ro d = d —ar < r' =r. Ecm d = 0
9Ta cTaIusd Hocaeanas, Ho ecau d > 0

I x
N' = (O N//) >

rae | enunuunasg Mmarpuiia panra s < r'. Ilycrs r” paur N”. Torma r” menbiie yem v’ u
crenieib d’ = d'. TouHBI BUJI MATPUIBI * HE OTHOCUTCS K Jieqy. BaskHO TOJBKO TO, YTO

179TI/I CJIOBa& 6]31.]_[1/1 HallCaHbI, KOI'/Ia s Ha4daJl IINCATH STy CTATBhIO. OHI/I OCTATCAd CIIpaBe)l.HI/IBbH\/H/I n Kor'/Jia
s 3aKAHIMBAIO €¢ CIIyCTs JIBa I'OJa, TO €CTh B TEUYEeHHWH IIOUTH Tpex JieT. ¢l Havas AyMaTh O TeOMeTPHIECKOi
reopun B 2011 romy. Yremaer o, uro F,. B [A, Th. 5] upocro Bbipazkaercst yepe3 3nakomyio GyHkmio (+).
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M' nmepaszmoxkumo. Torma panr " = r — s < r. HauanbHas pa3iIBOEHHOCTH IOSIBJISIETCS
31ech cHOBa. [Ipomokast Mbl ipuém K nape (7, d = 0), N = F;. Jlnst pacciioenuii BbICITIEro
HOPsA/IKA MOXKHO 3aMeHATH (7) MaTpuIoil

10 ...0 o(2)
01 ...0 o(2)
(7) o L g(2)
00 ... 1 o(2)
00 ... 0 cl(2—4d

MmuozkectBo Bungy, ;) €cTh mocTpoiika B KOTOPO HMEIOTCH " CTYHEHEK MEXKLy STazKIMI.

Onucanne ATbeil 9TOro MpeBpalleHrs pasarudHo, HO OYeHb HOoyunTeabLHo. [Tosesno marnh
ero HO ¢ HeCKOJIbKUMU JIOTOJTHUTEIbHBIME 1T0ipobHOCTME. [TycTh £ (7, d) MHOXKeCTBO Hepas-
JIO?KUMBIX PACCJIOEHUN PA3MEPHOCTH I" U CTEIeHH d, U IYCTh h OOIuit HanOOIBIUI JIeTUTE D
r u d. ATbs onmcbiBaeT otobpaxkenue .4 @ E(h,0) — £(r,d) KoTopoe 0OpAaTHO K HAIIEMY
npespaiennio. To ectb, ol cTpout sjemedTsl B E(r,d), Torga Kak Mbl pasbupaem ux. Co-
craBHble dacTu ero crpoenust: (1) a,o: F,. — Fp3(ii) g0 (E) 1 E = A® ay4(E); (iil) econ
0 <d < r, rorma

1 0 . 0
01 . 0 =*
(8) a,q(E)=[0 0 1 % , FEe€&(h,0).
0 0 . 0
Do : ar—ad(E)
00 ... 0

D10 HpoJoIIZKAETCst JI0 Tex nop, noka 1’ = r —nd < d = d' + r’. Baren npumensiem (ii) u
npojoszkaeM. TakuM 06pasoM, JIJisd JAHHOTO T U KazkIoro d, MHOKecTBO & (1, d) OTOXK1eCTB-
JII€TCs ¢ SJLTUNTUIECKON KpuBoit M u Bce cTylleHr OECKOHEYHOMN JIeCTHUIBI, —00 < d < 00,
HOYTH OJUHAKOBELI.

I[Toka, ctpykrypy B MuHoKecTBO Bung = G(F)\GL(n, Ar)/G(O) MbI BBeJIH HEJOCTATOTHO.
Ectb Tonosorus Ho ona 6ecriosiesna. MuoxkecTso B Bung OTKPBITO €C/in 1 TOJIBKO €CJI €ro
upoobpas B GL(n, Ar)/G(O) orkpsit. Tem ne menee cymectsyer pasoxernue Bung ormore-
HHUE KOTOPOI'O K €ro TOIOJIOIUH 110 GOJIBIION JacTH He BaXKHO. A MMEHHO, KayK/10€ PACCIOCHNAE

€CTb IIpAMad CyMMa HEePa3/I0KUMbBIX PAaCCIOCHUN Pa3MEPHOCTH T'1,...,Tk, I'1 + -+ T =T
OxasplBaeTcs, 9TO I OepaTopoB [eKke, MHOKECTBO Bung COCTOMT M3 OTIEJBLHBIX MHO-
xkecTB D(ry, ..., T) CONIACHO HEYTOPSAIOUeHHOMY MHOXKECTBY {71, ..., T}, KOTOpOE Ompeia-

JlaeT CoNpsizKeHHbIH Kiacce noarpymi Jlesu. Ilycrs E(r)-MHOXKECTBO HEPA3IOKUMBIX PACCIIO-
enuii pasmeproctu 1 u E(r) - cuMMeTpusupoBanHoe k-Kparnoe npousseserue £(r) ¢ coboii.

Torma R R
D(rla cee ,Tk) = 5191(81) X X gkl(sl)7

{ry,...,r,} cocrour u3 sy MoBTOpeHHbIX ki pasa u Tak Jasee. B cymuoct D(ry, ..., rg) ecTh
[IPOU3BEIEHIE MHOYKECTB

[o.¢]
9) Ur _E(rd),

e r 3aaH0 1 £ (7, d) ecTb MHOXKECTBO HEPA3JIOKIUMBIX DACCTIOEHIH PA3SMEPHOCTH 1" U CTEeHH
d. Kak Tomosioruieckoe mpocTpancTBo 310 npubimsureabto Z X M =7 x U x U, rue U =



13

{z € C||z| = 1}. D70 TOXKE TOMOTIOrMYIECCKAs TPYIIIIa U €6 rpymia XapakTepos ecTb U X Z X Z.
MozKkHO moJiaraTh, 4TO OHA TaKKe MapaMeTpusaer (MpUOIN3UTETHHO) COOCTBEHHBIE (DYHKIIN
ortepatopos ['ekke. MIMmest 370 B BUy MBI epeiijieM K TUIIOTe3€e HO CliepBa 0OHAIEKUBAIOIIEE
sameuanne. Corsacao Teopeme 7 B [A| eciin x xapakrep rpynmst £(1,0) Torga x onpepaiaer
dbyuximo ¢ snadennsavu B U Han kaxkaom E(r,d) B muoxectse (9). Ecim z € U, rorna
Bropasg dynkmud 7, : N — 2% rtak Bo3MOXKHO 9TO €CTh IPOCTOE M CKOpee HeC/I0:KHOe
OTMCAHME, TOJTHOIO MHOYKECTBa COOCTBEHHBLIX (pyHKIHI onepaTropos ['ekke. Mbr jgamm ero
I T = 2.

Jl a1 smnTrdecKoit Kpusoit ¢ = 1 u rpymma I moposxk nenna smementamvm A, B, ABA-1B~1
1 # 0 € Z. Cornacro runorese, cobcrentbie dbyHKImN orepatopos lekke mis GL(n) co-
OTBETCBYIOT IIpejcTaBaeHIAM ',y pazmeprnoctu n. [lapabosmaeckue cobcTBeHHBIE (DYHKITHH
COOTBETCBYIOT HEIPUBOUMAM TIpejicTaBienusM. [lycTs p ecth Takoe mpejcrasienne. Torma
p(l)=C€Uun

p(A)p(B)p(A)"'p(B)~ = (1.

Tak kax det((I) =1, ¢ ectb Kopenb u3 ejuaupl. [Iycrs k ero nopaaok. Kpome sroro p(B)
u (p(B) mogobusie marpuipl. [lycrs k|n mopsmok p(B). Camblit mpocToii mpumep

01 00 ... 0 (1)2 0 . 8
0010 ...0
1000 ... 0 00 0 L. g

A\, 1 € C*, n* = 1. Ho B 3T0i1 cTaThe 1 paccMarpubaio Toabko GL(2)

B ciepyronux Tpéx pasmesnax s paccMaTpuBaro oneparopbl Lekke jyist rpymmsl GL(2).
[Tocneublit pasjies caMblil BayKHbBIM, CAMBII 3aMevYaTeTbHBII, HO IEPBLI 1 BTOPOI Pa3/1eJIbl
COJIEPYKAIOT HEOOXOIMMYIO TIOJITOTOBKY.

V. CoorBercrBus I'ekke. [I1sa kaxkmoit Toukn © € M ecTh KOMMyTaTuBHas ajiarebpa ),
ompejieJieHHasi COOTBETCTBUEM U Mepoii. Mbr HaunHaeMm ¢ rpymibl GL(2) ¥ /IHnTuaeckoii
KPHBO# U JIjId 9TOM TPYIIILI U 3TOM KPUBOIi 3Ta Mepa OyaeT odeBuaHa. [losTroMmy g oTK/1a/IbI-
Balo e¢ obIree orpejeeHne, HAAesACh M03Ke Ha Caydail 9Tobbl eé 00bsacHuTh. [loaxosrmue
nousitusi npuBesiensl B [AB, §9|. AsreGpa $), npousBejieHa JBYMsl JBONHBIMU MOJIYJISIMU.
OnuH n3 Hux J6rok. Ecrb KoHedHO oueBHjHAsI JOKaJbHas KoopjuHara z Hag M = C/L,
HO 9TOOBI BBECTH OIEePaTOphl ['€KKe HY?KHO YTOUYHUTb TOUKY x € M u JIydIle MM0JIb30BaThCs
POU3BOJIbHOM KOOPJMHATOMN Z,, 2;(x) = 0 MOTOMY YTO Z CYIIECTBEHHBIIl apaMeTp orepa-
TOpa. IL.HH ,[LaHHOfI TOYKHN €CTbhb JBa OCHOBHLIX OIl€epaTopa, TO €CTb JBa OCHOBHBLIX CMEXKHBIX
kitacca 1o Moy G(O,):

a=c) (3 V) eonm= (3 L) e

x

Y106b!I OIPE/IeJIUTh COOTBETCTBYOIIKX JIBa OllepaTopa Hy»KHO BBECTH Mepy /i Ha Bung nim
G(Ar)/G(Op). Obmiee onpejenenne Mepa TPY/IHO, HO st Tpymibl GL(2) Gyaer oueBneH
BBIGOP, KOTOPBIM MBI OJIb3YEeMCsl KaK BPEMEHHBIM OlpejiesieHneM. BTopoil omeparop ectsb
IPOCTO

g

—1
0:=6u: 1 1 10 =100 (%)),
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HO IEPBOH omepaTop

(10) R L o
hegA1/G(Oy)

[TepBbiit MHTErpaAJI [0 TOUKE U MePa TAKOBA YTO Mepa TOYKU pasHa 1. Mbl onucsiBaem 06/1aCTh
UTErpUPOBAHUS JIJIsi BTOPOI'O OLIEPATOPA. DTOT OIIEPATOD HE SPMUTOB, HO €CJIM Mbl IPUOABUM
UCIIPaBJIEHbIH oepaTop OF MopoxeHHast ajrebpa KOMMYTATHBHA U SPMUTOBO 3aMKHYTA.

Mpgr pacemorpum pasmbie cirydan: (a) g € D(m,n), m—n > 2; (b) g € ®(m,n), m—n = 1;
(c)geD(m,n),m—n=0;(d) g €A(m,n), m—n=1; (e) g € A(m,n), m—n = 0. Baxno
3aMedaTh 9TO KOMILIEKCHas pasMepHocTh dim®(m,n) = 2 u uro dim2A(m,n) = 1. Torga
COOTCBETCTBEHHO STHUM ISITH BO3MOXKHOCTSIM 37eMeHT h B (10) HaxomuTest B
(a) D(m+ 1,n) UD(m,n+ 1);
(b) ®(m+1,n)UD(m,n+1)UA(m,n+1), tne m =n + 1;
(c) D(m+1,n) U™A(m + 1,n), tne m = n;
(d) @(m,n+1)UA(m,n+ 1) tae m =n + 1;
(e) D(m+1,n) U™A(m + 1,n) tue m = n.
Ciygan m = n,m = n=+1 DOAIEPKHYTHI, HIOTOMY YTO OHU COOTBETCTBYIOT PACCIOEHUSIM POJIA
Atbu. Ecrb gapyroit o6pas3, 94ToObI BBIPA3UTh 9TH 3aK/I04YeHus. Ecau HOocUTe b (OyHKIHHI
f B (a) ®(m,n), m —n > 2; (b) D(m,n), m —n = 1; (¢c) D(m,n), m —n = 0; (d)
A(m,n), m —n =1, (e) A(m,n), m —n = 0 rorma vocurensb Gyuknun f’ B (10) HAXOIUTCS
coorBercTBeHHO B (a) D(m+1,n)UD(m,n+1); (b) D(m+1,n)UD(m,n+1)UA(m,m); (c)
D(m+1,m)UD(m,m)UA(m+1,m); (d) D(m, m)UA(m, m); (¢) D(m+1,m)UA(m+1,m).
DTO HECKOJILKO IIENETUIILHO, HO 51 He COBCEM YBEPEH.

¢l HAauMHAIO ¢ OIUCAHUS [PEJICTABUTE el JIEBBIX CMEXKHBIX KJIACCOB B

(1) 60960, 9= (1)

Onn JaHHbl YMHO2KEHHUEM ¢ CJIEBO MaTpUIlaMA

(12) ((1) ?)(Cf é),aEC.

9T0 Jaér

210 2la 1
12 (59). (25 ).acc

Hyzxno mamomuuTh 4ro B 91X AByX ypasHeHusx C C O,. Ecim A ckansap, 1o ectb A €
Ir =A% u fi(g9) = f(Ag), rorma fi(g) = ©1f1 = f'(A\g). D10 HO3BOIAET CHAEIATD HECKOIHLKO
VIPOIIEHUTT B BBIYHCIICHUSIX.

JIérko ommcars snementsl G(F,) n gaxe snementst G(F,)/G(O,), HO TpyaHO ommcarhb
ssieMenTsl G(Ap) nm G(Ap/G(Op)), ToTOMy 9TO B HPUHIAIE HY?KHO 33/[aBaTh OECKOHEY-
HOE MHOKECTBO KOODJMHAT, HO MOYKHO IIPUHSATH HOYTH BCIOLY €IHHUTIHYIO MATPHILY. DTHX
KOOD/IUHAT s HE IPHBOXKY.

Eciu Mpr naunnaeM ¢ ¢ € D (m,n) TO Mbl MOXKEM B34Th:

(Z% (1))7m7£n:07
:(Zu(/)zv ?)’m:nzo

9
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noToMy 4TO oneparop [eKKe KOMMYTHpPYyeT ¢ yMHOXKEGHHEM Ha JMHEHHOe pacciaoeHue. Mpr
yMHOKaeM g ¢ npasa ¢ Marpunamu (13). Ecim m # 0 ato maer'®

z Mzt 0
(14 5 0).

KoTOpas npunaaexkaer O (m + 1,0), n

—-m ,—1 -m
/ 2y Ry @ 2y,
(14 ) ( Z—l 0 )

T

Bce BoiOOpHI 0 # 0 j1af0T 9KBUBaJIeHTHBIE pacciaoenns. Ecim a = 0, pacciioenne mpuHae-
xKut D(m, 1). Mbr Beibupaem ¢ = 1 u nepecrasisiem crosbnst. Torma (147) pasuao

" iz Mz 0 (1 2t
(14) % ( 0 1)(0 1)

Ecmu f € F' Mbl MOYXKeM YMHOXKHUTDH HAJIEBO C

L f
0 1
9TOOBI T0JTyYaTh

(27 mz O\ (1 2t famet
(15) % ( 0 1) (o 1 '

Ectb Tpu cnywas: m > 2,m = 1,m = 0. Mb1 onucaym B Teopun Beitepirpacca Bce
mepoMopdubie dyukiun Hag M. Ecimu m > 2, Mbl MozkeM BBIOpaTh Takoe f, 4To z; ' +
fzmzt € [, O maxe ecoim u = . CaenoBatenbho, paccaoenue (15) ecth pasmoKumoe
pacciioenme

(5 8)

B ©(m,1). Ocraérca m = 1,

z;lz;l zu_l z;l z;lzm_l
(16 o )~ (G ).

u m = 0 caydan, KoTopble pasandubl. Eciu g, go € G(AFr), g1 ~ go BbIparKaeT PaBEHCTBO B
Bung.
Ecmu m = 1, nycrb u +  u 2v JuHeitHO SKBUBaJeHTHBI. MbI paccMaTpuBaem

111
/ ZU ZU Zx
(16") Zy ( 0 1 ) :

x

180mucanne snemenra B Bung mm maxe 8 G(A)/G(OF) TPyaHO TOTOMY UTO GOJIBITAS 9ACTH KOOPIIMHAT
uzsninasg. Kpome Toro, upezcrasurens viementa B Bung B G(A)/G(Op) ne yuukasen. Hyxubr p06past
Bosis ¥ BHUMaHue unrtaress! Hanpumep, ecim u # x Bmecto (14) srydire Hammcarsb

2™ 0\ (271 0 H 1 0\  [z,™ 0\ /[z' 0
0 1 0 1 01/ L0 1 0 1)°
y;'éwxu
2;™ 0\ [(27%a 1
0 1 27t 0

u Bmecto (147)
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Heobxommmo 3uars korja paccioenue (16") mzomopduo (5). Ecan v = x = v, T0 0o4eBHIHO
910 910 Tak. Ilycth u # x u nyerb Ay = (2,/24), Ao = (2y/2:). Torma Hom(Aq, Ay) =
0. Cornacuo |A,Lemma 5| 10 nojpasymesaer uro paccioenue (16') pasmoxumo. MoxHO
[POBEpsieT ITO MPSMO OTOMY 4To Marpuia B (16) pasHa

(96 666G )6 )

rJe nepBasi MaTrpuna cripaso Haxogutces B GL(2, F). Drta marpuna B GL(2, Ar) HO Kpome
touku {u,z} ona B G(O,). Ml pacmarpusaeMm (HakTOPLl B U U & OT/IEJIBHO

(16.) T =1\ (28 2"\ (=0 2t =1\ [zt 0\ [1 1—2z, 2,0 0
2o 1 o 1) Lo 1 “lo 1)\lo 1 0 1
1 -1\ (1 =\ (1 0
(16.b) <O 1 ) (0 zx1> o (0 le)
Ecmu m = 0, MbI ostygaem

zuzy bzt 0 ez bz ta 2zt
57 0. (2 =)

xT

[Tepsoe paccioenne naxogurest B D (1,0). Ecim a = 0, To Bropoe pacciioenne toxke B D (1,0) =
D(0,1). g npyrux ciydaes, Bce a # 0 Jal0T OJIUHAKOBOE PACCIOEHUE, 3aJ[aH0e C

11 ~1 ~1 141
a7 22y 2 g (et el
21 0 0 21 ’

T T

aa B\ _ (a O\ [fa B)[(1 O y
(5 0) =G )CE 06 ) vee
| 1 z! 1 0
=t o) N0 ) T o ot )

Ecmu u # v, nyctb v — u ~ o — y. CymectByer dyHKIusg f ¢ HYJISIME B Y,V U [TOJIOCAMbBI B

x,u. 3uaanr Hom(Ay, Ay) # 0, ecim Ay = (2,/20), A2 = (1/2,) n moxuO, unrars uro (17')
HEPAa3JI0KUMO.

-1 1,1 -1
" Ty By Ep\ L, -1 1 =z
1 ( U ) o (0 Zl)'

Ecau 1 # x, x1 # y, ectb Takag dbyukius [ € F, 910 B 1 Bejer cebst kak f ~ 1/z,,, a B
x eé nosenenne cxoguoe f ~ —1/z,, vae f ronomopdua B octanbHbix Toukax, u f(y) = 0.

Mbr yMHOZKAEM CJIEBO ¢ MATPUIION
Lf
0 1
YTOOBI MOJIYYUTH

(1 2t _
(18) Zuzv ! (0 236_11) = Zuzv 193/’ 1 7& Y.

Y

IIOTOMY YTO

Ecm u=v

Marpuna © npecrasiena B (4). Ipyroii npecraBuTesb paccaoeHust

0 21

w

—2
(18") @N(l Zw), w~v+Y — U T,



17

DTH SKBUBAJICHTHOCTH O0bscHeHbl B [A]. ¢l mpn3mamo 9To MOsI yBEPEHHOCTD B 9THX BLIUHC-
nennsx orpanndena. Mue ne o cebe ¢ muokecrsom G(F)\G(Ar)/G(OF).
B cayuae (d) mbl BeiGupaem npejcrasienue (18") muoxecrsa (1, 0) Ho, MeHsisg 063HATE-
HUe, w Ha u. YMHOXKas Ha Marpurpl (13) mosydaem
1 -2 -1 —1,-2 -1 —1,-2
(19) 2,0 2y, Zpoatz, 2, 1\ (1 etz 2
0 -1 /> -1,.,-1 0 0 -1.-1

Ecim u = z nepBoe pacciioenue paBHO

/ -1 1 Z;1
(19) (5 1)

koropoe poga A(1,1). Ecim u # x mMbl paccmarpuBaeMm

(19//) I Z;I Z;2 1 ¢ _ Z;l fZ;1+Z;2+CZ,;1
0 1 0 Z;l 01 0 2171 ’

rie ¢ € Cu f € F. Mul BeiOupaeMm f, ¢ morocaMu TOJBKO B & M U, TAK UTO IMOJIOC B U
YCTPaHEH W 3aTeM TaKoe ¢, 9TO TOJIOC B & TOXKe yCTpaHEH. Torjaa MOKHO TaK»Ke YCTPAHUTh
YJIeHbI HUPKHOTO TIOPsJIKa B BEPXHOM ITpaBoM KoedduimerTe, 9T00bI MOy IUTh

—1
" o 0
(19 ) ( 0 Z_l)

u
porma O(1,1).

g marpuier Broporo posga B (19) ects HeckobKO Bo3MoOxKHOCTEl. [lepes TeMm, Kak nx
paccMOTpeTh HYKHO OObIICHUTH 0cOOeHHOCTH Teopun Athu. OHa He IpejiaraeT 96TKuil pe-
[EHT 9TOObI YCTAHOBUTB, €CJIM JIAHHOE DACCIOEHHe Pa3JIoXKUMO WM HeT. PaccMoTpum Ha
[PUMED PACCIOCHHEe

0 d

®1=<(1)>,@2:(d).

Mot npeanonaraem ato deg(©z) > 0 u uto © ~ A; & Ay paznoxumo. Ecm A; # (1,0)™,
1=1,2, torna A; — Oy ciopbekTupHo u deg A; > deg ©,. CremoBaTeIbHO

deg ©y = deg A1 + deg Ay > 2deg O,

1 9T0 HeBo3MOxkHO. VHave roopsi, mbo Ay 6o Ay pasHo, sydiie sxBuBaieHTHO, (1,0)".
[Tycrs Ay = (1,0)". Torma

1 G, y
(20) (Al A2) :@ga g = H 9o € G(OF)a gy = (O gv) ) Bv € Ova(sv € (91}7

veEM

@:<1 b),dGIF,bGAF.

[IycTn

n

$1 ,
(21) A2:A®(¢2)7 ¢i€F7Z:1727
rie A nmuneiiHoe paccioerne, u (b+ £,d)/0,d = (¢1/¢2), MmepomopdHrast byukius ot € M.
MBI IOIB3yeMCsT STUM BBIBOJOM YTOOBI JOKA3bIBATH HEPA3JIOKUMOCTL PA3JIMIHBIX PACCIOe-
uuit. OH KazkeTcss MHE HECKOJILKO HEYKJIIOKUM U GOJIbIIE BCEro HEIOAXOISIINM KOIIa PO
g > 1, HO B IaHHBIIT MOMEHT y MEHs APYTOro CIIocoba HeT.
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Pacmorpum marpuity

1 zta+ 2122
2 N e
u3 (19). Ecm a = 0 Torga 510 pacciioenne SKBUBAJIEHTHO

-3
(23.a) ((1) ?_2) b=z d=127? u=uz;
WK
—1,-2

(23.b) ((1) z“””_lziil) Jb=z 122 d =212, u# .

ny (b+ p,d)/d,d, v € M, ectb euHCTBEHHBIN TI0JI0C B TOUKe 4. Ho Takoit MepomopdHoii
dbyukmnn mer. Caenosaresnsio (21) mepasmtoxmmoe.
Eciu a # 0 ayuiie nyxxH0 tcarh (19) TouHO Kak

1 zta+ 2.1 (1 22
(24) (O 2! )(0 2t

Ho ects ouste y (b+ B,d)/6,d equncrBennsrit noryc B HOKTe u. CreoBaTenbHo (24) Hepas-
noxxumo. Corytaco [A] ecTh deThIpe HEPA3IOKUMBIX PACCIOCHHS C JAHHBIM J€TEPMIHAHTOM
4yerHoi cremeneit. [losromy ecim & JaHo, YeTbIpe U JAIOT JAHHOE PACCJIOCHHUE.

Cuayuaii (e) cambrit érkuii. Tak Kak onepaTopbl ['ekke KOMMYTUDYIOT OTHOCHTETHHO TEH-
30PHOTO MPOU3BE/ICHUS C JIMHEHHBIM PACCIIOHEHUEM, TSI IAHHOTO & IOCTATOTHO PACCMOTPETh

(25) ((1) Zﬂil) € 21(0,0).

[IpeobpazoBanue 3To#t TOUKU JAHO JIBYMs POJIAMU TOUOK,

b N\ (2t 0 (11 210
(o 1)—(0 1)(0 1)”(0 1>€®(1’0)’
zlta+ 27 1
zt 0)"

1 —a\ (z;'a+2% 1 221 1 2.2
(0 1)( o1 O>N<z_1 0) ~\o 1) €ALO)

XoTsI JI0Ka3aTe/IbCTBA, BLINJIAIATL HEYI0BJIeTBOPUTEILHDI, 9TU BBIBOJbI IIPEJICTABIATCA yoe-
jureabHbIM. O0bacHuM!

CrepBa MbI IOJBEAEM UTOIM HAIINX PA3MbIIIIEHNA. B 4acTHOCTH, MBI y3HAEM YTO pa3Mep-
Hocthb dim(gA1/G(O,)) Beerna pasuo 0, xors 910 noaMuOKecTBo MHOXKecTBa G(Af)/G(OF)
wim ero obpas B Bung, MoxeT cozepzKarh 60JIbIIe 01HOro 3j1eMenTa. CiiegoBaTe/IbHO 001aCTh
uHTEerpupoBannsd B (9)-KOHETHOE MHOKeCTBO. B0oobIIe, XOTs 5T 9TOr0 3/1eCh He 0ObSICHIO, Mepa
9TOro MHTErpaJia onpegencna dpopmoii Ildadda, HO A1 KOHEIHOrO MHOXKECTBA 3TO OIIPE-
JIEJIEHHO TaK, 9TO Mepa KarKJIoil TOYKHM 1. 3HaYMT, Mbl MOXKEM OTJIOKUTH BBEIEHHE OOIIOit
Teopuii 9TOi POPMBI Ha ITOTOM.

Pacemorpum misith corydaes (a),. .. ,(e). st KazKa0ro caydas Mbl TOJIb3YeMCs OTHOIIEHH-
MU

0if-(9) = fil9), f-(9) = f(z9), flg) = f'(z9), f'(9) =©if(g),i=1,2, z € A}
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To ectb oTobpaxkenus O; u f — f, KOMMyTHPYIOT.
(a) Eciu m —n > 2 Torga obpas MaTpurist

COCTOUT U3 ABYX TOYEK

z;mz ! z, ™ 0

(b) Ecm m —n = 1 on cocrout u3 (26) u, cornacuo (16),

m (1 2t
(o ) € mam),

ecJIM JIUBU30D M - U — M - U JINHEHHO SKBUBAJICHTEH JUBU30DY .
(¢) Ecom m —n = 0 1o 06pas cocrour onsarb u3 (26), Ho ceituac coryacto (18),

eci u # v u

O6o3HaueHNe HECKOJIBKO N3MeHeHo oTHocuTesibHO (18). ¢ 3amedyio uro u = v gaér He 60JIb-
e gem (26).
(d) B (19) u npoberaer M u ymecrHas obsiactb onpejenerns O,

1 2,2
0 Z;l )

u 06pasbl, TO ecTh 00JIACTh 3HaUeHUil oneparopa ©; ¢ obsacreio onpejenenroctu A(1,0),
maubl (19). OT nepBbIX 91€eMeHTOB MHOZKeCTBa (19) MBI oJIydaeM cHadasIa, IPpU U = &, TOUKY
(19") BRA(1,1). Ot apyrux u mbt moxyuum Touku (19”) B D(1,1). C mepsoro 3risna Ha (19')
KayKeTCsl, ITO €CTh TOJBKO OJIHA HeJocTammmas Touka, u = x, o D(1,1) asymepro! Bropsbie
3/JeMeHThl MHOzKecTBa (19) Bee HepaszsioxkuMble, ¢ JleTepMuHanToM 2, 'z, 1. CorylacHo craTbe
[A], ectb TounO "Yernipe Toukn B A(1, 1) ¢ ganubm gerepmunanToM. B 2((1,0) ecTh TOIBKO
onua. To ects coorBerceue A(1,0) — A(1,1), coorBercsue pona 4 — 1.

(e) s mamnoro x obmuit s/1eMeHT 00/1aCTH ONpe e/ IeH s ITAH MATPUIIAM

~1
(27) 2! (é g ) € 21(0,0),
TO eCTh Kak paccsoenue (27) nezapucumoe ot x. IIpeobpazosanue ectb gmbo
1 2_1 0
(27") 2uZ, 0 1)¢€ D(1,0),
JI00

2// —1 1 Z;2 2A(1
(27" 2wz, g 1) € (1,0).

xT

Ina A(m,m), m # 0, 2,2, 3amensercs na z, ™. Coorserceue 2(0,0) — A(1,0) 6uexTHBHO.
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VI. Oneparopbr I'ekke. Xora Bung kak Tomosiorudeckoe TpOCTPAHCTBO TPYIHO OIIpe-
JeJITh, faxke jid ciaydad G = GL(2) m smamunrudeckoit KpuBoit M, OHO TPOCTO Kak
nuddepeHTraIbHO-reOMETPUIECKOe ITPOCTPAHCTBO, XOTh ObI /I 9TOi mapbl. Mbl pacMoT-
puM ceftaac 3ToT ciydaii. [lyist Hero muoroobpasmue Ilukapa Pic(M) 3a maHo npounsseieHnem
JByx okpyxkHocreii ¢ Z. Cornacho crarbe [A], MuOo)ecTBo Bung j1aHo Kak o0beuHeHne

D = {Unsn®(m,n)} | J{UnD(m,m)},
CJIEJTIOBATEJIBHO CHMMETPUIecKoro npoussenenns Pic(M) ¢ coboit, u
A=---UA(—-1,-1) UA(—1,0) UA(0,0) UA(1,0) UA(1,1) UA(2,1) ...

O6o3HaMeHNs 346Ch CJIEIKO IPOU3BOJILHBL. 1103/11Hee MBI BBEJIEM Mepy Ha 3TOM IIPOCTPAHCTBE;
oHa Oy/eT 1o cyIecTBy (hakTOp-Mepa Mepbl Xaapa, uTak 310 Mepa Jlebera . OmepaTopsr
lekke 06pasyioT aiarebpy KOMMYTHUPYIOIIMX OrPaHUYeHHBIX onepaTopo Ha L2(j1), 3aMKHYy-
TYIO OTHOCHTEIHHO SPMUTOIO-COIPSIZKEHHBIX OIIEPATOPOB.

4 noguépkusaro aro dim2l = 1, xora dim® = 2, uro L*(u) = L*(u, D) & L*(u,2A) u uro
HenpepbIBHbIe (DYHKIMU ¢ KOMIAKTHOM HOCHTE/IeM IUIOTHBI B L?(11). YiuBuTeabHo, U jaxke
CHa4YaJla TPEBOYKHO, UTO 3TH JIBa IIPOCTPAHCTBA MHBAPUAHTHBI OTHOCHTE/IHLHO OIIEPATOPOB
I'ekke. ¢ mogcHro. 910 0YeBUIHO 11 O, ,. Oneparop O, mpeicTaBiIgeTca Kak

DD DA
(% 44)

Hyzkno jnokazarb, uto DA = 0, AD = 0, To ecTb 4TO oHM HyJIb Kak oneparopbt or L%(2) B
L*(D) coorserctienno L*(D) B L*(2A). DTu nBa ypaBHEHUs BBIPAZKAIOT TO, YTO sl HA3BIBAIO
npeobIaJaHueM IUaroHaIbbIX KJIETOK. BO3MOXKHO, YTO IIPUHIMII KOTOPOI'O OHU IPUMEPOM
SIBJISIETCS BOOOIIE IpaBuiieH. Kcim Tak, TO OH IVIaBHBINA BBIBOJ, 9TON CTATHHU.

Cormnacuo (10), m1s O, HY?KHO PacMOTPETh CHAYAJIA!
(i) aug mamsoro g € ®(m,n) muoxecrso gA; /G(O,) NY;
u Torua
(ii) ayra mamrnoro g € A(m,n) muoxectso gA;/G(O,) ND.
Dr1u nepecedenHust onpeesAoT win orpannansaoT Hocuresib B (10). To ecrb, onn mator
HOCHTEJIb, MOXKET ObITh He caMoil MasieHbkuil, hyHKIwn (10) B TOM WM JPyroM MHOKECTBE.
fAnpo omeparopa A, - POx MATPHUIBLI CTPOKU HJIM CTOJIONA KOTOPBIE MapaMeTPHPOBAHDI
muOkecTBOM D UL, Crie1oBaTe/ibHO, 3TO SIPO COCTOUT U3 UETHIPEX OJIOKOB, JTUATOHATIBHBIX
610x0B (D,9), (A, 2A) n neguaronanbubix 6710K0B (D, A), (A, D). Mbl unrepecyemes ceitgac
HeIMArOHAJILHBIMU OJIOKAM.

B nepBoMm cityqae, 11j1st KoToporo coorBercTBre D — A Hocut D K 2 1 nepeHocuT GyHKINN

¢ 2 K ®, MHOXKECTBO YMECTHBIX 3JIEMEHTOB B OJIOKe 1ycTo, eciim m —n # 0, £1. Ecm m = 1,
n = 0, sro 1o cymecrBy (16”) ecin v = z. Bojiee TO9HO, MHOXKECTBO COCTOUT W3

-1
A 1 =z,
0o 1)
rae A mpomssoibHO JMHERHOe paccioenue. To ecTb ecim f HempepbIBHO ¢ HOCHTEJIEM B

A(n,n), byuknusa [’ B (10) kak dyHkus Ha D MOHECEHA

-1
{A (Z”O’ [1)) | A smueiinoe pacciioenue}.
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To ectb, ero HOCUTETH TOMHOXKECTBO 3TOTO MHOXKecTBa. Ho Takas dpyHKIusa Kak pyHKIUS B
L*(Bung) ectb Hy/1b-DpyHKIHS, IOTOMY YTO 3TO MHOMKECTBO KaK KOMILIEKCHOE MHOT00Opasue
onHOMepHO a ® aBymepHo. OOmuit ciaydait m = n + 1 - ToT ke cambiit. OfHAKO 9TOT JI0BOJ,
HeyjoBsieTBopuTesieH. Biiok AD pasen 0 1o aByM npudauHaM: (1) HET eCTECTBEHHOTO CPEJICTBA
orpannyenns L?-yHKTIME Ha TPOCTpaHCBO Ooee HU3KOi pasmepnocTh; (i) omepaTopbi
I'exke spmurosbl. Ciremoaresnbio ykazom! To ects sror 610k 0. Ho 910 maér npasuibHbe
BaKJIIOUYEHUsT U yoeuTe/byto Teoputo. OHO MPeICTaB/IsIeT TAKXKe CYIIECTBEHHBIN JI0BOJ B
CJIeJTYIONINX 3aMEeIaHUSIX.

Ecau m = n MbI npeanosnaraem aro m = n = 0, Torga Kiace paccaoenus (17") onpeenén
TOYKOH Y, MOTOMY 9TO U — U ~ & — y U = jaHH. To ecrb 06pa3 muozkecTBa 2A(0,0) 1 BOOOIIE
o6pas A(m,m) B © onnomepen. Cienosaresbio DA = 0.

B BTopom ciyaae obs3arenbno uro m —n = 0,£1. Ecu m = 1,n = 0, To nepeceuenne
9A1/G(O,)ND zamanuo (19”) ¢ npoussosbubM © € X . To ecTh, pa3MEPHOCTH ITE€PECETCHUS
pasHa 1. CieoBaTesbHO, OHO HE MOYKET HOCHTL HeTpuBHasbHylo L -dynkumio. Ecin m =
n = 0 TOT ke caMblii BBIBOJI, €CTh cJjiejicTBue ypaBHenust (27').

BosMozkHo uTO 3Ta camoctoarebuoctb L2 (1, D) u L (u,2A) To, aro ormmvaer L*-Teopuio
or my4dkoBoii Teopun B |Gl.

VII. CobcTBeHHbIe 3HAUEeHNS U cOOCTBeHHBbIe (byHKInN oneparopoB I'ekke. Ilepen
TeM KaK MbI PACCMOTPHUM CIIEKTDP OllepaTopoB [ekke Mbl Bo3Bparaemcs K jecraute E(r, d),

d= —00,...,00 s r = 2. MbI He paccmarpuBaem ciydait obmero 7. VI ocobblit ciyydaii u
obmmuit cayuait pacmorpenst B [A]. st r = 2, jecrauna
(28) o A(=1,—1),20(0, —1),24(0,0),2((1,0),4(1,1),(2,1), . ..

Ecmu A nuneitnoe paccionne crenenn 1 torga © — A ® © rakoit m3oMopdu3M 9410

A(j,7) = A+ 1,5 +1)

HO omepaTop I'ekke ©; Taxoii, 4T0

4 maumHato ¢ wcnpaBieHus WK Jiydiie ¢ 6ojiee TodHbIM BuoM TeopeMbr [A, Th. 6] u ce-
nytonmx TeopeM, To ecth deg A = 1, rne A smneiinoe paccioenne 31oii Teopembl. IlycThb
Pic, (M), MHOXKeCTBO JIMHEHHBIX paccyioenuii cremern n. ¢ mpennounTao GoOpMyIHPOBATH
[A, Lemma 16, Th. 5,6,7], Bbrme Bcero Th. 6, caeayronmm obpasom. Ectb Takoe 6GuekTuBHOE
orobpaxenne A <> Pic(M), aro:

(i) ecoim Aq suHeiiHOe paccioenne u © <> A Torga Ay - © <> Ay - A;

(ii) paccioenne Fy 8 Th. 5, wiu B onpejiesienne (6), COOTBETCTBYET TPUBUATIBHOMY PACCI0e-
HUIO;

(iii) ecim © mano ¢ (7) u A = (071) Torma © +» A.

CiiestoBareibHO, MBI MOKeM 0TOXKjiecTBUTh 2A ¢ Pic(M), HO 9TO OTOXKIECTBJIEHUE UCKYC-
CTBEHHOe, U ® ¢ cuMMUTpuIecKuM tpousseienneM Pic(M) ¢ coboit. Kpome Toro, kaxast
HeymopsiJiodeHHast napa (X1, X2) YHUTapHBIX XapakTepos rpytisl Pic(M) omnpenenser dyHK-
111110,

(29 (5 5) = xat@na® +xa(@nls) o i)
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a1 ®. Mbl fokazkeM 910 3Tu (HYHKIUHU JIAI0T BCe COOCTBEHHBIE (DYHKIMH opepaTopoB ['ekke,
B CMBICJIE 9TOW TEOPHHU, ¢ HOCUTEIEM D U 9TO cOOCTBEHHBIN Kiaace dyHKIwmii (29) B Touke x

(30) (Xf;(‘”) X29<x))

quts Beex ¢ B M. Jloctarouno JioKa3aTh, 9TO BCe 9TU (PYHKIIUU COOCTBEHHbIE (DYHKITUH, T10-
TOMY YTO OYEBUJIHO YTO OHU JIAIOT CIIEKTPAJILHOE PA3JIozKeHue. 1 HAIIOMHIO YTO COOCTBEHHAS
dyHKIUA onpeesdeT /i KaXK 0 TOYKON T TOJIYIIPOCTDI, JJazKe YHUTAPHbIN, COOCTBEHHbIM
kimacc B GL(2,C), a uMeHHO JleTepMUHAHT ¢ Og, HO 9TO OYEBUJIHO, U cJyiej ¢ O).

Mp1 yTBep2K1aeM 3TO cIiepBa Jijid ), OTKJIaJbIiBasg paccMorpenne Muoxkecra 2. EcTb ongarh
JBa CyLICCTBEHHBIX C/Iydas:

_(z"0 —0- _ (zu/z 0 oy —
g—<0 1>,m7«fén—07 g—( 0 1),m—n—0.

m

4) u (14”) mbr

4 sameuaro, uro z,;™ u z,/z, n306paxKanT AUBU30PLI M - u U v — u. U3 (1
~1) B TOUKe g, TO

sak/ovaeM, uto ecin m # 0, +1 dyukiua nomuoxkena na xi(z; ') + x2(2
eCcTb

(30.a) x1(@)x2(8) + xa(a@)x1(8)

3aMCHEHO CYMMOﬁlg

x1(a)xi(z x2(8) + xa(@)x2(z; )xa(B8) + xa(@)x2(B)x2(z 1) + xa(a)xa(B)x2(z 1),

KOTOpad paBHa IIPOU3BEIECHUIO

{xa(@)x2(8) + x2(a)xa(B) Hxa (2 1) + xa(z )}

Eciam m = 1 rakoii e BbiBoJ ciepyer u3 ypasauii (14) u (16.a) ¢ (16.b), ckopee u3z (25).
st m = 0 mosox Tor xke. Ouewuyno, uro dyuknuu (30.a) gaBarOT MOJIHHOE MHOMKECTBO
cobcTBeHHBbIX (DYHKIMI HAT D).

Mpur pacemarpuBaeM terepb 2. KomOunarapHblit anamns 3Toro cjrydasd HECKOJILKO CJI0ZKEH.
CobcrBerHas (pyHKIMS OIpeaeaaeT COOCTBEHHBIN CONPSIKEHHBINA KJIACC, UTaK I KayKI0i
TOYKH B M HY>KHO BBOJIUTDH JIBa COOCTBEHHBLIX YuCa. it © MbI IOJIb30BaINCh JIBYMS Ca-
MOCTOSITETHBHUMI KapaKTepaMmu, HO g %A JABYX MPaBIMBO CAMOCTOATENbHUX KApPAKTEPOB
HET.

[TycTh £ MHOYXKECTBO JIMHEHWHBIX paccjioeHuit u £, Te U3 HUX CTelleHb KOTOPBIX paBHA
m. Torua, cormacuo [A], A(m,m) = {A ® Fy} u A(m + 1, m) muoxecrBo {A ® F(d)}, rue
A € £, tne F(d) onna uz marpur (7), 1aHa HO KpoMe 5TOro mpomusBojibHa. K Tomy xe
A @ F(d) ~ Ay ® F(d) roraa u Tobko korga A2 ~ A3, Byger siyuine o6bsCHUTD CJI6ICTBsE
9BOTO TOTYAC KE.

Jlemma 1. CoorBercrBue A : 2(j,j) — A(j+1, j) 4eTbIpex-0HO3HATHOE, HO COOTBETCTBUE
Ay A(j,7 — 1) = (4, j) onHO-deTHIpEX3HATHOE.

Do cieacrBue TPEx obcrositenbeTs: (1) A; KOMMYTHPYeT ¢ YMHOMKEHHEM Ha JIMHeHHOe
paccyioenue; (ii) nan A(j, j) JerepMuHaHT YeTbipex-oaHo3Haven; (i) wax A(j, j + 1) aerep-
MUHAHT B3aUMHO OJIHO3HAUEH. [lepBoe yTBep:KIeHre OYeBUIHO U JIPYTUE JOKA3bIBAHbI B A,

T

19K comastenmio obosHadenme 2-1) = v~ Hz) wioxoe. 9 Hazeock uro sTo npuemsiemo! Beibop cuenan
? x

B (30).
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Th. 7). Hanpumep, eciin B MaTpuiie

2t o222t 0) (1 22
0 z') Lo 1/\0 2*

KJjiacC BTOPOI'O (baKTopa HEe U3MEHAETCA IIPpU 3aMEHE

—2
A (é ilil) 3 A2 ~ 1,

u

N

HO KJiacc Broporo dakropa B (19') msmensercs ecan A wmerpuBmasbHo. Camblil sydrmmii
prEM 9TOOBI TTAPAMETPU30BATL JIEMEHTHI B 2 CJIe Ty IOITbIIL:
() ciepBa, OJIMH MapaMeTp eCThb CTelleHb ero jleTepMuHanTa; (ii) ecm ra cTeneHb HEYETHA,
TO 9TOT JETEPMUHAHT CaM HpeJCTaBjisier BTOpoil mapamerp; (iii) eciu cremnenb 4éTHast, TO
9TOT 371eMeHT pasen AFy, tie Fy nano B (6), u ero Bropoii mapamerp ectb A. CrenoBarebHO,
rapaMeTp 3aJaH CTEIeHbIO U JUHEHbIM PacCJI0eHUEeM, U3 KOTOPBIX ITEPBBIN U3/IUIIEH.
[Iepswiit onteparop 'ekke ©, moOBBIIIAET cTelleHb Ha eauHMIy. JlerepMuHAHT yMHOXKAETCsT
na A = (z;'). Cooreerceenno jiemme, nag A(m, m + 1) orobpazkenue KOTopoe JIAHO COOT-
BercrBreM [ekke 1: 4, a nax A(m, m) ono 4 : 1.
Hannoit xapakrep x rpymmsl Pic(M) onpenensger dyHKIHO f>,< Ha MHOYKECTBE

(31) Aoven = Un = A(m,m) = {A @ F, || A € Pic(M),

umerno, fy 1 A® Fy = x(A). Ecimm x rpusnambno mag {A € Aeven | A = 1} Torma mmeercs
takoe X uro x(A) = y(A?). [lycrs dbynkius [y, Takoe pacumpenue f, jgo 2, uro fi(A) =
X(det A)). Ecam x e Takoe, Toraa [y pasHo Hymo Hal Aoqd, TOTOTHEHIEM MHOKECTBA Ueyen
B A,

(31.a) Woqa = Un=> A(m,m + 1).

OTn QYHKIMH COCTAB/ISIIOT MTOJTHOE MHOXKECTBO COOCTBEHHBIX (DYHKIHIT omepaTopos [exke

¢ nocuresiem B 2. Tounee, mpoctpancTBO (pyHKIMiI Ha 2 COCTOUT U3 YETBHIPEX IOJIIPO-
crpancts. [lepsoe & cocront uz Takux dyukiwii f aro f(A®O) = f(O) eciu deg © uérno
u A = 1, no ecsm deg © neuérno Taxkoro yciaosus HeT. @yHKIMs IPOU3BOILHA HaJ UApad,
HO HEIPUPBIBHA WA C UHTEIPUPYEMHBIM KBaJPATOM B 3aBUCUMOCTHU OT 00CTOSTE/LCTB. KeTh
TPU JApPyrux nojnpoctpancra, &;, ¢ = 1,2,3. Ilycts x;, ¢ = 1,2,3 He-eIUHUIHBIN Kapak-
tep rpymmbl Picy(M) = {A € Pic(M)}, akoit uro A? = 1. §I 3amedaro 4TO MOPSIOK ITOI
IPYIIBL 9eThIpe 1 9To KBaJpar Kaxaoro A € Picy(M) tpusnasbabiii. [Tycrs &; MHOXKeCTBO
traknx ynkmuit f aro f(AO) = x;(A)f(©), A € Picoa(M) u f(©) = 0 ecan deg © neuérno.
st TeopeM MOJTHOTHI HY?KHO TpeDOBATh 9TOOBI KBaJIpaT, TO €CTh €ro abCOIOTHASA BEJIUYIN-
Ha, 9TNX (PYHKINNA ObLI MHTErpUpyeM, HO WMHOIJA JPYTOe YCJIOBHE JIydIlle, HAIPUMED I
ommcaHus COOCTBEHHBIX (PYHKIUN U COOCTBEHHBIX COMPZKEHHBIX KJIACCOB OpepaTopoB [ek-
ke. Cresyroras JieMMa, HEIIOCPE/ICTBEHHOE CJIEJICTBUE MEPBOil JieMMbl. TpeTbe yTBEpKICHIE
ecThb cJIejicTBue ypaBHeHus (32.a).
Jlemma 2. (a) Hax kaxkabim npoctpanctBom S;, ¢ = 1,23 oneparop ©; ecrb Hyib. (b)
Kaxx moe nmpoctpanctso &;, i = 0, 1,2, 3 uaBapuanTso npu O,. (¢) Bee coberBentbie ceuenns
BOBHUKAIOT B 2 ¢ KPATHOCTHIO 1

CraemosarenbHo, i ¢ = 1,2,3 u Bcex © € M BuJ COOCTBEHHBIX KJIACCOB €CTh

a; 0 _
3 (% 0.). accial-1
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TO €CTh €ro CjeJs ecTb Hy/ab. B camom nese, cobcreennble dyukmun f mia &;, 1 = 1,2, 3,
takne yuxmun 9to f = 0 #Hag Aogq 1 uT0 f(AO) = X;(A)f(©) ecrm A € Pice(M). Ion-
HOE MHOXKECTBO 3THX COOCTBEHHBIX (DYHKIUII COCTABIEHO OIPAHMYEHUSIMU K MHOXKECTBOMY
Aeven Taxux yskrmit AFy, — x(A), rae orpanndenne xapakrepa X K Picy(M) paBHO X;.
CrenoBarebHO??

(32.a) ay = £/ —f(z;1).

BHaK He M3MeHsieT CONpsizKeHHbIN Kiace (32). Mbl MoxkeM BBIOpATH KBaJIPATHBI KOPEHD
HeIIPEePLIBHBIM 00pa30M, a 3aTeM TJI06aIbHO OIpeIenTh ero 10 3HaKa.?! Mbl BO3BpaTHMCs
K JIOKa3aTeJIbCTBY TPeTbero yTeep:kieHns B §XI.

OcraBiieHHOE TPOCTPAHCTBO COCTaBIeHO GyHKIMsMEU JerepmunanTa, © — f(det ©). Ko-
Topble U3 3TuX GYHKIMI ecTb cobcTBenHble dyHKIMN oneparopos Lekke? ITycrs p(A), A €
Picy, pasao 1/2 eciim deg A wérno u 1 eciu deg A meuérno. Torma coberBennbie yHKIINT
JIaHBI KaK pX, rie Y kapakrep Picy. Cobersennbie snavenns Oy, u O, , pasubt 2)(z), x*(z)
1 COOCTBEHHBII COIPsIKEHHBIN KJIACC JIaH MaTPUTION

x(@) 0
(33)
0 x(z)
Kombunaropuka 3/1ech HECKOIBKO HEOObIUHA. 1 TO9EPKUBAIO, OKA3BIBAETCA ITO KPATHOCTD
KazKJI0ro coGCTBEHHOTO collpsizkenHoro kiacca B L*(2A) oana. Ho st octas/ientble cobeTBen-
HbIe CONPsZKeHHbIe KJIAcChl MOAB/IATCA Takzke B L2 (D). DTo KazkeTcst MHE YIUBUTEeIbHBIM.

EcTb onuH 1yHKT KOTODBIH HEOOXOIUMO HO MOIIEPKUBATH U HECKOJIBKO JIDYTUX, KOTOPBIE
[OJIE3HO TOMHUTH. MHOXKecTBO KapakTepos rpymimbl Pic(M) - oObeauHenne MHOKECTBA, AP
{x,nx}, te n(A) = (—1)%81 . Kaxnoit mape accorumposan coGCTBEHHBIH K/acc.

4 3ameuaro TakKe, 9TO IPE3BLIYAIHO TPY/IHO OTIMIUTH COOCTBEHHBIE (DYHKITNH, COOCTBEH-
Hble TOYKHN U COOCTBeHHbIe 3HadeHust. CyIecTByeT IIPOU3BOJIbHBII BBIOOD, HESABHBIN B IEp-
BOM, HO He B Jpyrux. BaykKHo pasandarh UX CBOICTBa, HO 9TO He JIErKo!

JIemMma 3. D10 nocrpoenne NHHEKTUBHO.

Caen marpuiibt (32) Hysib juis Beex . st ceia Kiacca HAXOAIIErocs B TJIABHOM PsILy, TO
€CTb IIPHCOE/INHLIONIErocs K nape kapakrepos Picys, 3To HeBozmoxkHo. CiiejioBaTesbHO, J10-
CTATOYHO PACCMOTPETh KJACChl Ipucoentenbie K G;, ¢ = 1,2, 3. Tora ciejr ecTh e IMHIIHO
HyJsib. CJie0BaTeIbHO TOJIBKO J€TEPMUHAHT 311eCh ymMecTeH. Ho cormacuo ypasrenuio (32.a)
JleTepMUHAHT paBeH f2(z,). A jonycTumble byHKIUM TAKOBH, 9TO €CJU f1, fo JOMYCTUMbL U
f1 = £ f2 BCromy, Torna f; = €fs BCIOIY ¢ KOHCTAHTOI €.

OxkonuatesnbHasg Teopus OyeT TeopHell Jisd PeJyKTUBHBIX Ipymil. VTak BO3MOXKHO 4TO
rpynna G L(2) BBoaut B 3261y 2K aenue. [loaroMmy Mbl KpaTKo paceMoTpuM rpytiny SL(2), s
KOTOPOH 1apaboIMIecKnil ClIeKTp KoHedeH. BeposTHO YTo 9TO CrpaBe/[/InBO /I BCEX MOJIY-
IpOCTEIX TPyl MbI He paccMoTpenm 3Toit rpymisl u eé onepaTopos Iexke, mo Bungyo) C
Bungr(2) 1 ux cobcTBeHHbIe QYHKIMU II0IyYEHbI OrpaHndenueM. f emé He mpoBepus 4To

2OKoma 1 BIIEPBBIE IIPUIIE K 3TOMY BOIPOCY, S HE 3HAJ 00 OCJIO2KHEHUAX, HE3HAYNTEIbHBIX, HO BAXKHBIX,
BO3HUKAIOIIUX B 9TOM onucanuu. OyHkius f ogHO3HAYHA, HO (DYHKIMS (v, HE BCErJa sIBJIsIeTCsl TaKoBoii. 1o,
9TO MBI MOXKEM M JIOJKHBI CJIeJIaTh, 3TO BhIOpATh €€ Tak, YTOObI OHa ObLIa OJHO3HAYHA HA OJHOM U3 TPEX
nBoiHbIX okpertuit M’ kpusoit M. Torma sicHO, 9TO cO6CTBeHHBIE (DYHKIMU 0OPA3yIOT HMOJTHBIA OPTOrOHAIb-
HBIM 6a3nc. ¢ HaIerch ITO 3TO KOPOTKOE OObSICHEHHUE JTOCTATOTHO.

21‘{pe3quaﬁHo TPYJIHO Pa3JIMYUTh COOCTBEHHBIE (DYHKIIUU, COOCTBEHHBIE KJIACCHI U COOCTBEHHBIE 3HAUE-
uusi. CyImecTByeT MpOU3BOJIBHBIN BHIOOD, HESIBHBIN B IIEPBOM, HO HE B JIpyruxX. BaXXHO oT/iMm4aTh UX CBOICTBA,
HO 9TO He JIETKO!
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ABJICHIE TIPe0bIATAIONTAX INATOHATBHEIX KJIETOK>2 060CHOBAHO [/ YMHOYKEHNIS, /T BCEX
oneparopos ['ekke u jyist SL(2), B 9acTHOCTH JIJIsl OIIEpATOPA OLPEETIEHHONO MATPHIIOL

2zt 0
0 =z,/°

Tem He MeHee s MCKOJIB3YIO 3T0. OrpaHmdenne Kaxkjaoro mnpocrpancrsa &;, ¢ = 0,1,2,3,
Ha SL(2) omromepro. [Tosromy, mapabosaeckuii criektp rpymmbsl SL(2) deTbipexpasmMepeH.
O/ iuH u3 3TUX COOCTBEHHBIX COIPSI?KEHHBIX KJIACCOB TOXKe napabdosmdeckuii. ¢l ckioHeH my-
MaTh, 9TO JJIsI BCEX MOJIYIIPOCTBIX T'PYII MapabOJMIecKuil CIIeKTP KOHEeYeH, HO s eIlé He
3HAIO0 KaK 3TO MTOCUYATATH.

[lepen TeM, Kak 0OPATHTHCA K OCHOBHOMY BOIIPOCY €CTh HECKOJBKO MPOCTHIX 3aMeYaHuil.
Eciu sBa xapakrepa X1, X2 Takue, 4To IpucoegnHernbie Gyukuuu fi, fo, fi : AFy — x;(A)
JIAIOT TOT Ke cOOCTBEHHBI conpszkennblii knace (31.a), To ectb x1(2, ) = +x2(z7!) Beomy,
rorga fi = fo. Kpome Toro A — det AFy 1aér ecTecTBEHHOE TIOKPBITHE Y€TBEPTOrO MOPSIIKA.
MozkeT OBITH UTO HEBAXKHO, HO Jjisd ¢ = 1,2, 3 meproJIbl CONpPsizKEHHOTO Kiacca (32) wy U ws.
Ilepuoapt u pyukimu. [Ipexie yeM Mbl 3aKOHYUM 3TOT Pa3jiest, g XOTes Obl, cleaTb
o4eBUIHOE HEOOJIbINOEe HADIIOAEHUE, TIOTOMY YTO 9TO TO UYTO CMYTHJIO MEHs, CBA3aHO B KOH-
I11e KOHIIOB C BayKHBIMH YaCTSIMU TEOPUU, KOTOPBIE MPOCMOTPEN OOBITHO MTPOHUIIATEIHHBIE
asropsl crarbu [AB|. Kpusasg M 3anana pemérkoit L = 2wiZ + 2wsZ, 10 ecTh €6 TOYKH
naubl kKak C/L. Ho dyukiun, ceasuoct u T.J1. janbl Kak C/ I~/, rie L= 2m7 + 2n,7Z. Ho
MBI BCTPEYaeM BBIIIE He TOJBKO ITU MapaMeTpbl HO TakKe Te 4To jaHbl Kak C/ 2L us-3a
TOr'0, 9TO €CTh JABYMEPHBIH JeTePMUHAHT, KOTOPBIi mosiBjisieTcst B §1X 110 ApyruM mpuauHaM.
IToceamast Bo3MOXKHOCTD He Oblta 3ametdena B [AB|.

VIII. CBga3nocTtu u KpuBu3Ha. Teopema Arbu-BorTta onmcana B cireyromnem pasjene, HO
9TOOBI JIOKA3aTh 9Ty TEOPEMY UM HYKHBI HECKOJIBKO OCHOBBIX DE3Y/IHTATOB MOCTPOEHBIX U3
riobabHON mudbepeHIanabHOl reOMeTprUH, KOTOpPbIe He ObLIM MHE M3BECTHBI. BO3MOXKHO
YTO OHHM M3BECTHBI YUTATEJISIM, HO, CKOPEe BCEero, OHM He 3HAIOT O HuUX OoJibiine, dem sd. [To-
9TOMY s1 IPEIIIOYUTAI0 O0bSICHITE UX 3JI€Ch, XOTSI U TOJIBKO T€ KOTOpbIe HaM HY»KHBI. /leso B
TOM, 9TO HaM HY>KHO OBITh 3HAKOMBIE€ HE TOJIBKO C OCHOBHBIMHU OIpejeaeHusiMu uddepeH-
HHaﬂbHOﬁ reoMeTpuun, HO HaM TaKz>Ke€ HY>KHbI HCKOTOPbI€ HaBbIKHM B UX HCIIOJIb3OBaHWMU.

B [AB|, npexze gem o6bsicHuTb Teopemy, aBropsl BBeau U(1)-paccioenne () Koropoe si
X041y 31KCh ommcarh i Kpusoit M. Ilo ciosam [AB] “let @ — M be a U(1)-bundle with
Chern class 1 endowed with a fixed harmonic or Yang-Mills connection. If we normalize the
metric on M so that it has total volume 1 the curvature® of this harmonic connection on
Q) is —27iw, where w is the volume form on M The universal covering M — M is of course
a flat 7, (M)-bundle, so that the fibre product Q x; M is a U(1) x 7;(M)-bundle over M

2210 ectb pasenctso AD = DA = 0.

233 j1ech eCTh HEJOCKA3AHHOE IPEIIIOIOMKEHIE N YCJIOBIE 0 KOTOPOM $ CEJIAI0 3aMevanne mosxKe. Bae-
nenne comHoxkurenn 11 (M) B [AB,6.5] meficTByer Ha TpyImIy paccioeHun HO He Ha €8 anrebpy Jlu. TlosTomy
[IOHSITHE KPUBU3HBI MaJIo n3MeHeHo. TeM He MeHee IPHUCYTCTBUE TPYIIIBI OY/I€T BayKHO. JTO Oy/IeT 00bICHEHO
6oJstee IOAPOOHO mo32Ke. MHe MmoHamo0MI0Ch HEKOTOPOE BPEMsi, YTOOBI MMOHATH 9TO BaKHOe cTpoenue. [loka
s orpaHudych oxHuM 3amedanueM. Ecau G = U, p|Z obsaszarenbHo paBuo eiuuuie. Eciau, onnako, g = 1,
a TakxKe ecyid g > 1, HO MBI paccMaTpuBaeM 0cobble CIIydau, TOIJ@ Mbl MOYKEM U3MeHUTHb 3HadeHue p(A) u
p(B) kax Ham HpasuTcs. [JoTPeGHOCT B 9TOM TIPOSIBIIsieTCsl B pasjieiie X.

OxaspiBaeTcst, K MOeMy OOJIBIIOMY YVAUBJIEHUIO, YTO B HACTOMAINEH CTarbe TOJbKO paccioenus U(l) =
U(1)™ uynesoii crenenu n = 0 BaXKHbI, TO €CTh TPUBUAJBHOE PACCJIOEHUE C MOCTOSTHHON MeTpUKOit. 91 moHsi
9TO TOJIBKO IOCJIE 3HAYUTEILHOIO PA3MBIIIJIEHNs] HAJl BOIPOCAME CTAaThu U BbiBojaMu [AB].
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with connection still having curvature —27miw. In particular this connection A is a Yang-Mills
connection. ..” VTBep:xKjaeHHE UTO Kjaacc UxKeHsi paBeH 1 3HAYUT, 9TO y CEUEHUsS €CTDb eIé
OJIUH HYJIb, CKOP€ee UeM IOJIOCHI. XOTs JIJI TeOMETPa STU MPEJJIOKEHUS U 9TU YTBEPK ICHHA
SICHBI U TIPUBBIYHBI, JjIs MeHs He Tak. /[jisi MeHd W JjIg HECKOJbKUX JIDYTUX YUTaTesei
JIETKO JIUIITb HENPABUJIBHO MOHATH. [[o9TOMY $ onuchiBaio MOHATUS 0OCTOATENIHHO, 0COOEHO
paccioenne Q u casuoctb A.2* Ho, orkyna Gepercst sta cBsizHocTh? CHauasa TPYIHO OBLIO
ITOHSITH!

3/1echb ecThb O0bSIICHUTETbHAS TPYIAHOCTh. JTO HE BOIPOC OJIHOTO WJIN JIBYX OIIPEJIE/IEHNUI.
B [AB]| npemiosioxkero, 9T0 y duTaTessi KIMEIOTCsI HEKOTOpbIe 3HaHus B Aud depeHImaabHoil
reoMerpun. MHe KaxKeTcs, YTO B 9TOH cTaThe 3TO HeOIAropasyMHO TpeanoaraThb. JIas Mers
U ISl YATaTe sl HeOOXOIMMO IOSICHUTH HEKOTOPbIE IMOHATHA OoJiee MoIpPOoOHO U IpHoOpecTu
[IO/ITMHHOE 3HAKOMCTBO € HUMHU U UX Bo3MOxKHOCTAM. [lonsarme cBaszmoctu {Aura-Muiuica,
[IOCJIEJICTBUS KOTOPOT'O CJIOYKHBI, CAMO 110 cebe HeJIerko MOHATh. ¢l HaunHaio ¢ Marepuasa u3
crarbi [AB], HO TOJBKO JIsT SJUIMITHIECKUX KPUBBIX.

XO0Ts 3TO U HEOOXOIMMO, f MIPEIIOYUTAIO OITUCAHNE B paAMKax 0oJjiee 3HAKOMOI MHOI Teopun
Beiteprirpacca. B cymaocT CBS3HOCTD JaHa JOKAIbHO (GyHKIHed o B (2.B), HO IOJHOE
onmcanue cioxkuee. HeobxomuMo Tak »Ke BbIBecTH n3 Heé paccioenue fAura—Muica. Ho
yciosue fAura—Muica, KoTopoe si 00bsICHIO TI032Ke, OIPEJIE/IseTCss KPOMe TOI'O He TOJBKO
METPUKOI Ha PacC/IOEHNH HO TaKKe MeTPHUKO# Ha M. DTo yrKe BTOPUIHBIN BOIIPOC.

BosmokHO 4TO YnTaTe b TaKyKe HE3HAKOM C KOMILIEKCHOH JTuddepeHuaabHoil reoMeT-
pueit kak u . [losTomy s npesyaraio, Jyid Hero u Jijisi ceOs, HECKOJIBKO OCHOBHBIX OIIpe-
JleJiennii, koropble HaxoaaTed B [AB| u ¢ KoTopamu reomerpbl 3HAKOMbI. HaCKOJIBLKO MHE
U3BECTHO, KPUBU3HA, KOTOpAs TaK BayKHA JIjIa HACTOMAIIEH CTAThbU, OTCYTCTBYET B PYCCKO-
aMepHKaHCKON MaTeMaTudeckoii reopun |G|, xoTs Bo3MoKHO uTO ypasHeHue flura-Musuica,
Kak (pusmvaeckast TeOpusl, BOSHUKAET Ha, €€ 33/IHOM ILIaHe. DTO CYIIECTBEHHO JIjId HAIIUX I1e-
Jieit, moromy drto Teopema Arbu-BorTa HeoOxOomMMa, x0T M Bropocrernenna. MHue Kaykercs
TaKKe, ITO MOJIE3HO U JazKe He0OXOIMMO He CMENTNBATh NeOMETPIUIECKYI0 TEOPHIO aBTOMOPMD-
HBIX PopM ¢ KOHPOPMHOI Teopreil moJeil nin Teopueil KaanOpPOBOYHBIX IoJei. ¢ crepsa
KPaTKO 0ObsICHIO OTHOMIeHHe Teopun B [AB| K cobGCcTBeHHBIM 3HAYEHHsIM OepaTopoB [ex-
ke. Heckobko MOHATHI, CBA3aHHBIX ¢ KPUBU3HON M CBS3HOCTSMU, OYJIyT Pa3bsICHEHBI Ha
CJIEJTYIOIIEM TIPUMEPE.

Jlesio B ToM, 9TO COOCTBEHHBIE 3HAaYMEHUs ornepaTopoB l'ekke nanbl dhyukmueit va M 3Ha-
YeHne KOTOPOil B Touke * € M HAXOIUTCS B SPMUTOBOM KOMIIOHEHTE ayiredpbl JIu rpyriibt
LG. Eciu G = GL(2), KoMIakTHLIH BUJ] KOTOPOro ecTh yuutaphas rpynmna U(2), 1'G = G,
asirebpa JIu g rpymmer G npsamas cymma U @ b, tioe h = ¢U npocTpaHCTBO JIBYMEPHBIX 3P-
MITOBBEIX MaTpui. C Ipyroil CTOPOHBI, €CTh CBA3HOCTH 3HAaYeHHe KOTOPHIX B g = g, Ho?
MBI HHTepecyeMcsl 10 GOJIBINON YacTH TUMH, 3Hadenun KoTopbiX B “U. Mbl JoKazkeM, 4ToO
cobcTBenHbIe 3HaYeHua>’ oneparopos [ekke Jambl MATerpagaMu cpasnoctu Snra-Mmica
C COOTBETCTBYIONIMMY HauaILHLIME YCIOBHSME ¥ YMHOMKEHBI Ha i = y/—1. 1 Konedno mo-
JIATAI0 YTO TaKoe YTBEpXKJEeHHe BOOOIe mpaBiauBo, HO jaxke it GL(2) u summnrudeckoil

24[T] Yro kacaercst ocuoBHbix ompegesennit, kaura Clifford Taubes, Differential Geometry - mose3nast
JIOTIOJTHUTEJIbHAST CCHIIIKA.

2541 NpU3HAIOCH YTO TO OBCTOSTEILCTBO, UTO KACATEIHHOE IIPOCTPAHCTBO N-MEPHOIO KOMILIEKCHOTO PAC-
CJIOEHUST HA OJTHOMEPHOI KOMILJIEKCHOI KpUBO 4n-MepHOe, BCerja CMYIIaeT MEHs.

26 Ty<mme HamoMHUTB UTO JOKAIbHAS airebpa Lexke msomopdHa Koublly npeicrasiennii “G u 4aro xa-
paKTep TOro Kojbla, cooTsensyiomuii v € G nan ciaemom 7+ trw(y). O6BMHO 7 YHHTAPHO, HO Y CJIeIA
TAKOI'O 7y PA3IUYAONIETO CBOMCTBA HET.
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KPHUBOII HY?KHO €II¢ MHOTO TOHATH U MHOTO OODBICHUTH. JTO COOTBETCTBUE €CTH CJIC/ICTBHUE
OTHOIIIEHNUS JleTaseil 9TUX JBYX MHOXKECTB.

[TonsaTne o casnoctn fAmnra-Mwusica ompese/leHO TOJMBKO JJIsd YHUTAPHO# cBA3HOCTU. B
JIIOOOM CJlydae s PacCMaTpPUBAIO TOJILKO Takue cBg3HocTu. Crieyrorine 00bsICHEHUsT B3AThI
u3 [AB, §3,4,5,6|, xorst obo3Havenue cierka usmeneHo. [lyers P paccioenue s rpymib U =
U(2), o ectb mist eé anrebpst JIu U(2)). CesisnocTh A-paciienieHue mocje0BaTeIbHOCTI

(34) 0= TpP — TP =7 'TM — 0,

rie 1T obo3HavaeT KacaTebHOE MTPOCTPAHCTBO U g P cioit paccioenus. CBepx TOro, Hy»KHO
9TOOBI paciierierne 6b10 nHBapuanTHO oTHocuTeabHO U! To ecTh ¢cBA3HOCTHL ompejeeHa
wyq : TP — TrP ¢ npocTbIMU HYXKHBIMH CBOMCTBaMU, KOTOPbIe 04eBUIHBI. [loaTOMy MOXK-
HO 1oxHATH BekTopHoe noste X ¢ TM k TP. Ilycrs X — X. Torma FA(X,)Y) = wA[X', }7]
Mepa KpuBusHbI cBsizHocTel. Kak dyuknus napet {X, Y}, Fu auddepenmnransuas dopma
3HaYeHUA KOTOpOil HaxojsaTcd B anredbpe JIu U. Boobie k paccioennio P u KazKJIoMy TIpeJI-
craBjienuio g mim U — mepBble MOIyYeHbI U3 BTOPBIX — IIPUCOEIMHEHO BEKTOPHOE PAaCCI0CHHUE.
OueBnsiHO, UTO [y ceveHme paccIoeHusi, OIPeIe/IEHOTO TEH30PHBIM IIPON3BEIEHUEM JIBYMep-
HoOit (bopMBbI € IpHcoeuHEeHHBIM IpejcTaBiaenneM. K cuactbio xF4 mpomte. OHO - cedenune
paccioenus P u 9T0 cedeHne MHBaAPUAHTHO.

D10 3aMevaHne BaxKHO Jisl JoKazaresberBa TeopeMbl B [AB,§6, Th. 6.7]. Utak ero Hy:xHO
noanmate. Tak kak F(A) € Q*(M;ad(P)), xFa € Q%(M, ad(P)), To ectb *F4 dynkius 3na-
weHns KOTopoii B citoe sexar B ad(P) = U. Tak kak A musapuantao xF(pg) = Ad g~ '+ F(p).
[TosToMy €ero colpsizK€HHBIN KJIaCC MOCTOHEH BHYTPH CJIosd. [J100a/ibHOE MOCTOAHCTBO €CTh
caejicTBue yeaoBus fAura-Muica, KoTopoe Mbl 00bsICHUM HUXKe. ¢ 3aMETHJI UTO YCJIOBHE
Aura-Muica, XoTs 1 BaXXHO JjIs TeopeMbl ATbu-BoTTa, mepBoHavabHO HE OTHOCHUTCA K
JIeJTy.

3/ech ecTh BOBMOXKHOCTD ITyTaHuiibl. [locTpoerune pacciioenus (), kKak paccioerue fnra-
Muuica HY>KHO, HO €r0 TOYHOE ITOCTPOEHHE C TOCTOSHOW KpUBU3HOI He HYyxKHO. Tem He
MeHee, OHO TIOJIE3HO JIJIsi CpaBHEHUsI C Teopueil orepaTropos ['ekke.

MpI paccmaTpuBaeM CBSA3HOCTH Ha PUMAHOBBIX MTOBEPXHOCTSX U Y HUX €CTh OCOOBIE CBO¥-
ctBa.>” Mue TpyaHO He 3a0BITH TO, UTO B TepBylo odepens M B [AB| ecth BemecTsenHoe
Muoroo6pasue! Urax 3se3na XomxaZ®

1 (C)=0, ®C =" M) e Q% (M) = QL (C)

Takag uTo * = —i Ha QY0 mw x = i ma Q%' Mul BoIOpaaM TaKyio METPUKY, HOCTOAHHYIO
METPHKY, 9TO COOTBETCTBYIONIAas KOMILIEKCHAsI CTPYKTypa jaHa oOblaHbiMU d = 0/0z =
d/dx + id/dy, d" = d/dx — id/dy. C sTEM moCcTpoeHnEM MBI IpeobpasyeM JeHCTBUTEIb0e

IIPOCTPAHCTBO B KOMILJIEKCHOE TIPOCTPAHCTBO. DTO MBI MOYKEM IIOBTOPUTH C Pa3JI0KEHUSIMHA,
cozmasas dy u d’y or U-casnocreit dA. Tak Kak sTa craThs He ajpecoBana JguddepenTn-
aJIHBIM TeoMeTpaM s1 00bsicHsI0. [IprucoeinHeHbIM K CBI3HOCTH A 1 BCeM acCOIMUPOBAHHBIM
pa3I0KeHUsIM eCTh KOBapHUaHTHAasI IIPOM3BOIHAsT U €€ CONPSKEHHBIN auddepeHnnaabHbIi
omepaTop d4.

27[AB,§4,5] win [GH] Principles of Algebraic Geometry, crp. 72, P. Griffiths, J. Harris.
Kak s MHOrOKpaTHO 3aMedal, g BblyIn1 AuddepeHuaibayo FeOMETPUIO B TO BPEMs KaK f IMHCAJ 3Ty
crarbio. IlosTOMy MHOIIA onpejeseHus OGbLIN JaHHbBI IPeXKIeBPeMeHo, HellpaBUJILHO WM HeroJiHo. Hanpu-
Mep, st ocrpoerns: [GH| merpuka Ha M He oTHOCUTCS K Jiety. £l BEPHYCH K 9TOMY BOIPOCY HO3KE.
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4 mamoMmHAaIO 4TO BBLIMIEN3JIOZKCHHOE CIIpaBCIJINBO TaK2>Ke JIJId Pa3JIO2KCHMI,
(35) Qa(M,ad(P)) = QY°(M, ad(P)) ® Q%' (M, ad(P)).

DT MPOCTPAHCTBA - COOCTBEHHBIE TPOCTPAHCTBA ortepaTopa *. [lycrs d 4 KoBapuanTHOe Tud-
depennupoBanne npucoeuHeHo K A.

u

OY(M, ad(P)) —2 Q2(M;ad(P))
(35.&) d;‘T Td;‘
QO.(M, ad(P)) —55 QO1(M:; ad(P))

Ecrb o6paTHoe mocTpoeHue K 31oit juarpamme, koropoe jgano B |GH]. TTonesno nomxuepkuyTh
pazsmanoe orrorenue nocrpoenust B [AB] u [GH]| k sroit quarpamme. B [AB| merpukoii
BMeCTe C YHUTApHOW CBA3HOCTBIO K rojiomopduoil crpykrype; Ho B |GH| mMerpukoit Bmecte
¢ TOJIOMOP(HO# CTPYKTYPOil K yHUTAPHON CBSI3HOCTH.

91 HECOMHEHHO CJTUIIKOM MOAPOOHO 0OBIICHSIO HO BayKHO MOHUMATH OCHOBHBIE OIIPE/Ie/ICHIA
TOYHO. BelCcTBUTEILHOCTH 1 HE JOCTATOYHO OObLSCHUJI, IIOTOMY 9TO s 110 HAJajy HeJI0CTa-
touro nonnmast. B [AB| mokazano, uto HuXKHsIA cTpenka B (35.a) ompejessier KOMILIEKCHO-
AHAJINTUYECKYIO CTPYKTYpPY Haj pacciaoenuem. C apyroit croponst B [GH, crp. 72| o6bsic-
HUJIOCh KAK BEKTOPHOE PACCJIOCHUE ¢ KOMILIEKCHO-AHAJTUTUIECKONH CTPYKTOH M 3PMUTOBOI
METPHKOIl OIIpesIe/IseT CBA3HOCTD. B HacTosmeM 0OCY»KICHIN 9TO 3HAYUT, Y9TO JUArDAMMA
(35.a), B KOTOPOIi CBSI3HOCTD TOJIBKO TIOJIpa3yMeBaeMa, JaHa JIByMsl PA3HBIMU MHOXKECTBAMU.
91 npumén K moHMMaHAHWIO TOW SKBUBAJIEHTHOCTH HO JOBOJIBHO MeJJIEHHO. 91 MOBTOPSIO,
9TO JIJI MEHS HACTOSINAsl CTaThsl IIOBOJ, K U3YYEHUIO KOMILIEKCHOH nuddepeHnuaibHoi reo-
merpun. dta Teopus gaét [AB,Th. 6.7] koropas BIOXHOBIIsIET OlpejeIeHre aBTOMOPQOHOI
rpynns! [amys. Mbl 00bscHEM 1T032Ke TIOCTPOEHUE STONH METPHUKHU JIJIsT 0COOOTO CJIydas.

Cnepsa s1 xores Obl KpaTko 00bsiciuTh otHomenne [AB| u |GH| k guarpamme (35.a). B
[AB| merpuka jJaHa m orpaHudYMBaeT CBSI3HOCTb, KoTopas jaér crpesku; B [GH| merpuka
TOYKe JJaHa HO C CTpeJKoil d’y = 0, 1 06a onpeesaioT cBa3HoCTh. CIleJ0BaTEILHO, eC/ Pas-
MEPHOCTH PACCJIOCHUs PaBHA OJHOMY M €CJIU €CThb IoJoMOp(HOE cedeHue, U eCJIi KOHEUHO
TaKoe CeueHue JIOKAJbHO, TO OHO W €ro IepeMeHHas JJIMHA OIpEeIesaloT, 10 Kpaiine mepe
JIOKAJIbHO, CBSI3HOCTH, KOTOpasi COBMECTUMAasl ¢ METPHUKOMN, WM €CJU Mbl TakK IMPEIIIOUTEM,
TO MbI MOKEM IIOMEHSITh METPHUKY TaK YTOObI OHA ObLIa COBMECTHMa C CBA3HOCTBIO. $1 10j1-
YEPKUBAIO, UTO €CTh JIBE METPUKH, OJ1Ha Ha M u apyras na pacciaoenun. Ceiiyac Mbl UMeeM
JIeJI0 ¢ METPHUKON Ha, PACCIOCHUN. DTa CBA3HOCTH HE3ABUCHMa OT TOJOMOP(MHBIX CeUeHUil 1
CJIEJIOBATEILHO OHA OIPEIesIeHa MI06aJIbHO.

Moé mocTpoenne paccjioeHust CBSI3HO ¢ Teopueil Beiiepmrpacca. 9To He HEOOXOIUMO U
nazke HEyKJIIoXKe, 10 KpaiiHeil Mepe cHadaja, HO, JJIsd MEHs, CTaBUT ero B 6oJiee 3HAKOMYIO
u 6oJiee yoeauTeabHyI0 paMKy. B Hadase MHe BCE ObLIO B HOBU3HY: IIOCTPOEHUE CBSI3HOCTH,
ecjim MeTpuKa Ha paccioenun Jana [GH,crp. 73|; KpuBnsna; TecHoe OTHOIIEHNE CBA3HOCTE
Aunra-Musuica ¢ nocrosmersom [AB|.

[Momxomsmee paccioerne @ st [AB, Th. 6.7] Mbr nosydaem or TPHBHAIBHOTO PACCIOe-
HUSI, €CJIM MBI II03BOJISEM IIOJIIOC B HyJie. ¢l Hammcas 3Tu CJI0Ba HECKOJIBKO MECSIEeB Ha3al,
HO He HOHWMAJI UX IIPABIIILHO, MPUYHHSAA cebe 3HAUNTETLHOE 3aMeNaTebeTBo. 2 DTo mo-
pPasyMeBaeT, UTO HEeT KAHOHMYECKOI'O BBIPAsKEHUS CEYCHNs B OKPeCTHOCTH Hysid. OyHKIUSA ¢
C TIOJTIOCOM TIOPS/IKA OJIH BBIOpaHa, Ha IpuMep o+ mm (, n JeiflCTBUTeILHOE CeUeHue 1), TO

29MHue GBLIO HEOKMIAHHO TPYIHO MOHATH IOCTPOCHHE IIyUIKOB (.
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¢ nosocoM, Hanucano kak ¥(-) = f(-)¢(:). Cedenne f He KaHOHMYECKas MOTOMY 9TO ¢ He
kanonnueckoe. OyHKIMA 0! JIydIne, HOTOMY 9TO OHA MOXKET MCHOJIb30BaThesa Besne B C.

Yro6w1 nosibzoBaThes Jgemmoit B [GH|,*® koropast 1aéT cBA3HOCTDL, HAM Hy>KHA SPMHTOBA
meTpuka Ha (). Tak Kak pasMepHOCTh () paBHA 1, JIOCTATOYHO BBECTH TaKYIO [OJIOKHUTEIBHYIO
bynkimio s(z) > 0 uro?!

(36.a) s(2)|o(2)| 7% = s(z + 2w;)|o(z + 2w;) |72 = s(2 + 2w;) exp(—4 Re(n; (2 + w;)) o (2)b] 2.
[Ipexkje TeM, YeM Mbl JIOKayKeM, 9TO €CTh Takas (QYHKIHUs, si oTMedy cieayomiee. [lycrb

g(+), Bo3MOzKHO, HerosoMopdHoe MoKambHoe cedenne paccaoenns.®? Torma f(z) = g(2)o(2)
BCIOJly KOHEYHO M MeTPHKa Ha () olpejiesieHa:

(36.b) (9(2), 9(2)) = [f(2)]*s(2).
Y MeHsI HET JPYroro OCHOBAHWUsI JJIsl €€ BBEJEHMUS, TOJBKO TO, YTOOBI OHO CJIYZKUJIO TIEJIN.
Ypasuenne (36.a) 9KBUBAJICHTHO

(36.¢) s(z + 2w;) = s(z) exp(4 Re(n;(z + wy))).-
CreroBaTeIbHO
s(z 4 2wy + 2wy) = s(z + 2wy ) exp(4 Re(na(z + w1 + ws)))
(2) exp(4 Re(ni(z +w1))) exp(4 Re(na(z + wi + w2)));
$(z + 2wg + 2wy) = s(z + wy) exp(4 Re(ni(z + w2 = wy)
= s(z) exp(4 Re(n2(z + we))) exp(4 Re(n1(z + wa + wy))).
DTO BOBMOYKHO TOJILKO €CJIN
(36.d) exp(4 Re(now) = exp(4 Re(niws)),

KOTOPOE €CTh CJIEJICTBHUE YpaBHEHUs 211wy — 21ow; = 7i [WW crp. 446].

3091 eMMa He HyZKHA IS ONIPEIeIICH s CBA3HOCTH IIOTOMY 9TO OHA JAET 3HAKOMYIO (DYHKIIHIO, HO 9TOT
OYEpK YCTaBJISIET TAKXKe IOBOJI y3HATH HEMHOrO Jud depeHnuaibHOil TeOMeTPHUH. KJIOME TOTO I HAYUHAJ C
9TO1 JIEMMbI U TOJILKO TIOCJIE TIOJTHOI'O PA3MBIIIJIEHUS] IPU3HAJ, UTO OHA HE COBCEM YMECTHA JIJIsi HOoTpebHOCTEH
cTaTbu. B 4acTHOCTH, 51 HE IIPU3HABAJ [PEUMYIIECTB, BOSMOXKHO, HEOOXOMMOCTH BBeeHNsT DYHKIMH S(-).

31y raTemo IpUAETCS IPOCTHTD MeHs, HO 15 BOIPOcoB muddepeHIuaabHOil FeOMETPHIL €CTh IBE METPH-
KU, KOTOPbIE HY>KHO YIUTHIBATH, Ta, YTO Ha Hasuce, u ojHa Ha cjioe. KpuBusna orpaxaer u To, u apyroe. To
€CTb, KPUBU3HA OIIPE/IEJIEHa PA3HOCTHIO OBICTPOTHI BPAIIEHUSI B CJIOE, TIOPOXKJIEHHOTO JBUYKEHIEM B Oa3uce.
Ha 6asuce, u3-3a ero MeTpuku, B KaxKJ0# TOYKE €CTh ITAJOHHAS ILIOMA/Ib, TAK UTO IEPEMEHHOE JelCTBH-
TeJIbHOE YUCJI0 SKBUBAJIEHTHO M3MEHSIoMIelics miommae u nHaobopor. Cessnocru dura-Mwuuica, mo Kpaiine
Mepe ec/ii PasMEepHOCTh paBHA OJHOMY, TAKOBBI UTO WX KpWBH3HA ' mOCTOA, TO €CTh OHA YIOBJIETBOPSIET
ypaBuenuio xF' = 0. Mue Tpy/HO OBLIO MOHATH KAK 9TO MOXKET OBbITh Jijist ¢Ba3HOCTH ). OJHA 11€J1h, HAYAIb-
Hasl I1eJb, 9TOTO pa3Jiesia - MOHATH 9TO, HO 51 OBICTPO y3HAJ YTO UX OBLIO ropas3io 6oJibllle KOTOPBIE s He
[TOHUMAJT.

Iocrpoenue koropoe obbsicaeno B [GH], nesaBucumo ot Merpuku Ha M, HO KPUBU3HA 3aBUCAMA OT HEE.
C mpyroit croponsl, cBa3HOCTh fnra-Mussica TakoBa, 9TO KPUBA3HA MMOCTOsiHA. MHE He sCHO, KAK METPHKa
Ha CJIoe BJIMsieT Ha KPUBU3HY. ¢ mpejyiaraio JBa mpumMepa, oJuH 0oJiee TPUBJIEKATEIbHDIN, YeM jpyroif. 51
3aMedvalo, 9TO KOHEYHasl IeJib, CPDABHEHME JIBYX HE3EMHBIX BEINEil, CONPSIKEHHBIX KJIACCOB ['€KKe, KOTOphIe
MEHSIIOTCsI OT TOYKM K TOYKe, M MHTErpajoB cBsa3HocTeil fnra-Mmuiica, npupoja KOTOPBIX 00bsICHEHA 0
Hekoropoii crenenu B [AB]. s 3/UIMITHYECKUX KPUBBIX TPYAHOCTH OTHOCHTENBHO IIPOCTHIE.

Oxkasbiaercst, uro nocrpoenue B [GH| He coBceM To, 4T0 HAM HYZKHO, HO OHO [IPEJJIATAeT [IEPBOHAYAIBLHOE
[MOHUMAaHWE METOJ0B MOCTPOEHUS CBSI3HOCTEN C MPEITUCAHHBIMY CBOUCTBAMMU.

32T6 ecrb, ecim A € L u g onpeseneno B Touke \, Torga dbyuxmms (z — \)g(z) KoHedHa B TOUKe .
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Mg criepBa onpejiesiimM s 1 3ateM HarmoMuuM 0 j1oBojie B [GH|. Ilycrs 2z = 2aw; + 2bws,
a,b € R. Jlnga nacroamux neseil a, b yaobnsle fneifctBuTeabable nepemennbie.®s [TycTs

(36.¢) s(z) = s(a,b) = exp(aa® + Bab + yb* + da + eb).
Tora cormacno (36.c) HyKHble ypaBHEHS
s(a+1,b) = s(a,b) exp(8 Re(nwia) + 8 Re(niwab) + 4 Re(mwr)),
(36.1) s(a,b+ 1) = s(a, b) exp(8 Re(nawab) + 8 Re(nawra) + 4 Re(nawz));
HO corviacHO (36.€) JeficTBUTE/IbHBIE YPABHEHUST
s(a+1,b) = s(a,b) exp(2ca + a + b+ §),
(36.g) s(a,b+1) = s(a,b) exp(Ba + 2vb + v + €).

CpaBHeHne STUX ypaBHEHUN IaéT «, 7, 0,€ 0e3 Tpyaa, HO g [ eCcTb JiBa OIpeJie/IeHNs,
KOTOpBIE JIAI0T caMoe 3HadeHne u3-3a (36.d). 3HaueHns 9TUX MATH YUCTIA:

(36.h) a =4Re(mwy), B =4Re(mwsy) =4Re(now1), 7= 4Re(nws), 6 =e=0.

Ha srom Mmecte Mbl y2Ke BBIOpasm MerTpuky Ha cjoe, Kak B [GH|. ITos:ke mMbl BbIOHpaeMm
B Ka4uecTBe JOMOJHUTEIBHOTO ONbITa pasuyo. OJHaKO, MBI OTCTYIAEM ceifidac OT METOJa B
|GH], B koTopom rosiomopdHast cTpyKTypa obecriednBaeT JOMOJHUTEIbHOE YCIOBHE (TO eCTh
D" = 0 |GH,crp. 73]) u BBOAMM IPSMO yIJIOBOE JBUZKEHHE CBA3HOCTH. ¥ BepHyCh IO3Ke K
9TOMY JOBOJY B PAMKaX IOIBITKU JOCTATOYHO MOHATH IMOHATHE KPUBU3HBI, TOCKOJILKY OHO
nogBJisieTcs B Teopun fura-Musica.

KpuBass M, kax BeleCTBEHHOE MHOTOOOpa3ue, JBYMEpHa U CBA3HOCTH jBuraercs B C
KOoTOpoe ToxKe JByMepHO. CJre/IoBATeIbHO 9Ta CBI3HOCTDH OIIpejie/ieHa MH(MOUHUTE3UMATHHO
YeTBHIPbMSI BeIeCTBeHHAMI MapaMeTpaMi. YCJIOBHe YHUTAPHOCTH YMEHbBINAeT UX JI0 JIBYX,
KOTOpBbIE YUCTO MHUMBI. MBI BepHEMCs K 9THM JBYM IapaMeTpaM IO037Ke, IIOTOMY YTO OHH
JaloT KpuBu3Hy. [V100a/IbHO y HAC ecTh ceifyac KOMILIEKCHOEe JIMHEHOE PACCIOeHUe C MeT-
pukoit. 51 nosropsio. Ecim 21 — 29 € L, torma (z1,0(21)71), (22,0(22)" ") npencrasmsior
TAKyI0 K€ TOYKY B PACCJOCHUHU, TOJBKO eciu 0(z1) = o0(z3) U 9310 MajoBeposiTHO. Fciu
feC,zeC,ule€ L, rorma (z,f) u (z+ A, f) IpeicraBiasgior Takyio Ke TOUKY B pac-
caoennn. Emié pas, riaBHbli npenMer ¢yHKas o(-) HO OHa HE OJHO3HAYHO. TeM He MeHee
OHa OIpeJIesIsieT METPUKY Ha CJI0€ U KOMILIEKCHYIO CTPYKTYPY PACCIOEHUs. DTa METPUKA

FC) = s 2O OIFOI-
33151 cote Ly onmx BbIUHCICHHEH 51 3aMetdy 4TO
209 — Zwy = 2a(w1e — @Wiws); 201 — Zwy = 2b(waiy — Wawy ).
Cite1oBaTeIbHO JIMHEHHBIC OTHOIICHUS JIMHEHHBIX IEPEMEHBIX @, b K MIEPEMEHHDBIM 2, Z JAHBI

1 2z — Zwsy b 1 zw1 — Zwy

(37) = ———— b= ————;
2 Wi — W12 2 W1 — Wal1
" Oa . 1 wWo ob . 1 w1 Oa . 1 —Wsy ob . 1 —Wwq
E h 5&)1(1)2 7(:)1&)27 & o 5&)2(4—]1 7(,&_)2(.01’ % - 5(.01@2 70_}1(.027 % n 5&]2@1 7(1)2(4)1 '
JJ1s siCHOCTH MBI yCTPAHUM U3 STUX BBIPAXKEHUI OOIIMiT 3HAMEHATENb 1) = W1We — W1Wsg, ITOOBI IOy IUTH
80,_&}2 8[)_ w1 80,_ o)) ab_wl
9: "oy 0. o 0z a0z a2y
¢ 1o6aBiII0 UTO, ¢ TOYHOCTHIO JIO MHOXKHUTEJI +1, 9HUCI0 1) JABAXK/IBI ILJIOMAb ITapaJIeIorpaMMa CO CTOPO-
HAMU W1, Ws.

(37.a)
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Korma g nucas 3Ty craThio g y3HAJ 9TO OBLIO HECKOJIBKO OCHOBHBIX MATEMATUIECKHUX I10-
HATUN, MOE IIOHNMaHNEe KOTOPBIX ObLIO HEJOCTATOYHO WK daxKe omnrbo4uHo. 1 00bsicHIO X B
CJICJTIYIONIUX CTPOKAaX, HO He obpalias 0coO0ro BHIMAHHUSA HA MO HEJIOPAa3yMEHUs, HAIIPUMED
3HadeHus jgemMMbl [Iyankape. B camom jese, To 4ro, HerpuBHabHOE auddepeHInaIbHoe
ypasuerne Of = () TaKOBO, YTO MHOKECTBO €r'0 PEIIeHHH 3aMKHYTHO OTHOCHTEIBHO YMHO-
JKEHHSI, 9TO 0DCTOATE/IbCTBO, HEIIPUBBIYHOCTU KOTOPOT'O sl HE IPU3HABAJ I'0OJIAMHU, XOTs €ro
BayKHOCTH oueBH iHA. Tak mocTpoenue (), cymnecTBOBaHUE KOTOPOI'O OYEBUJIHO JIjit AThU 1
Borra, BocIo/IHSIET HECKOJIBKO ITPOOEIOB B MOEM 00pa30BaHUM.

Xots s1 06bsichio nioctpoenre B |[GH| mos:ke, BepHYBIMCH K 9TOMY 0OpAIEHUIO B paMKaX
MOIBITKH JIOCTATOYHO TOHATDH IMOHSATHE KPUBHU3HBI, TTOCKOJIBKY OHO IOSABJISIETCS B TEOPHUUS
Aura-Mwuica, s TpenoInTar HaduHaTh C IPOCTOIO OIMMCAHUSA U TOCTPOCHUS ITOIXO/IATIIIX
OJTHOMEPHBIX cBsA3HOCTEH. OOBIKHOBEHHO U IIPEIIIOYTUTEILHO JIBUKEHIE HAITUCATD JIorapud-
muaecku 17; = exp(p; + i), vae p; u 01 BemecrBenubie dyHKImE. OYHKINS p TOJTHOCTHIO
otpeiesisieTcss MeTpukoit. CBSI3HOCTD JlaHa BbIPAXKEHUEM

771 "
= ,01( ) + 10 (-).
T
MOoKHO ONIpee/uThb 1); B OTHOMICHUH JAHHOTO CedeHns, KOTOPoe MOXKeT ObITh 0 !, TO ecTb
OIIpEJIeINTh

do
m(-) =n(-) — — n=pF i0.
0603Ha‘{eHI/Ie 31€Chb TaKOBO7 qTo BTOpOﬁ ‘I.HGH, XOTdd N1 CO 3HAKOM MI/IHyC, eCThb CBHSHOCTB! H
3aMeyvar0, YTO OHa CBSI3HOCTh, KPUBU3HA KOTOPOU paBHAsIETCs HYJIIO, TO €CTh €€ MHTerpaJ

o~ 0fHOBHAYHO OIpeieseH JTOKAILHO.
[TockoIbKY CBSI3HOCTH YHUTApHA ,

s7H()|o(-)|* exp(2p) = constant.

Crenosaresbio, dp(+) ogao3HadHO onpejesero. OHO JTAHO ypaBHEHHEM

O1HAaKO 3TO HE p KOTOPBIM MBI HHTepecyeMcs, 3T0 . XoTs g j0sroe BpeMsl He IIPU3HABAJ
9TOr0, €CTh OYEBH/IHBIN BBIOOD, MHUMOIT aHaJor ypasuenuii (36.g) u (36.h),

— = (2aa + Bb)da + (Ba + 27vb)db,

T0 ecTn>?

(36.1) (2aa + Bib)da + (Baa + 25b)db,

e @ = 4Im(nwy), /1 = 4Im(nws), fo = 4Im(newi), ¥ = 4Im(news). Pasmernenue aByx
qKCel B 3HAYUTEILHON CTEIeHN IPOU3BOJILHO. VIX MOXKHO nepectaBiarh. CreacTBue - TOIb-
KO 3aMEHa 3HaKa. 1€, KTO 3HAKOMBI ¢ KPUBH3HON HEMEJICHHO IIPU3HAIOT, 9TO IIOJIyYeHHAsI
kpuBm3Ha ) — (B2 = 27. HyKHO OJIHAKO NPH3HATBH, 9TO 9TO KPHBU3HA OTHOCHTENBHO KO-
opauHaTr (@,b) ¥ 9TO OTHOCHTEJIBHO STHX KOODJMHAT, ILIOMAL (hyHAMEHTAJIbHOH 00IacTi
pasra 1! Urtak TH BeIYMCIEHHs] COBMECTUMBI ¢ yTBep:KaeHusMu B [AB]|. ¢ nomuepkusaio

340603nauenne BBOIUT B 3a0i1yKieHre. SHAUYEHUsI a U b SABJISIFOTCA CIBUTramMu, HO da u db sIBJIAIOTCS
juddepeHiuaiaMy B HAYaJIbHONU TOYKE, KOTOPasi caMa He MMeeT 3HAYEHUsI.



32

BO-TIEPBBIX, YTO STOT BBIBOJI IIpeJIIioiaraeT ocOOEHHbBIH BHIOOp MeTpuKU Ha M, UMEHHO JIu-
HEWHO MHBAPUAHTHYIO METPHUKY, U BO-BTOPBIX, UYTO BBIOOD € XOTd M €CTECTBEHHBIH, HO TOXKE
NPOU3BOJILHBIN.

Mpb1 BBeIM M3MEHEHHUe CBA3HOCTU JIOBOJIBHO CJIYYaiiHO, HO 9TO OY€Hb BaXKHOE M3MEHEHUE,
KOTOpOE JIaéT HaM BBIOOP paccioenus (), npejcrasieHnoro ua crp. 560 u3 [AB|. Tak kak
KPUBU3HA PACCJIOEHUS MTOCTOAHHA U MeTpruKa Ha M MHBapMaHTHA OTHOCUTE/IHLHO MEPEHOCOB,
9Ta U3MEeHeHHas CBA3HOCTH poja fAura-Musuica. f mpusnaroch, 9To 371€Ch 1 HECKOJBKO HEpe-
[IUTEJIeH, TOTOMY YTO yTBEp:KjieHne TpebyeT ToskoBanne ypasaerns [AB, 6.1] a umenno st
JIAHHOM CBS3HOCTH U JIJI PACCMATPUBAEMONl METPUKHM KPUBU3HA *F' ITOCTOAHHA - KaryKeTCd,
YTO MOCTOAHHAs KPUBU3HA ABJISIETCSI CBOMCTBOM Tapbl, CBA3HOCTU U MeTpuku. Kpome Toro,
KaK s JJOBOJILHO POOKO 3aMedy OISTh B JIPYT'OM MECTe CTaTbH, JieicTBrEe d4 - 9TO JIJIs OObIY-
HBIX (DYHKIIMI [I€pEeHoC, TaK 9TO 110 OTHOIIEHUIO K HeMy xF' He MeHdeTcsd. DTO ypaBHEHHUE
[AB,6.1]. { cumraio, 9T0 3TO TOJKOBAHKE HAYMAHO, HO OHO MOJTBEPIKICHO MPEJIOKEHUEM
(6.1) B [AB].

Yr00bI yOeTHCA B IPABUILHOCTH HAIIETO JIOBOJA, MbI JOJIZKHBI IOBTOPUTL BBIYUCICHUS
u3 (36.a) - (36.h), HO B JOrapudMIIECKOM BUe U TOJIBKO st MEUMOlT dacTu. [TosTomy 910
oueBHUIHO. TeM He MeHee, ITOOBI YCIIOKOUTH cedd M duTaress, g IpoBedy Bbraucienue. Ilo
Mepe TOro, Kak si POJIOJIZKAI0 TIBITAThCs JIOCTATOYHO TOHATH |[AB|, 4T06BI IpUMEHHUTH €ro
K FeOMEeTPHUYECKOl Teopur aBTOMOPMHBIX (GOPM, si CTAHOBJIIOCH O0JIee HENPUHYZKJICHHBIM B
oOparkeHun ¢ OCHOBHBIMU JinpdepeHITnaIbHO-TeOMEeTPUIECKUME TOHATUAMU. 'TeM He MeHee,
s1 IIPOJIOJI?KAI0 MCIIBITHIBATE HEJIOCTATOK JIOBEPUs IIPHU IIPOU3BOJILHOM BCTABJIEHHEM IIOJIIOCA
WA HYJId, IIyTeM CKJIeMBaHUsl BOKpYr Kpyra! ¢ He Mory ckaszarb, 9TO s IOJIHOCTBIO 3TO
[TOHUMAIO.

Hanpumep, n3Menenne 1eificTBUTEILHON YacTh CBA3HOCTE], MyIBTHILIMKATHBHO Kak B (36.a)
WIN JIOTapU(PMUIECKH, He U3MEHAET KPUBU3HY, TTOCKOJBLKY OHU OIPEIC/ITIOTC JorapudMu-
YeCKOU Tpom3BOHAA (PYHKIUHU, onpejenienroin Ha mokpbiTun C kpuboit M. Mbr MoxKeM
cllesaTh TO ¥Ke caMoe I MHUMO¥ JacT, Jijid Koropoil kpusmsHa Baxkuee. ms GL(1)-
paccjioenns HaJl KPUBOI, OTHOIIEHUE JIBYX JIOKAJbHBIX IMApaMETPOB 21 U Zp JIAHO IOKa3a-
TeJIbHOI (pyHKITHE
(36.§) L _exp(c+di), cdeR,

22

¢ ¢ U d BeIIeCTBEHHBIMU U C d JIOKAJIbHO OJIHO3HAYHO OIPEJIEIEHHBIMU C TOYHOCTHIO JI0 KOH-
cTaHThl B 27Z. Yucno ¢ ogHO3HAYHO OlpejiesieHo. Boipazkasch MPOCTO, B ITOKa3aTe e Ipu-
CYyTCTBYeT aIIUTUBHAS HEOJHO3HATHOCTH, U OHa JieKuT B 27R.

Ilepenpnnka ajis pa3MbiniieHuii. Beejienne nyseil U MOJIIOCOB ABJISIETCS OCOOEHHOCTHIO
TEOpUU JIMHEHHBIX PACCIOCHUI Ha KPUBBIX, W JIYYIlle CIIPOCUTDL ce0d, YTO UMEHHO ITPOUCXO-
qut? ¢l mpusHaoCh, 9TO B IEAOM M, B dacTHOCTH, it GL(1), MHe TPYJIHO MOMHUTB, YTO
CBA3HOCTD JIAETCs JIOrapuMUIEcKOil Tpon3BoIHOM. Jle/1o B TOM, 9TO 00CyXKIeHne B IPeIbl-
JIyTeM ad3alie ClpaBe/JInBO TOXKE JIJIA JIBYX JTUBU30POB C HYJISAMU U TTOJTIOCAMHU ITPU YCJIOBHH,
9TO TOPSAJIKU HYJIEH U IIOJIIOCOB Be3J/ie OJIMHAKOBBI, CKOpee JIJist Apo0u JABYX (DYHKITH, TIpeI-
CTABJISIIONINX OJMH U TOT ke nuBu3op. [Ipenbimymiee obcyxiaenue (36.j) ObLIO I OJHOTO
[IOJTII0CA WJIM OJHOTO HyJid. ¢ moHmMaro, 94To 910 pa3dbopunBo. Ho oJIHO J1€J10 9TO ONBITHBIHI
reOMETp MPOCMATPUBAET MOAPOOHOCTHU, JIPYTroe JjIsd IPECTapesoro HapyIuTe d. IuTaTesb
MOZKET 38/IaThCs BOIIPOCOM, UTO MeHs OecriokouT?! Borpoc B ToM, «Imodemy BBejeHHE HyJeit
U TIOJTIOCOB B YHUTAPHOM PAaCCJOCHHUH, CBA3AHHOE C KOMILJIEKCHBIM PACC/IOCHUEM, SIBJISETCS
9eTKO OmpejeseHHoit oneparueii?» Oteer jsexkut B oraorexnn (36.j)! W
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To, uro s mpearao B (36.1), cocronT B TOM, 4TOOBI BOCIPOM3BECTH MOPSIOK (36.4) -

(36.j) JuIst 9MCTO MHUMOII YaCTH CBSI3HOCTH, B OTJIMYKME OT YHCTO peasibHOl dacTu. Takum
obpazom, hopMyJIbL JIJId Bl, BQ, 4 JIOCTATOYHO SICHBI.
Heny>xkHble njn npe>k/ieBpeMeHHble 00bsicHeHus. TeM He MeHee OHU BCe TOIXOIdtn!
DTO cKOpee KpaTKoe OTCTYILIEHHE, 3HAUYeHHe KOTOPOI'O JIJIA ITOW CTAThbU He MPOSIBUTCA 0
TeX Mop, HOKa Mbl He npujeM K ypaHenuto (53). OHO NPEIBUIUT U YACTUIHO COBHAIAET C
HOCTIeAYIOMUME 00bsicHeHnAMU. Kak s y»Ke 0TMedy B JPyroM MECTe 9TOr0 TEKCTa MJIA KakK
s OTMedy HUKe, IVIABHBIN BBIBOJ — 9TO B3aUMHO OJHO3HAYHOE OTOOParKEeHUE MEXKIy JIBYMSI
MHOYKECTBaAMM, U 3JEMEHTBI STUX MHOXKECTB CaMH MHOXKECTBEHBI, TaK UTO Ba*KHO BBIOPATDH
camMble MpocThie npejctapuTen. CKopee BCEro - OJHO TUX MHOXKECTB OIPEJIEIEHO TOJIHKO
[IOCJIE TOTO, KAK MBI BBIOPAJIN HECKOIBKO JIPYTHX OIPEIE/ISIONINX ITapaMeTPOB. DTO 0COOEHHO
BasKHO JIJIsI CBsA3HOCTel SHra-Muica, Jjist KOTOPBIX HEOOXOIMMO BBLIOpATh CBSI3HOCTEL () ¢
Kitaccom kenst 1 a Takxke merpukn Ha M u Ha (). ¢ cienast 370 U HEBOJILHO, OOJIBIIE OT
yJIadu, YeM OT XOPOIIero yIpaBJeHUs, Mbl IIPUILIN K HOCTOSHHBIM CBS3dM, KaK M BBIIIE,
a 3areM, Kak I[OKA3aHO HUXKE, [IPU T0KAa3aTeIbHbIX QYHKIUAX (53), KOTOPbIE MBI MOMXKEM
cpasauBath ¢ BbiBogamu B VII. Cayuait G = GL(1), konedHo, 0COOEHHBI, MOTOMY YTO CO-
Ipsi?KeHHBIE KJIaCChl UMEIOT YHUKAJIbHBIE [peJicTaBureu, Ho jjia G L(2), koropoe mepecraer
OBITH TaKUM, 3TO He TakK. Kak Mbr yBujauM B XI, cpaBHeHMe BCE 2Ke BO3ZMOXKHO.

B §IX wmbI ccputaemcst Ha KomMeHTapun [AB| o JmHEHHBIX paccioeHusX, 0COGEHHO TeX,
KOTOpBIE NUMEIOT cTeredb (). JjIst /i TuaecKuX KpUBBIX OHU 0COOEHHO TPOCThl. OHM JATOTCS
AoAT!, Te Ao - BBIIeTIeHHOE JTHHelHOe paccIoeHne mepBoil crenenn, a A; - ero mepeso. Mo
MOKEM TaKKe TPEJIIOJIOKNTh, IIPOCTO JIJId Ompe e ieHHocTr 910 Ag 1 Ay cBs3anbl ¢ 0 € L.
Mpr Takzke MoxkeM mpocTo repeBectr Touky 0 Ha z € C urobsr mosyunth A;. Kpususna
[IPOU3BEJICHUS - 9TO PA3HOCTH KPUBU3HBI JTUHEHHUX PACCIOCHUIT, OJIHA U3 KOTOPBIX SIBJISETCS
nepexoioM Apyroit. CBA3HOCTD, CoeMHEHHA ¢ pousseenneM AgA !, saBigerca pasHOCTBIO
JBYX cBszHOCTel Bua (36.1), TO ecTh

(36.k) (2a(ag — a1) + Br(bo — by))da + (Ba(ag — ar) + 25(bo — by))db.

KosddunmenTs! Terepb Bee MOCTOAHHBI, TAK 9TO KPUBU3HA paBHa HYJ10. JIByMepHBIil BeKTOD

Qg — a1 2
(36.1) bo — by cR
IIPOU3BOJIEH HO
26 B
36.m ° 1
( ) Ba 27

nano. Ectb dopmystsr 1 @, Bl, BQ, 4 Kak (QYHKIHUHA W1, Wy, TOTOMY YTO CYIIECTBYIOT (Hop-
myuiet Jtst 1); @ = 1,2, [WW, crp.445-446|. Tem He Meree, st He 3HAIO, KaK BeJIET cebst ompejie-
JINTEJIb 3TOW MATPUIIBI, HAIIPUMED, TJIe OH UCUYE3aeT, HO TO He KayKeTCs COOTBETCTBYIOIINM
1eJIsIM HaCTOosAIel craTbu. Mbl BepHEMCsT K 9TOMY BOIIPOCY T03Ke, HO €3 MOJTHOCTHIO 000C-
HOBaHHOT'O OTBeTa Ha Hero. Bo3MOKHO 9TO HE 0YEBUIHO UUTATEJIO0, UTO, BHIOUPasi METPHUKY
Ha CJIOoe, ONpeJIEAeMyIO S(+) U CBA3HOCTD, OnpejesisieMyto ypasaenueM (36.1), s HeKOTOpoe
BpeMsl He TPU3HABAJ, UTO s BBIOMpaJ METPUKY U CBSI3HOCTH, BBeJeHHBIe Ha |AB,crp.560|.
[Toucku CBSABHOCTH € MOCTOSIHHO¥W KPUBW3HON 3aHMMa/in Mou Mbicu. CHada a g He MOHU-
MaJI, 9TO MOCTOsIHHAS KPMBU3HA € CTaHAapTHOI MeTpukoii Ha M = C/L noxpasymesaer, 1mo
OIPEJITIEHNIO, YTO CBA3HOCTH ObLIa CBA3HOCTL Anra-Mmiuica. Ilenbio 6bL1a mpocrora. DTa
IIPOCTOTA JIe/IaeT OKOHYaTeIbHOe cpaBHeHHe ¢ BbIBOJAbLI §VII Hamuoro mporre. 4 npuBieky
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BHUMAHHUE YATATEA HA TO, 9TO HMOCTOAHCTBO cBaA3HocTH SlHra-Mmmica B (36.k) sro me To,
KOTOpOe TostBIsteTcs Tozze B (53).3

[Tocieanee HaxoAUTCA Ha TPUBUAJILHOM JIMHEHHOM paccjioenun Ha M, nepBoe »Ke Ha pac-
CJIOEHMH, B KOTOPOM BBEIEHBI HYJIb M IOJIOC. [loxoxke, 4TO mepBoe He MMeeT OTHOIIEHUS K
Hameil neau. ¢l ynmoMmHAao ero TOJILKO I TOTO, YTOObI IHOMECTUTL Halle OOCYXKJICHUE B
Hajtexkammii ceer. CyIecTByeT Takasl IIyTAHUIA IMOHATHI, KOTOpasd KasKeTcsl Henm30eKHOi
CTOPOHOU CJIOXKHOM TudpepeHnnaabHoil TeOMEeTPUHN, YTO MOZKET OBITH MTOJIE3HO YKA3aTh, 9TO
KOMILJIEKCHAs CBA3HOCTh K YHUTAPHON CBA3HOCTH HA YHUTAPHOM PaCCJIOEHUU, UJIN, BEPHEE,
K CBSI3AHHOMY C HUM BEIIECTBEHHOMY JIMHEHHOMY PACCIOEHUIO, O3HAYAET, UTO HHAYE CMYIIa-
IOIIIE TOJII0CA UCUE3alOT.

C z1pyroit CrOpoHbI, 1 HE YBEPEH, UYTO MOE IMOHMMaHUE YHUTAPHBLIX CBA3HOCTEl J0CTaTOY-
Ho. $1 xoTes OBl IPHUBECTH €0 311eCh K OCMOTPY 4uTares. Pedb maer o mpeodpasoBaHum
JIOKAJILHO MepPOMOP(HOIo CeYeHnsl KOMILIEKCHOIO PACC/IOCHUs B HEIPEPLIBHOE CEUeHue Be-
IIECTBEHHOT'0, TO €CTh YHUTAPHOI'O, PACCIO0EHHs, KOTOPOE CBSI3aHHO C €0, TO €CTh OIlIPeJIeIIs-
€MO€e MHUMOI YacTbhIO €ro Jiorapudma, To eCTh ero MoJIsipHO YacTbio. JIoKaJbHO, MBI TTAIIIEM
mepomopdryio bynkmus Kax az’ exp(p(z)), k € Z, rae a = |ajexp(in) # 0 ¢ n € R jeii-
crBuTesibHast KoHcTaHTa, ¢(0) = 0, 2 = rexp(if), r > 0. YHUTapHAs CBSI3HOCTDb OIIpPEJIeJIeHa
970l byHKIWMel 1 nana kax ikn + i Im p(2).

DTO JOCTATOYHO ICHO, HO XapaKTep YHUTAPHON CBA3ZHOCTH, KOTOPBIH TakK OIpeIesieH, TPy/I-
Ho Haiitu. OH onpeessiercs CKIenBaHueM, Kak U HadaJabHOe MepOMOPQHOe Pacc/ioeHne, HO
B LIEHTpe paspbiBaeTcd. KiIoukyu nMeroT HeGOJIBIION MeHTpaIbHbIH KPYT' ¢ BHEIIHUM COE/IU-
HEHHEM, JIOKAJIbLHOE OIIpeIesIeHIe KOTOPOro B 00/1aCTH, HEIOCPEJICTBEHHO OKPYKAIOIEH K10
YOK, HE SIBJIAETCS TPYIAHBIM. JTO, OTHAKO, BJIEUYET CIABUT BJOJIb MPAMON JIEHCTBUTEIbHBIX
qrces, MOCKOJIbKY BBejieHne (MHUMOro) jorapudma moTpeboBaio 3aMeHbl OKPY?KHOCTD 110~
Ka3aTeIbHOM (DYHKITHNS ¢ TPAMOIt e€ jjorapudma. ITO TPOUCKOIUT Ha TPAHUIE MAJIOTO KPYTa,
HO TOJILKO Ha rpanuiie. B 1menTpe Kpyra octaércs Kakas-To TaiHa, IJie HEKOTOPbIE PBYTCS.

Ecth eme onmo mo6odHOe 3aMedanne B CBA3U ¢ paccioenmsamu Kak A = AgA;*. Mur Bo-
obpazkaem, 4ro M - 9TO MOpe U YTO CBA3LHOCTH ONKChIBaeT MoToK. Ha mpumep, morok A
ectb coueramne Ag u AT, YV 1IepBoro ecth 0CO6EHHOCTE, BOIOBOPOT (BUXPH); ¥ BTOPOIO TOYKE
€CTh 0COOEHHOCTH, TOXKE BOJOBOPOT, HO B IIPOTHUBOIOJIOKHOM HallpaBieHnn. Bo3MOXKHO 1a-
JKe, UTO OHM OYyyT BLIOPAHDI ¢ PA3HLIME CHJIAM. FC/IM OHI UMEIOT OJUHAKOBYIO CUJLY, TO OHU
Oy/IyT KOMIIEHCUPOBATHCACS, KOTJIA JIBE TOYKHU OYIIyT IepeMerniaTbcd BMecTe. MHe 310 TpyIHO
MIOHATH, KAaK IeOMETPUYECKHU, TaK U (DU3NIecKu, HO (pU3MYECKUil aHajor ero objerdaer. ¢
1peJijiararo ero TeM MaTeMaTuKaM, KOTOpPble, KaK U s, ¢ TPYJIHOCTeN ITOHUMAIOT CJI0XKHOCTHU
pacciioennit u cBszuocreii. W

3 Hanporus, OHI TOCTOSIHBI ¢ HY/IEBOH KPUBH3HOM I JIMHEHHBIME HHTerpasamu, Kak B (53). Takmm o6-
pasoM, OHH sIBJISIOTCsI cBsizsiMu STHra-Muwica, To ecTh OHU yIOBJIeTBODsiIOT ypasHeHuto [AB, 6.1]. ¢ ocras-
JISIO 9TO IPEJIOKEHUE, 9TOObI JaTh IOHAThH, HACKOJILKO TEOPUs, IPECTABICHHAS WU IIOCTABJICHHAS B ITOM
CTATbe, 3ABUCUT OT JeTaJeil U Kak MEIJIEHHO s 9TO ITOHs. IlomyTHO, s 3aMedalo, eme OJHO OOCTOATE -
CTBO, 3HAYEHUE KOTOPOro s He cpasy moHsul. Paccioenue ) u3 [AB| coBuamaer ¢ paccioennem A B [A],
KOTOpO€E B HACTOsAIIEel crarbe craio Ag. Crenensb Af, KOTopas BCTPEYaeTCs B ONUCAHUHN CBS3KH Buaa fmra-
Muuica, coorsercTByer Koadbdunuenty v — u™, u € U(1) B coorsercTBytomem romomopdusme I'g 8 GL(1),
[AB,(6.6)]. B KauecTBe JIOIOJHUTEILHOIO KOMMEHTApUs K (DOpMan3My, JIMHEHHOe paccioeHne @ siBJIsieTcst
pacccioerneM Buja dura-Musuica noromy, uro ypasaerue [AB,(6.1)] a/yinTHBHO OTHOCHTEIBHO TEH30PHBIX
OPOU3BEICHUI.
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Ho o, uTo jy1s1 Hac BayKHO, KpUBHU3HA MOCTOsIHA U OoHA He pasHa nysio. Cedenne, onpeie-
fenHoe byHKIHeH 0!, Mo-BUIMMOMY He nMeeT KPUBU3HLI, HO 3TO He TakK. KpuBH3HA CKPBI-
Ta B nosroce B Touke (. Bojiee BaXKHBIM sAB/II€TCS CpaBHEHHE COOCTBEHHBIX COIPSIZKEHHDBIX
cedeHuil ¢ mHTErpasaMu cBsi3HocTeil dura-Musica. DTu npeaMeTsr OpeIesioTesa UX MPeJI-
CTABUTEJISIMU, KOTOPbIE BBHIOpAHBI B HEKOTOPOI CTENeHU MPOU3BOIBHO. TPYIHO OObsICHUTH
1IeJIb 9TON CTaThbU, CPaBHEHHE COOCTBEHHBIX COIPS?KEHHBIX KJIACCOB C CBA3HOCTAME fHra-
Mwjuica u ¢ npejicrasienugymu aBromopuoit rpynnbl [amysa. I[lo kpaiine mepe, TpyaHOCTD
SIBJIIETCSI CJIEJICTBUEM JIBYX, Jlake TPEX (hakTopoB. Kitace conpsizKeHHOCTH ONMCHIBAETCS BbI-
OOpPOM TIpe/ICTaBUTE IS, KOTOPBIN SIBJISIETCS HECKOJBKO IMPOM3BOIBHBIM. CBEpX TOTO, KJIacc
U3MEHSAETCS OT TOYKHM K TOYKe; K TOMY »Ke HoHsTue cpsazHoctn fura-Musica 3aBucut or
BbIOOpa Merpuku Ha M. Ilpemmnodrnrenbuee BoIOUPATH Te, KOTOPbIE JEIAIOT IIPUPOJLY BbI-
BOJIOB Hambosiee SICHBIMU. 91 MPEOYnTai0 MPEICTABUTE Ceifdac MOC/IeCTBUS HEYIadHOrO
BBIOOD METPUKH ¥ 3BaA3HOCTH. ECTh KoHewno jase MeTpuky, Ha M u na cioe.6
BarsgHyTO€e OTCTYIJIEHUE. DTO OTCTYILICHIE HECKOIBKO pacTsaHyTo. Jle10 B ToM, 4TO HEBO3-
MOZKHO ITOHATH IIPUPOJLY CBSI3HOCTEl 63 YeTKOro OHUMAHUST OTHOIIIEHUST MEXK/Ty CBSI3HOCTSI-
mu 1 pyHKImaME. OHE MOTYT OBITH JIEHCTBUTETLHO3HATHBIMbI, MHUMO3HAIHBIME UJIH KOM-
[JIEKCHOBHAYHBIMBI. Teopust /i HUX OJIMHAKOBA, XOTsI B TPETHEM CJIyYae Mbl UMEEM JIEJIO C
KOHTYPHBIM WHTETPAJIOM, JIJIsi KOTOPOro KpUBU3HA HyJIb. Ipolre Bcero aymarh o JeficTBU-
TEJIbHO3HAYHBIX (DYHKITHAX.

[TepBoHauabHOE BBIYHCIICHUE Jis CBA3HOCTH onpeesennoii (37.d) nano B (2.¢). Obsacrb
- dbyHgamenTaibHasg obacTh jganHag {awy + bwi| — 1 < a,b < 1}. Tak kak mMHOKecTBO L
HE [epeceKkaeT eé TPaHMILy, Mbl MOYKEM BBIUUC/IMTH WHTErPAJ CBSI3HOCTHU 110 9TOW I'DAHUILE
6e3 jronoyiHUTEILHOTO otipeiesieHus. [o npuunnam, TpedyomumM Ja/ibHelero 0o bICHeHN,
KOTOPBIE Mbl OTKJIQJILIBAEM, TOJIbKO MHUMasi 4acTh Bbipaxkenus (37.d) umeer suadenue. Co-
riacho (2.d) sTa MEUMast dactb ((2)0z. VHTerpas mo rpanuie cymma

/(%W C(2)dz + / Y e = /( ) = ¢z 4+ 2um))dz

w1,—w2) (w1,w2) —w1,—w2)

1,— w2
(38.a) = —/ 2nodz = dwinp
(

—w1,—w2)

36 yraTens 3aMEHUT MOIO TPEBOIY M HEYBEPEHHOCTDL, KOIJA s IIBITAIOCH OCBOUTH HesHAKOMYIO udde-
PEHIMAJILHYIO reoMeTpuio. ¢ ongarb obpaliai ero - win e€ - BHUMaHUEe Ha OJHO yPaBHEHHE, OCOOEHHBII
BUJ KOTOPOIO BaxKeH i 9T0# crarbu. 1o ypasaenue fdura-Mwwica [AB,6.1], o ecrb dg x F(A) = 0,
HO I JIMHEHHOIO paccjioeHusl Ha KpuBoil Tak, 4ro paccioenusd U(1l). Hamomuum [AB, crp.548|, uro
F(A) € Q*(M, ad(P). Kak npeacrasienne ad(U) Tpusnamsno Q2 (M, ad(P)) = Q% (M) u xF(A) maxoaures B
TPUBHAJBLHOM PACCIIOCHUEM TJI€ CBA3HOCTH TPUBHAJIbHA. MTaK, CBAZHOCTD, KOTOPYIO MbI TOJIBKO YTO MOCTPO-
us, cs3nocTh Adura-Munica. XoTs ¢ eirné He MOHUMAa0 MHOIMX [OCJIEACTBU 9TOr0 NOHATHUS, 9 Y TBEPKIAI0,
9TO ITO 3aMevYaHue OCHOBHOE JIsl 3Toi crarbu! MBI nMeeM JeJ10 ¢ JTMHEAHBIM PACCIOEHNEM, TAKAM 00pa3oM,
¢ abesesoii rpynmoi G. D10 npezpuseHne obmero JoBoja B [AB, ¢Tp.560], KOTOPBIH Tak BaXKeH JJist 9TOH
crarbu. [IOBTOPSACH, g MOMIEPKUBAIO, YTO B HAIIMX OOCTOATEILCTBAX BMECTE, JIMHEHHOE PACCIOCHUE U PaB-
HOMepHas (MHBAPUAHTHAS OTHOCUTEIHHO IIEPEHOCOB) MeTpHKa Ha Gazuce M, 3nak cBasnoctu Aura-Musuica
SIBJISIETCS TIOCTOSIHHOM KPUBU3HOM. 3HAYEHNE KPUBU3HBI ONPEIEIAETCS KIACCOM U2KEHsT PACCIOCHHUS.
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u
w1,w2 —Wwi1,—w2 —Wwi1,—w2
[ @ [ cwe= [ (0~ gl 2o
(w1,—w2) (—w1,w2) (—w1,w2)
—W1,—w2
(38b) = —/ 2771d2 = —4(,(.)27]1.
(—w1,w2)
CrenoBaresibHO 9Ta cymMMa paBHa 4wy — dwan = —2mi, Kak obbsacuserca B [WW], rie

9TO ypaBHEHHE OBOCHOBBIBAETCsSI apryMeHTaMW U3 TeOPUU TOJOMOPMHBIX (DYHKIHI OTHON
[epeMeHHOl. DTOT pacdyer fBHO CBA3aH ¢ T€M, YTO HPUBOJUT K Bbhipaxkenuto (36.1) HO ux
OTHOIIIEHNE, C IEPBOT0 B3IJIAJIa, HEIIOHITHO HesicHO. [Ipezk e Bcero st 3amMedaro, 9To COrJiacHO
(2.5) dyskmusa ((-) - gorapudmMudeckas TpoU3BOAHAsT (DYHKIMU (), TAK YTO MHTErpPaJ
dbyukium ((-) man BbpazkeHneM In o(+), KOTOpoe He OJJHO3HATHO.

O/1HaKO, MBI CO3/Ia€M TPY/IHOCTH, CMEINUBas JBE Pa3Hble OlepaIlud WU B HOHATHUI:
UHTErpUPOBAHUE KOMILIEKCHON (DYHKIMKM KOMILIEKCHON MepeMeHHO# W KPUBU3HA, KOTOpas
BJIMSIET Ha MHTErpaj OT JIefCTBUTENbHON (DYHKIMU JBYX BEMIECTBEHHBIX IIE€PEMEHHBIX. 91
BCTABJISIIO [TPU3HAHUE.

4 npusHA YTO, XOTS 9 U MOXKUJIONH, HO I HUKOTJA JOCTATOYHO He MOHUMAJI TOHSATHS
KPUBHU3HBI. DTa CTaThs 10 HEOOXOJUMOCTH €CTh HOBOJI C/eJIaTh 9T0. Tak Kak OHa HalucaHa
IJIABHBIM 00pPa30M KaK BKJIaJ[ B TEOPUIO aBTOMOPGHBIX (hopMm, s 6e3 Kojedanuii BKIIIOUUIT
CBOIT 0030p HEKOTOPBIX OCHOBHBIX NOHsATHiI. M3Menenne KonTekcra aBisieTcst (hopMasbHBIM.
A samensito anredpy JIu U(1) anrebpoit Jlu R u obimacts C obinacreio R + R. Do 110-
Ka3bIBae€T TO, UYTO MHE IPEICTAB/ISCTCA CYIHOCTHIO HMOHATHS KPUBHU3HBLL. CBS3HOCTD €CTh
muddepennmanbhas dhopma oz, y)dr + f(x, y)dy. Boupoc B ToM, Kak MOXKeT

(u2,v2)
(39) /( {a(z,y)dz + B(z,y)dy}

u1,v1)
He OBITh HE3ABUCUMBIM OT KPHWBOIl mHTerpupoBanus! VHade roBopsi, Kak MHTErpaJi 10 3a-
MKHYTOI KpuBoit C' He MOYXKeT ObITh paBeH HYJIIO?

[IycTh B 9TOM KOPOTKOM OTCTYILIEHUHU € MaJjioe, JlaXKe MHMPUHUTE3NMAIbHOE, TUCI0. Mbl
HOKPBIBAEM ILIOCKOCTH DEIéTKoit {me,ne},m,n € Z u Gepém oObeuHeHne X Tex s4eek,
B KoTOpBle HAXOJATCA BO BHYTPEHHOW 4dacTu Y 9T0f (IIpOCTOii) 3aMKHYTONH KPHBOH. DTa
BHYTPEHHOCTH (IIpubIu3uTebHo!) 9¢Th 00beINHEeHne, TO eCTh

(39.a) /fxyda:dy—Z/fxyda:dy+O()

BCX
[Iycrs f(x,y) = da/dy—dfS/dx. Do Gyaer kpusnsHa. ['panuia Kaxoro B 3ajiaHa 9€ThIPb-
Ml YIIOPSAJIOUEHHBIMEI PEGPaMU B MOPsiJIKe IIPOTUB YacoBoii crpesiku e1(B), fo(B), ea(B), f1(B),
rje, Ha IIpUMep, €1 ,ILaHO kak {(a,b), (a+€,b). Ocrapiss B CTOPOHE HOTPEITHOCTh, MbI TIOJIY-
9uM U3 CyMMBI B (39.a) cymmy

/ adz + / adzr + Bdy + Bdy.
ex( (B) f2(B) f1(B)

BcX
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DTO paBHO

S Aty —atey+ghet [ {=Ble)+ b+ )}y

f1(B)

da dp dg  da
39.b = —e/ —d +e/ —dx = / — — — Ydxd
(33.0) 21 i dy |y da Bzc; B{d“f dy} !

[ 4B da
_ /Y o~ ety +0(0)

rjie, 9T00bI OBITH SICHBIM, si BBEJI JiBa OCEBBIX pebpa, €1 = €1, fi = — f1. Dro 3HauuT, uro (39)
He 3aBUCHT OT KPHBOIl ec/li KpUBU3HA

dg  da
(39.¢) - ==

de  dy
Bripaxkasgch TpocTo BBIPazKEHO, pa3HOCTU TMEPEHOCOB HA MPOTUBOMOJIOKHBIX NOPU30HTAJIb-
HBIX cTOpoHax Ha oTamvaiorcs or O(€?). Eciu kpunsna pasna Hysmo, 3ta paszaocth O(e3).
DTO paccMOTPEHHE TOHIMAET JBa Borpoca. Jlo Kakoit cTerienn KpUBU3HA 3aBUCHT OT METPH-
KU ¥ OT Koopaunat?! ¢ He yBepeH, 4To 9TH BOIPOCHI BayKHbI. B JTaHHBI MOMEHT OHU HEYMECT-
HbI. Ba:KHO TO, 9YTO MHTErpaJj KPUBU3HBI 110 BHYTPEHHOCTH ITPOCTOH 3aMKHYTON KPUBOI PaBeH
HTErpaJjty CBSI3HOCTH MO caMoil KpuBe. B jrobom ciydae 3amedanust mocse ypasaenus (36.1)
OlIPABJIAHBl HEKOTOPOI CTENEHNU, TaK YKe KaK yTBEep:KeHue, B3sitoe u3 crarbu [AB|.

Mur emnié ue BBesin metpuku #Ha M. CremoBaTebHO HAM HE MOXKHO FOBOPUTH O CBSI3HOCTU
HAura-Munica. Tem He MeHee MBI y2Ke BBEJIU IIPUMEDP CBA3HOCTHU, KPUBU3HA KOTOPOIA ITOCTO-
sTHA. DTO yrKe XOopormnit 3HaK. ¢l xoTes 10Ka3aTh 9TO C MOMOIIBIO TEOMETPUIECKOTO JIOBOJIA,
TaKUM 00pa30M, YTO OHO sIBJIAETCH YTBepxKjeHueM o KpubusHe. Ho g Obun ybexkjieH, 9To
nyHKT 0 € L HUYero He MPUHECET, W MTO3TOMY, 3aIlyCTUB €r0, s HEOJHOKPATHO CMYIIAJICH.
4 HemensgMu MCKaJ CBOIO OMHUOKY, KOTOpasi OKa3ajach J0BOJILHO odeBuaHOi. Ciiemyromue
HECKOJILKO CTPAHMUII, B KAYeCTBE IMOMOIIU YUTATEIIIO, I MBITAIOCH O0bACHUTE cebe MCTOTHUKN
CBOMX OIIUOOK, caMu 110 cebe MOyUnuTe/bHBIE.

4 muOTO pas ceputaicst Ha jgemmy B |GH|, KoTopas npemiaraer mocrpoeHue CBI3HOCTEN
C T€M WJIM UHBIM CBOHCTBOM, HO YIIYCTHUJI BO3MOXKHOCTU OYEBUJIHOTO (hakTa, ITO Jorapud-
MUYecKas IMPOU3BojiHad (PYyHKIMA K (DYHKIIUU, KOTOpas HUTJE He paBHA HYJIO W KOTOPasd
MOKeT OBITH JIMOO TOJIOYKUTEILHOM, JTNO0 ¢ abCOIIOTHON BEJIMIUHON paBHOI OJHOMY, JTMOO
ITOMILJIEKCHO{1, OITpeJie/IgeT CBA3HOCTD, JIaKe CBA3HOCTH OTHOCATILYIOCS K HACTOSIIEMY 00CY K-
JIEHUIO. DTO He ObLIo mpegHamMepeHHbiM. OHO OBLIO MOCTYIKOM HEBUHHOTO, OIIEJIOMJICHHOTO
CJIOYKHOCTBIO IpeMeTa. ¥ 0co3HaBaI BOSMOXKHOCTH, KOTOPBIE OBLIH IIPE/IJIOZKEHBI, HO TOJIHKO
HeSABHO. ¥ MeHs He ObLIO 3J[PABOI0 CMbBICJIA 3adBJIATH O HUX SBHO. DTO 3HAYUT, YTO ITOHU-
manue jiemMbl B |[GH| nosiesno, Ho He 00st3aTesibHO Jjist HAIUX 1ejieil. TpyaHo HoBepuTh,
YTO 1 HEJIOCTATOYHO CO3HABAJ YTBEPXKJIEHUE O TOM, YTO HyJeBasg KPUBU3HA, [IOMUMO HEKO-
TOPBIX TOHKOCTEM, fABJIIETCI HEOOXOIUMBIM M JIOCTATOYHBIM YCJIOBUEM TOTO, YTO CBA3HOCTD
omnpeiensgeTcd (PyHKIHei

B 1o ke Bpems s paccmaTpuBaio obparTHoe TocTpoeHme Koropoe jgano B |GH,cTp.72].
Ha xowmmiekcHOI TIJIOCKOCTH WM HA PUMAHOBOI MOBEPXHOCTH WMEIOTCA TPU BUJA OJTHO-
MEPHBIX CBA3HOCTEN: OHOMEPHAs JIeWCTBUTEIbHAS CBAZHOCTD, YMCTO MHHUMAasl OJIHOMEPHAas
CBSI3HOCTbh, KOMILJIEKCHAs! CBA3HOCTH, TO ecTh, Hanpumep, f(-)dz wmu f(-)dz. Kaxnas usz nux
npeJicTaBysger coboit (byHKIMIO HA MEPEMEHHOM OJIHOMEPHOM KOMILJIEKCHOM ITPOCTPAHCTBE,
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TO €CTh Ha KacaTeJbHOM mpocTpancTse. O6/acTh 3HAYCHUS TIEPBBIX JIBYX SABJIAETCA OJHO-
MEpPHOI HO It TpeTbeii oHa aByMepHasi. [locrpoenue B [GH| naér cBsasnocTsh TpeThoro poja
U TIOJIE3HO Pa3/yMbIBATh O Heil. JIOKa/IbHO, CBA3HOCTH IIPUCBANBAET HAIPABICHUIO B JIBYMED-
HOM KacaTeJITHOM IIPOCTPAHCTBE, HAIIPABICHIE BO JABYMEepHOM cjioe. To ecTb, JJOKATbHO WK
B TOYKE OHA JIaHA YEeTHIPbMH YUCJIAMHU, TIOTOMY YTO OHA MPHUIMCHIBAET K KaXKJIOMY M3 JIBYX
BEKTOPOB JIpyToii BeKTop, Ho ycioue D’ = 0 (|GH], cTp. 73) yMeHbIIAET 9TO YMCIIO JI0 JIBYX.
YMHBI JI0BOJ, KOTOPBII HCIIOJIB3YeT UX BTOPOE YCJIOBUE, TO €CTh YCJIOBHE COBMECTUMOCTHU C
METPHUKO{l, & 3aTeM OIpPeJIe/IsieT CBA3HOCTD MOJIHOCTHIO.

Ecrb, onHako, GyHKINS COOTBETCTBYIONAs HAIIEMY PACCJIOEHUI0 U OHa o '+ = €exp(if),
rjie € > 0, XoTd oHa u He ojHO3Ha4YHA. Eé jjorapudmMmudeckast MpOM3BOIHAS OIIPEJIEIAeT CBA3-
HocThb. JIj1g 9TOro n0oBo/a BLIGOP METPUKHN Ha CJI0AX BaskeH u g Beiopar f(-) — s~Y2(1)|f(1)],
KOTOpas HE Ta, 9TOM MBI TOJHKO YTO UCIOJB30BAJIHN, XOTS OHA U TOXOXKa. Y HEE eCcThb Cy-
IIIECTBEHHBIN HEJIOCTATOK, TaK KaK OHa JaéT METPUKY, KOTOpas He OIpeje/ieHa B TOYKaX
MHO)KeCcTBa L. DTO He BaXXHO B JIAHHBIM MOMEHT, HO OHO MCTOYHUK SIBJICHWS, C KOTOPBIM
MBI OyZIeM UMETh J1ej10. B npepliyneM o0bICHEHUN MOZKHO OBLIIO He PAcCMaTPUBATh TOYKH
B L. Onu He ObumH, 110 cyTH, ocobenubiMu. Ceitdac 910 He Tak. 9 X049y OOBSICHUTH, 9TO C
9TOI CBA3HOCTHIO TOYKHU B L BBIZBIBAIOT TPYAHOCTH. CBS3HOCTH U METPHUKA Ha CJIOAX TIepe-
CTaIoT onpeendaTbes. [loaTomy MeTpuka Ha cIogX Jo/KHaA ObITh m3MeHeHa. Kak ciiejicTBue,
CBSI3HOCTH TIEPECTAET ObITH CBA3HOCTDH S Hra-Muiic, MoOHATHA, KOTOPast €Ile MPEeJICTOUT OIpe-
nennTthb. Ho 1o nérko. To, 4To HEIPUATHO, JJId BOCCTAHOBJIEHHS cBoiicTBa fAHra-Mmuica Mbl
JIOJIZKHBI BBECTU UCKYCCTBEHHYIO U HEIIPUSITHYIO METPHUKY Ha 0cHOBe M JInbO MCKYCCTBEHHYIO
CBSI3HOCTB. DTO YPOK, JJIsd T€X, KOTOPhIE XOTIAT PACCMATPUIIATH OOIIYI0 TEOPUIO.

MbI HamoMuHaeM O HbIHEMIHHX oOcTosiTesibeTBax. Mbr pacemarpusaem dyukiun f(+) Ha
KOMILJIEKCHO! ILJIOCKOCTHU, IE€PUOJMYECKUE 110 OTHOIIEHUIO K peméTke L, m JIoiycKalomye
HOJTIOC TIEPBOTO TIOPSITKA B TOUKAxX 3Toro MHOKecTBa. Criepsa Merpuka Ha cioe f(-) — |f(+)]
HO 9TO HEyIOBJETBOPHTEIbHO B L M3-32 BO3MOXKHBIX IIOTIOCOB. HyKHO m3MeHHTL®' €& B
okpecTHOCTH L.

Js a1oro®® Mbr ymmokuM s(z) Ha Takylo IVIaIKyio TepuoamdecKyio dbyHKmmio m(z) =
m(lz — M), A € L, uro m(z) = |z — A]* ecu |z — A\, A € L, ouenn Majo, HA mpuUMep
|z — Al < 0/2, ato m(z) > 0 ecom z ¢ L u /2 < |z — A < 0 miag omsoro A € L, aro
m(z) =1 ecau |z —A| > 0 misg Bcex A € L. Eciim A € L sryumme npennosnarats 91o A = 0. 910
U3MEHEeHnEe METPUKHI KOTOPOE JIAET CEeYEHHUAM C IIOJIIOCOM TIOPsAIOK KOTOPOI'O PABEH OJHOMY U

1

37TyT Y?KHO TIOMECTUTb JIOIOJIHTEIbHOE 3aMeuanne. OyHKIMsS 0! oIpeseIaeT CBA3HOCTDL Ha FOJIOMOPQ-

HOM DACCJIOCHUU U, KAK Mbl OObICHUM, Ha TOM paccjioeHnu ecth Merpuka. Coracuo ¢ jsemmoit B [GH| rosio-
MopdHAas CTPYKTypa BMECTe C METPHUKOW ONpeJe/iaeT CBI3HOCTh. DTa CBA3ZHOCTDH, CBA3HOCTH fura-Mmuuica
HO TOJIBKO II0 OTHOIIEHUIO K MCKYCCTBEHHON MeTpuky Ha M. DTOT mpuMep HOyIHUTeeH.

3841 CTapaloCch ceiiuac MoJIb30BAThCA HEe TOJLKO METOIOM HO TakxKe obosnauenunem u3 [GH], koropoe o6brd-
HO HO xmrTpoymmuo. Hampumep st pasmmaaro 0 u d = 0 + 0. Tem ne menee do = Oo! I 3ameqaio Taxzxke
970 d0o KOMILIEKCHBIN mauddepeniina, KOTOPbIi MBI MOYKEM WHTErPpUpPOBaTh BIOIbL KpuBoit B C, To ecTh dz
cuapen ¢ 1/dt n kpusas nana z = z(t) € C, t € R. Cospemennslii guddepenipanbHO-reoMeTpudecKuii
SI3BIK IIPUIJIAYKEHHBI 1 BCeOOBEMJIIONIHI, HO OH YaCcTO HE PACKpbIBaeT KJIIOYEBOI'O Bolpoca. 91 3amedaro
TakxKe, 9To oneparop 0/0z npespaiiaer BerecTBeHHy 0 MyHKIMIO B KOMILIEKCHYIO (hyHKIuMIO. ¢ moBTOpsio,
‘KomiuiekcHas auddepennuaibaas reomerpus dyxiaa mae.” C oboznauenuem B [GH|, koTropoe Mbl unave me
HCTIOJIb3YEM,

1 0s(z) do(z) ds  d'(z)

(40) 9:@ 95 dz — () :@— a(z)dz’

IIOTOMY 9TO 0 TOJIOMOPQHO.
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C OrpaHmYeHHOIl IIMHON B OKpecTHOCTH Hy/Id. C 9THM HOCTPOCHNEM 0! JIOKAIbHOE CedeHne
paccjioenus ¢ KOHEYHOM JIMHOM. /Ipyroe TogkKoBaHoe To, 9TO 9TO JIOKAJIbble CEUYEeHUs MOCTIe
yMHOXKeHUsI Ha o (+), HO 970 HaM He Hy:kHO! CliepBa Hy’KHO BBECTH B IIOCTPOEHUE CEUEHUS, B
ero GECKOHETHO MAJIOM BUJIE, JOTOJHUTEIbHBIN aymrusHbii wied [GH,crp. 73]

1 om 1 om

(41) ———0z=——0m=——

m(z) 0z m(z) m(z)
MoO>KHO BBIYHC/ISATE €ro He3aBUCUMO. JlaHHOE BBIUMCIEHNE OCTAETCsI CIIPaBEJJINBBIM B 00/1a-
cru B KOTOpOit Koadduipent m(-) paBeH OJHOMY, HO BHE 9TOi 06JIaCTH €CTh JIOMOJTHATE b
HBII aIuTUBHBIN 4ieH. To, 9To s He MOHSII W3HAYAJbHO, OBLIO TO, YTO BKJIAJI BhIParKeHH
(40) 6bL1 HYIH U 9TO BKJIAJ Bbhipazkenust (41) cyTb gesa. 1lesib JJIMHOrO OTCTYIIEHUST 3TOIO
pasjiesia, IpuodpeTeHne OHITHI ¥ BEIYUCICHUI, 110Ipa3yMeBaeMbIX B TIOHATUN KPUBU3HBI 1
HEOOXOIMMBIX JIjIsl TIOHUMaHus cBa3HocTu A. [J1aBHas Tema OTHOIIEHUE CBSA3b MEXKJIy WHTe-
PAJIOM CBSI3HOCTH TI0 TPAHUIIE JIAHHON 00/1aCTH U UHTETrPaJioM €€ KPUBU3HBI 10 9TOH 00JIACTH.
¢l xXorenm moKazaTh TO C MOMOIIBIO MEOMETPUYECKOTO JI0BOJIA, TAKUM 00pa3oM, 9TO OHO
sIBHO €CTb yTBep:xKjeHue o kpubuszHe. Ho g Obur ybexien, uro nyHkt 0 € L Hudero He
IIPUHECET, W IMOITOMY, OIyCTHB €ro, sl HEeOJHOKPATHO IMOJIydas Hy/Ib. ¢l HeIeasaMu MCKaJT
ommnOKy, MMOTOMY 9TO TaKasl OINIMOKa MOXKET OBITH JIEMKO BbI3BaHA HEIPABUIBLHBIM 3HAKOM M

MMEHHO, KaK J00aBjeHre IyTaHuIbl ecTh ypapHenne Komm-Pumana.

Iycts® 0 = e, € > 0, § € R. Torna Ino = In e + i6 ronomopdua. CienopaTeanHo

1 Oe _alne 09 10e Olne 00

edr Or Oy edy Oy  Ox

Kpowme Toro,

821H6 0 .00 o 00 0 Olne 9’lne  ?lne  9’Ine 0
Ox? {8y} oy'tox’ oy oy r= oy? > Ox? * oyr
To ectb In€ — a Takxke  — rapmorndeckne GyHKIMU. ¢ mepecMaTpuBas ST OCHOBBIE OTHO-
HIeHUe YaCTUYIHO, IHOTOMY 9TO IPOILIO MHOTO BPEMEHH, UTO § IPOYUTA] KHHUTI'Y Beiins, HO
TOKE MOTOMY UYTO 3HAKM TAaK BasKHBI IIPU pacueTe KPUBU3HBI. MHE Ka3a10Ch BO3MOYKHDIM,
qTo st Mor ommbouno npuittn K 0%¢/0%x + 0% /0%y a me x 9%¢/0%*r — 0%¢/0%y. Nmes 310 B
BUJLY, sl HCKaJI JIOJITO€ BPEMs JIJIS TAKOH OMIMOKM HO TIIeTHO. Hakoner, MOHHSABIIM 9TO KPU-
BU3HA JIEZKHUT B IIOBEJIEHUNU Ha 0c000i Touke (), s OBICTPO MOHSI IIPABUILHBIE OLPEIC/ICHNUSI,
qyBCTBYsI, KOHETIHO, Ce0s JIOBOJILHO TUIYIIBIM.

B camom jieste, 3Ta craThs jajia MHE IIOBOJI MOJyMaTh HaJl MOHSTHEM KPUBU3HBI, YEro si
HUKOTJIa He Jieiajl panbiine. Ho nmpex;ie yeM Mbl miepeiijieM K KpUBU3HE, s XOTe I Obl IPU3HATH
4TO eCTh OCHOBHOE, JIayKe 3JIEMEHTAPHOEe YTBEPKIeHNe 3HAUEHNEe KOTOPOro s He MOHUMAJI, TO
€CTh YpaBHEHUE

(42) { }— { }

N1 (DYHKIIUM JIBYX MTEPEMEHHBIX. B caMOM JIeJIe, TI0 Kallpu3y MOEro 00pa30BaHUsA BO3ZMOMKHO
4TO A €ro IpHUHSI 0e3 JI0Ka3aTeJbeTBa. BO BCAKOM Cilydae, OJHOMEpHas YHHTAPHAs CB3-
HOCTBH JIaHa JIOKAJLHO OIPE/IEJIEHHBIM YIJIOBHIM U3MEHEHUEM (, KOTOPOE U3MEHSAET CKOPOCTh
PU JIMHEHHOM JBMZKEHUE U KOTOPOE caMo 110 cebe JIMHeiHo. VITak, u3MeHeHue o Ipu JIBIKe-
wun (dz, dy) naso adzr + fdy. OgHAKO BO3MOYKHO UYTO 9TO JIBUKEHUE [IPU UHTEIPUPOBAHUM

393paxk 0 mepeornpeeseTcs.
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He TPOU3BOUT (PYHKIIUU TTOTOMY UTO ,ILHH TaKoit cbyHKLLI/H/I f HyX)HO Oyser, 9TOOBI

d04 dp
W { }— { }——

a OOBIYHO JIJIs 3aJaHHON CBSI3HOCTHU

do  dp

JleBast 4acTh ITOrO HEPABEHCTBA JIAET OUPEEICHIE KPUBU3HBI. DTO MPOCTOE HEPABEHCTBO
3HAYHT, YTO KPUBU3HA YaCTO He paBHa HY/Ib. Ho HaAM HyKeH ObLT JTMHHBINA PsJT pa3MbIIILIe-
HUM 9TOOBI IpUATH K (42.4).

Tak Kak Beipazkenue (42.a) JUHEHHOe, Mbl MOXKEM BBIYUCIUTH BKJIa bl Bbipaxkenuii (40) u
(41) pasnenbho. [Tpexe vem Mbl HauHEM HEOOXOIMMOE 3aMedanne. Kak onpejeneHo Hamu,
KazKJIbIi cJ10it paccyioenus oroxaectrisercd ¢ C. Takum o6pa3oM, Ha MHPUHETESUMATLHOM
YPOBHE, JIBUYKEHHE CBA3HOCTEH JIAHO OJHO3HAMHO ONpPEEesIeHOi CyMMON JeHCTBUTEIHLHOIO
JIBUZKEHNSI I MHUMOTO JBUzKeHust. JleficTBuTeIbHOE JBUKEHNE OJHO3HATHO OIIPEIEIEHO MeT-
pH‘{eCKOﬁ NMHBapUaHTHOCTBIO. EFO oeJib - IO JEP2KUBATh ITIOCTOAHHYIO IJINHY. I/ITaK TOJIBKO
MHHMO€ JIBH2KEHHUE OTHOCUTCA K HEJIY.

Bo3MOXKHO YTO TI0JIE3HO, €CJI MbI TPOJIOJIZKUM OOCYZKJIeHHEe KPUBU3HBI C HEKOTOPBIMU
KpaTKuMu O6'bHCHeHI/IﬂMI/I, IpexKjae 9eM Mbl HaYHEM BBIYUCJICHUI HeO6XOILI/IMbIe JJId HaCTOA-
mux renei. Moé nonnmanue 60ojiee YBEPEHHO, €CJIM OHO OTParKaeTcst B IIPOCTHIX pacuérax.

Mpbr HaurHaeMcsi ¢ MHUMON 4JacTu Bbipazkerust (40), TO ecTh ¢ MHUMOI 9aCcTH BbIparke-
uust Jo/o(z), koropast pasa Olno = ((z)dz. Toabko MHUMasi 4aCTh STOrO BbIPAYKEHUS
OTHOCHUTCS K JIEJIY:

1 31116 81116 00 100
81110——{ }dz 58_90__ +dz,

rie 0 yriosas nepeMennas. MHIMAas 9aCTh STOIO BBIPAsKEHHH 1 = \/—1 JIBazKIbI
10lne 10Ine 100 100 Olne Olne 060
5o W ay T e T 3g, y“{(g— 7y )d“( i —a—y)dy}-
CileoBaTe/IbHO KPUBU3HA PaBHA IOJIOBUHE BbIPArKeHHs
00 %0 ?Ine  0%lne
 Oydx + 0xy + 0%z + Oy?
O4eBHIHO YTO CyMMa MEPBLIX JABYX WICHOB PaBHA HYJIIO, CyMMa BTOPBIX JBYX YJICHOB TaKyKe

paBHa Hy/I0 U3-3a ypaBHenuit Komu-Pumana. XoTs s ere HECIOKOIHO OTHOIIYCh K MOUM
pacderaM, OHU, 10 KpaiHel Mepe, JaloT 3aKJII0UeHUe CoIvIacylolleecd ¢ IPU3HAHHON Teopueii.

(43)

40Y106b1 GBITH YBEPEHHBIM UTO s IOHUMAIO OGO3HAYECHHE KHUTT |GH], s BbImCIsIO

dz - ngd_ 0 :ldz~ <az‘a)+1d§o(a+ia>

0z 9z 2 or dy 2 Or oy
.0 1 .0
= —(dz +idy) <8 - Z@y) + i(dx —idy) <8 + ZBy)
0 0
=dx - e +dy - oy
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[Tocnemnoe u perrarorniee BHIYUCIEHNE KPUBU3HBI BKJIAJ - (DYHKIIUKA TIEPEMEHHO 7, KOTO-
poiit gan (41). ¢ xody cnepsa, IpoCcTO yIydIIUTL CBOE MOHUMAHUE, OIKMCATH BPAIATEIHHO-
CUMMETPUYIECKYIO CBA3HOCTh. OHa JlaHa NHUHATE3NMAIBLHBIM ITIOBOPOTOM, U TUIAJIKAS JIaXKe

Br =0.
g 'dg = a(z,y)dz + B(z,y)dy.

4 xo4y YTOOBI 3Ta CBA3HOCTH ObLIA BpallaTeIbHO CUMMETPUYHOM, CJAEI0BATEILHO WHBAPU-

aHTHOII OTHOCUTEJIHLHO

(z,y) — (cos px — sin @y, sin pz + cos @y)

nJIn

a(z,y) — a(x,y) cos px + B(z,y) sinpz, B(x,y) — —asinpz + [ cos pr,

KOTOPOE PAaBHO

(a(z,y) Blx,y) — (alz,y) g<x,y))(cosso smgp).

—sing cosy

CirlenoBaresibHO
(4) (ale,y) Blay) = (a b) (0 Sy
’ ’ —sinvy cosy )’
rie a and b dbyknuit r u (z,y) = r(cos, sin). Berancinm KpuBusny.
df _ dadr diyp  dbdr . dy
T drdn nw—i—acosw +d . sw—bsmwdx
da db
= — cosysiney — acossin/r + — cos® ) + bsin® /.
dr dr
d—a—@@cosw—asm ﬂ—@ﬁsm —bcosgb—w
dy drdy dy drd
da

B : . db . , 9
—%sml/zcosw asiny cos/r s’y beos“/r

Paznocts paBHa

db db Ld(br).
(45) 004 4 b/r =24 bjr=——0

Nrak kpuBu3na He 3aBucuT o1 Koedduinenra a.

Cornacuo ypasaenusam B [GH, c¢rp.72|, ponosanrenbhbiii dhbakrop m(-) BBOIUT aIUTHB-
Hblif wien (41). KpuBusnaa Beraucssiercs Tak e Kak (43), HO [epBbIe J[Ba, YWIEHBI OTCYTCTBYIOT
u In € 3amensiemcs dynknueit Inm(-). Ho B nporusonosoxkuocts wieny In e, wren Inm(-) ne
rapMoHnYeckast byHKIws. UrHopupyst Ha MIHOBEeHIE MHOXKHUTENb 1/2) mojpasymMeBaeMblil B

(41), MBI BBIYHCIISIEM

dlnm 1 dmor 1 xdm Olnm 1 dmor 1 ydm
or m(z,y) dr O - m(x,y) r dr’ dy - m(z,y) dr Oy a " m(x,y)r dr
[Ipomomxkas u puddepeHIUpys e pa3, Mbl HAXO/IUM
821nm__ 1 (Ed_m)2 1 x_2d2m+ 1 l_x_Q dm
0x? m2(z,y) r dr m(z,y) r2 dr?  m(x,y) r 3 dr
9% Inm 1 gd_mz_l_ 1 y?*d*m 1 1 y?. dm

oy? a _m2(a:,y)(r dr m(z,y)r2 dr2 " m(z,y)'r 3 dr



42

CymMma paBHa
1 dm 1 d*m 1 ldm
e R
m?(x,y) " dr m(x,y) dr m(x,y)r dr
U [POU3BEJIEHIE STOrO BbIparkeHusi ¢ (DyHKIMER 7 1 3a0bITHIM COMHOXKHUTEIbHEM 1/2 paBHO
npousBoiHoON dbyukmu df /dr eciam

(46)

r dm
46.a -
(46.2) 2m dr
Oyukuusg m(z,y) = m(r), 7’ = /22 + y%. Bunauenne f(0) OIHO3HATHO OIPE/IETICHO U PABHO
2. Ecim z > § snauenue f(z) = 1. Cie/ioBaTeIbHO HHTErPaJ KPUBH3HDI

(47) //{821“7" 021nm}dmdy—7r/ b o

C 9TUM BBIYUC/IEHIEM MbI HOABEPKIAEM, YTO KacaeTCs KPUBU3HbI TO HAIlla CBA3HOCTD, TaKasl
JKe Kak cBa3HOCTh B [AB,crp. 560]. Bo3mozkno, 4T0 ecTh H3MeHeHne B 3HAKE, HO 9TO HEBAYKHO.

Ectb emé 1Be moO0YHBIX TIpe/IMeTa KOTOPbIE HY?KHO O0bICHATD, TIEPBI, YTOOBI CDABHUTH
ompejiesieHre KPUBI3HbBI, OMMCAHHOE BBIIIE, BTOPBIM OIpejeIeHneM, KoTopoe 1aHo B [AB],
U BTOPOIi, 9TOOBI OOBACHUTH B 9TUX IPOCTHIX paMKax MoHATHe cBaznoctu fura-Muiica.
XO0Ts 9TO MOXKET ObITh BaXKHO B JIDYT'UX CJIyYasix, OCOOEHHO €CJId pasMep OOJIbIIe YeM OJIVH,
noHsITHe cBsA3HOCTH ZHra-Muica Bpst Jin nMeeT CyIeCTBEeHHOe 3HAYeHUe B JJAHHOM CJIydae.
JleiicTBUTEIBHO, TIeJIb HAIIErO KPATKOIO 00'bSICHEHUS, CEJIAThH 9TO SCHO. TeM He MeHee JIydlie
npucnocobuTbes K yeaosuio [AB, crp. 560]. [Tesio B ToM, 9T0 HEOOXOMMO BLIOPATH METPUKY
Ha M, OTHOCHTEJIBHO KOTOPOI JIaHHAsI CBSI3HOCTH CBA3HOCTL flnra-Mumsuica. Dto To, 49TO
sl HAYAJBHO JlyMaJl, U TO 9TO s ceiidac o0bsicHs0. [loyuanTesibHO 0ObACHUTD pa3InIHbBIE
CTOPOHBI 9TOTO MOHATHUSI TI0 OJJHOMY, [TOCKOJIBKY OHU Ce0sl MPEJICTaBIIAIOT.

MbI MOXKeM cefiuac BOCIIOJIBb30BAThCS ONPEIe/IeHneM KPUBU3HKU ITON CBSI3HOCTH JIAHHBIM
B |AB|. Hcxompr aByx omupenesenuii, Toro 4ro BbBeAeHO U3 (39.c) m Toro uro B [AB|, Te
JKe, U caMu OlpejieieHusi ejiBa pas3andnbl. Ho Mbl pacemarpusaem To uto B [AB| moromy,
qr0 nocrpoenne B [AB,§7| Tak Bazkuo jjist Hac. [loHITHE KOTOPBIMU MbI OJIH3yEMCs HYKHO
0ObSICHATH OCTOPOXKHO . JlelicTBuresibHo, yurarh [AB| st MeHs yJI0BOJIBCTBUE, HO MOHMU-
MaTh ero TPy aHo. JIOBOBI CIMIIIKOM JIEMKH, CJUIIKOM CBOOOJIHBI U TPY/HBI, HE JIJIsl €10 JIBYX
ABTOPOB HO JIJIS MeHsI, KOTOPOMY TeOopHs CBA3HOCTei Oblia HesHakoMa. [loxkasyit 910 Toxe
CIIpaBeJJINBOM JIjis uuTare/ist. Feu s He J00aB/Isii0 HECKOJIBKO BBIYMC/IEHUIT si HEIPBAUJIBHO
HOHMMat0. BO3MOXKHO 4TO unTare b Tak:Ke. ¢ 1eficTBUTEIHHO HECKOJIBKO Pa3 HENPBAUJIBHO
nornmast. rak st BeiBoxy opmyiy mias F(A) [AB,§3]| aust mpocroro cirydast KOTOPBIM MBI
unrepecyemcst. Onpegenenne F'(A) Baxuo mis seickasbiBanus [AB, Th. 6.7]. CrenoBarenbro
OoHO HaM HYykKHO. Kpome Toro ono cBaszano c¢ teopueir fura — Mwnca.

B03M0KHO 9TO MOE 00bsICHEHNE HESICHO, HO MbI ITEPEIIA ¢ METPUKK Ha YHUTAPHYIO CBsI3-
HOCTB. MBI MOXKEM ceffdac BOCIIOJIB30BATCA OIPEJIeJIeHNeM KPUBU3HU 9TON CBA3HOCTH, JIaH-
ubiM B [AB|. Ucxonsr aByx onpenesennii, Toro, 4to BbiBeaeHO u3 (39.¢) u Toro uro B [AB],
te xxe. Ho mbI ocmarpuBaem 1o B [AB| moromy urto mocrpoenue B [AB,§7| Tak BakHO mist
Hac. [ToHsATHE KOTOPBIME MBI MIOJIB3YETCs HY?KHO OObSICHUTH OCTOPOKHO.

Berancsennst tokasibHeI, cyioit onHoMepeH, 1o ecth U(1) mam U(1), u 6a3a 0TKpbITOE MHO-
xkectBo B C ¢ Koop/mHATAMbI Z,y. YMeCcTHBIe onpejesenns Haxousarces B [AB, §3|. Jocra-

TOYHO PACCMATPUBATDL JIBa KACATEIbHBIX BEKTOPHBIX Hoiast X = 4+ Y = CBABHOCTD

d
dx? dy’
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IPUIAET KazKJIOMY BEKTOPHOMY IOJIIOCY WJIN HAIPABJICHHWIO HaJ| 6a3UCOM, TOPH30HTAITHBIH
BEKTOPHBIN IIOJTIOC, TAK YUTO

- d d 00

X—=X={— — =

(palrygg ) ey =5

(48) d 06

~ d
YHY—{dy7b<x’y)d91}7 b(l’,y)— ay
riae 01, Koropoe HecBsizaHO ¢ @, KoopiuHaTa Ha cjioe u d/df; TOJBKO HEMOJBUKHBIA Ka-
caresbHBINA BekTOp B cyioe. Ceepx Toro a(x,y),b(x,y) cymecTBeHHO mapaMeTpbl KOTOPbIe
onpesesensl dyukuueii § = Imlogo. S nosropsio uro X, Y nepeMeriens, oupe e/ IeHbe
CBA3HOCTEN.

MpbI HaUMHAEM BBIMUCIEHUS cefivac, HO MOJIE3HO 00bACHITH PYKOBOJICTBO IIOTOMY YTO €CTh
PsiJi OCOOEHHBIX OOCTOSTEILCTB KOTOpBIE JaioT BhIBOJ. llepsoe ycinoBuss Komm-Pumana un
[OTOM pas3jMyHble OTHOIIeHUs B Teopun Beiieprrpacca. [locienoBarebHOCTL MaTeMaTUKI
ropasuresbHal

Bropsle qienbl B ckobKax natoT orobparkenne w, |AB,§3| u onpenensitor KpuBU3HY, KOTO-
pas jaHa
(18.2) 77X
Mer moxxem 3amensTh napy {X, Y} napoit {fX, gY'} Ho kak 3ameuano B [AB| sierko npose-
pate aro [fX1, gY1] = fg[ X1, Y] mna Beex {X1,Y1}. CrenoBaresbro g0CTaTOMHO paccMar-
puBaTh u3bpannyto napy. CBs3HOCTB onpejenena dyukuuueit a(-,-) u b(+,-). B mporusoro-
J0KHOCTE aBTopaMm [AB| s ynorpebisito obbikHOBeHHbBIe KOOpauHaTH 11t U(1) m U(1).

XoTs 9Ta MeneTnIbHOCTh, KoTopas aBropam |AB| He HyzkHa, s1 BBraucsio npexe Fiu(X,Y)
u Torga [y, F(A). Mbl HaunHaeM ¢ ypaBHEHISIME

- d* dbd d?
XY = — b(z,y)—;

dedy v o, +a(z,y) (fc,y)de?
- A& dad d?
YX = — 4+ -

B KOTOPbIX YJIEHbI
d? d>
— b

orcyTcTByIOT moromy urto d/df; mesaBucumo ot x u y. eiicTBuTenbHo, HeCMOTpsT Ha 060-
snadenue, d/df; sexrop B U(1). CrenoBarenbHo

“ o e db  da, d
XY -YX={———}—
{das dy” dbf,
U KPUBHU3HA JAHA
db da db da
48.b FAX,Y)={—— —}de Ndy = —dz Ndy + —dy N dzx.
(48.1) AXY) = {5 = e ndy = e A dy+ Gy ndo

D10 obosznauenue crarbu [AB|, rae 2-bopma (X,Y) — Fa(X,Y) nanucana xak F(A).

[TosBosibre MHE J100aBUTH €JI0BO O Teopun ura-Mumica. Urobbl onpejenuTb CBA3ZHOCTh
Aura-Mwuica nwim 3Be3;1y Xojzka Hy2>KHO BbIOpaTh MeTpuky Ha M. Dra merpuka (met) jgana,
3Be3na Xojka onpezesena Kak B |T] ypasaeruew,

(49) v Axv' = (v,0") volyy,
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rie (v, v') 3ama80 MeTpuKoit u voly, nuddepennumanbhaast hopma. Hare mocrpoenne TakoBo,
YTO OHO He cchlraeTca Ha MeTpuky. CireoBarebHo 0HO cBOOOHO. HO HYyKHO BBIOpATH €ro
PaBUIBHO. YCJIOBUE 3TOrO JaHo Kak ypasHenue (6.1) B [AB,ctp.559],

(49.a) dax F(A) = 0.

To ecrb, npuMeHeHue 3Be3/bI X0O/7Ka K Kpususae F(A) naér cedenune HENOIBUKHOE OTHO-
curesibHo dA. B [AB] ectb o6o3nauenue csiznoctu A win da, Ho D ectb €€ obo3HaYEHNE B
[GH]. 9ra kpususna jgana. o cux nop Merpuka He UMeJia 3HAYEHUsI, HO Tellepb OHa JIOJIXKHA
OBITH OIIpeJie/IeHa TaK, YTOOLI 9TO YCJOBUE YIOBIETBOPIOCH. 3Be3/1a X0/Ka JaHa MEeTPUKOI
ma M.H

Kpusas M nana kak ¢daxroprpocrpanctBo C/L. Mbl HaunHaEM ¢ OOBIYHBIMU KOOD/INHA-

tambl (z,y) #Ha C u C/L u obprauoii MeTpukoii /22 4+ y2. B obsacte e |z — A| > 6 s Bcex

A € L MbI He MeHsieM 3Toro. B sroit objactu KpuBu3Ha paBHa HYJO, xdr = dy, xdy = —dz,
u (49.a) cupasemmmBo. Tam, tae |z — A| < §/2, kpuBusna nana (43), KOTOpoe paBHO
1 1

9 1 1
-+ =2+ = - 2r=0.

r r ror
CrenoBaresbHo MBI He MensieM MeTpuky Ha C unum #a C/L B sroit obmactu. B kosbiie 6/2 <
|A| < 4§, MBI MeHsSIEM MeTpuKY Ha KO3 duimeHT ¢(-), KOTOPbIi BpaIlaTeIbHO-CAMMETPUICH,
TO ecTh g = ¢(7), KOTOPBIii OCTOsIHEH BHYTPH U BHE KOJIbIIa 1 KOTOPBIi TIaj0K. 51 3amevaro,
9TO MBI He OOpalliaeM BHEMaHWsI Ha WIEHbI CBSI3HOCTH KOTOPbIe MaHbl (40), MOTOMY 9TO OHU
HIYEero He BHOCAT B KPUBU3HY. Bririe st 6b11 ciierka wHebpexken. Tounee, kpubnsna F(A) He
JeficTBuTeNIbHA, rcTo MHUMA. Ho 910 He BaxkHO. 3Hauenue (49.a) To, 4TO UTOT IBUKEHUs d 4
u jiBuzkenns F(A) orMeHsiercst yMHOKEHUEM %, TO €CTh €6 MHPUHUTE3UMATBHBIM JIeHCTBUEM
. D10 ompejiesisier 00bEM, TO €CTh ILIOMA/b, B KoJble /2 < |z| < 4. Bue kosbiia Mbl
YMHOKa€eM ILIONIA b Ha TOCTOAHHYIO €CJIn HEOOXOIUMO.

¢l 3ameqaro, aro 3Be3na Xojzka onpejesena B [T| Tosbko st 0COGEHHBIX pacCIOeHH HO
olpeJiesieHne moBceMecTHo crpaseinBo. Ocobennast uepra (49) B Tom, uro v, v’ B cjloe HO
voly; OTHOCHTCA K KacaTeJIbHOMY IIPOCTPAHCTBY. XOTS g OIMUCAJ JJOBOJBHO IIPOCTPAHHO 3TOT
npuMep cBsi3HocTn fHra-Musica st He yBepeH, UTO 9TO MOHATHE BayKHO JJISI TeOMETPUIECKO
TeOpUN aBTOMOPMHBIX (GOPM B KOTOPOiIl 0a30BO€ MPOCTPAHCTBO KOMILJIEKCHOM pa3MepPHOCTH
onun. [Ipenpmymmmit pa3mesr, B KOTOPOM MOATBEPKIAETCS HAYaJbHOE YTBEPXKJIEHNE O CYIIle-
CTBOBaHUU CBA3HOCTU AHra-Musiica, ecTh HOJATOTOBKA K CJIEIYIONIEMY.

TpyaHOCTH BO3HUKHET, HO JIyHIlle OTJIOXKUTH €€ pa3pellenne JI0 TeX Mop, I0Ka OHa CTAHO-
BUTCA scHO. TeMm He MeHee MbI MOXKEM omnucarh eé cpasy. Huxke B Teopeme s MOJIb3YIOCH
nousgTueM cpsa3nocreil fdura — Mwuuica, To ects MmeTpuka Ha M BbiOpana. [lotom s cpaBHiO
CJIEJICTBUSI TEOPEMBI ¢ ciejicTBuaMu pasjena VII, To ecTh ¢ onrcanmeM coOCTBEHHBIX COIIPsi-
JKEeHHBIX Kj1accoB. Ho Takoit Kitacc j1an oJHuM u3 ero npejcrasureseit. Ha yiaday Mbr BBIOpan

ymobuble npeacrasuresn. C Ipyroit cTOPOHBI BEIOOP METPHUKH, TO €CTh BBIOOP CBSI3HOCTHU He

4lCJIe/1y10HLee COOTHOIIIEHNE, KOHEYHO, NMeeT OCHOBHOE 3HAYEHNUe I OHATUAA ypaBHeHuil dura-Mumiica
", KaK IPEJICTABJIFETCS, OTHOCUTCS K HECKOJIBKO CJIOXKHBIM TIOHSTHUSM, HO HA JIAHHBIA MOMEHT Mbl MMEEM
JIeJIO TOJIBKO ¢ asirebpamdeckuMu KpubbiMu. VTak, xF - 3TO IPOCTO BEIeCTBEHHO3HAYHAS (DYHKIIUSI, TIOTO-
My CedYeHHEe He KaKOro-juO0 PACCIOEHUsi, KOTOPOE JIOJ?KHO OBITH OIIPEJEJIEHO, & TPUBUAJIBHOIO JIMHEHHOIO
paccioenusi. Crie0BaTEIbHO, ypaBHEHHE O3HAYAET, UTO *F' MOCTOSTHO, HO MBI BBIODAJIN HA SJLIAITHIECKON
KPUBOIl IIOCTSIHHYIO METPHUKY C IIOCTOSIHHOM KPUBU3HON, TaK YTO TO SKBUBAJIEHTHO TpeboBaHUIO, 4TOOBI F'
ObL1a KOoHCTaHTOU. MeTpruKa OTHOCUTCS K JIey Jijist (POPMBI C CTEIIEHBIO OJINH UJIN JIAKe JIBa, HO He JIJIT TPU-
BUAJILHOT'O paccjoenus, rje Haxoaurcs xF. Ilo sTomy Bompocy si, BO3MOYXKHO, IOBTOPSIOCH HJIU MTOBTOPIOCH.
Ho cragasa 370 6B1I0 TOHKOE pasyindne, KOTOPOe MHE He OBLIO SICHO.
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OKa3aJICsl MOJIE3HBIM. XOTd MbI CIIaceHbI 00IIell Teopueil U OBJIaJeHIeM 9TOM Teopueir 06ou-
MU aBTOpaMU, K CYACTbIO, Mbl MOXKEM TOKe PadOTaTh B paMKaxX OOBIYHON MeTpuku. Jlydiie
CKa3aTh, 9TO HAIll BEHIOOP METPUKHU Ha PACCIOCHUN HEXOPOII U UTO HEOOXOINMO OBLIO BBECTH
HECKOJIBKO TTPOU3BOJIBHBIX UCIPABJICHHI. DTO OBLIO HEYKIIOXKE, KaK Mbl 00bsicauM Hiuzke. Hl

JlommosiHUTEIbHOE OObsICHEHEHWE W HCHPAaBJIEHUE. DTOT pas/ie/l ObLI MOCBIIIEH 00b-
SICHEHUIO [TOCTPOEHUs He3aMeHNMOro paccaoenus Q. YToObl yIpocTUTh MOM YCUJIN, S BBEJI
yI00HYI0 MeTpUKY B orTkjoHeHuu. Ho mist Hac riasHoe yrBepxkenue B [AB| Th. 6.7, Tema
KoTOpOro ceasHoctu fura-Mmuica. VX onpejiesienne Tak, 94To MeTpuka Ha M oKa3bIBaeT pe-
IAOIIee BAUSHIE HA UX CBOWCTBA. DTO OCOOEHHO CIIPABE/JINBO JIJIsT SJTHITUIECKUX KPUBBIX,
JUTsT KOTOPBIX CYIIECTBYET €CTECTBEHHBIE BBIOOPA METPHUKH, TO €CTh IMOCTOSTHHBIE METPHUKH.
ITO MOCTOSHCTBO HAPYMIEHO BBejenueM Toukn (. OyHKImS 0! MHOTO3HAMEHHOE CeTeHUe
pacciioenns Q.

4 yxke ckazas 9T0, HO Jjisd MeHs gudepeHnnaibHas reoMeTpus JAOUPUHT, B KOTOPOM 51
BOIIET IIOTOMY, 9TO CXOJICTBO JIBYX T€OpHUil, apudMeTuIecKoi 1 reOMeTPpUIeCcKOoil, HaCTOJIbKO
rnopasuTesibHo. KcraTtn BO3HUKaeT BOIIPOC, KOTOPBI 1 He TbITAJICA OTBeTUTD. VIMeHHO B 3TOit
cTarbe pedb UIET O KOMILIEKCHOH mquddepeHnnaabuoil reoMeTpuil KOMILIEKCHBIX KPUBBIX
u o teopun Anra-Mwuica cgazannoit ¢ numu. ¢l He 3HAI0, OTHOCUTCA M Teopusa flHra-
Muyuica jiist MHOrOOOpasmit 60J1ee BHICOKUX Pa3MEPHOCTEN K TeOPUU aBTOMOPMHBIX (POpPM.
Mue KaxkeTcsg MaJIOBEPOSITHO, HO d €II¢ He 3HAKOM HHU C IEpBOI, HU CO BTOPOI U3 ITHUX
JIByX TEOpHUii, HU C JIPpyroil Teopueil, To ecTh HU ¢ JuddepeHImaIbHoil reoMeTpuil Hu ¢
teopun ura-Mmuica Gojiee BBICOKOI pa3sMepHOCTH. DTO B CTOPOHY, MHE KayKeTCs, 9TO B
[AB] rmasmas ocobenHOCTD Teopmit e uHeiHoCTD. 4

OTa JIMHEWHOCTb HE NMPOSBUJIACH B HAIIMX pacdeTax, i KOTOPBIX Mbl BBEJIM HECKOJIHKO
IPOM3BOJILHBIN MHOXKHUTENb m(+) HO 6e3 u3MeHeHus mpejyiaraeMoit cessnoct. OHa MposiBU-
Jlach ¢ m3MeHeHeM cBA3HOCTH. Mpbr jryure Bbioepem e€ BHu3y. Wl

IX. Teopema Atbu-Borra. ** JlokasareincBo Oymzer 60ilee BasKHO WeM TeopeMa, HO Ha-
YUHAEM C TeOpeMbl. UTOOBI 3asBUTH TEOPEMY HYKHO OyJIeTh BBIBECTU MOJIXOJANIYI0 ['r-
ceasnocTs. Torma mra Kaxaoro romomopbmsmatt p @ I'r — G ects mHayrmposannasa G-
cBasHocTh A,. YTBepxkaenne Teopemsl npocro ([AB,Th. 6.7]).

Teopema. [IpeobpazoBanoe p — A, onpe/iesigeT B3auUMHO OJTHO3HAUYEHOE OTOOPasKEHHIEe MeK-
JIy KJIACCAMM COIPszKEHHBIX romMoMopdusmoB p : ['g — G u kJjlaccamMu 3KBUBAJEHTHOCTH
cBsasHocTelr Adura — Mujuica mang M.

42314, [IPOSIBJISIETCST TOJIBKO C CIACTIMBBIM COBIIAJIEHIEM METPHUK Ha cJioe u Ha Kpusoit M. OpHa neucrsyer
Ha noctpoerne B3sito yactnano u3 [GH], apyrasi Ha nonsitue csisoctn fura-Muica. CooTBeTcTBy O
BBIOOD OBLI ClIeJIaH B 9TOI cTaThe.

BYyraTens MOKET HIIM HE MOMKET 3aMETUTH, UTO €CTh CYIECTBEHHOE YIIydIIeHIe TOHIMAHNS i JETKOCTH
MEKJY 9THM DA3J/eJOM W CJEIYIONIM. DTOT pa3J/es HyXkK/IAeTCs B [I€PECMOTPe, HO s IPEJIIOYE] OCTABUTH
ero 1o JByM npudnHam. IlepBast JIeHUBOCTB, 1, BO3MOXKHO, Oojiee ybOeauTesibHASI, BO-BTOPBIX, IIOTOMY HTO
MHOTHE BO3MOXKHBIE UUTATETU PA3IENIAIOT MOE MEPBOHAYAIBHOE HEBEXKECTBO. KCTh Takke MOE yOexKIeHue
B TOM, YTO, €cJu Oy/1eT 0OeCIeIeHO MOCIeI0BATEIbHOE O0bICHEHUE, eMy JIydllle MO0 /IATh, TOKa TeOpUst
BYJIET B TI€JIOM JIydIlle [TOHSITHA.

4B camom gere B 9TOM OTOOpAXKEHHH HY:KHO 3aMeHnTh rpynmy G rpymmoit “G, o ecin G = GL(n)
torga G = I'G. Asropsr cratbu [AB] ne cosmasamm monaTus rpynme! L. EcTb TouHas mocTe10BaTeIbHOCTD

1-Z—-Tr—>UQ1)xm(M)—1

Tak kax rpymnsl I'g u U(1) X 71 HEKOMIIAKTHBI, TIOCJIEIYOIIEE OCTPOSHNE HE COBEPIIIEHHO HATJISIIHO.
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[ToMumoO oTCTyIIEHUST YSCHEHHOTO B IIPEIBIAYINEH TIaBe, 9TO IePBOE MOSIBICHUE CBI3HO-
CTH, U B UTOTE - AuddepeHnuaaibHoil "reOMETPHUH, B JIOBOJIE 9TON CTATHU U MPUYINHA, TTPEIbI-
Jymieit oobsicHeHus. ¢ He X049y JlaBaTh MOJTHOE JIOKA3ATEIbCTBO 9TOM TEOPEeMbI, HO KOMILIEKC-
Has guddepeHnnaabHas TeOMeTPHUsi BeCbMa pa3BUTasi 00J1aCTh, IOHUMAaHIe KOTOPOil Tpedyer
OIBITA W TMOHUMaHUs. JIerKo HelmpaBUILHO IOHMMATH PACCY?K/IEHIE OIBITHBIX T€OMETPOB, a
aBTOpHI |AB| HECOMHEHHO ONBITHBI, M3-3a HEJOCTATOYOIO HOHUMAHUS CYIIECTBEHHOTO TIPE/T-
cTaBjIieHUs] KaK KpuBU3HbIL. J[J1s MeHs ObLJIO Tak, HO MHOT'UE 3a0JIyK/IeHsT ObLIIN UCITPABJICHBI
IPH TTOMOITIHN KJIACCHYECKOH TEOPHH S/UIHITHICCKIX KPUBHX. o

Ectb cTO/IBKO CTOPOH Teopuu, KOTOPBIE s M3HAYAJBHO HEIPABUILHO MOHMMAJI, TaK 9TO
MHE TTPUXO/IMJIOCH TIOBTOPHO TIepecMaTpUBaTh TO, 9TO s mucaj. Ha npumep, Hu rpymma G B
Teopeme Hu I'g He 00si3aTesibHO CBsi3HBIL. Tem He MeHee, Jis joKasareaberBa B [AB| npes-
nojiaraercsd, 9To rpymia G cBa3Ha. MHe KaxkeTcs ObLIO OBbI 10JIE3HO JT00AaBUTH HECKOJIBKO
cj0B 00 obmeM ciydae. B camom jiesie, MHE Ka3aJioCh, UTO UX JOKA3aTEJIHCTBO BJICUET 3a
co0oil epexo/1 K rpyIie MeHbIell pa3MepHOCTH, KOTOPasi MOXKET ObITh HECBSA3HOM. ¥ 00bsic-
HSI0 TPY/IHOCTD, XOTsI JIJIs HAC OHa He Tszkesaa. B [AB,crp. 561], aBTopsI IpemoaaraloT 9ro
Gx = G, HO O6BLT0 ObI BO3MOKHO uTO (Gx HecBsI3HO mazke ecin G cBs3uo. CreoBaTe/IbHO
nepexost K rpynme H x S 6bur 061 toctientabiii. O1HaKO, KaK 1 OObSICHIO HUZKE, 9TO HE TaK,
XOTsI €CTh TOHKOCTb.

BospnmucTBo TpymHOCTEN OBLIO BRI3BAHO MOUMH HEJIOCTATOYHBIM TIOHUMAHUEM JIOBOJIOB.
Cuauasa cioBocoderanue ‘M — M is of course a flat w1 (M)-bundle’ kazamocy MHE MyCTHI-
MBI CJIOBAMbI U 3HaUEHUE U 1pasia cjaoBocoderanus ‘A is a Yang-Mills connection’ kazasuch
sicabimu. Obopot ‘of course’- cobsa3H /st HEONBITHOIO YUTATEIsI, HE CJIUIIIKOM TIATETHHO
JIYMAIOITEro O 3asiBJIEHNN, KOTOpOe OH duTaeT. [[09ToMy OH 9TO He BElOJHO MOHUMAET. JTHU
cioBa He mycThbl. OyHIaMeHTabHAST TPYIIIA OIPEIe/IeHa TeTIAMI BBIXOJIANINMA U3 TOYKH.
CrietoBaTeIbHO OHA JIOKAJIBHO OJHO3HAYHO OIpejiesieHa, HO He TobasibHO. [106aabpHo oHa
ompeJiesisieTcst 10 n3oMopdusMa JAHHOTO IIyTeM OT OJHO# TOYKH J10 Jpyroii. MTak monsarue
dyHIaMeHTa/IbHAS TPYIIILI TOHKO. OHAa cKOpee MyYoK W TOXKe IyIoK. Bo BeaKOM ciydae
TO, UTO 51 MEJIJIEHHO OIEHMUI, 9TO OTHOIIeHHe I'g cBsa3HOCTH K (G-CBSI3HOCTU. DTO OBLIO BOIIPO-
coMm HeonbITHOCTHU. [lepexon Tak poer. K ToMy 2Ke st He JJOCTATOYHO CO3HABAJI IIpOCTeliIne
npuMepsbl, HanpuMmep Jiorapudumvudeckoit pyakimn Ha C* € C ¢ TpuBraIbHBIM PACCIOCHU-
eM B KOTOPOM BBeJieH mojitoc B Touke (). Baxkao mormmars, uro Hu I'r, Hu G He 0bsI3aTeIbHO
CBSI3HBI. .

Bo BcakoMm citydae, Kak TOJMBKO MbI ToiimeM cBsa3b mexiay M, M, I'r u paccioeHuem
CBA3aHHBIM C HUMHU, MBI TIOfIMEM Kak mepeiiTu or romomopdusma I'g — G K G-paccyioeHuio
Aura-Muica. Hy»KH0 oarBepnTh, 9T0 TAKUM 00pa30M MbI ITOJIy9aeM Kazkjjoe (z-paccjioeHue.
To 4uT0 9T0 TMOCTPOEHKE JTAET CBA3HOCTH SICHO U3 OIPE/IeJICHHIA.

Ciremyromiue CTPOKHU IPEHASHAYCHHBI JIJI IUTATe/Iell KOTOPhIE TaK K€ HEOIBITHBIE T'€0-
METPBI KaK 1 51, HO 9T00bI MOHATE 10Bo 13 [AB, crp. 560/561| HyKHO cXBATHTH MOCTPOCHUS
B mpocreiiiem Bujie. Hampumep, BMeCTo TOro, 9To0bI BCTABJISATDH MOJIOC WX HYJIb, MbI BbI-
OupaeM IMOCTOSTHHYIO TOYKY N € 7 W BCTaBJsieM B OKPECTHOCTH JAHHON TOYKHU MPOCTYIO
bynxmmio f(re?) ¢ smavenmavm B U(1), Ho ckiaemBanme ¢ byHKIUeH ¢ MaHO ypaBHEHHEM
f(re??) exp(inf) = g(re®). Ecim n # 0, cpaBHeHue IPOMCXOIUT TOJILKO B Kiute. HeBosmozk-
HO 49TO ‘PYHKIMSA MK ‘ceUeHne’ B IIOJHON OKPECTHOCTH TOYKH. DTO OIPE/Ie/IeHAE TIOIXOIUT

453101 aG3al 1 EPBBIE HECKOIBKO U3 CJEIYIONMX a03aleB ObLIM HAIMCAHBI KAK 5 CTAPAJICS YTBEPUTE
[IO7IO3PEHNE WX HAJEXKIAy ITO TeopeMa ATbu-Borra 6bl1a onnH u3 KIIodeil K B3aNMHOCTH B T€OMETPHIECKOIT
reopun. ¢ pemmi coxpanuts nx. OHE oTpaxkaror Mo TpyaHocTH ¢ [AB], 13 KoTOpOro 06o3HaeHNE GEPETCSI.
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st crpouresiberBa U(1)-paccmoenns wa [AB,ctp. 560|. I[Tocrpoenne (M )-paccioenus us
npejcraBienns rpynmsl m (M) 3HakoMa. DTH 3aMeUIaHust TTO3BOJISIOT HAM CJIC/IOBATH JIOBOJLY
na crpanuna H60-561.

JloBoj1 B HAIIpaBJIeHUN: OT TOMOMOPMU3MA, JI0 CBI3HOCTH - 1I0UTH (hopMasbHbIi. OT CBsI3-
HOCTH JI0 ToMOMOpdU3Ma MEPBBIil IIar - UCIOJIb30BaTh OIpeJIe/IeHne, IIaBHBIM 00pa3oM o~
cTosiHCTBO byHKIMK *F', 10 ecTh yeaosue Aura-Musiica, arobsl onipesenuts X € g, ajiredbpe
JIn.* Bnaromaps ycroBusaM, ommcanubIM B cHOcKe,” rpymma Gx = G, BBejleHHAs B HadajIe
crpanuiiel [AB,crp.562], cBsa3ana. 910, MO-BUANMOMY, TIOPa3yMeBaeTCsi HESIBHO B 00CY K16
Hun Ha 3Toi crpanure. CymectBoBarue TOYKU X u rpymibl Gx HEOOXOIMMO JIJIs ONTMCAHWS
CBsI3HOCTel Ha 31Ol crpanurie. Ha crpanuiie ecth TakykKe pasperieHne TPYIHOCTH, KOTOpast
OecriokomIa MeHsI BO BpeMsl BCEX MOUX Pa3MbIILIeHni 00 3Tux Bolpocax. 1o ecTb cobcTBEH-
Hoe 3HadeHne ['ekke B JIAHHOM TOUYKE KJACC COMPSI?KEHHBIX JIEMEHTOB, KOTOPBIN JIaH MyTeM
BBICTABJIEHUSI OJTHOTO 3jiIeMeHTa Kjacca. Koroporo? Ectb erié 4ro-1o, KoTopoe HyKHO 00bsic-
muTe. Ho o B HepByIo ouepeib X041y paccMoTpeTh Kiaccudukanmo™ [AB,(6.12)] myis rpymms:
GL(2).

MHe kazkeTcst, 9TO 1Mojie3H0 nformcsBaTh ceffaac BO3MOXKHBIE 00pa3bl IPYIIIGL 'R, 10 MEHb-
1re Mepe, JJisl HePUBOJANMBIX YHUTAPHBIX Tipejactasiennii p 8 GL(2). I'pymma I'g = R xz I’
onpenenena A, B,1 € Ru ABA™'B~! = J =1 ¢ R, B koTopoM 1 He eIMHIIHEIH 3/I9MEHT.
Ecmm G = GL(1), *G = GL(1), u npexncrasnenus p : I'r — GL(1) serko onuchisaioTes.
Onu ganer ¢ orsomennamu: A — o € U(1), B — € U(l), z € R/Z, x — x(z) € U(1),
rae x xapakrep rpymsl R. Ecin G = GL(2), 'G = GL(2), det p(J) = 1, J nenrpaibho u
€CTb J[BE€ BO3MOYKHOCTH:

ooa) o= (G ) o= (0 i) o= (o 1)

e X;(+), xi(+) JiBa HelIpepbIBHBIX yHUTAPHBIX XapakTepa rpymibl Z X [, omnpejesnenoit rpym-
IOl JIMHEIIHO SKBUBAJICHTHBIX JUBU30POB;

s = (5 %) wm=(5 o) wo-(3 1Y),

a,b € C*, |a| = |b] = 1. K Tomy Ke HY:KHO, 9TO CBA3HOCTH onpeeant p Ha R u o = det p
OJLY IaeTCsl U3 p.

Ceitqac HEOOXOMMO IPU3HATH OCHOBHYIO IIyTAHWILY B MOUX Pa3MBIIICHUSIX O COOCTBEH-
HBIX DYHKIMAX 1 cBA3HOCTAX ['ekke. CBsA3b MexK1y 1epBOil 1 BTOPOii KOCBEHO OIIOCPE/ICTBO-
BaHa JByMs rpymmnami: I'g u [y He Hy2>KHO BBOANTH HOCPEHIYECKIE CBA3HOCTH. Y BII€UEH-
HBI{i MOMM IIepBOHAYAJILHBIM HEBEXKECTBOM CBSI3HOCTENl, s MOJIHOCTBIO MOTEPsiJI CBOE BPEMsI
Ha MOIBITKaX MOHATH uX. OHaKO 3TO He ObLIO moTepeii. Mbl He TOHIMaeM apudMeTnIeCcKoit

46C oHOl CTOPOHBI MBI BB/ L-TPYIIILY, ¢ IPYTOil CTOPOHBI MBI HE CTAPAJIICH UCIOIb30BATH UM OIICATH
ero (opMaJibHbIe CBOHCTBA, CBA3AHHBIE C 3aKPYYMBAHUSIMU U paciiupenusamu mnosroca. I'pynnst GL(1) win
GL(2) aukonm o6pazom He 3akpyuensl. Josox na [AB,crp. 561-562| unorma HesceH, Tak 9TO s XOUY, YTOOBI
MOW TIPEJIITOJIOXKEHNST ObLIH YETKIMHA.

4"Cormacro A. Knapp, Lie groups Beyond an Introduction, Second Edition,Birkhauser, Boston, 2002,
Corollary 4.51, To ectb “In a compact connected Lie group, the centralizer of a torus is connected.”

48l_Ipe,z:[oct[‘epemem/le. Tomosiorn He MMOXOXKW Ha OCTAJBHBIX W3 HAC. 10, 9TO UM sICHO, HaM TpyIHO. ¢l
xoTeJst Obl TepeBecTr JiBa npejyioxkenusi u3 [AB, ¢rp.561], 9To6Bl GBITH YBEPEHHBIM, UTO s IPABUJIBHO UX
nousn. ‘Any G-bundle P with connection induces a G-bundle P with connection. Conversely if P lifts to P
then P is unique and inherits a connection from that of P. To ects rpymma G rpymma mo6peit rpymmst G
Komneunoit norpymnmoit. To ects, ecsn § € G nyers G = {g € Glg — g}
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B3aMMHOCTH B IITUPOKOM CMBICJIE, U TeCHas CBA3b MeKIy Teopueil Aura-Mmiica m reomer-
pUYeCKOil B3aMMHOCTBIO HEe MOYKET OBITH MOJTHOCTHIO CIIy9aifHOCTBIO, TaK UTO BpeMs He ObLIO
norepsAno. Kpome Toro, Xorst s 4acTo 3a0bIBAI0 TPUPOJLY OTHOIIEHUS MEXKY STUMU JIBYMS
MHOX)KecTBaMu, OHO TpsiMoe! CoOCTBEHHBIE COTPSIKEHHBIE CEUEHUsT OTPEIEIAIOTCS KAK MHTe-
IPaJIbl CBSI3HOCTH.

Kak g o0bsicHMII, s IOHUMATO YTO JIUIAM CJIEIYIONIUM B T€OPUU PACCIOCHUI, CYIIECTBOBA~
Hue () 3HAKOMO, HO MHE 9TO He TaK U ¢ IIPEJIIIOYUTA, 10 KpaiiHeil Mepe JacTUIHO, OIMCAHIEe
B paMKax 6ojiee 3HaKOMOi#T Teopun Beitepirpacca. CHavuasa MHE TPYIHO OBLIO MOHATH KakK
paccyIoeHne U CBSI3HOCTD JIaHbl JIOKaJIbHO dbyHKImedi ¢ B (2.€). ¢ He HOHMMAI TaKKe HyKHbIE
n3MeHeHUs MeTpukn Ha M u Ha paccioeHnn. ¢ ciesran Bcé BO3MOKHOe, YTOOBI TPEICTABUTD
HeOOXO/IMMble OObSICHEHWS B IPEJIbIIYIINell TyIaBe, XOTsd, KaK, MOXKeT OBbITb, 3aMeTHJI YhTa-
TeJib, MHE ObLIO MHOTJIA TPY/HO TOJHOCTBIO BBIIUTHIBATH MepBbie ab3arbl pasjena [AB,§4].
Wrax B 9TOM T/1aBe MBI MOXKEM OOCYIUTDH JOKA3aTe/bCTBO TeopeMbl ATbu-Borra. Ynrareto
ToKe O1aropasyMHO CIpaBaThes B crarhe [AB, crp. 560|, rie ypaBuenue dqx F' = 0 BaykHO.

BaraiouHoe 3asgBJIeHNE WM Iepexol] Ha crpanuie 561 - 3To HEsSIBHOE U HEOCTOPOXKHOE
[IPEJIIIOJIOYKEHNE TIPU TIepexojie OT CTPoKu 5 K cTpoke 6, uro Gx = (G CBA3HO. DTO BCEro
JINIIIb HEOCTOPOYKHAg OIMMOKA, HO HaM OYJIeT BaXKHO U3YYUTh OCOOBIH Cydail M OnmcaThb
HeOoOXOINMMOe U3MEHeHHe.

Ha sTom MecTe HE0OX0IMMO YETKO OOBSACHUTH PA3HUILY MEXKIY HACTOSIIIMU YCIOBUIMU,
TO eCTh yCAOBHsIMU ciierytoriero pasjena IX, u yeaosusmu [AB|. Mbr xorum onmcars co6-
CTBEHHBIE COIPsI?KEHHbIE KJIACCHI 1 COOCTBEHHBbIE (DYHKITNH ortlepaTopoB ['ekke. DTa dyHKIMA
na Bung y KoToporo ectb 6eckoHEUHOE MHOXKECTBO CBA3HBIX KOMIOHEHTHI. CJie/loBaTeh-
HO HYKHO PAaCCUYUTHIBATDL HA HEIPEPBIBHOE MHOMKECTBO COOCTBEHHBIX COIPSKEHHBIX KJIACC.
1o orpaxkaercs B Muoxkuresie Z B ypasueruu (1.d). C apyroit cTOpoHBI, U3 HEIPHIPHIBHO-
ro ceMeiicTBa JaHHOrO TeopeMoit ATbu-BorTa oTHOCSATCS K J1€7Ty TOJBKO T CBSI3HOCTU JIJIsd
KOTOPBIX MHTETrPAJI OJHO3HAYEH. IDTO Oy/eT 00CyKIeHO B ciemytoneM paszerne. Ceirdaac MbI
paccmarpuBaeM J10Boj, cratbu [AB].

Ecre, ograko, emé oano 3arpyanenne. Ham HykHO OyaeT cpaBHUBAThH onucanme ATbu-
Borra, koTopoe mnpejonaraer JaHHblii Kiaace cBgsnocreil fAura-Mmica, To ecTh JaHnyio
MeTpuKy Ha M, ¢ HamuM onucanneMm codbcTBeHHbIX (yHkImnit ['ekke. Ckopee, MbI JTOJIZKHbBI
ybeuThest, 9To onucanre ATbu-BorTa He 3aBUCUT OT METPUKHU, UTAK OT HESIBHOW 3aBUCHMO-
cTu Ha Helt nousaTus casznocteit Aura-Mwunica. HykHo Takxke OHUMATH KaK OHO 3aBUCHUT
ot BbIOOpa (). B mpejbiaymemM pasjerie st crapasicsd 00bsICHUTH 3TO ¢ npumepamu. Mue ka-
JKETCsl 9TO 9TO JIocTaTo4uHO. Takas Ope3rimBocTh HeoOX0uMa, TIOTOMY YTO NeOMETPhI UMEIOT
OTIBIT W TTOHUMAHWE I YCBOEHUSI PA3HBIX OCYIIECTBICHUS TAKOTO K€ MOHATHS HO Y MeHs
9Toro omnblTa HeT. Ho Jrydrie 4To g 00bSACHAIO B MEPBYIO OUYEpEb JT0KA3ATETHCBO TEOPEMBI
Arpu-BoTTa 1 oTOM paccMaTpio pa3IndIHbIe OTOXKIECTBICHU. TUTATETI0 HECOMHEHHO JTy U~
ITe MMPOIIYCTUTh UX CHadasa. BO3MOXKHO, 9TO « TOxKe He BepHych K HuM. Kak # yxke nucad,
B JIAHHBII MOMEHT IPeIBAPUTEIbHBIE O0bICHEHUS JTOCTATOYHBI.

[Ipexke yem st TPOOJIKY 00CY:KIeHMe JoKazareabcrBa Arbu-BorTa, s xXorena Obl mpu-
3HATH, 9TO s HEIIPABUJIBHO, 110 MEHBIIEH Mepe HEJIOCTATOYHO sICHO, TIOHSIT TO, UTO S IBITAJICS
JIOKa3aTh. ¢ MPOIO/IKY BBEJEHHUE JIBYX MHOXKECTBa MapaMeTpPOB, UbU OTHOIIEHUE, OJTHO K
JIPYTOMY, HECKOJBKO ca0oxkHOo. Oba JaHbl HpecTaBIeHnsIMHI Ipynnsl B UG, KoTopoe B 3Toit
crarbe 00bIKHOBeHHO G L(2), Ho GL(2), PGL(2) u SL(2) cxonubl. st reopembr Arbu-Borra
sta rpynna ['gr; s Teopun ['ekke sta rpymma [',,. tak onn tecno ceazanbl. Ux mpe-
CTaBJIEHUS APAMETPHU3YIOT TOJI00HBIE TIPEJIMEThI: i TeopeMbl ATbu-BoTTa 3T0 cBA3HOCTH
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HAura-Munica, pis reopun 'ekke 93170 coOCTBEHHBIE COIpsizKeHHBbIe cedeHusi. Hato mosrarars,
YTO 3TO BjIedeT 3a co0Oi CBA3b MeXKJIy MHOXKecTBaMu mapamMeTpoB. O4YeBHIHOE TOCTPOEHHE
UHTEIPUPOBAHUE CBA3HOCTH, HO OHO TpeOyeT HadabHOE 3HAUYEHHE, U [TOITOMY JIOTIOJTHUTE b
Hble TTapaMeTphl. TouHee, HadaIbHOE 3HAUEHNE HY?KHO Ha OJHOM CBSI3HOM KOMIIOHEHTE. DTO
TOXKe, KaK MbI YBUJINM, HE COBCEM IIPABUILHO.

Mos niepBoHadasibHas 1eJIb COCTOSLIA B TOM, YTOOBI CO3/IATh HAYAJI0 T€OPUU aBTOMOP(HOI
rpynmsl [agya B paMkax reoMeTputdeckoil reopun. MHe Ka3aaoch, 9T0 OHO HAX0MI0Ch B [AB,
Th.6.7], HO OKa3aJI0Ch, YTO HY’KHO He TOJHKO MOHMMAaHNe KPUBU3HBI HO TaKyKe TIOHUMaHUe
BapUAIMOHHOTO WMCYUC/IEHUsI, XOTs W CKPOMHBIM 00Opaszom. HeobOxoamMo Tak:ke UCIPABUTDH
TEOpeMy, HaCKOJIbKO 9TO YMECTHO B HAIIUX YC/IOBUAX.

Hare onucanme cobctBeHHbIX (DyHKIMNE [eKKe U COOCTBEHHBIX KJIACCOB JIJIs SJLIHIITHYC-
CKOI KPMUBOI ITOKA3aJ10, ITO Ha KaxKJI0M KOMIIOHEHTe MHOXKeCcTBa Bung oHM aHbl MaTpuiiaMu
K03 PUIUEHTHI KOTOPBIX JAHBI TOKA3ATEIbHBIMU (DYHKIUAMHI TOKA3aTe/ b KOTOPBIX JIMHE-
em, TO eCThb KaxkJoii KommoneHT JaH kak C/L u momHaTbiii mokasaress JnHeiieH. Takum
0o0pa30oM OHa JilaHa WHTErPaJIOM ILIOCKOW CBA3HOCTU. 1O €CcThb, O CHACTJIMBOM CJTyYailHOCTH
cBsA3HOCTBIO AHra-Mumica. JInHeHOCTD TTOKa3bIBAETCsl IIOTOMY, YTO Y MHOXKecTBa M ecTh
noJpasyMeBaeMas CTpyKTypa rpymmsl.’? Takmy o6pazoM BooOIIe MBI OXKHIAEM MHOI00Opa-
3us flKoOM WM JIMCKPEeTHOE CKOILIEHHUE MTPOU3BEJIeHNs TaKuX MHOrooopasuii. Ho y mensa ner
HU BPEeMEHU, HU MY?KECTBa IMpeJIyrajiaTh OOl corydai.

YpesBbIyaitHo TPYIHO OTJIUYINUTH COOCTBEHHBIE (DYHKIIUN, COOCTBEHHBIE TOUYKH U COOCTBEH-
Hble 3HadeHus. CyIecTByeT IMPOU3BOJILHBIN BBIOOD, HEsABHBIN B IEpPBOM, HO HE B JPYI'HUX.
BazkHo pasjimdarh UX CBOHCTBA, HO HE JIEIKO!

4 npuszHaAtOCh TaKKe, ITO BOIIPOC O IapaMeTrpax MeHst HeMHOT'o o33 iadnBaer. C TOUKU 3pe-
Husg opepaTopoB ['eKKe, a/IMTUBHBIN WM JIMHEHHBIH tapameTp Ha M 1nojaxojdmmii, ocobeno
it ©5. C TOYKM 3peHnst TapMOHMIECKONH TEOPUH €CTh JIBE BO3MOKHOCTH: CIIePBA METPHUKA TO-
IJla CBSI3HOCTH Kak B [AB]; cepBa cBasnocTh - TOrIa MeTpHKa KakK B 9TOIl cTaThe, M0 KpaiiHe
Mepe mopoit. OHE MOTYT HABECTH Ha pa3Hble MOHITHAST TAPMOHUIECKON 3BI3HOCTH. 91 BBIOpaJT
Bropyio Ho B |AB| nepsast ynorpebiiena. [Tosromy Bo3HHKaeT BOIPOC 06 9KBUBAJEHTHOCTH.
4 ocTaB/isiio €ero B CTOpoOHE. DTOT BOIPOC U JAPYTHE MOJ00HBIE BOIPOCHI OJIpa3yMeBaeMbl B
[AB] rae onu He 06cyzkmamucs. Hao mojarats 4ro Hy2KHBIE JJOKA3aTeIbLCTBA HETPY/IHBL. B
caMoM Jiesie, BOIIPOC I HUX HACTOJIBKO JIETOK, UTO s IIPOCMOTPENT UX OObsSICHEHUE, HAITPHU-
mep, ypasrernio (6.10), F(A) = X ® w, X € g. 31ech s M03BOJAI cebe MPEeIIOIoKeHNe.
B teopun ['ekke 9T0 OCTOAHCTBO BhIpaKeHUE BIUSHUS sikoOuaHa, a B Teopun Atbu-bBorTa
oHO oTpaxaeT ycjosue fAunra-Muuica.

Bocrniomunanue o crpoenuun MHO>KecTBa Bung. CriepBa BO3HUKAET HECKOJIBKO TOOOTHBIX
BorpocoB. [Ipex;ie Bcero cobcrBennas pyukus oneparopos 'ekke, pyukiusa Ha Bung, Ko-
Topoe HecBsi3HO. ClieloBaTeIbHO OHA He Be3Jie JaHa uHrerpasoM. Ho Mol BeiGpasu B [§IV] u-
Heiinoe paccioenne Ay = Ay,, KOTOpoe pa3pelraer HaM OTOXKIECTBJISATH MHOXKECTBO HEIIPH-
BOJIUMBIX PACCIOCHHUI PAHT KOTOPBIX, TO €CTh Pa3MepPHOCTDb, PaBHA 1" U CTElleHb paBHA d + 1N,
0 <r<d, n € Z c MHOXKECTBOM pPacCCJIOCHHUI paHI KOTOPBIX PaBeH 7" U CTEleHb paBHA d,
M < M ® A} |A, Th. 6]. dnsa d = 2, caydait KOTOPBI MBI PACCMATPHAEM, 9TO MMEET OT-
HoreHne K Aeven, Aoda B §9. Korma Mbl paccMOTpHM CJIEICTBHS 9TOr0, MbI IOMMEM, UTO JIJIsT
rpynibl G L(2) He0OX0IMMO B IEPBYIO OUepeib PA3IndaTh JIBa POjia COOCTBEHHBIX (DYHKIHIA,
HOCHUTEJIM KOTOPBIX, KaK He CTpaHHO, 6e3 obmux 3;1eMeHTOB. [lepBhIil poj cooTBeTCTYeT Tps-
MO cymMMe JIByX JIMHEHHBIX paccrioennii. Bropoit pox omucan B §VII. Hame namepenne B

49J'Ique He IIPUHUMATH 3TOT'O YTBEPKJICHUS BCEPBHES.
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5TOM pazfiesre oobacHnTh Teopemy ATbu-Borra.®® OnHako MBI MoKeM TepeilTn K HaJIozKe-
uuto kpusoit M. Kombunaropuka [AB| tpebyer, st cunraro, 6osbiioro Banmanust. Hanpuwmep,
g G = GL(1) u M sauntudeckoit KpUBOiA, OJIHOMEPHOE IPEJICTABICHNAE TPOU3BOILHO Ha
A u B, Ho obsasarespro pasro 1 Ha J B (6.6) u, ciegoBaresbHO, Ha Z, HO 9TO HE TaK JIJIs
peJicTaBieHnii 6oJjiee BBHICOKOH pasmepHOocTH. MHE KarKeTcss 9TO aBTOPbI OObSCHAT 3TO B
(6.12) nma cTp. 561, HO BOBMOXKHO |UTO 9TO HE Cpa3y sICHO.

DTO 3HAYUT HE TOJBKO M3MEHEHWEe 3asBJIeHUs] HO TakyKe pasjnmdus Mexjay ['g wiu ' u
['aut. Bropoe muO)KecTBO cBa3ano ¢ Bung /it KOTOPOTro ecTh HapaMeTp, TO €CTh CTEleHb,
KOTOpasi CBg3aHa C yMHOXKeHHeM Ha Ay = A,,. DT0 103BOJISIET, /I KaxKJI0il COOCTBEHHOM
bynxmusa f n xkazkaoro uncia o € U(1), seegenue apyroit dynkmmm N — f(N)a%s N, ro
muoxuresnb Z B (1.d), koropslit mpoBepsier . DTOT MHOKHUTETHL OTCyTCBYeT B (1.a).

OcraBiisiss 5T0 pacCMOTpPEHHE B CTOPOHE, €CTh BTOpas pasHUIla MeXKJy CBA3HOCTIMHU U
CODCTBEHHBIMHU COIPSI?KHBIMU CEYEHUsIMU, KpOMe TeX, KOTopble o4ueBHIHBI. IIpexke Bcero,
BEJIMYUHBI HEePBBIX JiexkaT B anredpe JIu (rpynmnst “Gl), a BemunHbI BTOPHIX JIeXKaT B TPYIIIe
JIn (Y!G), no ecrm G = GL(2), G = L'G. Cnenosarensho, 1y cpaBHeHus Hy»KHO HE TOJIBLKO
HHTErPUPOBaHIE HO TaKKe Hada bHOe 3HadcHme. !

Mpr BepHEMCsT K 9TOMY BOIIPOCY B CJIEYIOIIEM pasjese, HO CHada/Ia HeOOXOIMMO TOHSTh
oo B |[AB,§6], To ecTh oKa3aTebCTBO TEOpeMbl 6.7 1 HyKHBIE n3MeHeHust. Mbl HaunHaeM
¢ ypasHenus (49.a) u ero 3HavYeHueM, He 3a0bIBast, YTO Mbl HE 3aHUMAEMCS TOJBKO JIMHEMH-
HBIMU PaCCJIOEHUSIME, TO €CTh TOJBKO PACCIOEHUSIMI Pa3MePHOCTh KOTOPBIX paBHA €IIMHHUIIE.
OnHo BBIpazkaeT OTHOIIEHHE CBA3HOCTH K MeTpuke, Ha M u He Ha pacciioeHuu. Mbl y»Ke BU-
JIeJId KaK I[EePeXOJIUTh OT CBSI3HOCTU Ha METPHUKY. ABTOPBI 3aMEYaloT, YTO 3Ta CBI3HOCTD,
rpynna koropoit ['r [AB, ctp. 596, (6.5)] He KOMIIAKTHAS.

Mar yzxe®? ocmoTpenn ypasrenue dy x F' = (0 Kak ypaBHeHHe KOTOPBIM OIIpejesieHo F
HO ¢ Jpyroit mernbio. 1 Haxoxky JoBox u 3akmodenue B [AB| uymecapivmu. Ojgaako, dem
OOJIBITIE YeJIOBEK JlyMaeT 00 3TOM, TeM OOJIbIIIe MMOHATHE B €r0 MPOCTOTE CTAHOBUTCS SICHBIM,
110 KpaifHeil Mepe, Ha HECKOJIbKO JacoB. ¢l mpejroJiarai, 9To JJid MHOrooOpa3uii 60JbImei
Pa3MEpHOCTH, OH JACHCTBUATEABHO CJAOXKHBIN

Ecrb BazkHas nogpobHocTs onpeenenns B [AB,crp.560/561|. B nauasne [AB,ctp.526| rpyn-
na G KOMITAKTHA HO He 00s13aTeJIbHO CBs3HA. DTO BaxKHO, noromy uro Gx = G [AB, crp.561],
TaK 4TO IepBas I'PYIIIa TOKe He 00si3aTesIbHO cBsi3Ha. Ho OHa HEOXKUJAHHO 1 HEYMECTHO IIPHU-
HATA CBSI3HON B ciefyromeM ab3are. Mue kaxkercs, uto B ciaydae (50.b) Gx obsazareabHo
Hecsazno. CuetoBaresnbao B [AB| scrb mebosbmias ommbka. [lo-Moemy 910 cyriecTBeHHast
ommbKa, KOTOPYIO MOYKHO HCIIPABUTH, ME€Peiiis K KOHEIHOMY HaJjokeHuto M, KoTopoe jijis
(50.b) Toxke snMnTHYECKAsT KpuBast. Mbl BepHEMCS K 9TOMY.

Cuauana F' — I npespamaer kpususny F € Q*(M,adg) B xF dyHnxuumio, KoTopas
SKBUBapMaHTHas B oTHoMenun jeiicteus G (Bephee 'G). Apropnl npuxongar cnepsa [AB,cTp.
560]  BeIBOMY, uTO *F = xF(A), A = A,, IOCTOSHO 10 MOPU30HTAILHLIM KPUBLIM. JTO

VHesnaunTenpHBIN HEJOCMOTP. B 1X [0Ka3aTeILCTBE MMEIOTCS HE3HAUHTEIHHBIC YITYICHUS, KAK T10-
Kas3blBaeT npumep yxke rpyinst GL(2). Ho, BO3MOXKHO, 9TO 51 HENIPABHJIBHO MOHS YeTBEPTYIO CTPOKY B [AB,
cTp.h61].

21910 namo smauenmem B Ay Xapakrepa, ONPEIEIEHHOTO HA JONOIHHTEIbHOM comuoxkurens Z B (1.d)
Cgepx TOro, Hy>KHO YTOOBI HHTETPAJI, & CKOPEE €ro COIPSIKEHHBII KIacc, ObUT OJJHO3HAUHBIM. DTO IPUYHHA,
uTo s BeBOXKY Irpynust I'/T, B (1.d).

52(! reoMeTPHYECKON TOUKI 3PEHHs HAIII TIPUMEpPBI 0uerb mpocThi! [10/163H0 HATIOMHEUTH, YTO HA3HAYECHHE
* XopKa mepecranoBka GyHKIMA 1 aABy-hopM. CBEpX TOrO MOXKHO PaCIIIPATh €ro OnpeJieieHne Jisi BCeX
BEKTOPHBIX DACCJIOCHUN.
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MIO3BOJIET UM MPUBOJUTH CTPYKTypHYyIo Tpymny ¢ G kK Gx, crabunuszatop Toukn X B xF' =
*F(A). Touka X npousBoJIbHO BBIOPAHHBIN 9j1eMeHT u3 opouthl Touku *xF. Ilycte Py =
*F~YX}. Torna Px/Gx = M. Cnenosarensio F = F(A) = X ® w rae w o6bém. Tax
kak X € @, BO3MOXKHO 9TO €ro IoKa3aTeIbHbIil HHTerpaJs, 3HaYeHUs KOTOPOTO HAXOJATCS
B (G 1 KOTODBIl OIpeJie/ieH HAYaIbHBIM YCIOBHEM, JIaET COOCTEHHOE COIPSIZKEHHOE CedeHUe
ortepatoB ['ekke. MBI OBbSICHUM 9TO B CJIEIYIOIIEM pa3jiesie HO TOJIBKO JI SJITHITHIECKUX
KpuBuX. BeposaTHO, ¥TO BOOOIE Teopus cxopna. Ho g x04y oObACHUTH JTOKA3aTEIbCTBO HA
[AB,p. 561| mst ssmnrrdeckoit kpusoit u rpynmsl GL(2).

Mpsr cHagasa MPOIO/IKIM OOCYIK/IeHNE WX JI0Ka3aTe/bcTB, B3sgB G = G x. DTO BaxKHOE
YIpOIIleHIe, HO TIpexKje HaM Hy’KHO TOHATH 3adBienme, ‘The Yang-Mills connection A,
defined by a homomorphism p : I'r — G has curvature X, ® w where X, is the element of
the Lie algebra g of GG defined by dy : R — G.” { 3ameqaio, 4T0 B IpebIIyIeM pasiese
pasMepHOCTb paccjoeHus Oblia paBha eaunuie. Ceitdac ona npousBosbHa. Clie1oBaTeIbHO
ceifuac Beipakenue (48.b) cTaHOBUTCS KOCOCHMMETPHUIECKOH PopMOii, 3HAUEHUST KOTOPOil B
g. Crenosarenbuo [AB,crp.561] p(I'g) kommyrupyer ¢ X = X, up: I'p = Gx = G.

Mgt uarepecyemest eopueit B [AB] Tosbko B ¢Bsi3u ¢ aBToMOpdhHBIME (hOpMaMsT, HO MOJIe3-
HO CHadvaJja OmmcaTh WX 3ak/rodenns i rpynnsl GL(2) [AB,ctp.561]. Ilycre H = GL(1),
S = SL(2), G = GL(2). Ecrb romomopdbusm H x S — G ¢ aapom D = {£1}. Tlycrs
G =G/D,H=H/D,S = S/D. Utax G = H x S. Ckpnitoe B obcyxaenun [AB, crp.
611] ectb HEUTO, TIOXOXKEE HA OTHOIIEHHE JUCKPETHON CepUM K KOMIIAKTHBIM HOJAIDPYIIIaM
Kaprana. Ono 1mosiBJIsIeTCS B BHJIE MTOJIHATUS CBSI3HOCTH U €€ MHTErPAJIOB, KOTOPBIN HAIIOMU-
HaeT OOINYIO CBSI3b MeXK/Iy mojarpynmnamu Kaprana n kiaaccudukamnyueil mpeicTaBIeHnil win
aBroMopdHBIX dhopMm. OHAKO ¢ TOUKHU 3peHusd, B34Toil B crarhe [AB| HesBHO nim 6eccosna-
TEJIbHO, 9TO O3HAYAET IIePeX0/l K JBOWHOMY HAJIOYKEHUIO, KOTOPOe CBOJUT rpyiiy (G K TpyIIe
Gx. Apyrumu ciioBamu, mu6o G = Gx b0 HeOOXOIMMO TIepeiTH Ha OJHO3HAYTHO OIpeIesie-
HYIO BJIBOWHE HAKPBIBAIOILYIO SJITUIITHIECKYI0 KPUBYIO TIEPE/l BBEIEHUEM OIMCAHNS, KOTOPOEe
nosiByisteTcst Ha [AB,ctp. 561]. Dra pasnsoennocts, KoTopas nossisiercd B [50.a/50.b]. Ta-
KM 00pa30M, TOSBJISIETCI BO3MOKHOCTD TPEX IMapaMeTpPOB JIJIsI OJIHON U TOIl YKe CBI3HOCTH.
DTO NOZKHO GBITH IPOBEPEHO.™

CootreercrBue ornmcanust (50.a) IPSIMBIM CyMMaM OJTHOMEDHBIX CBSI3HOCTEl sicHO. B mpo-
TUBHOM CJIy4ae eCTh OJIHO3HAYHO OIpeJIeIeHOe KBaJIpaTuIeckoe HajloKeHne Kpuboit M Has
KOTOPBIM (G 3aMEHSIeTCsT €ro CBA3HON KOMIIOHeHTOi. [locsie 9Toro mmrara, Mbl MOXKeM 00paTUThb-
cst K onmcanuio [AB, (6.12)]. Orobpazkenue § B (6.12) npoekTuBHBIT 06pa3 0TOOpaYKEHUs p B
(50.b). OHAKO Ha FTOM JTale, HEOOXOIUMO OOPATUTHCS K MIPEJJIOKEHUTO, TIOSIBIISIOIIEiCs Ha
HECKOJIBKHX cTpoKax panbire, ‘Conversely if P lifts to P, ...’ $I 3aMedaro, 9TO g HCIPABIAIO
UX YIIyIIEHUe TOJbKO B PACCMATPUBAEMOM OCODEHHOM CJIydae, a He BOOOIe. DTO s OCTABJISIO
Japyrum. 91 106aBIIIO TaKXKe, YTO CYNIECTBYET TPU BO3ZMOMKHBIX KBAIPATHICCKUX HAJIOKEHUI
KpuBoit M u KaxKJ10e BO3MOYKHO.

Cayuaait (50.a) mpejcrasisier MeHbinuiit naTepec. OH CBA3aH ¢ HEMPEPBIBHBIM CIIEKTPOM.
Mue KayKeTcsl, 9T0 ceiiuac HyzKHO OCTAHOBUTHCSI U ITOJLyMAaTh O TOM, UYTO Mbl XOTUM J0Ka3aTh.
[Ipezkjie Bcero, Mbl paccMaTpuBaeM TOJIBKO rpytiny G = G'L(2) uiu rpymsl TeCHO CBs3aHbIE
c meit, SL(2) u PGL(2). Moii niepoe, npubJH3UTEIHHOE, MPEINOI0KEHIE ObLIO COOTBET-
CTBUE MeXK]ly COOCTBEHHBIME 3HAYEHUSIMU WJIM COOCTBEHHBIMU CONPSZKEHHBIMU CEUEHUSIMIU
omepaTopoB l'ekke m ces3rOCTSIMU AHra-Munaca. Omrako, coorBercTBue He Tak! [lepsoii

53Ha camom Jene ectb Tpu. ¢l ObLT OYeHb CMYINEH B TeUYeHWe OYeHb JIOJTOTO BPeMEHU COOCTBEHHBIMU
CeUYeHNAMU BUJIa D U UX OTHOIICHUAMMU.
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OYEBUJTHON MTPUYINHON ABJISIETCS TO, YTO CBA3HOCTH OIPEICIAIOTCA Ha CBA3HBIX MHOXKECTBAX,
HO COOCTBEHHBIE CONPSKEHHBIC CEUYCHHS OIpeeseHbl Ha HeCBA3aHHBIX MHOXKecTBax. BTo-
pas IpUYMHA Ta, YTO UX IapaMeTpbl pasHbie. lIpaBuiabHOoe yTBep:KIeHUE COCTOUT B TOM,
YTO IMEpPBbIE MOJYyYEHBbI U3 BTOPOTO 3a JBa Iara, HHTEIrPUPOBAHUE, B KOTOPOM MbI JE€PXKUM
TOJIBKO HEKOTOPBbIE€ MCXOJIbI, W IIPOCThIE MYJIbTUILIHKATHBHBIE OTOXK/IECTBICHUSA PA3THIHBIX
MHOXKeCTB. MbI 00bSICHUM 3TO B CJIEIYIOIINX JIBYX pasjiesax.

[Ipexie yeM MbI HAYHEM HEOOXOUMMble O0bsICHEHHUS B CJIEJIYIOIIEM IIpejiesie, JIyUIle Bce-
'O COCTaBUTh UETKOE, XOTsI TOXKE IPUOJIN3UTEHHOE IIPEeJICTaBIeHe O BUJIE TapaMeTPOB st
JIBYX MHOYKeCTB, Bung n MHOYXKecTBa cOOCTBEHHBIX (byHKIMIT ormepatopoB ['ekke. CocraBHbIE
qacTu MHOXkKecTBa Bung, muoxecrsa Z, R, U = U(1) = R/Z. Ecom G = GL(1), BunG
ronosiorndeckn Z X U x U. Ecom G = GL(2), Bung npubiausurebHO — TEPBbIi KOMIIO-
HEHT COCTOWT M3 TIap, B KOTOPBIX IOPsAJIOK HE MMEET 3HAUYEHUsI, HO s HEe 3aMedy Iepexol K
JACTHOMY: 9TO HE OTHOCUTCS K 3TOMY I'pyOOMY ONMUCAHUIO — OObeIUHEHNE JIBYX MHOXKECTB

ZxUxUxZxUxU

Z x U x U.

HBoiicteeno, st GL(2) MHO)KeCTBO cOOCTBEHHBIX (byHKIHIT [ eKKe,KOTOpOe MBI pACMOTPEIN
B §VII Toxke oObemuHEeHNE JIBYX MHOXKECTB, HO UX I'Py0OOe olucanmne —

UxZxZxUxXxZXxZ

UxZxZ.

DTu npubIU3UTE/IbHBIE 3aMedaHus Oy/IyT 033 a9nBaTh YUTATE/IsI, HO 9TO HE HADOP CBSI3HO-
cTell, KaK Mbl U3yYaJii UX B HPEJBIIYIIEM pasjiese, a HabDOp MHTEIPAJIOB, MOJYYEeHHBIX U3
HUX, KOTOPBIE MbI BBEJIEM B CJIEJIYIONIEM TIPeJIesie U KOTOPbIe COOTBETCTBYIOT (pyHKIAM ['ek-
Ke. CyIecTByeT JONOJHUTEIBHBII TapaMeTp, JIBOMCTBEHHBIN 110 CTENEHN CBA30K, He IIPSMO
cBst3aHHBIN ¢ cBasHocTaAMU. OH sBiIsiercs ucTouHrKoM dakropa Z B (1.d)

Cureytorniee npeJyIozKeHNE - 3TO BCE, IYTO OCTAJIOCH OT PsAJIa HEIMOAXOAANIBIX CTPAHUIL. DTO
OTIIEYATOK OTYasHUs, KOTOPOE MHOIJIa MEHs OJ0JIeBaJIO IIPH HAIMCAHUM 3TOH crarbu. ¢l
[IPU3HAJICS 9TO JJIsi MeHsT auddepeHiuaibiast FTeOMeTprus TPYAHA IIOTOMY, UTO CYIIECTBYIOT
TaK MHOI'O 9KBHUBAJICHTHOCTEN Py U3MEHEHHUU KOOPpJAWHAT WJIM METPHUK.

YunrniBag 3T FPY6bIe OTO2K/IeCTBJIeHdA, Mbl Ha9YMHaCM ITOHHMMaTb CBA3b CO BTOPBIM CO-
muokuTeseM B (1.d). OgHako, HaUMHAS CIIAYIONMIMN PA3/Ie, sl 3aMETHJI, 9TO, HOTJIONIEHHbII
0COOBIM CJIydaeM JITHINTHIeCKONR KPHUBOIL, 1 He 3aMeTUI OCOOEHHOCTEN, MOABIISTIONTIXCS JIJIsT
IPOEKTUBHOI npsAMoit. OHM JOCTOiHbIE KPaTKOro oObacHeHus. Ecau po paBeH HyIIo, ompe-
nenenre Ha [AB, crp.559] BO3MOXKHO TOJIBKO €CJIM IyCTOE HPOM3BEJCHHE DABHO €/MHHMIIE.

CremoBareIbHO
9

[T4.B]=1,
1
HO 9TOT 1 B My.HTI/IHJH/IKaTI/IBHOfI rpyiiie nu Aajigd KOI'OMOJIOTHYECKUX ITPUYMH OH IIPpUKJICEH K

0 € R. Urak I'r = R. Cornacuo ypasuenusim [AB,(6.12)], misa kaxgoro n € Z cyiiecrBy-
eT eJIMHCTBEHHAs CBA3HOCTH fHra-Mmiuica ¢ CTENeHbIO0 PABHOW m U PasMEPHOCTBHIO PaBHOIL
onuomy. IlIpexse dem MblI mepeiiieM K cieJyromeii raBe, BO3MOXKHO, CTOUT OIMCATH X,
TOJIBKO 9TOOBI JIydIlle O3HAKOMUTBCS C MOHSATHEM CBS3HOCTH. IIpoekTuBHAas mpaBasdi, TO €CTh
C Bmecre ¢ oo wmm {(z,1)|z € C} U {1,0}, dakrop-pocrpancrso rpymnsr U(2). Jlyuqme,
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ona C x C —(0,0) o momyso (z1, 22) — (212, 222), 2z € C* nwm {(z,1)|z € C}U{1,0}, urak
C Bmecre ¢ 0o. lHBapuaHTHasi MeTpHKa, TO €CTh WHBApHaHTHas 110 oTHomeHuoo kK U(2),
HaeTcs BhIpaXkKeHueM

dx? + dy?
(1+ 2%+ y2)?
z = x + iy, uam ero KBajaparHbiM KopaéMm. Obo3nadenne nesicho! Boipazkenue (dx, dy) kaca-
TeJIbHOW BeKTOP. MbI HCIIOIb3yeM 3Ty METPUKY JIJIsl OIIPEe/Ie/IeHUs] TOHATHEM MeTpuKn SIHra-

Muuica. 9ToT BBIOOD METPUKH JAET TaK:Ke 3Be3/1y XoKa. [[puBbIraHbIil 00beM JaH B 4acT-
HOCTH

(51)

dz N\ dy
1 C 9TUM BBIOOPOM
dy dx
(51&) *dr = —m, *dy = m
MpsI ucnosib3yeM 9Ty MeTpPHUKY, 9TOOBI ONpeeuTh paccioenne () Ha cdepe Pumana. Cremy-
IOINe BBIYUC/IEHUS MTOKA3bIBAIOT, UTO OHA MHBAPUAHTHA OTHOCUTEJILHO JICHCTBUSA yHUTAPHO
IPYIIIIBI

az+b
cz+d
Tax kak B 9TOM ciydae (DyHIAMeHTAIbHAS IPyIa TpuBhaibia u M = M, stor ciydaii
MaJIOUHTEPECEH.
[IycTn
az+b a (az+b)c ad — be
(51.b) ATy day = {cz +d  (cz+ d)2} T (cz+ d)? =
e

a b
c d)’
yuautapso. [IpoBepum, aro npeobpazosanue (51.b) coxpaHseT METpUKY U 0ObEM, TO €CTh

2 2 2 2
(51.) dx* + dy _ dzy + dy;
(1+22+92)2  (1+ 22 +9?)?
u
dzdz dz1d21

It+a2+y2)?  (I+a+yl)?
HO 9TU JIB€ YpaBHEHUA HU OJHO U TeE 2KeE. CBer TOTI'O

d — bef? dzd
derdzy = P70 dEE
514 ez + d] ez +d|
' L2 4 2_1+|az+b|2_|cz—|—d|2—|—|az+b|2_1+|z|202+d|2
DRI P P ez + d]? T

IIOTOMY 9TO MaTpHulla

(¢ o

sBjisiercst yaurapuoit. CieoBaresibio ypasuenue (51.¢) BepHo.
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[Tocste 3TOrO THIATEILHOTO 1, BO3MOXKHO, JIUIITHEIO pacdera, g XoTes Obl 100a/I0BaTh HEKO-
TOPBIMU KPATKUMBI OOIMUMBI PA3MBIIIJIEHUSIMHI, TIOTOMY YTO €CTh IPOCThIE YEPTHl TEOPUH
paccIoeHuel, KOTOpble MEeHs 03a[adiuBaioT. ABTOPBI CTATHH HE BBOJAT paccjioeHus (), Ko-
rJa POJI PaBeH HYJIIO, TO9TOMY YTO JIJIsi MIPOEKTUBHOM MPSMOil €CTh TOJBKO TPUBUAILHAL
3Ba3HOCTh Anra-Musica. Tem He Menee, ecTh paccjioeHue ¢ MOJIOCOM B ToUke 00. MbI pac-
CMaTPUBaeM UX, HO 10 OTHOIIEHUIO K KOOpJAUHATAM T, f, Tiojiarast, 970 Ha 6ECKOHETHOCTH OHU
UMEIOT TIPOCTOM MOJIIOC, TO €CTh € IJIOCKUMbI KOODUHATAMU OHU JIAHBI OKOJIO OECKOHETHO-
cru Boipazkenuem f(1/2)z71 f(0) # 0. OcHOBHBIE OCOGEHHOCTH €ro MOBEJEHHsT 3a/al0TCs
MHUMOIi gacThio jiorapudma log 1/z, To ectb —0, KoTopoe HeonpeseHo Tam e 1 = 0.

Hpyrumu ciioBamu, Moe OoJjiee paHHee ONUCAHUE C TOYKHU 3PEHUS BUXPsS OBIIO HEYJIOBJIe-
TBOpUTEILHBIM. Huvero ocobennoro, kak BOJOBOPOT, He BBOJAUTCS. MBI BBeIM COBEpIIEHHO
HOBBIl IIPeJIMET B TEOPUIO, TOBEJIEHNE KOTOPOro BOIM3M, HO HE B 33/JaHHOI TOYKE, 3a/1aeTCsd
[EJIBIM YUCJIOM 1M, KOTOPOEe U3MepsieT M3MeHeHnue 271m 1o , Korja Mbl OOXOIUM TEHTPAb-
HyI0 TOUYKYy. Ero MOXKHO paccMaTpuBaTh TOJIBKO KaK HOBYIO U Pa3JIMIHYIO OCOOCHHOCTD, HE
OyKBaJIbHO, & OOpPA3HO WU TOHSTHITHO. DTO BJUSIET HA OKPECTHOCTH TOYKH, IIOTOMY 9UTO
9TO MPUBOIUT K U3MEHEHHUIO YPOBHS KaK B KPYTroBoil jiecTautie. Mbl He BO3BpalaeMcs Ty/Ia,
OTKY/Ia MBI TIPHUIILIH.

B mamHOM cityvdae MBI MOXKEM TOIBITATHCA UCIIOIB30BATH KOOPIMHATHI T, BO BCeil ILIOC-
KOCTH W IPELyCMOTPETH CBA3HOCTD, JBIXKYILYIOCH B OKPYKHOCTSX HEITOJIBUKHOTO PajIIyca
oTHOCHTEIbHO TOUKK 1 = (. MBI BeTpedaemcst ¢ TPYJAHOCTBIO, U B 9TOM CyTh Jiejia, TO €CTb
[IpUYMHA, [0 KOTOPON HET WHTEPECHBIX CBI3HOCTEN Ha MPOeKTHBHON mnpsamoil. Korma Mbr
npuxoguM K 7 = (0, Mbl He MOXKEM 3aKpbITh CBA3HOCTH. MbI crajkuBaemcs npu r = 0 ¢
HEBO3MOYKHBIM BBIOOPOM YIJIOBOI'O BPAIIEHUs, 110 IPUUUHAM HEIPEPBIBHOCTUA . DTO TOIOJIO-
rudeckoe orpanumdenue. [lojiHoe yriioBoe nBUKEHHE BOKPYT 3aMKHYTONH KPUBOH HE MOXKET
U3MEHUThCS 0e3 Pe3KOro M3MEeHEeHUsl MPUPOIbl cBsa3HocTeil. Hampumep, eé kpuBusHa He MO-
JKeT ocTaBaThbCs paBHO# Hyso. Ckopee, Jjiss TOTO, 9TOOBI BO3MECTUTH HESIBHOE BBEJCHUE
KPUBHU3HBI OCOOEHHOCTHIO, HEOOXOINMO BBECTU UTO-TO €€, W 9TO MOXKET OBITH BBITIOJHEHO
epexo/isd K MOKPBITHUIO, IJle 3aMKHYThle KPUBbIE ITEPECTAIOT OBITh 3aMKHYTBHIMH U OI'DaHUIe-
HUs HAJIOYKEHHble KPUBU3HOU yhassiorcs. Mue nmorpeboBagoch HEKOTOPOe BpeMsi, He TOTBKO
YTOOBI TUCATH ITY CTATHIO, HO TOXKE YTOOBI OIIEHUTH ITO. DTO PEIeHre, OJITHAKO, HEBO3MOXKHO
JJIsl IPOEKTUBHOM ITPAMOIA.

Taxum obpasoM, [IIsg Hero Ha 6ECKOHEIHOCTH CBA3HOCTH OyIyT UMeTh Bu afl+br, rae a or-
JINYHAS OT HyJIs KOHCTaHTa, cKaxkeM 1. Kak HOBUYOK, s JiyMaJI, YTO OU€Hb BAXKHO ITPUCOETU-
HUTHCA K CBSI3HOCTSIM, OIIPEJIEIEHHBIM TOJIOMOPMHBIME CBI3HOCTSIME, TO €CTh, 9TO MOHSTHE
CBSI3HOCTEH CUJIBHO 3aBUCUT OT TEOPUHU TOJOMOP(MHBIX M MEPOMOPMHBIX (DyHKIHUH. DTO
OBLIO He3alyMbIBatoIe. ['0IoMOpgHBbIE CBA3HOCTA BarKHbI, IJIABHBIM 00Pa30M MHUMAs WA
yIJIOBas 9acTh Jorapudma, nMeeT OOJIBINON He3aBUCUMBbIN TeOMeTPUIeCKUl MHTEPEC 1, ITepe-
X0/ K jorapudmy U MHUMOI YacTH, CTAHOBUTCS IIPOCTO PEAJIbHON CBA3HOCTHIO. KpuBusna
onpeessercs uM. Vexommbie cebuiku Ha [GH| B Kakoii-To Mepe aBISI0TCs 0OTpazKeHneM Moeii
IpeKHell Bephbl B IIEPBUYHOCTH ToJIoMOpdHOI Teopun. B uém pasuuia mex iy cdepoit Kom-
IJIeKCca U 3JInnTudeckoit Kpuboit? Ilogemy Mbl MOXKeM BBOJIUTH HETPUBHAJIbHBIE CBI3HOCTH
BO BTOPOM, a He B IIepBOM. B HacTosiiiee BpeMsi BOIIPOC, TOXKaJIyil, He BBI3bIBAET OOJIBIION
03a009YEHHOCTH, HO CTOUT KPATKO OCTAHOBUTHLCSI Ha HeM. JIJIs SIuITuveckoit KpUBOH MbI
MOTJIA OBbI B35Th MPOCTOH TOJIIOC B OJTHON TOYKE U PaCIPOCTPAHUTH €ro Ha MEePOMOPQHYIO
GYHKIMIO Ha Bceil KpUBOHl 6e3 KaKuX-JTMOO0 JIOTOJHUTE/IHHBIX TOJIOCOB M HyJisd. DyHK-
mus o~ Takosa. Torga MEHUMas 9acThb JorapudmMa HaM Jajia CBA3HOCTL C OJHUM IIOJIOCOM,
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CBA3HOCTH, KOTOPYIO MBI MOIJIM OBI 3aT€M U3MEHUTH TAKKUM 00pa30M, 9TOObI KPUBU3HA ObLIA
[IOCTOSAHHOW, HO 3TOT MOCJIEIHUN IITar ObLI TOJIHKO paju U3sIiecTBa. Dhlin TakzKe MpeiblTy-
e MIard, KOTOpble UMeJId 3HAYEHHe.

Mpr 3amtaTuiiv 1eHy 3a 3TO pACIIUpeHue, IeHy yKe HedBHYIO B (DYHKIUU 0, a UMEHHO
HAM IPUIILIOCH TIEePEeiTH Ha HAJIOXKEHNE, HA KOMILIEKCHYIO IIJIOCKOCTh, YTOOBI OBITH B COCTOSI-
HUU TJIe MBI MOTJIN ObI HHTEI'PUPOBATH U MOJIYUUTH OJIHOZHAYHYIO (DYHKITHIO. DTO BOZMOYKHO,
[IOTOMY UTO JITUITUYECKAsT KPUBas He OJIHOCBs3HA, Kak cdepa. JIErko mpejicraBuTh m0JTy-
YeHHYI0 (PYHKINO. DJIIUIITHIECKasi KPUBasi MOKPBITA IJIOCKOCTHIO, TAKUM 0OPa30M, 9TOOBI
IJTOCKOCTH ObLTIa KaK 00beINHEeHNe MTapaslIeJIorPAMMOB 1 HHTErPAJI CBA3HOCTH PaBHOMEPEH,
PaBHOMEDHO MOTHIMASCh U CITYCKasCh OT apaJlieorpaMMa K mapasijieJIorpaMMy, HO B TO JKe
BpeMs OcTaBasiCh HelnpepbIBHBIM. /1 cdepbl Pumana, KoTopas 0JIHOCBA3HA HET TOKPBITHA
Ha KOTOPOe MOYKHO MpoilTu. Bimszocts 000it TOUKH, ckaykeM, OECKOHEYHON TOYKHU, HEME]I-
JlenHo 3akpbiBaeTcsd. Her Boixoga. CTpykTypa cpady BHHA Ha IJIOCKOCTHU, TOKPLIBAIOIIEH
SJUTUIITUIECKYI0 KpUBYIO. J[1s1 KpUBBIX 60JIe€ BBICOKOTO POJIa MOl HHTYHUITUST TEPIIUT HEYIady.
Ho nouyemy 6b1 He no3BoUTh cebe aBa moJrtoca? Borpoc ouens xoporir. Beé, uro s mory
OTBETHTb, TO TO, UTO Ha MeHsI CHJIbHO noBsmsiio [AB| u ero Beeenune (). Yurarean m0/KHBI
Oy/IyT OTBETUTH Ha ITOT BOIPOC JJIsT CeOsI. DTO MOYKET MMETh 3HAYEHHUE JIJIsT PA3BETB/IEHHOM
Teopun ['ekke.

B macrosmeit pabore MbI, Jgayke IMPEANOIOKNUTEIHHO, HE pACCMaTPUBAEM pPa3BETBJIEHHbBIE
cobcTBeHHbIe QYHKITHH o1tepaTopoB ['ekke. OHU JTOJIZKHBI TPOSIBJISITHCS KAK HEPA3BETBJICHHBIE
cobcTBeHHbIE (DYHKITUU 110 PA3BETBJIEHHOMY IMOKPBITUIO. DTO MPUHIUI (DYHKTOPHATILHOCTH.
Taxkum obpazom, ecsu ObI CyIIecTBOBaJIA 00Iasi HEPA3BETBJIEHHAS TEOPUs U eCJIi (DYHKTOPH-
AJILHOCTh BepHA B KOHTEKCTE NeOMETPUIECKIX aBTOMOPMHBIX (DOPM, PA3BETBIEHHAS TEOPUS
MOZKET OBITh UCC/IEOBAHA YePe3 PA3BETBJIEHHBIE HAKPBITHS NCXOHOIO OA30BON0 MHOI000pa-
3us. B ommmane ot apudMeTnueckoro ciydasi, MOKPBITUS KPUBBIX OTHOCUTETHHO JTOCTYITHBI
— wian g oo nojymast tak! Ml

Kaxtasg caznocts Aura-Musica MoxKeT BHIOPATb COOCTBEHHOE PACCIOCHHE U COOCTBEHHYIO
MerpuKy.>? To ecThb, MOKHO JIaTh CBA3ZHOCTD TOJIBLKO €C/IH PACCIOSHHe HAIMTHO HO TOCIeTy-
IOIUil BBIOOD METPUKHU HA PACCIOEHUU MOXKET OBITH MPUCIOCOOIEH K PA3INIHBIM IIeJIsIM, Ha-
IpUMep, YTOOBI TI0 OTHOIIEHUIO K Hell. JJaHHasd CBA3HOCTH OblLIa cBA3HOCTHIO fura-Mumiuica.
MprI y2Ke TTO3HAKOMUJIUCH C THM paHbIle. ¥ TakyKe 3aMedaro, 94To Jijid HAC CBA3HOCTU SlHTa-
Muiica TOIBKO IPOMEXKYTOUHBIE TIOHATHE. KKOHEUHOE COOTBETCTBUE MEXK/Iy COOCTBEHHBIMU
COIPSI?KEHHBIMU CEIEHUAMbBI U TIPEJICTABICHUSIMU TPYIIIhL ['yy.

¢ mobapisiio emre HeCKOJIBKO cjioB 0 cdepe Pumana. Ceiiuac st Kaxkjaoro k € Zo Mbl
biOepeM e€é KaK TPUBUAJIBHOE PACCIOCHHE C IIOJIIOCOM ITPOM3BOJILHON cTeneHu k B OeCKO-
nHeunoctu. Ecmu k < 0 sro me nosmoc, ono Hysb. st Hacrosmero npumepa G = GL(1).
Ecimm n = 0 ymectnas cBsasnocth dAnra-Mwuica tpusmasibha. CregoBaTebHO, OHA ILIOC-
Ka 10 J1060it MeTpuke. Kak u pambIie, s BbIOepy BpalllaTebHO-CUMMETPUIHYIO METPUKY,
d0?* + m(r)dr?. OmHako MbI ceifdac paccMaTPUBaeM ILJIOCKOCTb, TI0JIpasyMeBaeMo J00aBIssa
oo, a He C/L. Ceasnoctsb nana kKak (41) u jgomosHuTesbHOro 4wieHa Her. Vrak wmcuawmcire-
are Beaymoe or (41) k (47) MoXKeT HOBTOPATHCS, XOTsl IIPOUCXOJNT U3MEHEHHE HaIpaB/Ie-
HUsI U, CJIeJIOBATEJIbHO, TPY/IHO YUeCTh M3MEHeHue 3Haka u opuenTtarmu. Vcexon 2wk ecm

m(z) = |z|** B oxpecrnoctn Touknm oo u m(e?z) = m(z) > 0, z € C. Ecim MbI X0THM

54H0/1pa3yMeBaeMb1M B 9TOM YTBEPKJEHUU $IBJIIETCS U3YUYEHUE KJIACCOB SKBUBAJEHTHOCTHU CBS3HOCTE
BMeCTEe C METPHUKOI, KOTOpOe s He MpenpuHsii!
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MOJIYIUTDb CBA3HOCTD fnra-Mumiica, mocaenuii mar - U3MEHUTh METPHUKY Ha MPOEKTUBHOM
npgamoii. Kak B mpekHee mpuMepe oHa OCTAaETCsI CBOOOIHOIA.

Tak muoro mpomssojia myraet. OJHAKO, U 9TO g XO4Uy MOTIEPKHYTb, B KOHIIE KOHIIOB,
CBSI3HOCTH SIBJISIIOTCSI TOJIBKO MPOMEXKYTOUHbIMEU. CpaBHEHHE Oy/IeT MEeXKJIy COOCTBEHHBIMMU
COIPAYKEHHBIMU CeueHusaMHI 1 roMoMopdmsMamu [y — “G. [lo3BosbTe MHE MONIBITATHCA
pazobpaTbes B cyTu gena. Ilpexme Bcero, ompeesienne casnoctn fura-Musica mpearo-
Jjlaraet, 9To MeTpuku, u Ha M u Ha pacciioeHuu, JaHbl. Torga MOXKHO HMPUIUCATH KAXKJI0-
My romMoMopdusMy p rpyHisl [y B “G romomopdusm @F /Ty B L@, n crenosaressHo
Tozke romomopdusm I' B £G. dror nocsiemunii romomopdusm gaér cornacio [AB,Th. 6.7]
cBst3HOCTh fHra-Muica. Beibupast oxo/isimnme ncxo/IHble 3HAYEHUST, Mbl MOXKEM UHTEI'DH-
poBaTh 3Tu cBa3HOCTU. Vcxom ByHKIM KOTOPEIX 3Hadenus jgexkar B “G. Hecomnenno, 4ro
9Ta (DyHKIUS 3aBUCUT OT BbIOOpa MeTpuk, Toit Ha M m Toit Ha paccioenun. OHAKO cama
dyHKIMS He MMeeT 3HaUYeHUs. BaskeH TOJIBKO €€ COMPsIKEeHHBI KJIacC, KOTOPBIN MepeMeHsI-
eTcsl OT TOYKHU K TOYKe. ¢l He MpoBepUI, UTO KJIACCHI B JAHHOM TOYKE 3aJ[aHHBIE CIIOCODOM
9TOI CTaTbU Ha ITO, HE 3aBUCAT OT JIBYX METPUK KOTOPBIE MCIOJIH30BAHDBI B OMPEICTCHIH.
M#ue He XBaTajI0 HA CHJIBI HI BPEMEHH!

[Ipexie "eM st BO3BpAIyCh K npuMeHenuio reopun B [AB], st xouy kpaTko 06CyuTh CIIy-
qait, korga M 3aJaHO0 TPOEKTUBHON MPSIMO, KOTOPBI HE PACCMOTPMBAJICS HAMHE, TIOTOMY
YTO OHO CJIMIIIKOM IIPOCTO, Garojapst Teopeme ['porenauka. Jlydime, onHako, cprepsa pac-
cMoTrperh KpaTko yrnorpebienus [AB, Th. 6.7]], n3 KoTopbIx HCKIIOYaeTCS KpUBas HYJIEBOTO
pojia, TOJBKO Jijisi yOeaInMcst, 9TO Mbl WX ITOHHMaeM. B j1oKa3aTe/bCcTBe MOSIBIAIOTCS KaK
U(1), tak u M(1), u oba OHU BJIHSIOT Ha CBSI3HOCTH, KOTODbIE JIaéT TeopeMoii. st Hammx
nesieil BJIMsIHME MEPBOTO HE UMeeT 3HadeHus. JpyrmMu ciroBamu, MBI TPEIIo/IaraeM, 9To
npejicrapyierne rpymmst U (1) TpuBnaibHo. D10 03HAYAET, YTO MbI HMEEM JIEJIO ¢ OJIHOMEPHA-
MU [IPEJICTABICHUSAMHI, IPOM3BOJILHBIMEU HA A ¥ B # 0YeHb IPOCTBIMU Ha TTPOOOPAa3e TPYIIIIbI
U(1)

Ha tpenpiaymux crpanunax ObLId TOJBKO HEOOJIBINAs MOMBITKA MO3HAKOMUTHCS C TEO-
pemoit [AB,Th.6.7] u ee mocnencreusimu. Ecth ofiHaKO eImié ojuH BONPOC, KOTOPBIH JIETKO
npocMaTpuBaercsa. BosmoxkHo uto orpanndenne p : ' — G k R takoe aro p(J) # 1. Ono
YaCcTO KOPEHb U3 €JINHUIIBI.

X. ABromopdHas rpynna l'asmya u mHTErpupyeMbie CBI3HOCTH. DTO HE CAMH CBsI3-
Hoctn SlHra-Mumsuica, a MX OIpejesleHHbIE HHTErPAJIbl, KOTOPbIe COOTBETCTBYIOT FOMOMOD-
dbusmam asromopdmoii rpynme Lanya B “G. Havasmnble 3Hauenuss HHTErpajoB HAXOIATCS B
YHATapHOM BHJe rpynnbl “G, koropas mist nac obbrano GL(2) u tonbko nomyrno GL(1)
wim u3Mmenenue rpynnsl GL(2) kak SL(2) u PGL(2). U ¢BA3HOCTH 1 HHTErPAJIBI OTHOCATCS
K CBSI3HBIM MHOMKECTBAM. DTU MOTYT GBITH PACCIOCHUs CTelleHb KOTopbiX Hy.ib.”” CiesoBa-
TeJIbHO HYKHO HAIMHATH C HUX, HO yJOOHO criepBa OObSCHUTDH IOCJIEIHBIN 1mar. Paccroe-
nre Ay ObLTO BBesieHO a §4 m TenzopHoe mpomsBemenne N — Ag ® N gaér nsoMopdusMbl

S Mur eme e pacKpbLIN HaIlell TJIaBHON I1eJu, ONMCaHne KJIACCOB COOCTBEHHBIX COIPSIYKEHHBIX CeUeHUell.
Otu dyskimy Ha M, 3HaYeHUsT KOTOPBIX COIpsi?KeHHbIe Kjiacchl. OHU 3aaf0Tcsd (DYHKIUSIMU TOYEK B , U3
KOTOPBIX B IPHUHIAIE HAYTO HE OTJINIACTCH. DT (PYHKIIUN JAHBI ONPEIEIbIMIA HHTEIPAJIAMU C HATATHBIMUA
suadennsMu. Tak Kak QyHKIHS, 10 KpaiiHeil Mepe, KJIacC COIPSAKEHHOCTH, OIIPEIeJIsIeMbIil HHTEIPDIPOBAHUEM
7 HAYAJIbHBIMU YCJIOBUSAMHU JTOJI2KHBI OBITH OHO3HAYHBI, HAOOD JIOIYCTUMbBIX HAYAJIbHBIX YCIOBHUI MOXKET ObITH
BechbMa MaJbIM. /I pacciioeHnit pa3MepHOCTh KOTOPBIX OOJIbINle YeM OJUH, MOHSTHE HAYAJILHOTO 3HAYMEHUS
ncKycHee. HemnpepbIBHBINT TTapaMeTp TOSBJISETCS KaK IMapaMeTp, JBOUCTBEHHBIH K z € Z, KOTOPBIH ecTb
napamerp cBsi3aHHBIX KommonenT. OjiHa Touka AJ, TpuBHAIbHOE paccioeHne, He3aBUCUMO OT Ag.
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D(m,n) > D(m+1,n+1), Am,m) > A(m+1,m+1), A(m+1,m) — A(m+2,m+1).
[pynma Iy mana B (1.d) kak npoussenenne. CiieoBaTebHO MPOM3BOIBHOE HEPUBOINMOE
YHHTApHOE PEJICTABJICHAE TOW IPYIIIBI JIAHO KaK ITPOU3BEJICHUE U3 IIPEJICTABICHUS TPYII-
uel Z: 1 € Z — € € C, |¢] = 1 u rpyums th/Fn(k). Her cwmbicia paccMmarpuBaTh caMu
cobcrennble GyHkImn ¢ HOCcUTesleM B D. OHE COOTBETCTBYIOT (HEYIODSIJIOUEHO) TIPSMbIM
CyMMaM JIBYX OJIHOMEPHBIX IpejicTaBjieHueii. [jis oJHOMEepHOTO IpeicTaB/IeHNsT MOYKHO 3a-
meruth limg T /T k) TPy1IIION lim Z /nZ x lim Z /nZ. 1o paér to, uro Heobxommmo. [Tommmo
napamerpa € u byHKmil n € Z — €, 370 gaér nokasaresnbHble Gyakius exp(ak + bl),
k,l € Z, na M ¢ nmapamerpamu a,b ganHbiMu B (36.€), KOTOpBIE JAfOT TOJHYI OPTOHOD-
MaJibHyI0 cucreMy Ha Bung ecom G = GL(1). Hanomunm, uro Bung ~ Z x M, xors 510
OTOXKJIECTBJIEHE HECKOJIBKO ITPOU3BOJIBHO. ¢l 3amMetuero, 9To obIree OTOXKIeCTBIEHHE TaAKOTO
poJia JIJIst BCeX T'PYIII BJIEYET 3a COOOM CTPYKTYpYy Ha IOJHBIM HAOOpe COOCTBEHHBIX 3Ha-
YeHUI, PAacCCMaTPUBAEMBbIX JIJISI BCEX TPYIIT OJHOBPEMEHHO, UTO HE sIBJIsieTcs mpucyineii. 1
3ameqato Toxke, uro Haznauenne rpymnsl G (PGY) B [AB,Th. 6.7] memnoro ormuuaercs ot
TOr0, KOTOPOEe YMeCTHO 3/ech. [lokazarenpras dynknun exp(ak + bl), onpeseneHHbIi nHTe-
rpag cssHocteil (a,b) — ak + bl. Jlerko 3abbiTh, HO He cieayer 3abbiBaTh, uro B §111 1 §IV
€CTb TIPOM3BOJIbHBIN, HO HEM30EKHBIN BBIOOD HEMOJBMKHON Toukn Ay € M u MeTpuku Ha
M w na TpUBHAIBHOM JIMHEHHOM PACCIOCHUN.

[TokazaTennbie DYHKIUH ¢ JUHEHHBIM TOKA3aTEIEM €CTECTBEHHO MOsIBUJINCH B HAIIEM 00-
CY?KJICHIH COOCTBEHHBIX 3HAYeHUN ['€KKe, olpeiesieHne KOTOPBIX [0/Ipa3yMeBaeT METPUKY HI
na M uu nHa ciogx joboro pacciaoenusi. C JIpyroit cTOPOHDBI, 00a OHU TOSBJISAIOTCH B OIpe-
nesiennn cBszuocreit fdura-Muiuica, u merpuka nHa M ocobenno Baykna. OHa MOABJISIETCH B
oupezenernu () B [AB,crp.560] 1 B mocTpoennu, B IpeAbLIyIeM pas/ese, CBA3HOCTH w Ha ()
€ 0CODEHHO TTPOCTBIM BHJIOM, TOT YUTO C ITOCTOSIHHOW KpuBu3HOi. Terneps auraresito mpe/ia-
raercst uzyanthb [AB,ctp.560] npuanMast, Kak 1 Mbl, 6Jaroapst BBIYUCICHASM IPEJIbIIYIIEro
naparpada, meTpuky Ha M Koropasd BbIBeJleHa u3 MeTpuku Ha C, MHBAPUAHTHON OTHOCH-
TeJILHO TIePeHOCOoB, TaKuM 0bpazoM 4To x, F' = F(A) n w Bee mocrosunb.’® CrenosaTenbo
BBIIIEYIOMSAHYTast CBA3HOCTD TOXKE MOCTOsIHHA M, KAK BBIIIE, TOKA3ATE/b €€ HHTErPasa eCTh
noKazaTesibHas (PYHKIUs ¢ JUHEHHBIM ToKazaTeneM. VIMEHHO 3TO TO3BOJISAET CPABHUBATD
BBIBOJIBI JIBYX pasjesnon, VII u IX.

Baragka. Dra npejjoxkenune - -- we can restrict ourselves --- to the case Gy = G.” nHa
[AB,ctp. 561]. Dra 3arajka, KOTOPYO JIETKO PEIIUTh.

Tpyauocts a1 KpuBoit M, citytaii, ¢ KOTOPBIM MbI IMEEM JeJI0, Ta, 9TO MpUcyTcTBrue A 1
B B rpymme Ilyankape 3a0b1T0. DTOT cirydaii Jo/2KeH ObITh TUIMIHBIM. Mbl MOYXKeM mepeiitu
K KOHEYHOMY HaJIOXKeHWIo TJe omucanne B [AB| npasuibro. 1 mobasiio, aro 10T Cirydaii
Tt Hac caMmblii maTepecHslil. JIyqme pacemorpers GL(1) mo GL(2). Torma (50.a) 3ameneno

(52) p(A) = (x(4)), »(B)=(x(B)), p(J)=(1),
u (50.b) e nogasercs. Jononnurenpusie mapamerpsl x(x), x € R/Z, x(z) € U(1) 3ame-
mensl X € R, x € R, moromy 4To mepBoe ecThb MoOKa3aTe/JbHbI nHTerpaa pyHkmuu 1.X , TO

56T nomuepKuBAIO, UTO B IPEBLLYIEM pas/ese GbLIO HEIPOCTO CO3JATH Ha PACCIOCHHH () CBSBHOCTD C
MTOCTOSIHHOM KpuBu3HO#. MBI mosib3yemcst M. Hu B wacTHOM ciIydae SJIMITUYECKONR KPUBOi, HU B 0OIIEM
s1 HE TIBITAJICHA TOHSITh, KAK KPUBU3HA M3MEHSETCS C CBA3HOCTBIO. B Te/ioM, MHe BCE eIé HempoCTO JIAeTCst
MIOHSATHE CBSA3HOCTH, XOTH s1 yOemms cebst B €€ BaXKHOCTHU [IJIsT TeOMeTPUIecKoil Teopun. 1 mobaBiisiio 37ecCh,
MIOTOMY YTO 9TO HY>KHO JTOOABUTDH TIE-TO, ITO C METPUKOM, KOTOPYIO MBI BbIOpaJsu, cBa3uoctn Snra-Mmuica
Ha pacciioernu crernenun 0 mocrostabl. Hajiexkalee usjoxkeHrne TpedyeT ropasiio OOJIBIIEro OIbiTa, 9eM Y
MeHsI, 1 MHOIUX JIOOABOYHBIX CTPAHHUIL.
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ectb exp(izX ). Ecrb emé muoro dbyHkImit Broporo nopsijika. ToabpKo Te mapaMeTpbl BTOPOro
pojia, HHTerpaj KOTOPBIX JAET OJHO3HAYHYIO PYHKINIO HA M, OTHOCATCS K JIETy.

Hns rpynnet GL(1) cobersennbie byHKIUI (TO €CTh MEPEMEHHBIE COTPSAYKEHHBIE KJIACCHI)
JIaHBI KapakTepaMbl X Tpynibl [lukapa, KOTOpble JaioTcs, MpeXKJe BCero, uX 3HaYeHHeM
X(Ap) B ormeuénHoit Touke Ay, cienoBarebao xapakrepom rpymmsl Z B (1.d). Kpome Toro,
HEOOXOINM XapaKTep MOPYIIIIbI, 33/ IaHHON TUBU30PAMU CTEIIEHU HYJIh, TO €CTh TOYKA CaMOii
rpynnsl M = C/L. Takue xapakTepsl JaHbl JOrapiudMUTIeCKIMI HHTEIPAJIAME JITHEHHBIX
dyHKIMII.

JLst cOOCTBEHHBIX KJIACCOB pojia 2, OTHOIIEHUE MEXKJIy COOCTBEHHBIMH COIPSKEHHBIMU

cedeHnesMHI 1 cOOCTBeHHBIMU QyHKIMsAMU obbsicaeno dopmyramu (30) u (30.a) BMecTe ¢
IIPOMEXKYTOUYHBIM 00CY2K/IEHUEM.
ITpusnanme u GecrnokoicTBo. Mbl HauMHaeM TpUMeHSTH BbiBojbl 3 [AB, Th. 6.7].
y3uaJ 00 ypasuenun fura-Mmuinica, Korjga mucas 9Ty CTATBIO, IIOTOMY YTO 3TO BayKHO JIJIs
[IOHMMAHUs €€ UJIeN, HO MOt OIBIT pabOThI ¢ HUM U ¢ AuddepennnaabLHoil reoMeTpueit orpa-
HudeH. Terepb Mbl bITaeMcsl IOHATH ero npocreiiniue ceoiicrsa. g G = GL(1) romomop-
dusmbl w3 rpymmer I'r, [AB,6.6], B U(1) pasnoxsares kak npoussegerne U(1) — U(l) u
m (M) — U(1). B kagecTBe mpocToro, Ho BaxKHOIO IIPHMEPA, Mbl PACCMOTPHM apryMeHT Ha
crpanurie 560 B [AB,crp| ¢ rpymmoit G = Lie U(1), Lie G = g = R. Torga X € R nmocrosiHo.
Tem He MeHee, eCcTh BayKHBIN BOIIPOC, UTO, OYIyIN OYEBUIHBIM JIJI HUX, aBTOPHI He 00bsC-
HSIOT Y€TKO, HO MHE OOBSCHUTDH 9TO HECKOJILKO 3aTPY/IUTEIHHO. S MPUBBIK 3aHIMATHLCS pe-
JIyKTUBHBIMU aJrebpanvecKuMu TPYIIaMi 1 UX KOMIAKTHbIME (popmamu, Ha mpumep U(1),
HO HeT Takoro orpanuvenus Ha rpyuiy G B dopmyie p : 'r — G na [AB,cTp.560]. MoxHo
jponyctuth uto G = R. YV aByx rpyum ojiHa u Ta x)e ajareopa JIu. 91o ToJIbKO TO, 9TO BTOPOit
BBIOOD mpeiaraer Gosbine BodMmoxkHOCTe. Tounee, BMecte ¢ Teopemoii [AB, Th. 6.7], sro
obecrednT, 9To MOIbIHTErpaIbHbIE BBIDAXKEHHUs B [OKa3aTe X ypaBHeHus (53) mpeIcraBis-
10T CBSI3HOCTD flHTa-Mmiuica, HO He Oe3 mabHeIero oocy K 1eHns. Bo3MoKHOCTD TPUHATHS
G = R yxe ynomuHagach B CHOCKE ‘HE3HAYNTEIbHDBIN HEJOCMOTD .

Canenyromiee ypapaenue (53) siBJsieTcsl MepBbIM [IATOM B HAIEM CPABHEHWU CBA3HOCTEN
Aura-Munica, ¢ oiHO# CTOPOHBI, M COOCTBEHHBIX 3HadeHuil ['eKKe, ¢ Jpyroil CTOPOHBI, HO
9TO TOHKOe cpaBHenue. CoOCTBeHHbIE 3HAUEHUS 33/IaI0TCA KaK (DyHKIN napamerpa B Bung,
3HaYeHUs KOTOPHIX Jexkar B LG, koropoe mis nac pasno GL(1) wi GL(2), no stor napa-
METP TOJILKO KJIACC COIPSIYKEHHBIX MOJIYIIPOCTBIX 3JIEMEHTOB B 9T0# rpytie. Takum obpazom,
B BBIOPAHHBIX MIPEJCTABUTEISIX CYIIECTBYET OOJIbINas IBYCMbBIC/IEHHOCTE. C APYTroit CTOPOHBI,
noHgTre cega3Hoctu fura-Musica Tpedyer meTpuku Kak Ha M, Tak Ha cjiogx. K cyacTbio,
JUTS SJLTHITHYIECKON KPUBOW CYIIECTBYET OUeHb MAJIEHBKUT KJIACC eCTeCTBEHHBIX METPHUK Ha
M C Pic(M), n oHr WHBapHMAHTHBI OTHOCHTEIHHO MEPEHOCOB. BiliokeHUe 371eCh HECKOJIb-
KO mpou3BosbHoe! Bojiee Toro, 910 noraTHEe TpebyeT BHIOOPA JIMHEHHOIO paccioeHus () u Ha
HéM cBazHocTu. K ToMy ke, 9T00OBI yCTAHOBUTH OUEKITUIO MEXK Ty cBaA3HOCTAME SHra-Muiuica
u romomopdusmamu p : I'r [AB,ctp. 560|, HeoOGxomuMo BLIGPATH METPUKY HA JAHHOM JIH-
ueitnom paccioenun @), a takke p : 'r — G. Torma, coorBeTcTBHE 3ABUCUT OT BCEX ITUX
apaMeTpoB, BO3MOXKHO CJ1a00, BOSMOXKHO CHJIBHO HO HEOOXOIUMO, UTO B KOHIIE KOHIIOB, MbI
IPUJIEM K 96TKO OIIPEJIC/IEHHOM DMK MK Ty COOCTBEHHBIMU COIPSI?KEHHBIMU CETeHUSIMU
JUTs TAHHOH TPYIIIEI 1 roMoMopdusManmu apToMopdnoil rpynms Laxya B LG S mabmonaro,
B YACTHOCTHU, YTO MBI JOJKHBI MTOHATH 3aBUCUMOCTE OT (). CreraHublil BHIOOD, BEIyIINil K
MIOCTOAHHOW KPUBU3HE, OBLT CJesIaH, ITPeXK e YeM s y3HaJ ero BayKHOCTh, IO KpaiiHell Mepe,
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B 9TOM cTaThe. JIErko 3a0bITh OOJIBINYIO YaCTh IPOU3BOJIA B MOCTPOCHUN COOTBETCTBUS STOM
crarpu. M

BmecTo Toro, 4Tobbl HEMOCPEJICTBEHHO HavaTh ¢ ciaydaeMm (GL(2), KOTOPbIM Mbl 3aHUMA-
emcst, Mbl uzydaeM rpymiy GL(1), st KoTopoit BBIBOJIBI ITPOCTHI, U IMIENETUIHLHOCTh MEHEee
HeobxomMa. Bo-TiepBhIX, cOOCTBEHHBbIE 3HAYUEHUE, TO €CTh CONPSIZKEHHBIH KJ1acC, OTOYETHO
eJIMHCTBEHHOEe 49ncyio. Kpome TOro cedeHue HeJBYCMBICIIEHO, TO €CThb OHO (DYHKIUSI U ITH
dyuKIMK J16rko BeruucAorcs. OHU xapakrepbl Ipyimbl [Iukapa. Dra rpymma npousse/ie-
aue rpymnbt {Af|n € Z} ~ Z, xoropas ectb nepbiii comroxkuresnb B (1.d), ¢ rpymmoii
muBu3opoB A — Ag, A € M, 10 ecthb ¢ camoii rpynmoit M = C/L. I'pynna HenpepbIBHbIX
XapaKTepOB 9TOf TPYIIIbI JaHa Tapoil mebix ducen k,l € Z, kak B (53) nmke. [nsa wammx
1eJsieit HeobXoMMMO IPeodPA30BATh ITU XAPAKTEPhl B APy KOMILICKCHBIX THCET ¢ aDCOJTIOT-
HOI BEJIMUUHON, PABHOII ¢/IUHHUIE, YTOOBI MBI MOTJIH IIPUKPEITUTL’ KazKI0MY FOMOMOPMU3MY
C/L x U xapakrep IpyIIibl @F /Tny- Ecim k = 1 = 0, sToT roMoMopdu3M paBeH TPHUBH-
anbHOMy romoMopdusmy A — 1, B — 1. Bekrop (k,[), KOHEUHO, MOJBEPXKEH YHUMOJLYJISAD-
HOMY IIPeobpPa30BAHMUIO, IOTOMY 9TO Da3KC PENIETKN L He OIpeIesIseTcsl OHO3HATHO. Takmm
obpazoM, ecu mapamerp He paBeH 0, MOXKHO MPEIIIOJIOKHUT, 9TO MOCIe YHIUMOILYIAPHOTO
npeobpaszosanus on umMeer Bux (k',0), k' # 0. Xorst MBI 371eCh nMeeM JIeI0 ¢ 9eM-TO OY€Hb
IPOCTEIM, S JTydIIe BCETO TO YTO OHO HAaM HPE/ICTABJISETCA MOJTHOCTBIO SBHBIM. B IPOTHBHOM
cllydae BO3HUKAaeT IyTaHUIA, 110 KpaiiHeil Mepe, B MoéM Mo3ry. JIuHeitnast dbyukms k'a’,
onpejiessieMasi HOBbIMU Koopauaaramu (a’,b'), To ecTh TeMu, KOTOpbIe OIPEIeIeHbl HOBbIM
6asucom Kak (a,b) B (36.€) HavaIBbHBIM 6a3ucoM (2wi, 2ws), YETKO ONpEJIeIeHA U HE 3aBUCHUT
OT BBIOOpa M3MEHEHBIX KOOpanHaTOB. Ham ocTaércsi 00bsICHUTD BO3MOXKHBIE BBIOODHI.

(@ 8)=@ (2 5) asniez

)
e ad — By =1,d =K', ¥ = 0. Marpuna onpejeena 3a UCKI0UeHUs (aTopa
1 0
1) ® cZ.

[Tepemena Gaszuca BIeUIET 3a cOOOI HIEpeMeHy TOPaXKJIAIOIIBIX 9/IEMEHTOB,
A— A =AB" BB =AB.

[ToCKOJIBKY MBI TIBITAEMCs OIPEJIEJUTh OJHOMEPHOE IIPEJCTABIEHNE BTOPOIO MHOMKHUTEJIsI
rpyuibl [y, MBI B CyIIHOCTH MMEEM JeJ0 ¢ IOpoxKaaiomumMu sjiementamu A u B’ abe-
neBoit rpynmbl u npencrasienne A — exp(2wi/k), B’ — 1. HectHO roBOpSI, 9TH JeiCTBUS
MeHsI OECITOKOST.

O/iHAKO MBI MOXKEM BEPHYTH W BBIDA3UTh €€ KakK JIMHEHHYIO (DYHKIMIO HAYATBHBIX KO-
opunaar. OHa onpesenaeT TakyKe OJHOMEPHOE MPEJICTABIEHIe IPYIIIbI Hm I’ /Ty B (1.d),
A" — exp(2mi/k'), B — 1. TIoCKOJIbKY MBI IMEEM JIEJIO C OJJHOMEPHBIM TIPEJICTABIEHUEM, MbI
MOZKEM TaKzKe OIIPEJIENTD 9T0 npe/crapienne depes A — exp(2mia/k’) u B — exp(2mib/k’)
pocTo myTéM Bbipaxkenus A’ u B’ 110 MOJLy/IIO IPYIIIBL, TIOPOXKICHHONH KOMMYTATOPAMU. DTOT

57370 npeBpaleHie UMEET CTPAHHBI BUJ, YACThH YIC/IHTE s CTAHOBITCS 3HAMEHATEIEM, KOTODbIl 033,18~
YUBaeT MEHsI U MOYKET 033JIa9UTh duTaresis. MITak, XoTs 3T0 MPOCTOil BOIIPOC, s TPEIMIOYNTAIO OMUCATH €r0
opo6HO, 4T00bI YOeauTh cebsl, ecyiu He YuTaresd. KeTb 1Ba HeCcOBECTUMBIX 0003HAUEHHUs, TO 4TO B [A] u TO
uro B [AB|. 3Hauenne 3HaKa A n3MeHsieTCs. 371eCh MBI BHE3AIIHO MeHsIeM 00O3HAYEHUE ¢ TIEPBOTO Ha BTOPOE.

9840 ouenb BazKHBIM!
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C110c06 MMEET CTPAHHYIO 0COOCHHOCTD, ITO YaCTh YUCJIUTEsI CTAHOBATCS 3HAMEHATEIIEM, KO-
TOPBIii 03a/1aYNBACT MEHSI ¥ MOKCT 03aadUTh IHTATEIS.

Hageroch, Tenepb 09€BHJIHO, YTO TO, YTO OCTAETCH 0ObACHUTE jijid Tpymiisl GL(1) aBis-
ercs IlapaMeTpusaIyeil orpaHnIeHnsl COOOCTBEHHOIO COMPSIZKEHOIO CEYeHHsI HA MHOXKECTBO
{A — Ag|A € M}, cBasuas kommonenta kotoporo ectb Bun GL(1). s mensi, Kak u st
qUTATEIS, S 3aMeTalo, UTO JJIs JINHEHHBIX PACCIOCHIH OOIBIITMHCTBO BOIIPOCOB, BO3MOYKHO, 1
BC€, MOKHO CBECTH K BOIIPOCAM IS DACCJIOCHHUI CTeIeHb KOTOPBIX paBHa (), B3sAB TEH30PHOE
npoussejienne ¢ Ag. DTo He Tak JJI PACCIOCHU pa3Mep KOTOPBIX OOJIbIIIe.

B caeytomenm ypasnenun (53) mokasaTesb eCTb HHTErPAJ CBS3HOCTH O KPUBOI OT 2o JI0
Z?

(53) {z0, 2z} — exp{4mi /Ol(k;a + 1b)df} = exp{4mi(ka + 1b)},

rjie a, b KoopaAMHaTH Kak B (36.¢) Toukm z—z9 ~ A— Ay = AA; k1 € Zu0 <0 < 1. JIérko
W, 110 KpaiiHeil Mepe, MHe OBLIO JIETKO IPOCMOTpPeTh HasHadenue 7, (M) B onpenesrennn ['g
i pazmnane Mexkiay G = U u G = R* B coorHomennn p : 'r — G Ha [AB,ctp.560|. Ecou
G = R, To 1esble unciia k 1 | OIpeesiaioTes OrpaHndeHneM p Ha Ty, TO €CTh Ha ero odpart-
HbIll 00pa3. He ciejyer 3a0biBaTh, 9TO JjId MOJTHOTO OIpeesieHusT COOCTBEHHOTO 3HAYCHUS
[ekke HAM HY?KHO ITOJIHOCTBIO yKa3aTh COOCTBEHHYIO (PYHKITMIO U, TAaKUM 00Opa3oM, JaTh eé
sHavenne npu Ag. Do 3amaérea uzobpazkenuem 1 € Z, sjeMeHTa IEPBOrO MHOMKUTEJIST B
(1.d).

Henwvie uncna k,l BeiOpanbl cBoboaHO. [lesb sToro ycioBusi, To ecth 4to k,l € 7, co-
CTOUT B TOM, 9TOOBI HOJBIHTErPaJbHOE BbipaxkeHnue B (53) ObLIO ojHO3HATHON (yHKIHE
nepemennoii z € C/L. Ilpocroit Buj maTerpyeMoil (hyHKIUN eCTh CJIeCTBIE 0O6CTOATE b
CTBA&, YTO CBA3HOCTH KOTOPAs IMOABJIAETCH B MOJBIHTEIPATLHOM BBIPAYKEHUU €CTh CBA3HOCTD
Anra-Musca. 9T ¢BI3HOCTH caMbl 10 cebe CJIeCTBHE TIIATEIHHO MOJ00paHHBIX METPUK
Ha 6ase un Ha cjogx pacciaoerus (). ¢ oobsacuso! Beibop merpuku Ha M ObLI HECIOXKEH HO
BBIOOD METPUKM Ha CJIOAX ObLI BIIOXHOBEH 0Oe3 sichoii resieit. Ciemyromuii BBIOOP CBA3HOCTH
ObLIT paszyMHOI Jora ikoit. ¢ y2ke ObLT yOeXKJieH WM MOHsLI, UTO cBa3HocTu fura-Munica
9aCTO MOCTOAHHEL "

HamomumM, aro marerpan (53) smisiercs onpefenenubivm. st Hac BazkHO TO, 4T0 (53)
ompejiesisieT XapakTep, TO eCTh IIPeJICTaBJIeHNe, BTOPOW Tpymibl B npoussegennn (1.d), B

JIAaHHYIO MUHYTY MOYKHO 3aMEHUTH BTOPOl MHOYKUTEJIb B 7 X 1&] I'/T k) rpy1IIIOit lgln Z/nZx

@n Z/nZ noromy uro GL(1) abenesa. [To sroit npudune k u | 10/KHbL 6bITH HesbiMT. %

[Ipu o6cyxaennn wa crpanunax [AB,crp. 559 /560] HekoTopble ocHOBBIE 3HAHUS O T de-
PEHIUAJLHON TeOMETPUH MOAPa3yMeBIOTCA. MBI MOXKEM CYUTATh 9TO caMo cOOOH paszyMero-
IIIAMCsI, HO T€M He MeHee s1 XOTeJI Obl 9TOOBI YhTaTe b 0CO3HA 3T0. OHO MIPOCTO MOBTOPEHNE
CBSI3U MEXKJy HyJI€BOI KPUBU3HONW M YETKO OIPEICJCHHBIMU MHTErPAJaMU CBA3HOCTEH HO
B MHOTOCBsI3HBIX obsactsax. [lepsoe ciepcrBue ux ecrb ypasaenue (6.10) u B wacTHOCTH,
yreepxkenue [AB, crp.561,11. 7-9] - ‘Now line-bundles with harmonic connection ... can be

59Toumee, BaZKHOCTH HALIIEIO BBIOODA - acTeTnydecKas. OKOHYATEIbHOE CpaBHEHNE TOMOMOPMU3IMOB [,y —
LG ¢ cobCTBEHHBIME CONPSIZKEHHBIMI CEUEHNSIMU TIPOCTO BBIPAYKAETCS.

650Mpr B3stm pakTop 2 U3 [WW], zo on unorza siisercs npengarcrsueM. ECTb ele 0HO 06CTOATebCTBO,
KOTOPOE TIOSIBJISIETCS TIPU U3YYEHUU PACCIIOCHUH, JIMHEWHbBIE PACCIIOEHUsI CTEeHn 1, KOTOPhle MBI PACCMAT-
pUBaJII C TAKOWU OCTOPOXKHOCTBIO B HPEJBLIYIIEM pa3jeiie, He IMOSBJSIOTCA B Teopuru [eKKe JJjis rpyIIIbI

GL(1).



61

uniquely expressed as QF ® L ... where Ly is flat.” CiioBo «rapMoHIYeCKOe» MMeeT MHOTO
SHAYEHW, ¥ JIydIuii crocod MOHSTh, 9T0 UMEIOT B Buje aBTopbl |AB| - 910 u3y4uurs yTBep-
JKjeHne ux TeopeMbl 6.7 u €€ npumenenus. CHadaia, HACKOJIBKO s TIOHUMAIO, JIIT HUX HET
HUKAKOI PA3HUIIBI MEXKIy CJIOBaMM ‘TapMoHWYecKas u ‘Awnra-Muica.’

[Tpeapuiymee 3asisienne u3 [AB| BbI3Bao y MeHs HEKOTOPOE CMYIIEHHE, TIOTOMY UTO MOE
3HAHME JINITUIECKUX KPUBBIX SIBJISETCA MOBEPXHOCTHBIM. Be3 MOJrOTOBKHU s HE MOTY JI0-
Ka3aTb, 9TO YMHOXKEHUE JTMHEHHBIX PACC/JIOeHUil CTeleHr HyJIb SKBUBAJIEHTHO CJIOYKEHUIO Jie-
JINTeNIA CTEeHeHN HyJb, a eCJIM TOYKa (PUKCHPOBaHa, KaK g Hamero (Q, Tak uTo Kpubasa®l
CTAHOBUTCHA I'PYIIION, & YMHOMKEHHUE IIPOCTO CJIOKEHHEM TOYEK. DTO OTBEUaeT Ha BOIIPOC II0-
ciie (36.m), KOTOPBIH OCTAJICSA paHee OTKPBITHIM.

Mbi MOKEM, B 9aCTHOCTH, BOCIOJIB30BATHCA THM yTBep:KjeHueM u3 [AB|, urobbr yTou-

HUTDH Halle obcyxkenre ypasaenust (36.1). DTu 3aMevyanust, KOHEIHO, HE COBCEM YJIOBJIETBO-
PUTEJIBHBI, IOTOMY YTO OHHU IPEJIIIOJIAraloT MOJHOE MOHUMAHUE YTBEPXKJIEHUS U ero JIOKa-
3aTeILCTBA, HO OYEBUJIHO YTO 3TO YBEJIO Obl HAC CJIMIIKOM Jajieko. Kpome Toro, sicHO, 4To
MBI IMEeM JIeJIO ¢ BOIPOCaMK, KOTOpPbIe 3HAKOMBI 3HaTOKaM. B J1ioboM ciydae B 3asiBJICHUN
BBIIIIE [I0JIPA3yMEBAETCs, UTO OTOIEKIACCTBICHIE, KOTOPOE OHO OIKMCHLIBAET, BICYET 3a cOOOM
OTHOIIEHNE K TEeH30PHBIM IIPOU3BEICHUSIM JTUHEHHBIX PACCIOCHUIA.
Ilepexon ot I',y kK I'r. Mbr npumensiem [AB,Th. 6.7] k GL(1) paccioeHusiM U CBS3HO-
cram, uzydas romomopdusmbl I'r — GL(1). 4o, uto ABA™'B™! — 1 € GL(1). Urax,
z € Z — exp(2minz), n € Z. O6passl A, B pasubl exp(2mia), exp(2mif3), e «, 8 Ha jaH-
HBIIi MOMEHT He ompejiesieHbl. Tenepb Mbl npepBaeM cebs 9TOObI PasMbIILIATh. Mbl uiem
npejicraByieHnst [,y CBSI3aHO ¢ COOCTEHHBIM COMPsIZKEHHBIM cedenueM, ceituac B GL(1). Ou-
HOMepHOe TpejicTaBiienue [, Jano upezgcrasienuem Z 8 GL(1), z € Z — exp(27minz), u
aByMs gucsiaMu o, 3 B Q/Z. Dtu nBa uncia mosgBUINCh Kak a/n u /n B obcyxIeHNH,
upeiectsyforieM dhopmyrte (53). K coxkanennto, st He CMOT MOIEPKUBATE OCIIEI0BATE b
Hoe 3Havenne. MTak asa MHOKECTBa apaMeTpoB OauHAKOBbLL. OCTaeTcs onmucaTh CBI3HOCTH,
onpesenennsie, cormacio [AB, Th. 6.7], stumu mapamerpaMu, TO eCTh STUME [PeJICTABIIe-
ausivu ['r B GL(1). Onn ssistorest ipoussejiennsiMu tipecrasienns U(1) ¢ npecrasiie-
urem rpynusl 7 (M). Ilpencrasienne rpymmst U(1) gano mesbiM GHCIOM. DTO ABISETCS
CTENeHbI0 OCHOBHOIO JIMHEHOIO paccjioenus (), Kak (hakTop pacc/ioeHus, KOTOPOEe CBI3aHO
C JIAaHHBIM TIpejicTaBIeHneM. Bropoii pakTop - II0CKOoe JIMHEHHOE PACCIOeHUe, OlIpeIesigeMast
npejcrasieanem (M), Takum 06pa3oM, HEIIOCPEICTBEHHO (DYHIAMEeHTAILHO IPyIoii 6e3
paccyioenus () aByMs napamerpamu o, 5. OHaKo HaM He Hy>KHbI BCE Iapbl, TOIbLKO Te, KOTO-
pbIe JAI0T nepuoandeckyo dyHkmmo. s Apyrux rpymmn 31o 6yaeT BOIpoc HepuouIecKux
conpsizkeHHBIX KjaccoB. Ml

Yurarens 3amerur, aro rpymmna U(1) B [AB,6.6] emé ne Obuta BayKHOIT 9acTbio HAIIETO
00Cy K IeHus. DTO MOTOMY, UTO Te OJHOMEPHBIE IIPeJICTaB/IeHHs TPYIILI ['R, KOTOPBIE YMECT-
HBI B JIAHHOM KOHTEKCTE, TPUBHAJLHLI 110 €ro npoobpasy B 9Toil rpymme. 1 noguepkusaio,
g0 Teopust Aura-Muica gBjsieTcst BaxKHBIM (DAKTOPOM B HaIlleM 00CYZKJIEHUH, HO 4TO HaM
HY>KHa TOJIBKO HeOOJIbIIast 9acTh 9TON Teopuu. IIpexkie Beero, Mbl UMeEM JIEI0 ¢ Teopueil
J7Ist KpUBBIX. Bo-BTOpBIX, orpanntdenune romomopdusma p @ I'g — G k U(1) nm ero obpar-
Homy obpasy B I'gr ocobennoro Bujia. Ono tak, uro Z — 1. JIpyrue BO3MOXKHOCTH BOZHUKAOT
st GL(2), KoTopast /st Hac TJIaBHBIN CITyJail.

61Hpe,ZLHOJIO)KI/ITe.HbHO KpuBasi ¢ poJOM HYJIb
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Onnako Teopust Jyist 9TOi Ipynmbl OymeT BbiBeldeHa u3 teopun s GL(1), mcnonbays,
IIpeKJie BCEro, 3Ty TEOPHUIO BMeCTe C WH/YIIMPOBAHHBIMU IIPEJ/ICTABIEHUIMI B pAMKaX I'DYIIII
I'aut € oxHOI cToponbl, U Tpynml ['g ¢ JIpyroif CTOPOHDI.

Hng G = GL(1), mbl BeIOpan 0COOEHHBIN KJIACC IIPEJICTABIEHHBIX ), U TOTOM TOJIMHO-
JKecTBO cBsizHOCTel Aura-Muiica cBa3aHHbIX ¢ 3TUMHU npejactaBienuamu. Jng G = GL(2)
JIoBOJI, T10100€eH. Ecin mpejicTaBienne MpuBOIMMOe, Mbl PACCMATPUBAEM JIBE KOMIIOHEHTHI OT-
JIeJIBHO, TIPUJIS K [ape CBA3HOCTER 1 K nape dyHKImi Kak B (53) O CXOJHBIMU yCJIOBHUSIMU.
Onu Oy/IyT COOTBETCTBOBATH COOCTBEHHBIM (DYHKIMAM Pojia D). Tak mycTh p HEITPUBOIUMO.
Sto noapasymeraet, uto p: ABAT'B™! — —1 € GL(2) u 4ro, ¢ NOAXOAMUMEI KOOP/IMHA~
Tamu,

(54) A (g _Oa> B (2 g) o, 8 € U(1),
UTaK 49TO
(54.a) leeZCR—><_01 _01)

Y100b!I TOHATH CBA3HOCTDH, KOTOPAasi OIpPEJe/ieHa STUM IPEJCTABICHIEM, JIydllle MepedT K
Hepa3BeTBJIEHHOMY J1BoitHOMY HaJtoxkenuto M’ kpusoit M. CyimectBytor Tpu u3 Hux. Kaxoii
13 HUX MbI BEIONPAEM, 9TO TOJBKO BOIIPOC YCJIOBHOCTHU WIu 0bo3HadeHusT. OHU JAI0T CXOHBIE
PEe3YyIILTATE], HO HEBBICKA3aHasd KPATHOCTh, KaK MBI yBIamM, noamua.®? IIpeamonoknm, Ha
IIpHUMep, YTO OHa OIpeJie/ifeTcs MOoArpyIoil, opozxtentoit { A, B?}.

Enié onmo orcryrienue. Xord HaM HYXKHEH TOJ'LKO OCOOEHHOM CJIydail CJIeIyIONOro Bbl-
YUCIEHNUs, JIydIlle MIOHUMATh TO, YTO BEPHO OOIe M BarXKHO 00IIe 00IIe I JAPYTUX T'PYIIIL.
Mpur Toxke HaYa/ M U3y4daTh hopMasbHbIEe CBOMCTBA OTHOIIEHUS MeXK Ty 'yt C OHOI cTOpoHe,
u I'r ¢ apyroit, a Takxke MexKIy [,y U KjlaccaMu CONPSIKEHHOCTU C OJTHOI cTopoHoit u ['g u
ero otHotrenuns ¢ cga3Hocramu fura-Mwuuic ¢ apyroit. B gacraocru, mpu m = 1 MblI moJiHo-
CTBIO TIOHUMAaeM COOTHOIIEHHe. XOTsl 3/7eCh HeT HAIlero HAMEpPEHUsl PACCMaTPUBATH JIIOOYIO
rpymy, kpome GL(1), GL(2), aydiie Bcero BKIIOYATH HEKOTOpBIE 00IIHe HAGJIIOJEHHS O
cobcTBeHHbIX 3HaUeHUsAX p(A) u p(B) Ipu HEMPUBOJAUMBIX TIPEJICTABICHUAX PA3MEPHOCTH 7
rpynmsl ['r. Kaxkioe rakoe npejcrasienne jgano npejcrasierueM rpyiis I (|AB],crp.559)
U COBMeCTHMBIM mpejcrasienueM rpymnsl Z (|[ABJ,(6.5)). Xorg 31ech Her Haiero Hamepe-
HUsI paccMaTpUBaTh Jpyryio rpymmy, kpome GL(1) u GL(2), sydie BKIIOYUTH HEKOTOPBIE
obre HAbJTIO/IEHNsT 0 cOOCTBEHHBIX 3HaYeHUsAX p(A) u p(B) Ui HEMPUBOINMBIX IPEICTAB-
nennit pasmeproctu n. OCHOBHOe TpensitcTBhe K Teopun g GL(n) JeXKUT He B Teopuu
cazeit flura-Musuica, a B Teopun onieparopos ['ekke, kotopas erre nejpoctynHa s GL(n).

6241 e 3HAI0, KaK 3Ta MPOSIBUTCS IS JPYTUX rpym. /jas Hameil rpynmnsl 3TO OKa3aJI0Ch, HO TOJIUKO B
KOHIIE KOHIIOB, JIOKHBIM yTBEPXKIeHNeM. 1 ocTaBuiI ero, YT00bI BCIIOMHUATH HEOIIPEIEIEHHOCTh, B KOTOPOIl s
ocTaBaJICd O4YeHb JI0JIrO.
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IIycte m > 0, m.0.4. (m,n) = 1.

1 0 0 ... 0 0
0 exp(2mim/n) 0 ... 0 0
A= (0 . . . . )
: exp(2mim(n — 2))/n) 0
0 0 0 0 exp(2mi(n — 1)m/n)
(5) 000 ... 01
1 00 00
B=p ,

0 00 0 0
0 00 10

tak uto ABA™'B™! = J pasuo exp(27mim/n) yMHOMKEHUIO Ha ¢JIUHUILY. DTO BbIpasKEHHE, KO-
HEYHO, He ABJIAeTCAd OJHOSHAYHO OIIPpEJCJICHBIM, TaK KaK TOJIbKO KJIaCChI COIIPAZKEeHNA NMCIOT
3HavUeHne 1 00pa3ys KJACC COMPS?KEHHOCTH I10 CTereHsiM MaTpullbl A u B, Mbl yMHOXKNIM
A u B He3aBUCHMO Ha JIIOObIE N-€ KOPHU W3 €IUHUIBI. DTH 00Ine HAOIIOACHNS BAXKHBI 1
IIOJIE3HO UX 3allOMHUTH, HO OHU He HeyrocpeicTBeHHo ymecTHbl. Ml

Mur Boibpasm M'. ¢ ceiiuac BBeiy, cHadajia HEYKIIOKBIM 0OpPa3oM, HOTOMY YTO s OBLI
HEOIIbITEH, TOrJa OOBITHBIM 06pPA30M, JIByMEPHYTO CBA3HOCTH. Orpanundenue p : ['r — GL(2)
Ha COOTBETCTBYIOIIYIO OArPyIIly I'g SIBJI€TCS TOT/Ia IPSMOIT CyMMO U aCCONMIPOBAHHBIM
pacc/ioeHreM, CyIeCTBOBAHIE KOTOPOro 00ECIIeINBACTCS IIPE/IBLITY MU COOOPaYKEHUSIME TO-
JKe TIpsiMasi CyMMa. 3aTeM pacCMOTPHM JIMHEHHOe paccaoeHne Ha | HajtoxkenneM M’ cBsi3aH-
HOE C OJIHON WJIM JIPYT'OA €10 KOMIIOHEHTOM.

Bepnémcs terepb K OMMCAHUIO JIBYMEPHBIX PACCJIOCHUI, KOTOPOE OBbLIO IPEPBAHO STHUMU
CIyYaHBIMU 3aMedaHuAMU. JIOBOJILHO FCHO, YTO MPOUCXOJIUT C TEPEHOCOM WJIA ITPOEKITAECH
JuHeiHoro paccioenus #a M’ ma asymepnoe paccioenne Ha M. To, uro ceifyac Hy»KHO,
CJIOBECHOE OIMCAHME ¥ IPOBEPKA, YTO MCXOJ He 3aBUCHT®® OT TpeX BO3MOMKHBIX BBIOODOB
nasioxkenns M'. ¢l u3BUHSAIOCH 1epel duTaTesieM 3a TaKoe HoAPOOHOe OObICHEHHE, HO s
MOEro cOOCTBEHHOTO HA3WUJIAHUA WA MTOYYEeHHUsI, 3TO OUYEHDb ITOJIE3HO.

OyumamenTaabuyo obiactb A st M ciieflyer npeicTaBUTh KaK MapaJjiiesiorpaMM, pas3-
MeHleHHbIﬁ 60Hee 1 MeHee BEPTUKaJIbHO, OT TOYKHU 3pEHUA YUTaTe/Id, B KOMILJIEKCHOM I1JIOC-
koctu. Jls M’ sra Oblta Obl TapaJlieJIorpaMM BMECTE C €ro IepeBooM BBepX. B camowm Jierte,
A X041y THIaTEJIbHO OCMOTPETH IIOCTPOECHUE, O6'b$ICHI/IB, 9TO, HallpuMep, KakK HCXOJ 3aBUCHUT
OT BBIGOPA TOPazKLyIoMuX 3jeMenToB A u B u oT BbIGopa noarpymisl, gannoit { A, B?} cko-
pee dem jpannoit { A%, B}, uro6el onpejeuts M. YTobbl BKIHOYATH HPOCTYIO JAUAIPAMMY,
[peJosiaraio, 9ro A ropusoHTaJ bHO U B BepTUKAIbHO, & 9TO (PyHIaMeHTabHasd 00J1acThb

63Kak yrxe orMedasIoch, HAOBOPOT, ITO 3ABHCHT OT BHIOOPA.
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JaHa KB&,Hp&TOM.64

(56)

OHoMepHoe pacciioenne Ha M’ Tak Kak CBSI3HOCTH Ha HEM TOXKE OJJHOMEPHOE PacC/I0eHKe
win ceszHocTh Ha C. Torga BO3bMEM HPSMYIO CyMMY 3TOI'O PACC/JIOEHUS U €ro MePEeHOCa Ha
2wy. ITO MaéT AByMEPHOE PACCIOCHUE WM CBA3HOCTH Ha M.

Ho sydmre mymarh kak Tomosior. Ecyii 661 g OBLT TOIOJIOTOM, g OBbI IPOCTO cKa3aJsl: «Bo3b-
MUTE TIPSAMOi 06pa3 9TOro JIMHEHHOrO Ppaccj0eHrsT OTHOCUTEIHLHO JTBOWHOTO OKphITHs M’ —
M, 9T06BI TIOJIyYIUTH JIByMEPHOE BEKTOpHOe paccyioenne Ha M.»> DTo 1aéT KeaaeMblil 1c-
xo. B camoMm giese, XOTd I TOTO, YTOOBI yOEIUThL cebsi B 9TOM, MHE HYZKHO MPUJIOXKHUTD
HECKOJIBKO YCUJIUIA, 3TO BCEro JinIib nepedopMyiupoBKa onpeeienns B [AB,ctp. 560]. Mo
[IPOJIOJIZKaeM OOCY2KJIeHUe, MPOCs YUTaTe sl He 3a0bIBATH O TPEX BO3MOXKHBIX JBOMHBIX ITO-
KPBITHS.

[Tpexkjie yemM MbI MPOJOJIKKUM, Mbl JIOJKHBI PAaCCMOTPETh BusgHUe lepexoja Ha M’ Ha
TOUHYTO TTocseoBaTebHOCTh [AB,6.1]. [leso B ToM, KaK MbI y:Ke 3HaeM, 9TO J H3MEHSIETCS
U CTAHOBUTCS

(57) J = AB*A™'B™? = (ABA™Y)?B?* = (JB)’B% = J*.

Haj stum Ha/OXkKeHnEM CBSI3HOCTH €CTh IpsiMasi CyMMa, KOMIIOHEHTBhI KOTOPOW HepaBHBI.
CrietoBaTeIbHO €€ cTpoeHne siCHO. BOmpoc CBOAUTCS K TPEIbIYIIEMY CAYYal), HO C 3aMe-
Hoit Z na Z' = 2Z w U(1) 3amensiercs ero asykparabiM mokpbitiem U’(1). B To ke Bpems
rpymma 71 (M) 3aMenseTcs mOArpynmnoil ¢ majekcoM JBa. Takmm obpasom, cama ['p aBis-
ercs nojArpynmoit rpymmbsl I'g ¢ ungekcom asa. ['pynna U Ttak:ke usmengercd. Panbiie 310
6bu1o Z\R, HO Temepb 310 Z'\R 1 MBI Jl01IycKaeM TmpejicraBiienus, Koropbie Ha Z'\Z yHu-
KaJIbHBIM HETPUBHAJILHBIM XapaKTepoM 3Toil rpyiiibl. OHU ONPEIE/IAI0T, CONJIACHO ITPEIbl-
JIyIIeMy OObSICHEHUIO, HPEXKIE BCEro, CBA3HOCTL dura-Mmuiuica pasmeproctu omun Ha M’
U, BO-BTOPBIX, 110 OIMCAHHON BbINIe KOHCTPYKIINU, CBA3HOCTL fura-Muiuica wa M pazmep-
noctu aBa. [lepsoe cBa3ano ¢ upescrasiennem rpynisl I'g pasmeprocTn equauipl. Bropoe
CBA3aHO C WHJIYIIMPOBAHHBIM IIPEJICTaBICHUEM IPYIILI ['g, ¥ 9TO UMeeT pa3MepHOCTDH JIBA.
Omno menpusogumo noromy urto ABA !B~ — Ju J — —1.

4 He 3HAIO, KAK 9TO MPOSABUTCS JIJIs JIDYTUX TPYIII, HO JIJIsi HACTOAIIErO IIPUMepa, MoJIe3-
HO PacCMOTPETDH siBJIEHHE C TOYKN 3peHus napbl rpyuil ['g n I'g HO TOKe ¢ TOUKH 3peHns
napol [y u I, ., onHOM reomerpudeckoil u jpyroit apudmerndeckoit. st nepsoii mapwi,

aut»
JJIA KOTOpOﬁ COOTBETCTBYIOIIUE OIIpEACJICHUA IIOABJIAIOTCA B [AB,CTp56O]7 O4Y€eBMU/JIHO YTO

64,Z[n${ M’ cymecrsyer Tpu Bbibopa. s omHoro, gpyHjiaMeHTaIbHasg 06IacTh 3aJaéTcs 00beInHeHueM
ksazparos B (0,0) u (1,0), musa apyroro - o6benunernem keaaparos B (0,0) u (0, 1), a Tperbe 06beuHEHNE
kBazparos B (0,0) u (1,1). OHu cooTBeTCTBYIOT TpeM HeHyJeBbIM 3nemenTaM L/2L, a umenso (1,0), (0,1)
u (1,1). Ha auarpamme, npeacrasiennoit uronn [Tynauno, 310 nocienuuii BEIGOP, KOTOPDIH IPEICTAB/ICH.
Jlydme Bcero mpeacTaBuThb €ro ¢ APyTuM BEIOOPOM (bYHIAMEHTAILHON 06JIaCTH, KBAIPATOM MOBEPHYTHIM HAa
45 TpajycoB.
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OrpaHIYeHne NIPeJCTaBIeHus p K rpyiie 'y sBisgercs npsMoiil CyMMOil IByX Pa3HBIX IIPeJi-
crapjiennii, moromy 4urto obpas p(A) € GL(2) mMeer [Ba pasHBIX COOCTBEHHBIX 3HAYCHUS
+1.9°

Bompoc coBectu. Ectb Baxkuble 3ameuanusi o GL(1)-paccioennsix, Koropbie st 3a0bL1 00b-
SICHUTH, XOTsI OBLIN CJIeJIaHbl HeoOXo Mble npurorossienusi. [Ipexke Beero, mis G = GL(1)
romoMopdusmsl Ha p [AB, crp. 560| pasubr 1 Ha 2 = J = 1 € Z. D10 UPOCTO BCE, UTO HAM
uykHuo. st rpynner G = GL(2) sro Gyaer apyroe jeno. Ha camom feste, Jyist Hammx I1ie-
neit, aist reopun aBToMopdHbIX dhopm oun pasabl 1 Ha U(1) ecoim G = GL(1). Do 3Haqwr,
q10 oHu JaHbl aByMs umcaamu B U(1). CymecTBoBaHre CBA3AHHBIX PACCIOCHUN JOTZKHO
6biTh 60 BBIBeIeHO U3 dbpassl B [AB,cTp.561|, nuruposanuoii patee, b0 u3 Halero o6-
cyxaenusi (36.k). OjHaKo, Ha MEPBBIN B3I/, Mbl UMEEM JIEJIO C PA3JIUYHBIME TOHSITHSIMU
IJIOCKOCTHU. Bo-TIepBBIX, cyIecTByeT MHOrO3HaYHAs (DYHKITHS, B KOTOPOil N3MEHEHUsI OIPe/Ie-
nsttorest romoMopduamom rpymns Lamya B U(1) a Bo-BropbIx JinHeiHAsT I0CKast (DYHKIIUS,
B KOTOPOI CKJIOHBI JaHBI JIBYMsl JIEHCTBUTE/ILHBIMUA IUCIAMHU, U3MEHEHUSIMU 110 CTOPOHAM
dyHIAMEHTAJIBLHOTO TapaJiiejorpaMa. TakuM odpa3oM, OHU JIEHCTBUTEIHHO OJIHO U TO Ke.
D710 BTOpO#l BUJI, KOTOPBIi ObLT mpemodnTeses B (53).

Takzke HeOOXOMNMO He yIycKaTh u3 Buiy yciaosue [AB,6.6] u onpenenenne p. Eciu orpa-
Hidenne p Ha 1npoobpas U(1l) TpuBHAIBHO, TO JJIsS ONPEJIEJIeHNs CBA3HOCTH CBSI3aHHOI C
HUM MBI MOXKEM ITPOCTO 3aMEHUTD () TPUBUAJIBHBIM OJITHOMEPHBIM PACCIOCHUEM MOTOMY UTO,
[IOCTpOeHNue, MmojpasymeBaemoe B cioBax ‘Given any homomorphism p : I'r — G we then
get an induced G-connection,” mojpa3ymeBaer jiejieHUuE Ha PO OTOOParKEeHUs p, TO €CTb
Q Xy M zamensiercs ma 1 X3y M = M wmu ckopee U(1) x 3 M. Taxast cBs3HocTh 005132~
TeJIbHO MOCTOsTHA. B HalleM 0COOHOM ciiydae MOCTOSTHCTBO KPUBHU3HBI M METPUKU O3HAYAET,
aro crertenn U(1) 1aioT miockyio cBa3HocTsb. %

To, 9TO cTAHOBUTCS MPO3PAYHDBIM, KOTJIa Mbl HAYMHAEM Pa3MBIILIATh O COOCTBEHHBIX 3HA~
gennax [ekke Buga 2A, 310 cxoxcTBO rpymmbl ['g ¢ aBromMopdmoii rpymmoit [axya, koropas
TaK BasKHa B TCOPUH aBTOMOPQHLIX GOpPM U B Teopuu npescrasienuit.” dro npusoant, mo-
JIOOHO 3TOI TEopuH, K HEKOTOPOi (hyHKTOpUAJbHOCTH B Teopun ura-Muiica, HO Takxke
BBOJIUT BO3MOXKHOCTBH IPSIMBIX 00Pa30B, U 3TOrO s He BUJIE] B OOBIYHON aBTOMOP(HON Teo-
pUU WK B TEOPUHU JIOKAJBHOTO TIpejicTaBienus. [1o KpaitHeit Mepe, eciiu Obl s 3TO yBUJIE,
sl ero He y3HaJj. BO3MOXKHO 9TO 3TO 3aMeHa Oas3bl! Tem He MeHee, B 4aCTHOCTH B TEOPHH
qutst tpymiel GL(1) u GL(2) ato MBI cobupaeMest ONUCATh, €CTh HAMEK Ha ITO-TO 3HAKOMOE.
To, 9T0 MOAB/IAETCS B TEOMETPUIECKON Teopun, a He B apudMeTUIeCcKOil T€OPUN, 3TO UHTY-
[IUPOBaHHbBIE TIPEJICTABJIEHUS U TpsiMble 00pa3bl. OCHOBHOE TOHATHE SBJIseTCst 'R, KOTOPYTO
s1 HazoBy rpymnna Atbu-bBorra. Ona cBa3ana ¢ rpynmoit [y, ¢ KOTOPOil MBI y2Ke 3HAKOMBI.
Teopust nay M’ saBisiercss gacrbio Teopun Hay M. Kak ussectno us apudmernyeckoii Teo-
pUHU — CKOpee, KaK OKUJIAETCA OT apudMETHIECKONH TeOPUU U OT T€OMETPUIECKON TeOpuu —
P BasKHBIX BBIBOJIOB B 9TOW TEOPUU MOYKET ObITH B HACTOMAIIEE BPEMsI BBIPAXKEH C TOUKH
3peHn aBTOMOPMHOM IpyIbl [axya, XOTs MBI JAJEKH OT 0OINEro MOHUMAHUST 3TON TPYIIIIBIIO.

65Kak Gbuio 3amedeno, ornomenne Gx = Gy, NOSBJISIONEECS B BEPXHEH YACTH CJICLYIONEH CTPAHUILbI
crarsu [AB| ne 06s3aTesIbHO 0G0CHOBAHO.

66Haznauenme U (1) u ero upezcTaBieHul HEsACHO B 9TOH CTaTbe, B KOTOPOHl PAaCcCMATPUBAIOTCH TOJILKO
GL(1) u GL(2). Bbuto 6Bl siCHee ecim Mbl PACCMATPHBAJM IPYIIIBI 0osiee BBICOKOrO panra. Ckopee oHM
[TOKaXKyTCsl TOJILKO B KOHIIE 9TOH CTATHU, HO CYNIECTBEHHBIM 0OPA30M.

67ﬂque obpamaTrbCs ¢ 9TUM 3asiBJIEHHEM OCTOPOXKHO. ['eomerpuyeckas Teopust n apudMeTnIecKas Teo-
pus pasHBbL.
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[Ipucoeunennasi apromopduag rpymmna ['agya He sBIgeTCS IPOCTO MPOU3BEJICHUEM IPYIIIIHI
uax M’ ¢ rpynnoit Gal(M'/M).

['pynna I'g gBigerca anasor aBroMmopdHoit rpymib! [airya, B TOM ¢MBIC/IE, YTO €r0 TOMO-
Mopdu3MbI K rpytie G onpeensaioT cea3Hoctu Aura-Muinica co snadenusymu B G. OiHaKO
aBroMopdHas rpymmna [ajiya nMeer Takke JIOKAJbHYIO (opmy. Bo3aMo:KHO 4TO HEKOTOpBIE
qUTATE/H He3HAKOMDI HII C €8 IJI0OAIBHEIM BHIOM HH C 6 JoKaIbHbM BuioM.%® Ipymma Iy
HEe UMeeT JIOKaJbHOro Brja. CKOpee MBI PAaCCMATPUBAEM TOJIBKO €€ YacTHOE, KOTOPOe Olpe-
JIEJIEHO HEPAa3BETBJIEHHBIMU IIPEJICTAB/IEHUsIMUA, TO €CTh IpeJicTaBaIeHusIMu aaredpor [ekke.
Cie1oBaTe/IbHO, BO3MOYXKHO ITO 9TOT YACTHBIN JIOKAIBHBIH BHI, TPOCTO JoKaibHoe “G mo
MHE KazKeTcs JIydie ocMoTpeTh G L(n) mpexie yeM npuiiTi K 3aK/I09eHn0. Bo3MoKHO 410
9T0 60JIee CJIOKHO.

Takum obpaszom, nepenoc aBroMopdHbIX ¢opm or M na M’ HACKOJBLKO MBI MOHUMAEM
5T0, cBA3aH ¢ orobpazkenneM I, B [ay. B Teopuu nsmenenns 6asuca™ Mbl IepexouM OT
OJIHOIO 110151 K GosibineMy nojo. [lone kpusoit M’ 6ombie, gem nose M, Tak 9To Mbl Oyaem
n3ydaTh 37eCh HEUTO 110/100H0e. BKyc TeM He MeHee oTindaercs. B camMoM jesie, IBUKEHUE B
[IPOTHBOIIOJIOZKHOM CMBIC/IE, U 3TO myTaeT. M’ sBiisiercs HakpbiTiHeM M W MBI IMeeM JIEJIO C
IpsAMBIME o6paszaMu.’t B JaHHOM ciIydae 3TO COOTBETCTBYET MHYKIAH JIMHEITHOTO paccyoe-
Hust Ha M K JByMEpHOMY BEKTOpHOMY paccyioennto Ha M. Mbl yzKe TOAPOOHO OIMUCATN 9TO
B IIPOCTBIX BbIpaKeHUAX. Ternephb 1e/1b COCTOUT B TOM, 9TOOBI 00bACHUTD 9TO KAK WHLYKITHH
U3 OJTHOMEPHOTO TpejcTapienns [, . B IByMepHOE IPeJICTaBIeHNE IPYIIIBI [ 5y DTO, B CBOIO
odepeib, MOKeT ObITh BbIPpaXKeHO Kak I1epexo/l K JIBYMEPHOI cBsA3HOCTH Ha M, KOTOPBIil Ipu
uHTerpupoBannu, Kak u jyisi GL(1), 9106bl onpeeisaTh BO3MOXKHbBIE COOCTBEHHBIE COIPSi-
JKEeHHBIE CeUeHMs. 3aTeM 9T0 Oy/IeT CpaBHUBATHCS B CJIEYIONIEM pasjese ¢ Kiaccamu ['ekke,
ormmcanubivu B §VII. W

Mebr 6yem nepexoauth oT (opm Ha M’ k dopmam Ha M. C apyroit CTOPOHBI, B TEO-
pun dAura-Mwuica, TakuM 00pa3oM, B TEOPUU B KOTOPO# CBA3HOCTHU SIBJISIOTCS TJIABHBIMMU
IIpe/IMETaMu, CYIIEeCTBYET NMpsMOil oOpa3, a UMEeHHO IpAMOil obpa3 cjoit ciioeM. KakoBo ero
oTHoIeHne K romoMmopdusmam Atbu-Borta m romomopdusmam aBroMopdHBIX rpymn a-
sgya? B 9Toil ctaThe MBI H3yvYaeM IIPOCTOM, HO TOYUUTEIbHBIH, cIydaii 9Toro Borpoca. KcTb
MHOT'O HaJIOEJJINBBIX BTOPOCTEIIEHHBIX BOIIPOCOB, KOTOPbIE HYXKHO O0bSICHUTD, HO UX IIPEI-
cTaB/IeHIe HEen30eKHO Oecriopsiaadnoe. Yuraresro mpuaéTcst IPOCTUTh MEHs.

[IepBoe me10, KOTOPOE MHE HE sICHO, SABJISIETCSI COOTHOIIEHHe MeXKIy Ao mim Ag 1 MHOXKM-
tesiem U(1) B (6.6). Mbl Tak:Ke He Y6TKO DENTMIN PasHUILy MeXKIy Teopueir fura-Musica

680 un sokanbHbI B osiBsieTest B ctaThe On the Classification of Irreducible Representations of Real
Algebraic Groups Math. Surveys and Monographs vol. 31, 1988 kak rpynma Beiis. JIokagabHbINH BUJT TPYIIIIHI,
[TOCKOJIbKY Pedb UJET TOJHKO O HEPA3BETBJIEHHBIX MPEJCTABICHUAX, HO JIIsi BCeX OA30BBIX IOJIEl, TO €CTh
TIOJIsT AJITeOPAMIECKUX IUCET WK TOJs (DYHKIUH, SBIAIOTCS TPOCTO Z, TaK ITO MBI UMEEM JIeJI0 ¢ 00pa3oM
18 Z B LG u ero conpsizkeHHBIM KI1aCCOM.

69Heckombko MHeMOHMIecKHX c10BOB. Ecomm M/ — M riagkoe KOHETHOMEpHOE HAJIOZKEHHE, TOLAA 06-
paTHbIil 06pa3 paccioenusa Ha M ecth paccioenue Ha M’ ¢ Takoil ke pasmepnocreil. C apyroii ¢cTOPOHBI
pasMepHOCTh NpsMOro obpasa paccioennss A Ha M’ pasna [M’ : M]dim A. Tlepsoe nocTpoeHne ecTb u3Mme-
HeHue 0a3nca, HO 9TO BJIOPOEe KOTOPOE HaM BayKHO.

"OBase change for GL(2), Annals of Mathematics Studies, vol. 96 (1980)

"IB 06bIMHOI Teopuu TPy HaJ GOIBIIAM HOJIEM pPacCMATPUBACTCS KAK IPYIIA HAJl MEHDBIIHM LOJEM.
OrHomenne K MpsMbIM 06pa3y He cpa3y BuIHO. Mbl BepHéMcs K HeMy. UuTaresib 3aMeTUT HECKOITBKO TOBTO-
peHuii. DTO MOTOMY, UTO S TOJIHKO MEJJIEHHO MOHUMAIO TO, UTO si OObICHSIIO.
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u Teopueii cobcTBeHHbIX (ynknmii ['ekke. [lepBas, na mepBbIi B3TJIA, JIJIA CBA3HBIX IPO-
CTPAHCTB, TAKUM 00pa30M, I CBA3HBIX KOMIIOHEHT MHOXKecTBa Bung. Bropas jura Bcero
Bung. V¥ mac, kak y Arun, ectb ¢purcupoBannbie Ag u Ag. TernsopHoe mponsBeenne ¢ cre-
meHssMu Ay OTHOCHT HAC OT OJHOINO KOMIIOHEHTa K Jpyromy. Ecim € g060e KOMILIEKCHOe
YUCI0 aDCOTIOTHOTO 3HAYEHHUSA 1, TO MBI MOXKEM PACHIUPUTH (DYHKIIUIO W3 OTHONW CBSI3HOM
KOMIOHEHTHI Bung B npyryio ¢ ypasuenuem f(Ag ® A) = ef(x). D10 o3navaer, 4aro mnpu
[IOCTPOEHUN COOCTBEHHBIX (PYHKINI ['eKKe M cOOCTBEHHBIX 3HAYEHUI MBI MOXKEM COCPEJIO-
TOYUTHCS Ha HECKOJIBKUX CBA3aHHBIX KOMIOHEeHTax Hu3Koi cremenn. /s GL(1) ara cremnenb
uyab u Jyig GL(2) crenenn 0 u 1. Bo3aMoxkHO, 51 3a0BLT 9TO CKA3aTh, IOTOMY 9TO $ HE 3HA
0 ero 3HadyeHuu, Ho pacciaoerue () Arbu-Borra Takxke sBisiercss pacciaoennemM A Arbu. To
€CTh TIOHUMAETCsI, YTO OHU PABHBI (UJIHM, MOYKET ObITh, OJJHO U3 HUX OOPATHOE K JIDYIOMY, B
KOTOPOM CJIydae Halle 0OCy KIeHHe JOJZKHO ObITh CJIErKa U3MEHEHO.

Kaxkercst, HeT HUKakoro crocoba nzbexkarh BejieHust Ag. K coxkasieHuio, 3To, mo-BuIuMoMy,

IPeJIIoaaracT BEIOOp, HACKOJIBKO 9TO BOBMOXKHO, Af) /I KazK/I0r0 HEPa3BETBICHHOTO OKPBI-
tug M u B coBmecTuMoM Bujie. Mbr MoxkeM jymarb o Ap mpocro Kak o Touke B M u Aj
kak Touka B M'. Takum 06pasom, MOXKEM MpEeIIoI0KUTh, ato ecau M"” — M' — M, To-
ria Aj — Aj — Ap. TO €CTh MBI IIPEITONOKNAM, 9TO MBI IMEEM IIOCJIeIOBATEILHBIN HAOOD
0a30BbIX TOYOK JIJIsI BCEX HEePa3BeTBJACHHBIX MOKpbITUit M. Takum oO6pa3oM, y HAC €CThb MOCIe-
JIOBATEILHBIN CII0c00 IIpeodpa3soBaHms JUHEHHBIX paccioennii na odoi M’ Ha pacciaoenus
crenern 0. /Iyt AByMepHOro paccioeHnst TEH30pHOE IMPOU3BeJieHne creneHn Ay mpeobpasyer
ero B paccjioeHue koroporo crernenb 0 mim 1. Takum o6pa3om, JJ0CTATOYHO PACCMOTPETH ITH
qe BosMokHocTu. Konewno, Beibop A Torja omnpesenser Af.
Toukwuit Borrpoc. Yol B3sTh psiMoe nzobpazkenue, pemeérka L' Jo/KHa ObITh HOJIMHO-
»kecTBOM pemérku L. B pammom ciayuae, 2L C L' € L C apyroii ¢cTOpOHbI, KaXKeTcsk 9T
apaMeTphbl TUHEHHBIX (DYHKIUI, KOTOpbIE CBSA3aHbI ¢ L/, IOy daroTcst TOJIBKO Kak JOJII0 TeX,
KoTophle cBsizanbl ¢ L, I/ C L. Ograko 1o He Tak, noromy, uro [AB,Th. 6.7] mossosser
HYKHYIO cBOOOjy. HerpuBouMmblie ipejicTaB/IeHs, KOTOPBIE €CTh CYIECTBEHHBIC ITPEICTaB-
JIEHUd, JTaHbI KaK CKJeuBaHue coBMecTHBIX IpejctapiaeHuit [' m R. WL

Mpr erie He OnuUCAIH IPUMED CBSA3U MEXK/Ly IPEJCTaBJICHUAMU Ipynibl ['g 1 JTUHEHHBIMI
paccioenusamu. lpumnuio Bpems caenars 31o. Ceiigac sICHO, YTO HAM HY>KHO PacCMaTpUBATD
Tosibko paccioennst crenenu 0. Cornacuo [AB| ono Oyzer 3a1aHO OJHOMEPHBIM TIPEICTAB-
JIEHUEM Ty U UTO ITpeJicTaBjieHne Oy/er, MpexKje BCero, TPUBUAIBLHO Ha .J, TMOCKOJBKY J
SIBJISIETCST KOMMYTATOPOM, & BO-BTOPBIX, 4TO OH Oyjer TpuHajbHbiM Ha U(1), MOCKOJIbKY
creniedb pasHa 0. [Tocko/bKy MBI paccMaTpuBaeM TOJIBKO JINNITHYECKIE KPUBBIE, TO O3HA~
9aer, 9To OHO 3ajaércst obpasamu exp(4kamni), exp(4lbri) kak B (53). DTu jBa YnCIa JeKaT
B U(1), HO B ocTaIbHOM TPOU3BOJIbHBL. C JIPYroii CTOPOHBI, /I Tex npejcrasiennii ['g, Ko-
TOpbIe UMEIOT OTHOIIIeHne K Teopun ['ekke, jBa qucia k, [l JOJKHBI OBITH HEJIBIMI THCIAMHE.
Cornacuo ob6cyxaennio Ha ctp. 560 u3 [AB], B wactHocTu, ypasuenue (6.10), npejacrasienue
mneitno na R, v — ex, v € R, u eJ = 1, nockonmnky ABA™'B~! = J € R. Dro onpejesnenne
aucsa €l Yucna a u b nexxar 8 R. Yenosue B (53), uro onn Jiexkar B Z, He HAKJIAIbIBACTCS
cBoiicTBoM fHra-Mmiiica, a oTHOIIEHHEM K cCOOCTBEHHBIM 3HadYeHnsAM ['ekke. BoJiee unrepec-
HBIM BOIIPOCOM ABJIsI€TCs (DYHKITHS MPAMBIX n300pazkenuit. HaM Hy»KHO TOJIBKO 3a00TUTHCS
o ToM, uro M’ sBisieTcss IBOMHBIM HajoKeHueM M, M0ITOMY MbI pacCMaTpPUBAEM KBaJjpa-
TUYHOE pacCIIupPeHue MoJIei.

2Mue TPYHO 3AIIOMHUTH TOTHOE OIpeeeHne Kaacca dxKeHs.
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HekoTopble o01mme 3amevaHusi. XOTsd Hallla IJIaBHas TeMa ceidac SBJISACTCS TPYIIIOR
GL(2), BO3MOXKHO 4UTO HAIM 3aK/H09eHust Oy/ieT 6osiee yOeuTe/bHble, eCii Mbl IPEPBEMCS
HEKOTOpbIMU 3amedanusMu o G L(n)-paccioennsx jyist oomumx n > 0. OrpaHuduMcs Herpu-
BOJIMMBIMI PACCIOEHUSIMU. XOTsI HAIA TeMa B 9TOil craThe ryiaBHbIM 0b6pasom GL(2), s 6ol
[PEJIIOIOKII, ITO ¢ TTIOMOIIbIO [A] ciydaii 061ero n, ecjim He MPOCTOI, JJist ITOTO UTO BJie-
96T 3a cOOON HAXOXKJIEHHE BCEX KJIACCOB COOCTBEHHBIX CONPSKEHHBIX cedenuii s GL(n),
O KpaiHei Mepe, CTOUT Pa3MbIIILICHU.

MpbI y2Kke Hada/m n3ydarh (popMaJibHble CBOICTBA OTHOIIEHUS MeK Ty ['R € OHOI CTOPOHBI,
a Gau € JIPYIoii, a TakyKe OTHOIEHNE MEeXKIY IPYNIoil (Gay; ¥ CONPSIZKEHHBIMU KJIAaCCaMU C
OJTHOI CTOPOHBI U OTHOIIEHKE MeXK 1y ['r 1 cBsi3HOCTAMMU ¢ Jipyroit. B wacraocTu, mpu m = 1
MBI TIOJTHOCTBIO TOHUMAEM BCE COOTHOIIEHUS.

O1u HAOJIIOIEHUS CBA3AHBI C JPYTUME BTOPOCTEIEHHBIME BOIIPOCAMHU, KOTOPbIE, XOTsI OHU
U CBsI3aHBI C 3aTPY/JHEHUSIME 3HAKOMBIMHU 13 00IIeil Teopueil aBToMopdHBIX (hopM, ObLIN
HEOXKUJIAHHBIMU B TenepHernHoil crarbe. [lone dyukumit kpuoit M’ siBiistercst KBajpaTud-
HBIM pacimpenneM ero jyist kpusoit M. Takum obpasom, L-rpymna rpymmst GL(1) maa M’
siBsisieTcst pacipenueM L-rpymmst 1y M, a mvenno G L(1, C) samensiercs va Zo X GL(1, C),
[IOTOMY 9TO yMeCTHas rpymma [anya Zy. DTo nu3MeHeHne JO0IKHO ObITh BKJIFOUEHO B COOTBET-
creytorue quarpammbr [AB,6.5] u [AB,6.6]. Tounee, eciim Mbl paccMaTpuBaeM reoMeTpUYe-
CKYIO TEOpHIO HaJl BoiiHbIM HasoxkenueM M’ — M, to rpymma laxya Gal(M' /M) nomxua
6bITh BKJIIOYeHa B rpymmy lamya gumarpammber (6.6), koropast mamensercs s M’ ¢ rewm,
aro (M) samensierca na m(M'), a J — 2 € Z no J' — 1 € Z, rak uro (J')? = J.
Taxkum obpasoM, npejcraBienne m' rpyunsl I'g aBiagercs gaubvM z — 2z, z € U(1) u nan-
HOM mpesctaierneM rpymnsl m1(M’). To ecth, cooTBercTBYIONME TIpEcTaBieHus ['g ecTb
paccyioerHoe npousse/ieHoe npenctasienns U(1) x mp(M'). Ipyrumu ciioBaMu, COOTBETCTBY-
fomue npejcrasienns I'g Tak 9To ux orpanndenue K Z nepesoaut J' B —1, no J B 1. Takum
obpaszoM, BKoYeHrne (G B TEOPUIO HECKOJIBKO TOHKOE, TOTOMY UTO IPHU MEPEXOJIE OT PACCTIO-
eanit Ha M’ u cBst3aHHO# ¢ HUM cBsa3HOCTH fHTa-Musica, KOTOPBI BBITIOTHIETCS TIPSIMBIM
n306pa30M, eCTh PACIINPEHNE OIHOMEDPHOTO [IPE/ICTABIEH S I'PYIIIB! [y K HH/IYIITHPOBAHHOMY
nByMepHoMYy mipejictapiernio I'g.

B kadecTBe BTOPOro miara Mbl pa3bsaCHSIEM JIaJIbIIe [eJIh paccaoeHust Ay B JJAaHHBIX 0OCTOsI-
TeJIbCTBaX, COOCTBEHHBIX COMPSIXKEHHBIX ceueHuii i G L(2) mo ssumunrudeckoir Kpusoit. OHu
n3yqasuch B §VI u mesmmuch Ha npa Kiaacca: Bua A u Bug D). Te, BUI KOTOPBIX 2 yiKe OBLII
PACCMOTPEHBI, U X OTHOIIEHNE K PEICTaBIeHUusIM 7,y OBLIIO BBIICHEHO, XOTS U HE K IIPe/I-
crapjernsaM rpymibl Atbu-bBorra. Mbl 3annMaemcst ceifaac cobcTBeHHBIMU (DYHKIIUSIMEA BUA
2. OHn UMeroT JTIOOOTIBITHOE, HO YMECTHOe cBoicTBO. OHM nCcue3atoT Ha MHOXKECTBE Uoqq, KAK
YTBEPIKJIAJIOCH B TIpeJIozKeHnn ocie ypasHenusi (32). Onn takzke paBHbI ) HA MHOXKECTBE
®. Takum 06pa30M, OHH MOTYT OBITh OJTHO3HAYHO BBIPA’KEHbI KaK TEH30PHOE IPOU3BEJICHIE
cTeneHy JUHEHHOro paccioenuss Ag u paccioenust crermenu 0 wim 1. Takum obpasom, s5Tu
cobCTBEHHDbIE (DYHKIUH, TIOMUMO XapaKTepa IPYIIbl Z, olpeje/isieMble UX 3HAYeHUSIMU Ha
paccioerusx B 2 crenenu 0 wim 1. VMenno, Kaxkjaoe paccjioenne © pa3sMepHOCTH JiBa €CTh
POU3BeIeHNe JTMHEHHOro pacciaoenuss A u paccioennss ©' creneneii 0 nan 1. Kaxkgoe cob-
CTBEHHOE conpsizkeHHoe cedenne f tak, ato f(A-©) = x(A)f(O), rme x xapakrep rpyImisl
[Tukapa. B manHOM citydae, JBOWCTBEHHOCTH HaBsi3ajia ce0sl, HO OHa TPedyeT HEKOTOPOTro
00bsICHEHUS.
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Mpur obparumest K Teopun fura-Mminica, o3BossIs cebe HEKOTOPYIO M30BITOTHOCTD. DTa
TeopHusi, KOTOpas IMOKA3bIBAETCS HA YPOBHE CBA3HOCTEH, TAKMM OOPAa30M, CBA3aHHBIX MHO-
roobpasnii, B IPOTUBOIIOJIOXKHOCTE TeOpUHU ['€KKe, KOTopas OIpeaesseTcss OJJHOBPEMEHHO B
KaXKJI0i CTEeIeHU. DTU CBsA3aHHbIE MHOTOOOPA3Ms CBI3aHbI APYT C JIPYTOM YMHOYKEHUEM C CTe-
[IEHBIO PacCIoeHnst Ay, TIOITOMY KarKJIOMY IIPUCBAMBAETCS 1E10€ IUC/I0. 1o ecTh, OT/IeIbHbIE
MHOXKECTBA OTOJIEZK/IECTBJICHBI JIPYT C JPYTOM, HECKOJILKO IIPOU3BOIBLHBIM 00pa30M, TaK 9ITO
yHKIMS MM CBI3HOCTD HA PACC/IOCHUSX HYJIEBOI CTEIeHH Oorpe/iesisieT (OYHKINI0, COOTBET-
CTBEHHO CBA3HOCTb, Ha BCEM Bung. Takum obpazom, pyHKIM Ha OJHOM U3 MHOIOOOpa3Mii
MOZKET OBITH TTPeodpa30BaHa KO BCEM OCTAJIbHBIM, MCIIOJIB3Ys ITO /10 TUC/I0 U JTaHHBIA Xa-
pakrep Z, nepsbiit ymuoxkuresb B (1.d). Takum 06pasom, Mbl IOHSIN 1eJb pacciaoerust Ag.
OHako MBI He IMMOHMMAaeM 3TOro B pamkax cBsizHocreir fura-Mmuica. Ho ects TpyamocTs!
Terzopnoe npoussejierne ¢ Ay He MeHsET HEeTEPMUHAHT PACCIOEHHs, OHO MEHSET CTEIeHb.
DTa CTeleHb - Pa3MepHOCTDb paccjoeHus. Tak, HAIpuMep, i PACCIOeHUs] Pa3MEPHOCTh KO-
TOPBIX PABHA JBYM TOT yMHOXKUTEIb paBeH AZ | 1 9T0 JIs Hac BasKHas 3a/1a9a, CBA3HOCTH
YETHOM U HEYETHOW CTENEHU JIOJIKHBI PACCMATPUBATHCS OTACTBHO.

[pynma I'g cBsa3ana He TOMBKO €O BTOPbIM MHOXKHTegeM (1.d), HO U ¢ Tpou3BeIeHIEM.
[lepsrrit dakrop Z ceazan ¢ muoxkuresem U(1) B [AB,(6.6)]. 3 [AB, (6.6)] u nocaemyto-
mero 0ObsSICHEHUsT BUIHO, ITO MBI MOXKEM W3MEHUTH IIPEJICTaBIeHNe TPYIIbl ['g CTEeHbIO
npejcrasieruss U(1) camo mo cebe, mpoussosst ero ¢ 'rg — U(1) u 9ro 970 u3MeHUT CTe-
[IeHb Ha IIPOM3BEJIEHNE ITOH CTEIeH! CO pPasMepHOCTell MCXOIHOTO MpejcTaBieHns. BouiBos
COCTOUT B TOM, UTO B HBIHEIIHUX YCJOBHUSX HAM HY?KHO PAcCMaTPUBATh TOJBKO JBYMEpPHbBIE
paccjioenus creneneit 0 u 1.

Cpasuenne cs3nocteit flura-Mmiiica, ¢ cobcTBeHHBIMU KjaccaMu ['eKKe, ¢ IpejicTaBiie-
Huavu ['g u ¢ upeacraBieHuaMu (o, sBIsseTcs pas3dopunBbiM. [lodToMy MBI mepecTaem
OOBSICHATH, ITO HEOOXOIUMO, W 3aIUChIBATH TO, ITO MbI cieaan. CooTBETCTBYIOIIEE CPaB-
HeHIe, CpaBHeHNe MHOXKecTBa {p ® o™|n € Z}, rae o npezacrasienne U(1) kak camoro cebst u
p npencrasienne ['g, notomy uro Bung HecBsizHo u onpeesenne rpymnsl ['g B [AB| mpucro-
cobJieHo K cBsi3aHHBIM KpuBbiM. Hanmomunm, uro B (1.d) umeercs moapasymeBaeMblii BHIGOD
Ap. Boraucnenus, npusojsimue K (56), Ja0T MOHATD, YTO JiJisl CDABHEHHSI C [IPEJICTAB/IEHsI-
mu [, TONIBKO I'R-TIpEIcTaBIEHNT, 17151 KOTOPBIX J, KOTOPBI MbI MOYKEM CUUTATDH €JIMHUTIEN
1 B R, nmeeT o6pa3 KOHEYHOTO TOpPsIKA. ">

OpinomepHbie mpejicTaBieHns ['g, KOTOPbIE COOTBETCTBYIOT OJIHOMEPHBIM PAaCCIOEHUSIM
obst3aTesibHO TpuBnasbHbl Ha R 3 [AB, 6.5] u yxke pacemorpenst. s aux J — 1. Hamow-
HUM, 9TO MBI UMEEM JIeJIO C PSIOM IIPEJICTaB/IeHNil, OECKOHEIHBIM B 000MX HAIIPABJICHUSIX.
JI st eHTpaIbHOTO 3JIEMEHTa 9TOrO Psijia CBI3HOCTEH M HAIOTO BHIOOpA METPUKHU WM CBsI3-
HOCTH (), CBA3HOCTD TocTOsiHHA. OCTaIbHBIE PABHOMEPHO KaJebaroTCs U BCe MEPUOINIECKIe
¢ IeprojioM, pazjensiomumM ognd. Her KoHeunHoMepHbIX mpejcTaBiennii I'g, g KOTOPBIX
obpas J upparmonaJeH.

Tenepb ocTaércst OTKPBITHE OTHOIIEHUS COOCTBEHHBIX (PYHKIHIH Buia A, KOTOpbIE HE TaK¥Ke
BUJIa ®, ¢ OHOI CTOPOHBI, K HE MPUBOUMBIM JIBYMEPHBIM HEIIPUBOIUMBIM ITPEICTABICHUAIM
rpynnsl ['g mwim Iy, ¢ apyroit croponsl. EIé pas ecThb ycoBrue parmoHaJIbLHOCTH, KOTOPOE

"3MbI MOZKEM OKHIATH, UTO [POOIEMbl YCTAHOBICHNS (PyHKTOPUAIBLHOCTH B [€OMETPHIECKOM KOHTEKCTE
ITOXOYKUE HA T€, KOTOPBIe 37IeCh PACCMATPUBAIOTCH, TOSBJISIOTCS TAKXKE B apudMeTnIecKoi Teopun. B aroit
TeOpUU OHU, HECOMHEHHO, Oy 1y T 00JIee CII0KHBIMU, BKJIIOUasi OJHOBPEMEHHOE UCITOIb30BaHNE (DOPMYIIBI CIIea
7 pacYeToB, KOTOPBIE TTOXOIAT Ha pacdéThl B KHure Xacce, Klassenkorpertheorie, xorst ropas o 6oJiee TpyaHbI.
Ecrb Maio MaTeMaTuKoB ¢ My?KeCTBOM, 9TOOBI PACCMOTPETH 9TH IPODBJIEMBI, U 51 HE CPEJIU HUX.
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HaKJIaJIbIBaeTca Ha mepBoe. T'pu MHOXkKecTBa &, pPa3IUvHBbI, & UMEHHO MOBEJEHNE KaryKIO0TO
OIIPEJICJICHO TI0 er' OTHOIIEHNIO K TPEM xapakrepam Y;. OHU COOTBETCTBYIOT TPEM BO3MOK-
HBIM HEPa3BETBJIEHHBIM KBAIPATUIHBIM PACITUPEHUSIM UK TPEM TTOKpbiTusM M’ kpusoii M.
PaccMOTpHUM OHO M3 HUX, CKazKeM TO, (DyHIaMeHTaIbHas TPyIIna KOTOPOro MopozxKieHa A2
u B.

Mol paccmarpuBaeM Kpajparudroe nokpbitue M’ kpusoit M. Kakoro Bausinue taxoro
u3MeHeHus Ha npousBejierne rpymnbl Atbu-Borra Iy ¢ Gal(M'/M). 910 moctaTodHO SICHO.
I'pymma m (M') B [AB,6.5] conepxaerca B m(M). Orciona caeayer, aro J' g M, To ecrn
J' € Tg orobpaxaercs Kak 2.J, To ectb J?, B T'r. D10 onpeenser orobpaxkenne s ['g B 'R,
x € R nepexonut B 2z. OueBnHo 4T0 nHjekc obpasa ['g B ['r pasen aBym. D10 03HaUaeT,
ostarogaps reopeme Arbu-Borra, uro ognomepnoe pacciaoenne fura-Musica ja M naér
nByMepHoe paccyioenne fura-Muiuica niist M. [eomerpudecku, BTropoe IpocTo mpsiMoit odbpas3
[IEPBOI'0, HO CTOUT, JIYHIlle YCBOUTD BCE STU HOHATHS U TIOCTPOEHUS, KOTOPbIE MOT'YT ObITH JIJIsT
YUTATE/I CTOJILKO HE3HAKOMAaMU KaK JIjId MEHs, U IIPOJO/IKUTEL U3ydeHue onpesesennii. B
YACTHOCTH, MTOJIE3HO PA3/LyMbIBATH O IIPUPOJIE MPSIIMOI0 N300PAKEHUS B CBI3U C HACTOAIITUMU
PA3MBIILIEHUSIMU.

HarmomauMm, 910 aBTOp 9TOH CTaTbh UMEET IOHATHE O TeOPUU aBTOMOPQHBIX (OpM Ha

oJieM ajredpandecKux 9uces U HaJl moJjieM (pyHKIUH Ha ajaredpandeckoii Kpusoit, Hajr C,
HO M HaJ| KOHEYHBIMU TOJIIMU XOTs MBI HE pacCMaTpUBaeM HX B 9TOi craThbe. PyKoBomAmmM
[IPUHIIAIIOM SIBJII€TCS TO, YTO COOCTBEeHHbIE (PYHKINU ['eKKe mapaMeTpus3yoTcs, BO3MOXKHO C
BTOPOCTENEHHBIMU U3MEHEHUSIMU, TOMOMOPMU3IMAMU TUIIOTETUIECKOH aBTOMOPMHOI I'PYIIIIHI
laya B L-rpymmyio. Ctpoenue ¢byHKTOPHAILHO, IIO3TOMY roMoMopdusM oT rpymms! “Gy 1o
L@, mpuBoauT K 0TOOPAXKEHNIO I3 COOCTBEHHBIX CONPSKEHHLIX cedenuii [ekke rpymmel G K
teM rpyinbl Go. C 9TUM CBI3aHBI MHOT'O BOIIPOCOB, B OCHOBHOM HEpeIeHHbIX. B 9Toii craTbe
MBI IMeeM J1eJ10 MIaBHBIM obpasoM ¢ GL(1) u GL(2).
N3Bunenue. Ectb MHOTO IpUYuH /171 00bsicHennsd. Bo3MOKHO 4TO HEKOTOPbLIE U3 HUX sIBJIs-
I0TCS TIOBTOPEHHUEM JIPYTHUX. ITO Tak. g Mers 910 npocto moarsepxkiaenne byHKTOpHaIb-
HBIX CBsA3ell, B KOTOPOM Teopusi aBTOMOPMHBIX (hOPM, U ITOITOMY JPYTHe TEOPUU, TOT00HBIE
teopun fura-Munsuica, cBg3aHHBIE ¢ Hell, BJIOXKeHbI. ¢l TpOIy MpOIIEeHUs y YATaTesd 3a
JIIOOYIO M30BITOYHOCTH, KOTOPYIO OH CYUTAET Upe3MepHoil. #l He Mory ojHOBpEMEHHO BOC-
npuHuMaTh Bee mnocsiectus.

Mp1 ipejicTaBrI BO3MOZKHBINM BBIOOD 9TOM aBTOMOpdHOI rpymb! [anya [,y 0 anasmorun
¢ Teopueii noJieit Kjacco. Ecymm 661 MbI IMesHN J1eJ10 ¢ aBTOMOPMHBIMU (hOpMaMU HaJT ITOJIEM
YUCEJ, TPEJIITOIOKEHNE COCTOAIO OBl B TOM, UTO 3Ta IPyIIa nMeja Obl Kak (pakTop PyIIILy
laya paccMaTpuBaeMoro 1oJis, emieé ToaHee, 00paTHyIo IPeJIeIbHYIO IPYIILY Ipynibix [axya
€ro KOHEYHBIX pacHiupennii. 3/1ech OHa TOYHO OOpaTHas mpeje/bHas rpymna rpynnsl [amya
HEPA3BETBJIEHHBIX KOHEYHBIX MOKPbITHil [amya kpusoit M.

st mosns anredpanvyecKnx YucesI, OHa IPEJIOJIOKUTEIbHA, eIé OOoJIbIe, TaK YTO OHA
yanTbiBasa L-gyHKimn Becex (BO3MOXKHO, BCEX IVIQJIKHX) ajredpandeckux MHOroobpaswmii. To
€CTb, 9Ta rpyImmna Oblia Obl BaXKHON COCTABHON YacTbhiO B co3manuu Teopun L-yHKIuM 115t
ayiredpanvdecKnx MHOTrOOOpa3uil HaJ| YUCIOBBIMU TOJIIMU. Mbl TIPEIOKUIN BBIIIE TPYIILY
["aut, KOTOpas OyJleT UrpaTh CXOMHYIO POJIb Jid mojeil dyHKImil HajlT KpuBoit M, XOTd MbI
HCKJTIOYAIN [TOKa BO3MOXKHOCTH Pa3BETBJICHMUSI.
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Kak wmbr yxke ormernin, cBasnoctn fnra-Mmuniica gBASIOTCS TPU3HAKOM CBSI3HBIX MHO-
roodpasuii, MOITOMY JII000E CpaBHEHHE ITPOUCXOTUT MEXKTY OCCKOHEUHON IOC/Ie/I0BATEIbHO-
CTBIO, OT —0Q JI0 0O CBA3AHHBIX CBA3HOCTEH 1 mpejcrasienueM ['g. CBepx TOro, ecjid mpej-
CTaBJIeHUs KOHEYHOMEDHBI, TO 00pa3 .J J0/2KeH OBbITh KOHEYHOr'o mopsijika. Hakownerr, Mbr
UMeeM JIeJI0 ¢ MPEeJICTaBICHIAMI, B KOTOPBIX 00pa3bl A u B uMeoT KOHeUHbIi mopsiioK. Ec-
JIX TO TPU3HAHO, CYIIECTBOBAHNE OMEKTUBHOIO COOTBETCTBUS MEXKY TAKMMHU CeMeNCTBAMM
IIpEJICTABJICHUS U IIPEJICTABIEHUAME [, SICHO.

Eciim He ObITH OCTOPOXKHBIM, TO OOCTOATEIHLCTBO, UTO paccjioeHus: Bujia 2A JIBYMEPHBI,
XOTd OHM CBA3aHBI C TIapaMeTPaMu, KOTOPbIE SABJISIOTCA OJJHOMEPHBIMH, MOI'YT IPUBECTU K
Iy TAHHUTIE.

Yro HYyKHO OOBSACHUTH ceffuac, MOCKOJbKY B 9TOH CTaTbhbe Mbl PAcCMaTPUBAEM TOJIHKO
ocobeHHbIe KPUBBIE, 9TO OTHOIIEHNE NHJIYKIIMU OHOMEPHOro IpejcTaBienns rpyunsl ['p K
JIByMepHOMY TpejicTaBiennio ['r u K cobcTBenHbIM cedenusim poja A. Kpusas M’ asiasercs
OJIHOT M3 TPEX BO3MOXKHBIX SJUIMITUICCKUX KPUBBIX, TOKpbIBaOUX M Kak JBOWHOE HAJIO-
Kenne. Y1oObl ObITh KOHKPETHBIM, MbI CIATAJIN, UTO TO TOT, UYbd (pYHIaMeHTa/bHas I'PYIIIIa
nopozxjiena A% u B. 9Tu Tpu KpUBbIE COOTBETCTBYIOT TPEM XapakTepaM X; Ipymibl Picy (M)

BaxKHO OTMeTHTh, emé pas, uro J s3amenserca Ha J' = J2, 1o ects J' = 2J = 2 B R.
Ocnosuoe ornomenne ABA™'B™! = J wm sxksubasentno BAB 1A~ = J~!. Cnenosa-
tesbio ABA™ = JB u A"BA™ = J"B. Oyunamentanbuag rpynna w1 (M'), ceszannas c
nokpbiTreM M’ umeer unzgeke nsa B m (M). Creposaresnsho [I'g : I'g] = 2.

YrobOb! He IyTaTh ceOs U YnTaTess, s pacCMaTPUBAIO COOCTBEHHbIE ceueHns ['ekke TOJIbKO
Ha CBS3HOI KOMIOHeHTe Bung, XoTs OHU HEe MOTYT ObITH OIPE/IE/IeHbI NCKIIOUUTETbHO JIJIs
9TOIl KOMIIOHEHTHI, a cBsa3HocTH Anra-Musica 6e3 Kakoil-imOo fBHON CCHIIKN Ha BO3MOK-
HOCTb TEH30pOro IpousBejeHus ¢ npeacrasaennsmu rpymmsl U(1). Heobxomumoe gomostHn-
TeIbHOEe 00CYZKJIEHHE JIOCTATOYHO SCHO. dTOOBI OBITH TOYHBIM, ecyiu IipejcTasieHue R B I'g
TPUBHAJIBHOE TIPEJICTaBIeHe, Toraa, Ogaroaapst moaroroske B §VII Mbr mveem s1eio ¢ Tpu-
BHAJIbHON CBA3HOCTBHIO C MOCTOSHHBIMU WHTerpajaMu, HO ecan npejcTtasienne R € I'g me
TPUBUAIBHO, TO MBI IMEEM JIEJIO ¢ CTeneHbio cBst3HocTn () [AB,ctp.560| mocTpoernoit 4éTkum
nytéM B §VIL

Cy1ecTByeT Tpu KJiacca COOCTBEHHBIX CEUEHMHT, KayK/IbIi U3 KOTOPBIX COOTBETCTBYET I1OJI-
rpymire nopsiyika gsa w3 C/L win pemérkoit L' /L. Kpusast M’ onpejiesisiercst Kak MOKPBITHE
M =C/L', L 2 L' D 2L, kpusoit M = C/L, takum 06pa3oM, 9T0 OHO HOKPBITHE BTOPOTO
nopsika. [Ipstmoit o6pas smaeitHoro pacciioenust Ha M’ Gyjer Torga paccioeHne pasMepHO-
ctu jiBa Ha KpuBoit M. C jpyroii cropoHsbl, JimHeiHble cBa3HocTH SHra-Musica va M’ ¢
OJIHO3HAYMMU UHTErPaaMi apaMeTPU3yIOTCs, KaK Mbl 3HaeM, Kapakrepamu M’ HO Teniepb
MBI 3Ha€M, KaK ¢ 3TiuM obparnarbest. OHAKO, TOJBKO T€, KOTOPbIE HE ABJIAIOTCS XapaKTePaMU
M, 11s1 KOTOPBIX YCJIOBUS MEPUOIMIHOCTU O0Jiee TpeboBaTEIbHBI, YMECTHBI ceiiuac. B camom
JieJie, ToUHee, OHU ITapaMeTPU3YIOTC OJTHOMEPHBIMU IPECTaBIeHUAMY Ipynnbl 'y win, ere
TOYHEe, OJIHOMEPHBIMU TIPEJICTABICHUIMHI, KOTOpPBIe 0ToOpazkaror m1 (M) B KOHETHOE MHOKE-
ctBo. HaMm Hy2kHO 1IOKa3aTh, 9T0 HyHKIMN Ha 2, 3aHUMABIIIE HAC, IAPAMETPU3YIOTCS JIazKe
3aJJaHHBIMI HAMU OJHOMEPHBIME CBsaA3HOCTAMEU SHra-Mmuiiica na M’ HO Tak:Ke MX IPIMbI-
Mu m306pazkennsayu Ha M, riae M’ jpoiinoe nasoxenue kpusoit M.™ Bosee uérko, uro M’

" OkoHuATEIBHO GYIeT HEOOXOMIMO YUECTh BOSMOKHOCTD TOIO, UTO JBA PA3HBIX JIMHEHHBIX PACCIOCHMUSI
HUMEIOT OJIMH W TOT K€ IpAMOil 06pa3, HO Ha JAHHBLIH MOMEHT MBI 3TO HE 3aMedaeM. DTO IIOHATHO, €CJIU He
10 Kakoi-yimbo apyroi npudune roryga u3 [AB, Th. 6.7]
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onpenensiercss I B L, tne L)L = 7Z,/27 1o mb1 obpabaTeaem dyukimn ua C/L, kotopoe
sesisiercst pakropom C/L u koropoe uzomopduoe C/L'.

B §VI mbr Busienn, uTo cobcTBeHHbIE cedenns Bua 2, KOTOpble HE MPUHA/IEXKAT K BUJLY
D, naubl xapakrepamu rpynisl C/ L' koropere He sBistiorcest dyukimsamu va C/ L L=1L /2.

B koneunoM urore HeobXouMO OYJIET y9ecTh BOZMOXKHOCTB TOTO, 9TO JIBa Pa3HbIX JIMHE-
HBIX PACCIOCHUS UMEIOT OJMH M TOT Ke MpsIMOil 00pa3, HO Ha JIAHHBIH MOMEHT MbI 3TO HE
3aMevaeM.

O6crositesiberBa TakoBbl. CyrecTBytoT napamerpbl jijist M. OHu onpesensior B NepByIo
ouepe/ib JIMHeliHble paccioenust Ha M’ ¢ CBAZHOCTAMU & TaKyKe OJJHOMEPHbBIE IIPE/ICTaBICHUs]
['k. CBA3aHHBIM C KayKJbIM U3 JMHEHHBIX PACCJIOCHUIT C CBA3HOCTBIO SIBJISIETCS €r0 MPsIMOe
nzobpakeHune, JIByMEpPHOE BEeKTOpHOe paccjoenne Ha M ¢ cBa3HocThio. U Havda/ibHAST CBsA3-
HOCTB U €€ NpsAMOil o0pa3 AB/Id0TCs coequnenusMu Sura-Musica. Kakapiit u3 HUX cBs3aH
¢ upejcTaBIeHneM, ojHUM rpynubl I'g, apyrum rpymnsl ['g. Ham mykHO nokazars, 9ro
IIepBOe MHJIYIIUPOBAHO U3 BTOPOI'O, TAK UTO HEOOXOJMMAas COBMECTHMOCTDL scHa. KcThb coB-
MECTHUMOCTHU, KOTOPBIE MBI JIOJ2KHBI YETKO TOHUMATH. POpMaJIM3M TO3BOJIM HAM ITPOBECTH
MIPOBEPKY Ha JIMHelHbIe pacciaoenus crerenn () U Ha ONPeIeIEHHBIN KJIacC MpeCTaB/IeHMI
'r. Ommo ecTh BaxkHOE 0OCTOATETHCTBO, KOTOPOE MO3BOJISET CJIEJATH CXOJIHYIO PEJIyKITUIO
JUUTSL IBYMEPHBIX PACCIOCHUIT. DTO TO, 9TO COOTBETCTBYIOIINE COOCTBEHHDbIE (DYHKITMH PABHBI
0 Ha Aoqq, TAK UTO HA ITOM MHOXKECTBE COOCTBEHHBIE ceueHUsl ['eKKe He ompeeeHbl. JTO
O3HAYAET, YTO OCMATPUBAsT CONPSI)KEHHBIE CEICHNST Mbl MOYKEM, B3sB T€H30PHBIE TPOU3BE/IE-
HUsI CO CTeleHsiMI Ao, YMEHBINNUTH HaIlle UCCIe0BAHNE IO PaccjoeHus creneHn (), KaK MbI
91O U caenaeM. Harma 03a009eHHOCTD 110 1TOBO/Ty COOCTBEHHBIX cedeHmil [ekKe cBs3aHa TaB-
HBIM 00Pa30M C UX OrpaHWYeHreM Ha paccyoeHus crernenn (), a WX 3HAUEHUS HA OCTAJIHHBIX
SIBJISIIOTCSA TEH30PHBIM IIPOM3BE/IEHUEM C MOITHOCTHIO Ag. DTO Tak »Ke XOPOIIO, TIOTOMY YTO
TEH30PHOE IIPOU3BEJIEHNE CTeleHeil paccyioeHus (), KOTOPOoe, XOTs Mbl U MOCTPOUJIA €r0 B
SIBHOM BHJIE JIJIsI SJUIMIITUIECKUX KPUBBIX, SBJISETCS HECKOJILKO HESICHBIM IPEIMETOM, & He
JIETKO BOCIIDUHUMAEMBIM. DTO MbI cjiefain B §V. BayKHBIM U MHTEPECHBIM SBJISIETCS IIPsi-
MO#1 00pa3 9TUX pPacC/JIOCHUIl U UX OTHONIEHUS K JIBYMEPHBIM IPEJICTAB/ICHUSIM TPYIIbI ['g
win [y st mepBoro sto obbsicasiercst B [AB]. st BToporo sro sBJISIETCS CJIEICTBAEM
cootHorenne Mexry I'r u ['aye, @ umenno mexkay I' u Iy, Tiie I' mogrpynma ['g, KoTopas
nokaxkercst B [AB| n B (1.a). Mbr o6bsicanm Boie Hasuadenne I'g kak pacmupenwe I' B [AB|.
Mpb1 JeficTBUTEIBHO OTJIOXKUINA €r0, XOTS W He MOJIHOCTBIO, IyTEeM Iepexo/ia K PACC/IOCHUIM
CTEIeHN HYJIb.

[Ipezxie vem HAYATH, IO3BOJIbTE MHE OOBLICHUTD, KAK PAa3BUBAIOTCH OTparkeHus. Mbl BBe-
JIX paHbIIle COOTBETCTBUE MEXK/Iy OJIHOMEPHBIMU Ipe/icTaBieHusMu ['g 1 ojfHOMEpHBIMU COO-
CTBEHHBIMHU CeUeHUSMU ['eKKe. DTO JOCTYIIHO JIJisl BCEX JJUIUIITUIECKIX KPUBBIX, B YACTHOCTU
M'. I'pynna I'g Broxkena B ['g Kax moxarpyima umiekca 2, TakuM obpaszom, 4to J' oTobpa-
xkaer Ha 2J. Ungeke 2 3amaérea depes [m (M) @ m(M')] = 2.

[Tapamerpsr cobCTBEHHBIX cedenneii ['ekke Buia 2, KOTOPbIe HE PABHBI cedeHnAM Tura, 2,
CBSI3aHbBI C OJIHUM M3 TPEX BO3SMOXKHBIX OKpbITuit M'. st marroro M’ napaMerpbl, KOTOpbIE
nanbl B §VI, gBistioTest TeMu XapakTepaMmu rpyibl M’ KOTOpble He SBJISIIOTCS XapaKTepaMu
M. CoberBennble ceuenus sIBJIAIOTCH MOKA3aTe I HHTErPAJIOB OT cBA3HocTell Anra-Muica.

Kpome Toro mapamerp, Koropbliii xapakrep M’ MOXKHO codyeTaThb € JIOOBIM XapaKTepoM
rpynibl R, koropsiit siBiasiercss —1 Ha J u 1 Ha J', 9T06bI ONpeieuTh OJIHOMEPHOE MPe/I-
crapienue ['g. DT0 onpejienser Mo HHIYKIMA JIBYMEpHOE Ipe/icTaBieHue ['r, Koropoe 00si-
3aTeIbHO HEIPUBOMMO, HHade oOpas3 J obs3aresnbHO Oyier eaunntdHas matpura. C apyroit



73

cTopoHbI, XapakTep M’ TakKe onpe/iesisieT B onucanHoii Bbiie Teopun s GL(1) muneiiHoe
paccyioenne Ha M’ ¢ CBA3HOCTBIO, PSIMOiT 06pa3 KOTOPOro SIBJISETCSA JIBYMEDHBIM PaCCIoe-
HueM Ha M co ¢BA3HOCTBIO. VIHTErpaJs 9Toii CB3HOCTEH 3aTeM JaéT KJIACC CONPSZKEHHOCTH
lexke.

Ocraetcst BOIIpOC 0 TOM, Kakoe IpeJicTaBIenne uir Kakoil xapakrep R B I'r MbI JIOJIZKHBI
npusaTh. Junarpammva [AB,6.6] 3amensiercs na

12 5T - UQ)xm((M)—1, Z' =27 7 (M)/m(M") = Zy,

U TIOCJIEJIOBATE/ILHOCTD
1-Z,—-U(1)—=>U(1) > 1
TouHa. /IBe rpynmnbl BpaleHus OKPYKHOCTH, KOHETHO, T30MOP(MHBI.

Kak s cumraro, MBI yyke HaOJIOJa/IM, OJITHOMEPHOE TPEJCTaBIeHNEe, OT KOTOPBIX MBI MH-

JIYIIIPYeM, He dABJISIOTCS TPUBUAJBHBIMU Ha J, TaK YTO CJEIYIOIee JIBYMEPHOE IMPeJICTaB-
Jlenne 06g3aTesIbHO HeNPUBOAUMO. KarKaplil U3 3TUX XapaKTePOB OIpeJesisdeT CBI3HOCTb Ha
M’ Buna dAdura-Muica. Ou umeer crenenb 0, u ero npsimoii obpas Ha M Takxke Oyier
uMeth crenens 0 u Byt STura-Musica.” Mbl XOTHM Y6eIUTHCS, YTO CBA3AHHLIC JIBYMEPHbIE
coejmHeHus uMmeroT Buj fAnra-Musica U 9TO MHTErpUpOBAHHBIE SKCIIOHEHTHI COEIMHEHUI
OTIPEJIEJISIIOT CBSABAHHBIE COOCTBEHHBIE YACTH. DTO B HEKOTOPOM CMBIC/IE OYEBHTHO, HO CTOUT
MOTIBITATHCS PA300PATHCS B ITyTAHUIIE OIPE/IETICHUIA.
Homonanrenbaue obmme 3amedanusd. ['pynna ['g mouTtn npsimoe mpoussejieHue rpyii-
el R ¢ rpynmoit T' [AB,crp.559|. Ona paBHa 5TOMY HPOU3BEJIEHHIO Pa3/IeJIeHHOMY Ha {n X
J"n € Z}. Nmest 310 B Bujty. a TakzKe coorHommenus (55), st xore1 66l pacCMOTPETh HEIIPH-
BOJIMMbIe KOHEYHOMEpHBIE IpejicTaBienusd ['g. D10, KOHEUHO, IPOCTO TEH30PHOE ITPOU3BE/IE-
HIEIe HEIPUBOJAUMOrO IpejicraBienust p(+) rpymibl [', KoTopbie MbI yKe 00CY KU, ¢ COBME-
cTUMBIM XapakTepoM X rpymmnsl R, To ectb p(J) 1y (1) paBno eqununie. Tak Kak Mbl MOKeM
[IPOJIOJIZKUTD KaK/IbIil XapakTep IPYIIbl Z 10 XxapakTepa rpymibl R, u3 ToOYHOI mocae10Ba-
resbHOCTH [AB,6.6] coteyer, uro Kaxkioe HENPUBOIMMOE IIpeJCTaBIeHre rpynel 'y aBIs-
eTcsl MPOM3Be/IeHNeM TpejicTaBienus p rpynisl R u npencrasienus rpymmsr U(1) x mp(M).
Mpu1 y2Ke yIpaBWINCH C 3TUM BTOPBIM COMHOYKUTEJIEM BBINIE, CKOPEe, C €ro MePBBIM COMHO-
JKUTEJIEM. DTO 03HATAET, IYTO MBI JIOJZKHBI PACCMATPUBATH TOJHKO HEITPUBOIUMBIE ITPEICTAB-
neuns (M), HO 970 MBI cenaan B (55). ComuOXKUTE M (v U f UMEIOT MAJIO CTPOUTETHHOE
3HAYEHUE.

Ecyin MbI 1ipejimosioxkum, 9ro, Kak 66 TO HE ObLIO, mpejcrasienue rpymnsl R B U(1)
IPOCTO T — eXP(27TiTa) U eCIIi MbI [IPEJIIIOJIOZKIM, OIISITh Ke, KAK Mbl MOYKEM, UTO ¢ SIBJISIETCSI
paIMOHAJIbHBIM, TOI/Ia MBI MOXKEM 3allicaTh €ro Kak a = b+ ¢/d, tae b, ¢, d nenble qnucia u
0<e¢/d<1lwuc>0wud>0 Blanmuo npocrsie. To, 9T0 s X04Uy CJIeJIATh, 9TO YCTAHOBUTH,
qT0 cobcrBennbie cevenus tuma A nogssdonmecd B §VII MoryT ObIThL oCyniecTBICHBI KaK
psgMble 00pa3bl MHTEIrPaoB cBsI3HOCTH fHra-Mmiica Ha KBaJpaTHUUIHBIX HOKPBITHSIX M.
Kak TOJIbKO KTO-TO OCO3HAET 3Ty BO3MOXKHOCTbH, BO3HHKAET COOJIA3H M3YUHTL €€ B OoJiee
o0IUX pamMKax, B YaCTHOCTH, C MOKPBITUSIMHU OoJiee BBICOKOI crerenHu. OJHAKO 9TO cpasy

"SCeituac mam Hy>KHO oOtee 3amedanue. [IycTb M komeunoe nakpoiTue ['agya kpusoit M. Mbr Mmoxkem
cnepsa BeIOpaTh () u Torma g Kaxxgoe M', M C M’ C M, BuiGpaThb
;o ) R
Q= ®06Ga1(M/M’)0Q'

1o pazyMmeercs B cienyomieM obcyxaenun, B koropom M = C/2L. Boupoc BoO3HUKAET €CJIi TO COBMECTHO
¢ Hammmu BbiGopamu. Cv.[WW].



74

OTKPBIBAET CJIUIIKOM MHOI'O BO3MOYKHOCTEH. #1 BIIOJIHE JTOBOJIEH TE€M, YTO S OCTABJIO STH
WCCJIEJIOBAHUS JIPYTUM.

MbI JI0JIZKHBI, OJJHAKO, CHAYAJIA IOHATh, oYeMy ATbsa-BorT Beesn nosie R u T'r B [AB, 6.4].
SlcHO, UTO B HAIIHMX YCJIOBHAX °, 9TO IIPOCTO PA3PEIINTD CJIOXKEHNE K CBA3HOCTU HPOU3BOJIb-
HOro MEHEMOTO WieHa if, 0 € R. Jljs1 Hammx 1esieit yao0HO OrpaHnIuBaThCS PAIMOHAILHBIMEI
MHOXKHUTEJISIMU, TIOTOMY YTO MbI XOTUM BBeCTH Iiepuojindeckue csasuoctu. lorma R — I'g B
[AB,6.5] 3amensiercst ¢ Q — I'q, o ectb 06pas J B Q.

Tounee, ecim pacCMaTPUBAIOTCS TOJIHKO HEIIPUBOMMbIE KOHETHOMEPHBIE TTPeICTaBICHUsT
m1 (M), To cormacHo (55) cymecrBytor Tpu napamerpa: a,b u 06pas J, KOTopblii 06si3aTe b
HO {ABJISIETCSI KOPHEM U3 €JIMHUIILI. Bojiee Toro, jijid Hamux mejeit a u b aBagioTcss KOPHAMEI
enuncTBa. VMenno sto ormmyaer I'q ot I'g. O6pas J Takrke 06A3aTe/IbHO ABJIACTCH KOPHEM
U3 €JIMHUIIBI, €CJU IpPeJICTaB/IeHne KOHEYHOMEPHO. DTO O3HAYAET, UTO IIPEICTaBICHUE I10-
crpoeHo B AByX dactax. CHadasa xapakrep rpynmnsl R Buna © — exp(iax) exp(ibx) c a € Q,
n0<a<l acbeZuenoe ancio. Cuauana u a + b gBjsgeTcs TPOU3BOJIBLHBIM JICHCTBU-
TeJIbHBIM YUCJIOM HO JJId HAIIUX Iesiedt sydrre 9To a + b € Q. Takum obpasom, I'q aBigercd
obpaTHOIi TpesebHON Tpymmbl. Bropoit m3 stux xapakrepos rpymmbl R, z — exp(ibx),
MOKHO TostyanThb Kommosunueit I'q — U(1) (mm 'y — U(1)) ¢ crenenbio euHCTBEHHOTO
upescrasierns U(1). Dto npeacrasnenus I'g wmm, ckopee, ', obpaTHBIil Ipeen KoHed-
upix noarpynn B U(1), a ckopee mpencrasitenus: obparnoro npegena U(1) B I'q, KoTopsrit
npejicTaBjsgeT coboit rpyiny. OHU JOJKHBI OBIThH JOIOJHEHBl COBMECTHUMBIM I1PEJICTABICHHU-
em 1 (M), Takum 06pa3zoM, COBMECTUMBIM ¢ n3obpazkenueM J, Kak B (55) U cJ1eI0BATETHHO
KOHEYIHOI'O TOPSIIKA.

Cureytomuit mar 6yjeT Ka3aTbCsd CHadaIa HEYMeCTHBIM. e Mbl umeeM nopemerky L/
3a/IaHHOI peméTku L B IJIOCKOCTH U BTOPOT'O paHra, TO Mbl MOYKEM BbIOpaTh Oasuc L Takoii,
9TO OTHOCHTEIHHO 3Toro Gasuca L' = {abc,bd} ¢,d € Z npowussosnbubl, a,b € Z, a,b > 0.
Mg macrostimux mestedi, a mvenno jyist rpynnbl GL(2), a 6yaer pasuo 2 u b pasuo 1. s
JIPYTUX TPYHI OyJeT O0JIbIilie KOOpJAuHAT U OO0JIbIle BO3MOXKHOCTEH. Jlj1s Hammx 1eseit Mbl
MOXKEM TIPEJIIOJIOXKUTD, 9T0 b = 1. B HacrosIee BpeMs paccMaTpUBaIOTCs JIBE SJLIUNITHYIC-
CKMe KpUBbIe, KpuBas M, ¢ KOTOpPOii MbI HaYaJi, 1 €€ pemérky L u moapemérky L', rakum
obpaszoM, nokpoiTre M’, KOTOpoe, B CBOIO OUepelhb, HOKPLIBAETCS KPUBOIi onpeieneHHoi 21,
koTopasi cama M. Ecrb Tpu Takux nokpeitusa M’ nogpasymesbie B §VI.

O6bsICHIB 5TO, MBI BEPHEMCS K aHAJIU3Y TIpeIbLIyIero naparpada.’’ IIpex e Bcero, orpa-
HUYEHNEe HEIPUBOMMOTO TIPe/ICTaB/IeHns Ha Z, TIOJrPYIIa, IIOPOXKIeHHAs 3/IeMeHTOM J, 3a-
JTaéres KopHeM u3 euHuIbl exp(2mia/k), tae mi6o ¢ = 0 u k He nMeeT 3HAUCHUS WIIN
k>0u0 < a< k,onun(a k) = 1. Torna npencrasrenne Ha R 3amaerca dopmysioit
x — exp(2mi(a/k + 1))z, tae | nenoe unciao nu 0 < a < k . Barem [ onpejesnsieT XapakTep
rpynmsl R/Z, Takum 06pa3oM, 94To OHO TIeJI0€ YUCJIO, U ITO TIEJI0e YUC/IO0 ONPEIe/ISeT CHAYATIO
npejcrasierne U(1) = R/Z koropoe, kak Bujno u3 [AB, 6.6, B cBoio ovepen onpejessier
npegacrapiaenane R. Paszauna mexiy 3TuM mpejctaBieHueM rpyimnbl R # UCXOIHBIM IIpe-
cTaBJIeHUEM TIpejicTaB/isger coboit npejcrasierne R, 3amannoe npobbio a/k, KoTopoe camo

"6To ectn, npencrasienne ['g — G OIpeIeIeHO JAHHBIM IpecTaBIenneM I'r — m(M)um (M) — G

"TB03MOKHO UTO 9TH MO-BHIAMOMY MEJKHE CJIOKHOCTH, CaMasi CyTh HeaGeseBOfl Teopun MoJell KIACCOB
Jist ToJist (PYHKIUA ajrebpamdeckoil Kpusoit onpenenenaoil wan C. Mrak jydine we rHymarbes nvu. K
COYKAJIEHUIO, MOCTPOEHUE, KAK MOE OObIICHEHNE, HEYKIIY?KO U TOXKe MOBTOpstioreecs. Moé moHuMaHue moJiHO,
HO €eI1lé HECKOJIBKO HeolpeleIeHo. 4 emé He Mory o0bsaCHUTH ero JinHeino! Hamdume TOYHBIX 3/1eMEHTAPHBIX
BBIUUCIEHNI, 110 CBOEMY CXOJICTBY C KJIaCcCH1IecKoit Teopueit oT 'aycca mo Xacce, 00HAIEKMBAET.
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3a/1aHo ero 3HadenneM B J = 1 € R, Koropoe KOpeHb U3 €MHUIBI. 3aMeTbTe 9TO k JIJTHHA
ITOJTHOT'O TIEPUOJIA U ¢ IUCJIO BOJHBI B IEPUOJIE.

Mpbr yzKe 3aMeTUIM 9TO TeH30pHOEe MPOU3BeJIeHNe ¢ mpejcrasienuem rpyibl U(1) usme-
HsIET TIOPSIIOK Ha I1ej10e YUcjo. TakuM 06pa3oM, Mbl MOXKEM IIpejroararsk, 9ro [ = 0. Mrax
paccMaTpUBaIOTCs YeThipe ducia, a,k u asa duciaa « u 5 B (56), KOTOpbe OY/IyT KOPHIME
U3 eINHUIIBL, ec/in MbI ucciesyeM I'g. Boiee Toro, npeayerom Halero paccMOTpeHUsE B 9TO
paboTe Teneph SBJISIIOTCA TOJBKO HENPUBOIMMBIE paccyioerust 1t GL(2), Tak 9T0 COrIacHO
samedanuio, ciaenyworiemy (56) a = 1, k = 2. Dror ciyqaii, 6e3 comHenust, TunmdeH. Hawm
nana kpuBasgt M u jnBykKparHOe HOKpbiTHe M. DTO MOKPBITHE HOAPa3yMeBaeMO 00CY K Ia-
eTcs Bble. Bosiee TOro, Mbl TakxKe OOHADYIKUIN paHee, cieiys onpejeserusM [AB], aro
JTAaHHBIE, IMEIOIINecs 0]l PYKOI, OIPeIesIdI0T OJHOMEPHOe IpeJcTapiienue rpynmnsl ['g. Otn
Jnanabie onHoMepHoe npeacrasienne U(1), Takum oOpa3oM, 1esioe 9rucjio, BMECTe ¢ XapaKTe-
POM KOHEYHOT'O IIOPSIKA IPYIIIILI hgn Z /nZ. u, nakoHeIl, 00pa3bl, TaKyKe KOHEUHBIX TOPSIJIOK,
ob6pasyrormux A, B’ B m(M'), BRIOpaHHBIN /1T COBMECTHMOCTH ¢ IipejictaBieHneM M’ kak
gactHoe C na pemérke L. DTOT Xapakrep jaH

x — exp(2miax), x € Z/KZ,

1 COBMECTHMBIM 00pa30M Ha BcexX 0oJiee BBICOKUX YPOBHSX 0OPATHOIO IIpejieria.

[Ipexke 1eM MpoJIo/IKUTE, 1 HAOIIOAAIO TO, YTO, XOTd OUYE€BUIHO, BOZMOXKHO, OBLIO YITy-
meno. OrpaHndenne HEIPUBOIMMOIO JBYMepHOro npejcraBieHus I'g mmm ['q k moarpymme
nopoxaernoit m (M) suna (55). Kpome toro, J = —I. Urak, exuncTBeHHbII CBOGOIHBIIT
napaverp x : R = R, x(J) = 1.

4 mpejcTaBisgio 9TO MOCTPOEHUE HECKOJIBKO MHade, TaK 4TO OHO scHO. [lepBbiM marom
B IIOCTPOEHMU OJHOMEPHOI'O TpeJcTaBienus jist ['g, HO Takxke u jjisg I'r, sIBJsieTcs I0-

crpoenne npeactasaenna U(1) x 7(U), a 3aTeM COBMECTUMOTO MPEICTABICHIA TPYIIIHI

limy 7, /nZ.

Cefiuac Hy»KHO OBSCHHTH OTHOIIEHHE Mexjay I'g m I'r mim 1o 9ro Mexty F’Q u I'g.
Bo3MokHO WmTATEI0 9TO 9TO yiKe sicHO. /[0CTaTouHO OOBSICHUTH 9TO [T BTOPOIl mMaphl.
EnuucrBennas pasnocth, Kpome Hepasencrsa m1(M') C (M), orrormenne J' = 2.J. Kpome
toro [I'r : I'y] = 2, no sr0 moromy uro M’ nsykparnoe mokpeitue M, To ectb [my (M)
m1(M’)] = 2. Mbl 3HaeM Kak OPOXOJUTH M3 OJHOMEpHOI cBsizHocTu SHra-Musuica na M’
npyroit Ha M. D10 npsiMoit 06pas3 0T 0JIHOMEPHOTO PACCIOEHUsI K JIBYyMEPHOMY PaCCIOCHHUIO.
KakoBa ¢cBsI3b Me€XKJIy COOTBETCTBYMONMME I'pynnamu fnra-Mujica u CBI3aHHBIMEU I1peJI-
craBieHussMu? EcTecTBeHHOE MPEJIIO/I0KEHNEe COCTOUT B TOM, YTO OJHO MHIYIUPYETCs U3
JIpYTOrO.

PaccmorpuM cnavasia BiIozKeHue IepBoro Bo Bropoe. /st mpoctorst - Bioxkenne I'g C I'g.
Do uéTKO onpeensercs Biaokerusmu aJ’ — 2aJ, a € R u m(M') C m(M). Takum obpa-
30M, KazK/[0e O/IHOMEDPHOE IIPeJICTaB/IeHne IPYIIILI ' OlpesiesiaeT By MepPHOE IPeICTaBIEHNE
rpymnbl ['g, 00s13aTe/IbHO HEIPUBOAMMBIM, TIOCKOJIBKY 06pa3 J' pasen 1, u obpas J pasen
—1. D10 ycioBue Ha orpaHmdeHnu mepBoro npescrapiennst Ha R. OHO 1aér B gaHHBIX 00-
CTOSITEILCTBAX & — exp(7mmax), m HedéTHO. 3HAYEHHEe TOTO YCJIOBUSA CTAHET OYEBUHBIM
noske. ¢ mouépKuBao, 9To Mbl 0OCYIKIAeM 3/1eCh KJIIOY 9TOH CTaThu!

"8Mbi, K COKAJICHUIO, TIEPECTAII OBITH TIOCIEI0BATEIBHBIME B HAIINX 0003HaYeHusx. Koopmunarst (z,y)
371ech nosBIsiiores B (36.¢) u B 1pyrux Mecrax Kak (a,b). IloiHas mocsieoBaTeIbHOCTD He B MOUX CHJIAX.
"Ecam unraTesh HEMHOIO CMYIIEH Pa3/IHIHBIME IPEIETAME, TAK JKe KaK U .
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[Tocnemnawnit Bompoc, mpeBapUTEIbHBINA 71 HAC, 3aKJII0YaeTCd B TOM, SBJISAETCS JIH 9TO
WH/TyITIPOBAHHOE TTPeJICTaBJIeHNe, TPEJICTABIEHIEM CBI3aHHBIM C MIPsIMBIM 00pa3oM. Mbl Mo-
JKeM TaKKe TPEIIOJIOKNATEH B HACTOSIIEM O0CYXKJIEHUN, TaK KaK 9TO yCJIOBUE, NMEIOIIee JIJIs
HAC 3HAYEHUE, YTO YCJIOBUE B ITOCJIETHEM IIPEJIJIOKEHUN IIPEJIbLIyTIero ab3ara BoinoJineHo. To
ectb m HeuéTHO. C OIHOM CTOPOHBI, 9TO BUHO U3 HAYAIBHBIX onpeenenuii a [AB, crp. 560,
C JPYTOIl CTOPOHBI, 3TO OIpeJIe/IeHre JIOBOJIBHO KOPOTKOe. Tem He MeHee, g Toxke Oy/1y Kpa-
TOK. DTO HE MECTO JIJIs IMUPOKOro 06CYXKIeHus uX nocrpoenns. B gacraoctu, daxkrop U(1)
He UTpaeT POJIM B HBIHEITHIX YCIOBHAX, ) TaK 9TO pedb WIET O CPABHEHHH JBYX PACCJIOCHMIL,
oxHo Hax M, npyroe Haj M’ Kazk10e OIpeIe/IeHo TEM Ke PacCJIOeHNEM HaJl yHUBEPCATbHBIM
nakpoituem M. CreoBaTe/ibHO HAIlle YTBEPK/ICHIE ~TaBTOJIOI .

Bcé, aTo ocraercs ceitdac - cpaBHUTH 9TH BBIBOIBI ¢ 3akaodenusamu §VII. D1o Tema ciie-
JIYIOIIETO Pasiea.

[Ipexk/ie BCEro Mbl JIOJKHBI YETKO MOHUMATH COOTHOIIEHUE MeXK Ly juarpammoii [AB,6.5]
u cooTBeTCTBYIOMIEH auarpammoii st M. Bropas Bioxkena B nepsyio ¢ Z' = 27, Tak 4to
U’(1) mpoitroe nokpertue rpymmst U(1). pynma 7 (M') Baoxena nabektuBHO B 1 (M).

C yxe BoiOpannoM pacciaoenneM A{ rpymma M’ 0TOXKIeCTBIISIETCST ¢ KOMIIOHEHTON CBA3HO-
ctu ero rpymmsl [Tukapa Picy, a xapakTepbl 3TOi TPYIIIBI TAPpAMETPUIYIOT, KK Mbl BUJIE/IN,
cobcTBenHble cedennst [ekke Tpymmbl GL(1) ¢ TOYHOCTBIO 10 IOMOJHUTETHHOTO MHOKUTETS,
CBSI3aHHOTO € JOMOJHUTEIbHBIM MHOKUTEEM B (1.d). TloceHee MOXKHO CMeJIO IPOITYCTUTh.
DT XapaKTephl TAKxKe, KaK MbI BUJIEJN, TaHbl cBA3HOCTAMU S Hra-Muiica, n3 KOTOPBIX MbI
MOZKEM B3Th IPsAMOii 006pa3 Ha M. DTu npsiMble 00pa3bl ABJISIOTCS JIBYMEPHBIME CBSI3HOCTSI-
vu. OHU B 3HAYUTEIHHON CTENeHU COOTBETCTBYIOT onpejeienuaM B [AB| k npeacrasienuio
rpynnbl ['r, HHIyIHPOBAHHOMY IO OTHOIIEHHIO K ['f. DT0, HA MO B3IVIsiI, MOPA3UTEILHBIIT
BBIBO/I.

BosMoxknocThb 001l Teopun MpeICTaBIgeTCd, HO MbI He TIpecyelyeM eé 371ech. KeTh 9To-
TO €eI¢, PaBHBIM 00Pa30M MOpPa3UTENILHOE, TI0 KpaifHeil Mepe JjId TeX, KTO 3HAKOM ¢ paboToil
Xapum-Yauaper. Kpusast M umeer Tpu HepaspeTBIeHHBIX HakpbITust M'. Mbl 06HADY KUK
gerbipe Kiaacca G L(2)-paccioennit Ha M, onuH KIace CBSI3aHHBINA ¢ PA3JIOKUMBIME PACCI0e-
HUSIMU, U KaZKJIbII U3 TPEX JIPYTUX CBA3AHHDIN C OJHUM U3 HEPA3BETBJIEHHBIX KBAIPATUIHBIX
pacmupennit oy dyaxmuit na M. CX0oACTBO CO CEKTPAJILHON TeOPHeit Oy TPOCTHIX I'PYIIIL
HAJT TI0JIEM JIEHCTBUTEIbHBIX YUCET, JazKe Ipu 0oJiee O0IIUX yCJIOBUAX, OU€BHIHO, HO MHOT'O€E
IIPEJICTOUT CJIeJIaTh.
3amevyaHue B CTOPOHY 3a CUET U30BITOYHOCTHU, HO JIJIsI ICHOCTU I CHOBA BO3BPAIAKCh K
[AB, 6.1]. Boipazkenne xF'(A) siBisiercsi IpOCTO BeleCTBEHHO3HAYHO (DyHKIMEl, a He ce-
JeHneM HEKOTOPOIo OoJiee CJI0XKHOTO PaccjoeHus, a d4 IPoCcTo OOBITHBIM JnddepeHImaIom
s10ii dyukuu. Bosee Toro, mis pacciaoenust () Mol Beiopau F(A) u xF(A) mocTostHHbIME,
ecin A aBigercd () uian crenenbio (). Kak ciie/ictBue, CBA3HOCTH, BBEJIEHHBIE TTOCTPOCHUEM
[PEJIIECTBYIONMM onpejieernio p B [AB, ¢1p.560|, siBisirorcs JI0CKUME, B CUJIBHOM CMBbIC-
Jie, TaK ITO OHU 33JIaI0TCsT OOBITHBIME [TPOM3BOIHBIME Ha M, B 9TOM citydae (1, y)-ILJI0CKOCTb.
1o nposiBisiercs B (53). 3aMedy 3/1€Ch, TIOTOMY YTO HEOOXOIMMO MOSICHUTD, ITO, XOTs ITH
CBSI3HOCTH OYEHBb IPOCTHI, OHU COJIEPYKAT JIBA CBOOOHBIX JEHCTBUTEILHBIX ITapaMeTpa, CKO-
pocTu B JBYX He3aBUCHUMbBIX Hampasienusx. C orpanudenuem k,l B Z, a we k,l B R, Mbr
MOKHIaeM 00JIaCTh CBSIBHOCTEH M TePexXouM K COOCTBEHHBIM 3HAYEHUSM OIepaTropoB |ek-
ke, Koropbie g GL(1) 3anatorca dyaknusvu co 3Hadenusmu B U(1), a He dyHKImsMU,
3HaYEHUs KOTOPBIX ABJIAIOTCH KJlaccaMu conpsizkeHHOCTH. Mbl BepHéMCcsa K sTomy. Hl

80ymectnoe p : g — G na crp. 560 TpuBHAIBHO HA u().
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HeoxxknpanHoe ciiezictBue, KOTopoe OyAeT UcCIpaB/ieHo HiKe. KaxkeTcss 9TO BBeJIeHHE
dbyHKIwK $(+) sBIsIETCS MEHTPATBHBIM OTKPBITHEM STOI CTaThu, O KpailHeil Mepe, Jijis Me-
Hsl, IOTOMY YTO C HUM OTBJIEYEHHOE MOHATHE CJIEJIAJIOCh JOCTYNHLIM. B mepByio ouepein
9TO mpuBeso K onpeseserusim (36.h) a 3arem k (36.1), KoTOpoOe, B CBOIO 0UYepe]b, TIPUBEJIO K
HOCTOsIHHOM KpuBu3He ypaBHeHwusi (47). EcTb emgé ojHo nmpusiTHOE CIe/ICTBHE. DTO CBA3AHO C
npuposioii KpuBusHbL B hopmysie (47) u eé coorHorenneM ¢ Boioop Ag u Ag. f yrBepxaaio,
qro 3ameHa Ay Ha A} TPUBOIUT K MOCTOSIHHO (110 OTHOIIEHWIO K IJIOCKUM KOOD/MHATAM)
U3MEHEHUIO B CBSI3HOCTHU W, CJIE/IOBATEILHO, HET n3MeHeHusi KpuBU3HBL. OHA OCTAETCs TTOCTO-
saunoit. bosiee Toro, n3aMenenue camMoii CBA3HOCTU O4YeHb TPocTo. JlobaBsieTcs: MOCTOAHHBIH
wieH. Wl

Eme MmHOrO€E TIpEJICTOUT CJies1aTh, HO JIyUIlle OCTAHOBUTHCS U PACCMOTPETH HAIIE ITOJI0ZKe-
Hue. B cymHocTH, KOrjia Mbl, HAKOHEII, 00paTUInCh K jjokasarebetBy [AB, Th. 6.7], 6oabinas
YaCTh MPUTOTOBJIEHNIT OKa3aiach uasuiraeit. OIHAKO, 110 KpaiiHell Mepe JIJisi MeHsl, 9TO ObLIO
OdYeHb 10J1e3H0. [[oka MbI MMeeM MOJTHOE MIPEJICTABICHUE O CTPOCHUH JIMHEHHBIX PACC/IOCHMI
Aura-Mwunsca, n MbI HAXOJIUMCs cefiuac Ha I'PAHU OHMMAHUS CTPOEHUd paccjioeHuit fura-
Mwyuica pazmepnocTu jaBa. KonedHo 3To crpaBejinBo TOJIBKO JJI SJUIMITUYECKIX KPUBBIX.
OHU SBJIAIOTCS TPSIMBIMI 00pa3aMu JUHEHHBIX PACCIOCHHUI Ha OTHOM U3 TPEX BO3MOXKHBIX
nBoitabix OKpeITHiE M. [lepexox or M u npencrasienus ['r K nokpeituio M’ u npejcras-
nennio p' ero dynamentanbHoil rpymns 'y C Igr.

Co cBoeit CTOPOHBI, JayKe €C/Ii He CO CTOPOHBI YHUTATe s, UMEeeTCs HeKas HeOpPeyKHOCTh
HOHUMAHUs, KOTOpasl JOJKHa ObITh HMcIpas/ieHa. [Ipu obcyxkuenuu ciepctsuii (36.1) Mbr
BBEJIN CBAZHOCTD Ha paccioenun AgAj !, 1 KpEBU3HA 9TOM CBAZHOCTH paBHa HyJle. [[0CKOIbKY
MeTpuka Ha M wmm Ha C gBiseTcs WHBApUAHTHOW OTHOCUTEIHHO MEPEHOCOB 9Ta CBA3HOCTD
(ckopee 3Tu CB3HOCTH) - CBsi3HOCTH SHra-Mujuic.

Onu He SIBJISIIOTCS CBA3HOCTSIMH, BXoAAmuMU B (53). DTU MPOCTO MOCTOSIHHbIE CBA3M HA
TpuBnabHoM paccioerun. Ouu npusenenst B [AB, (6.12)] ¢ H u [ TpuBHaJbLHBIME, €CJIH
samenntsb U(1) x 711 (M) na R* Ecomm G = GL(1), S = {1}. DTo npaBuibHOe yTBep:KIeHHIe.
Kazasocs Obl, ecTh apyras HeOosbIas u HeocTopoxkHas omuoka. CiioBo «flaty He o3Haqda-
€T Y6TKO OIPEJIEJIEHHOI0, OHO O3HAYAET YETKO OIPeIeICHHOE HA YHUBEPCAILHOM MOKPBITHH.
YuraTe b ¢ orpaHuIeHHbIM 3HAKOMCTBOM C /b depeHIuabHO reoMeTpueil, JJ0/I2KeH 3HATD,
YTO TJIOCKASA CBA3HOCTD, SABJIACTCA TE€M, 4TO €€ MHTErpaJi onpejesider pyHKIUIO, JOKAJTHLHO
OJTHO3HAYHYIO, HO TJIOOAJBbHO, BO3MOXKHO, MHOTO3HAYHY0. OHA TOMOJOIMIEeCKH OTINIAETCS
CMeITleHneM MeKJIy IeTesib TakuMm o0pas3oM, JId SJIIUNTUYECKON KPHUBOW €ro MOYKHO CHUH-
TaTh JUHEeHHbIM. EcTh uTo-TO emg, uTobbl nMerh B Bugy, jse rpymnsl R u U(1) X Z ouens
osmm3ku. [Iporry mporrennst 3a ¢TOJIBKO CHOCOK U OTCTYILIEHUI, HO Mbl PAOOTAEM B CJIOKHOM
KOHTEKCTE.

Ilosne3ubie HO aunTHIE 00BICHEHU. B 3T0i1 MONBITKE OOHAPYKUTH MU HAYATH CO3/IaHIe
Teopun (DYHKTOPUAJILHOCTH B PaMKe MPOCTEHIIEro cjrydasd, HO IMOYTH HE TTOHMMAas COOTBET-
CTBYIOIIUX UJICH, s1 0DOIIES Te Ke caMble TIOHATHS, IPOKJIaJIbIBas cede My Th Yepe3 MOHATHA,
KOTOpBIE, XOTs B 3HAUYNTEJHHON CTElleHN He OTHOCWINCH K Jiesly, ObLIN B KOHEYHOM CUETe
HUCTOYHUKOM pelleHus. ¥ mpUIoXKuI Bce YCUIus, YTOObI OTOPOCUTD JIOYKHBIE WU HEHYYKHBIE
UJIEN U COXPAHUTH TOJBKO COOTBETCTBYIOIIHUE, HO 3TO OKA3a/JI0Ch HEBO3MOXKHBIM MOTOMY, YTO
OoHM OBLIN HEPA3PBIBHO CBA3aHbI B MOEM yMe ¢ pererreM. OHAKO CJIEIYIONIIe CTPOKH SBHO
He HYKHBI. ] COXpaHU UX ITOOBI MOIEPKHYTh, 9TO BCS CTATbs HYXKJIAETCS B IEPECMOTPE,
HO JIyHIlle BCEro IOJI0XK/IaTh, TIOKa He OyJeT co3nana obrias Teopusd. 1o, 4T0 OKOHYATETHHO
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opazkaeT B PEIeHNH, 9TO COBEPIIEHHAs TOYHOCTb CDaBHEHUs MeXKIy COOCTBEHHAMU ceve-
HusIMU U cBs3HOCTAME Hra-Muuica. OnHako, quarpamma (56) jist 3a6aBbl.

Ha auarpamme (56) kaxk/piit KBajpar, Oy/b TO YEpHBINA win Gesblil, IpejcTaBsier coboit
npocroe nokpeiTue M. OObeuHene 4epHOTro KBaJipaTa ¢ OeIbIM KBaJpPATOM HaJ[ HUM SIB-
Jstiercss pocThiM TOKpbiTuem M'. Opnomeprast cesasHocTh Aura-Mumiica na M’ 3anaercs
KOHCTAHTO(i, KOTOpasi cama OIpeje/isieTcs orpaHrndeHreM Ipejcrapienus p' Ha Z, TO eCThb
z — ¢z, ¢ € R. OmHomepHoe (0KambpHOE) cevdenne z — (z) paccioenust Ha M’ 910 mpocto
dbyurmms f(-) co sHauenuamu B R. D10 omnpenessier (0OnaTh JIOKAJIbHOE) CeYeHHe JBYMep-
HOoro paccioenns wa M. Ono maéres z — (f(2), f(z + B). Takum obpasom, snadenus f
B YEPHOM KBaJparTe OObeIMHEHBI CO 3HAUEHUAMHU B OeJIOM KBajpare, JIesKAIlleM HaJl HUM.
Koporkoe paszmblniienrne HeOOXOMUMO JIJIsi MOHUMAHUS JIBYMEPHOIO CKJIEMBaHUS, KOTOPOE
BJIEYET 3TO 3a CO0OI. 3HAUeHUsd B JAHHOM YEPHOM KBaJIpaTe JOJIKHBI ILJIABHO MEHATHCH,
KOI'JIa MBI JIBUTAeMCsl B 00OMX HAIPABJIEHUAX BBEPX WJIU BHU3, U BJIEBO WJIN BIIPABO, TAKUM
0o0pa3oM JImaroHa/ibHO, He Ha coceIHuil OeJiblit KBaIpaT, a Ha YepHbI KBapaT. To ke camoe
BEPHO LI IBUKEHUsT OT 6eJIoro KBaJjpara 10 Oeaoro kBajpara. OJHAKO eCTh ele OOJIbIIe.
JIBmkenue BKJIIOYaeT B cebsi OOMEH JIBYX KOODJIMHAT, U TOYKE OOMEH KacaTe/IbHOTa BEKTOpa
TaKuM 00pa30M 3a/IaHHBIM CedeHreM. Keim Mbl IMeeM JIeJI0 CO CBA3HOCTBIO, OHA PETyJIsIPHOE
JIBUZKEHIE B JMArOHAJIbHBIX HalpaBiieHnsx. /[y aToro depuble n Gejible KBaIpaThl MOXKHO
paccMaTpuBaTh OT/ebHO. OIHAKO HEOOXOMMMO 00eCIednTh, UYTOOBI Pe3yIbTAT ObLT TOTIA
[JIAJIKAM, KOTJIa MBI ITEPEXO/IMM OT KBaJIPATOB OJHOIO POJia K KBajparaM JIpyroro. IDTo,
HECOMHEHHO, OyJIeT TakK JJIs OCTOSHHBIX CBA3HOCTeH M X MHTerpaJjos. UTo Kacaercd pas-
JIeJIOB, HO HE CBs3€il, MOBEJICHUE B IIEHTPE YEePHBIX KBA/IPATOB HE 3aBUCUT OT MOBEJICHUS HA
6esiom KBaipaTe. VcipaBienne mpoucxouT Ha IPAHUIE KBaJIpaThl. ¥l TakKe oTMedar, 9To
A u B urpaior oquraxossie po/n.Sll

Ectb erie oana 1moapoOHOCTH, KOTOpas He J0JXKHa ObITh 3a0biTa. [Ipu mepexone u3z M Ha
M’ wbl 3amensiem J siementom J' u, Takum ob6pasom, Mbl 3amensieMm rpymiy U(1) capyroit
rpymmoif, xors ona Bce emé spiasiercs U(1). Kak u B ciygae GL(1) pasperieHnbe cBs3-
HOCT 3aJ[al0TCsl TIOCTOSHHBIME (DYHKIIMAME, HO TeNephb JIBYMsI HMOCTOSHHBIMBI (DYHKIIUSAMH,
[OPSAJIOK KOTOPBLIX HE UMEET 3HAUEHU.

Hakower, Mbl HAIIIN JABYMEpHBIN BUJI BbIpaxkeHus (5H3), HO BOIPOCHI ocTaioTcst. KakoBbl
ycJioBus niepuojumanoctu’ /leso B TOM, 9TO MBI XOTHM IPEJICTABUTH COOCTBEHHBIN COIPSI-
JKEHHBIIl KJlacC KaK MHTerpajibHyi0 moKazaresbHyto dyukiuio. Jng GL(1) conpsizkeHHbIi
KJIACC MMeeT eIMHCTBEHHbI IpejcTaBuTesb, HO st GL(2) s1o He Tak. Brparie BepHEMCs
K ypaBHeHHuIo (53), /1T KOTOPOrO €CTh JBa YCJIOBU sl OOCYKIEHUsT: TIEPUOJNTHOCTD U Ha-
JaJbHbIe yCesI0BUsA. MBI yKe TOBOPMIA O MEPUOJUTHOCTH. ITO HHTErPAJIBHOCTD dnces k u [.
Havasbable ycmoBus BBOAATCS IyTeM yMHOXKeHUs (53) Ha mpon3BoJibHbIA ssement u3 U(1).
HaganpHble yciaoBus. VIMeHHO STOT 3/1eMEHT OIpe/iesisgeT XapaKTep Ha Moarpymne Z rpyi-
bl [y B (1.d), To ectb HA 1 € Z. D710 Z cocrout u3 crerneHeil MpOU3BOJILHO BEIOPAHHOIO
Ao = A4, KOTOpOE caM OIpejiesisieT HUKHUN [Ipe/ie/l HHTerpupoBanusd B (53).

3/1ech BXOJUT 9TO-TO, UTO JIETKO YIIYCKAETCs W3 BULY, IIPOU3BOJI HAIEro BhIOOpa Ay wim
Ap. D10 HEOOXOMMO, a TakKe Beszecyie. B (53) mBmkymmasicss Touka af + b, a cBI3HOCTD

81910 oGbsICHEHTE HEYIOBJETBOPUTEIHHO, U TI0 TPUYINHAM, CBI3aHHBIM C CHOCKOHN ‘He3HAYNTEHLHBIN HeJI0-
CMOTD’, & IMEHHO, MbI ObLJIN HETOYHBIMU OTHOCHUTEJIBHO CKyenBanusi. MbI mMeeM e/10 ¢ MJIOCKUMU CBA3HO-
CTSIMH, U UX MOXKHO MHTEIPUPOBATH B OJHO3HAYHOE CEYEHUE Ha M. Bouee TOro, IIpsAMasd, COeIUHSIONAsT
TOYKY B OJHOM U3 KBaJIPATOB AMAIDAMMBI C JPYTUM, ONpEIEIseT JIeMeHT (DYHIaMEHTAJIBHOU I'DYIIIbL U,
CJIEJIOBATENIHHO, [IBUKEHIE OT CJI0s Ha OJTHOM KOHIIE K CJIOI0 HA JIPYTOM. DTO CKJIECHBAHIE, IOIPA3yMEBAEMOE
3/1€Ch.
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JaéT mosbIHTerpasbioe Boipakenne. CaMo cobOil 9TO BbIpayKeHHe He JTaéT COMPAYKEHHDII
KJacc B Touke Ag. Ero Hy>KHO yMHOXKNTH Ha 3HAYCHHE KJIACCA CONPSKEHHOCTH B TOUYKE
Ap. DTO MOXKeT OBITH POU3BOJIBHO BBIODAHHBIM U ABJIACTCS MPUIUHON JTOMOJTHUTETHHOTO
dbakropa Z B (1.d). Ectb uTo-TO, 9TO JIETKO 3a0BITH, KOT/IA MBI JOCTHTaEM YKEJTaeMbIX Tap
- UHTErpaJia ot cBasznoctu Aura-Musiica, ¢ OHON CTOPOHBI, U KJIACCA CONPSIKEHHOCTHU JIJIst
GL(1) mnu coberBeHHOTO compazkeHHoro cevenusi st GL(2), ¢ apyroii croponsl. To ecrb,
MBI HE IBITaeMCsl HaliTu cOOCTBEHHYIO (PYHKITNIO, JIJIs KOTOPOI CYIIECTBYET HEOIIpe/Ie/IeHHAsT
KOHCTaHTa, HO CeMeiCTBO COOCTBEHHBIX 3HAYEHUI, U TO HEIBYCMbBIC/IEHO.

Hnga G L(2) moctpoenue 6oiiee ciozkuoe. Kak yike 00bsACHIOCH, B TEOMETPUIECKOI TeOpuu
cOoOCTBEHHOE 3HAUEHNE, M3MEHIAIONIeecsd OT TOYKN K TOUKe, 3aMeHsIeTCs KJIACCOM COIPSIZKEH-
HOCTHU, KOTOPBIil MeHsieTcst oT Touky K Touke Ha M. Tng G L(2) 310 Bompoc npepocTaBieHust
JIBYX 4HCeJ, COOCTBEHHBIX 3HAYEHUN KJIacca U €JIMHCTBEHHOW JIBYCMBICJIEHHOCTEH - 3TO I0-
PSJI0K, B KOTOPOM OHU JIAIOTCsA. BoJjiee sICHO BBIPAXKEHO, UTO MBI HMEEM JIeJIO C KJIACCOM CO-
[PSPKEHHOCTHU JIBA-HA-J/[BA, SPMHUTOBBIX MATPHIL, I 9TO OIPEJIEIAeTCS €ro COOCTBEHHBIMU 3Ha~
YEHUSMU, 00a 13 KOTOPBIX SIBJIAIOTCH peaabHbiMu. OHAKO OHU HE YKAa3aHbI B OIPEICICHHOM
nopsiyike. TakuM 00pa3oM, CyIIecTBYeT MHOMXKECTBO CIIOCODOB MPEJICTABICHUS CIIEKTPAIbHO-
ro pasyoxenus. ['pymma (M) uMeer Tpu HOpMaJbHBIE MOAIPYIIHI MHIEKCA /1B, KAz Iast
13 KOTOPBIX COMEP:KUT TOJBKO omwH n3 A, B, AB, m Mbl MOXKeM TepeiiTH K HAJOKEHUIO,
OTIpeJIeJIEHHOMY JIFOOBIM W3 HuX. Korjga MbI 9TO jiesiaeM, JIByMepHOe IpPeCTaBJIEHIe COOT-
BETCTBYIOIIOI MOATPYIILI IPyHIbl (G UMEET JIBe pa3InvYHble HEIIPUBOINMbIE KOMIIOHEHTHI C
pasmepnocreit onun. TakuM 06pa3oM, y HAC €CTh, [0 CYTH, IECTh BO3MOXKHOCTEN CJIe/IOBATDH
3a KOJIeDATE/ILHBIM ITPU3HAKAM, TAKUM 00Pa30M, IIeCTh BO3MOXKHOCTEl OIMCAHUS CBI3aHHbBIX
ces3HocTelt dura-Mujiica. 910 BbI3BaIO y MeHsI OOJIBIIYIO HEOIPEIE/IEHHOCTh U Iy TAHUILY.
Moe onmcanue BbIBOJIOB MOXKET BbI3BATH B UnTaTE/Is Te Ke dyBcTBa. OTHAKO, OHO CTAJIO MHE
3HAKOMBIM.

Hna G = GL(1) coorBercTBIE COCTOUT U3 CBA3HOCTH SlHTa-Musica u CBSI3aHHOIO ¢ HUM
npeJicTaBlIeHns ['g, ¢ OJHON CTOPOHBI, I COOTBETCTBYIONIETO COOCTBEHHOT'O COMPZKEHHOTO
CedeHns W CBI3aHHOTO C HUM TpescTaBjieHud ¢ ¢ apyroit. Mbl monnMmaeM, Kak 3TO Jeii-
crByer Takxke g G = GL(2) MOCKOIBbKY TPEJCTABICHUS WJIN CBA3HOCTU SIBJISIOTCS IPS-
MBIMHU CyMMaMI COOTBETCTBYIOIINX OJJHOMEPHBIX 00beKTOB. B obrem ciyaae st GL(2) Mbr
paccMaTpuBaeM TOJBKO cBsisHocTn fura-Musuica, n onu, cornacuo |AB|, 3amatorces npes-
crapyieausiv I'gr. Kpome Toro, kak Mbl yxke obHapyxumu st GL(1), njis Hammx 1eseit
HE BCE CBSI3HOCTU MMEIOT 3HAUEHME. DTO MOBJIEKJIO 38 cO0O0il OrpaHnYeHne Ha CHeIua/IbHBII
HA0OpP TaKUX MpeJICTaBIeHIi, KOTopble TpuBHaibHble Ha poobpase U(1) B I'r. dusa GL(2)
9TO HE TakK.

Ananorom (53) Oymer mokasaresbHas (GyHKIMs, TOKa3aTebh KOTOPOi MATPUIHbIH HHTE-
rpaji. MaTpuiry MOYKHO CYUTATDH JUArOHAJIBLHON, OCKOJBKY KOODJAMHATHI @ U b OnpejieieHbl
o croponaM (yHJIaMEHTAJILHONW 00JIACTU. YCJIOBUE COCTOUT B TOM, YTO UHTErpPajbl JIBYX
JIMArOHAJILHBIX 9JIEMEHTOB SIBJISIOTCS IIEPUOJIMIECKUME, KpOMe OOIero 3Haka.

Mpr BoIOpasin MeTpuKy Ha M MHBapHAHTHYIO OTHOCHTEIHHO IIEPEHOCOB U TOYKa Ag JaHa.
[TepBonauaibno ona 6bi1a 0 € L. Mbl Moryin 661 3aMeHHUTD €€ JTI000i JIPYyTroit TOYKOM, TO €CTh
epeHocoM Touku Ag, KoTopslit 1aét meperoc dyukium s(-) a Takzxke dhopmer (36.1). [lepsbrit
- IPOU3BOJIbHBIN U OTIPeJIessaeT jiBa ApyruX. V3meHnerus BiaekyT 3a cobOit n3MeHEHNE CBI3HO-
ctn Adura-Mwuica. HO, KaK MBI YBUIUM, HET U3MEHEHHUsI B €10 KPUBU3HE, KOTOPAsl sIBJISIETCST
nocrosiHof. Cama dyHKIws s(-) sBiasiercs: dbyHKImed Ha miockoern, a He Ha M. Kak mMbr
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ommireM, 3amena A s Ay Biieder 3a cob0il H3MEHEHHE CBA3aHHO CBA3HOCTH, XOTS 9TO U3-
MeHeHue He B €€ KpuBu3He. V3MeHenne, To €CTh pa3HUIa MEXK Iy CBI3HOCTSAMU, CBI3aHbI ¢ Ag
u Aj), ABJIgeTCd IIOCKOi, TO eCTh ¢ KPUBU3HOIT KoTOpas pasHa myio. [lockoibky Ag mamo,
TOJIBKO UTO YIIOMSHYTOE 3aMedyaHue MO3BOJIsIeT HaM OIPEJe/IUTh CBA3HOCTHL fura-Muinica
qist roynbl GL(1) ¢ tenbivu auciamu k, [ U JIMHEHHBIM PACCIOEHUEM CO CTEIEHbIO HYJIb,
OHO caMo cBs3aHo ¢ pazmmaneMm Ay — Ag. s rpynmst GL(1) romomopdusm p B [AB, Th.
6.7] obst3aTenbro Takoit, uro Z C I'g. Orpammiernne p|U(1) mano nessim wuciom u p|my (M)
JIAHO JIByMsI THC/IAMU.

Bcé sTo, mozKauyil, Jydine oObACHATL B cBa3u co crpokaMu> ‘Now line bundles with
harmonic connections ... I'g now factoring through m(M).” Iycts k = 0, Ly = A - Ay
Cesasnocrb, npucoeunennas Kk Ag = 0 € L, yxxe BBejieHa, HO oHa 3aBucuT oT A (mmm Aj)
kak Touku B C, a me or Trouku B C/L. Pacuére, cBg3anube ¢ Ay TakKe IpUMEHUMBI J1st A.
DTO BCEro JIMIIL BOIPOC MOJCTABJIEHNs] HOBBIX 3HAYEHN KOOPAUHAT. B yacTHOCTH, KpUBU3HA
octaércs TO# ke u oHa mocrosgHa. HoBoe pacciioeHue - 9Ta IPOCTO MEePEBOJI, CBA3AHHBIN C
A. Yo KacaeTcsi U3MEHEHHBIX CBSI3HOCTEH, TO 9TO MPOCTO MIEPEBOJT, UCXOIHBIX JTAHHBIX, UTAK
IpocToO JobaBIeHre TTOCTOSHHBIX K JBYM KoopjaumHaTaMm @ u b B (36.1). DTu 1Be CBA3ZHOCTH
OTIPEJIEe/TAIOT CBI3HOCTH Ha HOBOM PACCI0eHNN Lo, KpUBU3HY KOTOPOI MBI MOYKEM BBITUC/TAT.
Ona pa3HOCTh JIBYX KpUBHU3eH, KpuBU3HBI 111 A u Ay. Apyrumu cmoBamm, 3T0 M3MeHEHUE
IIOCTOAHAs CBA3HOCTD B IIJIOCKOCTH U BCE TaKWe CBA3HOCTU MOABJIsAOTC. JIpyrumu ciioBamu,
nocrosiiiag B [AB,(6.10)| mpousBosibHa, XOTS €CTh pellleHne, KOTOPoe s CUUTal0 HEYMECTHO
U 9TO BBI3LIBAET HEJIOYMEHUEe, 9TO OPAaTh ero 1o Mojaysaio 27. Yurarelb MOXKET PEIIUTh CaM,
JIOJIPKEH JIM OH, KaK U $I, IIPOCTO UCIIPABUTDH 9TH IIPU3HAKU IOCIEITHOIO COUMHEHUs UJIA JKe
OH JIOJIKEH IIPUHIMATh nX Bcephe3. Kak Besrescteue pasnocru [AB,6.10], stu Bee cBsa3HOCTH
Aura-Muuica s rpymmst GL(1).

B npuBeseHHOM TIpeIOXKEHNN €CTh OIpee/IeHHast JIByCMBICIEHHOCTh. J[Be pa3HBIX CBSI3-

HOCTU MOTYT IPUBOJUTH K M30MOPQHBIM ceueHusiM. Hampumep anredpst JIu ayx rpynmst R
u U(1) paBHBI Tak, 9TO OHU UMEIOT T€ JKe CBSI3HOCTH HO C PA3HBIMU MHTEerpajaMi. 51 06bIaHO
[IPUHAMAJ TIePBOHAYATBLHOE MIPEJTIOZKEHTIE.
Pazbsacaenue. Korna nse casnoctu fAura-Mumiiica SKBUBaJIEHTHBI! DTO JIAIIbL OJWH W3
MHOI'MX BOIIPOCOB, BO3HUKAIOIIUX TIPU paccMoTpenun joBojos B [AB,§6]. Hanpumep, mo-
CKOJIbKY COOTBETCTBYIOIIUE CBI3HOCTU JIOJI2KHBI OBITh YHUTAPHBIMU, OHU TAK KAK MbI BUJIE-
JIM, 3aBUCAT OT METPUKM Ha CJI0€, & OHA He WHBAPUAHTHA. JTO O3HATAET, B YaCTHOCTH, JIJIs
00Cy2K/TaeMbIX HAMU CBSI3HOCTEH, UTO OHU JIMHEWHO M3MEHSIOTCs C rapaMerpaMu a u b u,
CJIEJTIOBATENIbHO, He fABJA0TCs L-uaBapuantHbiMu (36.1). Mue tpyano 310 monars . leo-
YUCIEHHOE M3MEHEHUe TTapaMeTpPOB @ W b n3MeHsieT MeTPHUKY Ha CJIOSX, HO He CBI3HOCTb, W
[I0O9TOMY CJIE/IyeT PacCMaTPUBATH €€ KaK N3MeHeHNe JJAHHBIX. 10 ecTh, ceMeiICTBO IepecTaeT
OBITH TOPOM U CTAHOBUTCH KOMILIEKCHOW IMPSAMOil. DTO BayKHO JIJIs HAIIETO 3asgBJIEHUS U JIJIs
[AB,Th. 6.7], koTopoe 6e3 3roro ne umeer cmMpicia. Yeiaosue [AB,6.1] suneiino. M

Do yTBepXKIeHue nouTH He coBmecTuMo ¢ [AB, 6.10], Hu ¢ yTBepKIeHUEM, UTO ILJIOCKHE
CBSI3HOCTH HA TPUBUAJLHOM paccjioennn tutta fAura-Mwuica.

82Yyrarens ¢ OTPaHUYEHHBIM 3HAKOMCTBOM € AudPepeHnnaabHOil TeoMeTpreil, TO/2KEeH 3HATh, ITO ILIOC-
Kas CBI3HOCTD, SABJISETCS TAKOBOW UTO €€ MHTEerpaJsl onpezesser (DyHKINIO, KOTOPas JIOKAJIHHO OHO3HAYHA,
HO JIO0AJIBHO, BO3MOXKHO, MHOTO3HaYHA. OHA TOMOJIOTMYECKH OTJIMIAETCS CMEIEHINeM MeXKJTy TeTesib. TakuMm
06pa3oM, sl SJTUNITHICCKON KPUBOHM €6 MOXKHO CINTATH JTUHEHHOIL.



81

ViyIenane UCHPaBJIeHO WK AbABOJ B JeTaaax.’ DT1or odepk - oTkjoHenme. JTo
[OTOMY, YTO MHE HEBO3MOXKHO ObLIO MOHsTH Marepuasi B [AB| mpu mepsom, BrOpoM mim
JlayKe TPeThbeM UTeHHH. 1 JIOJIKeH YacTO BO3BPAIATHCH K MCTOYHUKY, UTOOBI BIIOJHE IIO-
HATH 3HAMEHHUE 3adABJIeHnH aBropos. Eciu M smmmnruaeckas kpusas Torma M = C u 510
JIEPKO TIPEJICTaBUTh. ToxkKe JIErKo mpeacTaBuTh rpymniy ['r u eé npejacraBuerns B GL(1).
Baxxnao TakxKe OTMETHUTD, UTO ['g MMeeT HECKOJBKO aBTOMOP(U3MOB, TAK UTO HEKOTOPHIE U3
9TUX, TMO-BUIUMOMY, PA3HBIX IIPEJCTABICHUII MOTYT OBITH SKBUBAJEHTHBIMU. DTO OBLIO OBI
HCTOYHUKOM BO3MOKHBIX PABEHCTB, OMMCAHHBIX pu obcyxkaenun ypapuenus (36.k). T'pymn-
na ['g mopoxkmaercs A, B u rpymmoit R jeficTBUTEIbHBIX YUCEST C OJIHUM COOTHOIIIEHUEM
ABA'B™! = exp(27 - 4). Mbl 3anucsiaem sjieMenTsl  u3 R dopmanbo kak 27 - xi. Hexo-
TOpBIE, BOBMOYKHO BCE, aBTOMOP(MU3MbI TPYIIIILL JaforTcs ypaBHenusymu A — exp(i\)A, B —
exp(ip)B, \,p € R,mecm z € R, z — z.

Bce omnomepubie nipencraBienns rpynmsl I'g Takue, arto exp(27 - 1) — 1 € C. To ecrs,
ectb m € Z, takoe, uto A € R — exp(2mmi\, koropoe pasuo 1 eciin A € Z, vHo A — «,
B — B, |a| = |5| = 1. D1u aBa gucia npousBosbHbL. Ha JaHHBI MOMEHT MBI HMEEM JIeJI0
TOJIBKO C JIMHEHHBIMU PACCIIOEHUSIMUA U TOJBKO C JIMHEHHBIMU PACCIOEHUSIMU CTENEHU HYJIb.
DTO BO3MOXKHO, TIOTOMY YTO MBI BBOJUM JIOIIOJTHUTEJHHOE JIMHEITHOE PACC/IOEHNEe CTEleHn
OJIMH, YTO ITO3BOJIMJIO HAM HAIMCATH KarKJ0e JIMHEeHOe PAcCI0eHne KaK IIPOU3BEEHIe STOrO0
JINHEHOT'O PACCJIOEHUS C caMUM CO0OI HECKOJILKO Pa3 U PACCIOeHNE KOTOPOrO CTEIeHb HYJIb.
MozkHo Jin 3TO ¢jiesiaTh nHade? DTO BOIPOC, KOTOPBIN HA JAHHBI MOMEHT JIyHUIlle OCTABUTH
B cropone. Ceifuac Halla 3a/ada COCTOUT B TOM, 9TOOBI HAXOJIUTH JIMHEHHbIE PACC/IOCHUS,
CBsI3aHHBIE C TOJIBKO YITO onucanHbiMu romMomopduzmanvu. Wl
Heywmectabie HepemmuTesbHOCTA. MHOXKUTETH S(+) WM €0 OOPATHBIN JIEMEHT He OIpe-
Jesistior, ypasaerueM (36.b) merpuky Ha M, OHU ONMpeesioT METPUKY Ha €€ yHUBEpCaJlb-
HOM IOKPBITHU. DTO 03HAYAET, UTO OOJIBIIOE KOJTMIECTBO HAIIUX YTBEPXKICHUI CIIpaBe//n-
BO TOJILKO JIJII YHUBEPCAJIHLHOIO HAKPBLITHA. JTO B MOPsJKE, HO HEOOXOIMMO MOMHUTL 00
9TOM. JIBYCMBIC/IEHHOCTDH yCTpaHeHa TOJIHKO KOTJIA MBI IPUXOJUM K CBA3HOCTSM, CBSI3aH-
HBIM ¢ pasnocThio Aj — Ag. Kpome Toro, mocruraercs orpomuoe npenMyinectBo. CBA3ZHOCTH
HAura-Musica KoTopble OIPEe/sioTCsl METPUKOW MHBAPUAHTON O OTHOIIEHUIO K IIEPEHO-
CYy 3aJIaf0TCs JABYMs PEAJLHBIMU MapaMeTpaMiu, OIMPeIe/AONNMI JIBUKEHUE ¢ MOCTOSHHOMN
CKOPOCTBIO B INIOCKOCTH. Tak MbI MpUIILIH ¢ MeHTIIIME 00bsicHernsaME K (53). Yo mpomncxo-
nr? Comuoxurens A B A- Ay' msmensercs Ho BO3MOMKHO, 9TO OHA BO3BPAINAETCA K CBOEH
ornpasHoit Touke B M 1o He B M = C. 9T0 BO3MOXKHO IIOTOMY, UTO s(+) dyuKIUS Ha M wo
ne na M. H
Hemnoctu>kumoe cranoButcs moHATHBIM. §VIII HaunHaercs ¢ naTu mpeamosKeHnii, moJ-
HOEe 3HaYeHre KOTOPBIX TOJIBKO MHE OBLT OTKPBITO, a 3aTeM He TOJHOCThI0. B qacTHOCTH 51 He
MTOHSJT TTPEJIJTOZKEHNe, KOTOpoe cJietoBasio 3a HuMmu, ‘Given any homomorphism p : I'g — G
we then get an induced G-connection A, also satisfying the Yang-Mills equations ...". Jlo
9TOr0 MOMEHTA MHE YIAJIOCh HEMHOI'O Pa30o0paThcs B MOCTPOEHUN pPacCJIoeHus () U ero Io-
caescTBU, Oe3 TOJHOTO MOHMMAHUs ero TOYHOro 3uHadenus. Heuro, ocobeHHO, yCKOJIB3HYIIO

83HOCK0ﬂbe B [AB] 6bL710 MHOIO TOTO, YTO $1 HE COBCEM MOHSLI, 8 TAKKe OJIUH WK JBA MOMEHTAa, KOTOPbIE
OBLIN, B JIy4IIEeM CJIydae, HEJOCTATOYHO OODbSICHEHBI aBTOPAMU, PA3JIMIHBIE YACTH ITON CTATHU ObLIN HAIM-
CaHbBI HA PA3HBIX ITANAX MOei OOPHOBI ¢ MaTepuasoM , S perusi, YacTUYHO U3-3a JIEHH, & OTYACTU IIOTOMY,
9TO MOXKET OBbITh JIyUIlle JIjisl TeX, KTO, KAK U si, U3y4YalT OCHOBBI 1uddepeHInaibHON TeOMeTPpUN BMECTE C
€€ IpuUMeHEeHNeM K TEeOpUU aBTOMOP(MHBIX (GOPM, OCTABATH YACTh MATEpHaJia B HEYIIOPsIOYeHHOI dopme B
KOTOPOM $I IOHSIJI 3TO CHAYaJA.
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OT MeHS TIOJHOCTHIO . DTO MOCTPOEHHUE TIJIOCKUX CBA3TOCTEH ¢ Pa3MEPHOCTHIO PAaBHOW €/1i-
uure. Ckopee, g 9TO MOHsAJI, HO HE €r0 IMOCJIEJCTBU, 110 KpaffHelt Mepe, He ¢ MX OJHBIM
snavenueM. Kpome Toro, mcxoss U3 KJIACCUIECKOI Teopuu, TO ecTh Teopun BeitepriTpacca
U JIDYTUX, s He 3HAJ, KaK JIAaJIEeKO 3TO eIé OCTAJIOCh OT MepexoJia K YHUTAPHBIM CBA3AM. 41
HE OIEHUJI PACCTOSIHUE, OTJIEJIAIONIee OT HEr0 YHUTAPHYIO TEOPUI0. DTO BOIPOC HE CTOJHKO
3 U(1)-pacciioenuii, CKOJIBKO U3 COeMHEHHBIX R-paccioenuii. $1 ncnbIThbBaiO TPYTHOCTH
C TpeJICTaBJIEHUEM ITOC/Ie/ICTBUIl BBEJICHUS HYJIS WK MOJIIOCA, KaK U 1pu rnoctpoennn (). 4
ne ronosior! Bojee Toro, st BBeJ UpE3BLIMAHO BaXKHYIO CBABHOCTDL () OYeHb HEOPEXKHO, C
onpezenenneM &, 31, Bz, 5 Bau3y dopmysr (36.1). Temepb Mbl H0IKHBI paccMOTpeTh €€ 6o-
Jiee TIIATEIBHO, €CJU Mbl XOTHM OIEHUTH olpejenenusi, npemmecrsytomme [AB, Th. 6.7],
MIOCKOJIbKY 9TO TJIaBHAsS 0COOEHHOCTH UX paboThl. CKopee, s JIyMaio, 9TO Mbl, HAKOHEIl, B CO-
CTOSTHUU WCIIOJIL30BATH 3Ty TEOPEMY JIJIs CpaBHEHUs COOCTBEHHBIX COIMPSKEHHBIX CedeHueit
co caznoctamu fura-Muiica. ll

[Tocyie Bcex HAIUX yCHIINii, B YACTHOCTHU, IIOCJIE BCEX MOUX YCUJINN BO3HUKAET HEOXKUJIAH-
HBIiT Bompoc B cBsa3u ¢ npumenerneM [AB,Th. 6.7|. BosbMmém MBI i1 IPOU3BOJIBHBIN TOMO-
mopdusm p : 'g — G g vHammx mesieit wim orpann<deHHbiil Kjaacc? YToObl MPOIO/IKUATS,
s mpeanosiarato, o [AB,crp. 559/560| orkpseiTo nepen duraresem. Jlego B TOM, 9TO MBI
IIPUMEHSIEM TEeOPEMYy C OTPAHMYCHHBIM BBIOOpOM p. f yauB/IeH, HO MeHs 4acTO YJIMUBJISIO,
counHsig Ty crarhio. Beibepém G = GL(1) kak ammurusHyto rpymimy iR, ¢ ogHOoMepHbIM
[peJICTaBICHIEM p, 3HAYEHUS KOTOPOro MPOU3BOJIbHDLI Ha npejcTaButensx A u B. Ha R ux
suavenus pasubl 0. B wactaoctu, comuoxkuresnb U(1) 31ech He uMeer 3HadeHus. ['oMomop-
duszm p vHa nem Tpusuasen. C Jpyroit CTOPOHBI, CyIIECTBYeT OOJIbIIE YeM s OIMEHUT CBOOOIbI
B obpasze G romomopdusma p. U 3amensiercss va R*.

Urak mokazarein, Koropble mnosBiisitorcst B popmyiie (53) cesasnocru Aura-Musuica, orpa-
HUYEHBI YCJIOBUEM, UTO IMOKa3aTe/IbHbIEe (DYHKIMHU OIpPEJIe/IeHbI X WHTErPAJIaMU, OJHO3HAY-
upiMu Ha M. TIpm 3TOM MO/IKHO OBITH SICHO, YTO OCHOBHOI BBIBOJ, 9TOI'O CTAThU YCTAHOB-
neH i npocroro ciaydas G = GL(1). OnHako, B KadecTBe KOHEUHOI 1eJN Mbl HaJIeeMCst
JokazaTh, aro (1.d) mo maHHON anrebpanmveckoil KpUBOM siBjisieTcsi aBTOMOPQHOI rpymoit
Tasya. Tem He MeHee, B 9TOIl cTaThe Mbl 3aHUMaeMCs TOJIBKO rpynnoii GL(2). Ectb nBa poja
coOCTBEHHBIX (DYHKIIWIT: Te HOCUTEb KOTOPLIX ) 1 Te HOocuTes b KOTOphix 2. [lepsble coor-
BETCTBYIOT HEYIIOPSAI0YEHHO mape cobcTBeHHbIX (yuKimil s GL(1), mapaMerp KOTOPBIX
nan (50.a). s Tex, mapamerp kotopwix Jad (50.b), oTHOmEHNH TapameTpa K COOCTBEH-
Hoit pyHKINN gABageTcd bosee CI0KHBIM. BMmemupatorces ceasnoctu fAnra-Mwmiuica. [lepexosn
Takoit: ToMmoMopu3M [ay — “G; cBasHocTh Anra-Muiuica; BHIOpaHHBIH HAGOP MHTETPAJIOB,
KOTOpBIE JTAI0T COOCTBEHHBIE CONPsIKEHHBbIE 3HATEHUsI. 3aK/II0UEHUs 3aTeM CPABHUBAIOTCS C
BhIBOJIlaMu pazjesa VIIL

CHauaJsia HY?KHO BEDHYThCsI KO BTODOMY COMHUTEIbHOMY yTBepxkaernio B [AB,p. 561|. Her
HUKaKoil npuunubl, uTo Gx = (. Kcratn, Bo m30exkaHue ImyTaHUILI g BCIOMUHAIO, 9TO 'y
u ',y JIBe pasHble, XOTs TECHO CBSA3aHHbBIE TPYIIIIHI.

Mg GL(2) cymecrBytor cobcTBeHHble (DYHKIIUME JIBYX BUJOB B COOTBETCTBUU C TIOJMHO-
xectBoM B, Ha koTopom onu onpemesensl: © u 2. Jlyg nepBbIx, COOCTBEHHOE COIPSIZKEHIE
CcevYeHUs eCTh IpsiMasd HEeyIopsIoueHHad CyMMa, apaMeTp KOTOPOl TOXKe CyMMa JIBYX OJIHO-
MEPHBIX Ipe/icTaBaeHuii rpysl [,y Hekoropsie n3 HUX, BTOPOro Bua, TAK?Ke OTHOCATCS K
mepBoMYy BULy. MBI MOXKEM CIIPOCHUTD, TIOYEMY OHU TTOSIBJISIIOTCSI, HO HAM HE HY?KHO HaXOJIUTh
JIUIsT HUX HOBBIE MTApAMETPBI. DTO Jpyrue MYHKIINU, ¢ KOTOPBIMEA MBI IMEEM JIeJI0, U KazKIast
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13 HUX CBsI3aHA C OJTHOMEPHBIME IIPEJICTaBIEHUSIMIA TPeX MOArpymn rpynmsl ['g, omnpeens-
eMBbIX TTpoo0OpasaMu Tpex MOJArPYII HHIEKCA JIBa B Ty;. 3aMETHM, 9TO INPEJCTABICHUE T,
MHIYIIIPOBAHHOE M3 TPUBHUAJBHOIO MPEJICTAaBIeHN KayKI0H M3 9TUX HMOAIPYII, OJMHAKOBBI
U UX OrpaHMYeHne K JaHHOM IIOATrPYIIe, SIBJISIeTCs IPAMOI CyMMOR TPUBUAJIBLHOIO IIPEICTAB-
JIeHNs U eJMHCTBEHHOr0 HeTPUBUAJILHOTO IIpe/ICTaB/IeHus, KOTopoe Tpubuaibio Ha M2, Kak
0COBEHHDBII BHIOOP, MBI BLIOpa/IN HOAIPYIILY, opoxKiennyio A’ = A u B’ = B2

[Tepexo/; K HAKPBIBAIOIION KPHUBOI 3aTparmBaeT He TOJBKO 71 (M), KOTOpoe 3aMeHsieTcst
noarpymnmoii m (M') uHIEKC KOTOPOIi /1Ba, HO U rpymiy ['r # 9jeMeHT J, KOTOPbIii 3aMeHSIeTCst
na J' = J? Ipynna R, omnako, ne namensiercss. Cieioparenbio Iy gBiIstercs moarpyoit
Broporo nopsiaka B I'r. C apyroii ¢cropoHbl, Mbl HAYaJIU ¢ OJHOMEPHOI cBsizHOCTH Ha M’ 1
CBSI3QJIN C HEll IByMePHYIO CBI3HOCTH Ha M. B To ke BpeMsi oiHOMEpHasi CBA3HOCTD CBSI3aHA
C OIHOMEPHBIM IIpeJIcTaBIeHrneM 'R U JByMepHasi CBSI3HOCTH TaKyKe CBSI3aHa C JBYMEPHBIM
npejcrapiaerareM ['g. To 9T0 MBI XOTUM CJI€IaTh, TO IPOBEPUTH, UYTO JBYyMEPHAasl CBA3HOCTD
- 9Ta Ta, KOTopas 3ajaHa TeopeMoit Atbsi-BorTa /711 1ByMepHOTO TIpejicTaBienusi. Eig pas,
JIByMEpHBIE TIpeJICTaBIeHnst ['r He BCe YMECTHBI.

Tenepb paccmorpuMm obcyxkaerne Ha |[AB,crp.560|, mpumensis ero k obenm rpymmnam I'g u
I'g. Dnementsr X B g OyayT oqunakossl st I'g u I'g. rak, Mbl nepexogaum k Gx 11t HUX
oboux, ofHAKO, He yTBepKIas, uto G x ceazano. U(1) x m (M)-paccioenue vHa M sBisiercs
npocTo mpsiMbiM o6pasom paccioennss U(1) x m(M') na M, xors Hallle reOMeTPUYIECKOe
omrcaHue, BO3MOXKHO, He ITOKa3aJ10 9TOro sicHo. I10CKOJIbKY KOMIIO3UIUS JIBYX HPAMBIX N300~
paXKeHui CHOBa, ABJISIETCA HMPAMBIM 00pa30M, HAIll JOBOJ, 3aBEPIIEH.

Ceituac emé ocTaaoch TOJBKO HEOOJIBINOE JeJI0. DTO MPOCTO Bopoc octaTkoB. B ‘Tlepexosie
or ',y K 'R’ MBI 0OCYIM/IN 3TOT Iepexos Jjisi OAHOMEPHBIX IpeacTapieHuit. O0cyx eHne
OJIMHAKOBO XOPOIIO OTHOCHTCSI K MH/LYIIMPOBAHHBIM IIPEJICTABIEHUSIM JIBYX TPYIIIT JIJIsT TIOJIST
U TI0JIS PACIITHPEHUSI.
pyroe mpusnanue. /[jg MeHA TPYJIHO THOJBHOCTBIO MOHATH Teopuio Anra-Mwmmica. £
HUKOTJIa He ocMoTpes obmieit Teopun. Ciie1oBaTebHO HYKHO MTOCTOSHHO HAIIOMUHATH €6
caejcrsue. Mssensaiocn! M

Kaxk s wacTo nmpusHaBajcst s MeJJIEHHO MOHSAJI, W €IIE TOJHKO YACTHIHO IMOHMMAIO, OTHO-
IIIeHIe MeXKJIy COOCTBEHHBIMU COIPSI?KEHHBIME CEYEHUSIMU U cBsI3HOCTIMU Snra-Muica. B
YaCTHOCTH, s OBLJI HEOCTOPOXKEH Korja Hamucasl (53), ckopee s1 He OObSICHUJI KaK BBIOMPATDH
Havasbuble 3Havenusd. OHu JaHbl B crenenax Ag, B gacrHocTu B AY, TO ecTb B TpUBHAIL-
HOM JIMHEHOM PaCCJIOEHWH, TJe 3HadeHrne 1. 3HaUeHUsl B JPYIUX CTEIEHAX JIAHBI KAK MbI
obbsicann B pasgene ‘Hadanbable yemoBus.” OnpeeseHns CI0KHBI HO ITOCIEI0BATETbHEI.
Tpebyercst Gostee 0JTHOTO HAYATHOTO 3HAUEHUs, TOTOMY 9TO Bung He c¢Bszno. CobcTBeHHBIE
cevenus Juig GL(2) onmcbiBaiorcst He tak mpocro. Kpome toro, maxe g GL(1), Tonabko
Te YCJIOBHSA, KOTOPBIE JTAI0T OJJHOZHAYHBIN UCXO1 JorycKaoTcs. HyKHO Tak:Ke MO TIEPKHY Th,
qTO NI JaHHol rpymmbl (G yMecTHBIE cBasHocTu UG-ceasnocry, syunte Lg-cpasnocTn nim
LUg-cBasnocrn, rae “Ug yanrapnsiit sug rpymmst “G. Toabko nociennee sBiseTcs I0JIHO-
creio TounbM. Obo3HadeHne HecTporo. B mpoTHBIONIOKHOCTE TpyIe “(, KoTopas HecKo/Ib-
KO HETOYHA, IIOTOMY HUTO MOXKHO BBecTH KommoHenT Lamya. Kpome Toro, ‘g nBycmbiciaeno
TOJIBKO MTOCKOJIBKY OHO MOKeT ObITh ajreopa JIu rpymmsr G uin e€ KOMITaKTHO#H (hOPMBL.

YH100BI IPOJOIZKUTD, s Oyay mpesmnonaratb, uro G = GL(1), GL(2) wniu, BO3MOKHO,
SL(2). IocrosinHas TouKa Ay 1 OCTOSTHOE JINHEHOE paccioenne Ay ObLn BBIOpaHbI B §4, Kak
B [A]. Cormacno [A, Th. 5, Th. 6], mocse sToro Beibopa, g G = G L(2), cBsA3HBIC KOMITIOHEHTHI
Bung, npencrasisiior 77151 Hac OCHOBHOI nHTepec. OHU JaHbI JTHOO HEYIIPOsI0YeHHON mapoi
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{(m, A1), (n,As)}, mubo (m,A), my, mg, m nexar B Z. Mbl y:Ke 3HaeM, 9TO COOCTBEHHBIE
byHKIMU onpeensaoTes b0 MHOKECTBOM TOYEK MEPBOro poja JMb0 MHOXKECTBOM TOYEK
Broporo poga. Onun comuoxkurens ™5™, «,f € C*, |a] = |f =1 wm o™.

Hamepenne 3Toro paszjena yoeanTh cebs 9To y [N,y €CTh HECKOJIBLKO YOe IuTeIbHBIX CBOHCTB,
no Kpaiineit mepe it rpynn GL(2) u SL(2) u snymnrudeckoit Kpusoit. [Ipucyrcreue Z B
onpenesenne rpyun I i [y BOMSHUKAET 3-3a HAJMYHS CTEICHN U €rO HAZHAYCHHE SCHO.
Mer pacemarpuBaem rimasabIM obpaszoMm [ u lim I'/n(k)Z.

XI. aTerpupyemMbie CBA3HOCTH U cOOCTBeHHbIe (pyHKINU ortepaTopoB I'ekke. Ciy-
qait G = GL(1) yxe obpaboran B ab3ale ‘HEKOTODBIE IOATOTOBHTEJILHBIC 3aMEUaHUs. .
Oynxnmm® (53) MOXKHO paccMaTpHBaTh Kak (DyHKIHH Ha caMoM M, ABJIAIONTHECs CB3-
Hoit KommoHeHTO# Bung. 3arem oHum MoryT ObITH pacupocTpaHenbl Ha Bcé Bun G, mobaBuB
dakrop o™ ma AGA, ecim A wien stoit Komnonentsl 1 @ € U(1) mamo. B srom ab3are
00bSICHSIETCS TaKyKe TapaMeTpU3aIisl IPeICTABICHIAMEA [,y .

C apyroii croponsl, st GL(1) maoxkecTBo Bung siBjisiercst abejieBoii IpyIIinoi co CBsI3HOM
KOMIIOHEeHTO#. Ero MoxkHo paccMaTpuBaTh Kak mpsamoe npoussejienne Z ¢ M. Takum obpa-
30M, JiBe (DYHKIINHU, Ta YTO PaBHA cOOCTBeHHON dyHKIMEN [eKKe 1 Ta, KoTopast oIpeIeaeTcs
e€ COOCTBEHHBIMU 3HAUEHUSIMU, SIBJISIIOTCS OJIHOM 1 Toit ke ¢yukimeit Ha M. CobcTBenHas
bYHKIS, KOHEYHO, OIPEJIE/IAETCA TOJIBKO ¢ TOYHOCTBIO JI0 MYJIbTUILINKATUBHON ITOCTOTHHOM

Ho nna G = GL(2) B Kax/0it TOYKe HeT 48TKO olpejeseHHoro sjaementa B “G. Cy-
IIECTBYET TOJIbKO COIPSAXKEHHBIN KJIacC, U 9Ta JBYCMBICJIEHHOCTDH JaéT o cebe 3HaTh. /IBa
[TO-BUINMOMY pPa3HBbIX CEUYEHHsSI MOT'YT HAXOIUThCS B OJHOM Kjacce. 10 ecTb B KaKI0i TOY-
Ke UX 3HaYeHHs TOJILKO COIPSKEHBIC Kiacchl B “G. HamoMHUM, 9TO 9TH 3HAaYeHHs OOBIU-
HO, BO3MOZKHO BCETJIA, fABJISIIOTCS YHUTAPHBIMU 3jeMenTaMu B “G.% 3amernM, HakoHer, 4To
€CTeCTBEHHOE IIPEeJICTaB/IEHIE COIPSIXKEHHOTO KJlacca MOXKeT OBbITh IVIaJIKON (yHKINel Ha
IJTOCKOCTH, 3HAYEHUsI KOTOPOH B JIBYX TOYKAX, OTJMYIAIOIINXCA 3JTeMeHTOM L, MOryT OBITH
COTIPSI?KEHHBIMI, HO He PaBHBIMHU. DTO MbI y2Ke Bujean B §VII xors Hemockazasmm moromy,
410 3HaK B (32.a) Heonpemenén. Opnako dyuknus f(-) 0JHOZHAYHO ONpeJIeJieHA Ha €JIH-
BeHncTBeHHOM HOKpbiTun M'. D10 M’, Koropoe oraumdaer Tpu Buga. Mbl Joroopumcs o6
ofHOM. YUTO TPOUCXOIUT, ITO TO, YTO KOIDMUIUEHT oy B (32) MOXKET MEHSATHhCS O 3HAKE
[IpY JABUXKEHUH 110 IIEPHUO/LY, HO KJIACC CONPSI>KeHHOCTH MaTPHUIIbI He MeHsieTcss. Bosiee Toro,
9TO MOXKET TOSIBUTHCsSI B TPEX Pa3HBIX HalpaBjeHusX, 3ajaHHbix L/2L. Tak e, Kak Mbl
JI0GABUJIN JIOIOJIHATEIBHbBIA MHOKUATEIIb 0

@Z/nZ

B (1.d), MbI MOKeM 106aBIATE ero K ['g. DTo mosBosisger Ham mepeiitu Ko BeeM 2, KaK TOJIb-
ko Mol moiimém 24(0,0). [Tostomy mocrarodno u3yqaurs ciaemyoriee nmocrpoerne Ha 2A(0,0).
Jlorapudwm dyaknun f(-) wim eé mpousBoIHAS ONPEIETUT OJTHOMEPHYIO CBI3HOCTh Ha M’ 1

8431 BaXKHBIH BOIPOC KOTOPDIIl 038, 1a4M/I MEHsI, KOIJIA s HAIICAJ 9Ty CTATHIO ¥ HA YTO OTBET, JOCTHIHY-
TBIN TOJIBKO K KOHILY, yauBuTesieH. COOCTBEHHBIE CONPSIZKEHHBIE CEUEHUs 33/1aI0TCsl NHTErPaJIaMi CBA3HOCTH
Sura-Muiica, HO KaK BBIYUCAUTD Hadaiabable yeaosua? s GL(1) s1o scHo. Mbl HAJIOXKUM UX C CTElEHS-
mu Ag. ot GL(2) He TOJBKO paccjoenue, HO JlaXKe HadalbHbIe YCIOBHs 3a/aHbl IIPIMBIM 00Pa30M CeueHUi
GL(1)-paccnoenusi. BoaM0KHO, 94TO-TO 1I0J06HOE BEPHO B LIEJIOM.

85914, IPOTUBONOIOKHOCTE MEK/LY SIBJICHUAMMU, 3HAKOMBIMI HAJL [I0JIEM THCEJ, ¥ TeM, 9TO Mbl HAGJIIOIAN
B 9TOI CcTaThe O reoMeTpudecKoit reopun jisa GL(2), yauBuia MeHs.

86X omst 51 0UEHD OCTOPOXKHO OTHOCHIICS K BHIGOPY Ao, A, u HauaIbHBIM ycsioBusiM B (53), sl 1acTo 3a6bIBA
HAIIOMHHUTH cebe m dnraresio o0 3roM. TeMm He MeHee OHM NPUCYTCTBOBAJIN Ha IIPOTSKEHUH BCETO HAIIETO
00CYKJIEHHST 1 OCTAIOTCS TAKOBBIMU, XOTSI Y HESIBHBIMH.
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eé IpAMoil 0bpas ecTh JAByMepHasd cBa3HocTb Ha M. U ta u apyras casnoctu Aura-Muica.
fcHo, 9YTO mHTErpaJ 3Toit CBA3HOCTU, COOCTBEHHOE COIPSIZKEHHOE CeUeHNE CBA3BIBAHO C (DYHK-
et f(-).

Octraérest 06CyIUTh CBSI3b MEK/Iy STHMH PACCIOCHUSIME 1 pejacrasienusyu ['q (nm I'y)
u I'q (wm I'y). Hanomuum, uro [I'g : I'g] = 2 u uro J' = 2J. Bosee Toro, u 310 K04 u
pasrajika 91oii crarbu, xapakrep R C G, ¢BA3aHHBIN ¢ XapakTepoM Y onpegessomumM f(-)
B (32), paBer —1 B TOuKe J. MBI KOJIEOaIEMes MeK 1y Bung, eak HECBSI3HBIM MHOYKECTBOM U
€r0 CBA3HBIM TOJMHOYKECTBOM, TO €CTh MHOYKECTBOM PACCJIOEHUs CTeleHn HYJib. Heckoabko
I0/IpOOHOCTEH OCTABJIEHBI YUTATEISIM.

[ToBTOpsito TO, YTO MBI y2Ke 3aMeTH/In. Xapakrep rpymibl R MoxkeT ObITh 3amucaHn Kak

exp(2miax) exp(2mifz), a€Z, 0 <[ <1,

rJie MepBBIfl MHOXKUTEIb UMeeT Hepuojt 1, O3TOMY ero JinHa BOJIHBI paBHa 1/q, a BTOpOIi
MHOXKHUTEJTb UMEET JIJTUHY BOJIHBI, PABHYIO 1I€JIOMY YHUC/IY, PABHOMY 3HAMEHATEIIO 9acToro [3.
B nannom ciaygae 310 2, orobpazxkenue rpymnbl GL(2). Tlostomy Mbl 3HAEM, 9TO OXKHUIATH
ecn G = GL(n). §1 He 3Hat0, 9ero OKUJIATH JIJIsA IPYTUX TPYIIIL.

[Tosnoxkenne Takoro. CobcTBeHHOE Cevenne Buia 2 MPUCOeIMHEHO K OJTHOMEPHOMY PacCIoe-
nuio M’ 3naguenne koroporo B Touke J = —1. B camom jiesie, JyinHa €ro BOJHBI OTHOCUTEIHHO
J pasna 2. Ona ompe/esaer 0JHOMEPHOE MPe/CTABICHIE IPYIIIbL I'q- Mbr y2ke nonumaenm,
4TO MHIYIUPOBaHHOE IIpejcTaB/ienue Ipyisl I'q HenpuBoguMO.

Mpbr oOHApYKU/IN, 9TO COOTBETCTBYIOIIHE IIPEJACTaBUTE N nMeloT JBa Buja, A u . Ila-

paMeTrphl MOCIEIHIX IPOCTO JiBa HEYIIOPsI0ueHHbIX mapaverpa st GL(1). Urak aBycmbic-
JIEHHOCTB TOKe TIpocTta. [ljist epBbIX, JIBYCMBICJICHHOCTD TOXKE BO3MOXKHA, HO OHA, BBITJISITUT
[IO-JIPYTOMY, U §1 OY€Hb JIOJITO mmyTaJjcs. Koneuno, mpejcrasienus Buga A n3ydanuch B §VII,
1 HaM HYZKHO TOJIbKO 0OpaTUThCA K HeMy. Mbl 00HApYZKUJIN, YTO COOCTBEHHBIE CEUEHNS OBLIN
3aJaHbl (QYHKIUAME O 3HaUeHHsAMHI B UG, KOoTopble ObLIN IIepHOMYIeCKUMI 60 ¢ Hepuo-
JoM L, mu6o ¢ mepuojgiaMu B periérke Mexky L u L /2, Tak 9T0 OHU MOTJIH OBITH CBSI3AHBI C
OJTHUM W3 Tpex JBONHBIX MOKpbITHil M’ kpusoit M. OHu Ob1in OGHAPYKEHDI, TIPEKIEe IeM si
HOHsIJI coorBeTcTByomue Yactu u3 [AB,§6] mocrarouno xoporo u 6bM GOJIBLIION 3araKoil
JIJIsT MEHS.
Baknoe mHanomuHaume. Ectb HEYTO Tak mpocToe UTO O HEll, MOX0XKe, He CTOUT U YIIO-
MUHATh CHOBA, HO JIjIs HAC OY€Hb BayKHO yjep:KuBaTh ero B namgatu. ['pymma R C T'r Tak,
gro J = 1 € R. OgHako He HYXKHO, 9TOOBI JjIsI JaHHOTO IpeacTtapiaeHus J — 1. OmgHako,
MBI PacCMaTPUBAEM TOJIBKO Te XapakTepbl X Tpyimbl R tak, uro x(J) KOpeHb u3 eMHUIIbL.
Torma x(z), x € R, Tax, aro x(z) = exp(2mi(k+a)z), k € Z u, eciu MmbI paccmarpusaeM ',
a€Q,0<a<l1. VY asyx xapakrepoB r — exp(2mikx), x — exp(2miax) ecTb COBEPIIIEHHO
pas3Hble Ha3HAUeHUs. JHAUEHUs MMepBbIX XapakTepoB 1 B ZJ. CieoBaTeIbHO OHU JIAHHBI HA
R kak 1poobpas xapakrepa rpynmbsl U(1), To ectb u — u*. Mbl yzke obeymum ux. Bropoit
MHOXKUTEJIb - 3HaUeHue J, u Mbl yke obcyammn 510 B (55). A noguépkusaio, J =1 € R C I'g
HO BO3MOXKHO 4TO p(J) He eAMHUIHBIH 97eMeHT. DT PACCMOTPEHUs /sl HAC BAKHBI €CJIH
MBI pacMaTpuBaeM jBoiiHoe Hajoxenue M’ kpupoit M, tak uro J' = 2J. B

Ha mrepBerit 8311 BBIBO, B § VI cocTOUT B TOM, 9TO CyIIECTBYET YeThIPe BH 18 COOCTBEHHBIX
COTIPSI?KEHHBIX CeYeHMil, KOTOPhle OTHOCATCS K BUIY A, Kayk/10e cedeHne JaHO XapaKTepoM
X Ha Pic(M) u ero Bun ormmyaercs ero orpanndenneM K Picy(M) ~ Z /27 x 7 /27, koropoe

87qI/ITaTe.Hb 3aBepmuT onpegesieHne JOINOJTHUTEIbHOTO MHOXKUTEJIA.
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TO JI TPUBHAJILHO TO JIM OJIHO U3 XapakTepoB X; rpymmsl Pico(M). Te y, koropbie cBsi3a-
HBbI C TPUBHUAJILHBIM XapaKTEPOM 9TO# IPYIIIIBI, SKBUBAJIEHTHDBI K/IaccaM BHa 2. DTO OBLIO
ycranoBseHo B §VI.

Te KOTOpBIE CBA3AHBI ¢ TPEMsl IPYTUMH XapaKTepPaMH, OIpee bl byHKImei r — a2, Kak
B (32), mOTOMY YTO TOJIBKO COIPSI?KEHHBII Kj1acc MaTpuilbl (32) orHOCuTCst K jiesty. Ho eciu
JIBa XapakTepa paBHBIL Ha, PiCeyen (M), TO o paBubl Ha Pic(M) mo xapakrepa rpymnibst Z/27Z.
Xotst MbI ero He HabJI01a/H, TBHO B §VI, TO 9TO 9TO MMeeT 3HAYEHIE TOJIHKO JIJIsI OIPAHUIE-
HIA XapakTepa Ha Aeven. ITO OrpaHndeHne Ha Aeyen, TO KOTOPOE OIPEIE/IsieT COOCTBEHHYO
dyukMo n cobcrBeHHbIi Kiracc. CregoBaTe/lbHO, TPU PA3HBIX KJlacca COOCTBEHHBIX COITpa-
YKEHHBIX ceueHnil ne mepecexkaiorcs.® ¢ sToro me oxxmuasr. I1poImio HeKoTopoe BpeMs, MpesK-
Jie 9eM s 3aMEeTUJI 9TO BaXKHOEe OOCTOSATEJICTBO, U 9TO BHI3BAJIO Y MEHs CEPHE3HYIO Iy TaHUILY.
Mue HeCKOJIbKO TPY/IHO OOBbSICHUTH OYEBUJIHOE CJIEJICTBUE OOCYKJIEHUS, KOTOPOE BLI3BAHO
(32) u (32.a). Eciin kBaJpaThl ABYX HEIPEPBIBHBIX, HEHCYe3a0nux (MyHKIN PaBHbBI, TOTIA
OHM CAMU PaBHBI JIO IOCTOSHOIO 3HaKa. TakuM oOpazoM, eciu (hbyHKIIUKA PABHBI B HEKOTOPOIA
TOYKE CBSI3HOI'O MHOYKECTBa, TO OHU PaBHBI BCIoty. OTCIOA CJIe/lyeT, 9TO TPU UCKJIIOUUTE b
HBIX BHJA, oOHapyzkennble B §VI, e nepecekarorca.® JIge Takue GpyHKIMU HE MOTYT OBLITH
paBHBI BCIOJLY, ecyii KO3 UIMEeHThl m, n He paBHBI. Kak ciejacTBre, cOOCTBEHHBIE KJIaCCHI,
cBazaHuble ¢ 2, Bce pasHble, JaxKe Te, KOTOPbIe TakKe CBA3aHbl ¢ ®. B wacrHocTH, cyle-
CTBYET TPU BUJIa TeX, KOTOPBIE CBSA3aHBI TOJHKO ¢ 2, KaKIblil U3 KOTOPBIX OMpeeIsTeTcs
JIDYTUM HETPUBHUAJBHBIM XapakTepoM Picy u, ciieoBaTesibHO, JIPYTUM KBaJPATHIHBIM Pac-
mupenueM. Pazesienne npousBouTcsd MO OocTaTKaM m U n 1o Momaysto jBa. Llesble ducia
oIpe/iesIaioT ToKasaTeabayio dynkmmio B (32).%

Ceituac MbI UMeeM B KJlacce MPEJICTaBJICHUI, CBA3aHHBIX ¢ 2, 9eThIpe KJIACCa, OJIUH U3
KOTOPBIX CBSI3aH TAKKE C KJIACCOM %) M TPeMsl, CBI3aHHBIMU C TPEeMs HETPUBUAJHHBIMU Ka-
pakrepamu rpymibl Picg(M). Kakaplii 13 9THX HETPUBHAJIBHBIX XapaKTePOB OMPEJIEsIeT ¢
ero siIpoM Keasparudroe nmokpbitre M’ wax M. Ilapa M’ ¢ xapakTepoMm olpejesier JIBy-
MepHOe TpejicTaBiienne rpynnbl I'g. Beé, 9T0o HaM HYKHO C/1eJ1aTh, 9TO MOKAa3aTh, UTO 9TH
MIPEeJICTABIEHIS PA3JINIHbI, HO 9TO sICHO U3 OOCYZKJIEHUs BBIIIE, M YTO OHU BKJIIOYAIOT B ceOsd
Bce JByMepHble npejcrasienns ['g nomxogsamero Buna. Ho aro s1o? fcno, ¥ro npeacras-
nenne 'y mm I'q HenpuBoAMMO TOJIBKO €CJIM €ro orpaHnvenue K [’ HelpuBoauMo. DTU MBI
nornMaeM u3 guarpammsbl (55). Oun unyuposanbt u J — —1.

Tenepsb 310 coBepiienno sicHo. Y Hac ecthb Tpu Buja M’ kak u B §VII, KaxK 1blii 13 KOTOPBIX
OJIHO3HAYHO ompejessiercsd coorHomenuem M u M. Kaxiapiii u3 HEUX 3aTeM OIIPEJIE/Iser,
CHOBa HEJBYCMBICJIEHHO, XapakTep M’ ¢ HMOpsiAKOM JiBa. DTO MMEHHO TO, YTO HaM HYXKHO
ObLI0 B IpebIAyIIeM pas3jiese, 9TOOBI OLpelenTh peacTasienue 'y, a 3atem I'g

C apyroit cTOpoHBI, PsiMOii 00pa3 ogHOMepHO# cBs3HOCTH SlHTa-Musica mpecraBiser
coboit nByMepHas CBA3HOCTb Anra-Musica. 9To ABIgeTCs OUEeBUIHBIM CJIEJICTBUEM OIpeie-
nenusi B [AB,ctp.560|. [Tocrpoenne Arbu-BorTa iBHO CBsI3bIBaeT JBYMEDPHOE MPEJICTABICHUE
rpynnet I'r (nm I'q), unjynuposantoe us opaomeproro npejcrasienns 'y (uwm I'g)

88Ecom nBa Ki1acca TaKoro PO/ COBIAIAIOT, TO MBI Oy/IeM UMETh JBa KapaKTepa X1 U X2 C MEPUOTAME
B L = 2L/2, takue, 4T0o X1/X2 ObLIO paBHO £1 BCrOoJy U ciregoBaTesbHO ObLIO ObI paBHO 1 BCromy. DTO
HEBO3MOXKHO, eCjii 00a XapaKTephbl HE PABHBI.

89X 0Tst 51 OCTABJISIO STOT JIOBOJ, B €0 HBIHENTHEM BUJIE, ObIIIO ObI JTyHIlIe 3aMETHTD, UTO PACCMATPUBACMDIE
COOCTBEHHBIE COIPS’KEHHBIE CEIeHUs OMPEIEISAIOTCH UX OIPEIEINTEEM U UTO ITO IMOKA3aTeIbHbIe (DYyHKIIUN
¢ JIUHEeWHBIM TOoKa3aTenaeM 2ma + 2nb, m,n € Z.

909101 mocieHbIiT A63a1] HEHYZKEH H CMYIIACT, HO OH IPABU/ICH!
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IPSIMOMY 00pasy JIMTHEHHOTO pacC/IOeHUsT KOTOPOe CBI3aHO ¢ HUM. Hy»KHO TOJIBKO TIATeh-
HO IIPOYHUTATDH IEPBble HECKOJIBLKO CTPOK ¢TP. 560. Mbl MoOryin ObI MPUHATH 3TO 3aKJIIOUCHUE
KaK Hallly TeopeMy. DTO, 06e3yCJ0BHO, BBIBOJ, 3TOW CTaThbU, HO B OOCYKJIEHUU €CTh ropas-
J10 OoJiee BaykKHOE 3asBJI€HNE, 8 UMEHHO TOYHAsi 00Iasi TeOpHs, KOTOPYIO MOXKHO OBLIO Obl
paccMaTpuBaTh KaK OCHOBY T'€OMETPUUIECKO Teopun aBTOMOPGMHBIX (POPM - TEOPHH, IapaJ-
JIeJIbHOM apudMeTHIecKoil Teopuu, KOTOPYIO caMy 110 cebe elnné IpeICTOUT IHOCTPOUTh.

4 emé pa3z HAIIOMHIO YUTATENIO, HO B MOC/IEIHUN pa3, 910 J — —1 gBJIsIeTCs COOTHOIIe-
HEEM JJIsl OJIHOMEPHOTO IIPe/ICTaBjIeHus! rpyibl [y !

XII. O Bo3mMoO>KHOCTH 0DIIIeil Teopuu. 3ajada sicHa. Ham Hy>KHO criepBa o0mIunii By T Teo-
pun ATbu u TOrJA € STUM HEOOXOIUMO OY/IEeT MOHATH OnepaTopbl ['eKKe. DTO KayKeTcs MHe
JIOCTYITHBIM U MHOT'OODEIAIONINM, HO TPY/IHBIM. Y MeHs HeT OIPeJIeJIEHHBIX MPeJIOKEHUT
HO MHe KaxkeTcs uTo dopmysia 'aycca — Bonne 1 ocodbix MHOr0oo6pasuii Oy/ieT HyzKHa, TO
ectb uzyuenue mndaddonoit hopmbr Ha Bung. Mue kaxkercs, 9To 310 caMo 110 cede TPUBEKJIO
OBl 3HAYUTEILHLIN HHTEpec B cBa3u ¢ omeparopamu Lexke.”! §1 me smaio, kaxue quddepen-
[UATbHbIE TeOMETPUYECKHNE TPY/IHOCTH TPHU 9TOM mposBaTcs. He scHO 9TO pasBeTB/ieHHAs
TEOpHUst MOYKET OBITH PACCMOTPEHA IIyTeM IepPexo/ia K Pa3BETBJIEHHOMY MOKPBITHIO HAYMA b
HOII KPUBOW.

ITpusuanme. Mos IONbITKa HAIKCATH MaTEMATHIECKYIO CTATby IP-PYCCKUA HE UMEEeT OCHO-
BaHUil, KPOMeE YKeJIaHUs HAKOHEI[ TIOHSTh S3bIK, C KOTOPBIM s TPUOOPE/T HEMHOT'O 3HAKOMCTBA,
XOTd HE OYCHb, B I'OJbl MOEH I0HOCTUA B HavaJje MOEl MaTeMaTUYeCKON KU3HHU, JJid KOTOPOH
9TO CIUTAJIOCH HY?KHON. DTO yKe He TaK. To/II0K K TONBITKE ObLT IpuriamenueM JIMmurpero
Jlebenena moceruth MOCKBY, IpuUrjiaiieHne, KOTOpoe si IMPUHLAI, U 38 9TO s ObLI U OCTalCh
Os1aroTapeH.

4 obHnapyKuJi, 9TO MOU 3HAHUSA ObLIN HerTyOoKuMU. Moit PoJIHOM A3bIK aHTJINCKUI A3bIK U
110 MOEMY OIIBITY OBJIaJIEHNE HJIU MOIBITKA OBJIAJIETh PYCCKUM MJIM TYPEIKHUM sI3bIKOM COBEP-
IIEHHO WHOE, YeM OBJIajeHue (ppaHIly3CKUM WM HEMENKUM si3blKoM. Hacrosimoe couannenune
OYeHb JIydllle, YeM ecJIu ObI si OCTaBaJICsd OJUH. PyccKue ryiarojbl, pycCKue CyIeCcTBUTE b
HbIE, PyCCKUE TPUIaraTe/ibHbie 00pa3yioT COOCTBEHHBIN MUD. DTO MUD, UbI0 IIPUPOLY S €IIle
e nounmaJsi. Hacrosmas crarbs jydiie 6siarojaps pasrosopy ¢ Basmentunoit CepreeBoii o
XapakTepe OIpPeIeIEHHBIX PYCCKUX CJIOB, Ha IpUMep ‘CKpbITh, [IpexKe Bcero, ona Jrydrie
moromy, ato Oxrait [lamaeB mpounTas cTarhio MOAPOOHO OT HaYAa JIO KOHIA M CIEJIAJ
OecuuceHHbIE TTPEIOZKEHNs 10 YJIYYIIIeHHIO.

OH umTaa MOi IMepBOHAYAIBHBIN TEKCT OT HadaJia JO KOHIA, MCIIPaB/Isis CJIOBAPHBIN 3a-
1ac, BBIOOp IJIAroJioB, BHIOOP MECTOMMEHMI W MHOTHE, MHOTHE OIMIUOKHU HeolbITHOCTU. Ketun
U KOrJia cTaThsi OyjeT omyOJuKOoBaHa, OHA, HECOMHEHHO, Oy/eT IOJABEPTrHYTa JAJTbHEUIINM
HCIIpaBJIEHUSIM, HO s, 110 KpaiiHeil Mepe, Terepb MOHUMAaEM, UTO, KaK U IIPH TYPEIIKOM si3bIKe,
[P PYCCKOM SI3BIKE MBI UMEEM JIEJIO C JIDYTUM YPOBHEM CTPYKTYPHO CJIO2KHOCTHU, YeM IIPU
paboTe ¢ g3bIKaMu OJIMKE K MOEMY POJTHOMY SI3BIKY.

NEers npenedarHoe u3ganne Gauss-Bonnet for singular varieties, koroporo aBropsl Paolo Aluffi u Mark
Goresky HO g1 He 3HAI0 JPYTroOil OTCHUIKY.
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B pycckom si3bIKe I1aroJibl MonaIaioT mapaMu, 1 CYIeCTBYET OTPOMHOE KOJTMIECTBO TIPeJI-
JIOTOB, KaXKJIblil M3 KOTOPBIX CBA3AH C €r0 COOCTBEHHBIM IaJIeKeM WA JIBYMs CIy9aeMU, a
JUTS CYIIECTBUTENILHBIX - MIECTh CIy4YaeB Ha BBIOOD. £ 3HAJ 9TO, HO MepeiiTh OT TeOpuu Ha
npakTuk TpyaHo. lIpusnaioch HaKOHEI, YTO Be3/EeCyIIIOCTh CJIOBA ‘€CTh B HMCIPABJIEHHOI
crarbe MeHsl OeCIOKOUT. ¥l M3y«umsI pyccKuil si3bIK OoJiee IecTuaecsaTn JjieT Ha3a . Mue Ka-
JKeTCsl 9TO 3TO CJIOBO OBLIO TOTJA IIPOCTO HOAPA3YMEHO HO BO3MOXKHO UTO, MaTEMATHIECKOe
HCIIOJIb30BaHUE IPyTroe.

OTa cTaThd ABJISETCS CJIE/ICTBUE JBYX TOTIKOB, IIPEXK/JIE BCETO, MOMBITKU MOHATH TPUPOJLY
reOMETPUIECKON TeOPUH, COCTABUTDH cebe UETKOe IMPEJICTABICHNUE U O PA3HUIE MKy HUM U
apudMeTHIecKoil Teopreit M 0 UX CXOJICTBE. 3/ECh S JIyMalo, YTO s OBbLI YCIEITHBIM, XOTs
MaJIO JIOKa3bIBal0. BO-BTOPBIX, 51 XOTeJI CYyIIECTBEHHO YIYUIIATL MOE 3HAHNE PYCCKUM. 3J1eCh
y MeHs ObLTT TOJIbKO OrpaHnYdeHHbIi yeneX. J[mg Mens, pycckuil S3bIK Ha COBEPIIEHHO JIPYTOM
YPOBHE, YeM JBa MHOCTPAHHDLIE fA3bIKA C KOTOPBIMU s 3HAKOM, (DPAHILy3CKUIl U HEMEIKHIi.
Kak s 3ameTnst Bblllie, pycCKuil f3bIK TOPA3JI0 CJIOXKHEE, UeM s ONEHWI, JaxKe OOJIbIe, YeM
TYPEIKUil, JIPyroil A3bIK, Ha KOTOPOM Y MeHS OIpaHMYEHHOe, HO C TPYJIOM 3apadoTraBiias
yMenue. [loaTomy Mon ycming u ycuaus Jipy3eil 1 3HAKOMBIX, KOTOPbIE MEHS TTOOIIPSIN KaK
s TIUCAJT 9TY CTATbIO, UMEJIM OTPpaHUYeHHbIH ycreX. Mue Bcé ke NPpUATHO, 9TO, HECMOTPs Ha
MO BO3pAacCT, 4 He KaJIel0 HU BPEeMEeHU, HU YCUJINIl, KOTOpbIe 4 J1aJ ei.



