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CPW Lattices

® Capacitive coupling of resonators

® Photonic material

e t < 0, constant function at high energy

HTB = Wo Zazai —t Z (aiTaj + a;rai)
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multiple of the identity graph adjacency matrix

Houck et al. Nat Phys 8, (2012)
Underwood et al. PRA 86, 023837 (2012)




Heptagon-Kagome Device

Transmission (dB)

® 2 shells

® Operating frequency: 16 GHz

® 4 input-output ports

70 -
-80 -
-90 -

1004

-110

—— experiment
—— theory

16.7

15.8

15.9

16.0 16.1
Frequency (GHz)

16.2 16.3

16.4 16.5

Kollar et al. Nature 571 (2019)J




[ Conclusion and Outlook

r

® Circuit QED lattices ® Outlook

® Artificial photonic materials ® Synthetic graph systems

® Interacting photons ® Fullerene spectra

® Hyperbolic lattices

® On-chip fabrication
® Flat-band lattices
® Optimal gaps
® Mathematical Connections

® Graph spectra

® Quantum error correction

Kollar et al. Nature 571 (2019)

Kollar et al. Comm. Math. Phys. 376, 1909 (2020)
Boettcher et al. Phys. Rev. A 102, 032208 (2020)

Kollar et al. Comm. AMS 1,1 (2021)

Boettcher et al. arXiv:2105.0187 (2021)

Bienias et al. Phys. Rev. Lett. 128, 013601 (2022)

Chapman, Flammia, AJK, PRX Quantum 3, 03021 (2022)
\ Long, AK et al. Phys. Rev. Lett. 128, 183602 (2022)




Q)
@’r? AT THE TOP -

Tis AAs  BEEN INTENSIVELY STUDED
BecAVSE (T JigDs OPTTmAL " ExPADERS

No ZlgeNIALVES /N (35)3>
(4D [z, -2&)

R AmANY TAN GRATPES

UpSE  BXST
RUCTR D JSma NUMBER THBORY

« FRST coONSI |
alp ARE EXPulaT [ (vssTaiy-Puifs-S) MARGULIS)

4 kgy (INPUT IS WEQ's fERANN Ly foTrESIS FOR
CORVES ORR FNi7E FAELS

o /U\AQCUS—*S@tE.LMANwSR\VASTAVA, QvE A

ConNSTRUCTION USING AmoNG OTHER THNGS THE
LEE-YAN ¢ (HELLMA-AI*UEB) -maoREn ABOVT
26 R0 OF MATCHNGE POLYNOMIALS

« HUANGaMcKENZIE — HT VAU RBCENTLY
PROVED THAT T RANDoM GRAW /N 13

IS RAMANVIAN WiTh PRoBABILITY é?ofe i



Gap AT Twe BoTTOM -3 HoFemAN SREcTRUN L

S —————————

(F Zz s /f\'\ly Con NECTE] FRAPH

L(z) (Ts  LNE GRAPH:

vigrices of L(2) AlE EDGES ©OF &
My Temw Twe (F THEy SAE A VERTEX.

. FAcToRIZATION /A THE (e (DENCE MATRX =

MmN
G;(L(z—\) =3-25 U 6’(—-21%2—»-])2_)

]}MGONA"—

C-E_ 2 00) W TE VALENEE
m = ¥ oF 8d6Es ofF Z
M=+ O©F VERTICES B
L/faFr-MAN”
50 Ao (LE@E)Z-2 . GRARH
] U A U’>
FROM Apin (Z) = < A

Ho <Kuo,u?

T FOLLOWS THAT FoR Ay (WPUCED
SULGRAPH B of &

Afmén (Z') < ,Amin._-(g) '



So IF 2 IS A HOFFMAN GRAPH Tien B
|7 CANNOT conNTAIN A HosT OF SMALL
INDUCED  MINORS .

=D CLASSIFI CATION OF HoFFMAN GRAPAS
OS(NG CARTAN MATRICES

c A MERON ~ GOETHEL 5 ~SEIDE L ~SHULT (1975)

VLE GRAPHS | RooT SySTEMS And ELLIPTe CEOMETY !

EXCEPT FoR A FINITE  LIST oF SPORRDIC.
CRATHS ALL HOEFmMAN GRAPHS ARE GENERAL I 2ED

LINE GRAPHS

To CoNSTRYCT  LINE GRAPHS N CUBIC

i
YerE T~ CuBklc —=>CVUBIC

Fer X—> S(X) By sospwiddé X fORAE VERTICES
AT THE MIDPANTS OF EDGES

s GIVES A 2-3 ReCULAR GCRAPH
LeT T(x)'= L (s5x) € CUBIC.

{)@T(X) I = 3 !X’

( EQUIVALENT T SEWWG W A TRIANGLE RT EFCA
VeldTex OF X



FRoM THE CLASSIFICATION ©F ©
GRAPHS WITH A, >—2 OHE DEDVCES

’{jﬁof’o&tj_' (ON (P(.KQLLM, FITRPATRICK, oy S - )

Te Y € <usle AW Ny (V) 2 =2 THeN
Y'—"—-K,_F (WH en M () ==--.:L) OR

LARGE

EITHER

Amm(ﬂ"“‘"@ - AAD &y IS

TuaN \7‘“-: T (z) FeR Somg TECVEC




¢!

DEFN[TLOI\‘S o )} A subseT OF CUBIC

- AN OPEN Jc s3]l 1s A AP SET
FoR 4 IF THAE AR WEWTEY MMy X649 Wit

s(xYNU = ¢ .

K CE3>3’3 (S ?-—sf’ecmm_
xed wH

. A CcLOBED
|[F THERE ARG INFINITELY MANY
s (x)< K.

36\:0,3\ <~ GARED F 3
UAs A NBH U WicH s AN Y —cAP SET.

PRo POS( T10N SHowWs THAT
INTERVA L

L cuoRlc GAP B&F

Tke Previou S
63,2\ IS A MAXIMA
AnD WE SAW AT (73,3) IS AS WELL.

AL GAP Sget>S OR
THER

We SEEK MAXiM
vin))maL SPECTRAL SETS AND
DETENDENCE ON G-,



PR K< Ci: COMPACT § (TS TRANSFNITE
bl/’i'/‘/iﬁ“f’@fi @l{\)/ CAP%C(’TY [S DEF{MED 57
| (] %/.(m*i
* ’ ) = A X - | n(n-i)
ny i o dy(K) pnax (‘]‘T 22y | )
Cﬁ*(j

G romé ilic
f AN

a’,m[k) is DECREASHG AdD calk)= % d‘m(K)&

T

Treorem ( FEKETE (730)
Fon, KC&  compacT , (F cav(k) < 4

THEN _
%,O(Z X A’ﬁ\‘ prlj({r‘riﬁﬂfﬂc f,{f&iéf?‘ % 5 EimeTE l
ALL OF WHOSE CodJUGATES 4.
Ade N K

&

e st w.__..._w,m,._w_u.-.u-«,wv
et

CoNvERses 10 FEKETE !

. Ppapuket Rogwison PRovED AN ESSENT G CONYERSE
For SETs Kc@® ; THAT = cap(K)S 4 Thea

K CanNTANS /NF!Nfﬂiuz MANY  SUCH ToTAlLy REAL ,ﬁgigﬁgc
{ .

( USEA C g BySu«ey ]
. ToR  sywmugaic FpouT Tez AGAL hais Ks FEKETE
Aud  szEGe  PROVE A SimtiCAR COoNNERSE .

'S) L\/':\i@f"(-u‘\” s

e anc o s

——_wRe  RepUces THE WEWL AuUmBEA ’

g
sk Ei(GaNVALUES ©F FAoREN(US [FO&  ARTUAN

VARIETILES  TO RodNSod's  onNsTRUCTIoN |



BACK TO SPECTRAL GAPS FOR CUBlc @

@EOKEM ( A RoLLaR S D091 )

e

(@) ANY cCUBlc <pec TRAL SET K<
HAS CAPACITY AT LEAST 2.

b) A cuBlc AP (INTERVAL cAN
HAVE LENGTH AT MOST &£ .

(¢) EveRy PonT Te [73,3)
cos Re GameD Wite PLAAR GRAPHS.

(d ) TrkeRe ARE > ANAR  CUBLC
StEcTRAL  Sers  OF caerery L.

(&) (,"1)1.) AD ("2:0> ARE
MAXIMAL GAP INTERYALS AND

Tug  FRST CAN BE  GAFPED
WiTH  PLANAR GRAPHS .



)

COMMENTS A BOUT  PROOFS:

Lowsl Boumd ON THE CAPAS(TY

) THE

OoF SPgcTRAL  ETS HAS ITS ReoTS /N FERETE.

() The UPPER BOONDAON  THE LENGTH
OF A GAP INTERVAL Is PROVED

ONGE SHOWS VAAT

COMBIN RTORI ALLy
AN APPROX M A TE

onE.  CAN CoNSTRYCT
EcenN FUNCTLoN  WiTH g(GENVALUE Y
A LARGEA INTERVAL  BY BUILDIN G
oNE N THE NBH OF R LONG

o DESIC

(C) THE PRoOF TuhT — THE

CAPPAD LE  3ET O P LA NAR QRAPHS

IS AL OF [-3,3) IWVoLVES [/AR(oUsS

STEPS:



0
(i) USING ABELWAN CoUERS OVER
LARGE
(N FACT SPECIAL ACycULC CoUERS) OF
smAaLle MEMBERS  OF CuBlc , ONE
AWA LY FES  INFNITE suen TOWERS USING
BlLock WAVE TeoRY (G«Eﬂéﬂﬁuz,ﬁ?w

oF [FLoRUET THZORY) AND CREBAT Somg

GAPS.
((c) TTHESE
DSED ToG 8 THER Wi TH
-~ : CUBLC > cullc
A,KOU,JD DYA/JQ’M!MLLY‘

RooT  EXAMPLES ARE
THE. MAP

To move Tue &APS
pEGON TO GAP

THe MosT DIFFIEULT
ARE  PLAN AR

/s NEAR 3 SINCE W=z
AP & AWD 3 ITSELF
BE GAPPED:

CANANOT

THE DyN&MICS ARE USED As FolLowd



[1#]

‘ A 1S A MINImAL  SPEcTRAL SeT
[T HAS CAPACITY 2 AND
i)(é € VUBIC G'(X)CA} conN8IsSTS OF

EiiTE Ly MANy  TT- oRBTS (MlD X's HKE
PLANAR ] )

. The MAxmpaL GAP M TERVALS
(’1)0 AND (-——7_,o) WERE FoUND

By  EWGINRERING SoME ARELLAN
CoVzRs Alp FLAT EMDS!{.

¢ ANoTHER MINIMAL cUBlc SPecTrRAL

SET /s L2, aiz v 138

TuAT Twis SET IS spec TRAL FollOoWS
FRoMm THE CXUSTEWNCE OF RAmMAN UTAN GRAPHS
s AUNIMAL FolLlows FRoM A THEKEM
of HB&R‘F~G-LASN£Q-V1&&G

ANY SEQUENCE OF RAmANVTAN ERAPHS
MuST  B-S CoNVERGE TO Tz

THAT (T



GAP SETS FOR THE SPECTRA OF CUBIC GRAPHS 23

W, is contained in o(W,). This follows from G, being amenable. If T, acts freely on
the vertices of W}, i.e. any element y # 1 in I, fixes none of the vertices of W}, then
the quotient W, /T, is a multigraph whose spectrum is contained in o(W,). If [, acts
without fixing any edges, then the quotient is a graph. We examine each case &« = a,b
in turn.

FIGURE 13. Finite planar quotients of W},. a: The infinite graph
W,,. Four sample involution symmetry points are indicated by black
dots. b: The quotient obtained with respect to the automorphism g:
rotation about O or O’ by 7. New edges induced by the quotient are
indicated in red. In this case, no loops or multiple edges appear. c:
The quotient with respect to op. In this case, two loops appear. d: The
quotient with respect to reflection about the central axis. Infinitely
many multiple edges appear. e, f: The quotient with respect to o
and o/, when O and O’ are four unit cells apart. This quotient is a
planar graph which is (—1, 1) gapped.

Consider first Wy, Its automorphism group is generated by four types of elements.

(i) Translations t(n) by n unit cells. The quotients W}/{t(n)) for n > 2 are the
hamburger graphs W,(n) shown in Fig. 14b.
(i) The involution oo rotating about a central point O by 7. Two example points
O and O’ are shown in Fig. 13a. The quotient W} /{c o) is the graph shown in
Fig. 13b.
(iii) The involution op rotating about a central point P by 7z. Two example points P
and P’ are shown in Fig. 13a. The quotient W}/{op) is a multigraph, shown in
Fig. 13c.
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Focus Article
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FIGURE 2| A selection of different 3D shapes for regular fullerenes (distribution of the pentagons D, are set in parentheses). ‘Spherically’ shaped
(icosahedral), for example, (a) Cyg-1, (b) Cgo-1p,, and (c) Cogo-1j, (Dp =12 x 1); barrel shaped, for example, (d) C4-D3p, (Dp = 6 X% 2); trigonal
pyramidally shaped (tetrahedral structures), for example, (e) C;149-T4 (Dp =4 x 3); (f) trihedrally shaped Cy49-D; (Dp =3 x 4); (g) nano-cone or
menhir Csy,-C; (Dp =547 1); cylindrically shaped (nanotubes), for example, (h) Cz5-Dsp, (i) Cy152-Deg. () Cgag-Dsg (Dp =2 x 6). The fullerenes
shown in this figure and throughout the paper have been generated automatically using the Fullerene program.3

properties, not least of which is their deep connections
to algebraic geometry.!’

Fullerenes have the neat property that the graphs
formed by their bond structure are both cubic, planar,
and three-connected, for which all faces are either
pentagons or hexagons. Because of this, the math-
ematics describing them is in many cases both rich,
simple, and elegant. We are able to derive many prop-
erties about their topologies, spatial shapes, surface,

as well as indicators of their chemical behaviors,
directly from their graphs.
Planar connected graphs fulfil Euler’s polybe-
dron formula,
N-E+F=2 (1)

with N = |V| being the number of vertices (called the
order of the graph), E=|&| the number of edges, and
F=|F| the number of faces (for fullerenes these are

98 © 2014 The Authors. WIREs Computational Molecular Science published by John Wiley & Sons, Ltd.

Volume 5, January/February 2015
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