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1. INTRODUCTION

This is the rest of the letter I promised. After making the necessary apologies for its
length, the style in which it is written, and the delay in sending it let me tell you what is
in it and what is not in it. There are also one or two matters about which you should be
concerned.

Of course the goal is to extend the theorem of your paper to all number fields and to
function fields. If I have made no mistakes such an extension is obtained in paragraph [7}
(Although I am not really at home with function fields I do not think I made any blunders.)
Moreover as I said I do have to assume the existence of an Euler product.

If you want to see quickly what the basic idea of the proof is you should probably
concentrate on function fields. For these only paragraphs [6] and [7] are necessary. Indeed in
this letter the only difference between a number field and a function field is that a function
field has no archimedean primes. The reason that so much space is devoted to archimedean
fields is that, at the moment, I know more about the representations of GL(2, K') for such
fields. As soon as I understand the representation theory of GL(2, K) for non-archimedean
fields I should be able to avoid the assumption, which appears in both the letter and your
paper, about the character y. Of course ignorance of the representation theory of GL(2, K)
for a non-archimedean field is not fatal. The same ignorance for an archimedean field would
be.

Perhaps it will help when you read paragraph [7]if I give some idea of the relation between
the notation of the letter and your paper. Associate to the function I' of your paper the

funCthIl F( )_ (ad_bc)k/QF a2+b — a b GGL (2 R)
olg) = (ct +d)¥ ci+d 7 \e d T

Date: 1967.
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If K = Q, as we now assume, the divisor D of the letter is just the number A of your paper.
Let € be the € of your paper and let § be a character modulo A. If (‘; g) lies in U[?p set

a b ,
€p (c d) = €(a)d(ad)
if p|D and set

if pt D. Then, for (¢4) in UP

a b\ a, by
e a)= (2 )
pFPoo
is the ¢ of the letter. The relation F|y = e(y)™'F for v = (7 5) in Fy(A) is equivalent to

Fo(vg) = Hep(%) Fo(g)

pID
for v in Gx N Gk, X UP, dety > 0. Define a function ¢ on G by
2(79) = ¢(9) = Folgoo) [ [ e0(90)
pID

if v belongs to Gx N GX, g belongs to G, x UP, and det(gs) > 0. ¢ is well-defined and
is the ¢ of my letter. If we want to indicate its independence on § we should write ¢ = 5.
Now let me show that the assumption

Flw(A)=C7'iFF

implies that ¢ = %{HMD 51:((1) —(1))}906/6- Since (¢')? =1

a(0 ) = ¢@itad) = ¢la)(e)(ad)
(¢
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if p|D. If g belongs to G, x U” and det goc > 0

plo) = ((1) AO_I)QH(XP é)
() )G )
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If .
a; O ai| 2
w (( 01 042)) 04_; (sgn ag)k ag,as € RF

the representation m,_ is the infinite-dimensional quasi-simple irreducible representation
deducible from 7,. ¢, will have to lie in L(§,_, 7y )i € will of course be the character

f(l‘) — 2mizeo H e~ 2mizy
b

Let x" be one of the x of your paper. x' determines a homomorphism of [],, O into
C*. m is of course the conductor of y. Let x’ also denote the character of K*\I which

satisfies
X H Bl =X H B
p plm

if By, > 0 and B, € Oy for p # ps. Then y = (¢0x’)" is one of the characters of the

letter.
1 L
I x Mp

If g is
PFPoo

the value of the integral of Lemma 7.3 is, in your notation,E]
1 _ > 2min(t—2) otk dt
—_— X (a)/ Cn€ m) 5T —,
o, 22, V), 2 t

IThe second formula from the bottom on p. 150 of your paper does not look correct.
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() S - o ne(++4)

On the other hand it is equal to the product of Z(s, x) and the expression (D)) on page
7.2q?|. If ¢, is suitably normalized then, for the g chosen, this expression equals

1 —omi a 0
(2,”_)3+§ H /ng € me ((0 1)) dOé.

peER

This equals

This is equal to

I g(x)
(2m)st2 p(m)
Thus X
o\ *t2 k
= = | — Ay —
(5,x) (m> X(S+2)
Moreover

[in

(s,om)-l):é H%(é _(f) (%)W*@

pID
The letter and the paper will be consistent if

(Z_W)S+§A_sce,(m)g(x’) S

— X
m 9(X')
is equal to
i+ 1 0 o\ ¢t A=A 0
A= (691G e )
p|lD p|D
X €(Cpooposs Tpoo) H €(Cp» Eps wp)
pID
PFPoo

2Added—this is pagination of the original letter.
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This is a consequence of the following relations.

I ((o ) -

H<p<(_a4 ” ?)) - HC?((_{{‘" f)) = X(A)(-1)(-1)A™

p|D ptD

€(Cpoopos Moo ) = 17 (2m) %
€(Gp &, mp) =1ifptDand ptm

HG(Cpfpva):%H@ (ngp —n(ip1>
plm

plm

HCp (nép _2)01) :H(el(SZ)fl(—m;l)H(e'(SX/)*l(—mg)H\mpFS

plm plm plm plm

= ATy my) ¢ TT W (=) o™

plm plm

=€ m) oS T (=mg) pm™
ptm ptm

=€ (m)x (=1)m™%.

Of course all these formulae will be meaningless to you until you have read the letter.

For lemmas 2.4 and 4.3 I have referred to a paper of Harish-Chandra. These lemmas are
not stated explicitly in that paper. It has been a long time since I looked at that paper and
I should read it again to see that the lemmas are really implicit in it. I will do so as soon as
possible. The appendix to paragraph [7|is not relevant to the rest of the paper. You should
not read it. I include it only because the footnotes contain corrections to paragraph [5]

With so many formulae there are bound to be some small errors. They should show up
as soon as one starts to apply the theorem.

2. REPRESENTATIONS OF GL(2,R)

In this paragraph the next Gr will be GL(2,R) and G% will be the group of matrices
in Gr with determinant +1. U will be O(2,R) and U° will be SO(2,R). g will be the
Lie algebra of Gr and g¢ its complexification. g° will be the Lie algebra of G% and g%
its complexification. 2 and 2° will be the universal enveloping algebras of gc and g&
respectively. Since neither Ggr nor G% is connected it is not sufficient for us to study
representations of 2 or A°. Let

1 0
()

A representation 7 of {0, A} on a vector space W assigns to each X in 2 a linear trans-
formation 7(X) of W. It also assigns to ¢ a linear transformation 7(c). We demand
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not only that X — w(X) be a representation of 2 but also that (7?(0))2 = [, and
m(o)r(X)m(c™) = m(ado(X)) for all X in A. A representation of {7, A"} is defined
in a similar manner. If 7 is a representation of {0, A}, 7° will denote its restriction to
{o,2°}.

Two bases of g are

(0 (00 ()Y
o-(53) ve(n) we( 5)

U is contained in the Lie algebra of the one-dimensional group U. If 7 is a representation of
{o,%} on W let W,, = {w € W | n(U)w = inw }. We shall always assume that W, = {0}
if n is not an integer. The representation 7 will be called quasi—simpl if W=>%" W, and
m(Z) is a scalar for all Z in the centre of . If m; and m, are two representations of {o, A}
on Wy and Wj respectively my will be said to be deducible from 7 if there are two invariant
subspaces W3 D W, of W; and 7, is equivalent to the representation of {o,2(} on W5/Wj.
Similar notions can be introduced for representations of {o, A°}.
If Z lies in the centre of 2 then ado(Z) = Z. The centre of 2A° is generated by

and

1 1 1
D:XY+YX+§ZQ:2YX+Z+§Z2:2XY—Z+§Z2.

The centre of A is generated by D and J = (}9).
If G is any Lie group and X lies in its Lie algebra p(X) is the left-invariant vector

field defined by p(X)p(g) = Lp(gexptX )’ and A(X) is the right-invariant vector field

defined by A\(X)p(g) = %gp(exp(—tX)g)‘ . The maps X — p(X) and X — A\(X) extend
=0

to representations of the complex universal enveloping algebra.
Let w be a continuous homomorphism of Agr, the group of diagonal matrices in GRg,
into C*. Let w; and ws be the homomorphisms of R* into C* defined by

ao=( (5 1))
) = ((g g)).

m;
Si (i) ,m; =0 or 1, and set s = s; — 59, m = my — mo. If Ng is the group

Let w;(t) = |t i
1 =z
01

of all matrices of the form
31 use the expression in a slightly different sense than Harish-Chandra.

and
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let L(w) be the space of all infinitely differentiable U-finite functions on Ng\Gr satisfying
1/2
vlag) = w(a)||  ¢(g) for all
. (03] 0
= 0 [6%)

a1
a2

in Ar. If ¢ belongs to L(w) and X belongs to 2 then p(X)¢ also belongs to L(w). Of

course p(0)p which is defined by (p(c)p)(g) = ¢(go) also belongs to L(w) and we obtain a

representation m, of {0, 2} on L(w).

Because of the Iwasawa decomposition Ggr = NrArU?, the functions in L(w) are
determined by their restrictions to U°. The functions ¢, with =™ € Z, which are defined
by

a V2
pulg) = wla)|—| ™
Qg

if g=(} Sf)a( _cosh fg;g) and a = (9 o), form a basis of L(w).

(1) Mo(0)pn = (=1)™ 0
U)pn = inpy
V)‘;On (S +1+ n)@n—f—Q
W)Qpn - (3 +1- n)@n—Q
D) = £11
(vi) m,(J) = (51 + s9)1
The relations (i), (i), and (vi) are clear. To prove (iv) we observe that p(D) = A(D) and
that if ¢ € L(w),

s?—1
2
Since [U,V] = 2iV and [U, W] = 2iW, 7,(V)p, is a multiple of ¢, 1o and m,(W)p, is a
multiple of ¢, 5. It is easily seen that (m.(V)en)(1) = (s + 1+ n) and (m,(W)e,)(1) =

(s + 1 —n). The relations (ii) and (iii) follow.

AD)p = )\(Z)90+%/\(Z2)g0: —(S+1)+%(S+1)2 Y= ©.

Corollary.

(i) If s —m is not an even integer the restriction of m, to 2° is irreducible.
(i) If s —m is an odd integer and s > 0 the only subspaces of L(w) invariant under 2A°

are
§ CSOn, M2 E C%Ona
nzs+1 n<—(s+1)
ngmez n— mGZ

and M(w) = M;(w) + My(w). The spaces Mi(w), Ms(w), and L(w)/M(w) are
irreducible under A°. The only subspace invariant under {o,A} is M(w). The
representations of {o, A} on M(w) and L(w)/M(w) are irreducible.

(711) If s —m is an odd integer and s < 0 the only subspaces of L(w) invariant under 2A°

Mi(w)= Y Cgn, Myw)= > Cepn,

n>=s+1 n<—(s+1)
n—m —
cZ n 2'm c7Z
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and M(w) = M;(w) N My(w). The only subspace invariant under {o,2A°} is M(w)
and the representations of 2A° on M(w) and L(w)/M(w) are irreducible.

This follows immediately from the lemma and the observation that an invariant subspace
of L(w) is spanned by the ¢, it contains.

If 7 is a quasi-simple representation of {¢,2°} on H then 7(V)H,, C H, 5 and 7(W)H,, C

H,_5. Consequently H* =" H, and H' =% . H, are invariant subspaces of H.
We shall say that 7 is of type 0 if H' = {0} and that 7 as of type 1 if H® = {0}.

Lemma 2.2. Suppose 7 is a quasi-simple irreducible representation of {o, A} on H which

is of type m. Suppose moreover that w(D) = 527—1] and s —m is not an odd integer. If
n > 0 let A, be the restriction of

m(o)m(W)"
o (s 42k —(n—1))
to H,. If n <0 let A, be the restriction of
(o) (V)"

|kn:|81 (s + 2k — (|n| - 1))

to H,. Then A2 =1 for all n. Let A(r) be the operator H whose restriction to H, is A,.
A(m) commutes with (o) and with ©(X) if X is in A°.

Using the relations Z = V+W ,2X =U — iV W) , 2 = -U — iYW one shows easily
that

vw  wv  U* VW v wv U?
+ =+ i :
Thus, if ¢ lies in H,,,
T(V)r(W)e =7m(2D = 2iU + U*)p = (s* =1+ 2n—n*)p = [ — (n — 1)*]p
TW)r(V)e =m(2D +2iU + U?)p = (s* = 1 —2n — n*)p = [s* — (n+ 1)*] .
In particular if 0 < j < |n| and ¢ € W,
r(VYHa(W)yte = [s* = (n—2j — 1) ]W(V)]W(W)J(p if n >
(WY a(V)itp = [3 —(In]—2j -1 i|7T(W if n <
Since w(o)m(W)m (o) = n(V) and w(o)n(V)m(0) = m(W) it follows that

L el e Ol

) { pnl 1<s+2k (|n|—1)>}

It is easy to see that A(m) commutes with 7(0) and 7w(U). Thus to prove the last
assertion of the lemma we need only show that it commutes with 7(V') and 7(W) or that
Apom(V) = m(V)A, and A, _on(W) = n(W)A,. We must study various cases separately.

;P =
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Suppose that n > 0 and ¢ belongs to H,,.

1
An+27T(V)g0 = n+1

(s +2k — (n+1)) m(o)m(W)"m(V)e

(V) - (s* = (n Nr(o)m "
=7(V)Ane.
Iftn>2
1 n
T Anp = prmr (R0
(o) 2 _(_p 2) - n—1
2_3(5—1-2/4:—(71—1))(5 (=n+ 15)m(W)" e
= An_QW(W)QD.
Ifn=1
7(V)Aup = <7 (W)n(o)(W)g = ~r(o)m(V)r(W)p = Ansm(W )
Ifn=0
Auam(W)p = (o) (VPr(W)g
= T (o) (V) (W) = (W (o) = (W) Ao

There is no need to discuss the case n < 0 because 7(0)Ay7m(0) = A_,, 7(o)7(W)n(0) =
7(V), and 7(o)m(V)m (o) = n(W).

Lemma 2.3. A quasi-simple representation © of {0, U} is irreducible if and only if 7° is
irreducible. If w is an irreducible quasi-simple representation of {o,A} on H there are two
possibilities.
(i) The restriction ™ of m to 2 is irreducible and the two representations X — 7(X)
and X — 7(ado (X)) are equivalent.
(it) H is the direct sum of two subspaces Hy and Hs invariant under 2. The repre-

sentations T, and 7o of A on Hy and Hy are inequivalent but 7o is equivalent to
X —»m(ado(X)) and w(o)Hy = H,.

The first assertion is a matter of definition. Suppose w is irreducible. Either H is
irreducible under 2, when the first possibility occurs, or it is not. Suppose it is not. Let
H; be a proper subspace of H invariant under 2 and let Hy = 7(0)H;. Since H; + Hy and
Hy N Hy are invariant under {0, A}, H; N Hy = {0} and H = H, & H,. If H; were a proper
subspace of H; invariant under 2 then Hj & H), with H) = w(0)H], would be a proper
invariant subspace of H. 75 is certainly equivalent to X — 7 (ad o(X )) To complete
the proof of the lemma we have merely to show that 7 and X — 7 (ado(X)) are not
equivalent. To do this we use the following lemma which is a special case of a theorem of
Harish-Chandra (Representations of semi-simple Lie groups, II, T.A.M.S. v. 16, 1954).
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Lemma 2.4. Let & be an irreducible quasi-simple representation of A on W. There is
at least one continuous homomorphism w of Ar into C* such that @ is of type |m| and
o(D) = 322—_1] and 5(J) = (s1 + s2)I. Moreover if w is any such homomorphism, T is
deducible from 7, the restriction of 7, to 2.

si t

As usual wi () = w((§9)), wat) = w((§?)), wilt) = |t i)
my — my. Although the adjectives of the lemma have only been defined for representations
of {o,2(} their meaning for representations of 2 is clear. The lemma implies that W, is of
dimension at most 1. Consequently any linear transformation leaving W, invariant has an
eigenvector and any linear transformation commuting with (X)) for all X in 2 is a scalar.

If 71 and X — 7 (ad o(X )) were equivalent there would be an operator A such that

A7'7 (X)A = 7 (ad o(X)) for all X. Thus A7 (X)A~2 = A(m (ada(X)))A” = 71 (X)

and A? is a scalar. We may suppose that A% = I. If x lies in H; and X lies in 2 then
T(X)(z @ 7(0)Az) =y d w(o)m(A)y if y = 7(X)z and 7(0)(z ® 7(0)Az) =y ® m(0) Ay if
y = Az so that {x &) 71'(0‘)14{[} is a proper invariant subspace.

§ = 81 — So, and m =

Lemma 2.5. Suppose m is an irreducible quasi-simple representation of {o,A} on H. There
is a continuous homomorphism w of Ar into C* such that 7 is of type |m|, (D) = 522_1],
w(J) = (s1+ s2)] and, if s —m is not an odd integer, A(mw) = (—1)™1. If w is any such

homomorphism and 7 is infinite-dimensional then 7 is deducible from =,,.

Choose s so that 7(D) = 322—_1] and define s; and sy by s1 — s3 = s and 7(J) = (81 + s2)1.
Choose ms to be 0 or 1 and define my, which is 0 or 1, by the condition that 7 is of type
|m| if m = my —my. If s —m is not an odd integer A(w) is defined and commutes with (o)
and all 7(X). By the previous two lemmas H,, is finite-dimensional. Consequently A(r) is
a scalar. Since A%(m) = I, A(r) = £I. Choose my so that A(w) = (—1)"2I. If s —m is an
odd integer mo may be chosen to be either 0 or 1. It follows from Lemma 2.1 that if s — m
is not an odd integer then A(m,) = (—1)"21.

Suppose first that s — m is not an odd integer. Lemmas 2.3, 2.4 and the corollary to
Lemma 2.1 imply that 7, the restriction of 7 to 2, is irreducible and equivalent to 7.
Let B be a map from H to L(w) such that Br(X) = 7,(X)B for all X. I claim that
Bn(o) = m,(0)B. It is enough to verify that Br(o)x = m,(o)Bz for « in H,. Clearly
BA(w) = A(m,)B. Since A*(w) = I, Br(o)x = Br(o)A%z. It n > 0
Br(o)A(m)m(o)m(W)"x

ro(s+2k—(n—1))

bA(m)m(W )"z
i (s+2k—(n—1))
A(m,)m,(W)"Bx

1o (s+2k—(n—1))

= m,(0)Bz

Br(o)r =
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and if n < 0
Br(0)A(m)m(0)x(V)"
Br(o)x = ',:igl(s + 2k — (|n] — 1))
BA(m)n(V)l"lz
= |kr161<5 + 2k — (|n| — 1)>
A(m)m<v)ln\8x
Inl—1 (5 +2k — (In| — 1)>
= m,(0)Bz.

If s —m is an odd integer and 7 is infinite-dimensional it follows from Lemmas 2.3, 2.4
and the corollary to Lemma 2.1 that H = H; @ Hy. Let V' D V" be subspaces of L(w)
invariant under 2 such that 7; is equivalent to the representation of 20 on V'/V”". Let
W’ be the intersection of all subspaces of L(w) which contain V' and are invariant under
{o,2}. Let W” be the union of all subspaces of L(w) which are contained in V" and are
invariant under {o,2}. By the corollary to Lemma 2.1 the representation 7, of {o, 2}
on W = W’'/W" is irreducible. By Lemma 2.3, W is the direct sum of two subspaces
Wi and W5 invariant under 2[. We may suppose that the representation of 2 on W; is
equivalent to 7. Let By be a map of H; to W; such that Byw(X) = m,(X)B; for X in .
Let By = 7,(0)Bim(0) and set B = By @ By. It is immediate that Br(o) = 7,(0)B and
Brn(X) = 7,(X)B for all X.

It is not difficult to see that every finite-dimensional representation of {o,} is deducible
from some 7,. As a consequence A(7) can be defined by the formulae of Lemma 2.6. If 7
is deducible from 7, then A(m) = (—1)"21.

Corollary. Suppose A\(D), \(J), and m, which is to be 0 or 1, are given numbers. Let
AD) = 827_1 If s — m is not an odd integer there are two irreducible quasi-simple
representations © of {o,2A} of type m for which w(D) = XN(D)I and 7(J) = NJ) = A(J)I.
For one A(m) = I and for the other A(w) = —I. If s —m is an odd integer there are three
such representations. One is infinite-dimensional. The other two are finite-dimensional.

For one of these A(m) = I and for the other A(m) = —1.

Since s is not unambiguously determined neither is A(7). However once a representa-
tion 7, from which 7 is deducible is specified s can be taken to be s; — so. Such a choice
was implicit at various places in the preceding paragraph.

3. THE LOCAL FUNCTIONAL EQUATION FOR GL(2,R)

If 7 is an irreducible quasi-simple representation of {o, 24} and m; is a representation of
{o,} on W we shall say that 7 is contained in 7y if there is an invariant subspace V' of W
such that the restriction of m; to V' is equivalent to m. We shall say that 7 is contained at
most once in 7 if there is at most one such subspace. If V' were another such subspace
either VNV" = {0} or V = V’; thus to show that 7 is contained at most once in 7; one has
merely to show that two such subspaces must have a non-zero element in common. Similar
notions can be introduced for representations of {o,A°}.
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If n is a continuous homomorphism of Ag into C* let L(n) be the space of all infinitely
differentiable U-finite functions on Gr satisfying ¢(ag) = n(a)p(g) for all a in Ag. If ¢ lies
in L(n) so does p(c)yp and p(X)p for X in 2. Thus we have a representation p(n) of {o, A}
on L(n).

Lemma 3.1. No irreducible quasi-simple representation of {o,} is contained more than
once in p(n).

Let  be an irreducible quasi-simple representation of {o, 2} and let 7° be its restriction
to {0, A°}. Suppose 7 is deducible from 7. Let L°(n) be the space of infinitely differentiable
U-finite functions on G% satisfying ¢(ag) = n(a)p(g) for all a in Ag N G% and let p°(n) be
the representation of {o,2°} on L°(n). It is enough to show that 7° is contained at most
once in p°(n).

Suppose H C L%(n) and the restriction of p°(n) to H is equivalent to 7°. The integers n
for which H,, # {0} are determined by 7. To prove the lemma we need only show that, for
some such n, H, is uniquely determined by m. Let ni(t) =n((§9)), n2(t) = n((§?)), and

L;
r; (%) with ¢; = 0 or 1. If ¢ lies in H, set ¥(z) = ¢(({1)); then
(g) = na)i(z)e™

B 1 =z cosf sinf
=% 1 —sinf@ cos6

with a in Ag N G%. Consequently ¢ is uniquely determined by . Let o1 = p(V)p,
o = p(W)ep, and let ¥y and 15 be the corresponding functions on R. Since

w0 (o 1)) =it

let n;(t) = |t

w2l (g 1)) = rote) - 25

p(X)e (é 313> Zj—i

and
V=7Z+2iX—-iU
W =7—-—2X+:iU
one has
d
G1(2) = =2~ ) o+ + )y
d
Po(z) = —2(z + z)% + (r—n).

Moreover p(D)y = p(@ —U — %)gp corresponds to the function

d? dy (r—1)2—1
22?4+ 1)— + (4o — 2rz — 2in)— + ———— ).
(x* + )da;2+(x ra m)da;+ 5 P
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Consequently

2 2 _ 2
(A) 2(z* + 1)% + (4 — 2rx — 2m)% + Iy 1; al
Finally p(o)¢ corresponds to (—1)%2¢(—x).

There are a number of separate cases to consider. If s —m is an odd integer and 7 is

infinite-dimensional take ng = |s| + 1. Then H,,, # {0} and p(W)p =0if ¢ € H,,. Thus
—2(x + 2)% + (r —ng)y = 0.
This equation determines 1) up to a scalar factor.

If s —m is not an odd integer or 7 is finite-dimensional and if m = 0 then Hy # {0}. If
¢ lies in Hy then ¢ must satisfy equation and the condition (—x) = (—1)%2+m2¢(x)
because A(n?) = (—=1)™21I. Thus 1) is determined up to a scalar factor.

If s —m is not an odd integer or 7 is finite-dimensional and if |m| = 1 then H; # {0}.
Referring to the definition of A(7) in Lemma 2.2 we see that v satisfies equation and
the equation

W =0.

2(a+0) % 4 (= Db(a) = (1) ()

This equation implies a non-trivial linear relation between the values of ¢ and its first
derivative at = 0. Thus 9 is determined up to a scalar factor.

If £(z) = ™, with u # 0, is a non-trivial character of R let L(£) be the space of all
infinitely differentiable U-finite functions on Gr satisfying

(i) gp((é 317> g) = {(x)p(g) for all z in R,

(ii) if g belongs to Gr and X belongs to 2 there is a constant M such that
tv 0 M M
o[ (1)) g )| < m{ia + 1t
2
for |t1| 2 |t2|

Let p(§) be the representation of {o,2} on L(§).

Lemma 3.2. No irreducible quasi-simple representation of {o,} is contained more than
once in p(§).

Let 7 be such a representation and let 7 be deducible from 7,,. Let L°(£) be the space of
all infinitely differentiable U-finite functions on G satisfying

(i) s@((é 31:>9> = {(2)e(9),

(i) if g lies in G and X lies in A° there is a constant M such that

20
p(X)e (O 75—1/2)9 < MM

fort > 1.
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Let p°(€) be the representation of {o,2°} on L°(¢). Tt is enough to show that 7 is
contained at most once in p°(n). The proof of this will be similar to the proof of the
previous lemma.

Suppose H is an invariant subspace of L°(£) and the restriction of p°(£) to H is equivalent
to V. If ¢ lies in H,, set

_t_
|t|1/2

0

e}

Y(t) = , t € R*.

—_

=
—
~]
N

Since ¢(g) = &(x)(t)e™” if

(1 x \t|+/2 0 cosf sinf
9=\0 1 0 15 | \—sinf cosf

the function ¢ is determined by 1. Let ¢1 = p(V)g, w2 = p(W)p, and let ¢, and 1)y be the
corresponding functions on R*. Since
e O
ore| [ )| = et
HRE
2| (77 i
p(4)p = 2t—-
0 57 dt
t
0
pXe| [y | | =)
|t\1/2
one has
d
U (t) = Qtd—:f — (2ut — n)y
d
o(t) = 2td—7f + (2ut — n).

Moreover p(D)¢ corresponds to 2¢4 (t%) — 2t% 4 (2nut — 2u*t?)y so that

d [ dy di 9.0 s2—1
B 2t— | t— ) — 2t— 2nut — 2ut = .
(B) dt( dt) gr T (@t = 20°8)0 = =y
Finally p(o)e corresponds to (—1)"(—t).
Suppose that s —m is an odd integer and 7 is infinite-dimensional. Take ng = |s| + 1.

Then H,, # {0} and p(W)p = 0 if ¢ belongs to H,,. Consequently
d
2td_1tp + (2ut — ng)y = 0.

If ¢ is to satisfy this equation and the growth condition it must vanish for ut < 0 and be a
multiple of [t|"0/2e~" for ut > 0. Thus it is determined up to a scalar factor.
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Before discussing the remaining cases we should comment on equation . It may be

written as
d*y , nu (1—s%
— | -+ —+ = 0.
dt? ( t 4¢2 v
Dropping the terms in % and tig we obtain the equation ‘%’ —u?1) = 0. As a consequence the

original equation has one solution on the positive real axis of the form ¢#e~I"/* (1 +0 (%)) and
one of the form t”el"/* (1 + O(%)) Only the first will satisfy the growth conditions. On the

negative real axis it has solutions of the forms ¢ elv!* <1 + O(%)) and t¥ e lult (1 + O(%))
Only the first satisfies the required growth conditions. Thus the space of solutions of
equation (B|) which satisfy the growth conditions has dimension two.

If s —m is not an odd integer or 7 is finite-dimensional and if m = 0 then Hy # {0}. If
¢ belongs to Hy then ¢(—t) = (—1)"2¢(t) because A(n®) = (—1)™21. This supplementary
condition will determine v up to a scalar factor.

If s —m is not an odd integer or 7 is finite-dimensional and if |m| = 1 then H; # {0}. If
¢ belongs to H; then

Qt% + (2ut — 1)(t) = (—1)m2FDsgp(—1).

This supplementary condition determines 1) up to a scalar factor.
Suppose ¥(t) satisfies equation with n =1 and

o0 = -1 f-w S0 - 2u+ o= .
Then

CU i)

_ w{gt%w’(_ﬂ) — (2ut + 1)1/,/(_75)}

S

which equals

o d[. dy

Simplifying we obtain

o d( dy dy) - 1
Bl VRl (il D Vi T ) Qut + ~
SQ{tdt<tdt> tdt—l—( ut+ut+2w

which is just v itself.

(2t +1) [Qt% +(2ut — 1)¢(t)1 }

Corollary. Let m be an irreducible quasi-simple representation of {o,A}. 7 is contained in
p(&) if and only if w is infinite-dimensional.
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It is enough to show that 7° is contained in 7°(¢) if and only if 7¥ is infinite-dimensional.
Suppose H is a non-trivial finite-dimensional subspace of L°(¢). Let 7 be the representation
of {o,2A} on H and let 7 be the contragredient representation. If

0 =z
)

the only eigenvalue of 7(X,) is zero because 7 is finite-dimensional. Let ¢ be the element
in the dual of H defined by () = ¢(1). ¢ is not zero and

(F(X2)P) (9) = —2(1(Xa)p) = = (1(X2)9) (1) = —iup(1)
so —iu is an eigenvalue of 7(X,). This is a contradiction.
Suppose 7 is infinite-dimensional and deducible from 7,,. Let L°(&,s) be the space of

functions in L°(§) satisfying p(D)p = 522_1@. The dimension of L°(§, s), is two. Let

Lo, s,m) = > L& s)n

n—m
nSmeE

and let p°(&, s,m) be the representation of {o, A} on L°(¢, s, m).

Suppose W, 2 W, are two invariant subspaces of L(§,s,m) and W = W,;/W,. The
representation of {o,} on W is quasi-simple. Choose n so that W, is not empty. The
dimension of W,, is at most two. Among all the non-zero subspaces of W,, obtained by
intersecting W,, with an invariant subspace of W there is a minimal one W?. Let W’ be the
intersection of all invariant subspaces containing W and let W” be the sum of all invariant
subspaces of W’ which do not contain W?°. W” does not contain W and the representation
of {o,2} on V. = W’'/W" is irreducible.

If s—m is not an odd integer Lemma 2.1 and Lemma 2.5 and its corollary imply that V,, #
{0} if 25™ is an integer. Because the dimension of L°(¢, s),, is two we conclude that there is

2
no chain L°(&, s,m) 2 Wy 2 W, 2 {0} of invariant subspaces. The operator A(p°(,s,m))

is defined and L°(¢, s,m) is the direct sum of LT = {gp ‘ A(p°(&,s,m))p = gp} and L~ =

{ Y ‘ A(p0(§ ) S, m))go =—p } We have seen that neither of these is empty. Consequently

they are both irreducible and the corollary to Lemma 2.5 implies that the restriction of
p°(&,s,m) to one of them is equivalent to 7°.

If s —m is an odd integer the same kind of argument shows that there is no chain
L& s,m) 2D Wy D W D W3 2 Wy D {0} of invariant subspaces. As a consequence
L°(&,s,m) must contain an invariant irreducible subspace. The restriction of p°(¢, s, m)
to this subspace will be equivalent to 7% which is the only infinite-dimensional irreducible
representation deducible from 70.

We return to the study of the functions ¢(¢). The Mellin transforms

0 (z) = [ (O dt
RX

07 (2) = . W(t)(sgnt)|t[*~ dt
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are defined for Re z sufficiently large. Equations are equivalent to the difference
equations

(224 1) = 5°]07(2) + dnubd ™ (z + 1) — 4u?07 (2 +2) =0
(22 4+ 1) = 5°]07(2) + dnud™ (2 + 1) —4u?0~ (2 +2) =0

If, as before, 1 corresponds to ¢, ¥; corresponds to ¢; = p(V)p, and 1)y corresponds to
0o = p(W)p let 6 and 0; be the Mellin transforms of ;. Then

07 (2) = 2201 (2) — 2uf0~ (2 + 1) + nb*(2)
o 07 (2) = =220 (2) — 2ubft (2 + 1) + nb = (2)
© 05 (2) = =220 (2) + 2ub~ (2 + 1) — nb*(2)
05 (2) = =220 (2) + 2ub* (2 + 1) — nf~(2).

(=

If ¢ is replaced by p(o)¢ then 07 (z) is replaced by
by (=1)"*167(z).
If 7 is an infinite-dimensional irreducible quasi-simple representation of {c, 21} let L°(¢, )

be the unique subspace of L°(£) which transforms according to 7.

1)"0%(z) and 6~ (z) is replaced

Lemma 3.3. Suppose 7w is an infinite-dimensional irreducible quasi-simple representation
of {o, A} which is deducible from m,. If L°(&,m), # 0 let 07 (2) and 0, (z) be the Mellin
transforms corresponding to some non-zero element in L°(&,T),.

(i) If s —m is not an odd integer, m = 0, and mq = 0, then

2\ [z+1i+3 2454
98“(2):0[0(@) F( ; Q)F( ; 2)

2\ 7 34 s — s
05 (z )—2alsgnu(| |) F(%)F(H—2>

(it) If s —m is not an odd integer, m = 0, and ms = 1, then
05 (2) =

z 1, s 1_ s
90_@:50(%) F<z+;+2)r(z+§ 2>
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(79) If s —m is not an odd integer, |m| =1, and mg = 0 then

ef(z):%(%)zr<z+i+§> (z—l—-_%)
(’f()—vgsgnu(|2|)zr(2+2+ >F<z §_§>

(iv) If s —m is not an odd integer, |m| =1, and my =1 then

2\ [z+Li+¢2 z+3-2
9?(>—vl(|u‘) P( : 2>F< : 2)
B 2\’ _ [z+2+¢ Z4 23— %
Gl(z)zﬂylsgnu(m) F( ; 2>F< ; 2).

(v) If s —m is an odd integer and ng = |s| + 1 then

5
Oral) = |u|zi’;°r< ot |2’)

. Jo ls|
0,,(2) = W sgnuF<z+ 5 + = 5

The letters ag, a1, Bo, B1s Yo, 71, 0o denote constants.

If s—m is not an odd integer and m = 0 the supplementary conditions on 6 (z) and 6 (z)
corresponding to A(n?) = (=1)™21 are 07 (z) = (—1)™20; (2), 0, (2) = (=1)"2"10; (2). The
first and second functions in parts (i) and (ii) of the lemma satisfy these conditions as well
as the difference equations. Taking the inverse Mellin transform we obtain a function v(t)
which satisfies the growth condition as well as the differential equation . The function

defined by p(g) = E(x)({) if
(1 =z \t|+/2 0 cost sinf
9=\0 1 0 It\+/2 —sinf cosd

will lie in LO(&, s,m)o. Moreover A(p°(&,s,m))p will equal (—1)™2¢ so that ¢ will lie in
L°(&,7)o. Thus the first two equations of parts (i) and (ii) are valid. The last two can be
obtained from the first two by applying relations .

In the first four cases 7 is equivalent to m,. It follows from Lemma 2.5 that 7 is equivalent

(5 0) (5 2)

Replacing w by w interchanges cases (iii) and (iv) so we need discuss case (iii) alone.
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z 3Ls sy lrs . X
Substituting the function (\_124) r (Z+ 2;2 ) F( +2;2) (taking only all the upper signs or

all the lower signs) into the expression [(2z + 1)? — s?]0(z) — 4u®6(z + 2) one obtains

2z +1)% — §* 3 1
%—2(2—#513)(2—1—5?5)

z+1 S s
><|u|(|2|) +F(z+ii§>r<z+i$§>
u
which equals
z+1 1 S 3 s
+1)+s+£3 H+sF3
—4u sgnu<| ’> F<(Z );2 2)p<(z+ )2 2:|:2>

Consequently the functions of part (iii) satisfy the difference equations. The supplementary
conditions on 6 (z) and 0] (z) corresponding to the relation A(w) = I are

sOF (2) = 2207 (2) — 2ub; (2 + 1) + 607 (2)
—s07 (2) = 2207 (2) — 2ub] (z + 1) + 07 (2).
These will be satisfied by the functions of part (iii) because

z 4+ Llxs 4348
(2z+1F5s) r(Z 2 ¥ 3 p(Zrz=o
|| 2 2
= 2usgnu ZHF (Z+1)+%i§ r <Z+1)+%:F%
H 2 2 '

The formulae of part (iii) can now be proved in the same way as those of parts (i) and (ii).
The simplest way to prove part (v) is to appeal to the explicit form for the corresponding

function ¢ (t) found during the proof of Lemma 3.2.

Lemma 3.4. Suppose 1(t) corresponds to ¢ in L°(&,7), and 7 is deducible from m,,.

(i) If s — m is not an integer, m = 0, my = 0 then, in a neighbourhood of 0, ¥ (t) has a
convergent expansion of the form

5> apt? + [T bt
p=0 p=0

(i) If s —m is an even integer, m = 0, and mq = 0 then, in a neighbourhood of 0, 1(t)
has a convergent expansion of the form

87273 apt? + (loglt])t 2 Z bt?.
p=0
(#i) If s —m is not an integer, m =0, and ms = 1 then, in a neighbourhood of 0, 1(t)
has a convergent expansion of the form

o0

(sgnt)]t] 5D ayt” + (sgnt)[t| = Zb )

p=0
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(iv) If s —m is an even integer, m = 0, and my = 1, then, in a neighbourhood of 0, 1 (t)
has a convergent expansion of the form

(sgnt)t] "2 Y apt? + (sgnt)|t] 2 loglt] Zb .
p=0
(v) If s —m is not an integer, |m| =1, and my = 0 then, in a neighbourhood of 0, (t)
has a convergent expansion of the form

o o
(sgnt)t] 5 D apt” + 1|72 Y bt
p=0 p=0

(vi) If s —m is an even integer, |m| = 1, and mg = 0 then, in a neighbourhood of 0, 1 (t)
has a convergent expansion of the form

(o.] o
172 apt? + (sgnt)|t] 5 loglt] Y byt”
p=0 p=0

if s is positive and one of the form

(sgnt)|t| Zaptp +¢72 loglt| Zb t
p=0
if s is negative.
(vii) If s — m is not an integer, |m| =1, and my = 1, then, in a neighbourhood of 0, 1 (t)
has a convergent expansion of the form

5 apt” + (sgn )|t 72 thp
p=0

(viid) If s —m is an even integer, |m| =1, and my = 1 then, in a neighbourhood of 0, ¥(t)
has a convergent expansion of the form

(sgnt)[t| =2 Zattp + [t loglt Zb tP

if s is positive and one of the form

15> " apt + (sgnt)[t| 7= log]t] Z byt”
p=0
if s is negative.
(iz) If s —m is an odd integer then 1 (t) is zero unless nut > 0 and in this region ) (t)
has a convergent expansion of the form

It °5 3.

p=0

We know that if ¢(t) corresponds to ¢ then Qt% — (2ut — n)y corresponds to p(V)ep,
2t9¢ + (2ut — n)y corresponds to p(W)e, and (—1)™p(—t) corresponds to p(o)p. Because
each of these operations take a function with an expansion of one of the given forms to a
function with an expansion of the same form and 7° is irreducible it will be enough to show
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that there is at least one n for which the lemma is valid. If s —m is not an odd integer we
shall take n = |m| and if s — m is an odd integer we shall take n = |s| + 1.

The indicial equation of the equation does not depend on n. It is (2A — 1) — s> =0
and has the roots \; = S+1 , Ay = LH with difference \; — Ay = 5. If n = 0 the series

th > o Py >0 satlsﬁes the equatlon if and only if

[( (Ai +p)—1) —8}cp—4ucp 9.

Thus if s is not an integer 1 (¢) has an expansion of the form
£ gt

Z bopt P
p=0

valid for ¢ positive and close to 0. If s is an even mteger one of the two linearly independent
solutions given by the method of Frobenius must contain a logarithmic term because it
will not be possible to solve these equations recursively when J\; is the smaller of the roots.
Since the equation is invariant under the substitution ¢ — —¢ the logarithmic solution must

be of the form .
—ls|
> et +

p=0 p=0
and () has an expansion of the form

oo [o.¢]
—lsl s
70 gt 177 logt Y byt

p=0 p=0

o0

2P

valid for ¢ positive and close to 0. Cases (i) to (iv) of the lemma follow immediately because,
since n = 0, ¥(¢) is even in the first two and odd in the second two.

Just as in the previous lemma, (vii) and (viii) are redundant since they are covered
already by (v) and (vi) which we now treat. If n = 1, =5 > o Gty t > 0, satisfies
equation (B]) if and only if

%[(:I:s +2p)? — $*| ¢y + 2uc,_1 — 2uPc,5 =0
or
(+2ps + 2p*)c, + 2uc, 1 — 2u’c, 5 = 0.
For convenience let ¢, = 0 if p < 0. If s is not an integer choose Co and deﬁne c;t inductively
by (£s+ 2p)c + 2uc = £s(=1)Pcf or, equivalently, (£s+ p)cf + uc,_; = 0 when p is

odd and pcp + ucp_ = 0 when p is even. This equation will be satisfied for all p if cp =0
when p is negative. If p is odd

(£ps +p°)ey +ucy_y — u’cy_, = —u [(P — 1),y + ucgzat—z} =0

and if p is even
(dps +pP)cE +uct | —uPct, = —u[(j:s—i—( —1))ek, +uct 2} _ 0.
Thus, if s is not an integer, ¢ (¢) will have an expansion of the form

Zc tP

thp
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valid for ¢ positive and close to zero. Since my = 0

—sy(—t) = Qt% + (2ut — 1)().

The expression

d +s+1 > :I:p +s+1 > j:p
2t ;ctt + (2ut — 1)t 2 pz;cpt

is equal to
tis2+1 Z |:(:|:8 + 2p)c;|: + 2“0:71} tp — j:stis;—l Z C;t<_t)p
p=0 p=0
Case (v) of the lemma for n = 1 follows immediately.
Since
d dA
t— (logtA(t)) = t—logt + A(t
4108 2A(0) = ¢ log 4+ A1)
d( d d ( dA dA
t— | t— (logtA(t ={—|(t— 2t—
dt(dt<og ())) dt( dt)+ dt
the series . .
t_\32\+1 Z cpt? + t‘s‘% logtz d,t?, t >0,
p=0 p=0

will satisfy equation (B]) when s is an odd integer and n = 1 if and only if

[(\s| + 2]0)2 — 32}

5 dy + 2ud, | — 2ud, 5 =0

or

(Islp + p*)dp + udy—1 — u’dp_ =0
and

(=Islp+ p*)ep + ucy—1 — w’cp_a + (—|s| + 2p)d,_js| = 0.
Choose ¢y and ¢, and define the other coefficients by (|s| + 2p)d, + 2ud,_; = (—1)?|s|d,, or
pd, +ud,—1 = 0if p is even and (|s| + p)d, + ud,—, = 0 if p is odd and
(=[s| + 2p) ¢y + 2ucy—1 + 2d,_5| = (=1)Ps|e,
or
pep +ucy—1 +dp_1s) =0
if p is even and
(=Isl+p)ey + ucpmr + dpys =0

if p is odd. Take ¢, and d, to be 0 if p is negative. These equations are consistent and
determine the remaining ¢, and all d, uniquely. We have already seen that the coefficients
d, will satisty

(Islp + p*)dp + udy—1 — u?d,—o =
If p is even

(=Islp 4+ p°) ey + ucy—1 — u?cpon + (—|s| + 2p)d,s
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equals
[|3| —(p— 1)}“%—1 - UQC:D—Q + pdy—js) = udp_ |51 + <|3| + (p - |3|)>dp*\5\ =0
and if p is odd
(=Islp 4+ p*)cp + ucpy—1 — u’cps + (—|s| + 2p)d,s
equals
—ul(p = Depr +ucy ] + (p = [s])dpjs) = udy 51 + (p — |s])dpj5) = 0.

Thus if ¢y and ¢, are suitably chosen

Pty =t Y ettt 7 logt Y dyt?
p=0 p=0

for t positive and close to 0.
Since my = 0

—sth(—t) = 2t% + (2ut — 1)9.

The right hand side is equal to

—ls] N ] .
S Aty dity
p=0

p=0

with
c; = (—|s\ + 2p)cp + 2ucy—1 + 2d,_ s = —|s|(=1)7¢,
d;, = (|3| + Qp)dp +2ud,—1 = (—1)P|s|d,.

Case (vi) of the lemma follows.
The assertion for case (ix) with n = |s| + 1 was established while proving Lemma 3.2.
If ¢(t) is the function of the lemma and z is a real number the functions

0" (z,7) = ()|t dt
)= [ e

0 (2 2) = / e (1) san t dt
RX
are defined for Re z sufficiently large.

Lemma 3.5. 0*(z,z) are meromorphic in the whole complex plane and bounded in regions
of the form |Reu| < constant, |[Imu| > constant > 0

(i) If s —m is not an odd integer, m = 0, and mqy = 0 then F(“%J’?)(?E)”%
2

d
)an

- . .
020 are entire functions of .
r(E)r ()

(i) If s — m is not an odd integer, m = 0, and mqy = 1 then ( 9+>(Z’E)Z+ ) and
r r

F(”%*%’)r(”%’%) are entire functions of z.



24 LETTER TO ANDRE WEIL, PART 2—1967

(#3) If s — m is not an odd integer, |m| =1 and mqg = 0 then +%+9+(Z’x)z+%7% and
o))

0= (=, . .
=D are entire functions of .
r(=E)r(=)

2

. . . . . 0% (z,2)
(iv) If s —m is not an odd integer, |m| =1, and ms = 1 then F<z+%+%)r(z+%_%) and
2

2
+3+5 21—
F( 2 r 2
0= (2,7)

(v) If s —m is an odd integer then ——>=-5 are entire functions of z.
F(Z+§+7)

(S

) are entire functions of z.

Let m(t) be an infinitely differentiable function with compact support on the line which
is even and equal to 1 in a neighbourhood of 0. (2, x) is the sum of

0+ (2, 2) = / b (t) |t (sgnt) T m(t) dt
RX
and
/RX et ()|t (sgnt) T (1 —m(t)) dt.

The second integral is an entire function of z which is bounded in vertical strips. Thus it
is enough to prove the lemma with 0%(z, z) replaced by 6*(z,x). The function e (t) +
(—1)%6_2"%77/)(—& is, for ¢ > 0, a linear combination of convergent series of the form

t*(log t)” Z cpt?
p=0

where o is *L or =t and B is 0 or 1. Given a series of this form and a real number ¢

2 2
/to‘logt > opt? 7 mt) dt
0

there is a P such that
p=P

is analytic for Rez > ¢ and bounded in vertical strips of finite width contained in this

region.
The first assertion of the lemma is a consequence of the relations
oo _1 (o]
/ P imt) dt = ———— / tt PR/ (¢) dt
0 at+p+2z Jy
0 —1 o0
tt P ogtm(t) dt = ——— / a+p+ 2)t* P logt — TP/ (t) dt
/ stm(t)dt = s [ [t e b J (1)

and the condition that m/(t) vanish near zero. To prove the remaining assertions one shows
that the zeros of the denominator on the right are cancelled by the poles of the I'-factor.
This is easy but the various cases of Lemma 3.4 must be examined separately. I leave it to
the reader to do so.

If n is any homomorphism of Ag into C* then 7 will be the homomorphism defined by

(5 0) (% 2))
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If ¢ is a homomorphism of Ay into C* such that
a 0 a 0 .

t
& :
¢l | = [t|*(sgnt)",
72

and z and ¢ are defined by

with £ =0 or 1, then ( is determined by z and ¢ and we shall sometimes write { = ((z, ¢).

Lemma 3.6. Suppose m is an infinite-dimensional representation of {o,A} and 7 is
deducible from w,. Let L(§,m) be the unique subspace of L(§) which transforms according
to . If ¢ belongs to L(&,m) and ( = ((z,{) the function

oa.cor= [ o (6 D)a)<( (0 1))

1s defined for Re z sufficiently large.
(i) If s —m is not an odd integer set

'(g,¢, ) = 25,,9)

r <z+m1—z+;+; > r (z+m2—z|+;—;)
2 2

(ii) If s —m is an odd integer set

D'(g,¢, ) =

®lg.C0)
r(z+3+4)

Then <I>’(g, ((z,é),gp) is an entire function of z and CD(g,C(z,K),go) is bounded in regions
of the form |Rez| < constant, |Imz| > constant > 0. Moreover if s —m is not an odd

integer
2\ ", 01 It g — VR
(m) ® ((_1 O)g,C,¢> = (§)lma—tima =l (g ) (m) D' (g,¢, )

and if s —m s an odd integer

() () w2 v

It is enough to prove the lemma for ¢ in L(¢,7),. If ¢ is the restriction of ¢ to G let
¥ (t) be the function on R* corresponding to . Then, if

_(ti 0\ (1 «x cosf siné
9= \o toJ\O 1)\ —sinf cosf)’
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% < (8 (1]) g) is equal to

iy ttyty|'/? sgnt 0 b s
i |tt1ta]'/* sgnty e o L) eine
0 |[tt1ta|'/ % sgnty to

t 0 t 0
A 3)r)( )
Cfl ((tl O))geitguxc E E
0 22 0

and @(g, C(z,0), cp) is equal to
¢! <(18 7502) > 0" (2, uzx)e™, if £ =0,
¢! <(to1 2))9_(2, ux)e™, if ( =1.

All assertions of the lemma except the functional equations follow immediately from
Lemma 3.5.
If n = ¢! the maps

Thus

is equal to

@ — ¥'(g,(, ),

p = <I>’((_? é)g&p)

are {o,2l} invariant maps of L(¢, ) into L(n). According to Lemma 3.1 one must be a
scalar multiple of the other. To see what the multiple is we choose g = 1 so that ®(g, Z )
is equal to 6, (—z) if £ — |m| = 0 and is equal to 6, (—2) if [¢ — |m|| = 1 and choose n in
such a way that Lemma 3.3 can be applied.

q><<_(f é)g,g,so)

is equal to ()"0, (z) if £ =0 and to (i), (z) is £ = 1. In the first column below we write
the values of ®'(1,(, ) for the values of n and ¢ in the last column; in the second column

we write the values of @’ (( 9 é)(’ , 90). Comparing them we obtain the lemma. In all but



the last line s — m is not an odd integer.

Yosgnu( )

(i)

Y1 sgnu(%) -

n (i)

¢f<(_(1) (1))< so)

()
—2a1 sgn u(%)z
—201 sgn u(%) ’

fo( )

Wo(ﬁm)z

1Yo SN U <|—3|>

17y1 8gN U <|—3|>

If s — m is an odd integer the two values are

8o (ﬁ) T sy

o) et ()

its complexification is

The Lie algebra of G is

its complexification is

(i)|5|+150<ﬁ>z+n/2
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=0,|m|=1, my=0,n=1.
C=1,|m|=1, my=0,n=
0=0,m|=1, my=1,n=

(=1, |m|=1, my=1n=

(sgnu)® n=|s|+1, m=0.

z4n/2

(sgnu)’ n=|s|+1,|m|=1.

4. REPRESENTATIONS OF GL(2,C)

In this paragraph and the next G¢ will be GL(2,C) and G will be SL(2,C). U will be
the group of unitary matrices in G¢ and U° will be UNGY. Ge and G will be considered
as real Lie groups. The Lie algebra of G¢ is

=1 D= 1)1

0 a b a v
gc = e d) T\ a

a+d=a’+d’:0}.
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The Lie algebra of U is

its complexification is

w={ (0 0@ 2}

Finally u® = uNg® and u& = uc N gg&. When there is no risk of confusion an element of uc
will be identified by giving its first component. N
Let V,, be the space of binary forms of degree n and let V,, be its dual. We write the

elements of V,, as
Ulay) = Y Prathysh

|k|<n

5—keZ
Y* will be called the kth component of ¢. If |k| > 5 let Y* = 0. Let 0, be the representation
of U° on V,, defined by

On (Z Z)w(x, y) = Y(azx + cy, br + dy).

Denote the corresponding representation of ug by o, also. If ¢ = o, (
(%—l—k)wk = ¢ where ¢, # 0 for -5 <k < % and if ¢ = 0,(§
(% — k)wk = dp* where dj, # 0 for -5 <k<3.

Let 2 be the universal enveloping algebra of gc and 2A° that of g&. If 7 is a representation
of 2 on a vector space W then 7° will be the restriction of 7 to A°. Let W,, be the set of all
vectors in W which transform under u according to o,. 7 will be called quasi—simplﬂ if

(i) W=, W,

(ii) If Z lies in the centre of A then 7(Z) is a scalar. Suppose m and my are two
representations of 2 on W; and W5 respectively. 7o will be said to be deducible
from 7 if there are two invariant subspaces W3 and W, of W7 with W3 O W, and
Ty is equivalent to the representation of 2 on W3/W,. The same notions will be
used for representations of A°.

Set
01 00 1 0
x=(o) v=(10) 2=( )

The centre of the universal enveloping algebra 2 is generated by

09) then ! =
1) then 5t =

D:(X@O)(YEBO)+(Y@O)(X@O)+%(Z@O)Q
:2(Y®0)(X@0)+ZGBO+%(Z@O)2
:2(XEBO)(Y®0)—Z®O+%(Z@O)2

41 use the expression in a different way than Harish-Chandra.
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and

D’:(O@X)(O@Y)+(OGBY)(O@X)+%(O@Z)2
:2(0@Y)(O@X)+(O@Z)+%(O@Z)Q

22(0@X)(0@Y>—(0@Z>+%<O@Z)2.

The centre of 2 is generated by D, D', J = (}9)®0,and J'=0& ({9).
Let w be a continuous homomorphism of the group Ac of diagonal matrices into C*. If
Nc is the group of matrices of the form ({ %) let L(w) be the space of infinitely differentiable

U-finite functions on Nc\Gc satisfying ¢ (ag) = ‘ﬂ’w(a)gp(g) ifa= (% o) isin Ac. The

as
restriction of p to L(w) defines a representation m, of 2 on L(w). Define w; and w, on

C* by wi(t) = w((é?)) and ws(t) = w(((l)?)) Let w;(t) = |t|* <ﬁ>m and set s = %52,

mi1—m2
2 .

Lemma 4.1. L(w), # {0} if and only if § — |m| is a non-negative integer and then L(w)y
is irreducible under uy. Moreover

R o TR C LR CE O

_ 2 _
mo(D) = (s—m)—1 ”;) Ly mo(J) = {81582 +z’(—m1;m2> }[.

The first assertion is an immediate consequence of the Iwasawa decomposition and the
Frobenius reciprocity law. Set

1 0\ _ (1 0 i 0 —i 0
a=(o )20 ) 2o %)= ()

m =

01 01 0 2 0 —1
= (0 0)e (6 o) =5 0)e (o0 o)
0 0 00 0 0 0 0
w1 0)e (i o) (i o)e (4 o)
0 -1 0 -1 0 4 0 —1
m=(1 o) (1 o) (0 o)e (5 o)
Then
Z@O:%j 0@22%7
X, —iX X X
Y@o:ﬁ7 o@y:YfriY?

2
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It is clear that p(D) = A(D), that p(D") = A(D') and that A(X;)p = 0 if ¢ belongs to L(w).
Thus

(D) = MZ @ 0)p + %A((Z 0)%)p

p(DNp=X0® Z)p + %A((O ®Z)%) .

Combining this with the relations AM(Z;)p = —2(s + 1)¢ and A(Z3)p = —2imy one obtains
the asserted values for 7, (D) and 7, (D’). The other two relations of the lemma are very
simple to verify.

Lemma 4.2. If neither —s — 1 — |m| nor s — 1 — |m| is a non-negative integer then m, is
irreducible. If —s —1 —|m| = 5 —|m| is a non-negative integer then

Y Lw)n = M(w)
|m|<n<ng
n_|m|€Z
is invariant and the representations of A on M(w) and L(w)/M(w) are irreducible. If
s —1—|m| =% —|m| is a non-negative integer then

Y. LW =Mw)
n>ngo
o _|m|eZ
is invariant and the representations of A on M(w) and L(w)/M(w) are irreducible.

Set
Ut =Xea&-Y, U=2&-2, U =Y & —X,
Vt=XaY, V=7Z¢7Z, V=YX

These six elements form a basis of g&. U™, U, and U~ form a basis of ul. The space
pc spanned by VT, V. and V™ is invariant under the adjoint action of ug and the map
VT =22 V = —2xy, V- — —y? extends to a ug-invariant map of pc to V5. The map
W®e — m,(W)p, W € pc, ¢ € L(w), extends to a ug invariant map of pc ® L(w),
into L(w). It follows from the existence of the Clebsch-Gordan series that the image lies
in L(w)p—2 + L(w), + L(w),1e. To prove the lemma all we need do is show that the image
contains a non-zero element in L(w),42 if and only if s # — (% + 1) and that if 2 > |m| it
contains a non-zero element in L(w),_» if and only if s # .

Let 2—k € Z. If |k| < 2 let 6y (z,y) = 22 Fys % and if |k| > 2 let 0y(x,y) = 0. If |k| < 2
let ;. be the element of V,, such that 73 (ZJ wjx%ijy%*j) = ks if |k| > 2 let 4, = 0. If

g=(}%)au witha= (9 2 ) in Ac and u in U set

- w(a)7m0n<u)6k |k‘ <
&%)

|3

@n,k@) =

The functions ¢, ; form a basis of L(w),.
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Using the method described on pp. 129-130 of Weyl’s book on quantum mechanics to
decompose pc ® V,, or Vo ® V,, into a direct sum of irreducible subspaces one finds that

<g + k) (g +k+ 1)p(V+)90n,k—1
_ <E + k4 1) <g —k+ 1>p(V)g0n,k

2
_ (g _ k) (g " 1)p(V‘)s0n,k+1

<g +k+ 1)! (g —k+ 1> La(n,w)@ntok

is equal to

and
+ _ . n | n |
PV ) onsk—1+p(V)one — p(V7)@n 1 = 5t E—1)! 5 k—1])1b(n,w)pn—2k

if |k| < 5§ — 1. The image contains a non-zero element in L(w), if and only if a(n,w) # 0

and a non-zero element in L(w),—2 if and only if b(n,w) # 0. Since ¢ni2.m,m(1) = 1 and
Yn—2m(1) = 1if & > |m| all we need do to find a(n,w) and b(n,w) is to take & = m and
evaluate the left sides of the above expressions at 1.

Now V = Zi, V¥ = (X +51) = i(Xo = %), and V7 = (X1 + %) + (X — %),

Since

one has p(V)pnr(1) = 2(s + 1)ym e and

01 _ 0 0
p(v+)90n,k(1) = —TmOn (0 0) 61@3 p(V )@n,k(l) = TmOn (1 0)5k

Demri (L —mtt a(n,w)
2 2
is equal to

_ (g+m) <g+m+1>(g—m+1> <g+m+1) (g—mﬂ)(su)
(o)) (5eme)

Thus
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2
(g + 1) —m?
and

(g+m—1)!(g—m—1>!b(n,w):—(g—m+l) Y25+ 1) — (g+m+1)
()

Lemma 4.3. Suppose 7 is an irreducible quasi-simple representation of 2 on the vector
space H. There is at least one continuous homomorphism w of A& into C* such that

which equals

-2

n
—+1
{9+2+ },

(s +m)* -1 s1+s2 . (myg+mg)
(D) = ff, n(J) = { 5 1 5 }I,
/ (s —m)*—1 y s1+ 82 . (my+ma)
W(D):#[, W(J):{ 5 +1 5 }I,

and such that H,, # 0 for at least one ng with %> —|m| a non-negative integer. If w is any
such homomorphism then m is deducible from 7.

The lemma is a special case of a theorem of Harish-Chandra (Representations of semi-
simple Lie groups, 11, T.A.M.S., v. 76, 1954). It implies that H,, is irreducible under u2. A
similar assertion is valid for 2°.

Lemma 4.4. Suppose A(D), A(D"), A(J), and A(J') are four given numbers. Apart from
equivalence there are at most two quasi-simple irreducible representations of A satisfying

7(D)=XD)I, =(D)=XDNI, =(J)=XI, =(J)=NJ)I.
If there are two, then one of them is finite-dimensional.

If there is one such representation there is an w such that A(D) = %, AD') =

%, ANJ) = 5d=2 — i(mlgm), ANJ) = =E2 4 i(mlgm). If ' is such that these
representations are satisfied by s}, sy, m/, m}, one must have 252 = SII;SIQ and m™Eme —
In particular m — m’ = ml;mll — ngmé = my — m) is integral. The relations
(s+m)? = (s +m')* and (s —m)? = (s —m/)? are satisfied if and only if one of the

following holds.

! !
mi+msy

(i) s=4 m=m' (iii) s=m' m=s

(i) s=-+¢ m = —m' (iv) s=-m' m=—s.

If s — m is not integral only the first two are possible. m, and 7, are irreducible by
Lemma 4.2 and equivalent by Lemma 4.3. If s — m is integral one can choose w so that
s = |m|. It follows from Lemma 4.3 that every quasi-simple irreducible representation
deducible from 7, is deducible from 7,,. There are only two such representations deducible
from m, and one of them is finite-dimensional. It is clear that Lemma 4.4 could also be
formulated for 2A°.
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5. THE LOCAL FUNCTIONAL EQUATION FOR GL(2,C)

If n is a continuous homomorphism of Ac into C* let L(n) be the space of all U-finite
infinitely differentiable functions on G satisfying

p(ag) = n(a)e(g)
for all @ in Ac. If ¢ lies in L(n) and X lies in 2 then p(X )y lies in L(n) so that we have a
representation p(n) of 2 on L(n).

Lemma 5.1. No irreducible, quasi-simple representation is contained more than once
in p(n).

Let m be an irreducible, quasi-simple representation. Suppose it is deducible from
and suppose its restriction to u contains o,,. If  occurs in L(n) then 77y = wjw, and for
the proof we may as well assume that this is the case. Let L°(n) be the space of infinitely
differentiable U°-finite functions on G% satisfying p(ag) = n(a)p(g) for a in AL and let
p°(n) be the representation of 2% on L%(n). We have to show that 7° is contained at most
once in p°(n).

Let H C L°(n) be A% invariant and suppose that the restriction of p°(n) to H is equivalent
to 70. There is a map ¢ — ® of H,, to V,, and a function ¥(g) on G° with values in V,, such

that p(g) = ¥(g)® and W(gk) = W(g)m(k). Let wi(t) = [t (i) walt) = 11 ()

51 £2
n(t) = |t|™ (ﬁ) , a(t) = |t (ﬁ) CIfz=a+iylet ¥(z) = U((§%)). ¥ is uniquely
determined by . Let us rewrite the equations

((81—82)+2(m1—m2)>2 -1 (s + )2 1
S m)” —
p(D)V = 5 U= 5 v,
2
<(51*82)*(m1*m2)> 1 9
— —1
p(D)T = ’ pommP -1,

2 2
in terms of ¢¥». D may be written as

) X —iXo\ (Vi =2\  (Zi—iZ +1 71 —iZs\ 2
9 9 2 2 9

(X1 —iXo)(Xy +iXo)  (Xy —iXo)(Wy —iWa)  (Zy—iZs) (21— iZs)?
+ - +
2 2 2 8
and D' may be written as

oK1 +iXe) Vi +4Y2)  (Z1+i2s) L (Z+iZ 2

2 2 2 2 2
(X +iXy)(X —iXe) | (X +iX) (Wi +iWe)  (Z+iZ) N (Zy + iZ)?
B 2 2 2 8 '

It is easily seen that

1 2 Y 0% D21
X2+ XU = =4
p(X7 + X3) ((0 1)) 52 T o = Y503
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9 _1(0 10) 9 _1(0 10
0z 2\0z 0y 0z  2\0x idy
and that r = 252 and ¢ = 4552,
. . 1 =z
p((Xl - ZXQ)(Wl - ZWQ))W((O 1)
z B 48¢ 01
1) ]~ "927"\0 0

1 op ., O
(0 = (27"1/1 — Zx% — 2y8_y)

1 =z . oY oY
(0 1) = (22&/) — Qy% — Qxa—y>

Putting everything together one obtains the equations

0? 0 1 PRE 9
2azg§+2a—fan(0 0)—1—-[(7”—1—6—1)—1-22—} ¢2(8+m) y

p((X1 +iXo) (Wi + iW,)) U

p(Z2)¥

(
p(Zl)qf(
(

10 2 - 5
82¢ aw 0 1 1 _ a 2 B (S . m)2
29207 92 (o 0) T3 {(r —(—1)+ 22£] b= Sy

There is an auxiliary equation corresponding to the relation

2i0 e’ 0 2i06
W) ) = ).
It is

o oY i 0\ .
—Qy% + Qxa—y + Yo, (0 —i) = 2u00

oy _9v 1 /1 0

Since 1(z) is an analytic function of z and y it can be expanded in a power series

oo
Z ZZp g

p,q=0

or

According to the auxiliary equation,

1
(p - Q)wp,q = %Dp,q{ﬁl - §Un <(1) _(1]) }
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Thus wj’j’q = 0 unless p — ¢ = ¢ — k. Substituting in the first two equations one obtains

- 1 5 (s +m)?

2(p+q+2) §+1,q+1 + 2¢y, 1];-1-117(1 + 9 [(7‘ +0—1)+ 2]9] Z,q = 9 ;q
1 2 (s —m)?

2(p+q+ 2)¢§+1,q+1 - Qdk%ﬁl + B [(r = €= 1) +2¢] Z,q = 9 qu'

Here ¢) , = 0 if |j| > % and ¢, # 0 if =% < k < 5. The second equation can be used

to determine the numbers 1[),%2 inductively. Then the first can be used to determine the
numbers @Zf;.f,q for k < 3.

Let £(z) = e'Re(w2) with w # 0 be a character of C and let L(£) be the space of all
infinitely differentiable U-finite functions on G¢ satisfying

(0 w((é ’i)g> — ¢(2)(9)

(ii) If X € A and g € G there is a constant M such that

t1 0
A 8)o)| <o)
it [t > |tal.

Let p(§) be the representation of A on L(§).

Lemma 5.2. Every quasi-simple irreducible representation of 2 is contained at most once
in L(&).

Let 7 be such a representation. Suppose 7 is deducible from 7, and the restriction of 7
to u contains o,,. Let L°(€) be the space of all infinitely differentiable U°-finite functions
on G¢ such that

(1) ¢((67)9) = &(2)e(9)-
(ii) If X € 2% and g € G, there is a constant M such that

"2 0 o
p(X)p 0 129 < Mt™ fort > 1.

Let p°(&) be the representation of A on L2(¢). Tt is enough to show that 7° is contained
at most once in p°(¢).

Suppose H C L°(€) is invariant and the restriction of p°(¢) to H is equivalent to 7°.
There is a function ¥(g) on G with values in V;, such that H, is the set of functions of the
form U(g)®, ® € V,,. VU(gu) = ¥(g)o,(u) if u € U°. Let ¢¥(t) = ‘If<<t10/2 t%)) for ¢t > 0.

VU is completely determined by 4. It is necessary to write the equations p(D)¥ = %\If
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and p(D")¥ = (Sm—l\lf in terms of 1. It is easy to verify that

1/2
p(X7 + X7)w (to t—?/2 = —t*|w[*y(t)
. . tiz 0 : 00
p((X1 —iXo) (W) — ZWQ))\IJ 0 12 = 2tiw(t)oy, (1 0)
1/2
p((X1 + i) (W, + i) 0 <t o] = —2m'w(t)an(8 é)
ti2 0 o
p(Z1)¥ <O 172 —Qta
29 0
p(Z5)¥ (to e ) | = vt (é —@')'
Thus
2
1 dvp v 1 /1 0 1 1 /1 0
_tﬁ(t dt) tdt{l_§0”<0 —1)}+§¢{1_§U”(0 —1)}
Sl wan(? 8) -y
2
1 dip dvp 1 0 1 1 /1 0
2'dt (t dt) _tE{H _""<0 —1)} * E‘D{H?’"(o —1)}
2 2 i _ 2
_ vl ¢+tm¢0n(g é) _ G Qm) .

In terms of components these equations are

(s +m)?

1] d 2 2wl
[t— +k— 1} Yk — |;“| O + eptiwyt Tt = 5 ok,

(A) dt

dt 2 2

where ¢/ = 0 if |]| > 5. Since ¢, # 0 for —§ <k < § and di # 0 for —5 < k < § these
equations allow one to solve for all ¥* in terms of w”/ 2 or ¢p~"/2,
For k = % the second equation is

1[d n ] 2 |w| (s — )
il e | n/2 n/2 n/2
I R
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which may be written as

1 d2ym/2 1 1dym/? 2 (n4q)?
1%y ( g)_w el G

2 di? 2 2]t at 2 212

(s —m)*

2t2

wn/2 — wn/2

1

Dropping the terms in ; and t% one obtains an equation with the solutions e**!*. Thus

the given equation has one solution of the form t_“e“w‘t(l + O(%)) and one of the form

t‘”e|w|t<1 + O(%)) Since ¥™2(t) = O(tM) as t — oo it must be a multiple of the first
solution. The lemma follows.
To find 1 we examine the formal solution

Yty = ey " an
n=0

If a_y = a_y = 0 the first derivative is

e'w“{z —(lwlan + (p+n - 1)an1)t””}

n=0
and the second derivative is

n=0

e_|w|t{2(|w|2an + |wl2u+2n—1a,1+ (p+n—1)(g+n— 2)an_2)t_”_“}.

Substituting into the equation, dividing by e~"*, and equating coefficients of t*~! we obtain
p+ 5 =0.
For k = —% the first of the equations is
2
1 [tdwﬂ n_ 1] yoniz Pl (s +m)?

—n/2
2 2 ¥ '

2|7 dt 2
This is the equation just discussed except that —m is replaced by m. Thus if |k| = 5 then
PrE(t) = t‘k‘e_‘“"t<1 + O(%)) as t — 00.

During the preceding discussion we have assumed the existence of H and thus the
existence of solutions of equations which satisfy the required growth condition. We
continue with our discussion of this assumption. Since 0 is a singular point of the first kind
for the first equations of there is an N such that, for all k, ¥*(t) = O(%N) ast — 0.
Thus

0% (u) = / h YR dt
is defined for Reu sufficiently large. These0 functions satisfy the difference equations
[w0"(u+2) = [(u—k+1)* — (s + m)?*]0" (u) + 2icwd* " (u+1)
(w0"(u+2) = [(u+k+1)* — (s —m)?|0"(uv) — 2idw0""" (u + 1).
Lemma 5.3. If |k| = 5

2 r u+1+s+|k—m)| r u+1—s+|k+m|
lw| 2 2 '

then 0% (u) is a multiple of
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Since § > |m| the second of the difference equations is, when k = %, just

lw|?0% (u + 2) = <u+1+3+’g—m‘) (u—l—l—s%—‘%—l—m‘)ﬁ%u)

which is an equation satisfied by the function of the lemma. Thus the inverse Mellin
transform of that function, which is bounded by a power of ¢, satisfies the differential

equation determining /™2 and must be a multiple of ¢"/2. A similar argument proves the

lemma when k£ = —%.

Lemma 5.4. If |m| = % the functions
() 2t [ iw ’“‘%F utltstlk—m\ (utl—s+[k+ml
lw]* \ |w| 2 2
satisfy the difference equations. They are the only solutions of the equations for which

HS/Q(U) Qu F(u+1+52—i—‘E—m‘>r<u+1—32+‘§+m|>.

= Jwle

The uniqueness is evident from the form of the equations. It is convenient to treat the

cases m = 7 and m = —F separately when verifying that they satisfy the equations. If

m = 2 then |w|?0f(u + 2) — 2icywby " (u + 1) is equal to
ou (m)’f‘?
Jwl* \ |w]
X {<u+1+s+g—k)(u+1—s+g+k) —2(g+k)<u+1+s+g—k>}

Xr(u+1+z+%—%jr(u+1—z+§+k)

= (u—|—1+s+g—k)(u+1—s—g—k>9§(u)

and |w|?0% (u + 2) + 2d, w05 (u + 1) is equal to
2 <¢w>k‘3
wl* \ [w]
X {(u%—l—l—s—l—g—k) <u+1—s+g+k> —2(g—k)(u+1+s+g—k)}

XF(u+1+z+§—k)r(u+1—z+%+k)

or
(u+1—s+g+k‘) <u+1+s—g+k>«9§(u).

It is not necessary to treat the case m = —4 because the equations are not changed if o is
replaced by 7%, m by —m, and w by —w.
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Corollary. The quasi-simple irreducible representation 7 is contained in p(§) if and only
if ™ is infinite-dimensional.

It is enough to show that ¥ is contained in p°(€) if and only if 7° is infinite-dimensional.
Suppose H is a finite-dimensional invariant subspace of L°(¢). Let 7 be the restriction of
p°(€) to L°(€) and let T be the representation contragredient to 7. If X, = (§ %) lies in ¢°
all the eigenvalues of 7(X,) must be zero because 7 is finite-dimensional. On the other

hand if 3 is the element of H, the dual space of H, defined by o(p) = (1), p € H, then

so that —izw is an eigenvalue of X,. This is a contradiction.
Suppose 7 is deducible from 7,. Let W be the set of all functions in L°(¢) sat-

isfying p(D)p = o, p(D)p = L=, and w(g( "0 ff)) = (=1)*"p(g). If
0 ={n|W,#{0}} then W =3 _,W,. Combining the results of the previous lemma
with the arguments used to prove Lemma 5.3 one sees that when § = |m/| the equations
have a solution satisfying the desired growth conditions. Thus W,, is not zero for n = ’%|
Although it is not important at present, I observe that if s —m is integral then W)y, is also
not zero. The proof of Lemma 5.2 shows that W, is irreducible under u’, the Lie algebra of
U°. Consequently every invariant subspace is of the form W(o) =" _ W, where o is a
subset of #. Suppose gy 2 03 and W (oy) and W (o3) are invariant. Let ng € oo, ng ¢ 03.
There is a minimal element in {a } W (o) is invariant, o3 C o C 0g, ng € 0y }; let it be o;.
There is a maximal element in { o | W (o) is invariant, o3 C 0 C 01, ng & 0 }; let it be o5.
The representation of 2% on W (ay)/W (o3) is irreducible. Thus there is an irreducible
representation deducible from the representation of A° on W (oy)/W (03). Suppose W
itself is not irreducible and let W (coy) be a proper invariant subspace. If W (o;) were not
irreducible there would be a proper invariant subspace W (o3). No two of the irreducible
representations deduced from the representations on W/W (ay), W (ay)/W (o2), W{(02) could
be equivalent because the restrictions to u& would not be equivalent. This would contradict
Lemma 4.4. For the same reason the representation on W/W (o) is irreducible. Thus either
W is irreducible or W contains a proper invariant irreducible subspace W; such that W/W;
is irreducible. Combining Lemma 4.4 with the earlier observations about finite-dimensional
representations one sees that if 7 is infinite-dimensional the representation of 2A° on W is
equivalent to 7 if W is irreducible and that if W is not irreducible the representation of
2A° on W is equivalent to 7°.
We return to the study of the functions ¥"(t).

Lemma 5.5. If s —m is not an integer then, near 0, ¥*(t) can be expanded in a series of
the form

wk (t) _ t\k—m|+1+s Z al;tQ;D + t|k:+m|+1—s Z b];t2p.

p=0 p=0
If s —m is an integer t and |k +m| —s > |k —m|+ s then

YF(t) = ittt N kg2 g gk tmi = jog £y " bk
p=0 p=0
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but if |k +m| —s < |k —m| + s then

Yr(t) =ttt log £y " gkt 4 gkt ime N S,
p=0 p=0

As before when k = 7 the second equation of is

2
1 ti _ E -1 wn/2 . t2|w|2 _ (S - m)2¢n/2.
20 dt 2 2 2

The indicial equation 1[A\—2 — 1]2 = —(5_27”)2 has the roots A\; = § +1 — s+ m and

Ay =2+1+s—mand A\ — Ay = 2(m — s). The series t* > peo apt? will satisfy the equation

2
n 2
{{)\i+p—§—1} —(s—m)2}cp— ]w[QCp,g.

if and only if
Since ’% + m| = 4 + m the assertion of the lemma for £ = % follows from an application of
the method of Frobenius.

To prove the lemma for general k we use induction and the equation

1), d ?

o) = o4 [ k= 1| g (s m) R — w2t ),
2t dt

The symbol A(t) will stand for a convergent series of the form 77 a,t* and B(t) will

stand for a convergent series of the form Z;il b,t*. The series represented by these symbols

will vary but not within a given formula. One has

2
2%{ {t% +k— 1} tIFFmIFLEs A() — (5 4 m)2RFmiTEs 4(4) — t2|w|2A(t)}

1
Y

If kK > +m so that |k — 1 Fm| = |k F m| — 1, this is of the form tlF—1Fml+1+s A(¢), TIf
k < +m then |k Fm| = £m — k and (]kZFm\—l—k::I:s)2 — (s+m)? = 0 and it is of the
form t*=1FmI+1%5 B(¢) because |k — 1 F m| = |k F m| + 1. The first statement of the lemma
follows immediately.

If F(t) is any function

{[(‘k‘ == m’ +k+ 8)2 . (S + m)?] a0t|k:Fm\+1j:s =+ tlk:Fm+1isB(t)}.

[t% k- 1} logtF(t) = F(t) + logt [t% k- 1} F(t)

and

d 2 d d ’
|:ta+k—1} logtF(t):2{ta+kz—I]F(t)—l—logt[t%—i—k—l] F(t).
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Thus

1 d ’ [kFm|+1Es
% t%+k— 1] ¢ log tA(t)

— (5 + m)2EFmIIES [0t A(f) — 2|2 |og tA(t)}
is equal to the sum of a term of the form t/*~1Fm+1+s 100 A(¢) and
1
(B) ;{ (Ik Fm| £ s+ k)thFri+=eg, 4 t"“ij'“isB(t)}

Suppose s — m is an integer and the assertions of the lemma are true for a given
k. Let |k ¥ m| s > |k £ m|F s (Either all the top signs or all the bottom signs
are taken). If (|[kFm|=+s) — (Jk£m|Fs), which is an integer, is at least two then
|k Fm|+s>|k—1+m|+1Fs and the expression is of the form tlF=1¥mI+1Fs  Gince
|k — 1 F m| + s will still be greater than or equal to |k — 1 & m| F s the induction goes
through.

The remaining possibility is |kFm|+s = |[k+m|Fs. If & > Fm then |k—1£m| = |k+m|-1
so that |k —1Fm|+s > |k—14m|Fs and the expression (B)) is of the form ¢/F=1#mI+1Fs A(¢),
If k> +mthen |k —1Fm|=|kFm|—1sothat |k —1+m|Fs>|k—1Fm|Ls and the
expression is of the form ¢*F—1FmiF1Es A(3),

Thus we have only to treat the case that k < Fm, k < £m and |k Fm|L£s= |kt m|Fs.
Then |k Fm|=+tm—kand |k+m|=Fm—ksotm—-—kEts=Fm—kFsorm+s=0
and [k Fm|+ts+k==x(m+s)=0. Thus |k —1Fm|+s=|k—1+m|Fs and the
expression is of the form tF=1EmI+1Fs 4 ().,

Let 1(t) be the function with components ¥*(¢). If 2¢ is an integer and z is a fixed
complex number set

o0 1 Am ) ; 0 .
O(u, ;) _/ _/ eztRo(er)¢(t)Un €2 _Oﬁ i g9 \pu-1 gt
0 4z Jo 0 e 2

The integral converges for Re u sufficiently large. The kth component of 0(u, ¢; z) is

00 1 4 ) . '
0" (u, b, 2) = / o / R ik=0) g Lk (£)4u 1 dt.
0 47 0

Lemma 5.6. For each ¢ and z the function
0% (u, 0; 2)
ut14s+[0—m]| u+1—s++m|
e L G

is an entire function of u. Moreover 0%(u,l;z) is bounded in any region of the form
|[Reu| < constant, [Imu| > constant > 0.

Let m(t) be an infinitely differentiable function with compact support on the real line
which is 1 in a neighbourhood of 0. Then 6*(u, ¢; z) is the sum of

00 1 4 ) ; )
@“(u,&z) :/ —/ it Re(e2) gi(k=0) g9 wk(t)t“’lm(t) dt
0 4 Jo
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[e%s) 1 4 ) " ]
/ — / e/ R eih=0) g SR (1)t (1 — m(t)) dt.
0 A Jo

The second integral defines an entire function of u which is bounded on vertical strips so it
will be enough to prove the lemma with 6% (u, £; 2) replaced by 6 (u, ¢; z).
The inner integral is equal to

< (i) 1 ar ' '
Z (Z ) / (67'92 + e—zez)rez(k—Z)O do.
0

e
r:02r. 47

and

It is zero if k — ¢ is not integral. If k — ¢ is integral let A be the set of integers r satisfying
i) 7 > |k — ¢| and (ii) =% is integral. Then this expression equals
2
(Zt)r ZrJrEfk 2T+kf€

Z 2r <r+§—k),<r+§—4),'

reA

If a real number c is given there is an R such that

00 )" r+l—k >r+k—4
0 27 (rl=k \y (rtk=C )]
:g% p) . 2 .
is analytic and bounded for Reu > ¢. We need only study the analytic properties of
/ GOEF ) dt e A
0

The same observation when combined with Lemma 5.5 shows that when s — m is not an
integer we need only study

/ t\k:l:m|$s+r+u+2pm(t) dt relA ped, p=0
0

and that when s — m is integral and |k Fm|+ s > |k = m| F s we need only study

/ t\kim|:|:s+7°+u4r2pm(t) dt relA peZ, p=0
0

and -
/ tIRFmiEstrut2p, (1) log t dt relA peZ, p=0.
0
The second assertion of the lemma is going to be obvious and only the first will have to be

dealt with explicitly. The first is going to follow from the observation that if s —m is not
an integer the denominator in the lemma has poles of order 1 at —1 Fs—|[{Fm|—2, q € Z,
q > 0 and no zeros and that if s —m is an integer and |¢ Fm|+ s > |{ +m|F s it has poles
of order at least one at —1 + s — [¢ +=m| — 2¢q and poles of order two at —1F s — |{ F m| — 2q,
q€l,q=>0.
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It has to be shown that these poles cancel the singularities of the numerator.

M) dt = ——— / totet L (1) dt
/0 () a+u+1 )/, ()

0o -1 0o
/0 t** log tm(t) dt = m /0 [(CL +u+ 1)ta+u+1 logt — ta+u+1} m/(t) dt.
Since m/(t) vanishes near 0 the first integral has at most a pole of order one at —(a + 1)
and no other singularities while the second has at most a pole of order two at —(a + 1).

If s —m is not an integer the lemma will follow if it is shown that, for r € A, |[k+m|+r =
|0 +m|+ 2q, ¢ € Z, ¢ > 0. This is so because r = |k —{| +2p, p € Z, p > 0 and
|k +£m| + |k — €] — |¢ = m| is a non-negative even integer. If s — m is an integer one has to
show in addition that if |¢ Fm| — | £ m| £ 2s > 0 and |k £ m| — |k Fm| F 2s > 0 (either
all upper or all lower signs are taken so there are only two possibilities) then

lktm|Fs+|k—Ll =[{Fm|E£s+2q q€Z, q=0.
The left side is

\kFm|£s+ k-0 +{|k+tm|—|kFm|F2s}.
The expression in brackets, which is a non-negative integer, is by assumption positive.

If 7 is an infinite-dimensional irreducible quasi-simple representation of 2 let L(§, ) be
the unique subspace of L(£) such that the restriction of p(£) to L(§,m) is equivalent to 7.
It follows from the proof of Lemma 4.4 that there is an w such that 7 is equivalent to =,,.
As usual let wi(a) =w((§9)), wa(a) =w((§2)) for a € C* and let w;(te”) = t*ie™™:? for
t> 0.

If n is any character of Ac then 7 is the character defined by ﬁ((”‘l 0 )) = 77((CY2 0 ))

0 a2 0 a1

If ¢ is a character of A such that ¢((§2))w((§9)) = 1 and u and ¢ are defined by
<(<t1/28w/2 t_l/Qg_w/Q )) = t%e™ then ( is uniquely determined by u and ¢ and we shall

occasionally write ¢ = ((u, ¢).

Lemma 5.7. Suppose ¢((§2))w((§2)) =1. If ¢ € L(&,m) and ¢ = ((u,l) the function

el I te? 0 te’ 0 dt

s defined for Reu sufficiently large. Set

®
B'(g.C. ) = (9,¢. %)

u+1+s+[+m| utl—s+[t—m|\
(e (e

Then @' (g, C(u,l), gp) is an entire function of u and <I>(g, C(u,l), gp) is bounded in regions of
the form |Reu| < constant, |[Imu| > constant > 0. Moreover

(2) (3 o) rm(2) (2 oo

if y(€,m) = (=11 for |€] > |m| and (¢, m) = (=1)'"** for [¢] < |m].
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It is enough to prove the lemma for ¢ in L({,7),. There is a ® in V,, such that if
g=a(}%)u with a = (tlewl 0 ) and u in U then w((tegﬂ 0)g)(<(t€i9 0)) is equal to the

0 tgetf2 1 0 1
product of

8 Re(et 17%2)wz ‘ ! 6‘
litl (¢i(001-02) ) /tt1t2€z(9+9 +062) 0 t 6 0
e w 0 VI Taei(0+01+02) ¢ 0 1

and

t GM 0
(0 g On 0 ei(92—29—61) u|P

which equals the product of

(64671 —62)
, [tty i H01=%2)
C_l tlezel 0 l’:ﬁl Re(ei(0+61+02)wz)c to € 0
. e t2
0 .(09—0—6
0 toeif2 0 /tttz ez¥
1

(0407 —05)
tt . 0
Yl — |on (01-6-05) | U .
0 el 2

and

Consequently @(g, C(u,?), go) is equal to

-1 tleiel 0 _
¢ ( 0 toei® O(u, —l, wz)o,(u)d.

The first two assertions of the lemma follow immediately.

If n = ¢! the maps
» — (I)/(g757<)0)7

p— <I>’<(_[1) é)g,Cm)

are easily seen to be 2f-invariant maps of L(&, ) into L(n). It follows from Lemma 5.1 that
one is a multiple of the other. To see what the multiple is choose ¢ = 1 and ¢ as above
with ® = 9,. Then
~ 0 (—u
(I)/(l, ga @) = r —u+1+s+|€—m|( T )—u+1—s+|€+m|
2

2

- (i) (o)

if the functions ‘(u) are normalized as in the appendix.




LETTER TO ANDRE WEIL, PART 2—1967 45

Since O'n( _(1) (1))5( = (—1)%+€5_g,
(01 B (=1)270""(u)
P ((_1 0)7C7¢> - F(u+1+s;r\€+m\>F<u+1732+|€fm|)
_ ()5 2 \“ (w3
(2 ()

Taking § = |m] if [¢| < |m| and § = || if |¢| > m we see that

(i) #((5 o) =mem() (i) W

because as is shown in the Appendix, fi»(u) =1 and, as is shown in Lemma 5.4, fi(u) =1
if 2 = |m|.
2

Appendix. Unfortunately the preliminary material of this paragraph was not sufficient to
give the constant occurring in the functional equation. A little more information about the
functions 6% (u) is necessary. Normalize them by setting

gy — (2 ) pfUtit st o mp(utlos g my
|w| 2 2

It is an immediate consequence of the difference equations that none of the functions 6% (u),
k| < %, § —k €Z, can vanish identically.

Lemma A. Let a = min{2 — |k|,2 — |m|}. Then 6*(u) is of the form

2\"/iw\"2 fu+1+s+|k—m] u+1—s+|k+m|
soo(f) () (e ()

where fi(u) is a polynomial in u of degree ay. Its coefficients are polynomials in s which do
not depend on w.

We shall show that if %(u) is of this form with a polynomial of degree 3, the same is
true of #*~1(u) with a polynomial of degree 3,_; where (3, 1 — B < ap_1 — . This is
enough to prove the lemma because Bg =az=0 and if By, were less than oy, for some kg
then Sy would be less than oy for all succeeding k. Since _z = 0 this is impossible.

u . ﬂ_(k_l)
The first difference equations show that QCk% <%> ’ 0%~1(u + 1) is the product
of

%fk(u—i-Q)[u—i-l—l—S—i—‘k—mH [u+1—s+|k+ml]

—%fk(u)[u—k:+1+s+m][u—k:+1—s—m]

1 — 1—
F(u—i— + s+ |k m])r<u+ 8+\k+m|>'

and

2 2
If £ > |m| then ax_1 = ap + 1, |k — 1 £ m| = |k £ m| — 1, the second factor is

F((u—l—l)—l—s—l—|k—1—m\)r((u—|—1)+l—s+]k—1+m|)’

2 2
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and the first factor is a polynomial in u and s of degree at most 5y + 1 in w.

Suppose |m| > k > —|m|, such that a, = ag—;. Let £m > 0. The first factor is the

product of w

frlu+2)[u+1Fs+kFm| — filw)u—k+1FsFm]
which is a polynomial of degree at most 5. Moreover |k—1+m| = |k+m|—1, [k—1Fm| =
|k Fm|+ 1, and |k & m| = £m — k; so the product of “H=2Em=k anq the second factor is
r (u+1)+14+s+|k—1—m| r (u+1)+1—slk—1+m]|
2 2 '
If =jm| >k >4 then|k—m|=m—k m+kl=-m—-Fk |[k—1-m|=|k—m|+
L, k=14 m| =|k+m|+1, and ay_; = a — 1. The first factor is the product of

“_k+1+5+m> <“_k+12_5_m> and 2(fr(u+ 2) — fir(u)) which is either zero or a polynomial of

and

2

degree at most 3, — 1. Moreover the product of (“_k+12+5+m> (“_k“_s_m) and the second

2
factor is

F((u+1)+1+s+|k:—1—m])r<(u+1)+1—s+]k—l—l—m])

2 2 '

It follows from the corollary to Lemma 5.4 that the equations and thus the difference
equations have a solution at least when s — m is not an integer. We could have used
the same ideas to show that they had a solution for all s and m. This also follows from
the above lemma. To indicate explicitly the dependence of fy(u) on s and m we write
fr(u) = fi(u,s,m). The function f_x(u,s,m) is independent of u.

Lemma B.
fon(u,s,m) =1.

For the proof we observe that the functions

0 (u) = fr(u, s, —m) (\wil)n <_|%> k=3

XF(u+1+32—|—|k‘—m|>r<u—l—1—32+|k+m|>

also satisfy the difference equations. From uniqueness and the relation

520) = g las, =) (— ) 0w

we conclude that

or
f*k<u7 S, _m) = f*%(uw S, _m)fk:(u7 S, m)
Choosing k = —4 we see that

fon(u,s,—m)fon(u,s,m)=1.
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Since both terms on the right are polynomials in s they must be independent of s and
_n(u,s,m) = €(m).
When s = 0 the difference equations do not change when m is replaced by —m. Conse-
quently fi(u,0,—m) = fr(u,0,m) and

fok(u,0,m) = e(m) fr.(u,0,m).

If m is an integer we can take k = 0 and conclude that ¢(m) = 1. If m is a half-integer take
k= % Then ¢, = "TH We have just seen that if £m > 0,

1
2

n+1)f (u+1,0,m):fé(u+2,0,m)[u+1im+%] —f;(u,(),m){u+1—%$m}

= [f%(u—l—Q,O,m) —f%(u,O,m)] [u+ 1]+ [f%(u—i—Z,O,m) —|—f%(u,0,m)} [[m\ + %}

The degree of both sides is % — |m|. Let a be the coefficient of 2=l in f%(u, 0,m). The

coefficient of 42l in the polynomial on the left is (n + 1)e(m)a. The coefficient of /™!
in the polynomial on the right is 2(% — |m|)a + 2(|m|+ §)a = (n + 1)a. Thus e(m) = 1.

6. THE LOCAL FUNCTIONAL EQUATION AT A NON-ARCHIMEDEAN PRIME

Let K be a non-archimedean local field, let O be the ring of integers in K, and let 7 be
a generator of the prime ideal in O. Let Gx = GL(2, K) and let Go = GL(2,0). If A is
the group of diagonal matrices and N the group of matrices of the form

(1)

then the Haar measure on G may be so normalized that

5 f(g)dg = /AK/AO 1da /NK dn/Go dk f(nak)

. aq 0
a={0 o)
The Hecke algebra H is just the algebra, under convolution, of functions on G/ which have

compact support and are bi-invariant under Go. Let H be the algebra, under convolution,
of functions with compact support on Ay /Ao which satisfy

fla) = f(@).
52
a= <062 c?l)’

Ckli

(%)

If

a

then
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Lemma 6.1. If f € H and a € Ak set

1/2
Oél/

fla) = o f(an) dn.

Nk

The map f — J? is an isomorphism of H with H.

To show that f lies in H one has to show that f(a) = f(a). This is clear if a = @, so
suppose a # a. Since a is conjugate to @ in Gk the integrals

/ flg " ag)dg
Ar\Gk
/ flg~"ag) dg
Ar\Gk
are equal if they exist. But

/A e f(gtag) dg = /N dn /G ) dk(f(k'n"'ank))
[ sty

A simple change of variables shows that the last integral equals

and

1/2
Q2
aq ~
f(a).
_ o
a2
Combining this with the relation
1/2 1/2
a2 a1
aq a2
‘1 a ‘ _a
o aq

one sees that f(a) = f(a).
If f= f1* fy then

Fo) = |2

1/2 B
E /]VK{ Gr fl(b’l)g)f2<g )dg} dv.

The Haar measure has been so normalized that this equals

1/2
& /AK/AO da/NK du /NK dv{fl(bvua)fg(a—lu—1)

aq

-1
B }
Simple manipulation shows that this equals

B 1z r
5 / da{ f1(bav) dv}{ fola™ ) du} = f1 * fo(b).
2 Ak /Ao Ng Ng

(&%)
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Gk is the disjoint union of the double cosets

GO (7‘(‘0 7_?”) GO = Goa(m, n)GO m < n.

The characteristic function of such a double coset will be denoted by fi, . If a(m’,n’)Ng
meets Goa(m,n)Go then m +n =m' +n' and m < m’; moreover
a(m,n)Ng N Goa(m,n)Go = a(m,n)(Go N Nk).
Thus fm,n (a(m/,n’)) = 0 unless m +n = m’ + n’ and m < m! Moreover
fmn(a(m,n)) = 1.

It follows readily that the map f — fis an isomorphism. Consequently every homomorphism
of H into C is of the form

ol f) = / T do

where w is a homomorphism of Ay /Ao into C*.
If n is a homomorphism of A into C* let 7, and 7y be the functions on K* defined by

m<a>:n<<§ ?)) nz(oz)zn((é g))

Lemma 6.2. Let n be a homomorphism of Ax into C* and w a homomorphism of Ay /Ao
into C*. There is up to a scalar factor at most one function ¢ on Gy satisfying

((‘?g plag) = n(a)e(g) for all a in A,
/G @(gh)f(h)dh = x.(f)e(9)
for all f in H. }

If there is any non-zero solution of this equation then 7,7y = wiws so that n; and 7, have
the same conductor. Let it be (7). ¢ is determined by its restriction to Ng. If y € O*

o AG) {6
(o 3))=o(G ) -+(6 7))

If z = 77" and b < a there is an « in O* such that (mod 7°) and 7;(a) # 1. Then

m<a>so<(é f>)=%0(((1) “(011)5)9”((5 1>)

so that
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To prove the lemma we need only show that if
then

for b > a. If O is the disjoint union J_, z; + (7) then Gpa(0,1)Go is the disjoint union

q
T X 1 0
g(o 1)GOU(0 7T)GO.

Thus if b > a

1 7t T T+ 1 = 6-1)

because (1 + 7’z) = 1.

Lemma 6.3. Let & be a non-trivial character of K and w a homomorphism of Ak /Ao
into C*. Apart from a scalar factor there is exactly one function ¢ on G which satisfies

(7)
v ( ((1) :16) g) = {(2)e(9)

/G o(gh) f(h) dh = xu(f)e(9)

(4)

for all f in H.

Suppose ¢ satisfies these relations. Take an Ax and set ¢'(g) = ¢(ag). The function ¢’
satisfies (ii). Moreover

~1
90/<<(1) T)g> = (é “ x1a2 )ag = &(a1 x a3 M) (9);
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thus if ¢'(x) = £(a; x a; ') it satisfies (i) with & replaced by &'. Assume then for simplicity
that O is the largest ideal on which ¢ is trivial.
If ¢ is to satisfy (i) it must be of the form

¢<(3 1)k> - ¢@)0(a)

with @ a function on Ax/Ap. The function ¢ is well-defined if and only if (x)®(a) = P(a)
when a;' x ay is in O. Thus ®(a) = 0 unless aja; " is in O. The relations (ii) will be
satisfied if and only if

™) : ((3 °) ) = i()en()2(a)

(B) /G o (gh) for () dh = xo(fo ) (g).

We can satisfy and the previous conditions while specifying in an arbitrary manner the
value of ® at a = (7 9), a > 0. will be satisfied for all g if it is satisfied for g = (75 9)
when it becomes

So((5 7)) 2[5 2)) - simne( (7 1)

If a < —1 all terms on both sides are zero. If &« = —1 the right side is 0 and the left side is

@0 )~
If @ > 0 the left side is

qso<<”a0“ ?)) +w1(ﬁ)w2(ﬂ)s&<(ﬁ:1 ﬁ’))

Some simple algebra then shows that (ii) will be satisfied if and only if

(X) i ﬂQN/Qq)((%n (j)) - (1 —wl(n)x)l(l —w2(”)m)®<((1] (1))>

n=—oo

The lemma follows.
If (77°) is the largest ideal of K on which ¢ is trivial let (g, w,£) be that solution of (i)
and (ii) which takes the value 1 at (7 9). If {'(z) = £(8z) then

p(g;w, &) = w((g ?)g,wf).

Let ¢ be a character of Ag such that (;(o = w;'w;y ' Set (1(a) = (o(a)|a]® where (o(7) = 1.
¢ is uniquely determined by s and (5 and we shall sometimes write { = ((s, {p)-
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Lemma 6.4. Let ( be a homomorphism of Ak into C* such that (1(s = w1—1w2—1' If
¢ =((s,¢o) the function

@(Q,C;w,f):/l(xs@«g ?)m%f)(((ﬁ ?))dxa

s defined for Res sufficiently large. If (o = 1 then
(g, w,§) = (1 — —W1<7;2/<21(7T)) (1 — —w2(23§;(ﬂ))¢(9,é;w,5)

is, for each g, a polynomial in ¢° and q=* and if (7=°) is the largest ideal on which & is
trivial then

g(ﬁ)@/(( 0 3)g,<,w5> = G (9. Cown )

where E((%l 0?2)> = Q((Off 0 )) If 6 = 0 then

(1, Gw,§) = 1.
If the conductor of (o is (77), v > 0, and

sen = [ o5 )ata)

—S

then ®(g,(;w, &) is a polynomial in ¢° and ¢—° and

Gu(m7*?) 0 1 C1(7r7+5)
9(&,¢) (D(( 1 0)““ 5) = =D ®(g,C,w, ).

If &(z) = &(nPx) then

- cb(%@%é’)/}(ﬂ((ﬁa 0) W E)C((ﬁ ?))dxa

= (N (@) ®(g, G w, €)
and g(¢',¢) = g(&,(); so it is enough to prove the lemma for 6 = 0.
If g=a({i)k witha= (9 2 ) in Ax and k in Go then

0 as

/;@0((3 ?)%M)c((g ?))dxa
(5 D) LAG DG - (6 D)

Because ¢((§9)(§7);w, &) =&(az)p((§9);w, &) the function

(66 2)=) (6 2

is equal to
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has, for a given x, compact support on K*. Since the integral

(5 )6 D=6 D)

exists for Re s sufficiently large so does that of the lemma. Moreover the difference between
®(g,(;w, ) and this expression is a polynomial in ¢° and ¢=*. If {; = 1 the expression

equals
(s ) £ 1) )

qi72 9172

and if the conductor is (77) and v > 0 it equals zero. All assertions of the lemma except
the functional equations follow.

Let n = ¢'. TIf ¢, = 1 then @f((_gg))g,c;w,g> and @'(g,C:w,€) both satisfy the

assumptions of Lemma 6.2. Since they both take the value 1 at ¢ = 1 they are equal. If
the conductor of (; is (77) and v > 0 then

q><<é B )Cws) [ ttar ((O 1) 5)@((“ 0)>dx

The last integral is easily seen to equal g(&, Z ). Since

()l )= )6 ) )

the value of @((_? o) Q;w,f) is (CHEN G ()G (=1)g(E, ¢). The functional equation
again follows from Lemma 6.2.

7. THE MAIN THEOREM

Let k be either the rational number field or the field of rational functions in one variable
over a finite field and let K be a finite separable extension of k. Let S, be the set of
archimedean primes of K. Let A be the adele ring of K and let I be the group of ideles.

If R is any commutative ring with unit let G be the group of 2 x 2 matrices from R
which have a determinant which is a unit of R. A will be the group of diagonal matrices in
Gr. If p is a non-archimedean prime let Uk, be Go,, where O, is the ring of integers in K,
and if p is an archimedean prime let Uk, be the group of unitary matrices which lie in G, .

Lemma 7.1m. There is a constant co such that if g belongs to Ga there is a v in Gq such
that max{|c|,|d|} < co|det g|"/? if v, = (25).

5(1998) As observed in the comments this lemma is not what is needed. Indeed, neither it nor its proof
make much sense. The correct lemma, which there is at this stage no need to state, would replace max
{lc|,|d|} by 11, max{|c|y, |d|y }. See Lemma 5.1 of the following letter.

6(2023) Editorial comment: The letter to which the author refers in the previous footnote is this long one
to Hervé Jacquet: https://publications.ias.edu/rpl/paper/55.
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Fix a measure on A. This determines a measure on A & A. K & K is a discrete subgroup
of A® A and the quotient A @ A/K @ K has finite measure ¢;. The lattice Lg = (K @ K)g,
is discrete and the quotient A @ A/Lg has measure c¢;|det g|. The non-zero elements of Lg
are, for all practical purposes, the last rows of the matrices 7,4, v € Gq. There is a positive

constant ¢y such that the measure of { (x,y) ‘ max{|z|, [y|} < do } is at least cod?.

Let ¢y be any number larger than 2, /z—;. If Lg contained no non-zero (c, d) with

maxc{[el,d]} < eoldet g2

the measure of the projection of { (z,y) | max{|z|, |y|} < 2|det g|"/? } on A® A/Lg would

be greater than ¢;|det g|.
£ will be the space of functions ¢ on Gx\Ga satisfying conditions (i), (ii), and (iii) below
(i) If U =[], Uk, then ¢ is U-finite on the right.
(i) If p is an archimedean prime the function ¢(hg), g € Gk,, is infinitely differentiable.
If p is any such prime let %I, be the universal enveloping of G, . If, for each p, X, belongs

to 2, the function {Hp p(Xp)}go is defined.
(iii) If ¢; is any constant there are constants M; and M, such tha

1 |det g|'/?
X <M det g| + }
];[p( ») pp(9)| < M {| 9+ T3ty {max{\cl,ldl}

on the set max{|c|, |d|} < ¢1|det g|'/2.

If p is a non-archimedean prime the group G, operates on £. If p is a complex prime 2,
acts on £. If p is a real prime let o, be the element ((1) 7(1)) of G,; the pair {o,, A, } acts
on £.

If p is a non-archimedean prime, a representation of G, on a vector space H, will be
called quasi-simple if the isotropy group of every vector in H, is an open subgroup of Gk, .
It follows from Lemma 6.1 that the space of vectors whose isotropy group contains Ug, has
dimension at most 1 if the presentation is irreducible.

Suppose that for every prime p we are given a quasi-simple irreducible representation
of either G, , 2, or {0y, %,}, according to the nature of the prime, on a vector space H,.
Suppose there is a finite set Sy of primes which contains S., such that if p is not in S
there is a non-zero vector in H, which is fixed by U,. For each p not in Sy choose such a
vector Xg. If S contains Sy let Hg = @), .o Hp. If S3 2 51 D Sy let dg,.5, be the injection

Mo

pes

of Hg, into Hg, which sends @) g, Xy to
X% | & %
peST peESe—S1

and let H be the injective limit of the spaces Hg. Let 2 be the system consisting of all the
Gk,, p not in S, Ay, p complex, and {0y, A, }, p real. The system 2 acts on H.

See previous footnote.
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For our purposes a divisor D is just a function p — m, from the non-archimedean primes
to the non-negative integers such that m, = 0 for almost all p. p|D means that m, > 0 and
p 1 D means that my, =0 or p € S,. If p is not in S let U[l?p be the set of (‘Cl 3) in Uy, for

which ¢ = 0 (mod p™) and let UP = [Tpgs.. U[%.ALet [71% be the set of (¢4) inAU}()p for
which a =d =1 (mod p"™) and let UP = [Togs.. UR,. UP is in the normalizer of U".

Lemma 7.2. There is a D such that HP = {x ’ m(u)x = x for all u in ﬁD} contains a

non-zero vector. Moreover HP is the sum of one-dimensional subspaces invariant under
Ub.

Although we have not troubled to be explicit it is clear how H)J§E s.. Gk, operates on H.

Given any divisor D let U [[(’p be the set of (‘cl 2) in Uk, which are congruent to / modulo p™»
and let UP = [Toes.. (7[%. Given x # 0 in H there is a D’ such that UP" is contained in the
isotropy group of x. Choose for each non-archimedean prime an o, so that (o) = p™ and
set g = [T,gs. (¥ 7). Then, if m, = 2mj and D is the divisor {m,}, gUPg" is contained
in UP" and UP is contained in the isotropy group of 7(g~1)x. The second assertion of the
lemma is immediate because UP/ UP is a finite abelian group.

If € is any homomorphism of U” into C* which sends UP to 1, let

HP = {x ‘ 7(u)x = e(u)x for all u in UP }

€

¢ is determined by its restriction to the diagonal matrices. Let ¢ be the homomorphism

satisfying g((g 2)) =€<(g 2)>

If g is any matrix in G4 such that g, = I, ifp € Scorpt D and g, = (O?p (1)) with (o) = p"
if p|D then gUPg~! = UP and n(g)HP = HP.

Let $ be a subspace of £ such that the representation of 2 on §) is equivalent to that
on H. We want to study some of the Dirichlet series associated to $. Let $H be the
subspace of § corresponding to H”. We suppose that H” is not {0}.

Choose a non-trivial character ¢ of A which is trivial on K. If ¢ belongs to £ set

Polg) = measurtle(K\A) /K\A90<((1) T)g) dzx,

ei1(g) = measuri( A /K \Asf)((é f) g)ﬁd:p.

By the Fourier inversion formula

ol9) = polg) + 3 —gm((g‘ ({)g).

aceKX

Let G§ be the set of all g in G such that g, € UZ if p|D. Since Ga = GG, any function
in £ is determined by its restriction to G%.
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If p is a non-archimedean prime which does not divide D and ¢ belongs to $ then ¢
must be an eigenfunction of the corresponding Hecke operators. Let it be an eigenfunction
corresponding to the homomorphism w,. Varying ¢ in $7 does not change w,. It follows
from Lemmas 3.2, 5.2, and 6.3 that HP is spanned by functions ¢ for which

(5 ) = ad Ta( (% Do) 13 T (5 Dot petom

PESeo p¢S

for g in G%. a, is a constant which depends on a and «, is the image of a in K,. gp is the
projection of G on leD Gk, & is the restriction of { to K, and ¢,, p € S, is a function

in L(&, m,) determined solely by ¢. Let 1P = { v € I ||| =1if p|D }. If B lies in K*NIP
then aqs = €(($9))aa-

We shall only consider those ¢ for which the functions o1 ((§9)g) are of the above form.
©(g) is the sum of ¢g(g) and

S a5 Sa(( ) (57 D)

a€K*/KXNIP  BeK*NIP | p€Ss pESco
ptD
Bo 0
XE((O 1 gD

if Bp is the projection of S on Hp| . . In an appendix to this paragraph we shall discuss
the form of the function ¢y. Lemma E of the appendix will eventually be used to show that
© is the sum of a cusp form and a function which is represented by an Eisenstein series.
For the present we consider only the case that ¢q(g) = 0.

Then ¢(g) is a cusp form. Let 1 be the homomorphism of K*\I into C* defined by

@((g 2)9) = n(@)¢(9)-

It is no real restriction to assume that }n(a)‘ = 1 and we shall do so. It then follows from
the general theory of automorphic forms that ¢ is bounded.
If My = sup,eq, |¢(9)| and

M, = sup H ©p(9p) H ©(Gps Wy, Ep) ‘G(QDM
9EGR |peSee P2 Soo
ptD

then

M,

My’

If p # 0, as we certainly suppose, M is not zero. Of course it is not oo either for then all
the a, would be zero. In any case a, is a bounded function.

laq| <
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If the number M, is finite the function ¢(gy, wy, &) is bounded. Appealing to the formulaﬁ
at the top of p. 6.10 we see that the inequalities
(A) Jwpa ()] < |77 Jwpa(m)| < |72

must be satisfied.

If K is the real or complex field, = a quasi-simple irreducible representation of {o, 2} or
2 respectively, and ¢ a homomorphism of Ax into C* satisfying the condition of Lemma
3.6 or 5.7, let I'(¢, m) be the function defined by

(¢ m)(g9,¢0) = P(9,¢,0), @€ L(E ).

®(g,(, ) and ®'(g,(, ) are the functions introduced in Lemmas 3.6 and 5.7ﬂ (¢, m) also
depends on ¢ but we do not take this into account explicitly.
Let x be a character of K* N IP\IP. If s is a complex number define ¢ = ¢(s, x) by

<((‘g g)) = (o6~ Pxlas ™)

Let (, be the restriction of ¢ to Ag,.
Lemma 7.3. The integral

Joo (6 D0)e((6 )

converges absolutely for Re s sufficiently large and G in GX. It is equal to zero if

(5 D)D)

is not identically 1 in O). There is a constant M > 0 such that a, = 0 if |a,| > M for
some p|D. Consequently the series

> wlle((4 )

aeK* /K*NIP p|D

converges absolutely for Re s sufficiently large. Let R be the set of non-archimedean primes
which do not divide D for which (, is not trivial on Ap,. The product

H 1
pE5LUR (1 — wp1 (1) Goa (M) 7 [V/2) (1 — wp 2 (1) Gp o () | [ 1/2)
ptD

8(1998) labeled in this version in which the pagination differs from that of the manuscript.
n the digressions to establish notation we allow ourselves to use, in a new sense, symbols whose meaning
has otherwise been fixed for the course of this paragraph.
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also converges absolutely for Re s sufficiently large. The integral is the product of the above
two expressions with

HFCpﬂTp "(9p+ Cor ©0) H ©'(gp, G wps &) Hq)(9p=<pawp7fp) ¢(9p).-

PES pEScUR pER
ptD

According to Lemma 6.4 only a finite number of terms in the last product are different
from 1. The absolute convergence of the other infinite product follows immediately from
the inequalities . For each p the character &, is non-trivial. If p|D, x € O, o € K¢, and

g€} @1((3‘ g)g):w((ﬁ Dol T>)
w2 0)
w6 F)G ) o) 0

Thus if a, is not zero, a must lie in the largest ideal of K, on which &, is trivial. The
existence of the constant M follows immediately.
Recalling that, for almost all p, ©(gy,wp, &) equals 1 if g, lies in Uk,, we see that

Lo 90((3 ?)9)4 ((8 (f)) o

is at most the sum over K> /K> NI of the product of

L b o))

PESco

I [ fe((r Dmene o (5 9)) o

p¢S

If

this equals

and

Changing variables in the integral and recalling the product formula we see that the sum is

the product of
> laa|H<p((‘8 ?))

KX /K*NID p|D

107G ool (59)

and
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1, (5 Do) D)l

p¢S

and

The first term is certamly finite for Re s sufficiently large. The convergence of the integrals
over K, p € S, was proved in Lemmas 3.6 and 5.7. It remains to show that if Res
is sufficiently large each of the integrals in the infinite product is finite and the product
converges. It was proved in Lemma 6.4 that for a given p the integral is finite if Re s is
sufficiently large. Thus we can, in our considerations, drop any finite set of terms from the
product.

The first formulam on the top of p. 6.10 shows that if g, is a unit and O, is the largest
ideal on which &, is trivial then

LG Dpee)e((e D)

1

(1= lmf=) (1 = Im])
if Res > 0. The infinite product converges if Res > 1.
Thus the integral is finite. A simple formal manipulation which is now justified shows

that it is the product of
a, 0
> allo((3 1))

a€K*/K*NIP  p|D

is at most

1/ 9)e((5 9)
1 ((: 90 9)

1 /(5 e)e((2 )

p¢5

The remaining statements of the lemma are now just a matter of definition.

We shall be able to state the next lemma more succinctly if we first introduce some
notation. First let K be the real or complex field and let m be a quasi-simple irreducible
representation of {0, 2} or A respectively. Let £ be a character of K and ( a continuous

10(1998) Labeled for convenience.
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homomorphism of Ax into C* which satisfies the condition of Lemma 3.6 or 5.7. Define
(¢, &, ) by the relation

@’((_? é)gf, w) = €(¢. &, m)P(g,¢ )

The exact form of the factor is given in Lemmas 3.6 and 5.7. If K is a non-archimedean
field, w a homomorphism of Ax/Ap into C*, ¢ a continuous homomorphism of Ax into
C* which satisfies the condition of Lemma 6.4, and ¢ a character of K define €((, &, 7) by
the relation

cD/((—(l) 8).9’ anag) = E(C)ﬁaw)q)/(g’ Cawaf)

if ¢ is trivial on Ap and by the relation

@((_? (l))g, Zw;&) = €((, & w) (g, ¢, w, §)

if it is not. The form of this factor is given in Lemma 6.4.
Choose A in K* so that (A,) = p™ if p|D and set

Pl9) = ¢ gH(jp é)

p|D

$ lies in 2. If ¢ is the homomorphism of A into C* introduced in Lemma 7.3, let Z(x, )
be the product of

> %Hcp((i“f ?)) II TG m)

acKX/K*NIP p|D PESco

and

1

P¢gu% (1= apa(m)Goa (M)l V2) (1 = wpa(m) G2 () 7] /2)
ptD

Given ¢ the functions ¢, are determined only up to a scalar factor. Thus there is an

undetermined constant in the numbers a, and hence in the function =(s, x). However we

can certainly suppose that, for p archimedean, @,, the function associated to @, is the same

as ¢p. This assumption is implicit in the statement and proof of the following lemma.

Lemma 7.4. Z(s, x) is an entire function of s. It satisfies the functional equatiorﬂ

=(s,x) = H@((_(f " 9)) I1 e & m) [T e c)

p|D PESeo ptD

[

<_Sa (Xﬁ)_l)-

The integral in Lemma 7.3 is the sum of

v [ (6 Do)e( (5 9)) e

UZE (=5, (xn)™!) is the function obtained on replacing ¢ by 3.
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/|a<ﬁ"<(3 ?)g)c«fg ?))da.

The latter integral is equal to

) LG DG o) )rc(( )
@ Lol GG () )G ) e

If the first integral converges for Re s sufficiently large, as it does, it must converge for all
s. The resulting function of s is entire. Since the substitution of —s for s, (yn)~* for ¥,

@ for ¢, and (4 §)g Hmp>o((1) AS_ 1) for ¢ interchanges the integrals and ([C)), the latter

integral is also an entire function.
We conclude that the product of =(s, x) and

and

(D) H‘D'(gp,@,s@p) H '(gp, Cpr wps &p) H(I)(gp><pvaa§p) €(9p)

PES p¢ScUR PER
ptD

is an entire function of s.

It is clear that if p is an archimedean prime the function Z(s, x) is not changed if ¢ is
replaced by a non-zero linear combination of functions obtained from ¢ by operations of
{op,2,} or 2, according to the nature of the prime. Thus to prove the lemma we can
choose the functions ¢, in any way convenient. I claim that these functions and ¢ in G%
can be so chosen that almost all of the factors in (D]) are 1 and the rest are of the form
ae® with a # 0. It will follow that Z(s, ) is entire.

gp may as well be taken to be I. If we take g, = I for p ¢ RU S, p{ D then according
to Lemma 6.4 and the formulaH at the top of p. 6.12 each of the functions ®'(gy, ¢y, wp, &)
is of this form and all but a finite number are identically 1. If p € R then, according to the
formulae at the top of p. 6.12 and the bottom of p. 6.131—_3]

1 T
(I)(<O 1 )><p7wp7§p>
12(1998) Labeled (Y).

13(2023) Editorial comment: This is just before the start of section
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will be of this form for a suitable choice of v,. For a real prime choose g, = I and ¢, so
that the formulae on p. 3.37@ can be applied. For a complex prime choose g, = I and ¢,
as on pp. 5.28 and 5.29]1]

Now let us see what happens to the expression @ when the substitution mentioned

above is performed. The substitution replaces ¢ by ¢ and e by €. The factor €(gp) is not
changed. The functions occurring in the other factors are not changed but some of the

variables are. g, is replaced by < XP (1)) gp and (, is replaced by Zp Thus the expression (D]
is multiplied by

Hzpl<(é —?4,0)) H €(Gps &pr p) H €(Cps Epr wp)

ptD peESo PE¢Sco
ptD

which equals

HCP<<_64P (1))> H E(CP?fpﬂﬂ-P) H G(Cpafpawp)

p|D PESo ¢S
ptD
The lemma follows.
We want to prove a converse to this lemma. Suppose we are given the divisor D and
hence U, a homomorphism € of UP/ UP into C*, and a non-trivial character £ of A/K.
Suppose that we are given bounded functions a, and @, on K* such that

(G T ()

if 8 lies in K* N I”. Suppose moreover that a, = 0 if, for some p dividing D, o, does not
lie in the largest ideal of K, on which &, is trivial. We will also have to be given, for each
archimedean prime p, an irreducible quasi-simple representation of {o,,2,} or 2, according
to the nature of the prime and, for each non-archimedean prime which does not divide D,
a character w, of Ag, /AOp which satisfies

jwp i (m)] < 772 fwpa(m)] < 2.

If p is archimedean let 7, be deducible from 7. We shall also suppose that the homomor-

T (e ) (6 ) )

pPESs pZSeo
ptD

of I” into C* is trivial on K* N IP.

14(1998) Now p. 33.

15(2023) Editorial comment: The formulae in the table on p.|27| after “In all but the last line s — m is not
an odd integer.”

16(1998) At the very end of the chapter, just before the appendix.

17(2023) Editorial comment: P. Page 5.28 starts at “If n = ¢! the maps. . .".
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Lemma 7.5. Choose for each archimedean prime a function @, in L(&,, ). If g € GR the

> e 11 90%3((083 (1))%) 11 w((oé” ?)gp,wp,£p> ¢(9p)

aEKX PESoo PESoc

ptD
converges absolutely. Moreover the convergence is uniform on compact subsets of GX. Let
©(g) be its sum. If x belongs to K and x, lies in O, for p|D then o((§%)g) = ¢(g) and, if

a, B liein K*NIP, gp((‘é‘%)g) = p(g).

Choose a compact subset C' of GX. According to the discussio on p. 6.8 there is for
each non-archimedean prime p which does not divide D a number M, such that if g € O

@((O(é)p ?)gpva7€p> =0

if |op| > M,. Moreover almost all of the numbers M, can be taken to be 1. Because of the
assumption on the function {a,} the sum in the lemma can be replaced by a sum over a
finite set if K is a function field and by a sum over a lattice in K if K is a number field. If
K is a function field the first two assertions of the lemma are immediate. Suppose K is a
number field.

Combining the formulam at the top of p. 6.10 with our assumption on the magnitude
of the numbers wy 1 (7) and wy2(7m) we see that there is a positive constant b and for each
non-archimedean prime p which do not divide D a constant C, such that

ap 0 -
S0<(O)g 1)9137%75;1) < Gyloy|™

if g is in C'. For all but a finite number of primes C, can be taken to be 1.
Because of the product formula we are reduced to considering the sum

ST les e, ( (% Q)gp)

pPEScs

over the non-zero points of a lattice in K. On pageﬂ 3.9 and 5.9 we have discussed the
behaviour of the functions v(t) and ¥™/2(g) as |[t| — oco. The first of the equations
on p. 5.8 can be used to determine the asymptotic behaviour of all the functions ¥*(t).
In Lemmas 3.4 and 5.4 we have discussed the behaviour of these functions as |t| — 0.
Putting all the information together we see that these are positive constants ¢ and d and a

18(1998) Now following Lemma, 6.3.

191998) See previous footnotes.

20(2023) Editorial comment: The formula labeled X).

21Between Lemma 3.2 and its corollary and just before Lemma 5.3.
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Q O 7C —a|x
90p<(0p 1>9p> Qlay|~ce !

if g is archimedean and g lies in C'. The absolute and uniform convergence of the sum
follows.

The last two statements of the lemma can be proved for both types of field simultaneously.
If € K and z, € O, for p|D and a, # 0 then, by assumption, & (a,x,) =1 if p{ D. Thus

H & (apwy) = 1.

ptD

constant () such that

The product

10o((5 9)(6 7)e)
A5 )6 Dms) (0 7))

PESoo

ptD
is equal to
a, 0 ap, 0 1 xp
[T & () H%((O” 1)%) H@((Op 1)gp,wp,£p> 6((0 1>9D>-
ptD pESeo p&é%o
p

Since e(( 12D )gD) = e(gp) the relation ©((§¢)g) = ¢(g) follows.

The relation gp((g g>g) = ¢(g) for B € K* N IP is, essentially, one of the assumptions.

To complete the proof of the lemma we need only show that gp(( 80 ) g> = ¢(g) when S lies

in KX NIP. After replacing g by (0 1 )g in the sum defining ¢ we can change variables in
the summation, replacing a by o3~!. The sum becomes

5 ot Ta((3 o) 3 T o( (3 Donse ) o (% Do)

acK X% PESso pgsoo

The relation np((g (1)) g) = ¢(g) is thus a consequence of the assumption

aalg—1€<(60D ?)) = Uq-
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With the same choice of functions ¢, the function {@,} determines a function @. Of course
€ must be replaced by €.
Let x be a character of K* N IP\I” such that

X(ap)6<(06” ?)) =1

for p|D and o, in Oy. If s is a complex number define ¢ = ((s, x) as before by

4((3 2)) = n(B)las ™ (a5 ™).

The function =(s, x) given as the product of

> wlle((¥ ) T rem

aeKX/K*NIP p|D PESoo

and

1

p¢51;[UR (1 — wp,1 () Goa (M) 7 [V/2) (1 — wp 2 (1) G o () | [ 1/2)
ptD

is defined for Re s sufficiently large. If {a,} is replaced by {a,} and x by x~'n~! we can

define a similar function Z(s, x~'n™').

Lemma 7.6. If there is an A in K* with (Ay,) = p™ for p|D and if, for all possible choices
of X, Z(s,x) is an entire function of s which is bounded in vertical strips and satisfies the
functional equation

— —A, 0 = 1
E(s,x) = HCP(< Op 1)) H €(Gp» &ps ) H €(Cor &prwp) pE(=5,x 0 7Y)
p|D PESe pP¢Sco
ptD
then, for all g in G%,
[ (0 1 0 Al
¢ (A 0)9H(1 ; ) = ¢(9).
pID

Let ¢;(g) be the function on the left side of this equation and let IP be the ideles of
norm 1 in /”. We have to show that for each g in GX

(6 9 =+(G 3))

for all o in I¥. Since both sides are continuous functions on K* N I[P\ IP which is compact,
we just have to compare Fourier coefficients. Any character of IP” N K*\IP is obtained by
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restricting a character x of K* N IP to IF. Set

M(X,Q):LXOID\I(?SO<<3 ?)g)x(a) da,
Ml(X,g>:/KXm[D\IOD %((g ?)g)x(oz) da.

1(x, g) and ui(x, g) are both identically zero if X(Ozp)(f((o(‘)" ?)) # 1 for some p|D and some

@y in Oy Thus we need only consider the x satisfying the conditions of the lemma.

The functions
a 0
x(@)p (x7 (o 1) g)

x(a)m <><, (;“ (1)> g)

are continuous functions on IP\I” which is isomorphic to R* if K is a number field and
to Z if K is a function field. As in the proof of Lemma 6.3, the Mellin transform

/foDvDXW(X’ (G 39)'“'8“:/}@0@\#(@ (1))9>§<(3 ?)>d“

is defined for Re s sufficiently large and the Mellin transform

/IUD\]D x(a) (x, (g (1))9>|oz\sda
oo \ L0 1) \4 0 a1 {; 8_1 | (o 1) )de
e (GGG ) )G )

is defined for Re s sufficiently small.

To prove the lemma in the case of a function field we need only verify that both the
Mellin transforms are entire functions of s and that they are equal. In the case of a number
field we must show in addition that they are bounded in each vertical strip of finite Width@

As in Lemma 7.3 the first integral is the product of Z(s, y) and

which equals

(E) H(I)/<gp7€p790pa) H q)/(gp,gp,wp,fw H(I)(gpaga?wpagp) G(QD).

pPES PESoUR pER
ptD

R is the set of non-archimedean primes which do not divide D such that ( is not trivial
on Ap,. According to Lemmas 3.6, 5.7, and 6.4 each of the functions occurring in the
product is an entire function of s and all but finitely many are identically 1. Thus the first

22This seems to be the simplest condition which allows the application of an inversion theorem to establish
the identity of the original functions.
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Mellin transform is an entire function of s. The second is the product of Z(—s, x~'n~!) and

the factors
~ 1 0 , 01 ~
H Cp_l<<0 _Ap)>(1) <<_1 0)gp7gpa¢p>

PESo

~ 1 0 ; 01 ~
gSHR<p1<<O —Ap)>q) ((_1 O)QWCIJ;WP?&)
PEScU

ptD

(G 2)o((2 o) b

It is also an entire function of s and, by the definitions of the factors €((,, &, mp) and
€(Cpy &p, wp) together with the functional equation satisfied by the function =(s, x), equal to
the first Mellin transform.

One of the Mellin transforms is bounded in vertical strips of a right half-plane, the other is
bounded in vertical strips of a left half-plane. Thus to show they are bounded we can apply
the Phragmén-Lindel6f theorem for strips. The function m, a real, grows no faster than
an exponential in vertical strips so it is enough to show that we can multiply the Mellin
transforms by a product of functions of the form I'(as + b), a real, and obtain a function
which is bounded in regions of the form Res < constant, [Ims| > 0. By assumption
(s, x) is bounded in such regions. The factors in the product corresponding to the
non-archimedean primes were shown in Lemma 6.4 to be bounded in vertical strips of finite

width. If p is an archimedean prime I'(¢,, ) is a function of this form and

F(§p7 Wp)q)/(glh C}M ()OP) = (I)<gp7 C}M SDP)
was shown in Lemmas 3.6 and 5.7 to be bounded in regions of the form |Res| < constant,
[Im s| > 0.

Theorem 7.7. If the assumptions of Lemma 7.6 are satisfied, the function ¢ is a function
on G NGR\GE.

The set of all (¢%) in Gx N GY which satisfy

s&((? Z)g> = 4(9)

is a subgroup of Gx N GX. By Lemma 7.5 it contains all those matrices for which ¢ = 0. If
b =0 then
a 0 0 1\/a O 0 At
_5 p
g0((0 d>g> - ¥ (A 0)(0 d)gH (1 0 )
myp>0
d < 0 1 1 At
N A p
—v (0 a)(A O)QH (1 0 )
mp>0
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Applying Lemma 7.5 to ¢ we see that the last expression is equal to
[ /0 1 0 Al
@ (A 0)9 11 (1 ; ) = ¢(9).
myp>0
The theorem is a consequence of the following lemma.

Lemma 7.8. Gx NGY is generated by the matrices in it of the form (‘5 g) and (‘c1 2).

Indeed
a b\ [a 0 1 g
c d]  \c d-— % 0 1)

If the matrix on the left is in Gx N GY so are both the matrices on the right.

Appendix. Some preliminary remarks are necessary before the nature of the function

©o(g) can be determined. It is convenient to treat the various types of fields separately.
We consider the real field first and use the notation of paragraphs [2| and |3\ Let L be the

space of infinitely differentiable functions on Ng\Gr which are U-finite on the right.

Lemma A. Let 7 be the infinite-dimensional irreducible quasi-simple representation of
{o,}. Suppose 7 is deducible from w,. Let H be a subspace of L which transforms
according to .

(i) If s — m is not an odd integer and s # 0 then w # @ and H is contained in
L(w) + L(w).
(i) If s =0 and m = 0 let L'(w) be the space spanned by the functions

, 1 z\ (a1 O cosf sin6
Pl lo 1 0 ag/)\—sinfd cosé
1/2
w ( (061 0 ) ) log
(&%)

5 € Z. L'(w) is an invariant irreducible subspace of L and the representation
of {o,A} on L'(w) is equivalent to w. H is contained in L(w)+ L'(w).
(#i) If s —m is an odd integer suppose, as we may, that s > 0. Define w' by

w’((oél 0(4)2)> :S(%“Il(agon)uJ((O(é)1 0?2))

Then H is contained in L(w) + L(w').

defined as

651

&%)

w' is of course defined for any w. In Paragraph 2 we saw that if s — m is not an odd

integer and s # 0 then 7 is equivalent to the representation of {o, A} on L(w) and L(w) but
is not contained in the representation of {o, 24} on L(w’) or L(&'). We also saw that if s —m
is an odd integer and s # 0 the representation 7 is contained once in the representation of
{o,} on L(w) and L(w’) but is not contained in the representation of {o, 2} on L(w) or
L(&'). Thus if s # 0 we need only show that H is contained in L(w) + L(@) + L(w') + L(&").
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Suppose s = 0 and m = 0. It is clear that
1 0 .
plo)gl, =w ((o _1) ) P P(N)@ = (s1+82)0, p(U)g, = ingy,.

On the other hand taking v = 0 in the formula on pp. 3.7 and 3.8 we see that

(( D0 o) )

is equal to
o 12 1 |
-1 l 1 1 i(n+2)0
o w 0 a2 Og +1+ (n+ )k:l ok — 1 e
and that
0 cosf sind
O )\ —sinf cos6
is equal to
12 H
a1 a0 a! 1 i(n—2)0
— 1) log|— 1 — 1 .
6% w<<0 OQ)) (=n+1)log 6% Flt(nst )k:12k—1 ¢

Thus p(V)¢l, = (n + 1), 4 and p(W)eg,, = (—n + 1)¢;,_,. It follows from Lemma 2.1 that
the representation on L'(w) is equivalent to 7, and hence to m. The representations of
{o,2} on L(w') and L'(w’) are not equivalent to m. Again we need only show that H is
contained in L(w) + L'(w) + L(w') + L' (w').

Suppose @ lies in H. There are functions ¢, (a1, a3) on R* x R, only a finite number
of which do not vanish identically, such that for ay > 0.

L z\fon O cosf sinf -
@((0 1)(0 aQ)(—sme cosQ)) Zgﬁn ap,Q .

Moreover there are functions v,(¢) on R* such that

. |a10z2|1/2 0 (051
on(ar, ) = w ( 0 |a1a2|1/2 ¥n oy )

Since ¢ is in L, p(D)¢ = A(Z)¢ + 3A(Z?)p and the equation p(D)p = SQT’lgo reduces to the

equations
2 _
—2td¢" + 2t—( d%) S 1%

dt dt\ dt 2

23(1998) See previous footnotes.
242023) Editorial comment: 1); on p.
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or
d 1

2

If s # 0 four linearly independent solutions of this are (sgn t)a|t|%, a=0orlandifs=0
four linearly independent solutions of this are (sgnt)?|t|*/? and (sgnt)?|t|'/?log|t|, a = 0
or 1. The lemma follows for all representations except the one for which s = 0 and |m| = 1.

If s = 0 and |m| = 1 the space H; contains a non-zero vector. If ¢ lies in H; the
function 1, is zero if n # 1. According to the first formula on p. 3.@ the equation
p(W)p =0 is equivalent to

dy,
2t 7 1(t) = 0.

Thus ¢, (t) is a linear combination of [t|'/? and (sgnt)|t|'/?. Thus H meets L(w) + L(w').
Since H is irreducible, H is contained in L(w) + L(w’).

For the complex field we use the notation of paragraphs [4 and 5] Let L be the space of
infinitely differentiable functions on N¢\G¢ which are U-finite on the right.

Lemma B. Let © be an infinite-dimensional irreducible quasi-simple representation of .
Suppose 7 is deducible from m,. Let H be a subspace of L which transforms according to .

(i) If s —m is not integral then w # & and H is contained in L(w) + L(w). If s —m is
()
||

integral define W' by
+S( o )
||
7 18 deducible from m,, 75, T, and Ty .

’ ap 0 s1ts2
w 0 )= lagan| 2
(ii) If |s| > |m| we can assume with no loss of generality that s > |m).
Then H is contained in L(w) + L(w') + L(&).

(4ii) If |s| = |m| and s # 0 either w = W' or w = &'. In this case H is contained in
L(w) + L(w).

(i) If s =0 and m = 0 define vy and & as 0 p. 4.8 and let ¢, = Zﬁ% if nis a
non-negative even integer. Ift > 0 set ¢, (t) = logt + ¢,. Let L'(w) be the space
spanned by the functions

N

(6 ) 2 ((5 )

with 5 € Z, —k € Z, and |k| < 5. L'(w) is an irreducible invariant subspace of L
and the representation of A on L'(w) is equivalent to w. The space H must lie in

L(w) + L'(w).

The most complicated part of the lemma to verify is the assertion that L'(w) is invariant
and irreducible so we verify that first.

1+ma mj+mg

—S

6%)]

(651 (651

6%)

)’}/QO'n(U>(Sk

(&%)

25(2023) Editorial comment: The first formula on p. 3.8 is 1o (not 1) on page
26(1998) Just after Lemma 4.2.
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For convenience set @, x(9) = 0if ¥ € Z and |k| > 5. Just a in Paragraph 4 the
existence of the Clebsch-Gordan series allows us to assert that the function

I 1 z\(fan O "
Ptz |\ {0 1)\ 0 oy
which equals

(g +h+ 1) <g + k) P(V ) Brjeot — (g +hk+ 1) (g —k+ 1) P(V) Pk
n n o~
- (5 — k) (5 —k+ 1)p(V )P et
is of the form
n n a; 0
a4 1)1 == 1!
(2+k+ ) <2 b ) “’((0 a2>>
that the function

n ~ ~ n o~
On g = (5 + k) p(VIoni1+ kp(V) Pk + <— — k) p(V7)Prs1

is of the form

0 1 =z (0%} 0 u
il \o 1/ 0 ay
n n (6%} 0 0
— | — || = — |
(2+k).<2 k).w<(0 a)) %(
and that the function

Op_op = P(V+)$n,k—1 +p(V)Pnk — (V7 )Prks1

(%)

)700n+2(u)(5k7

(651

Qg

651
&%)

> 700n<u)5k>

is of the form

_ 1 =z (0751 0
P2k (0 1)(0 ag)“
n n a; O _ o
1,0 —k—1

In these three formulae 0y is respectively zz 1Hhy2+1i=F 25+ky5-k and x2+k—1y3 and
7o lies in the dual of V.5, V},, and V,,_, respectively.

a7

)”yoong(u)ék.

6]

2The right hand sides of the formula on p. 4.9 are not correct. They should be

(o) (-1 )tatntnees

n n
(2 +k— 1)! (2 —k— 1) 1b(n, w)pn—2.k

§(2023) Editorial comment: p. |31 here.

and
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Un

1o is defined.
2
0 t_%) we see tha [(% - 1)!} th 1 (t) is equal to
n n 0 —1
(5 + 1) (5) t(logt + cn)Yoon (0 O) 0_1
—o( 241 Qtd(tlo t+ cot)
2 de OBt

n\(n 0 0
_ <§) (§ + 1) t(logt + cu)v00n (1 0) o1,
which equals (cf. p. 4.2)
2
_Q(g n 1) (g v 1>t<logt+ tnt g

3
n
=2 =+ 1) t,a(f).
34‘1) (2+)¢+2()
In the same way we see that (%!)2t1/12(t) is equal to

[_ <g>%gn <8 é) 51+ (g)mm <(1) 8) 51] (tlogt + cnt),

GG ()G

Finally [(% — 1)!] 2t@/);_2(t) is equal to

01
—7%00n 00

0 0 d
)5_1 — Y00n (1 0) 51] (tlogt + cpt) + QtE(t logt + c,t)
which equals

t
—n(tlogt + cpt — ;) =

To show that L'(w) is invariant we need only verify that ¢,/ , is a multiple of 4,2, that
is a multiple of v,,, and that 1,_, is a multiple of ¢,,_5. If n = 0 only ¢
Evaluating ¢, at (tm

which equals

(tlogt+ c,t) = 0.

n —ntzﬂn,g (t) .
2

2The formula at the top of p. 4.10 is not correct. It should be

Vo= <X1+W2/1) +i<X2—VV2>~

2
392023) Editorial comment: P. 4.10 is p. [31] here.
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If the functions ¢, are defined as on p. 4.@ then, as we have see when s = 0 and
m =20

<g+k)(g+k+l)MVﬂwmﬁ1
_<g+k+&)<g—k+i>MVM%k

_ (g _ k) (g —k+ 1)/)(V)90n,k+1

is equal to
(2 +k+1)! (ﬂ—k;+1)!(n )3
-9 2 2 Z 4 1 "
(2+1)0 (2+1)0 \2 Prt2k
and
PV oni—1+ p(V)onk — p(V7)Pnit
is equal to

(5 +5-1)! (5~ k1)
(g _ 1)! (% — 1)! (—=n)Pn—2.k-
Moreover one shows readily that

n n
<§ + k?) /0<V+)90n,k—1 + kp(V)QOn,k + <§ - kj)p(v_)QOn,k-H

is equal to zero. It follows immediately that the representation on L'(w) is equivalent to
the representation on L(w).

The remarks of the lemma can now be verified rather easily. Choose n so that H,, # 0.
There is a function ¥(g) on G¢ with values in ‘A/n such that H,, is the set of functions
of the form U(g)®, ® € V,. Moreover U(gu) = ®(g)o,(u) if u € U® and ¥((§2)g) =

w((§9))¥(g). Let v(t) = \I/<<t10/2 t%)); VU is determined by ?. According to the

formula on p. 5.8 the equations p(D)V = %\II and p(D"W¥ = %\P reduce to

td k 12k— Zyk
{%—F —}@D —(s—l—m)@b

Pi—k—i}wh:@—nﬁwk

dt
If either (s +m) # 0 or (s —m) # 0 these equations imply that each ¥ is a power of .
Thus H,, and hence H, is contained in a space of the form > ., L(w;) for some wy, ..., w,.

Parts (i), (ii) and (iii) of the lemma follow from Lemma 4.2 and the proof of Lemma 4.4.
If s+m=0and s —m =0 then s = m = 0. Then ¥* = 0 if k¥ # 0 and ¥°(t) is a linear
combination of ¢ and tlogt. Part (iv) of the lemma also follows.

31(2023) Editorial comment: P.

32According to a remark in a previous footnote the left hand sides of the equation on p. 4.10 should be
(2 +m + DI (2 -m+1)la(n,w) and (2 +m —1)! (% —m —1)!1b(n,w).

3%(2023) Editorial comment: P.

34(1998) Between Lemmas 5.2 and 5.3.
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For a non-archimedean local field we use the notation of paragraph [l If w is a homomor-
phism of Ax /Ao into C* define the function ¢, by

1 z\/ay O _ 1/2 a; 0
Do ((0 1) ( 0 a2> u) = w 0 ay u € Go.
If w # w then ¢, # @g. If w=w define ¢/, by
, 1 z\[fa; O B 12 a; 0 |
Zoll0 )0 )" ™ “INo0 ay) )8

Lemma C. Suppose p is a function on Nx\Gg which satisfies p(gu) = ¢(g) for u in Go
and suppose that for all f in H

/G o(gh) f(h) dh = xu(F)l9).

If w # W, ¢ is a linear combination of ¢, and vz and, if w = w, ¢ is a linear combination
of w., and ¢,

Choosing f to be the characteristic function of a(1,1)Go and Gpa(0,1)Go we obtain the

relations ¢((ng Wo >: so( w Q)
(5 2)) (5 )=o)l G g)>>+w<(é J
<((3 1))

It is easy to see that these relations are satisfied by Yw, Yz and, if w = w, by ¢ . If
w # W then ¢, ((§9)) = wa((§9)) # 0 but v ((59)) # ¢s((§9)). Subtracting from ¢
a suitable linear combination of Y, and @z we obtain a function ¢ which satisfies the
relations and vanishes at (§9) and (7). If w = ' then ¢, ((§9)) # w but ¢, ((§9)) =0
while gpw(( )) # 0. We can again subtract from ¢ a suitable linear combination of ¢,
and ¢!, and obtaln a function ¢ which satisfies these relations and vanishes at (}9) and
(79). To prove that, in either case, ¢ vanishes identically we need only show that it
vanishes at the matrices ( o, ) The first relation implies this is so if n = 0 or 1. Taking
(4 o) = (%" 09) and substituting in the second relation we see that if this is so if for all
m and n = ng and ng + 1 it is true for all m and n = ng — 1 and that if this is so for all m
and n = ng and nyg — 1 it is true for all m and n = ny + 1. The lemma follows by induction.

Let S be a finite set of primes containing the archimedean primes and the primes which
divide D. Let I = { L } L isaunitif p ¢ S } We suppose S is so large that P (K> N IP)IY
if 1P =1IsNIP. Let Gg = [Les G, x [lyes Go, and let GE =GR NGgs. According to the
previous three lemmas the restriction of ¢y to GE is a linear combination of functions of

631

%)

o

(%)
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the formP)

o RT( 7T 5)m 3Ty | -

peS pES
1/2
% ( ) u log

Here ((1) v ) <08’ 5 )up lies in U ;gp if p|D, n is a homomorphism of the group of diagonal
matrices with entries from 72 into C* such that n((%” é)p )) =1ifp ¢ S and oy, S, lie in

Oy, and S is a subset of S. If y and § belong to K*NI§ then ¢, ((g g)g) = ¢o(g). Moreover

> pes log|yp| = 0 is the only linear relation satisfied by all the vectors { log|| ’ peS}as

7 varies over K* N IP. A simple argument then shows that the restriction of ¢y to G is
of the form

I ) R)ep |-

peS

/2
o} ; a, 0 i)
% S (TL(% ) )3 (M) + & (TTw ) Seel %
pes| P i=1 pes P pes pes pes
The homomorphisms "), ..., 7" are to be distinct and for each i either Cll or Qéi) is to be

different from zero. If a and 3 lie in K* N I2 then n® (HPGS<°8’ ﬁop)) = 1.

Each ¥ determines a homomorphism of the diagonal matrices with entries from 17

into C*. This homomorphism, which will be 1 on the matrices with entries from K* N I”
Xp

we again call n@. The value of o, at Hp((l] xf)( 0 B )up is the same as its value at

{Hpes< 0 ﬁp>“p}{np¢s<06p /2,)} which is

1/2Y
211 (%p gp) U\ Lo | + &7 TLw Zlog
=1 p

peSsS pes

H%

pﬁp

Define ¥ by

~(4) Qp 0) _ (i) (ﬁp 0)
K 1;[(0 B 1T ay

p
Lemma D. Ifi# j then n¥) =70,

35In this formula and the similar ones following the absolute value at the complex primes is the square of
the usual absolute value.
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n@ln“)((‘é 2)) =|a|a|/3\bx<(3 g))
n“@ln@((g“ 2)) kBl ((0 5))

for o, B in I”. Here a, b, ¢, d are real numbers and y and ’ are characters in the usual
sense. Lemma C implies that if p ¢ S the restriction of either n® 7@ or 7 "5l to

ap 0

0 By
Suppose that @ # 0 or b # 0. Then ¢ = d = 0 and 7® ' is an ordinary character. It
is known that the values 7' n\) takes on the matrices (06" gp), ap, By € K, p¢ S are

Let

p, By € Kf } is trivial. This can only happen if a = b = 0 or ¢ = d = 0.

dense in the set of values which 7)™ 7@ takes on. It follows that @ = 7). In the same
way we show that if ¢ # 0 or d # 0 then n® = 1Y), This is of course excluded. It remains to
treat the case a = b = ¢ = d = 0. In this case the values taken by the vector-valued function

(n®~ '@ 7O p@) on the matrices (06'” ,30,,>7 ap, By € K, p ¢ S are dense in the set of
all values it assumes. It follows from Lemma C that (1 — n® ') (1 — 70 ~"y@) vanishes
identically. If 77 £ ) there is an (§ §) such that TR ((‘5 %)) # 1. Then, necessarily

n®~ 117(9)<(0 5)) = 1. Since ¥ # 1@ there is a (7 9) such that 5@ 'n0 (( )) # 1.
Then 7700~ 77(3)<(g g)) = 1. One sees immediately that (1 — n(i)fln(j))(l — o 7)) will

not vanish at (0‘07 /?5>- This is a contradiction.

Lemma E. There are two possible forms for the function ¢g.

(i) There is a homomorphism w of the diagonal matrices with entries from IP into C*,
which is 1 on the matrices with entries from K* N IP, such that w # @ and two

functions ¢ and ¢' on [],.q Uk, such that if g = Hp(1 “) <%" 5y )up lies in G then

01
vol(g) equals
1/2

peS

% (T 5) eI ) = (T0( 5) )< (I

pes peS

By

(1) There is a homomorphism w of the diagonal matrices with entries from IP into C*,
which is 1 on the matrices with entries from K* N IP, such that w = @ and two

functions ¢ and (' on HpeS Uk, such that if g = Hp(é o ) (08’ 8 )up lies in GX then

vol(g) equals
1/2

H%
p

By

" H(Cg gp) CTLw |+ TLuw | el

pes pes pes
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