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LINEARIZING FLOWS AND A COHOMOLOGICAL
INTERPRETATION OF LAX EQUATIONS

By PHILLIP A. GRIFFITHS*

In recent years a number of flows given by completely integrable
Hamiltonian systems have been shown to be linearizable on the (real points
of) the Jacobian variety J(C) of an algebraic curve C associated to the prob-
lem. Adler and van Moerbeke [2], [3] have proved that, with the exception
of Kowaleska’s top, each of the then known finite dimensional completely
integrable systems has an associated Lax equation

dA
0 LED 15, 0, A, 01

containing a rational parameter &.

In this paper we shall consider an arbitrary such Lax equation given
by (i) above, and associate to it an algebraic curve C (its spectral curve)
together with a dynamical system {L,} on its Jacobian J(C). Our main
results give necessary and sufficient conditions on the B in the Lax pair
(A, B) that the flow ¢ = L, be linear on J(C). Using this we may then easily
verify the linearity of the classical flows in [2] as well as the recent one
studied by Hitchin [10].

Our main philosophical point is the advantage gained by not specify-
ing anything about B other than there be a Lax equation (i). In fact, B is
not unique and so we may suspect that it should be naturally considered as
a cohomology class somewhere. This happens as follows: The eigenvectors
of the isospectral deformation give a family of holomorphic mappings

(ii) fi:C—> PV
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1446 PHILLIP A. GRIFFITHS

from the fixed curve C to a projective space; essentially f, gives the time
evolution of A (&, ¢). Suppose that the image curve has degree d and set

L, = f#(Opy(1)) € Pic*(C) = J(C).

Applying more or less standard cohomological techniques from deforma-
tion theory, we may easily give necessary and sufficient conditions that the
map

(iii) t L,

be linear for any family of holomorphic maps (ii). These conditions are
cohomological, and the miracle is that in the situation arising from an iso-
spectral deformation the Lax equations turn out to have a very natural and
elegant cohomological interpretation. In carrying this out the crucial tech-
nical concept is the residue p(B) associated to the B(£) in the Lax equation
(i) (cf. Section 7); p(B) is a collection of ‘‘Laurent tails” lying over £ = 0, o
on the spectral curve, and our main results give necessary and suffi-
cient conditions for the flow (iii) to be linear expressed in terms of p(B) in a
way that is easily checked in examples.

In this paper sections 1 and 2 are preliminary giving a little back-
ground material and listing the examples to be discussed.

In section 3 we pose and informally discuss the main problem to be
addressed. Then in section 4 we study the spectral curve and compute its
genus, as well as some special features of its structure, in the examples.

Sections 5, 6, 7 are the main part of this work. A standard algebro-
geometric principle is that the tangent space to any deformation lies in a
suitable cohomology group (cf. [4], which contains an elementary account
of deformation theory), and in section S we recall how this goes for the
eigenvector maps (ii). Then in section 6 we give our first main theorem
expressing the tangent vector to (iii) in terms of the B in the Lax equation.
The aforementioned miracle is given by the simple computation (6.7)-
(6.9). Another standard algebro-geometric principle is that on an alge-
braic curve ‘“‘higher cohomology’” may always be eliminated using duality
theory (cf. the proof of (7.2) below). In section 7 this principle is applied to
the problem at hand, and in this way we are led to the residue p(B) of the
Lax operator and our second main theorem.

Finally, in section 8 we show how our theorems apply to yield the
results of Adler-van Moerbeke and Hitchin in the examples. It will be
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noted that in each case the verification of the conditions on p(B) that the
flow (iii) be linear is simple and natural.

(1) (cf. [1] and [S]). A symplectic manifold (M, w) is given by a 2n-
dimensional manifold having a closed 2-form w of maximal rank

dw =0, w® # 0.
Standard examples include the cotangent bundle T#X of an rn-dimensional
manifold X and coadjoint orbits O, C g*, where g is the Lie algebra of a
Lie group G and 0, = {Adju:g € G} is the orbit of u € ¢g* under the
coadjoint representation. Given a function H on M the Hamiltonian vector
field Xy is defined by

w(XH’ V) = <dH9 V)

for all vectors v € TM. The Poisson bracket of two functions G, H is de-
fined by

{G,H} = w(Xg, Xg)-

Under Poisson bracket the C* functions (M) form a Lie algebra, and the
mapping

FM) - V(M)
w w
H b Xy

to the vector fields V(M) is a Lie algebra homorphism.

A Hamiltonian system is the dynamical system or flow given by a
Hamiltonian vector field on a symplectic manifold. Such a Hamiltonian
system (M, w, H) is said to be completely integrable in case there are n
functions H = H,, H,, ..., H, satisfying

{H;,H;} =0 (i.e., the H; are in involution)

dH{ N -+ NdH, # 0 on a dense open set of M.
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For generic ¢ = (cy, ..., ¢,) the level set
M, ={H =c¢,....,H,=c¢,}
will be an n-manifold, and since
XyH; = {H;, H;} =0

the integral curves of each X, will lie in M... Since, moreover, Xn,, X ,,i] =
0 the vector fields Xp, will be tangent to M, and will Poisson commute
there. In fact, in case M, is compact and connected it follows that it will be
an n-torus R"/Z" = T and each Xy = ¥; a;;0/ dx/ will define a linear flow
there. Thus, completely integrable Hamiltonian systems have an especially
nice structure.

In this paper we are interested in realizing the linear flows given by
some completely integrable systems. ") This shall mean that the torus T
should be given in a more or less explicit manner and similarly for the
vector field £, a;;0/ dx/. For us “‘more or less explicit” means that T con-
sists of the real points on the Jacobian variety of an explicitly given alge-
braic curve C whose invariants, such as its genus g and space H%(Q() of
holomorphic differentials, are readily computable in examples. Similarly,
L; a;;8/3x’ should be easily determined in practice.

One of the most remarkable developments in recent mathematics is
the interplay between completely integrable systems and algebraic cutves
(cf. [3], [7], [16], and [18] and the references cited there). Our work may
be viewed as one unifying observation, from an algebro-geometric view-
point, of a particularly beautiful aspect of this theory that we shall recall
briefly in the next section.

(2) In recent years a number of extremely interesting completely in-
tegrable Hamiltonian systems have been found (a few of these are classical)
and extensively investigated. Among these we mention:

(*DInstead of “realizing the linear flow” one frequently simply says “linearizing the
flow.” The difference between proving that a Hamiltonian system is completely integrable
and realizing it is roughly this: Showing that (M, w, H) is completely integrable gives qualita-
tive information, such as quasi-periodicity and ergodicity of the flow on a general M, (cf. [S]).
On the other hand, realizing-it will mean that the system is actually solved in the sense that
the integral curves will be expressible in terms of abelian functions defined on an explicitly
given T.
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Example 1. The Euler equations of a free rigid body moving about a
fixed point ([14], [21]). In this case, M is a coadjoint orbit in so(n)* (which
is isomorphic to so(n) via the Killing form).

Example 2. The Euler-Poisson equations for a symmetric heavy
rigid body ([15], [22], [23]). In this case M is a coadjoint orbit in the semi-
direct product of SO(n) with its Lie algebra.

Example3. The Toda lattice and its generalizations ([2], [24]). Here
the motion takes place on coadjoint orbits in a Kac-Moody Lie algebra.

Example 4. Nahm’s equations ([10], [20]) in which M is essentially
an adjoint orbit in u(n).

Example 5. The geodesics on an ellipsoid E ([12], [17]) in which
M = T#*E, and the Neumann’s problem [13], [17] of Newtonian motion on
a sphere " with a quadratic potential in which again M = T*S§".

A common feature of all these systems is that they can be written in
Lax form with a parameter £. More precisely, we consider matrix functions

q
Ag o= L A0

which are finite Laurent series in a variable £ and whose coefficients lie in a
linear Lie algebra g C gl(n).

Definition. By a Lax equation with a parameter we shall mean an
equation

1) A@®) =[B®),A®)] (= d/dp).

Here, B(£) is to be also a finite Laurent series in £ whose coefficients
are in ¢. In practice these coefficients will be functions of the A, but for
the moment it is clearer not to assume this. In a very beautiful series of
papers, built upon a great deal of previous work by themselves and other
mathematicians, Adler and van Moerbeke [2], [3] showed that all of the
above examples (except for (4) which did not yet exist) were completely
integrable Hamiltonian systems (cf. also [8], [23]). Moreover, they showed
that each could be written as a Lax equation with a parameter and that the
linearized flow could be realized on the Jacobian of an algebraic curve as-
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sociated to (1). More precisely, we define the spectral curve C associated to
(1) to be given by the characteristic polynomial

2 Q(, n) = det|al — A, )| =0

(this will be explained in more detail below). We note that by (1) the poly-
nomial Q(&, ) is independent of ¢; i.e., the flow

t A, 1)

is isospectral. Then it was proved in [2], [3] that for each of examples 1-3,
S the corresponding Hamiltonian flow may be realized as a linear flow on
the real part of the Jacobian J(C) of the spectral curve (or on an abelian
variety closely related to the Jacobian). For example 4 this was proved in
[10].

We shall now discuss the form of the Lax equations with a parameter
associated to each of the examples above.

Example 1. For the free rigid body we let Q € so(n) be variable, J =
diag(Aq, ..., A,) (\; > 0), and M = QJ + JQ. Then the Euler equations
are

3 M = [M, Q).
The basic observation, due to Manakov [14], is that (3) is equivalent to
4 M + J*%) = [M + J*%, Q@ + JE],

which is a Lax equation with a parameter of the form (1) with B = —(Q +
J§). We note that since M + ‘M = 0,

Q, n) = (=1)"Q(—&, —n).
Thus there is an involution of the spectral curve
j:c—-C

given by
J(‘Ea 77) = (_E’ _77)-
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We note that @ moves on an adjoint orbit O, C so(n), and for
general p

5) dim 0, =n(n — 1)/2 — [%}

To linearize the flow given by (3) we need /2 dim O, integrals of motion
that are in involution. A nice count of how (4) gives this many integrals
appears in [21], where their involutivity is also proved.

Example 2. The Euler-Poisson equations are

I'=1r, Q]
(6) {

M=[M, Q]+ [T, x]
where ', @ €so(n), M = QJ + JQ with J = diag (\, ..., \,,) as in Exam-
ple 1, and x € so(n) is fixed. It is proved in [22] and [23] that these may be
written in the particular form

) T+ ME+Ce?) =T + Mt + C£2, Q + x¢]

of a Lax equation with a parameter if, and only if,

)\1:)\2—_—&,)\3: :)\nzﬂ
(Lagrange top)
and X12 * 0, all Other le =0 (i < J)
or
A = =\, = a, x arbitrary  (heavy symmetric top)

in which case

C=(a+Bx

The Equations (6) are physically meaningful when n = 3 but seem to be a
definition when » = 4; accordingly, we shall concentrate on the Lagrange
top in the case n = 3. A very nice treatment of this case, which may serve
as a general introduction to the work of Adler-van Moerbeke, may be
found in [25].
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Example 3. On R?" with coordinates (x', ..., x", &, ..., £,) and
symplectic form w = I; dx’ A d§; we consider the Hamiltonian function

Wkl

1 S e
H(JC, g) = Ei | EEZ + 'El e x,+1, Xn+1 = X1

whose corresponding flow is given by

. OH
x =
&,
()]
é — _ oH
k axk

This is the famous Toda lattice. By the Flaschka transformation

£x

ap = %e(xk—xk+1), b= —2%

2

the Equations (8) are transformed into

by = 2(a? — al_)), ap = a,
9 {
ar = ap(br+1 — br), byt = by
We set
(b a a,£7"
a; by
4 .
b,—1 a,
O3 an—1 b,
0 a —a, £~
—a; 0 .
(10) B = -
0 a,—
La.§ —a,-;y 0
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From the first equation in (9) we have

L b, =0,
= Ok
and if we normalize by requiring that

%bk=0

then (9) are equivalent to the Lax equations with a parameter
1) A =[B, A]
where A, B are given above. We note that

a,(0) # 0 = a;(#) # 0 forally,

and we make the usual requirement that all a; # 0.
Observe that since ‘A(§) = A(E7 1)

Q& m = Q¢ .

Thus there is again an involution of the spectral curve

j:c-C
given by

(12) JE D =E"1 .

We also note that in addition to the integral £, b, = 0, weneedn — 1
further integrals in involution to show that the Toda lattice is a completely
integrable Hamiltonian system.

The literature on the Toda lattice is enormous. In addition to [2] and
[3], two important papers for its study via algebraic curves are [16] and
[24].

Example 4. Nahm’s equations are

13) T; = = L [T}, Ty

1
2 Jk
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where
i,j,k=1,2,3
€ijx = sgnli, j, k) = €5
T; € u(n).
In contrast to our other examples, they did not (as far as this author

knows) arise from a (generalized) classical mechanical system, but rather
in the construction of monopoles as explained in [20] and [10].

If we set
A(f) = Ay + (A, + £%4, and
v B = 3 = — 14— e,
where
Ay =T, +iT,
(15) Ay = —2T,
Ay =T, —iTy,

then it is straightforward to verify that Nahm’s equations (13) are equiva-
lent to the Lax equations with a parameter

A = [B, A]

(what is not straightforward is to guess the substitution (15)—cf. [10]).

Example S. The geodesics on an ellipsoid and Neumann’s forced
harmonic motion are discussed in many places (e.g. [17]). Here we shall
simply follow [2], pages 275-277 and 302, and explain how they may be
written as a Lax equation with a parameter. For this we let W = R" or C",
make the identification W Q@ W = Hom (W, W), and define maps

I,,: W X W — Hom(W, W)
Ayt W > Hom(W, W)
A, : W X W — Hom(W, W)



LINEARIZING FLOWS 1455

by
Iy =xQ@y —y®x (e, Tyl = x93, — x;¥:)
Ay, =xR@x (i.e., (A = xix;)
Ay =xQ@y +y®x (e, (Ay)y; = x;p; + x;;)
Remark that

Image I' = skew-symmetric matrices of rank 2

Image A = matrices of rank 1

Image A = symmetric matrices of rank <2,
and that the rank of a matrix is invariant when it moves on an adjoint
orbit.

We also set

o = diag(ay, ..., ap), a; > 0,
B = diag(619 ey 671)
I' = (Ba™ )Ty (Ba™H 7"

Then the equations for geodesics on an ellipsoid and for Neumann’s system
are respectively

(16)  (—Ag + £y, + £20) = [ A, + Ty, + £2a, T + £8]
A7) (A, — o + &1y, + £20) = [Ay, — a + T, + %, T + £6]

Remark. Equation (16) is equivalent to
[ (i) Axx= [Ax, T
(ii) f‘xy = Il,,, T] — [Aw, B]

Since T = —T, ‘A,, = A,, and so A,, moves in the space of matrices of
rank 1. In (ii)
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[trxy _—
Tyv,w) =0 if (,x) =@y =wx) =W,y =0,

from which it follows that I',;, moves in the space of skew-symmetric matri-
ces of rank 2.

In addition to [17], the relationship between the geodesics on an ellip-
soid and Neumann’s system to algebraic curves is discussed in [12] and
[13].

(3) The purpose of this paper is to address the following

Problem. Given any Lax equation with parameter (2.1), determine
necessary and sufficient conditions on B that the corresponding flow on
J(C) be linear.

We shall explain in a moment what the corresponding flow on J(C) is.
Our answer to this problem is expressed by Theorems (6.3) and (7.7) below
(cf. also (7.8), (7.10) and (7.11)). Using these one may recover the results
of Adler-van Moerbeke and Hitchin by verifying that the conditions of the
general theorems are satisfied in the particular examples.

We shall express our results in the language of algebraic geometry, as
it is in this setting that the problem is perhaps most naturally posed. In-
deed, even though the eigenvalues of A(£, t) are fixed as time evolves, the
eigenvectors of A(§, t) will change with z This leads to the eigenvector
mappings

fi:C—> PV,
and we set
L, = fF(0py(1)) € Pic*(C),
where Opy (1) is the standard hyperplane bundle on PV and Pic?(C) is the
set of line bundles of degree d on C. Choosing a reference line bundle L, €
Pic?(C), it is well known that the mapping
L-LQL;!

induces an isomorphism Pic?(C) = J(C). Moreover, there are canonical
identifications



LINEARIZING FLOWS 1457
Ty, (Pic!(C)) = H'(O¢),

and so we may write

L,

dt

e H'(O¢).

Our problem then becomes to determine the conditions on B that the ac-
celeration vector d’L,/dt* =: d/dt(dL,/dt) be a multiple of dL,/dt; i.e.,
that we have

6)) d’L,/dt* = p,dL,/dt.

(In our examples it will turn out that u, = 0, so that ¢ is a natural linear
parameter.) We shall find that this question has a very simple and elegant
answer, whose main point is to understand the cohomological meaning of
the Lax equation (2.1). As a portent of this we note that the Lax equation is
invariant under a substitution

BB+ PA,¥%)

where P(x, £) € C[x, £]. Thus B lives naturally in a quotient space, and this
suggests that it has invariant cohomological meaning.

In this paper we shall use the standard notations of algebraic geome-
try as in [4] and [9], and some of which we shall momentarily recall. Aside
from a little deformation theory, which is explained in [4], everything is
quite elementary once one grants the essential point that the computations
may be done simply and naturally using sheaf cohomology, as this is where
infinitesimal deformations live naturally.

For a smooth variety X we let

Ox = structure sheaf
Oy = tangent sheaf
9x(1) = hyperplane bundle in case X C P;

remark that we identify line bundles with invertible sheaves with linear
equivalence classes of Cartier divisors. If C is a smooth curve and D =
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0, an effective divisor on C, then O, (D) is the sheaf of mero-

morphic functions with poles no worse than D. Thus

H°(O¢(D)) = { f meromorphic on C: (f) + D = 0};

this vector space is also frequently denoted by £(D). We shall denote by
Q¢ the sheaf of holomorphic 1-forms on C; then the Jacobian variety

J(C) =: Pic%(C) = line bundles of degree zero

= HY(9c)/HY(C, Z)

via the exponential sheaf sequence

= H%Qc)*/H,(C, Z)

via the duality given by Abel’s theorem.

(4) We shall also use the following particular notations:

V is a complex vector space of dimension m;
P = P! with homogeneous coordinates [£¢, £;]
and affine coordinate £ = £,/&;

Op(1) is the standard line bundle over P;

we alsoset V= V®c¢ Op and V(k) = VR Op(k); the context should avoid
confusing the sheaf V and vector space V.

Remark. In dynamical systems problems one is of course interested

in real solut
ever, it will

ions to the equations (e.g., to the Lax equations (2.1)). How-
be convenient to work complex analytically, and then at the

end put in the real structure as given by the fixed point of an involution
corresponding to complex conjugation.
We assume given the following data:

A, §) =

I b=

; oAks" =£3Ao + - + £1A4, € H(P, Hom(V, V(n)));
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N
B(t, &) = ?4‘;0 B,t' € H'(P, Hom(V, V(N))); and a Lax equation

6)) A=1[B, Al ( =d/d).

Remarks. (i) The case where A and B are finite Laurent series may
be handled by a completely straightforward extension of the method we
shall use in the polynomial case. Our only Laurent series example is the
Toda lattice, and the referee remarks that it may be reduced to the polyno-
mial case by multiplying A by £ and replacing B by B + A, since the latter
does not contain £ 1.

(ii) If A is suitably generic, then for general (£, #) the matrix B(¢, t) is
determined by the Lax equation (1) only up to polynomials in A and £. In
any case it is certainly not unique.

In the following we will generally not distinguish between ¢ as a ho-
mogeneous coordinate [£,, £;] and as an affine coordinate £,/£,; hope-
fully the context will make clear which we mean. If Y © P is the bundle
space of the line bundle O p(n), then there is defined over Y the tautological
section

n € H(Y, 7%0p(n))"?
Thus the characteristic polynomial
Q(&, 1) = det| 9l — A, 1)|| e HU(Y, *0p(mn)).

The divisor of Q will be a complete curve Cy C Y and

7I':C0 - P

(*2) Points of Y are pairs (£, ») where £ e Pand v € O p(n);; then
n(&, v) = ».
Remark that Y compactifies naturally to the rational ruled surface
F,=POpn)®0p).

In many examples we will have n = 2 and then Y = T(P) is the tangent bundle of P!.
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is a branched covering with

W_I(E) = {(E, 771), ey (Ev nm)}

where 7y, ..., 7, are the roots of the characteristic equation. We assume
that C is irreducible and denote its normalization by C — C,,.

Clearly 7 ~!(P\{o}) = C? with coordinates (£, n) and Cy is a com-
pactification of the affine curve det|| 9 — A(£, t)|| = 0in C2.

Example. For the free rigid body in R we have
Q(&, m) = det||nl — £J° — M|
=3+ 883+ -

where § = —det J2. Thus C,, is the compactification of a cubic curve in C2;
we will see below that in general C does in fact have genus one (in general
means that A (£, 0) is chosen generically).

On the other hand, several of our examples will not satisfy such a
genericity condition; in many of these cases the genus of the spectral curve
is most easily computed using automorphisms of C arising from special
features of A, such as A € so(n) C gl(n).

Definition. We shall call C the spectral curve associated to the Lax
equation (1).
Let £ € P be a general point and write

Q,n) = VI;II (n — 1,(8).

Assuming that the curve Cy = C is smooth, we shall show that the genus g
of the spectral curve is given by

() gzw_m—i_l’

thereby confirming our claim that the curve in the example just above has

genus one.
To prove (2) we consider the discriminant

A = H (nll - 1’,1,)2'
n<v
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This is a well-defined function of £ = (£, &) € C2, and clearly

AQE) = \(7)a@)
Thus
A e H'P, Op(mn(m — 1))).
Suppose now that at some point ¢ € P, k of the eigenvalues, say

M1, - - -5 Nk, come together and cyclically permute as ¢ turns around ¢. For
a suitable local coordinate ¢ centered at £ we will have

n, = ¢k, ¢=e** and 1<»v<k
Since

H (g-utl/k _ g-utl/k)Z — Cl’k_l, c # 0’

lsp<vsk

we see that the order of vanishing of A at £ exactly gives the sum of the
ramification indicies of the points of C lying over £. Moreover, by our as-
sumption that C = C is smooth the only way that we can have 3,(§) =
7,(&) (v # p) is for there to be branching as above; i.e., we have a picture

)

and not

Ped

It follows that C = P is an m-sheeted covering whose ramification divisor
has degree given by

r = deg(A) = mn(m — 1).

The Riemain-Hurwitz formula (cf. [4] or [9])
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206 — 2= —2m +r

then gives (2).

Remark. 1In case C is singular the formula will be

-1
g=——mn(m2 )—m+1—6

where 6 measures the number and type of singularity of Cy. For instance
we will encounter singular curves in Examples 2, 3, 5 below.

Example 1. For the free rigid body problem discussed in Example 1
in section 2 we find that the spectral curve has genus

(3) g=m— 1)n—2)2
The involution has the n distinct points over § = oo (since —o0 = o),

together with the origin (0, 0) in case » is odd, as its fixed points. By the
Riemann-Hurwitz formula, the quotient curve C’ = C/j has genus

_ 92
% n = 0mod 2
@ €= 1 3
( l(n ) n = 1mod 2.

Associated to the double covering C — C’ is the Prym variety Prym (C/C’)
(cf. [4] for a definition), which may be described as

HQc) "/H,(C, Z)~

where V* are the +1 eigenspaces for a vector space on which j acts. From
(3) and (4) it follows that (cf. [3])

nn — 2)
4

(n — 1)2
4

n=0()
dim Prym (C/C’) =
n=1Q2)



LINEARIZING FLOWS 1463

On the other hand, comparing with (2.5) we obtain
®) dim Prym (C/C") = 3 dim O,

This suggests that the motion of the free rigid linearizes on Prym (C/C’),
which in fact turns out to be the case (cf. [3] and section 8 below).

FExample 2. Referring to the Lagrange top in the case n = 3 discussed
in Example 2 in section 2 above we set

(6) A(E) =T + Mt + C£2 eso(3)[E].
From
n —a Tas
det| a, 7 —a,|| = 17(172 + (a% + a% + a%))
a ap Ui

we infer that

Q(&, m) = det|[nI — A®)| = n(n* + |A]?)
where |A |? is the sum of the squares of the entries of A. By (6)
™ |47 = vo + viE + 728 + v38 + vat?

where yo = |T'|?, y4 = | C|?. It follows that the spectral curve is reducible
with one component (y = 0) corresponding to the zero eigenvalue of any
matrix in so(3). The other component

22+ JA@)|2=0

is by (7) an elliptic curve, generally smooth, and realized by (¢, 7) = £ asa
2-sheeted branched covering of P! with sheet interchange given by

J(S& 7’) = (29 _"7).

Example 3. Referring to the Toda lattice given by Example 3 in sec-
tion 2 above, we have
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AE) =A_ 57+ Ay + At

where
0- a,
A_ = , A=A,
0 .o . . 0
by a S
a; b,
Ao =
b,—1 a,—
L ap—1 b, J
It follows that

Q(&, 1) = det||nI — A)||
=ap - an—l(é + E_l) + ﬁ(‘ﬂ)

where P(n) = 9" + ¢;n" "' + -+ + ¢, is a polynomial in n. Multiplying
bya; -+ a,_; # 0 we are led to the affine curve in C* X C given by

@® REMD=E(+£("+P0)=0

In general this affine curve will be smooth, but its completion Cy in P? will
be singular as soon as n = 4.

To compute the genus of the normalization C of Cy we observe that
the involution j given by (2.12) realizes C as a 2-sheeted covering

9) C — P! = p-sphere.

The fixed points of j, which coincide with the branch points of (9), occur
when £2 = 1; i.e., when ¢ = =*1. In general there are n of these for each
value £ = +1, £ = —1. Thus there are 2n branch points in all, and by the
Riemann-Hurwitz formula the genus of C is given by

(10) g=n—1.
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Referring to Example 3 in section 2 we note that this is the number of
required additional integrals of motion.

FExample 4. In general the spectral curve C associated to Nahm’s
Equations (2.13) will be smooth and have genus given by (2) as

g=@m—1)7?

This is in agreement with [10], where a detailed discussion of the structure
of C may be found. In particular, for this example the reality question is
somewhat subtle due to (2.15).

Example 5. The spectral curves associated to geodesics on an ellip-
soid and Neumann’s problem are given by

{QI(E’ n) = det“ﬂ[ - 520‘ - El‘xy + 1"xx” =0
(11)

Qy(£, 1) = det||[n] — £l — §T,, — Ay, + o] = 0.
Each of these is of the form
(12) det||nf — £2a — P|| =0
where P is a rank 2 matrix. Set T = yl — £2a so that (12) is

0 = det||T — P| = det T det||I — T~ 'P|

= det T(1 — Trace T~ 'P + Trace(A*T~'P))

since T~ !P has all k X k minors equal to zero for k = 3. Using this obser-
vation, which is due to Moser in the problem at hand, it is straightforward
to compute the Q;(£, 5). Actually, following [2] for the computation of the
genus, it is more convenient to reparametrize so that the spectral curves

are given by ([2], page 303)

O, =E+— ) x,y)=0
O, ) = — 14+ (—2¢(n — &) Ix, y) + (< — @) " lx, x)
=) Yy = — ) ) =0

These are hyperelliptic curves of the form (in C X C%)
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£2=R(y)
where (loc cit) R(n) is a rational function of the form

(nn—l + - ..) .(*3)

R(n) =c¢ E—

It follows that in each case the genus isn — 1. Remark that in each of these
two problems we need » — 1 commuting integrals of motions in addition to
total energy in order to render the system completely integrable.

(5) We now assume that for a general point p = (¢, 9) € C
dim ker| 9l — A, 0] =1

Then there is determined, uniquely up to nonzero scalars, a vector
v(p, t) € V satisfying

1) A, v(p, 1) = nv(p, 1)

The assignment

p—Cvip,t) CV

consequently determines a family of holomorphic mappings, depending
holomorphically on z,*¥

2 fi:C—PV.

Definition. We shall call (2) the eigenvector mappings associated to
the Lax equation (2.1).
We set

L, = fFOpy(1) e Pic'(C), L = Ly,

(*3)1n [2] the ¢ depends on x and y but it is a constant of motion.
(*4)Here we are using the following fact: Given a smooth algebraic curve C and a holo-
morphic mapping

3) f:C\{py, ... py}— PV, p;eC,
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and will address the problem stated in section 3 above. For this some gen-
eral remarks will be useful.

Given a smooth algebraic curve C, a complex manifold X, and a non-
constant holomorphic mapping

C)) f:C—- X,
we define the normal sheaf N; on C by the exact sequence
) 0 0.5 fro, - N, - 0.

Here O, Oy are the respective tangent sheaves of C, X and f,, is the differ-
ential of f. It is important to remark that £, is injective as a sheaf map but
will fail to be injective as a bundle map at points of C that are ramified over
their images. According to Horikawa'’s theory ([11], cf. also Chapter V of
[4]) the Kodaira-Spencer tangent space to the moduli space of the situation
(4) is given by H°(C, N;).*®

such that f*(x; /x, ) extends to meromorphic function on C where [x(, x1, ..., xy] are homo-
geneous coordinates on PV, then (3) extends uniquely to a kolomorphic mapping f:C — PN,
This is false when C is singular; the meromorphic function x/y is not defined at the origin for
the curve

and this is the reason that we have passed to the normalization of the spectral curve Cy. A
more satisfactory theory would work directly with C and its generalized Jacobian taking into
due account the situation when the eigenvector mapping fails to give a Cartier divisor (cf.
[19]).

*S)For example, when X = P! the normal sheaf N, will be a skyscraper sheaf supported
on the ramification divisor of f : C — P!. The statement that HO(C, N)=H op1, SlNy) gives
the tangent space to the deformations of the map means geometrically that “we deform
f:C — P! by moving the branch points.” At the other extreme when f is an embedding, Nyis
the usual normal bundle to f(C) C X and H(C, N;) represents the infinitesimal displace-
ments of £(C) in X. Note that “moduli of the situation (4)” means families

fi:C,~ X

where the abstract curve together with the map to X both vary.
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If

fe:C > X, fo= 1,
is a deformation of (4), then we shall write
(6) feHC, Ny)

for the corresponding infinitesimal deformation at ¢ = 0. If, in local prod-
uct coordinates (z, t) on U,C,andw = (w!, ..., w")on X, f: is given by

(z, 1) b w(z, 1),

then the section (6) is locally given by

Iw(z, 1) ow(z, 0)
_— modulo ——-
at =0 az

The exact cohomology sequence of (5) gives
HYOc) » H(f*6x) > H'WN)) > H'(©0).

Recalling that H'(©) is the tangent space to the moduli space of C as an
abstract curve (cf. [4]), then it is easy to verify that

5(f) =: CeH'(O¢)

is the tangent to the family of curves {C, }. Thus, the tangent space to de-
formations of (4) where the curve C remains fixed is given by

HY(f*0x)/H"Oc) C H'W)).

It is this situation that we are interested in.
Now suppose that

X =PV
is a projective space and recall the Euler sequence
0= Opy = V& Opy(1) = Opy — 0.

Pulling this back via f we obtain a diagram
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0

S
O_‘*ec_)f*epv_)Nf—""’O, L :f*Opv(l),

a piece of whose cohomology diagram is

HYV®L)

17

) HYO) —> HY(f*0py) —L> H'(N,) —> H'(0,)

la

H'(O¢)
Suppose that we have a family of holomorphic mappings
fi:C — PV.
Locally we may choose a coordinate z on C and position vector mapping
(z, ) b v(z, t) e V\{0}
such that f,(z) = C-v(z, £) C V", Set

iz, t
sy = ED | dulo vz, 9.
at t=0

(*6)By a position vector mapping we shall mean a local lifting of £, to V\{0}. Clearly,
position vector mappings exist and any two differ by a nonvanishing holomorphic function.
Note that the fibre

(f¥opy(—1)), = C-v(z, t).
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Another choice of position vector is given by

Wz, t) = oz, t)v(z, t), o+ 0,
and then
7= pv + pv.
Recalling that the inclusion O.=> V ® L is given locally by ¢  ¢-v
(¢ € O¢) it follows that
(8) v e HYC, VR L/9c) = HYC, f*Opy)

is well-defined. Clearly we have
©) jo) =7
in (7).
As discussed above we are interested in the tangent vector

p= H'(Oc)
=: di t=0€ c)-

It is a standard and easily verified fact that in (7)
(10) L = 6@

where v is the infinitesimal variation of the mappings f,: C — PV as de-
scribed above. In particular,

(11) L=0s7=1w forsome weHVRL) in (7).
(6) We now come to our first main result. Recalling that
1) B(¢, t) e H(C, Hom(V, V(N))),

we let
D = (})

be the divisor N+ 7~ !(o) on C where C = P is the branched covering of the
spectral curve over the £-sphere. Then
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. {B/éf;’ e H'(Hom(V, V(D)), and

veH (VRL)

where V(D) = V(N) are the sections of V® O-(D)™7. It follows that

<:4N> Ve B(VRLD)),

0

and our first cohomological interpretation of the Lax equation is given by
the

THEOREM. Referring to (5.7) we have

Explanation. From the diagram

0 0 0

l |

ool

4) 0 —=>VRXL—VRLD)—VRLRQOp[D)—0

A

0—> f*Opy—> f*Opy (D) — f*Opy ® Op(D)—>0

| l

0 0 0

(*7)The difference here is that in (1) B(¢, ¢) is a holomorphic section of the bundle
Hom(V, V) ® O¢(N) where Oo(N) = w*0p(N), whereas in (2) B/£fY is a matrix in
Hom(V, V) with meromorphic functions in H(O (D)) as entries. In other words, in (1) we
are viewing £ = [£(, £] as a homogeneous coordinate on P! pulled up to C, whereas in (2) we
are viewing £ = £,/£as a function in HY(O(D)).
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we obtain

0 0

l

H°(0c(D)) ——= H(0p(D))

lv o

§)) HAVQ®L)“>H(VRLD)->H(VRL® 0,(D))

H'(f*0py)—> H(f#0py(D)) > HY(f *0py @ O p(D))

ls

HYOp(D)—>H'©O)

and then the theorem means that
(i) Bv/£G € HY(V®L(D))
(ii) 7(Bv/EY) = i)
This may be compared with (5.11).
From the commutativity of the diagram (5) and (5.10) we obtain the

(6) COROLLARY. L = 0 if, and only if, there exists a meromorphic
function ¢ € H 0(L‘)C(D)) such that

B ververL)
£0
is holomorphic.

Indeed, the existence of ¢ is equivalent to the existence of b €
HYVQ®L) with i(b) = Bv/£Y + ov e H(V Q@ L(D)), and then by (5.10)

L =60 =67(b) = 0. Q.E.D.
Proof of the theorem. The following simple computation is the
whole point. Working in C2 with coordinates (¢, n) where A(%, t) and

B(£, t) are polynomials in ¢ € C whose coefficients are holomorphic func-
tions of ¢, we have that

B
B , 1) = —
(&, 1) £y



LINEARIZING FLOWS 1473

where on the right hand side B € H O(Hom(V, V(N)) is considered as a
homogeneous polynomial in &g, &, . For a general point p = (&, 7) € C we
have by (5.1)

A, tv(p, t) = pv(p, 1)

where p  v(p, t) is the position vector mapping. Letting = ‘“‘d/dt at
t = 0” this gives

(7) Av + Av =
Using the Lax equation (2.1) this becomes
¢)) A@ — Bv) = 3(v — Bv).

By our assumption that the eigenspaces of A are generically 1-dimensional
this implies that

C)] Bv=7v+ N\
for some A. But then clearly

7(Bv) =ve VQL/C-v. Q.E.D.

(7) Before giving our second main result concerning the problem
posed in section 3, we shall discuss a few generalities concerning algebraic
curves.

Let C be a smooth curve of genus g and

D=Xnp;, n =0,
l

an effective divisor on C. If z; is a local coordinate centered at p;, then by a
Laurent tail we shall mean an expression

Ajn; a1
Q; =t + “ e +

z Zj

The Mittag-Leffler problem is this:

Given Laurent tails ¢;, when does there exist a meromorphic function ¢ €
H%O0c(D)) (i.e., (¢) + D = 0) such that ¢ — ¢, is holomorphic near p;?
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If as usual we denote by H%(Q() the space of holomorphic 1-forms on C,
then for ¢ € H 0((‘)C(D )and we H O(Qc) we have the residue theorem

1) L Res,, (¢ w) = 0.

We note that
Res,, (¢ w) = Respi(cp,-' w)
depends only on the Laurent tail of ¢ at p,. The main classical result con-
cerning the Mittag-Leffler problem is this (cf. [4]):
(2) Given Laurent tails ¢;, the necessary and sufficient condition that

there exist ¢ € H 0(L‘)(;(D)) such that ¢ — ¢; is holomorphic near p; is that

3) L Res,, (¢;*w) =0

Sor all w € H'(Q().™®
We shall sketch the proof of this result as it is quite pertinent to the
problem posed in section 3. In the exact sheaf sequence

the last term Op (D) is a skyscraper sheaf that may be identified with the
collections { ¢; } of Laurent tails. The cohomology sequence of (4) together
with its dual are

5 { (i) HOc(D)) > HAOp(D)) > H'(9c) » H(Oc(D)) — 0
(i) H'(Oc(—D)) « H'OpD)* & HYQc) « HYQc(—D)) «

(*8) Informally we may say that ‘““the only constraints on Laurent tails to be the principal
parts of a meromorphic function are those imposed by the residue theorem.” The number of
independent equations (3) is g — (D) where i(D) = dim HY(Q-(—D)) is the number of
linearly differentials w € HO(Q¢) vanishing on D. It follows that (here we set h%(0o(D)) =
dim HY%O (D))

h%Oc(D)) = degD — g + 1 +i(D),

which is just the Riemann-Roch theorem. We may view (3) as a quantitative form of this
theorem.
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(here, dual vector spaces are aligned vertically). The basic fact is that for
weH%Qc)

(6) (0%, {@; }) = 213 Res,, (¢; * w).

The assertion (2) is an immediate consequence of (6) together with the ex-
actness of the above sequences.

Referring to (6.9) and noting that v and v are holomorphic around D,
we infer that A induces a well-defined section of Op(D). A fundamental
invariant of the Lax equation (2.1) is given by the

Definition. The residue of B, denoted by p(B), is the section of
Op(D) induced by A in (6.9).
Our second main result is the

THEOREM. Referring to (i) in (5), we have

(7 L = 8(o(B))

To state the first corollary we let
£ C H%0p(D))

be the Laurent tails of functions in H 0((‘)C(D )). Recalling that B(¢, ¢), and
therefore also p(B), depends on ¢, from (7) we may deduce the following

COROLLARY. The necessary and sufficient condition that {L,} C
Pic?(C) be linear is that

(8) p(B) = 0 mod span{ £, p(B)}
Here, this equation takes place in the fixed vector space H(0 (D)) = C*
where k = deg D.

For the second corollary we let p;(B) be the residue of B at p;. We also
recall that the Jacobian of C is

J(C) = HQc)*/H\(C, L),
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so that a linear flow on J(C) is given, up to a fixed translation, by a bilinear
map

) t, w) b N\, w)

where A € H(Q)*. Recalling (3) we have our main conclusion concerning
the problem posed in section 3:

CoroLLARY. Condition (8) is equivalent to

(10) L Res,, ((B)w) = u T Res,,(o:(B)o)

for all w € HQ¢). If this is satisfied then the linear flow is given in the
form (9) by

(11) (t,w)tX Res,, (0;(B)w).
Proof of Theorem (7). Referring to the commutative diagram (6.5),
we let

EeHYV®L(D))
satisfy
7(E) = i(w)

for some w € H(f *©py) (in practice we will have E = By/ glandw = vas
in Theorem (6.3)). Then by commutativity

7j(E) = jr(E)
= Jjilw)
= (),
and so there exists A € H(O (D)) with

o(\) = j(E).
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Now the H%(O (D)) in the upper right hand corner of (6.5) is the same as
the one in the lower left, and by commutativity

d(w) = 8;(N).

This implies the result. Q.E.D.

Remark. We have commented several times on the nonuniqueness
of the B in the Lax Equation (2.1). In particular, the condition (10) should
be invariant under a substitution

B B+ P A)

where P(£, 1) is a polynomial in two variables. To see why this should be so
we remark that if D’ is any divisor with D’ = D then we have an inclusion

Op(D) € Op(D’);
in particular the residue p(B) e H ) p(D")) is defined. Moreover, the im-
ages & C H%Op(D)) of HOc(D)) — H%Op(D)) and £’ C
HOp(D")) of HY(O(D ")) » H%Op.(D’)) are related by
£ =& NHOLD)).

Let now D’ = D correspond to B’ = B + P(¢{,A). Atp = (§,7) e C we
have

B’v = Bv + P(&, n)v,
from which it follows that
12) p(B’) = p(B) + p(P(£, 1), =p(B") = p(B) mod £’
since, by the definition (6.9), p(P(£, 7)) is given by the Laurent tails of the
rational function P(¢, 7) e H O(GC(D’)). In particular, (10) and (12) are

consistent with (3).

(8) We now give some examples.

Example 1. 'We consider the free rigid body as discussed in section



1478 PHILLIP A. GRIFFITHS

4. As noted in Example 1 in section 2, this is a Lax equation with a parame-
ter where

1) B = —(Q + J§).
It follows that D = L/=; p; where the p; are the n distinct points lying over

¢ = oo. Moreover, if z; is a local coordinate around p; (e.g., we may take
z; = £71), it follows from (6.9) and (1) that the residue

Ni
p(B) = =L

i Zi

where J = diag(\{, ..., \,). Clearly then p(B) = 0 so that the flow is
linearized on J(C). Moreover, recalling the involution j of C, we have

JjB) = —(Q —Jg)
and it follows that
J(B)) = —p(B).

From (7.11) we see that the linear flow on J(C) is trivial on H O(QC)"' =
{weH 0(QC): J¥*» = w}, and hence the flow is actually linearized on
Prym(C/C’). According to the discussion in Example 1 of section 4 (cf.
(4.5)), this is a torus of exactly the right dimension.

Example 2. We consider the Lagrange top discussed in Example 2
of section 4. The spectral curve is a 2-sheeted covering

7:C = P =Pl(¥)
branched over 4 points £, with all £, # oo. Since

B) =0+ x-&
it follows that

D=7r_1(00)=p+q
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where
n_a+6+“. near p
3
= _M + - near q
3
The residue p(B) € H(Op (D)) is given by
1
o(B) = —E+ near p
1
o(B) = —g+ near g

and thus (6.8) is satisfied.

We refer to [22] for further discussion of the Lagrange top and heavy
symmetric top in » dimensions as well as sf(r)-analogue of the heavy sym-
metric top. The flow corresponding to the latter is linearized in the same
way as Example 1 just above ([22], page 443), and presumably the flow
corresponding to the former may also be linearized using our general
results (although in this case the spectral curve P(¢, n) = 0 will be quite
singular).

Example 3. We consider the Toda lattice as discussed in Example 3
of section 2 and section 4. Since in this case the Lax equation (2.11) has a
Laurent parameter our results of the two preceding sections must be modi-
fied slightly. We consider the hyperelliptic covering (4.9) and set 7~ (o)

OO

@
o]

From the affine equation (4.8) of C it follows that the divisor

(,) =np — nq
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(the poles of £ occur on one sheet lying over a neighborhood of o and the
zeroes on the other sheet, and each has multiplicity n). Consequently, set-
ting
D =np + nq

it results from (2.10) that

B e H(C, Hom(V, V(D)).
Just as in section 7 above, we may define the residue

p(B) € H'(Op (D))

and then (6.3), (7.10) and (7.11) are valid.

Remark. It may be verified that the functions
L, ..., 0" & € H(O(D))

give a basis. Consequently, the image £ C H%0O p(D)) of HO(L‘)C(D)) -
H°O p(D)) has dimension » + 1 = g + 2 (by (4.10)). The mapping

H0p(D))/& ~ H'(Oc)
is thus an isomorphism (this also follows from the exact cohomology se-
quence of 0 = O = O¢(D) = Op(D) = 0 and H(0:(D)) = (0)).

Following [19] we may compute the eigenvector mapping as follows:

Let E =ry + -+ + r, be a general divisor of degree g satisfying
@ RUOE + (k — 1)p — kq) =0
for all k. Since by the Riemann-Roch theorem

ROOCE + kp — kq)) = 1

we find from (2) that

RAOC(E + kp — kq) = 1
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for all k. Let f; € I-IO((‘)C(E + kp — kq)), 1 = k < n, be a basis where
fn = € and set

fi

<
I

Jn
Then, as proved in [19], for suitable choice of E this # will be an eigenvec-
tor for the spectral curve C

3 AP =nv for (&, n)eC

We will determine the residue of B at g; a similar discussion will hold
at p. We will also restrict to the case » = 3, from which the general case
will be clear. Recalling that 3 = £, (3) is

bifi + ayfy + a3 = nf;
“4) aifi + bafy + aryt = nfy
azéfi + axrf, + by§ = 48,

According to our general theory we must compute the residue of B using a
holomorphic eigenvector v, and we take

v = £ 1y,

Multiplying (4) through by £ ~!, everything becomes holomorphic except
the last equation which gives

Q) aszfi; = n + holomorphic terms.
The residue of B is defined by (cf. (6.9))
Bv = p(B)v + holomorphic terms.

By (2.10) and (4) the left hand side of this equation is
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arf267" —azt”! 0
—af1£ '+ a, | =0 |+ holomorphic terms,
asfi — arfrt”! 1

where the equality follows from (S). Consequently

p(B) = %

and then obviously o(B) = 0. By (7.10) the Toda lattice is linearized on
J(C); note that (cf. (4.10))

dimJ(C)=g=n—1

is exactly the required number of integrals in the problem.

Remark. In this work we have taken the Lax equation (2.1) as given
and from it deduced the spectral curve, eigenvector mappings f,: C = PV,
and flow ¢t = {L, }. Conversely, in each of our examples, given the spectral
curve plus some additional data such as L, plus a suitable fixed divisor, we
may reconstruct the eigenvector mappings. For instance, in the Toda lat-
tice we have just said how to do this. This is just a part of a very beautiful
“dictionary” that has been highly developed in recent years (cf. [6], [7],
and [18]).

FExample 4. We consider the spectral curve C associated to Nahm’s
equations as discussed in Example 2 of sections 2, 4. For the branched
covering C — P given by ¢ we set

D= é pi = £} (o).

Let z; be a local coordinate around p; (e.g., z; = £ ! will do) and set

Ni
6) = -+ zL + (holomorphic terms)

L

near p;. From (2.14) we have near p; that
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A | A
1 Zi
1 A
B=—ZA,—
2! Z
The eigenvector v; satisfies
Av; = v,

from which it follows first that
Ayvi(pi) = Nvi(py),

and secondly that the residue

N
p(B) = —L —

1

where \; is the same as in (6). Consequently o(B) = 0 and by (7.10) the
flow on J(C) corresponding to Nahm’s equations is linear and given by
(7.11).

Example 5. Referring to Example 5 in section 4, for the computa-
tion of the residue of p(B) it is more convenient to take the equations
(4.11), since even though the affine curves are quite singular they are
“smooth over £ = o’ (this means that the map C — P from the normal-
ization is unmodified over ¢ = o). The exact same argument as in Exam-
ple 4 above shows that (7.10) is satisfied and so the flow is linearized on
J(C).
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