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1. GAUSSIAN SUMS

In the second paragraph I shall discuss the representations of the group of 2 x 2 non-
singular matrices over a non-archimedean field. In the discussion a number of identities for
Gaussian sums will be required. In this paragraph the necessary identities, trivial or not,
are stated and proved.

Let k be a non-archimedean local field, let o be the ring of integers in k, let p be the
maximal ideal of o, and let m be a generator of p. Let k* be the multiplicative group
of k and let o™ be the group of units. If n > 0 then o) = {a € o”® ‘ a—1 Ep”}. Fix a
character &, of k with the property that o is the largest ideal of £ on which &, is trivial.

If 11 is a character of 0™ and x belongs to k set

M) = | Glany(a)do
It is clear that if 5 belongs to 0*
A(p, Br) = p= (B)A(p, ).
Lemma 1.1. Let p" be the conductor of p.

(i) If n = 0 then A(pu,7™) =1 if m > 0, A(p, 7t = |7r|‘”_|1, and A(p, 7™) = 0 if
m < —1.
(#) If n > 0 then A(u,7™) =0 if m # —n but
. ’,ﬂ_|n/2
A ") = .
If n =0 then p is trivial and it is clear that A(u, 7™) =1 for m > 0. It is also clear that
itm <0

-1

1 —|x| k

1+ Z e A(p, ) =0.
k=m

The first part of the lemma follows immediately.

Date: 1967.
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/ Solam™) (o) da = \/ox/o;f ,u(a){/oé fg(aﬂﬁm)dﬁ} do

If n > 0 the inner integral is equal to

Solam™
50 ar™ y
1- |7r|

This is zero if the character y — & (an™ y) is not trivial on p”, that is, if m < —n. On the
other hand if m > —n so that for some ¢, with 0 < ¢ < —n, m + ¢ > 0 then

/ o(an™)u(a) do = // éo(owrm)u(a){ / M(B)dﬁ}doz

[

Certainly

The inner integral on the right is zero.

Finally
Aerf = [ da [ asgfia-prn(5)

= / da/ dB & (Bla — 1)7’")/1(04).
By part (i) of the lemma the integral with respect to 5 is 1 if a € o)} |
and zero otherwise. Since

ul / w(a)da = —" [ ) da,

| =1 1 —|m|
On—1

1_0n?

we have . i
T n
Ap, ™ ") 2= ——(measureo, ) = ———.
| =i 7| (1 - |x])?

If the conductor of y is p™ we shall refer to n as the order of pu.
Lemma 1.2. Suppose i and v are characters of o*. Let the order of pv be r. If r > 1 then
A(p, 7™)A(v, 7")
A(pv,77) a /{aEOX | rrtmatartmeox }
If r =0 then A(u, 7™)A(v,7™) is equal to

p(e)(pv) (@ a4+ 7™ da.

/ p(a) da+ il / pu(a) da.
{QEOX |7rma+7r"€o} ‘ﬂ_’ -1 {aeox |7rm+1a+7r"+1€0>< }

The product A(u, 7™)A(v,7") is equal to
/ alrma+ o) dads = [ [ e(sma+ 1) dda.

If » > 1 the right side is equal to

Auv, 7 ) / w(o) () (T e+ 7 da
{a€ox | artmatrrtmeox }
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If r = 0 the right side equals

/ p(a) da + ul / p(a) da.
{a|mmatnn€co} ‘ﬂ-’ -1 {a|amtlatantlcox }

Now let K be a two-dimensional commutative algebra over k with a non-degenerate
trace. There are two possibilities for K. Either it is the direct sum of k with itself or
it is a separable quadratic extension of k. In both cases k£ has exactly one non-trivial
automorphism over k. We will denote this automorphism by s. If x € K then Sz = = 4 x*
and Nx = zx®. Let O be the elements of k integral over o and let O* be the group of units
of O. If K = k@ k set Il = m®m and if ny and ny are any two integers set 71" = 7" @G "2,
If K is an unramified extension of k£ set II = 7w and if n; = ny set 7™ = 7™, If K is a
ramified extension choose m and II so that NII = «, if ny = 0 set 7”2 = II". Thus the
symbol 7" has a meaning only for certain values of n; and ny,. We shall adhere to the
convention that any expression in which the symbol 7”12 occurs with values of n; and
ny for which it has no meaning is equal to zero. If ny > 0, no > 0 and 7”2 is defined set
Opny = {a €0 ‘ a—1exm™0}. If M is a character of O* then amongst all groups
of this type on which M is trivial there is a maximal one O), ... (m1,my) will be called
the order of M.

If K =k®kor K is an unramified extension we set f = 0. Otherwise (II"/) is the
inverse different. The index of NK* in k> is either 1 or 2. If it is 1 let y be the trivial
character of £*; if it is 2 let x be the unique non-trivial character of k* whose restriction
to NK* is trivial. Let x( be the restriction of y to 0*. The order of yq is f.

Before going on I recall some facts whose proofs are either completely trivial or are to be
found in the book “Corps Locaux” of Serre.

Lemma 1.3.

(i) Let ny and ny be non-negative integers. If K = k@ k the map x — Sz takes 720
onto p" with r = min{ni,na}. The map v — Nz maps O} . onto o).
(i) If K is an unramified extension of k the map v — Sz maps "0 onto p". The

map x — Nx takes O), onto o).

. . " n, roo _ [nrr
(711) If K is a ramified extension of k the map x — Sz maps 7™°0 onto p” with r = [%} .
If n > f the smallest number m such that N(O,: ) = o is 2n — f; the largest such

m,0
number is 2n — f + 1. If n < f then N(O,,) is contained in o) and if 0 <m <n
the map N : O, ,/O o — oy /oy is an isomorphism. If m < f the kernel and the

n

cokernel of the map N : Oy (/Ofy — o o} both have order two.

If 41 is a character of 0% let u'™* be the character of O* defined by p'™(a) = p(aa?®).
Let n be the order of p. If K = k ® k or K is unramified the order of p!'** is (n,n). If K is
ramified the order of p'** is (2n — f,0) if n > f; it is (n,0) if n < f, but if n = f all one
can say is that it is (r,0) with r < f.

If M, is a character of O* set

A(MO,W”I’"Q)—/O &o(S(ar™2)) My () dev.

The following lemma is an immediate consequence of Lemma 1.2 but it is convenient to
state it explicitly.
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Lemma 1.4. Suppose My and Hy are two characters of O*. Let the order of MyH, be
(r1i,72). If 1 > 0 and ro + f > 0 then
A(MO,Wml’mz)A(HQ,Wnl’nz)
A(M()Ho,ﬂ'fmff’fm) -

/ Mo(e)
a€0X | pritmitfiratma g pritnitfiratna e }
. (MOHO)—l(,/TT1+m1+f,T2+m2a + 7T7”1+m1+f,1“2+n2) daov.

If K=k&k and ry =0 and ro = 0 the left hand side is equal to the sum of

/ My(a) da
{a€0* | sm1m2a47m12€0 }

and IﬂllLll times

My(ar) dov + / My(ar) dov

/{QEOX | rm1tlme g gritlng EOXGBO} { aeOX | ﬂml’m2+1a+7r”1’"2+160@0}

2
and <ﬂ> times

|m|-1
/ My(a) da.
{aGOX } amitlmat+lgpni+lng+leOx }
If K is an unramified extension and r1 = 9 = 0 it is the sum of

/ My () dev
{a€O* | rm1m2a+7"1"2€0 }
and

Lk

5 / My(a) do.
|7I" —1 {aGOX | amitlmotlgy pny+lno+lcx }

If K is a ramified extension and r1 = 0 it is the sum of

/ My(a) do
{ acOX am1+f,mg oé_t,_ﬂ-’n1+f,n2 1) }

and

il / My(a) do.
‘71_’ -1 {aGOX am1tl+fmo g gro+l+fing cOx }

Lemma 1.5. Let My be a character of O* of order (my, my) and let p and v be characters
of 0™ of orders ny and no respectively. Suppose that My = xouv on 0o* and that the order of
My v s (0, 0y) with ny >0y + o+ f. If €4 = €y, 0y =Ny, and ny +ng = my +my + f
then

A(My, m=™=F7m2) A(xo, 7)) My(ITF+mimn2)tsime=na))y A (g, 77" A (v, m7"2)

| A (Mo, m=m=f=m2) A(xg, m7)] x(mm) | A, mm) Ay, mm2) |

Since both sides of this identity have the same absolute value all we need do is show that
A(My, m=™ ==Y A(p, 7)) Av, m-72)
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is equal to the product of
A(xo, mF) Mo(ITU )t etmana))y = ()
and a positive constant. As a start observe that it is equal to

/O da / s / g (S(rmEoma) — w7 — e Moa)u (B ()

which equals

W [ daf dﬂ{ [ |2 smmtomay - amors - 1) bt dv}

- M(a)r™H(B).
If f > 0 the integral with respect to 7 is zero unless
aMS(pmmh M) - gz ] g S gL

However if this last condition is satisfied it is equal to

B S(TI(ma—mi—=f)+(m—ma)s ) _ rm—n23 _ |
Ao, fm( : Jom AL

am—f
Changing variables we see that the integral is equal to the product of
A(XO? ﬂ-_f)MO_l(H(nl_’m"_f)‘i‘(’fw—m?)s)

and

) Mo(a)
(a,B) ‘ S(Hs(nan)a)_ﬂmfn2,3_1epn1ff_pn1ff+1}

SHS(nl_nQ)Oé — gm—n23
-y—l(/@)x@< ( Wilf o )dadﬁ.

If ny > f and n; > n—2 then the restriction of M to o* has order ny. Thus m; > 2n; and
my1+mo + f > 2n; > ny + ny contrary to assumption. Consequently we need only consider
the case that n; = f or ny = ny. If ny > f or ny > ny then S(II°M~"2)q) — 7 ~"23 — 1 can
belong to p™—f — pm=/*1 only if S(II7("~"2)q) — 1 belongs to o*.

Suppose that ny = ny = f and S(a) — 1 € p. Replacing 5 by % in

/ Mo(@)r (B)xo(S(a) — B — 1) dB
{B] Sa—p-1€0% )

we obtain

v(B)xo(A)xo(1 - B(S(a) ~ 1)) d8.

Since ny = ny = f, {1 = 0 and My = v'*?. Since M = youv on 0%, vxy = p and the order
of vxo is f. If 3 € 0* and v € of_; then

1—py(Sa—1)=1-B(Sa—1) (mod p’).

Mofapnal-1) |

oX
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Thus the above expression is equal to

Mofanal-1) | V(ﬂ)Xo(B)Xo(HB(Sa—l)){ . v dv}dﬁ’:&

o></o}<71 -1

In all cases we can take the integral over

{ (Oz,ﬁ) ’ S(Hﬂ(mfm)a) —1 ¢ p, S(Hd(mfnz)oé) Y = pmff _ pn17f+1 }

Replacing S by [S(H"("l_m)a) — 1]ﬁ we obtain

Mo(a)v 0 (S(HU("l_”Q)a) - 1) do

v‘l(ﬁ)xO(ﬂ) as ¥,

eiat —f

/{a | st —r2a)-1¢p }

/{5 ’ a1 n2g—1epn1—f _pnr1—F+1 }

an expression we label (B).
Suppose n; > f and consider the first integral. Replacing o by a(1 + v) with v € 11O
does not change the value of the integral. The integrand becomes

Mo(a)r~'(Sa — 1)xo(Sa — 1) Mp(1 + v)r! (1 + SS;“f>1>XO (1 + %)

= v(1 + Sv). Moreover [%} > [%} = f so

Since ny = £y, My(1+v) = v(1+ Sv+ Nv)
1+1
2

that xo(1+ 57) = 1. Also || > [

a— . (1 . 5;aj)1> — 1/(1 - %)

] > U g0 that

and S(av)
_ av
v(1+ Sv)v! (1 oy 1) =v(1+4 S(6v))
if § = 1 — g%5. Integrating over II"O we obtain 0 unless |§| = [7|* and [%] > ny,

that is, s +ny + f > 2n; or s > ny — f when we obtain |7|™. Since |§| = | — 1| we can in
all cases write the first integral of as

Mo(a)v™xo (S(H"(”l_”z)a) — 1) da.

/{aeo,flf,o ‘ Sre(ri—r2)a)—1¢p }

Since ny — f > ¢1 and xo(Na) = 1 this may be written as

Ho(nlfnz) -1
/ v ixg [ 7T = N a da.
{anSli

| smeri—r2a)-1¢p } .



LETTER TO HERVE JACQUET—1967 7

Set 1"~/ = w so that a =
positive constant and

(C) Z v xo(r™m T2 — pn T N,
{ ~eO/TIf O ‘ 712 g1 —f Nydp }

Ha(nl_nz)l_nnl_fv. The integral is the product of a

If ny > ny every v appearing in this sum is a unit and the sum is equal to

B I > - ﬁ
> a1 (T
s 1
Since this sum is taken over all of 0™ it is equal to

an1—n2 7ﬁ€pn17f7pn17f+1 }
_ Tmmn2 5
Z v~ Xo(B)x0 (W)

Tn1—n2 —Bepnl_f—pnl_f“ }

{ Beorjoz,

{ Beox /o,
If ny = ns then is the sum of

>, v Ixo(1 = 7" Ny)
—mm =S Nygp |

{ ¥EOX /O,

and
f
S Y sl
r= 17€OX/Of o

Since the map v — N+ defines an isomorphism of O*/ O?—r,o and o*/ of_r the latter sum is

equal to
Z v xo(1 — w).
p/pf

Since
> v xo(B) =0
0% o}

we can subtract it from without changing . The result is
-1 T =
(D) Z v~ xo0(B) <W)
{Bon/offl an1—n2—Bepni—f _pn1—f+1 }

Thus (Ci ) and @P are equal in all cases.
Replace g by = in the second integral of to see that it is equal to the product of a
positive Constant and

o) > PROMEE=—=—

{ﬁeox/oﬁl 12 —gepn1—f —pn1—f+1 }

This is the product of xo(—1) and the complex conjugates of (D). Since A(xo, 7 /) =
Xo(—1)A(x0, 7 7) the lemma is proved for f > 0.
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If f =0 then in the integral we may replace xo(7y) by 1. If n; = 0 then ny = 0 and
my1 = mg = 0 so that u, v and Mj are all trivial. The lemma is also; so we suppose n; > 0.
If ny > ny then K =k @ k. Let My(a® f) = pi(a)vy(B). Then my is the order of py and
mo is the order of 1. Since i1y = pv either my > ny or mg = ny. If my > ny then ¢4 = my
so that /5 = 0. Then v; = v and p; = p. If my > ny then ¢5 = my so that ¢; = 0 which
is contrary to the assumption that ¢; > 5. Thus the lemma is trivial if n; > ns; so we
suppose that n; = ny. Then m; = my = n;.

The integral is equal to

[ s s

The inner integral is different from zero if and only if Soo — 3 —1 € p™~ 1. If ny > 1 this
implies that Sa — 1 ¢ p. Set

M) (8) | 50[ <Sa—ﬁ—1>] & = ¥(a. )

If Se — 1 € pand ny =1 then ¥(a, ) = ‘JrllMo(a)u_l(ﬁ). Since ny = ngy

| wle.pras=o

p(r) = / 50(7rm> o
the integral is equal to
My(a)r™H(Sa — 1)t —B)(Sa—1))dSda.
N RO R G OB (RICENEE
If Soe — 1 ¢ p then p((1 — 3)(Sa — 1)) = (1 — 8). Moreover
[ My (Sa = 1 (@)p(1 - 5)ag

is equal to the product of My(a)r~!(Sa — 1) and

ey R G

1 ny— 10"7'1

if S« — 1 € p. Thus if

The first integral is equal to the measure of o, . The second is equal to

_ |7T:7T_’ ; /X v HB)dp = : |_7T:7T| measure o,

Onl

Thus the integral is the product of a positive constant and
/ My(a)v ™ (Sa — 1) da
{a | Sa—lép}

_ /{a o Mo(a)v~} (Na)~! (1 - N(O‘; 1)) da.




LETTER TO HERVE JACQUET—1967 9

If K =k®k and ¢, = 0 the lemma is trivial. Suppose K = k@ k and {5 > 0. Let
a = a; @ ay. If y is in p* then replacing a by a; @ as(1 + y) in the integrand does not
change the value of the integral. The integrand becomes

Mo(a)vr Y (Na)v™! (1 - N(a; 1) - O‘la: ! a2(1y+ y)>.

The integral of this over p’ is the measure of p? or zero according as a; — 1 € p™~* or
not. The same observation applies to the first variable. Thus the integral is equal to

/OX Mo(a)v_l(a)y_1<1 —N<O‘; 1>>da.

ny—~fa,ma—0q
Since ny — Uy > {1, no — 1 > €y and ny — l5 + ny — €1 > no the integrand is identically one.
Thus the lemma is proved if K =k & k.
If K is an unramified extension let k; = ko be the smallest integer greater than or equal
to %-. Let y € 7"*20. Replacing a by a(1 + y) in the integrand does not change the value
of the integral. Since k; > ¢ and 2k; > n; the integrand becomes

My(a)vr Y (Na)v (1 - N(“ ; 1)) v (1 + 75(011_;))

or zero according as a € O

if v = — . The integral of this expression over 7*1**20 is the measure of 7*1*20

X
ni1—ki,no

-1
/ My(a)v Y (Na)v™ [ 1 - N(a ) dov.
aGO:ililiQikQ ‘Sa71§£p} «

Since ny; — k; > £ this is equal to
—1
v i1 — N(a ) da.
‘ Sa—lep} «Q

/{ acO*
ny—ki,mg—ko
If ny is even, k; = %2 and the integrand is identically one. Thus the lemma is proved in
this case. If n; is odd set O‘T_l = 1m~k23 g0 that o = Wﬁﬁ. Since 2(n; — k1) =ny — 1
when n; is odd this integral is the product of a positive constant and

Z v 1 —7mTING).

{B€0/Tp | 7M1~ INB#1}

_k, Or not. Thus our integral is equal to

If x # (mod p) the equation N3 = x (mod p) has [T solutions modulo T10, otherwise it

|7
has just one. Thus if n; > 1 the sum equals

1 1 1
7| + Z 71— ly) - (1) = —

= ] 7]
and if n; = 1 it equals
7| +1 1 L 1
(#) = —=v (1) = ==
|| || ||

oX

~
=}
=X
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The lemma is completely proved.

If K =k®k we set e = 1; if K is an unramified extension of k we set e = —1, and if K
is a ramified extension of k£ we set € = 0. If M is generalized a character of K>, if M, is its
restriction to O, and v is a character of 0™ set

T(M,v,n)

= (= ) =) SRR S M () A )

ni+no=n

where the sum is taken over all nq, ny for which 7”2 is defined.

Lemma 1.6. Let w and M be homomorphisms of k* and K* respectively into C*. Suppose
that the restriction of M to k™ is wx. Let v and n be characters of o™ and let wy be the
restriction of w to 0. Suppose that the order n of vnwy " is positive. Then, for all integers

k and ¢,
w(m)T(M,n;k —n)T(M,v,{ —n)
_ Alnwg )
Ay, mm)|

2> Al 7AW 7T (M, p,k + 0)
p
where the sum is over all characters of 0.

The formula of the lemma will be referred to as formula (E). Notice that all but a finite
number of terms in the sum on the right are zero. The sum on the right is the product of

1— 7)) (1 = €|n]) x| 5T Aber™) ong
|| |7]) ||

A(xo,m— )
nonz)s n1,n2 1 k
n1+§=k’+€M((ﬂ— ) ) Zp: \/'O>< da /o>< dﬁ /0* da§0 (S(Tr 06) t 6 T /7)
e )t

Given v, n, M, k, and ¢ there is a number m such that this integral is zero if the order of p
is greater than m. Thus we may restrict the sum to a sum over the characters of 0™ /oy,.
Replace a by Ba, v by 7, and take one of the summations under the integral sign to
obtain, if p is the restriction of Mj, to 0%,

Z M((W"h”?)s) /ox do /OX ds /OX dv & {(S(W"lma) +wt+ 7rk7>]

n1+na=k+~¢
- M a)p(Na)pnu ™! an ( )

The summation over p is different from zero if and only if v = Na (mod p)". If K =
k@ k set Ma) = N(rm~bm2q + 7%%); if K is an unramified extension of k set \(a) =

L=k L=k

7rkN<a + WT’T>; if K is a ramified extension set A(a) = 7N (a + II7**+%¢). The above
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expression is equal to

S M) [ o [ asa(an@) Mg @) (9)

ni+no=k+4
If the order r of vyu~? is not zero this is equal to

(F) A(wnu~',77")
Z M((W”lm)s) / Myt (a)n(Na) vy~ ! (WT)\(()()) do.
n14ng=k+0 {a€0* | nmA(a)€0* }

If the order of vnu~! is zero it is equal to

Z M((anz)s){/{aeox o My (a)n(Nar) de

ni+no=k+~¢
||

oY)
’7T| —1 {a€0Ox |7r)\(a)€o><}

My (a)n(Na) da},

an expression that will be labelled (G).
If K is an unramified extension of k, r = n > 0 and the expression ([F)) is zero unless
k — ¢ and k — n are even. There is only one term in and the corresponding integral is

.

My (@)n(Neuv~

— k=r . k=r L—r 4—r
"1 1(N<7T’"+ R LI ))da.

Set Mg(a) = My(a®). Since My 'n'*s - My *v'* = (u~'vn)'** this integral is equal to
L—n £

A(M Intts o S )A<M61V1+S,W%’%n>

A ((M—lyn)l—i-s’ 7-(-—7‘,—7“)
Putting everything together and appealing to Lemmas 1.1 and 1.5, we see that the right
side of is equal to

e ((r44) ) (L= o)
~A<MO Lylts uL)A(M L1+ W%’T>.

Since A(M~7,7™™) = A(M~!, 7#™™) it is equal to the left side.
If K is a ramified extension of k£ and r > 0 there is only one term in the sum and the
integral appearing in that term is

L k—r | k—1r L—r fL—17
a2 ’T+Ta+7rr+T’T€O><}

/ Myt (a)n(Na)uv~tn~! (N(HrJrkoz + HHSZ)) dov.
{aEOX ‘ [Ir+kq4IIrt+steOx }
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—Ll+sl

Replace a by II a to obtain

M (I / My @) (Najyurty~ (N (T a4 10+)) do
{aEOX | [r+ka4IIrt+cO % }

If r > f then r = n, the order of (uv='n ™Y is2n— f, 0, r+k=2n—f+ (k—n+ f),
r+f=2n—f+(k—n+f). If r < f then n = f, the order of (uv—'n=1)'** is (r,0),
andr+k=r+k-n+f),r+l=r+{—-—n+f). If r = f then n < f, the order
of (vt )" is (n,0), r+k=n+(k—-—n+f),r+{=n+(k— L+ f). According to
Lemma 1.4 the above expression is equal to
A(M()_1771+5v Wk_n’O)A(MO_Sl/1+S, 7ré—n,())

A ((Iu—lyn)l—i—s’ 7-(-—7"1,—7"2)
if (ry,m2) is the order of (u~'vn)'™. Observe that
A(M 1 1+s ﬂ_é—n,O) _ M(H(n—é)(l—s))A<M 1 1+s (Z—n,0)>.

Appealing to Lemmas 1.1 and 1.5, we see that, if » > 0, the rlght side of is equal to

M(Hf—sf)

2 0.1’ 2
M (TP A (TT+-2005 (1 — | |W|a{%}

A(M 1 1+s kfn,O>A<M 1 1+s ffn,O)

with a = k+§+f R "+f + & ”+f This is obviously equal to the left side.

2 T3
If r = 0 the expression (G) is equal to the product of M (IT+9%) and

/ Mo_l(a)n(Na) da
{a€0* | Mka+II5te0 }

, Il

Mt Na) do.
|7T| —1 /{anX |Hk+1a+nl+seeox} 0 (a)n( Oé) @

After a change of variables this becomes

M(Hf—sf){ / M (a)y(Na) da
{aEOX | Hkoc-H_IZaEO}

“
{a€0* | IFtla+IIt+1€0 }
I+s will also be trivial this is equal to
M(H€—2S)A(M0—1n1+87 Wk_n’O)A<MO_S771+S, 7TZ—n,O)

because n = f in this case. Thus the right side of is equal to

Since (u~tvn)

2
n S —2n)s 2 kit A X 77r_f
M(H (1+ ))M(H(k+é 2n) )(1 _ |7T|) |7r| 2 {W}

A(MO 1771+s k— n,O)A(M(;llers, 71_Efn,()>.
Since y(II"(+9)) = 1 and "+ = 7 it is equal to the left side.
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It remains to consider the case that K = k & k. Then r — n is not zero and is equal
to the product of A(vnu~™!, 7") and

Sy MEmm / M (a)n(Na)

+m1—Lno+ Mo+t
(TLl-‘r’I’LQ:k‘-"-Z) (m1+m2:r) CMEOX LA 2 MQaJrﬂ-ml "2 GOX}

. MV_ITI_I (N(ﬂ_n1+m1—ﬁ,n2+m2a + 7Tm1,m2+Z)> dov.

This is equal to

Z Z M(?TnQ’nl)A(M()_1771+S, 7Tn1+m1—n—€,n2+m2—n)

(n14+n2=k+£) (m1+mo=r)
A(M 1 1+s ﬂ,m2+€fn,m17n)

divided by A((p~'vn)'*, 7=™~"). Replace my by my + n, my by ms — £ + n, interchange
the order of summation and replace ny by n; — my + £, ny by no — mso + £ to see that the
sum is equal to

> > M(xm)M (a2 M (")

(m1+ma=~0—n) (ne+ni1=k—n)
A(MO 1771+s nl,ng)A(MO 1n1+s 7Tmz,m1>.
Appealing to Lemmas 1.1 and 1.5, we see that the right side of (E]) is equal to

n k+e +n
w(r) (1= |) ||
Z Z M(?TnQ’nl)M(ﬂ'mz’ml)A(Mo 17]1+s 7Tn1’n2>A(M0_11/1+s, ﬂ_ml,m2>‘
(n1+n2=k—n) (m1+ma=~£—n)
This is of course just the left side.
Lemma 1.7. Let w and M be homomorphisms of k* and K* respectively into C*. Suppose

that the restriction of M to k™ is wy. Let v and n be characters of 0* and let wy be the
restriction of w to 0*. If vnwy ' is trivial then for all integers k and ¢

i —w(m ™) T (M, 1,k +m)T(M,v,{ +m)

—00

+ w(m)T(M,n,k — )T (M, v, £ — 1) + wo(—1)dg (")

7| —1
=> AW p ', 7)Awp 7T (M, p, K+ 0).

d¢ 1, is of course Kronecker’s delta. For brevity denote the left side by Ly, and the right
side by Ry Suppose at first that k < 0 and ¢ < 0. Then Ly, = wo(—1)w(7%)dss. The only
terms which contribute anything to the right hand side are those for which order(p) = —k
and order(p) = —¢. Thus the right side is zero if k # (. Suppose order(p) = —¢ and k = {.
The order, (r1,73), of My 'p'**is (—¢,—¢) if K = k@ k or K is an unramified extension of
k. Ttis (—2¢ — f,0) if K is a ramlﬁed extension of k. Moreover if ny +ny =k + ¢

A(M 1p1+s nl,nz) :O
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if —n; # r; + f. The orders of 71p and v~!p are both —¢. The orders of
(Mg ")~ ™ p) '™ = Mon™'~

and
(MO 1p1+s) (Vﬁlp)Hs _ Moyflfs

are independent of /. Moreover the restriction of My 'p'* to 0* is equal to xo(n~1p)(r1p).

According to Lemma 1.5
A(M 1p1+s Wfrlfflfrz)
B M(Héfsé)
x(m)

Alxo, 7 f) 1—n|
}A(Xo,ﬂ—f)‘ 1 — €|

r1tro+2¢ +72+22

Al p, 7AW p, ") |7

Since A(n~tp, %) = np~t(=1)A(np~1, %) the term corresponding to a p with order p = —/¢
is

M(HZ_SZ)M((W_H_JC’_TZ)S) - 1
x() (A s
This is clearly equal to
Mwo(—l) 1 _ w(m")wo(=1) ‘
x(7) 7 (1= |x)* |wle(1 = |x])?

Since the number of such characters is |x|*(1 — ]7T|)2 the lemma is valid if k¥ < 0 and ¢ < 0.
Thus to prove the lemma it is enough to show that

L1041 — w(m)Liy = R1041 = w(m) R g

for all k£ and /. The left-hand side is equal to
w(m) ||

m| =1 m -1

Suppose K is an unramified extension. If kK — ¢ is odd both of these terms are zero and

so is the right side. We suppose then that £ — £ is even. If k is even only the first of these

two terms can be different from zero. If k is odd only the second can be. Remembering
that x(m) = —1 so that w(w ) —M (7") we apply formula (G]) to see that the right side is

k42 k+£ 41

the product of (1 — || )]77\ 2 M(ﬂ' 2 > and

|7r| /
ac0X*

T(M,n,k)T(M,v, ) — WA(m)T(M,n,k—1)T(M,v,k—1).

L—k L—k
7rk+1N<o¢+7r T)

) Mi (@)n(Na) da

Mo_l(oz)n(Noz) da

k42 k+2 £+2
T 2 2 atm 2 2

2 k42 042 042
2 cox }
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4 k

If k is even 7r’“+1N<a + ﬂTk’L> € o if and only if 77’“]\7(04 +7T 2 L) € o so that, if k is

even, this expression equals

w0 fo

-1
k42 k42 42 042 My (a)n(Na) do
7T2’2a+7r2’2€0X}

e
’ﬂ-|2_1 {aGOX

(|=| + 1)A<M0 Iptts, W§’§>A(MO_1V1+S, 7T§é>.

The identity, for even k, follows immediately. If k is odd the expression above simplifies to

(x| + 1) /{QEOX

which equals

My (a)n(Na) da

k=1 k-1 1 -
T2 2oHrrr? ?eO

N,
IR, g

(\W| + 1)A(M Iplts o 3 1’k51>A<M0_11/1+5,7r%’[772>.
The identity, for odd k, follows immediately.

Suppose f > 0. If u is the restriction of Mj to 0* then vnu~! = xo. According to ,
Ry, ¢ is equal to the product of

k4l k4l 041 041 M()_I(OOT](NO‘) da
T2 0 2 atwm 2 02 €0X }

which equals

prers A(x ,ﬂ'ff _ s ki
i W%W IMIE0) = xo(=1)x]

M(Hé‘%)/ My (a)n(Na) da.
{acOx | Iftha+II/+teOx }

On the other hand
w(m)
| —1

+fM(Hs(lc+£))

and

7|

T(Mvnv k)T<M7V7€) - |7I" 1

WHm)T(M,n,k — )T (M,v,l —1)
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k+e

is equal to the product of (1 — |7r]) 17|72 T o (—1) M (ITH+*+D) and

1
_ / Mo’l(a)n(Na) do
‘ﬂ-’ —1 {ozEO>< |Hf+koz+7rf+Z€O}

My (a)n(Na) dOé}

|7T| —1 /{anX ‘ [f+k+lqtgf+H+1cOx }

My (@)n(Na) da
{aEOX |Hf+k Lo+ ITf+0— 160}

||

mf =1 /{aEOX | If tha+IIf +e0x }

; M;(a)nm)da}.

Some simple rearrangements show that this is equal to
-1 B
| Mg (@)n(Ne) da
(Jm| = 1)" J{acox | ns+ratis+cox }

| / 3
(| — 1)? My (a)n(Na) da.
<|7T| - 1)2 {a€Ox | W +h+tlaqTIf++1€0% } 0 ( )77( )

The identity follows immediately.
Finally we have to treat the case that K = k @ k. It is enough to verify that

Z |7 [P (7) {Lk+1—p,£+1—p - W(W)Lk—pyﬁ—p}

p=0

= Z|7T|pw(7rp){Rk+1—p,€+l—p - W(W)Rk—p,ﬁ—p}'
p=0
The left side is equal to
w(m)
|| =1

T(M,n,k)T'(M,v.0).
For brevity set
P (n1, ng; My, ma) = /{ Myt (a)n(Na) da.

aeOX | T2 ™12 €O X }

k:+£

Apply formula to see that Ry, is the product of (1 — |7r|) |7| 2 and

Z M (m"") Z Z¢(n1+m1+q—€an2+m2;m1+qam2+£)

ni+no=k+4 mi1+mo=0 ¢<0

T
+\7T;_|1 Z M (7" Z Y(ny+my +1—L4,ng +my;my +1,my +£).

ni+no=k+~¢ m1+mo=0
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Thus, > |7 [Pw(mP) R —pe—p is the product of (1- |7r|)2|7r|% and

Do M@EEM) Y Yy (A i+ g — Lng+my + pimy + ¢, ma + £+ p)

ni+no=k+~¢ mi1+ma2=0 p<0 ¢<0
D3
M n2,ni
+ =1 (7 )
ni+no=k+~£

Y N W ma 1= Lny + my +pymy + 1ma + (4 p).

mi+me=0 p<0

Now
w()

| =1
is equal to the product of (|r| — 1)3(JJ(7T)|7r]kTH and

Z Z M(an’nl)M(WmQ’ml)A(Malﬁl+s, 71_nl,ng)A(Jw'(;llers’ ﬂ_ml,mg).

(m1 +mo :f) (n1 “+no :k)

T(M,n, k)T (M,v,?)

Replace ny by ny —mo = ny +mq — £, ny by ng — mq = ny +mo — £, and then my by mq + ¢
to obtain

Z M(ﬂ'nQ’nl) Z A(Mo—lnl—l—s 7Tn1+m1_€’n2+m2)A(M0_11/1+8 ,n_ml,mz—i-f)‘
ni+no=k+~¢ mi1+mo=0
According to Lemma 1.4 this is the sum of
Z Z M<7Tn2’m>z Zw(n1+m1+q—£,n2+m2+p§m1+q7m2+€+p)
(n1+n2=k+£) (m1+m2=0) p<0 ¢<0

and

CE D IR ML

(n1 “+no =k‘+€) (m1 +mo =0)

-Zw(n1+m1+1—€,n2+m2 +p,m1+1,mg+€+p)

p<0

and

e, 2 e

(n1 +no :k-i-g) (m1 +mao =0)

DY (a4 q—Gny+my+ 1my + qomg + L+ 1)

q<0

and

<|7r;ﬂ—| 1)2 oo > M@Emm

(n1 “+no =k‘+£) (m1 +mo ZO)

cp(ny+mi+1—4ng+mo+1;my+1,me+ 0+ 1).
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On the other hand

o oo
D IrPw(m) Rigapesa—p — w(m) Y |aPw(m”) Re iy
p=0 p=0

is equal to (1 — |7r|)2|7r|%w(7r) times the sum of

2
T
|7T|||— Z M(ﬂ—n%nl) Z ¢<n1+m1+1_£7n2+m2+17m1+17m2+‘€+1>
ni+no=k+¢ m1+mo=0
and
2
,7T||7T|_ S M@y Y0y (b 1= Cony my - pimy + 1my + £+ p)
ni+no=k+~¢ m1+n2=0 p<0
and
| Z M (7">") Z Zw(n2+m1 +q—Ll,ny+me+1,m1 +q,mg+L+1)
ni+no=k+~ m1+mz=0 ¢<0
and
m Y M@
ni+no=k+~¢

. Z Z21/1(711+M1—|—q—€,n2+m2—|—p;m1-|-q7m2_|_£_|_p>’

mi+me=0 p<O0 ¢<0

the contributions of the first infinite series, and

. |7T| Z M(T(‘n?’m)

| =1
ni+no=k+4

: Z Z¢(n1+m1+1—E,n2+m2+p;m1+1,m2+€+p)

m1+ma=0 p<0
and
— Z M (m">m) Z Zzwnl +m1+q—{,ng +my+pymy 4+ q,ma + €+ p),
ni+no=k+~£ m1+mo=0 p<0 ¢<0

the contributions of the second. The identity can now be verified by inspection.

2. REPRESENTATIONS OF THE GENERAL LINEAR GROUP IN TWO VARIABLES OVER A
NON-ARCHIMEDEAN FIELD

This paragraph is, in its essentials, a recapitulation of work of Gelfand, Graev, and
Kirillov. We adhere to the notation of the previous paragraph. Let Gy = GL(2, k) and let
Go = GL(2,0). A is the group of diagonal matrices and N is the group of matrices of the
term (§%).

A representation o of G, on a vector space V', over C, will be called quasi-simple if

(i) The stabilizer of every vector in V' is an open subgroup of Gj.
(ii) If a € k* then o((§ 9)) is a scalar multiple of the identity.

Lemma 2.1. Suppose o is a quasi-simple irreducible representation of Gy on the vector space
V. V contains a non-zero vector invariant under Ny if and only if V is finite-dimensional.
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First of all suppose that V' contains a non-zero vector v whose stabilizer contains N. Let
H={geGy ‘ o(g)v = Av with A € C}. Since V is spanned by the set { o(g)v ! g€ Gy}
it is sufficient to show that H is of finite index in ;. Since H contains the diagonal matrices
together with an open subgroup of G the image of H under the determinant function is of
finite index in k*. Thus it is sufficient to show that Hy = { g € Gy | o(g9)v =v } contains
all matrices of determinant 1.

Let W be the space of column vectors of length 2 with entries from k. Let us show first
that if w € W and w # 0 there is an h in H and an x in k£* such that

w:h(g).

If the second coordinate of w is zero this is clear. Since the stabilizer of v is open in Gy
there is g in Hy such that

with 5 # 0. Then

1 z\[a\ [a+pz
0 1)\p) I6] '
If the second coordinate of w is not 0 we can choose z so that w is a scalar multiple of the

vector on the right.
In particular Hy contains a matrix of the form (g Z) Since

(06 )=o)
£ D0 )-8 1)~ ().

Hy contains all matrices of the form (; ?) Since
I z\(1 0\ (l+zz =z
0 1)\z 1) x 1

“ (e DV 0tan) 0 )

if 1 +xz # 0, Hy contains all diagonal matrices of determinant 1. Since

COE D6 D-(2 96 D)-(8 s0m)

Hy contains all matrices (‘; 2), a # 0, which have determinant 1. Since

G- )

Hy contains all matrices of determinant 1.
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Conversely if V' is finite-dimensional the kernel of ¢ is an open subgroup of G and there
is an € > 0 such that (%) belongs to this kernel if |z| < e. Since

a 0\ /1 =z é 0 (1 ax
0 1)\0 1/\0 1) \0O 1
and for any x there is an « in k* such that |az| < €, the kernel of o contains Nj.

Corollary. If o is a finite-dimensional quasi-simple irreducible representation of Gy then
o 15 one-dimensional and there is a continuous homomorphism p of k* into C* such that

o(g) = p(det g)

Since the kernel of ¢ contains N together with an open subgroup of G) the above
discussion shows that it contains every matrix of determinant 1. Also the inverse image of
the group of non-zero matrices is of finite index in GGy. Thus if ¢ € G}, there is a A in C*
and a positive integer n such that o(g)” — A = 0. Thus o(g) is semi-simple. The corollary
follows immediately.

Again we fix a character &, of the additive group of k such that the largest ideal on which
&o is trivial is 0.

Lemma 2.2. Suppose o is an infinite-dimensional quasi-simple irreducible representation
of G, on V. Let W be the set of all vectors v in V such that for some ideal a of k

/ama«é f))adz:@.

Then W is a subspace of V. Let U =V/W. Ifv € V let p, be the function k* with values

in U defined by
wo=o(+{(& )

where @ 1s the natural mapping from V to U. The map v — ¢, is an injection of V into
the space of functions on k* with values in U.

Since the stabilizer of v in Ny, is an open subgroup of Nj, the function o ((§%))v takes
only a finite number of values on a. Thus the integral involves no limiting processes and is
well-defined. If a C b then

[e@((3 2))vse=sawe((3 1)) | [5( (3 1))ous

where the sum is taken over a system of representatives of b/a. It follows immediately that
if the integral vanishes for a given ideal then it vanishes for all larger ideals. A simple
argument now shows that W is a subspace of V.

If o, vanishes identically then for every o in K there is an ideal a(«) such that

» fo(ax)(j((é ”16>>v dz = 0.
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If € 0* and O’(( ))v = v then

[aamio( (3 3))ear=o(( ) fmo( (3 3))

Since the set of all 5 in £* such that a((ﬁ 0 ))v = v is an open subgroup of £*, there is for

each integer n an ideal a,, such that if a, C a and o € 0*

/WO—(G f)>vdx:o.

There certainly is an integer n such that the function a(((l) ”f))v is constant on cosets of
p~"0. Let us show that if ¢, vanishes identically and this function is constant on left cosets
of p~" then it is constant on left cosets of p~"~". This will show that 0(( ))v = v for all
x. It will then follow from Lemma 2.1 that v = 0

Take any ¢ such that ¢ > n+ 1 and p~* D a,. If € p~* then

a<( )>v_wz 3 50(a7rx/ &lamy)o ((é ?))vdy.

m=n a€o* /op_m

By assumption the terms of this sum corresponding to m = n are zero. Since &y(an™z) is
constant on left cosets of p~™~! if m > n the assertion follows.

Lemma 2.3.

(1) Ifw=0o((57))v then vu(B) = pu(Ba)
(i6) If w=0((§7))v then u(B) = &(Ba)pu(B)

(@i1) If v is in V there is an integer k and a mon-negative integer n such that ¢,(a) =0
if |a] > |7|* and p,(Ba) = p.(a) if B € 0X.

The first assertion is a matter of definition. To prove the second we have to show that

(6 (@ 2)ston((; 2o

isin W. Let u=0((¢))v. Then

[ 9)-
/50 ((1 y+1&x)>udy—§o(ozx)/awa<<(l) ?))udy.

If ax € a we can change variables in the first integral to see that it equals the second term.
Finally it is clear that if o(({%))v = v for |z| < |7|7* and 0((5 0))'0 = v for § € o) then
po(@) = 0if [a] > [} and g, (Ba) = pu(a) if B € 07

Let v be a character of 0* and let V,, = {v eV ‘ o((g9))v=v(a)v for all « € 0* } It
is clear that V' is the direct sum of the spaces V,,. Let V be the set of all v in V such that,

is equal to
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for some k = 0, ¢,(a) = 0 if [a] > |7[~ “* or |a| < |x|F. Let V, =V, N V. It is also clear

that V is the direct sum of the spaces V Finally let V° be the set of all v in V' such that
oo(a) #0if |a] # 1 and let V? =V, N VY VY is the direct sum of the spaces V2.

Lemma 2.4.
(i) For each v the restriction of v to V. defines an isomorphism of V. and U.
(ii) V,, is the direct sum of the spaces J((ﬂbk ?))VVO, ke Z.

(#i) If v is in V), there is a unique vy in V) such that if u =v —o( (7" ?))vk then

pu(e) =0 if laf = |7|*.
(i) V is spanned by V and the vectors of the form

((13):

We start with (iii) of which (ii) is an obvious consequence. The uniqueness of vy, is clear.
If k is negative and |k| is sufficiently large we can take v, = 0. Thus the proof can proceed

by induction on k. Set
7 0
w=uv-— Z o ( o 1] |v
<k

() = 0if |a| > |7*] and @, (a) = ¢, () if |a] < |r|*. Set
.y ‘—k—l 7 0 B 1 =z d
v = |7 oy 1 . w=ollg 1) |wde

gka(ﬂ_fkoé) _ ’ﬂ_|fk71 /pvkl{l — &](ax)} dz (,Ow(Oé)-

FLor |a| > |7*|. Tt is @, () if |a] = |7%|. Part (iii) of the

with v in ‘A/

Then,

The right side is zero if |o| < |7
lemma follows.

It is clear that the restriction of ¢ to V! is an injection. It follows from (iii) that the
restriction of ¢ to V is a surjection. Thus U = 3_ 4 (V}?). To prove part (i) it is sufficient
to show that if u € U and u = ¢(v) for a v in some V;? then there is a w in V. such that
u = 1(w). Given v set

Z:/Owi)a((ﬁ (j))a((g) f))mg

where x is yet to be determined. Then z is in V|, and since

px(0) = @) | i(Déolado) dp

it is in V2. In particular

$(2) = (1) = { [ wreen) dﬁ}u.
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Choose z so that this integral is not zero and set

w = { / 1(B)6(B) dﬁ}lz-

It follows from (i) that V # {0}. Choose w different from zero in V. Since ois irreducible
V is spanned by the vectors o(g)w, g € Gy. Either g = (34) or g = ( Po)(et). In
o

the first case o(g)w is in V. In the second case o(g)w is of the form a((§1)) <( %)

with w in V. It is easily seen that if v belongs to V' and z belongs to k£ then o (( 5t )v
belongs to V. The last assertion of the lemma follows.
Ifvisin V let v=>_ v, with v, in V,. Choose vy, so that if u = v, — a((’fak ?))vkw

then ¢, (a) = 0 if |a| = |7*|. Set ug,, = ¥ (vr,) and write, purely formally,
155

Let 0((§2)) = w(a)I for o € k* and let wy be the restriction of w to 0*. Let v(a) =
wo(a)vH(a) if @ € 0*. If v is in V2, then a((_(l) é))v is in V5. Let

(0195

If ¢(v) = u the map u — wy, is a linear transformation from U to U. Denote it by T} ,. If v

v~ E E U&,,Ze
v l

isin V and

then

J((—(l) 3)>Z§€3 >l Tptnes ¢

m—k={
It follows from the third part of Lemma 2.4 that if v € V there is a unique v; in V°
such that if u =v — 0(( 0 1))Uk then p,(a) = 0if |a| = |7|*. If w=0((}7))v then v

is replaced by wy, = a((}) ”’Iﬂ)vk. If vy = >, g, with vg, in V2 and wy = > wy,, with

wy,, in V2 then
Z/ vin(B (1 ﬁﬂl I) Vg, df.

(W) Z A( V,u Y (Ugw)-

Consequently
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Thus if

UNZZWWZZ,
v l
o S35 st st

It is also easily seen that

™ 0 Z Z
0<( 0 1>>U N ¢ s
The identity

6D -3 26 e

for x # 0 is easily verified. If v is in V and

then

a<(3 f)) a<(_$ (1))>~ng; gg;gy;m—mwl,mTwuw )

If 6, = 1 if v is trivial and &, = 0 otherwise, then o(($%)) ((_(1) é))v - 0((_(1) é))v which

belongs to 1% corresponds to

Z Z Z Z [A(VM_I, mhr) — 51/#*1] w(ﬂ_e)Tk_M’;qu 2L
o k 4 v
Finally 0(( 9 é)) ((59)) (( 9 é))v corresponds to
Z Z L) = byt Jw(m T T T g Tt 2"
+3 0 w12

" k

On the other hand 0<<(1) _11/3”))1; corresponds to

Z Z{Z Ay, —ﬂe/m)uw}ze
0 ¢ v
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and o (( 09) (é i ) ) v corresponds to

ZZ ZZW(”%)A(Vﬁﬂ?_We/-fl?)TkH,ﬁue,y 2F
P A

Letting 0(([1) 7 )) operate we obtain a vector corresponding to

33 S A~ ) AT~ ) T (2
o k Lvm

Finally if % = 7" with 8 € 0* we apply 0((‘16’” 0I>> to obtain
o

Thus we obtain the identities

k Lvm

Z Z ﬂ(ﬁQ)w(_x)w(ﬂ_g)A(n#_lv _7Tk+2r$)A(Vﬁ_1v _7T£$)Tk’+2r+€,ﬁu€,l/ <

Z{A(’ljﬁ_l’ me)w(ﬂ_g_m)Tk-i-m,ﬁTm-i-f,V - 59;7—1W(W_é_m)Tk—i-m,ﬁTm-i-é,u}

-+ w(—l)éw_lég’k

=) uBw(—w)w(r A —m ) AW =7 [2) Tesarves

For all we know at present both these sums are infinite. However all but a finite number
of the operators on each side send a given vector in U to zero. Thus as an operational
equation the identity has a sense.

We can rewrite the identities as

Z{ [A(V_I/L_lwo, B — 5,/#%71} W(W_K_m)Tk-i—m,uTm—I—K,u} + Wo(—l)(s,,wglAﬁ k

n

D (B )wg (=B YA (!, =7 BT Ay, =7 B8) Tt

Recalling that A(v, By) = v~ 1(8)A(v,y) we simplify the identities to

Z{ [A(V‘lu_lwo, ") — (SWMO1]w(7r_m)Tk+m#Tm+g,,,} + wo(—1)6yuwa1w(ﬂ£)

= pvwy (=1 Alpn ™ 7 Aon ™ 7) Tage.
n
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Making use of Lemma 1.1 we can simplify these identities further. If the order n of
vpwy s positive the identity becomes

(A) Al 'p twy, 7™ w(T) Ton T

= pvwy (1) Y Ay 7AW 1) T,
n

If vuwy ' = 1 the identity becomes

—2
1
B) Y —w(ﬂ’”)THm,”TmH,y—l—m—_lw(ﬂ)Tk,ng,Ly—l—wo(—l)ég,kw(ﬂe)

m=—00

= Apun ™, 7AWy 7 ) T,
n

Lemma 2.5.

(Z) For all k, 6, M, and v, Tk,,uTé,y = Tg’ka,u.
(7) There is no non-trivial subspace of u left invariant by all the operators Ty, ,,.

If vuwy ' is not trivial the identity
Tk,uTZ,V = TZ,VTk,u

follows immediately from (A]). If vuwy " is trivial let u be in U. For a given k and ¢ and for
m < 0 both Ty, ,u and Ty, ,u are zero. For such m

Tk+m,,uT€+m,uu = E+m,uTk+m,uu-

Using the identity and induction on m one shows readily that this relation is valid for
all m.

Suppose that U’ is a nontrivial subspace of U left invariant by all the operators T} ,. Let
V' be the set of all v in V such that ¢,(«) € U’ for all a. If v € V.2 then v € V’ if and only

if (v) € U’. Thus V" is neither {0} nor V and VN V2 # {0}. It is clear that V' and V' NV

are left fixed by the operators 0(( g)) Since V' is irreducible it is spanned by V' N 1%
o)

together with the set o ((§ "f))a(( )v, v € V' NV. Thus to obtain a contradiction we

need only show that if v is in V' NV then 0(( B é))v is in V’. This is however an obvious

consequence of the assumption.

It follows from this lemma that each T}, is either zero or an invertible linear transforma-
tion. Thus for each p there is an integer k() such that Tj, , = 0 if k& < k(u). Moreover one
of these operators can have a non-trivial eigenvector if and only if it is a scalar.

Now I would like to make some remarks which are not relevant to the main purpose of
the letter. First of all let me observe that if k, ¢, u, v are arbitrary there is a scalar a and
scalars a,,, all but a finite number of which are zero such that

TipTow =0+ Y Ty
p m

If pvwy ! is not trivial this follows immediately from identity . If pvwyt s trivial consider
the set of integers p for which Ty, ,Tryp, is a linear combination of the identity and the
operators T, <. If p <0, Ty4p,Tr4p, = 0 and p belongs to this set. Using identity and
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a simple induction argument one shows that the set contains all integers. It follows from
this observation and the previous lemma that if u # 0 belongs to U then U is spanned by u
and the set {1}, ,u}.

Choose a fixed v and let the order n of 1 be positive and so large that the orders of
v utwy and vut are also n and T, # 0 for some rqg > —n. Take £ =15+ n > 0 in
identity and cancel 717, , to obtain

A= " wo, 7 w(m") T,y = prwy ' (1A (™ 7).

As a consequence for all but a finite number of characters of 0™ the operator T}, is a scalar
for all k. If, for all p, T, , = 0 if m > —1 then there are only a finite number of operators
in the set {7, ,} which are not scalars. Consequently U is finite-dimensional and each of
the operators T, , has a non-trivial eigenvector and is thus a scalar. It follows that U has
dimension 1.

It is very unlikely that our assumptions (i) and (ii) together with irreducibility imply that
U is one-dimensional. Consequently we make the further assumption which can certainly
be useful in the case of interest to us at present.

(iii) No representation of G, occurs more than a finite number of times in the restriction
of o to G,.

If p is a representation of G, let V, be the set of all vectors in V' which transform according
to p. Any operator on V' which commutes with all the operators o(g) must leave each of
the finite-dimensional spaces V, invariant. Thus it must have a non-trivial eigenvector and,
because of the irreducibility, must be a scalar. It follows immediately from the first part of
Lemma 2.4 that the map v — ¢, maps V onto the set of all locally constant functions on
k> with values in U which vanish outside of some compact set. Suppose 7' is an operator
on U which commutes with all the operators T, ,. If ¢ is a function on k£* with values in

U define T'p by (T)(a) = T(p()). If v € V and
o Y
m k
then T'p, = ¢,, where
w ~ Z ZTuk,sz.
o k

Then

a<(_(1’ é))v ~ sz: () T ie s S,

m—_l=k

o ( (_(1) (1)) ) w ~ ; ; T w(m ™ T e ¢ 2~

m—_=k

It follows immediately that T takes the image of V' to itself. Thus it determines a linear
transformation of V' which is easily shown to commute with all the operators. As a
consequence of assumption (iii) this linear transformation is a scalar. Thus T is a scalar.
In particular all the operators T}, , are scalars and U is one-dimensional.

In the next two lemmas it is assumed that U is one-dimensional. Thus the operators
T, are taken to be complex numbers.
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Lemma 2.7. Suppose that there is a character ji1 of o and a ky > —1 such that Ty, ,, # 0.
Let K = k® k. There is a continuous homomorphism M of K* into C* such that for all £
and v

To, =T (M,v;0).

Let me observe immediately that it was shown in the previous paragraph that if the
restriction of M to k™ is w the identities and are satisfied if 77, is replaced by
T(M,v;0). Set py = pj ‘wo. It will perhaps require less mental effort if the cases ju; = jup
and py # uo are treated separately.

Suppose first that gy = ps. In identity take v = 1, p # pq, and take £ = k1 +n >0
to obtain

A(Mlﬂ_la W_n)w(ﬂn)Tk—n,ﬂTkhul = :u:ul_l(_l)A(:oul_lv Wk)Tk-&-f,m'
The right side is zero unless k£ = —n but if £ = —n we can cancel T}, ,, from both sides to
obtain

-1 -1 A —1’,71_—11 9 . . B a2
T, = M) ST (1 o)l { A )
Thus if w; and wy are two complex numbers such that wiws = w(7) and M is defined by
M(mPa @ 11f) = wiwgp (o) for o € 0%, B € 0* then Ty, = T (M, k, 1) for pu # 1.
Take 1 = v = py and k = £ in identity (B]). If K < —1 the right side is a sum over those
n such that the conductor of p1n~! is p~*. For such n

A(pan™ ", 7 A (™, 7) Tor

w(m®)|m|*

.
(1 = 1)
Since the number of such characters is |r|™ (1 — |7r|)2 the right side of (B]) is equal to w(7*).
Since wp(—1) = p?(—1) = 1 we have, for k < —1,

= w(r)

> —w(m ™) Tt Totmn + =1

= w(m)pp (DA (py T Ay~ ) =

Te1, Th-1,m = 0.

— |
It follows by induction that 7}, ,, = 0 if m < —2.
Now take p=v =y, { = —1,and k > 0 in to obtain
w() ]
| =1 ml =1
Since Ty_1,, # 0 for some k > 0 we conclude that w(m)T"_5,, = |7|.
Choose w; and ws to be the two solutions of the equation

v |12
(|7T| - 1){ |7T|1/2 + —‘ :‘1: =T 1.

w(m)

Tk_lv“l T_27M2 -

Tk_l?/‘/l :

It is easy to see that
(1 _ wl—lz—l‘ﬂwz) (1 _ w51$_1|7r]1/2)
(1 — wiz|m[/2) (1 — woz|7|'/?)

Z T(M, py,m)x™ =

m=—00
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if || > 0 and |z| is sufficiently small. Thus T, ,, = T(M,u;,m) if m < 0. Taking
w=v=u, k=0, andé}Oinweobtain
—2
w(m
> —lm ™ o Tromn + Tt Tict + (= ras(7) = Ti

Since the same formula is valid if 7}, ,, is replaced by T'(M, p11,p) we can show inductively
that 1), ,, = T (M, p1,m) for all m.

Now suppose i1 # pio. Let n be the order of pyp;'. Take = v = py, £ = ky + 1, and
k = —1 in identity to obtain

e om _ 7]
A(/Q:ul 1a ™ )w(ﬂ )T—l—n#lTﬁ—n,#l = K1ty 1(_1) |7T‘ _ 1Tk’1,ll1'

Thus T_1_,,, # 0. Now take { = k; +n, k < —1 to obtain
A(M2Mfl> Wﬁn)w(ﬂ'n)Tk*n,mTk,u1 =0.
Thus Ty—p,, =0if £ < —1.

Now let us look at the identity with p = 1, v = pe. It k> —n and ¢ > —n the right

side is zero because the order of either p1n~! or uen~! is at least n. Thus in this case

—2
(C) Z _W(W_m)Tk+m,H1Tf+m7#2 +
In particular take £ = n + 1 to see that if k > —n + 1 and T} ,, = 0 so does T3 ,,.

If kK < —n and ¢ # k the right side of is zero for p = py, v = ps because k < —2 and

if the order of p1n~'is —k so is the order of pyn~t. Thus in this case

-2

Z —wW(T ™) Tt Lo +
The same result is valid if £ < —n and k # (. Take kK = —n to see that T}, ,, = 0 if
m < —n— 1.

Thus if T,,, ,, = 0 for all m > —1 then the only m for which T}, ,, # 0is m = —n — 1.
Taking / = —n — 1 in we would find that 7T), ,, = 0 for m > —n which is contrary to
assumption. At this point p; and us play identical roles.

Taking k = —n + 1 in (C]) we see that if £ > —n

Te+1’M2Tin“u'1 = (|7T‘ - 1)w(7T>Teuu2T717nuu'1
Thus T_,,,,, # 0 and T}, # 0 if £ > —n. Set, if { > —n,
wi || Y2 = Terrny = (|7 = D)ew(m) T=1mnsy -
T

Similarly 7", ,, # 0 and Ty, #0if £ > —n. If { > —n, set

wo|T|Y? = Texru, = (|| - 1)w(7r)TfT17n,u2.
Te,uy —T,H2

w(m)

h—_lTk—laﬂlTé—lyﬂ2 + wo(—1)dg k() = 0.

w(m)

w—_lTk_lvﬂlT€_17N2 — 0

Now take v =p =1, ¢ 20, k =—1in to obtain

Ay o, 7" (T") Ty iy Toppy = Nlﬂz_l(_l)FTZ—l,m-
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Thus .
I—n,p1 = ||7:|_211 5(2 n)A(NlM ")
In the same way .
fioma = |\7;||:;1 sy )
Thus if v = “’1(;’?
T yn =" <|‘7;||n_211> wjuﬂfA(MQl'ul’ T "),
Tiog =7 (1= [al) 2l e " Ay w ), €2 -,
L(rl=1) 1

A(py o, ),

S e

n— 2 £ —n n — —-n
Tope =" (1= |7]) w20y "y Ay g, "), L= -0,
If we take p different from p; and po, v = py and £ > 0 in identity we obtain

Apzpy 7 ")w(1") Domy Loy = fibty (= 1) A(ppr Wk)Tk-&-f,m
if n; is the order of p =t and n, is the order of pop~t. Thus T}, n=0if m # —n; —ny but
—ni-ng —n n — —no
T ni—maz,u (1 - ‘W’) |7T‘ 2 "Y w2 1("Jl 2A(,ul :ua )A(MQ 1#7,” )
If we can show that v = 1 we will have proved that if M (7Pa @ 710) = wiwh (o) pa(5)
then T'(M, u,m) = T,,, for all ;1 and all m.
Take = py, v = pg and k = ¢ = —n in . If the order of both nu;* and nu; "' is n,
the value of the corresponding term on the right side is
7" 1
(1- \7T|)2 w(mm)’
||

If n > 1 there are ll_"n (1 — 2|7r|) such characters 7. The terms corresponding to the other

characters are all zero so the right-hand side is %11__—2“;? If n = 1 there are 17;3{”' such

characters. However the terms corresponding to n = 1 and 1 = uy give a total contribution
of

papra(—1)

papia(—1) |7 |? pape(=1)  |x? .
wm (-’ @ (1 |a))?

Thus the right side is again % L 2'”' . The left side is

n—1

gl 7] papra(—1)
w(ﬂn)ﬂlﬂz(—l)

Tl =1 w(m)
Consequently "1 = 1. Now take k =¢= —n+1in to obtain

—ppa(=1) (1) sy (1)
Ty M gy 7 ) Gy =0

Thus 72 =1 and v = 1.

7| +
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It will be convenient to record here the closed expressions for

[e.e]

Z T(M,pu,n)z" =T(M,p, 2).

n=—oo

The series of course converges for |z| > 0 and sufficiently small.
Lemma 2.8.
(i) Let K = k@ k and let M(mPa @ 11f3) = wiwyui(a)pe(B) if @ € 0* and € o*.
(a) If iy = po then
(1 _ wflz_1|7r|1/2> (1 _ w;12_1|7r|1/2)
(1 — wiz|m|1/?) (1 — woz|m|H/?)
and if p # 1 and the order of w'uy is n
T(M, 1, 2) = (1= |el) 2l "o ey A (g, 7Y Ay oy )22,
(0) If 11 # po then

T(Ma /,L1,2> =

1— w512_1|7r\1/2>
2"
(1 — woz|m|'/?)
1-— wf12_1|7r\1/2)
(1 — wiz|m|1/2)
if n is the order of puy 'pa. If p is different from i and py and the order of
=ty is ny and the order of s is no then
T(M,,LL,Z) = (1 - ’WD ‘ﬂ-’ 7mw1 nQA(Nl My T )A(/Lglru’ﬂﬂfm)zinlim'
(i) Let K be an unramified extension of k.

(a) Suppose there is a generalized character My of k* such that M(a) = M;(a'*®).
Let My(7Pf3) = W (B) for B € 0*. Then

1—wi?zr]  1—wiz a2 14wtz |2

1—w22?|m| 1 —wiz|n|1/2 1+ wyz|w|'/?

T(M7 ,ulaz) = (1 - ’TF‘)’W‘ n/2 A(IUQ H1, T )

—-n

T<M7 2, Z) = (1 - |7TD |7T|7n/2w27nA<:u171:u27 Wﬁn) z

'"'1 n2

T<M7 Ha; Z) =
If i # p1 and the order of uuy* is n so that the order of u***My" is also n
then
(M, s 2) = (1= [nf2) ]~y 2 A (M b, )22
2| _|—n, —n -n — —n\12_—2n
= (1= Ixl) I wr ™ () T { Ay m T P
(b) If there is no such character then for all p
T(M,j1,2) = (1~ [f?) |~ M) A (MG T2

if n is the order of My *u'*s.
(@i1) Let K be a ramified e:vtenswn of k.
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(a) Suppose there is a character My of k* such that M(a) = M;(a'™). Let
My(n758) =t (8) if B € 0. Then
_ —1||1/2
(1 witz | ) y

(1 — wiz|m|H/?) ©

(1 _ wflz*1|7T|1/2>

(1 — wiz|m|H/?)

T(M, s 2) = (1 — |m|) 7|72 Ao, 7 7)

-f

T(Mv XOﬁLlaz) = ( |7T|)|7T| f/2 A(XO’ f)

and if p is different from py and Xo,ul then
2 —n— s n— —n—
T(M, . 2) = (1= [7])* Ao, 70 a7 0y A(M s, T )50
2) |72 —ngp—ny - —n1 — —na\ ,—n1—n2
= (L= ) R A G ) A )
if 1y = Xopt1, n s the order of My ' ptts
order of iy 1
(b) If there is no such character M, then, for all p,

T(M,p,2) = (1 - |r])’ (o, 7 )M I A (Mgt T ) 27
if n is the order of My *u'*.

, ny is the order of py 'y, and ny is the

The formulas of this lemma follow from the definitions together with Lemmas 1.1 and 1.5.
I would like to observe in cases (ii, a) and (iii, a) that if M’ is the character of (k @ k)*
defined by M'(a @ ) = M (a)M1(5)x(B), then, for all u

T(M,p,2)=T(M p,z).
It follows from Lemmas 2.7 and 2.8 that if the collection {7}, ,} satisfies identities

and the series
> Ty

converges for |z| > 0 and sufficiently small and its sum 7),(z) is a rational function. If we
return to the discussion of the representation ¢ we can choose some isomorphism of U
with C and regard the functions ¢, as scalars. Let L’ be the set of all locally constant
complex-valued functions, i.e., invariant under some open subgroup, on £*. If v is a
character of 0™ let L/ be the set of all functions ¢ in L’ such that p(fa) = v(B8)p(a) if
B € o*. It is clear that L' is the direct sum of the spaces L],. If p € L' we write p = >,
with ¢, € L, and set uy, = ¢,(7"). Let L be the set of all functions ¢ in L’ such that, for
each v, uy, = 0 for k£ < 0 and
z) = Z ukyyzk
k

converges for |z| > 0 and sufficiently small and represents a rational function. If H is the

set of all functions in L’ with compact support then HCL. His clearly the image of V.
By the way, it will not conflict with our previous notation if when ¢ = > ¢, lies in L’ and

ug, = p, (%) we set
oD unpt
v k
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Now suppose {7}, } is the collection corresponding to the representation o. If v € V and
o =wu) D st
v k

then
w=al{_q g UNZZ Zw(ﬂ)mﬁu_kﬁ z.
v l m—+k={
Thus ¢ = ¢, is also in L and
b (2) = To(2)p (W™ (m)27").
If 7., ,, = 0 whenever m > —1 then V = V so that
pu(2) = wo(=1)Tp(2)¢s(w™ (m)2 7).
Thus, in this case,
(D) wo(—1)T,(2) T (w™ ' (m)27") = 1.
On the other hand if one notices that M M*® = w!** so that M 'w!Ts =175 = (M ~1p!*e)=s
one can verify by inspection that
wo(—1)T(M,v,2)T(M,D,w (7)) = 1.

Thus the identity (D) is valid whenever ¢ is an irreducible representation satisfying (i), (ii),
and (iii).

Now let us suppose that w is a continuous homomorphism of k* into C* and that
the family {7, ,} satisfies the relations (A]), (B), and (D). If ¢ belongs to L' and (8 g)

belongs to Gy, let T((g Z))gp be the function whose value at « is w(d)fo(%b%p(%). Tis a

representation of the group of upper triangular matrices in Gy on L'. H is an invariant
subspace of L' for 7. It is clear that the operators T<(g g)) leave L invariant. If ¢ € L

then, for all z € k, the function ¢ defined by ¥(a) = &(az)p(a) — ¢(a) lies in H. Thus

the operators 7((§ 7)) leave any subspace of L containing H invariant. Define T(( 9 é))

by the condition that if p € L and ¢ = T(( 9 é))(p then

o (2) = To(2)pa(w™ (m)2 7).
It is easy to verify that

GG D) DHE )

Thus the operators 7 ((8 3)) and 7 (( 9 é)) leave the space spanned by H and the functions

T((_(l] é))gp, Y € H invariant. Call this space H. FEvery matrix in G} which is not

supertriangular can be written in exactly one way as

=096 D)6 )6 )
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Set 7(g) = T<('g g))T((é f))T((f? é))T((%‘ ?))T((é ?)) Thus 7(g) is defined for all g
in Gk

Let us verify that 7(g192) = 7(g1)7(g2). This is clear if g; ~ g, is a supertriangular matrix.
Thus it is enough to verify this when

TR
(DY)

The case x +y = 0 is taken care of by identity @ so suppose x +y = u # 0. Then

o= (3 0) 6 ) D6 )
ot =((2 9)(G )5 2)
wan=o((34)) (6 ()6 )

However if one examines the derivation of the identities and one sees that they are
equivalent to the assertion that these two operators have the same effect on an element of
H. To verify that the two operators are equal we need to show that if ¢ € H then

7(9192)7<(_(1) é)>@27(91)7(92)7<<_(1) é))s@-

The left side is equal to

T (9192 (_(1) é))w =7(g)7 (gz (_(1) é))w =7(91)7(92)7 ( (_(1) é))s&

The representation 7 on H certainly satisfies condition (ii). If (¢%) € Gp and ¢ € p

(0= (2 (L)

It is clear that for any ¢ in H the sets
{9|T@e=9¢}

g T<g>7<(_§) (1)))@:7((_2 é))w

both contain an open subgroup of the group of upper triangular matrices. Thus the first
set contains an open subgroup of the group of lower triangular matrices. It follows from
the simple identity above that it contains an open subgroup of Gj.

To prove that the third condition is satisfied we need only show that if U is an open
subgroup of the group of upper triangular matrices then the set X, of all ¢ in H such
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that U is contained in the isotropy group of both ¢ and T(( 9 é))(p is finite-dimensional.

If ¢ belongs to H then ¢, has poles only at 0 and oco. In general the poles of ¢, at any
point besides 0 and oo are of no higher order than those of T;(z). It is clear that, if ¢ € X,
¢, = 0 for all but a finite number of v. Thus to prove the assertion all we need to do is
obtain, for each v, a bound on the order of the pole of ¢, at 0 and oo which is valid for all
¢ in X. A glance at the form of the operator T((é gf)) convinces one that there is a number
N such that if U is in the isotropy group of ¢ then p(a) = 0 if || > |7|¥. Thus the order
of the pole of ,(z) at 0 is at most —N. If ¢ is in X the order of the pole of

T,(2)pn (w™'(m)27")
at 0 is also at most —NN. The assertion follows.

Arguments similar to those used to prove Lemma 2.4 show that any invariant subspace
of H different from {0} contains a non-zero vector in H and that H is irreducible under
the action of the upper triangular matrices. It follows immediately that 7 is an irreducible
representation of G on H.

Thus to completely classify all irreducible representations of Gy, satisfying (i), (ii), and
(iii) all we need to do is study the families {7}, ,} of complex numbers which satisfy ((A)),
, and @ and have the property that, for all u, T, , = 0 if m > —1. In this case, which
is the case we shall discuss in the rest of this chapter, H = H.

Before going on let me observe that if ¢ is another homomorphism of £* into C* and
w is replaced by w¢? and T, , is replaced by ¢ (’/Tm)Tm’Co—l ,, the relations , , and @
continue to be satisfied. Thus, for our purposes, there is no harm in assuming that w is a
character. R

Define an inner product on H by

(g, 9) = /kX o(a)Y(a) da.

It is clear that, if g is an upper triangular matrix, (7(g)¢, 7(9)¥) = (¢, ¥). It is also clear
that if (¢, 1)) is another inner product with this property it is of the form

(. 0) =D aulpw, ).

v

Thus if T is the operator on H defined by

T(Z @V) - Z ayPy
(1(9)T, 7(9)¥) = (T7(9)¢, T(g9)0),
so that 7(g)T = T7(g) for all upper triangular matrices g. Thus each eigenspace of T is
invariant under 7(g); so T is a scalar.
Let ¢, be the function in H, = Hn L, satisfying ¢, (7%) = 1 and ¢y, (a) = 0 if
|| # |7|*. The collection {¢y,} is an orthonormal basis of H.If ¢ is in H and

oD ugydt
v 0
Y= Z Z Up v Pr,v-
v l

then
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=(05)0 D)6 )6 )6 )

with a € 0 let us find the effect of 7(g) on ¢. We iterate the effect of the various factors
entering into the expression of 7(g) as a product.

(0 4))e-T{ S ot s

Applying 7'((3 (1])) to this one obtains

Z ZA YUty 0Pt

L,v

T((”O" ?)) sends this to

Z Z A )uﬁ-i—n u (Pl

L

Now apply 7(($ %)) to obtain

Z Z ngw _k ZA T )uk-‘rnu Pew-

L m—k=/{

Finally 7 ( ( ’g 2 )) 7((§%)) transforms this to

> RwB) YD Bla)w(m )T sA (v 7 ) Alpp ™t T Y g o

L m—k=~£ p,u

Thus if g has the above form the matrix element (T(g)gpk#gpg,y) is equal to

L) Zp )Tire-n Do 7o) Alpup ', 7y).

If g = (gg)(qy Mg (5Y) then (7(9)@ryu pey) is equal to 0if k # +nbut if k = +n
it equals
(B (a)A(uv ! 7hy).
A subset X of GG, will be called pseudo-compact if there is a compact subset Y of G},
such that X C (J, o< (3 2)Y.

Lemma 2.9. IfT,,, =0 for m > 1 the functions (T(g)gok,#, goa,,) have their support in a
pseudo-compact set.
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It is clear that the intersection of the support of (T(g)gpk,u, 90571,) with the group of upper
triangular matrices is a pseudo-compact set. If

(B 0\ (1 x 0 1\ /7" 0\/a 0\/1 y
9=\o p)\o 1)\-1 0/\o 1){o 1/\o0o 1
(B 0\ [—m"ra 1-—7"axy
9= \o 6] -7 —1"ay )’
Thus, if N > 0 and n varies over {n |n > —N } while z and y vary over

{ze k ‘ 7 [™2|2] < N}

then

and (3 varies over k* the matrix g varies over a pseudo-compact set.
For a g of this form set

£o(9) = (B (T ) 3() Ty - s (o0, 72) A i, 7).
The support of f, is certainly contained in a pseudo-compact set. As we saw some time
ago, if the order of p is sufficiently large,

Alpryt, 7 A(wy vop, m™)
|A(wg vop, 7|

T,y =w(m ™)

where 1 is a fixed character and m is the order of p. Thus, if the order of p is sufficiently
large, f,(g) = 0 unless n =k + £ + 2m, |7 2| = 1, and |r¥**y| = 1. The lemma follows.

If ¢ and v are fixed and Ck:{((g‘g)) ‘aekx}

(o, ) = /G o (T(9)e, ew) (T(g)@/f,w,y) dg

is a non-degenerate inner product on H. Clearly <T(g)go,7-(g)z/;> = (p, ) for all g in G,
and in particular for the upper triangular matrices. Thus there is a positive constant Cj,
such that (¢, ) = Cy,(p, 7). Consequently the representation 7 is unitary.

Lemma 2.10. If the family {T,,,} of complex numbers satisfies the relations , ,
and @ there is a two-dimensional semi-simple algebra K over k and a homomorphism M
of K into C* such that

Tm,u = T(M7 y m)
for all m and p.

Because of Lemma 2.7 we need only prove this when the associated representation 7 acts
on H , is unitary and the matrix element (T(g)gpk,u, w,,,) has compact support. To do this
we need the Plancherel formula of Gelfand and Graev which will require a paragraph by
itself. For now let us assume Lemma 2.10 and go on to its applications to the theory of
automorphic forms.
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3. THE LOCAL FUNCTIONAL EQUATION FOR NON-ARCHIMEDEAN FIELDS

For the sake of brevity we shall call an irreducible representation o of GG, which satisfies
(i), (ii), and (iii) of the previous chapter a simple representation.

If n is a continuous homomorphism of Ay, the group of diagonal matrices in Gy, into C*,
let L(n) be the space of all locally constant functions on G}, satisfying ¢(ag) = n(a)e(g)
for all @ in A. Since L(n) is invariant under right translations we obtain a representation
g — p(g) of G, on L(n).

Lemma 3.1. No infinite-dimensional simple representation of Gy is contained more than
once in the restriction of p to L(n).

We may take the simple representation to be the representation 7 on H considered in
the previous paragraph. Suppose V is a subspace of L(n) and T is an isomorphism of H
with V' such that

T(r(9)¢) = p(9)Te
for all . Set A(p) = T'p(1). Then Tp(g) = (p(9)T¢)(1) = A(7(g)¢). Thus T is completely
determined by \. If a € Ay then

A(r(a)p) =n(a)A(e).
Let us verify that up to a scalar factor there is at most one linear function on H with
this property. Let n((g 2)) = mi(a)n2(b) and, assumed, let 7((§ %)) = w(a)l. There is no
such function unless mny = w. If ¢ € H, = HN L], and o € 0™ then n;(a)A(p) = v(a)A(p).

Thus A\ vanishes on H, unless v = 14, the restriction of 1, to o*. If ¢ € H,, and
V= 7((”81 ?))SO —ni(m) "Ly or, what is the same, if

(4) U(E) = (2= (m)el2)

then A\(¢) = 0.

If H,, = H,, then {¢(2) | ¥ € Hy, } consists of all rational functions with poles nowhere
but at 0 and co. Then 1(z) can be put in the above form if and only if n; *(7) is a zero
of ¥(z). The assertion follows in this case. If H,, # H,, either

To (2) = ez k (z—=m) (=)
O( ) (2—51) (2—52)

or B
T5,(2) = cz_kz_—gi.

Here ¢ is a complex constant, k is an integer, and 7, 72, 01, 02 are complex constants. In
the first case we may suppose that v; # ¢; for ¢, 7 = 1 or 2 and in the second case we may
suppose that v, # 6;. In the first case {@Z)(z) ‘ Ve Hy, } consists of all rational functions
with poles of arbitrary order at 0 and oo, poles of order at most 1 at d; and d5 and no other
poles. In the second case it consists of all rational functions with poles of arbitrary order at
0 and oo, a pole of order at most 1 at d;, and no other poles. In any case 1(z) is of the
form if and only if the order of its pole at 1, !() is 1 less than the maximum allowable.
This completes the proof of the lemma.

If £(x) is a non-trivial character of k let L(£) be the set of all locally constant functions
on Gy, satisfying ¢ ((§¢)g) = &(z)p(g) for all z € k. Let p(€) be the restriction of the right
regular representation to L(§).



LETTER TO HERVE JACQUET—1967 39

Lemma 3.2. Fvery infinite-dimensional simple representation of Gy occurs exactly once
in p(§)-

Choose 7 in k* so that £(z) = &(vyx). Let the simple representation 7 act on H, as before.
Suppose there is a homomorphism T of H into L() such that T(7(g)¢) = p(g)(T). Set

Ap) =Tp(1). Then /\(T(((l) ”f))gp) = &(y2)A(p). Since Tp(g) = A(7(g)¢), T is determined

by A. Conversely if A is such a linear function and T'¢ is defined by T¢(g) = A(7(g)¢) then
T commutes with the action of Gj.
Such a linear function must annihilate all functions in H of the form

(@) = {&(v2) — &(az) fo(a)
with ¢ in H. Since any function in H which vanishes at 7 is a linear combination of such
functions the assertion follows.
Suppose T is a simple representation of G;. Let K be a two-dimensional semi-simple
algebra over k and let M be a homomorphism of K* into C*. Suppose 7 is associated to
the family {T(M, 1L, n)} Let the restriction of M to k* be yw. Suppose ( is a continuous

homomorphism of Ay, into C* such that (((§9))w(e) = 1. Let C((%‘ 2)) = (1 (a)G(P).

Let (o be the restriction of ¢; to 0* and let (;(an™) = (o(a)|x|® for a € 0*. ( is uniquely
determined by (, and s and we shall occasionally write ( = ((s,(p). Let L(&,7) be the
unique subspace of L({) which transforms according to the representation 7.

If n is any continuous homomorphism of A into C* let 17 be the homomorphism defined

by ((59)) =n((42))-
Lemma 3.3. If 7 is given there is a number N such that if ¢ belongs to L(,7) and
¢ =((s,¢o) the integral

¢<g,c,¢>:/kx¢((g ?))c((‘g ‘f))m

is defined for Re(s) > N.
(i) Suppose K =k @ k and M(mPa @ 710) = wiwip (af) if a, f € 0*. Suppose also

w2

that neither Z—; nor 22 is equal to |m|. If py = Qo_l set

¥(9.¢.0) = (1 —wrla*2) (1= wale|*1/2) (g, ¢, ).

Then, for each g, ®'(g,(,¢) is a polynomial in |r|* and |w|~* and for a suitable
choice of g and ¢ it is a constant. Moreover if p~¢ is the largest ideal on which & is
trivial

Cl(wd)¢’<(_(1) é)g,mo) = Q)P (9. (. 0)-

If i # o' set @'(g,C, ) = (g,¢, ). Then, for each g, ®'(g,(, ) is a polynomial
in |m|~* and |w|® and, for a suitable choice of g and ¢ it is a constant. Moreover, if
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£($) = &)(,yx);

Q)@ ( (_(1) (1))9, ¢, w)

2 —n—zns —-n —n~ —-n 2 =
= (1= |m]) w0 wy "G A (o, 7 F (9, C )
if n is the order of 111(p.
(i) Suppose K = k @k and M(rPa & m1f) = wiwip (af) if a, f € 0*. Suppose also
that =t = |r|. If jy = ¢t set
®'(g,¢, ) = (1 - w1|7r!‘3+1/2><1>(9, ¢ 9)-

Then, for each g, ®(g,(,¢) is a polynomial in |r|* and |w|~* and for a suitable
choice of g and ¢ it is a constant. Moreover,

C1<7rd)(bl<(_(1) é)ga Ca @) = _|7T|;2_851(7Td)(1)/(gv E? 50)

If i # G set ©'(g,¢, ) = (g,C,0). Then, for cach g, ®'(g,C, ) is a polynomial
in |w|® and |w|~% and for a suitable choice of g and ¢ it is a constant. Moreover,

G1(7)9’ ( <_(1) 1)97 ¢, w)

2| _|—n—2ns, ,—n, —nF —n\ 2 =
= (1_’7TD || ? Wy Wy Cl(’Y){AWlCoﬂT )} (I)/(gaC}‘P)-
(i41) Suppose K =k @ k and M (wPa @ 710) = wiwip (apf) if a, 5 € 0*. Suppose also
that £ = |x|. If jn = ¢t set

(I)/(gv C7 @) - (1 - W2|7T|S+1/2) (I)(gv CJ 90)

Then, for each g, ®(g,(,¢) is a polynomial in |rw|* and |w|~* and for a suitable
choice of g and ¢ it is a constant. Moreover,

—1/2—s _ »
Cl(ﬂ-d)q)/<(_? (]i)g?C?@) = _%Cl(ﬂd)q)%g?CﬂO)‘

1

If i #my " set @(g,C, ) = ®(g,¢, ). Then, for each g, '(g,¢,¢) is a polynomial
in |7|* and |w|~* and for a suitable choice of g and ¢ it is a constant. Moreover,

Q)@ ( (_(1) (l))g, ¢, w)

= (1= 7)) 2w mws "G () { A (o, 7 Y2 (g, C p).
(iv) Suppose K = k@k and M(nPa & 796) = wiwip(a)ps(8) if a, § € 0* where py # .
If i =Gy ' set

¥(g,¢.0) = (1= wrlml %) @(g, ¢, )
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Then, for each g, ®'(g,(,¢) is a polynomial in |rw|* and |w|~* and for a suitable
choice of g and ¢ it is a constant. Moreover,

@(w)@/((_? 3)9,@@) = (1= ) [l ~3 "y A Gota TG (D9, )
if n is the order of py 'y If po = (' set

(g, ) = (1 - wQIW!S“”)@(g, ¢, ).

Then, for each g, ®'(g,(,¢) is a polynomial in |rw|* and |w|~* and for a suitable
choice of g and ¢ it is a constant. Moreover

Cl(’y)q)/<(_(]? é>97C7 @) = (1 - ‘ﬂ'l)‘Wliginszgi(fY)wlinA(CO,ul:ﬂ-in)q),(g757 (10>

If ¢t is different from both py and g set ' (g,¢, ) = ®(g,¢, ¢). Then, for each g,
d'(g,C, ) is a polynomial in |7|* and |7|~* and for a suitable choice of g and ¢ it is

a constant. Moreover,
01
s equal to

_ 2 (—m—n2)(%+8>~ —ng, —n1 —n1 2N\ (¢

(1 ’7T|) || G (y)wy "Pwy " A(p2G0, T ) Ao, )P (g, €, )
if n1 is the order of sy and ny is the order of 11(y.

(v) Suppose K is an unramified extension of k and there is a homomorphism M of
k> into C* such that M(a) = My(Na). Let My(nP3) = wlui(B) for p in o*. If
=Gyt set

'(9,¢, ) = (1= wi|n[** 1) D(g, ¢, ).
Then, for each g, ®(g,(,¢) is a polynomial in |rw|* and |w|~* and for a suitable
choice of g and ¢ it is a constant. Moreover,

g(ﬂ)@'((_ﬁ’ é)g,c,go> = G()9(9.C. )

If i # G5t set ¥(g,¢, ) = ®(g,C, ). Then, for each g, ¥'(g,(, ¢) is a polynomial
in |w|® and |w|~* and for a suitable choice of g and ¢ it is a constant. Moreover,

g(@@'((_? 3)9,4,90) = G = )l 2w 2 A (o) ) @', )

if n is the order of 111(p.
(vi) Suppose K is an unramified extension of k and there is no homomorphism M of
k> into C* such that M (a) = Mi(Na). Set ®'(g,(, ) = ®(g,(, ). Then, for all
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g, D'(g,(, ) is a polynomial in |r|* and |7|~* and for a suitable choice of g and ¢
1t 18 a constant. Moreover,

<1(7)<I>’<<_(1) é)%@s@)

= G (1= [ |72 M)A (Mg (woGo) 2, TT) @ (g, ().
(vii) Suppose K is a ramified extension of k and there is a generalized character M, of

k* such that M(a) = My (Na). Let My(7PB) = Wy (B) if B € 0. If iy = ¢ ' set
q),(g7 C? @) = (]— - W1|7T|S+1/2> (I)(gu Cu gp)

Then, for each g, ®(g,(,¢) is a polynomial in |rw|* and |w|~* and for a suitable
choice of g and ¢ it is a constant. Moreover,

clmcb'((_? é)g,c,so> = (1= I [ G () A G, ) (0, ).

If paxo = G5 set
¥(9,¢,9) = (1= wlnH172) (g, ¢, ).

Then, for each g, ®'(g,(,¢) is a polynomial in |rw|* and |w|~* and for a suitable
choice of g and ¢ it is a constant. Moreover,

<1(7)<I>’(<_(1) é)g,C,SO) = (1= ) [ G () A G, 7 ) (0, ).

If (g1 is equal to neither py nor uixo set ®'(g,¢, ) = ®(g,(, ). Then, for each g,
d'(g,C, ) is a polynomial in |7|* and |7|~* and for a suitable choice of g and @ it is

a constant. Moreover,
01
Cl(v)@’<(_1 0)9;@9@)
1S equal to

—n=f_(n s, —n—f7~ - s —n— - =
(1 - |7T|)2’7T| 2 —(nth) Wy fC2(V)A<M0 1(WOC0)1+ Nl f>A(X077T f)@’(g,(,<p).

(viii) Suppose K is a ramified extension of k and there is no homomorphism My of k*
into C* such that M (a) = My(Na). Set ®'(g,(, ) = ®(g,(,¢). Then, for each g,
d'(g,C,¢) is a polynomial in |w|* and |7|~5. Moreover,

G(7)®’ ( (_? (1))97 ¢, w)

2 e (n—f)s ¥ —s(n
(1= |l) el =2 =72 () M (T )

’ A(X(h 7T_f)A(‘]\40_1(("}OCO)H_S7 H_n_f> CI),<g7 C7 90>

1S equal to
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Of course, Z((g 2)) = Z}(a)gg(b) Thus ¢; = (. Since (16 = w™L, § = wl¢Gt In
particular, a) = wy ¢yt so that Eo = (p if (;% = wo. If £(z) = &(yx) then the map ¢ — 1
with ¥ (g) = gp((g ?)g) is an isomorphism of L(&y, 7) with L(&, 7).

LG 0)6(G )t (5 D)e((5 D)

This, together with the previous observation that (s = (y if {;* = wo, makes it clear that it
is enough to prove the lemma for & = &.

Since L(&p, ) is invariant under right translations it is enough to prove the assertions of
the lemma for ¢ = 1. The map ¢ — T where

Ty(g) = ((9)v) (1)
is an isomorphism of H and L(&y, 7). If ¢ = T then

/N((g (1))><((3‘ ?))do: [ v da

Since H C L the integral on the right converges if Re(s) is sufficiently large and
(I)(l) ¢, 90) = wgo—l (’7"|8)
The proof of Lemma 3.1, together with Lemma 2.8, shows that there are at most two points,

which are independent of v and 1), besides 0 and oo where v, (z) can have a pole. This
shows that for Re(s) sufficiently large the integral on the right converges for all ¢). Let

z//:T((jf})))z/;. Then

@<(_$ 5)9, ¢ 90) = Ul ()

= TwoCo (|7T|S)¢w0Co (w_1<7T) |7T|_S)
and _
(I)(L G, 90> = ¢w0C0 (wil(ﬂ-”ﬂ-rs)‘
The lemma follows from these two relations, the formulae of Lemma 2.8, and the observations
about { W(2) | Vv e H, } made while proving Lemma 3.1. It is a matter of inspection which
must be left to the reader.

Lemma 3.4. There is a vector in H whose isotropy group contains G, only if wy is the
trivial character. If wg is trivial the only cases of the previous lemma for which H contains
such a vector are (i) and (v). In cases (i) and (v) H contains such a vector if and only if
(1 18 trivial.

It is clear that such a function (or vector) can exist only if wy is trivial and that if v,
is the trivial character of 0*, it must lie in Hry. Suppose there is a function ¢ in Hyy
invariant under G,. Then ¢(z) has no pole at zero and

o(z) = Tyo(z)(p(w_l(ﬂ)z_l).

In all cases, T,,(Z) has a pole of order at least two at 0. Thus ¢(w™(7)z™") has a zero of
order at least two at 0 and ((z) has a zero of order at least two at co. Consequently it has
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at least two poles in the finite plane. The discussion during the proof of Lemma 3.1 shows
that this is possible only in the cases mentioned. Besides these two poles there can be no
others. Thus the only zeros are at infinity and ¢(z) is a constant multiple of

1 1
(1 — wiz|mV/?) (1 — woz|m|1/?)

in the first case and of

1
1 — wiz?|m|
in the fifth.
Conversely if wy is trivial, ¢ lies in Hyy and ¢(z) has this form, the isotropy group of

© contains (_[1) (1)) and the upper triangular matrices in GG,. However G, is generated by

(_(1) é) ad the upper triangular matrices in it.
Lemma 3.5. No one-dimensional simple representation of Gy is continual in p(§).

According to the corollary to Lemma 2.1 any function on G5, which transformed according
to a one-dimensional simple representation of GG, would be invariant on the right, and
therefore on the left, under the group of matrices in GG, of determinant 1. In particular it
would satisfy ¢ ((§7)g) = ¢(g) for all z in k. Such a function could not possibly lie in L(&).

Let Lo be the space of all functions on N \Gj, which are G, finite on the right.

Lemma 3.6.
(i) Let K =k @k, let M(ay @ as) = x1(1)x2(az2) be a continuous homomorphism of
K> into C*, and let T be the representation associated with the family {T(M, 14, m)}
(a) Suppose x1x5* is not one of the characters o — 1, a — |a|, o — |a|™t. Then
there are two subspaces Hy and Hy of Ly which transform according to the
representation T and have the property that

(5 2)e) =l

E x1(a)x2(8)e(g)
if p € Hy and

(5 D) =l5

if p € Hy. Moreover, any subspace H of Loy which transforms according to T is
contained in Hy + Hs.

(b) Suppose x1 = x2. Then there are two subspaces Hy and Hy of Lo which
transform according to the representation T and an isomorphism T of Hy into
H, which commutes with the action of Gy and is such that

(5 2)e) =l

x1(@)x2(8)e(g)
if p € Hy and

(5 D) =5

1/2
x1(8)xz2(a)e(g)

«

8

1/2

xl(a)XQ(ﬂ){w(g) + Tp(g) log

2
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if ¢ € Hy. Moreover, any subspace of Ly which transforms according to T is
contained in Hy + Ho.

(c) Suppose x1x5 () = |a|. Then there is a subspace H, of Ly which transforms
according to the representation T and has the property that

90(((3 g)g) E -

x1(@)x2(8)e(g)
if p € H. Moreover Hy is the only subspace of Ly which transforms according
to 7.

(it) Let K be a separable extension of k and let M be a continuous homomorphism of
K> into C*. Let T be the representation associated to the family {T(M, m,u)}. If
there is no continuous homomorphism My of k* into C* such that M (a) = M;(Na«)
then there is no subspace of Lo which transforms according to T.

(07

As in the proofs of Lemmas 3.1 and 3.2, there is a one:one correspondence between
G-invariant homomorphisms 7" of H, the space on which 7 acts as in paragraph 2, into Lg

and linear functions A on H satisfying /\(T((O i ))gp) = M) for all p in H and all z € k.

Given such a linear function (T¢)(g) = A(7(g)¢). A linear function A is of the required
type if and only if it annihilates all functions of the form

Y(a) = (f(a:ﬂ) — 1)@(@) peH, z€k.

The space spanned by such functions is just H. Now fl,, = H, for all but one or two
characters v. Moreover if H, # }AI,, then A(¢,), ¢, € H, can depend only on the coefficients
of the principal parts of ¢,(z) at the finite poles different from 0.

Part (ii) of the lemma follows immediately. For part (i) let x;(7Pa) = w?u; (@) if a € 0.

If we are in case (i, ) set
Al(Z%) = Re(s)pu ()],

wy ||

= A (Z 901/) = Re(s)pp, (2 )|w2|7r|1/2'

Then ) is a linear combination of A\; and A. If we are in case (i, b) let

a a
1 - 2 :
1 _
(- ~ai) (+=7m)
be the principal part of ¢, (2) at e ‘1/2 and set M\i(p) = M (X ¢,) = a1 and Xo(p) =

Ao (Z goy) = ay. Then )\ is a linear comblnatlon of A\; and Xs. If we are in case (i, c) let

—M(Z%)— 8)Pu ()]

In all cases H; is the image of H under the map 7; associated to \;. In case (i, b) take
Ty = — =TT, '. The other assertions of the lemma follow from the form of the mapping

associated to a given linear function, the fact that T(( ))cp X1(a@)xz2(a)p, and the fact
that if ¢ = T((”Pa 0))90 with a € 0* then ¥, (2) = v(a)z Pp,(2).

wy || 1/2

log|7r\
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4. THE LOCAL FUNCTIONAL EQUATIONS RECONSIDERED

In mathematics also “our beginnings never know our ends.” In order to give the main
theorem a more striking form than was previously possible I want to reformulate the local
functional equations. First of all let me recall the functional equations of the Hecke L-series.

Suppose K is a local field. We shall associate to each generalized character x of K* a
function &(s, x) of the complex variable s. We shall introduce a local factor €(s, x). €(s, x)
will depend upon the choice of a character £ of K. (Notice that the symbol &, like the
symbol s, is used to denote two different objects.)

If K is a global field, y a generalized character of K*\I, and £ a character of K\A let
Xp and &, be the restrictions of x and § to K, and K, respectively. Define {(s, x,) and
€(s, xp) to be the local factors corresponding to &,. The (modified) zeta function associated
to x will be

Hg(saxp) = €($7X)'
p

It will satisfy the functional equation
E(s,x) = e(s,\)&(L — s, x7),
6(87 X) - H 6(87 XP)7

p

both products are taken over all primes, both finite and infinite.
Let us describe the functions £(s, x) and €(s, x) for local fields.

(i) K = R. Let x(a) = (sgna)|al”, with m = 0 or 1, and let {(x) = ™%, Then

_ - deremp (ST M

— 2

(s, x)=m ( 5 :
~ (isgnn)™

6(8’ )_ |u|1/2—s—r‘

(ii) K = C. Let |a| be the square of the ordinary absolute value. Let y(a) =

|a|r(a|%> with mn =0 and m +n > 0. Let £(z) = e*™Rew= Then
o 2

(s, x) = 2(27r)‘(s+’”+"3+”)r<3 g™ ;— n)

“M-+n S*l
e(s,x) = " x(w)|w|*"2.

(iii) K is non-archimedean. Let 3~ be the largest ideal on which ¢ is trivial. If IT is a
generator of B and the conductor of y is 0

1
S0 = T

e(s,x) = x(II) I,
If the conductor of y is P" with n > 0
(s, x) =1,

n s—1 1— |H| Q —
e(s,x) = x(II™) 11| T OX£<Hd+n>X Ha) dav.
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Before restating the local functional equations let me introduce some conventions. Let
k be a local field. Let us introduce some language which, though rather bizarre, will be
useful. If £ = R a simple representation of GG, is an irreducible quasi-simple representation
of {o,2} (the notation is that of paragraph 2 of my letter to Weil). If £k = C a simple
representation of Gy, is an irreducible quasi-simple representation of 24 (the notation is
that of paragraph 4 of my letter). If £ is non-archimedean the simple representations of
G have been introduced in the previous paragraph. If 7 is an infinite-dimensional simple
representation of Gy and ¢ is a character of k the space L({,7) has been defined.

If x is a homomorphism of £* into C* and s a complex number and ¢ belongs to L(&, 7)

set
oto.e = [ o( (5 ) Juatoran

The integral converges for Re(s) sufficiently large. We shall introduce factord] £(s, 7, x) and
€(s, 7, x) and set
®(g,5,0,X)
(g, 8,0 X) = —FT—
( )= e

Then the local functional equation will be

0 1 .
<1>’(<_1 0)9,—8,% (nx) 1) = €(s,7,x)®'(g, 5,0, x)

iiﬂ 7((§2)) = n(a)I. I shall write down the factors £(s, 7, x) and €(s, 7, x) but I will leave
to the reader the task of verifying that the local functional equation takes the above form.
He will probably require paper and pencil. Since the analytical properties of the functions
d'(g, s, 7, x) follow immediately from previous results I shall not formulate them explicitly
either.
(i) k=R
(a) Let M be a continuous homomorphism of R* x R* into C*. Let

"t \™
M((t1,12)) = [ta] " [to] (—) <_)
It1] [ta]

with m; and ms equal to 0 or 1. Suppose (s; — s2) — (M1 — ms) is not an odd
integer. Set x1(t) = M((t,1)), x2(t) = M((1,t)). Let 7 = 7 be the simple
representation 7, introduced in paragraph 2 of my letter to Weil. Set

1 1
6(377_7 X) = 5(5 + 37X1X)§(§7$>X2X>7
1 1
e(s,7x) =€ 5+ soxax el 5 s xax ).

(Notice when verifying this that there is an error in part (i) on page 3.34 of the
letter to Weilf] The second factor in the denominator on the right should be
F(Z+ |m2 —€| + % — %))

IThey, too, will depend on the choice of a character of k.
21 leave it to the reader to give a meaning to T((g 2)) in the case of the real or complex field.
3in Lemma 3.6 (1998)
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(b) Let M be a continuous homomorphism of C* into C*. Suppose

m . —n

oo

M(a) = (Na)"

m+n

ol 2
with mn =0, m +n > 0. Let w be the homomorphism

m+n

(t17t2) — |t1t2|T — sgnt1

of R*xR* into C* and let 7 = 7, be the unique infinite-dimensional irreducible
representation deducible from 7. If £ is a character of R then £'(2) = £(z + 2)
is a character of C. If x is a homomorphism of R* into C* then x/'(a) =
X(Na) = x(aa) is a homomorphism of C into C*. Set

é(s,mn) =€ s+ 320,

1
(s, 7, x) = (isgnu)e(s + §’MX/)'

Of course the expressions on the left are for the character £ and those on the
right are for the character &'.

(¢) Suppose M is a continuous homomorphism of R* x R* into C* of the form
(tl,tg) — |t1t2| sgnt; or (thtg) — |t1t2| sgn ts. In the first case let Xl(t) =
[t|"sgnt, xo(t) = |t|"; in the second case set x1(t) = |t|", x2(t) = [t|"sgnt. The
representation m; introduced in paragraph 2 of my letter to Weil is irreducible.
Let 7 = 73 be m. Set

1 1
’5(377—7 X) = 5(5 + 37X1X>§(§ + SaX?X)a

1 1
6(877-7X):€ §+87X1X € §+S7X2X .

(ii) k& = C. Let M be continuous homomorphism of C* x C* into C*. Let M ((t1,t2)) =

m1 mo
|t1]51|to]52 (—|t1t|11/2> (—|t;|21/2> and suppose that neither %552 — <1 + —|m1;m2\> nor

o — (1 + ‘ml;;m') is a non-negative integer. The representation m,; introduced

in paragraph 4 of my letter to Weil is irreducible. Let 7 = 73, be 7. Set
1 1
(s, 7, x) = 6(8 +5 X1x>§(s +3 XQX)a

2
1 1
6(5,7’)() - 6(5+ 27X17X>6(S+ §7X2X>7

if x1(t) = M((t,1)) and xa(t) ).
(iii) & is a non-archimedean field.
(a) Let M be a continuous homomorphism of k% x k* into C*. Let M ((c, 8)) =

x1(@)x2(B). Suppose that neither y;x;* nor y;x;' is the character a — |a].
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Let 7 = 1) be the simple representation associated to the family {T'(M, y,m)}.
Set

1
5(87 T, X) = S(S + 5) X1X>§<Sé> XQX)a

1 1
6(877-7X):€ S+§7X1X € S+§7X2X .

(b) Suppose K is an unramified extension of k and M is a continuous homomorphism
of K* into C*. Let 7 = 73, be the representation associated to the family
{T(M,p,m)}. If £ is a character of k then &'(z) = £(Sz) is a character of K.
If x is a continuous homomorphism of £* into C* let x’ be the homomorphism
a — x(Na) of K* into C*. Se

é(ovrn) = €(s+ oary)

(5,700 = W)+ .00 ).

The factors on the left are taken with respect to £ and those on the right with
respect to £'.

(c¢) Suppose K is a ramified extension of k£ and M is a continuous homomorphism
of K* into C*. Let 7 = 73y be the representation associated to the family
{T(M,p,m)}. If £ is a character of k then &'(z) = £(Sz) is a character of K.
If x is a continuous homomorphism of £* into C* let x’ be the homomorphism
a — x(Na) of K* into C*. Set

é(ovrn) = €5+ 320,

(5700 = U W)+ .00,

) = (1= el e [ ()i (@,

if p~? is the largest ideal on which ¢ is trivial. Notice that this expression
is independent of the choice of m but not of &. xq is of course the unique
non-trivial character of k*/NK*.

(d) Suppose M((tl, tg)) = x1(t1)x2(t2) is a continuous homomorphism of k£* x k*
into C* and suppose x1x5 ' (a) = |a|. Let 7 be the representation associated
to the family {T(M, I, m)},

€(S7Ta X) = 5(5 + %7X1X)7

2d+1) 2d+1)(s—1/2)

e(s,7,x) = —xoa (@ )x| ,
4f p=9 is the largest ideal of k on which ¢ is trivial and if xo is the unique non-trivial character of k* /NK*
then p(K/k) = xo(n?). It is independent of the choice of 7.
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if the conductor of yx; is o and

2
2| _|—d—2n n n)s o -1, —
e(s,7,x) = (1= |m]) "~ xxa (2427 | 24427 {/ 5<7Td+n>x X1 (@) da}

if the order of xx; is n.

(e) Suppose M((tl, tg)) = x1(t1)x2(t2) is a continuous homomorphism of £* x k*
into C* and suppose x; 'x2(a) = |a|. Let 7 be the representation associated
to the family {T(M,p,m)}. Set

€(S7Ta X) = 5(8 + 17X2X)7

2

e(s,7,x) = —xxa(m?h) |r|GHNE2)

if the conductor of yx; is o and

2
2| _|—d—2n n n)s o -1, —
(5,7 %) = (1 )| (2442 24420 { [ e(am ohat@ da}

if the order of x s is n.

The representations of (d) and (e) are anomalous. I do not know if they have any role to
play in the theory of automorphic forms. Before coming to the main theorem there is an
observation we should make. Suppose k is a local field, K a two-dimensional semi-simple
algebra over k, and £ a character of k. If k is non-archimedean and K is a field we have
introduced the symbol p(K/k) = p(K/k,&). If k = R and K = C and £(x) = 2™ set
p(K/k, &) =isgnu. If K is not a field set p(K/k,&) = 1. Now let k be a global field, K a
two-dimensional semi-simple algebra over k, and £ a character of A/k. If p is a prime of k
let K, = K ® k, and let £, be the restriction of £ to k,. I claim that

HP(Kp/kp7§p) =1
P
This is clear if K is not a field. If K is a field the (modified) zeta function of K is

Hgshp = £x(s,1).

On the other hand if x is the unique non-trivial character of I, /k* NI it is
H§ s, 1,)E(s, Xp)-

Taking as our character of Ax/K the character © — £(Sx) we find that

% = H 6(87 1‘33) = H 6(8, 1p>€(3, Xp)-
) % ;

Checking things case by case we find that, for all p,

H e(s, 1‘43) p(Kp/km gp) = €(s, 1P)€(37 Xp)‘

Blp
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The result follows. It is of course well known. I remark it because it shows immediately
that the main theorem is applicable to the Hecke L-series over a quadratic extension of the
ground field.

APPENDIX

There are a few facts which it will be useful to have at our disposal when proving the
main theorem. For lack of a better place I record them here. Suppose 7((§3)) = n(a)l.
Let ¢ = ((x, s) be defined by

4((3 2)) = n(B)x(Bo~) o

w— (I)I('a S, ¥, X)
is a homomorphism of L(&, 7) into the unique subspace of L(() transforming according to
the representation 7 (cf. Lemma 3.1 and Lemmas 3.1 and 5.1 of the previous letter). Since
we know that, for a suitable choice of g and ¢, ®'(g, s, ¢, x) is a non-zero exponential in s,
this homomorphism can never be zero.
On the other hand we know (cf. Lemma 3.5 and the appendix to paragraph 7 of the
previous letter) that for some 7 and some continuous homomorphisms w of

{6 5)

into C* there is a “Gg-invariant” map of L(&, 7) into the space of function on Gy, satisfying
gp((l (6 5)9) = w((% 2))@(9). The image of L(&,7) will, in particular lie in L(w') if

/2
w’((% g)) =13 w((%‘ g)) Thus if W’ = ((s,x) it must be a constant multiple of the
map ¢ — P'(+, s, ¢, x)-

Suppose L(( ,7') is an invariant subspace of L(w’) which transforms according to the
representation 7. Suppose N; and N, are two spaces of functions on G invariant under
the right regular representation (of {o, A}, 2, or G} according as k is real, complex, or non-
archimedean). Suppose N; and N, are irreducible and transform according to 7. Suppose
also that there are isomorphisms 77 and T of Ny and Ny, respectively, with L({, 7) such

that if p € N;
Tip(g )}

(5 8)) =<((i 2)) et aams

where ¢;, i = 1, 2 is a non-zero constant. Set T = T, 'Ty. Then, if ¢ € Hy, cop — ;T €
L(¢, 7). Thus Ny + L(C,7) = Na + L(C, 7). T ¢((58) ) = n(8)x(Ba)[Ba""[? then the set

of functions

Then the map

aekx,ﬁekx}

%‘I”(ns,w,x% p € LG 7),

would be a possible choice for N;. On the other hand if 7 = 7,; where M is a homomorphism

of k* x k* into C* of the form M ((c, 8)) = x(a) and w’((%‘ g)) = 2x(aﬁ) then

o
B
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W T

both L(«/,7)
)9) = ¢(g)

0 and Ny can be takenﬂ to lie in the space of functions on G} satisfying
p((51

5. THE MAIN THEOREM

Now let k be a global field and let A be the adele ring of k. The corrected form of
Lemma 7.1 of the previous letter is

Lemma 5.1. There is a constant ¢y such that if g belongs to Ga there is a 7y in Gy such
that Hp maX(|C|p> |dp|) < coldet g2 if g = (ﬁ S)

There seems little point in including a proof of this.

Let us take the space L as in the previous letter except for making the modification in
condition (iii) required by the change in Lemma 7.1.

Suppose that V is a complex vector space and for each real prime p we have a repre-
sentation of {o,,2,} in V, for each complex prime a representation of 2, on V. If any
two operators associated to distinct primes commute we shall, for the purposes of this
paragraph, say that we have a “representation” of G on V.

Suppose in particular that for each prime p we are given a simple representation 7, of
G, (in the sense of the previous paragraph) on a vector space V,. Suppose moreover that
for almost all non-archimedean primes V, contains a non-zero vector invariant under G,,.
Since this vector is determined up to a scalar factor we have in all but finitely many of the
V, a distinguished one-dimensional subspace and we can form the tensor product ®p Ve
The natural “representation” of G5 on V will be denoted ®p 7. A “representation” of G'o
equivalent to such a representation will be called a simple representation of G .

Certainly we have a “representation” of G4 on L. An invariant subspace of £ which
transforms according to a simple representation of G5 will be called a characteristic space
of automorphic forms. Suppose L is a characteristic space of automorphic forms and let £
be a character of k\A. If ¢ € L set

volg) = measurle(k\A) /k\Aw(((l) 1)9) da,
pi(9) = measurle(k\ A) /k \As0<((1) ‘f) 9)@@

pl9) = polg) + ) %((3 (1)>9>.

ackX

Suppose the “representation” of G5 on L is equivalent to ®p 7. If one of the 7, is finite-
dimensional it follows rather easily from Lemma 3.5 of this letter and the corollaries to
Lemma 3.2 and 5.4 of the previous letter that, for all ¢ in L, ¢1(g) = 0. Then ¢(hg) = ¢(g)
if he Gyor h=(({%)) with € A. The argument used in the proof of Lemma 2.1 shows
rather easily that, if G is the group of matrices of determinant 1 in G, ¢ is a function
on GA\GY. Consequently L is one-dimensional. We exclude this case from the following
discussion.

8

As before

"Notice that in part (ii) of Lemma A in the appendix to paragraph 7 of the previous letter one should
have s =0 and m = 0.
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With this case excluded the function ¢; can never vanish identically. For a suitable
choice of ¢ it is of the form

ei(@)=¢1| [T | =11 eo)
p p

with ¢, in L(&,, 7). Moreover we can suppose that for almost all non-archimedean primes
Pp(1) = 1.
Lemma 5.2. Suppose @ is different from zero for some ¢ in L. Then there is a continuous
homomorphism M of k*\I x k*\I such that 7, = Ty, for any prime for which Ty, is defined.
If Ty, is not defined and p is archimedean then 7, is the unique infinite-dimensional simple
representation deducible from . If Tag, is not defined and p is non-archimedean 7, is the
simple representation associated to the family {T(Mp,u, m)} Let M((a, a)) =n(a).

(i) Suppose M((a, 3)) = n(B)x(Ba~1)|Ba~ . If M((a,1)) # M((1,a)) there are

constants ¢, and co such that when o, is of the above form

1 1 o
¢o(g) = a1 H‘b/(gp,SO - §,<Pp,Xp> + CzHCDI (gp, —5 T 50, %p (n'x 1)p>-
b b

If M((a,1)) = M((1,)) there are constants c; and ¢ such that when ¢y is of the
above form

1 d 1
@0(9) = Hél (gpu S0 + 57 90p7Xp) + 02% H¢/ (gpa So — 57 90p7Xp) .
p p

(i6) Suppose M ((B,a)) =n(B)x(Ba=h)|Ba~t[*oH/2 If M((o, 1)) # M((1,a)) there are

constantﬁ c1 and cy such that when 1 is of the above form

1 1 1
@0(9) :CQH®,(QP)SO_§7¢7P7XP) +01Hq)/(gp7_§_80780p7(77 IX 1)p>-
p p

If M((o, 1)) = M((1,)) there are constants ¢1 and cy such that when ¢ is of the
above form

1 d 1
300(9) = Co 1:[(1)/ (gP7 So — 5790137)(13) + Cl% 1:[(1)/ (gP7$O - 5790)37)(]3)'

The proof of this lemma will be based on the appendix to paragraph 4 and Lemma E of
the appendix to paragraph 7 of the previous letter. However the proof of that lemma was
written up rather hastily so I do not have complete confidence in it. I will examine it more
carefully later. If it turns out to be unsatisfactory I shall let you know. In order to get on
to the main point I will take Lemma 5.2 for granted.

In proving the main theorem I shall not enter into questions of convergence. Anything
which is not discussed in the previous letter is taken care of by Lemma 5.2 Thus if x is a
continuous homomorphism of £*\I into C* and ¢; is of the above form

/ sol((g“ ?)g> x(@)laf da

%The constants of parts (i) and (ii) are the same.
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converges absolutely for Re(s) sufficiently large. It is equal to

[1¢Csmx) ¢ TT2 (95050 000 x0)
p

p
On the other hand it is equal to

I @((3 ?)9)—%«3 ?)g) x(@)fa*da.

This is equal to the sum of]

aI\a|>1} ga( ) %<(§ ?)g) x(@)|a* da
a||a|<1} w( ) ((3 (1)>g> x(a)|el* do.

The first of these integrals is a entlre functlon of s.
On the other hand if <p( g) ) fora €1

o 6 D 9o )i
A B (GGG
_%<(a01 N3 é)g) ax(@lal* da
ot 7)o (5 9)o) prora
oo ¢o<(g ?)9)-77(04)900((&01 Q)g) x(@)la]*do.

Let us suppose that ¢, is not zero for all ¢ and consider the last integral. Let M be the
homomorphism of Lemma 5.2 and let M ((c, 8)) = x1(a)x2(3). If neither x;x nor xsx is
trivial on the ideles of norm one this integral is zero. Suppose that y;x is trivial on the

and

— O
O =
N—
VR

o

At first we shall discuss the case of a number field. Afterwards the necessary modifications for a function
field will be indicated. The argument of the previous letter was not correct for a function field.
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ideles of norm one but yox is not. Let yix(«) = |a]~%0. Then the integral is equal to

1
ot
ClHq) (gp7$0 790]37)(]3)/0 oot t

0 1 1 . o s,ldt
_C2Hq)/(<—1 0>9pv—5 2,%,(?7 'x 1))/t ° ;
p 0
_ 1 / 1
——%JFS_SO];[(P (gp»SO_EaQOanp)
C2 / 0 1 1 1 1
+%—s+801:[(1)<<—1 o)gpv—so—g%,(n X" |-

On the other hand if ysx is trivial on the ideles of norm one and x;y is not, let yax(a) =
|a|~%0. Then the integral is equal to

C2 , 1
P ) 5 )
%+s—501;[ (gp T X")
L ! 0 1 _ _1 -1,,—-1
+%—s+301;[@(<1 O>g"’ S0 = 50w (X e |-

H(I)/<< )gPJSO 790p>Xp> H(I) (gP750 >¢p7Xp)

it 1s clear, in this case at least, that these expressmns do not change if g is replaced by

( )g,xbyn Xlandsby—s.
Now suppose that y; # x2 but both y;x and ysx are trivial on the ideles of norm 1. Let

x1x(@) = o], xax(a) = |a|7*2. Then the integral is equal to

1 p 1 Co ) 1 )
(I) yS1 — 3 ’ + (I) y 82 — =, )
%‘FS—Sl];[ (gp ! 2%] Xp) %—FS—SQ];[ (gp ? 290p Xp
€1 / 01 1 I
C2 , 01 1 4
+ — d ,—51 — =, Dy,
l—s+311:[ ((—1 0)9»0 517 5% (17X

2

Since

1 s is replaced by —s, and s, is replaced by —s;. Thus this

Land g by (_9§)g.

When Yy is replaced by n=tx~
expression is not changed if s is replaced by —s, y by n71x~
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Finally suppose that x; = x2 and x1x(«) = |o|7*. Then the integral is equal to

d / 1 ' l-i-s—s dt
e o )
1 1 l S—S; dt
+H(I) (gp,so ’SOanp)/O (Cl—Cleg?f)lf?+ 07

d , 01 1 ) e adt

—CQEIE[CI) ((—1 0)9[37_80_5790!37(7])();3 )A t 0 27
0 1 1 ~ ! o1 dt
_H(b,((—l 0)9}37_30_590137(77)();31)/0 (Cl+c210gt)t o 27‘

This is of course equal to

(&) d , 1
2 “TTe _ -
%—l—s—sodsl;[ (gp,so 2’%’Xp)
Co d / 0 1 1 .,
2 "Tle sy — =
+%—s+sod31;[ ((—1 0 )90 70 Q’QOP’(UX)p

C1 Co , 1
+ 9 7 + 3 @ (9;:750—_790;:7)(;:)
§+S_SO (%+S—So> 1:1 2

C1 , 1 _1
+ ¢ < )g , 7S0 — 5, P 7(77X) .
%—8+80 (—_S+SO H ( p 2 p p

It is clear that this does not change if s is replaced by —s, x by n~'x !, and g by ( 98 )g.
Putting everything together we see that

Hg(SanaXp) HCD/(gp)_Sa‘Pp,Xp)
b

p
is meromorphic in the whole complex plane and equals

Hé( S5 T, (1X), ) H‘P’((_(l) é)gpa—s,%(nxw)
p

The second factor is equal to

H5(37Tp>Xp) H(I),(gp75790anp>

p p
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Thus if
(s, L, x) H§ S, Tpy Xp)s

6(57 L7 X) = H 6(57 TPJ XP)?
p
(s, L, x) is meromorphic in the entire complex plane and satisfies the functional equation

E(=s, L, (m)")e(s, L, x) = &(s, L, x).
To investigate its poles we use the fact that for a suitable choice of ¢ and g

H q),(gm S, Sopa XP)
p

is an exponential in s. Thus if neither y;x nor y.yx is trivial on the ideles of norm 1 it
has no poles. If ¢y = 0 for all ¢ in L then it has no poles for any choice of y. To find the
principal parts at the poles in the other cases we observe that

1
H‘I)/(gp757<ﬂp>Xp H(I) (gp750 a‘Panp)
p

% + 55— 5o
and
]' /
1. 2 H(D<gp73790anp H 9py S0 — aSDanp
(3+5=50) |7 P

1
- (5‘1‘5—50) Hq)/(gp,so :@anp)
are entire functions of s.

Thus if x1 is trivial on the ideles of norm 1 there are simple poles at sq— l and so+ 5 L with
residues —c; and 026(30 + , L X) respectlvely If XQX is trivial on the 1deles of norm 1 but
X1X is not there are simple poles at sop— 5 and sy + % 5 With residues —c, and 016(80 +1 5: L, X)
respectively. If x; # x2 but both x;x and x2x are trivial on the ideles of norm 1 there are
simple poles at s; — %, S9 — %, s1 + %, and sy + % with residues —c;, —co, 626(81 + %, L, X),
616(82 + %, L, X) respectively. If y; = xo there are poles of order two at sg — % and sp + %
The principal part at sg — % is

Co C1
C(s—s0+1/2)2 s—so+1/2

The principal part at s + % is determined by the functional equation.
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For a function field we write our integral as the sum of

/{a||a|>1} sD((‘O)é ?)g)_%((g (1))9) x(a)|al® do
+/{a||a>1} w<(g D (4 3)9>‘¢°<(3 D é)g) (1) (@]l da
and
/|a|<1(p<(g (f)g) x(@)faf da
and
_/{aml}%((g ?)!J)X(a)\a!sdaJr/{a'Ialq}%((ogl ?)g)n(a)x(a)\alsda.

The first two of these expressions are clearly entire functions of s which do not change when
g is replaced by (_{{)g, s by —s, and x by n~'x7".

Again let us consider the last expression when ¢, is not zero for all ¢ and at least one of
X1X or xz2X is trivial on the ideles of norm 1. If x;y is but x2x is not, let y1x(a) = |a]~*°.
The expression equals

(&1 1
_WH®/<QP780_§7QOP7XP>
N p
C2 / 0 1 1 11
_1_q—%+s—so H(I)<(—1 O)gpv_SO_TSDpa(U X )P :

P
If xox is trivial but y;x is not, and xox(a) = ||~ it equals

C2 1
1 — q—%—s+so HCD/ (gp, S0 — 5’ (pl“XP)
p
L ! 0 1 1 —1. -1
- 1 _q_%_,’_s_s() Hq) ((_1 O)gp7_50 - 27g0P7<77 X )P .

If x1 # x2 but both y;x and x2x are trivial on the ideles of norm 1 let x;x(a) = || ™! and
X2x (@) = |a|7%2. The expression equals

1 , 1 Co , 1
_ —1 - q—é—s+51 H@ <gp,31 - 5790;37Xp> T 1 ate 1;[@ <gp,82 - 5,90p,xp>

b 1—q

€1 , 0 1 1 1
N 1— q*%+8782 H(I) (<_1 0)9;37_32 - §a90p(77 X )

p

Co 01 1 -1 —
B —3+s—s1 H(D/((_l ())gp’—sl_§790pa(77 'x 1)10)-
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Finally suppose that x; = x2 and x1x(«) = |a|7*. The expression yields

Co d , 1
1 — g s—stsods 1;[q> (g*” 0Ty g0"’X")

C2 d / 01 1 1
T iewds 1;[@ ((_1 O)gp, =05 ¥ps (1),

d —1_sts
= 1 — q 3 O>
C1 ds( , 1
N 1— q—%—s—l—so T |p| ® (gp780 - 5790)37)(]3)

(1 — q_§_5+50>2
e = <1 - q_%ﬁ_so)

T 1o g )

The functional equation follows as before. The principal parts at the poles can also be
determined. Since I am principally interested in the case of a number field I shall not bother
to discuss them explicitly. Moreover for the converse theorem I shall limit myself to the
case of a number field. The statement and the proof for a function field will differ only in
minor points.

For the converse theorem we suppose that, for each prime p, we are given an infinite-dimen-
sional simple representation 7, of G, on V,. We suppose that for almost all non-archimedean
primes there is a non-zero vector in V, whose isotropy group contains G,,. For such a prime
there will be a continuous homomorphism Mp((a, 5)) = Xp(@)x,(B) of kS x k) into C*
such that 7, = 7;,. We suppose that there is a constant N > 0 such that for all such p

Xy (m)| = ||~

xo(m)| < Il

if 7 is a generator of the maximal ideal of o,. Let 7,((§9)) = np(a)I if a € kY. We suppose
that

n(@)=n|[Jaw | =[] mlcw)
p p

which is a continuous homomorphism of / into C* is trivial on £*.
If x is a continuous homomorphism of £*\I into C* the product

Hf(SanaXp) = 50(57X)
p

converges for Re(s) sufficiently large. We suppose that for each y it is meromorphic in the
whole plane, that it has only a finite number of poles, that it is bounded in the regions
obtained by removing circles about its poles from any vertical strip of finite width, and
that the functional equations

50(_8’ (T/X)_I)SO(S?X) = éﬂ(S’XL
with

€o(s, X) = H e(s, Tps XP)7

p
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are satisfied.

We suppose that there are two continuous homomorphisms y; and ys of £*\I into C*
with x1x2 = 1 and two complex numbers ¢; and ¢, such that &y(s, x) has no poles unless
either yix or xsx is trivial on the ideles of norm 1.

(i) If x1x is trivial on the ideles of norm 1 but xox is not and if yix(«a) = |a| ™
there are simple poles at sy — % and sg + % with residues —c; and cy¢q (So + %, X
respectively.

(ii) If xox is trivial on the ideles of norm 1 but xix is not and y2x(«) = ||~ there are

simple poles at sq — % and sg + % with residues —cy and c¢;¢g (so + %, X) respectively.

(iii) If xix(@) = |a|™® and xaox(a) = |a|7** with s; # sy there are simple poles at
$1 — %, Sg — %, s1+ %, S9 + % with residues —c¢q, —co, 6260(81 + %,X), 016()(82 + %J()
respectively.

(iv) If xix(@) = x2x(a) = ||~ there are poles of order two at sy — 1 and sy + 3. The
principal part at sy — % is

Co C1

(=50t s-mtlZ

The principal part at so + % is determined by the functional equation.

We allow the possibility that ¢; or ¢y or both are zero. In particular if

i) = [ | =T1¢ (gp, —%mop,xl,;)
p p

is not, for any choice of the collection {¢,} with ¢, in L(&,,7,) such that G,, lies in the
isotropy group of ¢, for almost all non-archimedean primes and ¢, (1) = 1 for almost all
non-archimedean primes, a function satisfying (((1) :f)) =11(g) for all z in A we demand
that ¢; = 0. Also if x; # x2 we demand that ¢, = 0 if for the same choices of the collection

{p} the functions
1 _
%(9) = H P’ (gw _57 P, XQ;)
p

do not all satisfy ¢»((§7)g) = ¢o(z) for all € A. If x; = x» we demand that ¢, = 0 if
d 1 _
¢2(g) = % H P’ <gp7 _57 Pps Xl,;)
P

does not satisfy this condition. Notice that given y; and y» and the collection {7,} we can,
according to the appendix to the previous paragraph, decide whether or not v, and 1,
satisfy these conditions. Notice also that our theorem will be most interesting when both
¢, and ¢y are zero.

In any case the converse theorem states that when all these conditions are satisfied
there is a characteristic space of automorphic forms which transforms according to the
“representation” ), 7. To prove it we show that if the collection {1} is chosen as above

and
p1(9) = [ [ (9
p
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while .
= c1H<I> <gp, ,sop»clp) +01H<I> (gm 2,<pp,x2,§>

if x1 # x2 and

1 _
= C1HCI) <9pa_ ;‘Panlp) +02d 1_[(P (gp7_§790P7X1,;)

o(9) = wolg) + D 1 ((‘5‘ ?)g)

ackX

if x1 = x2 then

is a function on G;\GAa.
By its very construction it is invariant under left translations by upper triangular matrices

in G}, so the only problem is to show that go(( 01 )g) = (g). Let us show that for each

g the functions <p(( 6) (g ?)g) and ¢((§9)g) on I are equal. Let ¢ () be the function
obtained from the second of these functions by subtracting ¢ ((§9)g) if |a| > 1 and
©o (( 0)(§9)g ) if |a| < 1. Let 12(a) be the function obtained from the other function
by the same process. It is enough to show that 11 (a) = ¥(a). Now if y is any character of
k*\I
\ Ur(a)x(@)|al” dor = pa(s, x)
kX\T
is defined for Re(s) sufficiently large and, as we shall see,
ba(a)x(a)lal® dor = pa(s, x)
KX\
is defined for Re(s) sufficiently small. It is enough to show that, for each y, u1(s, x) and
t2(s, x) are entire functions of s which equal each other. We must also show that they are

bounded in vertical strips.
The first integral is equal to the sum of

€o(s, x) H ' (gp, 5,05, Xp)
P

and

ol (2 Dglx@tarda— [ ol (% (0 D )n@nt@lar da.
lof<1 laf<1

The second integral is the sum of

/kX\I%((Ogl 2) <_(1) (1))9>n><<a>|a\3da,

Sol=s,n'x~ H‘P’<<_ é)gp,—8,¢p>(nx);l),

which equals



62 LETTER TO HERVE JACQUET—1967

/|a|>1¢0<(ogl (1)) (_(1) é)g)nx(a)lals—wo«g ?)g)x(a)|a|5da,

which equals the sum of

B /|a<1 . ((O‘Ol (1)) 9) X Ha)]e| ™ da
[ (6 D D)o

The functional equation assumed for &y(s, x) together with the local functional equations
show that the first term in the expression for us(s, x) is the same as the first term in the
expression for p5(s, x). The second term in the expression for p (s, x) is an integral we have
already investigated. We know that its poles cancel the assumed poles of the first term and
that it is given by an analytical expression which does not change when g is replaced by

and of

and

(( 9 é))g, s is replaced by —s, and y is replaced by n~*x~!. But the second term in the
expression for us(s, x) is given by the same analytical expression except that s is replaced
by —s, g by <( 9 é))g, and x by 771x 1. One shows as in the previous letter that y;(s, x)

and p5(s, x) are bounded in vertical strips. The converse theorem is thus proved.
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