An Interesting 0-Cycle
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1 Introduction

Let X be a smooth algebraic curve of genus g and L — X a line bundle of degree n. On the
surface Y = X x X, following a construction of Carel Faber and Rahul Pandharipande we

define a (rational equivalence class of) 0-cycle
z;, € CH*(Y)
as follows: Let D be a divisor on X with [D] = L. Then we set
2z, =D x D —nDx

where Dp is the divisor D on the diagonal in X x X. It is easy to see that

degzr, =0
Alby(ZL) =0

where Alby (zz) is the image of z;, in the Albanese variety of Y. We are interested in the

question: Is
(11) zZr, = 0 ;

where = denotes rational equivalence of 0-cycles? This depends only on the line bundle [D],

and it is easy to see that (1.1) is true if
D = np, peX.

Additionally, according to the conjectures of Bloch and Beilinson z; should be torsion in
CH?*(Y) if (X, L) is defined over a number field. We shall show that:
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Theorem 1: If X is a smooth curve of genus g=2 and L — X s a general line bundle,
then
2z, #0 in CH*(X) .

In fact, the proof will show that zy is non-torsion in CH?*(X).

Theorem 2: For L = Kx the canonical bundle, if g=4 and X is the generic then
2y 20 in CH*(Y) .

In Theorem 2 we note that (1.1) holds if X is hyperelliptic, and therefore if g = 2.
Carel Faber and Rahul Pandharipande have proved that (1.1) also is valid if ¢ = 3, and
therefore our result is sharp. This paper settles a problem raised by them in their study of
the tautological subring of the cohomology and Chow rings of the moduli space of curves as
to whether the cycle zx, on the product of a curve with itself is always rationally equivalent
to 0. Interestingly, the invariant we use to show that zx, is not rationally equivalent to
0 (or even torsion in the Chow group) on a general curve of genus > 4 makes use of an
infinitesimal computation on moduli space.

Theorem 1 is relatively elementary and, as pointed out to us by the referee, may be
proved by an extension of Mumford’s original argument using, e.g., the one given in the
introduction to [9]. We have chosen to present the proof given below as it illustrates in a
transparent way the idea behind the more complicated computations in Theorem 2. As a
general observation, in higher dimensions it is generally difficult to decide if a given 0-cycle is
or is not rationally equivalent to zero. Most of the “non-rationally equivalent to zero” results
seem to apply to generic situations (e.g. [9], [5]). To us a main interest in the problem is
that in Theorem 2, even though X is general the divisor Kx is particular, so that zx, is
somewhere between general and special.

Our method of proof is Hodge-theoretic. For curves the classical Abel-Jacobi mapping
(1.2) AJx : Div)(X) — J(X)

gives necessary and sufficient Hodge-theoretic conditions that a divisor of degree zero be
rationally equivalent to zero. For 0-cycles on a surface, no satisfactory analogue of (1.2)

has yet been found!. Moreover, the theorems stated above can only hold generically, which

In [M. Green and P. Griffiths, “Hodge-theoretic invariants for algebraic cycles”, to appear in IMRN]
the authors will propose an analogue for 0-cycles on a surface which will (modulo torsion) capture rational
equivalence if (and this is a big “if”) one assumes the conjectures of Bloch and Beilinson.



suggests the use of variational methods. Associated to a family D = {D, € Div’(X,)},es of

divisors on a family of smooth curves there is defined a normal function vp where
vp(s) = Alx,(Ds) € J(X) .

Although vp(s) is defined transcendentally its associated infinitesimal invariant dvp may be

defined algebraically. Moreover,
dvp # 0 = vp(s) # 0 for general s,

and thus AJx, (D,) # 0 in J(X,) = CH*(X,) for general s. In fact, since dv,p = ndvp has
values in a vector bundle we have that AJx, (D) is non-torsion for general s.
Suppose now that we have a family Z of O-cycles z; on a family of algebraic surfaces Y;

and that
deg z; =0
AlbyS(ZS) =0.
Then although we are not yet able to define the analogue v of vp, we can define the analogue

Ovy of dvp with the property that
Svg #0 = 2z, #0 in CH*(Y,) for general Y.

In fact, as above we have that z, is non-torsion in C' H?(Y}) for general s. Our construction of
dvy is a direct extension of earlier work of [3], [5], [9] and [10]. Their work, and the later work
by [1], is applied to families of cycles on hypersurfaces in projective space; there the explicit
calculation of dvy is reduced to polynomial algebra. Our main contribution is to introduce
some new calculational methods when a polynomial description of the infinitesimal variation

of Hodge structure is not available. Although, as noted above, the computation that

5VL7éO

in Theorem 1 turns out to be relatively straightforward, the proof that

5I/KX 7é 0

in Theorem 2 turns out to be somwehat subtle. The basic idea is to use the Schiffer variation
associated to a point p € X, which intuitively may be thought of as a variation that changes
the complex structure on X by a “6-function” at p. This allows us to localize the computation
at two distinct points p,q € X, and the condition g =>4 enters via the requirement that the

tangent lines to the canonical curve at p and ¢ not intersect.



To carry this computation out we have written everything out explicitly in local coordi-
nates — essentially, we need an expression for the relative diagonal in a family { X, X X, }scs
of products of curves. Just preceeding the calculation at the end of section 4(a) we have
given a heurestic argument that leaves little doubt that the desired result is true up to a scale
factor which needs to be non-zero. As suggested by the referee it would be far more satisfac-
tory to replace the calculation by a more conceptual argument using functorial properties of
the diagonal, but we have not been able to find such an argument.

The most satisfactory approach could well be to give the computation in the completely
intrinsic form described in the problem stated at the end of section 4(c).

The organization of this paper is as follows: In Section 2 we will calculate the infinitesimal
invariant for families of line bundles of degree zero over a family of algebraic curves. Although
not strictly necessary for the logical development of our story, this case served us as an
important “toy model” for the more subtle situations given by the theorems stated above.
In Section 3 we will give the proof of Theorem 1; this argument is based on establishing a
geometric formula for dvy. In Section 4 we will first set up the framework for the proof of
Theorem 2 and give an heuristic argument for the main calculation. There we also formulate
an interesting general problem that for 0-cycles on surfaces would probably give the most
satisfactory expression of the relationship between oy and K-theory. Then in the remainder
of Section 4 we will give the complete proof of the theorem. Finally, in the Appendix we will
give the definition of the infinitesimal invariants used in this paper. In fact, those utilized
in our work here are only part of a general sequence of invariants that one may expect to be

of further use in similar geometric problems.

2 Computation of the infinitesimal invariant in the curve
case

In this section we will study the infinitesimal invariant of a normal function associated to a
family Ly, — X, of line bundles of degree zero over a family of algebraic curves. The main
objective will be to express this invariant in terms of the Kodaira-Spencer class associated

to the variation of Ly — X, and the variation of Hodge structure associated to the Xj’s.

(a) More formally, we consider the situation

L — X
(2.1) |
S



where X — S is a smooth family of smooth algebraic curves of genus g=1 and £ — X
is a line bundle of degree zero on each fibre. We shall work with complex varieties in the
algebraic setting (Zariski topology, etc.). Our considerations will be local in the base space
S, which we may assume to be an affine variety. We shall sometimes write X 5 S as
{X,}ses where X, = 7 !(s), and shall write the fibre of (2.1) over s € S as

L, — X, .

Finally, we shall denote simply by L — X the fibre at a generic point sy of S and set

T="T,5
V = H(Q) .

Associated to (2.1) is a normal function v, with infinitesimal invariant dv, (cf. the Ap-

pendix); dv, is a section over S of the sheaf
Q5 ® R, Ox/VR)Qy /s
where

(2.2) V : Ry g — Q4 ® RLOx

is the map induced by the Gauss-Manin connection. Here, and throughout, for any smooth
variety Z we write Q) for QIZ/(C. The map (2.2) is algebraic; i.e., it is an Og-linear map be-
tween vector bundles, and shrinking S we may assume that it has constant rank. Evaluation

of dv, at a generic point gives, using the notations introduced above,

(2.3) Svp €T @ V*/VV .

Using duality we may write this as

(2.3)* dvp €edker{T @V — V*}}*.

Our objective is to give an expression for dv;, in terms of the Kodaira-Spencer mapping
T — H'(XpL)

where Y} is the sheaf of linear, 1%%-order differential operators on sections of L — X . Before

doing this we mention the following tautological



Example: We let S = J(X) be the Jacobian variety of X and

L — X xJ(X)

1
J(X)

the universal (Poincaré) line bundle. Then

T=H(Ox)=V"
V=0

and
6VL cVeR® V*

may be easily seen to be the identity (this will be proved by computation in Section 3 below).
Assuming this computation we may draw the following conclusion: Let S = Pico(xg /M)
be the set of pairs (X, L) where L — X is a line bundle of degree zero over a smooth curve

of genus g. Over S there is a natural normal function v, and we have the
Corollary: dv, # 0.

The reason is that if we fix X then v, restricts to the normal function given in the example
above. The geometric conclusion that for L — X a general line bundle of degree zero we
have L # 0 in Pic’(X) is obvious; the point is that the method of proof will extend to the

situations described in the introduction.
(2.4) Remark: If instead of J(X) = Pic’(X) we let S = Pic"(X) and
L, = X x Pic"(X)

be the universal line bundle of degree n, then there is no canonically associated normal

function. Choosing p € X and setting
Ls = Ln,s - n[p]

we do get a family L, — X of degree zero line bundles with associated normal function
whose infinitesimal invariant is independent of p, and is in fact also given by the identity
as in the above example. We may think of L, ; as the “principal part” of L; the np is
subtracted off to get deg L, = 0.



The reason this is relevant to the main topic of this paper is the following: For L — X
of degree n and D a divisor with [D] = L the 0-cycle

Zr =D xD

onY = X x X is of degree n?2. We may subtract off n?p x p to make Z; have degree zero,
but then it does not map to zero in Alb(Y'). The easiest way to obtain a O-cycle z;, with

“principal part” Zp and with
degzr, =0
Alby(ZL) =0

18 to set

széL—nDA.

Now let L — X vary in Pic"(X) to obtain a family z(s) of 0-cycles on Y with associated

infinitesimal invariant whose value at a general point is (cf. the Appendix)
Sv,, € N°T* @ A*V* .

One may suspect that, as in the curve case, dv,, depends only on the principal part of 2,

and since T~ H'(Ox) = V* it is certainly suggested that again
Sv,, = “identity” € A*V @ A*V*.

This in fact turns out to be the case and implies Theorem 1 by analogy to the corollary

above. This argument will be carried out in detail in Section 3 below.

(b) We will now turn to an explicit computation. For a line bundle L — X a 1%%-order

linear differential operator on sections of L is given by a C-linear map
O(L) 25 O(L)
satisfying locally
D(fA) =v(f)N+ fDA
where f € Ox, A € O(L) and v € Ox = Derc(Oyx) is a vector field. If v = 0 so that D is

Ox-linear, then
D\ =g\



where g € Ox. The 1%*-order linear differential operators form a sheaf X7, and from the

preceding remark we see that there is a natural exact sequence
(2.5) 0—-0x =%, —0x—0.
Given the situation (2.1) there are Kodaira-Spencer maps
(2.6) T.S — H'(Zr,)

that measure the infinitesimal variation of the family {L; — X;}ses (this does not require

that deg Ls = 0). The cohomology sequence of (2.5) has the natural interpretation

Hl(OX) — Hl(ZL) — Hl(e)x)

I | I
tangent space to tangent space to tangent space
moduli of (X, L) moduli of of moduli

with X fixed pairs (X, L) of X’s

The obstruction to splitting (2.5) is given by the Atiyah-Chern class

ci(L) € HY(QY) .
Thus, if deg L = 0 the sequence (2.5) splits
(2.7) ¥, =0x®0x,
and any two splittings differ by an element of

H°(Hom(O©x,Ox)) = H°(QY) .
We write the splitting (2.7) as
o= (o',0")

where 0 € X1, 0/ € Ox and ¢” € Ox. Going to a general point of S, the map (2.6) and
splitting (2.7) give

TSS — Hl(st)

N\ !
H'(Ox)

i.e., an element

TET*®H1(O)() .

From the above remark, changing the splitting (2.7) changes 7 by
T—= 7T+ p(w)

8



where w € H°(Q)) and p is the composite
T — H'(©x) — Hom (H°(Qk), H'(Ox))
of the usual Kodaira-Spencer map together with the cup product. Since
p(w) = Vw

we have a well-defined element
[7] € T* @ HY (Ox)/VH(QY)

I
T* @ V*/VV .

Theorem: [7] = dv.

In one sense this result is obvious: What else could [r] be? However, to prove it we shall
give a calculation that — although not difficult — will establish the notations and set the

stage for the more subtle calculations needed for the proofs of Theorems 1 and 2.

Proof: In the following we may work analytically using local holomorphic coordinates or
algebraically using local uniformizing paramaters; we shall do the former.

We consider the situation

X
(2.8) I
S
locally over a neighborhood U of sy € S in which there are local coordinates s = (s1,...,sy)

with sg = 0. By data for the situation (2.8) we shall mean

{Ua; Zay faﬁ<zﬁ7 S)}

where U, is a covering of X with 7(U,) = U, (24, S1, - .., Sn) are local coordinates in U, with

Za = faﬁ(zﬁas)

in U, N Ug and
fap(f51(2458), 8) = far(24, 8)

in U,NUgNU,. So as not to have distracting indices floating around, we shall take the case

N =1 where s is a local coordinate on S; the extension to general N will be obvious. Setting

9



0,3 = Osfap the usual Kodaira-Spencer class associated to (2.8) is given by the composite

map

0
6/83 — {901582} & Zl({Ua},@x/S> — Hl(@x/g) .

«

With the notation j;é = 0., fap, the transition functions for ©y are

Jop —Japlas
J af = .
0 1

This means that in U, NUg
(0/0z4,0/0s) = (0/025,0/0s) Jug -
Next, by data for the situation (2.1) we shall mean

{Uou oy faﬁ(zﬁ7 S>’ gaﬂ(zﬂv S)}

where {Us, Za» fap(2s, s)} is data for X — S and &,4(23, ) are transition functions for £ — X.

In terms of the data for (2.1) the transition functions for ¥, — X are
1 0.,10gas 0Oslogéags
(2.9) 0 Jag  —JapBas
0 0 1
The Kodaira-Spencer mapping
T — H'(Zp)

is represented in terms of the data associated to (2.1) by

(2.10) 0/0s — {(0s10g&np, —0ap0/0z4)}

where the term in braces is a Cech cocycle in Z'({U,}, ). Here we are using the local
splittings
X

v.= (Ox |v.) ® (Ox |v.)

given by the data.
In terms of the data {Us,, za, fap(28, ), £ap(25, $)} the Chern class ¢;(L) is represented
by the Cech cocycle

(2.11) {dlog Eas(za, )} € 21 (UL}, 04)

10



From (2.10) we see that the “horizontal” or ds component of (2.11) is the “Ox-component”
of the Kodaira-Spencer class associated to the family L, — X,. Although this statement
does not have intrinsic meaning, it is the “principal part” of the reason behind the result we
are proving.

Since deg Ly = 0 we may find {¢,} € Qy/5(U,) such that in U, N Up

dlog&ups = pa — s modds .

Over U, we write sections of 2} as column vectors

( w )
¥
where ¢ is the dz,-component and v is the ds component, thus splitting the exact sequence

0= 7 Q5 ® Ox = Qy = Qx5 — 0

over U, in terms of the given data. It follows from (2.9) that

A - )G )

( (—0ap0/0za]pp)ds )
Pa — P

where the brackets on the LHS refer to the value over U, N Uz of the coboundary of the 0-
cochain whose value over U, is (gfa)' This will be our general notation for Cech computations.

For the representative (2.11) of ¢;(L£) we therefore have

( 0,108 Eag )_5 {( 0 )} B ( aslogsaﬁ(eaﬁa/azam))
0., log £us Pa 0 |

It follows that

(2.12) {(0s1og €ap + (00p0/02a) [ 0p) ds} € Qg @ Z*({Ua}, Ox)

is a Cech representative of ¢;(£) in F'H?(X,C) = F'H?(Q%), where F! is the first step in
the Leray filtration. From the definition in the Appendix, this expression for ¢;(£) gives a

representative of dvy,.

11



On the other hand, evaluating at s, we recognize (2.12) as the image in H'(Ox) of the

Kodaira-Spencer class (2.10) under the decomposiion
(2.13) HY(X,) = HY(Ox)® H'(O)

induced by the splitting ¥, = Ox @ Ox given by writing the extension class ¢;(L) of (2.5)
as the coboundary of {¢,}.
Since ¢, is unique up to adding an element of H°(Q2%), we see that the cocycle (2.12)
gives a well-defined element
Tl eT*@V*/VV .

By what was just said, this is the same as dvy, which proves our theorem. O

Remark: This argument proves a little more. Denote by o € T* ® H'(X;) the Kodaira-

Spencer class. Then in terms of the data

(2.14) {Uas 2as fap (285 5): §ap(285 5); Pal2ar 8)}

we have canonical representatives of 7 € T* @ H'(Ox) and of the restriction along X of
c1(L) € F'H%(Q%), where we have written 7 as the 15° component of ¢ using the decompo-
sition (2.13) given by the data (2.14).

(c) We shall now give a geometric application of the preceding result. First some prelimi-
naries that will be used in the proofs of Theorems 1 and 2.

For a point p € X we consider the exact sheaf sequence

(2.15) 0— Ox = Ox(p) = Ox(p) |,— 0.

Here, ©x(p) |, is a skyscraper sheaf supported at p; upon choosing a local coordinate z
centered at p we have
Ox(p) [,=C

with 1/z0/0z representing a generator.

Definition: A Schiffer variation is class 6, € H'(Ox) given as the coboundary of 1/29/9z
in the cohomology sequence of (2.15).

We note that 6, is well-defined up to scaling. We write

(2.16) 0, =3¢ { (i@/@z) }

12



and interpret this equation as follows: Relative to an open covering Uy, Uy, ..., U, of X
where p € Uy, p & Uy,...,U,,, and z is a local coordinate in U centered at p, there is an
obvious 0-cochain given by 1/z 9/0z in Uy and zero elsewhere. Then (2.16) is the cohomology
class associated to the cocycle in Z'({U,},©x) given by the coboundary of this cochain.
The map
HO(2Y) % HY(Ox)

induced by the Gauss-Manin connection V is easy to understand. In fact, we have
(2.17) ker 6, = H® (Qk(-p)) -

To verify this, if w € H°(Q (—p)) then using the obvious notation

0,(w) =& { (i@/@zjw) }

and (10/0z]w) is holomorphic. To see the converse, we use duality. If ¢ € H°(Q%) then

(0p(w), ) = Res, ((i@/@zjw) go) 2

If this vanishes when ¢(p) # 0, which we may arrange, it follows that w(p) = 0.

Geometrically, the image of the bicanonical map
VoK - X — PHI(@X)

gives a curve in the projectivized tangent space to moduli, and the points on this curve
are the Schiffer variations. Intuitively, they represent tangents to deformations of complex
structure that leave X — {p} unchanged and change the structure of X by a d-function
at p. In terms of VHS, for X non-hyperelliptic the Schiffer variations give the rank one
transformations H°(QL) % H'(Ox) where 6 € H'(Ox).

Next, we shall extend the discussion of Schiffer variations to pairs (X, L). For this we

define
¥r(2p,p) C XL (2p)

2The general principal is this: If ¢ € H'(Ox) is written relative to the covering {U,} as & = én where
n = {na} may have poles, then for ¢ € H?(QL)

(€, ») = X Res(nap)-

The sum is over all the poles, and we note that for a pole at p € U, NUs we have Res,(n.¢) = Res,(13¢).

13



to be those o € ¥ (2p) that map to ©x(p). Intuitively, ¥, (2p, p) consists of those sections
of ¥ that have a 2"d-order pole at p in the Ox-component and a 1%*-order pole in the

O x-component. More precisely, the diagram

Ox(p)
!
0— Ox(2p) = X1(2p) — Ox(2p) — 0

pulls back to give a diagram

0 — Ox(2p) — X.(2p,p) — Ox() — 0

| } I
0 — Ox(2p) — Xp(2p) — O6x(2p) — O.

In the diagram
HO(S1(2p,p) ) = HO(S0(2p) |,) — H'(S1)
)
H(©x(p) |p)

we let 0 € H'(X1) be the image of a ¢ € H*(X1(2p,p) |,) which maps to a non-zero element
of HY(©x(p) |,) under 7. Intuitively, using the above notation, if

~f(222)

o= (d,0")

then

where ¢ € H'(Oy) is a Schiffer variation and
o' € Image {HO(OX@p) lp) — Hl(OX)}
is non-zero. If w € H°(Q4(—p)), then
cQuweker{T®V — V"}
by the above discussion. By the theorem we have
vp(o@w) = (o, w)

= Res, (lew>

= ().
Since, if g > 2 we may choose w with w’(p) # 0 this gives the

14



Corollary: For any situation (2.1) where g > 2 and for some s € S we have that the image

of
TSS — Hl(ZLS)

contains a Schiffer variation coming from X1 (2p,p) |, as above, it follows that

(5Vl;#0.

For us this result is interesting in that the method of proof provides a “toy model” for the

argument to be given in Theorem 2 below.

Remark: In terms of the Cech representative (2.12) expressed in terms of the data for

(2.1) together with what might be called the auzilary data {¢,} where

aZﬂ IOg Saﬁ = 5{9004} >

0 0 1 10
(as logfaﬂ + <8aﬂaz>Jgpﬁ70aﬁaz> - 5{<22’ Z@Z’)}

1 1
{0slog&npt =9 {22} modulo ;—terms

if we write

then

defines a 1%*-order s-variation of the transition functions &,s(z3). We note that the
(o, w)

depends only on the data for (2.1), and not on the auxiliary data. This is because {¢,} is
unique up to adding ¢ € H°(2%), and then by (2.12) (¢/,w) changes by adding

10 1
09| —= = -
< {<282>J¢}’w> Resy (zw>
= w(p)
= 0.
The reason this is relevant is the following: For the canonical bundle Kx there is a

canonical C-linear lift
Ox L Yk,

given by the Lie derivative

j(v)gp = 'CUSO

15



where v € Ox and ¢ € O(Kx) = Q%. This gives a canonical lifting
HY(Ox) 5 HY(Sky) -

Suppose now that 6, = ¢ { (1%” is a Schiffer variation. From the formula

z

Lio (f(2)dz) = d(f(z)>

we see that

w-o{(212))

Thus, the principal part of the Ox-component of j(6,) is 0 (—Z%) Although this state-
ment does not have intrinsic meaning, it provides an heuristic that is central to our main

calculation.

3 Proof of Theorem 1

In this section we will give the proof of Theorem 1. Again, we will proceed in two steps,
giving first a calculation in the curve case and then extending that calculation to the surface
case. These computations, which were motivated by [9], may be of interest in their own
right.

(a) We assume given the situation
DcX

(3.1) I
S

where X — S is a family {X;}seg of smooth curves and D = {Dg = >, napa(s) : Xy na = 0}
is a family of divisors of degree zero. Here, s — p,(s) is a section of (3.1). Given the situation
(2.1) we may have to pass to finite covering to be able to define divisors Dy with [Dy] = L.
In the preceding section we gave a method for calculating the infinitesimal invariant dvp in
terms of the variational data associated to the family of line bundles [D;] — X,. In this
section we shall give an alternate method for calculating dvp geometrically in terms of the

divisors D;.

16



Setting D = Dy, and recalling our notations

T=T,5
V= H(Qx)
V*=HY(Ox)

we have for value dvp of dvp at s = sy that
dvp € {ker{T @V — V*}} .

If dim S = N, then using
TRQV2XAT AN 'T" @V

we may think of v € T"® V as a section along X of the bundle
Ks'® (257 @ Q) -

In terms of coordinates as in the preceding section, if v = 3=, 9/0s; @ w; where w; € H°(Q)

is given by {gia(2a)dzs}, then in U,
v=1(0/0s1 ® - ®3J/Isy) ® (Z dsy ® gia(za)dza>
where ds;y = (=1)""tdsy A -+ A ds; A -+ Adsy. Now
(3.2) QF ' @ Qg 2 O /08
Lemma: v € ker {T'® V — V*} is the value at sy of the image under (3.2) of a section
(0/0sy N+--ND/Osy)@T
where T' € HY(QY). Moreover, T is unique up to adding a section in H°(X, Q).

Here we allow ourselves to shrink S.

Assuming the lemma we then have the

Proposition 1: The value dvp(y) is given by

(3.3) dvp(y) = (0/0s1 A-+- ND/Dsn)] (2/\: nmi(ﬁ) :

17



Here, p3(I') is the pullback of I under the section
s — pa(s) € X,

of X — S, and it is understood that the RHS of (3.3) is evaluated at so. We note that since
Synx = 0, the RHS of (3.3) is unchanged if we add to I' a section of QY.

Before presenting the proofs of the lemma and proposition we shall give the

Example: We assume that X is a fixed curve and Dy is a family of divisors parametrized
by S = Pic’(X) with [D,] = s. Then T' = H'(Ox) = V* and the map T®V — V* is trivial.
For

v =(9/0s1 N---N0O/Osn) @ ds;y @ w

where w € H°(Q), we may take
I'= dS(Z-) Nw

and then
0
() = <w, p,\> dsy A\ -+ ANdsy
887;
where % € T, X is the evident tangent vector. It follows from the proposition that

ovp e VeVvV”®

is the identity, thereby establishing the assertion made in the example just below (2.3)* in

the preceding section.

Proof of the lemma: We have on X the exact sheaf sequence

(3.4) 050y —= Kg'®@Qy - Kg' Q' @Qys—0.

Recalling that we are working in the neighborhood of a generic point of S where all direct
image sheaves are locally free and maps between them have constant rank, the exact coho-
mology sequence of the direct images of (3.4) gives a complex of vector bundles whose value

at sg is
0= C— AT ® H° (O ® Ox) — AVT @ AN'T" @ HO(Q) — H'(Ox)

|
TV —m V.

It follows that v € ker{T' ® V — V*} lifts to ANT ® H" (Q&V ® OX), and this is then the
restriction along X of a section in H(X, Kg' ® QF). O

18



Proof of Proposition 1: Arguing as in the proof of (A.9) in the Appendix, we may choose
data for (3.1) where [D] = L, deg Ls = 0 to be

{Uon Zay faﬁ('zb’a 5)7 faﬁ(s)} ;
where the transition functions for Ly, — X, are constant along X,. Our assumption that

Ly = [D;] where
Dy = napa(s)
A
with
s — pa(s)
being a holomorphic section of X — S means that there are in U, meromorphic functions

Car(2a, 8) such that

(35) { gaﬂ(s) = HA Ca)\(faﬁ(zl% 8)7 S>n>‘ H# CB,AZﬁ, S)fnu

CaA(paA<5)7 S) =0
where py(s) is given in U, by 2z, = pax(s) with

(020Car) (Par(s),s) # 0.

Now from the Appendix we have that dv; € Qg ® R Ox/VR)Qy s is represented by the

Cech cocycle

{dlog&as(s)} -
Setting
G =1
A
we have
(3.6) dlog&,s(s) = 6 {0slog (u} -

Evaluating at so, we have written a Cech representative of v, € T* @ H'(Ox)/VH(Q%)
as the coboundary of a cochain with poles.
Now an element

vyeker{T®@V — V*}

is given as

v =) ds; Qw;
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where w; = {Wia = gia(2a)d2a} € H*(QY). Then

5I/L(’Y) = Z <asz log ga5(5)7 wi)

7

where the RHS is the duality pairing
7' ({Uy},0x) @ H(Q%) — C.

By (3.5) this gives
v (y) = Z Res (05, log (o - wia) -

On the other hand, by (3.5)
05, 10g Co + %: nx (0,008 Cax0s;par) = 0 .
Thus
(3.7) Z Res,,, (0s;log (uwi) = — Z Res,, nx (0,108 CarOs, Paria)

= — Z 15\ (8Sipa,\(8)gm(27a/\(5)))

where the term over the braces is to be evaluated at s = so and z, = pax(So)-

Now we may assume that

v=(0/0s1 N---ND/Osn) @ st(i) ® w;

comes from a section 9/0s; A--- A 3/0sy @ T of Kg' ® H(QL ® Ox) where in U,
I'=) " dsu Awia modulo ds; A+ Adsy .
Then
p;)\(r) = (Z asipa/\(SO)gia(pa)\<SD))> dSl ASRRA dsN )

and comparing with (3.7) gives our result.
(b) We now want to extend the preceding result to the situation

ZCY

(3.8) I
S
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of a family of 0-cycles {z,}ses on a family {Y;}ses of smooth surfaces with
degz; =0
Alby, (2,) = 0.

The formulation is analogous to what was just done. Letting sy be a generic point and

(3.9)

Z = Zg, Y = Yy, with the notations

T=T,5
W= H%(3)
U=H(Qy)

we have for the value dv, of dvy at sy that
dv. eker {NT@W 5 TeU} .
By linear algebra, if dim7T" = N then
(3.10) AT =2 ANT @ AN 2T
and we may think of ¢ € AT ® W as a section along Y of the bundle
Ks'® (2 0) -
Lemma: Under the assumption (3.9), v € ket{A’T @ W — T @ U} is the value at sy of the
image of a section
(0/0s1 N---ND/Dsy) T

where I' € HO(QQ[). Moreover, U'|y is unique modulo the images of

(i) ANT* — H°(Q) @ Oy)

(i) AN @ HOQ)) — HO (Q) @ Oy) JANT™.
The proof of this lemma is an extension of the argument used for the analogous result in the
preceding section — it involves making the linear algebra identification 7= ANT @ AN 1T+
in (3.10) and working through the arguments leading to the construction of dv, in the
appendix. We remark that the ambiguities in I" will work out, (i) because of the assumption
deg z = 0 and (ii) because of the assumption Alby (z) = 0 (the ambiguity in (ii) is essentially
the infinitesimal invariant associated to the normal function s — Alby, (2y)).

We write

Zs = Z”Apx(s)
Y
where s — py(s) is a section of Y — S.
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Proposition 2: The value év,(7) is given by

ov,(y) =(0/0sy A --- NDJ/Osn)| (Z n,\pj(f‘)> :

Assuming the proposition we will give the

Proof of Theorem 1: We will use the opportunity to establish a more general setting
and then specialize to a situation that will give a proof of Theorem 1. Let S = Pic"(X/M,)
be the set of line bundles of degree n over a curve of genus g (passing to finite branched

coverings, etc). We then have the universal line bundle

L—-X

Let Y =X x5 X and let

a family of O-cycles z; representing the rational equivalence classes of the 2z, ’s associated to
Ls — X, on Yy = X, x X, by the construction in the introduction; i.e., if Ly = [Dy] then

23=Dyx Dy—n Dyn .

It is clear that degzs, = 0, and we will verify that Alby,(z;) = 0. Dropping reference to the

particular point s we write
D = Zn,\p,\ .
A
Then
= Zn/\nu(pA X pu) —-n (Z NAPx X pA)
A

A
where n = >, n). Then
Ab(Y) 2 J(X) ¢ J(X)

and

Alby(Z) = (Z n/\nuAJX (p)\), Z n)\n,uAJX (p,u))

A A

—n (Z 13N Alby(p)\ X p)\)> .
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The last term is equal to

n (z; nAJx(py), X#j n#AJX(p#)>

and Alby, (zs) = 0 follows.
We may show that 27 # 0 in CH?(Y") for general X and L by showing that the infinites-

imal invariant

(3.11) vy #0 .

We will now use the above proposition to prove (3.11), and will observe that the argument
also gives a proof of Theorem 1 in that in the argument we can fix X and let L vary.

Evaluation of vy at L — X gives
dv. € NT* @ H*(Oy)/V (T* @ H'(Q}))
where T' = Ty, S. (The notation means that dvy(sg) = dv,.) By duality
ov. € {ker {\*T @ HO(0}) - T & H'(Q})}}" .

Since the rational equivalence class of Z is invariant under the obvious involution (p,q) —

(q,p) (p,q € X), it follows that dv, actually lies in the skew-symmetric part A>H*(Ox) of
H*(Oy) = H'(Ox) ® H'(Ox) .
Thus, setting V = H(QY)
ov. ket (NPT @AV TR UY} .

In order to prove (3.11) it will suffice to show that the restriction of dvy to a subfamily
is non-zero. For our subfamily we fix X, and changing notation we now have S = Pic"(X)
and, since V is zero on this subfamily and T'= H'(Ox) = V*

(3.12) dv. € N°V* @ A*V .
We will show that:

In (3.12), év, is the identity.
Of course, if dimV = g = 1 the statement is trivial. Only if g =2 do we have dr, # 0. The

case g = 1 will be discussed at the end of this section.
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Proof: Write Dy = > %_; pA(s), so that

ZPA X pu(s —anA X pa(s

We will use the proposition to evaluate
(3.13) dv, (0/0s; NOJ0s; @ w A ) .

If X is given by data {U,, 24, fas(25)} then Y = X x X will be covered by open sets U, x Up
with product coordinates (z,,ws). Let w be given by {ga(za)dza} and ¢ by {ha(za)dza}-
Then w A ¢ is given in U, x Ug by

(3.14) (Ga(za)hs(ws) — ha(24)gs(wg)) dza A dws =: kopg(2a, wg)dze A dwg .
Letting
(3.15) s = (za(s), ws(s))

be one of the cross-sections py(s) x p,(s), the pullback of (3.14) under (3.15) is
(3.16) > kap(zal(s), wa(s)) (6siza(s)8sjw5(s) — 8sza(s)8siw5(s)> ds; Nds; .

When A = p, this gives zero. It follows from this together with (3.16) and the proposition
that

6, (0/0s; NO/Os; @w A @) = (0/0s1 A+ NDJOsn)| D (pa(s) X pu(s))" dsjy Aw A
AFp

where dS(Z‘j) = (—1)1+]d81/\/\6/i.:92/\/\6/l.:9] N "'/\dSN

_ Opa\ [ OPu I\ [ Opa
(317) N /\Z: <w’ 881' > <SO’ 8Sj UJ, 8sj 4 8si .
H
But 9/0s; € T = H'(Ox) = H°(Q)* is given by
w — Z < apA>

From (3.17) it follows then that
Sv, € A’V @ A*V*

is the “identity”, as claimed. O
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Proof of Proposition 2: Using an extension of the method to establish 1.14 in [9] we will
reduce the result to the proposition given in Section 3(a) above.

Given the situation (3.8), by shrinking S and passing to finite coverings we may find a
family of smooth ample curves X, C Y; such that the 0-cycle z is supported on X,. Thus

we have a situation
Z cX cY

(3.18) ey

S = 5.
We will denote by

dvzx € RL Ox ® Q% /Vy (RS, Ok )
and
dvzy € R2 Oy ® O%/Vy (R} Qs © Q)

the infinitesimal invariants associated to the families of O-cycles z, € Z'(X,) and z, € Z*(Y;)

respectively. We will show that:
dvxy may be computed, in a natural way, from dvyg x.

When Y is regular the result is proved in [9]. The main ingredients needed to extend her

argument are the following:

(i) There is a surjection
J(Xs) — Alb(Ys) .

In fact, there is an isogeny
J(Xs) = Jvar (X) © Alb(Y)
where Ji,,(X;) is the “variable part” of J(X) when X varies in Yj, holding s fixed.
On the tangent space level we have
(3.19) H'(Ox,) = Hy,,(Ox,) ® H'(Oy,) .
This is the projection onto Hodge (0,1) components of the orthogonal (under the

natural inner product) direct sum decomposition

(3.20) H'(X,,C) =~ H'(Y,,C) ® H!

var

(Xs,C)

where by definition

var

HL(X,,C) = im {H'(Y,,C) — H'(X,, )} .
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(i)

We now let s € S vary and consider the variations of Hodge structure associated to
(3.18). Then the VHS associated to { H' (Y, C}ses is a sub-VHS of that associated to
{HY(X,,C)}ses, and by the semi-simplicity of monodromy the sub-VHS has a natural

complement given by (3.20) that is invariant under monodromy. Thus we have

1 _ 1 1
(3.21) RLC = RLC®R._,.C
R}TQCO:X: = R}Tg Oy @ R}rx,varox °

To formulate the result we work at a generic point s of S and use our earlier notations

X=X

there

(3.22)

and

Y =Y, T =1T,,5S. Setting

U=Y\X

is a standard exact sequence (C-coefficients)

0 — H(X) = HX(Y) = H*(U) 23 H'(X) —» H*(Y) - 0

Res H*(U) = HL (X) .

var

Now (3.22) is an exact sequence of mixed Hodge structures with

and

From

Res F'H*(U) = F"'HL, (X)

var

FUH*(U)/F*H*(U) = H'(Q)(log X))
FOH*(U)/F'H2(U) =~ H*Oy).

the fact that when s varies the whole sequence (3.22) varies to give VMHS’s, we have

H' (2 (log X)) ~% HX(Oy) @ T* .

By linear algebra this leads to a diagram

(3.23)

HY QL) ® T Y H2(Oy) @ AT
¥ I
HY(QL(log X)) @ T* Y% H2(Oy) @ A*T*
J Res
.\ (Ox) @ T*
!
0.
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On the other hand we have

H°(Q2(log X)) % H'(QL(log X)) ® T*
J Res 4 Res
(3:24) H, () 5 HL(Ox)®T
!
0.

Using Vi - Vi = 0, again by linear algebra the diagrams (3.23) and (3.24) lead to a map,
induced by Vy in (3.23),
Hy(Ox) @ T v, H*(Oy) ® A°T*

3.25 .
(3.25) VA HO QL) Vy (HY(OL) & 1)

Lemma: Jv, x € H! (Ox)®T*/Vx(H,(Q%)) and

VU((SVzg() = (Sl/z’y
Proof: The assumption that
Albys (Zs) =0

means that

vex(s) € ker{J(X,) — AIb(Y,)} .

Using the discussion above together with the fact (3.19) that the tangent spaces naturally

split and that the construction of vy only “sees” tangent spaces we infer that

(SI/Z,X c Hl (Ox) & T*/VX (H\?ar(ﬂﬁ(» .

From the exact cohomology sequence of

(3.26) 0— Qf = Q(logX) 2305t — 0

we infer a map

(3.27) H' (7)) - W (27°)

and it is a general property of fundamental classes that under this map

2] 2y

fundamental class fundamental class
of ZinX of ZinY '
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The argument now consists in tracing through the constructions of dvz x and dvy y given in
the Appendix, and verifying that, when this is done and the fundamental classes are fit into
the exact hypercohomology sequence of (3.20) and related by the coboundary map (3.27),
their infinitesimal invariants are related by (3.25).

Finally, the proof of the proposition may be completed by using the lemma together
with the proposition in Section 3(a). Since the argument is entirely analogous to that given
in [9], pages 83-85, and is just a matter of writing out the relations resulting from the
hypercohomology sequence of (3.26) and standard duality, we will not present the details.
This completes the proof of Theorem 1.

4 Proof of Theorem 2

(a) Let X — S be a family {X;}scs of smooth curves of genus ¢ for which the Kodaira-
Spencer mappings
p TSS — Hl(@Xs)

are surjective. Associated to X — S is the family {Y}scs of surfaces Y; = X, x X given as
Y=X Xg X

(4.1) I
S .

For each s we have defined the (rational equivalence class of) 0-cycle zk, by
2k, = Dy x Dy — (29 — 2) D a

where Dy is a divisor with [D;] = Kx,. Passing to a Zariski open set and finite covering of

S if necessary, we may assume given

ZKCH

where

Z’K}/:SEZKa

We want to show when g >4 that the associated infinitesimal invariant

5VZK 7&0
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With our usual notations
T =TS
V = H%(QY%)
U=VeVHye(V*eV)C Hl(Q%/)

where s is a generic point of S and X = X, ,3 we have for the value dvg, of dvy, at sy that

S2x € N°T*@ N*V*/V(T* @ U) .
Here, we are using the observation from Section 3 above that dvg, lies in the subspace
A°T* @ A2H'(Ox) of A*’T* @ H?(Oy). By duality

dvicy € {ker{A’T ® AV » T @ U}|

From the discussion in Section 2, we may use Schiffer variations to construct elements
of ker{A’T ® A’V — T ® U} as follows. Given distinct points p,q € X and differentials
w,p € H(Q%(—p — q)) we consider

(4.2) E=0,N0,0wApeNTRANV.

Here, 0, and 6, are elements of H'(©x) and, for simplicity of notation, we are omitting
reference to the surjective map
T — H'(Ox) .

Recall that 6, is uniquely defined up to scaling, and that the scaling is fixed by a choice of

local coordinate z with z(p) = 0. As explained in Section 2, we may think of

(4.3) 6, — 5{@5)} |

Locally, w = f(z)dz with f(0) =0, and we have
w'(p) = f'(0) .

We note that 6, and w’(p) scale oppositely with z. A similar observation applies also to g,

and therefore the quantity
wW'(p)¢'(q) — w'(q)¢'(p)

3Proof analysis shows that dvz, (s) # 0 for any s € S such that T,S — H'(Oy,) is surjective and X is
non-hyperelliptic. Also, the H'(QL) @ H*(QY) part of H*(Q}) does not enter into the calculation.
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is intrinsically associated to £ given by (4.2). To express this in a coordinate free manner, 6,
arises from a choice of a non-zero element of ©x(p) |,, and w gives an element of Q% (—p) |,.

Under the natural pairing

() % (=p) |, ®Ox(p) |[,— C

we have
<9paw> = w’(p) .

Finally, from the discussion in Section 2 we have
Eeker{N*T @AV - TxU}.
Our main calculation is given by the following

Theorem: For & given by (4.2) we have

(4.4) iy (Op Ny @ w A @) = (p)¢'(q) —w'(9)¥' (p) -

Assuming (4.4) we may complete the proof of Theorem 2 as follows: Let t,,t, be the
tangent lines to the canonical curve vk, (X) at p, ¢ respectively. Choose hyperplanes Hy, Hy

such that
{ Hy =0 on t,Uq but not on t,Ut,

Hy; =0 on t,Up but not on t,Ut, .

Letting w, ¢ be the corresponding 1-forms given by H;, Hy respectively, we have

{WMﬂZQaN@#O
©'(p) #0, ¥'(q) =0,

in which case dvk, () # 0 by (4.4). We can choose Hy, Hy as above provided that
tyNty=10.

However, for a non-degenerate embedded curve in P with r =3, the tangent lines at two
general points do not meet. The condition >3 for the canonical curve is g =>4, thereby

proving our result.
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Heuristic: The quantity dvg, (€) has the properties
(i) it is alternating in p, ¢ and bilinear alternating in w, ¢;

(ii) it depends only on the “15% order behaviour” of w, ¢ near p, ¢ (this is because a Schiffer

variation 6, leaves X — {p} unchanged).

The only quantity that has the properties (i) and (ii) is a constant multiple of (4.4). This
heuristic reasoning certainly suggests the result, provided that we know that the constant
is non-zero. Even if we assume (ii) on the basis of geometric reasoning, a computation is

required to estabish the latter point.

(b) For a line bundle L. — X, we denote by L; — Y (i = 1,2) the line bundles on
X x X induced by the projections, and by A the line bundle corresponding to the diagonal.
Thinking of L; and A as elements in C H'(Y') we have

zr, =Ly Ly —nA- Ly (n= deglL)
where the product is
CHYY)® CHYY) — CH*(Y)

(clearly A- Ly = A Ly). Denoting by £; — Y the line bundles induced over Y = X x5 X by
£ — X and by A the line bundle given by the diagonals on X, x X, we have therefore

Zp =Ly Lo—nA- L.
Denoting by [J] the Chern class in H? (Q?) of a line bundle J — Y, for the fundamental
class [Zr] € H* (Q?) we have
(4.5) [21) = [£1] U [£a] = n[A]U[L1] .
The Leray filtration F'H*(Q)) is induced by

image { RO — Qg}
(we omit the 7*’s), and

2,) € FPu* (957)

The infinitesimal invariant

dve € OF @ R20y/V (04 ® RLQY6)
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is obtained from [Z] by localizing on S and using properties of the VHS associated to Y — S
(cf. the Appendix).

There seem to be two ways of computing év,. One is geometric by choosing divisors Dj
with [Ds] = Lg and using the result in Section 3(b) above; this is the method used by [9].
The other is to express v, in terms of the Kodaira-Spencer classes in H'(X,); this is the
method we followed in the “toy-model” example in Section 2 above. The computation we

shall give is in some sense a mix of these two. The term w'(p) is ultimately produced by

1
Res, (,z2w>

and the second order pole is produced from the transition functions of ¥i by the term
0.0p0p

in the off-diagonal spot. The calculation itself is carried out by selecting divisors Dy € |Kx,

and using a more or less standard explicit relation between residues and duality.

Before turning to the formal computation we want to mention the following

Problem: Let {Y,}scs be a family of smooth algebraic surfaces and EZ — Y, (j=1,...,m)

a collection of families of rank-2 vector bundles such that if we set

ze =Y njca(E!) € CH*(Y;)
J

where the n; are integers, then
degz; =0
{ Alby, (25) = 0.
The problem is to express the infinitesimal invariant dv, associated to the zg in terms of the
Kodaira-Spencer mappings
Ty — H' (S ) .

(c) We now turn to the formal calculation to prove (4.4). It is based on three principles:

(i) For any line bundle § — Y given by data as explained in Section 2 above, there is a
canonical Cech representative for ¢;(d) in H'({U,},2}). The “vertical” part — i.e.,
the image in H'({Ua},Y),g) — gives ¢1(ds). The “horizontal” part — which is well-

defined only for the given data — contains the “Oy,-part” of the Kodaira-Spencer class
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in H'(3;,) ® TS (recalling that the Kodaira-Spencer class gives the tangent to the
family {Js; — Yi}ses).

(ii) In (i) the “horizontal part” and “Oy,-part” are not intrinsically defined for the line
bundles L1, Lo, and A, but with the introduction of two pieces of auxilary data they
are defined for the combination (4.5). The expression “auxilary data” is being used as
in the toy model in Section 2; it refers to terms that are introduced to explicitly write

a cocycle as a coboundary.

(ili) For £L = X and £ = 0, A 0, @ w A ¢ as above, the value dvk, () may be calculated
by residues, and when this is done the auxilary data in (ii) drops out and all that is
left are the “principal parts” as explained above, and this is non-zero. Thus, although
we have not computed dvg, (€) for a general & € ker {A*T @ A’V — T ® U}, we have
computed enough to show that dvg, is non-zero (we do not know how to compute

vk, (§) for a general &).

Initially, we will for simplicity of notation assume that dim S = 1 and denote by s a local
uniformizing parameter on S. The extension to dim S = N with coordinates s = (s1, ..., sy)
will be obvious and will be introduced as needed.

Given data {Uy, 2o, fap(28, 5), €ap(2s, s)} for the situation
L—X

(4.6) I
S

we have in (2.9) given the transition data for Y ,; we note that there the two right hand
entries in the top now give the Cech representative for ¢;(L).

For Y = X x¢ X as in (4.1), we will use the product coordinate data

{Ua x Uy, (za,w,\), (faﬂ(zﬁvs)7f/\u(wws))} .

Then the data for (4.6) induces data for £; — Y and £, — Y, and this in turn gives canonical
Cech representatives for [£;] and [£5]. We will write this out explicitly below.

The main remaining issue is to use the coordinate data for X — S to canonically produce
transition data for A and X 5. For this we use the following construction due to Grothendieck:
For any line bundle

J—=Z
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over a smooth variety Z we have

(4.7) S @05 ©O0g02/07,

where J; = priJ and Ay C Z x Z is the diagonal with ideal Ja,. It is useful to verify (4.7),
as this will help establish notation for what follows. We will assume that dim Z = 1; the
extension to the general case will be obvious. If {U,, 24, fas(2s)} give coordinate data for
Z and if J — Z has transition functions £,s(z3), then we cover a neighborhood of Ay by
Ua % U, and relative to these open sets J; ® J; ! has transition functions fag(zﬁ)ﬁojﬁl (wg).

We write

Eap(w + 2 —w) _ Eap(W) + (2 — w)Oy€ap(w) mod (z — w)

Eap(w) Eap(w)
= 1+ 0ylogéus(w)(z —w).

2

We may give a section over U, x U, of the RHS of (4.7) by Aa(wa) + (20 — Wa) Ba(w,), and
in (Ua N Uﬁ) X (Ua N Ug)

Aa(Wa) + (20 — Wa) Ba(wa) = (1 + (25 — ws)du, log Eap(ws) ) (As(ws) + (25 — ws) Ba(wp))

or more compactly

A, B 1 0 Ag
(4.8) ( (Za _wa)Ba ) a ( (ZB _wﬁ)awg logfaﬁ 1 ) ( <Zﬁ _wﬂ)Bﬁ > .

Near A,
Za — Wa _ fap(28) — Jap(wp)
g — Wg Zg — Wg

= O, fas(ws) mod (25 — wg)*

from which it follows that (2o — we)Ba(ws) is a section of Q= Qy, and then using w
as coordinate on Az we may identify this term with B,(w,)dw,. Thus, (4.8) gives the

transition data for the exact sequence
0—-Q, =% =070,

as claimed.

Next, we will show that the transition functions for ¥} on ¥ = X x X are given in
(Ua N Us) x (Ua N Up) by

(4.9) S - e 10

zg—wg Za—Wq

zg—wg Za—Wq
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This has the following meaning: Transition functions for the exact sequence
0—Qy =38 =0y =0

are given by

A, ) 1 0 0 Ag
Badza = ﬁ - zad_Awa 10 Bﬁng
Cadwa —dwg + _dwqa 0 1 Cﬁdwﬁ

zg—wg Zo—We

To prove (4.9) we note that, relative to the covering U, x U, of the diagonal, the line bundle

A has transition functions
Za — Wy
fapg = —— .
g — Wp

We use coordinates z1,wy, zo,waon Y XY = X x X x X x X. Then A1 ® A;l has transition

functions
(4.10) Pla — Wia 228 — Wap _ (ZZ,B_U}%’) (ZQa_w2a)_1
21 — W1g R2a — Waq 218 — Wi Rla — Wi
Since
Zog — W 293 — 218) — (Wog — W
(4.11) 28 —Was _ (225 — 218) — (w25 — wip)
Zlﬁ — wm 215 — ww

modulo terms vanishing to 2"d-order on the diagonal in Y x Y, we may plug (4.11) into
(4.10) to get that the transition functions of A; ® A;' are = to

14 (228 — 218) — (wop —w1g) (220 — 21a) — (W2 — Wia)

(4.12) -

Z18 — Wip Zla — Wia

Using the equation
Aa + (220 = 210) Ba + (W20 — w10)Co, = (4.12) X ((Ag + (225 — 218) Bp + (w25 — w15)Cp))
we obtain

A, = Ay

Z28 — 21 290 — 21
(ZQQ - Zla)Ba = (Z2,8 - Zlﬁ)BIB + ( P B _ = a) Aﬁ
218 — Wi 21a — Wia

(Woa = w1a)Ca = (wap —wi1p)Cs + (wza ST w15> A

Rla — Wi 218 — Wig

Then replacing zs, — 21, modulo terms vanishing to 2"4-order by dz,, we obtain the transition
matrix (4.9).
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Now we want to extend the above calculation to the line bundle A — Y. The new
ingredient — in fact the one that makes this whole computation interesting — is that there

is now s-dependence. Following the same procedure as above, we want to see how

(413) Aa + (Zga — Zla)Ba + (IUQQ — wla)Ca + (52 — Sl)Da

changes coordinates. Recalling our notation

{ Jag = azﬁfaﬁ(zﬁ’s)
0046 - asfaﬁ(zﬁvs)

we now have
220 — Rla = fa,B(Zm, 32) - faﬁ(zl,&sl)
= Jap(zop — 218) + Oap(s2 — 1)

and similarly for wa, — wia. Setting jias = Jap(25), J2as = Jas(ws) and similarly for 6,44

and 6o, it follows that the transition rules for the coefficients in (4.13) are

Setting
Pap(2) = Oap(25)0/0z4 € Zl({Ua}7@X/S)

we may rewrite the above equations along the diagonals in Y xg Y as

Ay = Ay

d dz,
&mﬁz%m+< ® ___% )@

218 — Wig Z1la — Wia
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Codw, = (Jﬁdwﬂ—< dwp _ _ da )Aﬂ

213 — Wig Zla — Wi
Do = Dg— (pas(28)|Bsdzs) — (pas(ws)] Csdwp)

(dzs — dwﬂ)] A .

" [ww + paplug))) 422~
Zg wg

These may be summarized as

(4.14)
Ay
B,dz, + C,dw,,
D,.ds
1 0 0 Ag
dzg—d’wg . dZa—d’UJa
= zg—wg Za—Wa 1 0 Bﬁng + C’gdwg
dzg—dw
(Pas(28) + pas(wp)) | =007 (Pa(28) + pas(wp)) 1 Dgds
Symbolically, the RHS is
1 0 0
Extension data Oy
for 3% Transition Q) /s
: 1
Extra extension | data for €y 0L ® Oy
data for 3%

reflecting the exact sequences

0—=Q) =3 =0y —0
0= Qy®0y — Qy—Qys—0.

We next set K; = pr;K where
X=X

1
B

is the family {Kx, — X }ses of canonical line bundles and

Y=XAxg X
pm/ \pr‘z
X X
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are the projections. In (2.9) we have given the transition data for ¥, — X for a general line

bundle £ — X. Taking £ = K, the extension data part of the transition data for 3% is
(8% log jas (28, 3)) dzg
(asjaﬁ(zﬁvs)> dS
jaﬁ(zB,s)
which now taking s = (s1,...,sy) we may write as

( (@B logjaﬂ) dZ@ ) '

> ((951, log jaﬁ) ds;

Pulling minus this* back to Y = X x ¢ X under the two projections gives Cech representatives
for [K1] and [Ks].

Here we need to remark about the open coverings of Y. These transition functions and
extension data are relative to {U, x X}, whereas those for X% above are relative to {U, x U, }
— as will be seen below, the latter will be all that is needed for the calculation of (4.5) when
L=X.

At this stage, in terms of the data {U,, 24, fas(2s,s)} giving X — S we have canonical
expressions for Cech cocycles representing each of the terms in (4.5) when £ = K. The

strategy for completing the calculation establishing (4.4) is this:

(1) Write each of the cocycles as a Cech coboundary of a cochain with poles — this will

enable duality pairings to be computed by residues;

(ii) Assuming that dim S = 2 and that T} S is spanned by Schiffer variations 6, and 6,,
we may lift w, o € H(Q%) to @, € H*(Q} ® Ox). Then

(4.15) ([K1] U [Ka] — (29 — 2)[A] U [K]) A (@1 A G2 — @ A1) € H Q4 ® Oy)

which maps naturally to

(4.16) H* (9,5 © Q% © Oy) = N*T* @ H*(03) .

Using the fact that the term over the braces lies in the second level in the Leray

filtration, and therefore in cohomology lies in

0% © H*(Oy)

4Here we note the minus sign in (2.9)
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we infer that (4.15) maps to
ey (O AN g @ w A ) 5°

(iii) Finally, we use (i) to explicitly compute (4.15). The calculation will be based on the
following

Observation: If Dy, Dy are smooth divisors meeting transversely on Y, then the cohomol-

ogy associated to

2
0— Q%/ — EBQ% X Oy(D,) — Q?/ X Oy(Dl + DQ) — ng & ODlﬁDQ(DQ + DQ) —0
=1

takes

HO (Q% ® ODlﬂDg(Dl ‘I‘ D2)) — H2(Q§’)

w w
— = Res, | — | .
1.J2 y€l§1D2 Y <f1f2>

To carry out the argument, it will simplify the notation if we set

by

and give w; explicitly by
w; = {hia(za)dza} -

5 Alternatively,
0% ® H*(0,) — H*(Q @ Oy)

induces a commutative diagram

[0 N)
jas)
S}
[e)
<

jas)
S}
=
O
<

|

jas)
N
<o
O
<

jas)
IS
<o
O
<

Since
([%1] U [Ks] = [A] U [K4]) |y€ QF © H(O,)

we may compute how it pairs with wy A w3 —ws A 1 by wedging with w1 A @2 — W A P1.
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Then since 0;(w;) = 0 in H'(Ox) we have

(4.17) Oiap(28)hjs(28) = kijo(2a) — Kijp(25)

where {kijo} € C* ({U,}, Ox). From our calculation of the transition functions for X — S

( hjadze ) B ( 1 0 ) ( hjadzs )
kljad51 + k?gjadSQ B ,01a5d81 + pzagdSQ 1 k?ljgdsl + ijﬁng

we infer that

and

hjadza _
= Wjq
kljadsl + ijadSQ
represents a lifting of w; to w; € H*(Q% ® Ox).
We will now carry out step (i). Recalling that the Cech expression for [A] € H'(Q)) is

(with the above understanding about open coverings)

dzg—dwg dzo —dwq
B Zg—Wg Za—Wa
dzg—dw
S (iap(28) + pias(wp))] (=522 ) ds,

Zp—Wp

(where we recall that p;as(zs) = 05, fap(28, $)0/0%4, etc.) we observe that

dza—dwe
0

dza—dwg 1 0 dzg—dwg
— Ra—Wa _ ( > zZg—Wg )
0 Yi (Pias(28) + piap(wp))ds; 1 0
Thus

~ dza:dwa
(4.18) Al :—5( " ) .

Now let ¢ = {la(2a,5)d2a} € H°(Qy ) be chosen with divisor

{ (0) =D =35\r
Pq g (p) -
Then
_ 0., 10g lo(2a, 5)dza
(4.19) X = 5( > 05, 10g 1o (24, S)ds; ) ’
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where the RHS is pulled back to Y = X x ¢ X under the first projection, and similarly for
(35| with w, replacing z,.

Next, to simplify the calculation and make explicit use of our assumption of Schiffer
variations we will choose our covering of X as follows: U; will be a disc with coordinate z
such that p,q € U;. Us will be a larger disc with small discs around p, ¢ removed, and the

remaining Uy (o = 2) will satisfy

{ Ua M U1 - @
s € Ua(n) (a(N)22)

U

For 01,5 at s = sp we will have

g} e

2 = =
all other 61,5 =0 .

which is explicitly given by

There is a similar expression for .5 with ¢ replacing p. Then in (4.17) we may take, e.g.,
klloz - Uahla .
It follows that all

(420) kija<TA) =0.

We will now carry out step (ii). Setting

. ‘e
Wij = Pr;W;
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and using the general observation above together with (4.20) we have

[:K:l] A CZ)H A [A] A (I)QQ —

Z Res(r, ry) (@a logla(za, s)dza + Z 0, 1og 1o (2a, S)d8i> A
A i

dz, — dw,

(Mo (Za, 8)dza) A ( ) A (haa(wa, 5)dwe) | =0

Zo — Wy

since there are no ds; A dsy terms.

Note: The only possible ds; A dsy terms would arise from expressions such as

(Z agiladsi) A (Z kjgade) .
i J

But since we are evaluating at (ry, 7y ) these are zero, by (4.20). The philisophical reason they
are out is that the kj;, represent “auxilary data”, and for Schiffer variations the auxilary
data does not enter into the final expressions for the same reason as in the “toy model”
discussed in section 2. Intuitively, using Schiffer variations localizes the problem at p and g,
and since the auxilary data is not uniquely specified by the given data its value at any point
does not have intrinsic meaning.

We now turn to the evaluation of the “principal part” term
(4.21) (1] A @1 A [Ka] A @aa

As above the k;j, terms drop out and (4.21) is

> Res,, [(05;10g la(za, 8)) Pia(za, $)dza] ds; A
A

Z Res,, [(88], log lo(Wa, $)hoa (W, s))dwa} ds; .
s

The proof will be complete if we show:

(4.22) Z Res,, [(0s, 1ogla(2a, $)) ha(za, $)dza] = Wi(p) .
\
Proof of (4.22): We have

lo(fap(28,8),8) = Oz fap(28,8) ' 1s(25, 5)
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which gives
825 elaﬁ

(4.23) 05, logly, = 0, logls + 0., log ly010p — )
azg faﬂ

Near 7\ we have 01,5 = 0 so that
Res,, (w105, logl,) = Res,, (w105, loglp)
as expected. Now we may consider
(w105, logly) € H° (Q&(D) |D) ;
and by (4.23) under the cohomology sequence associated to
0— Q% = QL(D) = QL (D) |p—0

it maps to
625 0104,3
azg focﬁ

Call the term in parentheses 7,4; it is holomorphic since 01,5 vanishes at the zeroes of [,,.

(4.24) wy <a% 10g laB1as — ) € 2" ({Ua}, Ux) — H'(Q) -

By our choice of open covering and construction of 0,4, all 7,5 = 0 except for 72 and

1 1
T2 = (821 logll) <Zl _p) + (Zl _p)2

since fio = 1. The 1/(2; — p)? term comes from 0,,0,1, — this is the crucial term, whose

intuitive origin was discussed in Section 2. Now since wi(p) =0

wy = (alzr —p)+---)dzn

where
a = w(p) -
Then near p
WiTiz = M + holomorphic terms ,
21— P
and it follows that (4.24) evaluates to w/(p) in H'(Q%) = C. O
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Appendix: Definition of the infinitesimal invariants

(a) Classically, normal functions were introduced by Poincaré to study algebraic 1-cycles

on an algebraic surface. The construction extends naturally to a situation

Z C Y

(A.1) I
S .

Here, Y 5 S is a smooth family of projective algebraic varieties {Y,}ses, and Z C Y is a
codimension-p algebraic cycle such that Z, = Z - Y, is a codimension-p cycle on each Y, that

is homologous to zero there. In this case the Abel-Jacobi image
Aly,(Z,) € JP(Y5)
is defined, where JP(Y,) is the p' intermediate Jacobian of Y. Denoting by
(A.2) Jd— S
the family of intermediate Jacobians, there is defined a normal function vy by
vy(s) = Aly,(Zs) .
In terms of the variation of Hodge structure® {Hz, 7, V} associated to (A.1), we have
JP(Y) = F\H. [ M
In terms of any local lifting 7 of v to H, we have
(A.3) Ve Q.

By definition, a normal function is any holomorphic section v of (A.2) such that (A.3) is
satisfied. Setting
HE = F7 ! (r+s=2p—1)

CHere, H; = R2P717 and H = Og ® R?P~1C with Gauss-Manin connection
ViH—=Q50H,
and JP C H is the Hodge filtration which satisfies

VI Cc Qe
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there is an induced Og-linear mapping
(A4) ViHY = QgeH

that will be basic in what follows.

For a normal function v the associated infinitesimal invariant
Sv € QY@ HPP

is defined to be the section induced by Vv for any local lifting o of v. Although vy is
transcendental — i.e., in one form or another it involves integration — dvy, is algebraic and
in some cases 0vz(s) may be interpreted geometrically in terms of the 1%*-order variation of

Zs. In general, v was introduced in an attempt to associate geometric invariants to v.

(b) Let Y be asmooth variety. Associated to a codimension-p algebraic cycle Z one expects
— according to Beilinson — to be able to successively associate a sequence of Hodge-theoretic

Invariants
¢0(Z)7 1/}1<Z)7 cee 7wp<Z)
where ;(Z) is defined only if ¢g(Z) = -+ = 1;,_1(Z) = 0, and where the vanishing of all

of the 1;(Z) is equivalent, modulo torsion, to Z being rationally equivalent to zero. The
first two have been defined: vy(Z) is the fundamental class of Z, and if ¥o(Z) = 0 then
1(Z) € JP(Y) is the Abel-Jacobi image of Z. Now although the higher 1;’s have not yet
been defined in general (however, see [Green]), it is in some cases possible to define their “1°*

variation.” More precisely, if we have a family as in (A.1), and if
Yo(Zs) =+ =ti1(Zs) =0
for all s € S, then one might expect the 1;(Zs) to give something like a normal function
vi(s) € J(Y) .
Although this definition has not been given, one may succesively define invariants
ovk € H™ (Qf @ Hr-hrthm )
that extend the definition of jvi and have the property that

. R .
Sk £0 = { 2z, 18 non-torsion in C'HP(Yj) } .

for general s
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For S affine we have

ovk € H (Qk @ HPhrth V7))
In the situation of interest to us when z, is a family of O-cycles or a family of algebraic
surfaces Y,

vk € QL @ 12 /VH!

turns out to be (see below) the infinitesimal invariant associated to the normal function
s — Alby, (zs) .
The second, non-classical invariant
6vi € QL @ H? /VHM!

is what is of interest to us, especially computing it in cases of geometric interest.

The invariants referred to above have been around in various guises for some time, dating
to the definition of the arithmetic cycle class by Grothendieck and Deligne and, from a
completely different perspective the paper by Mumford (where he notes the the invariant
he used was already discussed by Severi as early as 1936). More recently, special cases of
it have appeared in the work of [8], [2], the Banff lectures by Green [4], and the work of
the Japanese School (Asakura, S. Saito [6], M. Saito [7]). The use of these invariants in
geometric problems that has been most influential in the present paper are in [5] and [9].

We shall now define dvy, = §1/2 in the situation (A.1) where {Y;}scg is a family of smooth

surfaces and Z - Yy = z4 is a family of O-cycles with

degz; =0
(A.5)
Alby,(z5) =0.
The construction is based on four things:

(i) Z defines a fundamental class

2] € Tmage {H*(Q5?) — H2(Q)} ;

(ii) the Leray spectral sequence for Y — S degenerates at Es, and under the assumption
(A.5)
(2] € F*H*(Y,C)

where F' is the Leray filtration;
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(iii) H*(€2)) computes H*(Y,C) and R} (€2} ,5) computes R;C; and
(iv) the standard properties of the variation of Hodge structure (VHS) associated to Y = S.
To begin with, the Leray filtration is induced on hypercohomology by
image {Qg ® Qfd?é — Q;}
whose associated graded is
Gri(ly = Qg @ O ¢ -
The Ei-term of the Leray spectral sequence is
(A.6) — QLR (Q5) — Q5T QR (Q5) — -
The Hodge filtration on the RE(€ ¢) is induced by the subcomplexes
00 C O
y/s & 2o/

and the spectral sequence induced by the Hodge filtration degenerates at F;. Passing to the
associated graded of the Hodge filtration in (A.6) gives the complex

(A.7) S HPT @ QY Yy i g QI
where
WP Ry Q) -

Since our considerations are local in the base, we may take S to be affine. The funda-
mental class of Z defines

2]° € H(S, RiC) .

If this is zero then it defines
[2]' € H'(S, R}C) ,

and if this is zero then we have
[2]2 S HQ(S, Rfr(C) .

From

deg z; = 0,

we infer that [Z]® = 0. Then [Z]' defines a class in the cohomology of the complex
Os ® R*C 5 QL@ RPCc 5 02 @ RiC .
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Since also [Z] € H2(Q§2) we infer from (A.6) that [Z]' defines a class in the cohomology of
R? (Q575) — Q5 @RS (Q)s) — Q% ®RE (Q5)) -
Finally, passing to the quotient by the Hodge filtration we see that [Z]' defines
Svy € Qg @ HW2/VHP! .
Proposition: (i) dvi is the infinitesimal invariant of the normal function
S — Albys<25) .
(i) If Alby,(z,) = 0, then [Z]' = 0.
Assuming the proposition, if (A.5) is satisfied then [Z]? defines a cohomology class in the
complex
— QL OR? (Q)g) - QF QR (Q5) — QR (Qf)5) —
Passing to the quotient by the Hodge filtration as in (A.7) we see that [Z]* defines
02 € @ H?/V (ke HM)

Definition: For the situation (A.1) where Y = {Ys}ses is a family of smooth surfaces and
2, € Z2(Y,) is a family of 0-cycles satisfying (A.5), we define the infinitesimal invariant

51/2 = 51/% .

A special case is when

Y=Y x S
is a product. Then we do not need to assume that [Z]° = [Z]' = 0 to define [Z]? as a Kiinneth
component of [Z], and since the complex (A.7) is trivial we have

dvz € OF ® H*(Oy) = Hom (H(Q}),Q3) .

In fact it may be seen that

5Z/Z = TI'Z
is just the trace map

HY(Q3) — QF
given by
Trow = m(w |2) -

Thus, dvy may be thought of as an extension to variable families of surfaces of the construc-
tion originally used by Mumford when he showed that dim CH?*(Y) = oo if H*(Q}) # 0 (cf.

[9])-

48



Proof of the proposition: (i) There is an obvious formulation of the first part of the

proposition for a family D = {Dg}scgs of divisors on a family of smooth algebraic curves
{X}ses -

Moreover, if X, C Y is an ample curve then

(A.8) J(X5) — Alb(Y5)

is surjective, and if D, is chosen so that for each s € .S
D, =z,

where = denotes rational equivalence, then under the mapping (A.8)
vp — Vg

and

(51/1) — 5VZ .

Thus it will suffice to prove (i) for the case of curves.
By the theorem in section 2(b) it will suffice to prove the following:
Given the situation (2.1), evaluating at a generic point of S we have the Kodaira-Spencer
class
ceT* ®H (X)

associated to the family {L, — X,}. Using the splitting

H'(X,) = H'(Ox) ® H'(Ox)
arising from the assumption ¢;(L) = 0, we write

o= (1,0);

as was noted in section 2(b), the equivalence class

[7] € T* @ H'(Ox)/VH(QY)
is well-defined independently of the above splitting. On the other hand, we have

ve(s) = [L] € J(Xs)
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and we may locally lift v, to a section v of Og ® RLC (i.e., the bundle over S with fibres
H'(X,,C)). Then
Vv e R,erx/VRgrQ%C/S

is well-defined and we may evaluate at a generic point to get
(Vo] e T" @ H'(Ox)/VH(QY) .

We will show that

(A.9) 7] =[V7D] .

Proof of (A.9): We follow the notation used in the proof of the theorem in section 2(b).
Since deg L, = 0 we may choose the transition functions £,5(s) to be constant along Xj.

Moreover, we may choose
{Cas(s)} € H'(X,, C)
such that
§ap(s) = expCag(s) -
This means we have (, € H'(X,, C) such that ¢, maps to L, under the composite
H'(X,,C) =% H'(X,,C*) — H'(X,,0%) .
On the one hand, we have from the proof of the theorem in section 2(b) that
[7] = {dCap(s)} € T" ® H'(Ox)/VH(Qx) -
On the other hand, {d(,s(s)} represents V(, and since ¢ provides a lifting 7 we are done. O
It remains to show that (cf. [9])

(A.10) Zs =rar 0 for general s = dvy =0 .

We write
2e =2, — 21

' 2" € Y™ are effective 0-cycles. We then have correspondingly

577s

where z

2. 2" cy
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with
=2 -2".

The assumption in (A.10) has the following implication: First we allow ourselves to shrink S
and pass to finite coverings — this means that we may ignore phenomena that occur over a
proper subvariety of .S, and that any construction that is algebraic in s € S may be assumed
to be rational. Then we may find

w, € ys(m)

and
foi B!y

both varying rationally with s such that

fs(0) = 2L + wy
fs(00) = 22 + wy .

Let v be a path in P! joining 0 to oo, and denote by 7, C Y; the 1-chain traced out by f,(v).
Then
0vs = 25

If we let I' = U,cg s, then remembering that we can ignore phenomena occuring over a

proper subvariety of S we will have

(A.11) or=2.

It follows that [Z] = 0, and then as a consequence
ovy =0.

Remark: One could formalize the argument by letting (Y/S)*) denote the relative k-fold

symmetric product of Y — S, and then constructing a reqular map
F:P'x S — (Y/9)m+n

such that (with the obvious notation)

FOxS)=2'+W
Floox S)=2"+W.

Then I' is the image in Y of F'(7y x S) and by construction (A.11) is satisfied.
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