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Introduction

In this paper I want to consider not just the L-functions introduced by Artin [1] but
the more general functions introduced by Weil [15]. To define these one needs the notion
of a Weil group as described in [3]. This notion will be explained in the first paragraph.
For now a rough idea will suffice. If E' is a global field, that is an algebraic number field of
finite degree over the rationals or a function field over a finite field, C'r will be the idele
class group of E. If E is a local field, that is the completion of a global field at some place
[16], archimedean or non-archimedean, C'r will be the multiplicative group of E. If K/FE
is a finite Galois extension the Weil group Wk g is an extension of &(K/E), the Galois
group of K/E, by Ck. It is a locally compact topological group.

If £ C E'C K and K/FE is finite and Galois, Wg,g may be regarded as a subgroup
of Wgk/p. It is closed and of finite index. If £ C K C L there is a continuous map of
Wik onto Wi, g. Thus any representation of Wg,r may be regarded as a representation
of Wi g. In particular the representations p; of Wy, g and ps of Wy, g will be called
equivalent if there is a Galois extension L/FE containing K;/FE and K,/ E such that p; and po
determine equivalent representations of Wy ,g. This allows us to refer to equivalence classes
of representations of the Weil group of F without mentioning any particular extension field
K.

In this paper a representation of W g is understood to be a continuous representation
p in the group of invertible linear transformations of a finite-dimensional complex vector
space which is such that p(w) is diagonalizable, that is semisimple, for all w in Wg/p. Any
one-dimensional representation of Wg,r can be obtained by inflating a one-dimensional
representation of Wg/p = Cg. Thus equivalence classes of one-dimensional representations
of the Weil group of E correspond to quasi-characters of Cg, that is, to continuous
homomorphisms of Cg into C*.

Suppose E is a local field. There is a standard way of associating to each equivalence
class w of one-dimensional representations a meromorphic function L(s,w). Suppose w
corresponds to the quasi-character yg. If E is non-archimedean and wg is a generator of
the prime ideal ‘Pr of Op, the ring of integers in E, we set

1
1 = xp(ws)|wel*
if xg is unramified. Otherwise we set L(s,w) = 1. If £ =R and

xp(r) = (sgna)™ ||

L(s,w) =

with m equal to 0 or 1 we set

L(s,w) = p~ztrmy <—S + 7’2+ m).
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If £ = C and z € F then, for us, |z| will be the square of the ordinary absolute value. If
xe(2) = |2|

where m and n are integers such that m +n > 0, mn = 0, then
L(s,w) = 2(2m)~CH+m+ (s 4 r 4 m + n)

It is not difficult to verify, and we shall do so later, that it is possible, in just one
way, to define L(s,w) for all equivalence classes so that it has the given form when w is
one-dimensional, so that

rzmzn

L(s,w1 ® wy) = L(s,w;1)L(s,ws)
so that if £’ is a separable extension of £ and w is the equivalence class of the representation
of the Weil group of E induced from a representation of the Weil group of E’ in the class ©
then L(s,w) = L(s,©).
Now take E to be a global field and w an equivalence class of representations of the Weil
group of E. It will be seen later how, for each place v, w determines an equivalence class
w, of representations of the Weil group of the corresponding local field E,. The product

HL(s,wv)

which is taken over all places, including the archimedean ones, will converge if the real
part of s is sufficiently large. The function it defines can be continued to a function L(s,w)
meromorphic in the whole complex plane. This is the Artin L-function associated to w. It
is fairly well-known that if w is the class contragredient to w there is a functional equation
connecting L(s,w) and L(1 — s,0).

The factor appearing in the functional equation can be described in terms of the local
data. To see how this is done we consider separable extensions E of the fixed local field F'.
If ¥r is a non-trivial additive character of F' let 1)g/r be the non-trivial additive character
of E defined by

V/r(z) = Yr(Sp/rr)
where Sg/px is the trace of z. We want to associate to every quasi-character xg of Cr and
every non-trivial additive character g of E a non-zero complex number A(xg, ¥g). If E
is non-archimedean, if B'7 is the conductor of xg, and if P," is the largest ideal on which

Y is trivial choose any vy with Oy = P2*" and set
S 6 (2) 5" (@) da
A(xe, ¥r) = x5(7) - - :
fUE VYE (%)X;;l(a) do

The right side does not depend on ~. If £ =R,
xp(x) = (sgnx)™|z|"
with m equal to 0 or 1, and g (z) = €*™* then
A(xp,¥r) = (isgnu)™|u|".
If £ = C, ¢c(z) = e™Rew?) and

rzmzn

xe(z) = 2|
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with m +n > 0, mn = 0 then

A(xc, c) =" "xc(w).
The bulk of this paper is taken up with a proof of the following theorem.

Theorem A. Suppose F' is a given local field and Vr a given non-trivial additive character
of F'. It is possible in exactly one way to assign to each separable extension E of F' a
complex number \(E/F,yr) and to each equivalence class w of representations of the Weil
group of E a complex number e(w, Vg r) such that

(i) If w corresponds to the quasi-character xp then
E(Wa @Z)E/F) = A(XE, @ZJE/F)-
(i)
€(wr B wo, ¢E/F) = e(wi, ¢E/F)€<W27 ¢E/F)-
(i11) If w is the equivalence class of the representation of the Weil group of F' induced
from a representation of the Weil group of E in the class 6 then

e(w, V) = ME/F,¥r) ™00, V5 /r).

a5 will denote the quasi-character © — |z|% of Cr as well as the corresponding equiva-
lence class of representations. Set

E(SawuwF) = G(Oé;_; ®W7¢F>-

The left side will be the product of a non-zero constant and an exponential function.

Now take F' to be a global field and w to be an equivalence class of representations of the
Weil group of F. Let A be the adele group of F' and let ¢ be a non-trivial character of
A/F. For each place v let 1, be the restriction of r to F,. 1, is non-trivial for each v
and almost all the functions €(s,w,,1,) are identically 1 so that we can form the product

[T etsiwi00).

v

Its value will be independent of 1r and will be written €(s,w).

Theorem B. The functional equation of the L-function associated to w is
L(s,w) = €(s,w)L(1 —s,w).

This theorem is a rather easy consequence of the first theorem together with the
functional equations of the Hecke L-functions.

For archimedean fields the first theorem says very little. For non-archimedean fields it
can be reformulated as a collection of identities for Gaussian sums. Four of these identities
which we formulate as our four main lemmas are basic. All the others can be deduced from
them by simple group-theoretic arguments. Unfortunately the only way at present that
I can prove the four basic identities is by long and involved, although rather elementary,
computations. However Theorem A promises to be of such importance for the theory of
automorphic forms and group representations that we can hope that eventually a more
conceptual proof of it will be found. The first and the second, which is the most difficult,
of the four main lemmas are due to Dwork [6]. T am extremely grateful to him not only for
sending me a copy of the dissertation of Lakkis [9] in which a proof of these two lemmas is
given, but also for the interest he has shown in this paper.






CHAPTER 1
Weil groups

The Weil groups have many properties, most of which will be used at some point in
the paper. It is impossible to describe all of them without some prolixity. To reduce the
prolixity to a minimum I shall introduce these groups in the language of categories.

Consider the collection of sequences

S0 26t e
of topological groups where A is a homeomorphism of C' with the kernel of ;1 and p induces
a homeomorphism of G/\C with &. Suppose
Sl:Cl al >G1 re >®1
is another such sequence. Two continuous homomorphisms ¢ and ¢ from G to G; which
take C into C} will be called equivalent if there is a ¢ in C; such that 1(g) = cp(g)c™! for
all g in G. S will be the category whose objects are the sequences S and Homg, (S, S1) will
be the collection of these equivalence classes. S will be the category whose objects are the

sequences S for which C' is locally compact and abelian and & is finite; if S and S belong
to S

Homg(S, S1) = Homg, (S, 7).
Let P; be the functor from S to the category of locally compact abelian groups which takes
S to C' and let P, be the functor from § to the category of finite groups which takes S to
®. We have to introduce one more category S;o. The objects of §; will be the sequences
on S for which G¢, the commutator subgroup of G, is closed. Moreover the elements of
Homyg, (S, S1) will be the equivalence classes in Homg(.S, S1) all of whose members determine
homeomorphisms of G with a closed subgroup of finite index in Gj.

If Sis in &) let V(.S) be the topological group G/G°. If & € Homg, (S5,5;) let ¢ be a
homeomorphism in the class ® and let G = ¢(G). Composing the map Gy/G$ — G/G°
given by the transfer with the map G/G° — G/G¢ determined by the inverse of ¢ we obtain
a map @, : V(S1) — V(S) which depends only on ®. The map S — V(S) becomes a
contravariant functor from S; to the category of locally compact abelian groups. If S is the
sequence

C > G > &

the transfer from G to C determines a homomorphism 7 from G/G¢ to the group of
G-invariant elements in C. 7 will sometimes be regarded as a map from G to this subgroup.

The category & will consist of all pairs K/F where F' is a global or local field and K is
a finite Galois extension of F. Hom(K/F, L/FE) will be a certain collection of isomorphisms
of K with a subfield of L under which F' corresponds to a subfield of E. If the fields are of
the same type, that is all global or all local, we demand that E be finite and separable over
the image of F. If F'is global and E is local we demand that E be finite and separable over
the closure of the image of F'. I want to turn the map which associates to each K/F' the

1



2 WEIL GROUPS

group Ck into a contravariant functor which I will denote by C*. If ¢ : K/F — L/E and F
and F are of the same type let K; be the image of K in L and let ¢c+ be the composition
of Nk, with the inverse of . If I is global and E is local let K be the closure in L of
the image of K. As usual Cx, may be considered a subgroup of the group of ideles of K.
= is the composition of Nk, with the projection of the group of ideles onto Ck.

If K is given let £X be the subcategory of £ whose objects are the extensions with the
larger field equal to K and whose maps are equal to the identity on K. Let C, be the
functor on £X which takes K/F to Cp. If F is given let £ have as objects the extensions
with the smaller field equal to F. Its maps are to equal the identity on F.

A WEeil group is a contravariant functor W from £ to § with the following properties:

(i) PLoW is C*.
(i) Pyo W is the functor & : L/F — &(L/F).

(#3) If p € &(L/F) C Hom(L/F,L/F) and g is any element of Wi, the middle group

of the sequence W (L/F), whose image in &(L/F) is ¢ then the map h — ghg™' is
in the class p,,.
(1) The restriction of W to EX takes values in S;. Moreover, if K/F belongs to EX

is a homeomorphism. Finally, if ¢ : K/F — K/E is the identity on K and ® = ¢,
then the diagram

c @y c
WK/F/WK/F ' WK/E/WK/E
OF oo > CE

is commutative and if ¢ : F/F — K/F is the imbedding, ¥y is T.

Since the functorial properties of the Weil group are not all discussed by Artin and Tate,
we should review their construction of the Weil group pointing out, when necessary, how
the functorial properties arise. There is associated to each K/F a fundamental class ak/p
in H*(&(K/F),Ck). The group W(K/F) is any extension of &(K/F) by Ck associated
to this element. We have to show, at least, that if ¢ : K/F — L/E, the diagram

1 > CL, » Wiyg —— B(L/E) —— 1

l@c* e

1 —— Cx —— Wiyp — S(K/F) — 1

can be completed to a commutative diagram by inserting @ : Wi /g — Wg/p. The map ¢c-
commutes with the action of &(L/E) on C, and Ck so that @ exists if and only if pc- (az,/5)
is the restriction g (ax/r) of px/r to &(L/E). If this is so, the collection of equivalence
classes to which ¢ may belong is a principal homogeneous space of H! (Qi(L /E), C’K). In
particular, if this group is trivial, as it is when @ is an injection, the class of ¢ is uniquely
determined.

An examination of the definition of the fundamental class shows that it is canonical. In
other words, if ¢ is an isomorphism of K and L and of F' and E, then g (ak/r) = go_lozL/E =
o+ (app). If K = L and ¢ is the identity on K, the relation g (ak/r) = ar/p = po-(arn/B)
is one of the basic properties of the fundamental class. Thus in these two cases ¢ exists and
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its class is unique. Now take K to be global and L local. Suppose at first that K is contained
in L, that its closure is L, and that ' = K N E. Then, by the very definition of ag/r,
ve(ak/p) = ¢c-(ar/p). More generally, if K is the image of K in L, and F} the image of F
in £, we can write ¢ as @3 where p3 : K/F — K /Fy, 9o : Ki/F; — K;/K; N E, and
v1: Kiy/KiNE — L/E. p3 and @, exist. If the closure of K; is L then ; and therefore
© = P30 also exist. The class of ¢ is uniquely determined.

Artin and Tate show that W} P is a closed subgroup of W/ and that 7 is a homeo-
morphism of Wy r/W} P and Cr. Granted this, it is easy to see that the restriction of W
to £X takes values in S;. Suppose we have the collection of fields in the diagram with L

and K normal over F' and L and K’ normal over F’. Let «, 3, and v be the imbeddings
a:L/F—L/K,B:L/F - L/K',v:L/F— L/F

L‘\\\\lc
e

K

F/
F

We have shown the existence of @, B , and 7. It is clear that ﬁB (WL k) is contained in
a(Wr k). Thus we have a natural map

m: VBWykr) [VB(WE i) = (W) /a(WE k).
Let us verify that the diagram

WL/K/WE/K/ — /V\B(WL/K’)//V\B(WLC/K’> - &(WL/K)/a(WIC(/K) — WL/K/WE/K

(4) I |-

Ck' > Ck
is commutative. To see this let W,k be the disjoint union
T
| Cxh.
i=1

Then we can choose hl, g}, 1<i<r,1<7<ssothat Wy k is the disjoint union
JU Craiti
i=1j=1

and U3 (hi) = a(h;). Using these coset representatives to compute the transfer one imme-
diately verifies the assertion. We should also observe that the transitivity of the transfer
implies the commutativity of the diagram
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@, .
WK/F/WIC{/F ' WK/F’/WK/F'

! |
Cr o > Cpr

if ® is the class of an imbedding ® where ¢ is an imbedding K/F — K/F".

We have still not defined ¢y for all 9. However we have defined it when ¢ is an
isomorphism of the two larger fields or when the second large field is the closure of the
first. Moreover the definition is such that the third condition and all parts of the fourth
condition except the last are satisfied. The last condition of (iv) can be made a definition
without violating (i) and (ii). What we do now is show that there is one and only one way
of extending the definition of ¢y to all ¢ without violating conditions (i) or (ii) and the
functorial property.

Suppose F C K C L, K/F and L/F are Galois, and v is the imbedding L/F — L/K.
It is observed in Artin and Tate that there is one and only class of maps {#} which make
the following diagram commutative

1 — WL/K/WE/K — QZWL/K/QZWE/K — WL/F/{/J\WE/K — WL/F/{D\WL/K — 1

g I |

1 —— Ck » Wiyp ——— O(K/F) —— 1

The homomorphism on the right is that deduced from
Wip/Wiyx =6(L/F)/6(L/K) ~ &(K/F).

Let ¢, u, and v be imbeddings ¢ : K/F — L/F, un: K/K — L/K, v : K/F - K/K.
Then 1) o = po v, so that 7o Ji = @ o ¢. Moreover 7o Ji is the composition of the map
7 : Wik — Ck and the imbedding of Cx in Wx,p. Thus the kernel of ¢ contains @ZWE/K
so that @ o 12 restricted to Wy x /W5 /i must be 7 and the only possible choice for ¢ is,
apart from equivalence, 6. To see that this choice does not violate the second condition
observe that the restriction of 7 to C, will be Ny kx and that 12 is the identity on C.

Denote the map 0 : Wi ,p — Wg/p by 0/ and the map 7 : Wg,p — Ck by Tg/F.
It is clear that 7x/p o 01k is the transfer from WL/F/WE/F to QZWL/K/QZWE/K followed
by the transfer from QZWL/K/QZWE/K to zZC’L = (Cr. By the transitivity of the transfer
Tr/F © 01k = Tr/r. It follows immediately that if /' C K C L C L' and all extensions are
Galois the map 0,k and 01,/x01//1 are in the same class.

Suppose that ¢ is an imbedding K/F — K'/F’" and choose L so that K’ C L and L/F
is Galois. Let ¢ : K'/F' — L/F', n: K/F — L/F,v:L/F — L/F" be imbeddings. Then
Yo =wvopusothat fioD = Pot. If a : L/F — L/K, B: L/F' — L/K’ are the imbeddings
then the kernel of ¢ is I//\B\WE /i Which is contained in @W7} - the kernel of 1. Thus there
is only one way to define ¢ so that fov =po 1; The diagram
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. B Base
WL/K//WL/K/ — WL/F//BWL/K’

: !

Wiym [DBW o —— Wiyp/aWs, e —— Wig/r

> WK’/F’

will be commutative. Since 1o 3 = Tr/k and i o & = T p diagram (A) shows that ¢ has
the required effect on C.

To define ¢y in general, we observe that every ¢ is the composition of isomorphisms,
imbeddings of fields of the same type, and a map K/F — K'/F’ where K is global, K’ is
local, K’ is the closure of K, and F' = F' N K. Of course the identity

(po)w = Ywow
must be verified. I omit the verification which is easy enough. The uniqueness of the
Weil groups in the sense of Artin and Tate implies that the functor W is unique up to
isomorphism.
The sequence

S(n,C) : GL(n,C) —4 GL(n,C) —— 1
belongs to §;. If S : C — G — & belongs to &; then
Homsg, (S, S(n, C))

is the set of equivalence classes of n-dimensional complex representations of G. Let §2,(.S)
be the set of all ® in Homg, (S, S(n, C)) such that, for each ¢ € ®, ¢(g) is semi-simple for
all g in G. Q,(S) is a contravariant functor of S and so is Q(S) = (U, 2,(S). On the
category Si, it can be turned into a covariant functor. If ¢ : S — Sy, if & € Q(S5), and
if o € &, let Y associate to & the matrix representations corresponding to the induced
representation Ind(Gl,w(G), Yo @/fl). It follows from the transitivity of the induction
process that € is a covariant functor of S.
To be complete a further observation must be made.

Lemma 1.1. Suppose H is a subgroup of finite index in G and p is a finite-dimensional
complex representation of H such that p(L) is semi-simple for all h in H. If

o=1Ind(G, H,p)
then o(g) is semi-simple for all g.
H contains a subgroup H; which is normal and of finite index in G, namely, the group
of elements acting trivially on H\G. To show that a non-singular matrix is semi-simple,
one has only to show that some power of it is semi-simple. Since ¢"(g) = o(¢") and g"

belongs to H; for some n, we need only show that o(g) is semi-simple for g in H;. In that
case o(g) is equivalent to @._, p(gigg; ') if G is the disjoint union

i=1

Suppose L/F and K/F belong to £r and ¢ € Homg,.(L/F, K/F). Since the maps of
the class ¢w all take Wy, p onto Wy, p the associated map Q(W(L/F)) — Q(W(K/F))
is injective. Moreover it is independent of ¢. If L,/F and Ly/F belong to Er there is
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an extension K/F and maps ¢ € Home,(L,/F,K/F), s € Homg,(Ls/F, K/F). w; in
Q(W(L1/F)) and wy in Q(W(L2/F)) have the same image in Q(W (K/F)) for one such K
if and only if they have the same image for all such K. If this is so we say that w; and wy
are equivalent. The collection of equivalence classes will be denoted by 2(F'). Its members
are referred to as equivalence classes of representations of the Weil group of F.

Let F be the category whose objects are local and global fields. If F' and E are of the
same type Homz(F, E') consists of all isomorphisms of F' with a subfield of E over which £
is separable. If F is global and E is local Homz(F, E) consists of all isomorphisms of F' with
a subfield of E over whose closure F is separable. (2(F') is clearly a covariant functor on F.
Let Fy, and Fi,c be the subcategories consisting of the global and local fields respectively.
Suppose I’ and F are of the same type and ¢ € Homz(F, E). If w € Q(E) choose K so
that w belongs to Q(W(K/E)). We may assume that there is an L/F and an isomorphism
¢ from L onto K which agrees with ¢ on F'. Then ¢y : Wg/p — Wy p is an injection. Let
0 be the equivalence class of the representation

o =Ind(Wr,r, vw(Wk/E), po ty)
with p in w. I claim that # is independent of K and depends only on w and . To see this
it is enough to show that if L C L', L'/F is Galois, ¢’ is an isomorphism from L' to K’
which agrees with ¢ on L, and p’ is a representation of Wy, p in w, the class of

o' = Ind(VVL’/Fa w{/V(WK’/E% /O/ © (w;)>71)
is also ©. Suppose p is a map from Wy g to Wi g associated to the imbedding K JE —
K'/E and v is a map from Wy ,p to Wy ,p associated to the imbedding L/F — L'/F.
We may suppose that ¢y o p = v oey,. The kernel of p is W¢, /K if, for simplicity of
notation, Wy /i is regarded as a subgroup of Wy g and that of v is W7, /L Moreover
Vi (Wi i) = Wi - Take p' = pop. Then o acts on the space V' of functions f on Wr
satisfying f(vw) = p(¢y'(h)) f(w) for v in 1, (Wk/g). Let V' be the analogous space on
which ¢’ acts. Then
V= {fov|feV}

The assertion follows. Thus 2(F') is a contravariant functor on Fy and Fi.

After this laborious and clumsy introduction we can set to work and prove the two
theorems. The first step is to reformulate Theorem A.
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The main theorem

It will be convenient in this paragraph and at various later times to regard Wx g as a
subgroup of Wy,p it FC EC K. If F C E C L C K we shall also occasionally take Wy, /g
to be WK/E/WIC(/L

If K/F is finite and Galois, P(K/F') will be the set of extensions E'/E with FF C E C
E' C K and Py(K/F) will be the set of extensions in P(K/F') with the lower field equal to
F.

Theorem 2.1. Suppose K is a Galois extension of the local field F and ¢r is a given
non-trivial additive character of F. There is exactly one function \(E/F,1r) defined on
Po(K/F) with the following two properties
(4) A(F/F,pp) = 1.
(i) If By, ..., E,., E},..., E. are fields lying between F and K, if xg,, 1 <i<r,isa
quasi-character of Cg,, if XE) 1 < j < s, is a quasi-character of C’E;,, and if

@ Ind(Wk/F, Wk/E, XE;)
i=1
s equivalent to

@ Ind(Wg/p, WK/E‘3.7XE]'~)

j=1
then .

i=1
s equal to

[T AGeE e yr)MNE/F ).
j=1

A function satisfying the conditions of this theorem will be called a A-function. It is
clear that the function A\(E/F,v¢r) of Theorem A when restricted to Py(K/F') becomes a
M-function. Thus the uniqueness in this theorem implies at least part of the uniqueness
of Theorem A. To show how this theorem implies all of Theorem A we have to anticipate
some simple results which will be proved in paragraph 4.

First of all a A-function can never take on the value 0. Moreover, if FF C K C L the
A-function on Py(K/F) is just the restriction to Py(K/F) of the A-function on Py(L/F).
Thus A(E/F,¢r) is defined independently of K. Finally if £ C E' C E”

MNE"/E ) = NE"/E ¢gg)\NE'|E, V) EE,
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We also have to use a form of Brauer’s theorem [4]. If G is a finite group there are

nilpotent subgroups Ny, ..., N,,, one-dimensional representations x1i, ..., Xm of Nq,..., N,
respectively, and integers nq, ..., n,, such that the trivial representation of G is equivalent
to

@ n; IHd(G, Ni, XZ)
i=1
The meaning of this when some of the n; are negative is clear.

Lemma 2.2. Suppose F' is a global or local field and p is a representation of Wy /p. There
are intermediate fields E, ..., E,, such that &(K/E;) is nilpotent for 1 < i < m, one-
dimensional representations xXg, of Wg/g,, and integers ny, ..., ny, such that p is equivalent
to

B ni Ind(Wie/r, Wi/, X5,)-
i=1
Theorem 2.1 and Lemma 2.2 together imply the uniqueness of Theorem A. Before
proving the lemma we must establish a simple and well-known fact.

Lemma 2.3. Suppose H is a subgroup of finite index in the group G. Suppose T is a
representation of G, o a representation of H, and p the restriction of T to H. Then

7®Ind(G,H,0) ~Ind(G,H,p® o).

Let 7 act on V and o on W. Then Ind(G, H, o) acts on X, the space of all functions f
on GG with values in W satisfying

f(hg) = o(h)f(g)
while Ind(G, H, p ® o) acts on Y, the space of all functions f on G with values in V @ W

satisfying

f(hg) = (p(h) @ o (1)) f(9)-
Clearly, V ® X and Y have the same dimension. The map of V' ® X to Y which sends v ® f
to the function

f'(g) =1(9)v® f(g)

is G-invariant. If it were not an isomorphism there would be a basis vq,...,v, of V and
functions fi,..., f, which are not all zero such that

ZT(Q)%‘ ® fi(g) = 0.

This is clearly impossible.

To prove Lemma 2.2 we take the group G of Brauer’s theorem to be &(K/F). Let F;
be the fixed field of V; and let p; be the tensor product of x;, which we may regard as a
representation of Wy, and the restriction of p to Wg/r,. Then

i=1
This together with the transitivity of the induction process shows that in proving the lemma
we may suppose that & (K /F) is nilpotent.
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We prove the lemma, with this extra condition, by induction on [K : F]. We use
the symbol w to denote an orbit in the set of quasi-characters of C'x under the action of
&(K/F). The restriction of p to Ck is the direct sum of one-dimensional representations.
If p acts on V' let V,, be the space spanned by the vectors transforming under C'x according
to a quasi-character in w. V is the direct sum of the spaces V,, which are each invariant
under W p. For our purposes we may suppose that V' = V[, for some w. Choose xx in
this w and let Vj be the space of vectors transforming under Ck according to yg. Let
be the fixed field of the isotropy group of xx. Vj is invariant under Wx/g. Let o be the
representation of Wy g in Vj. It is well-known that

p= Il’ld(WK/F, WK/Ea O').

To see this one has only to verify that the space X on which the representation on the right
acts and V' have the same dimension and that the map

F= > plgHf(g)

Wk e\Wk/r

of X into V' which is clearly Wy, p-invariant has no kernel. It is easy enough to do this.

If E # F the assertion of the lemma follows by induction. If £ = F’ choose L containing
F so that K/L is cyclic of prime degree and L/F is Galois. Then p(Wk/r) is an abelian
group and W /p 18 contained in the kernel of p. Thus p may be regarded as a representation
of Wi, r. The assertion now follows from the induction assumption and the concluding
remarks of the previous paragraph.

Now take a local field £ and a representation p of Wg/g. Choose intermediate fields
Ei, ..., E,, one-dimensional representations x g, of Wi/ g,, and integers ny, ..., ny, so that

p= EB n; Ind(WK/E7 Wk, XE:)-
i=1
If w is the class of p set

e(w,vE) = H{A(XEH Vi, /) ME/ B, Vi) } ™.

Theorem 2.1 shows that the right side is independent of the way in which p is written as a
sum of induced representations. The first and second conditions of Theorem A are clearly
satisfied. If p is the representation above and o the representation

Ind(Wg/r, Wk, p)
then

o~ @m IndWg/r, Wk/E,, XE,)-
i=1
Thus if ' is the class of o

€<w/7 wF) = H{A(XEN sz/F))‘(EZ/F7 wF)}m

while

e(w, pyr) = [ [{A Xz Crp)MNE/E, bpr) }.
i=1
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The third property follows from the relations

dimw = Z”z[Ez . F]
i=1
and
MNE;/Fopp) = MEi/E,Yp/p)NE/F, ,(pF)[Ei:E]



CHAPTER 3

The lemmas of induction

In this paragraph we prove two simple but very useful lemmas.

Lemma 3.1. Suppose K is a Galois extension of the local field F'. Suppose the subset 2
of P(K/F) has the following four properties.
(i) For all E, with FC EC K, E/E € 2.
(i) If E"/E" and E'/E belong to 2 so does E"/E.
(#i) If L/E belongs to P(K/F) and L/E is cyclic of prime degree then L/E belongs
to 2.
(iv) Suppose that L/E in P(K/F) is a Galois extension. Let G = &(L/E). Suppose
G =H-C where H# {1}, HNC = {1}, and C is a non-trivial abelian normal
subgroup of G which is contained in every non-trivial normal subgroup of G. If E’
is the fized field of H and if every E"/E in Po(L/E) for which [E" : E] < [E': E']
is in A so is E'/E. Then A is all of P(K/F).

It is convenient to prove another lemma first.

Lemma 3.2. Suppose K is a Galois extension of the local field F and F C E C K. Suppose
that the only normal subfield of K containing F is K itself and that there are no fields
between F and E. Let G = &(K/F) and let E be the fized field of H. Let C be a minimal
non-trivial abelian normal subgroup of G. Then G = HC, HNC = {1} and C is contained
in every non-trivial normal subgroup of G. In particular if H = {1}, G = C is abelian of
prime order.

H is contained in no subgroup besides itself and G contains no normal subgroup but
{1}. Thus if H is normal it is {1} and G has no proper subgroups and is consequently
cyclic of prime order. Suppose H is not normal. Since G is solvable it does contain a
minimal non-trivial abelian normal subgroup C. Since C' is not contained in H, H C HC
and G = HC'. Since HNC' is a normal subgroup of G it is {1}. If D is a non-trivial normal
subgroup of G which does not contain C' then D N C' = {1} and D is contained in the
centralizer Z of C'. Then DC' is also and Z must meet H non-trivially. But Z N H is a
normal subgroup of G. This is a contradiction and the lemma is proved.

The first lemma is certainly true if [K : F] = 1. Suppose [K : F] > 1 and the lemma is
valid for all pairs [K': F'] with [K’ : F'] < [K : F]. If the Galois extension L/E belongs to
P(K/F) then ANP(L/E) satisfies the condition of the lemma with K replaced by L and
F by E. Thus, by induction, if [L : E] < [K : F], P(L/E) C 2. In particular if E'/E is not
in & then £ = F and the only normal subfield of K containing E’ is K itself. If 2 is not
P(K/F) then amongst all extensions which are not in & choose one E/F for which [E : F]
is minimal. Because of (ii) there are no fields between F' and E. Lemma 3.2, together with
(iii) and (iv), show that F/F is in 2. This is a contradiction.

There is a variant of Lemma 3.1 which we shall have occasion to use.

11
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Lemma 3.3. Suppose K is a Galois extension of the local field F'. Suppose the subset 2
of Po(K/F) has the following properties.

(i) F/F € 2.

(i) If L/F is normal and L C K then Py(L/F) C 2.

(iit) If FC EC E'C K and E/F belong to & then E'/F belongs to 2.

(w) If L/ F in Po(K/F) is cyclic of prime degree then L/F € 2.

(v) Suppose that L/F in Py(K/F) is Galois and G = &(L/F). Suppose G = HC
where H # {1}, HNC = {1}, and C is a non-trivial abelian normal subgroup of G
which is contained in every non-trivial normal subgroup. If E is the fized field of
H and if every E'/F in Py(L/F) for which [E': F] < [E: F] is in A so is E/F.

Then A is Po(K/F).

Again if 2 is not Py(K/F) there is an E/F not in 2 for which [E : F| is minimal.
Certainly [F : F| > 1. By (ii) and (iii), £ is contained in no proper normal subfield of K
and there are no fields between F and F. Lemma 3.2 together with (iv) and (v) lead to
the contradiction that E/F is in 2.



CHAPTER 4

The lemma of uniqueness

Suppose K/F' is a finite Galois extension of the local field F' and v is a non-trivial
additive character of F. A function E/F — A(E/F,v¢r) on Py(K/F) will be called a weak
M-function if the following two conditions are satisfied.

(i) M(F/F, %) =1.

(ii) If Ey,..., E., EY,..., E. are fields lying between F' and K, if p;, 1 <i<r,is a
one-dimensional representation of &(K/E;), if v;, 1 < j < s, is a one-dimensional
representation of &(K/LE%), and if

@Ind (K/F), 8(K/Eo) u)
is equivalent to

@Ind (K/F),®(K/Ej)),v;)
then .

HA(XszpEi/F))‘(Ei/FvwF)

is equal to

H A(Xp¥m r)AE;/F YF)

if xp, is the character of Cg, corresponding to p; and x E/ is the character of CE;_
corresponding to v;.

Supposing that a weak A-function is given on Py(K/F), we shall establish some of its
properties.

Lemma 4.1.

(i) If L/F in Po(K/F) is normal the restriction of A\(-,vr) to Po(L/F) is a weak
A-function.
(i) If E/F belongs to Po(K/F) and A(E/F,vr) # 0 the function on Po(K/E) defined
by
ME'JE,tbmyr) = ME'|F, ) NB/F, ) )

1s a weak \-function.

Any one-dimensional representation p of &(L/FE) may be inflated to a one-dimensional
representation, again called p, of (K /F) and

Ind(&(K/F),8(K/E), i)

13



14 THE LEMMA OF UNIQUENESS
is just the inflation to &(K/F) of
Ind(&(L/F),8(L/E), u).

The first part of the lemma follows immediately from this observation.
As for the second part, the relation

(E JE, Ypp) =1
is clear. If fields F;, 1 <@ <r, £}, 1 < j < s, lying between E and K and representations
(; and v; are given as prescrlbed and 1f

@Ind (K/E),(K/E;), ) = p
is equivalent to
@Ind< (K/E), 8(K/E}), uj) —q
then
EB Ind(&(K/F), 6(K/E;), 11;)

is equivalent to

@ Ind( (K/F),&(K/E}), uj)

so that

() [T et e NS )
is equal to -

®) f[lme;,wE;/F)ME;/F, v,

Since p and ¢ have the same dimension

T S

M IE :E]=) [E}: E]

i=1 j=1
so that § .
[[AE/F v ) = TTAME/F, ),
i=1 j=1
Dividing (A) by the left side of this equation and (B) by the right and observing that the

results are equal we obtain the relation needed to prove the lemma.
If K/F is abelian S(K/F) will be the set of characters of Cr which are 1 on Ng/rCrk.

Lemma 4.2. If K/F is abelian
NE/FUp)= T  Alpr.tr).

preS(K/F)
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pr determines a one-dimensional representation of &(K/F) which we also denote by
pur. The lemma is an immediate consequence of the equivalence of

Ind(&(K/F),&(K/K),1)

and

P md(S(K/F),8(K/F), ur).

urp€S(K/F)

Lemma 4.3. Suppose K/F is normal and G = B(K/F). Suppose G = HC where
HnNC ={1} and C is a non-trivial abelian normal subgroup. Let E be the fixed field of
H and L that of C. Let T be a set of representatives of the orbits of S(K/L) under the
action of G. If p € T let B, be the isotropy group of p and let B, = &(K/L,). Then
L,: F]<[E:F] and
ME/F,p) = [ AW tr, m)MLy/ Fo00p).
peT
Here 8(K/L,) = &(K/L)- (6(K/L,) N&(K/E)) and ;i is the character of Cy,, associated
to the character of 8(K/L,) : g = u(g:) if
9=0g192, G € G(K/L), go€ &(K/L,)NBK/E),

We may as well denote the given character of &(K/L,) by y' also. To prove the lemma

we show that
Ind(6(K/F),&(K/E),1) = o

is equivalent to

P md(&(K/F), 6(K/L,), 1)
peT
Since T has at least two elements it will follow that

£ ¢ F = dim Ind(&(K/F), 8(K/E), 1)
is greater than
L, : F) = dim Ind(6(K/F), &(K/L,), ).
The representation o acts on the space of functions on H\G. If v € S(K/L), that is, is
a character of C, let ¢, (hc) = v(c) if h € H, c € C. The set

{0y |veSE/L)}

is a basis for the functions on H\G. If ;€ T let S, be its orbit; then
Vi = Z Ce
veS,

is invariant and irreducible under G. Moreover, if g belongs to &(K/L,,)

o(9)u = 1 (g) by
Since

dimV, = [6(K/F): 6(K/L,)]
the Frobenius reciprocity theorem implies that the restriction of o to V), is equivalent to
Ind(&(K/F), &(K/L,). ).

Lemma 4.2 is of course a special case of Lemma 4.3.
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Lemma 4.4. \(E/F, V) is different from 0 for all E/F in Py(K/F).

The lemma is clear if [K : F] = 1. We prove it by induction on [K : F]. Let & be
the set of E/F in Py(K/F) for which A\(E/F,1r) # 0. We may apply Lemma 3.3. The
first condition of that lemma is clearly satisfied. The second follows from the induction
assumption and the first part of Lemma 4.1; the third from the induction assumption
and the second part of Lemma 4.1. The fourth and fifth follow from Lemmas 4.2 and 4.3
respectively. We of course use the fact that A(xg, V), which is basically a Gaussian sum
when E is non-archimedean, is never zero.

For every E'/E in P(K/F) we can define A\(E'/E,¢g/r) to be

AE'JF,pp)ME[F,pp) .,
Lemma 4.5. If E"/E’" and E'/E belong to P(K/F) then
)\(E”/E’ wE/F) — )\(E”/EI? wE//F))\(E//E, wE/F>[EII;E/].
Indeed
ME"/E, v r) = ME"/Fyp)NE/F,pp) "
which equals
{ME" 1 o) ME [, 0p) T A Fpe) EEIN B F, )1
and this in turn equals
)\(E///E/, wE'//F)A(E//E, wE/F)[E/l;E/} .
Lemma 4.6. If \i(,Ur) and Xo(-, V) are two weak \-functions on Po(K/F) then
/\I(E//E7 ¢E/F) = /\Q(E//E7 wE/F)
for all E'/E in P(K/F).

We apply Lemma 3.1 to the collection & of all pairs E'/E in P(K/F) for which the
equality is valid. The first condition of that lemma is clearly satisfied. The second is a
consequence of the previous lemma. The third and fourth are consequences of Lemmas 4.2
and 4.3 respectively.

Since a A-function is also a weak A-function the uniqueness of Theorem 2.1 is now
proved.



CHAPTER 5

A property of A-functions

It follows immediately from the definition that if ¥/ (z) = ¥ g(Sx) then

Alxe, V5) = xe(B)A(xe, VE).

Associated to any equivalence class w of representations of the Weil group of the field F' is a
one-dimensional representation or, what is the same, a quasi-character of Cr. It is denoted
det w and is obtained by taking the determinant of any representation in w. Suppose p is
in the class w and p is a representation of Wy, . To find the value of the quasi-character
detw at 3 choose w in Wg/r so that 7x/pw = 3. Then calculate det (p(w)) which equals
det w(p).

If F C F C K the map 7 = 7g/r can be effected in two stages. We first transfer
WK/F/WIC{/F into WK/E/WIC{/E; then we transfer WK/E/Wf{/E into Cx. If Wg/p is the
disjoint union

U WK/Ewi
i=1
and if ww = w;(w)w;(i) then the transfer of w in Wx/p/Wy p is the coset to which
w' =[], ui(w) belongs.
Suppose o is a representation of Wg,/r and
P = IHd(WK/F, WK/E; U).

p acts on a certain space V' of functions on Wy, and if V; is the collection of functions in
V' which vanish outside of Wy, pw; then

o
i=1

We decompose the matrix of p(w) into corresponding blocks pj;(w). pj;(w) is 0 unless
j = j(i) when pji(w) = o (u;, (w)). This makes it clear that if tp/r is the representation of
Wk r induced from the trivial representation of W g

det(p(w)) = det(LE/F(w))dimadet(a(w’))
or, if 6 is the class of o,

detw(B) = {det /() Y™ {det 0(5)}.

Lemma 5.1. Suppose F is a local field and E/F — XN E/F,yp) and w — €(w,Vg/r) satisfy
the conditions of Theorem A for the character ¥p. Let Vi (x) = Yp(fx) with 5 in Cp. If
E/F — ME/F, ) and w — €(w, ¥y, ) satisfy the conditions of Theorem A for 1 then

ME/F,4pp) = det tgyp(B)NE/F,r)

17
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and
e(e0, ) = et w(B)e(w, Vi)

Because of the uniqueness all one has to do is verify that the expressions on the
right satisfy the conditions of the theorem for the character ¢%. This can now be done
immediately.



CHAPTER 6

A filtration of the Weil group

In this paragraph I want to reformulate various facts found in Serre’s book [12] as
assertions about a filtration of the Weil group. Although some of the lemmas to follow will
be used to prove the four main lemmas, the introduction of the filtration itself is not really
necessary. It serves merely to unite in a form which is easily remembered the separate
lemmas of which we will actually be in need.

Let K be a finite Galois extension of the non-archimedean local field F' and let G =
&(K/F). Let Op be the ring of integers in F' and let pr be the maximal ideal of Op. If
1 > —1 is an integer let G; be the subgroup of G consisting of those elements which act
trivially on Op/pii*. If u > —1 is a real number and i is the smallest integer greater than
or equal to u set G,, = G;. Finally if u > —1 set

et = [ g

The integrand is not defined at —1 but that is of no consequence. ¢/ r is clearly a piecewise
linear, continuous, and increasing map of [—1,00) onto itself. The inverse functionﬂ Y/
will have the same properties.
We take from Serre’s book the following lemma.
Lemma 6.1. If F C L C K and L/F is normal then ©K/F = QL)F © Pr/L and Ygp =
¢K/L © ¢L/F~
The circle denotes composition not multiplication. This lemma allows us to define pg/r
and g/ p for any finite separable extension E/F by choosing a Galois extension L of F
which contains E and setting
YE/F = $PL/F © VB
YE/r = QL/E°VL)F
because if L' is another such extension we can choose a Galois extension K containing both
L and L' and
YL/F o YL/E = QL/F © PK/L © wK/L °oYr/E = YKr/F °VK/E = PL/F O YL/E
YL/E°YL/F = YL/E© YK/L © YK/L © VL/F = PK/E O VK/F = PL//E © VL/F-
Of course ¢g/r is the inverse of g /.
Lemma 6.2. If E C E' C E" and E"/E is finite and separable, ppr/p = Pp//p 0 Qpr/p
and ¢E”/E = 1/1E”/E' © wE’/E'

In this chapter Yk /r does not appear as an additive character. None the less, there is a regrettable
conflict of notation.

19
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Each of these relations can be obtained from the other by taking inverses; we verify the
second
¢E///E/ o @DE//E = Pr/E" © %:/E/ °CYrL/E © %DL/E = PL/E" O 7WZJL/E = Q/JE///E-
It will be necessary for us to know the values of these functions in a few special cases.

Lemma 6.3.
(i) If K/F is Galois and unramified v/ r(u) = u.
(i) If K/F is cyclic of prime degree { and if G = Gy while G111 = {1} where t is a
non-negative integer then
Vi/r(u) = u
=t+l(u—t)

VoA

£ =
~+

These assertions follow immediately from the definitions.

Lemma 6.4. Suppose K/F is Galois and G = &(K/F) is a product HC where H # {1},
HnNC ={1}, and C is a non-trivial abelian normal subgroup of G which is contained in
every non-trivial normal subgroup.
(i) If K/F is tamely ramified so that G; = {1} then Gy = C is a cyclic group of prime
order { and |G : Go] = [H : 1] divides {—1. If E is the fized field of H, }g/r(u) = u
foru <0 and Yg/p(u) = lu for u > 0.
(i) If K/F is wildly ramified there is an integer t > 1 such that C = Gy = --- = Gy
while Gy = {1}. [Go : G1] divides |Gy : 1] — 1 and every element of C' has order p
or 1. If E is the fized field of H and L that of C

Vryr(u) =u uw<0
= [GO : Gl]u u = 0
while
t
wE/F(U) =u u < m
t t t
:[GO:Gl]HGl‘”(“_[GO:G1]> Y2 G Gl

We observed in the third paragraph that C' must be its own centralizer. Gy cannot be
{1}. Thus C' C Gy. In case (i) Gy is abelian and thus Gy = C. In both cases if ¢ is a prime
dividing the order of C' the set of elements in C' of order ¢ or 1 is a non-trivial normal
subgroup of G and thus C' itself. In case (i) C' is cyclic and thus of prime order ¢. Moreover,
H which is isomorphic to G/G is abelian and, if h € H, {c € C' | hc = ch} is a normal
subgroup of G and hence {1} or C. If h # 1 it must be 1. Consequently each orbit of H in
C — {1} has [H : 1] elements and [H : 1] divides ¢ — 1.

In case (ii) G is a non-trivial normal subgroup and hence contains C. G; and C are
both p-groups. The centralizer of G; in C' is not trivial. As a normal subgroup of G it
contains C'. Therefore it is C' and G is contained in C which is its own centralizer. Since
each G, i > 1, is a normal subgroup of G, it is either C' or {1}. Thus there is an integer
t > 1 such that G; = Gy = C while G¢y; = {1}. If i > 0 is an integer let U} be the group
of units of Ok which are congruent to 1 modulo pii'; let U [(;1) = Cgk, and if U > —1 is any
real number let i be the smallest integer greater than or equal to u and set U = Ul.. If 6,
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is the map of G;/G;4; into pﬁ(/ptgl and 6y the map of Gy/G; into Uy /U} introduced in
Serre then, for ¢ in Gy and h in C,

0i(ghg™") = 0u(9)'Ou(h).
If h # 1, ghg™ = h if and only if 6y(g)" = 1 and then g belongs to the centralizer of C,
that is to G1. Again C' — {1} is broken up into orbits, each with [Gy : G;| elements and
Gy : G4] divides [G; : 1] — 1. Observe that ¢ must be prime to [Gy : G1].

It follows immediately from the definitions that H, = H N G,. In case (i) Hy will be {1}
and ¢k, p(u) will be identically u. Thus ¢g/p = ¥ k/r and, from the definition, ¥ x/r(u) = u
if u < 0 while Y p(u) = [Go : u if u > 0. In case (ii), px/p(u) = v if u < 0 and

u u

SOK/E(U) = [HO . 1] - [GO . Gl]
if u > 0 while ¥g/p(u) = u if u < 0 and

:t+[GO:1](u—m> [Go—tGl]gu

The lemma follows.

Lemma 6.5. For every separable extension E'/E the function g g is convex, and if u is
an integer so is Vg p(u).

All we have to do is prove that the assertion is true for all E'/F in P(K/F) if F is an
arbitrary non-archimedean local field and K an arbitrary Galois extension of it. To do this
we just combine the previous three lemmas with Lemma 3.1. We are going to use the same
method to prove the following lemma.

Lemma 6.6. For every separable extension E'/E and any u > —1
/l:b / (u) U

We have to verify that the set & of all E'/E in P(K/F') for which the assertion is true
satisfies the conditions of Lemma 3.1. There is no problem with the first two.

Lemma 6.7. E'/E belongs to & if and only if for every integer n > —1
d) / (n) n
Npp(Ug''") C UL

and (4
Npyp(Ug’'®7 ) CURT.

If E'/E belongs to & choose € > 0 so that ¥p/p(n +€) = Yp/p(n) + 1. The smallest
integer greater than or equal to n + € is at least n + 1 so

1/) / (n)—l—l n-+e n
Np p(Ug /277 ) CURe CURH.

Conversely suppose the conditions of the lemma are satisfied and n < u < n + 1. Since
Yp/p(n) is an integer the smallest integer greater than or equal to g/ p(u) is at least

¢E//E(n) + ]. Thus
A Yt ()1 N y
N p(UpE""™) € Ngyg(UE"" ) c uptt = U,
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Lemma 6.8. If L/E is Galois then, for every integer n > —1,

P n n
and ()41
Ny (U €

The assertion is clear if n = —1. A proof for the case n > 0 and L/E totally ramified is
given in Serre’s book. Since that proof works equally well for all L/E we take the lemma
as proved.

Lemma 6.9. Suppose K/F' is Galois and G = &(K/F'). Suppose G = HC where H # {1},
HnNC ={1}, and C is a non-trivial abelian normal subgroup of G which is contained in
every non-trivial normal subgroup of G. If E is the fixed field of H

NE/ (UwE/F( )g U}é
for all u > —1.

Let L be the fixed field of C. If K/F is tamely ramified K/E and L/F are unramified
so that Vg/p = Vg and Up = Cp NUg, Up = Cr N U} for every v > —1. If o belongs to
Cp, then delete Nk, o = N pa. Since K/L is Galois

N (U™ ™y € Cp 0 Ny (UP<"™y € CpnUe = U,
If K/F is not tamely ramified
pE EN p[Go :Giln—m

if n>1and 0 < m < [Gy: Gy]. Thus
Up,=GgNUg
if —1<v<0and
Uy = Cgnulgoc
if v > 0 or, more briefly,
Uy = Cpn U=
for all v > —1. In the same way we find

Up = Cpn Uy
for all v > —1. Since K/L is normal

N (U™ € Cp 0 Ny (U7 € cp oo™ = o,
Lemma 6.6 now follows immediately.

Lemma 6.10.

(a) Suppose K/F is Galois and G = &(K/F). Suppose t > —1 is an integer such
that G = Gy # Gyy1. Then g p(u) = u for u < t. Moreover Nk p defines an
isomorphism of C /U}- with Cr /UL and if —1 < u < t the inverse image of Uk /U%
is U /UY,. However the map of Cx /UL into Crp /UL defined by the norm is not
surjective.

(b) Suppose K/F is Galois and G = &(K/F). Suppose s > —1 is an integer and
G=G,. If FCECK, Ygp(u)=u foru<s and Ng/p defines an isomorphism
of Cg/U3, and Cr/Uj. If 1 < u < s the inverse image of Up/Uj is UpJUE.



A FILTRATION OF THE WEIL GROUP 23

If t = —1 the assertions of part (a) are clear. If ¢ > 0, K/F is totally ramified. The
relation ¢ /p(u) = u for v < ¢ is an immediate consequence of the definition. Since
the extension is totally ramified Ny r defines an isomorphism of Ug'/UY% and Uy'/UR.
It follows from Proposition V.9 of Serre’s book that if 0 < n < t the associated map
Ur /UL — UpJURT! is an isomorphism but that the map Ut /UL — UL/UL™ has a
non-trivial cokernel. The first part of the lemma is an immediate consequence of these
facts.

To prove part (b) we first observe that there is a ¢ > s such that G = G; # Gy1. It
then follows from part (a) that the map Nk,p determines an isomorphism of Cx /U and
Cr/Uj under which Ut /Uj, and Up/Uj correspond if —1 < u < s. Let E be the fixed field
of H. We have H;, = H NG, = H, so that Ng/p determines an isomorphism of Cx /Uj
and Cp /Uy under which Uy /U and Up /Uy, correspond if —1 < u < s. Moreover if u < s,
Yi/p(u) = Y p(u) = u so that Yg/p(u) = u. Part (b) follows from these observations and
the relation NK/F = NE/FNK/E

If F is any non-archimedean local field and v > —1

Ui =\ Up
v<u
If a belongs to Cg set
vg(a) =sup{u | a € Uy }.
Then vg(1) = 0o, but vp(«) is finite if @ # 1 and a belongs to Uw*®.

If F CLCK, 7g/F,/r Will be any of the maps Wy, — Wy, p associated to the
imbedding L/F — K/F. We abbreviate 7x/pp/r to 7x/p. If w belongs to Wk p, o(w) is
the image of w in &(K/F), and E is the fixed field of o(w), we set

vg/r(W) = 0p/F <UE (TK/E(U)))>~
Note that we regard Wy g as a subgroup of Wi p. If v > —1 let

Wig/r = {w|vkp(w) = v}
We shall show that W} Jp s a normal subgroup of Wi /r. These groups provide a filtration
of the Weil group, some of whose properties are established in the following lemmas.

Lemma 6.11. Ifo € 8(K/F) andt =sup{u | o € G, }, set vk p(0) = pi/p(t). Then
v/r(0) = max{ vg/p(w) | o(w) =0 }.
If ¢ = 1 both sides are infinite and the assertion is clear. If ¢ # 1 let E be the
fixed field of 0. If o(w) = o, w belongs to Wi g and vg/p(w) = ng/F(vK/E(w)). Also

Vk/p(0) = YE/F (UK/E(J)). Consequently it is sufficient to prove the lemma when F = E.
The set

S={rx/r(w) | o(w) =0}
is a coset of Ni/p(Ck) in Cr and CfF is generated by Nk, p(Ck) together with any element
of S. Moreover s = max{ vp(3) | 3 € S} is the largest integer such that SN U} is not
empty. Since G = Gy # G4 the preceding lemma shows that s =t = @g/p(t).
Lemma 6.12.
(a) For all w and wy in Wg,r, vg/p(w) = vg/p(w™") and UK/F(wlwwl_l) = vg/p(w).
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(b) If F C E C K and w belong to Wik then

vic/p(w) = @pyp(vi/p(w)).
(¢) For all w in Wip, Tk/r(w) C U;K/F(w).

The first two assertions follow immediately from the definitions and the basic properties
of the Weil group. I prove only the third. Let me first observe that if /' C EF C K and
w C WK/ B, then

TK/F(UJ) = NE/F(TK/E(w)) .
To see this, choose a set of representatives wy,...,w, for the cosets of Cx in Wg/r and
then a set of representatives vy, ..., v, for the cosets of Wx /g in Wi/ p. Let wyw = a;w;

with a; in Ck; then
T

TK/E(U)) = HCL,‘.
i=1
e . . —1 . s
However v;w,w = V;ja;v; VW) SO that

TK/F(’LU) = H H ’Ujaﬂ}j_l = H UjTK/E(w)’Uj_l = NE/F (TK/E(UJ)) .
j=1i=1 j=1

. R . . vi/r (vie/p(w))
In particular, if £ is the fixed field of o(w), 7x/g(w) is contained Uy,
is contained in

and 7x/r(w)

P v w v w
NE/F (UEE/F< /P ( ))) c UFK/F( ).

Lemma 6.13. If u and v belong to Wi/ then
vgyr(uv) = min{vgr(u), v r(v) ).

Let 0 = o(u) and let 7 = o(v). Because of the second assertion of the previous lemma
we may assume that o and 7 generate &(K/F). Let E be the fixed field of or. If

t= min{%{/f«“ (UK/F (U)) UK/ (UK/F(T))}

and G = B(K/F) then G = G, # Gy41. According to Lemma 6.11, if

s = min{vg/p(u), v r(v) },
then ¢ > vk rp(s) which, by Lemma 6.10, is therefore equal to s. Since

Tie/p(uv) = Tiyp(u) TR /P (V)
Ti/r(uv) lies in Up. On the other hand

Tr/F(uv) = NE/F(TK/E(uv))
so that, by Lemma 6.10 again, 7x/(uv) belongs to Uj, and

v /p(uv) = og/p(s) = s.
Thus the sets W s T2 —1, give a filtration of Wg,r by a collection of normal

subgroups. The next sequence of lemmas show that the filtration is quite analogous to the
upper filtration of the Galois groups.
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Lemma 6.14. For each x > —1 the map Tx/r/r takes G}}/F nto Gf/F.

If w belongs to Wi /p let W = 7x/p 1/r(w). We must show that
v p(W) 2 viye(w).
Let 0 = o(w) and let @ = o(w). If E is the fixed field of o then E = E N L is the fixed field
of . Since
v/ r(W) = YE/F (UL/E(@)>
and
vr/F(W) = og/p <UK/E(w)>
we may suppose E = F. Since 7 /r(w) = 77,7 (W), Lemma 6.12 implies that 77,,7(w) lies in
U #®) Thus
v p(W) = UF(TL/F(E)) > vk p(w).
Of course Wg/p is Cp and, if v > —1, W;/F = Up.

Lemma 6.15. For each v > —1, Tx/r maps W}’(/F onto Up.

Since v, < vy implies W}?/ r C W}’(l/ # it is enough to prove the lemma when v = n is
an integer. The lemma is clear if [K : F| = 1; so we proceed by induction on [K : F]. If

[K : F] > 1, choose an intermediate normal extension L so that [L: F| = £ is a prime. Let
G =6(L/F). Lemma 6.12 implies that

P (v) v

There is an integer t > —1 such that G = G, and @tﬂ = {1}. It is shown in Chapter V of
Serre’s book that if n >t

Nuw(Up) = U
By induction

() n n
TK/L(WK%F( )) _ Usz/F( )'

Since TK/F<UJ) = NL/F(TK/L(U))) if w is in WK/L7
T r(Wiyp) = Up

if n > t. Suppose & generates G. Then V, /r(@) = t. By Herbrand’s theorem there is a o
in &(K/F) with vg/p(o) =t whose restriction to L is . By Lemma 6.11 there is a w in
Wk r such that o = o(w) and vk p(w) =t. Then 7x/p(w) lies in U}, but not in Ny /#(Cp).
From Serre’s book again
t
UL+ Nyl = ¢

so that U} is generated by 7, p(w) and N, L/F(Uz}” F(t)) and hence is contained in the image

of Wi P To complete the proof of the lemma we have only to observe that Lemma 6.10
implies that
n P n
Up = U;NL/F(ULL/F( ))
ifn <t
Lemma 6.16. Suppose F C L C K and L/F and K/F are Galois. Then, for each v > —1,
T/ F maps Wi, nonto Wi .
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If [L : F] =1 this is just the previous lemma so we proceed by induction on [L : F]. We
have to show that if w belongs to Wi, there is a w in Wi/ r such that w = TK/F,L/F(U))
and vg/p(w) = vy rp(W). Let @ = o(w) and let E be the fixed field of 7. If E # F
then, by the induction assumption, there is a w in Wk/g such that 7 7 ; z(w) = w and
vgm(w) = vy 5(W). By Lemma 6.12, vi/p(w) > vr/r(W). Moreover, we may assume that
Tk /E,1/E 18 the restriction to Wy 5 of Tx/r1/p.

Suppose E = F'. Then UL/F(w) = ’UF(TL/F(E)). Choose w1 in WK/F so that TK/F(wl) =
7 p(W) and vi/p(wy) = vp (TL/F(@)). Let W, = Tx/p,/r(wy) and set U = w; 'w. Certainly
vrp(W) = vy p(W). Moreover, 7,/p() = 1. Let F' C L; C L where Ly /F is cyclic of prime
order. If @ does not belong to Wy, the group Cr is generated by Ny, ,r(Cr,) and 77,p (%),
which is impossible since 7;,/p(7) = 1. Thus u belongs to Wy, and, as observed, there is a
w in Wi/, such that 7x/p 1 p(v) = Tk/0,, /0, (w) = u. Then 7x/p 1 p(uw:) = .



CHAPTER 7

Consequences of Stickelberger’s result

Davenport and Hasse [5] have shown that Stickelberger’s arithmetic characterization of
Gaussian sums over a finite field can be used to establish identities between these Gaussian
sums. After reviewing Stickelberger’s result we shall prove the identities of Davenport
and Hasse together with some more complicated identities. However for the proof of
Stickelberger’s result itself, I refer to Davenport and Hasse.

IfZ=ec7 and a belongs to GF(p) the meaning of Z“ is clear. If x is any finite field
and S is the absolute trace of & let 10 be the character of x defined by 1%(a) = Z%(), If
X« 18 any character of k* and 1), is any non-trivial additive character of x we will take the

Gaussian sum 7(x,, %) to be
- Z X;l(a)wm(a)'

aER™

We abbreviate 7(x,,1?) to 7(xs)-

Let &, be the field obtained by adjoining the nth roots of unity to the rational numbers.
If = Z — 1 then in €, the ideal (p) equals (ww?~!). If ¢ = p/ and k has ¢ elements then in
£, the ideal (p) is a product pp’ - - - where the residue fields of p,p’,... are isomorphic to
k. In Ep(q_l)

(p) = (PP’

with P = (p, w), P’ = (p’, w), and so on. The residue fields of P, P, ... are also isomorphic
to k. Choose one of these prime ideals, say 3. Once an isomorphism of the residue field
with  is chosen the map of the (¢ — 1)th roots of unity to the residue field defines an
isomorphism of £* and the group of (¢ — 1)th roots of unity. Then y, can be regarded as a
character of the latter group. Choose o = a(x,, ) with 0 < o < ¢ — 1 so that y.({) = ¢
for all (¢ — 1)th roots of unity. Write!

a=ag+ap+---+ap ! 0< o <p.
Not all of the «; can be equal to p — 1. Set
ola)=ap+a;+-+ap
(o) = aplaq! -+ apy!
The following lemma is Stickelberger’s arithmetical characterization of 7(y,).

Lemma 7.1.

(a) T(xx) lies in Eyq—1) and is an algebraic integer.

(b) If xx = 1 then 7(xx) = 1 but if x., # 1 the absolute value of T(x,) and all its
conjugates is \/q.

(¢) Every prime divisor of T(x,) in €pg—1) is a divisor of p.

(d) If B is a non-zero element of the prime field then the automorphism Z — ZP of
) g—1) over £,y sends T(xx) to Xx(B)T(Xx)-

27
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(e) If P is a prime divisor of p in €yy—1) and o = a(xx,p) the multiplicative congruence

T(Xk) = =)

(mod™ )

18 valid.

(f) Suppose € is a prime dividing g —1 and x,

= X.X. where the order of X', is a power
of £ and that of X"

1s prime to L. If {* is the exact power of ¢ dividing g — 1 and
A = (o — 1 where (y is a primitive £*th root of unity then

T(xx) =7(x1) (mod A).

Before stating the identities for Gaussian sums which are implied by this lemma, I shall
prove a few elementary lemmas.

Lemma 7.2. Suppose 0 < o < p/ —1 and
04:040+041p+'--+0zf_1pf’

0< o <p.
Suppose also that 0 <

Jo<j1<---<j.=f and set
Bs = aj, + aj41p + -

ot ajs+171pjs+17j571'
Ifo=>"" é s and v =[[._, !

! then

o (@)

= mod” P).
T o et ¥
First of all, I remark once and for all that if n >
then v = u (mod* p). Thus if 0 < u <

LOo<u<p'—1,and v =u (mod p")
p" —1andv>0

(u+ vp™)! = (vp™)! H(w +op"™) = u! (vp™)!  (mod* p).
w=1
Alsoifv >0

p"
(vp" +w) = (v+ 1)p"!  (mod* p)
w=1
and, by induction,
(vp™)! =l (p™)Y  (mod* p).
In particular p™+Y! = p! (pt)? = (—p)(p™)P. Apply induction to obtain
p' = (=p) 7T (mod” p).
From the relations
e ez
= 1— 7% = p=1
p i:1< ) = (—=) Ez_l
and ,
Z' — i—1 *
7 1 1+Z+--4+ 2" =i (mod" p)
We conclude that
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The lemma itself is clear if » = f so we proceed by induction downward from f. Suppose
r < f, jsio—Jjs =t > 1, and the lemma is valid for the sequence jo, j1, ..., Jse1—1, Jsi1s -y Jr-
To prove it for the given sequence we have only to show that if
T =05, i mapt+ Oéjs+1—2pt72

and y = «a;,,,—1 then
t—1

&ty o typ .
Tyl = CESTE] (mod”* p).
But -
@0 = ()" (mod” p)
and

ytfl

1
(z+yp™ ) =alyl (") =alyl (=p) 77 (mod” p).

Lemma 7.3. Suppose By, ..., Br—1 and 7, ...,V-—1 are non-negative integers all of which
are less than or equal to ¢ — 1. Suppose that ¢ = p’ is a prime power and
r—1

Y Bt <2q —1).
i=0
Suppose also that 6;, 0 <1< r—1, are gwen such that 0 < 6; < q¢—1,

Z&-qi <q -1
i=0
and B
Zﬁz+'yzq_25q mOqu_l)'

(a) If Ym0 (Bi + %-)q < ¢ and zf v is the number of k, 1 < k < r, for which
Zf:ol (Bi +7i) = ¢ then
r—1

Z(ﬁi +7 — &) =v(g—1).

i=0
(b) If Z;:&(ﬁi + )¢ 2 q" — 1 and if v is the number of k, 1 < k < r, for which
L# S0 (B +7:)d' = ¢ then
r—1

Z(ﬁi +79 —6) =v(g—1).

i=0
Observe immediately that if 1 <k <, then 0 < Sx_1 + -1 < 2(¢ — 1) and

k—1 k—1
D Bit+rd <20q-1)> ¢ =2(¢"—1).
i=0 =0

If r = 1 then Sy + 70 = do + €(¢ — 1) with € equal to 0 or 1. If € = 0 we are in case (a) and
v =0 while 8y + 0 —dp = 0. If e = 1 we are in case (b); here v = 1 and Sy + v — dp = ¢ — 1.
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Suppose then that r» > 2 and that if 8y,...,8._1,%, -, V2,00, .-, 0,_5, and /' are given
as in the lemma (with r replaced by r — 1) then

r—2

D Bi+i—) =V(g—1).

i=0

We establish part (a) first. In this case
r—1

r—1
Z(ﬂi +7)¢ = Z 0i’
i=0

=0
and
r—2 r—2
S Gt =S 0+ g
=0 1=0

with € = 6,1 — 8,1 —7,_1. If € were negative the left side of the equation would be negative;
if ¢ were greater than 1 the left side would be greater than 2(¢"~' — 1). Since neither of
these possibilities occur € is 0 or 1.
Suppose first that e = 0. If 3272 6,¢' < ¢"~' — 1 choose B, = i, 7 = v, 0 <i <7 — 2.
Then 0} = 6;, 0 < i <r—2, and v/ = v. The assertion of the lemma follows in thls case. If
I;géiqi =q¢'—1thend;=¢—1,0<i<r—2. Then S+ =¢q—1 (mod ¢) and, as
a consequence, By + 79 = ¢ — 1. We show by induction that §; +v, =¢—1,0<i < r — 2.
If this is so for ¢ < j then

Z(ﬁz +7)q = Z(q —1)q"

Hence §;+v; =q¢—1 (mod q) and B; +7v; = q — 1. It follows immediately that v = 0 and
S (B — ) = 0.
Now suppose that e = 1. If
r—2
S G+ =20 - 1)
i=0
then 8, =v,=q—1,0<i<r—2,g=q—2,and 9; =q¢—1, 1 <i<r—2. Thusv=r—1
and

Zﬁﬁ% 0)=1+(—-1(-1)-1=(r—1)(g-1).

Suppose then that
r—2
Z(ﬂi +7)g <2(¢ 7 = 1).
i=0

From the relation
r—2 r—2

B+ = 6 +1+ (" —1).

1=0 1=0
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We conclude that 22;02 0;q" < ¢"~' — 1. Then for some m, with 0 <m <r —2,4,, < q— 1.
We choose the minimal value for m.
r—2 r—2
S Bi+7)d = Gm+1g™+ > g+ (¢ - 1),
i=0 i=m+1
Thus if 5 = B, v/ =7, 0< i <r—2,thend, =0,i <m,d, =0,+1, and &, = 4,
m < i < r — 2. Arguing by congruences as before we see that 5; +v;, = ¢ — 1 for i < m.
Thus
k—1
Z(ﬁi +7)¢ =¢" -1
i=0
for k < m. However (,, + v, # q¢ — 1 and thus §,, + 7, + 1 is prime to q. Moreover if
r—1>k>m
k—1

L+ (B +7)0" = (B + Ym + )™ (mod ¢").
i=1

Thus it is greater than or equal to ¢* if and only if it is greater than or equal to ¢* 4+ 1. It
follows that v/ = v + m and that

r—2 r—2
D Bi+ri—6)=—mlg—1)+ Y (B +7—0) =vig—1)+1.
i=0 i=0

Since £,_1 + V-1 — 0,1 = —1 the assertion of the lemma follows.

Now let us treat part (b). In this case
r—1 r—1
Z(@z‘ +7)q = Z dig' +(¢" = 1)
i=0 i=0
and

r—2 r—2
L+ Y Bi+)d =D 6iq" +eq
i=0 =0

withe=0,_1— 6,1 —7_1+¢q AgaineisOor 1. If ;= =qg—1for 0 <i <r— 2 then
e=land §;=qg—1for 0 <i<r—2. Alsov =r and
r—1
Z(ﬁz +7%—6)=0r-1(¢—-1)+8-1+%-1—6-1=r(g—1).
i=0
Having taken care of this case, we suppose that
r—2
Z(ﬂi +y)d <2(q "= 1).
i=0
First take e = 0. If 6o = 0 then 1+ Sy + v =0 (mod ¢) and Sy + 79 = ¢ — 1. Thus one of
them is less than ¢ — 1. By symmetry we may suppose it is fy. Let 3, = By + 1, B = S,
I1<i<r—2/and vy =7, 0<i<r—2. Since dp =0

r—2
g <qg T —q<qg T -1
=0
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and 0, = §;, 0 <@ — 1. Also v =1/ + 1 so that

r—2
(/Bz_{”}/z_é) Z(ﬁ;—i—’y{—(ﬁ)—l—{—qzy(q—l)
= =0
as required. If 9o > 0 take ] = 3; and v, = 7;, 0 < i < r —2. Then §) = dp — 1, 6, = &,
1<i<r—2 Alsoifk<r—-1
k—1
S B+ =d—1# -1 (mod q)

1=0

Mi/ﬁ

.
o

and the left-hand side is greater than or equal to ¢* if and only if it is greater than or equal
to ¢* — 1. It follows that v = v/ + 1. Consequently

r—1 r—2
Z(/Bi+'7i_5i):Z(ﬁz{+7z{_5;)_1+qzy(q_1)'
i=0 i=0

Ife=1takey =~ and 5/ =0;, 0 <r—2.Then ¢, =06;,0<i<r—2,andv=v'+1

so that .
Z(ﬂz + Yi — 51) = V/(q - 1) + (5r71 + Yr—1 — 61”71) = V(q - 1)
1=0

Lemma 7.4. Suppose B; and v; are two periodic sequences of integers with period r. That
1S Bivr = Bi and Yiyr = y; for all i in Z. Suppose 0 < 5; <q—1,0< vy < q—1 foralle
and that none of the numbers
r—1
€k = Z(ﬁi% + Yian) '
i=0
1s divisible by ¢" — 1. Let
r—1 r—1
Z(ﬁz‘ +7)¢ = Zéiqi (mod ¢" — 1)
i=0 '
with 0 < 6; < qg—1 andz_oéq < q" — 1. If u is the number of €, 1 < k < r, which are
greater thcm or equal to ¢" — 1 then
r—1
> B+ =) = plg—1).
i=0
Since ¢y < 2(¢" — 1) and is not divisible by ¢" — 1 it is less than 2(¢" — 1). Thus all we
need do is show that the p of this lemma is equal to the v of the preceding lemma. Observe
first of all that ¢; > ¢" — 1 if and only if ¢; > ¢".
Suppose g < ¢". If 1 <k <r

d Bi+wd <dq
i=k
so that

r—1

Z(ﬂi +7)g " < g

i=k
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Thus, if €, > ¢",

r—1 r—k—1
< Z (Bik + Yirr)q" + Z (Bisk + Yirn)q'
i=r—k 1=0
k-1
<q"Y Bi+v)d +d
=0
and
k-1
(Bi +v)d' = ¢".
=0
Conversely if 1 < k < r and
E—1
(Bi +7)q" = ",
=0
then
r—1 r—1
(Bisk + Yitr)q Z (Bitk + Vitr)d"

@
Il
o
<.
3
B

=q¢"Y (Bi+v)d =q"

S
—_

=0
Thus ¢ = v in this case.
Now suppose g =2 ¢". If 1 <k <r
r—1 k—1
Z(ﬁz’ +7%)¢ =2 q" — Z(ﬁz +7)4 = ¢ —2(¢" - 1).
i=k =0
If
k—1
(Bi+7)d =¢" =1
=0
then

r—1 r—1 r—k—1
Z(ﬁiﬂc + Yitr)q' = Z (Bisk + Yirr)q' + Z (Bitk + Yitr)d'

k—
1=0 i=r—k =0
k—

r—1
=¢ " Bi+vw)d +aq ’“Z B +71)a

>q (q—1)+q —2+2q”“-
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Thus €, > ¢" — 1 and hence ¢, > ¢". Conversely if ¢, > ¢",

e

-1 r—1

T Bi+d = (Biek + i)’
=0 i=r—k
r—k—1
2 qT - Z (/BZ-‘rk + '71+k)
=0
>q -2 1)
— qT 2q1“7k + 2
Thus
k—1
Bi+ ) >q"—1
=0

and again pu = v.

Lemma 7.5. Suppose ¢ = p’ is a prime power, { is a positive integer, and (¢, q) = 1. Let
(m =1 (mod q) and if x is any integer let o(x), with 0 < ¢(x) < q, be the remainder of x
upon division by q. If 0 < f < q and if ¥(z) = p(x)!

05 77 L8 = k)m)
— || ———===1 (mod" p).
a L)
If £ = (1 4+ ug with £; > 0 and u > 0 then £% = (7 (mod* p). Moreover

T e(@B-km) 55 w(B-km) | | F (8- km)
|1 Y(—km) 11 U(—km) ££ U(—km)

k=0 k=0

and

-1
Hwkm Hﬂ =[] 28— Hrm
k=01 k=t
Thus it is enough to prove the lemma Wlth ¢ replaced by /. In other words we may suppose
that 0 < £ < q. The case ¢ = 1 is trivial and we exclude it from the following discussion.
Finally we suppose that 0 < m < q.
Let q— 1 =rl+ s with 0 <r and 0 < s < £. Arrange the integers from 0 to ¢ — 1 into
the following array.

0 1 D /-1
g {41 Y 20 — 1
T

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, B
(r_]_)é (T_1)£_|_1 .................................. q_g ...... ’T‘E—l
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Since ¢ does not divide ¢, ¢ + s = ¢ — 1 does not lie in the last column. Also g — / lies in
the column following that in which r¢ + s lies.

We replace each number j in the above array by ¢(jm). The resulting array, which is
written out below, has some special features which must be explained. The first column is
explained by the observation xfm = z (mod ¢). The other entries, apart from those at the
foot of each column, are explained by the observation that, when 1 < j and x¢+ j lies in the
first array, <,0(x+m]) > r while 0 < ¢(mj)+x < g+ so that go(x—f—mj) o(mj)+x. The
position of ¢ — 1 is explained by the relation m(q — ) = —m{ = ¢ — 1 (mod ¢). The other
entries at the feet of the columns are explained by the observation that if 1 <j < /(-1
then ¢(jm) > r > 1 while m(q — k) =m(q— ) + m({ — k) = o((¢ — k)m) — 1 (mod q) if
1<k l—1.

0 R T s@(([—l)m
Y M L e 4p((€—1)m)+1
e((B=L04+1)m) —----mm oo oo - R e R
77777777777777777777 p(Bm)
[ T g—1---.. ¢((g_2_s)m)_1
r £ o ST S@((ﬁ—l)m)—l

Suppose first of all that 5 < ¢ — 1. Then the numbers gp((ﬁ — /’{:)m)7 0<k</l-1
constitute the first 5+ 1 together with the last £ — 5 — 1 numbers in the array. (The order
of the numbers in the array is the order in which they appear when the array is read as
though it were a printed page.) The numbers p(—km), 1 < k < ¢ — 1, are the last £ — 1
numbers of the array, that is, the numbers after ¢ — 1. Cancelling in the product of the
lemma the terms in numerator and denominator corresponding to the last £ — § — 1 terms
of the array, we obtain

B
11

Jj=1

B

= [[#(im) I (mod* p)
(sO(Jm e
as required.

Now take § > ¢ — 1. Then the numbers 5,5 —1,...,5— (¢ —1) occur as indicated in the
first array. In particular there is exactly one in each column. The numerator in the product
of the lemma is the product of the factorials of the corresponding elements of the second
array. The denominator is the product of the factorials of the elements appearing after
g — 1. As indicated t is the element lying above ¢ — 1. Thus ¢ is larger than any element
appearing in a column other than that of t. The product of the lemma is ¢! times the
product of the factorials of the other elements on the broken line divided by the factorials
of the elements at the foot of the column in which they lie. Thus it equals t! divided by
the product of all the elements below the broken line except those which lie directly below
t. But t! is the product of all numbers in the second array except those which lie below t.
Thus the quotient is the product of all numbers which lie above or on the broken line, that

is,
B B
H w(jm) = Hjm =mPB! (mod* p)
j=1 j=1

as required.
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Lemma 7.6. Suppose that ¢ = p’ is a prime power, that { is a positive integer dividing
q—1, that 0 < oy < q—1, that ({,0n) =1, and that

a; ¢ —1

¢ qg—1

Then ay is an integer and 0 < ay < ¢ — 1. Moreover if

Qg =

=% +mq+ - +y-1q""
with 0 < v, <qg—1 for0<i<{—1 then

-1 -1 g—1
DRI L
=0 j=1
and
-1 -1 g —1!
s H'yj! = aﬂH( 7 ) (mod* p).
7=0 7=1
Certainly 0 < ay < ¢* — 1; moreover
¢ -1
q_1:1+q+---+q£_15 (mod ¢)

so that ay is an integer. Let oy = mf + k with m > 0 and 0 < k < £ and for 0 < j </ let
(—=1—5)k=1i;+;¢(
with 0; > 0 and 0 < i; < {. Clearly ip_y = 0;—; = 0. Also ({ — 1)k = ¢ —k+{(k —1) so that
g = {—k and (50 =k-—1. Ifj > 1 then (6]'71_5]')6 = k'—l-(lj—l],l) Since —/ < Z'j—’ij,1 </
and 0 < k < ¢ the right-hand side is greater than —¢ and less than 2¢ so that 6;_; —¢; is 0
or 1. Ifitis 1 then k+¢; > ¢ and ¢; > ¢ — k. If it is 0 then ¢; = ;1 — k < { — k. Recalling
that 79 = ¢ — k we see that
S={jl1<j<t—-1landé; -6 =1} ={j|0<j<landi;>l—k}.
We shall prove that
(¢—1)
14

70:m+i0 +]€—(50

(q—1)
¢

Since (k,¢) =1 the numbers 4; are distinct and it will follow immediately that

/—1 /—1 q—l /—1 q_1

J=0

and

'yj:m—i—ij +(5j71—6j 1<j<£

Moreover we will have

jli[:%lz ﬁ(erj%)! {m+z‘0q21+k—50} H(m—i_l—i_ij@)

J=0
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Recall that & — d9 = 1. Dividing the first term by

ﬁ(j‘ (Q;D)l

=0
we obtain
—1 m _1)
[TII ().
7=0n=1
The product of the last two terms is
-1
I (1150,
j=l—k
Ifl1<n<mand 0<j</¢—1then nl —j < a; < q so that the product of £* and the
first of these two expressmns is multiplicatively congruent to
1 m
H H nl —j) = (ml)!
7=0n=1

Moreover, if { —k < j</{—1,then 0 < (m+ 1)l —j < (m+1){— ({ —k) = a1 < ¢ and the
second of these expressions upon multiplication by ¢¥ becomes multiplicatively congruent to

-1 k

IT (on+1)e—j) = TJone +j).

j=t—k j=1
The relations together imply the second identity of the lemma.
To verify that the «;, 0 < j </, have the form asserted, we start with the relation
-1

¢ —1 mé—l—k qu
Qy = 0—1 qu—i-z
The second term is equal to
-1 7j—1 q—l
—k k=k —-1- A
Z Zq + +Z€ 1—j)q 5 - k.
7=0 =0
Thus
1 -1 g—1
az_(m+(£—1)k T+k>+;(m+(€—1—j)k~7>q3
-1
-1 -1
:(m—i‘ZoqE +k§—60)+ <m+ij~q7+5j_1—(5j).
j=1
Moreover m < % so that
—1
O<maio- L yk—dy<t-LT°= 114
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and . .
0<m+ij-q7+5j_1—5j<€-q7

The required relations follow immediately.

Now we can state and prove the promised identities for Gaussian sums. Each of these
will amount to an assertion that a certain number in €,,_1) is 1. To prove this we will show
first that the number is invariant under all automorphisms of €,,_1) over £,_;) and thus
lies in €,_;. The only prime ideals occurring in the factorization of the number, which is
not a priori an algebraic integer, into prime ideals will be divisors of p. We show that every
conjugate of the number has absolute value 1 and that it is multiplicatively congruent to
1 modulo every divisor of p. It will follow that it is a root of unity in £,_; and hence a
(¢ — 1)th root of unity if ¢ is odd and a 2(¢ — 1)th root of unity if ¢ is even. If ¢ is odd
the multiplicative congruences imply that the number is 1. If ¢ is even they imply that
the number is £1. To show that it is actually 1 some supplementary discussion will be
necessary.

Stickelberger’s result is directly applicable only to the normalized Gaussian sum 7()-
We shall have to use the obvious relation 7(y., ¥,) = xx(8)7(xx) if ¥e(a) = 2(Ba). If &
is an extension of A and 1, is given, we set

Yy (@) = a(Sea(a))

for o in k. If x) is given x,/ is the character defined by

+1=q.

Xn//\(a/) = Xx (Nn/)\(a))
Lemma 7.7. If k is a finite extension of the finite field and x and ¥y are given then
KA
T(Xw/ns Vyn) = {T(XA,@DA)}[ !
Since x./x(8) = xA(B8)"Y it will be enough to show that

T(XH/)\) = {T(X/\)}[H:)\]'

A
_{roa ™
T(Xﬂ/)\)
Let A have ¢ = p’ elements and let x have p* = ¢f. It follows immediately from Lemma 7.1

that the absolute value of p and all its conjugates is 1, that it lies in €,,s_;), that it is
invariant under all automorphisms of €,,s_1) over £;;_;, and that its only prime factors

Set

are divisors of p. The mapping 3 — N,/»3 sends 3 to B%. Thus if a = a(y,,p) and P
divides p

¢/ —1
qg—1
Applying Lemmas 7.1 and 7.2, we see that

-1

a(Xw/n, D) = a=a+aq+---+aq

«

(o) =7 (mod” )

and
wfe

T(Xw/n) = (aly7 (mod™ ).
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Consequently
w=1 (mod" P).

Thus 1 = 1 if ¢ is odd and p = £1 if ¢ is even. If x) = 1 then x,/\» = 1 and, from part (b)
of Lemma 7.1, pis 1. If ¢ = 2 then y, = 1. Suppose then ¢ is even and greater than 2. If
X is not identically 1 choose a prime r dividing the order of y,. Set xx = X\ x5 where the
order of X/ is a power of r and the order of X/ is prime to . The analogous decomposition
of Xy is X;/,\XZ/A- Of course x) and X,/ have the same order. Define ;' and p” in the
obvious way. According to part (f) of Lemma 7.1

p=p" (modr).
Since r does not divide 2 this implies that 4 = . Thus one can show by induction on the

number of primes dividing the order of x, that = 1.

Lemma 7.8. Suppose X is a finite field with q elements, k is a finite extension of \, and
[k Al = f. Suppose  is a prime and the order of ¢ modulo ¢ is f. Let T be a set of
representatives for the orbits of the non-trivial characters of k* of order { under the action
of B(k/\) and let x be a character of \*. If 1y is any non-trivial character of A

XA)T (X8, ¥r) H T(frs Vieyn) = T(X2, ¥2) H T(Xoe/Me> Yieyn)-
pr€T pur€T
Since the isotropy group of each point in 7T is trivial
X5B) TT #e(8) = xa(8) TT xera(B)ian(8)
un€T €T
and we may content ourselves with showing that
)T T 7(e) = 700) T 70ck/ame)-
un€T €T

Of course x,(£) is the value of x, at the element of the prime field corresponding to ¢*.
Let u be the quotient of the right side by the left. The characters of k* of order ¢ are the
characters pf, 0 < k < ¢, defined by

F o1
q

Since the order of ¢ modulo £ is f, if T' = { uk ‘ ke A } every non-trivial character of order

¢ is representable as 417" with 0 <i < f and k € A. n(q'k) is the remainder of ¢k upon
division by ¢. Thus as we already saw, 1" has 6_71 elements. Lemma 7.1 again shows that u
and all its conjugates have absolute value 1 and that p is invariant under all automorphisms
of €,4r_1) over £ys_;.

Let a = a(xa,p) and let 8 = a(x4,p). Then ba =B+ v(qg—1) withv > 0. f0< k </
let




40 CONSEQUENCES OF STICKELBERGER'’S RESULT

with 0 < < ¢ — 1. In particular, 7¥ is the residue of k - £ L modulo ¢. Moreover if
ki =q¢'k (modulo ) then

:u/m Z ’y]-i-lq

It is understood that if 7 + ¢ > ¢ then 'y N = 'yjﬂ ;- Thus if p(z) is the remainder of =
upon division by ¢,

{0

Certainly

1 l
Let 0 < k' </ and let v+ k =k’ (mod ¢). Since, by definition, loo = 5+ v(qg — 1)

F—1 f—_1 -1 B -1
q q _q 14 f
k = : k (mod (o' - 1)).
) o+ 7 7 — + 7 mod (g )

Since 0 < 8 < ¢— 1 the right side is non-negative and at most ¢/ —2. Thus it is OZ(XH/,\,MW B).
Let

1 1
q q
a(Xﬂ/)\Miam) = P a+k- <m0d (¢f — 1)>

f-1
a(Xwnttlh, B) = ) 0be
§=0
with 0 < (5 < ¢ — 1. Thus 6% is the residue of

F-1
q s )
-1 T

modulo ¢. Since x,/ is invariant under automorphisms of k/A

a(Xu/rtih, B Z R
if k1 = ¢'k (mod (). Since the residue of qq%loz modulo ¢ is «,
-1 B g -1
ko< s — q . <
{a}U{(SJ O\j<€,l€€A} gp( , q—1+k 7 > 0<k<?

Since xx(¢') = £** (mod* B) the number p is multiplicatively congruent modulo 8 to

the quotient of
- 3
k
! [TieaITiZ okt !

J=0"J keA j=0

by

Ve Y
6/ — 7k
J
ﬁ erA Hg =07 j

keA j—0
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Since

T”
L

(o +)q 525’“61,

o

j:
we conclude from Lemma 7.4 that

foz+z plg—1),

if p is the number of 7, 0 <7 < f, such that

f—1 i
1 —ot a(plP pB) > ¢
q J—
Since ; ;
—1 —1
d a+a(pl,P) =L —q,
q q—1
the number
f-1
(C=Da+ > (4 =)
keA j=0

is (¢ — 1) times the number of k, 0 < k < ¢, such that

-1 -1 F—1p -1
q q q q
k - = = k
q_1a~|— / q—1€+< +v) 7
The number of such k is v because v < ¢ and
f_ f_
¢ —1p3 g —1
Za0—y >1 f_1=¢f
q_1€+( +v) +q q
while ; ; ; ;
¢ —1p8 ¢ -1 ¢ —1 qg —1
Z4-1 < (-1 =q’ - 1.
Thus
fl

If fm =1 (mod q)

and

-1 T
90<qg 'qf1+kq€ ):90((5_]{3)7”)‘

It follows immediately from Lemma 7.5 that

f—1 f—1
Ca T =8 T T

keA j=0 keA j=0

Zq’.

41
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Thus p =1 if ¢ is odd and pu = +1 if g is even. If y, = 1 the number p is clearly 1.
This time too, one can apply part (f) of Lemma 7.1 and induction on the number of primes
dividing the order of y, to show that y =1 if ¢ is even.

Lemma 7.9. Let A be a finite field with q elements and let k be a finite extension of A
with [k : A] = € where { is a prime dividing ¢ — 1. Suppose x, is a character of \* whose
restriction to the (th roots of unity is not trivial and x, is a character of k* such that
X = Xun- If T is the set of non-trivial characters of \* of order {

X/\(K)T(X)\ﬂ/})\) H T(/L)\,Q/J/\) = T(Xm%/A)-

HAET

If 0 € &(k/)\) define x7 by xI(a) = Xe(a® ). Since X7/n = Xe/As X2t = xwn and x7
is a character of order . If y7~! = 1 for some ¢ # 1 then it is 1 for all o and x.(a) = 1 if
a is a (¢ — 1)th power, that is, if N, x(a) = 1. Consequently there is a character vy of \*
such that x, = v,/x. Then V5 = x» and Y, is trivial on the fth roots of unity, contrary to
assumption. Thus

(X0 oA} ={pmn|meT}
If € A\* and 3 = N, /() then

X(8) = [ Te(7™) = x0TI 027 () = xa(8) [ [ 12 (8),

o#l o#l
because i (8) = pe/a(7), and it will be enough to show that

X (O)7(xx) H () = 7(Xnx)-
uXET
Let p be the quotient of the left side by the right. Thus p is a number in £,,_;) and
the only primes appearing in the factorization of u are divisors of p. Since X,/ is not
identically 1 neither is y,. Thus the absolute value of u and all its conjugates is 1. Let
a = a(xy,p) and let 8 = a(x,,B) where P divides p. Then

5= aq;__ll (mod (¢" — 1))

. .. £_1 .
Since ¢ divides ZTl we can write

¢—-1 a ¢ -1

qg—1 A
Since the restriction of x, to the ¢th roots of unity is not trivial, o - % #£0 (mod (g —1)).
Thus ¢ does not divide «. For all 7 > 0

() = 7(xx).

8=

Moreover

O‘(XZZ>€B) = __j

q(g—loz+ qi—l . q‘e—l
— o — .
qg—11¢ q—1 J l
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Since ‘f;%ll =4 (mod ¢) we choose i so that i« = j (mod /); then

o B = L8 (mod (- 1),

Both sides of this congruence are non-negative and less than ¢ — 1. Thus it is an equality

and we can assume that § = % - 7. The set T' consists of the characters ,ug\, 1<5<l-1,

defined by

: J
oy, ) = 5l —1).
Under the automorphism z — 2™ of kje_1y over kg _; the number p is multiplied by
Xy ' (m)xa(m) [, er #12(m) which is 1 because m belongs to \. Let

B=+mng+ -+ ye1q"
with 0 < v; < ¢— 1. Then

. -1
w *
T(Xn) = = (mod™ ), e=>
Hj:o ReE §=0

and
/-1 ' Eo‘wfl /—1 q— 1
(O [T () (mod* ),  =a+) j- :
i=1 o ]2 < qT)! j=0

Lemma 7.6 implies immediately that ¢ =1 (mod* B). Thus u =1 if ¢ is odd and p = +1
if ¢ is even. If ¢ is a prime divisor of ¢ — 1 different from ¢, we write x, as x)xX where
the order of X/ is a power of ¢’ and the order of xX is prime to ¢. In a similar fashion we
write x, as x.Xa- The pair x} and x/ also satisfy the conditions of the lemma. The final
assertion of Lemma 7.1 shows that, if 4 is defined in the same way as u, p = p”. Arguing
by induction we see that it is enough to verify that 1 = 1 when the order of y) is a power
of £. Applying the last part of Lemma 7.1, again we see that there is a prime q dividing ¢
such that

N ‘

T(0) =7(0x) =7(3) =1 (mod ).
Since x(€) is an ¢“th root of unity for some w,
WO =1 (modq).
Thus =1 (mod ¢) and p = 1.






CHAPTER 8

A lemma of Lamprecht

Let F' be a non-archimedean local field and let ¢ be a non-trivial character of F.
n = n(yrp) is the largest integer such that ¢y is trivial on B.". If xr is a quasi-character
of Cr, m = m(xr) is the smallest non-negative integer such that x is trivial on Up. If v

m—+n

in CF is such that yOp = PR set
S 0 (2)x5' (@) da

Al( s VF; ):
o fUF@DF(%)XEI(a)dOé

Then

A(xr,Yr) = Xr(V)A1(XF, YF; 7).

As suggested by Hasse [8], we shall, in the proofs, of the main lemmas, make extensive
use of the following lemma which is central to the paper [10] of Lamprecht.

Lemma 8.1.
(a) If m = m(xr) = 2d with d integral and positive there is a unit f in Op such that

(i (%r) = xr(l+ 1)

for all z in BL. For any such 3

Ar(xr, ;) = br (g) Xz (B).

(b) If m = m(xr) = 2d 4+ 1 with d integral and positive there is a unit 5 in Op such

that, for all x in PL,
o{#)-sars
For any such B, A1(xr,Yr;7) s equal to
By oo Ve (%52) X5 (14 00 d
o3 ) :
fop/qu Y (%)X}l(l + 0x) dx

if 60p = PL.
Let m = 2d 4 ¢ with € = 0 in case (a) and € = 1 in case (b). The function g (%),

xe€Op,ye md;e can be regarded as a function on
Or/PBh x P&/ FBF.

45
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For fixed z it is a character of B4 /P which is trivial if and only if x € B¢ and for fixed
y it is a character of Op /B which is trivial if and only if y € B7%. Thus it defines a duality
of Op /B¢ and PLt</Pr. The existence of a 3 such that

xr(l+2) = (%)

for z in PL follows immediately from the relation
xr(l+2)xr(l+y) =xr(l+z+y)

@F¢. The number 3 must be a unit because xp(1 + z) is different

[ we(=)aan
[t ()] [ or(“=2)

The main integral is 1 or 0 according as o — 3 does or does not lie in B%¢. Thus this
expression is equal to

which is valid for = in 3
from 1 for some x in P~
In case (a)

is equal to

By - _
or ()it @ s v,
The first part of the lemma follows.

In case (b)
/U vr (%) X7 (@) da

/UF/Uz+1 vr (%) Xgl(a){/wl vr (@) dx} dov.

The inner integral is 0 unless o — 3 lies in 8% when it is 1. Thus this expression is equal to

)
Y (g)X;l(ﬂ)[UF : Ug) ™! /OF/‘BF (3 (%) X' (14 67) dx.

is equal to

The second part of the lemma follows.
The number 3 is only determined modulo 34. When applying the lemma we shall,
after choosing (3, set

Aolertri) = w(g)x;(ﬁ)

and then define As(xr, ¥ r;), which will be 1 when m is even, by the equation,

Ar(xr, Vr;Y) = Do(Xr, Vi 7) As(Xr, Yr: ).

When we need to make the relation between § and yr explicit we write 5 as S(xr). To be
of any use to us this lemma must be supplemented by some other observations.
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If K is a finite Galois extension of F' any quasi-character yr of C'r determines a one-
dimensional representation of W, r whose restriction to C is a quasi-character x/r of
Ck. The character xx,r may be defined directly by

XK/F(Oé) = XF(NK/FOé)-
More generally, if E is any finite separable extension of I' we define xz/r by
XE/F(a) = XF(NE/Fa)-

To apply the lemma of Lamprecht we shall need to know, in some special cases, the relation

between S(xr) and B(xg/r).

Suppose m is a positive integer and m = 2d + € where € is 0 or 1 and d is a positive
integer. Let m’ = ¢ p(m —1)+1 and let m' = 2d' + ¢ where € is 0 or 1 and d’ is a positive
integerﬂ Since Y/ is convex

m—1 1 1 1 / / /
wE/F( 5 ) < §¢E/F(m - 1)+ éwE/F(O) = §(m —1)<d +e

and
d/ + 6, = ¢E/F(u)
with v > mT_l Since the least integer greater than ’”T_l is d + €, Lemma 6.6 implies that
Nigp(Ug™) < Up < UE™

In other words, if « € PLT then

Ng/p(l+1) —1 € P
Lemma 6.6 also implies that

Ng/p(l+x) —1€ Py

if 2 € Py If x € deI“I and y € P2’ then

NE/F(1+ZL‘+y) —1= NE/F(1+ZL’)NE/F<1+ 1—|y—1‘> —1

is congruent to
modulo PB'%. Thus if z € %dEI“I and y € ‘BdE/”” so that 2y € P72, then
Npjr(l+z+y) —1=Ngp(l+2+y+ay) —1 (mod Py).
The right side is
Ng/p(1+2)Ng/p(1 +y) — 1,
which equals
and this is congruent to
{NE/F(l + ) — 1} + {NE/F(l +y) — 1}
modulo B%. Thus the map

We are here dealing not with an additive character, but with the function of Chapter 6!
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is a homomorphism from BLFe /P’ to Pite/Pm. If E C E' we can replace F by E, E by
E', m by m', and m’ by g /p(m’ — 1) + 1, and define Pg/p. Since Yp/p = Yp/p o Yr/p
and
Npp(l+1)—1= NE/F<1 + (Ngryp(l+z) — 1)) _1,
the relation
PE’/F == PE/F e} PE’/E

is valid.
If n = n(yp) and n' = n(Yg/r), choose vp in Cr so that ypOr = PE" and vg in Cp so
that ygOp = TE'H”I. I apologize again for the unfortunate conflict of notation. 9 g, r is on

the one hand a function on {u € R | u > —1} and on the other a character of E. However,
warned one again, the reader should not be too inconvenienced by the conflict. Define

P]:“/F : OF/mdF — OE/;’B%

or (:UPE/F(Z/)) - <PE’/F<:C>y> ‘
YF YE

It will often be necessary to keep in mind the dependence of P}, JF O YR and vg. Then we
shall write

by the relation

PE/F(*T) = PE/F("T; VE, VF)-
It is clear that
PE//F(JU; Ve, VF) = PE//E <PE/F(x;7Ea'7F>; 7E',7E>-

Lemma 8.2. Let K/F be abelian and let G = &(K/F). Suppose there is an integer t such
that G = Gy while Gy = {1}. Suppose m > t+1 and m > 1 and vp is chosen. If up
belongs to S(K/F), the set of characters of Cr/Nk/pCi, then m = m(up) so that for some

o(pr) in O
(14 2) = w(“fy‘j)“")

{ZT all x inPE. The element vi may be taken equal to v and if P p(B) = PI*(/F(E; YE,VF)
en

Ny (Pieye(8)) = TT(8+ aur))  (mod %)

222
for all 8 in Op.
If t = —1 then n(¢Yp) = n(k/r) and m’ = m so that yx may be taken equal to vp. If
t > 0 the extension is ramified. Let ‘,]3%(/ " be the different of K /F. Then
n(Yr/r) = [K : FIn(¢Yr) + 0k)p-

By definition

Yrp(m—1)=t+[K: Fl(m—t—1).
By Proposition 4 of paragraph IV.2 of Serre’s book éx/r = ([K  F] — 1) (t+1). Thus

m* +n(Yg/p) = [K : F](m+n(¢r))

and we can again take yx = Yp.
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Since m(urp) =t + 1 we have m > m(up) and

pr(l+2+y) = pr(l +2)pr(l+y)
for z and y in L. Thus the existence of a(ur) is assured. The last assertion of the
lemma will be proved by induction. We will need to know that if z =y (mod ‘B%) then

When proving this we may suppose that xOx = P} with r < d' and that £ belongs to Ok.
Then

—z
Ni/pr — Ngjpy = NK/F${1 — Ng/r (1 + Y . )}

If v > d there is nothing to prove. Suppose r < d. If ' — r = ¥k r(u) and s is the smallest
integer greater than or equal to u the right side belongs to B%". Since the derivative of
Y/ is at least one everywhere vx, p(u + 1) > d'. But

= %@/’K/F(m -1)+ %¢K/F(O) = ¢K/F(m; 1)‘

m' —1
2
Thus v +r > mT’l and s+7r > d.
Suppose F' C L C K and L/F is cyclic of prime order. Let H = &(K/L) and let
G = &(L/F). Certainly H = H, while H;y; = {1}. Since ¢x/r(t) = 1/ (t) = t, we have
Yr/r(t) =t and, by Herbrand’s theorem,

G,=G =HG'/H=G/H =G.
Moreover t 4+ 1 = ¢/p(t 4+ ) with § > 0 so that
G =G =HG™ /H = H/H = {1}.

Finally, ¢ /p(m —1)+1 > t+1 so that L/F and K/L, with m replaced by vr,r(m —1) 41,
satisfy the conditions of the lemma. S(L/F) is a subgroup of S(K/F). If ur and vp belong
to S(K/F) then pp/p = v p if and only if up and vp belong to the same coset of S(L/F).
Take S to be a set of representatives for these cosets; then

S(K/L) = {ML/F } HF € S}.
We take a(upvr) = a(pur) + a(vp) if up belongs to S and ve belongs to S(L/F). If up

belongs to S we take a(ur/r) to be Pf . (a(per)). If the lemma is valid for K/L and L/F
then

d >

Ni/r <PI*(/F(/8)> = Ni/r (NK/L (Pf?/L <P£/F(5)>)>

which is congruent modulo B4 to

Ni/r H (PL*/F(B) + Pl p (MNF)))

up€eS

I1 {NL/F (P (5 + alur)) }

HFES

or
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This is congruent modulo % to

II 11 {8+alur) +alve)}

rr€SvreS(L/F)

H {5 + a(#F)}-

nurp€S(K/F)
Thus it is enough to prove the lemma when K/F is cyclic of prime order. In this case
more precise information is needed and the assertion of the lemma will follow immediately
from it.

Lemma 8.3. If K/F is unramified and m > 1 we may take Py, p(8) = B.

which equals

According to paragraph V.2 of Serre’s book
Ng/p(l+y) —1=Sk/r(y) (mod Py)
ify € mféﬁl. Thus Pg/p(y) = Sk/r(y) and
xP, x
wF( K/Fy) =V (—y>
TR TF

Lemma 8.4. Suppose K/F is abelian, totally ramified, and [K : F] = { is an odd prime.
If d >t +1 we may take P, (8) = p.

The relation
m =t+1+m—-1—t)=Im—(t+1)({—1)
implies that m’ = m (mod 2), € = ¢, and
(—1 (—1

d =td+ (e—t—l):d+T(m—t—1).
Since
/-1
T(m—t—l)}m—t—1>d+e
we have
d+ée >2(d+e)=>m.
Moreover

2(d/ + 6,) + 5K/F S m’ + (SK/F
14 - 1
so that by Lemma 5 of paragraph V.3 of Serre’s book
Ngyp(14+2) —1 = Sg/p(z) (mod PF)

if 2 € PLFe. The lemma follows.
Let p be the characteristic of O /P r.

Lemma 8.5. Suppose K/F is abelian, totally ramified, and [K : F| = { is an odd prime.
Suppose t+1 < m < 2t+ 1. Choose a non-trivial character up in S(K/F). We may choose
a = a(ur) so that aOp = P4, if m =t + 1+ v, so that « = Ng/roy for some oy in Ok,

and so that
ax
el + ) = ve 22
YF
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for x in P3.. Here s is the least integer greater than or equal to L. If ¢ is a (p—1)th root
of umty in F' there is a umque integer j with 1 < j < p—1 such that ¢ —j lies in Pp. Set
,uF = .. We may take oz(,uF) to be Ca. If B belongs to O we can find a By in Ok such
that 8 = Nk pf1 (mod PBL). Then

v r(8) = 8 — ﬁlo% (mod RL).

(14 ) = w(j—p)

for x in *P% then, necessarily, aOp = BY%. Choose d; in Ok such that 6;0x =P and set
0 = Ng/po1. Set a = €6 where € is yet to be chosen. We must have

(14 7) = w(“”)

TF
it z € P7. This equation determines the unit e modulo P if » = ¢ — s. Since any unit is
a norm modulo P we may suppose € = Ng/rer. Take oy = €,01. 31 exists for a similar
reason.
The number ¢ — j must lie in pOp. But K/F is wildly ramified, because 2t +1 > m > 1,
¢ =p and p = Sk r(1) so that, by paragraph V.3 of Serre’s book, p belongs to ‘]3F if w is
the greatest integer in

If

(t—1) t+1
- 1> ——.
; (t+1) 5
However d + ¢ > s so that d + € +u >t + 1 and, if = belongs to PE, (¢ — j) lies in P4,
Thus )
a(C —j)x .
Yr (—j) =pur(1+(C—j)z) =1
TF
and ¢
: : ar ar
L) = b1+ 2) = v (222 ) = v (£22)
Tr TF
Since

23+5K/F S t+1+5K/F
l - l
The lemmas of paragraph V.3 of Serre’s book imply that
NK/F(1+JI> = 1+SK/F(£U)+NK/F(I) (HlOd S,BH_I)

if = belongs to B3 and then

1= pp(Ng/r(1+ ) = pr(1+ Sk/p(z) + Nijr(2)).
As we observed d + € > s. Moreover d + ¢ <t + 1 so that
d+e+k/r
14
and Sg,r(z) and Ng/p(z) belong to BE if x belongs to Pa“. Thus, for such z,

wF (OéNK/F(ZL‘)> _ wF (—CYSK/F(ZE)> .
TF TF

=t+ 1.

>d+e
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Again

2(d + 62 +5K/F > m
so that
Ni/p(1+2) — 1= Sk/p(x) + Ngyp(z)  (mod Br)

if 2 € PL. Moreover
-1
d’+6’:d+e+T(m—t—1)>d+e

so that Ng/p(z) and hence Sk/p(x) belong to ‘B?Fe. Thus

BNk/rv = aNg/p (%) (mod PR).

But $1z/a; belongs to %JFE,_” and

d+eé —-—v=d+e+

Y (M) — o <6SK/F(x) + BNK/F(I)>
" TP

v—v=>d+e

so that

which equals

BSk/p(r) — Sk p( 22
| 25t e () :wﬁ<@—g@)3>
YE a1 )R

as required.

Lemma 8.6. Suppose K/F is a wildly ramified quadratic extension, m > t+ 1, and
m=t+1+v. Let up be the non-trivial character in S(K/F). If B belongs to O there is
a B1 in Ok and a 6 in Ul such that B = ONk/pf1 (mod BL). We can choose a = aur)

so that 5
adx
MF(l*‘$)_”¢F<———>
YE

if © is in P and so that « = Nk pay for some oy in Og. Here s has the same meaning as
before. Thus, if r is the integral part of %, t+1=r+s. With these choices

1) ,
2 n(8) = 6— % (mod L),

(631
If B = 0 the existence of § and [3; is clear. Otherwise we can find a [; such that
Nk /pB1/B is in Up. We choose 6 accordingly. If m =t 41+ v and

pr(l+x) =¢F (@)
a3

for z in B3 then Opa = P%. Choose 7, in Ok so that Ogn = P and set n = Nk pn.
Set o = en where € is yet to be chosen. We must have

MF(1+‘x)=“¢F<€n5x)
a3
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if + € P3. This equation determines the unit e modulo P%. Since any unit is a norm
modulo ‘B% we may suppose € = Ngre1. Take o = €.
Since the extension is quadratic

NK/F(l + x) =1+ SK/F<1'> + NK/F(x)

Since

546 s+t+1
2K/F: 5 =

both Sk/r(x) and Nk r(x) are in B3 if 2 belongs to Pj and

TF TP

We have m' =2m — (t+1) and d = m — s, so that d +€¢ =m —r and d'+ ¢ —v = s. Thus

if 2 belongs to PLH

and [i1x/a; lies in P35, Consequently
Py px ad\ x
W(BMF)ZWW<@—&—>—>
TF o1 ) VF

Lemma 8.7. If K/F is a tamely ramified quadratic extension and m > 2 we may take

P]?/}?(B) = 0.

Notice that t +1 = 1 so that m >t + 1. In this case m' =2m —1,d = m — 1, and
d+¢ =m. If v € P

as required.

is congruent to
modulo B7. The lemma follows.

To complete the proof of Lemma 8.2 we have to show that if K/F is cyclic of prime
order

N (Pie(®) =TI (B+alur)  (mod ).
nreS(K/F)
We consider the cases discussed in the previous lemmas one by one. If the extension is
unramified we may take all the numbers a(ur) to be 0. The congruences then reduce to
the identity 5" = ™. The same is true if K/F is cyclic of odd order and d >t + 1 or K/F
is quadratic and t = 0. If K/F is cyclic of odd order ¢ and ¢t + 1 < m < 2t + 1 the right
side becomes
Bé . 50/_1.

If 3=0 (mod *B%L) both sides are congruent to 0 modulo 4. Suppose [ does not belong
to P4 and SO = PY%. Then B0k = P% and

zwm@—&%)
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is congruent to

¢ -1 — i gt i [ P
B~ pa +;<—1> 5B (67)
modulo PB4. If z € K then E'(z) is the ith elementary symmetric function of x and its
conjugates. Moreover ;a/fa; belongs to ‘B%ﬁl)(vw). fe—-1>i>1
il—1)(v—u)+(—-1)(t+1) - (—1D(v+t+1)
14 - 14

— fu.

The right side is
()

14
The argument of paragraph V.3 of Serre’s book shows that

Ng/r (5 — B o%) == pBa™"  (mod PB}).

For a wildly ramified quadratic extension we use the notation of Lemma 8.6. The right
side of the congruence may be taken to be 32 4+ Bad. The identity is again non-trivial only
if 80r = P% with u < d. Then the left side may be taken to be

3% — B%6Sk/r (g; ) + 0°aNg/pbh

m—pu > d— lu.

which is congruent to
2 2 5106
B+ afd — B°0Sk/r
5061
modulo B%. Since
v—u+t+1_ m

>
2 2

I5; SK/F(gi) =0 (mod P%).

Suppose xr is a quasi-character of Cr, m = m(xr), and 5 = S(xr). If, as sometimes
happens, m’ = m(xk/r) we can take B(xx/r) = PI*{/F(ﬂ)'
Lemma 8.8. Suppose K/F is Galois and G = B(K/F). Suppose s > 0 is an integer and
G* ={1}. If m = m(xp) and m > s then
m' = Ygp(m—1)+ 1 =m(Yk/r).

It follows from paragraph V.6 of Serre’s book that
NK/F(U"Z’K/F v)) U

if v > s. Thus xg/r is trivial on Ug if u > ¢g/p(m — 1) but is not trivial on Uj if

We can now collect together, with one or two additional comments, the previous results
in a form which will be useful in the proof of the first main lemma. We use the same
notation.

—u=>d—u

we have

Lemma 8.9. Suppose K/F is a cyclic extension of prime order ¢, xr is a quasi-character
of Cr, m(xr) Zt+1, m(xr) > 1, and m(xx/r) — 1 = Vr/r (m(XF) - 1)-



A LEMMA OF LAMPRECHT 55

(a) If K/ F is unramified we may take B(xx/r) = B(xr) and Blurxr) = B(xr) for al
pur in S(K/F).

(b) If £ is odd and d >t + 1 we may take B(xk/r) = B(xr) and B(prxr) = B(xr) for
all up in S(K/F).

(¢) If L is odd and t+1 < m < 2t+1 and ur is a given non-trivial character in S(K/F)
we may choose o = a(ur) = Ng/paq as in Lemma 8.5 and B = B(xr) = Ng/pfh
for some 1 in Ux. Then we may choose

B(xk/r) = B — /810%

and
Bnxr) = Nicsr(By + Can).
(d) If ¢ is 2 and K/F is wildly ramified we choose o = a(up) as in Lemma 8.6. We
may choose = B(xr) in the form Nk pf1 with § in Uf. Then we may choose

)
B(XK/F) =p - /312—1
and

Blurxr) = B+ ad.
(e) If £ is 2 and K/F is tamely ramified we may take B(xk/r) = B(prxr) = B(XF)-

Only part (c) requires any further verification. It must be shown that

Nigyp(B1+Car) = B+ (a  (mod PBL).
The left side is congruent to

BN (1 n ﬂ)
Io
All we need do is show that
Nk/r <1 + ﬂ) =1+ Co (mod PL).
B &
The right side is
o
I+ Ng/r (%) .

According to paragraph V.3 of Serre’s book the congruence will be satisfied if
v+ (L —1)(t+1)
l
Butt+1=d+xwithz>0sothatd+z+v=2d+ ¢ and v=d+ ¢ —x. Thus
v+ -1)(t+1) d+e—ax+((—-1)(d+ x) e+l —2)x
‘ - ‘ At

The preceding discussion has now to be repeated with different hypotheses and different,
but similar, conclusions.

> d.

> d.
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Lemma 8.10. Suppose K/F is abelian and G = &(K/F'). Suppose there is a t > 0 such
that G = Gy while Gy = {1}. If2<m <t +1 then m’ = Ygp(m — 1) + 1 is just m. Let
t+1=m+wv, let  be such that 60 = ‘B?Hn(w}m), let €, in O be such that e,0x =P,
and let € = Nk pei. We may choose vp = d/e and v = 0/€1. Let r be the greatest integer
in 2L and let s = t+1—r. If pp is a non-trivial character in S(K/F) then m(up) =t+1.

Let
MFu%ﬂw__¢F<ﬂOg0w)

for x inP3.. Then
8 T1 (Be + B(ur) = Nigyr (Py(8)) - (mod ).

pr#l
The relation m’ = i /p(m — 1) + 1 = m is an immediate consequence of the definitions.
Since the extension is totally ramified

n(rr)=[K: Fln+ ([K: F]=1)(t+1)
if n = n(¢p). Thus
m+n=(t+1+n)—v
and
m' +n(Ygp) =K :Flt+14+n)+(m—-t—1)=[K:F](t+1+n)—ov.
Consequently vz and i can be chosen as asserted. The results of chapter V of Serre’s
book imply that m(up) =t + 1 if pp is not trivial.

We saw when proving Lemma 8.2 that if z = y (mod PB%) then Ny/px = Ni/rpy
(mod PB4) and that if £ C L C K both L/F and K/L satisfy the conditions of the lemma.
For L/F, €, is replaced by N/ re; and, for K/L, € is replaced by Ng/re,. Take QE/F to be
PE/F in the special case that m =t + 1 and ¢; = 1. Then

NKLEIxPZF €rplx
wL/F< /uler) /(3))2¢F<P/()5)

4] 4]
by definition. The right side is equal to

Yr/F (_xQz/g(eﬁ)> .

Thus

Q1 r(eB) = Ngyr(er) P p(8)  (mod Pi).
If pp belongs to S(K/F) but not to S(L/F) then m(ur/r) = m(up) and B(ur/r) may be
taken to be Q7 (B(ur)). Let S" be a set of representatives for the cosets of S(L/F) in
S(K/F)— S(L/F) and suppose the lemma is true for K/L and L/F. Then

Ng/p (P;{/F<ﬁ)> = N/ (NK/L (P;{/L (PE/F<5)>)>
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is congruent to

Nise| Pryr(B) H {NK/L<€1)PE/F(B) +Q2/F(B(MF))}

up€es’

modulo 3%. This in turn is congruent to

NL/F(PL*/F(B)) H NL/F(QE/F(€B+6(MF)))'

up€s’

Applying the induction hypothesis to the first part and Lemma 8.2 to the second, we see
that the whole expression is congruent to

B8 I (eB+Bvr)) [T (B +Bur) + Bvr))

vrES(L/F) preS’
vp#l vr€S(L/F)

modulo B¢ as required.
Once again we devote a lemma to cyclic extensions of prime order.

Lemma 8.11. Suppose K/F is cyclic of prime order { and 2 < m < t+ 1. Choose a
non-trivial character pp in S(K/F). There is an oy in Uk such that if « = Ng/pay

jp(l+ ) = vp (%)

for x in PB5.. If 5 belongs to Op there is a (1 in Ok such that f = Nk/r(51) (mod Pf).
Then

%ﬂmzﬁi—mg-Omd%%-

Since f(pr) is determined only modulo % and s < t we can take (up) = Ng/pay for
some «; in Ug. The existence of 31 also follows as before. Since t +1 > m
/ / _ _
2(d +e)+(€€ D(t+1) > m+ (¢ gl)(t+1) > m

and
Ni/p(1+2z) =1+ Sgyp(x) + Ngyp(x)  (mod Bi)
if 2 belongs to PE. Thus

oo P — g (57 o M),

But d 4+ € 4+t >t+1 so that

Nk /p(e12)B = aNk/r (G;ﬁ .77) (mod PLH)
1

Sincet+1=m+uv,d +€ +v>sandif y = 6151 -z then y which lies in BT+ also lies
in ‘Pi.. But
25+ (t+ 1)(0 — 1)

/ >t+1
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so that
Ng/r(1+y) =1+ Sk/p(y) + Niyr(y)  (mod ).

_QNK/F(y) . CXSK/F(?J)
Yr <—5 ) = Yr <—6 )

Vr <M) = YK/F (%1 (é B - C% . 51>:c>
as required.

Since 2 < m <t + 1 the extension is wildly ramified, ¢ = p, and once the character ug
is chosen as in the previous lemma we can define x5, as in Lemma 8.5. The left side is
congruent to

Consequently

In conclusion

6<ﬁz—1€e—1 I (_1>zae—1>‘
If B € PB4 this is congruent to 0 and so is the right side. Suppose 30y = P% with u < d.
The right side is congruent to

Niesr <5£ _ 513) = 8o Ny s (ﬁ%i _ 1)_
€ o B a e
Since (-1 (-1 ) (-1 1

this is congruent to

(8.1) 50/—1{NK/F (%%i) + (—1)5}.

Since
BNw/r(Br) =1 (mod PE™).
We see that
ﬁHlNK/Fﬁfl =" (mod PB})
and that the expression (8.1]) is congruent to
ﬁéeé—l + (_1>€5a€—1
modulo B¢

Lemma 8.12. Suppose K/F is abelian and G = &(K/F). Suppose there is an integer
t such that G = Gy while Gy = {1}. Let xr be a quasi-character of Cr and suppose
2 <mxr) <t+ 1. If m(xp) <t+1 then m(xx/r) = m(xr). If m(xr) =t +1 then
m(prpxr) <t+1 for some pp in S(K/F) if and only if m(xx/r) < m(xr).

It follows immediately from Lemma 6.7 that if yr is any quasi-character of Cr and F
any finite separable extension of F' then

m(xe/r) — 1 < ¥g/r(mxr) —1).
In the particular case under consideration Lemma 6.10 shows that if m = m(yr) < ¢ then
Nysp: U=t UL = UR~' UL
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is an isomorphism. Thus yx,r() will be different from 1 for some « in Up~" and m(xx/r)
will be at least m. If m(xp) =t+ 1 then m(upxr) is less than ¢t + 1 for some pup in S(K/F)
if and only if y is trivial on the image of Ul /UL in UL /UL, This is so if and only if
m(xx/p) < t.

We shall need the following lemma in the proof of the first main lemma.

Lemma 8.13. Suppose K/F is cyclic of prime order, xr is a quasi-character of Cr with
m(xr) < t+1, and m(xx/r) = m(xr). Choose o, o, €, € in Lemma 8.11. We may
choose B = B(xr) = Ni/rfr with By in Ux and we may choose

€ a
Bxx/r) = b —bo
Moreover m(pSxr) =t + 1 and we may take
B(M%XF) = Ng/r(Con + e15).

Since 8(xr) is determined only modulo B4 and d < ¢ the existence of 3 is clear. It is

also clear that m(uSxr) =t + 1. The elements B(xr), B(xk/r), and B(uSxr) are to satisfy
the following conditions:

(i) If z is in PB4

(ii) If 2 is in PL

Xk/p(l+2) =vYg/p (M)

(iii) If z is in P%

W5 (1+ )xr(1 + o) = r (W—“)

o
We have already shown that 5(xx,r) may be taken to be

€ o
B — ph—
€1 (03]

,B(M%XF) must be congruent to (a + €5 modulo 7%

Ng/p(Con + €181) = (aNgyp (1 + ﬂ)
Cay
Since
v+ —=1)(t+1) S 6_1(t+1) .

14 14

The right side is congruent to

modulo ‘B};H

%(1998) The manuscript of Chapter 8 ends here.






CHAPTER 9

A lemma of Hasse

Let A C k be two finite fields and let G = &(k/\). If x € & set

Wi/ ( E 7 1%

where the sum is taken over all unordered pairs of distinct elements of GG. It is clear that

We/A(T +Y) = WA (T) + Weya(Y) + Sea(@) S/ (y) — Suyn(zy).
One readily verifies also that if A <7 < k then

W2 (@) = wnpa (S () + Sy (W ().

Suppose 1, is a non-trivial character of A and ¢, is a nowhere vanishing function on A

satisfying the identity
oxa(@ +y) = ea(z)ea(y)va(zy).
Define ¢, /\ on s by
LA () = ox(Se/a())r (—wayn(2)).
Then ¢, \(x + y) is equal to
oA (Si/n(@ + 1)) r (—wiya (@) = wieya(y) = Sea(2)Skya(y) + Seya(ay))
which is
/2 (@) 0r/x () r/a (2Y)

If the fields have odd characteristic the following lemma is, basically, a special case of

Lemma 7.7. That lemma has been proven in a simple and direct manner by Weil [14]. We

shall use his method to prove the following lemma which in characteristic two, when it
cannot be reduced to the previous lemma, is due to Hasse [8].

- Z%(iﬁ)

Lemma 9.1. Let

TEA
and let
90;4/,\ Z SOR/A
TER
Then
U(%/A) = 0(90,\)[“]-
If

PX)=X"—aX™ +bX™ % — +...
is any monic polynomial with coefficients in A set m(P) = m and

XA(P) = @a(a)r(=b).
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If the degree of the polynomial is 1, b is taken to be 0; if the degree is 0 both a and b are
taken to be 0. If
P(X)=X" —ad/X™ L4y Xm™ 2 4...
then
PP(X)= X" _(a+ad) X" 4 (b4 +aad) X2 — ...
and
XA(PP') = @x(a+ d)a(=b = — ad’) = xa(P)xa(P').

If ¢ is an indeterminate we introduce the formal series

A1) = 3P =TI (1 - w@r®)

The sum is over all monic polynomials with coefficients in A and the product is over all
irreducible polynomials of positive degree with coefficients in \. If r > 2

> xa(P)=0
m(P)=r
so that
F)\(t> =1- U(gO)\)t.
If we replace A by &, ¢ by ¢/, and 95 by 1,/x, we can define F,5(t) in a similar way.
If k= [k : Al and T is the set of kth roots of unity, the problem is to show that

[ 7a(¢t) = Fupn(h).

CeT

Suppose P is an irreducible monic polynomial with coefficients in A and P’ is one of its

monic irreducible factors over k. Let m = m(P) and let r be the greatest common divisor
mk

of m and k. The field obtained by adjoining the roots of P to x has degree == over A and
is the same as the field obtained by adjoining the roots of P’ to x. Thus m(P') = ™ and P
splits into r irreducible factors over k. We shall show that

k/r
xen(P) = P}
Thus if P/, ..., P! are the factors of P and ¢ = &

i=1
which equals
[T{1—xa(p)cmemy.
CeT
The necessary identity follows.
Let v be the field obtained by adjoining a root x of P’ to x and let u be the field
obtained by adjoining = to A. If
P(X)=X"—aX™ ' +pX™2...
then
a = Syu/x()
and
b= wy(z).
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Thus
XA(P) = @x(Sua(@))a(—wua(z)) = 0ua(x).
Since ¢, /x(x) is equal to
O3 (5072 (Supx @) ) 03—t (Suyu2)) + oy (ul@)) )

which in turn equals

SOIQ/)\( I//l{( ))wn/)\( wl//n(x))-
We conclude that

X/ (P) = pua(@).
Replacing s by p we see that ¢, /) () equals

() s (=) = )i (5 a?).

One easily shows by induction that for every integer ¢

(9.1) (@} = sl (-5 2a2)

The relation

¢
Xea(P) = {xa(P)}
follows.
Taking = X in the identity (9.1)) we see that

{pr@)}" = pa(t)py (—6@9&)

for every integer ¢. Moreover {gp,\(O)}2 = ©(0) so that ¢,(0) = 1. If the characteristic p
of X\ is odd take ¢ = p to see that {go,\(m) }p = 1. If the characteristic is 2, take ¢ = 4 to

see that {gpA(x)}4 = 1. Suppose ¢, is another function on A which vanishes nowhere and
satisfies
A +y) = (@) oh () (zy).

Then ¢} ;" is a character and for some « in A

ei () = ea(z)a(aw).
Of course

pa(z)ha(az) = pa(z + a)py ' (a).

Thus

a(2)) = @5 (@) (py).
If a and b are two non-zero complex numbers and m is a positive integer we write a ~,, b if,

m"

for some integer r > 0, (%) =1.

Lemma 9.2. If a € \*, the multiplicative group of A, let v(a) be 1 or —1 according as «
is or is not a square in \. Suppose P\ (x) = Yy(ax), px and ¢\ are nowhere vanishing, and
pa(z +y) = ealz)ea(y)alzy)

while
O\ +y) = A\ (@) P\ (Y)Y (Ty).
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Then
() ~p v(a)a(ea).
Moreover
a(en) ~ap ‘U(SDA)|-

Suppose first that p is odd. By the remarks preceding the statement of the lemma it
is enough to prove the assertions for one choice of ¢, and ¢/. For example we could take

oa(x) =,y (@) and if o = 4% we could take ¢} (x) = Qb,\(@). In this case it is clear

that o(py) = o(¢)). However if « is not a square, we take ¢ (x) = 2/1,\(‘179”2>. Then

oon +ale) =2 (3 ) =0

TEA

pA(r) = s (—%)

so that o(¢y) = v(—1)o(py). Moreover it is well known and easily verified that o(p,) # 0.

Since
{ole)} = {v(=D)}]olen)]" = |olen)]"

With this choice of ¢j,

we have
a(er) ~2p ‘0'(90)\)|‘
The absolute value on the right is of course the ordinary absolute value.

Suppose p is 2. Again any choice of ¢, and ¢} will do. In this case « is necessarily a
square. Let a = 32. We can take ¢} (x) = pr(8z). Then o(p)) = a(py). It is enough to
prove the second assertion for any ¢, and any ¢,. Let ¢ be the prime field and let 1, be
the unique non-trivial additive character of ¢. Take ¥\ = 1y/4. Let 4(0) = 1, (1) = i.
One verifies by inspection that

o +y) = 0g(2)ps(y)Vs(y).

Take @y = @)/. Since

o(as) = {o(0e) 17,

it is enough to verify that
o (pg) ~2 | (py)]-
Since o(pg) = —1 + 4, this is no problem.
If a is a non-zero complex number set

Alal

_a
jal
The following lemma explains our interest in the numbers o(p)).

Lemma 9.3. Suppose L is a non-archimedean local field and xr is a quasi-character of Cf,
with m = m(xr) = 2d + 1, where d is a positive integer. Let 1y be a non-trivial additive
character of L and let n = n(vyr). Let v be such that yOr, = BT and let B be a unit such

that
o1+ 2) = ¢(%)



A LEMMA OF HASSE 65
for x in PITL. Choose § so that 601, = B¢ and let 1y be the character of X = Op/B;

defined by
2
Ua(e) = b (5‘;‘”).

If ¢y 1s defined by

orta) = v (22 a0+ o)
then

ol +y) = ea@)or(y)alzy)
and

Aa(XL,IPL,’Y) = A[—U(SOA)]

In the statement of this lemma we have not distinguished, in the notation, between an
element of Oy and its image in A. This is convenient and not too ambiguous. It will be
done again. The only questionable part of the lemma is the relation

pA(r +y) = ea(@)ea(y)Palzy).

Since
(1+02)(1+ 6y) = (1 + 6z + dy)(1 + 0°zy) (mod Py
we have

_ _ N 52r
Xz (L4 0z)x7 (1 + 6y) = xz' (1 + 6z + Sy)r, (—5 . y>-

The required relation follows immediately.
There are a few remarks which we shall need later. It is convenient to formulate them
explicitly now. We retain the notation of the previous lemma.

Lemma 9.4. If m(uz) < m(xr) then

As(prxr, Yi;y) ~p Ds(xr, Vi)
and if m(pr) < d we may take B(pupxr) = B(xL) and then

As(prxr,¥r;y) = As(xe, YL 7).

In both cases m(urxr) = m(xr). Moreover if z € P
x
on (M) a1 a1 40) = a1 4 2)

which in turn equals

™ (M)

~
Thus

Blprxe) = B(xe) (mod Py)
ﬁ(xm%:)

and if

() =¢L< Y
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while

voon o Blunxn)ote
Ui(x) =1 <—7 )

then 1) = ). The first assertion of the lemma now follows from the previous two lemmas.
It is clear that we can take S(urxr) = B(xr) if m(ur) < d. Let the common value of the
two numbers be 3. Then
ox\ _ _
v, (%)uLl(l + 6x)x (1 + o)

is equal to
Bor\ _
(el (T Xz ' (1+6z).
We see now that the second assertion is completely trivial.
There is a corollary of this lemma which it is convenient to observe.

Lemma 9.5. Suppose m(xr) = 2d + € where d is a positive integer and € is 0 or 1. If
m(pr) < d and py, is of order r then

Aprxe,¥r) ~r A(Xr, ¥L)-
Choose v in the usual way so that

Alxz,¥r) = xo(v)Ar(xL, Yr; )

and
Aprxe, o) = xL(V)pe(y) A (prxe, ¥r; 7).
It is clear that
pr(y) ~r 1.
If we take
Burxe) = B(xw)

then, clearly,

Ao(prxr, ¥r;y) ~r Do(xr, ¥, 7)-
To complete the proof of Lemma 9.5 we have only to appeal to Lemma 9.4.

Lemma 9.6. Suppose K is an unramified extension of L and xp is a quasi-character of
CL with

m=m(xy) =2d+1
where d is a positive integer. Let 1y, be a non-trivial additive character of F and let

n=n(yr). Suppose
xe(l+z) =1t (%)

WL
for x in PITL. Take
5(XL) = 5(XK/L) = B.
If

Bz

o(x) = (wmm>x;1<1 + wha)

L
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and if
pwix

Pn(T) = Vr/L (TM) X;(}L(l + wiz)

wr,

for x in k = O /P then v, = @./n. Moreover if [K : L] = { then

As(xr/n bresn, @) = (—1) Ag(xp, vop, @)}

Once we prove that ¢, = ¢,/ y this lemma will follow from Lemmas 9.1 and 9.3. If
belongs to K let E?(x) be the second elementary symmetric function of x and its conjugates
over L. If x belongs to Ok

Nige(1 + @ie) = (1 + o4 Sk p) (1 + w%dE2(x)> (mod |,

Since
E*(z) = wyn(z)  (mod PBr)
we have
0r (1) = OA(SkyL2) A (—we/a () = @rpal).
Now suppose K is a ramified abelian extension of L and [K : L] = ¢ is an odd prime.
Let G = ®(K/L) and suppose G = G; while G = {1}. Suppose

m=m(xr) =2d+1
is greater than or equal to t 4+ 1 and

el 4 7) = w(%)

wy,

—1
d =0d— <€—>t
2
and if x belongs to O set

’ de/l' _ 7 7
O\(x) = Yk <wTIin Xz <1 + Sk/p(wia) + EQ(W%SC))-
L

for z in PIT. Let

Suppose also that
wr = NK/LWK-
The assumptions listed, we may now state the next lemma.

Lemma 9.7. If
2
=S —E

then € is a unit. Moreover ¢ is a function on A = O /B + Ok Bk which satisfies
(@ +y) = (@) @) () valery)

Ua(u) = vy (f—ﬁ) |

wr,

if
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If
Bz
90/\(1‘) = ¢L< d+14n XL (1 + wLx)
L
then ,
Alo(en)]” = Alo(¢))]
Since ' (r 1 .
d + ( _g)(H )>d
the number
lies in B¢. Moreover E?(wbx) is a sum of traces of elements in 24", Since
! -1 1 —1
2d+(€£)(t+):2d+6722d

it lies in P2, If x lies in Py it lies in P and

lies in P4 because

' _ _
d+1+{—-1)(t+1) :d+1+t(€ 1) S dt 1.
l 20
Thus if x belongs to Pk
(@) = o [ =5 1+8 r)) =1
o\(x) =1 min K/L(wKx) XL + K/L<WK35) = L.
wr,
Since
E* (i (x+))
is equal to

E*(wiex) + E*(why) + Sk/(@kr) Skyn(@hy) — Skyo(@i vy),
the expression
L+ S (@ (o +9)) + B + )
is congruent modulo P7* to the product of

1+ Sk/r(wga) + E*(wha)

and
1+ Sk/o(@ky) + B (wiy)
and
1-— SK/L(w%l/xy).
Thus
iz +y) = oh(@)h(Y)a(ezy).
Since

2d' + (0 —1)(t+1)

> 2d
l
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the number € is in Oy. We conclude in particular that if y belongs to B then

Pz +y) = Ah(2).
If t = 0 let o be a generator of G and let @} ° = v. In this case 2d' = 2d¢ and
2d

w s _ _
e = L= =y (mod )

T€G

and
e = "D (mod Py
isaunit. If £t >0
o3 = ¥l (mod P)

so that
t

w
=S —X
¢ K/L<wt

L

) (mod PB).

It is shown in paragraph V.3 of Serre’s book that the right side of this congruence is a unit.
First take p odd and let

el ol ()
) R0

Making use of the calculations in the proof of Lemma 9.2 we see that

1+ SK/L(w%x) + EX(wlx)

Then

Alo(en)] = m(-1)F wx(

of v, is the non-trivial quadratic character of \*.
Since

is congruent to
{1 + SK/L(wKx)}{l + EQ(wKx)}
modulo P7* the value of ¢ (x) is

s ((SK/L?/)2 +2aSk/Ly — 2E2(y)>

2
if p
Wk
==z
Y wj‘-f
Thus

O\(x) = Py ( (Sr/nly +2a) )~ la >
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Replacing x by

and summing we find that

—la? ex?
/ —
a(¢)) —%( 5 ) _;1%(7)
Collecting this information together we see that to prove the lemma when the residual

characteristic p is odd we must show that
£—1

va(=1)2 =wy(e).

d(f=1) is certainly a square we have to show that

Since v
4

m(=1)Z =)
when ¢ = 0. If the field X is of even degree over the prime field both sides are 1. If not,

an odd power of p is congruent to 1 modulo ¢ and the relation follows from the law of
quadratic reciprocity. If ¢ > 0 then

t

€= SK/L (%) (mod (‘BL)

L
and we can appeal to paragraph V.3 for a proof that
e+uP =0
has a solution in A. Thus v,(¢) = vA(—1) and we have to show that
n(=1)"7 =1.

If p=1 (mod 4) then vy\(—1) =1 and if p =3 (mod 4) the exponent is even.
Before considering the case p = 2, we remark a simple consequence of the preceding
discussion.

Lemma 9.8. If p is odd let

Ift =0 and
= uics
then
,(x x?
©x (;) = f(; + Oéif)
and if t >0
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In both cases

) =y ( Sl ) - W)

with
dl
Wk
y=—a7
wr,

If t =0 then y = px. Thus if x belongs to Or, as we may assume,

2 .2 2
w;(g)zvm(g(“‘g m):% €<%+aw>

If t > 0 then ¢ = p is odd and
dld+ (L —1)(t+1) :1{(6_1)@_1)_ (E;Dt}:%{(é—l)Jr(E_l)t}21

14 14

so that, if z € Op,
Sk/p(y+a)’ =ex®  (mod PBy).
Now take p = 2 so that ¢ is necessarily 0 and again let

(e=1)
w= p# 421
so that

dl
w—g =p (mod Pg).
wr,
AG) -4
I
Y ( ) (1 + iz _ 1)w2dx2)
L d+1+n Lt 9 L :

-1 —1
1+€w%x—l——€(£2 )w%dQ—(l—i—f )(1+—€(€2 )w%d:vQ)

o) (E) = pa(lx)x (—_6@2_ 1):152)

{SOA(SU)}Z-
{oa(@)}" = oa(22)a(—2?) = Pa(—2?).

Since the characteristic is 2 there is an «a # 0 such that

Ux(2?) = ¥y (ax).

Then the complex conjugate of py(x) is

(@) Ya(ax)

If xisin Op and y = % then

is equal to

Since

modulo ‘BT we have

which equals

Moreover
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and

o(pn) = —Z%@ + o)

which equals

- Z pa(T)pa(@)n(ax)

is equal to '

ea(a)o(en)
Consequently .

Alo(e)]" = ex(@) 7 A[o(on)]

Since

{oa@)}' =1
we have

if =1 (mod 4) and

if £ =3 (mod 4).
We have to show that

if /=1 (mod 4) and that

oa(a)F =1
if £ =3 (mod 4). These relations are clear if ¢ is congruent to 1 or 7 modulo 8. In general
(=1

if mod 4
(mod 4 L (-3 ,
oa(a)? =w(——8 a)

and if £ =3 (mod 4)
o1 (+1)(f—1
pa() = (05 (——( )8( )a2).
Let ¢ be the prime field and let 9, be its non-trivial additive character. Choose o such
that
Uas(@) = a(adz).

Ua(@?) = ¥ase <x2> = ¢A/¢( . ) = Ur(arz)

a? aq

Then

and o = «;. Thus
a(a?) = (1)
The right side is +1 or —1 according as f = [\ : ¢] is even or odd. But ¢ divides 2/ — 1
so that, by the second supplement to the law of quadratic reciprocity, f is even if ¢ is
congruent to 3 or 5 modulo 8.
There is a complement to Lemma 9.7.
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Lemma 9.9. If m(x.) > 2(t + 1) choose B(xk/r) = B(xr) = in Op. Ift+1 <m(xr) <
2(t 4+ 1) choose B(xr) = and
«
5(XK/L) =B - ﬁla—l
as in Lemma 8.9. Then m(xg/r) = 2d' + 1 and
Blxx/p)wkr | /
Vr/L (% XK}L(l + wher)

L

18 equal to

fwhx\ _ / ,
VYKL (TKM Xz <1 + Sk/p(whr) + EQ(W?(QU))‘

wy,
From Lemma 8.8 we have

as required. If d > t + 1 then

(rn,, (-1

d/>(
2 2

(d—t)=m

because ¢ is odd. Moreover,
3d + (L —1)(t+1) < m' +(—=1)(t+1)
l - 1

=m.
Consequently
Ngr(1+ wlhzr) =1+ SK/L(w}iéx) + E*(wz)  (mod P

and the lemma is valid if m > 2(¢t + 1).
Ift+1<m<2(t+1) we still have

3d +(€—£1)(t+1) -

so that
Nip(1+ wlx)
is congruent to
14+ SK/L(wféx) + BX(wha) + NK/L(W%J:)
modulo P7*. Since d’ > d + 1 this is congruent to

{1 + Sxjn(@la) + E?(w;i;x)}{1 + NK/L(w;f;m)}

modulo P7'. Certainly

, BN whe
o (14 Na(@ha)) = v (#f” .
wr,
Moreover, if m =t + 14w
(-3
d—v=d+ v=>d>s

2
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if s is the least integer greater than or equal to % Thus, just as in the proof of Lemma 8.5,

BN/ (whx) N1 <%w%x>
V| — 55— | =Yt

m+n m+n
wr L
is equal to
api _d
Y,
wi’””

Multiplying the inverse of this with

C,
A(CESES

p
VKL (ﬁi—ﬁf) :

wr,

we obtain

The lemma follows.
If m =t + 1 we may still choose

B(xr/L) =B — 510%

as in Lemma 8.9. However the relation between ¢, (z) and

/B(XK L)wd/x _ ’
v (T) =YKL (# Xy (1 + whe)
L

will be more complicated. Here © = Ok /P is the same field as A = Oy /PB,. We introduce
it only for notational purposes.
Because m =t + 1 the number ¢ is at least 2 and

t
d=d = -.
2
Since 2 ) .
+(p—1)(t + )>tle
p
and d D(t+1
p

the expression
Ni/p(1 + wha)
is congruent to
{1 + Sk (@) + E%w%x)}{l + @i Ngra}
modulo ‘P7* and

XL <1 + SK/L(w}l(:B) + E%w%x))
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is equal to

m+n
Wg

v <BSK/L(@U§{I) + ﬁE%w%x))
L )
According to Newton’s formulae
SK/L(w%dlz) — SK/L(W?($)2 + 2E2(’W§(33) =0.
Thus .
E*(wgr) = —§5K/L(w§gif2) (mod P7).

Observe that p is equal to ¢ and therefore, in the present circumstances, odd.
Let p, be a character in S(K/L) as in Lemma 8.9(c) and let

ax B x?
UL <W> ppt (14 w@iz) = iy <,0§ + 7‘:)3)

L
with
a
p=7
g
Certainly
pL (NK/L(1 + W?(I)> =1

if x belongs to Ok. Replacing = by %x we see that

1 bi_q Q B a0 d
—al — - =S — N
Yy = K/L< o WKHC) 5 SK/L ( W2 TKT + N/ (1)
is equal to
52
(N p; + 7z
if

1 1 1

1 B 1 B B
z = _CLl SK/L <—w§l<x) — §SK/L <—12w§§l:c2 + NK/L —LTJ?{Q?
which is congruent to

_NK/Lx = ﬁ.ﬁﬂp
(67 «

modulo PB;.
Let
Pz -
pa(z) =91 (m Xz (1 + wix)
wr,
equal

¢A<%2+U:L'>.

(0]
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If x belongs to Ok
x%P —BNg Lz
X5 (1+ @] Nira) = ¥a <— + pr) Vi (ﬁ) :

L

We now put these facts together to find a suitable expression for ¢, (z). We may as well
take x in Op. Then ¢, (x) is the product of

Vk/L (%)
L

fra wha _
¢K/L< - TKM XLl(l—Fw%NK/LJJ)

and

and

L
The second of these three expressions is equal to the product of

(O —+01Up () 17—P_1Txp
ab’lw%(dxz epﬁl
wK/L< 200 2 m+n w)\ 2a1
2d
WK
€ = SK/L (w%d> .
The product of the first and third is equal to

2
(%)

As proven in paragraph V.3 of Serre’s book the elements of U; congruent to

1+ (ex + 2P)w),

and

modulo P4 are all norms, so that

Ya(p”) = a(—pex).

2p
%( P o 5T ) = Yy (P_l—x ) :
203 2

In particular]

1(1998) The manuscript of Chapter 9 ends with this formula.
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The first main lemma (chapter missing)

Editorial comment: This chapter is missing. Please see comments on this webpage:
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CHAPTER 11

Artin-Schreier equations

The theory of Artin-Schreier equations is central to Dwork’s proof of the second main
lemma. We first review the basic theory, which we take from Mackenzie and Whaples [11],
and then review Dwork’s rather amazing calculations. These we take from Lakkis [9].

We start with an exercise from Serre’s book [12]. Suppose F' is a non-archimedean
local field and K/F is Galois. Let p be the residual characteristic. With the convention
(0) = P we let

pOr = Pp.
Suppose G = &(K/F) and ¢ € G; with i > 1. Let
w = wkg(l+a)
with a in P%. Let
o(x) =27 — .
@ is an F-linear operator on K. If x = awi( belongs to ‘,Bjk then
o(r) =27 —z = (a° — )@l + a(w)l — wk)

is congruent to

awﬂ(w%a_l) —-1)= aw%‘({(l +a) — 1}
modulo ‘Bigﬁl. This in turn is congruent to
(awi)(ja) = jax

modulo 57
If]

Y(r) =27 —1
then, as an operator,
p
DY &
=(1+pP—-1= :
p=rer-1=3(})e

If  belongs to ‘,B%{ then
#Hw) =g +i) (G + (k= 1)i)a’s (mod P
and v (z) is congruent to
pjax + j(j+i)--- (j +(p— l)i)apx
or to

pjax + j(jf"*1 — ip’l)apx

i+j+e +1

modulo P,/ if pOx = P4 We deduce the following congruences:

We seem to be dealing with yet another use of the symbol 1!

79
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(i) If (p —1)i > € then

U(z) = pjaz  (mod PEITH),
(ii) If (p — 1)i = ¢ then
Y(z) = pjax + j(1 — i "aPz  (mod ‘B?Helﬂ).
(iii) If (p — 1)i < ¢ then
o) = (1~ s (o ),
Observe that if (j,p) =1 and o belongs to G;, with i > 1, then
o(x) =0 (mod Py’

for all z in ‘,]3][( if and only if o belongs to G, ;. It follows immediately that if o belongs to
Gy and ¢ > 1 then o
p(z) =0 (mod Py”)

for all x in ‘Bjk only if ¢ belongs to Gj.

If ¢ is replaced by o P then ¢ is replaced by v. If k > pe_l and Gy, # {1} then, for some
i >k, G; # {1} and G411 = {1}. Taking (j,p) = 1 we infer from (i) that if o belongs to G;
but not to G;41 then o? is in G;; but not in G;; 1. This is impossible. Thus Gy = {1} if
k > p%ll. If Gy # {1} then p divides ¢’ so that if (p — 1)i = ¢’ the number i is also divisible
by p. The congruence (ii) reduces to

U(z) = j(pa+a?)  (mod P,
Thus if o belongs to G; its pth power o” lies in G;.. and is therefore 1. Consequently
pa+a’ =0 (mod Prth).
Letting a = aw!’ and p = fw$ we find that
a? + fa=0 (mod Pk).

Since this congruence has only p roots the image of ©; lies in a subset of U /Ui with p
elements and G; is either {1} or cyclic of order p.

If (p —1) < € and (i,p) = 1 the congruence (iii) implies that o” belongs to G41 if 0
belongs to G;. However if (p — 1)i < ¢’ and p divides 7 it shows that o? belongs to Gy,
but not to Gp;11 if o belongs to G; but not to G;;;. Thus o — o” defines an injection of
Gi/Gis1 into Gp; /Gpis1. If Gi/Giiq is not trivial neither is G,;/Gpip1 and (p — 1)pi < €', If
(p — 1)pi < € we can repeat the process. Thus, for some positive integer h, (p — 1)p"i = ¢’
and Gn,; is not trivial. It is then cyclic of order p. According to Proposition IV.10 of Serre’s
book those k > 1 for which Gy/Gg1 # {1} are all congruent modulo p. In particular if
G /Gr1 is not trivial for some k > 1 divisible by p it is not trivial only when k is divisible
by p. The preceding discussion shows that if 7 is the smallest value of £ > 1 for which
Gy /Gr1 is non-trivial then any o in G; but not in G, generates G; = G1. In other words:

Lemma 11.1. If G is not cyclic then (i,p) =1 ifi > 1 and G;/Gi11 # {1}.

/

Lemma 11.2. Suppose K/L is cyclic of prime degree and G = B(K/L) is equal to G,
with t > 1 and (t,p) = 1. Then there is a A in K and an a in L such that aOr, =P;" and

AP — A =a.
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We observe first of all that [/ : L] must be p and that if pOx = P then (p — 1)t < ¢'.
If x belongs to K the symbol O(z) will stand for an element in xOx and the symbol o(x)
will stand for an element in P 5. If

with a; in F' then

p—1 ‘
7 —1= a; s ( %0—1) 1)
=1
and if @% ! = (1+ awl)
i =1 = | (4 awle) — 1| = [l
for 1 <v < p. Thus
o7 ol = leiel{ pulal ikl < il

There is equality if ag = 0. In particular if
p—1
=Y
i=1
then
" —1=9y" -1
and

g

ly” — x| = |wi||yl-

If x belongs to K let
p(x) =2 —x.
Then

1Ly b+ ) b~ plo) = 3 (7)ot

Since ¢/ — (p — 1)t > 0 the right side is o(y) if

vi(x) = —t
and
vi(y) = —t.
We define vk (z) by the equation
] = oo |52,
To prove the lemma we construct a sequence Ag, A, Ag, ... and a sequence Og, O, ...

with the following properties:
(i) vk (A,) = —t for all n > 0.
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(ii) If o is a given generator of G and ( is a given (p — 1)th root of unity
A — A, =(C+o(1).

(iii)
p(AZ> - p(An> = @Z - ®n
and

|@raz - ®n| = |w§(||@n|
Apir = A, + O,

P(AT1) = p(Ani1) = o(p(AT) = p(An)).

It will follow from (iii) and (v) that {©,} is converging to 0. Then (iv) implies that
{A,} has a limit A. (i) implies that vg(A) = —t and (v) implies that A? — A = a belongs
to F. From (ii)

A7 —A=(+o(1).

To construct Ag let a belong to Ul and consider

. o _a _a+ ! (w;gl—ﬂ)_l):—taa+0(1)

ot .t ot t
Wik Wk Wk Wk

if
oy = wi (1 + awh).

We can choose « so that

—taa = ¢+ o(1).
Then we set
o
AO = _t
Wk

We observe in passing that conditions (i) and (ii) determine A,, modulo P/

Suppose Ag, ..., A, have been defined. Then

p(AT) = p(An) +p(C+o(1)) +o(1)
which equals

p(An) +p(¢) + o(1) = p(Ay) + o(1).
Choose 0,, so that

@Z -0, = p(AZ) - p(An)
and
67, — On] = [@i|[©n].
Then vk (0,) > —t and if
A=A, +06,
v (Apy1) = —t. Moreover
A=Ay =A) — Ay +o(1) =+ o(1).
and
p(An-i-l) = p(An) + p(@n) +x

with = 0(©,,). Then
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Also
p(©7) = p(On) = p(6] — On) +0(67 — 6,).
Since vk (©7 — ©,,) is positive, the right side is
—(©7 —0,)+0(0] —06,).
Thus
P(AZ) = p(Anr),

which equals

P(AT) = p(An) = (©F = ©,) + 0(p(AT) — p(An))

o(p(A7) = p(An)).
Lemma 11.3. Suppose Ay belongs to K, a belongs to L, vp(a) = —t and
AL~ A= a+ O()
with r > 1. Define A,, inductively by
App1 = AP —a.

is

Then
An—l—l - An = O(An - An—l)
ifn>2andifr > (e'—(p—l)t)

B = By = O 0700,

Moreover

lim A, = A

n—oo
exists and AP — A = a.

The last assertion is a consequence of the first. It is clear that
Ay — Ay = O(wl).
Suppose n > 2, and
A, — A, =x=0(1).
Then
A1 — A=A — AP = (A, 1 +2)P —A,
is equal to

p—1
Z (Z) Aﬁflxp_k + xP

k=1
which is o(z) because € — (p — 1)t > 0. If

= O (w?(n—m(e’f(p—l)t))

and r > ¢ — (p— 1)t it is
r+(n—1)(e'—(p—1)t
O(wK (= )>.

The lemma has a couple of corollaries which should be remarked.
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Lemma 11.4. Ifa is in L, vy(a) = —t, A? — A = a, and £ is a (p — 1)th root of unity,
there is a number A¢ such that
Ae=A+¢+0(ws "

and

A = A¢ = a.

Relation shows that A + ¢ satisfies the conditions of the previous lemma with

r=e —(p—1)4t.
Lemma 11.5. Suppose A belongs to K, b belongs to L, vy (b) = —t and

AP — A =0b.
Then for any u in U™ the equation

AP — A =bu
has a solution in K.

Take, in Lemma 11.3, a = bu and A; = A. Lemma 11.5 shows that if S is the set of all
in L with vy (a) = —t for which the equation

A"~ A=q
has a solution in K then S = SUL™.

Lemma 11.6. If { is the integral part off7 the number of cosets of UL in S is
-1
p—p O+ Pr] .

Fix a generator o of G = &(K/L). If a belongs to S, A? — A =a, and { is a (p — 1)th
root of unity

(€AY — €A = €.
By Lemma 11.4 there is a (p — 1)th root of unity ¢ such that

A7 =A+(¢+o(1).
Then

(6A)7 = €A +EC+o(1).
Thus if S’ is the set of a in L with vy (a) = —¢ for which

a=A" A
with
A" = A+1+o(1)
the number of cosets if U} in S is p — 1 times the number of cosets of U;™" in S’
Choose Ay, with vi(Ag) = —t, for which A} — Ag = ag is in F' and

Af =Ag+1+0(1).
If vg(A) = —t, AP — Ais in F, and
A7 =A+1+0(1)
then, according to an earlier remark,
A= Ay+ Q
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with QO = O(AQ).
Choose any Qy = 0(A¢) and set Ag = Ag + €. According to the relation (A)

p(Ao) = p(Ao) + p(Q0) + 0(S2).

Since
Qg - QO = O(W%Qo) = 0(1)
we have
p—l p . .
QP — Qb = Zl (Z,)le(fzg — Q)" = 0(Q5 — Qo).
Thus

p(Ao)” — p(Ao) = QF — Qo + 0w Q)
and p(Ag) is in L only if
Q7 — Qo = o(wwh D),
that is, only if Qy = ap + 0(€) with o in L. On the other hand, if
Q7 — Qo = o(wh )

and we construct the sequence Ay, A1, Ag, ... as before and let
A = lim A,
n—oo
then
A= A[) + O(Qo).

We conclude that the number of cosets in B35 /P!, s > —t, containing an Q such that
(Ao +20)" = (Ao +€2)
is in L is 1 if p does not divide s and is [Oy, : P, ] if it does.
Choose A so that
AP —A=q
is in S’. If Q belongs to P, s > —t, but not to P! and
(A+QP-A-Q=0b

is also in S’ then a and b belong to the same coset of UM if and only if

b=a+o(1).
Ifs>0
p(A+Q) =p(A)+o(1)
but if s <0,
P(A+Q)=p(A)+ Q" —Q+0(Q)
and

QF —Q+0(Q2) =o(1)
if and only if s = 0 and
Q=¢+0(1)
where £ is some (p — 1)th root of unity. The lemma follows.
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If 2 ={xy,...,2,} let E'(x) be the ith elementary symmetric function of zy,...,z, and

let .
k=1

If Z is an indeterminate and

then N
Z SH(x)Z
i=1

is clearly —Z times the logarithmic derivative of Q(Z). Thus

Y S @Z | ) () E ()2 | = =) (-1)iE(x)Z".
i=1 i=0 i=0
This identity which we refer to as Newton’s identity is equivalent to the formulae of Newton.
It implies in particular that
i—1
(11.2) Z 1787 (2) E? (x) = (—1)"YiE (z)
=0
if 1 <7< n. We may d1v1de Newton’s identity by Q(Z) and then expand the right-hand
side to obtam expressions for the S*(z) as polynomials in E'(z), ..., E"(z). The coefficients
are necessarily integers. To calculate them we suppose that zq,...,z, lie in a field of
characteristic zero. Let

Then

— (=1)* K
logQ(Z) == (P(2))".
k=1
The coefficient of Z~! in the derivative of the right side is

i(k—1) y aj
Yy AR {ee)”
ai+-+an=~k j=1
ai+2ag++noan=t

This expression is therefore equal to —S(z).
Suppose K/L is a ramified cyclic extension of degree p and G = &(K/L). Let G = G,
and Gy = {1}. Suppose u < t, A is in K, and
AOk =P
We take {z1,...,2,} to be A and its conjugates under G. In this case we write
E'(x) = B (A)
and

S'(x) = Sk (A).
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If 1 <i<p-—1and ~ is any integer less than or equal to
—iu+ (p—1)(t+1)

p
we have .
/(M) =0 (mod P7).
We may take
U — 1)t
i -t
p p
If 7u + t is not divisible by p this inequality may be supposed strict.
Suppose aj, . .., q, are non-negative integers,
p
SORY
i=1
and
p
i=1
If
p—1
Y= Z Vi — Uty.
i=1
Then
P . g
(11.3) H{E’(A)} = O(w],).
i=1
We have , . |
7>_g+@—)m_@—)%t
p p p

The inequality is strict if «; is non-zero for some ¢ such that iu + ¢ is not divisible by p.

We record now some inequalities that ~ satisfies in various special cases. They will be
needed later. We observe first of all that, if 1 < < p, v; is non-negative and is positive
unless p divides wu + t.

(i) If £ = p and k = 2 then
I+u+y>1+t
In this case a;, = 0 and the left side is at least
2(p—1)
p

If p is odd the inequality is strict.
(ii) If £ = p and k = 2 then

1+ t>1+1¢.

v =2 0.

Moreover the inequality is strict if p is odd. This statement is of course weaker
than that of (i).
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(iii) If £ = p, k > 3, and p is odd, then
t—u
vYZUu+ ——
p

o, is again 0. The left side is at least

—u—i—%t :u—l—t_Tu—i—%{(?)p—ll)t— (2p — 1)u}.

The final term is non-negative. The inequality is strict if u # ¢. If u = ¢ and p does
not divide u it is again strict for then «; # 0 for some ¢ < p — 1 and for such an ¢
the number 7u + ¢ is not divisible by p.

(iv) If £ < p then

t—u
p—Du+~y>u+

except when o, = k or a, = p — 1. We have to show that
u—1
(p—2)u+7+7 2 0.

The left side is at least

¢ 1 I 1
{p—Q——+—}u+ L D ai | - -t
p p p \ &= p

If v, # k the coefficient of ¢ is positive and we need only show that it is at least as
great as the negative of the coefficient of u or in other words that

p—1) Zal p—2)p =L

This follows from the assumption that o, <p — 2.
(v) If k <p—2and o, = k then

(p—Nu+vy2>u
In this case
—ku.

There are circumstances in which the estimates for +; and therefore those for v can be
substantially improved. We will discuss them shortly.

Suppose now that K/F is a totally ramified Galois extension and G = &(K/F) is the
direct product of two cyclic groups of order p. By Lemma 11.1 the sequence of ramification
groups is of the form

G=G.1=Gy=G1= =G, #Gyp1="=G # G = {1}
with (u,p) =1 and v =t (mod p) or of the form
G=G_1=Gy=G1=--=G1# Gy = {1}

with (¢, p) = 1. In the second case we take u = t. In the first case let L; be the fixed field of
G and in the second let L; be any subfield of K of degree p over F'. Let Ly be any subfield
of K different from L; which is also of degree p over F. Let G' = &(K/L;) and let

Gi:Gz §+1—{1}
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Then s; =t and sy = u. According to Proposition IV.4 of Serre’s book,

Sxp =P —p)lu+1)+(p—-1)(t+1)

and
and
Ok/L, = (p—1)(u+1).
Thus 1
Op,/F = 5(5K/F —0r/ry) = (p— D(u+1)
and

(SLZ/F = %((SK/F — 5K/L2> = @;fl)((p — 1)(u + 1) +t+ 1)

—i

If G =6(L;/F) and . ' '
GZ - G; ?é G;+1 = {]‘}

then ¢; = u and

t—u
tg = U —f- .
p
Lemma 11.7. Suppose A belongs to K, vg(A) = —u, and
AP —A=q

belongs to Ly. If Y belongs to Lo then
o (Sin (VYA)) > (0= D)o — ity + 03, (Y)

and
oL, (E;'(/LI(YA)) > (p— Dty +i(v, (V) — 1)
for1<i<p-—1.
We show first that if 6 belongs to L; and

p—1
0=> VA’
=0

with Y; in Ly then
L, (Y3) 2 ity + v, (0)
for 0 <7< p-—1. Since t; = u and
v (0) = Ogrg;lil{vK(Yi) —iu}
the inequality is clear for ¢ = 0. To prove it in general, we use induction on i. Suppose
0 < j < p—1 and the inequality is valid for ¢ < j.
Let

pOr = P.

Applying the exercise at the beginning of the paragraph to the extension Ls/F we see that

pe}(p—l)tgz(p—l)(u—i—t;u).
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If £ is any (p — 1)th root of unity then, by Lemmas 11.3 and 11.4, there is a ¢ in G such
that )
A7 = A+ €+ O(ah "),
We may write
p—1
07— 0= Yi(A" — A

=1

p—1
> XA
i=0

as a linear combination

with coefficients from L,. Since
v, (07 —60) = v, (0) + 4
we may apply the induction assumption to see that
v (Xjo1) = (J— Dty + v, (07 — 0) = jt1 + v, (0).
On the other hand
A _ A — (A + 5)1 Ay O(ﬁ[[);ef(pfl)uf(ifl)u>
so that 07 — 6 is equal to

=1 k=0
with .
n =00 ~""")
Thus if
p—1
i=0

with the Z; in L, we have
v(Zi1) 2 (7 — Du+ vk (0) +p’e — (p — 2)u.
But
ple—(p—2)u+(j—Du=plp—1u—(p—2u+(j—1u
which equals
((p—=1)* +j)u > pju.

p—1 .
7 o
Xj1= Zﬁ'(j)é” +Zj
=

1=

Since

we have
p—1 i
v, [ DY (j) €9 = ju+ vy, (6)
i=j

for all £. We obtain the required estimate for vr,(Y;) by summing over &.
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We now show that
U, (SK/Ll (YA1>) 2 (p — 1)t2 - ’itl + (9 (Y)

for Y in L, and 1 < i < p— 1. All we need do is show that for any 6 in the inverse different
of L/F
S <0w;1vL2(Y)Jr’itl*(P*l)tQSK/Ll (YAi)> € Op
or that if 8 is in L; and
v, (0) =2 —(p— (1 + 1) + ity — (p — 1)t2 — v, (V)
then
(11.4) St (88K, (YAT) ) = Sy (0Y A

is in Op.
Let
p—1
0=> YA
j=0
with Y; in Ly for 0 < j < p—1. Then
p—1—i p—1
YA = ) YYNT 4 (a+A) ) YYATT
j=0 j=p—i

Since

AP —A=a
we have .

E}(/LQ(A) =0
forl<i<p—1and

Ejp,(8) = (-1)7.

The relations imply that

SK/L2<A1'> =0
for 1 <7 < p—1 and that

Sk/L, (A7) =p—1.
Thus is equal to
(p = 1)SLy/p(YYpo1-4) + Spoyp(paY Yy—s)

if + < p—1 and to the sum of this and

Spa/p(YYpo1)
ifi=p—1.

We know that
0, (Y;) 3 jty + 01, (0)
for each 7. Thus
UL, (YYpo1) 2 (p—1 =9t — (p— D)(tr + 1) + i1 — (p— 1)ty
which is at least —(p — 1)(t2 + 1). So is
vy (paYYp1) Z (p— Dta =ty — (p = D)(ts + 1) + ity + (p — i)t — (p — 1)ta.
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Ifi=p—1
v, (YY) 2 (p— Dl — (p =Dt + 1) + (p— Dty — (p — 1)1z
is also at least —(p — 1)(t2 + 1). All we need do now is observe that
Srayr(Bry ) C O

To complete the proof of the lemma we have to show that

VL, (E;'(/LI(YA)) > (p— Dty +i(v, (V) — 1)

for 1 <7< p — 1 This has been done for i = 1; so we proceed by induction. Applying the
relatlons we see that

i—1

(1) iBj, (YA) =) (—1) S,/ (YA)EL , (YA).

7=0
According to the induction assumption and the first part of the lemma, with Y replaced by
Y7, a typical term in the sum on the right is O(w} ) with
v=(p—1Dta— (i —jtr + (i = Jur, (V) + (p = D2 + j (01, (Y) — 1)
if 7 > 0 and
v=(p— 1)ty — ity +ivg,(Y)
if 7 = 0. The lemma follows.

We apply the second estimate with Y = 1 to improve, when A = A, L = L;, and certain
auxiliary conditions are satisfied, our estimates on the number ~ appearing in ((11.3)).

(vi) Suppose p is odd and
(=(p-1r+j+1
Ifk>v+2and o <k —2 then
Jti 4y = pta.
Iftk>v+2and a,<k—1then
jti+y=>(p—Dta+ 14
andifk>v+1landa, <k—-1
Jjti+v 2 (p—1Dta —t.
In the present circumstances
Yz (p— Dt — ity
for 1 <2< p—1. Thus

p—1
Jtit+y 2t + Z a;((p — Dty —it1) — apty
=1
which equals
jtl + (p — 1)kt2 — £t1 — (p — 1)Oép(t2 — tl)
or
(p — ].)k’tg — (p — ]_)th — tl — (p — 1)O[p(t2 — tl)
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If o, < k — 2, this is at least
20— Dta+(p—1)(k—2—-v)t; — 4
which in turn is at least pty if p >3 and k> v +2. If o, <k -1
vyZ@—Dia+ -1k -1-v)h -t
The required inequalities follow.
We shall use all these estimates for v in the next sequence of lemmas.
Lemma 11.8. If A is as in Lemma 11.7 and p is odd then
SrpNg/ LA = Sp,pNis, A (mod P,
The assertion of the lemma may be reformulated as
Skt N/ A = Sgyr, Niyr, A (mod Py 72).

Notice that

pto=t+ (p—1u.
Earlier we applied Newton’s identity to express S7. /LI(A) in terms of the elementary
symmetric functions of A and its conjugates. Since

pe = (p— 1)ty
we can apply the estimates (iii) for v to see that

Sk, (D)
is congruent to
(11.5) PNg/, A+ = ZEK/LI (AR (D) + { Sk, (D)}
7=1
Since
AP —A=aq
we have

Sk/pa(A) = Sk, (A) = Spyyr(a).

According to Lemma 11.7 the left side belongs to ‘,]3(” V=i Iy particular it belongs to

Br,. We need to know that it belongs to iBlLTtQ. This is clear if p > 3 or ty > t;. To prove
it in general we first observe that all terms but the last in ((11.5]) are congruent to 0 modulo
ﬁt? The middle terms are taken care of by the estimates (ii) for 7. To take care of the

first we have to show that

pe—u = 1+1,.
We know that pe > (p — 1)t2 and that if ¢ = u the inequality is strict. We need only show
that

(p—Dta —u >t
with a strict inequality if ¢ # w. This is clear since to > w and ty > w if t # w. Thus

Sk = (Skyr, A — Spayr(a)  (mod Py ).
We now need only show that
St,yr(a) =0 (mod ‘I?Ht?).
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The left side belongs to ‘Bﬁl’l if b is any integer less than or equal to
—u+ (p—1)(ta+1)
p :

We may take
—u+ (p— 1)ty
p
which is greater than or equal to except when p = 3 and ¢ = w. In this case, which is
the one to worry about, t, = v is prime to p and

—u+(p—1)(ta+1)  u+2

P 3

b=

1+to

has integral part at least “L.

We apply (11.5) again to see that
SK/LlNK/LgA = SK/Lla = SZIO{/LI(A) — SK/Ll(A)

is congruent to
p 2

_SK/L1A +pNK/L1A +3 Z EK/L1 A)Eﬁ{/JLI(A)

We have still to consider

(116) SK/LQNK/LlA'
There are some general remarks to be made first. Suppose A belongs to K and
’UK<A) = —Uu.
If z and z also belong to K and .
zN € Ok
and
L e SI;1+t+(p —1)u
then

Nk/r, <a:(A + z)j+1> = Ng/1, (xAJ'H) (mod mlertz).
It is enough to show that

j+1
N1, (1+%) =1 (mod P ).

This follows from Lemma V.5 of Serre’s book and the relations
L+t+pu>1+t+pu

and
l+t+pu+(p—1)t+1)

p
According to Lemmas 11.3 and 11.4 there is for each 0 # 1 in G* a (p — 1)th root of
unity & = £(o) such that

A?=(A+&P —a+ O(w%p%_(p_l)u))

=1+t+pu.
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We have
pe—(p—Duzp-{p-Dutt}—(p-1u
which equals
p=1Dt+@=2)p—Duzt+plp-2u.
If t = u the first of these inequalities is strict and if ¢ > u the last is. Thus
pe—(p—1u=1+t+pp—_2u
and
2(p’e — (p— Du) > {1+t+(p—1u}+{1+t+((p—1)2—2p)u}.
The second term is positive unless p = 3.
The expression

(A+&)P -
is equal to
p—1
p i ADP—1
A+E+ Zl (Z)g A
But
(JZ) _plp—1) -Z:'(p —HD L2 (mod p?)

and

2p*e — (p — )u = 2(p°e — (p — 1)u)
which is, as we have just seen, at least 1+t + (p*> — 1)u. Thus if p > 3

A7=(A+8)(1-Z(9) (mod Py

- S

Expanding the denominator we obtain

if

Ifi>p-—1
R
a;=(=1)» —=0 (mod p)
=17
Clearly
Z(§) = O(pA"?) = O ")
Ifp=3,

3(p’e = (p—Du) = {1+t+ (p* — Du} + {2(1+t) + (2p° — 6p + 1)u}.
The second term is at least 3u and in particular, is positive. Lemmas 11.3 and 11.4 show
that
A7 = ((A+§)3—a)3—a (mod ‘]31+t+ —hy,
The right side equals
(A + €+ 3EA% + 362A)3 —
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1+t+(p*—1)u

Expanding the cube and ignoring all terms in 3, we obtain

A+§+3A3{i 222}+9A45

which we write as

(A+&)(1—2(9))

with , .
%) f i %) _5 i
Z(¢) = 302 ; a; (Z) +9A! ; (K) .
Since
2(]926— (p—2)u) > 2(])26— (p—1Du ) +2u>1+t+pu
and

pe—(p—2uzl+t+(p—1)>u>1+t+pu
for all odd p, lemma V.5 of Serre’s book shows that

Nigny (o8 + (1= 20)™) = { N, (w184 77) 11 = S 2000

modulo ‘BHH@ DU if 2 AJ lies in O

The expression ([11.6|) is equal to
NK/L1A + Z NK/LlAU'

o€G?
o#1

The preceding remarks show that, if p > 3, this is congruent to

Ng/o, A+ Z Ngjr, (A + f){l — SK/le(f)}
13

modulo ‘BHH P~ Gince
2p%e +u+ (p— 1)t
p

t
22(p—1)(u+—)tu>t+pu
p

we have
NK/L1(A +€)SK/L1( a;pAP” o Z€l> < sBlertQ
if i > p and we may replace S/, Z(§) by

p—1

> P Sk, (@ AP

i=1
if p > 3. Of course

Nicii (A+€) = Zﬁl e/ (A

Putting these observations together we see that, if p > 3, - is congruent modulo
‘BHW to the sum of
L
NK/LlA + (p — 1){SK/L1A + NK/LlA}
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and .
P
—p(p = 1) Y @Sy, (AP TE (D)
i=1
and
—p(p - 1){pap—ISK/L1(A> + ap—QSK/Ll(A)}'
Since

pSk/r,(A) € P

the last expression may be ignored as may the term in the second corresponding to i = p—2.

Since
1

p

=0 (mod p)

ap—1 =

S|

1

<.
Il

and
Sk/n, (A°) =p
and
3p’e —ty > 1+ pty
the sum in the second expression need only be taken from 1 to p — 3. The relation (11.2])
implies that

P (AVERE (A) = (<1)'p(p — 1 — i) B 1 (A)ELT (A)

modulo ‘Bﬁp "> To complete the proof of Lemma 11.8, for p > 3, we need only show that

ia;—1+ (p —i)a,—i-1 = (—1)" (mod p)

for p—2 > p—1i >4 > 2. This amounts to showing that
i1 p—i—1

ileL(p—i) >

=—1 (mod p).
=1 j=1

We may replace the p—1 in front of the second sum by —¢. Making the obvious cancellations

we obtain
p—i—1

—i Y 15—1—¢§1.
= =

If % occurs in the sum on the right so does p%j.
The proof for p = 3 can proceed in exactly the same way provided we show that

(11.7) 9> {Nigsr, (A + O} Sieym, (€145 }
lies in ‘,]3;1“3'52 for ¢ > 1. Since
2p%e —u > 2(p — Dty — u > 3ty
and one of the inequalities is strict
INK/L (A +E) € B

The expression ' '
§'Sk/L, (A
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is clearly integral for ¢ > 4. By, for example, Lemma 11.7 it is also integral if 7 is 2 or 3.
Thus i = 1 is the only case to cause a problem. If i = 1 we sum over £ to see that (11.7)
equals

18{ B /1, (8)Ske/1, (A%) + S, (A7) }.

The terms appearing in the expression in brackets have been shown to lie in Oy, .
There is one more lemma to be proved before we come to the basic fact of this paragraph.
If x is in K we set

g(x) = SLl/F (NK/LlASK/M(x)) - SLQ/F (NK/LQASK/LQ (1‘))
and
h(:l?) = SLl/F(NK/Ll(JUA)) — SLQ/F<NK/L2(xA>)~
In the following lemma p is supposed odd.

Lemma 11.9.
(a) Suppose x is in Ly, 0 < j < p—1, and xA lies in P} ", If j # p— 2 then
gA) =0 (mod PL®)
but if j = p — 2, there is an w in Lo such that
wr = —fo;/]l:l(A) (mod P} 7*)
and
g(zAY) = —{SLQ/FI — SLQ/F(xw)} (mod P1).
(b) Suppose x is in Ly, 0 < j < p—1, and xAJ lies inBy. If j #p—2
h(zA7) =0 (mod Pr ™)
but if j =p—2

s = - 1)1 - {E71 O} ) Naws

1+4pt
modulo S, 7",
1

1+t2 1+pto
I .

The congruences modulo ‘P are of course equivalent to congruences modulo ‘B’
We start with part (a). If  belongs to Or, then

9(z) = Sk/1, (vSk/1, (N1, A) — pra).
Because of the previous lemma this is congruent to
Sk, (€SL, ra — pra) = St,/paSr, ra — pSr, r(va)

modulo P12, We saw before that

Sp,/ra € ‘Bﬂrt?.
The same argument shows that

Spayr(za) € P2

p belongs to &B%’l_l)m. Since the integral part of

(p—1)(ta+1)

p
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is at least
(P - 1)t2
p 9
so does Sp,/px. This takes care of the case j = 0.
If 1 <j=p—1 then g(zAY) is equal to
SLQ/F ([L’SK/LQ(A]NK/LIA)> — (p — 1)(5SL2/F(1'CZ)
where § =0if j#p—1and § =1 if j = p— 1. Consider
Zj = 1Sk/1, (A Nigjr, A).
It lies in L, and is equal to
LCAjNK/LlA + Z IAUjNK/LlAU.

o€G?
o#1

We observe first of all that if A is in K, vg(A) = —u, x is in Ly, zAJ lies in P72 ",
and z lies in PL V") then

o(A+ 2P Nigpr, (A + 2) = W Nigjr, A~ (mod ™)

provided p is greater than 3. To establish this congruence we show that
z J z - p Dta+(p+1)t1

To show this, one has only to observe that % and all its conjugates lie in ‘,B(
and that

p—1)pta—(p—2)t1

(p—Dpts— (p—=2)tb = (p— Dt + (0 —1)* = (p = 2))ta
which equals
p=Dta+((p—Dp—2)+1)ts > (p— D2+ (p+ ta
if p> 3.
Suppose for now that p > 3. Since

ple—(p—1u > (p—1)(pts — ta).
Lemma 11.4 implies that Z; is congruent to

TN Nigji, A+ ) 2(A+ &) Nigyn, (A +€)
3

1+4pt
modulo B, 7"

p—1

N/ (A+§) =881+ %NK/LlA + Zf_i PTG
=1

According to Lemma 11.7 this is congruent to
€+ Niyo, A+ EE (D)
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modulo B2, Thus if 2A7 belongs to P 27",
Z;y = aNNgj, A+ w(A+E) (f + N/, A+ 5Ef<7lLl(A)>
3

modulo ’B};rp 2 We expand (A + £)’ and sum over £ to obtain
(11.8) prN Ngjp, A
if j<p—2.1If j =p— 2 we obtain
prAN Ny, A+ (p — 1)x(1 + E?(721(A>>
and if j = p — 1 we obtain
prA Nigyr, A+ (p — 1)w{NK/L1A +p-DA+(p— 1)AE§{/21(A>}-
The expression ((11.8]) lies in

| ;B};HDQ@—ph
provided zA’ lies in P.
p’e — pty = p(p — 1)ty — pty = pta.

Since
LN ffp?ptz = (BEtQ
and
SL.p(BLH?) C B,
we have

g(@A) =0 (mod P")
if 1 <j<p—2and 2AJ lies in P31

Since
-1
By, (A)
lies in Oy,
Zj = (w — 1)5(3
with

wr=2Z;j+z= —fo{_/il(A) (mod 9B317")

if 7 = p—2. We may take w in Ly and then
g(zAY) = —{SLQ/FQU — SLQ/F(xw)} (mod P3).
If j =p—1 then
9(xA) = Sp,p(Z; — (p — 1))
and
Z;—(p—1)za
is congruent to

(b= De{Nign, &+ pA + (p = DAEL ] (A) - A7}

modulo ;7. The product

{(p—1)z}{pA}
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lies in ;" and
(0— DELL (A) = B2} (A) (mod PL™).

It is easily seen that
AP + AEK/L (A) = Ngyr, A

is equal to
- Z ) AP B, (D).

Recalling that xAP~! is supposed to lie in Px we appeal to Lemma 11.7 to see that the
product of this expression with z lies in ‘BHP 2 Thus

g(xAY) =0 (mod PL™).
If p=3and £ = {(0) then
A% = A+ &+ 3N+ 3E3A+ 2

with ,
P O(@%p 67(7771)“)) )
If
A, =A+E&+ 3§A2
then

A% = A, + 383A + 2.
If we can show that
3£2A 4= O(ﬂ%—l)tz-l-ptl)
it will follow that
(11.9) AN, A% = 2N Ny, A, (mod P37*2)
if zAJ lies in P21
3620 = O(wh ™)
and
2
pe—ti Zplp—Dta—t1 = (p— 1)te +pts
because (p — 1)? > p. Moreover
2(p’e — (p— Du) = 2(p(p — Dt — (p — 1)t1)
which is at least
(p—Dt2+ (20 —D(p—1)—2(p— )ty
and
2p-Dp-1)-2p—-1)=2p-3)p—1) =2p
We want to replace Ng/r, A, by
Ni/r, (A +€)
in the right side of (11.9). To do this we have to show that

A,
NK/L1 (m) =1 (mod sB(P 1)ta+ p+1)t1)
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Since
A,

Até

=1+ O0(ah ™)
and
ple—ti = plp—)ta — 1,
we have only to verify that
(11.10) piplp—Dta—t1} > (p— a2+ (p+ )t4
and that the integral part of
pp—Dta—t1 +(p—1)(t+1)
p

(11.11)

is at least
(p=Dt2+ (p+ Dt
p
The inequality (11.10|) is clear. Since t > t; the integral part of (11.11)) is at least
pp—Dh+(p=2h _ p=Db+(p-1)"+(@-2)h

=

D p

and
(p—1>*+(p—-2)=p+1.
Just as when p > 3 we may replace Nz, (A +¢) in (11.9) by
€4+ N/, A+ €L (A).

Thus Z; is congruent to

AN, A+ 7 a(A + €+ AT (€ + Niggu, A+ 551, (A))
3

modulo ‘B}(ﬂ’ 2 if p =13, jis 1 or 2, and xAJ belongs to P> . If j = 1 this expression is
equal to
(11.12) prAN N/, A + 22(1 + 3A2) (1 + E%’(/Ll(A))

and if j = 2 it is equal to
(11.13) prAN Ny, A + 29:{2(1 + 3A2)A<1 + Equl(A)) + (1 + 3A2)2NK/L1A}.
The term .
pl’A] NK/LlA
can be ignored as before because it lies in 9072, Also
3r AT — O(w}(+p2€+t2*2t1)
because rA7 lies in P> and
plet+ty — 2t = p(p — Dty — ty = pty.

We may also replace the factor 2 in (11.12)) by 1. Thus (11.12]) is congruent to

—o(1+ By, (A))
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modulo P72, At this point we may argue as we did for p > 3. To simplify ([1.13)), we
observe that
IN Ny 1, A = O e™™)
and that
2p € — 7t1 12t2 — 7t1 3t2
Moreover
3[EA NK/L1A O( LpPe— Stl)
if A% belongs to By and
p26 - 3t1 > 6t2 — 3t1 2 3t2.

Thus (11.13]) is congruent to
2x{2A<1 + E%/LI(A)) + NK/LlA}

modulo iBlJr?’tQ We may again argue as we did for p > 3.
We turn to the second part of the lemma. We observe first that if = belongs to Lo, y
belongs to K, and

Ty € ‘BK
then
h(zy) = h(y) Ny, (z) (mod P ).
The left side is
Sta/P(Ni/py @ Nky£,yA) — Spyyr(a? Niyr,yA).
Since Ng/r,x = Np,/pz lies in F' this equals
{Nk/p,x}h(y) + Spo/e{ Ni/1,(yA)(Npy pz — 2P) }.

The second term is the trace from Ly to F' of
NL /FZE — P
N A LY SR
(Vo >}{ e }

if, as we may as well assume, x # 0. All we need do is show that this expression lies in
‘,]31+t2 for then its trace will lie in 832, The first factor lies in ‘,Bl 2 The second factor is
equal to

H 2y —1
oeG”
Since p > 3 it will be sufficient to show that the image of the homomorphism
r— oz H 7!
JGG

“D2 Tet p be a generator of G and let P(X) be the

hm

of Cp, into Uy, is contained in U}”

polynomial
p—1 p—1
(X'=1)=> X'—p
i=1 i=0
then
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Let
QX) = (X -1
If 1 <i<p—1 the ith coefficient of Q(X) is

(_l)p—l z( ) ( Z) 1

il =
Since both P(X) and Q(X) are divisible by X — 1
P(X) = Q(X) +p(X —1)R(X)
where R(X) is a polynomial with integral coefficients. For all z in Cp,,

T=1l+w

(mod p).

with w — O(wﬁ). Then
2D = (14wl =1+w =1 (mod Py

and
SP(P=1)R(p) < Ur.
2
Ifa >1 and
w € *P7,
then
(1+w)Pfl :le_i_wp_w =1 (mod ma-ﬁ-tz)
14w 14w '

One then shows easily by induction that, for all z in ', and all n > 1,
2D ¢ Upe.
If x lies in Px we may take y = 1. Applying Lemma 11.8 we see that
h(z) = Np,yprh(1) =0 (mod PE).
If1<j<p-—1,xliesin Ly, and A7 lies in P,
h(zA) = P; — Q;  (mod P )
with
Pj = NL2/FxSL1/F<NK/L1Aj+1)
and
Qj = NLg/FxSLg/F(NK/LgAj+1)-
The expression P; is congruent to

(1114) NL2/FJI NK/LlAjJrl + ZNK/LI (A -+ £)j+1{1 - SK/L1Z<€>}j+1
13

1+-pto

1+pt .
modulo P *P2 - Since we are working modulo B, = we need only consider

(11.15) (1- SK/LlZ(S))j+1
modulo ‘13’2?”1. Suppose first that p > 3. Then
2(€) = O(wf " r=")

and
pe—(p—2uzpp—1t— (p—2)u>plp—2)ts.
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Moreover the integral part of
plp—2)ta+(p—1(t+1)
p

is at least
t

-1

(p—2)t2 — (pp )

and twice this is at least pts +t;. We replace (11.15)) by
1=+ 1Sk, Z(§).

Since
p—2 5 i
(11.16) Z (&) = pAPt ;ai <Z) (mod p?)
and ,
P’ = 0wy )
while

2p%e > 2p(p — V)t2 = p(ptz + 1),
we may replace Z(&) by the right side of . By Lemma 11.7
pSK/Ll (Ap—l—z‘) — O(w;zel+it2)
if1<i<p-—2and
pe + ity = (p — 1)ty + ity > pta + 11
if i > 2. We replace Z(§) by

pa EAP2,
We may write (11.14) as
) g J+1
NLZ/F.Z’NK/LlA]JFI 1+ZNK/L1 <1+Z> {1—SK/L1(])(11£AP72)}
3

When we expand

6 J+1
NK/L1 (1 + Z)

j+1
Nio/pe N/ A1+ Nigy,y (1 i é)
:

and sum over £ we will obtain

A

which we write as

NLQ/F$ NK/LlﬁjJrl = E NK/L1(A + f)jH
3
plus a sum of terms of the form

L 1
apNr,re Nk, A By, (Z) Sk, (AP72)
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where « is rational and lies in Of and ¢ is at least 1. Since
. (1
EK/L1 (Z) = O(wf—jl)

for7 > 1 and

PSkyr, (AP?) = O(w]?),
these supplementary terms may be ignored.

Now take p = 3E|

%(1998) This is where and how the manuscript of Chapter 11 breaks off.



CHAPTER 12

The second main lemma

Suppose K is a normal extension of the local field F' and G = &(K/F) is the direct
product of two cyclic groups of prime order ¢. Let Xx be a quasi-character of Ck. If o
belongs to G define X7 by the relation

X2 () = Xe(a” ).

Suppose that X7 = Xk for all 0 in G but that for no quasi-character X of Cr does
Xg = Xgyp. f FC L C K and [K : L] = { then Xk can be extended to a quasi-character
of Wi/ because Wi /Ck is isomorphic to &(K /L) which is cyclic. If this quasi-character
is XL then XK = XK/L-

Lemma 12.1. Suppose Ly and Lo are two fields lying between F' and K and
(K : L] =[K: L] = ¢.

Suppose X1, is a quasi-character of Cp,, Xp, is a quasi-character of Cp,, and
Xk = Xkjn, = Xi/Lo-

Then
Ay drgr) [ Al vr)

pr€S(L1/F)
15 equal to

A(XwaLz/F) H A(MF””F)'

purp€S(La/F)

Because of the assumption on &(K/F) the field F' must be non-archimedean. To prove
the lemma in general it is enough to prove it for a given L; and all L,. There are three
possibilities to consider.

(i) The sequence of groups of ramification takes the form
G=G1#Gy==G#Gui=-={1}.
(ii) The sequence of groups of ramification takes the form
G=G_1=Go=G1= =G, #Gu1 = =G #Gpp1 = - ={1}.
(iii) The sequence of groups of ramification takes the form
G=G1=G =G =-=G #G1=--={1}.

In the first two cases we take G' = &(K/L;) to be G;. In the third case the choice of L is
immaterial. A

If the relation X¥, = X7, obtains for one o different from 1 in G' = &(L;/F) it obtains
for all such o and A7, is of the form A}, ,r for some quasi-character Xr of Cr. Then
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Xy = Xk /r, which is contrary to assumption. Thus the characters X gi—l with o in G are
distinct. They are clearly trivial on Ng/1,Ck so

{ x| oed@ } = S(K/L;) = { pryr | e € S(L;/F) ).

Here j is 2 or 1 according as ¢ is 1 or 2.
Let t; > —1 be that integer for which

G-a
while .
GtrFl = {1}
Then

0; = 0(Li/ F) = (t; + 1)(€ = 1).
In the first case Li/F is unramified and Ls/F is ramified. We choose w, arbitrarily and
take wx = wyp,. Also we set
Wi, = WF = NL2/F?IJL2.

In the second and third cases K/L; and K /L, are ramified and K/F is totally ramified.
We choose @, first and set

wr, = Ng/1, @K
and

WEp = NK/FwK.

Let m; = m(AXL,). The m(X7) = m; and

m(Xgi_l) < m.

Thus m(v) < m; if v belongs to S(K/L;). If G' = &(K/L;) and if
Gz =G
while A
then m(v) = u; + 1 if v is non-trivial. Thus u; + 1 < m;. Since vX}, is of the form X7 for
all v in S(K/L;),
m<l/XLz‘) = m<XLz)
Lemma 8.8 and 8.12 imply thatﬂ
Thus m(Xk) = m; if K/L; is unramified and
if K/L; is ramified. If n = n(¢p) then n; = n(¢y,/p) is n if L;/F is unramified and is {n+6;
if L;/F is ramified.
In the first case
8(K/L2) = 8(Ly /F) = 0.
The relations
K/F)=0(K/Ly)+5(L1/F)=0(K/Ly)=(t+1)(¢{—1)

We are encountering once again the conflicting uses of the symbol .
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and
6(K/F) = 0(K/Lg) + 6(Lo/F) = b = (ta +1)({ — 1)
imply that to =t. Also
m(XK) = My = €m1 — 5(K/L1) = €m1 — (52

so that
msy + ng = €(my + nq).
Moreover
Xr, (@ ™) = Xie(wh ™)
is equal to
m1+ni
Xy, (@] ™) = Xy, (w1 A, H @’
oeG’
and
H XL? wL2U = H IuLz/F(sz)
o€Go urp€S(L1/F)
is equal to
I  wr(wr) =1
nr€S(L1/F)
If
Si = S(Li/F) — {1}
then
HN t1—|—1+n _ (_1)n(€—1)
and

H'“ t2+1+n -1

Thus we have to show that
(—1)™ DA (X, Yry rapt )

is equal to
A (XL2’¢L2/F7 m1+n1 HA1<MF7¢F7W%+1+TZ)'
S5
In the second and third cases the relations
and
imply that m, + 6; = mo + d2 and hence that m; + n; = my + ny. Thus

X () 477) = X @) = Xy ()

H,u t+1+n —1

Since

109



110 THE SECOND MAIN LEMMA

we have to show that
Ar( Xy, Yryp, @) H Ay (pp, Yp, @)
S/

1

is equal to
A (Xpy, iy wﬁﬁm) H Ay (pp, p, @@,
S/

Suppose X}, is a quasi-character of Cr. According to Lemma 10.1,

A(XL, 5 ¥y /F) H A(pr, Yr)

pr€S(L1/F)
is equal to
(12.1) | Y
pr€eS(L1/F)
and
A(XL, ) ps ULy ) H Alpr, ¥r)
preS(La/F)
is equal to
(12.2) [T Alwrip e,

up€S(La/F)

Suppose m' = m(X}) = 2d' + € and d’ is greater than or equal to both 1+ ¢, and 1+ t,.
Choose v in F such that
m/+n

70r = P
and then choose § = 3(Xr). By Lemma 9.4 the expression ([12.1)) is equal to

A e} ] ),UF (%)

RFES(L1/F

and is equal to
{A(XITWF)}E H Hr (%)

up€S(La/F)
Consequently
B
NGNS | G G R
preS(L1/F) "
is equal to

A(X, 5y VL/r) H HF (é) App,Yr)
pr€S(L2/F) i
Suppose that both m; = m(Xy,) and my = m(X,) are at least 2 and let m; = 2d; + ¢;.
Suppose that
(X ) < d

i
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for 7 equal to 1 and 2. Then
m; = m(Xy,p) = Y p(m —1) + 1.
If

i L
X[,/i/F(l + I) = wLi/F (B,Y )
for  in ipd;jei then, by Lemma 9.4 again,

_ / ﬁl /
A<XL“¢L¢/F) - XLZ-IXLZ-/F (7 A(XLI/F7¢L1/F>

Thus to prove Lemma 12.1 in the present circumstances we have only to verify that
- b1 gl
XLllXil/F <7 H HF B
pr€S(L1/F)
- B2 v
pr€S(L2/F)
Suppose first that ¢ is odd. Then

(i)

preS(L;i/F

is equal to

and we need only verify that

i (5 o (5) = 2 (5 ¥ ()

According to Lemmas 8.3 and 8.4 we may take 8, = (5 = 5.

Certainly
¢
/ g [ / g
bir(3) =% (F) ~4e(3)

Since CF is the product of N, ,rCr, and Np,/rCr, we may write % as a product

2= Ni,/p01NL, rds.

g
Consider
X1, (N, /r0;) = Xic(9;)
where 7 is 1 or 2 according as ¢ is 2 or 1. The right side equals
X, (05) = X, (Npyrdy) [ A, (557°).
oe®(L;/F)
The product is equal to
T #ee())
prES(Li/F)
which is 1 because ¢ is odd.

Before discussing the case ¢ = 2 we consider the circumstances under which, for a given
X, and X, a quasi-character X}, with the properties described above exists.
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Lemma 12.2.
(a) If L;/F is unramified, x belongs to U}f;“, and
NLi/F(m) =1
then
X, () =1.
(b) If L;/F is ramified, K/L; is unramified, x belongs to UZH, and
NL,L-/F(«'E) = 1
then
X, (z) = 1.
(¢) If L;/F and K/L; are ramified, x belongs to UEEHI’H, and
NLi/F(CE) =1
then
X, (z) =1.

Choose some non-trivial o; in G = &(L;/F). Then

ot -1
—_— 1
KL, = XLi

is a non-trivial character in S(K/L;) and
m(pr,) = u; + 1.
Since L;/F is cyclic there is a y in Cf, such that
=Y

We shall show that y can be taken in U”Z:H. Then
X, (2) = pe,(y) = 1.

Suppose L;/F' is unramified. If we cannot choose y in Uf:“ there is a largest integer
a > —1 such that we can choose y in U}, where a is of course less than u; + 1. Choose such
a y. Then a is not —1 because we can always divide y by a power of wpg. If a were 0 then y

could not be congruent to an element of Ur modulo Br. Then 3?~! would not be in U}.
Since u; + 1 > 0 in the present situation this is impossible. Let

0'7;—1

y=1+ewp.
Then € cannot be congruent to an element of O modulo Br. Thus

€ —€ 7_é 0 (mOd ;BLZ)
and
Yyl =14 (" —e)wh  (mod P
is not in Ugjl. This is a contradiction.
Now suppose L;/F is ramified and K/L; is unramified. Then ¢; +1 > 1 and u; + 1 = 0.

We need only show that y can be taken to be a unit. Write

_ b
y - ewLi
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where € is a unit. If b is congruent to 0 modulo ¢ we can divide y by some power of wr to
obtain an element of Ur = U2. To see that b must be congruent to 0 modulo ¢ we suppose
the contrary. Then

y = g = () (mod .
If t;, = 0 the residue of w?jl modulo P, is a non-trivial /th root of unity and

(@7 )’ # 1 (mod Ry,).
If £; > 0 then
w?jl =1+ aw},
where « is a unit. Thus
(wgfl)b =1+ abthii (mod m%jl)
The right side is not congruent to 0 modulo ‘BZH.

Now suppose L;/F and K/L; are both ramified. Then ¢ = p and both u; and ¢; are at
least 1. Again suppose that y cannot be chosen in U}jfl and let a be the largest integer
such that y can be chosen in U?. The argument just used shows that a > 0. Since L;/F is
ramified

Uy = UkUp™,
Therefore a is not divisible by p and in particular is at least 1. Let

y=1+ewy],
where 3 is a unit. Then
g = (L @l (14 el )

Let

€7t =€+ nwti’jl
and

w%i_l =1+ aw},

0'7;—1

where « is a unit. Then y is equal to

{1+ e+l (1 + ), {1+ e}

which is congruent to

t.
1+ aaew) ™

modulo ‘43%:””“1. Therefore a > u; + 1. This is a contradiction.

Lemma 12.3. If Li/F is unramified we can choose X}, such that
m(X, X, p) =t +1

1
and
m(Xp, Xy, p) =t + 1.
If m(Xpr,) >t +1 then m(Xy) will equal m(Xy,).
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By the previous lemma, we can define a quasi-character X7, of
NLI/FU}lLi-I-l
by setting
Xp(Npyra) = Xp, (2).
We extend X7, to a quasi-character, which we again denote by X7}, of Cr. Then

m(X, X, p) < up + 1.

1

However XIQIXI'{/F, XL_11X£1/F7 and XL_21X£2/F satisfy the conditions of Lemma 12.1. There-
fore

1

Since L;/F is unramified u; and ¢y are both equal to t. Thus

m(X, Xy, p) =t +1
and

m(nglX£2/F) =lup+1)—do=Ll(ug +1)— (L —=1)(ta+1) =t + 1.

The last assertion of the lemma is clear.
Lemma 12.4. If K/F is totally ramified then

m(Xr,) =t +u; + 1.
There exists Xj. such that

m(X; Xy, p) =t +ui + 1

for i equal to 1 and 2.

In the present circumstances ¢; and u; are both at least 1. Choose a non-trivial ¢; in @i
and let

o -1
KL, = XL:
as before. Choose y in U}’ so that
pri(y) # 1.
Then
XLi(inil) 7& L.
However if
y=1+ewy

where € is a unit then
Y7t =14 waew; ™ (mod ‘Bﬁf“i“)
if
w?jl =1+ awtgi.
In particular
yaifl c Uzlz+ul
so that
m(Xr,) =t +u; + 1.
Just as in the previous lemma, we can find a quasi-character X, of Cr such that

m<X511X£1/F) = tl + uy + 1.
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We have seen that my + d; = mgy + d2. The same argument shows that
m(X, X, ) + 61 = m(X) XL, i) + 0.
To complete the proof of the lemma we show that
ty +up + 0 =ty + us + 0s.
Since
oi=U—-1(t;+1)
we have only to show that
up + 1+ L0t +1) =ug + 1+ L(ta + 1),

Multiplying the left or the right side by ¢ — 1 we obtain §(K/F). The equality follows
immediately.

Lemmas 12.3 and 12.4 together with the remarks which provoked them allow us to prove
Lemma 12.1 in many, but by no means all, cases. We shall not however apply these lemmas
immediately. We shall rather begin the systematic exposition of the proof of Lemma 12.1
taking up the cases to which these lemmas apply in their turn.

Suppose first that L; is unramified over F. As before m; = m(Xp,). Then

m2:m1+(€—l)(m1—t—l)>m1

because u; = t. Since the number m; isat least t +1 and ¢t > 0 it is at least 1. If m; =1
then t = 0 and my = 1. Once we have treated this case, as we shall immediately, we may
suppose that my > mq > 1.

If meo = 1 let

A= OL2/mL2 = OF/(‘BF
and let

k= Or/Px = O, /P,

k is an extension of \. The restriction of Xy, to Uy, defines a character X, of \* and the
restriction of X7, to Uk defines a character X, of k*. The restriction of X'x to Uy defines a
character of £* which is equal to X/, and to X! so that

X! = X, ).
As o varies over @2, wgl, taken modulo By,, varies over the fth roots of unity in A and if
X 52_1*1 =v
then
X (@, ") = v(wr,).
The right side is not 1 if o # 1 because v is then non-trivial. Thus the restriction of &), to

the (th roots of unity is not trivial. To every up in S(Ly/F') is associated a character u, of
A* which is of order 1 if ur = 1 and of order ¢ otherwise. If ¢, is the additive character of

A defined by
T
¢>\(33) = YF (W)

A1 (/J’Fa wa w};rn) =A [_T(/j’/\u w)\>]

then
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if pp is not trivial. Moreover

VLo/F (#) = Ya(lx)

F

and
Ay ( Xy, r, e, wp ™) = A[=XA(OT (X, ¥a)]-
Finally
AI(XLl ) ¢L1/F7 w117+n) =A [_T(Xm %/A)] .
Thus the required identity is a consequence of the relation

T( X Yn) = X0 T(X\, 1)) H 7(px, Va)
HA#L

which we proved as Lemma 7.9.

Retaining the assumption that L;/F is unramified we now suppose that m; > 1. There
are two possibilities.

(b) t+1<my <2(t+1).

The second possibility occurs only when ¢ > 0.

If m; > 2(t + 1) choose X7}, so that

m(X, X p) =t +1
for ¢ = 1 and 2. It is clear that

m(X_Ell.X[,/l/F) < dl
if m; = 2di + ¢;. Since my > m; we also have

m(Xp, XL, p) < da.
Moreover
m' = m(Xp) =my
so that d’ is greater than or equal to both 1 +¢, =1++¢ and 1 +¢; = 0. Lemma 12.1 for

Ly /p unramified and m; > 2(¢ + 1), follows immediately if ¢ is odd. Suppose ¢ = 2.
If t = 0 we can invoke Lemmas 8.3 and 8.7 to see that if § = (X)) we may choose

b1 = B(xry/r) and By = B(X], ) equal to B. If ,ug) is the non-trivial element of S(L;/F)

and ug) is the non-trivial element of S(Ly/F'), we have only to show that

NEsos
()
()
Ly/F ~ Lo /F ~

and we need only show that if § is in Cr then

Xp, (0)up) (6) = X, (9) 2 (6).

is equal to

Certainly
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We may write
0 = Nig,/r01NL,/r0s.
Then '
p (Ni, ypdi) = 1
and, if j is 1 or 2 according as i is 2 or 1,
X, (N, /pdj) = Xk (95) = XL]-(5J2')
which equals ' ’
X, (N1, p0;)p) p(87) = X, (Np,ye0;) ) (Ni,/65)-
The required equality follows immediately.
If t is positive we may still choose 51 = 5. If m; —t — 1 = v then, by Lemma 8.6, we
may choose (3 in the form
Ba=0B+n
with 7 in B7 . Since v >t +1

X (B2) X, p(B2) = X (B) XL, p(B).

This observation made, we can proceed as before.

Some preparation is necessary before we discuss the second possibility. Suppose that ¢
is positive so that ¢ is equal to the residual characteristic p. The finite field A\ = Or, /P,
is an extension of degree p of ¢ = O /Pr.

The map

r— a2l —ux

is an additive endomorphism of ¢ with the prime field as kernel. Choose a y in ¢ which is
not in the image of this map and consider the equation

 —x=uy.

If x, in some extension field of ¢, satisfies this equation and ¢ has ¢ elements then x? # z.
However

(a9 —2) — (29 —2) = (2" — ) — (2" — ) =y —y = 0.
So

q

r'—r ==z

where z is a non-zero element of the prime field. Then
2 = (42 =a"+z=2+22
and in general .
! =z +nz.
Thus the lowest power n of ¢ such that 29" = z is n = p and x determines an extension of

degree p. Consequently x may be chosen to lie in A; and then A\; = ¢(x).
Let E"(x) be the rth elementary symmetric function of x and its conjugates. Since

(12.3) 2’ —x + (=1)PNy, 9z =0
we have
(12.4) E"(z)=0

if1<r<p-—r,
(12.5) ErY(z) = (—1)P
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and, of course,
(126) Ep(l') = N)\l/qg.’L'.

If X is a non-zero element of the prime field we can replace y by Ay. Then z is to be replaced
by Az. Also we can replace by = + A without changing y.

Let R(Ly) be the set of (¢ — 1)th roots of unity in L;. Choose a v in R(L;) whose image
in Ay is z. If we are dealing with fields of power series, v will also satisfy the equations
(12.3), ([12-4), (12.5) and (12.6). Let us see how these equations are to be modified for fields
of characteristic zero. F and L; are then extensions of the p-adic field Q,. Let F° and LY
be the maximal unramified extensions of Q,, contained in F' and L, respectively. R(L;) is a
subset of L? and p generates the ideal Bro and the ideal 3 ro- Thus

YW =5+ (=1)’Np,py =0 (mod p)

and
E"(y) =0 (mod p)
if 1 <r <p-—1while
EPH(y) = (-1)  (mod p).

M= >
c€B(L1/F)
The following relations are special cases of Newton’s formulae.

Let

S'(y) - E'(y)=0

S*(7) = E'(7)S' () + 2E*(7) = 0

S*(y) = E'(7)S*(7) + E*(7)S' () = 3E*(7) = 0

ST Y) = E'()SP () 4+ ()P (p = DEP () = 0
SP() = BN ()8 () + - 4+ (—1)PpEP(y) = 0.

We infer that

S"(7) =0 (mod p)

if 1 <r <p-—1and that

S y) = (=1D)P(p~ DE"'(7)  (mod p).
Combining the first of these congruences with Newton’s formulae we obtain

S"(y) =r(=1)"™E"(y) (mod p?)
ifl1<r<p—1.If pisodd
SP(y) = pE"(v) = E'(1)S"H(7) = B" 71 (7)S'(7)  (mod p?).

The right side is equal to

E'(y) (S (y) = EPH(y)) =0 (mod p?).

If p is even
2

S*(y) + 2E*(y) = {E' ()}



THE SECOND MAIN LEMMA 119

Since

E'(v)=1 (mod 2)
we have

S%(y) +2E%*(y) =1 (mod 4).
If 0 # 1 belongs to &(L;/F) there is a (p — 1)th root of unity ¢ such that

7" —v=( (mod p).
By a suitable choice of y the root ¢ can be made to equal, for a given o, any chosen (p—1)th
root of unity.

The above relations are of course also valid when F' is a field of power series.
Choose a non-trivial character pp in S(Ls/F') and choose « so that

ax
pr(l+x) =Yp <m>
Wp

if x is in P7.. Here s is the least integer greater than or equal to % If (isa (p—1)th

root of unity we define ,u% to be ,u% if j is the unique integer such that
(=j (modp).
As we observed in the proof of Lemma 8.5,

i1+ @) = (%)

F
if x is in P7.
Let m; = 2d; + ¢; as usual. If 5; in L; is such that

ap1x
X, (1+az)= VLy/F <%>

Wp

for x in ‘B‘ﬁ“l then, if 0 # 1 belongs to G = &(L,/F) and x belongs to ‘B‘ff“,

VYL, /F (Q(fm;—fgl)x) = XL01_1<1 + z)

F
is equal to
alyx
Y, /F (W)
if (, is such that
X7t = g
Thus if
v=m;—1—1t
we have

B — B =Gy (mod PP).
It is clear that
CUT = C;— + CU (mOd (‘BL1)'
Suppose
7" =7=¢& (mod p)
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where &, is also a (p — 1)th root of unity. Then
507' = f; + 50 (mOd le)‘

We observed that we could arrange that

gU = Co
for one non-trivial o. Once we do this, the equality will hold for all . Then v*7 — P = ¢,
(mod p) and
(1 = 7'@p)” = B =@ (mod BE)
for all o because, as we observed in the proof of Lemma 8.5, p belongs to By if r+s=1+1
and
2(r+v) 2 t+2v=2m; —2 -2t +1,
which is at least
(m—1)+(m—1—t)=>m; —1
so that r +v > d;. Since L,/F is unramified there is therefore a § in F' such that
b1 —YPwp =06 (mod q3dL11)
We may suppose that
p1 =B+ ~wk.
[ is a unit unless v = 0. If v = 0 then, by replacing v by a root of unity congruent to v + 1

modulo By, if necessary, we can still arrange that 3 is a unit. 5 is congruent to a norm
Nyp,/rf’ modulo P Since d; <t Weﬂ

%(1998) At the moment this is all that could be found of Chapter 12.



CHAPTER 13

The third main lemma

Suppose K/F is Galois and G = &(K/F). Suppose G = HC when H # {1}, HNC =
{1}, and C' is a non-trivial abelian normal subgroup of G which is contained in every
non-trivial normal subgroup of G.

Lemma 13.1. Let E be the fixed field of H and let Xr be a quasi-character of Cr. If
m = m(Xr) then
m(XE/F) = Q/JE/F<m — 1) + 1.
Set
m' = m(Xg/p) — 1.
Observe that m’ — 1 is the greatest lower bound of all real numbers v > —1 such that Xg/p

is trivial on Uy and that m — 1 is the greatest lower bound of all real numbers u such that
X is trivial on Uj. Since
Y u u
we see immediately that
m' —1 < Yp/p(m —1).
To prove the lemma we need only show that
(0] m—1 m—

We show this with m — 1 replaced by any u > —1.
By Lemma 6.15, 7x,r maps W}é/F onto Uj. The projection of WI“(/F on G is a normal

subgroup of G. Thus it is either {1} or a subgroup containing C. If it is {1} then
Wiip = Wgp N Ck = U;ﬁK/F(U)
and Vi p () Yrc/r(w)
Ut = Ni/p(Ug"™™) = Ng/p(NgypU )
which, by Lemma 6.6, is contained in
Suppose the projection is not {1}. If L is the fixed field of C' the group W} /p contains,

(13.1) {wvw‘lv_l we Wg/p, vE W}é/F N Wkt }

Since C' is generated by
{opo'p" ‘ ceG, peC}

121
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the group generated by the set (13.1) contains a set of representatives for the cosets of
Ck in Wiy This group clearly lies in the kernel of 7. Thus every element of W s is
congruent modulo the kernel of 7x/p in Wi s to an element of

u % u
WK/F NWk/e = WK%F( :

and
Up = 1/r(Wp) = TK/F(W;?%F(M%
which is
Ng/r (TK/E(W%EEF(U)))
and this set is contained in
Niyr(U5*™).

Suppose F) is non-archimedean, K;/F; is Galois, and F} C E; C K;. Let p; be a
character of &(K;/FE7). We may also regard i, as a character of C,. Let o be an element
of (K, /F;) and define the character of uJ of &(K;/EY) by

17 (p) = p(opo™)
for p € (K, /EY) or, what amounts to the same

1

i (a) = m(e” )

for o € Cgo. Since
—1

Vrg/r (@) = Ypp (@7 )
the next lemma is a congruence of the definitions.

Lemma 13.2.
A(/J“Clra 7pEi’/Fl) = A(:U’h ¢E1/F1)-

We return to the extension K /L and the group G. Let T be a set of representatives for
the orbits under G of the non-trivial characters in S(K/L). If u € T, let G, be the isotropy
group of 1 and let F), be the fixed field of G,,. Let H, = H N G,,. Since C' is contained in
G, we have G, = H,, - C. Then ;1 may also be regarded as a character of C. Let i be the
character of G, defined by

1 (he) = p(c)
if h € H, and c € C. Eventually we must show that
(13.2) A(Xgypbme) [ [ AW ¥rr)
peT
is equal to
(13.3) A(Xp, Yr) H AW Xp, p, 6, r)
peT

if Xr is a quasi-character of C'r. At the moment we content ourselves with a special case.
The next lemma will be referred to as the Third Main Lemma.

Lemma 13.3. If K/F is tamely ramified the expressions (13.2)) and (13.3) are equal.
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As we observed in Lemma 6.4 the extension L/F will be unramified and ¢ = [C : 1]
will be a prime. Choose a generator wy of Bp. Since F,/F is unramified we may choose
wr, = @wr. Choose wg so that Ng,pwp = wp. Certainly

Or/Fp = 0kg/p =0
while
O/ =4 — 1.
Since
Sr/r = Ok/r +40r/p = Ok + Op/F
we conclude that

Clearly
Z[Fu:F]:Z[H3Hu]:Z[G:Gu]

is just the number of non-trivial characters in S(K/L), that is £ — 1. Moreover m(u') = 1.
Let E, be the fixed field of H,. Then

Ng,p.(@g) = Ng/p(wg) = @wp.
Thus, as an element of C,, w lies in the image of Wx/g, under 7x /5, and hence p/(wp) = 1.
Also
n(Ye/r) = n(Yr) +0p/p =In+ (£ - 1)
while
”(l/)Fu/F) =n.
If m = m(XF) = 0 then
m(?C'E/F) = m(XFu/p) =0
and
Xy p(@g ™) = Xp(@p ™) = Xe(wp) [ [ Xer(@i™)

I
so that the lemma amounts to the equality

H Ay (p, g, ypwp™) = H Ay, Vg, ™).
7 7

If m > 0 then, by Lemma 6.4,
m(XE/F) ={m — (ﬁ — 1)
and
m(Xg/p) + n(Ye/r) = ((m+n).
Since K/FE is unramified

However
XK/F = (,U/XFM/F)K/F#
so that
VK/F, (m(u’XFN/F) — 1) > m(Xkp) —1=4{0(m—1)
or

m(i' Xp,r) — 1 = ogyp, (((m —1)) =m — 1.
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Consequently
Since it is clearly less than or equal to m it is equal to m. Because

Xpyp(wp ™) = Xp(d" ) = Xp(wp ™) [ [ Xy r(@pt™)
17

we have to show that
Ay (Xgp, Ypp, i) H A (W Y, ™)

is equal to

Ay (Xp, thp, @i ™™) H Ay (' X, 5, bp, @i ™).
Let ¢ be the field Op /P, let A = O /P, let ¢ be the number of elements in ¢, and let

f=[A:¢]=[L:F].

Let 6 be the homomorphism of C' into A* introduced in Chapter IV of Serre’s book. Thus
0(c) = =% (mod PBr)
so that if h € H : )
O(h~tch) = (ol ") = (wg )" =0(c)™
Let hg be that element of H such that
a = qf

if @ € A and let ¢y be a generator of C. Then 6(cy) has order ¢ and, since the centralizer of
Cin H is {1},

0(hy" chg) = 0(co)”
is 6(co) if and only if f divides r. On the other hand, it is 0(cy) if and only if ¢ divides
q" — 1. Thus the order of ¢ modulo ¢ is f. We also observe that both C' and its dual group
are cyclic of prime order so that any element of H which fixed an element of T" would act

trivially on the dual group and therefore on C'itself. It follows that F,, = L for all p in T'.
Suppose first that m = 1. Let 14 be the character

¢@w>=¢w<;§m>

on ¢. Since Og /B is naturally isomorphic to Or/Br and the map x — Ng/px gives the
map = — 2 of ¢ into itself while the map z — Sg /r7 induces the map x — fx the required
identity reduces to the equality of

()7 (X5, 00) T 7(1rs vons0)
peT

and
(X 0) [ [ 7(1aXnss tre)-

neT
This equality has been proved in Lemma 7.8.
Now let m be greater than 1. Since F, = 1 for all 1 we are trying to show that

Ay (Xpyp Ve, @f ™) T A1 (s oy, @i ™)
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is equal to
Ay (Xp, Yp, wpt™) H Ay (pXp p, hryp, ™).
Since the action of H on C is not trivial ¢ cannot be 2. If x4 lies in T and g~ lies in the
orbit of v then
A(v,rp, W) = Ay(p ¢L/F,w}?+n)
is u(—1) times the complex conjugate of

Ay (s, ¢L/Fa W?Jrn)-

Since the order of p is ¢, u(—1) = 1 and, if u # v, the product of the two terms corresponding
to p and v is 1. If

—1 . qr
B =

with 0 < r < f lies in the orbit of u, then ¢ divides ¢" + 1. Thus ¢ divides ¢*" — 1 and
2r = f. By Lemma 7.1

|7 (kr, ¥se)| = Val = ¢

and

T(/’L/\a w)\/qﬁ) = _Al(ﬂa QZJL/F? w;j_n)qr

if 15/4 has the same meaning as before and py is the character of \* induced by p. Since
§ = Ai(p, Yr e, wop™)
is its own complex conjugate, it is 1. If o € ¢ then
pHe) = p(a) = pla).
Since u(«) is an fth root of unity it is 1. Thus

T(kx, Yase) = T(A)-
However it follows from Lemma 7.1 that

T(ua) =1 (mod n)
where 7 is a number in €,,s_;) which is not a unit and whose only prime divisors are divisors
of . Thus
—0q¢" =7(uy) =1 (mod ¢)
and 0 = 1. We are reduced to showing that
Al(XE/Fa 1/’E/Fa W?M)

is equal to

Ay(Xp, o, @) T A1 (0 Xey oy p, ™)

Let 5 = B(XF). By repeated applications of Lemma 8.9 we see that we may take

B(Xryr) = B(Xkyr) = B(udryr) = 5.
If (Xg/r) is chosen we could also take

B(Xk/r) = B(Xp/r).
Thus if
m' =m(Xg/p) = m(Xx/p) =2d +¢€
we have

B =B(Xgr) (mod PL).



126 THE THIRD MAIN LEMMA

Since both sides of the congruence lie in F

B=B(Xg/r) (mod PE)

and we may take

B(Xg/p) = 5.
Then
m+ny\ __ fﬂ —1/ ¢
DNo(Xg/p, VE/p, @i ") = Yp —n X (8%)
F
while
No(Xp, o, ™) [ [ Ao(ue, orye, @3 ™)
neT
is equal to
tp —1(pt
VYr (W) Xp ().
To complete the proof of the lemma we have to show that
(13.4) As(Xp, o, ™) [ [ As(u&e, e, @5t™)
peT
is equal to

As(Xg/p, Ypp, o)

when one, and hence both, of m and m’ is odd.
As remarked in Lemma 9.4

Ag(puXpyp, Ypyp, wp ™) = Ag(Xpyp, Yr e, wp ™).
According to Lemma 9.6, the right side is equal to
eA3(Xr, Vr, W?M)[L:F]
where € is 1 if f =[L: F] is odd and —1 if it is even. Thus is equal to
65771 {A?,(XF, Ur, W?M)}-
As before

¢ = Or/Br = Op/Pe.
Let ¢4 be the function on ¢ defined by

Bx

Po() = Y (m) Xt (14 whr)
W

if m=2d+ 1. Then m’ = 20d + 1 so that d’ = {d. Let ;, be the function on ¢ defined by

f -
©u(r) = YE/F (m X fp(1 4 ).
W
Because of Lemma 9.3, to complete the proof of the lemma we have only to show that

7 Alolpy)| = Alo(e)].
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Since d’ > m and
3d +10—1
- >m
l
we have
Ngr(1+ wlr) =1+ w%SK/Lm + w%dEf(/L(x) (mod PB7)
if £2 / () is the second elementary symmetric function of = and its conjugates over L.
Thus
This in turn is congruent to

Thus
Py(w) = polle)ty (~ B3 () )
if
V() = ¢r (%)
or

outa) = ealenni( 1) ~ et}

Suppose first that p is odd and let

2ol) = s (‘TQO‘)

o) :¢¢<€x2 _22€ozx> :wd)( (r — a)? >¢¢< —la? >

Referring to the observations in paragraph 9 we see that we must show that

effluqs(—l)‘zlw(“;“) <>w¢< m)

€7 = vo(=1) 7 (1)
if v, is the quadratic character of ¢*. Let ¢ be the number of elements in ¢. If ¢ is an even
power of p the right side is 1 and if ¢ is an odd power of p the right side is, by the law of
quadratic reciprocity, w(p) if w is the quadratic character of the field with ¢ elements. Thus
in all cases the right side is w(q). If f is odd then ¢/ is a quadratic residue of ¢ if and only
if ¢ is. Since

so that

or

¢ —1=0 (mod ¢),
q is a quadratic residue and both sides of the equation are 1. If f is odd the left side is

(—1)%. Since f is the order of ¢ modulo ¢, this is w(q).
Now suppose that p = 2. If

Yo(—2%) = vy(az)
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then, by the remarks in the proof of Lemma 9.7, we have to show that

£— -1

1
ETQOQ{)(OC)T =1
if /=1 (mod 4) and that

+1

52_7190(1)(@) 2 =1
if £ =3 (mod 4). We also saw in paragraph 9 that

{0o(0)}* = v4(a?)

was +1 or —1 according as ¢ is or is not an even power of p. By the second supplement to
the law of quadratic reciprocity

po(@) = = w(q)
if /=1 (mod 4) and

241

o) = = w(g)
if =3 (mod 4). We have just seen that

=1

e =w(q)
The lemma is proved.



CHAPTER 14

The fourth main lemma

In the previous paragraph we said that we would eventually have to show that

(14-1) A(XE/F» 1/1E/F) H A(/'le @Z}FM/F)
peT
is equal to
(14.2) A(xr, Vr) H AW XE,r, 05, F).
peT

However we verified that the two expressions are equal only when K/F is tamely ramified.
In this paragraph we shall show that they are equal if Theorem 2.1 is valid for all pairs
K'/F"in P(K/F) for which [K': F'] < [K : F].

Lemma 14.1. Suppose K/F is wildly ramified and Theorem 2.1 is valid for all pairs K'/F’
in P(K/F) for which [K': F'| < [K : F|. If xr is any quasi-character of Cr the expressions
and are equal.

If a and b are two non-zero complex numbers and m is a positive integer we again write
a ~y, b if, for some non-negative integer r, ¢ is an m”th root of unity. Define the non-zero
complex number p by demanding that

Alxee Ver) [ AW, Yr,r)
peT

be equal to
PA(XF, VF) H A(N/XFH/Fa Q/JFN/F)~

neT
We have to show that p = 1. Lemma 14.1 will be an easy consequence of the following four
lemmas.

Lemma 14.2. If m(xr) is 0 or 1 then p =1 and in all cases p ~q, 1.

Lemma 14.3. If [G : G1] is a power of 2 then p ~, 1.

Lemma 14.4. If the induction assumption is valid, if F C F' C L, if F'/F is normal, and
if [F': F] =/ is a prime then p ~; 1.

Lemma 14.5. Suppose H = HyHy where Hy is a cyclic normal subgroup of H, [Hs : 1] is a
power of a prime {, and [Hy : 1] is prime to €. If the induction assumption is valid p ~ 1.

Grant these four lemmas for a moment and observe that if m and n are relatively prime
then p ~,, 1 and p ~, 1 imply that p = 1. If £ is a prime which divides [G : G| there is a
field F’ containing F' and contained in L so that F'/F is normal and [F’ : F] = {. Thus
Lemma 14.1 follows from Lemma 14.4 unless [G : Gy) is a prime power. Lemma 14.1 follows
from Lemmas 14.2 and 14.4 unless |G : Gy] is a power of 2 or p. Suppose [G : G| is a power

129
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of 2 or p. Then p ~q.q, 1 except perhaps when [G : Go] = 1. If £ is a prime which does not
divide [G : Gy] but does divide [Gy : G1] let Hy be the ¢-Sylow subgroup of Gy/G;. Hs is a
normal subgroup of G/G; which we may identify with H and H/H; has order prime to H,.
Thus, by a well-known theorem of Schur [7|, H = H,Hy where Hy N Hy = {1} and H; has
order prime to H,. It follows from Lemma 14.5 that p = 1 unless [G : Gy] =1 or [G : G4]
is a power of 2 or p. If [G : Go] = 1 and { is a prime dividing |Gy : G1], there is a field F’
with £/ C F’ C L such that F’/F is normal and [F” : F| = . Thus if [G : Go] = 1 it follows
from Lemma 14.4 that p = 1 unless [G : G1] is a power of 2. However if |G : G;] is a power
of 2 there certainly is an F’ in L with [F' : F| = 2. It follows from Lemmas 14.3 and 14.4
that p = 1 in this case unless p = 2. If [G : G;] is a power of p then Gy = G and G/G is
abelian. By assumption the abelian p-group G/G; acts on the p-group C' = G faithfully
and irreducibly. This is impossible.

We prove Lemma 14.2 first. Let ¢ > 1 be such that C = G; while Gy, = {1}. Let 6, be
the homomorphism of G; into PB4 /PB4 and 6y the homomorphism of Gy/G into U /Uj
introduced in Serre’s book. If ¢ € Gy and v € G, then

Oi(oyo™ ™) = (Bh(0) —1)0:(7).
If o is not in Gy then 6(c) is not 1 and v — oyo~'y~! is a one-to-one map of C' onto itself.
Thus, if o € Gy,
p(oyo™t) = p(v)
implies ¢t = 1 or 0 € G;. Consequently if p # 1, G, N Gy = Gy, and L/F),, is unramified.
Since p = [L/L/FM,
m(p') =m(p) =t+1.
Observe also that ¢ must be relatively prime to [Go : G1]. In particular if ¢ is even, [G : G4]
is odd.
The relations

o= ([Gy:1] = 1)(t+1)

5L/F = [GO . Gl] — ]_

5K/E = [Go . Gl] —1
and

Or/p = Ok + [G1:1)00r = 0k + [Go : G1]dg/r

obtained from Proposition 4 of Chapter IV of Serre’s book, imply that

Sp = ([Gr 1] — 1) ([G()t—Gl]+ 1).

n(iﬂFH/F) = [Go . Gl]n + [GO . Gl] —1

If n = n(¢p) then

and
n = n(l/)E/F) = [Gl : 1]n + ([Gl : 1] - 1) <m + 1)

Choose a generator wk of Px and a generator wg of ‘Pg. Then set w;, = Ni/pwk and
wp = Np/rpwg. There is a unit ¢ in K such that

14+n t
Wrp Wk

1+n/ t

E wr,
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Taking the norm from K to L of both sides we see that if ¢ =[G : 1] and k = [Gy : G]
then
b

t(‘l;”
Wg

= NK/Lé-

Let m = m(xr). If m — 1 is equal to
Suppose that

(Even) G] then [Gy : G4] divides t and [Gy : G4] is 1.

t
< ———+ 1
mn [GoiGl]

Then
t

< —_— 1.
m(XFM/F) @/)Fu/F([GO : G1]> +
However v p,/r = ©1/F, ©¥r/Fr = Y1/F SO that
'leH/F(U) == [GO . Gl]u
if u > 0. Thus m(xp,/r) <t+1 and m(u'xr,/r) =t + 1. Moreover, by Lemmas 13.1 and
6.4, m' = m(xg/r) = m. Choose a generator wp, of Pr,. Then

[Fu:F]
t — 3
NFH/F (WFH) = TWE

where 7, is a unit. The order of w”"w}u in F, is 1+t 4 n(¢p,/r). Observing that

Z[FMZF]:q—l

1%
we see that

A1(XE/F,¢E/F'WE H Ay( %UFH/FJDFJr WFH)
peT
is equal to

HXF(% {A XF>¢F7 m+n HAl(,u,XFH/Fa@Z)Fu/Faw?_nw%u)

m

It is now clear that p =1 if m = 0.
If
= ! +1
m > —————
[G(] . Gl]
so that in particular m > 2, then
t
= =Gi:1m—(Gy:1]-1)| =———=+1
w6 = 610 )
is also greater than or equal to 2 and
m' +n' =[Gy : 1](m +n).

Since m' > 2 and K/F is tamely ramified

m(xx/r) = Ur/p(mxer) —1) + 1 = gp(m —1) + 1.
Since
m(xg,/r) < Vp, r(m—1)+1
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and
wFH/F(m —H+12 wpu/p<£> +1=t+1
we have
m(i'Xr,/r) < Yr,(m—1) + 1.
However
Xx/F = (WXF,/F)K/F,
so that
Ui/, (Vr, p(m —1)) +1=Yr/p(m — 1) + 1 = m(xx/r)
is at most
Vr/r(mp'xe, r) —1) + 1.
Thus
m(u'xpﬂ/p) = Q/JFN/F(m — 1) -+ 1.
Consequently

m('xg,r) + 1n(VE,r) = [Go : Gi](m +n).
Since the range of each y' lies in the group of gth roots of unity

Ay(xe/ps Ve, wE") H Ay(p E,F, W?Jrlw%,)
I

is equal to

oAy (xp, p, wp™™) H AW X, psp,p, ™)
I

with o ~, p.
The next step in the proof of the lemma is to establish a simple identity. As usual let r
be the integral part of % and let r + s =t + 1. Choose f(y') so that

Vr,/F (%) = (1+2)

F WE,

for z in Py . There is a unit o, in L such that authu = w’. Then

B
_— = 1
Yr/F ( e (1 + )
for z in P5. We take S(n) = o, B(1'). If 0 € G a possible choice for f(u”) is

B(w)
Let ¢ = Op/Pr = Op/Br and let ¢4 be the additive character of ¢ defined by

Yo(T) = VF (#) .

There is a unique « in ¢ such that

t
o WL

ot”’
wp,

bolaw) = Py (a).
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1+n
w
w; =58 S S
1 E/F (wzf” )
I want to show that

(14-3) H% = % H NFH/FB(:UJ/)

m

Finally let

in ¢.

then w; = dw in A. We need the following lemma.

Lemma 14.6. Suppose K'/F' is an abelian extension and G' = B(K'/F'). Suppose
there is a t > 1 such that G' = G} and G}, = {1}. Let wg: be a generator of P, let

WEr = NK’/F’(wK’)y and let
t
w = SK//F’ (w—%/> .

Also let ¢ = [K' : F']. There are numbers a, ..., f in Op such that for all x in Op
Ny (1 + zwie)
18 congruent to
1+ (27 + az¥? + - + faP + wr)wt,
modulo P4
Suppose F' C L' C K’ and the lemma is true for K’/L' and L'/F’. The lemma for
K'/F' follows from the relations
[K': F'|=[K": L[L": F]
and
NK//F/(l + xwﬁ(,) = NL’/F/(NK'/L'(l + :cw'}{,))

whe \ wh, whe
SK//F/ — :SL//F/ n SK//L/ n .

The lemma for extensions of prime order is proved in Serre’s book.
Suppose then

Niso(1+ rwt) =1+ (29 + -+ wr)w!  (mod PrH)
for x in Oy. Since
Uajola) = g (aSye(2) = o (Se(@)")

which in turn equals

Vo (Sr/ex?) = Vsp(2)
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we conclude that
U6 (y(xq +oe At wx)) = Ux/¢ <(04?Jl/q + wy)x)

Also
(ay™ T+ +wy)? = oy + - - + wiy?
is a polynomial Q(y) in y.
For each v in S(K/L), we choose (;(v) so that

ﬁl(l/)l'
(i <—w}+nth =v(l+x)
for  in P7. Since kP =k in A

U (KB + -+ wr)) = g (B () [(k)? + - + wha] )

if x is in Op. The left side is also equal to

¢L/F(ﬁl( ;]EQL(:EWK)> =1.

FwL

Thus Q(kﬂl ) Since f1(v1) = B2(rz) (mod PB) implies v; = v5 we have found all
the roots of Q(y) = 0. Thus

— = Hk?ﬁl(V) = H51(’/) (mod Py).
v#1 v#1
Let M, be a set of representatives for the cosets of G, in G. Then
I ¥esesw =11 1] Bk
peT neT oceM,,

is congruent to
~1

[[a@ o 1T 11 o

v#l neT oceMy,
modulo B. To verify the identity (14.3) we have to show that

t
H H azg—zﬁ H’Yu =07 (mod Pxk).
w

uw oeM,

Since

the congruence reduces to
tL(qfl)
e =47 (mod Pg)
Wp
which is valid because the left side is N0 and

NK/L(S =0 (mod C’BK)
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If m = 1 then m(xr,/r) < 1 and we can take 3(1'xr,/r) = B(1'). Then

Do (i, p, p, w5 ", )
is equal to
N / A / 14+n__t
XF FM/F(B(N )) 2 (e XFN/FawFM/F7wF WF#)-

Lemma 9.4 implies that

As(p o, r w5 " wh,) = Da(WXE, s YR F @ @, ).

If x belongs to O then
x
2/JE/F (—> = W)(Wlil?)-

14+n’/
WE
If x4 is the character of ¢* determined by xp then
Al(XF) ¢F7 wlli‘+n) =A |:_T<X¢7 ¢¢):|
and
Ba(Xyrs Ve @E™) = ol A| = (G 5)] -
The right side of this expression is equal to
Xo(wla ) A[=7(xo, ¥g)].

The identity (14.3) now shows that p = 1 when m = 1.

Suppose that
t

— 4 1.
[GO . Gl]

l<m<

Let 8 be a given choice of S(xr). Then
B(xe/r) = Ppe(B,@f ™, @i ™) (mod PBF)
if m" = 2d' + ¢’. On the other hand
which equals [Gy : G1](m + n) and Lemmas 8.3, 8.4, and 8.7 imply that
Piyp(B, @i @) = 8 (mod B)

if
Grp(m—1)+1=2d; + €.
If
Ur/p(m —1) +1=2d) + €
then ,
Picys(BOxwye), =g ™ =g ™) = Blxiye) - (mod BE).
Thus /
Bxe/r) = Piyp(B,@f " @) (mod Pi).
Let
v="=t+1— (Yrp(m—1)+1) =t —[Gy: Gi](m — 1).
If o
T= w/;—l
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and o
m'+n v
’)/ _ Wg Wk
- 1+n__t
Wp Wy,
then

* m’+n’ m4n\ _ px* m/+n’ m-+n d
PK/F(ﬂawEJr awF+ ):PK/L(B>WE+ >WF+ ) (mod Px)

is congruent to
1+n 1+n

’}/P[*(/L<767 Wp thw;(va Wp wiiv)
modulo ‘B%.
It is clear that

ANo(XE/Fs VE/F, wg’*"') ~p Xp (NE/F (5(XE/F))>
and that
AQ(,U’/7 d}FH/FJ wnglw%“) ~p L.

If we choose .

/ / wa
B xr, r) = B) + B—3t5
Wg
then
t
/ n+l_t -1 / “WE,
Do X 7y VR, @5 @E,) ~p X5 | Negr| B(W) + ﬁwm_l
F
Moreover
AQ(XF) ¢F7 w?—‘rn) ~p X]_*_‘l(ﬁ)
Let
No(xp/e Vee @i ) [ [ 2o Y m 5 ks, )
"
equal
T (XF, Yr, @) H AQ(//XFH/F7 VF,/F W?:wavu) H XF (V)
p p
Since

Xr(u) ~p 1
if u € U, all we need do to show that 7 ~, 1 is prove that

t
W,
B H Nr,/F (5(,“/) + 57’4)
p “r
is congruent to

Ng/r(B(xe/r)) H YV

modulo Pp.
As before we choose 5(p) = o, B(1'). If v = p” a possible choice for S(v) is
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We can also choose

, , W
Bluxr/r) = . B(p') + 5wm—1 = Qy (6('“ ) + ﬁme)'

Then a possible choice for S(pu7x /) is

¢ 7 4 ¢ ¢

Wr w w w
CYU / I L OCU No L L )
M{B(M)Jrﬁ = 7 = wB() zﬁﬂ =

We apply Lemma 8.10 with F' replaced by L,

_ 1+n__t
0 = wyp "wy,

Nist (ﬁ(Xj/F))

t o +
o wFN w
T IT o (00 550 )

pneT ceM,,

and € = wj,. It implies that

is congruent to

modulo PBr. The last expression is equal to

V8 HNF#/F<5(M')+52F> 1T 11 O‘ZZ_th

n
t
weT F neT oeM,

and we have to show that

t
YNk/L(v') H% H H O‘Z%
n

neT oeM,, L
is congruent to 1 modulo B. First of all,
(Q*kl)t
N _m4n'—q(l4n) _—qt+v 1 WFR
NijL(Y') = wp “r =Y e
L
Since )
o [Fu:F)
_ Y =
Tu at F ’

the required relation follows.
Define n by setting

nAs(xpyr Ve, g ) H As(p s ¢, p, w5 ")
neT

equal to

AS(XFa wa w?+n) H A3(H’/XFN/F7 1/JFM/F7 wl{j—nw%}‘)‘
peT

137
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We now know that 7 ~,, p. We shall show that n ~,, 1. This will prove not only the assertion
of Lemma 14.2 but also that of Lemma 14.3, provided of course that

t
[GO . Gl]
Lemmas 9.2 and 9.3 imply directly that n ~, 1 if p is 2.

Suppose p is odd. Lemma 9.4 implies that

As(l/, @/)Fu/F, w?nwh) ~p AS(M,XFM/Fa ¢Fu/Fa ?ﬂ};nw%u)-

Since m' = m all we need do is show that
m "4n

m—1<

AS(XE/F7 VYp/p, ™ ) ~p As(xF,r, W?M)
when m is odd. Let ¢ = Op/Pr = Og /qu. Let 8" = B(xg/r) and let 8 = B(xr). If ¢} is

the character of ¢ defined by
Bx
1/};)(33) - wF (w?—i—l

and ¢ is the character of ¢ defined by

() = Y (%)

and if ¢}(z) = ¢}, (0x) then, by Lemmas 9.2 and 9.3, all we have to do is show that 0 is a

square in ¢. If
n+1
w
wi = Sp/r <f—/+1>
WE

then § = w, 2 in ¢. To show that 0 is a square we show that ¢ is a square.

B
N /
0" = Ng/pa = ﬁlq%(ﬁ)w‘f.
We saw that
N
L H% HNF#/F< )
in ¢. But

t

I6] nf“l =0 (mod Pp)
Wr
because t > [Gy : G1](m — 1). We also saw that

—1
qu

11 Ve 80 p = =
n n “1

in ¢. Since 379 is clearly a square, we need only check that « is a square. The character

T = Py(2? — ax)
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is identically 1, so that the kernel of the map
r— 2! —ax

is non-trivial. Thus o = 297! for some x in ¢.

Now suppose that
t
m-1>2——
- [GO . Gl]
We have to show that the complex number o defined at the beginning of the proof satisfies
0 ~9, 1. To prove Lemma 14.3 we will have to show that o ~, 1 if [G : G;] is a power of 2.

Given 3 = B(xr) we may choose 3(xr/r) = B(XF,/r) = 3. Moreover

Bxe/r) = Piyw(B, @i ™, @i ™) (mod P)
if m" = m(xg/r) = 2d' + ¢. By Lemmas 8.3, 8.4, and 8.7

m+n

Pr)p(B, @™ wit™) = Pyp(B(xeyr), @p

modulo P if

+ m+n

nvwF ) = 5(XE/F>

Yryp(m—1)+1=2d] + €.

Thus J
B(xe/r) = Pgr(B,wp ™ wpt™)  (mod Py).
If
Yp, p(m—1)+1=2d, +¢,
and

VYp,/F (%) =u'(1+2)
F

dyutep

for z in P £, |, we may take

B'xr,r) = B+ o).
If
@ZJL/F(m — 1) + 1= 2d1 + €1

p(l+z) =¢rr (%)

F

then

for 2 in P If v = 47 then

(1 +3) = bur (%)

F

for 2 in PP+, Lemma 8.2 implies that
NE/F (5(XE/F)) = NK/L (5(XE/F))

BIT I B+ aw))

peT oeMy,

is congruent to
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modulo *PB;. The last expression is equal to
5 H Nr,/F (5 + a(u')).
peT
Moreover
Ao (xr, Yr, @it ~p X5 (B)
DNo(p s p, p, wp o) ~p 1

DNo(XE/r, YEyp, @p ™) ~p Xa (NE/F (5(XE/F)>>

A2(M,XFM/F7 ¢FH/F7 W?M) ~p X}l (NFM/F (5 + 04(//)))-
Define 7 by demanding that

A3(XE/F7¢E/F7WF HAs 1/1F,A/Fawp+ WF )

be equal to

TAs(xF, Vp, @i ") HA3 wXF,ps Or, R ).
"
Since xp(u) ~, 1 if u € Uj, the preceding discussion shows that o ~, 7. Lemmas 9.2 and
9.3 show that 7 ~y, 1. Lemma 14.2 is now completely proved. To prove Lemma 14.3 we
have to show that 7 ~, 1 if [G : G;] is a power of 2. We may suppose that p is odd.
There are a number of possibilities.

(i.a) tis even and m is odd. [Gy : G;] must be odd and hence 1, for we are now assuming
that [G : G1] is a power of 2. Since

mxe,/r) = [Go: Gil(m — 1) + 1

and
m(xg/r) = [G1:1](m—1) — ([C’Eé;o 1](;_1]1)t

both m(x,/r) and m(xg/r) are odd.
(i.b) tis even and m is even. Again [G : G1] is 1. This time both m(xr,/r) and m(xg,/r)

+ 1,

are evern.
(ii.a) t is odd and m is odd. Then m(x,/r) is odd. If
[Gl . 1] —1
[Go . Gl]

is even, m(xg/r) is odd. Otherwise it is even.

(ii.b) ¢ is odd and m is even. If [Gy : G1] is odd, that is 1, then m(xF,/r) is odd and
m(xg/r) is even. If [Gy : G4] is even, then m(xp,/r) is odd and m(xg/r) is even
or odd according as

[Gl : ] —1
[Go = G4

is even or odd.
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If ¢ is odd then clearly
HAg wFH/FawF+ wFH) 1

We are going to show that thls is also true if ¢ is even. Then L/F, and hence F,/F, is
unramified. Let ¢, = Op, /Bp,. If

oy @) = Ve (%)

and if g4, is a nowhere vanishing function on ¢, satisfying

P (T +Y) = 04, (T) g, (Y) Vg, (TY)

then
Ns(1bpr wp @) ~p Al=0(04,)].
If o belongs to ¢, let v, () equal +1 or —1 according as « is or is not a square in ¢,. If

¢ = Op/BF then
Vs, (@) = vs(Ng,/6(a)).-
If

then, according to paragraph 9,

Do(p's om0 Tp " E,) ~p Vo (N F (B (u’))> {A [—a(es)] }[FH:F}

if ¢, is any nowhere vanishing function on ¢ satisfying

ol +y) = po(r)ps(2)ts(ry).
Thus if a is the number of y in T

HAa Z/}FH/F;w}«j wF )
is equal to
n(=1)vs | [T Newe(BG2)) | Alo(s)™]
o

where  ~, 1 and ¢ = [G; : 1].
We saw in paragraph 9 that

Alo(s)’] ~p vo(— [|0 %s)] ] = vg(—1).
Since t is even Gy = G; and G/G1 = G /Gy is abelian. If 0 € G
{peSE/L) | p=p"}
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is a subgroup of S(K/L) invariant under G. It is necessarily either S(K/L) or {1}. If o
is not in Gj, it is not S(K/L). Thus G,,, the isotropy group of y, is Gy for all 4 in T and

F,, = L. Moreover

[T Ve e =11 11 B0

1 © oc€G/Gr1

We may regard C' = G as a vector space over the field with p elements. If o0 € G/G;

and the order of ¢ divides p — 1, then all the eigenvalues of the linear transformation
¢ — oco~ ! lie in the prime field. Since the linear transformation also has order dividing
p — 1, it is diagonalizable. Since G/G; is abelian and acts irreducibly on C, the linear
transformation is a multiple of the identity. In particular if oy is the unique element of
order 2 then ogcoy’ = ¢! for all c. As a consequence % = y~! and

pu)” = =B(')  (mod Pr)
if we choose, as we may since F),/F is unramified, wg, = wp. If D is the group {1, 00} and
M is a set of representatives for the cosets of D in G/G; then

IT I Bw) =y

neT ceG/Gy
if
v=1]1] 8-
peT ceM
Clearly

oo =Ll 9
177 =(=1)z 7" (mod Py).
If x is the non-trivial character of D and
v:G/Gy— D
is the transfer then
7 = x(v(o))"y

(0))"
for all o in G/Gy. vy(y?) =1 if and only if x(v(c))" is 1 for all 0. If o is a generator of
G /Gy then

[G:Gp]
vio)=0 2z =0y

so that v4(v%) = (—1)*. Putting all these facts together we see that
H Ag(,u’, wF#/F, w}ﬁ"w%ﬂ) ~p 1
m

Observe that if we had taken wp, to be §,@p then Ng, /pf(1') would have to be multiplied
by

{NF u/ F 5,U}t
which is a square modulo P because ¢ is even. Thus the result is valid for all choices of
w F-
Eventually we will have to discuss the various possibilities separately. There are however
a number of comments we should make first. If m is odd and m(xg,,r) is odd then

As(WXE, 5 UE, 0, @ET) ~p v, (B + a(i)) Al =0 (gg,)]
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Yo, (1) = Yr /e (%) .

F

m—1
Observe that, because m is odd, we may take the number ¢ in Lemma 9.3 to be w,*> . Of
course g, is any function on ¢, which vanishes nowhere and satisfies
0o, (T +Y) = 04, (2)Ps, (Y) o, (xY).
Applying Lemma 9.1 we see that

Abatean] oK ot |

if k= [G[) : Gl], if

o) = oo o

F
and if 4 bears the usual relation to 1,. We use, of course, the relation

kSg,/6(x) = Sp,/r(7).

Observe also that

o, (B + @) = vo(Noy (B + ali)) ).
If m is odd

A3(XF,¢F,W?+TZ) ~p _V¢(5)A[U(%@¢ﬂ-
If both m and m' = m(xg/r) are odd and if 3’ = B(xg/r) then

By, Yy, T vy —vo(B) A

if o7, bears the usual relation to the character

x
Uo(@) = Ve | ——o
wptw g *

There is a unit € in Ok such that wgp = ew?.. If 0 € C then

= = ea—lwg—l)q = (mod Pg)

because t > 1. Thus the multiplicative congruence
wy = Ngypwp = wp  (mod” Pg)

is satisfied and
1 1+n

_ Wg
(-t — w1+n’ (mOd* SBE)
wg " E

If
lern
W1 = S (—5_”,
WE

o) — o [T
¢¢(x) =Yr (w}f")

as before, then
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Since
ve(B') = vs(8)" = vs(Ng/rf)
we have
As(xp/p, Ve/p, @i ") ~p —Vs(Ngyp B )vs(wi)Alo(ps)].
Define n by demanding that
As (XE/Fa 1/1E/F7 W?M)
be equal to
nAs(xr, Yp, wp™™) H As(W'xp, rE,m @i t™).
o

We have to show that 1 ~, 1. If both ¢t and m are even this is clear. If ¢ is even and m is
odd, we are to show that

1 q—1

Vo(NespB vs(wr) ~p (—1) (1) 7 vy (k) % v(8) [ [ v (N¢u/¢</6 + O‘(ﬂl))>

if a is the number of elements in 7. Since ¢t is even k is 1. As before

BT Nowo(B+ ) =8]] T] (B+alw)?)

1 oeG/Gy
is congruent to Ng,p’ modulo ‘Bx. All we need do is show that

a a1
vo(wr) = (=1)%s(=1)"7".
Since ¢ is even each v, is a square in ¢. Applying the identity (14.3]) we see that

vs(wn) = vo(w) = vs(@)vy" | 1] NeyeBG)

We have seen that « is a square in ¢ so that v,(a) = 1. We also saw that

g—1

vo | [T Ve srB) | = (=1)"vs(=1)">

when t is even. The required relation follows.
We suppose henceforth that ¢ is odd. The discussion will be fairly complicated. Suppose
first that m is also odd. Then
(Go: Gi](m—1) £t

and ;
m—-—1>———
[Go . Gl]
so that
B+alp)=p4 (modPr)
and

HAS(N/XFH/F7¢FH/F>W?—M) ~p (—1)"v <k%)V¢ <5%>A[U(S@¢)] .
o
Thus if q;kl is odd we have to show that

(14.4) (1) oy (k)rg(—1)F 2 ~, 1
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and if % is even we have to show that
(14.5) ve(wr) ~p (—1)"we(—1) 7% .

Now suppose m is even. If [Gy : G4] is 1 there is nothing to prove. If k =[G : G4] is
even then

t
—1>—=—
m [Go : Gl]
and
f+a()=p8 (modPr)
If
wiﬁ(m_l)x
Uy, (2) = Y e | B—m—
Wp

and S%u is a function on ¢, which vanishes nowhere and satisfies

P, (T +Y) = @y, ()0, (W)Y, (y)

then
As(W'XE, p: Up, P, @) ~p A [_U(%u)} :
If
e, = wf:im_l)

then €, is a unit and

Vo, () = Vg, /0(kBey)

s = or )

By Lemma 9.1, A[—0(ypy,)] is equal to

if, as before,

[Fu:F]

7 (k e ) Ve (ﬁ S ) vs(No, soeu) Alo ()] *

If q;kl is even we have to show that

(14.6) (1) | [ Nowoen | va(=1)% ~y 1
I

If 1 is odd then m’ = m(xg/r) is odd. If
m'—1
wy X
Vy(x) = Yp/p (5/—;m+n )
and ¢ bears the usual relation to ¢ then

As(Xp/r VE/p, WET™) ~p A[—a(gog)]

Now v4(8") = vs(5')? and
(8)" = Ng/pf'
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which in turn is congruent to

BIT I (B+aw)) =5

neT oeMy,
modulo Pg. Let
qoptt = qu(m+n)

and, as before,

wll;r"
w1 = SE/F A
Wg

then
A|=0(@h)] ~p volwn)vslenva(B) A[-0(20)].
We saw that
wl =wr  (mod* Pg)
so that

et =1 (mod Pg).
Thus we have to show that

qg—1

(14.7) V¢(w1) ~p (—1)a+1V¢(l{7)I/¢(—1)W*§V¢ HN%/d’eﬂ
n

The four identities (14.4), (14.5), (14.6), and look rather innocuous. However
to prove them is not an entirely trivial matter. We first consider the case that G/G; is
abelian. If oy € G/G is of order 2, the argument used before shows that ogcoy ! = ¢t for
all ¢ in C. Since the representation of G/G; on C' is faithful, G/G; has only one element of
order 2 and is therefore cyclic. In this case F}, = L for all i and a = [cg;_cll}' We may choose

wFu = wy. If
Npjrpor = ’YWE:GO]

ny,u _ ,yat.
W

If [Gy : G1] = 1 we may choose w; = wp so that v = 1. The argument used before
shows that

then 7, = +' and

vo| TT T 8)7 | = (1) ws(-1)"7 .

neT oG /G

The identity ((14.3)) shows that
a a-1
vo(wi) = (=1)vp(=1) .
The identity (14.5)) which is the only one of concern here becomes
a1 =1
ve(—=1)7 = wy(=1) 7

which is clear because k =[Gy : G4] = 1.

Now take [G : Go] = 1. We may choose wgp = Ng/pwk so that wp = Ny pwp and 7 is
again 1. It is perhaps worth pointing out these special choices are not inconsistent with any
choices yet made in this paragraph. This is necessary because the arguments appearing in



THE FOURTH MAIN LEMMA 147

the functions A, must be the same as those appearing in the functions As. We previously
defined

5 w}frn wz
1+n —t
and showed that o)
-
Ngjpd = 2k
t(g—1)
Wg
Observe that i
WL _ -0 _ _
— w; o =—-1 (mod
— 11 S (mod P

because
{90(0) ‘ oceG/Gy }
is just the set of kth roots of unity in ¢ and k is a power of 2. It is not 1 because
[Go Gl] [G : Gl] > 1
Since
0" = Nk (mod Pg)

we have
q—1

v(0) = ve(=1) %

B1(v)x
(s (W =v(l+2)
for x in P37 and v in S(K/L) then, as we saw when proving the identity ((14.3)),

If as before

wi =61 Hﬂl(y) (mod ).
v#1
Thus 1
1/¢,(w1 = I/¢ HV¢ ﬁl
v#1
We can choose fﬁ elements v; in S(K /L) so that every non-trivial element of S(K/L) is of

the form Vl-j, 0 <7 <p. Then

Z 1p—1 »
[T (a) = v | T I35 | = ve(-1)E
v#l i=1 j=1

because

When m is even
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Since a = £ the identities (I4.4)), (I4.5)), (I4.6) and (14.7) become

(14.4) v (k)ve(—1) % T2 = 1

(14.5) vs(—1)F1 = vy(—1)F

(14.6") y¢(—1)q2;1 =1

(14.7) vo(—1)"F vo(— 1) = wy(k)vs(—1) T Fivg(~1)"F .

If p=1 (mod 4), the identities and (14.6') are clearly valid. Moreover for ([14.5')
and the number Q;kl is even. Since k is a positive power of 2, ¢ is an even power of p
if p=3 (mod 4). If ¢ = p*/ then
]%:1+p+---+p2f_150 (mod 4)

and the left side of is 1. If q2;kl is even and are now clear. If it is odd, 4
divides k because 8 divides ¢ — 1. But { 6(c) | 0 € Go/G1 } is the set of kth roots of unity
in O /P = ¢ so —1 is a square in ¢, vg(—1) = 1, and the relations are valid in this case
too. The relations and are obvious if the degree of ¢ over the prime field ¢,
is even. Since ¢* contains the kth roots of unity and £ is a power of 2, the degree can be
odd only if £ divides p — 1. Since

g—1 q—1 p—1
ko p—1 k
and ‘;’;kl is now odd I%l must also be odd and by quadratic reciprocity

p—1

o) = i (0) = ()i (2 ) = v Dt (1)

p—1
=1 d —.
P (mo ’ )

If p=1 (mod 4) the two relations are now clear. If p =3 (mod 4) and ¢ = p/
q—1
p—1
must be odd. It is therefore congruent to 1 modulo 4. becomes

Voo~ 1)1y (<) "5 =1

D=

because

:1—|—p+...+pf_1

and (14.7)) becomes
V¢o(_1) = V¢0(_1)'
There is no question that both these relations are valid.
We have still to treat the case that G/G; is abelian while neither [G : G| nor [Gy : Gi]

is 1. Then
k

NeeB) =4 T B)p  (mod Bu,)

O’EG/GO
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is a square in ¢ and the identity ({14.3]) implies that

vg(wi) = vs(v")
Cp/NppCy is cyclic of order [G : G1]. It has a generator which contains an element of the
form ~;wpr. Moreover the coset of

(mwr) COIN pop! = 7Ty

is a generator of Up/Up N N rCr. The order of this group is a power of 2 and p is odd
so every element of Up N Ni,pCy is a square. Consequently v cannot be a square and
vy(y) = —1. If m is even and F” is the fixed field of G, then

m—1
—1
@y Nppwop\™ o
B e R M =
wFr wrp

a’EGo/Gl
m—1
_ NL/F’wL
(27)
modulo By. Since [F’: F] is even
m—1
NL/FWL> _ el

Ny, /6€n = Nprjre, = ( J[een
F

[G:Go)]

m—1

which is congruent to

and
Vs(Ng,j0€u) = vo(7) = —1.
Because
_gq-1
[G . Gl]

is integral, - is even, and we need only worry about the identities (I4.5) and (14.6)). They
both reduce to

qg—1
V¢(—1)W =1.
To prove this we show that q2;kl is even if v,(—1) = —1. Since
k= [UF . UF ﬂNL/FCL]

and this index must divide the order of ¢* the number v4(—1) is —1 only if k£ = 2. Of course
p will be congruent to 3 modulo 4. Since 4 divides ¢ — 1, ¢ is an even power of p and ¢ = 1
(mod 8). Thus

is even.

Now suppose that /G is not abelian. Let 0 — x(0) be a given isomorphism of G/G
with Z/kZ and let © — o(z) be its inverse. Let 7 — A(7) be that homomorphism of G/Gy
into the units of Z/kZ which satisfies

z(tor™h) = M1)z(0).



150 THE FOURTH MAIN LEMMA

There is precisely one element of order 2 in Gy/G, namely 0(%), and it lies in the center
of G/G;. Since G/G) is cyclic, G/G is non-abelian only if £ > 2. Choose a fixed oy in G
which generates G/G( and set
to = A(00)
and
wo = (o).

We shall sometimes regard C' as a vector space over the field with p elements. If o belongs
to G/G4 let w(o) be the linear transformation

c— oco L.

The dual space will be identified with S(K /L) and 7* will be the representation contragre-
dient to .

The relation i

Ng,rB(1) = II sw)r

0€G/GLGo
together with the identity (14.3)) implies that

Vo(wi) = v H%
m

Moreover if m is even and F /i is the fixed field of G, Gy,

E m—1 m—1
_ [ Y%E _ NFN/F/LwFu l1-o
€y = = — wFu
(3 wFr

c€Go/G1

m—1
NF#/F/LWFH
wF

(m—1)t
NFH/F;LWF#
wF

m—1

which is congruent to

modulo Br,. Since

{N%/(beu}t = NFL/F{_
which equals
(_1)t[¢u:¢]p}/‘7f‘_l
and t is odd,
Vo(Nouscn) = vo(=1)1uy(v,).
These relations will be used frequently and without comment.
I want to discuss the case [G : Go] =2 and g = —1 (mod 4) first. Since

(—o)? = 1= A2 =1 (mod k)

we must have
—pp =1 (mod k)
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or, if k > 4,

k

—Ho =3 +1 (mod k).
Then
Mo = —1 (mOd k)

or

k
Since

po—1=2 (mod 4)

the centralizer of oy in G¢/G1 consists of the identity and 0(%). Thus (o) is 0 or &.

Suppose 19 = —1 (mod k) and z(03) = . If o belongs to Go/G1 then oyoo;" = 07!

and (og0)? = o2. Thus a(%) is the only element of order 2 in G/G;. If o belongs to G/G;

then o has a non-trivial fixed point in S(K/L) if and only if 7(0) has 1 as an eigenvalue. If
o # 1 there is an integer n such that o™ has order 2. Then 7(¢") also has 1 as an eigenvalue.
Thus if any non-trivial element of G/G has a non-trivial fixed point there is an element 7
of order 2 such that 7(7) has 1 as an eigenvalue. The usual argument shows that

()

so that, in the case under consideration, only the identity has fixed points. Then

__a-1
[(;I C;ﬂ.
In particular q;kl is even. We choose wp, = @y and let
G:G
VWEF ol — Nr/jror.

Only identities (14.5) and ({14.6|) are to be considered. (|14.5)) reduces to
ve(7)™ = (=1)"re(~1) 7

and ({14.6)) reduces to

(= 1) va(~ 1)1y () (~1) T = 1.
Since [G : Gy is even they are equivalent. Suppose ¢ has r elements. If x € A = O /B
then 20 = 2"’ for some f. If o belongs to Go/Gy then

Tfogl
ooo
bo(o)or’ = 490(0'00'0'()_1)Tf = (wLUO > =6y(0).
Thus

and
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so that v,(—1) = —1. Since, in the present case,

qg—1
“T ok
the identities become
ve(7)™ = 1.
The map
TL/F : WL/F — Cp
determines a map of G/G; onto Cr/Nyp, /rCr. The image of oy contains an element of the
form v,y where 7y, is a unit. The image of o2 is 1 because the commutator subgroup

contains
{0((,uo - 1):10)} ={o(@)|2z=0 (mod2)}

and in particular contains 2. Since [G : Gg] = 2 the number yv;? lies in Up N Ni/rCr.
The index of the commutator subgroup of G/G; in G/G is 4 so

[UF : UFﬂNL/FCL] = 2.

Consequently vvy; 2 and 7 are both squares and v4(7y) = 1.

Now suppose gy = —1 (mod k) and z(03) = 0. Every element of the form oyo, o €
Go/Gh, has order 2. If m(0go) = —I then oyo lies in the center of G/G; which is impossible.
Thus 7(0go) has 1 as an eigenvalue. If 7 € Go/G; then

T ogoT = opoT?

so there are two conjugacy classes in the set 09Gy/G1. One has oy as representative and
the other has o = g0 (1).

Let V' be a non-trivial subspace of S(K/L) invariant and irreducible under the action
of Go/G1. Suppose first that V' is also invariant under 7*(0g) so that V' = S(K/L). Choose
vo # 0 so that 7 (og)vg = vy. Let X be the field obtained by adjoining the kth roots of
unity to the prime field. Certainly A C X\ and, since

0o(0)7° = 0y(0g to0y),
A’ is not contained in ¢. Let ¢/ = ¢ N N. We may regard {1,000} as &(\'/¢'). The map ¢
which sends ¢ in Go/G; to (6;'(0),1) and oo to (65" (0),00) is an isomorphism of G/G;
with the semi-direct product of the kth roots of unity in A and &(\'/¢’). There is a unique
map, again denoted by ¢, of V' onto X’ such that ¢(vg) = 1 while

p(m*(T)v) = @(7)p(v)
for 7 in G/G,. Of course the kth roots of unity act on A by left multiplication. The
Galois group acts by opa = a gy Putting the actions together we get an action of the
semi-direct product. To study the action of G/G; on V we study the equivalent action of
the semi-direct product in ).

It is best to consider a more general situation. Suppose ¢ is a finite field with p/
elements, ) is an extension of ¢ with p’ elements and I is the semi-direct product of the
group of kth roots of unity, where k divides p* — 1, and &()\/¢'). T acts on )\ as before.
Let ¢ =nf. If 0 < j; <n, j=(j1,n), and p is the automorphism = — 2P’ of N /¢ then the
number of elements of \' fixed by a member of T of the form («, p’') where « is a kth root
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of unity is the same as the number of elements fixed by some other member of the form

(B, p7). Indeed if
b‘j—,1 =— (mod E)
J J
and b is prime to the order of («a, p’*) we can take
(B.p77) = (o, p")".
Let 6 be a generator of the multiplicative group of \'. The equation

Bempj — gm

'~ has order dividing k, that is, if and only if p — 1

can be solved for 3 if and only if §™
divides km(p’/ — 1) or, if
p-1
k
if and only if u divides m(p// — 1). Let u(j) be the greatest common divisor of u and

P’ — 1. u divides m(p’f — 1) if and only if 5 divides m. The number of such m with
0<m<pt—1is

u =

M9 4~ 1) = (i

Once m and j are chosen « is determined. The number of non-zero x in A’ which are fixed
by some (3, p™7) where j divides n but by no (3, p~%) where i properly divides j is

ilj

if pu(-) is the Mébius function. The number of orbits formed by such z is
1 J .
ilj
so that the total number of orbits of I" in the multiplicative group of )\ is

a= ZZ %u(l)

7

which equals

S0

The product is over primes.

Lemma 14.7. If 1% is odd then

~—~
—_
S~—
S}
+
—
<
—~
=
~—
S
RS
—~
I
[S—y
N~—
&l
N
=1
—
+
ol
I
—_
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The identity of the lemma is equivalent to

u—1

(=) My (wry(-1)= =1
because
v (k) = ver (—=1)vg (u).
By the law of quadratic reciprocity, the left side of the identity is equal to
(—1)** (' |u)
if (p’|u) is Jacobi’s symbol. If u = 1 there is only one orbit so
(=1)*t = 1.

Of course (p/|1) = 1 so the identity is clear in this case.
We prove it in general by induction on the number of prime factors of u. Let my be a
prime factor of u and let uw = 7%v with v prime to m. Let v(j) be the analogue of u(j).

Then u(j) = 72%0(j). Let b be the analogue of a. Then

u:a—b:ZH(p%)@(wg@—n.

in W‘ﬂ.
7

Observe that my and all v(i) are odd. To prove the lemma by induction we must show that
(14.8) (=1 (@"|75) = 1.
Let
n = 2Yn,
with n; odd. There are two possibilities to be considered.

(i)
To=1 (mod 2v").
Since the order of p/ modulo 7, divides n, the quotient of 7y — 1 by this order is
even and p/ is a quadratic residue of my. Also if i divides n

Wg(i) -1

1
is divisible, in the 2-adic field, by 4 if 2 divides % and is always divisible by 2. Thus

v is even and is valid.
(i)
T = 1+ 2w
with ¢ <y and w odd. Let i # ny divide n; and consider

(14.9) i (1 - %) U(;jj;) (2D 1),

n

If x(2i) = 0 the sum is zero. If £(2Y7) # 0, let z be the smallest integer for which
x(2%) # 0. If j < z then z(274) = 0. If j > 2

21—%2 -1

p27if 1= (pQZif —1) Z p2zcif

d=0
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The residue of the sum modulo 7y is 2/~%. Thus

x(274) = x(2%)
if 7 > z and (14.9)) is equal to

1 1 < L1 ) v(2v3) +§ o) || aen)

ou L 9j+1 o 1)
x| =2
We write ,
v(291) = v(2%9)
2y + ' 2i+1
j=z
as

If k is replaced by ’# the number of elements of A* fixed by some («, ,0_2”) but by no
(0, p7 ") s

, , t—1
{U(ZJZ') - 'U(27*1i)}p .
v
The collection of such elements is invariant under the group obtained by replacing k£ by

pi-1
and ¢ by the field with p*/ elements. The isotropy group of each such point has a generator
of the form («, p=2'%) and, therefore, has order %

5 and index 2’1 Thus 2ol divides

{0(2%') - v(zj—lz')}plZ -1

v

so that 27 divides

v(274) — v(27719).
Since %t is divisible by at least one prime, the expression (14.9) is congruent, in the 2-adic
field, to

% H (1 — l) M(ﬂw(%‘) — 1)

T 2z
’711
T —

k3

modulo 4. Since z < ¢ and the product is not empty this is congruent, in the 2-adic field
again, to 0 modulo 2. Thus v is even or odd according as

Y

Rl (1_l> M( 2(2im1)

. Y -1
- . T 23711 0 )
J=0 \ =|2v—J

is or is not divisible by 2 in the 2-adic field. Consequently

=0 T (1) e

5 B —1) (mod 2).
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Of course z(2Yn;) = = # 0. Let z again be the smallest integer for x(2°n;) # 0. Then
z < cand
x(2'n1) = 2(27n,)
if 7 > 2. The sum above is equal to

v(2%ny) L 0(20ny) — v(27 ) -
— + E . (m5 —1).
2 , 27

Jj=z+1
As before, this is congruent modulo 2 to

U(Q;an) (7 — 1).

If z < c this is even and the order of p modulo my divides - so that (p|mp) = 1. If z = ¢

then
O N .
To = (:C) (2°w)' =2 (mod 2)
i=1

2 92 )

so that v = z (mod 2). However the order of p/ modulo 7 is divisible by 27 so that it does

not divide “OT_I and

(p|m5) = (=1)°.
The relation (14.8)) is now easily verified.
We return to the original problem. Since ) is a quadratic extension of ¢’ and X’ is not
contained in ¢ the degree of ¢ over ¢’ is odd. Since V and )\ have the same number of
elements ¢ = p°. If q;—l is odd, the relation follows immediately from the equality

(1) v (ke —1) T 3 = (1) gy (K)vg (1) 5 2
and the preceding lemma.
The number of p in T" with isotropy group of order 2 is u(1) and the number of p with

trivial isotropy group is M For points of the second type [¢, : ¢] = 2 and for points
of the first type [¢, : ¢] = 1. Since, as we verified earlier,

Vo(wi) = v H%
m

and
Vo (N, j0€4) = vs(—1) Py (,)

the identity ((14.7)) reduces to
w(l) =1 (mod 2)

which is true because u(1) divides u = % which, when ((14.7]) is under consideration, is
odd by assumption.
The identity (14.5) may be formulated as

1

vo | [T | = (—D)"vs(=1)%
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and ([14.6) as
vo | [T om | ve(—1)2no9 = (=1)"0y(—1) 5.

For these two identities %= is even. Again

k
> ¢ ¢] =u(1)  (mod 2).
But

and
2a = u(1) + u(2)
so u(1) is even. It will be enough to verify ((14.5).

We may choose T" so that if p is in T then its isotropy group is trivial or contains one
of og or 0. If o lies in the isotropy group of p and v in the orbit of i corresponds to 6™
in \’ then,

26mp _ em
for some kth root of unity a. This is possible if and only if p* — 1 divides & (pf 1) or 2u

divides m(p’ — 1). This is the same as requiring that 2(“’) divide 5 (1;1)

even. We have already observed that if r is the number of elements in ¢ so that x7° = z"
for x in ¢ then

The number v is

por =1 (mod k)
and in particular
por =1 (mod 4).

Since (¢ : gb’] is odd and pp = —1 (mod 4) the highest power of 2 dividing p/ — 1 is 2. Thus
m(pf —

(1)
such m with 0 < m < p — 1 The corresponding characters v fall mto
orbits. Thus there are 2) elements in 7" whose isotropy group contains oy and = T Whose
isotropy group contains o;. Let Ly be the fixed field of oy and L, the fixed field of o;. Let
wr, and wy, generate P, and P, respectively and let

) if and only if 2—" divides m.
u(l)

and p ) are relatively prime so that 2“ divides
(1)k

u( )
There are

NLO/FWLO = NWFr
NLl/Fle = NwWF
Npjrwp, = Yoy

We have to show that
w@  u) y(2)—u(1) a q—1
o207 mE ) = (1))

First we prove a lemma, special cases of which we have already seen.

Lemma 14.8. Suppose L/F is normal but non-abelian and [L : F] is a power of 2. Suppose
H = 6(L/F) and the first ramification group Hy is {1} but [H : Ho] > 1 and [Hy : Hy] > 1.
Let wy, generate the prime ideal of O, let wr generate the prime ideal of Op, and let

Npjpwp = ’YW[ o]
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Then v is a square in Up.

The hypotheses imply that the residue field has odd characteristic. Let A be the fixed
field of Hy and L' be the fixed field of the commutator subgroup of H. Then A C L' and if

WL = NL/L'WL

then

Ny jroop = VW%:F]-
Of course [A : F| = [H : Hy)|. Since H is nilpotent but not abelian L’ cannot be a cyclic
extension. If v is not a square in Up then y~! generates Ur/Ur N Ny /pCp. Since

w?:F] =~"" (mod NppCr).
wr would then generate Cr /Ny, /rCrs, which is impossible.

Returning to the problem at hand, we observe that the quotient of G/G; by the squares
in Gy/G is a group of order 4 in which every square is 1. The fixed field F” of this group
is the composite of all quadratic extensions of F. Iy = F' N Ly and F; = F' N L, are the
two different ramified quadratic extensions of F. Define

WEy, = NLO/Fong

and

Wrp = NLl/Flel-
Then

NFO/FwFo = YWF
and

NFl/FwFl = NWF.
We need to show that

Yo
vg(yom) = l/¢<—) =—1.
71

If not, :Yy—fl) is a square and thus in Np, /pCr,. Then yowp belongs to
NpyypCry N NpyypCr, = NprypChp.

This is impossible because F’ contains an unramified extension.
We observed before that since

po = Aog) = —1  (mod 4)
the number v,(—1) is —1. The identity (14.5)) reduces to

(—1)% = (~1)*(~1)%F.
Since (1) @)
a = T -+ T
and .
u?) ==

this relation is clearly valid.

We continue to suppose that g = —1 (mod k) and that o2 = 1, but now we suppose
that V' is not invariant under 7*(0g). Since 7*(0o)V NV and 7*(0y)V +V are both invariant
under G/G, the first is 0 and the second is S(K/L) so that S(K/L) is the direct sum
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V @ 7*(00)V. Let V have p’ elements so that ¢ = p*. If X is again the field generated over
the prime field by the kth roots of unity A has p’ elements. If ¢’ = \' N ¢ has p/ elements
then p’ = p*/ so that p* =1 (mod 8). Also k divides p* — 1 so that

g—1 (p'—1
= < g )(p‘+1)
1S even.

If 0 € Gy/G; the non-zero fixed points of gyo are the elements of the form

v® T (0g0)v
with v # 0. There are (p’ — 1)k of them altogether and they fall into p® — 1 orbits. The
remaining
(" = 1) = (" = Dk

elements fall into .

{0 =1 - - Dk

orbits. Thus
pf -1 pQE -1
2 2k
Since, for the same reasons as before, v,(—1) = —1 the identity (14.5) becomes

(14.10) vo| T | = (=)™

while ([14.6)) becomes
f_q

vo | [T |ve(=0)™9 = (-1)=".
w

Since
Z[qﬁumﬁ]zp —1=0 (mod 2)
only (T4.5) need be proved. (14.4) and (T4.7)) are not to be considered because <+ is even.

We proceed as before. The points in 7" can be chosen so that their isotropy groups are

. .. . pf—1 . . .. pf—1 .
either trivial or contain o¢ or o;. 5= will have isotropy groups containing oy and *5= will

have isotropy groups containing o;. The argument used above shows that the left side of
(14.10)) is equal to

as desired.
Now suppose k > 8 and

po=Aog) ==-—1 (mod k).

NN

We are of course still supposing that [G : Go] = 2. If o belongs to Gy/G; then
0000_1 = 002

and
(000)% = 022



160 THE FOURTH MAIN LEMMA

Thus L
2((000)%) = z(0) + 5:(:(0).
Since z(0¢) is 0 or £, we can make the sum on the right 0. Replacing o¢ by oo if necessary,

we suppose that o2 = 1. Then (0¢0)? = 1 if and only if

k
Ex(a) =0 (mod k)
which is so if and only if oyo is conjugate to o.

Take V in S(K/L) as before. If V is invariant under 7*(oy) and X’ with p’ elements and

¢ with p’ elements have the same meaning as before, then

k
pf:§—1—|—wk

for some integer w so that

k k

and
qg—1

? —1 (mod 2)

is odd. Thus the identities ([14.5)) and ((14.6|) are not to be considered. The identities ((14.4])
and ([14.7) follow from Lemma 14.7 exactly as above.

Suppose then S(K/L) is the direct sum V @ 7*(00)V. If V has p* elements then g = p*
and

| o

g—1 p'—1
=0+
is even because k divides p* — 1. The non-zero elements of S(K/L) which are fixed points

of some ogo with o a square in G¢/G; are the elements

v @ (oo )V

with v # 0. There are (p* — 1)£ such elements and they fall into ]‘% orbits. The remaining

1)~ o 1%

non-zero elements have trivial isotropy group and fall into

sl 0# 0= 0 -5}

=g T3

Since, as before, v4,(—1) = —1 the identity (14.5)) becomes

orbits. Thus

(14.11) vo| [T | = (=)
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while ([14.6)) becomes

4

. p =1
vo | [T | (—1)%t0n = (=)™
12

Again
¢

Z[qbuzgzﬁ]zp;lzo (mod 2)

so that it is enough to prove (14.11f). The identities (14.4]) and (14.7]) need not be considered.
If \ and ¢’ are defined as before and ¢’ has p’ elements, then ) has p’ = p?/ elements

so that

p'=1 (mod 8)

and 3% is even. We may suppose that each p in 7' either has trivial isotropy group or is
fixed by 0p. Lemma 14.8 shows that those p with trivial isotropy group contribute nothing
to the left side of (14.11f). If Ly is the fixed field of oy and

NLO/FWLO = NWF
the left side of K is

pf-1

vs(70) 2
which is 1. The truth of the identity is now clear.
We return to the general case so that [G : G| may be greater than 2 and py may be
congruent to 1 modulo 4. Of course [G : G| is still even. Let

Ao = A (00 [G:GO})

1.
)\0 — ’u/g [G~G0] )

so that

If [G : G| > 2 then

A =1 (mod4).
If [G: Go] = 2 then \g = pp. Since the case that [G : G| = 2 and pp = —1 (mod 4) is
completely settled we may suppose that \g =1 (mod 4). Set

Any element of /G which does not lie in Gjy/G; and whose square is 1 is of the form

o(x)r. If
C’(EG:GO} = o (yo)
then )
(o(x)70)” =0 ((Mo+ D)5 = o (yo + (Ao + 1)2).
Since G/G is not cyclic y, is even. Since
M+1=2 (mod4)
there are exactly two solutions of the equation

Yo+ Mo+ 1Dz =0 (mod k).
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Let ¢ be one of them. Then zy + g is the other. We may suppose that £ does not divide
Zg. Set

po = (o) T0.
We observed before that if o # 1 belongs to G/G; and 7*(0) has a non-zero fixed point

then some power of ¢ is of order 2 and has a non-zero fixed point. Since a(%) has no

non-zero fixed point this power must be py or a(%)po. Since J(%) lies in the center of

G /Gy, o must lie in the centralizer of py.

The group
] k k
O 92 y P05 O 9 Po

is of order 4 and every element in it is of order 2, so it cannot be contained in the center of
G/G,. However it is a normal subgroup and its centralizer H* has index 2 in G/G;. G/G;
may be identified with H. Every element o of H such that 7*(¢) has a non-zero fixed point
lies in H*. S(K/L) is the direct sum of V' and W where

Vz{v}ﬂ*(po)v:v}
W ={w|r(po)w=—w}.

If o in H does not belong to H* then 7*(c)V = W and 7*(c)W = V. The number of
non-zero orbits of H in V' U W is the same as the number a’ of non-zero orbits of H* in V.
If V has p’ elements so that ¢ = p** the number of non-zero orbits of H in V& W — (VUW)

is
g =17 p -1 p-1
[G . Gl] k [G . Go] ’
The action of H* on V must be irreducible although it is not faithful. However the action
of H* N Hy = Hj is faithful.

Let I’ be the fixed field of H* in L or, what is the same, of H*C in K. Let C' C C
be the orthogonal complement of V and let H' be the subgroup of H which acts trivially
on V. H'C' is a normal subgroup of H*C and its fixed field K’ is normal over F’. If
H = H*/H" and C' = C/C"' then G' = 6(K'/F') = H'C’'. Moreover H' N C' = {1} and
H' # {1} because 0(%) does not lie in H'. Since the action of H' on C’ is faithful and

irreducible, C"’ is contained in every non-trivial normal subgroup of G’. To complete the
proof of the four identities (14.4)), (14.5)), (14.6), and (14.7)), we use induction on [K : F].
Let £’ be the order of H, and let ¢' = Op /Pp. If K/F is replaced by K'/F' the identity

(14.4) becomes
/ ‘_
(14.4") (= 1)y (K vy (—1) 27 T2 = 1,
T is to be replaced by T, a set of representatives for the non-zero orbits of H or H* in

V', which may be identified with the character group of C’. We may suppose that 7" is a
subset of T. Because H|, # {1} the identity (14.5|) for the field K’/F’ may be written as

/ pi-1
(14.5") vor | TT 0 | = ()% (—1) 5

peT’
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Of course
t[Fy:F']

NFM/F’(W%J =@ ¥
Recall that ¢ is odd. By Proposition IV.3 of Serre’s book, ¢ has the same significance for
K'/F" as it had for K/F. The identity (14.6) may be written as

1

(146") (0 | T oy Zoertons g (-5t =1
neT’
and ([14.7) as
/ pi-1 1 !
(147/,) (_1>a +1l/¢/(k,)l/qg/(—l)wffyqs/(—1)Z;L€T’[¢u'¢] =1
Assuming ((14.4"), (14.5"), (14.6")), and (14.7")) we are going to prove (14.4), (14.5)), (14.6),
and ((14.7]).

k
5

= (e

would be even. Thus Hy = Go/G; is not contained in H* and F’/F is ramified so that
¢’ = ¢. Since

g—1 [p'=1\(p'+1)

kK 2

the number 251 is odd. To prove (|14.4)) we have to show that

(=)™ ve(2)up(~1)° =1

2@_1 K_]_ é_]_ V4 1
5="L A & Pt

Since H|, is isomorphic to Hj either k' = k or k' = Suppose first that % is odd.

Then k' = g, for if not

2k k k 2

Since Go/G; is not contained in H*, 75 does not commute with Go/G; and the map A of
G/Gy into the units of Z/kZ is faithful. Thus

X # 1 (mod k).
But
XM =1 (mod 4)
so that k > 8. In general if k > 4, the group of units of Z/kZ is the product of {1,—1} and
{ala=1 (mod4)}.
If
a=1+2"
with = odd and 4 < 2° < k then
042 =14+ 2b+1y
with 4 odd. One shows easily by induction that the order of a is 27%k so that
{oz|04£1 (mod 4) }
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is cyclic of order %. This implies in the particular case under consideration that [G : G|

divides %. Write
a' = pE —1 pg —1
k' Q[G : Go] .

Q[G : Go] = k’/.
We consider various cases separately. As before 1o = A(0g). If ¢ has p/ elements then
pop’ =1 (mod 8).

a” is odd if and only if

(i)
o =1 (mod 8).
Then
vs(2) = vs(=1) =1
and the order of y in the units of Z/kZ which is equal to [G : Go] divides £. Thus
a” is even. The identity follows.

(i)

Then

o =3 (mod 8).

ve(2) = vg(—1) = —1.
Since o = 3 (mod 8) the numbers 1y and Ay are different. Thus )\ is a square
and hence congruent to 1 modulo 8. Then k£ > 8 and

p'=1 (mod 8).
Then ,
pr+1 1
=— - = 2).
) 1 5 (mod 2)

Since g # Ao, the index [G : Go| is not 2. Thus the order of g is at least 4 and is
therefore the order of —fi. Since —p =5 (mod 8) its order is £ and
k
[G : G(]] = Z
Consequently a” is odd. Again ([14.4]) is satisfied.

(i)
po =5 (mod 8).
Then v4(2) = —1 while v4(—1) = 1. The order of iy which equals [G : G| is again
% so that a” is odd and (14.4)) is satisfied.

po =7 (mod 8).
Then v,(2) = 1 while v4(—1) = —1. Again k£ > 8 and
=0 (mod 2).

The order of ug is again at least 4 and therefore equal to the order of —p and that
divides £. Thus [G : Gy] divides £ and a” is even. (14.4) follows once more.
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Since ¢’ = ¢ all we need to prove (14.7)) once (14.4) and (14.7")) are granted is show that
Z [0 9] =0 (mod 2).

peTr-T1"

This is clear because, for these p, F,, = L and ¢, = O /B is of even degree over ¢.
Finally we have to assume that % is even and prove ([14.5) and (14.6). First a lemma.

Lemma 14.9. If Q;lgl is even,

%[G:Go]

)\(00 ) =1 (mod 4),
and G /Gy acts faithfully on Go/G1, then
(—1)v(-1)5 = 1.

Since the action is faithful, Go/G; is not contained in H* and k' = g As before \y =1
(mod 4) and Ay £ 1 (mod k) together imply that & > 8 and &k’ > 4. Since k' divides p* — 1,

p'=1 (mod4)
pt-1

qg—1 pr—1\[p'+1
ko k' 2
the number -~ 1s even.

If o belongs to H* and o acts trivially on H{ then

Ao =1 (mod })

0y . )
and ”TH is odd. Since

2

so that

Mo?) =1 (mod k)
and o2 belongs to Hy. Thus o belongs to pyHy U Hy. Since py belongs to H' the image of
o in H' lies in H). Thus G'/G} acts faithfully on G}/G. If o belongs to H' then o acts
trivially on H} because the representation of H on V is faithful. Thus H' is contained in
poHy U Hy and is therefore just {pg, 1}. Thus

1
GGy =[H' :H)|=[H": HH' = 5[G : Gyl
Suppose that
o

(14.12) (=) (—1)7 = 1.
Since ¢ = ¢ and, because k' > 4 divides p’ — 1,

g—=1 (p' =1\ (P +1\_(p-1
2% :< 2% )( 2 >:< 2% (mod 2),

all we need do to establish the lemma is to show that
a"=0 (mod 2).
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As before [G : Go) divides &. If
k
Z = n[G : Go]

2
a//:l(pz_l)2 =n pg_l
k |G : Gy k'
is certainly even because 2k’ divides p’ — 1.
If [G: Go| > 4 let

then

If
Ap=1 (mod 4)

we may suppose that (14.12) is true by induction. If [G : G| = 4 and
Ay =3 (mod 4)

or if [G : Gy| = 2 we must establish it directly.
Suppose first that [G : Gy] = 2. If ¢ has p’ elements then

M=pw=p =1 (mod 4)
so that v,(—1) = 1. It is clear that in this case

/_pe_1
a = k/

a’ is thus even and is valid.

Now suppose [G : G| = 4 so that [G' : G| = 2. If o{, generates G’ modulo G}, then A
is the image of ¢f, in the group of units of Z/k'Z. We have already studied the case that
Ay = 3 (mod 4) intensively. Let

x:o — (o)
be the map of Gj/G} onto Z/K'Z. If Ny = —1 (mod k') and x((0)?) = & we showed,

incidentally, that (14.12)) is valid. If \j = —1 (mod k), z((0()?) = 0, and the action of Hj
on S(K'/L') is reducible, we saw that p’ is a square p** and that the left side of (14.12)) is

o _
(=1)
But the field with p* elements must contains the k'th roots of unity and ¥’ = 0 (mod 4).
Thus

P

p ' —1=0 (mod 4)
and (14.12) is again valid. If &’ > 8,
k/
Ny = 3~ (mod k')

and the action of Hj on S(K'/L’) is reducible, the left side of (14.12)) is
o

(-1)"

This time
p' —1=0 (mod 8).
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To complete the proof of the lemma we show that in the case under consideration the
action of Hj and S(K'/L’) or, what is the same, the action of H} on V is reducible. If not
the field generated over the prime field by the k’th roots of unity has p’ elements. Thus

p'=1 (mod 4).

However as we have observed repeatedly, the number of elements in ¢ is congruent to 3
modulo 4. Thus ¢ is even. Let ¢ = 2¢'. Either p* — 1 or p + 1 is congruent to 2 modulo 4.
If p* +1 =2 (mod 4) then &' divides p” — 1 because

¢ 4
pt—1 pt =1 /
K :< k' )(pe—l—l)

is even. Since &’ cannot divide p¥ — 1 we have
p" =3 (mod 4)

and ¢ is odd. Indeed it is 1 but that does not matter. Since k divides p’ — 1, the kth roots
of unity are contained in the field with p® elements. Adjoining them to ¢ = Or/Br we
obtain a quadratic extension because 4 does not divide ¢. Therefore if o belongs to Go/G1,

Bo(0) = Bo(0)70 = By(c)ND)

so that
Mod)=1 (mod k).
This contradicts the assumption that G/Gy acts faithfully on G,/G;.
Returning to the proof of (14.5), we suppose first that Hy is not contained in H* so
that the action of G/Gy on Gy/G, is faithful. Because of Lemma 14.9 the identity is
equivalent to

Ve H NFu/F’YM =1

peT
If 1 belongs to T' but not to 7", then F), = L and, by Lemma 14.8,

vs(NE, r) = 1.
If 1o belongs to T" then G, is contained in H*C' so that F), contains F’. Moreover we do not
change F), if we replace K/F by K'/F'. Let wp: generate P and take wp = Np/powp. If
£’ is the fixed-field of H* we may suppose that

wp = Npgypwp
and that

WE = NE//EZDE/.
Then

wr = Ng/rowg

as required. Let
t[F:F']
to_ .
NE, i, @g, =Y,@ ¥

Then
Yu = Npypy,,.
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Since F'/F is ramified v, is a square in Up and ([14.5)) is proved. To prove ([14.6) we have

to show that
,/d)(_l)zug[%:dﬂ — V(b,(_l)zueT/[d’u“f’,] =1.

But 2= is even and this follows from the simultaneous validity of (114.5") and ([14.6")).

k/
We have yet to treat the case that % is even and Hj is contained in H*. Then F'/F is

unramified and &’ = k. Suppose first of all that ’% is also even. Then

qg—1 pt—1 pt+1
2k k 2
is even. Hj is contained in H* and H is generated by oy and Hy. Consequently oy is not

contained in H* and "
Oopooy = 0<§)p0.

(mod k)

Since py = o(xo)7o,

NN

(o — 1)wp =

if Mo = )\(0’0). If
G:G
w = (o5 )
and m is the greatest common divisor of yo and k£ then by the definition of zy the greatest
common divisor of zy and k is 7. Therefore % is the greatest common divisor of g — 1
and k. In particular m < k. The order of oy in H is
k

m

G : Gyl

Therefore [G : G| divides 5-[G : Go] and H* contains a cyclic subgroup of order
k
2m

If o is the element of order 2 in this subgroup, then o belongs to Hy and 7*(o) does not

have 1 as an eigenvalue. Thus no non-zero element of V' is fixed by any element of this
cyclic subgroup and

(G : Gyl.

k
£ _ .
p—1=0 (mod 5 G : G0]>.

In particular |G : Gy divides p* — 1 and

" o__ pg_l pé_l
“ = k [GG()}

is even. As before vy(7,) =1 if u belongs to T" and F,, = L. If F), # L then p belongs to 1"
and G, lies in H*C so that F), contains F’. In the present situation F’/F is unramified
and we may take wp = wp. If

t[Fu:F']
t %
Np,/p@p, =7,%p

then

: t[Fp:F]
_ / k
NFH/FwFM = (NFI/F’Y/J,)wF
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The identity ((14.5]) reduces to

) H NF’/F’Y‘; = (_1>a’
neT”’
or

v | [T ] = (=D

neT’
Since ¢’ is a quadratic extension of ¢, the number vy (—1) is 1 and this relation is equivalent
to (14.5"). To prove ([14.6)) we have to show that
V¢(_1)ZMET[¢M:¢] — 1.

This is clear because 2 divides each of the degrees [¢, : ¢].

Finally we have to suppose that 7% is odd. Since [¢' : ¢] = 2 the relation ({14.4"))
amounts to
(_1)a/+1 -1
Again

(14.13) vo | [T | =ve | T] 7.

peT neT’

If 1 belongs to T" and o # 1 belongs to G, then some power of o will equal py. Since

V4 /
pr—1 (£ F]
k _Z k

peT!
is odd and
[Fy : F]
k
is a power of 2, there is at least one p in 7" for which [F), : F'| = k. Then G, must contain
an element of the form o(zy)o2. Then

e M%[G:Go] 1
po = o(20)m = (0(20)02) 17 = o | | Fy
po—1
Thus
%[G:Go]
0 —1 20 =z (mod k)
M% 1 0 = 40 .
Let 1
Z[G : Go] = 2b
Since
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and, as before, the greatest common divisor of zy and k is % if the greatest common divisor
of yg and k is m, we infer that

116:Go) b gitl b
1 -1 po  —1 27
ara el | eaeenid | RS
0 j=1 Ho j=1
is multiplicatively congruent to
[G . G[)]
4
modulo 2 and that the greatest common divisor of zy and k is
2m
[G : Go] ’

[G:Go]
2

In particular divides m. zy is odd if and only if

1

If o = 1 (mod 4) the order of pg in the group of units of Z/kZ is m because, as we observed

pi-1

— is even, the greatest common divisor of yy — 1 and k is %

when treating the case that
However )
,ug[G'Gd = A1) =1 (mod k)

and in this case m divides 3[G : Go|. Thus
1

if 1o =1 (mod 4).

We shall define a sequence of fields F, L) K® 1 < i < n. nis an integer to be
specified. We will have F) C L) € K@ and K@ /F® and L% /F% will be Galois. Let
G =&(KY/F®) and C = &(LO/F®). There will be a subgroup H® of G® such that
HO £ {1}, HONC® = {1}, and GO = HOC®. C® will be a non-trivial abelian normal
subgroup of G which is contained in every other non-trivial normal subgroup. H™ will
be abelian but H will be non-abelian if i < n. Moreover k¥ = [H{" : 1] will be at least 4
for all i and k@ will equal 2k0*+V if i < n. If 2 is an isomorphism of H\" with Z/k®Z and
o belongs to H® let

z(oro™t) = XD (a)z(7).
Then A9 (o) will be congruent to 1 modulo 8 if i < n. If ¢ is the number of elements in
C® then

¢ —1
k@)
will be odd.
F’" and K’ have already been defined. L’ is just the fixed field of C".
qg —1 B pf—1
Kok

is odd. If ¢’ in H’ is the image of ¢ in H*C' then
N(o')=Mo) (mod k).
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Since o is a square modulo H
N()=1 (mod k).
If FO, L® and K® have been defined and H® is not abelian we can define F(+1),

LD K@+ by the process we used to pass from F, L, K to F', L', K'. We have seen
that if

¢ —1
k(@)
is odd then .
q(z-i-l) -1
L(i+1)
is also odd and that
kD = 2k,

We have also seen that k) > 8 if H® is not abelian. If H® is abelian we take n = i.
When we pass from the ith stage to the (i + 1)th we break up 7, the analogue of

T, into T0+Y and a complementary set U®. We may think of 7" as lying in 7. If o)
generates H® modulo H\” then
)\/(O'(()i)) =1 (mod 8).

We saw that this implies that U () has an even number of elements. If p belongs to U®
then F), is equal to L™, Thus we may suppose that

Vgt H ’}/;L =1.

Moreover L% /F() is non-abelian and therefore L") /F® is not totally ramified. Thus y is
not in UW if [F, : F'] = k.
Since L™ /F™ is abelian the isotropy group in H™ of any u in T is trivial so that
F, = L™ for such y. Since
[F, : F'] AREw A
Sl o s B (noa o)
peT peT()
There are an odd number of elements in 7™ and
(L™ F'] = .
Choose 2y so that o(z)o? lies in &(L/L™). It then fixes each p in T,
Since L™ /F" must be totally ramified there is a § in Up such that
NL(n)/FwL(n) = 5@%

The right side of is equal to v4(9). L™ is contained in L. Choose wp in W, /F SO
that 7,/p(wy) = wp. We may suppose that o, has been chosen to be o(wy). Let Ly be the
fixed field of Hy. Choose ug in Wy, so that o(ug) = o(%) and so that 71,1, (uo) is a unit.
Clearly z is even if and only if 771, (uo) or

NLO/F (TL/LO (Uo)) = TL/F(UO)
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is a square. Since o(z)o? lies in &(L/LM),
U,ng
lies in WL/L(n>. We may take
W) = TL/L(m(uowg).
Then
Npow yp(wpm) = Toyp(uows) = 71/ ror

and § = 77/p(up) is a square if and only if 2, is even.

Since (—1)%*+! = 1 the relation (14.5) amounts to

()" (-1 = (—1).

(14.6) is equivalent to (|14.5]) because each [¢, : ¢] = 2[¢, : ¢'] is even. Recall that

" o__ pe_l pe_l pe_l
a‘( K ><[G:GO]) GGy (med?)

q—1 pt—1 pi+1 pi+1
o :( 2 )( 5 == (mod 2).

o =1 (mod 4)
then v,(—1) = 1 and, as we observed earlier, z, is odd. We have to show that a” is even.
We showed before that H* has to contain a cyclic subgroup of order %[G : Gy| and that
%[G : Go] has to divide p* — 1. But % is the greatest common divisor of py — 1 and k.
Since 4 divides o — 1 and k, it divides £ and 2[G : Go] divides p® — 1. Thus a” is even.
If

and that

If

o =3 (mod 4)
then v4(—1) = —1. Moreover k > 2 so that p* =1 (mod 4) and
g—1 p‘+1
2k~ 2
We have to show that a” is odd if

=1 (mod 2).

1

and even otherwise. But 19 =3 (mod 4) so that £ =2 and m = %. Thus [G : Go] = 2m if
and only if [G : Go] = k. If [G : G| = k then

a// = pg —1
k
is odd. Otherwise 2[G : Gy divides k and a” is even.

Lemma 14.3 is now completely proved, so we turn to Lemma 14.4. In the proof of both
Lemma 14.4 and 14.5, we will combine the induction assumption with Lemma 15.1 which
is stated and proved in paragraph 15, the following paragraph. Suppose F' C F’ C L and
F'/F is cyclic of prime degree ¢. Let &(K/F') be H'C where H' C H and let E’ be the

(mod 2)
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fixed field of H'. Then E'/E is cyclic of prime order ¢. If S(F'/F') is the set of characters
of CF/NF'/FCF' then
S(E'/E) = {vgr |vr € S(F'/F)}.
From Lemma 15.1 we see that for any quasi-character xr,
Ind(Wk/e, Wk /e, XE1)B) = @ VE/FXE/F-
vpES(F'/F)

Therefore
IndWg/p, Wk/p, XE'/E) =~ EB Ind(Wgr, Wi/, VE/FXE/F)

VR
which is equivalent to

@ @Ind(WK/F, Wk/p,, WVE, /FXE,F) | © VEXF

VR peT
If 7" is a set of representatives for the non-trivial orbits of H' in S(K/L) then
Ind(WK/F/, WK/E’; XE’/F) =0

is equivalent to

@ Ind(Wx/rr, Wi/, 1 XFr 1) | @ X/
peT’
Moreover
Ind(Wx/r, Wiy, 0) = Ind(Wi)r, Wi/pr, X1 /B)-
Applying the induction assumption to L/F we see that

H A(vp, xr, Vr) H H A(p've, ) pXF, s Ve, p)NEF/F,bp)

vrp peT

is equal to

(14.14) {A(XFp bpyp)NF'F,p)} H AW XE 7y VEy p)ME, ) Fyr)

neT’

The application is legitimate because the fields F', F},, and F, all lie between I’ and L. By
Lemma 4.5

)\(F/;/Fa ¢F) = )\(F;:/ij1/]}7//}7))\(F’//I.T‘7 wF)[F;LF/]
Also

AF'[Fp) [T ME/F )t = X F )P,
peT’
Since the fields F" and F}, lie between I and K we can apply the induction assumption to
K/F' to see that (14.14)) is equal to the product of
A(F'[F,pp)

and
A(xg/r, Ve p)ME [ F e ).
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Applying the induction assumption to K/F we see that

A(XE’/F7 ¢E//F)
is equal to

H AWerxe/rVeF) ¢ ME' B Ypr)
vrES(F'/F)
We conclude that the quotient

H A(wrxr, ¥r) [Ler AW'vE, /rXF, Py VF, F)
A(vg/rXE/F VE/F)

(14.15)

vp

is independent of yr. Taking yr to be trivial we see that it equals

I A(vp, ¥r) [ er AW ve, r Yr.F)
Avg/r, VE/F) .

(14.16)

VF

It is easily seen that the complex conjugate of A(vg,¥p) is

(DA, Yr).

Thus
Avp, vr)A(vg', Yr) = vp(=1).
If 7 is odd the right side is 1. Since
A(L ¢F) =1

and vp # VEl if ¢ is odd, the product

H A(vp, r) = 1.

vrE€S(L/F)

For the same reasons
H A<VE/F71/}E/F) =1
vpeS(L/F)
However, if £ is 2
Avp,¥r) = Avp', ¢r)

has square +1 and is therefore a fourth root of unity. Thus
H A(vp,p) ~ H A(vp/r, Ye/r) ~2 1.
veS(L/F) veS(L/F)
On the other hand, m(y') =t + 1 > 2 while m(vg,/r) < 1. Thus Lemma 9.5 shows that
A(p'vp, e, ¥p, r) ~e AWV, F)-

Thus the expression ((14.16|) and therefore the expression ((14.15)) is equal to
¢

H Al Yp, r)
peT

where 7~ 1.
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If m(xr) is 0 or 1, Lemma 14.4 is a consequence of Lemma 14.2. We suppose therefore
that m(xr) > 2. In this case Lemma 9.5 implies that

T Awexe, vr) ~e Alxe, dr)

VF
and that
H AW rXE/F VEF) ~ AXE/F, VE/F)".

v
We also saw in the beginning of the paragraph that, in all cases, m(u'xr,/r) = 2. Thus
A(//7/1?”/17XF#/F7 wFN/F> ~¢ A(//XFM/Fa ¢Fu/F)-

Putting these facts together we see that if
‘

o4 Alxr, ¥r) H A(W'XE, rs Ve, F)
peT

is equal to

A(XE/F, VE/F) H Al Vg, r)

neT
then o ~; 1. Since 0 = p* we conclude that
p~el
Finally we have to prove Lemma 14.5. Let F” be the fixed field of H;C and let L’ be
the fixed field of HoC'. Let E’ be the fixed field of H; and let K’ be the fixed field of H,.
Let P be a set of representatives for the orbits under &(L/F) of the characters in S(L/L').
If v is one of these representatives, let H, H,C' with H, and H; be its isotropy group and

let F), be the fixed field of H, H,C'. Applying the induction assumption and Lemma 15.1 to
the extension L/F we see that

A(XF’/F7 ¢F'/F)P(F,/Fa IDF)

is equal to

(14.17) H A<V/XF1,/F7 1/1FV/F))\(FV/F, Ur).
veP

Let

R={veP|F,=F}
and let S be the complement of R in P. R consists of the elements of S(L/L’) fixed by
each element of &(L/F). It is a subgroup of S(L/L’') and its order r must therefore be a
power of ¢. The expression may be written as

[TAWXE ) 3 [T AW X5 p Y0 2)AF/F,br)

VER ves

If F is replaced by E and F’ by E’ then P is replaced by
{VK’/L’ | V=1V € P}
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Also F, is replaced by E,, the fixed field of H, Hy, and v/ is replaced by v}, JF- Applying
the induction assumption to K/E, we see that

A(xe Ve ) ME'|E,VEp)
is equal to the product of

H AWy pXE/F VE/F)

vER
and

H Ay, /5, XE,F> Y, P)NEL B, V5 F)

vesS
This equality will be referred to as relation (14.18).
To derive this equality we have used not only the induction assumption but also
Lemma 15.1, which implies that
Ind(Wik/g, Wi/ XE/F)

is equivalent to

B md(Wi/z, W/, Vigpxesr) ¢ @ S D Ind(Wiym, Wie/i, . Vs, 1, X5,/ F)
R S

Thus
Ind(Wi/p, Wi/ XE/F)
will be equivalent to the direct sum of

@ Ind(Wg/r, Wi/, Vi pXE/F)
R

and
B md(Wir. Wi/p,, Vig, 1, X/ 7)-
S

If v is in R we can apply Lemma 15.1 to see that

Ind(Wx/r, Wi/, Vi/pXE/F)

is equivalent to

@ Ind(Wx/r, Wi/r,, 1'VE, 7 XE,F) ¢ © V' XE-

peT
We can obtain
Ind(Wgk/p, Wk/p,, VJIEU/FVXEV/F)
by first inducing from Wy,g, to Wg/r, and then from Wy /g, to Wy p.
If T, is a set of representatives for the orbits of S(K/L) under the action of &(K/F))
and F, , is the fixed field of the isotropy group of p in 7, then, by Lemma 15.1 again,

Ind(Wx)r,, Wi/B,, Vi, /5, X B F)
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is equivalent to
P md(Wir,, Wiys,,,. WV, p XEu/F)-
T,
Since [K : F,] < [K : F] if v belongs to S, we can apply the induction assumption to see
that
A(V/EV/FVXEV/Fa¢EV/F>/\<EI//FIM 77/JFV/F)
is equal to
1T 2, e X0 e 08 2)NFo ) o or, r).
,MGTU
This equality will be referred to as relation (14.19).
It also follows that

Ind(Wg/r, Wk/B,, Vg, /5, XE,/F)
is equivalent to

@ Ind(WK/F, WK/FV#N /"LIV}:‘V‘M/FVXFMH/F)'
METV

The fields F, and F, , all lie between F' and L. Thus we have expressed
(14.20) Ind(Wgr, Wk/g', X5/ F)

as a direct sum of terms of the form
(14.21) Ind(Wik/r, Wi /ae, Xr)
where M lies between F' and L. Moreover such a representation is in fact a representation
of Wk r obtained by inflating a representation of Wy, r, namely, by inflating
Ind(Wr,p, Wi s, Xar)-
Thus any other expression of as a sum of representations of the form ((14.21)) will

lead, by an application of the induction assumption to L/F, to an identity between the

numbers A(Xar, Y/ r)-
To obtain another such expression, we observe that the representation (14.20) can be

obtained by first inducing from Wx, g to Wi p and then from Wy, p to Wi /p. If T" is a

set of representatives for the orbits of non-trivial characters in S(K/L) under the action of

G(K/F') and F}, is the fixed field of the isotropy group in &(K/F') of p in T then
Ind(WK/F’a Wk /e, XE’/F)

is equivalent to

B md(Wi/rr, Wiy 1/ X 7)) p ® Xy
neT’

Thus ((14.20]) is equivalent to the direct sum of
Ind(Wg/r, Wk /rr, X' /F)

and
@ Ind(Wg/p, Wik Fy, N,XF[L/F)'

neT’
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We shall describe the resultant identity in a moment. We first apply the induction
assumption to the extension K/F’ to see that

A(xer Ve p)ME [ F e p)
is equal to
A(Xr/r, Vr ) H AW XEy e e p)NEL ' e ).
neT’
This equality will be relation (14.22).

The two expressions for the representation ([14.20)) lead to the conclusion that the
product of

(14.23) [TAW P, ¢r)
VER
and
(14.24) H H A(MIV}WH/FXFH/E Vi, r)AEFL/F,dr)
vER peT
and
(14.25) H H A(M,V%‘%H/FUXFV,M/Fv I/JFV,M/F)/\(Fvyu/Fa Vr)
veS METI/

is equal to the product of
A(xpr, Yryr)NE' ) FYF)
and
H A(N,XF;/Fal/)F;/F)A(FL/F» 1/1F)-
neT’
Applying relation and Lemma 4.5 we see that the second of these two products is
equal to

A ) NE F b ) A(F |, o) B,
According to the relation ([14.18)) this expression is the product of

H AV rXE/F VB F) H A(VgpXE/F, VE/F)

vER vesS
and
[TNE/E e r)
ves
and
(14.26) NE'JE, g e) " MNE' [ F' bpr ) NF' | F b ) EE

Equating this final product to the product of ((14.23)), (14.24]), and (14.25) and then
making certain cancellations by means of ([14.19)), we see that the product of (14.23) and

and
[T I A (Fos/Eo o) M(Eo/ F o)

VES METV
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is equal to the product of
H Ay pXE/F> VE/F)

VER

H ANYE,/F,, 5, r)NE,/E, YpF)
ves
and the expression ((14.26)).
In particular, the expression

H A(V'XF, VF) HueT A(/JJ/VIFH/FXFM/FU VE,/F)
AV pXE/P, VE/F)

and

vER
is independent of xp. Taking y g to be trivial we see that

A(V'XF, VF) HueT A(/JJ/VIFH/FXFM/FU VE,/F)
cR A(V};/FXE/F, VE/F) HMeT A(M,V%‘H/Fv VF,/F)

is equal to
A(Vlv wF)
AW e V)

ve

The set
R = { v ‘ v e R}
is a group of characters of Cr or of H. Regarded as characters of H the elements of R’
are just those characters which are trivial on H;. As a group R’ is cyclic and its order is a
power of /. The argument used in the proof of Lemma 14.4 shows that

HA JE) ~p 1
VER
and

[T AWk e rr) ~ 1.
VER
If m(xr) is 0 or 1, Lemma 14.5 is a consequence of Lemma 14.2. We may as well suppose
therefore that m(xr) > 1. If v belongs to R then v/ is 1 on N,pCy. Therefore m(v'), as
well as m(u}m / ) and m(v y ) is at most 1. We saw in the beginning of this paragraph that

m(xg/r) would also be at least 2. We also saw that m(u'xr,/r) would be either ¢ 41 or
Vg, r(m —1) + 1. In any case it is at least 2. Also m(y') =t + 1 is at least 2. Lemma 9.5
therefore implies the following relations:

Xr,¢r)

A(V'xp,br) ~e A
(XE/F,¢E/F)
(
(

M,XFH/Fa @/)FM/F)

)
A(VE/FXE/F; wE/F) ~y

)

) W e, r).

A
A
AUV, pXF R YRy F) ~e A
AUV, 5 YryF) ~e A
We conclude finally that
{A(xF, Ur) [ uer AW X5 P, VE,/F) } "
A(xe/r, ¥E/F) [Ler AW, ¥F, F) ‘
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if r is the number of elements in R. The lemma follows.



CHAPTER 15

Another lemma

Suppose K/F is normal and G = &(K/F). Suppose H is a subgroup of G and C is an
abelian normal subgroup of G. Let E be the fixed field of H and L that of C'. If p is a
character of C' and h belongs to H, define u" by

p'(c) = p(heh™).
The set of characters of C' may be identified with S(K/L). If a belongs to Cf,
() = p(h(a)).
The set of elements in S(K /L) which are trivial on H N C' is invariant under H. Let T be a

set of representatives for the orbits of A in this set. If ;o € T" let H, be the isotropy group
of p, let G, = H,C and let F), be the fixed field of G,. Define a character ' of G, by

p (he) = p(c)
if h € H, and c € C. p/ may be regarded as a character of Cf,.

Lemma 15.1. If xr is a quasi-character of Cr, then

p=Ind(Wgk/p, Wk/E, XE/F)

15 equivalent to
EB Ind(Wg/r, Wk/F,, M/XFH/F)'

peT

Let G’ = HC and let F’ be the fixed field of G’. F’ is contained in F and in the fields
F,,. Because of the transitivity of the induction process, it is enough to show that

Ind(Wgk/r, Wk e, XE/F)
is equivalent to

@ Ind(Wi/p, Wik, W XE, 7))

peT
If
X/F/ = XF'/F
then
XE/F = X,E/F’
and

XFu/F = X/FM/F/'
Consequently we may suppose, with no loss of generality, that F” is F.
If K’ is the fixed field of H NC and v € S(K'/L), let ¢, be the function on Wg/p
defined by

ev(he) = xr(r/r(he))v(Tr/L(c))

181
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for h in Wg/g, ¢ in Wg/. p acts on the space of all functions ¢ on W/r satisfying

p(hg) = XF(TK/F(h))<P(9)
for all h in Wk, and all g in Wg,p. The set

{o, ‘ veSK'/L)}
is a basis for this space. Clearly

p(e)py = XF (TK/F(C))V(TK/L(C>)<PV
if ¢ belongs to Wi/, and
p(h)gy = xr(Ti/r(h)) e,
with v/ = l/hfl, if h belongs to Wy/g. Thus if R is an orbit of H in S(K'/L)

e, =V

is an invariant subspace.
Let p be the element common to 7" and R and consider
o= Ind(WK/Fa WK/FW //XFH/F)-

If Wk, p is the disjoint union

U Wy, hi
i=1
and if p;(w) = 0 unless
w e WK/FH h;
while
pi(whi) = ' x5, r ()5, (0))
for w in Wy/p,, then
{pil1<i<r}
is a basis for the space U on which o acts. If v; = p" and if A is the map from U to V
which sends ¢; to xz' (TK/F(hi))ng then, as one verifies easily,
Ao(w) = p(w)A

for all w in Wy, p. The lemma follows.
The lemma has a corollary.

Lemma 15.2. If Theorem 2.1 is valid for K/F then
A(Xe/r, YE/F) H A, VE,/F)
pneT
15 equal to

H A XF, ps VE, F)-

peT
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If Theorem 2.1 is valid
A(XE/p Vep)MNE/F,¢r)
is equal to
H A(M/XF#/F, @Z’F#/F))\(Fu/Fa ¢F)-
peT
Taking yr = 1, we see that

ME/F,bp) = [ AW ¥or, p)MEL/F, ).
peT
Substituting this into the first equality and cancelling the non-zero factor
[T AE/Evr)
peT

we obtain the lemma.
To define the A-function we shall need the following lemma.

Lemma 15.3. Suppose Theorem 2.1 is valid for all Galois extensions Ky/Fy with F C
FICK,  CK and [K,: Fi| <[K : F|. Then

A(XE/F,VE/F) H Al Vg, r)
peT

18 equal to

H A(W'Xp, 7, 05, F).

peT

The conclusion of this lemma is the same as that of the previous one. There is however
a critical difference in the assumptions.
Let F’ be the fixed field of HC. If

Vi = Yy

then for all separable extensions E’ of F’

V= VpryF.
If [K : F'] < [K : F] the relation of the lemma is a consequence of the induction assumption
and the previous lemma. We thus suppose that F = F' and G = HC.

Suppose in addition that there is a subgroup C; of C', which is neither C' nor {1}, whose
normalizer contains H. C; is then a normal subgroup of G. Let F; be the fixed field of
HCY and L the fixed field of C;. Lemma 15.1 applies to the extension K/F;. Thus there
are fields Ay, ..., A, lying between F} and L; and quasi-characters x4,, ..., x4, such that

Ind(Wg/r,, Wk/B, XE/F)
is equivalent to
@ Ind(Wk/r,, Wi/a;, Xa;)-

i=1
The induction assumption then implies that

(15.1) A(Xr/r VE/F)NE/FL YR )
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is equal to
(15.2) TT A4 Yayp)AAS Fy vop, p).
i=1

Inducing the first of these two representations from Wy, p to Wg/p, we obtain
Ind(WK/F7 WK/Ea T/JE/F)-

Thus

(15.3) EB Ind(Wx/p, Wk/p,, W XF./F)
peT

is equivalent to

(15.4) P md(Wic/e, Wicja,5 xa,)-

i=1
We recall that there exist surjective homomorphisms
TK/FL ) F - Wikp — Wi p
Tr /AL A Wija, = Wy a,
TK/Fu,L1/F, * Wiy, = Wiy/F,
whose kernels are all equal to the commutator subgroup Wp o of Wg/r,. Moreover the
diagrams

Wia, —— Wrya,

| l

Wr/p —— Wiy

and
WK/FH E— WLl/F,,L

| !

Wrip —— Wiy

may be supposed commutative. Since I/VIC(/L1 lies in the kernel of x4, and p'xp,/r the

equivalence of ((15.3)) and (15.4) amounts to the equivalence of
@ Ind(Wr,/p, Wi, /8, 'M/XFH/F)
peT
and -
@ Ind(WLl/F, WLl/AZ’ ) XAz) .
i=1

The induction assumption applied to the extension L;/F implies that

H A(Xa;, Va,r)MA F,)F)
i1



ANOTHER LEMMA 185

is equal to

T A6, p. 0r, P)NEL F pp).
nerT
It also implies that

MAE ) = MA/Fr, bp ) AR F, ) 40
Since

Y AR =[E: R

we infer from the equality of (15.1]) and (15.2]) that
A(xs/rs Ve/r)NE/Fy, Yr p)MNFL ) F, ) E0

is equal to
H A(WXE, 7 Vr, p)NEL) Fr).
pneT

Taking xr = 1 to find the value of

ANE/Fy,bp, p)A(F1/Fapp) P

and then substituting the result into the equation and cancelling the common factors, we
obtain the assertion of the lemma.

Now suppose that H contains a normal subgroup H; # {1} which lies in the centralizer
of C'. Hy is a normal subgroup of G if, as we are assuming, G = HC'. K, the fixed field of
Hi, contains I and all the fields F},. Lemma 15.1 together with the argument just applied
to L, shows that

Ind(WKl/Fa WKl/E, XE)

is equivalent to

@ Ind<WK1/F7 WKl/Fw P«/XFH/F)-

peT
In this case the assertion of the lemma follows from the induction assumption applied to
K, /F.

We have finally to suppose that G = HC, C contains no proper subgroup invariant
under H, and H contains no normal subgroup lying in the centralizer of C'. In particular
HnNnC = {1}. If Z is the centralizer of C' then Z = (ZN H)C and Z N H is a normal
subgroup of H. Consequently Z = C. If D is a normal subgroup of G and D does not
contain C' then

DncC ={1}.
This implies that D is contained in Z. Thus D is contained in C' and D = {1}. If H # {1}
the assertion of the lemma is that of the third and fourth main lemmas. If H = {1} then
G = C and C' is cyclic of prime order so that the assertion is that of the first main lemma.






CHAPTER 16

Definition of the \-functions

In this and the next three paragraphs, we take a fixed Galois extension K/F, assume
that Theorem 2.1 is valid for all Galois extensions K'/F’ with FF C F' C K’ C K and
[K': F'] < [K : F], and prove that it is valid for K/F itself. The first step is to define and
establish some simple properties of the function which will serve as the A\-function.

Lemma 16.1. Suppose
E/F" — XNE/F' p)
is a weak \-function on Po(K'/F'). If o € &(K'/F") let
={o o) |acE}.
Then
MET/F ppr) = ME[F' 1ppr).
If i is a character of &(K/E) let u” be the character of &(K/E?) defined by
1w (p) = p(opo™).
According to Lemma 13.2,
Ap?, ¢E0/F/) = A(u, 2/JE/F/)-
The representation
Ind(&(K'/F'), (K'/E), 1)
acts on the space U of functions ¢ on &(K'/F’) satisfying
w(p7) = nlp)e(T)
for all 7 in &(K'/F’) and all p in &(K'/E). The map ¢ — ¢ with
(1) = p(o7)
is a &(K'/F’) isomorphism of U with the space on which
Ind(&(K'/F'),8(K'/E7), 17)

acts. Thus the two representations are equivalent.
If

@Ind (K'JF'),&(K'|E;), )
is equivalent to

@Ind (K'/F'),®(K'[F}), v;)

187
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then

EBInd (K'/F'), (K'/E7), 1)
is equivalent to

@ Ind( K'[F'), 6(K'/F?), y;)

and, with the conventions of the fourth paragraph,

r

[T e ) MET F o)

i=1

is equal to

H A(XF;’; ¢FJ¢/F/))\(F}U/F/,¢F')-
Since

A(XFe: Yre/rr) = AXE, VEF)
and

A(XEzU’ 77Z)E3/Fl) - A(XEm ¢E1/F’)a
we conclude that

[T A V)N E [ F )
i=1
is equal to

H A(XE;, Vry e )ANEFY [ F ).
j=1

In other words

E/F" — XNE°/F'{p)
is a weak A-function on Py(K'/F'). Lemma 16.1 follows from the uniqueness of such
functions.

We return to the problem of defining a A-function on Py(K/F'). Choose a non-trivial
abelian normal subgroup C of G = &(K/F) and let L be the fixed field of C. If E is any
field lying between F' and K let H be the corresponding subgroup of G. Choose the set T’
of characters and the fields F), as in the previous paragraph. Since F),, C L the numbers
MNF,/F,v¢p) are defined.

Lemma 16.2. Suppose FF C E C Ky C K with K1 /F normal so that A\(E/F,v¥r) is defined.
Then
ME/F,bp) = [ AW o5, p)NEL/F, ).
peT

Let K be the fixed field of H;. If H; N C # {1} we may enlarge K; and replace H; by
H; N C. Thus we may suppose that either H; is contained in C' or H; N C' = {1}. In either
case H; is contained in the centralizer of C'. We saw in the previous paragraph that under
these circumstances

Ind(WKl/F, WK1/E7 1) >~ @ Ind(WKl/F, WKI/F;U [L/).

peT
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Consequently
ME/F yp) = HA B, P)ANEL/ F Yr).

peT
In general, we define

MNE/F ) = HA B, P)ANFL/FYr)
peT

if £/F isin Py(K/F). T is, of course, not always uniquely determined. We may replace
any pin T by u” with o in H. Then H,, and G, are replaced by 0~ 'H,0 and 0~ 'G 0 while
F), is replaced by F7 and y' is replaced by (u)7. Since

A 0r, )M For) = () g ) AFZ /)

the number A\(E/F,1r) does not depend on T'. A priori, it may depend on C' but that is
unimportant since C' is fixed and, the uniqueness having been proved, we are interested
only in the existence of a A-function.

We shall need only one property of the function just defined.

Lemma 16.3. [f F C E C E' C K then

ME'[F,bp) = ME' /B, ) M E/F,pp) 77,
If E = F then
)\(E//E,wE/F) = \NFE'/F,vF)

and if E # F

ME'/E, dpr)
is the value of the A-function of P(K/E), which is defined by assumption, at E'/E. Since

AF/F pr) =1
the assertion is clear if E = F. It is also clear if E = E'.

Let E be the fixed field of H as before and let F” be the fixed field of HC. We suppose
that H # G. Lemma 4.5 and the induction assumption imply that

AN Fu/F op) = MEu/F' gy ) MF' [ Fypp) et
The relation
[E:F' =Y [F,: F
implies that
A(E/F7 ¢F) - A(E/F/7 wF'/F)A(F,/F7 1/JF)[E:F/]'
There is a similar formula for A(E'/F,v¢p). If F' # F, the induction assumption implies
that

ANE'JE, g p)ME[F' g o) E = X(E'[F' b ).
Since
|E': F'|=|FE": E|[E: F]
the assertion of the lemma is proved simply by multiplying both sides of this equation by
A [ F,pp)F7F

Now suppose that G = HC and H N C = {1}. Let E’ be the fixed field of H’ and let F”
be the fixed field of H'C' = G’. Each character of H' may be identified with a character of
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Cg/N. x/e'Ck and each character of G’ may be identified with a character of Cp/ /N K/ Ck.
Any character yg of H may be extended to a character yp of G’ by setting

XF’ (PU) = XE'(p)
if p€ H and o € C'. Then
XE = XE')F'-
It follows from Lemma 15.1 that there are fields of F;(E’'), 1 <i < m(E’), lying between F’
and L and characters pip, gy such that

Ind(Wi/pr, Wi /g2, XE7)
is equivalent to
m(E')
ED Wd(Wiyrr, Wiy 1) X R (7))
i=1
If E # E’ so that F # F’, the induction assumption implies that
A(XE’wa’/F)A(E//F/awF’/F)
is equal to
m(E’)
H A(pr ey XFED s ey p)NF(E) [ F Y r).
i=1
We have seen that the lemma is valid for any pair E’, F for which HC # G. In
particular, it is valid for the pair E’, F’ and the pairs F;(E’), F'. Multiplying the equality
just obtained by
A(F' [, ipp )]
we see that

(16.1) A(xe, Ve r)ANEF YF)
is equal to
m(E')
(16.2) 11 A(erexrwy e e p)MEE)/Fbr).

i=1
If F' = F the equality of (16.1)) and (|16.2)), for a suitable choice of the fields F;(E’), results
from Lemma 15.1, Lemma 15.3, and the definition of

NE'/F r).
In any case the equality is valid for all fields lying between E and K.
Suppose Ei, ..., E., E},..., E, are such fields, xg, is a character of Cp, /N /g,Ck, XE,
is a character of C’E}/NK/E;Cm and

ED Ind(Wg) e, Wk/E,» XE,)
i=1
is equivalent to

@ Ind(Wg/E, Wkyet, XE;.)-

J=1
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Then

(16.3) Y E:E =) [E): E]
i=1 j=1
and, by the transitivity of the induction process,
r m(E;)
P B wmd(Wi/p, Wir, ), 2 X (B :)
i=1 k=1
is equivalent to
s m(E)
D D Wmd(Wisw, Wiesm)s iz X )-
j=1 f=1
If Ej; is the fixed field of H; and £’ the fixed field of H then F; and F} are the fixed fields
of H;C and H;C'. This equivalence and the induction assumption for L/F imply that

r mE)
1T T Aerexre e ey )M EF(E) [ Fbr)
i=1 k=1
is equal to
5 m(E)
H H A(MFZ(EE.)XFZ(E;)/FJUng(E;.)/F))‘<FE(E;')/F7 ?/JF>-
j=1 =1

This equality, the equality of (16.1)) and ((16.2)), and the relation (16.3) imply that

[T AGE: Ya MBS F, or) AE/F, )
i=1
is equal to
HA<XE§>¢E;/F>)‘(E;'/F7 Ur)ME/F, ¢F) EEL
j=1
Consequently
E' — NE'|F,pp)NE/F,1pp)~E"El
is a weak A-function on Py(K/FE). The lemma of uniqueness implies that
/\<E//F7 wF))‘(E/F7 77DF>_[E/:E] = /\<E//E7 ¢E/F)
This is, of course, the assertion of the lemma.

At this point, we have proved the lemma when various supplementary conditions are
satisfied. Before proving it, in general, we make an observation. Suppose

FCECE CE'CK
and the assertion of the lemma is valid for E”/E" and E'/E. Then
ME"/F,¢op) = ME"|E',pp)\(E'[F,pp) F

and |
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Moreover, by induction,

NE")E pr) = NE"JE' g p)NE' ) B, pg/p) P
The assertion for E”/FE is obtained by substituting the second relation in the first and
simplifying according to the third.

If the lemma is false in general, choose amongst all the extensions in P(K/F) for which
it is false one E'/E for which [E' : E] is a minimum. Let E be the fixed field of H and
E’ that of H'. According to the previous discussion G = HC, H N C # {1}, and there
are no fields lying between F and E'. If H' N C'= H N C, which is a normal subgroup of
G, the fields F', E, and E’ are contained in the fixed field of H N C and the assertion is
a consequence of the induction assumption. Thus H’ is a proper subgroup of H'(H N C).
Because there are no intermediate fields H = H'(H N C).

As we have seen there are fields Fi, ..., E, lying between E and the fixed field K; of
H N C and characters pg,, ..., pug, such that

Ind(WK/E, WK/E', 1)

is equivalent to

@ Ind(WK/E, WK/EZ': /J’Ei)'
=1

Then i
=1

By the induction assumption, applied to K;/F,
MEi/E, brp)NE/[F,p) 5 = NE;/ F, yrp).

Thus ,
NE'|E g )N EF,p)E ]
is equal to

i=1
Moreover, by the transitivity of the induction process,

is equivalent to

(16.6) B md(Wi/r, Wsp,, 115)-

i=1
On the other hand, there are fields Fi,..., F, contained in L and characters vg,, ..., vp,
such that (16.5)) is equivalent to

(16.7) B md(Wiee, Wies, vi,)

=1
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and such that, by definition,

(16.8) ME'/FYp) = HA(VFJ-,@/)FJ-/F))\(P}/R Vr).

Since the representations ((16.6)) and ((16.7]) are equivalent, the induction assumption, applied
to K1 /F, shows that (16.4]) is equal to the right side of (16.8]). This is a contradiction.







CHAPTER 17
A simplification

We shall use the symbol 2 to denote an orbit in the set of quasi-characters of Ck
under the action of &(K/F) or, what is the same, under the action of Wx,r on Cx by
means of inner automorphisms. If yg is a quasi-character of C, its orbit will be denoted
Q(xk). If p is a representation of Wy, p, the restriction of p to C is the direct sum of
one-dimensional representations. Let S(p) be the collection of quasi-characters to which
these one-dimensional representations correspond.

Suppose

p = Ind(Wi/p, Wic/p, Xp).
Let Wy, be the disjoint union

U WK/sz‘-
i=1
Define the function ¢; by
pi(ww;) =0 w e Wgp, j#1
gpi(wwi) = XE(TK/EUJ) w e WK/E.

{¢1,...,pm} is a basis for the space of functions of which p acts. If a € Cx then
wwja = w(w;aw; " w;
and wjawj_l belongs to C'x which, of course, lies in Wy, g. Thus
pla)pi = x5 (Tr/p(wiaw; ")) = X% p(a)e;
if o; is the image of w; in &(K/F). Thus
S(p) = Qxx/p)-

Suppose Ey, ..., E,., E}, ..., El lie between F' and K, xp, is a quasi-character of E;, and
XE; is a quasi-character of E?. Let

Pi = Ind(WK/F, WK/E” XE,-)
and let
p; = Ind(WK/F> WK/E;,XE})-
Suppose p; acts on V; and p} acts on V. The direct sum of the representations p; acts on

V:év;
1=1

195
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and the direct sum of the representations p’; acts on

v
j=1
Let
Vo= P Vi
{i |xwsmea}
W= @ W
{i XK/E;_EQ}

Any isomorphism of V' with V' which commutes with the action of Wy, takes Vo to V5.
If Xx/E, € Qxx) there is a o in (K/F) such that xx = x% 5, Then

pi = Ind(Wx/p, Wi/Es, X5,)
and
A(XE; Ve, r)MEi/F,0r) = AXE,, Ve /p)NE] [ F,¢r).
We conclude that Theorem 2.1 is a consequence of the following lemma.

Lemma 17.1. Suppose xk is a quasi-character of Cx. Suppose Fy, ..., E,., i, ..., E. lie
between F' and K, xg, is a quasi-character of Cg,, Xs, s a quasi-character of CE;, and

p = @ Ind(WK/F, WK/EU XEz)

i=1
1S equivalent to
p = @ Ind(WK/Fa WK/Eé:XEQ)‘

j=1
If xk/E, = XK/B, = XK for all v and j then

i=1
s equal to

H A(XE; ; ¢E§./F)7 )‘<E;‘/F7 V).

J=1

Let F(xk) be the fixed field of the isotropy group of xx. Let p act on V and let p' act

on V’. Let
Vixg)={veV | p(a)v = xk(a)v for all @ in C }.

Define V'(xk) in a similar fashion. It is clear that any isomorphism of V' with V’ which
commutes with the action of Wy, p takes V(xx) to V'(xx). The group Wi p(y,) leaves
both V' (x k) and V'(xk) invariant and its representations on these two spaces are equivalent.

Let

Ind(Wk/r, Wi/p,» XE,)
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act on V; and define V;(xk) in the obvious manner. Then
Vixk) = @ Vi(xXk)-
i=1

Defining V} and V/(xr) in a similar manner, we have
V'(xx) = P Vi (xx)-
j=1

It is clear that the representation of Wi /p(y,) on Vi(xx) is equivalent to

Ind(Wk/rvie)s Wi B XE:)-
Thus ,
@ Ind(Wg/r(xi)s Wk/E,» XE;)
is equivalent to ::1
@ Ind(Wk/pe), Wiy e, XE2)-
j=1

If F(xkx) # F the assertion of the lemma follows from the induction assumption and
Lemma 16.3.






CHAPTER 18
Nilpotent groups

In this paragraph we prove Lemma 17.1 assuming that ' = F'(xx) and that G = &(K/F)
is nilpotent.

Lemma 18.1. Suppose D is a normal subgroup of G of prime order { which is contained
i the center of G. Let M be the fized field of D. Suppose F C E C K and xg is a
quasi-character of Cg. Suppose also that F(xx/k) = F.

(a) There are fields Fy, ..., F, contained in M and quasi-characters xpg,,...,Xr, such
that Xk/r, = XKk/E and such that

Ind(Wg/r, Wk/B, XE)

1S equivalent to

@ Ind(WK/F7 WK/Fi, XFZ-)-
i=1
(b) If Theorem 2.1 is valid for all Galois extensions K'/F' in P(K/F) with [K': F'] <
K : F|] then
A(xe, Ve/p)NE/F,Vr)

18 equal to
T

HA(XF“ Vp, p)MNEFi/ Fp).
i=1
We prove the lemma by induction on [K : F|. Let H be the subgroup of G corresponding
to E; let G' = HD and let F’ be the fixed field of G'. If F’ # F the induction assumption
implies that there are fields Fy, ..., F,. contained in M and quasi-characters xp,..., Xr,
such that xx/r, = Xk E for each ¢ and such that

Ind(Wg/r, Wk/B, XE)

is equivalent to

@ Ind(WK/F/, WK/FZ" XFZ)

i=1
The first part of the lemma follows from the transitivity of the induction process. The
second part follows from Lemma 16.3 and the assumed validity of Theorem 2.1 for the
extension K/F".

We suppose now that G = HD. Suppose that H contains a normal subgroup H; of G
which is different from {1} and suppose that, if K is the fixed field of Hy, F(xk,/5) = F.
If M is the fixed field of H;D then, according to the induction assumption, there are fields
Fy, ..., F, contained in M; and quasi-characters xp,, ..., xr such that

XK./F; = XK\ /E

199



200 NILPOTENT GROUPS

and such that
Ind(WKl/FJ Wk, E, XE)
is equivalent to
@ Ind(Wg, /r, Wk, /5, XF)-
i=1
It follows immediately that
XK/F; = XK/E
and that
Ind(WK/F, WK/E7 XE)
is equivalent to
@ Ind(Wx/r, Wi/ris XF,)-
i=1
The equality of (b) is a consequence of the assumed validity of Theorem 2.1 for K;/F.
We assume now that G = HD and that if H; is a normal subgroup of H different from
{1} with fixed field K; the field F(xk, /) is not F. If w, belongs to Wi,r and w, belongs
to WK/M then
wlewl’lwgl € Ck.
Let xx = Xk/E- Since F(xk) = F
i (wiwowy wy ') = i (wowy wy ' wy) = Y (wi twy fwiws) = X (wy fwywawy ).
Denote the common value of the expressions by w(wy,ws). Then w(viwy, ws) is equal to
xx (viwywow; o wy ) = Y (wy fwiwewy Moy twy tojws).
The right side is
w(vy, wa)w(wy, ws).
In the same way w(wy, vows) is
i (wrvgwow; twy oy 1) = x g (Wi vy fwivewawy twy twy)
which equals
w(wy, vo)w(wy, wsy).
If either w; or wy belong to C'x, we have
w(wy, we) = 1.
Thus, for each w,,
wy — w(wy, ws)
is a homomorphism of H = Wg,5/Ck into C* and, for each wy,
wy — w(wy, wy)
is a homomorphism of D = W/ /Ck into C*. If w belongs to Wy, then
w(www ™ wwyw ™) = wlwy, ws).
Thus there is a normal extension K; containing F such that
Wk, = {w1 ’ w(wy, wy) =1 for all wy € Win }
But F'(xk,/g) will be F so that K; must be K.



NILPOTENT GROUPS 201

It follows immediately that H is isomorphic to a subgroup of the dual group of D. Thus
H = {1} or H is cyclic of order £. In either case H must lie in the centralizer of D so that
E/F is normal and B(E/F) is isomorphic to D. If H = {1} then yg may be extended
from Cr = Ck to a quasi-character of Wg/p. In other words, there is a quasi-character xr
of Cr such that xgp = xg/r. Then

Ind(WK/F7 WK/E7 XE)
is equivalent to
B  WwdWi/p, Wi/, exr)-
nr€S(E/F)
Suppose H # {1}. Since Wi,y /Ck is cyclic there is a quasi-character x»; of Cy; such
that xx = xx/m. If wy belongs to Wi g let x., be the character of Wiy, or, what is the
same, of C'y; defined by

Xy (W2) = w(wr, wo)
and if wy belongs to Wiy let
Xz (W1) = w(wr, wa).
Clearly
{ Xy | w1 € Wiyp } = S(K/M)
and
{sz } Wy € WK/M} = S(K/E)
If o; is the image of w; in H and o5 the image of wy in D then
X7 (wr) = xp(wywiwy  wi wy) = X, (w1)xe(w:)
and
X3 (ws) = xar (wywawy  wy ') = X, (w2) X s (w3).
Let Wk/r be the disjoint union

¢
U WK/EUi
i=1
with v; in Wy/ps. Define the function ¢; on Wi/ by
pi(wv;) =0
if w € Wk g and j # i and by
pi(wv;) = xp(w)
if we WK/E Then
{pil1<i<t}
is a basis for the space U on which
Ind(WK/F, WK/E: XE)
acts. Let v;, 1 <14 </ be the function Wg,r defined by

Yi(wawy) = xar(wa)x 1" (wr)

if w, belongs to Wi p and w, belongs to Wi/, Here o(v;) is the image of v; in &(K/F).
It is necessary, but easy, to verify that v; is well-defined. The collection

{wi|1<i</}
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is a basis for the space V' on which

Ind(WK/F7 WK/M: XM)
acts. It is easily verified that the homomorphism of U with V' which sends x/(v;)g; to ¥;
is an isomorphism. Thus

Ind(Wgk/p, Wk/e, XE) =~ Ind(Wk/p, Wk /ar, Xar)-
This takes care of the first part of the lemma.
Whether H = {1} or not,
Il’ld(WK/F, WK/E7 1)
is equivalent to
@ Ind(WK/F7 Wkr, ).
wrES(E/F)
If H # 1 we may apply Theorem 2.1 to E/F to see that

ME/F yr) = H Alpp, Yr).
nrp€S(E/F)

If H = {1} this equality is just the definition of the left side. In this case the second part
of the lemma asserts that

(18.1) A(XE, VE/F) H A(pp, Yr)
preS(E/F)
is equal to
T  AGwrxr vr)
np€eS(E/F)
where xp = xg/r. This is a consequence of the first main lemma. If H # {1}, Theorem 2.1
applied to M/F, shows that

ANM/F,dp) = H A(pr, Yr)
pp€eS(M/F)
and the second part of the lemma asserts that ((18.1]) is equal to

A(Xnms Vmy/r) H A(pr, V).

pupeS(M/F)

This is a consequence of the second main lemma.

A non-trivial nilpotent group always contains a subgroup D satisfying the conditions of
the previous lemma. Lemma 17.1 is clear if K = F. If K # I and &(K/F) is nilpotent it
is a consequence of the following lemma.

Lemma 18.2. Suppose K/F is normal and Theorem 2.1 is valid for all normal extensions
K'JF" in P(K/F) with [K' : F'| < [K : F]. Suppose F C M C K and M/F is normal.
Suppose Ey, ..., E,, E|, ..., E! lie between F' and M, xg, is a quasi-character of Cg,, Xz,
1 a quasi-character of C’E;,, and

EB Ind(Wg/p, Wk/E,» XE,)

=1
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1S equivalent to

@ Ind(Wg/p, Wkyer, XE;)-

j=1
Then .
i=1
1 equal to

H A(Xpr, Vuyr)NES/F r).
j=1

The representation
Ind(WK/Fa WK/E“ XE)
can be obtained by inflating the representation
Ind(WM/F; WM/E” XE)

from Wy/p to Wk/p. A similar remark applies to the representations induced from the x B
Thus

@ Ind(Wasyr, Watyg,» XE,)
i=1
is equivalent to

@ Ind(WM/Fa WM/E}a XE;.)-
j=1
Applying Theorem 2.1 to the extension M/F we obtain the lemma.






CHAPTER 19

Proof of the main theorem

We shall first prove Lemma 17.1 when there is a quasi-character xr of C'r such that
XK = Xk/r- Implicit in the statement of the following lemma as in that of Lemma 17.1,
is the assumption that Theorem 2.1 is valid for all pairs K'/F’ in P(K/F) for which
[K': F'] < [K : F]. Recall that we have fixed a non-trivial abelian normal subgroup C' of
G = &(K/F) and that L is its fixed field.

Lemma 19.1. Suppose F C E C K, xr is a quasi-character of Cr, xg is a quasi-character
of Cg, and xXx/g = Xk/r. There are fields I, ..., F, contained in L and quasi-characters
Xr, 1 <i <71, such that Xx/r, = XK/F,

Ind(Wgk/p, Wk )5, XE)

1S equivalent to

@Ind(WK/F, Wk/Fs XF,)

i=1

A(XE, wE/F>/\<E/F7 ¢F)

and

s equal to

HA(XprFi/F>)‘(E/F7 Yp).
i=1
We prove the lemma by induction on [K : F|. Let E be the fixed field of H and let
F’ be the fixed field of HC. If F’ # F then, by induction, there are fields Fi,..., F, lying
between F’ and L and quasi-characters xp,, ..., X such that XK/F;, = XK/F and

Ind(WK/F/a Wk E, XE)

is equivalent to

@ IHd(WK/F/, WK/FN XFZ)

i=1
In this case the lemma follows from the transitivity of the induction process, the assumed
validity of Theorem 2.1 for K/F" and Lemma 16.3.

We suppose henceforth that G = HC'. There is a character 0z in S(K/FE) such that
Xe = 9pXE/r. Op may be regarded as a character of H. If H N C = {1} we may define a
character 0 of G by setting
if his in H and c is in C. 0F may be regarded as a character of Cr and 0 = 0p/p.
Replacing xr by 0rxr we suppose that xg = xg/r. Then in the notation of Lemma 15.1,
we may take

{(F,....F}={F,|peT}
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and if F; = F),,
XF, = W XF,/F-
The assertions of the lemma are consequences of Lemmas 15.1 and 15.3.
We suppose now not only that G = HC but also that H NC # {1}. Let S be the set
of characters in S(K/L) whose restriction to H N C agrees with the restriction of 0g. S is

invariant under the action of H on S(K/L). If v belongs to S, let ¢, be the function on
Wk /r defined by

pu(wv) = xp(w)xL/rv)v(v)
if wis in W, and v is in Wk, v is a character of C' and may therefore be regarded as a
character of Wi, or of Cp. It is easy to verify that ¢, is well-defined. If
p=Ind(Wgk/p, Wk/E, XE)
then

{evlvesh
is a basis for the space of functions on which p acts. If w belongs to Wx /g

pw)py = xe(w)ey
with o/ = 1" where ¢ is the image of w in &(K/F). If v belongs to Wx/r,

p(v)ey = Xr/r(V)V(v)Py.
Thus if R is an orbit in S under the action of H, the space
Ve=> C,,
VER

is invariant under Wy, r and p is the direct sum of its restrictions to the spaces V.
If 11 belongs to R let H,, be the isotropy group of p, let G, = H,C, and let F}, be the
fixed field of G,,. Extend p to a character 1/ of G, by setting

1/ (he) = Op(h)p(c)
if h is in H, and cis in C. ', which is easily seen to be well-defined, may be regarded as a
character of Wg/p, of Cp,. Let Wi,r be the disjoint union

U WK/Fuwi

i=1
with w; in Wi/ and let o, be the image of w; in &(K/F). Let ¢; be the function of Wy,
defined by

pi(ww;) w € Wgyp,, J#1
pi(ww;) = p'(w)xr,/r(w) w € Wi/,
The collection
{pi| 1<i<s}
is a basis for the space V,, on which the representation
Oy = Iﬂd(WK/F, WK/F;” N,XFM/F>
acts. Let
Vi = xp(w;)p;.



PROOF OF THE MAIN THEOREM 207

If w belongs to Wk,
o (W) = p (w)xr/r(w);.
If w belongs to Wk/g and w;w = vw; with v in Wg/p, then
ou(w)ti = xp(w)y;.
Thus the isomorphism of V,, with Vz which takes 1); to ¢,o; commutes with the action of
Wgkp. If T is a set of representatives for the orbits in S

o~ Do,

pneT
If K is the fixed field of H N C then K;/F is normal and p is the inflation to Wi r of
(19.1) Ind(Wg,/p, Wk, /B, XE)

and o, is the inflation of
Ind(Wx,/p, Wk, /5 K XE, F)-
Thus the representation is equivalent to
@ Ind(W,/p Wiy /5> W XE,F)-
neT
Applying Theorem 2.1 to K /F we see that

A(XE, wE/F>>\<E/F7 wF)

is equal to
H(#/XF#/F,@/)F#/F)A(FN/F, VF).
peT
If there is a quasi-character xr such that xx = xx/r, Lemma 17.1 follows from

Lemma 18.2 and the lemma just proved. To complete the proof of Theorem 2.1 we have to
prove Lemma 17.1 when F' = F(xg), G is not nilpotent, and there is no quasi-character xr
of Cr such that xx = xx/r. In this case none of the fields Fy,..., E,, EY,..., E| is equal
to I and Theorem 2.1 may be applied to K/FE; and K/E.

Lemma 19.2. Suppose A and B lie between F and K. Suppose xa and xp are quasi-
characters of C'y and Cp respectively. There are fields Ay, ..., A,, lying between A and K,
fields By, ..., B, lying between B and K, elements o1,...,0,, in G, and quasi-characters
XAps -+ s XAm> XBys - - s XB,, Such that By = A7, xp, = X%, and such that the tensor product
Ind(Wg/r, Wiya, x4) @ nd(Wx/r, Wi/B, XB)

1S equivalent to

@ Ind(WK/Fa WK/AN XA¢)

i=1
and to .

@ Ind(Wg/p, Wk/B,, XB,)-

=1
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Let
p=IndWgk/p, Wk/a, x4)
0= Ind(WK/F, WK/BaXB)'
Let o be the restriction of o to Wik, 4 and 3 the restriction of p to Wg,p. By Lemma 2.3
p@o~IndWg/p, Wikja, Xa ® )
and
p®o~IndWg/p, Wk, xB ® B3).
Let W/ r be the disjoint union

U WK/AwiWK/B-

i=1
If U; is the space of functions in U, the space on which p acts, which are zero outside of the
double coset Wi aw;Wg g then U; is invariant under 3. Define the field B; by demanding
that

Wg/p, = Wi/ N wi_IWK/sz'-
If 0; is the image of w; in &(K/F') let Xz be the restriction of x% to Wg/p,. If U] is the
space of functions on which
Ind(Wi/5, Wi/5:, Xp,)

acts, the map of U; to U] which sends ¢ to the function ¢’ defined by

¢'(w) = p(ww)
if w is in Wk, p is an isomorphism which commutes with the action of Wg/p. Thus

B~ GB Ind(Wxk, 5, Wk/B,» Xp,)

i=1

and, if xp, = XBi/BX/Bﬂ

XB ® 8~ EB Ind(Wx/, Wk/B,» XB,)-
i=1
Similar considerations apply if the roles of A and B are interchanged. The double coset
decomposition becomes

U WK/BwaK/A

i=1
and

Wic/a, = Wiya NwiWgpw; ' = w;Wipw; ™!
Thus B; = A7". It is also clear that xp, = X% .
To complete the proof of Lemma 17.1 we use Brauer’s theorem in the following form.

There are fields Fy,. .., F), lying between F' and K such that &(K/F}) is nilpotent for each
k, characters xp, of Cp,/Nk/r,Ck, and integers my, ..., m, such that

1~ @ me Ind(Wgk/p, Wk /5, X7, )-

k=1
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Since we are assuming that G is not nilpotent none of the Fj, are equal to ' and we may
apply Theorem 2.1 to each of the extensions K/Fj.

We shall apply the previous lemma with A = F;, B = F} and with A = £}, B = Fj.
m will be denoted by m(ik) or m’(j¢). A, will be denoted by Ej, or E. "o and Bg will be
denoted by Fj, or FJ{M. Observe that

(19'2) A(XEikuwEike/F))‘(EiM/Fv wF)
is equal to

(19.3) A(XFikevwFiké/F))‘(Ekf/Fv V)
and that

(19.4) A(XE;M_,, ¢E;.M/F))\(E;'1<:Z/F, Vr)
is equal to

(19.5) AXFy, Ur, PN E e/ L )F).

XEe, may be regarded as a one-dimensional representation of Wy, g, and as such is
equivalent to

@ @ my Ind(WK/Ew WK/ B> XEire)-
k=1 (=1
Therefore (
n m(ik)
1= Z mi[Be :
k=1 (=1
and
A(XE“ ¢E¢/F>
is equal to
H H {A(XEikZ7 wEiu/F)/\(EikZ/Ei’ l/JEz/F) }mk
k=1 (=1

Multiplying both of these expressions by A(F;/F,{r), we see that
is equal to

n m(ik)
(19.7) T TT {2A0me ¥ p) N Eie/ Fotbr) } ™

k=1 (=1
The same argument establishes that
(19.8) A(XE;, Yy r)MES F )
is equal to

n m(jk)

/ Mk

(19.9) H {A(XE;W¢E;.M/F))\(Ejk£/Fa wF)}

k=1 (=1
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We are trying to show that the product over i of the expressions ((19.6) is equal to the
product over j of the expressions ((19.8)). It will be enough to show that the product of the

expressions ((19.7)) is equal to the product of the expressions ((19.9)).

The representations

r m(ik)
@ @ Ind(WK/Fk, WK/Fikw XFz‘kZ)
i=1 ¢=1
and
s m’(jk)
@ @ Ind(WK/Fk,WK/FJ’M7XF]’M)
j=1 ¢=1
are equivalent. Therefore
r mzk) S m/(.jk
DD e Bl =2 3 [Fi: Fil.
i=1 (=1 Jj=1 (=1

Denote the common value of these expressions by N (k). Moreover

r m(ik)

H H A(XFyer V) M Fie/ Fie, Y5 F)

i=1 (=1

is equal to
s m'(jk)

H H A u?w ke/F> (Fjj(kﬁ/F7¢Fk/F>'

j=1 /(=1
Multiplying both of these expressions by

A(Fy/F pp)V®
we see that

r m(ik)
(19.10) 1T IT A0tk e A Fine/ Fyor)
i=1 (=1
is equal to
s m'(jk)
(19.11) H H A( XijM,QﬂF]{M/F)A(FJ{u/FawF)-
=1 (=1

Because of the equality of and ([19.3)) the product over i of the expressions ((19.7) is
equal to the product over k of the mkth powers of the expressions ((19.10). The product

over j of the expressions ((19.9)) is equal to the product over k of the m;th powers of the
expressions ((19.11)). Lemma 17.1, and with it Theorem 2.1, is now completely proved.



CHAPTER 20

Artin L-functions

Suppose w is an equivalence class of representations of the Weil group of the non-
archimedean local field F'. Let K be a Galois extension of F' and let o be a representation
of Wi/ in the class w. Suppose o acts on V. Let V° be the subspace of V fixed by every
element of W /- Since Wy s 18 a normal subgroup of Wy, the space V0 is invariant
under Wy r and on V? we get a representation o°. Since W} r= TI;/IF(U%) the class of

0% depends only on w. 0% breaks up into the direct sum of 1-dimensional representations
corresponding to unramified generalized characters p1, ..., u, of Cr. We set

T

L(s,w) = H !

L= () ||
This we take as the local function. It is clear that when w is one-dimensional, the present
definition agrees with that of the introduction and that of w = w; @ ws. Then
L(s,w) = L(s,w1) ® L(s,ws).
Suppose ' C E C K, p is a representation of Wy /g, and
o =Ind(Wgp, Wk, p).
We have to show that if € is the class of p then
L(s,w) = L(s,0).

Let p act on W. Then V is the space of functions f on Wy, with values in W which

satisfy
fuv) = p(u) f(v)
for v in Wy, p and v in Wiy p. If f lies in 1 and u lies in WIO(/E then

p(u)f(v) = fluv) = flov™ uv) = f(v)
because v~ lies in W} /p- Thus f takes values in WO, In other words, we may as well
assume that W = W, Indeed we may as well go further and assume that W = W has
dimension one.

Let Ng/pmp = ew}; where € is a unit and choose wy in Wy, so that 7x,pwy = 7p.
Then w! = uyvy with g in WIO(/F and vy in Wk, such that 7 pvg = mg. Clearly, Vo
consists of the functions f with values in W which satisfy f(uw) = f(w) for u in W /F
and f(uw) = p(tr/eu) f(w) if p is associated to the generalized character p of Cp. Take as
basis of V¥ the functions ¢y, ..., ¢s_; defined by

pi(uowd) = p(rg/pv)dle
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where z is a non-zero vector in W, u belongs to WIO(/F, v belongs to Wg/g, 0 < j < f, and

67 is Kronecker’s delta. The matrix of o(wy) with respect to this basis is

O oo 1Tk EV0)
1 0 :
A=| 1
0 1 0
and
1 1

L(s,w)

since |mp|f = |mEl.
For archimedean fields we proceed in a different manner. If we write w, as we may, as a
sum of irreducible representations the components are unique up to order. If w = @._, w;,

we will have to have

= L(s,0)

" det(T — Almpl?) 1 - plng)|me

L(s,w) = H L(s,w;).

Thus it is a matter of defining L(s,w) for irreducible w. If w is one-dimensional this was
done in the introduction. If w is not one-dimensional then ' must be R. Let o be a
representation of W g in the class w. Wg/r is an extension of the group of order 2 by C*.
Let We/r = C* UwoC*. If o acts on V' there is a non-zero vector x in V' and a generalized
character p of C* such that o(a)r = p(a)x for all @ in C*. Then the space spanned by
{#,0(wo)x} is invariant and therefore all of V. Since V is not one-dimensional o (wp)z is
not a multiple of x. Notice that o(a)o(wo)x = o(wo)o(wy awe)r = pu(@)o(we)z. If

Zmzn

ul(2) = o s
e

with m +n > 0, mn = 0 we set

L(s,w) = 2<2w><5”+”2”>r(5 Lyt ”)

2

The initial choice of p is of course not uniquely determined. However if 1 is one choice
the only other choice is the character a — po(@). Thus the resulting local L-function is
independent of the choice.

The only point to be checked is that the local L-function behaves properly under
induction. We have to verify that if p is a representation of C* = W¢/c in the class 6 and

o = Ind(We/r, Weyc, p)

is in the class w then L(s,w) = L(s,0). We may as well assume that p is irreducible
and therefore one-dimensional. Let it correspond to the generalized character v. If o is
irreducible we could choose the generalized character 1 above to be v and the equality of
the two L-functions becomes a matter of definition. If ¢ is irreducible it breaks up into
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the sum of two one-dimensional representatives. It follows easily that v(a) = v(a) for all a.
Thus v is of the form v(a) = |a|” and
L(s,0) = 2(2m) "Gt (s + 7).

If ur = p is the generalized character x — |z|” of R* then v = pc/r and, as we saw in
chapter 10, the representation o is equivalent to the direct sum of the one-dimensional
representations corresponding to p and to p' where p/(x) = sgnxp(z). Thus

L(s,w) = 4 w=beenp (S50 L) —deersnp (ST H 1Y L
) 2 2

The required result is thus a consequence of the familiar duplication formula
2% 1T ()T (2 4 1/2) = 7/°1(22).

If F'is a global field and w is an equivalence class of representations of the Weil group
of F', we define as in the introduction, the global L-function to be

L(s,w) = H L(s,wy).
P

I repeat that the product is taken over all primes, including those at infinity. It is not
difficult to see that the product converges in a half-plane Re s > ¢. One need only verify it for
w irreducible. Choose a Galois extension K of I’ so that there is a representation o of Wy /p
in the class w. The restriction of ¢ to C'x is equivalent to the direct sum of 1-dimensional
representations corresponding to generalized characters u(V), ... u(™ of Ck. For each i and

j there is a o in &(K/F) such that 1/(a) = p'(o(a)). Then |p; ' p;(a)| = /ﬂ(a_la(a))‘ =1
because a~'o(a) belongs to the compact group of i idele classes of norm 1. Let ’,u’ (a)’ = lal".
Let v be the generalized character a — |a|” of Cr. Replacing o by v,' ® o we replace
L(s,wy) by L(s —r,w,) and p@ by [ |1x@. Thus we may as well suppose that all p®
are ordinary characters. Since C is of finite index in Wy, the eigenvalues of o(w) will all

have absolute 1 for any w in Wx/r and at any non-archimedean prime the local L-function
will be of the form

S

H 1
i1 1— Oéi|7I'Fp‘s
with s < dimw and |a;| =1, 1 < i < s. The required result follows from the well-known

fact that 1
1;[ 1-— |7TFP|S

converges from Res > 1. This product is taken only over the non-archimedean primes.






CHAPTER 21

Proof of the functional equation

Choose a non-trivial character ¥r of Arp/F. Before we can write down the factor
appearing in the functional equation of the global L-function we have to verify that
€(s,wy, g, ) = 1 for all but a finite number of ~.

Let w be realized as a representation o of Wy, r and let the restriction of o to Ck
be equivalent to the direct sum of 1-dimensional representations corresponding to the
generalized characters pM, ... ). All but finitely many primes p will satisfy the following
conditions.

(i) p is non-archimedean.
(il) n(¢r,) = 1.

(iii) p does not ramify in K.

(iv) m(ug)) = 0 for all B dividing p and all <.

Choose one such p and let P divide p. Corresponding to the map K/F — Ky/F, is a
map ¢y : Wry/p, = Wk/p. wp is the class of o, = 0 0 . The kernel of o, contains Uk,,.
Since Ky/F, is unramified the quotient of Wky/F, by Uk, is abelian and oy, is the direct
sum of one-dimensional representations. Let them correspond to the generalized characters
yél), . ,y,gr) of CF,. Since Ty F, takes Uk, onto Up, each of these characters is unramified.
Thus

1=1

If 9% is another non-trivial character of Ar/F there is a § in F* such that ¢ (z) =
Yp(fzx). According to Lemma 5.1

(s, w,1bm,) = a *(B) detwy(B)e(s, w, v, ).
Since

[T v (8)° 2 detw,(8) = |82 detw(B) = 1
p

the function
6(37 w) = H E(Sa W ¢Fp)
p
is indeed independent of .
We can infer from Tate’s thesis not only that L(s,w) is meromorphic in the whole
complex plane if w is one-dimensional but also that it satisfies the functional equation

L(s,w) = ¢e(s,w)L(1 — s,w)

if @ is contragredient to w. As is well-known, Lemma 2.2 then implies that L(s,w) is
meromorphic in the whole complex plane for any w. In any case, Theorem B is true for
one-dimensional w and, granting this, we have to establish it in general.

215
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First we need a lemma.

Lemma 21.1. Suppose F is a global field, K is a Galois extension of F, E is a field lying
between F' and K, x is a generalized character of Cg and

o =Ind(Wkp, Wk/E, X)-

If w is the class of o and, for each prime q of E, xq is the restriction of x to Cg, then for
each prime p of F

€(s wp,gbpp H{ (s Xq,@/)Eq/Fp) (Eq/Fp>¢Fp)}'
qlp

Let P be a prime of K dividing p. The first step is to find a set of representatives for
the double cosets Wr/pwWiy,/F,- Since Cx € Wk is a normal subgroup of Wy, r we can
factor out C'x and merely find a set of representatives for the double cosets

&(K/E)o®(Ky/F,).
Let By,...,B, be the primes of K dividing p and let B; divide q; in E. &(K/F) is the

disjoint union
U 0i®(Ky/F)
i=1

where o;,(B) = B,. If 0; and o; belong to the same double coset ¢, = q;. Conversely, if
q; = q; there is a p in B(K/FE) such that p(B;) = B;. Then po;(P) = 0;(*P) and
PO, € Ujﬁ(Km/Fp)
Thus we may write (K /F) as the disjoint union
U 6(K/E)re (Ky/F)

TES

so that if 3 divides q in F the collection {T(q) ‘ TES } is the collection of distinct primes
in E dividing p.

For each 7 in S choose a representative w(7) in W, p. For each 7 in S the restriction of
o to Wi, /r, leaves invariant the space of functions f on the double coset Wi, Ew(T)WKm /Fy
which satisfy f(vw) = X(TK/ E(v)) f(w) for all v in Wi/ The representation of Wi, r, on
this space is equivalent to

nd (Wi Wiy 27, » Xor)
if E" =77Y(F) and
Xgr(a) = x(7(a)).

6(‘97 Wy, 2/)Fp> = H 6(57 XaT7 z/JE:]'T/Fp)p(E;—T/Fp, wFp)

TES

Thus

which is of course equal to

H €(8: Xa, VB, /1) P(Ey [ Fy, U, )-

TES

p(B/F) = [T T B/ For 0r,)

q aqlp

We set
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The preceding discussion together with Lemma 5.1 shows that it does not depend on V.
However that does not really matter since we are about to show that for any choice of ¥ p
it is 1. Observe first of all that the previous lemma implies immediately that if w is the
class of

o =Ind(Wk/p, Wgk/E, X)
then

e(s,w) = e(s, X)p(B/F).

Given an arbitrary class w realizable as a representation of Wy /r we can find fields

Ei,...,E,

lying between F' and K, generalized characters xg,, ..., Xg,, and integers mq, ..., m, such
that

@ m; Ind(Wg/r, Wk/E,, XE,)
i=1

is in the class w. Then
'

€(s,w) = H{G(S,XE)WP(Ez/F)m}

=1

On the other hand .
L(s,w) = HL(&XEZ-)W
i=1

and .
L(s,w) = l_IL(s7 X,}j)m’
i=1
Since
L($> XEZ) = E(Sa XEZ)L(l - S, XEJ})
we have

L(s,w) = H(—:(s, Xg) ™ L(1 — s,0)
i=1
because w contains

@ m; Ind(WK/F, Wk /g, XEZ-I)-
i=1
Consequently

T

H 6(87 XEz>mZ

i=1
depends only on w and not on the particular way it is written as a sum of induced
representations. Thus

[LotE/rym

also depends only on w. We call it H(w). It is clear that to prove Theorem B we have to
show that H(w) =1 for all w or, what is the same, that p(E/F) =1 for all E and F.
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Suppose F' C E C E'. Denote the primes of F' by p, those of E by g, and those of E’ by

q’. Then
p(E'/F) =[] r(Ey/FovoR,)-
poalp
Apply Lemma 4.5 to see that the right side equals

HHH{p(Ecll//Emqu/Fp)P(Eq/F,zpr)[EéiEq}}.
Poalp qlg
Since

this may be written as
[E":E]

HHP(EQ'/Eq’%Z]Fq/Fp) HHP(Eq/FpawFp)

a qlq pooqlp

which is of course
(20.1) o(E'/E)p(E/F)F*.,

Suppose E/F is an abelian extension and w is the class of the representation of Wy, p
induced from the trivial representation of Cr = Wg/p. Then H(w) = p(E/F). On the
other hand, w is the direct sum of [E : F] one-dimensional representations; so H(w) =
p(F/F)EF] = 1. Tt follows immediately not only that p(E/F) = 1 if E/F is abelian but
also that p(E/F) =1 if E can be obtained from F by a succession of abelian extensions.
In particular if ¥ C E C L and L/F is nilpotent, p(E/F) = 1.

Observe that together with Lemma 2.2 and the transitivity of induction imply
that if w is the class of

o= Ind(WK/F7 WK/EHO)
and @ is the class of p then

H(w) = H(O)p(E/F)"™?.
To complete the proof we will show that H(w; ® wy) = H(wy)4™e1 for all wy and w,. Taking
wy = 1 we find H(w;) = 1. It is enough to prove the equality when w; and w, are both
realizable as representations of Wy, r and there is a field E lying between E and K with
&(K/E) nilpotent and a generalized character xg such that wo is the class of

Ind(WK/F, Wk/E, XE)-

Then H(w;) = p(E/F). If p is a representation in the restriction of w; to Wy, p then, by
Lemma 2.3, w; ® woy is the class of

Ind(Wg)p, Wk/E, p ® XE).
Let 6 be the class of p ® xp. H() is of the form

[1rtE/B™

where £ C E; C K and is therefore 1. Thus
H(w ® ws) = H(O)p(E/F)™0 = p(E/F)tmer
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as required.






Appendix

There is clearly not much to be said about the functions €(s,w,1r) when F is archime-
dean. However for non-archimedean F' their properties are more obscure. In this appendix
we shall describe and prove some properties which were not needed in the proofs of the
main theorems and so found no place in the main body of the paper but which will be used
elsewhere.

The first step is to define the Artin conductor of w. We follow a well-trodden path. If
K is a finite Galois extension of the local field F' then Wy /p contains Uy as a subgroup of
finite index and is therefore compact. It is, in fact, a maximal compact subgroup of Wi/ p.
Choose that Haar measure dw on Wy, which assigns the measure 1 to Wp. P If fisa
locally constant function on Wk, r and u is a non-negative real number set

—1
Fy=3 [ dwp [ {0) - fw) du.
Wi/ r Wi/r

Since Wy, is an open subgroup of Wy, p it is meaningful to restrict dw to it. f (u) is
bounded, continuous from the left, and 0 for u sufficiently large. Since Wy p = Wy s for

-~

1 < u <0 we have f(u) = f(0) for such u. The integral

/ F(u) du
-1
is well-defined.

There are some simple lemmas to be verified.

Lemma 22.1. Suppose F C K C L and L/F is also a Galois extension. Define g on Wrr
by g(w) = f(r2/px/p(w)). Then G(u) = f(u) for all u.
This is immediate because by Lemma 6.16, 77,5 x/r maps Wf/ » onto W P for every u.

When we want to make the roles of K and F' explicit we write fA(u) = fK/ r(u).

Lemma 22.2. Suppose F C E C K and g is a function on Wy, g satisfying g(wzw™') = g(z)
for all z and w in Wk ,g. Regard Wi p as a subgroup of Wi r and set

fwy=" Y glz"'wa).

2€Wk/e\Wk/F

. - 1 . .
If Ng/pmp ts a unit times W?E/F and B'" is the different of E/F

/00 Fryr(u)du = frp /OO gx/e(u) du+ fp/rép/rg(l).
—1 —1

221
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Let dwg/r be the normalized Haar measure on Wy, r and let dwg/g be the normalized
Haar measure on Wy,g. On Wg/g

Suppose at first that g(1) = 0. Denote also by g the function on Wiy,r which equals the
given g on Wy, but is 0 outside of Wx,g. Then

Fryr(u) = [Wip : Wieslgi e (u).
Since Wit N Wi/p = Wi i if v =g/ (u),

() = ~ Wiy s Wiyel [ gl duge
K/F
[WIO{/F : WI%/F} /
= — g(w) dwg/g
[WIO</F : WIO(/E] we /

K/E

1 [WIO(/F : WI%/F]/g\ /
. K/E
[WIO(/F 5 WIO{/E] [WIO(/E : WK/E]

(v).

Recall that
f . [WK/F : WK/E]
E/F = .
/ [WIO(/F : WIO(/E]

Moreover o o o o 0
Wikt Wil B Wi et Wi pUk] . Uk« Ug N Wi il
[WIO(/E : le(/E‘] [WIO(/E : WIU(/EU?(] [Ug = Up N WIU(/E]
and U N Wgir = Uy n W p- By Lemma 6.11 the first term in this product is equal to
(G°: G
[HO: HY|
if G=6(K/F)and H=&(K/E). But

G G") = Yl p(w)

and
[H® - H*] = ¥ p(v)
while
¢}(/F(u) = %{/E(UW};/F(U)-
Thus

/_1 fK/F(U) du = fg/F /_1 fq\K/E<¢E/F(u))w§E/F(u) du

:fE/F/ §K/E(U) dv.

1

To complete the proof of the lemma, we have to show that if g(w) = 1 so that gx/g(u) =0
then

/ ]/C\K/F(u) du = fE/F5E/F-
-1
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In this case G H) (G0
f, =[G : H| — i :
i) =16 H) = (G0 o) (0
if v =g r(u). After some simple rearranging this becomes

[[g :P?]{[G“ 1) - [HY 1]} = %{([G“ 1) 1) = ([H:1] - 1)}.

The factor

G:H] [G:G"]
Goo1) [ V()

and, from paragraph IV.2 of [12],

o

/100([G“ 1) = 1)l () du = / (1Go: 1] — 1) de = bxjr

-1

while - -
/1 ([HY : 1] = 1) p(u) du = /1 ([HY : 1] = 1) p(v) dv = 6 /.
Thus - a. o
B fK/F(U) du = [[H.: 1]] (5K/F - 5K/E) = fE/F5E/F
because

Srx/r = Ox/p + [Ho : 1]0g/p.
Suppose w is an equivalence class of representations of the Weil group of F' and o is
a representation of Wy, r in the class of w. Let f, be the character of o. It follows from
Lemma 22.1 that the value of -
/ J?o(u) du
~1

depends only on w and not on 0. We call it the order of w and denote it by m(w). Since f,(u)
is clearly non-negative for all v and vanishes identically if and only if Wy Jp 18 contained in
the kernel of o, the order m(w) is always non-negative and equals zero if and only if the
kernel of each realization ¢ of w contains Wp- I

Lemma 22.3.
(a) If w = wy ® wy then m(w) = m(wy) + m(ws).
(b) If
W = IHd(WK/F, WK/E, V)
then

m(w) = fE/Fm(V) = fE/F(SE/F dim v.
(¢) m(w) is a non-negative integer.

The first property is immediate. The second is a consequence of Lemma 22.2. To verify
the third we merely have to show that m(w) is integral. If w = u @ v and the assertion is
true for any two of y, ¥ and w it is true for the third. This observation, together with part
(b) and Lemma 2.2, shows that it is enough to verify (c¢) when w is the one-dimensional class
corresponding to a generalized character yr of Cr. To do this we show that m(w) = m(xr).
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If f(a) = xr(a) for a in Cp = Wg/p then f(u) = ]?(m) form —1 <u < m and
Flom) = (08071 [ {1 xela)} da
U’

The right side is 1 if m < m(xr) and 0 if m > m(xr). Thus

m(w) = /_I(XF) 1alu =m(xr).

The function w — m(w) is characterized by (a) and (b) together with the fact that
m(w) = m(xr) if w is the class of xr.

Lemma 22.4. If w is an equivalence class of representations of the Weil group of the
non-archimedean local field F' and Vg is a non-trivial additive character of F, set m'(w) =
m(w) + n(¢Yr)dimw. There is a non-zero complex constant a(w) such that, as a function
of s,

e(s,w,vVp) = a(w)|7rp|ml(“)s.

If w=p® v and the lemma is true for any two of i, v, and w, it is true for the third.
Applying Lemma 2.2 we see that it is enough to verify it when w contains a representation

Ind(WK/F7 WkE, XE)-

Then
(s e) = (3 . g ) oE/F. ).
Clearly
A(@-éXE,wE/F) _ a;—%(ﬂg(m)wlgwﬁ(w)) Alxe, bir).
But

aE(Wg(XE)ME/FWZ(wF)) — ap (NE/F< m(xe)+op,F n(wF))>

and the argument on the right is the product of a unit and

The lemma follows.
The next lemma is rather technical and to prove it we will have to use the notations
and results of paragraphs 8 and 9.

Lemma 22.5. Let w be an equivalence class of representations of the Weil group of the
non-archimedean local field F' and mq a positive integer. There is a positive integer mo such
that if xp and p, ..., u, with r = dimw, are generalized characters of Cr and m(xr) = ma,

m(p;) < my, 1 <i<r, while
H w; = detw
i—1

then for any non-trivial additive character g

r

(s, xr ® 0,9p) ZHE S, WX Fs VF).

=1
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Choose, as a start, mg > 2m; +1. If pup is a generalized character of Cr and m(ur) < my
while m(xr) = ms then m(upxr) = m(xr) = m. Let n = n(¢r) and choose v so that
Opy =PE*". If 8 = B(xr) we may choose B(upxr) = 3. Appealing to Lemmas 8.1 and
9.4 we see that

5(37 HEXF, 1/’F) =A (a;_é,uFXF, ZDF)
- (a;%) (%)Am,w

EE(5>lLiXF>¢F) = a;(s—%) (Z) detw(%) N

In particular

B
If w=p® v then

6(87XF®W7¢F) = 6(87XF®,U/7¢F)6(S7XF®V7¢F>

and all three terms are different from zero. Thus if the lemma is true for two of p, v and w
it is true for the third. Using Lemma 2.2 once again, we see that it is enough to prove the
lemma when there is an intermediate field £ and a generalized character ug of C'g such
that w is the class of

Ind(Wgk/r, Wi/, BE)-
Then yr ® w is the class of

Ind(Wk/r, Wk/E, EXE/F)
and

6(3, XF ® w, ¢F> = A(QSE_ZMEXE/F, ¢E/F> P(E/F, 7ﬁF)-

There are two simple lemmas which we need before we can proceed further and we
digress to prove them.

Lemma 22.6. Let E be a separable extension of F. If m is sufficiently large
Yg/p(m —1)+1=meg/r — Op/r

if eg/r is the index of ramification of F' in E.

Suppose F' C E C K where K/F is Galois and the assertion is true for K/F and K/E.
Subtracting 1 from both sides of the equation, applying ¥k,r, and then adding 1, we obtain
the equivalent equation

Yp(m —1) +1=9Yg/p(meg/p — 0p/p — 1) + 1.
By assumption, the left side equals
mek/rFr — 5K/F
and the right side equals
(meE/F - 5E/F)€K/E - 5K/E-

Since ex/r = ex/pep/r and Ox/r = 0k /g + ex/p0p/F these two expressions are equal and
we have only to prove the lemma for Galois extensions.
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Suppose ' C K C L and L/F and K/F are Galois. Suppose also that the lemma is
true for L/K and K/F. Then
Yrp(m—1)+1= ¢L/F(¢K/F(m — 1)) +1
=Y p(meg/p — 6gp — 1) +1
= (meK/F - 5K/F)€L/K - 5L/K
=mer/r — 5L/F
as before. Thus, if we use induction, we need only verify the lemma directly for a Galois
extension K/F of prime degree.
We apply Lemma 6.3. If K/F' is unramified, ex/r = 1 and d0g/p = 0 while ¢K/p(m —
1) = m — 1; so the relation follows. If K/F is ramified there is an integer ¢ such that
ox/p = ([K : F]=1)(t + 1) while ¢ /p(m — 1)+ 1 = [K : Flm — ([K : F] = 1)(t + 1) for
m — 1 >t. Since ex/p = [K : F] the relation follows again.
If n = n(¢r) then
n' =n(Yp/r) = neg/p + Op/r.
Thus if m is sufficiently large and m’ = ¢g/p(m — 1) + 1
m'+n' = (m+n)ep/r
and if Opy = P then Opy = P+, We define

E/F(m) = PE/F@?; %)
as in paragraph 8.
Lemma 22.7. If my is a given positive integer then for m sufficiently large

Ppp(e)=x (mod Pp).

As in paragraph 8, let d be the integral part of %, d' the integral part of m?/, and let
m=2d+e,m =2d +€. Py (x) depends only on the residue of + modulo B4 and is only

determined modulo B%. Recall that if
Pr/r(y) = Ng/r(1+y) — 1

P T TR /F
YE/F <—E/2( )y) = r <—Pfy (y))

To show that P p(z) =z (mod Pf') when m is sufficiently large, we have to show that

U (M) = VE/F (%)

for y in P ™. To do this we show that
Pgir(y) = Sgyr(y)  (mod PE)

when m is sufficiently large and y is in ‘Bgl_ml.

To put it another way, we have to show that if K/F is any Galois extension the assertion
is true for all intermediate fields E. For this we use induction on [K : F| together with
Lemma 3.3. There are three facts to verify:

for y in ‘B%“I then
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(i) If E/F is a Galois extension of prime degree then
Pgp(y) = Se/r(y) (mod PBy)

m'—mq

when m is sufficiently large and y is in B},

(ii) Suppose FF C E C K and K/F is Galois. Let G = &(K/F) and let E be the
fixed field of H. Suppose H # {1} and G = HC where HNC = {1} and C
is a non-trivial abelian normal subgroup of G which is contained in every other
non-trivial normal subgroup. If the induction assumption is valid

Pgir(y) = Se/r(y)  (mod PF)

when m is sufficiently large and y is in 23%/7"”.

iii) Suppose F C F C E' C K and m” = ¢g/ p(m — 1) + 1. If, for any choice of m,
/
Pr/r(y) = Spyr(y)  (mod P7)

when m is sufficiently large and y is in mg'—ml and, for any choice of m/,

Pye(y) = Spye(y)  (mod BE)
when m, or m/’, is sufficiently large and y is in mg:/_mll then, for any choice of m/,
Ppp(y) = Seryr(y)  (mod Bi)

if m is sufficiently large and y is in ‘Bg,”_mll

We first verify (i) for F/F unramified. By paragraph V.2 of [12]
Pg/r(y) = Ng/r(1+y) — 1= Sp/r(y)  (mod BF)

if y belongs to ‘B%’“,. In this case m = m’ and we take m > 2m; so that m' —my; > d' + €.
If E/F is ramified and of degree ¢ we again choose m sufficiently large so that m’ > 2m;.
Ifm>t
2(m' —my) + (L= 1)(t+1) < m + (¢ —1)(t+1)
14 - l
so that by Chapter V of [12],
Prir(y) = Sp/r(y) + Ngyr(y)  (mod Pg)

if y belongs to m’g’—ml. t of course has its usual meaning. Since Ng/p(y) belongs to B
all we have to do is arrange that m’ — m; > m. Since

m —my=LIm—(—1)(t+1)—my

=m

and ¢ > 2, this can certainly be done by choosing m sufficiently large.

To verify the second fact, let L be the fixed field of C'. We can assume that the required
assertion is true for the extension K/L. Let £ = ¢ /p(m — 1) +1 and ¢’ = ¢g/p(m — 1) + 1.
If m is sufficiently large and Hj is the inertial group of H

{=[Hy:1m— ([Hy:1] —1)
and
¢'=[Ho:1m' — ([Hy:1] —1).
Thus
PLNF =P
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and if ¢; = [Hy : 1]m, then
Py OE =P
If m and therefore ¢ is sufficiently large
Pryr(y) = Niyo(1+y) —1 = Sk/i(y) (mod PB)
if y belongs to ‘Bi; ' Thus if y belongs to ’Bm -
Pr/r(y) = Pryo(y) = Sk/.(y) = Sgyr(y)  (mod Pr).
To verify the third fact we choose, once m/ is given, m; so that

1) —m/, _
Seye(Be™" ) =P

If m is sufficiently large
m” = mleE’/E —0pE

and if y belongs to ‘qu,”fml
Spyply) € Pg ™.

Taking it even larger if necessary, we have

Prp(y) = Pryr(Peye(y))
= Pr/r(Se/e(v))
= Sp/r(See(Y))

= Spyr(y)  (mod Pg).
Returning to the proof of Lemma 22.5, we choose

8= B(xe/r) = Pgr(B).
If m(xr) and therefore m(xg/r) is sufficiently large,

=3 =17 gl
A(OKE 2HEXE/F,¢E/F) =ay * (E)NE (E)A(XE/FaQ/}E/F)'
Both g and (' are units and therefore

()=o) o7 (e () 17 0)

If m(xr) is sufficiently large

§'=6 (mod P
and pgp(f') = pe(f). In paragraph 5 we saw that

detw(%) =g (%) det tp/p <%>,

if g/ is the representation of Wy, r induced from the trivial representation of Wy, r. We
are reduced to showing that

(22.1) det LE/F( ){A xrUr)} = Alxe/r, Ve/r)p(E/F, ¥F)

if m(xr) is sufficiently large. Of course r = [E : F].
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What we do is show that for each Galois extension K/F the relation is true for
all fields E' lying between K and F. For this we use induction on [K : F]. Let G = &(K/F)
and let C' be a non-trivial abelian normal subgroup of G. Let L be the fixed field of C'. We
saw in Chapter 13 that there are fields F7, ..., F; lying between F' and L and generalized
characters py,...,us of Cp,, ..., Cp, respectively such that

LE/F = @Ind(WK/F, Wk/F,, i)
i=1
Then \
XF ® Lg/F =~ @ Ind(Wg/p, Wk/E,, ltiXF,/F)
i=1

and by Theorem 2.1, the Main Theorem, the right side of (22.1)) is equal to

H A(HiXFi/F; TPFZ-/F)P(E‘/F, T/’F)

i=1
We just saw that if m(yr) is sufficiently large, this is equal to

Iz (%) [T 2Ok r ¢rp)o(F ) Fbr)
=1 =1

Since
S

Y [Fi:F]=[E: F]
i=1
we see upon applying the induction assumption to L/F' that this equals

- \B B
We complete the proof of (22.1)) by appealing to Chapter 5 to see that

det LE/F = H,ul det LFZ-/F-

=1
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