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PERIODS OF INTEGRALS ON ALGEBRAIC MANIFOLDS, II.
(Local Study of the Period Mapping)

By PHILLIP A. GRIFFITHS.

II.0. Introduction. (a) The purpose of this paper is to study the
local behavior of the periods of integrals, as functions of the parameters, in
a family of polarized algebraic manifolds. The present work is a continuation
of “Periods of integrals on algebraic manifolds, I (Construction and prop-
erties of the modular varieties),” referred to as I.

Let us call two polarized algebraic manifolds V, 7’ of the same type if
there is a polarization-preserving homeomorphism f: ¥V— V’. The totality
of all possible period matrices @ for the periods of primitive g-forms
(0<g=n=dim V) on polarized algebraic manifolds of the same type
forms an open complex manifold Dy=D. These period matriz spaces D
have been studied in I; they are all homogeneous complez manifolds of the
form D — G/H where ¢ is a real, simple Lie group and H C G is a compact
subgroup. In many ways, these D are analogous to the Siegel upper half-
spaces (= period matrix domain for 1-forms), but there are important
differences. For example, D is generally not an Hermitian symmetric domain,
and the classical theory of automorphic forms is veplaced by automorphic
cohomology.

If {V},., is a complex analytic family of polarized algebraic manifolds
parametrized by a polycylinder A, then there is defined the period matrix
mapping ®: A—> D by &(t) — period matrix of the primitive ¢-forms on V.
What we will do below is give the properties of ®.

(b) We give now an outline of the results in this paper, which is divided
into three sections under the following headings:

1. Local study of the period mapping;

R. Complex torii associated with algebraic varieties;

3. Iixamples of the local period mapping.

The first main theorem, given in Section 1.(a), is that ® is holomorphic.
The idea is the following: Letting V=7V, and v — [qi], there is an em-

P
bedding D C F, with F a flag manifold, and ®(¢) is the flag [S°(¢), - -, 8*(¢)]
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806 PHILLIP A. GRIFFITHS.

where 87 (t) = H2°(V;) 4 - -+ Hoe""(Vy) is a subspace of W —= H4(V,C),.
Using the Kodaria-Spencer-Kuranishi theory of deformations of complex

structures ([18], [20], [24], and [25]), we prove that o8 (t) C 87(¢). This

implies that & is holomorphic.

The proof of this result also gives a formula for the differential
®,.: T:(A) > Taiy (D). To give this formula, at ¢ =0, we remark that
there is a factorization:

Dy
TO(A) —_—> T()(o) (D)

P
H(V,0)

where p is the Kodaira-Spencer infinitesimal deformation mapping [18].
To give u, we use the natural isomorphism :

Ta(o (D) == 3 Hom (ot (V), Hot (V) - - - Hpa(V)).

Then, for € H*(V,®), ¢ € Hrr(V), n(8) (¢) =0 ¢ € Hya27+1(V) where
¢ -0 is the cup product in cohomology (cf. Section 1.(b)).

This computation of ®, gives a practical method of determining when
the periods give local moduli, and Section 3 is devoted to studying special cases.
For example, if {V.},,, is the Kuranishi family ([R5]; in this case, p is
the identity), then we find easily that ®, is injective if V is a non-hyper-
elliptic Riemann surface (cf. Rauch [27]) or if the canonical bundle of V
is trivial (cf. Kodaria [17] for K3 surfaces). Less trivially we find in
3.(c)-3.(f) that ®, is injective if ¥ is: (i) a non-singular surface V C P, of
degree at least 5; (ii) a general non-singular surface on an abelian variety;
(iii) a cubic threefold. In 3.(g) we discuss examples when the period
mapping degenerates.

There is computational and geometric evidence that we might have: @,
is injective if V is a surface with ample canonical bundle.

The study of @, also points up a new phenomenon for periods of g-forms
(¢>1). Recall that a point Q@=[8°- - -,8°]€ D satisfies the Hodge
bilinear relations [10]:

{QQtQ =0.
QQt'Q > 0.

For ¢—=1, there are no more relations, but, for ¢ > 1, there are additional
infinitesimal period relations which hold universally. If ¢—2, we have
a2 =0, deQ?'d2=0. These relations are discussed in 1.(c) and have
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the following geometric meaning: Letting K C G be the maximal compact

™
subgroup, the fibering D= G/H —— G/K has complex analytic fibres;
7 is holomorphic only when H = K (this is generally true only when ¢=1).
At each point Q€ D, there is a G-invariant splitting: To(D) = Vo @ Hy,
where Vg is the tangent space to the x-fibre through ©. Then &,(T:(A))
C Ha(yy is the additional period relation. Geometric applications of this
transversality theorem are given in Sections 1.(c) and 1.(d).

Section ® is devoted to complex torri, especially those torii arising from
periods of 2p 4 1-forms on an algebraic manifold V. Let E, be a real 2m-
dimensional vector space, T' C B, a fixed lattice, and F — F ®fzC the com-
plexification of F,. We let I'* C E* pe dual to T and, for S a subspace of
E with S+8=E, SNS=0, we let Eg—E/S and set:

{ T(S) =Ey/T

T(8)*=8%/T*.

This gives a pair of complex torii depending holomorphically on 8. The
Kodaira-Spencer mapping p and the period mapping & are discussed for this
family (R.(a)). Also we discuss how a skew-symmetric quadratic form on
I, induces a polarization on T'(S8)* (cf. R.(c)) ; this is generally a g-convex
polarization.

For a family of polarized abelian varieties of dimension at least three,
the periods of the 2-forms give the moduli (as well as the customary way of
using periods of 1-forms). This gives an equivariant embedding of the
Siegel space into a non-symmetric domain, and allows us to determine the
additional period relations in a simple case (cf. 2.(d)).

Let now E,=H®***(V,R), T =H>*(V,Z). There seem to be two
interesting choices of §:

Sl —_ 2 Hp+ke+l,p-k ( V)
k=0
82 —_ 2 H p+2k+1,p-2k ( ‘V) .
k

We set T, (V) =T(8,)*, Ap,(V) =T (82)*. Observe that, if D is the period
matrix space for 2p 4 1-forms, ®(V) =[8°%- - -,87] with S»— 8, above.
@

Thus there is a holomorphic family of torii J§ ——— D with & (®(V))
=T,(V); in particular, T,(V) varies holomorphically with ¥V, whereas
Ap(V) does not. There are natural polarizations Lr—> T, (V), Ly— 4,(V).
The torus A,(V) is Weil’s Jacobian, and L, is positive, whereas Ly is.
generally q-convez.
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In some sense the torii 7', (V) and 4,(V) are not fundamentally different.
To explain this, we remark that, for € T,(V), the tangent space splits:
T,— P, @ N,. where the curvature or of Ly is positive on P, and negative
on N, (This is analogous to the g-convex polarizations on the period matrix
spaces D.) Then in 2.(e) we show that there is a real linear isomorphism
&:Ty(V)—>A,(V) such that: (i) & (La) =Ly; (ii) if $€ H°(O(L4)) is
a holomorphic section, then the 0= section &*(#) of Ly satisfies 9¢* (¢) | Po
=0; and (ili) if o!,* - -,0? is a basis for N, then the mapping
P—> ¥ (PGP A- - - AGe gives an isomorphism H(O(La)) = H*(0(Lr)).

Both torii are relevant to the study of algebraic p-cycles on V. Let
Zo, C V be one such and let Z C V be an algebraic p-cycle homologous to Z,.
It ¢, - -,¢™ is a basis for §,, we may define ¢(Z) € T,(V) by ¢(Z)

= (- -,f ¢%+ - ) modulo periods, where o is a 2p -1 chain with
/T

00 =7 —Z,. Similarly, we may define ¢(Z) € 4,(V), and we show (2.(b)):
(iv) ¢ and ¢ are holomorphic, and the diagram

Typ(V)

¢/
{2} Vé
Ny

4,(V)
commutes; (v) if B is an algebraic parameter space for p-cycles Z, then
¢5(Tz(B)) C Py(z (this is the analogue of the infinitesimal period rela-
tions for ® given above).

From (ii), (iv), (v) it follows that ¢(B) is an algebraic manifold
(via the sections &%, &€ H°(O(L4))), and that ¢ (B) varies holomorphically
with V.

The differential ¢, (=1..) is computed cohomologically in a similar way
to @, (cf. Theorem (2.25)). To write the infinitesimal equivalence relation
determined by ¢ requires the duality theorem for general coherent sheaves.

To conclude this introduction, let us give the main open problem. We
consider both the period matrix mapping ®: B— D and the p-cycle mapping
¢: B—T,(V); in each case, B is a suitable parameter space. Both mappings
have a basic similarity. There are natural line bundles L— D, Ly — T,(V),
each with g-convex polarizations (different ¢). Now both ® and ¢ are holo-
morphic, and they each satisfy additional period relations which imply that
L|®(B) and Ly | ¢(B) are positive. The problem is to construct holo-
morphic sections of L |®(B), Ly | $(B); these sections would then be
generalized automorphic forms, resp. theta funciions.
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In the case of Lz | ¢(B), by using (i)-(v) above the holomorphic sec-
tions are constructed from H9(@O(Lr)), so the problem is done in this case.
Now, by Section 4.(e) of I, there is automorphic cohomology in H1(O(L)) ;
as in the classical case where D is a Cartan domain, this cohomology is closely
related to L?*(G) (D=G/H). Our problem is to turn He?(0(L)) into
sections of L | ®(B).

I1.1. Local study of the period mapping. (a) Let {Vi},ca be an
analytic family of compact, Kihler manifolds parametrized by a polycylinder
ACC™. To be precise, we assume given complex manifolds ¥, A together with
a proper, constant maximal rank holomorphic mapping =:¥ — A and such
that on each V;=="*(t), we have given a Kéahler metric »(¢) which varies
smoothly with ¢ (cf. [3], [18]). We let V=7V, and remark that, if V, has

a Kihler metric, we can always construct the smooth family w(¢) postulated

T
above [19]. The data ¥ ——— A will generally be called an analytic fibre
space.
By passing to a smaller polycylinder if necessary, ¥ — A will be trivial as
a ('~ family; i.e. we can find a fibre-preserving C* isomorphism

é

Vo X A—sV
\: I
A = A.

Letting W =H?(V,,C), by using the Hodge decomposition
HY(V;,C) =X Hrrr (V)

and the isomorphism
4’*: Hq(VbC) _——')Hq(VOaC))

we can define a point @ (¢) — [S(¢),- - -, Su(£)] (v=[q%1]) in a flag

manifold associated to W by letting
Si(1) = pH{H (V1) - - - HEre (V).

We remark that, whereas ¢ is far from unique, ¢* is essentially unique. As
was discussed in 1.1, Q(%) is an invariant way of giving the total period
matriz of the harmonic ¢-forms on V,.

(1.1) TurorEM. Q(t) is a holomorphic function of t.
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Remark. We recall here the example in I.2.(b) where the Plicker
coordinates of an explicit Q(¢) were shown to be holomorphic, whereas (%)
was not in terms of the period matrices one most easily writes down.

Proof. What we have to show is that each subspace S,(¢) C W varies
holomorphically with {. Here we view S,(¢) as a point 2,(t) in a Grassmann
manifold G(hy, W) where h,=he® - - - 4+ horr (cf, 1.1.(d)). By Lemma
(4.22) in I.4.(b), Ts,ty (G(hr, W)) = Hom (8S,(¢), W/8,(¢)) and, by Pro-
position (4.27) there, we must show:

(1.2) 38, (t) C 8,(1),
in the following sense: there is a smooth basis v,(t), - -, v, (¢) for §,(¢) such
thata—v(,)%‘Q € 8,(¢) for j=1, - -, h, and where ¢t = (¢%,- - -, t") = (- - -, 1%, - ).

To simplify the notation we assume that m =1 so that A is a disc with
coordinate ¢; it will suffice to prove that, for any smooth vector v(¢) € S,(¢),

(1.8) @-%gﬁ]t:oeSFS (0).

We need to go now into the structure equations for deformations of
complex structure (cf. [R0], [24]). First we coordinatize ¥ by a covering
Ua of open polycylinders such that, in Ua, we have holomorphic coordinates
(2o, + ", 20";t) with w(2a", -, %a";t) =1. This is possible by the implicit
function theorem since , has constant maximal rank. In U. N Upg, we have
t=1 and 2o/ = fap’ (26%,* - -,26";1). Writing 24 = fag(2g,¢), we have:

(1.4) fay (29, 8) =fap(foy (24, 1), t) in Ua N UsnU,.
o 0t

Oog + 0y ="0oy in Ua N UgN Uy. Thus 6(¢) = {0ep(t)} defines an element
in H*(V;,®;) which is the Kodaira-Spenced mapping [18]:

By differentiation, we get from (1.4) that, if fag = é Ofas’ (28, ) a—za_f’ we have
i «

(1.5) pe: Te(A) > HY(V, ).

This mapping, which represents the infinitesimal variation of the complex
structure, is of fundamental importance in local deformation theory ([3],
[R1]). For example, if p; is onto, the family {V;} will be locally universal,
and V; will have dim H*(Vy, ®;) moduli locally.

We now want to choose the O trivialization ¢: V, X A— ¥ carefully.
To begin with, we can assume that ¢*(Ua) = Wa X A where {Wa} is a

teA
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covering of V,. Thus we can have Wo—Uqs N V, and then zoa = (241, - *, 2a")
gives a holomorphic coordinate on Wo C V..

(1.6) LemMA. We can assume that ¢*(24) =z2a0¢ 1s of the form
La(2a, 203 t) where La(2a,%a;0) = 2a and lo(2a, Za,t) s holomorphic in t.

Proof. This Lemma is implicit in [24], and we know of no elementary
proof not involving the sort of estimates given here. In other words, Lemma
(1.6) is true for the Kuranishi family, and, by his universality theorem, will
be true in general (cf. the remark following Proposition (1.11)).

It follows that, in Wa N Wg, {a(2,t) = hap(Es(2,t),1) where hag(&s, 1)
is holomorphic in both variables. Furthermore, hag(Zs(2,0),0) = hag(25,0)
=fag(28) Will be the transition functions on V,. Write now:

- gca {dza® + 2 ®o,1d%a"}

(1.8) LemMmA. In (1.7), the vector-valued form

(1.7) d¢o? —

i
] = D Pai* ——Q dzst
b (1) kzl (%) 0za"® z
is a global tensor, which depends holomorphically on t, and which satisfies:
(1.9) b2 (t) — [2(1),%(1)] =0.

Proof. By definition, we have 0 (¢) — gi’: Pt () dZal. From

0=10(t), we get (1.9) by using the deﬁnltlon of [, ]. The fact that
®a(l) =Pp(t) in Ua N Uy is seen as follows:

3 of Ohag? -
x 04g
3haﬁl 0€ﬁ dhagpt )
md 1 m !
C kim 0@5’” 0zg™ Lpr"dzp E‘l dzgm g dzg
aCa aZa _
—_— __@ =1 ¢ ¢ o 1 i
21 O™ ! k,lszaz k Lppgm P @'}

The equality of the two terms in brackets {- - -} is just the equation ®.—= ®g.
This proves the Lemma.

Note that ®(0) = 0; we set 0_@(t)]t o

(1.10) LemMA. The vector-valued form 0 satisfies 30 =0, and 6 is the
Doubeault class representing 6(0) —po( ) m HY(V,0).
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Proof. The fact that 39 — 0 follows from (1.9) since ®(¢) — 4 4 2(- - ).

Now we let o — Zﬁé’a Tt=0 0 is a O~ vector field in Uy and

i 0 02l
0t
zk k]toaz’®d2a
k"""(”*"’“],0 ® did — 3 0uil @ dzt =,
J» 2

On the other hand, in Ua N Ug, {a(?,t) =hap(&p(2,1),t) so that

aaj ahaja ha
e -3 Kty Doty

0t T gk
Using the fact that ¢u(2,0) — 2, and hag(s, 0) = fag(2s), this gives
0¢a Ofag’ 0Lg" _6ha5
ot Jo 2 PP TR Jt=05
ahaﬂj

or fo— g =2 ot (28,0) 6‘;—}‘=0aﬁ(0). By the definition of the Dolbeault
j B

isomorphism, 6 — po( a% )€ Hi(V,0).

To collect these results in a systematic statement, we let wef = dzof
+ X ®ai/ (t) dzk and have:

(1.11) ProrostrioN. Let {Vi} ,be an analytic family of compact,
complex manifolds given as an analytic fibre space ¥V — A. Relative to a
suitable covering {Wqo} of V=1V, there exist a family of linearly indepen-
dent 1-forms wa' (1), * -, we"(t) defined in Wo and satisfying:

(1) the wa?(t) gwe the almost-complex structure on Vi
(ii) we!(t) depends holomorphically on t;
(i) ol (1) = dzed + 3 Baid () dZa* where Bo(l) — 3 daid () 3'37 ® dzat
k o
8 a vector-valued form depending holomorphically on t with ®(0) —0;

(iv) if A-%A“%GTO(A), then X \° 0t(“ ltzo=p(X) € HY(V,®) 1s

the Kodaira-Spencer class (infinitesimal deformation class).
Remarks. 'The Frobenius integrability condition,
doe? =0 (wat,* * *,0a"),

is equivalent to the equation (1.9), as is easily verified.
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1t is also perhaps worth remarking that Proposition (1.11) can be proved
fairly easily in a special case, which will cover most of our examples. Namely,
assume that there are no obstructions to finding deformations with a given
class 6 € H'(V,®) as tangent. Then the construction of [20] gives a family
V’— A’ such that p: To(A”) - H*(V,®) is onto. It then follows from [21]
that ¥”— A’ is holomorphically universal, the argument here being much
simpler than Kuranishi’s. Now the same argument as in the proof of Lemma
(1.6) will apply.

With these preliminaries, we can prove Thevrem (1.1) by showing that
(1.3) holds. This amounts to the following: Given a harmonic (relative to
v (0) =§ gidztdz’)y (g—r,r) form on V,, written locally as:

)

&= 2 Piyig i 2N - o Adgier NdEI A - - AdEY
4]

we have to find harmonic (¢—r,r) forms ¢(f) on V, relative to w(?)
— 3 gy (t) ot (t)@i (¢), which satisfy:
i

(1.13) @ag—“],meﬂaw(vo G HER(V).

By the fundamental continuity theorems of Kodarira-Spencer [19], we may
assume that g;;(¢) is smooth as a function of z,%,¢; and that

(1.14)  ¢(1) =Z i, (D) o™ (E) A+ - Aober(8) AR (L) A AT (2),
where ¢4, 4, (t) is also smooth in z,Z,?.

We now use (iii) in Proposition (1.11) to write: ¢ (1) = ¢1 + 2 + ips
-+ [®], where [2] ave terms of order 2, ¢, is of type (¢q—7,7),

¢y — 0I;j'¢'i1'~iq+,j-1~~j-,(O)dzill\' - Adgier AdE A - cAdZEAN - AdEIr

8 (8)
is of type (¢—r+1,r—1), and:
(1.15) o 3 Outedty s (0) 2 A~ - - AABEA- - - Adgher Adsh A+ - - AdP,
8 (8

is of type (g—7—1,7+1). From this it follows that 0¢6(Zt) Jt=o=0 modulo
He* (Vo) +- - - + He™(V,) and

(1.16) i"?a(Tt)‘]tmE(Pz(Hq'o—}—' -4 Harr)

This proves (1.13) and hence Theorem (1.1).

Remark. We let Q,(t) € G(h,, W) be the subspace
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Si(t) = HOO(V2) - - - o Hior (V).
Then, using Lemma (4.2)) in I.4.(b),

1.17) To,(G(hy, W)) =Hom (H® -+ « - Horr, Her-brst . - . | []00)
where Q,=Q (0) and He#%s=He#*:(V,). We want to use (1.15) and
(1.16) to compute the differential

(1.18) (Qn)y: To(A)—>Hom (He® - - -+ Herr, Hor-bred Lo« o H%4),

To begin with, we have the isomorphism H¢ 8= H3(V,6Q438), while the
pairing 0 ® Q-8 — Q51 gives

(1.19) HY(V,0) @ Hs(V, Q) — He (V,Qas1),

In other words, by using cup product, a class § € H*(V,®) defines an element
6 € Hom (Hess, Ha-s-Ls+1),

(1.20) ProposiTION. The differential (Q ), in (1.18) is given by
(2 )4 (A) =p(r), where A€ T,(A) and p(A) € H(V,®) is the Kodaira-
Spencer class.

Proof. We have that (Q )*(%)cp— 0¢(t)]t -0, projected into W/8,(0)

— Herbra ... L Fo% Thus, by (1.16), (2 ) (2)¢—¢s On the
y at

other hand, since §— @(t)

Jt-o= P(at) by Lemma (1.10), we have that
P2=0:¢; i.e, ¢ is the cup product (usmg differential forms) of # and ¢.

This says precisely that (Q ), (6t ) =8 —-p(at)

(1.21) ComoLLARY. (Q).{T,(A)} lies in the subspace
Hom(Hq-r.r, Hq—r—l,ru) C Hom (Hq,o+ e e . +Hq—r,r’ Hq-r—l,r+1_|__ PN —I—Ho’q).

The mapping we want to consider is Q(¢) = [So(?),- - -, 8»(¢)] con-
sidered as belonging to a flag manifold F. From the embedding:

FCG(ho,W) X+ X G(hpy W),
we have that To(F) C ¥ Hom(S,, W/S,), where @ =[S, - *,S,]. The
r=0

condition that (¢o, - -, ¢y) With ¢,€ Hom (S, W/S,) be a tangent vector in
Tqo(F) is that, for s < r, we have a commuting diagram :



INTEGRALS ON ALGEBRAIC MANIFOLDS, II. 815

Sy —— 8,

T

W78, — W/8,

It follows then that
(1.22) To(F) = 3 Hom (Harr, Hor-irst - - - 4 o),
r=0

Combining this with (1.20) and (1.21) we have:
(1.28) TaEOREM. Q,(T,(A)) lies in the subspace

ﬁ Hom (Hq-r,r, Hq—r—l,r+1)

r=0
of Tq(F) given by (1.22). For M€ T,(A), ¢ € HI™r, we have Q.(A)¢
=p(A) - ¢, where p(A) € H*(V,®) 1is the Kodaira-Spencer class and p(\) - ¢
18 the cup product (1.19).

Examples. (i) When ¢ =1, Tq(F) = Hom (H>°, H*') ; (ii) when ¢ =2,
To(F) =Hom (H>°, H** + H%?) and Q4 (To(A)) lies in Hom (H>°, H*');
(iii) when ¢ =3,

Tﬂ (F) =~ Hom (Hs,o, H2n + Hu2 + H°'3) @ Hom (H2,1’ H-2 + Ho,a)

and Q. (To(A)) lies in Hom (H>°, H>') @ Hom (H>', H>?); and (iv) when
=14

Tq(F) = Hom (H*, H5* 4 H>? 4 Hb8 + H°*) @ Hom (H*?, H>? 4+ HY* | H*),

and Q,(T,(A)) lies in the subspace Hom (H*°, H3') @ Hom (H>, H>?).

(b) We assume now that we have a polarized family of algebraic mani-
folds; i.e., over ¥ we have given a line bundle £ — ¥ such that the restric-
tion &£ | Vi=L; is positive in the sense of Kodaira [12]. In this cas we
choose (t) to be a curvature form representing the Chern class of L,— V,
([11]). Tt follows that, in cohomology, ¢*(w (%)) —w, where w on V=TV,
is the Kihler form.

Recalling now the notions of Kahler varieties as reviewed in I.1.(c),
it follows that ¢* preserves all the cohomology structure of He(V,C), except
those notions dealing with type. In particular, ¢*{H2(V,,C),} — He(V,C),
(= primitive cohomology in dimension ¢) and we may take W — H4(V,C),,
Sp(t) = ¢*{H2*(Vy) +- - - 4+ Herr(V,)} and pursue the same develop-
ment as in Section II.1.(a) above. The point Q(¢) = [So(t), - -, Su()]
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will not only lie on a flag manifold F, but, in fact, Q(¢) will lie on the domain
D C F given by the bilinear relations (1.16) and (1.17) of I.1.(d). In that
section, D was called the period matriz space and its properties are given in
part I. We recall that Tq(D) C To(F) is the subspace of To(F) in (1.22)
given by:

v
(1.24) Tq(D) == ZoHomQ (Hoarr, Hoor-tret 4+« - L H9),
=

where, by definition, ¢ € Homgq (H,2 "7, H, ") if, and only if,

(1.25)  Q(8(),0) +Q(69(0) =0 (£€ Harr, g Hyr).

Here,  is the quadratic form on He(V,C), given by (1.7) of I.1.(c).

We let now H*(V,®), C H*(V,®) be those classes § satisfying 6 -0 =0
in H?(V,0), where o € H*(V,Q') is the Kéhler class. If §=p(A) for some
M€ T,(A), then 6€ H(V,0),. In fact, H*(V,0), is just the subspace of
H*(V,®) which infinitesimally preserve the polarization. If 6€ H*'(V,0).,
then 6- He(V,C), C H1(V,C), and we have, in place of (1.19), that:

(1.26) HY(V,0),® Hyarr— Harur,

Having noted now the additional relations which appear when we con-
sider a polarized family, we may give the main theorem, whose proof already
follows from Theorems (1.1) and (1.23).

(1.R7) TueoreM. (i) The period matriz mapping Q: A—> D given by
Q1) =[8:(t)," - +,8,(2)] where S,(t) = H2°(Vy) 4+ « -+ Hoamr(Vy) s

holomorphic; (ii) Q4(To(A)) C X Homq (H, a7, Ha1m1) C To(D) given
r=0

by (1.24) ; and (iii) if ¢ € He and A€ To(A), Qu(N)dp = p(\) - ¢ € H 271742
where p(X) € H*(V,0), 1s the Kodaira-Spencer class and p(\) - ¢ is the cup
product (1.26).

Ezamples of (ii). We give the analogues of the examples following
Theorem (1.23). When ¢=1, T4(D) == Homg (H>°, H*') and there are
no restrictions on Q. {T4(A)}. When ¢ =2, To(D) == Home(H?°, H,"* + H®?)
and Q,{7,(A)} C Hom (H?°, H,»'). When q—3,

Tq(D) == Homq (H®%, Hy** + Hyb* - H*%) @ Homg (Ho?, H* + Ho?)

and Q4{T,(A)} C Hom (H>°, Hs>') @ Homg (H,>*, Ho'?).
We want to give now a cohomological condition in order that the periods
should give local moduli. To do this, we observe that H*(V, Q'@ Q") is the
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dual space to H*(V,®) and, if we let H*(V,0),* C H**(V,Q*®Q") be the
annihilator of H'(V,®),, then:
(1.28) H(V, 22 Q") ,=H(V,0*® Q") /H*(V,0) 4,

is the dual space to H*(V,®),. We shall consider families {V}, , which are
subfamilies of the Kuranisht univeral family ([25]); in practice, this will
mean that A C H*(V,®), and p: T4 (A) - H*(V, ®) is the identity mapping.
The periods will be said to give local moduli if, for any such family, the
differential Q, of the period matrix mapping is of maximal rank.

(1.29) TurorREM. The periods of the primitive q-forms gwe local
moduli if the cup product:

v Iz
(1_ 30) 2 Hoq—r,r ® Hon—q+r+1,n—r—1 RN £ ( V, ot ® Qn) ©
=0
18 surjective.

Proof. This follows simply by dualizing the condition that

Q* v
TO (A) EE— 2 HomQ (Hoq"ﬂ" Hoq—r—l,r+1)
r=0

should be injective.

Remarks. An important special case occurs when the canonical bundle
K—V is positive. Then any family preserves this polarization and so
H*(V,0)e=H*(V,0), H"(V,0'QQ"),=H*(V,0'®Q"), and (1.30)
becomes :

v p
(1_ 31) 2 Hoq—r,r ® Hon—q+r+1,n—r—1 —_— Hn1 (V’ QR Qn) .
=0

If we ignore polarizations, the condition that the periods of the g-forms
give local moduli is that the cup product:

(]_' 32) i Harr @ Hnr-atr+ln-r-1_y [n-1 ( V, N Q'l)
=0

should be onto.

m™
(¢) Let now ¥ ——— B be a family of polarized algebraic manifolds
where B is assumed simply connected. Then we can globally define the period
mapping :
Q: B> D,

11
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where D is the period matrix space for the primitive harmonic ¢-forms (cf.
I.1.(d)). Conerning the domain D, we recall the following facts:

(i) D is a homogeneous complex manifold; D= H\G where G is real,
simple Lie group and H C @ is a compact subgroup (I.1, Theorem (1.26));

(i) The canonical bundle K— D has a unique G-invariant p-convex
polarization (I.3.(c) and I.4.(b), Theorem (4.8));

(iii) If K C @ is the mazimal compact subgroup and P = K\@, then
@

the fibres in the fibering D——— P (given by H\G— K\G') are compact,
complex subvarieties of D. If we set ¥\ =a"(A), then p=dim I\ and the
canonical bundle K is negative on ¥\ (I.4.(c) Theorem (4.41)); and

(iv) For each Q€ D, there is a unique G-invariant splitting:
(1.33) To(D) ="V, @ Hy,
where Vg is the tangent space to the fibre of & passing through Q. The
curvature form o of K is negative on Vg and positive on Hg, and the Levt

form L(¢) of an (m—p)-pseudo-convex exhaustion function ¢ of D is

positive on Hq (m=dim D) (cf. I.4.(f), Proposition (4.66) and I.4.(d),
Lemma (4.486)).

(1.34) TuEOREM. Let Q: B— D be the holomorphic period mapping.
Then, for t€ B,

Q. (T:(B)) C Hq.

Thus K 1is a positive bundle on Q(B) and ¢ | Q(B) is a pseudo-convex func-
tion. Furthermore, ®(B) 1is transverse to the compact subvarieties Yy in
(iii) above.

Proof. In keeping with the arguments of I. 4., we shall prove this result
for 2-forms and 3-forms. For 2-forms, by (4.70) in I.4.(f), we have that

(1.85) Hoy =Hom (H>*(Vy), Ho** (V1))
for 3-forms, by (4.73) in I.4.(f) we see that:

How =Hom (H*>*(V:), Ho** (V1)) @ Home (Ho**(Vy), Ho* (V1))

(1. 36)
-+ Homg (H39(V,), HYS (V).

From the examples following Theorem (1.27), we see that, for 2-forms,

(1.35)’ Q. (Ty(B)) C Hom (H>°(Vy), H** (V) ;

and, for 3-forms,
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(1.36) Q. (T«(B)) C Hom(H**(V}), Ho>*(Vy)) @ Homg(H > (Vy), HoV2(Vy)).
Comparing (1.35) with (1.35)" and (1.36) with (1.36)" gives the theorem.

Remarks. The condition Q. (T:(B)) C Hg(: can be phrased as a bilinear
relation @, (Q(%),dQ(¢)) =0. The family of subspaces Hq C To(D) gives a
non-integrable distribution in the complex tangent bundle; the tangent spaces
to Q(B) give an integrable subdistribution, which means that relations of the
form Q,(dQ(¢),dQ(¢)) =0 hold (compare (1.36) and (1.36)"). Thus:

(1.87) CoxcrusioN. Let V be a polarized algebraic variety defined
over a function field F. Then, if Q is the period matrixz of V, Q satisfies the
Hodge bilinear relations Q(Q,Q) =0, Q(Q,Q) > 0 plus additional relations
0:(Q,dQ) =0 and Q,(dQ, dQ) =0, where dQ is defined over F.

It should be emphasized that these new relations are universal, as opposed,

e.g., to the special M;g;él relations satisfied by a curve of genus g,

but not satisfied by the periods of the 1-forms of a general V having the Siegel
space as period matrix domain.

We shall now give these additional relations explicitly for periods of
2-forms and 3-forms. These are the two cases discussed at length in I.4.(b)
and I.4.(c).

Ezamples. (i) Let V be a polarized algebraic manifold and & = 2>°(V),
E=he"*(V) =h"*(V)—1. Then there will be a (2h -+ k) X (2h -+ k)
symmetric matrix ¢ and the period matrix space D will consist of all
kX (2h 4 k) matrices @ which satisfy:

Q=0
1. 38 N
(1.38) {QQ‘Q> 0;
(1.89) ProrosiTION. The period matriz of V over F satisfies the
additional bilinear relations:

dQQiQ =0.
dQQtda =0.

Remark. We first observe that (1.40) makes sense; if we replace Q
by AQ, then d(AQ)Q*(AQ) = dAQQ'Q'A 4 AdQQIQA — A (dQQ!Q)tA (by
(1.38)). By a similar calculation, we see that both equations in (1.40)
make sense on D.

(1.40)

Proof. To prove the first relation in (1.40), we have to show that, if
A is any disc with parameter ¢ and Q(¢) the variable period matrix, then
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Q()Qe(t) =0. If W=H?*(V,C),, then Q(t) gives a subspace S; C W
(S¢=H»*(V;); cf. 1.1.(a)) and Q' (¢) gives the tangent to the curve (S;)

(1)
as follows: Write Q(¢) =( ’ > where the row vectors m (¢)," - -, ma(t)
(1)
give a basis for §;. We then define (’?_t € Hom (S, W/8;) by sending ma(?)
into iﬂ(}‘;—t) (modulo 8;).

dma (1)

By Corollary (1.21), gt- € Hom (H2(V,), Hp (V1)) and then ™

€ H>°(Vy) 4+ Ho¥* (Vi) so that @' (¢)QQ(¢) =0 as desired.

The second condition in (1.40) follows by taking the exterior derivative
of dQQ'Q =0.

(ii) As above, V is a polarized algebraic manifold and we let 2n
= dim W where W =H3(V,C)o, ¢ =he**(V), n—q=0>°(V). To describe
the period matrix space D, we are given a rational skew-symmetric matrix @

and we consider n X 2n matrices Q — (gl) where Q, is (n—gq) X 2n. With
2

equivalence relation O ~ AQ where 4 — ( Au 2 ) (A1 is (n—q) X (n—q)),
12 22

the bilinear relations giving D are:
QQ!Q—0

(1.41) V—19,Q1, >0

V—10QQ*Q has signature (n—gq,q).
Here Q, represents the space H>°(V)C W and Q the space H>(V) + Ho>*(V).

(1.42) ProrositioN. The period matric Q@ of V over F satisfies (le
additional bilinear relations:

40,012 —0
(1.43) d0Q!0, — 0
d0,QtdQ = 0.

The proof of this Proposition is basically the same as that of Proposition
(1.39).

(d) As an application of Theorem (1.34), we have:

™
(1.44) TuaEOREM. Let ¥V —— B be an analytic fibre space of polarized
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algebraic manifolds where B 1is compact and simply connected. Then the
period mapping ®: B— D is constant.

Proof. Let ¢: D— R be the exhaustion function for D, and ¢y — ¢ ®.
If &5 are tangent vectors of type (1,0) to B, we claim that L(y) (&%)
=L(¢) (Ps(¢), Py(n)) where L(y) and L(¢) are the E. E. Levi forms.
This is a straightforward computation using the fact that ® is holomorphic.
Since L(p) > 0 on Hey C Toy (D), it follows that L(¢) =0 and L(y) =0
if, and only if, ¢ is constant (i.e., ®,=0). But a pseudo-convex function
on a compact manifold is necessarily constant, which proves the theorem.

II.2. Complex torii associated with algebraic varieties. (a) We first
discuss general complex torii. Let E, be a real, 2m-dimensional vector space
with basis e;,* - -, €, and let = E,®zC be the complexification of .
Let B C G(m, E) be the open subset of all n-dimensional subspaces § C E

T
with §NS=0. We construct a family of complex torii ¥V — B as

follows: Over G(m,E) we let E— G(m,E) be the holomorphic universal
bundle with fibre Ey— E/S at S € G(m,E). Over B, the lattice T generated
(over R) by e, - -, e.m projects onto a lattice T's in Es, and we let
Ts=Es/Ts. In this way we get an analytic fibre space of complex torii

™
V — B with »1(8) = Tj.

(2.1) Ezample. Let {Vi},., be a family of polarized algebraic mani-
folds of dimension n. We choose 0 = p < n—1 and let: E, = H*1(V,R);
ei," * *,em be free generators of H*'-»-1(V,Z); and E— H2-2-1(V,C).
For ¢ € A, we let S; C E be the subspace given by:

(22) St=H2n—2p—1.0(Vt) _|_ . ._I_I_.In'p.n—p-l(vt)‘

Then S8; N S;—0 and so S;€ B. The resulting complex torus Ty, will be
denoted by 7,(V:). The mapping ®,: A— B given hy ®,(t) — S, is holo-
morphic (Theorem (1.1)), and so the torus T, (V;) depends holomorphically
on V; We shall see in Section II.4 below that 7,(V) is related to the
algebraic p-cycles on V.

We now look at some special cases of this construction :

(i) p=n—1. Then E=H'(V,C) and S =H*(V). Thus E/S
=H"" (V) and Tw\(V) =H**(V)/H*(V,Z) is the Picard variety ([28])
of V.

(if) p=0. Then F=—H>*(V,C) and §—=H"**(V). Thus £/8
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= Hv1n (V) and T,(V) will be seen (Proposition (2.16)) to be the Albanese
variety ([2]) of V.

(iii) n=38, p=1. Then FE=H?*(V,C) and S =H>°(V) + H>*(V).
The torus T, (V) =Hu*(V) -+ H**(V)/(V,Z) is not Weil's intermediate
Jacobian unless H3°(V) =0 (cf. 1.3.(b) and II.2.(e) below).

Returning now to the general picture, we want to give local coordinates in

™ 2m
V ——— B. Fix § and choose a basis &, - +, &, for 8. Then éo =— 3 mpabp

p=1

where the 2m X m matrix (mpe) has rank m. We may assume then that
det (mm.p,2) =0 and choose a basis &, « -, &, for S so that

(2. 3) éa = _523 TS —I— [
=1

Then ey,- * +,em project onto a basis for W/S and, from (R.3), we get
emse== > mgaeg(S). Thus, if we identify W/S with C™ by using e;," * -, e,
B

then T'g is generated by the 2m column vectors in the matrix (I, I) (II = (mpa)).

Now the (—mge) in (R.3) give local coordinates on B around §, and
the complex torus T's=«C€™/T'y where Ty is the lattice generated by the 2m
column vectors in the matrix

(2.4) () = (I,1).

™

This is the analytic space point of view: locally, ¥ ——> B is a family of
torii depending on m? parameters mog Whose period matrix is given by (2.4).

The other point of view in deformations is to fix the real manifold and
let the complex structure vary; we want to show how this works here. Let
then R*m with basis fi,* - -, f.n be fixed, let T be the lattice generated by
fi" * 5 fem over Z, and let T' be the real torus R*m/T. We let z,- - -, a?m
be the real linear coordinates on R*™ dual to fi,* - -, fum and define a (linear)
complex structure on R®™ by letting:

m

(2.5) dz® = dz® -+ 3 wagda™B,
B=1

This gives then a complex structure on T and the resulting complex torus
will have period matrix @(S) given by (R.4); in other words, this is the
torus T's.

Fix now S, with period matrix Q(S,) = (I, I) and let ¥— (yap) be a
matrix close to zero. We define dz* by (2.5) and define:
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(2.6) dw® = dz* - %( wap + Yag) dzE.

This gives a holomorphic family of torii centered at T's, and we want to
compute the Kodaira-Spencer mapping p (cf. (1.5)). To do this we write:

(2.7) St dgoduw? = o - X 05 (y) 27,
B=1 B=1
and seek to determine ®4*(y) (cf. (1.%)). In terms of matrices, (R.5),
(%.6), and (R.7) give:
A=I4+d _
A(I + W) =10 + 311

This reduces to give (I +®)¥—&(II—1II). Now II—II— A for some
matrix A, so we get that:

I4+@)¥A+I=I+o

or

I=({I42)(I—%A)
which gives the formula:
(R.8) S(¥)=(I—VA)*—T=TAH (¥A)2 - - -,
It follows then that

i 0 _ -
(2.9) p(@ =§A»,-Bb;&-®dz7 (A=(H—-H)'1).
In particular, p is an isomorphism.

Remark. Assume that m=1 and =V —1. Then dz=da* 4 V/—1 dz?
and we write dw = da* 4 adz®. Solving the equation Adw — dz -+ Bdz gives
the reciprocal relations:

. 1—p8 i+ a
(210) a=’b(m '8=i—a
Here, as « varies over the upper half-plane, 8 varies over the unit disc and
vice-versa. The approach to moduli of ellipticburves writing dw = da* + adz?
(Im « > 0) is that of varying the lattice generated by 1, « in € ; the approach
given by writing Addw=dz 4+ Bdz (| 8| <1) and keeping the lattice fixed
is the one via quasi-conformal mapping.
We now ask if the periods give local coordinates in the family ¥V — B:
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constructed above. Since, for each S € B, the mapping p: Ts(B) — H(T's, ®)
is an isomorphism (cf. (2.9)), the periods of the g-forms will give local
coordinates on B if the cup product (1.32) is onto. Actually, it will be the
case that:

‘U.
(2.11) Hoo @ Hn-gim-1 5 Fn-1(Ty Q1@ Qm) — 0.

To see this, we observe that a basis for H™* (T, Q* ® Q™) consists of forms
dz* Q@ dzA Q@ dz’ where A — (1, - -, m), deA =dz* A+ - - Ad2™, J = (&g, * *, %m-1),
di’=dz*A- - -Adz%. But then, if say a =g,

w(d A - A @ (def Ad - - Adam @ dET)) — = dr* ® dad ® di

so that p is onto in (2.11).
Of course, if g=1, (R.11) reduces to

i
(2. 12) Hl,o@Hm,m-l____)Hm-l(Ts, 91®Qm),

and p is an isomorphism. This should be so since we are, in effect, using the
periods of the holomorphic 1-forms to give the family ¥ — B. TUsing the
notation of (R.9), we have that (cf. Proposition (1.20)):

Q, (6—5—“;) € Hom (H0, Ho)
is given by:

2, (=) (45%) = 54,9050
(2.13)
9*(0—55) (d) — 0for Aoz a.

Thus it is clear that Q, is an isomorphism.
sk
T
(b) There is another family of torii ¥* ——— B which is constructed
as follows: If S€ B, we have an exact sequence 0 > 8 — F— E/S— 0 and
its dual: 0 < 8* < E*« (E/S)*« 0. The lattice I' gives a dual lattice
T'* C E* and T* projects onto a lattice I'g* in S*. We set Ty* — §*/I'g*
=7*1(9).
To coordinate Ts*, we choose a basis &, - -,&, for S and write
2m
fo =D mpap. We claim that Tg* ==€"/Ty* where C™ are row-vectors and
p=1
Ts* is the lattice generated by the rows of the 2m X m matrix II = (mpa).
In fact, if &* € S* is dual to &, then it will suffice to show that the projec-
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tion ep* of ep* into S* satisfies 6p* = X mpafe™. This amounts to the equality
m
<ep*, £p> = D mpata’*, £g> =mpg. Thus proves:
a=1
(2.14) ProrositioN. To find the period matriz for T's*, take a basis
&,y ém for S and form the 2m X m matriz {ep*, éu) =mpa. Then the
row vectors in this matriz generate o lattice in €™, and the resulting complex
torus is Tg*.

(2.15) Ezample. We follow the example (2. 1) where E = H>+2%(V, ()
and S = H#2-10(V) - -« Hrono-2 (V). The basis &, © +,én for §
means now that we take cohomology cases &,- - -, &, giving a basis for §,
and dual basis e,*,- - -, ¢,,™* means a free system of integral generators for

the homology group Hon-5p-1(V,Z). The matrix (ep*, & =J &, so that
ep*

Ty*=1T,(V)* is the complex torus C"/T*(V), where I'*(V) is the lattice
generated by periods of &, - -, &n.

For example, when p=n—1, E=H*(V,C), S=H"(V), &, * *,é&n
are a basis for the holomorphic 1-forms on V, and T, ,(V)* is €™ modulo
the periods of the holomorphic 1-forms on V. This T, (V)* is what is
usually called the Albanese variety of V. If we fix p,€ V, the mapping ¢:

D
V> T,,(V)* given by ¢(p) = (fpﬁl,- . -,J ém) 1s well-defined, and is
70 %o
the standard mapping of a variety into its Albanese variety.

(2.16) ProrostTioN. The complex torii Tp(V) and Tups(V)* are
naturally isomorphic.

Proof. Let E,= H*"?*-*(V,C) and
Sp = H*m=210(V) - - - L Hron-1(V),
Then, by Poincaré duality,
Syt = Hwvd (V) v+ 4 HO (V) 2 By pa /S
i.e. we have a natural isomorphism :
(2.17) Ep/8p = 8%, 1.

Under the isomorphism (2. 17), the lattices T's, and T*g, , go into one aother,

and so the corresponding complex torii are naturally isomorphic. Q.E.D.
By using the isomorphism 7, (V) ==T,..(V)*, we get a holomorphic

mapping ¢: V — T, (V), which is unique up to translation. This generalizes

k
as follows: Let Z, C V be a fixed algebraic p-cycle; i.e., Zo =3, n;8; where
j=1
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the n; are integers and S; C V is an irreducible p-dimensional subvariety.
We let B(Z,) be the set of algebraic p-cycles Z which are homologous to Z,
and define

(2.18) ¢: B(Zy) > Tp(V),

by the following method : Choose a basis &, * -, &y for H2#10 |- - - | Ho+bop
and write Z—Z,=0C where C is a 2p -+ 1 chain. Then set

(2.19) ¢<Z>=<fcsl,--~,fcsm)

(2.20) TrureorREM. Let {Z)}, be an algebraic family of effective sub-
varieties with B non-singular. Set Z,=17), and define ¢: B—T,(V) by
¢ (M) =¢(Z\). Then ¢ is holomorphic.

Proof. We shall first treat the case where the Z) are analytic submani-
folds forming a continuous system in the sense of Kodaira [16]. Because
the problem is local, we may assume that A is a polycylinder and A, =0 is
the origin. We recall that Kodaira [16] has defined the characteristic map:

(2.21) e Th(a) = H(Z), 6(WY)),

where Ny —> Z, is the normal bundle of Z, in V.

™
Now we can find an analytic fibre space Z——> A with #*(A) = Z, and

and a holomorphic mapping F: Z— V such that F is the identity on each
Zy [8]. In fact, we will have Z C V X A and F, = are induced by the projec-
tions; we remark that Z-V X {A} =27, X {A}.

On Z there is an obvious chain (modulo cycles) €y with 8C) = Zy —Z,;

we simply take a curve yx C A connecting 0 and X, and let Cy—= |J Z,. Then,
fevy
letting C) be the corresponding chain on ¥V, we will have

) = (f) 6, f, ) = (fCAF*@l),- : -qu*(sm)).

There is perhaps the foundational question of in what sense is (' a chain.
However, such problems are much easier than similar questions which have
been treated successfully in [23] and will not be dwelt on here.
Now we let F'*(£x) = wa, We assume that A is a disc with coordinate A,
and we shall examine how 7« (A) =f wo varies with A. Recall that, on Z,
)
ve is of type (p+r+41,p—r) with r=0. Since dimZ=p -+ 1, we will
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bhave we =0 unless r=0. Assume then that we=10 is of type (p+1,p);
we can write (in many ways) w=¢; AdA + ¢ AdA. Analyzing types, we see
that: ¢, =1y, -+ ¢» where ¢, is type (p,p) and y, is type (p—1,p+1);
¢o =11 -7, where 7, is type (p+1,p—1) and %, is type (p,p). Since o
is type (p+1,p), Y2 AdA+ 9o AdA=0. It follows then that 5, | Zy=0.

Now w(A)——=qu= j:x(fz ¢1)d£+];x(fz $) . But ¢.]Z
* $ ' $

L b ()
—u | Zg+m2 | Zo=0. Thus ﬂ(x)=ﬁ (JZ $1)d¢ and so = —o0.
§

The general effective family will differ from the continuous system case
in that the Z) may have singularities; these will cause no trouble in integrating
smooth forms and so may be ignored.

This completes our proof of Theorem (.20).

Assume now that {Z,}, , is a continuous system and Z —=Z,, N=N..
The differential

¢*: To (A) —-)Hn-P*lyn-p(V) _I_ e +H0,2w-2p-1('V),

and we want to give a formula for ¢,. Actually, we will have a mapping
y: HO(Z,0(N)) - Hroino(V) 4 - Ho2v-21(V) and then ¢, —yop
where p=p, is the characteristic mapping (2.21).

It is easier to give the dual mapping:

(2.22)  y*: HO(Qy) 4 - - Hp(Qup™) — H? (2,27 (N%)),

where we have used H#+*ro-r (V) = HP"(Qu?**), To do this, we make the
following remark: Liet 0—>A4’— A4 —A”— 0 be an exact sequence of vector
spaces with dimd4d =n, dimA4”=p, dimA’=n—p. Then there is a
canonical exact seqence

(.23) AZA’ @ AP2A —> APA —> A’ ® APA” —5 0.

Applied to the exact sheaf sequence along Z: 0— @(N*) — Qy|z' = Q' — 0,
(R.23) gives a sheaf mapping Qy|z#*'— Qz#® O(N*) — 0 which gives in
cohomology a diagram:

(R.24) i oy

{ Hr (Qyr+t)
H?(Qyp|z7) — H?{Qz7 (N*))

(2.25) THEOREM. ¢* = p*y* where y* (H?"(Qyp*r+1)) =0 for r > 0,
y* o Hr(QuPt) — He (Qz7 (N*)) is given in (2.24) and p*: H?(Qz2(N*))
— T'o(A)* is the dual of the characteristic map (2.21).
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Proof. Let & be a class in H?»0 4. - . Hovlop, Then
0. _ 0 _0,.rC
K& by (5X) = Py Ed(A)Dheo= 6)\(-}65)]}‘20' From the proof of Theorem

(2.20) we see that gx(f ) oo =0 if £€ H»10 - . . Hov201 g0 that
C\

we may suppose that ¢ € Hp*v», Then we must show that:

0 s 0
(2.26) i o, Do =<0, (),
where y* is given in (R.24).
We can choose local coordinates 2*,- - -, 27; w',- - -, w"? on V such that
7 is given by w*=" + -=w"?=0. Locally, Z) will be given by w®— ¢%(z, A)

where ¢*(2,A) is holomorphic in both variables and ¢%(2z,0) — 0. Thus we
can write ¢%(2,A) = C"‘(z))\—i- [2] Where [] are terms of order 2 in A. The

normal vector fleld p( )—an(z) = (cf. [16]).
Locally, we can Wr1te
£— 3 Ea(z, w) deddAdue 4 (2)
a=1

where dzl —dz* A+ - -Adz? and (2) are terms involving dw®Adwf. Then
y*(€) is a (p, p)-form on Z with values in N* given by

P () — S fa(2) d1d5 © due
where £a(2) = &x(2,0). Thus we get that:

(2.27) WO (> — | (St damy,

where the expression in {- - -} is a (p,p) form on Z.
On the other hand, let A be the polycylinder with -coordinatss
(2% - -,27, 1) and define y: A=V by

7(2,)\)=(zla' : .’zp;qbl(z’)\),. ’ ',¢‘n_p(z>)\))-

Then C, is the union of images y(A) ond so J(. ¢ is the sum of integrals
o

f £ But 5=J( S (ea(z b (5 0)) 2 (z’)‘)}dzd #d\. Then it is clear
v(8) v(d)

thata—i— (LS)])GO is given by (2.27) since ¢*(z) = i (z,,\)] This
pY
completes the proof of the equality (2.26) and, with it, Theorem (2.25).
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Ezamples. (i) When p=0, Z = (2y,- * -, %) and N=T5(V) 4~ - -
+ T, (V). We let Qp*(2y,- * -,2x) be the sheaf of holomorphic 1-forms o
with o(z;) =0, and let the continuous system be obtained by letting the
points «; vary freely. The diagram (2.24) becomes:
[ 0
y
HO(Qv*(s," -+ *5 %))
\
(2.28) 4 He(QvY)
VoooNe®
Ho (' 2) =To(V)* 4 - -+ Ta(V)*
\

Hl(QVl(xh' : ':xk))-

L

The mapping ¢* is simply the restriction of forms. If we choose the points

@y, - +,o (E=h"°) in a general manner, then H°(Qv'(2y," - -, 2x)) =0
and so ¢* is into, ¢, is onto. Thus, if V®—=Vo- - -0V is the k-fold
k

symmetric product of V, the mapping ¢: V® — To(V) given by ¢(1," * *,2x)
& @
=53 f éa,- - -)/(periods) is onto, and the dual tangent space to the
j=1 Zo
fibre of ¢ through (x4, - - -, 2x) is HY(Q' (@, * -, 2x)).
(ii) For p=n—1, we letZ C V be a sufficiently ample prime divisor
so that, in particular, H»(V,Q"[—Z]) =0=H*(V,0[Z]), [Z] being the
line bundle determined by the divisor Z. Let {Z}, ., be the continuous

system generated by Z (cf. [13]) and identify T\,(B) with H°(Z,0(N)).
Then (2.24) becomes:

0
N
Hn-l(QVn)
l NP
Hr1 (QV"[Z) — H%Y(Z, Q" (N*))
(R.29) !
H"(V, QV"[—-—Z])
\)
Hr ()
)
0
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Dualizing (R.29) gives:

(.30) 0>C—H(V,0v[Z]) > H°(Z,04(N)) ﬁ—-)HI(V, 0)—-0,

which is a piece of the exact cohomology sequence of 0— Oy —> Ov[Z] — 0 z(N)
— 0. It follows that ¢: B— T,_,(V) is onto and the fibre passing through
Z is just the complete linear system |Z|. Thus we are quickly led to the
standard structure theorems on the Picard variety of V ([13], [28]).

When n =1, these examples coincide and the tangent space of the
fibre of ¢ passing through (@, - -,2;) is the complete linear system
| ¢y 4+ - -+ a5 |; dualizing the sheaf sequences contains a proof of Abel’s
theorem for curves.

(iii) In general, of course, ¢ will not be onto; at most, we can have
¢4t T (B) = Hrobnr— (0, But it seems likely that this will no¢ generally
be possible. For example, let V be a threefold, Z C V a general curve, and
Qy%(Z) the sheaf of holomorphic 2-forms on V vanishing on Z. There is
some evidence that we can have H*(Qy?(Z)) =0, and then (R.24) becomes:

-

0
\
H* (%)
(2.31) J vl e
H(Z,0(det N*)) —— H*(Qv*|z) — H*(Z, 07 (N*)) =0
AN J
H(Qv?(2)).

Thus ¢* will be injective if, and only if, ker y — ker § which seems to not be
always possible.

In general, to determine the fibres of ¢: B— T, (V) passing through
Z CV, we will have to know the dual space of H?*'(Qy?*1(Z)), which points
up the difficulty in finding the algebraic equivalence relation =~ such that
Z =7 if, and only if, ¢ (Z) = ¢(Z").

(¢) We now put a polarization on the torii Ts* constructed in I.2.(b)
above. To do this, we let Q be a skew-symmetric form on E, with matrix
Q = Q(ep, ¢5) and such that Q- — (gp,) is integral. We let Bo C B be those
subspaces S C ' which satisfy @ (S,S5) =0 as well as SN S—=0.

(R.32) DProrosiTION. For S€ Bg, there exists a holomorphic line
bundle L— Ts* whose characteristic class is o — \/ — 13 hagdz® A dzB, where
a,f

the Hermitian matriz H = (hag) is given by H— (\/—10Q!Q)"1,
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2m

Proof. Let &, -, &n be a basis for S and write &= D mapep. We
p=1
form the m X 2m matrix Q= (wap) and write T'g* =C™/T'g* where T'g* is

the lattice in €™ generated by the 2m column vectors of Q. The condition
Q(S,8) =0 is now written QQ!*Q=0 (cf. I.1.(a)). We let
Hy=—\—10Q!Q
so that H =— (H,)™.
Every vector £€ C™ can be written as a real linear combination of
&1, *, &m, and this gives an R isomorphism €™ == R?" guch that &, corres-

ponds to the p-th coordinate vector of R*". Letting a',- - -, 2™ be the real
coordinates on R?" and 2%,- - -,2™ be the complex coordinates, we have

2m
— 3 mapdar. We remark that dat,- - -, da?™ give a basis for H*(Ts*,Z).
p=1
Write now dar = X ypadz® + X Jpadz®. It follows that

S (rar+ o) =

or, in matrix terms, ¥Q 4- ¥Q —171. Thus (¥¥) — (g )-1, From QQ!Q =0,

we get

@) ot =(aga *0%)=(_v2ra V)

Taking inverses in this relation gives:

(%) eon =y Y0 (Ee e )

Thus *¥Q¥ ——V—1H and *¥Q-'¥ =0.

Let now o= V—1 X hagdz*A dzf. Then

B
0="V—13 hagrapmpsdar A dz® = \/—1 { 3 (!QHQ — *QHQ)podx’ A da}.

But e

V—1(*QHQ —QAQ) = V —1(V —110%Q-¥Q + V — 1 Q1¥Q-1¥Q)

= — ({QQ —1QTQTQ - 1QITQ — QT ITQ) = — Q.

Thus o=— 2 Qpodar A da® —\/—1 E hapdz®Adz8 and so o€ H¥(Tg*)

a,B
ﬂHZ(Ts*,Z) The existence of L now follows from the Kodaira-Spencer
version of the Lefschetz theorem [9].



832 PHILLIP A. GRIFFITHS.

Remark. The proof of Proposition (3.10) in I.3 shows that we may
find a metric in L whose curvature form is o. Combing this with Proposition
(.32), we have:

(2.33) CoronLARY. Suppose the Hermitian matriz \/—1QQ'Q has
stgnature (q,n—gq). Then L— Ts* has a g-convex polarization (cf. I1.3(c)).

Ezample. We continue on with the example (2.1) (cf. (2.15) and
(2.16)). Thus we let E=H*?-1(V,C) and

S — J{2n-2p-1,0 ( V) _|__ e + Hrn-pn-p-1 ( ‘V) .

By using the Lefschetz decomposition, we can find a bilinear form ¢ on E,
such that Q(8,8) =0, Q- is integral, and \/— 1 Q(Hmpm2-1, Fn-pn--1) >,
Tt will not in general be the case that V—1Q(S,8) >0 (cf. I.3.(b), equa-
tion (3.4)).

(2.34) DProrosiTioN. (i) There is a natural line bundle L— Tp(V)
with a g-convex polarization where g = he*r. (ii) Let ¢: B> Tp(V) be a
holomorphic mapping such that ¢, {T\(B)} always lies in a translate of the
subspace Hnv-tnp of E/S. Then the line bundle L is positive on ¢(B).

Proof. (i) is clear from Corollary (2.33). To see (ii), we use the
isomorphism Tp(V) =T, 4 (V)* and choose a basis &, © -, &, for Spp
= H»1(V) 4 - -4 Hr*2o(V) such that &,- - -, & give a basis for Hp+b»
and  &y,c L&, lie in HEHO L. .. L He2pl Since  Tupa (V)
= 8%, p1/T*, p, it follows that the dual tangent space to T, (V) at the origin
is Syp and, by assumption, (H?P*+40 4. - - Ho2o-t ¢ T\ (B)>=0. The
result now follows from the following easily verified fact: if H, is a non-
singular Hermitian matrix whose first ¢ X ¢ block is positive-definite, then
the first ¢ X ¢ block of H,™ is positive definite. Q.E.D.

By combining this Proposition with Theorem (2.25), we get:

(2.35) THEOREM. Let {22}, 5 be an algebraic family of p dimen-
sional subvarieties of V as in Theorem (2.20). Then the line bundle
L—T,(V) is positive on ¢(B), where ¢: B—>T,(V) is the holomorphic
mapping (2.19).

Remark. 1If there is at most one r =0 for which Hr+r+1o-r (V) 5£0, it
is easy to see that we may assume L — T, (V) is positive. Thus, for example,
To(V) (Albanese variety) and T, (V) (Picard variety) have polarizations
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in the usual sense. But so also does T, (V') where V C P, is a cubic threefold,
since H3°(V) =0 and dim H>*(V) =15 in this case.

One should compare this Theorem with Theorem (1.34) in II.1.(c)
above; cf. the conclusion (1.37).

(d) We shall now discuss a rvelation between the family of torii

m
V#——> B constructed in II.2.(b) above and the higher order period
relations given in the conclusion (1.37). Having fixed the real vector space
E, with basis e;,- - , e.n and real linear coordinates z?,- - -, 2%, this gives
a fixed real torus E,/T" where T'= (es,* * *,€m)z. 1f S€B is a subspace

2m
with basis &, * *,&m, then &o= X mapep and we define a complex structure
p=1
2m
on 7 by setting dz® =3 mapdz? (cf. the proof of Proposition (R.32)). If
p=1
ti, ¢, tm is a new basis for 9, then lo= Aogfa = Aapmppep and the
B Bip
complex structure is then given by dw®= 3 Aapmgpdar =3 Aapdz?; i.e. the
Bip B
complex torus Tg* depends only on the subspace S € B.
As before we can write dz? = 3 (Ypad2® + Ppadi®) where ¥Q + ¥Q = I,y
50 that (¥F) — (g)—l.
Now we let o=123{X gpodz? Ada’} where Q= (gp,) is an integral
ps0

skew-symmetric matrix. We let Bg be those S€ B such that o is of type
(1,1) on Ts*. Then we have:
0 =3{ 3 gpoda? A da7) — 3 (Q-W) apds® A deP
(2.34) e *b
+VvV—1{ 25 (H1)apdz* AN diP} 4 3 (PFQ1¥)apdz% A dzP
a, a,B

where
(2.35) Hy—=—/—1(9Q"¥).
. W\ 0 —V—1H
If o is of type (1,1), then (t\y) Q1 (¥¥) — (\/:_1 . 0 1>and
. Q - 0 —V—1H _
y tak X = — = -
so, taking inverses, (Q) Q(:2Q) (\/—1 7 0 ) (H=H,"1).

Thus we get (cf. Proposition (2.32)):

(2.36) ProrosITION. Bq consists of all S satisfying Q(S,8) =0. If
Q s a period matriz for S, then o=\ —1{3 (‘H*)asdz* AdiP} where
- a,B
V—10Q!Q—=H.

12
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Now we let Wy —H*(T,C) and define:

@31 Quem =G [l e (69€ H(T,€))

(m—

we let W, = {¢p € H?3(T,C),0™ ¢ =0} and define:

(238) Qo) — (U g (44 € Wo).
If T=Tg* for some S satisfying

39@«) —0

(2.39) .
V—10Q!Q—=H >0,

then W, is the space of primitive classes and the inner products @., Q. are
the ones of the Hodge theory (cf. I.1.(c)).

We now let B*g be those S € Bg which satisfy (2.39) and we let:

{A(S) — O (Tg*) C W,

(2.40) B(8) =H?>°(Ts*) C W.,.

(2.41) ProposrTioN. (i) Qi(4(S), 4(S)) =0 and V—1Q1(4(8), A(S))
>0. (ii) Q(B(8), B(8)) =0 and Q:(B(S), B(S)) > 0.

Proof. These are the bilinear relations of Hodge [10]; the equations
Q:(A(8),T(8)) =0 and Q,(B(S),B(8)) =0 follow simply by considera-
tions of type. We shall verify the bilinear inequalities in a special case so
as to check our signs.

Suppose then that Q=< 0 I,

I 0 ), w=— > dz*Adzm™*, and let

dz® = da®* 4 \/— 1 da™* so that Q= (I, V—11I) and (R.39) is satisfied.

Then \/2— L gse A gz — due A damee, Clearly V-—1@:(dz% dz#) =0 for
@z~ 3 and
\/—1 Q1(dza, dé"‘) = (-\/—1)'“ I dz* AN dz® A (—w)’" -1
—2 H( dz® A dz®) > 0.
T a=1

Also, Q.(dz®Adzf,dirAdZY) (a < B,u<A) =0 unless a=—pu, 3=\, and
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02 (d2% A d2B, 432 A di8) =(-—_1W { @A GENGBN A A (— )2
—4 H(v dz* A dz*) > 0.
T a=1

This completes the proof.
We now let D, C G(m, W,) be all subspaces 4 which satisfy:

{Ql(A ,4) =0
V—10.(4,4) >0.

Because of Proposition (2.41), the mapping S— A(8) of B*g to D, is a
complex analytic isomorphism.

(2.42)

We let D, C G(m(m 1) W.) be all subspaces B which satisfy:
(2 43) QZ(B:B) =0
' Q:(B,B) > 0.

Now W,CA2W, and, if 4 € D,, then by Proposition (2.41), B(4) =A24ACW,
and B(4) € D,; this gives a complex analytic mapping ®: D;— D,.

(2.44) TuEOREM. If m =2, the mapping ® is a one-to-one embedding.

(m—1) , Ws) such

Furthermore, there exists an algebraic subvariety Z C G (—— m 9

that @(Dl) =D2 ﬂ Z.
m(m—l),MW)
given by ¢(4) =A%4. If m =2, then ¢ is one-to-one: If 4,54 A4,, there
exists A€ W* with (A, 4,>5%0, (A, 4,>=0. Since m =2, we can find
p€W* with (u,4:>540 and AAus£0. Then AAp, A,AA4,>540 but
AAp, Az AAs> =0 so that ¢(4,)5%¢(4,). Thus & is 1-1 and we have
already seen (cf. (2.11)) that ®, is non-singular.

Now let X; C G(m,W,) be all A satisfying @,(4,4) =0 and

X, C G(m(m_

Proof. First we consider the mapping ¢: G(m, W)— G(

D W, all B satisfying Q.(B,B) —0. We claim that
$: G(m, WI>—>G<m
©:1(4,4) =0 and A N4 =0, then A corresponds to a complex torus and so
©2(A*4,A%4) =0 by consideration of type. Thus Q,(¢(4),4(4)) is an
analytic function on a connected variety and which vanishes on an open set;
le @:(¢(4),4(4)) =0. We have to show that ¢(4) = A24 C W, C A2W,;

,A*W,) maps X, into X,. To begin with, if
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(——1); ] J fpo™ =0 and
80 fnem 1 =0; i.e. " *(A%A) =0. This shows that ¢: X, — X

Suppose now that 4 € X, and ¢(4) —A?4 € Dy; ice. Qa(6(4),9(4))
> 0. We claim that 4 € D;; i.e. V—10Q:(4,4) >0. In fact, this can be
checked by a direct computation.

We now let G, be all linear transformations 7': W;— W, which preserve
0; To—=w. Then det(T) =1 and G, is the complex group preserving (),
since

i. e. (Dm‘l(AzA) =O. But, lf é,n € A; Ql(gyn) =

1 m~
0:(7e Ty) = L2 ety

— 1 S, Tern(To) = ute ).

If G4 C G, is the real group, then G, preserves D, and acts transitively there
(Gy=8p(m,R) and D, =H,,).

We let G, be the linear transformations M: W,— W, which preserve @,
and (, C G, the real subgroup. Then G, preserves D, and acts transitively
there (G,=80(m(m—1),m*—1)) and D, is a period matrix domain
for R-forms).

If T€G,, then T induces A2T: A?W,—> A*W, and A®T preserves W,
(since Tw=uw). Moreover, T preserves ), since

Q:(AT (), T (3 A9)) = CLV [F Ty

=%Z—i‘)—§;“zfT€n¢¢w"“2=92(“”’¢A‘”’

Thus ¢: X, — X, is G,-equivariant and ¢ (X,) is the G,-orbit of a point in
X, (where we consider G, as a subgroup of G, as above). This gives:

(2.45) TuroREM. &(D,) 18 the Gy-orbit of a point in D, where
Gy C Gy is & subgroup which preserves ® (D).

(e) We now discuss the relationship between the complex torii Tp(V)
and Weil’s intermediate Jacobians A,(V) [28]. As in II.R.(a) we let
E,,=H**1(V,R), Tp=H?*"21(V,Z) (modulo torsion), and

.Ep = Eo'p ®RC et HZn-Zp-l(V, C) .
The almost complex structure on V induces an automorphism

C: Hn2-1(V,R) — H»(V,R)
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with 0?2 —=—1 ([29]). We let J, C E, be the -7 eigenspaces of C. Then
JpyNJp=0 and so:

(R.46) Ay (V) = (Ep/Jp) modulo Ty,
gives a complex torus, which is Weil’s p-th Jacobian [28]. Observe that:
(.47) Jp=" + + = Hr-p+2n-p-3 | Fu-pn-p-t | [{n-p-2n-p+i | . .

For example, if n =3 and p=1, J, = H?*»* 4 H*® whereas 8, = H*° 4 H**
(T,(V) = (B,/8,) moduloTY).
By Poincaré duality,

(Bp/Jp) == (- - - - Hrvvtmp2 L Fn-p-tn-p L [ln-p-3n-ps2 |- . )
s (- - - Ho-bee2 | Hovbo P02 L. o Yk T,

This proves, as in Proposition (2.16), that:

(2.48) Ap(V)=Appy (V)

where A, (V)*=J%,,/T*, 4. As in Proposition (2.14), to find
Anp s (V)* explicitly, we choose a basis o', - -, o™ for

Jn—@—1= ( .. +Hp+3,p—2+Hp+1,p+1'{p—1,p+2+ .. ) ]
and free generators vyi,* * *,yom for Happy(V,Z) =T%, ,,, and form the

period matrix:

(2.49) 3,(V) = (7pa), where rpa= | o
7

Then the rows of %, —3,(V) generate a lattice in C”, and A, ,(V)* is C™
modulo this lattice. Using (2.48), the same method as used to define (2.18)
gives a mapping:

(2.50) y: B(Zo) = Ay (V).

Here, Z, C V is an algebraic p-cycle and B(Z,) parametrizes the algebraic
p-cycles Z C V with Z ~ Z,.
Now

To(Ap(V))* = (Bp/Jp)* = Jnps
J— ( N + Hp+8,p—2 + Hp+1,p + Hp-l,;m»z + . . .)'
The same proof as in Theorem (R.20) shows that:

(2.51) y* (Hp#ok) — 0 unless k— 0.
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This proves that y*To(4,(V)) =0 and y*(Hr*?*+10-2k) —( unless k=0,
which gives:

(2.52) DProrosiTiON. The mapping ¢ tn (2.50) is holomorphic. The
differential . To(B) = To(4,(V)) s determined by y*: Hobe(V)
= T(4,(V))* and is given by the cohomology mapping y* in (2.24).

We want now to discusss a polarization on 4,(V). This is the same pro-
cedure as in Proposition (2.32), because we observe that @ (Ju—p-1,Jnp1) =0
by type considerations. Thus there is a line bundle Ly — A, 1 (V) * == 4,(V)

whose characteristic class is o = \/—1 2 kagdw® A divf, where the Hermitian
matrix K = (kqg) = (V—1(3Q3). We claim that K > 0. This is because:

Jn—ap—l —_ % Hp+1+2k,p—2k’ Jn—p—l 2 He-2tp+1+2 l,
l

and \/—1Q (Hp++2or-2k [o-2Lp+ie2t) O for k<] while
V1 Q (Hpvasshr-2h, [p-shopsti) 0,
For example, when p=1,
V—TQH™,H™) <0, V—1QH*,H*) >0,
VITQUM,H) <0, V—1Q(H, ) >0.
This proves:

(R.53) ProrositioN. The holomorphic line bundle Ly —> Ap,(V) has
a 0-convex polarization, and is consequently a positive line bundle.

The main result is:

(2. 54) TureorEM. There exists a real linear isomorphism & Tp(V)—> A,(V)
such that:

T (V)
¢/
(i) B Jé commutes ;

Ny
4,(V)

(i) if Lr—>Ty(V) and La— A,(V) are the complex line bundles
associated to the polarizations on Ty(V) and A,(V), then & (Ly) = Ly;

(iif) of ®€ H*(Ou,v)(La)) is a holomorphic section of Ly— A,(V),
then the C= section §*9 of Lr—> Typ(V) is holomorphic on ¢ (B).
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Proof. We let Jypyq= (- - -} Hr+3r-2 | Hosto L {p-1p2 L. - -) he
the - 1 eigenspace of the operator C on H***(V,C) and Sy py — H?»*10 - - -
-+ H#*tv, We may choose bases ol,: - - 0¥; o+ - - o™ for Syp, and
Pl v, e - o ™ for Jpp g such that: o®=¢*€ Hr*'2 for 1=a =k,
and o*=¢* or o*=¢* for k<a=m. Let yy,* * *,ysm be a basis for

H,py (V,Z) (modulo torsion) and Q= (wpa) wWhere mpa =J 0% 3= (7pa)
(4

»

where Tpe — ¢* Then the rows of Q (respectively , 3) generate a lattice
i

Ty (respectively, I's) in €™, and T (V) =C€"/Tr, 4,(V) =C™/T4. Define

£:Cm—C™ by &(z% - -,2m) = (w',- - -, w™) where w*=2% if %= ¢%,

w®=7* if 3*=¢* This is a real linear isomorphism.

1 oep—(f oboo, f om) and fp=(f ¢*,-~,f ™), then
Yp Yo Yp

i
Tr= (e, * "sem); and Tu= (fi,* * *,fm)z. Bubt £(ep) =, since

f wa=f %,
Yp Yp

Thus é: Tp—>Ty4 and so &: T (V) — 4,(V).
By definition, if A€ B and Z)—Z, = dC), then

%)

s =(f o s fLom mdym = (f o f o,

But, as in the proof of Theorem (2.20), f 0% =0 = rif k<a=m
O\ C\
so that

d)()\):(fc')\wl’. : ',fc)\w",O,' - +,0) and

= (f o o

Then it is clear that ép(A) =y (), which proves (i).

Observe that (iii) follows from (i) and (ii), so that it will suffice to
prove (ii). To do this, it will be enough to show that &*(ws) — wz, where
wq =y (LA) and wr, = Cy (LT).

We write the period matrices:

{Q=(Qb‘ © Qpar)
=(211' : '92%1))
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where the Q, correspond to the summands in Sn_p_1=§H1’*"“ﬂ"k and the
=)

S, correspond to the summands in J,,, = 3 Hp****b2-2 By choosing our
D

bases as above, we may assume that either Q, =3, or Q, = S, Furthermore,

10,00, — 0 for ps£v and similarly for the 3,. Letting H,— (i'Q,Q'Q,)™*

and K, — (it3,03,)*, we have

1 0 1 0
a=| . , k=| .
0 Hp+1 O K1)+1

where H, =K, it Q,—3,, H,——tK, if Q,=3,.
Now write wA—'L( 2 k,L afdw,® A din,f) and wp=1( 2 oy, afdz,® A dz,P)

B
where K, = (kyap) and H = (hyaf). Then & (dw,*) =dz,* if Q,=3,
and &* (dw,*) =dz,* if Q, =3, Thus

Erog =1( 3 buepde® NdZP 4 3 ky,epdZ® N daP)
B )
QI_L:E”, Q[L:iu
= l( 2 k/:,,aﬁdza A dzﬂ) = o,
o, 8.

since H,=—1K, if Q,=3,.

This completes the proof of Theorem (2.54).

(f) We want to give two applications of Theorem (2.54). First we
observe:

(2.55) Lemma. Let Z, CV be an effective p-cycle and {Z)}, pan
wrreducible algebraic family of effective p-cycles with Zo=Z\,. Then the
mapping ¢: B—>T,(V) given in (R.28) is continuous, hence holomorphic
everywhere.

This implies that ¢(B) C T, (V) is an analytic subvariety; in fact, ¢ is
a proper holomorphic mapping.

(.56) PROPOSITION. (B) is an algebraic subvariety of the analytic
torus Tp(V).

Proof. By Theorem (R.54), the (' sections £*(8#) of Lr*— Tp(V)
(9 € H°(04(La*)) will be holomorphic on ¢(B); for =3, these sections
give a projective embedding of ¢(B). This proves the Proposition.

Suppose now that {V:}, , is an analytic family of polarized alegbraic
manifolds with A a polycylinder, V=7V, Let Z; C V, be an effective
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algebraic p-cycle, varying analytically with ¢, and {Z.)}, 5, 80 irreducible
algebraic family with Z; = Z;,,.

(2.57) DProrosiTioN. The algebraic varieties yi(By) C A,(V:) vary
holomorphically with t, even though the torii A,(V:) don’t.

Proof. By Theorem (2.54) ¢(B:) =y (B:), and ¢(B;) C T,(V;) varies
analytically with ¢ since 77, (7V:) does.

The second application is more in the nature of a remark. What we
want to do is draw a parallel between the period mappings ®: B— D/T (cf.
I1.1) and mapping (R.18) ¢: B— T, (V) associated with the p-cycles on V.

Considering the torus 7,(V), the tangent space at the origin is
D Hrr-k-Ln-p+k () - which we write as P, @ N, where

k=0
J PO —_ 2 Hn-p-2k-1,n-p+2k
=0
(2.58)
l No J— 2 Hnp-20n-p+21+1
=0

This gives, at each point 2€ T,(V), a translation-invariant splitting of the
tangent space:

(2.59) T,—P,® N,

Since Po* =3 He+2k+lp-2k N ¥ — 3 Fp+2bo-21+1 it follows that the curvature
k=0 =0

form wr of Lr—> T, (V) is positive on P, and negative on N,. Furthermore,

for ¢: B—>Ty(V), é4: TA(B) = Py(n). This is the analogue of Theorem

(1.34) ; it says that the period-like mapping ¢ satisfies infinitesimal (but

not finite) period relations, and that Ly | ¢(B) is positive.

Now Theorem (®.54) gives us holomorphic sections £* () of Ly | ¢(B).
In fact, we have:

(2.60) 9% (9) | Po—0.

Unfortunately, this is misleading as regards the period mapping ¢: B—> D/T.
Let {V,} .cp De an algebraic family of polarized algebraic manifolds; here B
may be complete or affine. Then L | ®(B) is positive (Theorem (1. 34)) and
we may look for U sections ¢ of L—> D/I' such that 86 | &, (T;(B)) =0.

Since @, (7:(B)) C Has(y, by analogy with (2.60), we might look for (=
sections § with

(2.61) 30 | Hg—0.
But the distribution ©— P, on T,(V) is integrable, so that (2.60) implies
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no additional equations; whereas Q— Hg is not integrable and (R.61) gives
| H+ [H,H]+ [H,[H,H]]4- - -=0. If D is the period matrix space
for holomorphic 2-forms, then Hg 4 [H, H]g= T (D) is the whole tangent
space, so that 6 satisfying (2.61) would be a holomorphic section of L— D/T.
Generally there are no such sections.

A final application of Theorem (2.54) concerns the cohomology groups
H7(0(Ly)). Suppose that Ly— T, (V) has a g-convex polarization and let § be
the Pffafian of Q* (if o =% zzmlqpadwp/\ da’, then o™= —_F—:;da:l A- s Adgm),

po=
Then we have proved (I.3.(d), Proposition (3.23)) that H"(§(Lr)) =0 for
rsq and dim HY(O(Lr)) =39. Similarly, H"(0(L4)) for >0 and
dim H°(O(Ls)) =38. Let o' - -,0™ on To(V) and ¢, - -, ¢™ on 4,(V)
have the same meaning as in the proof of Theorem (2.54), and let
n=o%A" - A6 Where £¥(¢*) =5*%. We define &*: H(O(L4)) —> H4(0O(Lr))
by:

(2.62) £: 90— &5 (9)n.

This makes sense, since o®,: - -,0% give a basis for N,* (2.58) and
9% (8) | P,=0. Thus 3&*(9) =0(a%, - -,&%) so that

0[E* (9)za A - - ATN] =0.
It can be shown that £* in (2.62) is an isomorphism.

I1.3. Examples of the local period mapping. We want to discuss now
the question of when the periods give local moduli. For analytic fibre spaces

mw
V ——— A which are regular; i.e. dimp;(T¢(A)) is constant, the period
mapping @ will locally distinguish inequivalent subvarieties if either:

(8.1) the cup product (1.30) is onto (cf. Theorem (1.29)); or
(3.2) the cup product:
HY(V,0),QHr+r1— Hanr

is non-degenerate in the first factor (i.e., if ¢ =0 for all ¢ € H &1, then
=0 in H'(V,0),). '

(a) Riemann surfaces. Let V be a compact Riemann surface of genus
p>1. Then it is well known that there exists an effectively parametrized,

m
locally complete family V ——— A with V=V, A a polycylinder in HX(V, ®),
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and with the Kodaira-Spencer mapping p, being the identity [20]. The cup
product (1.30) then becomes (n=¢=1,r==0):

(3.3) HO(V,04) @ HO(V, 0" ——s HO(V, 02).

Thus x is onto if, and only if, the quadratic differentials are generated by
Abelian differentials, and we have:

(8.4) Noeruer’s THEOREM. The mapping p is onto if p=2 or if
p > 2 and V 1is non-hyperelliptic.

Combining this with (3.1), we get:

(8.5) DProrosrTioN [27]. The periods give local coordinates in the
moduli space if p=2 or if p > 2 and V is non-hyperelliptic.

Remarks. 1f V is hyperelliptic, then it is given by an affine equation
2p+2

y*=1II (t—a;) in €* with coordinates z,y. The abelian differentials are
=1

generated by %‘E,' <zt %‘E, and so these differentials generate a space of

quadratic differentials with basis we= x“(df—; )2 (0=a=2p—2). Thus,

if p>2,2p—1<3p—3, pis not onto, and the differential Q, of the period
mapping is singular at V (cf. [27]). If p=2, u is onto and Q, is injective.

We now outline a proof of (3.4) in the non-hyperelliptic case. Let
K — V be the canonical bundle and | K | =P{H°(V,0(K))*} the associated
complete linear system. Thus | K | is a P,_, and the hyperplane sections of the
rational mapping y: V— | K| are all of the form (o) where o € HY(V, 6(K))
is an Abelian differential. From the theory of algebraic curves [5], we recall:

(i) ¢: V—>P,, is a regular embedding;
(ii) the general hyperplane section () meets ¥ in 2p—2 points, any
p—1 of which are linearly independent in P, ,.

Let now o be a general Abelian differential with (o) =4, 4+ - - 4+ A,
(As5~Ajfor i~ j). Since any p—1 points from (o) are independent, given
Ay +- - -+ A4, contained in (w), we can find an abelian differential ¢
with ¢(4y) =0, - -, ¢(4i,,) =0, ¢(4;,,) 0. Consider the exact sheaf
sequence :

0— G(K) E— 0(K2) g K2111 DD KzAzy-2_>OJ
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which gives the cohomology diagram:

0— H°(K) —> H(K*) > K*4, ® - - - ® K*4,,,—> H'(K) >0
I 7%
H°(K) @ H'(K).

Since Image o C Imagep, we must prove: dim(Imageé) =—2p—3.
Set Q — A,y, and, for any j with 1=j=2p—3, write 4, - - Ay
=P, - PooA;R,- - By .Q. We may choose ¢;, n; with

¢ (P1) ="+ " =¢j(Pp2) =0, ¢;(4;) #0;
7 (By) =+ =9 (Bpz) =0, 5;(4;) #0.
Obviously then the elements £(¢;m;) are linearly independent. This proves
that dim (Image¢) = 2p —3, and Noether’s theorem follows.

(b) Special complex manifolds. A special complex manifold is a com-
pact, complex Kihler manifold V' whose canonical bundle K is trivial; thus
there exists an everywhere non-zero holomorphic n-form ¢ on V. For reasons
stemming from duality, these manifolds are frequently amendable to com-

putation. Examples include Abelian varieties, hypersurfaces of degree n 42
in Py, and K3 surfaces [17].

(3.6) ProrositTioN. The periods give local coordinates in the local
moduli space of any special complex manifold V.

Proof. If we are ignoring polarizations, this follows from the iso-
morphism (cf. (1.32)):
k
Ho(Qp") @ Hr 1 (Qyt) ——— H™*(Qy?).

If we have a polarized family, this follows from the isomorphism (cf. (1.31)):

y.
HO(Qyp") @ Hr 1 (Qyt) g ——> H1(Qyp1) .

Remarks. We have actually shown that the periods of the holomorphic
n-forms ¢ give local coordinates in the moduli space. For K3 surfaces, this
is due to Andreotti and Weil (cf. [6]). If dim H2(V,®) =dim H*2*(V,Q")
=0, then V has dim H*(V,0) = dim H**(V, Q') local moduli (cf. [20]).

(¢) Continuous systems and the period mapping. To determine the
rank of the (local) period mapping Q, we come up against a multiplicative
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problem in cohomology (cf. Theorem (1.29)), which is generally difficult.
However, many families {V¢}  , of algebraic manifolds are given in nature
as a family ¢f submanifolds of a fixed algebraic manifold W; e. g., using Chow
varieties or subfamilies thereof. The proper notion here is that of a con-
tinuous system [V‘]te , of submanifolds of an algebraic manifold W (cf. [16]
and section II.R.(b), the proof of Theorem (2.20)). In this case, the multi-
plicative problem can be rephrased as a problem on linear systems which, in
certain cases, can be solved. We shall now carry out this reduction.

Let [Vi],., be a continuous system of submanifolds V; C W and let
V="Vi. It N>V is the normal bundle of VCW and T=T(W)| 7V,
we have the exact sheaf sequence

(3.7) 0->60—->0(T)—>0(N)—>0.
Assuming that H°(V,®) =0, we have in cohomology

)
0—>H(O(T)) — H°(O(N)) ——> H'(0)
(3.8) N

To(a)

Here x: T'0(A) > H°(O(N)) is the characteristic map (cf. (2.21)) or
infinitesimal displacement mapping. The continuous system [Vil,., 8ives
rise to an analytic fibre space {Vt}t€ o (ct. the proof of Theorem (R.20))
and p: Ty (A) - H*(0) is the Kodaira-Spencer mapping (1.5).

(3.9) ProrositioN. The differential Q, of the period mapping is non-
singular if the product:

(3.10)  H°(N)/H*(T) ®H°(Qy") — H°(2v*(N)) /H (2" (T)),
is non-degenerate in the first factor.

Proof. From (3.8), H*(N)/H°(T) is a subspace S C H*(V,®) and we
have to prove that

(3.11) 8 ® Ho(Qp") — H* (Qy™?)

is non-degenerate in the first factor.
Dualizing the sheaf sequence (3.7) gives 0— O(N*)— 0(T*) = Qy* — 0
and, in cohomology,

(3.12) H1(Qyt) — Hn (N*) — Ho (T%).

Applying Serre duality to (3.12) gives
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)
(3.13) 0— Ho(Qv*(N)) /H(Qy(T) ) —— H* (™).

Now let € H'(N), w€ H°(Qy"). Then 5 w€ H(Qy"(N)) and, from
(3.8), 8(y) rw€ H'(Qy*). From this and (3.13) we observe: 3(y-w)
—3(1) .

It follows that, if n€ H°(N), 0 € H°(Qv"), and n- 00 in

He (@ (N)) /H® (2 (T)),

then 8(n-0) =28(y) ‘w40 in H*(Qy"?) and so (3.11) is non-degenerate
in the first factor. This proves Proposition (3.9).
(3.14) CorouLARY. If, in (8.8), x s onto (the characteristic system

is complete) and 8 is onto, and if (3.10) is non-degenerate in the first factor,
then the pertods give local coordinates in the local moduli space for V.

Remark. If x and 8 are onto, then V has the postulated number
dim H*(V,®) of moduli (locally).
(d) Surfaces in Ps. What we shall prove is:

(3.15) TurorEM. Let V C P, be a non-singular surface of degree
n=75. Then the periods of the holomorphic 2-forms give local moduli for V.

Proof. Let P—P; and E—> P be the hyperplane line bundle. If
= [&, &, &, &) are homogeneous coordinates on P, then &,&;, &, & give a
basis for H°(P,0(E)). Setting 0(E)*=0(E) ® 6(E) ® 6(E) @ 6(E),

4

we recall the exact sequence

(3.16) 0—>6——Z——>0(E)4—-—W—-—>(f)(T(P))—>0,

3
where v(f) = (féo, féi, &, f&) and = (8o, 61,62, 65) = 26, 5%. We remark that
j=0
3
the exactness of (3.16) is essentially Huler’s theorem; =v(f) =f(2§j52—)
j=0 y

3 b
and j%fj " ; =0 if g(Aé) =g (&) for A a non-zero complex number.

Suppose now that ¥ C P is a non-singular surface given by F (&, &, &, &)
=0 where F¢ H°(P,0(E")) is a homogeneous polynomial of degree n.
Set T=T(P)|V, H=E|V, N=H"—=normal bundle of V C P, and
K — H"* = canonical bundle of V (Proof. From (3.7), K = (det N)(det T*)
=H"H*by (3.16)). We record the usual exact sheaf sequences (cf. (3.7)):
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[0—>0y— 0y (T) - 0Ov(H") > 0;
(3.17) F "
0> 0p—> 0r (E*) —— Oy (H") >0
(r = restriction to V) ;

we combine (3.16) and (3.17) into:

0 0

\2 \

Ov 0r

V) F
(8.18) Ov(H)* Ov(E")

J 2

0—>0y—0v(T)— 0y(H*) -0
J \A
0 0

(8.19) Lmmma. If n > 4, the exact cohomology diagram of (8.18) is:

0 0
\: \
C C
v JF

H°(0r(E)*) —H*(0v(H)*) H°(0r(E"))

l ~_ l 8
O—>H°(0V(T)) —>H°(0V(H")) — H*(®y) >0

\ \
0 0

Proof. We have to show: (i) H*(0y) = 0= H*(0»(E-?)); (ii) H°(®y)

=0; and (iii) & is onto. Since H*(@p(E*)) =0 for k> 0, (i) follows from
F r
the exact cohomology sequence of 0— @p(E-*) Or Ov—0. As

for (ii), K=H"* is positive and so
dim H°(®) = dim H?(Qy* ® Qp') — dim H>2(6y (K))
= dim H°(0y (K*)) =0

(cf. [1]).
We now prove (iii). Using H*(0y(H)) =0, we get



848 PHILLIP A. GRIFFITHS.

0
V
H*(0v(H")) > H'(®) > H*(0(T))
\
H?(0v)
v
H*(0v (H*).

14
It will suffice to show that H?(0y) ——> H2(0v(H)*) is injective. Dualizing,
we have

0 0
1 ?

HO (O (H4) ) < HO (05 (H5)*)
? ?

14
H(0p(E**)) «——H"(0»(E™)*)

and, to show that +* is onto, we will show that ¢ is onto. Now
l//(1"701F,I}ITIZ,I"’&B) =$OFO+§1F1+$2FZ+$3F3

where Fo, F,, Fy, F, are forms of degree n—35. From this it is clear that y
is onto, and the Lemma is proved.

Remark. If [Vt]t€ A is the continuous system generated by V' C P, then
A is a polycylinder in H°(V, 0y (N)) and the V; are obtained by perturbing
the equation F(¢)=0 of V. In particular, the characteristic system is
complete [16]. The statement that 8§ is onto in Lemma (8.19) then implies
that the analytic family {V;} contains all of the local moduli of V' (cf.
[21]).
To prove Theorem (8.15), by Corollary (38.14) we must show that the
product (cf. (3.10)):

teA

a°(0v(H™)) /H®(6v(T)) ®H*(Gv(H™*))

(8.20)
= H°(0y (H**)) /H°(0y (TH™*) ) ;

is non-degenerate in the first factor.
Let G(&) =G (& &, & &) € HO(Ov(H™*)) be a form of degree n - k.
oF

3
Then G (¢) lies in H°(Oy(THE)) if, and only if, G —= 3 A, 5 where the A;(§)
§=0 i
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are forms of degree k- 1. Thus, to prove that (3.20) is non-degenerate in
the first factor, we must show the following algebraic lemma:

(3.21) Lemwma. If G(¢) is a form of degree n such that
35 oF .
GQ=21\,~5—$~ (Xj(§) homogeneous of degree n—3)
j=o ~ 0&;

3
for all forms @ of degree n—4, then G=2¢jg§ (¢j(¢) homogeneous of
Pt 3
degree 1). ’
Originally we had proved (8.21) if G (&) =&"—P (&, &, &), so that
Theorem (3.15) held for “almost all” V. However, David Mumford pointed

out that the following result of Macauley would give Lemma (3.21), and
hence Theorem (3.15).

(8.22) TaeoreM (Macauley [6]). Let Qo - -, Qun be homogeneous

polynomials in &, « -, ém of degrees ry,c + -+, 1y sSuch that V (Qo,: * 5 Qm)
= (&, ", &m)=m. Then those Q(£) such that @ -m* C (Q,,- * *,Qm) are

precisely (Qo," * +, Qm) -+ ot where p— 3, (r—1) —1.
j=0

Proof of Lemma (38.21). We take Q;— g?F so that r,=n-—1. Then
- §

V (Qo, @1, @2, @s) = (&0, &1, €2, é5) since F(£) =0 is non-singular. The

assumption in Lemma (3.21) is that G-m™* C (Qo, @1, Q2 Qs), and, by

Macauley’s theorem, G € (Q,, @1, @2, Qs) -+ m®3, Since deg G —n < 3n— 5,
3
it follows that G € (Qo, @1, @2, @s) 5 i.e., G(&) = &; %‘Q‘E
J=0 J
(e) Surfaces on Abelian varieties. Let A be an Abelian variety of

dimension 3 and let R =3 R; be the graded ring of theta functions. To be
j=0

0 13 .
1, O>and period

matrix Q= (I,Z,) (*Zo=1Z,, ImZ,>0). Then A —C3/T where T is the
lattice generated by the columns ey, - -, e, of Q. If w?, w2 w® are coordi-

nates on €%, a theta-function 9 (w) of degree n is given by an entire function
?(w) on €C* which satisfies:

explicit, we suppose that A has principal matrix Q n(

(3.23) ?ﬁ(w+ea)=f}(w) (1=a=3),
’ P (w+ egia) = e2mmY () (1=a=3).

Of course, R, = H°(4,04(E")) where E— 4 is a suitable line bundle, and
it is known that dim R, —n® (cf. [4]).

13
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We remark now that if ¢, are theta functions of degree =, then the
09
w®
we define Iy C R,, to be the linear span of all theta functions of the form

39 b
qbaw—a—‘ﬁ‘a—w;—i—ﬂﬁ’ ((}5,77€ R»n), and we let:

(8.24) Iy: R,/(®) ={¢€ R,/ () such that ¢-R, C Is}.

expression (¢ ——0;55) is a theta-function of degree 2n. Given &€ R,,

(8.25) THEOREM. Let n=3 and & be a theta function of degree n
such that #(w) =0 defines a non-singular surface V.C A. Then there exists
an analytic family {Vt}te o Where po is an isomorphism (dim A =n2+42),
and we let Q: A— D be the period matriz mapping. Then dim (kerQ,)
=dim(Iy: R./(#)). In particular, if Iy: R,/ (D) =0, then the periods giwe
local coordinates in the moduli space; and this is the case if A and & are
both general.

Proof. We set L= E" so that L— A has characteristic class
o=nV—1{3 (ImZ;)agtdw* A diP} = \V/—1 { 3 hegdw® A diof}
o,f o,f
Below we shall use several results about the cohomology of V in 4,
mostly dealing with the residue calculus, and which will be proved in a general

context in Part ITI. The first of these (essentially the Lefschetz theorem)
is that we have a diagram:

0 0
\’ \:
0— H'(4,Z) > H'(4, 04)
\ \:
0—')H1(V)Z) _>H1(V>OT’))
\A \:
0 0

so that Pic(4) == Pic(V). It follows (cf. I1.2.(b)) that the periods of the
holomorphic 1-forms on V specify A uniquely. Having fixed A, what we have
to measure is to what extent the periods of the 2-forms determine V (up to
translation) in A. First we shall locate precisely the moduli of V.

Let A, C H; (= Siegel’s upper half-space in genus 3) be a neighborhood
of Z, (= period matrix of 4) and choose a basis &, * -+, Py,, for B, = R,(4)
such that & —®y,;. Then each 9;=®;(w;Z) is a function on €3 X H,
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and we let A, C €N be a polycylinder around the origin with coordinates
s=(s%,- - +,sN). Set A=A, X A, and write t€ A as t = (Z,s). We define
a family of surfaces {V.}, , as follows: For t = (Z,s), we let Az be the
Abelian variety with period matrix (I,Z) and

Ps =8 -+ + 4 sNOy + .
Then V; C Az is defined by &,(Z,w) =0.

(3.26) ProposirioN. The above family {V:}, , gives the local moduli
of V.

Proof. It will suffice to show that po: T'o(A) = H*(®y) is an iso-
morphism (cf. [18], [21]).

Let T — tangent bundle of 4, N=L | V the normal bundle of ¥V C 4,
and consider the diagram:

0 0

) )
04(T-L*) 04

19 NEy

(3.27) 0.(T) 04(L)

\: \:

\A \:

0 0

(8.28) LemMMA. The composite mapping H(04(T)) — H®**(04)
given by

H1(04(T))
\A
Ha(0v(T)) > H1(Ov(N))
8
Hv1(04)

s the cup product with o € H*(Q4), where o s the characteristic class of L.

Proof. This is a general result, depending only on the fact that V C 4
is a hypersurface. Let {U;} be an open covering of A such that YN 4 is
given by fi=0. If fy=1/f;, then dlogfi;= dfy/f; is the Cech cocycle
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giving v € H*(Q4'). Note that d%—“— = %{1—5‘%— Choose C* (1,0) forms &
i _ i i
such that dlogfij =& —¢&. Then {04} gives the Dolbeault class of w. Note
that, if p=4§& — d—f’:, then n is a global (1,0) form with dy— e and such
i

that % has a first order pole along V.

Now we note that if 4 is a vector field on 4 along V, then 6 is a section
of N since §-fi=0- (fy-f;) =7y(0-f;). It follows that, if ¢ € H1(04(T))
is given by a T-valued (0,¢) form, then the image of ¢ in H(Oy(N)) is

given by ¢ =173(<¢, %?)) =3p,7>. But 9¢p,n> is a global L-valued

(0,q) form and 3(9<e,nd) —9<{b, > =9 ($-w). Tt is now clear that
(¢ P) =¢o in H*(04). Q.E.D.

If we now form the cohomology diagram of (3.27) and use that
H1(04(L)) =0 for ¢=1,2, we get:

0

J
0 c 0
) B )

H°(04(T)) H°(04(L)) HY(04(T)) 0
(8.29) & ) N ) )
0> H(0(T)) > H(0v(N)) 2 H(0v) £ H*(0v(T)) - HX(Ov(N))

0 0

Voo | Voo

0 H'(64) 0 H*(04)
) \)
0 0

8
For 0= 6% _¢ H9(04(T)), yotsh — 3 hag®de® by Lemma (3.28), and
a1 Ow a,B

80 Yoo is an isomorphism (this is a well-known result in abelian varieties).
It follows that:

(3.30) H°(Ov(N))/H*(6v(T)) =H°(04(L))/($) (via A in (3.29)).

0

For ¢=2¢ﬂ*"3wa @ dwfe H* (04(T)), 116 = - o in the diagram (3.29).

It follows that

pH*(Oy) = {$ € H*(04(T)): ¢ 0=0};
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i.e. uH'(®y) C H*(04(T)) is precisely the space of tangents to the deforma-
tions of A which leave the polarization L — A fixed. Since:

H*(0y) = H°(0v(N))/H°(0v(T)) + pH*(0v),

using (3. 30) and the above description of nH*(®y), we get Proposition (3.26).

If Q,: A—> D, and Q,: A— D, are the period matrix mappings for the
1-forms and 2-forms respectively, then (€,), is non-singular on T’z (4,),
(Q1) 4 is zero on T4 (A,) (A=A; X A;), and so dim (ker Q,.) = dim(ker(Q.),)
on To(A;); i.e, to get ker Q,, we hold 4 fixed, let V vary in the complete
linear system |L| (cf. (3.80)), and see how the mapping Q, behaves. In
particular, we should examine the cup product (3.10) ; by (3.10) and (3. 30),
there is a linear mapping:

(8.31)  y: H(04(L))/(#) — Hom(H (Qv?), H(Qv*(N))/H*(Qv*(T))),

and ker ¢ = ker(Q;),. To prove all but the statement about ““general 4 and
#” in Theorem (3.25), it will suffice to show:

(3.32) DProposiTION. Let
(3.33)  n: H°(0a(L))/(#) = Hom(H*(04(L) ), H*(04(L?)) /Is)

be giwen by cup product (5(¢)é=¢ ¢ for ¢,6€ H°(O4(L))). Then kery
==kery where y 1is given by (3.31).

Proof. Dualizing the exact cohomology sequence of

04
0> 04(L*) ——>0.— O+r—0,
we get:
R &
0« H'(Q4%) «~ H°(Qp?) «—— H°(Q43(L)) «——H(Q4%) « 0
(8.34) Ko |
H°(Q4%).

(0]
Here H°(Q42?) —> H*(Q4®) is cup product with o € H*(Q4?) ; this is an
isomorphism ([29]). Also, if ¢ € H°(Q4°(L)), then % is a rational 3-
form on A with poles on V and R(¢) is the residue of ¢. These facts will
be discussed in Part TTT. Thus H°(Qyp?) == H°(Q42) @ R{H°(Q4*(L))}; the

periods of H°(Q4%) are obviously constant, and so in (3.31) all that is
essential is:
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y: H°(64(L)) /(%)

(3.35) — Hom (R{H°(24* (L))}, H*(Qv* (V) /H* (29*(T))).

Now if we dualize the cohomology diagram arising from

0 0
\ \:
OA(L*ﬁ) QAI(L*)

ey o

04(L*) Q4
\) \

0— Oy (N*)—> Qu|yt > @t — 0,
\: \:
0 0
we get:
0 HY(00%) —— Ho (24
1 1 \:
H*(Qp') « H°(Qp*(N) ) « H°(Qv*(T) ) « H°(Qy")
1 1
d
(3.36) Ho(Q43(L?)) «——H°(Q42(L))
19
H°(Q4*(L))
T
0

In (3.36), H°(Q4%*(L)) =2-forms on A with 1-st order pole along V,
H°(043(L?)) == 3-forms on 4 with 2-nd order poles along V, and d is the

exterior derivative. Since o is an isomorphism, we see from (3.36) that:
(3.37) He (v (N))/H® (2v*(T))
' = H°(Q4* (L*)) /9H® (Qs*(L)) + d{H*(Q4*(L))}.

- & dw?dw® — &dwrdw? + Edw?dw?
T 9

800 00 LD 0iy £00, dwidwidus
dp— (0101 fw? + w?:  dw? + w?  owd ) 2 )

Let ¢

€ Ho(9*(L)). Then

It follows that, under the isomorphism
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Ho(Qu5(LF) = H(04(L%)), 9H(Q4*(L)) + d{H(Q4*(L))} = Io.

Using this in (3.37), the mapping ¢ in (3.35) becomes precisely 5 in (3.33).
In other words, by using suitable isomorphisms, the mapping ¢ in (3.31)
goes into 5 in (8.33), and this proves Proposition (3.32).

Now the proof of Proposition (8.32) gives a natural isomorphism:

(3.38) kerQ, =1Iy: R,/ (9).

If for general 9, Z there is ¢ € Iy: R,/ (®) C Rn/(9), ¢ 5= 0; then for special
&, 7 we would have ¢ € Iy: R,/ (9), ¢ 7%0.

22 0 0
Specialize Z to (0 22 0 ), Imz* >0, so that A =0, X0, X (3 is a
0 0 &8

product of elliptic curves. Let 04 be the origin on Co and 6 the 1-st order
theta function with a simple zero at 0x. Let $=6,"0,"ds» and ¢ € Hom(R,, I5).
We want to show that ¢ = ¢ is a multiple of &#. This would show that, for
general Z,9, kerQ,, =0. If ¢ € Iy: By, we have:

0 00
a—w% 05 +- £36.0, ‘;)-w—sg} (#),

00 .
(3' 39) ¢ = (01'0203)"_1{51 (')w—ll 0,05 + &.0,
for all n€ R,. Now ¢ is a sum of terms r,7,7; Where 1o is an n-th order theta
function on Cy. Let &,&:¢ be a term in the sum for which ¢ has the lowest
order zero at 0,. For all =5, it follows from (3.39) that (), has a
zero of order n—1 at 0,. Since n—1=2, we can find », which doesn’t

n
vanish at 0, and so ¢, has a zero of order n—1 at 0,. But then 6. is an

&

elliptic function with a single pole; i.e. &, =c¢,6,". Continuing, we find that
&iéots = ¢d and this gives that ¢==0(9) ; in other words, Iy: R,/ (d) =0.

(f) Periods of 3-forms; cubic threefolds. We consider non-singular
hypersurfaces in P=2P,. Let 7V be one such of degree n. Then all of
H*(V,C) is primitive and we let So=H*°(V), 8;,=H>(V) + H>*(V),
W =H?(V,C), so that the period matrix of V is given by §, C S, C W.

If n=2, H*(V) =0 and V is rational. For n=3, H*°(V) =0 and
dim H>*(V) =35.

(8.40) TuEOREM. There is a family {(Vi},ea with V=7V, and such
that p: To(A) = H*(O®y) is an isomorphism (dim A=10). The differential
of the period mapping Q,: To(A) — D is injective.

Proof. The exact cohomology diagram of (3.18) is now:
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0 0
\: \2
c C
A \2
(3.41) H°(0-(H))*——> H°(0-(H?))
\\
\\ﬁ
0> H°(Gy (T) ) ——s H* (0 (N) ) ——> H* (@) =0,
\2 \2
0 0

4
wher A(Qo," * *,Q4) =2 Qa gg, Q«(£) are linear forms, and F(£) =0
=0 [+

defines V C P. Thus we have §: H°(Ov(N))/H°(0v(T)) = H*(Oy) and so
we can give the local moduli of V by perturbing the equation of V C P. In
order to apply Proposition (1.20), we should examine the cup product

(3.42) H°(0v(N))/H*(0v(T)) ® H* (Qv*) » H* ("),
and show:

(3.43) ProrosiTiON. The cup product (3.4R) is non-degenerate in the
first factor.

Proof. From the exact diagram

0
\
Qpl (H'3)
\
Qpt

\

0— Oy (N*) > Qpjy* > Q' =0,

\
0

and H?(Qp!) — 0 = He (Qp* (H3)) (¢=2,3), we get
0— H2(Qp*) = H3(Ov (N*)) = 0.

Dualizing this and using Qy® == 0y (H™2) gives:

(3. 44) 0—>H°(0v(H)) —» H*(Qv*) > 0.
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Now H°(Ov(H)) =H°(0»(H)) and, if ¢ € H°(Ov(H)), then % is a
rational form on P with a 2-nd order pole along V where

A

(—1)%a(déo- - - déa- - - dés).

M=

0=

]
if

0

The mapping (3.44) is given by sending ¢ into R(;—%’) where R is the residue
operator (cf. Part III).

Following the pattern of (d) and (e) above, and using (3.41) and
(8.44), the cup product (3.42) becomes:

(3.45) H°(0r(H*)) /2, @ H°(0»(H)) > H°(0r(H*)) /34,

4
where 3, = { X Qo g} and 3, is to be determined.
o=0 o

The exact cohomology sequences of

0

\2
Qp?(L¥)
\A
Qp?
\2
0= Qy' (N*) > Qp|v* > Q2> 0 (L=H?),

\
0

0
\:
QPI(L*Z)
\:
Qp* (L¥)
\:
0- Ov(N*z) —)QprI(N*) -—)QVI(N*) '—70,

\
0
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give:

(8.46) 00— H*(Qv?) »> H2(Qv* (N*)) = 0,
0 0
\ \

(3.47) 00— H*(Qv*(N*)) = H*(0v(N*?)) = H?*(Qp|v* (N*)) > 0
\ \’

a*(0-(N**))  H*(Qp*(L*)).

Dualizing (8.46) and (8.47) gives

(3.48) 0 0
1 0
0« H*(Qp') = H*(Qv*(N)) <= H(Qv*(N?)) «—— H*(Qp|v*(IN*))* « 0.
T d T

H(Qp*(L#)) «—— H°(Qp3(L?)).

It follows that H?(Qv') == H°(Qp*(L*))/dH°(Qp*(L?)). Now H°(Qp*(L?))
=H° (@p(H‘*) ), and the mapping H°(0pr (H*)) — H*(Qy?) is given by sending

¢ into R( =), where R is the residue operator. Also, H°(Qp?(L?)) == 3-forms

F3
with 2-nd order pole along V, and d is the exterior derivative. Thus, by
(8.48), H2(Qy') = H°(0p(H*)) /3, where:

(3.49) S.={Q= EQa deg Qa(§) =2}.

BS’

Combining (3.45) and (3.49), to prove Proposition (3.43) we must show:

If Q(¢) is a cubic form such that QR — E;S’a — (deg Sa=2)

(8.50) oF
for all linear forms R, then Q — 2 Qo ., .
=0 asa
. oF . .
This follows from Theorem (8.22) where Qn— T l=1, p=3. This
[+

completes the proof of Proposition (3.43).

Remark. The torus T, (V) = Ws/H®*(V,Z) where Wy—H?*(V,C)/H*°
+ H>' (cf. I1.R.(a)) varies holomorphically with V. Furthermore, T, (V)
has a natural polarization (Proposition (2.34)) and, by Theorem (3.40),
T.(V) locally determines V.
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(g) Ewxamples where the period mapping is degenerate. From Theorem
(%.4) in I.R.(c) it is fairly clear that, if {V:},  , is a family of birationally
equivalent but biregularly distinct algebraic surfaces, then the period mapping
Q: A— D is constant. For instance:

(8.51) Ezample. Let V C P; be a non-singular cubic surface. Then
R2°(V) =0, B~ (V) =" and V is rational. The biregular moduli arise by
perturbing the equation of V'; there is a family {V:} , with V=71,
po: To(A) > H*(®y) an isomorphism, and with dimA=4. In this family
there are no periods.

Less trivially we have:

(8.52) Example. We now give a surface V with the following prop-
erties:

(i) V is non-singular and H*°(V) =0==H?>°(V) (thus V has no
modular variety) ;

(ii) V is non-ruled and is a minimal model, and so biregular moduli
give birational moduli; and

(iii) there is a family {V:}, , with dimA =6 and p: T, (A) = H*(0v)
an injection.

After doing this we shall show that V has ¢ranscendental moduli given
(roughly) by periods of a Prym differential on V.
To begin with, let T': Py— P; be the automorphism with matrix

—1

0 —1
and T has the four fixed points [1, 0, 0,0], [0, 1, 0,0], [0,0,1,0], and [0, 0,0,1]
(this checks the Lefschetz fixed point formula). However T[&, &y, &, &]
= [—é&,—&,é,6] and so T? has the 2 fixed lines )= [&&,0,0]

02 = [0) 0) El: 52]
Let W be the standard quartic &*=4§&*+ &+ &4 T(W) =W and
T has on W no fixed points. On W, T2 has the eight fixed points C,- W

1 0
< v )3 thus T[fo; &1, &y fa] = [fo, €1, -—fa,—i&]- Now T¢=1

51_ &s &

+C.-W. To study them we let &40, 2 =" y=32, z="°
50 EO éO

z* 4+ y* 4 2*=1. Then

so that
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T(«’U:y,z) = (ix,—i%—z) and Tz(x,y,z) = (—%—ﬂ%z)-

Thus the four finite fixed points of 72 on W are given by 2 =0, y =0, 2*=1.
Because of obvious symmetry, it will suffice to examine the single fixed point
P=(0,0,1). On a neighborhood of P in W we introduce local coordinates
by the parametrization (u,v)— (%,v,¥%1— (u*+v*)). Then T2 (u,v)
= (—u,—wv) so that, in order to desingularize W/{I,T,T? T?}, we musl
remove the eight isolated singular points arising from an identification
(4,v) ~ (—wu,—wv). This is done by a simple dilation.

To be explicit, we parametrize the singular point by (u, v) —> (w?, uv, v®).
Then ¢ is one-to-one on equivalence classes (u,v) ~ (—u,—wv), and so a
neighborhood of p is isomorphic to a neighborhood of the origin on the
quadric @ = {(p,¢,7): pr=¢*}.

Now we cover P; with open sets U,, U, with coordinates ¢ in U, and
n=1/¢ in U,; and we let H— P, be the standard line bundle formed from
(Uo X €C) U (U, X C) by the identification: ({,A) ~ (4, ¢) if, and only if,
{n=1and A=¢¢. Thus L= H-? is formed from (U, X €C) U (U, X C) by
the equivalence relation:

(3.53) (&A) ~ (n,¢) if, and only if, & —1, A— &2,

Using (3.53), we define holomorphic functions f,, fi, f» on L by:

fo(LA) =X foln, ¢) =n¢
1(&A) =X fi(n, ¢) =né
fZ(C’A)=)\§2 f2(7l’¢’)=¢"

Then f= (fo,f1,f.) gives a mapping f: L— @ which is biholomorphic out-
side zero and with f (zero section) = (0,0,0). Using f we may replace a
neighborhood of the singular point on ¢ by a tubular neighborhood of the zero
section in L and, in this way, uniformize the singularity (u,v) ~ (—u,—wv).

We let V be the surface obtained from Z = W/{I, T, T? T?} by removing
the singular points as above. Since H**(W) =0, H*°(V) =0. We assert
that H*>°(V) = 0. To see this, we observe that, on W, there is a non-vanishing

dady Since Tw = M = —o, it follows that

PAEE (—2)3

there is no holomorphic 2-form on Z or V.

regular 2-form o =
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We claim that, on V, K2 =1 where K is the canonical bundle. Since
T (0?) = ?, it will suffice to show that »? is non-singular along the exceptional
curves which have replaced the singular points on Z. This is straightforward
to verify.

Let now E be the vector space generated by the monomials u=_§,%¢,%&,%£,%
with:

(3.54) {ao+a1+a2—|—a3=4
o + Ra; -+ 32, =0 (mod4).

These are the monomials with 7w = p, and there are 10 solutions to (3.54).
The number of effective parameters is 6, since the commutator group of T
is all diagonal matrices and has dimension 4. By perturbing the equation
of W with elements close to zero in E, and by desingularizing the factor
surfaces Z as above, we construct a family { Vt}te A (dim A =6) of surfaces
for which (i) and (iii) above are satisfied.

Since K41, K2=1, V is not ruled. Furthermore, if C C V is an
exceptional curve, the genus p(C) is given by: p(C) =3%(C*+ CK)—1
=4 (0?%) —1, so that C is not of the first kind. Hence V is a minimal model
and this proves (ii).

Remark. It has been pointed out to me by F. Gherardelli that it is
possible to give the moduli in the above example by periods of “ generalized ”
integrals, and we now give this construction.

Quite generally, over an algebraic manifold V, we consider a represen-
tation p: m(V)— C* and let L—V Xu,(v) C be the associated line bundle,
V being the universal covering of V. We may speak of the sheaf ®(L) of
locally constant sections of L, as well as the space A4(L) of O g¢-forms with
values in L. Since L has constant transition functions, the exterior deriva-
tive d operates on A?(L) and, if Hs2(L) are the resulting cohomology groups,
we have de Rham’s theorem :

(3.55) He(o(L)) = Ha(L).

On the other hand, we may consider the sheaf Q?(L) of holomorphic p-
forms with values in L, and also the space A»4¢(L) of C* (p,q) forms with
values in L. The operator § maps §: A?4(L) — A»e**(L) and, if Hz¢(L)
are the resulting cohomology groups, we have Dolbeault’s theorem :
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(3.56) He(Qv(L)) = H(L).

A relation between (8.55) and (3.56) arises when we have a Kihler
metric on V, as well as a locally constant metric in L. Then the theory of
harmonic forms on Kéhler manifolds carries over verbatim (cf. [R9]). Thus
we have
(8.57) Hp(L) = 3 H7¢(L);

r+8=q
and also the whole theory of primitive cohomology classes, ete. (cf. 1.1.(c))
goes through in this case.

If, furthermore, p has integral values, then we may consider the sheaf
¢ (L) of integral sections of L, and He(y (L)) is a (complex) lattice in
He(®(L)). In case the Kiihler metric is a Hodge metric, then the primitive
cohomology space H2(® (L)), is defined rationally.

The special case we are interested in is ¢ =2 ; then
(3.58) H*(®(L))o=H>*(L) ® H**(L) ® H"*(L)o;

and so the complex structures define a subspace H%°(L) C H*(®(L)),—that
is, a point in G (h, W), the Grassmann variety of h-planes (k= dim H*°(L))
in W=H?(&®(L)),. Suppose that V is a surface and that L =L*; this is
the case of the surface above where L =K is the canonical bundle. (There
m (V) =2Z, K is associated to an integral representation of = (V), and
K —=K* since K2—=1.) Then the cup product H?(®(L)),® H*(®(L)),
— H*(V, C) defines a rational, non-degenerate bilinear form @ on H?(® (L) ),.
This allows us to define, just as in I.1.(c), the period matrix space D,(L),
and the general structure theory goes through. In this way we may now
speak of the “generalized” periods, which are associated to the polarized
surface V and the representation p of = (V).

If now {Vi},., 1s the local moduli space (assumed complete), then
there is defined the period mapping Q: A— D,(L), which is holomorphie,
and we may ask when Q gives local coordinates in A.

Assuming H*(®(L)) =0, this will be the case if the cup product:
(8.59) HY(K-L)®H*(Q*(L)) - H* (9 (K))

is onto. What we claim is that, if V is the surface above and L =K is the
canonical bundle, then the cup product in (3.59) is an isomorphism. In
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this case,
H*(®(L)) — H**(K) + H**(K) = H°(0*(K*)) + H** = H°(0y) =0.
In fact,
H>(K) ® HY (K) = H*°(K*) ® H'(K) = H*(0*(K)),

so that the generalized periods do, in fact, give local moduli in this case.
We close with the following remarks concerning V':

(1) dim H?2(0®y) =dim H°(Q*(K)) = dim H°(Q* (K*)) = dim H°(®y)
=0 and so, by the Riemann-Roch theorem, dim H*(®y) = 10 —number of
moduli of V.

(2) From the classical theory of surfaces, it is known that V is bi-
regularly equivalent to an Enriques surface; i.e. a surface in P, with the
equation

x2y%2? 4 wiay? - wiy?e? + wiela? = wayz q(2, Y, 2, W)

where q(z,y,2,w) is a general quadratic form. The moduli of V are
obtained by perturbing ¢, and there are the correct number (10) of para-
meters ([15]).
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