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There has recently been much interest, if not a tremendous amount of progress, in the
arithmetic theory of automorphic forms. In this lecture I would like to present the views
not of a number theorist but of a student of group representations on those of its problems
that he finds most fascinating. To be more precise, I want to formulate a series of questions
which the reader may, if he likes, take as conjectures. I prefer to regard them as working
hypotheses. They have already led to some interesting facts. Although they have stood up
for a fair length of time to the most careful scrutiny I could give, I am still not entirely easy
about them. Indeed even at the beginning in the course of the definitions, which I want to
make in complete generality, I am forced, for lack of time and technical competence, to make
various assumptions.

I should perhaps apologize for such a speculative lecture. However, there are some
interesting facts scattered amongst the questions. Moreover, the unsolved problems in group
representations arising from the theory of automorphic forms are much less technical than the
solved ones, and their significance can perhaps be more easily appreciated by the outsider.

Suppose G is a connected reductive algebraic group defined over a global field F', which
is then an algebraic number field or a function field in one variable over a finite field. Let
A(F) be the adele ring of F'. The topological group G'a(r) is then locally compact with G
as a discrete subgroup. The group G'a(p) acts on the functions on Gp\Ga(r). In particular,
it acts on L*(Gp\Ga(r)). It should be possible, although I have not done so and it is not
important at this stage, to attach a precise meaning to the assertion that a given irreducible
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representation m of Ga(r) occurs in L*(Gp\Ga(r)). If G is abelian it would mean that 7 is a
character of Gp\G A(p)- If G is not abelian it would be true for at least those representations
which act on an irreducible invariant subspace of L*(Gr)\Ga(r).

If G is GL(1) then to each such 7 one, following Hecke, associates an L-function. If G is
GL(2) then Hecke has also introduced, without explicitly mentioning group representations,
some L-functions. The problems I want to discuss center about the possibility of defining
L-functions for all such 7 and proving that they have the analytic properties we have grown
used to expecting of such functions. I shall also comment on the possible relations of these
new functions to Artin L-functions and the L-functions attached to algebraic varieties.

Given G I am going to introduce the complex analytic group Gr. To each complex analytic
representation o of Gr and each 7 I want to attach an L-function L(s, o, ). Let me say a
few words about the general way in which I want to form the function. The group G is a
restricted direct product Hp G'r,. The product is taken over the primes, finite and infinite,
of F. It is reasonable to expect although to my knowledge it has not been proved in general
that 7 can be represented as ® T, where m, is a unitary representation of Gg,.

I would like to have first assomated to any algebraic group G defined over F, a complex
analytic group G F, and to any complex analytic representation o, of G F, and any unitary
representation m, of G, a local L-function L(s, 0y, m,) which, when p is non-archimedean,

would be of the form .

1
H 1 — aj|m,|*

where n is the degree of 0,,. Some of the o;; may be zero. For p infinite it would be, basically, a
product of I'-functions. The local L-function L(s, oy, 7,) would depend only on the equivalence
classes of o, and m,. I would also like to have defined for every non-trivial additive character
Y, of Fy, a factor €(s, oy, my,10p,) which, as a function of s, has the form aeb.

There would be a complex analytic homomorphism of G F, into G r determined up to an

inner automorphism of G r. Thus o determines for each p a representation of o, of G F- 1
want to define

(A) (s,0,m) HLSOP,’/TP

Of course it has to be shown that the product converges in a half-plane. We shall see how
to do this. Then we will want to prove that the function can be analytically continued
to a function meromorphic in the whole complex plane. Let 1) be a non-trivial character
of F\A(F) and let ¢f, be the restriction of ¥ to F,. We will want €(s, oy, 7, ¢, ) to be 1
for all but finitely many p. We will also want

e(s,o,m) = He(s, Op, Tp, U, )
p
to be independent of ¥ r. The functional equation should be
L(s,0,m) =€(s,0,m)L(1 — s,0,7)
if o is the representation contragredient to o.
We are asking for too much too soon. What we should try to do is to define the L(s, oy, m,)

and the (s, 0y, mp,1¥F,) when there is no ramification, verify that there is ramification at
only a finite number of primes, and show that if the product in (A]) is taken only over the
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unramified primes it converges for Re s sufficiently large. As we learn how to prove the
functional equations we shall be able to make the definitions at the unramified primes. By the
way, we introduce the additive characters, whose appearance must appear rather mysterious,
only because we can indeed prove some things and know better than to leave them out.

What does unramified mean in our context? First of all for p to be unramified G will
have to be quasi-split over F, and split over an unramified extension. In that case there is,
as we shall see, a canonical conjugacy class of maximal compact subgroups of Gp,. For p
to be unramified, the restriction of m, to any one of these groups will have to contain the
identity representation. There is also a condition to be imposed on g,. Although it is not
very important I would like to mention it explicitly. If p is non-archimedean the largest ideal
of F, on which 9, is trivial will have to be Op,, the ring of integers in F,,. If F, is R then
Vg, (2) will have to be €™ and if F, is C then ¥g, () will have to be e*™ R We want
€(s,0p, My, E,) to be 1if p is unramified.

2.

The group G r can be identified for a connected reductive group over any field F'. Take
first a quasi-split group G over F' which splits over the Galois extension K. Choose a Borel
subgroup B of G which is defined over F' and let T" be a maximal torus of B which is also
defined over F. Let L be the group of rational characters of 7. Write G' as G°G* where G
is abelian and G' is semi-simple. Then G° N G* is finite. If 7° = G° and T = T' N G then
T = T°T". Let LY be the group of rational characters of 79 and let L% be the elements
of LY which are 1 on TN T". Let L' be the group generated by the roots of T". If R is
any field let Fy = L' ®z R. The Weyl group Q acts on L' and therefore on E},. Let (-, ")
be a non-degenerate bilinear form on Eg which is invariant under Q. Suppose also that its
restriction to Fg is positive definite. Let

L}r—{)\eElc

2 (N o) € Z for all roots a 3.
(o, )

Set L. = LY @ L and Ly = L} ® LL. We may regard L as a sublattice of L. It will

contain L_.
Let aq, ..., ay be the simple roots of T! with respect to B and let

(i, @)

A;) =2—22

( ]) (aiaai)
be the Cartan matrix. If o belongs to &(K/F) and A belongs to L then o\, where oA(t) =
o(A(o7't)), also belongs to L. Thus &(K/F) acts on L. It also acts on L_ and L, and the
actions on these three lattices are consistent. Moreover the roots aq,...,a, are permuted

amongst themselves and the Cartan matrix is left invariant.
If R is any field containing Q let Er = L ®z R and let Er = Homg(ER, R). The lattices

L, =Hom(L_,Z) = Hom(L®,Z) ® Hom(L',Z) = L} & L\
L =Hom(L,Z)
L_ =Hom(L,,Z) = Hom(LY,Z) ® Hom(L},Z) = L ® L"

may be regarded as subgroups of Ec. If E% = L° ®z R then Er = EY% @ EL. With the
obvious definitions of EY and F} we have Ep = E% @ F}. Let (-,-) also denote the form
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on EL adjoint to the given form on EL. To be precise if A and p belong to EL, if A and i

belong to Eg, and if (n, \) = (n,\) and (n, 1) = (n, u) for all n in E& then (A, u) = (A, 11).
If « is a root define its coroot & in EC by the condition:

(A a)

a, o)

(N @) =2

—~

for all X in E§. The coroots generate L. Moreover

~ A (Oé,ﬁ)
@8) =4 G B, B
and
@B . (wp)
‘Ga) " 6.p)
Thus the matrix (A R )
() = (2 @@-))

is the transpose of (A4;;). The linear transformation S; of Eé defined by
5:(@;) = @; — Ay = 4, — Ayt
is contragredient to the linear transformation S; of E}; defined by
Si(Oéj) = Oéj — Az‘jOéi.
Thus the group Q generated by { S

<1< E} is canonically isomorphic to the finite

group {2 and, by a well-known theorem (cf. Chapter VII of [7]) (ﬁu) is the Cartan matrix
of a simply-connected complex group G1 Let B1 be a Borel subgroup of G1 and let T1
be a Cartan subgroup in B}F. We identify the simple roots of T}r with respect to Bi with
ay, ..., ap and the free vector space over C with basis {ay,...,a,} with E(lj We may also
identify 2 and Q). The roots of T\}r are the vectors wa;, w € Q, 1 < i < L. If way; = a then
wa; = & because

(WA, o) _y (N, way) _5

(i, ) 7 (way, way) (o, )

()\,wai> = (w_lx\,&,;> =2

Thus the roots of T ! are just the coroots. If A belongs to Eé then
(A @)

2 @.2) = (a, \)
so that R
Ei = {/\E Eé 2 (i ?i) € Z for all corootsa}
(@ a)
and is therefore just the set of weights of ﬁl_
Let

@i = Homz(f&, C").
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It is a reductive complex Lie group. Set Gy = (AJQF X @L If ﬁ? = @3 and T, = fﬂ X f}r then
L, is the set of complex analytic characters of T',. If

Ez{teﬁ‘/\(t)zlforall)\inZ}

then Z is a normal subgroup of CA}’JF and G = @ / Z is also a complex Lie group. The
Galois group &(K/F) acts in a natural fashion on L_, L, and ZJF The action leaves the set
{al, ..., 0y} invariant. Of course, Qﬁ(K /F) acts naturally on GO I want to define an action
on G’l and therefore an action on G+ Choose Hy,...,H, in the Lie algebra of T1 so that

for all A in [Aﬁr Choose root vectors Xi,..., X, belonging to the coroots aj,...,a, and
root vectors Y7,...,Y; belonging to their negatives. Suppose [X;,Y;] = H;. If o belongs
to &(K/F) let o(Q;) = 0y(;). There is (cf. Chapter VII of [7]) a unique isomorphism o of the
Lie algebra of @}r such that
o(H:) = Ho@iy,  0(Xi) = Xot,  0(Yi) = Yo).

These 1som0rphlsms clearly determine an action of & (K /F') on the Lie algebra and therefore
one on G}r itself. Since Qi(K /F) leaves L invariant its action on G+ can be transferred to G.
If B is the image of B, = TE X B«lF and T the image of 7', in G the action leaves B and T
invariant. I want to define G to be the semi-direct product G x &(K/F ).

However G r as defined depends upon the choice of B, T and Xi,..., X, and G F comes
provided with a Borel subgroup B of its connected component, a Cartan subgroup T of B ,
and a one-to-one correspondence between the simple roots of T" with respect to B and those
of T with respect to B. Suppose G’ is another quasi-split group over £’ which is isomorphic
to G over K by means of an isomorphism ¢ such that ¢ ~'o(¢) is inner for all ¢ in &(K/F),
B’ is a Borel subgroup of G’ defined over F', and T" is a Cartan subgroup of B’ also defined
over F'. There is an inner automorphism v of G which is defined over K so that i) takes
B to B" and T to T'. Then ¢t determines an isomorphism of L and L' and a one-to-one
correspondence between {a,...,a,} and {a],...,a}} both of which depend only on ¢ and,
as is easily verified, commute with the action of & (/K /F"). There is then a natural isomorphism
of G9 with (G9)" associated to ¢. Moreover there is a unique isomorphism of G1 with (G )
whose action on the Lie algebra takes H; to H], X; to X/, and Y; to Y. The two together
define an isomorphism of @+ with (A;’Jr If we assume that «; corresponds to o, 1 < i < £ this
isomorphism takes Z to Z' and determines an isomorphism of G with G’ which commutes
with &(K/F). This in turn determines an isomorphism @ of @% with Gp. In particular
taking G’ = G and ¢ to be the identity we see that @F is determined up to a canonical
isomorphism.

Suppose G is any reductive group over F', K is a Galois extension of ', G' and G” are
quasi-split groups over F' which split over K, and v: G — G, : G — G are isomorphisms
defined over K such that o 'o(¢) and ¢ ~'o(¢)) are inner for all ¢ in &(K/F). Then
(b=1p) Lo (1h~1¢p) is also inner so that there is a canonical isomorphism of G and G/.. We
are thus free to set G F= G/ Although G F depends on K, there is no need to stress this.
However we shall sometimes write G k/F instead of G F.
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3.

Although it is a rather simple case, it may be worthwhile to carry out the previous
construction when G is GL(n) and K = F. We take T to be the diagonal and B to be the
upper triangular matrices. Take G to be the group of non-zero scalar matrices and G* is

SL(n). If A belongs to L and

t 0
A — et

0 tn
with mq,...,m, in Z we write A = (my,...,m,). Thus L is identified with Z". We may
identify Fr with R" and Ec with C™. If X belongs to LY and

Actl ="

with m in Z we write A = (%, cee %) Then L° which is a subgroup of both L and L
consists of the elements (m,...,m) with m in Z. The rank ¢ is n — 1 and

ar = (1,-1,0,...,0)
as = (0,1,-1,0,...,0)

a;=(0,...,0,1,-1)
Thus

L' ={ (my,....omy) €LY m=0
i=1

and is the set of all (2q,...,2,) in E¢ for which

n

ZZi:O.

i=1
The bilinear form on Eg may be taken as the restriction of the form

n

(z,w) = Z 2;W;

=1

on Fe. Thus

L}r: (mq,...,mp) Zmi:()andmi—mj cZ
i=1
We may use the given bilinear form to identify EC with Eg. Then the operation “~”
leaves all lattices and all roots fixed. Thus G = Hom(L%, C). Any non-singular complex

scalar matrix tI defines an element of @S)r, namely, the homomorphism

m m
(2 2) e
n n
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We identify GO with the group of scalar matrices. Let G be SL(n, C). There is a natural
map of GY x GL onto GL(n, C). It sends ¢t/ x A to tA. The kernel is easily seen to be Z so
that Gr is GL(n, C).

4.

To define the local L-functions, to prove that almost all primes are unramified, and to
prove that the product of the local L-functions over the unramified primes converges for Re s
sufficiently large we need some facts from the reduction theory for groups over local fields
(cf. [1]). Much progress has been made in that theory, but it is still incomplete. Unfortunately,
the particular facts we need do not seem to be in the literature. Very little is lost at this
stage if we just assume them. For the groups about which something definite can be said,
they are easily verified.

Suppose K is an unramified extension of the non-archimedean local field F' and G is a
quasi-split group over F' which splits over K. Let B be a Borel subgroup of G and T a
Cartan subgroup of B, both of which are defined over F. Let v be the valuation on K. It is
a homomorphism from K*, the multipﬁcative group of K, onto Z whose kernel is the group
of units. If ¢ belongs to T, let v(t) in L be defined by (A, v(t)) = v(A(¢)) for all X in L. If o
belongs to &(K/F'), then

(ov(t)) = (67 u(t) = v (07 (Aet) ) = v(A®)

because ot =t and v(c~'a) = v(a) for all @ in K*. Thus v is a homomorphism of TF into M,

the groups of invariants of &(K/F) in L. It is in fact easily seen that it takes Tp onto M.
We assume the following lemma.

Lemma 1. There is a Chevalley lattice in the Lie algebra of G whose stabilizer Uy s invariant
under (K /F) and is its own normalizer. Moreover, Gx = BxUy, H (8(K/F),Ux) =1,
and H'(8(K/F), Bk NUk) = 1. If we choose two such Chevalley lattices with stabilizers
Uk and Uy, respectively, then Uy is conjugate to Ux in G.

If g belongs to Gk and ¢ belongs to &(K/F), let ¢° = 07 !(g). If g belongs to G, we
may write it as ¢ = bu with b in Bg and u in Ug. Then ¢° = b°u° and u’u~' = b=°b. By
the lemma, there is a v in Bx N Uk such that uu=! = b=7b = v7v~L. Then b’ = bv belongs
to B, ' = v~'u belongs to Ur = Gr N Uy, and g = b'v/. Thus, Gp = BrUp.

If gUxg ' = Uy for some g in G, then ¢g°Ux g7 = U}, so that g~7¢g belongs to Uy, which
is its own normalizer. By the lemma, there is u in Uy such that ¢g77¢g = v“u~!. Then g; = gu
lies in G and g1Ukg; ' = Uj. Thus, Ur and Uy are conjugate in Gp.

Let C.(Gp,UF) be the set of all compactly supported functions for G such that f(gu) =
f(ug) = f(g) for all u in Up and all g in Gg. It is an algebra under convolution. It is called
the Hecke algebra. If N is the unipotent radical of B let dn be a Haar measure on Ny and
let bnb dlnb”?) d(b) if b belongs to Br. If A belongs to M, choose ¢ in T such that v(t) = A
If f belongs to Ceo(Gp,Ur), set

f(A):csl/?(t){ /N . dn} ; ftn) dn
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The e group &(K/F) acts on Q. Let QY be the group of invariant elements. It acts on M. Let

A(M) be the group algebra of M over C, and let A°(M) be the invariants of Q° in A(M).
We also assume the following lemma (cf. [12])

Lemma 2. The map f — [ is an isomorphism of Co(Gp,Up) and A°(M).

Suppose B is replaced by By and T by Tj. Observe that T~ B/N and T} ~ B;/N;. If
u in G takes B to B, it takes N to N; and defines a map from 7T to 77. This map does
not depend on u. It determines & (K /F') invariant maps from L; to L and from L to Ly and
thus maps from M to M; and from A°(M) to A°(My). Suppose f goes to fi and A goes to
Xl. If we choose, as we may, u in Ug, then

A =FO) = ”%‘){/N o dn} - Jtn)dn

Let NeNUp = V. Denote the corresponding group associated to Ny by V4. Then uVu=t = V.
Choose d(unu~') = dn;. Since f(ugu™) = f(g), the expression on the right equals

-1
51/2(utu_1){/ dnl} f(utu™ unu™") dn.
Wi Np

If utu™! projects on t; in T, then §(utu™t) = §(t;) and v(t;) = 1. Moreover,
/ dn = /f(tlnl)dnl
NrNUg

GFJUF

/\

AO(M O(M)

and the diagram

is commutative.
If gUpg~! = Uy, the map f — f with f'(h) = f(g'hg) is an isomorphism of C.(GF, Ur)
with C.(GF,Uy). It does not depend on g. We can take g in Br. Then

m_w?(t){ | dn} Ty ng)dn

Since g 'tng = t(t 19 'tg)g 'ng, the second integral is equal to

f(tg~'ng) dn.

Np

-1
dlg_ng) _ / dn / dn
dn NpNU}, NpNUp

~

we conclude that J/C\/(X) = (X) and that the diagram

Since
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C (GF,UF _— C GF,UF)

\/

A°(M

is commutative.

I shall not explicitly mention the commutativity of these diagrams again. However, they
are important because they imply that the definitions to follow have the invariance properties
which are required if they are to have any sense.

If 7 is an irreducible unitary representation of Gr on H whose restriction to U contains
the identity representation, then

:{er‘ﬂ(u)x:xforalluinUF}

is a one-dimensional subspace. If f belongs to C.(Gp,Up), then

- /G f(9)(9)dg

maps Hj into itself. The representation of C.(Gr,Ur) on Hy determines a homomorphism x

of Co(Gp,Up) or of AO(M\) into the ring of complex numbers and 7 is determined by x. To
define the local L-functions, we study such homomorphisms. First of all, observe that, if y is
associated to a unitary representation, then

X(f)] < /G 1£(9)| dg.

Since A(M) is a finitely generated module over A°(M), any homomorphism of A°(}M)

into C may be extended to a homomorphism of A(]\/J ) into C which will necessarily be of the
form

(B) RN — DT FVAR)

for some ¢ in 7. Conversely, given ¢ the formula determines a homomorphism y; of AO(]\/I\ )
into C. We shall show that x;, = x¢, if and only if ¢; X op and ty X op, where op is the

Frobenius substitution, are conjugate in Gp. If ¢ belongs to G and & belongs to &(K/F),
we shall abbreviate t X o to to. It is known [4] that every semi-simple element of Gp whose
projection on &(K/F) is op is conjugate to some top with ¢ in 7. Thus, there is a one-to-
one correspondence between homomorphisms of the Hecke algebra into C and semi-simple
conjugacy classes in Gr whose projection on Q5(K /F)is op.

If p is a complex analytic representation of Gr and X: is the homomorphism of AO(M )
into C associated to m, we define the local L-function to be

1
L —
(57p777) det([—p(tO'F)‘WF|s)

if mp generates the maximal ideal of Op.
The group T' may be identified with Homz (L, C*). The exact sequence
0——Z-—5C—25C" —0

with p(z) = 10;7: z and ¥ (z) = |mp| 7% leads to the exact sequence
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0 —— L =Homg(L,Z) —2~ Ec = Homz(L,C) —2+ T —— 0

Let Ve be the invariants of &(K/F) in Ec and let W¢ be the range of op — 1. Then
Ec = Ve & We. If w belongs to W and A belongs to ]\7, then (w,\) = 0 and, replacing ¢
by ti(w) does not change y;. If w = opv — v and ¥(v) = s, then

th(w)op =ts top(s)or = s (top)s
is conjugate to top. Thus, we have to show that if t; = ¢ (v;) and ty = ¥ (v,) with vy and vy
in Vg, then ty0p and to0p are conjugate if and only if x¢, = x4, -

Some preliminary remarks are necessary. We also have a decomposition EC = ‘70 ® /VVC
and M = LN ‘70. Let @ be the elements of ‘70 obtained by projecting the positive coroots
on Vg. If S is an orbit of &(K/F) in the set of positive coroots, every element in S has the
same projection on XA/C. Since ) 4. @ belongs to ‘A/C, the projection must be

1 -

if n(S) is the number of elements in S. Let Sy, ..., S, be the orbits of &(K/F) in {ay,...,a,}
and set

aES

Every element of Q is a linear combination of Bl, .. Bm with non-negative coefficients. Notice
that if w belongs to Q° and w acts trivially on M then w leaves each f; fixed and therefore
takes positive roots to positive roots. Thus, it is 1. If we extend the inner product in any
way from E to ER and set

a:{xGVR‘(@,x)ZO, 1<i<m}

and

~

D:{erRM@JQ>Q1<i<£}
then C = DN YA/R. Consequently, no two elements of C belong to the same orbit of Q°.
Let g; be the subalgebra of the Lie algebra of G generated by the root vectors belonging to

the coroots in S; and their negatives. It is fixed by &(K/F). Let G, be the corresponding

analytic group and let ﬁ =TNG,. Let 1; be the unique element of the Weyl group of 7;
which takes every positive root to a negative root. If o belongs to &(K/F), then o(y;) has
the same property, so that o(u;) = ;. Let w be any element in the normalizer of T whose
image in Q is p;. Then wop(w™") lies in 7. Its image in T /)(Wc) is independent of w. I
claim that this image is 1. To see this write g; as a direct sum » ", gi; of simple algebras.

If [K : F| = n the stabilizer of g;; is { o

0<7< i } We may suppose that

Ok = UF (gll)

If @,k is the analytic subgroup of G with Lie algebra @i, choose w; in the normalizer of N @‘1
so that w; takes the positive roots of g;; to the negative roots. We may choose w to be
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wop(w™) = (wopwr)) (oo w) - (oF (w)of (i)
= w0 (wy)
The Dynkin diagram of g;; is connected and the stabilizer of g;; in &(K/F) acts transitively
on it. This means that it is of type A; or As.
In the first case the diagram reduces to a point and the action of the stabilizer must be
trivial, so that wy = o7 (w). In the second case SL(3, C) is the simply-connected covering

group of G;1; we may choose the covering map to be such that 7'M G;; is the image of the
diagonal matrices and o' corresponds to the automorphism

0 01 0 01
A= |0 -1 0)U o -1 0
1 00 1 00
of SL(3,C). We may take w; to be the image of
0 01
0 -1 0
1 00

Then o (wy) = wy.

The Weyl group element p; acts on V as the reflection in the hyperplane perpendicular to
Bi. Thus i1, ..., it generate Q°. If w belongs to Q°, choose w in the normalizer of T whose
image in € is w. The image of wop(w™!) in f/w(Wc) depends only on w. Call it d,,. Then

Ourws = Wiwaop(wy ' wi') = wy (weop(wy ")) wi (wiop(wh)) = wi(du, )0, -
Since d,, is 1 on a set of generators, this relation shows that it is identically 1.

Returning to the original problem, we show first that if x;, = x4, there is an w in Q° such
that w(wy) = t5. Then, if w lies in the normalizer of T in G and its image in  is w, we will
have w(tjop)w™! = tywop(w™)op. Since wor(w™) lies in (W), the element on the right
is conjugate to tyop.

If ¢ belongs to f, let x; also denote the homomorphism

STFA =D FA®)

of A(]\/Z) into C. If there were no w such that w(t;) = t5, there would be an fin A(M) such
that

~ -~

Xt2 (f) 7é Xw(t1)(f)

H(X - w(f)) - i Fux*.

Each f; belongs to A°(M). Applying e, and u,, we find that

H(X - Xw(tl)(f)> N Zi: XX = iXtQ(ﬁ)Xk N H<X - X‘”“”(‘f))'

w w

for all w in QY. Let
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-~

The polynomial on the right has x:,(f) as a root, but that on the left does not. This is a
contradiction. R
If ti0r and tyop are conjugate, then for every representation p of Gg

trace p(tiop) = trace p(taop).
Let p act on X and if A belongs to ]\/4\, let ty be the trace of p(of) on
X, = { (t)x = A(t)x for all t in f}

If t belongs to ¢¥(Wg), then A(¢) = 1. If w belongs to Q° and w in the normalizer of T has

image w in 2, then X,y = p(w)X,. Then ¢,y is the trace of w™lorw = w™lop(w)or on Xj.

Since A(wtop(w)) = 1, we have t,) =t and

trace p(top) = Zt,\ Z ot

xeC neS(A

AN W

xeC  peS()

if S(A) is the orbit of A. If

then fp belongs to AO(]\/i) and
trace p(tor) = xe(f,)-
All we need to show is that the elements fp generate AO(M ) as a vector space. This is an

easy induction argument because every A in C is the highest weight of a representation of G 3
whose restriction to G is irreducible.

D.

If t belongs to T', there is a unique function ¢, on G which satisfies o (ug) = dr(gu) = d(g)
for all v in Ur and all g in G and is such that

xilf) = [ oulg)f(g)dg

Gr

for all f in C.(Gp,Ufr). A formula for ¢, valid under very general assumptions, has been
found by I. G. MacDonald. However, because of the present state of reduction theory, his
assumptions do not cover the cases in which we are interested. I am going to assume that
the obvious generalization of his theorem is valid. In stating it we may as well suppose that ¢
belongs to ¥(Vc).

Let N be the umpotent radical of B let 1 be its Lie algebra, and let 7 be the representation
of T x &(K/F) on . If  belongs to 1(Ve) , consider the function 6, on M defined by

T (1 . |7TF\T—1(w(t)aF))
0.(N) = clme| >Z; st (= (ol0r)) A

Hw(1)).
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If n(B) is the number of positive roots projection onto 5 in @,

T | = rp BB
1— |7TF|n(B)(<p76>+1) '

BeR

As it stands, 6;()\) makes sense only when none of the eigenvalues of 7(w(t)o) F are 1 for any
w in QY. However, using the results of Kostant [8], we can write it in a form which makes
sense for all t. Let p be one-half the sum of the positive coroots. It belongs to V. If A belongs
to M and A+ p is non-singular, that is (A + p, B\) # 0 for all B in @, let w in Q° take A+ p to
C and let X be sgnw times the character of the representation of G r with highest weight
wA+p) — p. If X+ pis singular, let x, = 0. If

det(I — |mp|r " (top)) Z buu(t)

uEM
then
0 = el Y b ((tor)).
neM
Clearly b, is 0 unless
- _ Z o
aes

where S is a subset of the set of positive coroots invariant under & (K /F). If U is the collection
of such p, then {p+ p | p € M } is invariant under 2°. Suppose p + p is non-singular and
belongs to C. Since (i, py = 1 and (ay, p) is integral, for 1 < i < ¢, p itself must belong to
C. This can only happen if 4 is 0. Thus if b, # 0 either p + p is singular or p+ u belongs to
the orbit of p and x,(g) = £1 on Gr. As a consequence 0:(0) is independent of ¢. Choose tg
such that 3;(to) = |7TF|_ (#B) for 1 < i < m. The eigenvalues of 7(w(to)or) are the numbers
Clmp|~lPe” '3 where ﬁ belongs to (Q and ( is an n(ﬁ)-th root of unity. If w # 1 there is a ,/8\2
such that wilﬁ = —51 for some 3 in Q. Then (p,w 13} = —(p,@) = —1 and T(w(to)ap) has
|7r| is an eigenvalue. Thus
det (I — |mf|7 (tooF))

0:,(0) =
w0) =c det(I — 7= (toor))
We are going to assume that if ¢ belongs to 1)(V¢), a belongs to Tr, and A = v(a), then
gbt(a) = 915()\)

()] < / 1£(9)| dg

for all f in C.(Gr,Ur) then ¢; is bounded. I want to show that if ¢, is bounded, A belongs
to L, X in D belongs to the orbit of A under Q, and ¢ lies in ¥(Ve), then

IN®)] < |rp| =N
Let t = ¢(v). Then v is not determined by ¢ but Rev is and

AE)] = |70,

If
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We will show that if ¢, is bounded then Re(v, A) < (p, A) for all A in Eg. If w belongs to Q°
and Reww lies in C' then Re(wv,wA) = Re(v, A). With no loss of generality, we may suppose
that v lies in C', the analogue of C'. Then, as is well-known,

Re(v, \) < Re(v, \)

and we may as well assume that A = A\. We want to show that Re(v, \) < (p. A) for all A
in D. Since p and v both belong to Vg, it is sufficient to verify it for A in C. Let C° be
the interior of C. The set of A in C for which th/e\ assertion is true is closed, convex, and
positively homogeneous. Therefore, if it contains M N 50, it is C.

Let S be the set of simple coroots & for which Re(v, @) = 0. Let ¥y be the positive coroots
which are linear combinations of the elements of S and let ¥, be the other positive coroots.
If 0y is the span of the root vectors associated to the coroots in Xy and n, is the span of
the root vectors associated to the coroots in 3, then 7 breaks up into the direct sum of a
representation 7y on ny and a representation 7, on n,. Let H be the analytic subgroup of G F
whose Lie algebra is generated by the root vectors associated to the coroots of ¥y and their
negatives and let ©Y be the subgroup of Q° consisting of those elements with representatives
in H. If w belongs to Q° and Rewv = Rew, then w belongs to Q°. If Rewv # Rew, then
Re(wwv, Ay < Re(v, \) for A in M N C°. Write A = A; + A, where A; is a linear combination of
the coroots in S and A, is orthogonal to these roots. If s = ¢ (u) with u in Vi, consider

det([ — ]ﬂp[ﬂjl(sap)) Z det([ — |7TF‘T(;1(SJF)) e =)

0L(\) = c|mp|ere)
() = el det(I— 7. (s07)) det(1 =75 (s0r))

e0
The function ¢’ is not necessarily defined for all s. However, the preceding discussion, applied
to H rather than CA}, shows that it is defined at ¢ and that #;(0) # 0. A simple application of
I’'Hospital’s rule shows that, as a function of A, €, is the product of |7x|®*"»" and a linear
combination of products of polynomials and purely imaginary exponentials in A;. Thus, it
does not vanish identically in any open cone.

Set 0/ = 6, — 0. It is a linear combination of products of polynomials in A and an

exponential |7z """ with Rewv # Rewv. Thus, if A belongs to the interior of C,
RN AV

and

lim |7pP7"N0,(n)\) = lim |7z 70" N6 (n)).
n——00 n——00

If (p, A) is less than Re(v, A) for some A in C, then (p, \) is less than Re(v, ) for a A in C
for which 6;(n)) does not vanish identically as a function of n. Since ¢; is bounded,

lim |7p|®~2" Mg (n)) = 0.

n——oo

But |7p|~v"Ng/(n)) is a function of the form

Z pr(n)n”

where ¢;(n) is a linear combination of purely imaginary exponentials *". Tt is easy to see
that it cannot approach 0 as n approaches —oo.
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6.

Suppose G is a group defined over the global field F'. There is a quasi-split group G’ over I’
and an isomorphism ¢ : G — G’ defined over a Galois extension K of F' such that, for every
oin 8(K/F), a, = ¢! is an inner automorphism of G’. We assume that there is a lattice
go, over Op in the Lie algebra of G’ such that Okgo, is a Chevalley lattice.

If p is a finite prime of K and ‘P is a prime of K dividing p, the group G over F, is obtained
from G’ by twisting by the restriction @ of the cocycle {a,} to &(Ky/F,). Let G be the

adjoint group of G'. If UIK 18 the stabilizer of the lattice O, o, then, for almost all p,

a takes values in U/Km‘ If Ky/F, is also unramified, then G is quasi-split over F, because
H! <(’5(Km/Fp),U,Kp> = {1}. Let S be the set of those p, unramified in K, for which @ takes

values in U,Km‘ Let G act on a vector space X over F' and let X, be a lattice in Xp. Let
U, be the stabilizer of O, X0, in Gf, and let U ;,p be the stabilizer of Op,go, in G’Fp. Then

o(Up,) = Ujmp for almost all p. If p is also in S, choose u in U/Fp so that ¢~ ! = Aduu~" for
all o in &(Ky/F,). Then ¢~' Adwu is defined over F' and =" Adu(Uy, ) = Ur,. Consequently,
Uk, is one of the compact subgroups of the fourth paragraph.

To show that almost all p are unramified, all we need do is observe that if m occurs
in L?(Gr\Gz(r)), whatever the precise meaning of this is to be, and 7 = @), 7y, then for
almost all p, the restriction of m, to U, contains the trivial representation.

If p is unramified let the homomorphism of C.(G 7, U Fp) associated to m, be x;,. To show
that the product of the local L-function converges in a half plane it would be enough to show
that there is a positive constant a such that for all unramified p every eigenvalue of p(t,0r,)
is bounded by |m,|~*. We may suppose that o, (t,) = t,. If n = [K : F], then (t,or,)" =t}
so that we need only show that the eigenvalues of p(t,) are bounded by |m,|~*. This we did
in the previous paragraph.

7.

Once the definitions are made we can begin to pose questions. My hope is that these
questions have affirmative answers. The first question is the one initially posed.

Question 1. Is it possible to define the local L-functions L(s,p,m) and the local factors
e(s, p,m,r) at the ramified primes so that if F' is a global field 1 = Q m,, and

L<Svp7 7T) = HL<87pp77Tp)
p

then L(s, p, ) is meromorphic in the entire complex plane with only a finite number of poles
and satisfies the functional equation
L(s,p,m) = €(s,p,m)L(1 — s, p, )
and
(s, p,m) = He(s, Py Tps VR, )-
p

The theory of Eisenstein series can be used [9] to give some novel instances in which this
question has, in part, an affirmative answer. However, that theory does not suggest any
method of attacking the general problem. If G = GL(n) then Gr = GL(n, C). The work of
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Godement and earlier writers allows one to hope that the methods of Hecke and Tate can,
once the representation theory of the general linear group over a local field is understood, be
used to answer the first question when G = GL(n) and p is the standard representation of
GL(n,C). The idea which led Artin to the general reciprocity law suggests that we try to
answer it in general by answering a further series of questions. For the sake of precision, but
not clarity, I write them down in an order opposite to that in which they suggest themselves.
If G is defined over the local field F' let Q(Gr) be the set of equivalence classes of irreducible
unitary representations of Gp.

Question 2. Suppose G and G’ are defined over the local field F', G is quasi-split and G’
1s obtained from G by an inner twisting. Then GF = G’ Is there a correspondence R
whose domain is Q(G'%) and whose range is contained in Q(GF) such that if m = R(n") then

L(s,p,m) = L(s, p, ') for every representation p of Gp?
Notice that R is not required to be a function. I do not know whether or not to expect
that
6(87 p, T, ¢F) = 6(57 P 7T/7 ¢F)
One should, but I have not yet done so, look carefully at this question when F' is the field of
real numbers. For this one will of course need the work of Harish-Chandra.

Supposing that the second question has an affirmative answer, one can formulate a global
version.

Question 3. E| Suppose that G and G’ are defined over the global field F', G is quasi-split,
and G' is obtained from G by an inner twisting. Suppose ' = @, m, occurs in L? (GP\Ga(r))-

Choose for each p a representation m, of Gr, such that m, = R(m,). Does m = @), Ty occur in
L*(Gp\Gar))?

Affirmative evidence is contained in papers of Eichler [3] and Shimizu [16] when G = GL(2)
and G’ is the group of invertible elements in a quaternion algebra. Jacquet [16], whose work
is not yet complete, is obtaining very general results for these groups.

Question 4. Suppose G and G’ are two quasi-split groups over the local field F. Let G split
over K and let G’ split over K" with K C K'. Let 1) be the natural map &(K'/F) — &(K/F).

Suppose p is a complex analytic homomorphism from @’K,/F to Gg/rp which makes

Glerp — S(K'[F)

R,
Gr/p — B(K/F)

commutative. Is there a correspondence R, with domain Q(G') whose range is contained
in Q(Gr) such that if m = R,n', then, for every representation p of Gp and every non-trivial
additive character Y, L(s,p,7) = L(s,po @, ') and e(s, p,7,%r) = €(s,po @, 7, ¢p)?

The correspondence R, should of course be functorial and, in an unramified situation, if 7’

is associated to the conjugacy class t' x o, then 7 should be associated to ¢(' x o). I have
not yet had a chance to look carefully at this question when F' is the field of real numbers.

IThe question, in this crude form, does not always have an affirmative answer (cf. [6]). The proper question
is certainly more subtle but not basically different.
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The question has a global form.

Question 5. Suppose G and G’ are two quasi-split groups over the global field F'. Let G split
over K and let G’ split over K’ with K C K'. Suppose ¢ is a complex analytic homomorphism
from G’K,/F to Gg/r which makes

Glerp — O(K'/F)

I |
commutative. If P is a prime of K', let P =P ' NK and let p ="P'NF. Then ¢ determines
a homomorphism ¢, : G’ /E Gqu/Fp which makes
qj/

~

i, —— S /)

| l

éKm/Fp —_— Qj(qu/Fp)

commutative. If 7' = @, occurs in Lz(G%\FA(F)) choose for each p a my = Ry, (7). If
T =Q,m does w occur in L*(Gr\Ga(r))?

An affirmative answer to the third and fifth questions would allow us to solve the first
question by examining automorphic forms on the general linear groups.

It is probably worthwhile to point out the difficulty of the fifth question by giving some
examples. Take G' = {1}, G = GL(1), K’ any Galois extension of F' and K = F. The
assertion that, in this case, the last two questions have affirmative answers is the Artin
reciprocity law. R R

Suppose G is quasi-split and G' = T'. We may identify G’ with 7' x &(K/F) which is
contained in G r. Thus we take K’ = K. Let ¢ be the imbedding. In this case ' is a character
of G%\Gg( ) The fourth question is, with certain reservations, answered affirmatively by the
theory of induced representations. The fifth question is, with similar reservations, answered by
the theory of Eisenstein series. The reservations are not important. I only want to point out
that the theory of Eisenstein series is a prerequisite to the solution of these problems. With
G as before, take G” = {1} and K" = K so that G7. = &(K/F). Let ¢ take ¢ in &(K/F)
to o to G r. There is only one choice of 7. The associated space of automorphic forms on
Gr\Fa(r) should be the space of automorphic forms associated to the trivial character of

};\G’A( P): For this character all the reservations apply. I point out that the space associated
to " is not the obvious one. It is not the space of constant functions. To prove its existence
will require the theory of Eisenstein series.

Take G = GL(2) and let G’ be the multiplicative group of a separable quadratic extension K’
of F. Take K = F. Then G, is a semi-direct product (C* x C*) x &(K'/F). If ¢ is the
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non-trivial element of &(K’/F), then o ((t1,t2)) = (t2,t1). Let ¢ be defined by
t1 0
Q (tl,tQ) — (01 tg)

. 0 1
p:io— 11 o)

The existence of R, in the local case is a known fact (see for example [6]) in the theory of
representations of GL(2, F)). An affirmative answer to the fifth question can be given by
means of the Hecke theory [6] and by other means [15].

Let E be a separable extension of F' and let G be the group over F' obtained from GL(2)
over D by restriction of scalars. Let G’ be GL(2) over F' and let K’ = K be any Galois
extension containing . Let X be the homogeneous space &(K/E)\&(K/F). Then Gy is
the semi-direct product of [], . GL(2,C) and &(K/F). If o belongs to &(K/F'), then

HAQC J_lanw

reX zeX
with B, = A,,. Define ¢ by

©(A % 0) HA X 0.

zeX

Although not much is known about the fifth question in this case, the paper [2] of Doi and
Naganuma is encouraging.

Suppose G and K are given. Let G’ = {1} and let K’ be any Galois extension of F'
containing K. If F'is alocal field, the fourth question asks that, to every homomorphism ¢
of &(K’'/F) into G which makes

B(K'/F) —X— Gr
\ l
&(K/F)

commutative, there be associated at least one irreducible unitary representation of Gp. If
F'is global, the fifth question asks that to ¢ there be associated a presentation of G'z(r)
occurring in L*(Gr\Ga(r)).

The L-functions we have introduced have been so defined that they include the Artin
L-functions. However, Weil [I7] has generalized the notion of an Artin L-function. The
preceding observations suggest a relation between the generalized Artin L-function and the
L-functions of this paper. Weil’s definition requires the introduction of some locally compact
groups—the Weil groups. If F' is a local field, let C'r be the multiplicative group of F. If F’
is a global field, let C'r be the idele class group. If K is a Galois extension of F', the Weil
group Wi, p is an extension

l — Cx — Wgyp —— B(K/F) —— 1
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of &(K/F) by Ck. There is a canonical homomorphism 7x/r of Wg/p onto Cp. If F' is a
global field, B a prime of K, and p = F'N‘P, there is a homomorphism oy, : Wiy, /5, = Wiyr,
determined up to an inner automorphism. If o is a representation of W/, the class
of 0, = 0 0 ap is independent of a,. By a representation o of Wy, ,r we understand a
finite-dimensional complex representation such that o(w) is semi-simple for all w in Wg/p.

If F'is a local field and ¥ a non-trivial additive character of F’, then for any representation o
of Wi r we can define (cf. [11]) a local L-function L(s,o) and a factor €(s,o,p). If Fis a
global field and o is a representation of W/, the associated L-function is

L(s,0) = [ [ L(s, o).

The product is taken over all primes, including the archimedean ones. If ¢z is a non-trivial
character of F\A(F), then €(s, 0y,vF,) is 1 for almost all p,

€(s,0) = He(s,ap,wFp)
p
is independent of 1, and
L(s,0) =¢€(s,0)L(1 —s,0)
if o is contragredient to o.

Question 6. Suppose G is quasi-split over the local field F and splits over the Galois
extension K. Let Ur be a maximal compact subgroup of Gr. Let K' be a Galois extension
of F" which contains K and let ¢ be a homomorphism of W /p into Ur which makes

Wy jp —— 6(K'/F)

b
Up — &(K/F)

commutative. Is there an irreducible unitary representation m(p) of Gg such that, for every
representation o of Gp, L(s,a, W((p)) = L(s,00¢) and e(s, o, ﬂ(gp),zﬂp) =€(s,00p,9p)?

Changing ¢ by an inner automorphism U r will not change 7(y), or at least not its
equivalence class. If F' is non-archimedean and K’/F is unramified, the composition of v, the

valuation on F, and 7x//p defines a homomorphism w of Wiy ,r onto Z. If u =t X op belongs
to U r, we could define ¢ by

p(w) = ut).
Then 7(p) would be the representation associated to the homomorphism y; of the Hecke
algebra into C.

We can also ask the question globally.

Question 7. Suppose G is quasi-split over the global field F' and splits over K. Let K' be a

Galois extension of F' containing K and let ¢ be a homomorphism of Wi g into (7F which
makes

| |

Up — &(K/F)
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commutative. If P is a prime of K’ and p = P'NF, then p, = o, takes WK%S,/FP into ﬁFp.
If m(p) = ®p m(py), does w(p) occur in L*(Gp\Ga(r))?

Both questions have affirmative answers if G is abelian [10] and the correspondence ¢ —
7(p) is surjective. In this case our L-functions are all generalized Artin L-functions. If
G = GL(2) and K = F, it appears that the Hecke theory can be used to give an affirmative
answer to both questions if it is assumed that certain of the generalized Artin L-functions
have the expected analytic properties. If all goes well, the details will appear in [6].

I would like very much to end this series of questions with some reasonably precise questions
about the relation of the L-functions of this paper to those associated to non-singular algebraic
varieties. Unfortunately, I am not competent to do so. Since it may be of interest, I would like
to ask one question about the L-functions associated to elliptic curves. If C' is defined over a
local field F' of characteristic zero, I am going to associate to it a representation w(C'/F') of
GL(2, F). If C is defined over a global field ' which is also characteristic zero, then for each

prime p, 7(C/F,) is defined. Does m = @, 7(C/F,) occur in L? <GL(2, F)\GL(2, A(F))>‘7
If so, L(s, o, ), with o the standard representation of GL(2, C), whose analytic properties are
known [6] will be one of the L-functions associated to the elliptic curve. There are examples
on which the question can be tested. I hope to comment on them in [6].

To define 7(C'/F'), I use the result of Serre [14]. Suppose that F' is non-archimedean and
the j-invariant of C' is integral. Take any prime ¢ different from the characteristic of the
residue field and consider the f-adic representation. There is a finite Galois extension K of F
such that, if A is the maximal unramified extension of K, the f-adic representation can be
regarded as a representation of &(A/F). There is a homomorphism of Wi/ into &(A/F).
The (-adic representation of &(A/F) determines a representation ¢ of W,p in GL(2, R),
where R is a finitely generated subfield of the ¢-adic field Q,. Let o be an isomorphism of R
with a subfield of C. Then s

Viw— |7'K/F(w)| / 07 (w)
is a representation of Wi/ p in a maximal compact subgroup of GL(2,C). Let n(C/F) be
the representation (1)) of Question 6. If C' has good reduction, the class of v is independent
of ¢ and o. I do not know if this is so in general. It does not matter, because we do not
demand that 7(C/F) be uniquely determined by C.
If the j-invariant is not integral, the f-adic representation can be put in the form

7 (Xléa) X;((U))

where y; and x» are two representations of the Galois group of the algebraic closure of F' in the
multiplicative group of Q. If A is the maximal abelian extension of F', then y; and ys may
be regarded as representations of &(A/F'). There is a canonical map of F*, the multiplicative
group of F, into &(A/F). Therefore x; and x, define characters pu; and py of F* that
take values in Q* and satisfy pipo(z) = pip; ' (z) = |z|7'. In, for example, [6], there is
associated to the pair of generalized characters x — |x|"/2p; () and 2 — |22 uy(z) a unitary
representation of GL(2, F'), a so-called special representation. This we take as w(C/F).
If F'is C, take 7(C/F") to be the representation of GL(2, C) associated to the map
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of C* = Wg/c into GL(2,C) by Question 6. The index of C* in W¢g is two. The
representation of W r induced from the character z — ﬁ of C* has degree 2. If F =R,

let 7(C'/F) be the representation of GL(2,R) associated to the induced representation by
Question 6.

8.

I would like to finish up with some comments on the relation of the L-functions of this
paper to Ramanujan’s conjecture and its generalizations. Suppose m = ) 7, occurs in the
space of cusp forms. The most general form of Ramanujan’s conjecture would be that for
all p the character of m, is a tempered distribution [5]. However, neither the notion of a
character nor that of a tempered distribution has been defined for non-archimedean fields. A
weaker question is whether or not at all unramified non-archimedean primes the conjugacy
class in Gp associated to m, meets Up (cf. [13]). If this is so, it should be reflected in the
behavior of the L-functions.

Suppose, to remove all ramification, that GG is a Chevalley group and that K = F = Q.
Suppose also that each m, is unramified. If p is non-archimedean, there is associated to m, a

conjugacy class {t,} in Gq. We may take t, in T. The conjecture is that, for all A in E,
[A(t,)] = 1.

Since there is no ramification at co, one can, as in [9], associate to 7, a semi-simple conjugacy

class { X} in the Lie algebra of Gq. We may take X, in the Lie algebra of T'. The conjecture

at oo is that, for A in L,
ReA(Xw) =0.

If o is a complex analytic representation of @Q, let m(A) be the multiplicity with which A
occurs in o. Then

_haxeo) 5+ A Xs) 1
Moo ) =TT (D [T

A p ps

m(X)

If the conjecture is true, L(s, o, m) is analytic to the right of Res = 1 for all o.

Let F' be any non-archimedean local field and G' any quasi-split group over F' which splits
over an unramified extension field. If f belongs to C.(Gp, Up), let f*(g) = f(g~Y). If f and f*
are the images of f and f* in A°(M), then ]?( A) is the complex conjugate of f( ). If t
belongs to 7', define t* by the condition that A(t*) = A(¢~1) for all A in L. The complex

conjugate of Xt(t*) is
S TFENAE) = VA = xe ()

If x; is the homomorphism assoaated to a unitary represerﬂ:aﬁon7 then y;(f*) is the complex
conjugate of x;(t) for all f so that ¢ x op is conjugate to t* x o and for any representation p
of G, the complex conjugate of trace p(t X oF) is trace p(t x o) if p is the contragredient
of p. In the case under consideration, when K = F' this means that trace p(t,) is the complex
conjugate of trace p(t,). A similar argument can be applied at the infinite prime to show
that the eigenvalues of p(X,,) are the complex conjugates of the eigenvalues of p(X).
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Suppose L(s, o, m) is analytic to the right of Res =1 for all o. Since the I'-function has
no zeros,

1
() I e

A p ps

m(X)

is also. Let o be p ® p. Then the logarithm of this Dirichlet series is

Z Z 1 tracea

p =1
Since

trace 0" (t,) = trace p"(t,) trace p"(t,) = |trace p"(t,) |2
the series for the logarithm has positive coefficients. Thus, the original series does too. By
Landau’s theorem, it converges absolutely for Re s > 1 and so does the series for its logarithm.

In particular,
t
det(l _olty) p>>
pS

does not vanish for Res > 1 so that the eigenvalues of o(t,) are all less than or equal to p in
absolute value. If A is a weight, choose p such that mA\ occurs in p. Then (mA)(t,) = A(t,)™

is an eigenvalue of p(t,) and A(t,)  is an eigenvalue of p, so that |A(t,) }Qm is an eigenvalue of
o and )

A(tp)| < po
for all m and all A\. Thus, |)\( )’ 1 for all A\. Replacing A by —\, we see that ’)\ } =1
for all A. Since the functlon defined by ((C . cannot vanish for Res > 1 when o = p ® p, the

function o
2
A

must be analytic for Res > 1. This implies that
ReA(Xy) = —1

if m(A) > 0. The same argument as before leads to the conclusion that Re A(X) = 0 for all
A

Granted the generalizations of Ramanujan’s conjecture, one can ask about the asymptotic
distribution of the conjugacy classes {¢,}. I can make no guesses about the answer. In
general, it is not possible to compute the eigenvalues of the Hecke operators in an elementary
fashion. Thus, Question 7 cannot be expected to lead by itself to elementary reciprocity laws.
However, when the groups G, at the infinite primes are abelian or compact, these eigenvalues
should have an elementary meaning. Thus, Question 7, together with some information
on the range of the correspondences of Question 3, may eventually lead to elementary, but
extremely complicated, reciprocity laws. At the present it is impossible even to speculate.
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