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c_(_A Sslc AL DENSITY CoNTECTURES FoR ZETA FUNCTIONS @

v LEAST PRIME N A PROGRESS(ON

DRICHLET: GIVES (NFnlTELY MANY PRIMES
P‘:‘a(z) As LonNG As (a,q)=2 .

How LARGE |5 THE LEAST SueH PRIME -= ft(aﬂ,)

. - X
. Tuc No' oF PRIMEs ©F S(BE x I3 Zogx. (ZMT"‘)

TagsE PLACE THEMSELES INTO Bl ) Resove
CLASSES Mod q (REDUCE? WVERTIBLE ). SO (F
THE PRIMES ARE RANDOM THEN BY THE
COJUPON cCo tLEeTOR WE EXPECT THAT

e ALMOST ALL c LAsses ARE T IF

—2%—; /¢(%) GoEs TO INFil1 Ty Stouly

. ALl clAssEs AR HiT (P THIS Goes A BT

FASTER

CENERAL 28D RIEMANN HyPOTHESIS)

2t€

'ﬁ(g@,cb) << z FoR ALL @
4 (a,4 ) << ?:+E Tok ALMOST ALL @ (s&ﬂl?t’)

Oer @RH (

UNcoNDdiriowatty: J c<o 5. ﬁ(a,gl«%c (LNmIK)
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oA SOME OF TTHESE APPLIcATIONS ONEL_
DoES NoT NEED GRH BUT OANLY A DENS(TY
DyPoTHES(S To PROVE <HARP BounDS
« THE SIGNATURE FoR SUCH APPLICATIONS Is (F
Iy THE USE oF GRE ONE cAv Aliow A FEw 2ERos
OFF THE Line Re(s) = 72 ,\A/QTH No oSS .

DENSITY H }'?oTHESIS‘- L(s,’x) A DIRICHLET L-FUNCTION
" — WiTH CONDYETOR

o>+ -

- " 2l-a)tE
I {'X(Mod%) : L(ﬁ‘k)ao’ﬁ: pn"ﬁ, [a’|.-sj.,p>,cr} (<§ T,

| “TOTAL NUMBER

) 1 oF 2€Ros /N BOX

l

P
Tis  DENSITY HY POTHESIS  (mPLIES THE t+§.HA;R'

ALmosT Al PRemm-a , Alag)<cq |

. DENSITY THEOREMS For FAmiLlEs OF
|- FUNCTIONS ARE KNeWN AND SERVE As A
suBSTITUTE FOR GRH FOR CERTHN PRoRLEMS,

«THE CELEBRATED Bom Bt ERI = ViNoGRA DOV
THEOREM [S ONE SucH .



DIOPHANTINE ANALOGUES £

[

LEAST LIFT N STRONG APPROX(MATION

mz2 FxeD: —
Ed eT!V
7 Ska(Z) — 7 SLa(#e) T
N n-1
| SLa(#42)| ~
GIVEN ?G SL‘M( Z/%z) We SEEK THE SMAWEST
LIFT Sé‘ﬂi(g) N EUCUIDEAN  NoRm

( SLa(Z)C /P\ As MM'R(CFS)
CALL TS  Noknm:

£(5,9)
TuE NvMBER ©OF § €Slp(m) Witk I$ll<T
15 Known TO  BE S
n=n _
~ CT As T\ P,

So [F REDUCTION I3 RANDoM  WE ExXPecT

THAT OR \
1+ +€

T = a@ We MieuT
CoeR ALL 6F gLﬂ(z/gz).



A DENSITY [y poTHESIS (N THIS SETTING
WHick WAS ReceNTLy PrRoved (MPLIES

e AN OPTIMAL ALmosT ALt LIFTING

R 1+ 48
’g(g,f) 4&< CZ) FoR ALMoST Aw
,SéSL,,(Z/Zz)
‘ ’ﬁ(f\ ) > 2t&+¢ 3
7?) : 2 ok AL §
N8B : I s NoT  TRUE THAT
pL §'s  wave  OPTimALLy SMALE
" 1+4re
LIFTS ©of Sl2ZE *’L L THERE ARE
B¢ (BuT AARE ) Holes  (ARST Found Y

(= /%AﬂMoﬂ) . TMHE _{»H..L. @4 BOUN_,;D ARoVE

(5 NoT  SHARP (/«} coMPLETE

Awplysis  FoR m=2 IS A 5 20l%)
(LETTER),

ON OPTIMAL UNIVERSAL QUANTVM

GATES AND THE SolLoVAYy —KITAEV
THEOREM .



PURIZ @

NUMBCR THEORY N

Toe ARCw TeeTURE  ©F (Unwiksal ) ®ATE S
IN A BUANTYn, ComMIUTER !

t Ut
TBM s GATES!

Operator Gate(s) Matrix
Pauli-X (X) - 0 3]
. 0 -1
Pauli-Y (Y) i
. 1 0
Pauli-Z (Z) [0 _1]

Hadamard (H)
Phase (S, P)

=/8 (T)

Controlled Not

[=NeR-N
-
(=] oQ

P X BH B E R

(CNOT, CX)
e 1.0 0 0O
Controlled Z (CZ) [8 (l, (1) 8]
—— 00 0 -1
1 0 0 O
——
SWAP [3 0 3]
—X— 0 0 0 1
1 () 0 [+] 0 0 1) 0
Toffoli ©o ¢ 106060 98 o
(CCNOT, o o 0 0 100 0o
CCX, TOFF) 5 0 00 6 6 0 1
0 [1] 0 4] 0 0 1 [1]

o THAT THE  X,Y,2,W,ST BaEMTE BfrimaL

AONE CSZJ‘%(T GATE S iN TEEAMS OF Stk ciReth7s

BiT  GAT
To AIPROXMATE — the GENIRAL ONE Q-8 €_ \
M AKES USE ©F TrHe @Roven) RAMANUEAY  CodSECTURES



KAMANOTAN AND DEI\/StT\/ Conl TETURES 5

—

ScTrinG 1S A SeEmisimpre (oR REDUCTIVE )
GROU? DEFINED OVER (.

MORB CENERALL

G’ = G (R> | 7S KEAL PoinTs 73 AvELLc POtNTS?

Glz) 7S  INTEGRAL PYNTS .

CONGAUENCE SuBGRoLY

1=G(z) A

IE. @[7(»:)4 7= G(Z)
[7(/\1) = 22?@/7 ) b/; T (Mob N)} ‘

WE DECOMPOSE THE ReGULAR REPRESENTAT10M
o G oN

SomE N

= (&) ) ReF=$6<3),

IO IRAEDUCID LE ((ON/TARY) REPRESEATATIONS OF &

= @ m () HW | m(ﬁ)ogxu:rr

N
€ Gurr IN GENERAL
A THERE (S A
J - Tre SET ('ﬁgiocoqchrL) 'COIJTH\/L-)_O(/J PART
vnct oF ALL (RRED uNfi'AiQ‘/ E'S)ﬁ/“.’SlZM)
SeERtes ‘

REPRESENT ATtenS oF G_



G <
FoR T - PPN DEFINE P(Tr') z 2
p
THE |l-SIZ2E ©F (7S MATRIX Co EFF(CIENTS

pir) = *P/';Fz {(makw)éf(c—) R §

GeneRlc V€ Hyr

- FoR T TRWIAL (0@ L-PimEnsioraL) 73('17‘) =00 .

DEFINmeN: T Is TEMPERED IF  PT=2

e ThHE TEMPERED s ARE THE ONES THAT
(N THE DEcom POS(TION oF E(G>
( Tite SPEcTRUM OF THE ' UBItVERS AL coveR’ )
ANCHARE L

occ UR

oN ([TSELF
Anp N ThE CORRESPONDIN G PL

Fo@MmULA  oOF HARIS U —C HANDRA .

ThE  (NTERPRETATION oF The CULASSIENL

RAMANUSAN — CoNTECTUE TEAMS THAT

THE LocAL OF THE DEcotposiTioN dF

o NST/TUEI\[TJ

2

L‘COSP (. G’L’L(@\)\GLL (A) ))
A RE  TEMPERED |
(S TDUE To 3SATAKE.




| 7
¢ THE NAIWWE EXTENJON THAT THE z—‘
NoN T RIVIAL REPAESENTATIONS /N THE DicomPos TioN

oF LX(plG) MusT 8E TEMPERED , Is FALSE
IN ANY GENERALITY.

( SA70 —KVRO IKAWA Howg —PIAT E’—SKISHA'?/RO USen G
TheTA  CORRESPoN DENCES BULEER™ LT -5 “RAMANUSAN DUALS )

- BASED ON HIS FRACE FoRMULA ARTHUR
Has FORMULATED GENERAL CoN TECTIRES
(NECESSA'RI Ly  VERY c;cpnFucAﬂ;D)W[ﬂc(—r GlVE
RESTRICTIONS OAl  W(HCH roN-TEMPERED

(
Ts CAN  OCCR IN JUCH DECOMPOSITIONS .

W PRINCIPLE His CoNTECTURES /7’/45@/22/\45
REDUCE Twe TRoBLEM TO THE CASE OF GL,

. EoR Gln (TSECE (T (5 VERy LIKELY
THAT s,om/AK' FoR MU LA TION  FOR

% oer (GL(@INGL ()

IS VALWD C | ANCLANDS co:\{:rEc,TURF?—>



19

DENS(TY CON TECTURE [XUE < 5 )
— )

R
P
Fix 2= G—m.t CONPAC:T}F&Q 2T =00

2
F"'E

: yAa -
fﬁFZTGL(ﬁ\G‘) : 'P(w’) =, 'n"ij <2< Vo{(Flc-)

CorMMENTS:

Tus EXPoNENT
THE TWO KNOWN EXTREMES oF =00 S =2Z .

L 1EARY () TER POLATES /N 4 BETWEEN

e THE DENSTY (S coNTEC TURED TTO Hol ) N
GENELAL AND TFOR  OTHER CEAMILIES
OF AUTo MORPHIC Fok MS <SH(N’7’EMP(JER~S )

. /N ALL CASES ONE cAnl  PROVE-

A FuULL GAP AT THeE TOP ;
0o = O (B )e ExfLLET

s O (excEPT
FoR T >G,

ThueRE IS A
SUCH THAT HE L#S. ABOVE
ToR THE TRIVIAL KE?KEjENTP;T(ON)

ER-S,CLoZEL
E xfoneNT
==t . 7

DOUND.
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THe DENSITY CONJECTURE  Y(gLDS  OPTIMAL

EQUIDISTRIBUTION ON  SMALL SETS N

VARIOU S CONTEX TS

(@)  THE SL%(Z) LFTIN G PROBLEM.

UDB OPTIMALLY SHoRT CULRCUITS FOR

/quvl/’HNZZTchLL‘/ DEE(NED UN W ZRSA L
QUANTIM GATES ( PARTANCHZVSK] =
—o2 PU(Z) 5 EVRA  PU(W) )

() opTIMmaL S-ARITHMETIC DloPHAKTINE.
APPRONMATION Foh ALmMOST ALL PonTs

( NeVoO — GoRoDN | K — GHOSH / TANA—
KAMBER
OLGBEV [KAMER )

(d) via MATSUSHIMA's FoRmULA ALMoST
SHARP UPPER BOUND TFoR DimENSIONS OF
Tpe, Cowo MOLOGIES OF MG/



[ oW HoAP ( xUE~S)

SET (P A COUATIE PROBLEM  FOR
TH#e ELEMENTS OF [7(w) WHicH o BE
EXPAESSED N TERMS ©F HE  SpEcTRA WiTh FosTvE
WELGHTS WHICH M  BxPonENT b o N TeMPERED
REPRESENTATIONS Ay FOR WHCH SEART UPPER
Bounds A RE DEDULCED ELFMBNTRARILY , Jyccgels

oA Olg i ‘S
o 2 Gd-be =1 \ail e\, el =T
azd=1(p) , bec=ol) 4
| | YA
— ael ";;2(?1) [ sAy p (s PAME)
H# = f?g A5 stARp |

( - ‘
w THS MmETRed EXTENDS s T GROUES [
i THE FRe0E o &

AND /5 A KEf JNGREDIENT S
ExPANSICR FOR  THESE |

e ONE CAN AiSec USE THE RACE TORAQLA
(wuxeey FeR  Sk(H ) A WAS USED A

ERACZYK— HARCeS ~ mMAGH ™ HE Lcelic
PNiFoRMLY  FOR  CONGRVEICE [ ArTices (iReduesy)
OF ARTHRETIC LATTICE 3 /N

Gl = SLE'x 5L(eY, mios]




HigH ROAD i

THERE ARE  CELEBRATED CASES OF
RAMANUTAN KNOWN FoR Glo A ofeciA TT's

(4 ) @LQ/ R A T Dischee. SBRIES( | (o LOMORPiHC
FoRils 5 DELIGNE)

\G’Lﬂ 46"@ T STECtAL CoHemMe oL AL (}/?L.S’
HARRIS =TAYLOR 'y SHIN

NB: N ALL CASES ONE REDUCES AND /
= Tie WEIL CoNTECTURES FROED by pg(,(@\{g

ExcEpT FOR THE. RBCENT (2023) PAER BY
ArLeN, CREECARL CARAIANT GEE HELK, £ iy NEwTon | 5L

scuol 2E, TATLOR, THORNE
WHERE TpE PROE FoLLOWS [ ANCLANDS & Pﬁéﬁéﬁ(f“f%/

. ARTHUR'S CONTECTUAES Cive AN EXPUCIT
(l VERY Com PLICATED ) bﬁsc@mﬂ/@w OF THE

DiscAETE IPeCcTRUM OF [7 N TERMS O

The  FULL IPecTRA  OF GLa.
MOREOVER ARTHUR's  ConTECT URES

Ape  ESSENTIALLy TRovEN FOR

S A ciLAssS(€AL GROUP.
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<o IN CASES TWAT Txe FAMILY "ji_

OF T's THAT ENTER (N THE DENSITY
\c
coNTEcTURE ARE  ONES FoR p RAMANUVTAN

on GLl, s KNOWN ONE CAN APPROACH
Tue DENSITY PROBLENM

v ONE MEEDSC ToO ESTIMATE THE
NUMBER OF NON- TEM PERED oecORENCES

IN TERMS O©F How NON-TEM RERED THEY
ARe AND TO SHOw THAT THE Ex PONENTS
L BELOw THE LINEAR INTERPoLATION .

. his HAS BEEN CARR(ED OUT IN A
NUMRER OF CASES - /N SOME THE ExPONENTS

ARE WELL BELOW [N OTHERS BARELY So. N ALL
THESE CASES THE DENSITY coNTECTWRE 1S PROVEN,

RACOWSK [ ((U()) ) MARSHALL (UGEY),

N OTHING

2vRa UN) ¢ compAelT  GR)Limenn)

)
DiScRETE SERES SHiN) — TEMPLLER

U(p,sq)  cComormolosicdL AT weniTY
DALAL o/ GERBELLI -GAU THIER



FSJON

’ EVRA — GeR BeLT “AVTHER - GUSTAF
DENSITY ok Sols)

C. OHOME LoGICAL

g MOCT( — QUSIT Qol e GATES

DALAL- BV AL~ F AR 2 C BV SEX

+ OPTIMAL NAVI GATION

( THE DEA?Q(‘T}/ /5 USEBD
S BEFORE  TTO EAIURE T

BasTENCE  OF OPTimA Ly SHORT

¢ ReUITS T0  ALmpST  ALL
Ui TARLE S % ’) And (ERE
UN U KE DPOY RAMANITAN

ITSELE  FAILS )



ROAD 13

MIDDLE
(AND AlLL s )

THE CHSE OF Gl
IS CENTRAL (AGAIN BECAUSE ©OF EUNCTORIALITY)

Ebév(f"/f‘fﬂy LowW RoAd 1S STUCK!

¢ WHILE THE
THE ARTHUR—SE LBERG

ONE CAN TRy USE
TAA'CE FORIMU(,J"( D(KECT(__Y To Es7iMATE— THE.

NoN TEMPERED SpgcTRUM . ThE QEOMETRIC S (DE
INVOLVES OREITAL [NTESRALS wecy carl BE

ExPRESSED N TERMS OF CLAS 2 OB ERS AND
REGULATERS ©OF oRDERS (N DEGREE T A UMBER.
CELDS  EFFORTS To EsSTIMATE TUESE- SUFCINTY
We L SO As To PrRoVE. The  DENSUTY RoUADS
UAVE sSe FAR EALED.

P / /\
. TwelkEe (s A  FRENPLIER SPeeTRAL.

FoRmMULA WHICH 5 A GENERAL | zATION OF

Tue PETERSSON - KUZNgE TS0V FRMULA  FoR

Gly THAT HAS ADVANTAGES .

c N Gl T wAS BEXPOTEP By IwiEC

6 Q/E EVeEN STRONGER DENGITY THEREMS HAN
TuE GENGRAL conT.
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RS T  (NTRODUCED ok Gln ,m>3
RIEDBERG ~GOLDFELD .

@

TT WAS
BY gump — F

The AD\/A'UI/AGE s TH&T c LASS NUMBERS
NRE REPLACED By

R LOOSTERMAN —SOUMS

(GE—NEOL/%LI%AfﬂO/\B 1o FdiTE FLELPS QF RESSEL

FUNcﬂONS) Aip  WHATAKER FUNCTIONS
FACTOA! oaTIoNS  OF

THE S,/QU(,’)’(/IQE AHD ik
/\5572»44’77(9/‘/ 1

K LoOSTERMAN |5 dett AdD
[s MUCH g T7ER  (JNDERSTH oD THAN CLASS NoABES

. WHAT 15 A CHALLENGE W THis FORMO

s THE AnNALYSIS OF TEST
Al FLEX IBLE EnNoUGH (AND POSFTL\/(‘I"/>

FUNCTLIONS Wit

T2 (SeLATE  The  Now - TEMPRRED

SPECTRUM  AND  GIWVE SHARP BOUNDS.

THs “TooK TIME AND (S AR D
BARNED BUT TRERE HAVE BEEN A

SERIES 5@ﬁkﬁﬂDU6/f?S ,Qécg,\/-?/by:



S

[3
« TRe  DEN3(Ty CoaJIECT URE. DR  THE
L USPIPAL  SPECTRVM  FER Sy y MZ3

FOR [/[@ (1) “lecke ngng ?;f : Ej
MO (@f

N X
LEX

o

_8 LoMER (;Q@[i) I STRowegR TFOoRHM
(e BeTTEA upn ISEAR  (HTERPO LATEON
g EXPONENT )

USES KUZWETEOV FORMULA  + BVNDS
[ PER KLOOSTEAMAN QUAS ,

gLomeR +AssinG (0a8)  Fok TI(B)
cyes. SuBerep ¢ 54 ~CREE

“Thg. PRINCIPAL Co #s AU
THE K L0OSTERMAL

g TV CTURE OF

USpsg, THE
syms Aud  HETKER oerien s AuD GROVT
Wmilj;

grr SHOW THAT

Twg- DENSITY CONTECTURE ,
ARevg =pfl PENS Ty <ot Ok f?/@)

T THE ALMOST Alr LOSAL
ol SlalZ) — SM(Z%@?Z),,

Cé Sa. ﬁ’iff_i

o WiTH
OPTIMAL LIFTING



\)ir  THESE  ADUANCES
DENS (Ty ~ CONTECTURE or. G L, LIWe
THE.  KUZNETO % ( Re LATIVE. “RACE FORHULA)

TugRe s A PAW TO EsSTAR L[IHA &
S RES — AT (EAST

THE

Ty  DENSITY COoATEe
FoR CLASScAL GROUPSY

USiNg THE MGH ROAD ARTEK
(PLOS THe REGU(SITE WEyL AW Ty
COUNTING @F Si2ES OF FAMILIES ) PRINGS
ONE TO The CENTRAL Case OF Gy,

WE Row (UTE STROV -
2oUKDS  TOWARPS THE  EVLL
R AMANUTAN COMTECTURES &ty
FoR (FL, eon T cuspidAl  PART:



AT
;”;XPU'”"W
Foih Gla
. L_U@—»RUND(CK -3
“F(T\“\ <Gy 5 BooND TOWARDS
RAMANUTAN.
Eor  M=2  STRONGER Bounps AR
KNowN
KIM=S R LOMER —BRVMLEY
FoR M=3  CT#E  RECENT ADUANCE T

WEE TEQK GAN ESTABUSHNG  THE  AD LIFT

caoM Gls To Glp WAs A wew Bowd FR Os
As A coRolLLARY (



