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ABSTRACT. With every Lie semi-group, I, possessing certain regularity properties, there
is associated a Lie algebra, A; and with every strongly continuous representation of I in a
Banach space there is associated a representation A(a) of A. Certain theorems regarding
this representation are established.

The above theorems are valid for a representation of a Lie group also. In this case, it is
shown that it is possible to extend the representation to elliptic elements of the universal
enveloping algebra. It is also shown that the representatives of the strongly elliptic elements of
the universal enveloping algebra are the infinitesimal generators of holomorphic semi-groups.
Integral representations of these semi-groups are given.

Introduction

The study of Lie semi-groups and their representations was initiated by E. Hille in [6].
For a survey of the basic problems and results the reader is referred to that paper and to
Chapter XXV of [7]. This thesis is a continuation of work begun there; we summarize briefly
the results it contains.

In Chapter I, the “Dense Graph Theorems” suggested in [6] are proved and it is shown
that linear combinations of the infinitesimal generators form, in the precise sense of Theorems
4 and 6, a representation of a Lie algebra canonically associated with the semi-group.

In Chapter II the study of the infinitesimal generators is continued. For the work of
this chapter it is necessary to assume that the semi-group is a full Lie group. It is shown
(Theorem 7) that the representation of the Lie algebra can be extended, in a natural manner,
to a representation of the elliptic elements of the universal enveloping algebra. Then the
spectral properties of operators corresponding to strongly elliptic elements are discussed; in
particular it is shown (Theorem 8) that they are the infinitesimal generators of semi-groups
holomorphic in a sector of the complex plane. Canonical representations of these semi-groups
as integrals are given in Theorem 9.

The reader interested in other work to which that of Chapter II is related is referred to
[9), 13, 19], and a forthcoming paper by E. Nelson ([20] added in revision).

Acknowledgement. The author wishes to thank C. T. Ionescu Tulcea for his advice
and encouragement during the preparation of this dissertation.



Chapter I

1. Lie semi-groups have been defined in [6] and [7]. We shall be concerned with semi-
groups, 1I, whose underlying topological space is E: = {(xl, cey T) | x; =20, 1=1,... ,n},
a subset of real Euclidean n-space. We denote the semi-group operation by either F(p,q) or
p o q. The following conditions, numbered as in [7], are supposed satisfied.

P;. F(a,0) = F(0,a)
Ps. F(a,F(b,c)) = F(F(a,b),c)
P5. There exists a fixed positive constant B such that for all points aq, as and b in II

max{\F(al, b) — Flas,b)|, |F(b,a1) — F(b, aQ)]} < (14 BJb|)|as — as]

Y

Ps. There exists a positive, monotone increasing continuous function w(t),0 < ¢t < oo,
tending to zero with ¢ such that

|F(a,b) —a—b| <rw(s), r=min{lal,[b]}, s =|a| + [b]

Py1. At every point of EI X EZ the n coordinates of F(p,q) have continuous partial
derivatives with respect to the coordinates of p and ¢ up to and including the third
order.

Then, by Theorem 25.3.1 of [7], there is a continuous function f(a) from II into IT such
that f((p+ o)a) = f(pa) o f(oa) for a € 11, p, o > 0.

Let T'(p) be a representation of IT in a Banach space X, which is strongly continuous in a
neighborhood of the origin, then for a € I, p > 0, p — T(f(pa)) is a strongly continuous
one-parameter semi-group. Denote its infinitesimal generator by A(a). In this chapter we
investigate the relations among the A(a) and their adjoints A*(a). For the purposes of
Chapter II, we remark that similar theorems are valid for a representation of a Lie group.

We first construct a common domain for the operators, A(a), a € I, which is large enough

for our purposes. We use the following notation: %(p, q) = Ff(p, q); %1;“]’_“ (p,q) = Fi(p, q);

% = Ffi(p,q); F;(0,0) — Ff,(0,0) = 7. Observe that F(p,q) may be extended to a
twice continuously differentiable function defined on F,, x Enﬂ Denote some fixed extension
by F(p,q). Since F}(0,0) = F%(0,0) = 65 (the Kronecker delta), there are open spheres
Ni, Ny C N about the origin and three times continuously differentiable functions ¥ (q, h)
and x(g, k) defined on N; x N; such that ¢(0,0) = x(0,0) = 0, F(h,¢(q,h)) = ¢, and
F(X(q, h), h) = q. Moreover if F(h,p) = q [F(p, h) = q] with p,h € Ny, then ¢ € Ny and
W(g,h) =p [X(q, h) = p}. We may also suppose that all derivatives of ¥(q, h) and x(q, h)
up to the third order are bounded in Ny, that T'(p) is strongly continuous in Ny NII, and

that det (F;g(p, 0)) > 1/2 and det (Fj;:(p, 0)) >1/2 for pin Ni. If N C N, is an open sphere

1Cf. the construction on page 12 of [12].
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about the origin, set

E(N) = {yzan(Q)T(q)wdq

Here Cy(N N1I) consists of twice continuously differentiable functions which are zero outside
of N NII. We refer the reader to [7] for a proof that E(N) is dense in X.

xGXJﬂ@EC%NﬁH%.

Proposition 1. Let N3 be an open sphere about the origin with F/(N3, N3) C No. Ify € E(N3)
then T(p)y is a twice continuously differentiable function of p in N3 NII.

Proof. We understand that some derivatives at the boundary will be one-sided. If y € E(N3)
and e; = ((5}, ..., 07) we have, recalling that K(q) is zero outside of N3 NI,

lim s~ (Z'(p + se;)y — T(p)y)

= lims™* K(q) (T((p—i—sej) oq) —T(poq))a:dq
s—0 NIl
r=p+se;
o P>
= lim s K (1(g,7)) det —(q,T) T(q)xdq
50 NoAII oq’
r=p

k

_ 0 o '
— /NQQH 8_pf K(%U(C],p)) det (T%(q,p)) T(q)x dg + lim G(q,p, s)dq

s—0 NoII

k

since G(q, p, s) converges boundedly to 0 with s. The final integral is a continuous function
of p. In a similar manner we show that it is once continuously differentiable.

We remark the following formulae, valid for y € E(N3), p € N3 N 1I:

(i)
lim st (T(f(sa)) — I) T(p)y = lims™* (T(f(sa) op)y - T(F)?J)

s—0 s—0

n

~ting| 57 (P (1(s0) o) = ) s Ty + 57075 o ]

j=1
which equals

n

(11) )OI DIFCNTT Lo

j=1 =1

So T'(p)y € D(A(a)), and A(a)T(p)y is given by (L.I).
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(ii) We observe that T'(p)A(a)y = lim,_,os~* (T(p o f(sa))y — T(p)y), which equals

(1.2) Z ZFJ p,0 a%T(p)y

(iii) Setting (ij(p, 0)>_1 = <7i(p)), we have
(1.3 oy, T = AT Ay

(iv) Setting D7, F/(0,p)v¥(p) = B (p), we have

A(a)Ab)T (p)y = Z > B (Z F},.(0,p)a )aiT( )Alex)y.

() Ala+b)y = A(a)y + A(b)y
(8) Alei)Alej)y — Alej) Ales)y = Z%J

For a proof of the latter relation, see [7], page 758.

2. The first theorem is known as a “Dense Graph Theorem” and has been suggested by
E. Hille in [6] and [7].

Theorem 1. Let {ay,...,a,} CII. If Gy is the closure in the product topology on X X ---x X
(p+ 1 factors) of

{(x,A(al)x, .., Alay)z) ‘ T € E(N3)}

and

G =1 (z,Ala))z, ..., Alay)z) |z € ﬂ D(A :

then G = Gy.

Proof. Observe that G O G since an infinitesimal generator is a closed operator. We show
that Go O G. Let {b,41,...,b,} be a maximal linearly independent subset of {ay,...,a,}; it
is sufficient to prove the theorem for the former set. Let {b;,...,b,} C II be a basis for E,.
Ift = (t',...,t") € 0, set p(t) = f(t'by) o--- o f(t"b,). Then p(t) is a twice continuously
differentiable map of II into Il and may be extended to a twice continuously differentiable
map of F, into E,. Denote some fixed extension by p(t). The above process is analogous to
the introduction of canonical coordinates of the second kind on a Lie group.

Since %’; (0) = ¥, p(t) has a twice continuously differentiable inverse defined in a sphere

N, about the origin. We may suppose that F'(Ny, N;) C N3 and that all derivatives of the
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inverse function up to the second order are bounded in N,. If y € E(N,) and p € N, N1I,
then T'(p)y € E(N3). For y € E(Ny), set

uly,s) = | S(t)ydt
R(s)
where s = (s',...,s"), S(t) = T'(p(t)), R(s) is the rectangle with sides [0, s’¢;], and R(s) is
contained in the image of N, under the inverse map. By -

Abuty ) = [ AGoswi= [ )Z@( oSty di

where (i(t) = Y7 F2.(0, p(t)) b g—t] is once continuously differentiable. Integrate by

7,m=1
parts to obtain
?’ FORN aCk
dt' — S(t)ydt.
o [ X G

(1.4) Z / )

Since the integral of a functlon with values lymg in a closed subspace of a Banach space
is contained in that subspace,

(1.5) (u(y, s), Alby1)u(y,s), ..., A(by)u(y,s)) € Go.
Since (|1.4)) is a continuous function of y and F(N,) is dense in X, for any y € X, u(y, s) €

ﬂ;.lzl D A(bj)) and ([1.4)) and (|1.5)) hold. To complete the proof it is sufficient to show
(1.6) lim 0 ™"u(y, s(0)) =y
(17) leli)r(l) A(bk)afnu(y, S(O’)) = A(bk)y

for k>r+1,y €M1 D(A(b)), and s(o) = (o,...,0). The relation (L.6) is clear; to
prove ([1.7) we expand (}.(¢) in a Taylor’s series and consider

. o)
lim 0" / G (1S (b)y
o0 R(31(0))

T
= lim ¢ " / §iot (S(?Z, o)y — S(t, 0)y> dt’
R(5")

(t%,0)
o—0

+ o / i ©(0)S (2, 0)y di’

S

ag ANy AN A
—n+1 —1,45 Y5k . i _ i i
+o /R@_) > o't 50 (0) (S(t o)y —S(t ,0)y> dt

G
ot

= 0y A(be)y + =22(0)y

provided
(1.8) lim o~ (sak, o)y — S(t, 0)y> — A(by)y.

o—0
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But the left side is Hk ! T(f(t’b;)) applied to

U_1<T(f(0bk))y - y) + (T(f(abk)) - I)

n

< | > H T(f("b, J_I(T(f(tibi))—y)

i=k+1 \ m=k+1

and ( . follows if we recall that t’ a and that y € D(A(b;)) for i > k > r + 1. Summing
over ¢ and taking the last term of (| into account we obtain ([1.7]).

The following theorem is not of so much interest as the one just proved but we want to
use it to establish the analogue of a theorem of [7]. We merely sketch the proof.

Theorem 2. If Fyy is the closure in the product topology of
{(s Aler)y, ... Alen)y Ale)Ales)y) | y € B(N)}

and if
F=q (y, Alen)y, ..., Alen)y, Ale) Alej)y) | y € ﬂ D(A D(A(e)Ale;)) ¢
then F' = Fy.

Proof. The set F'is closed and thus F' O Fy. We show F, O F. Taking by, = e, we use the
notation of the proof of Theorem 1. For y € E(Ny),

Ac) At = [ AeoAe)soir= [ 37 o (50 A

where 6% (t) = >0, 85 (p(t)) F7 (0, p(t)) %g: is once continuously differentiable. Integrating
by parts, we obtain the following relation

(1.9) Alei)A(ej)uly, s) =

Y I SLACECRICN

Theorem 1 implies that (L.9) holds for y € (;_, D(A(ex)). The proof is now completed as
above.

Fm,s™) n k
T g / S Do) 51) Ader )y it
R(s)

tm .0
( ) k,m=1

3. We now consider the adjoints of the infinitesimal generators and prove the corresponding
dense graph theorem. If y* € X*, the dual space of X, we denote the value of y* at y € X
by (y,y*). If N C Ny, set

E(N) = {y* € X*

) = [ K@T ) dq}

with z* € X*, K(q) € C?*(N NTI), and for all y € X. The set E*(N) is dense in X* in the
weak-* topology.
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Proposition 2. If y* € E*(N3) then T*(p)y* is twice continuously differentiable in the
weak-x topology, for p in N3 NII.

Proof. We merely sketch the calculations since the proof is essentially the same as that of
Proposition 1.

lim 5™ /H(y K(q)(T*(p + sej) — T* (p))T*(Q)I*> dq
=lims™! /H(y, K(q) (T* (go (p+ sej)z* — T*(q)x*))) dq

s—0

k

N /szn Y (‘%ﬂ K (x(q,p)) det <86XZ (g, P)) T*(q)x* dg.

look at again The last integral is again a continuously differentiable function of p.

We remark the following:
(i) If y* € E*(N3) and p € N3 N1I then

(1.10) ygg)S‘1<y,<T*(f( ))—I>T*( ) Z(ZF] p,0 )a%j(y,T*(p)y*)-

This implies that T*(p)y* € D(A*(a)) and that (y, A*(a)T*(p)y*) is given by the

right side of (1.10)).

(ii) As in the remarks following Proposition 1 we may show, for y* € E*(N3),
(@) Aa+b)y" = A¥(a)y™ + A™(b)y*

(&) A™(e:) A" (e;)y" — A%(e;) A" (ei)y Zv’“ A(er)y

Theorem 3. Let {ay,...,a,} C II. If Hy is the closure (in the product of the weak-x
topologies) of { (y*, A*(a)y", . .., A*(ay)y") ‘ y* e E*(Ng)} and

p
H= (y" A (a)y", ..., A%a,)y") | y" € m D(A*(a;)) ¢,
j=1
then H = H,.
Proof. First H O H, since A*(a) is closed in the weak-* topology. We show Hy O H. Let
{b1,...,b,} be a maximal linearly independent subset of {ay,...,a,}; it is sufficient to prove

the theorem for the former set. Let {b1,...,b,} be a basis for F,. Again we use the notation
of the proof of Theorem 1. If y* € E*(N4) define u(y*, s) by

(y,uly*,s)) = /R( )(y,S*(t)y*) dt
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with S*(t) =T* (p(t)) As above
(L11) (5, A° (July”

G
= Z / )(y, 5" (")
with & () = 320 Fm( (t),0) bl 88;1 As above u(y*, s) € (N, D(A*(by)) for all y* € X*
and A*(bg)y* is given by (L.11]). Moreover,
(u(y*, $)A* (by)u(y*, s), ..., A% (b )u(y", 8)) € H,.
The proof may be completed as before if we show that

(1.12) lim o1 (y, (5 0) = 57", 0)>y*) = (4, A"(b)y")

for1<k<r, ¢/ <o,and y* €, D(A*(bi)). But the expression on the left equals

H T(f5) )y, o (T (f(obi) ~ 1)y’

j=k+1

ol
[ \_/

+

=1

H T(f("bn) (T(fob1) = 1) H T(f(b))y.0 1(T*(f(tibi)>—l)y* :

m=i+1 Jj=k+1

and ([1.12) follows since, see [11], 0! (T* (f(t'b;) — I ) y* is uniformly bounded and

o ! <T* (f(oby)) — ]) y*
converges in the weak-* topology to A*(by)y*
4. Ifa = (a',...,a") € B, then A(a) = >77_, a’ A(e;)y is defined for y € E(N3). By the
remarks after Proposition 2, E*(N3) is contained in the domain of its adjoint so that A(a)

has a least closed extension which we again denote by A(a). By Theorem 1, this notation is
consistent with that used previously for a in II.

Lemma 1. The operator A*(a), the adjoint of A(a), is the weak-x closure of 3" a’ A*(e;)
with domain E*(N3).
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Proof. Suppose (y,z}) = (A(a)y, z}) for all y € E(N3). Then, using Theorem 1 and the
notation of its proof with b; = e;, for y € X

o " S(t)y, x*
/R (S(a))( (t)y, ") dt

s

n . n . (t 70—) . 8C’L
e / WSEy )| dE - / Oy, 5 | dt |
jzl Zl R(@')( ’ 2) @0) R(s) Z ot ’

Transposing and taking limits, we have

lim o~ Za]/ ( s* o) — s*<?j,0))x2)d?j = (y,z}).
Then using (1.11]), we obtain

R(s)

n

(1.13) lim oy, Y a? A*(ej)u(a3, s(0)) | = (y,27).

o—0
=1

Theorem 3 implies that u(z3, s(c)) is in the domain of the weak-* closure of >y al A (ej)
and (1.13) then shows that 7 is also.

By Theorem 25.8.1 of [7] the %j, as defined in Paragraph 1, may be used as the structural
constants of a Lie algebra A over F,,. Denoting the Lie product, in this algebra, of a and b
by [a,b], we have [a,b]" = 37" _ 5 a’b/. We can now prove the following theorem.

Theorem 4.

L. The function a — A(a) defined on A has the properties
(¢) If x € D(A(a)) N D(A(b)) then x € D(A(sa +tb)) and

A(sa +th)xr = sA(a)x + tA(B)z.
(i) If = € D(A(a)A(b)) N D(A(b)A(a)) then x € D(A([a,b])) and
A([a, b))z = A(a)A(b)z — A(b)A(a)z.

(b
(
II. The function a — A*(a) has the properties
(¢) If 2* € D(A*(a)) N D(A*(b)) then z* € D(A*([sa+tb])> and
(I

A*([sa + th])z* = sA*(a)z* + tA*(b)z*
(i) If z* € D(A*(a)A* (b)) N D(A*(b)A*(a)) then z* € D<A*([a,b])> and
A*([a,b])a* = A*(b)A*(a)z* — A*(a)A*(b)z*

Proof. If z € D(A(a)) N D(A(b)) there is a sequence {z,} C E(N3) such that z, —
z, A(a)z, — A(a)z and A(b)z, — A(b)z; but then, using formula () on page [3, A(sa +
th)x, = sA(a)z, + tA(b)z, — sA(a)r + tA(b)z. Since A(sa + tb) is a closed operator,
z € D(A(sa+ th)) and A(sa + tb)x = sA(a)z + tA(b)x.
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If 2 € D(A(a)A(b)) N D(A(b)A(a)), then for z € E*(N3)
(A(a)A(b)z — A(b)A(a)z,2*) = (z, A*(b)A*(a)z* — A*(a)A*(b)z").
So, using formula (') on page [6]
(1.14) (A(a)A(b)x — A(b)A(a)z, z*) = <.CE, A*([a, b])a:*)

The lemma implies that (|1.14) holds for z* € D(A*([a, b])> In other words, the vector
u = (A(a)A(b)z — A(b)A(a)z,x) in X & X is annihilated by the annihilator of the subspace

U= {(A([a, b])y,y> ‘ y € D(A([a,b])) } SoueU,orzxe€ D(A([a, b])) and A([a, b))z =

A(a)A(b)x — A(b)A(a)z. The remainder of the theorem is proved in a similar manner.

Recalling that if a sequence of once continuously differentiable functions and the sequences
of first order derivatives converge uniformly on some domain then the limit function is once
continuously differentiable and its partial derivatives are the limits of the sequences of partial
derivatives, we have, using and Theorem 1, the following result.

Theorem 5. If y € ﬂ?le(A(ej)) then T'(p)y is once continuously differentiable in a

neighborhood in 11, of the origin and (1.3) holds. Consequently, T'(p)y € D(A(a)) fora € E,
and p in this neighborhood and (1.1)) and (1.2) hold for a € 1.

The following theorem, analogous to Theorem 10.9.4 of [7], is an immediate consequence
of Theorem 2.

Theorem 6. Ify € (,_, D(A(exr)) N D(A(e;)A(e;)) then y € D(A(e;)Ale;)).

The only properties of E(N3) used in the proof of Theorem 1 were that T'(p) E(N;) C E(N3)
for p in a neighborhood of the origin, that F(N,) was dense in X, and that equation ([1.1])
was valid. Thus, using Theorem 5, we could repeat the proof of Theorem 1 to obtain

Theorem 1'. Let F C E C X be two dense subspaces of X contained in (,.q D(A(a)) and
let T(p)F C E for p in a neighborhood of the origin, then Theorem 1 is valid with E(N3)
replaced by E.

In the next chapter we shall consider strongly continuous representations of Lie groups
only. The group will be denoted by G and its Lie algebra by A. A little care is necessary
in the definition of A in order that the formulae above remain valid. We take A to be an
algebra isomorphic to the algebra of left-invariant infinitesimal transformations with the
multiplication XY — Y X (cf. [2]). Then if e(a) denotes the exponential map of A into
G, and the representation is T'(p), A(a) is the infinitesimal generator of the one parameter
group T'(e(ta)). With a we associate the following left- and right-invariant infinitesimal
transformations

Lof(p) = lim ™! (f(pe(ta) - (7))
Raf(p) = lim ™! (£ (e(~ta) p) = £(p)):
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These mappings are isomorphisms of the Lie algebras involved. Formulae (1.1]) and ((1.2)

may now be written very simply.
(1.1) Ala)T(p)y = —R.T(p)y;
(1.2)) T(p)Ala)y = LT (p)y.
The adjoint representation p — doy, of G is defined in [2]. With respect to a fixed basis

{ei,...,en} of Alet the matrix of the representation be (aj- (p)) so that dao, (Zyzl ajej) =

S (Z?zl ol (p)a? >ei. We state formally the following simple lemma.
Lemma 2. Ifz € D(A(a)), then T(p)z € D(A(dap(a))> and
(1.15) A(day(a))T(p)z = T(p)A(a)x.

Proof. Note that € D(A(a)) if and only if

1:1% t1 (T(e(ta))x - :L‘) = Ala)z
exists, or
%i_r}ré t 1T (p) (T(e(ta))x — x) =T(p)A(a)x
exists, or
lim ¢~ 7(p) (T (e(ta) — 1) T(p )T (p)e = limt T (e(tday,(a)) ) T(p)z — T(p)a
= A(dey(a))T(p)x

exists. This proves the lemma.

We may write (1.15)) as A(day(a))z = T(p)A(a)T(p~")z. Formula is implicit in
formulae (L.1)), (1.2)), and (L.3).

Using the basis of A previously introduced we set A; = A(e;). If {X;},i=1,...,n,isa
set of n indeterminates and o = («, ..., ay,), is an m-tuple of integers 1 < oy < n, we write
Xo = Xy X, -+ Xo,,- The absolute value || of « is equal to m. This notation is slightly
unorthodox but it is necessary to allow for the fact that the A;’s do not commute. We shall
be interested in forms 7, ,, aaAq in the set {A;}.

Let E be the set of vectors y in X which can be written in the form

y= /G K(p)T(p)ep(dp)

with g a left-invariant Haar measure, = in X, and K(p) an infinitely differentiable function
with compact support in G. The set F satisfies the conditions of Theorem 1. Similarly E* is
the set of y* in X* such that for x € X

(2,°) = / K(p) (2. T* (p)a) u(dp).

With any form Z\a|<m a, X, we may associate the operator By, with domain E, de-
fined by Bpx = Zlal <m @aAar and the operator Bj, with domain E*, defined by Bjz*
= D jalem QoA r™ I a = (a1, ..., qyq)) then o = (aa), ..., a1).
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The following simple proposition is of some interest. A special case has been considered
in [17].

Proposition 3. If, for x in E, ByT (p)x = T(p)Box, then the adjoint of By is the weak-x
closure of Bj.

Proof. Suppose that for all x in E
(BO‘Ta lL‘T) = (iL’,l‘;)

Then, for z in F,

(/GK(p)T(p)x,xZ)u(dp) = </G K(p)BoT(p)W(dP%fCT)
= (/GK(p)T(p)Bow(deT)-

We may write this as

(o [ KT Giiutin)) = (.55 [ KOITG)aintan)).

The integrals in the final formula are taken in the weak-* topology. We now let K(p) ap-
proach the d-function and obtain [, K(p)T™*(p)x;p(dp) — x} and Bf [, K(p)T*(p)x;p(dp) =
Jo K(p)T*(p)x5pu(dp) — x5 in the weak-+ topology.






Chapter II

1. Before proving the principal theorems of this chapter we must establish some estimates
for the fundamental solutions of strongly elliptic differential equations and a differentiability
property of weak solutions of elliptic equations. The estimates are deduced from familiar
ones for the fundamental solutions of parabolic equations (cf. [3} 15, [18]). Since we are
unable to refer the reader to complete proofs of the latter estimates we establish them below.
Although the required property of weak solutions of elliptic equations is known (cf. [I]) we
have included a proof.

2. A differential operator, Zla\ <m(—i)"’“‘aaaam—aa, with constant coefficients, is called strongly
elliptic if for any real n-vector &, Re <Z|a|:m aa§a> > pl&|™, with a fixed p > 0. A fundamental
solution for the operator ngm(—i)‘a'aaaax—aa + A is

G(x, \) ~ (Qi)n /E n ¢ (z|a|<maaga n )\>_1d§.

It
1

(2m)n /En e exp (_t Z\a|<maa§a) dg§

gla,t) =
then -
G(w,/\):/ e Mg(x,t) dt.

0

This is a basic observation since it allows us to obtain estimates for G(x, \) from those for
g(z,t).

We shall be interested in the case that a, = a(y), |@| < m, depends on a parameter, y,
varying in a region, U, of n-dimensional real space. We shall suppose that a,(y), |o| < m, is
m times continuously differentiable in U and that, in U,

(i) ‘aa—;aa(y) <SM; |l <m,
(i) Re{ ¥joonta(p)€ } > plel™

We want to estimate the mixed partial derivatives of g(x,y,t) and G(z,y, A) up to the
order m. We notice that, for ¢ > 0,

o o 1 18168 it o

9y 928 g(x,y,t) = 2 /. i7IE7 e exp (—tZ\aKmaaf )Mw(&t) dg
v 'Iﬁ\fﬁtlﬁ\/m ia-§ (_tz §a> M. (€, 1) d¢
= @r)rtfim f, € exp jaf<m®a &

13
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and that the integrand in the final integral (with the factor e™* removed) as a function
of the complex n-vector £ = 01 4+ 0 + i7,01,0 and 7 real, is dominated by an expression
cre~Plol™teartlotir™ gast when |y + B| < m. The constants ci, py, ay, as depend on n,m, M,
and p only. Consequently

8k

a—gk{éﬁt'ﬁ'/m exp (—t Z|a\<maa€‘“> M, (& 1) }‘

k! ¢PA™ exp <_t2|a|<maafa> M,(C, 1)
dc:- - dc,,
(27T)n /|1§1|:7' Cl /ngn:r C H(CZ o 5@)

astr™

e

_ m

< cokle®2te=r1ll t_k
r

Here and in the following all constants, unless the contrary is mentioned, depend only on
n,m, M, and p. Since r, in the above inequality, is arbitrary we choose it to be (k/t)*/™ and

obtain
ak m m t k/m
—{fﬂﬂw exXp ( t Z\algmaafa> M, (&, t)} < ¢y ek Kl et em Pl (—> .

ok k

Then

n

2k—1 2k
<n g T;

=1

o 08
By 027"

o 0°

9y 928 9 (z,y,t)

|| (2,y,1)

2k—1

e 1 o m o iz
- |G W/En;@{gﬂtlﬂ/ exp (X jajemte )M«,(ﬁ,t)}e € ge

ast

e ¢ 2k/m
< C4W(C5)2k(2k)! (ﬁ) [E e~PIIE™t qe

eagt

(06t>2k/m(2k>2k(m771)+1/26—2k'

po (Ll
2 (cgt)t/m—1

C —_—
ST (w181

If |z|/(cet)"/™ > 2, set

to obtain
g o8 ea2t B o] \ meT
- - )| < g P2< l/m)
If |z < 2(ct)*/™, then
o 0P et
— gz, y,t)| <K cg————.
oy 927 99> 1) O (n181) m
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Now we observe that

Re{ei@ <Z\a|=m@a(y)€a> } > (pcosp — ksingp)E|™.

So there exist ¢; and ¢y with —7/2 < ¢ < 0 < ¢o < 7/2 such that, for ¢; < ¢ < o,

Ref e (S uaa()6e) | > (/2]
Consequently we have proved

Lemma 3. Let all the above conditions be fulfilled. Then, for ¢; < argt < ¢o and |y+6| < m,
the following inequalities are valid.

(1) If [|/[t]'/™ = by, then
o 098

oy 7 ¢
(i0) If || /[t]'/™ < by, then

o o8
dy 07!

The constants by, by depend only on n,m, p, and M.

_m _

bst| ( || m—1
(& —pP3 1/m
<bhp———e It .

; at

bst|

€
) <b—

As a consequence, if |y + S| < m then

/3‘* oF
U

( ) |de<b e L4
A~ 39T —%, y7t — T < 4—/ Tnym &

_ |z—z| m—1
b ebsltl / e m(\tll/m) p
+ by x

ebsltl
< bee—
S bs t|18l/m

Let S be the sector in the complex plane defined by
S = {z ‘ Re(ze'”') < by and Re (2¢'??) < bg}.

If X is not in S we can find a ¢, ¢1 < < ¢, such that Re(Ae™?) — b3 > p(), S), the distance
from A to S.

Lemma 4. If X\ is not in S, then for |B| < m and |y + 5] <m

/87 o°
U

——G(Jf - Zay7>\)|y:x

9y 9P dv <

C
S PO Sy
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L

00 6—(Re()\e“'°)—b3)t
< bs / dt
0

t1Bl/m
C C

< < S—
(Re(Aei@) o bs)l_w‘/m p(A, S)l 181/

We must now estimate 2--22 G(z — z,y, \) pointwise for |z| < R, R > 0. Choose ¢ as above:

Proof. Choose ¢ as above; then

/87 o°

o o°
__G( Zvyv)‘ 8y78$’89( zayat)ly:

dt|d
Oy OxP .| ldt|dz

‘y:x

Ay OxP
then
9 o8 e—(Re(Aei‘P)—bg,)t
—— —— Gz —z,y,\ <b dt
('33/7 OxP (I =Y )ly:x 4/|mz|<b1t1/m t(n+|ﬁ|)/m

+b2/ R exp| —p @ — 2]\ ™ dt
ja—zlsbytt/m  ¢(nFIB)/m S\
- b4[1 + b2[2.

We estimate the two terms separately for Re(Ae?) — bz = w > dy > 0. For simplicity we
replace © — 2z by x.
(i) 0 < 01 < |2| < R. Then, changing variables ¢ — ¢ + (|z|/b;)™, one has

2 \™ —(n+18l)/m
= t dt
(bl) *

(ii) |z| < 6;. Then

et ! 1
I < / ————dt + / ————dt
S (erism (Jal/b) ™ 4(H18)/m

cJat colz|™ Bl i m —n — |8 # 0
¢1 + e |log|z| ifm—n—|g]=0.

We remark that, for || =m—1,m—n—|58] =1—n=0only if n = 1, in which case

Y AB
DI w2y

oy 0zP SO

|y:$

for |z — z|] < 6;. This is a simple fact about Fourier transforms in one variable and
we do not prove it.
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(iii) 0 < d; = |z| < R. Then, changing variables t — ¢/w, one has

i ‘Il/b " —t wlz|™ m+
I :wvH»mB_l/ (I=l/b1) e 67103( o] )( iy gt
0 ¢(n+18]) /m

o0 —t _ "-’|z|m W n
<w m ~ / (e—e p3( t ) ' dtgw%—l{JlJrJQ}
0

o0 6—t
Jo = —dt
= Jeyre

o0 —t
< —wl/m|z/ (& dt < —wl/m|x|
= 0 (l/m (om0 S
(w/m|z| +t)

by a change of variables t — t + w'/™|z|. Moreover

(wle™) ™t wlel™\ i
Ji :/ _ € m() T gy

n S B
< (W|x|m)1f(+7wlfl) /00 - 6_935(7”71)8%_2 s
(

m

wlz|™

(nt18l) [0 men) (8D o\
<c4(w|$|m)lf t" / e_”3“u( 1)( " 2)+ * du

l/m‘w|

< ey ()" 4 (wlal )" .

The first estimate follows by a change of variables t — s = w|x|™/t. Then the second
follows by setting s = u™'. The extra factor 1/2 in the exponential in the last
line is added so that the remaining part of the exponential in the integral ensures
convergence at infinity.

(iv) |z| < ;. Then

. /(|z|/b1)m exp (—P3<|x|/tl/m>”:nl) .

bs exp(—pg/tl/(m_1)>
= |x|m—n—ﬁ|/ dt < Cﬁ|x|m—n—\ﬁ|_
0 t(”+|5|)/m

The estimates are precise enough for our purposes. All we need is that G(z — z, z, \) goes
to zero uniformly as w increases provided |z — z| remains between two fixed positive constants
and that the derivatives of order m — 1 go to infinity like |z — z|'™" as |z — 2| goes to zero.

3. The differential operator, Z|a|:m aa%, with constant coefficients, is elliptic if Q(§) =
> lal=m @a§® # 0 for any real n-vector {. F. John, in [10], has constructed fundamental
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solutions for such differential operators. These are, for n, the number of variables, odd and
even respectively,

d(,Ué'

_ 1 st (e =9) 9" sen((r —y)-¢)
(2.1) Kz —y) = A(2mi)m L (m — 1) Ba /Qg Q(¢)

—1 n/g/ (2 —y)-€) " log|(z —y) - ¢
(2mi)mm! " O Q&)
where (2 is the unit sphere and A is the Laplacian. Actually John was concerned only with

the case that the coefficients are real; however, a repetition of his argument shows that ([2.1)

and (2.2)) are fundamental solutions when the coefficients are complex. In order to use these

fundamental solutions we must perform the indicated differentiations. Let L;; = :ci% — xj%;
J 2

then

(2.2) K(x—y) =

d(JJ§

1 & n—10 0?
2. A= " § L2 - =
(2.3) 2r2 by i T r  Or + or?
0 1 u T 0
(2.4) I ﬁigl(%‘xi = Oitj) Lij + == o

With a suitable skew-symmetric matrix, A;;,
i L — tAij o . _ .
Ly [ ot 95@ds=tin 7| [ g€ doc— [ oo dwg]

t—0

~tim | [ g(x-ﬁ){f(e“*”é)—f(é)}d%]

- / gz €)Li; £(€) du.

Of course, in the last integrand, = has been replaced by & in the operator L;;. Setting =
we have for n odd

z
||

(2.5) K(z) = 4(27”)”_}(7” — ) rmen /Qg(f-g)ml sgn(7 - g)% duwe.

Here P () is a polynomial in £. A similar formula is valid for n even. We may also show that,
for n odd,
o 1

gra (%) = 4(2mi)" 1 (m — 1) P /Q5 (@)™ san(T )

PEE 4
{Q(e)yH

where P(7,£) is a polynomial in = and . Again, a similar formula is valid for n even. For

T #0, D 0j=m a2z K (x) = 0. If ¢(y) is an infinitely differentiable function with compact
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support and ¢(z) = 1 in a neighborhood of 0, then (cf. page 57 of [10])
aa

1=(0) = ; K(—z) Z aa@@(l')
n |a|=m
! °
= EL% . g Z o (@K> (—2)Ta, ¢p(r)dw
z|=¢ la|=m

with a = (041, o 7Oé|a\—1); or
(2.6) 1= lim1 Z a a—aK (—x)xy,  dw

' 0 9 |z|=¢ la|=m “ 0x® Yol ’

Moreover, ([2.6) is valid for the fundamental solutions discussed in Paragraph 1.
We can now prove the lemma of this paragraph. We consider a differential operator

B =3 <m ao ()2 which is defined and uniformly elliptic in a domain V of Euclidean

n-space; that is, for any real n-vector ¢ and any = € V/, ‘Zm‘:m aa(x)fk‘ > pl&|™ with some
fixed constant p > 0. We suppose that a,(z) is |a|-times continuously differentiable in V

and that its derivatives up to the |a|th order are bounded in V. The set C2°(V') consists of
infinitely differentiable functions with compact support in V. Then we have:

Lemma 5. Suppose u(x) and f(x) are two continuous functions in V' such that

2.7) / Bo(z)u(x) dr = / (@) f(x) da

1%
for all functions ¢ in C°(V). Then u(x) is (m — 1)-times continuously differentiable in V
and the modulus of continuity of any (m — 1)th order derivative is O(dlog1/§) uniformly in
any compact subset U of V.

Proof. By the usual arguments it can be shown that holds for ¢(x) m-times continuously
differentiable with compact support in V. Let K(z — z,y) be the fundamental solution of the
operator Z|a|:m aa(y)%; let ¥ (y) be infinitely differentiable with compact support in V" and
be identically 1 in a neighborhood W of y. Let ji(y) be infinitely differentiable; ji(y) > 0;
[z, dk(y) dy = 1; and ji(y) = 0 if |y| > ;. Then, for large k, is valid with

o(y) = / gy —2)0(2)K(x — z,y) dz.
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We calculate

> wls [ iy = K ) s

|| <mn
[ T T 0 (it - 2) (g - s el a:

" |al<m a1taz=a

— [ C0m S aal)(eins — ) )oK ) s

n Ial_

+> > / Y)ie(y — 2 )g;l{w(Z)g;K(x—ay)}d&

|a|<m a1t+oaz=a
|ar|<m

With our unorthodox notation the symbol a; +as = « is a little difficult to explain. It means
that a; and ay are subsequences of the sequence o whose union exhausts . Integrate the
first term by parts to obtain

—ygé/'“' 3 aa)inly — 2 Kz = 29

© la|=m

F =) X ) g Ko - s} de

laf=m

=jk(y—x)+/ijk(y—2) > aa(y)%{i/}(Z)K(ﬂf—zay)}dZ'

|laf=m

(T = 2)ay, dow

|z = 2|

Substituting these formulae into (2.7) and letting k¥ — oo we obtain, for x € W,

:/w(y)K(x—y,y)f(y)dy
(2.8) /v w 2 a0 {5Z“ )K@_Z’y)}

laf=m

SDIED D R ey ]

la|<m a1t+oe=a
lo|<m

We use this representation of u(z) to prove the lemma. We first show that if w(J) is the
modulus of continuity, in a compact subset of W, of a typical term of the right hand side,
as a function of z, then w(d) = O(dlog1/d). This is obvious for the second term since it is
an infinitely differentiable function of x. The only terms which give trouble are those which
contain derivatives of K, with respect to z, of order m — 1. Consider then

20) = [ uth)ann) s o) s s Ko = 200

dy

zZ=Yy

0z Qy*3
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with |ae| = m — 1. We estimate L(z + w) — L(z), which is

(03]

[ty Daaty+ 0 vty + o)

n

aag 8013 8042 aoc3
K(w— - K(- .
X {8z0‘2 By (w-yy+a)— 5 Dy (=9, y+ flr)} dy

We remark that %%K(w —y,y+x)is %%K(ml — 21,y1) evaluated at 1 — 21 =
w —y and y; = y + . This notation is perhaps a little confusing; but it is desirable to keep
the number of letters and subscripts introduced to a minimum. Also K(w — y,y + z) is
defined only for y + x € V; but since we are multiplying by a derivative of ¢(y + ) there is

no difficulty in taking the integral over F,,. Now

0% Qs o o
K(w — = |y — w|*" -6 Pw =
202 Jyas (w—y,y+z)=|y—w| /g(w y-&)Pw—y,&y+ x)dw

=ly—w|'""Gw—y,y+x).

Observe that G(w — y,y + x) is once continuously differentiable, with respect to w, when

w # y and
K

lw — y|

0
Gw—y,y+a)

<

fory+azin V.
Write L(x + w) — L(x) as

[e3}

/En u(y + z)as(y + ) oy U(y + fc){

Gw—y,y+z) —G(—y,yﬂﬁ)}dy

ly[" =1
[e5]

+ /n u(y + x)aa(y + a:);yalzp(y +2)G(w —y,y + I>{ 1 1 }dy

ly —w|nt [yt

=1 + I,

If |w]| is small enough

A / + /
ly|<|w|log 1/|w] ly|=|w|log 1/|w]

<O(Iw|log1/lw|)+K1/ G(w —y,y + ) — G(~y,y + )|

n—1
Rely|>[w|log 1/ w] ]

dy.

The integrand in the second term is dominated by
Kol _ K ol _ Kol
n—1 = n = n
] e AT B ] 8 (g T N 7]
ly|

Y

where 0 < 6 < 1. Integrating

1 1 1
L = O(\w\ log m) + O<|w| log (mlog m))
1
= O(\w\log m)
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and
1 1

|I5] < Kz/ -
wi<r|ly — w1 [y[n!

1
=0 <|w| log m)

If m = 1, there is nothing more to prove. We suppose m > 1. Now we observe that the
equations

dy

e 1o ob%1 §htv
d_?ﬁ[f)_?ﬂK(w - ?J?y)} = > %WK@ )
B1+B2=58
allow us to replace, in (2.8)), partial derivatives of K (x — y,y) by sums of total derivatives of
terms %K (x — y,y). To avoid confusion, we explain this in detail.

Until now we have when differentiating the function K = K(z — z,y) regarded it as a
function of the three variables x, y, and z and only after taking derivatives have we substituted
y for z. However, in the following it will be necessary to integrate by parts. To do this it is
necessary to replace the function

0% o
98 9y K(x —z,y)|
by partial derivatives of some function of y. The above formula is the means to do this. The

v

right hand side is obtained by taking 597 of K(z — z,y); setting z = y; and then taking %
of the resulting function of x and y. We have indicated this by writing the sign for a total
derivative.

We wish to invoke the lemmas of E. Hopf [8]. First we must observe that if we replace
u(y) by 1 in the terms of containing partial derivatives of K(x — z,y) with respect to
z of order m — 1 we may replace partial derivatives by total derivatives and integrate by
parts, for the a,(y) involved in these expressions will be once continuously differentiable.
This lowers the order of the singularity of the integrand so that we may now differentiate
with respect to x to obtain a continuous function. The lemmas just mentioned now imply
that u(z) is once continuously differentiable in a neighborhood of U.

Now that we know u(x) is once continuously differentiable in a neighborhood of U we
return to the expression . We replace ¥ (y), which has served its purpose, by another
infinitely differentiable function which has its support in a neighborhood of U in which we
know u(x) to be once continuously differentiable. We write all partial derivatives as sums of
total derivatives; integrate those terms involving total derivatives of order m — 1 by parts;
and then take the derivative, with respect to x, of the integrand in every integral on the
right hand side of (2.8). This gives us an expression similar to for v/(z). The lemma
is now established by induction. It is only necessary to observe that the derivatives of the
coefficients and of K (z — z,y), with respect to y, which are taken in the proof all exist. For
the purposes of this thesis it may be assumed that the coefficients are infinitely differentiable;
then this difficulty does not arise.

z=y
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4. We return now to the study of representations of Lie groups. We use the same notation
as before. Set

Wey=<zxeX|xe€ ﬂ D(A(Ch)"'A(ak))

and set
Wy=qa"eX |zte (]| D(A(a)-- A (ar))

In analogy to the terminology in the theory of partial differential equations, we call the form
> laj<m GaXa elliptic if when we substitute a real non-zero n-vector ¢ for X, 3, @a&a # 0.
We proceed as in Chapter 1, page 11. With an elliptic form, ngm a, X, We associate the
operator By with domain W,,, defined by Byx = Zla\ <m aoAgr. We shall need to consider
also the operator By, with domain W, defined by Bga™ = >_ ., daA%-2". Since the domain
of By is dense and that of Bj is dense in the weak-x topology and since they are adjoint,
the closure B and the Weak—* closure B*, of By and B, respectively, are well-defined. The
following theorem shows this notation to be justified.

Theorem 7. The operator B* is the adjoint of B.

Proof. Suppose that for all x € W,

Z an Az, 2] | = (z,23).

|a|<m

We shall show that 27 € W) _;. Let pu be a left-invariant Haar measure on G and set
R; = R(e;). If K(p) is infinitely differentiable with compact support in G,

> adof [ K@TGnan ) = [§ T auhak (o) P70 uta)

|a|<m |a)l<m

Consequently

| 3wk (T 0)e.at)utdn) = [ KG)(T@)e.a3)utan)

|| <m

Let {t;} be an analytic coordinate system of the second kind [14] corresponding to the basis
{e;}, in a neighborhood V' of the identity; then, assuming that K has support in V,

/ 2 bal®) é?ta () ¢ (T(p®)a,27) F(t) dt = /

|a|<m v

K (p(6)) (T (p(1)), 3 F (1) dt.

6% is
elliptic in a neighborhood U C V' of the origin since b,(0) = a,. It is then a consequence
of Lemma 5 that (T'(p)z, z}) is (m — 1)-times continuously differentiable. This implies that

Here F(1) and b,(t) are analytic functions; F'(t) is nowhere zero; and >, ba(?) g
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TEW L Mo € Wi, (2,23) = 320 0n @a(Aat, 27) = 3701 Gal(Aay, T, AZ.27). Since
E C W,,, Theorem 1" implies that

(2.9) (2, 23) = Y (A, 2, A5e27)

|a|l<m

for all € Wj. Since {t;} is a canonical coordinate system of the second kind we may infer
as in the proof of Theorem 1 that fR(s(U)) S(t)xdt is in Wy for all z € X. The notation is

the same as in the proof of that theorem; in particular, S(t) = T'(p(t)). Also

A S(t)x dt = / S, o)z — S(t,0)z dt' + G(o)
R(s)
with lim,_,o G(0)/0™ = 0. Then, using (2.9)),
: Gi(o)
%al — Yal * ¥l =
ilil(l) Z oy /wm) (1211, o)z — S(t%e1,0)z, A% *x1> dt®el + o

|a|<m

lim — S(t 5) dt.
UIL% o R(s)( <)x’x2)

Here ( ) s0aso—0forallzeX. Consequently
(2.10) hm— Z aa/ Sl o) — St 0)$,A2*$T> dtel | = (x,x3).

o—0 g™
lor|<m

Now | R(s) S*(t)x; dt (the integral is taken in the weak-* topology) is in W ; and by Lemma 2
and formula (1.2") we have, for z € Wm,

/ (Aal" Agy o, 5 (t
R(s)

: Aa‘ala:,xﬁ dt

e
[s atmemns
[x
[x

) Capl(t <Ag|ﬁ|5(t)x,A%*x>{) dt
181=lal

R() 1g1] |Ca5 Zcﬁ‘ﬁ‘at (S, A1) ar.

We may choose the c,3(t) so that c¢,3(0) = 0 unless a = 3 and ¢4 (0) = 1. Also ¢/ (0) = 7.
Integrate by parts to obtain

/ (S(?%l L) — S, 0)z, Ag*:ﬁ{) dfel + G0, ).
R(3%1al)

We observe that Gy(o,z) is a linear function of x which is uniformly bounded as ¢ — 0.
Since it clearly converges to 0 for z € W,, it converges to 0 for all z. Consequently, summing
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over o and using (2.10)),
ilil(l) x, Z an A /R(S)S (t)zydt | = (z,23).

lal<m
This completes the proof of the theorem.
The form Z\al <m GaTq 18 called strongly elliptic if

Re{\aicm taba b = 0l 9 >0,

for any real n-vector £. Let Zla\ <m Qoo be strongly elliptic and let B be the operator

associated, by the previous theorem, to the form —3%7, cm(—1)*a,z,. Then we have the
following theorem.

Theorem 8. The operator B is the infinitesimal generator of a semi-group, U(t), of class

H(¢1, ¢2) [7].

Proof. If x € W, and ) is a complex number

(B$ — /\x,T*(p)x*) I Z (_i)‘a|aaAax — Az, T"(p)x”
jal<m
= = 3 (<) lan (T(p)Auz, 2%) = A(T(p)a, ")
loo|<m
= _ Z (—i)'O"aaLa (T(p)m,x*) - /\(T(p)x,x*)
Jal<m

where L, is the product of the left-invariant infinitesimal transformations defined in Chapter 1,
page 10. Let t = (t1,...,t,) be a canonical coordinate system of say, the first kind associated
with {ej,...,e,}, in a neighborhood V' of the identity and let

B Z (—=)ag Ly = — Z (—i)o‘|ba(t)%

lal<m |a|l<m

in this coordinate system. Since we may choose the b, (¢) in such a manner that b,(0) = a,, the
right hand side is uniformly strongly elliptic in a neighborhood U C V of 0. Let K(s —t,7, \)
be the fundamental solution of ngm(—i)'a'ba(r)g% + A considered in Section 1. We have
established estimates for K (s —t,7, A) for p(A,S) > § > 0, with S a certain sector in the

complex plane. Let ¢(t) be an infinitely differentiable function with support in U and with
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o(t) = 11if |t| < 67 for some small d;. Then, if |s| < d1/2,

/gp(t)K(s —t,t,A) (Bx — Az, S*(t)*) dt

—— [ GOR = t0)8 ST (a0 ) (05 (0)0)
|| <m
= —lim > (=i)lb, ()gaaK( —t,t A)%(x,s*(z&)x*) dw
e—0 |s—t|=¢ < S s —1t
— /| y o(t) > (—i)“'ba(t)%l((s—t,t, A) (z, S*(t)x) dt
s—t|=01 la|<m

0°s 0a2 o™
- o] B . .
Z Z / otes a 87"042 ot K(S t,1, )‘> (‘T7 S (t>l’ ) dt

|a|<m a1 t+aetaz=a
lar|<|a]

(5 = Doy

— —lim > (—i)“'ba(S)%K( —hes N

e—0 |87t|=€

(2, S*(t)2") dw — - - -
ja<m
— (@, S*(z)z*) — - -

where, in the third line, we have used (2.6)). Here, as before, S*(t) = T* (p(t)) Also we have
used our usual convention regarding partial derivatives of the function K (s —¢,r, \). Since
|ba(s) — ba(t)| < Myls — ] and

o* o° M,
—K(s—t,8,\) — —K(s—1t,t, A _
0sa (s =t5,A) s (s )| < |s — t|n=2’
we could replace s by t in the appropriate places in the surface integral. We now set s = 0,
choose an z* such that ||z*|| = 1, (z, z*) = ||=||, and make use of the estimates of Paragraph 2
to obtain N, Nl Nallz]
i 3| T
1Bz — Ael| > |lo| — =y — -
p(A,S) p(A,S)  p(A, S)H/m
Consequently, for p(A, S) > Ny,
Ns
] < | Bz — Az||.
p(A,S)

This inequality remains valid for z € D(B). For «* € W} | consider

(T(p)z, B z* — Xz*) = | T(p)z, — Z (—i)llag A% x* — Aa*

laf<m

==Y i, Ro (T(p)z, 2*) — M(T(p)z,z").

lal<m

Change into local coordinates and perform the same calculations as above to obtain

(2.11) /U e1(t)Kq1(s —t,t,\) (S(t)x, B*x* — /\a:*) dt = —(S(S)x, x*) .
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By the proof of the previous theorem, if z* € D(B*) we can choose a sequence {z} € W such
that (z,2f) — (z,2*) and (z, B*x}) — (z, B*z*) for all z € X. By the principle of uniform
boundedness, ||z || and || B*z%|| are uniformly bounded. Consequently, for ¢t € Uy, one deduces
that (S(t)z, B*z} — Axj) — (S(t)z, B*z* — Az*) boundedly and (S(t)z,z}) = (S(t)z, z*
boundedly. The dominated convergence theorem now allows us to assert the validity of (2.11)
for all z* € D(B*). Now, given an * € D(B*), we choose an z € X such that ||z| < 1,
(x,z*) = ||z*||/2, and set s =0 in to obtain the inequality
Ni lefl Ny Ny .

P ) > s s
Here we make use of the estimates for the function Ki(s —¢,r, A) established in Paragraph 2.
Consequently, for p(A, S") > Ny,

1B — | >

N
p(A, 5")
Thus the resolvent R(\, B) exists for p(A,5") > Nj and ||[R(\, B)|| < Ns if p(A,5) > Nu.
The theorem is now a consequence of Theorem 12.8.1 of [7].

[EIIS |1B%x" = Az™]].

5. In this paragraph the strongly elliptic form Z\al <m GaTo Will be fixed. We denote the
operator associated with — Zla\ <m(—i)'a'aa:fva by B and the semi-group it generates by U(t).
Since the space X on which the group G acts will vary in the course of the proof, we shall
specify the space by writing B(X) and U(t, X) when there is a danger of confusion.

Let p be left-invariant Haar measure on G and let L(u) be the Banach space of functions
on G integrable with respect to p. Two representations of G in Lq(u) of particular interest are
(L(p)f)(q) = f(p~'q) and (R(p)f)(q) = f(gp). It is easily shown that these representations
are strongly continuous. We may call them, respectively, the representation by left translations
and by right translations. A linear operator on L () is said to commute with right translations
if it commutes with all operators R(p). We shall need the following lemma, proved in the
general case just as it is for the line [7].

Lemma 6. Let T be a bounded linear operator on Li(u) which commutes with right transla-
tions. Then there is a finite, countably additive Borel set function, v, such that

(2.12) TH0) = [ £ Dt
for almost all p. Moreover var(v) = ||T|.

Proof. Let { Jk (p)} be an approximation to the identity on G' and let f be a function in
Lyi(p) with compact support. Set

ha(p) = /G F(a~"p)gn(@)ulda)
_ /G F(a)ge(pa)ulda).
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Then
(Thy)(p / (@) (Tax)(pg)p(dq)

(2.13) = /G Fla'p)(Tgi)(q)pu(dg)

= / fla™'p)vi(dq)
G

with v4(dq) = (Tgr)(q)p(dg). Since ||gxl|L, () = 1, var(vg) < || T||. Let v be an accumulation
point of the sequence {4} in the space of bounded, countably additive set functions with
its weak-* topology as the conjugate space of Cy, the Space of continuous functions on GG
vanishing at infinity. For any f in L;(u), hy is defined and ([2.13)) is valid. Moreover hk — f as
k — oo; and then Thy — T'f. But if f is continuous Wlth compact support, [, f(¢~'p)v(dq)
is an accumulation point of (T'hy)(p), as given by (2.13). Consequently, for all f E Li(p),

= /G fla~'p)v(dq)

for almost all p. Clearly var(v) < ||T|| and ||| < varv.
We remark that the v satisfying (2.12) is unique. We may now state the theorem of this
paragraph.

Theorem 9. There ezist finite, countably additive Borel set functions, u(t,-), depending only
on the form ngm aaXyo, and G such that

(2.14) Ut)r = /G T(p)a u(t, dp)

at least for ¥y < arg t < o5 Py < 0 < s.

The integral is, of course, a Bochner integral. As the theorem is stated ¢, and 5 may
vary with the representation. It is true, however, that ¢; and 15 may be taken to depend
only on the form and on GG. To establish this we have only to observe that the angles of the
sector, outside of which the estimates for R(\, B) were established, depend only on the form
and on G.

Proof. Consider first the representation L(p) of G in L;(p). The semi-group U (t, L1 (u))
generated by the operator B(L;(u)) associated with the form — Zm‘gm(—i)'a‘aaXa in this
representation commutes with right translations and, consequently, is given by

(2.15) U(t,Li(p /f g~ 'p)ult, dg).

This establishes the theorem in this case. We next establish it for the case of the representation
by left translations in Cy. If f isin L;(¢) and ¢ is in Cp, the function

/fpg )u(dq)

is in Co and |[hllc, < [z llgllo,- Let fi = (t La(p ))f and set

/ filpa)g(q)u(dq).
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We assert that hy = U(t, Cy)h. To prove this we notice that
(i) 1Pellco < N fell zygollglico
< [ La)|| 11l gl

< Ke" ||l gl
Here w and K are some constants and t is greater then or equal to zero.

(i) e = Bllcy < 1 = Fllzagollalicy — 0 as £ = 0.

(iii) %ht = %/Gft(-qw(q‘l)u(dq}
= G%ft(-Q)g(q‘l)M(dQ)

- /G B(La(1)) fi(- a)g(q " )uldg) = B(Coh.

The derivatives are taken in the strong topology.

For ¢ > 0 the asserted equality now follows from Theorem 23.7.1 of [7]. By analytic
continuation h; = U(t,Cp)h in the domain common to the two sectors in which they are
defined. We may now write

U(t, Co)h(p) =/G{/Gf(r‘lpqm%dr)}g(q‘l)u(dq)
= [ ne e,

Since functions h of the above form are dense in Cj the theorem is established for Cj. In
order to complete the proof we must introduce two new spaces of functions. These function
spaces are closely related to the given representation 7'(p) of G'in X. Let Y be the space of
continuous functions, f, on G satisfying

(2.16)

(a) 111y = s ‘{8' < oo
(b) 1701 = £l = Das p - 1.

For brevity, we have set HT(q)” + HT(q‘l)H = A(q). Note that Y is a Banach space and the
representation by left translations of G in Y is strongly continuous. In particular

Il =sup 50!

_ qup LD A0 9)
¢ Ap7'e) AMg)

<A@Ifly

for A(p) = A(p~!) and A(pq) < A(p)A(q). Tt is important to notice that if x is in X and z* is
in X* then (T'(p~)z,2*) and || T(p~*)z|| are functions in Y. Moreover, if z is in W;(X) and
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< | Ht‘l{T(e(ta))x - :v} — A(a)z| =0

as t — 0. Consequently (T'(p~")z,z*) is in W;(Y) and

A(@,Y)(T(p~")z,2") = (T(p~")Ala)z, 27).
The same relation holds between Wy (X) and Wi (Y'). The converse statement is weaker. If
for(p) = (T(p~ ")z, 2*) is in W1 (Y) for every z* in X* and <L(e(ta)) — ])A(a, Y)fe = O(t)

as t — 0 for some a > 0, then z is in Wi(x). First of all A(a,Y)f.+(0) = x¢(2*) defines a
bounded linear functional xy on X*. But

t_l{ (L(e(ta))x -, x*) — (o, x*)} = %/;(L(e(ta)) - ])A(a,Y)fz*(O) dt = O(t?).

Consequently

Ht—l (L(e(ta))x - x) ||

Thus x¢ is in X and xy = A(a)z. The same relation holds between W (Y') and Wi, (X).
The second space, Z, to be introduced is, in a certain sense, dual to Y. It is the space of
measurable functions, f, on G satisfying

(©) /G F@N@u(da) = |1z < oo.

It is essential to observe that A(q) is lower semi-continuous and therefore measurable. The
representation by left translations of G' in Z is strongly continuous. The space Z is a subset

of Li(p) and ||f|lz = Ifllzi(u). Moreover, if f € D(B(Z)), then f € D(B(Ll(,u))> and

B(Z)f = B(L1()) f. Thus a solution of normal type of the abstract Cauchy problem for
B(Z) is a solution of normal type of the abstract Cauchy problem for B(Ll(u)). Again,
Theorem 23.7.1 of [7] allows us to assert that U(t,Z)f = U(t,Ll(u))f. We make use of
to write

(2.17) U(t.2)f(p) = /G F(q " p)ult, dg).

This is a weaker assertion, in this case, than that of the theorem. We have not yet shown
that [, f(¢~"-)u(t,dg) exists as a Bochner integral. Let f be in Z and g be in Y. Consider

h(p) = /G F(ra)g(a ) ulda).

— O(t).
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Then
hip)| < /G £ (o) |9(a~) | (dg)

<llglly /G £ (p)| M) a(dg)

< lglly /G F(@)[ Mo q)a(dg)
A@)glly 1]z

In other words, ||hlly < ||glly|lfllz. We remark another simple fact, which allows us to
assert that functions, h, of the above form are dense in Y. If f has compact support and
Jo f(p)u(dp) =1 then

1) A( ’/ fra){g(a g(p)}u(dq)'
W/G\f(Q)Hg(q‘ p) — 9(p)|p(dq)

< sw Jala™) =0l [ |F@lntao)

g€ supp f

Using the same technique as before, we set f; = (t Z) f and then set

/ft pq)g(q)u(dq).

Again the uniqueness theorem for the abstract Cauchy problem assures us that hy = U(t,Y)h.
Making use of (2.17)) we may write

(2.18) Ui = [ { [ £ ot dr>} (¢ )ulda).

Formally changing the order of integration, we obtain

Ut Y)h(p) = /G W p)u(t, dr).

However, we have not yet proved that the integral in is absolutely convergent and we
are, consequently, unable to justify the change in the order of integration.

The space Cj is a subset of Y and ||g|ly = ||g/lc,- Consequently, U(t,Cy)g is a solution
of normal type of the abstract Cauchy problem for B(Y'). The uniqueness theorem again
implies that U(t, Cy)g = U(t,Y)g. Making use of (2.16]), we write

U(t,Y)g(p) = /Gg(q‘lp)ﬂ(t, dq).
Then

/ g(a”'p)p(t, dq)

G Ap)

By the usual argument it follows that

|9(a™'p)| |l (¢, da)
A(p)

<[JuE )| lglly-

< oY) lglly.
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But if f(¢) is in Y we can find a sequence {g,(q)} in Cy such that g, — |f]. Consequently

/ \f(q‘lp)\\ul(tdq) <DNUEY)|] £y

In particular, setting f(q) = HT || and setting p = 1, we obtain

/G 7)o e, da) > 20, )| el

We are now able to justify the inversion of the order of integration in (2.18)). We apply the
last inequality to the space Z and to the representation L(p) of G in Z.

/Qllglf(r1PQ)||9(Q1)“;M(t,dr)u(dq)
/ / £ 1) A (P)A(q) [l (¢, dr) p(dg) [lg]ly
= / L) £ 1l (t, dr) gy

< Q.

We now show that if z(t) = [, T(p)a pu(t, dp) then x(t) = U(t, X )x. We first observe that
(T<q—1>a:<t>,x*> - [ @@ W)t do)

=/@@%Mfmwm
e

=U(t,Y)(T(qg ")z, ).
We know that ||z(t)|| < 2||U(t,Y)]| ||z < Kie*!!||z||, with some constants ¢; and w; when
t>0. Ifx € W,,(z) then (T(¢™ ")z, z*) is in W,,(Y) and, taking ¢ = 1 in the above equality, it
follows that t‘l{(x(t), x*) — (z, x*)} converges to (Bx,z*) as t — 0. In particular, applying
the principle of uniform boundedness, Hx(t) — xH — 0ast — 0. Since U(t,Y') is a holomorphic
semi-group, (z(t),z*) is a holomorphic function and z(t) is a holomorphic function. Moreover
(T(¢H)x(t),2*) is in D(B*(Y)) for any k; the work of the next paragraph shows that
(T(g7")z(t), z*) is in Wi, (Y) for any k. Consequently x(t) is in Wj(X) for any k. We observe
finally that & (z(t),z*) = (Bxz(t),2*) and, thus, £x(t) = Bx(t). Another application of the
uniqueness theorem for the abstract Cauchy problem shows that x(t) = U(t, X )z when z is
in W,,,(X). Since W,,,(X) is dense in x, the equation is valid for all z in X.

6. In this paragraph we establish the basic analytical properties of U(t)z and of p(t, dp).
Observe that U(t)z is an analytic function of ¢ and

_dt k! U(Q)x
B*U (t)z e Ut)r = 5 /|(j—t:r(t) G t)kﬂdg'

We observe further that B*, as a power of B, is the operator associated, by Theorem 7, with

k
the elliptic form (—1)* (Z‘a|<m( i)l |aaxa> for it is equal to that operator on W, and its
adjoint is equal to that operator’s adjoint on W ,. Let v be a right-invariant Haar measure



CHAPTER II 33

on G and let K(p) be an infinitely differentiable function on G with compact support. If z is
in Wk, then

| KO (B 1w )otin) = [ KG) 3D b (Ao T 0ol

|a|<mk

_ /G — 3 (1)L K (p) § (2, T ()2 ) v(dp).

|a| <mk

Here {L;} is the set of left-invariant differential operators introduced in Chapter I. This
formula remains valid for x in D(B*). As above, by Lemma 5, if x in D(B*) then z is
in Winr—1. In particular, U(t)z is in [),5; Wi and T'(p)U(t)x is an infinitely differentiable
function of p. Now A,U(t)z is defined for all x in X and we show that it is a bounded linear
function of z. If |a| = 1 then A,U(t) is a closed, everywhere defined linear operator on X;
consequently, it is bounded. By induction, it is apparent that A,U(t) is a bounded linear
operator. Consequently ||A,U(t)z|| < Nu(t)|z|. Next T(p)U(t)z is infinitely differentiable
as a function of p and ¢t and

dk

%AQU(t)I'

dc|| < N(k,a, )]

k! AUz
J

2i Ltjmr() (¢ — )R

Then the equation
—(T(p)U(t)z,2*) = (T(p)BU(t)z, z*)
==Y (=i)a Lo (T(p)U(t)x,2%)

laj<m

when written in an analytic coordinate system {s;} about the identity is a parabolic equation
with analytic coefficients. We now apply the results of [3]. The facts which we need from this
paper are not explicitly stated as theorems and the proofs are not given in complete detail.
However, since the proofs are quite complicated and the assertions to be derived from these
facts ancillary to the rest of the thesis, we prefer not to perform the calculations in detail
here.

The work in the paper shows that (T (p(s))U(t)z, x*) = u(s,t) may be extended to an

analytic function in a complex neighborhood, N(t) of the origin in s-space. But N(¢) may be
taken locally in ¢, to be independent of ¢; and the upper bound of }u(s, t)‘ in N(t) depends
only on upper bounds for the absolute value of u(s,?) and a certain number of its derivatives
for real s. Thus u(s,t) may be extended to an analytic function of s and ¢ in a certain open
set, M, of complex (s,t)-space, which contains all the points (s, ) with ¢ in the sector in
which U(t) was shown to exist and s real and close to the origin. In a neighborhood of any
point (so, to), |u(s,t)| is bounded by an expression K (so, to)||z| [|z*|. For fixed z and varying
x*, u(s,t) defines a bounded linear functional v(s,t,x) on X*. This linear functional v(s, ¢, x)
is an analytic map of M into X**. But v(s,t,x) is in X for s real and close to the origin;
so v(s,t,x) is in X for all (s,¢) in M. In particular, U(t)x is a well-behaved vector, in the
sense of [5], in the interior of the sector in which U(t) was shown to exist. Since U(t)x — x
as t — 0, we have
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Theorem 10. The well-behaved vectors are dense for any strongly continuous representation

of G.

We now show that there is a function, h(t,p), analytic in ¢ and p such that u(¢,dp) =
h(t,p)p(dp). Recall that p is a left-invariant Haar measure on G. If f(x), in Ly(p), is
infinitely differentiable with compact support and {s;} is an analytic coordinate system in a
neighborhood of the identity, then there are analytic functions, a;;(s), independent of f such
that, for small s,

a n
8sif(s) = Z ai;(s)L; f(s).

J=1

Consequently, for small 9,

[

Zk/ L f(s)] ds

|s|<é

Ky Z”Ljfnh(u)
=1

Theorem 1’ implies that if f is in Wi (L;(x)) then it may be approximated by a sequence {f,, }
of infinitely differentiable functions with compact support in such a manner that L;f, — L; f
in Ly(p). Thus, if f is in Wi (L (p)), its distribution derivatives, with respect to {s;}, in a
neighborhood, N, of the origin are in L;(u, N) and

/ pE mZuL Fllz G

Similar remarks apply to the higher-order derlvatlves. Since, when f is in Li(u), fi =
U(t, Li(p)) f is in Wi (L1 (p)) for any k, we have

[ |gwtieds < cuons

It is well-known [1] that this implies that f; may be taken as an infinitely differentiable
function in a neighborhood O, of the origin and that

(i) |f:(s)] < DI £l
(i) (s)] < Da(®)IIf]

in O. Consequently, for every p = p(s), s in O, there is a bounded measurable function
g(t,p,q) such that

882

0s;

- /G F(@)g(t, p, @)u(da).

Moreover ||g(t,p, ) =gt 1,-) — 0 as p — 1. If f is continuous with compact support

||LOO(N)

p) = /G f(q~ p)u(t, dg)

- /G F@ult, pdg™).
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Consequently wu(t, pdg=t) = g(t,p,q)(dg). In particular (cf. [4], page 265)
p(t,dg) = g(t, 1,47 )Alg ) u(dg) = h(t, q)pu(dg)u(dg - 1) = A(r)u(dq)
where A is the modular function of G. Then
u(t,pdg) = h(t, pa)u(dq) = g(t,p,q~)A(g~")p(dg),

so that h(t,pq) = g(t,p,q) ' A(q!). Here h(t,p) satisfies the following two conditions:

(i) ||a(t, )|, = esssup,|A(g)h(t, q)| = esssup,|g(t, 1,47 1)| < oo,

(i) esssupq’A(Q){h(t,p”@ —h(t,q)}’ = esssup,|g(t,p~",q7") —g(t,1,¢7")| = 0 as

p— 1.

As anticipated in the notation, the Banach space of functions satisfying |(i)| and , with the
norm given by is called V. The functions in V' are equivalent to continuous functions so
we take V' to be a space of continuous functions. The representation L(p) by left-translations
of G in V is strongly continuous. In order to use this fact we must observe that

/G W(tr, ¢ p)h(ta, )u(da) = h(ts + ta,p).

To prove this we notice that for f in C

/G @ Pt + o, q)aldg) = Uty + t, Co) £ (1)
= U(tl, Co)U(tg, Oo)f(r)

— /G{f(p_lq_lr)h(tl,p)u(dp)}h(tmQ)M(dQ)
:/G{/Gf(p_lr)h(tl,q_lp)u(dp)}h(t%Q)M(dQ)
:/Gf(plr){/(;h(tl,q1p)h(t2,Q)ﬂ(dQ)}M(dp)'

However, setting U (tg, V)h(t1, ) = hy,(t1,-), we also have

hey (11, ) = /G Wt q”"p)h(te, Q)u(dg).

Consequently h(t; + ta,p) = hy,(t1,p). Then h(ty + t2,q7 ') = L(q)hy,(t1,-) is an analytic
function of t, and ¢ with values in Z. Applying the linear functional which evaluates a
function at the identity we see that h(t,p) is an analytic function of ¢ and p.

Note added in revision. This version of the thesis was prepared by Anthony Pulido
(Institute for Advanced Study, Princeton) and Derek Robinson (Australian National University,
Canberra) in November—December 2017. It differs from the 1960 original in two respects.
First, a large number of typographical errors have been corrected. Secondly, some of the
display formulae have been reformatted and a small number of additions and rearrangements
have been made to the text for clarity.
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