Some Observations
on the Infinitesimal Period Relations
for Regular Threefolds
with Trivial Canonical Bundle

Robert L. Bryant and Phillip A. Griffiths

To I.R. Shafarevich

1. Intrcduction

It is well-known that, aside from algebraic curves, abelian varieties, and
a few other isolated cases such as K3 surfaces, the period matrices of a
family of nlgebraic varieties satisfy non-trivial universal infinitesimal period
relations. In this note we shall discuss some remarkable propertics of any
local solution to the differential system given by the infinitesiral period
relation associated to polarized llodge structures of weight three with Hodge
number A3 = 1.

Motivation for the study of this special case ariscs from the following
algebro-geometric considerations: As is well known, an interesting class of
projective algebraic varieties consists of those smooth X satislying

{Kx eoiQip

1% |
(1:1) g(X)=20 ifn=dimX > 2.

Ixamples include elliptic curves, algebraic K3 surfaces, and smooth
hypersurfaces X C P™*! of degree n + 2. For these varieties it is clear
that the differential

(1.2) x: H'(X,0)— €D Hom(HP(X), H?~L1+1(X))

Pry=n

of the period mapping is injective (¢f. Chapter IIT in[6]). In fact, the “first
piece”

(1.3) k: H'(X,0)— Hom(11™0(X), H* (X))
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is an isomorphism. This implies the infinitesimal Torelli theorem (Chapter
VILin loc. cit.), and it scems reasonable to expect a global Torelli theorem
for X satisfying (1.1). For example, in the case of polarized K3 surfaces
there is the theorem of Pialeski-Shapiro and Shafarevich [5]. Interestingly,
the smooth hypersurfaces of degree n + 2 in P**! are exceptional cases in
the recent generic global Torelii theorem of Donagi [4].

When n = 3 all of I*(X) is primitive, and in this paper we shall be
intercsted in variations of Tlodge structure that “look like” period matrices
of such an X. More precisely, let us make the reasonable assumption that
all of II'(X,©) is unobstructed, so that the local moduli space (Kuranishi
space) {X,}ics of X = Xy is smooth of dimension m — hY(X,0) =
R*Y(X) with all Kodaira-Spencer mappings

ps: To(S)— 11'(X,, 0)

being isomorphisms. The period mapping for this family then gives an
m-dimensional integral manifold

pe:S—DC D

for the differential systemn I oa D given by the infinitesimal period relations
(this terminology is explained below). It turns out that m is the maximal
dimension of integral manifolds of I, and we are able to put the differential
systera Lon D in local (in the Zarisks topology) normal form. This in turn
gives information on all integral manifolds of I, and from this we may draw
scveral conclusions, two of which are:

(1.4)  Let ag,...,am; Bo,---,Bm € I3(X,Z) be a canonical ho-
mology basis (i.c., the intersection numbers o; - af =
Bi- By =0, a; - B; = 6;5), w(s) € II3°(X;) a non-zero

gencrator, and set
{ Ai(s)=[,, w(s) (A — periods)
B,-(s)':fﬁ_, w(s) (B — periods)

Then the complete Hodge structure {HP9(X,)} s deter-
mined by the funciions A(s).

More precisely, we shall show that the By(s) are canonically and explicitly
expressible in terms of the functions A;(s), dA;(s)/3s7; and that

IP*YX,) @ H>Y(X,)
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is then expressible in terms of the functions

BA‘-(:;) 22;4,(3)
ds1 ' 9sidsl’

A,-(s),

By (2.2) below we then know the complete Ilodge structure.

FFor the next result we shall use the concept of the infinitesimal variation
of [lodgc structure associated to X [3], which is given by the lincar algebra
data (1.2) in the manner expained at the end of this section.

(1.5)  Let J(X) be the intermediate Jacobian of X. Then the
infinitesimal variation of Hodge siructure associated to X
gives an ®2H%3(X)-valued cubic form E on TEOJ(J(XD-
Moreover, the algebraic invariants of this infinitesimal
variation of this Hodge structure are uniquely determined
by 8.

It is our fceling that, in general, this cubic form uniquely determines X

The precise statement of (1.5) is given in §2, and the cubic form is [urther
discussed in §§6,7. The precise formulation of (1.4) is given in §7 (cf.
diagram (7.1) and the ensuing interpretation of it).

In concluding this section we want to make some remaks on terminology.
Let M be a complex manifold and Q% = @500} the sheafl of exterior
algebras given by all holomorphic forms. By a sheaf of differcntial ideals
or differential system we shall mean a subsheal of graded ideals I C )y
that is closed under exterior differentiation. An integral manifold of I will
be given by a complex manifold S together with a holomorphic immersion

(1.6) f:8—M

satisfying
ffI)y=o.

An integral element of I is given by a linear subspace E C Tp(M) such
that
0(p) |z=0for alld € I.

Thus (1.6) is an integral manifold if, and only if,

f—(Ts(S)) C T_f(a}(M)
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is an integral element for all s € S.

Given asub-bundle W C 7*(M), the holomorphic sections of W generate
a differential ideal T (take I to be the ideal generated algebraically by the
forms 0% and d0* where 0',...,0° is a local coframe for W). Given a
sub-bundle V C T(M), we may set W = P and take the corresponding
differential ideal.

Let D be a classifying space for polarized Hodge structures and D the
dual classilying space for weight n Hodge filtrations

FrcFPlc...cPPc—§H

satisfying the Ist Hodge-Riemann bilinear relation (cf. Chapter I'in [6]). A
holomorphic mapping

p: 88— D

may be thought of as a holomorphically varying filtration {F?(s)} on H,
and the infinitesimal period relation

(1.7) dF?(s) C FP~1(s)

shall mean the following: For s!,..., s™ local holomorphic coordinates on
S and v(s) € I"?(s), all derivatives

dv(s) =

X € P~ (s).
Thinking of tangent vectors as tangents to curves, (1.7) defines a sub-bundle
Tw(D) C T(D), and the corresponding sheaf of diflerential ideals I ny
will be called the differcntial system gwing the infinitesinal period relation.

This paper was motivated by trying to sce if studying [ via the general

theory of differential systems would yicld any insight into period matrices of
algebraic varicties. Our basic point is that in the case n = 3 and A3° — 1,
lonDis essentially the 1st prologation of another dilferential system that is
biratienally cquivalent to the canonical contact system. More precisely, in
this paper we agree that integral manifolds for I'in the case n = 3, h*0 =
1 shall have the additional property that the map : S— PH given by
P(s) = F3(s) C H be an immersion, and then the statement about
prolongations is correct. In this way we are able to determine all local
maximal integral manifolds of [ and to draw the conclusions mentioned
above.
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Onec final terminology we shall use is that of an infinitesimal variation
of Hodye structure {Hz, H??,Q,T,§}. This is given by a polarized Hodge
structure {Hz, P9, Q} = p € D together with an injective linear mapping

(1.8) 5: T—s Ty(D)

whose image E = 6(T) is an integral element for the differential system
giving the infinitesimal period relation (1.7). More concretely, (1.8) is given
by

(1.9) §:T— €D Hom(HPI, HP~Le+l)

P+g=n
satisfying the conditions

{(i) 6(€1)8(&2) = 8(&2)6(&41) ,éa €T
(i2) Q(6(&)m, ) + Q(n,86(€)y) =0 EeT

where n € 79,4 € H*P+Le—1  We remark that if 0!,...,0° are local
holomorphic 1-forms on D such that 6% = 0 dcfines Th(f)) C T(D),
then (1.9) is equivalent to 0%(p)|z = 0 and (i) in (1.10) is equivalent to
d0*(p)|e = 0. Condition (ii) in (1.10) is the obvious one that the infini-
tesimal variation preserve the Ist bilinear relation.

(1.10)

2. Variation of Hodge Structure Associated to Certain 3-Folds

Let Hz be a lattice of rank 2(m + 2) (thus Hz = Z®*™*?) having a
non-degenerate alternating bilinear form

Q: ffz @.Hz-—-—# Z.

We will be concerned with polarized Hodge structure {Hg, {9, Q} of
weight three on H = Hz @ C having Hodge numbers

R0 = 1, h®! = m.
This is given either by a Hodge decomposition

{H =H QH*' @ H"2 D H™
IrP9= P
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satislying the 1st and 2nd Hodge-Ricmann bilinear rclations, or by the
corresponding Hodge filtration

(2.1) OCcFPCcFcCcF'cF°=H

where F? = @@, o HP**3-P=F We remark that the 1st bilinear relation
» >

2.2) {F i

F?= F21

where L denotes the orthogonal complement with respect to @.
Motivated by the study of variation of Hodge structure for threefolds
satisfying (1.1), we want to study holomorphic mappings,

(2.3) w:S— D

where S is a complex manifold and where the following conditions are
satisfied:

(i) dimS = m = h*»! and the composed mapping
(2.4) S 5 D 5 PH=~p™t!
is an immersion, where 7{F?} == {#"* C H} (this is a reflection of (1.3));

(ii) the infinitesimal period relations

i 3 2
(2.5) {() dF* C F

(i§) dF? C F?
are satisfied (this notation is explained in §1 — cf. just below (1.7)).

We remark that, in this case, (i) = (#4) in (2.5). ‘To see thislet s!,...,s™
be local holomorphic coordinates on § and write (s) = {F?(s)}. If
0 5 2(s) € F3(s), then (i) in (2.5) gives

9z(s) 3 ;
—5;’.—EF(3} i=1,...,m.
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By (2.2) this implies that

(=]

@ o2

(2.6) . Q(az(.-_;) Bz(s)) -0

ds* ' Bsi
The derivatives of (i) give, using (ii), that
3%2(s)
2.7 R an ) —
(2.7) Q(z(s), 9sidsl 0
On the other hand, since (2.4) is an immersion

J a
dim span {2{3), ;(f), cen, -623(:')} =m+ 1.
3

This implies that

and then (2.2) and (2.7) give that
dI%(s) C F'(s).

Next we want to comment on an infinitesimal variation of Hodge struc-
ture {lIz, [I™9,Q,T,6} where {Hz, lI*?,Q} is a Hodge structure of the
type we are considering and where

6: T-— Hom(H®°, H?")

is an isomorphism (hcre we may think of T = T,(S) and § = .). Using
the natural identifications

2~ gar
{HO'S:: o
the infinitesimal variation of Hodge structure induces maps
() TQH*® = H!
(2.8) (3) T H*' — H»V
(77) T @ H»'" = H3
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where (i) is an isomorphism, (i) is a symmetric map, and (iii) is the dual
of (i). These three combine to induce a map

(2.9) B TRTRT— ® H (=),

and (i) in (1.10) implies that this mapping is symmetric; i.e., we have an
induced map

(2.10) E:Sym® T — ®% H%?

Dcfinition. We shall call (2.10) the cubic form 5 associated to the
infinitesimal variation of Hodge structure {Hz, H?%, Q, T, §}.

Given £ we may define 6®) in (2.9), and then if we set H>! = T ® H%3"
we may define the maps (2.8) where (i), (iii) are the identity and (ii) is given
by 60). In this way, any algebraic invariant of the linear algebra data (1.2)
(in this case) is uniquely determined by 5. This is our assertion (1.5).

For a mapping (2.3) satisfying the condition that (2.4) be an immersion,
we have foreach s € § a (‘.l.lbil’.‘. l'orrn Z(s) on T4(S) with values in @2H%3(s).
To compute Z(s) we let 3',...,s™ be local holomorphic coordinates on S
and 0 5 z(s) € I3(s). For £ = . £'9/0s" € T4(S), it follows from (2.6)
and (2.7) that

(2.11) E(s)(&) = (Z(ﬂ ). e EX 8353)8)

",

is a well-defined function with values in H%%(s), and this is the cubic
form Z(s).

For a gecometrically given infinitesimal variation of Hodge structure (1.2)
where X is a 3-fold satisfying (1.1), the cubic form is given as follows:
Represent I['(X, ©) by Dolbeault cohomology H. g—'l(X ,0) and define

(2.12) det: HY(X,0)— H}(X,K %)

by
det(z 9—6/83 @dij) — det“ﬂ [|-A*3/02' @ AidZ.

1,7
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Using the natural isomorphism
H3 (X, K%)= @*H"(X)

resulting from Kx == Ox, it follows from standard arguments (cf. [3]) that
the cubic form is given by (2.12).
In the casc of a smoolh quintic hypersurface X C P* given by F(z)=0,

we let
{Sd = forms P(z) of degreed

Jp,g= Jacobian ideal in degree d.

Then (cf. [3]) the Grothendieck residue symbol gives an isomorphism
Res : 815/Jr 15 = C,
and the cubic form is the natural mapping
Sym®*(S5/Jp5) = Sis/Jr15 = C

indiced by multiplying polynomials (loc. cit.).

3. Contact Systems and Legendre Manifolds

A contact manifold is given by a complex manifold M of dimension
2m +1 together with a holomorphic line sub-bundle L C T*(M) such that,
if w is a local generator of O(L) C 1}, then

(3.1) w A (dw)™ F# 0.
It is easy to verify that this condition is independent of w.

Given a contact manifold (M, L), a Legendre manifold is given by an
m-dimensional complex manifold S together with an immersion

(3.2) fiS— M
satisfying
(3.3) ffw)=0.
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Put differently, let I C 03, = Dg>00% be the sheaf of diffcrential ideals
generated over (1}, by w and dw. An integral manifold of [ s given by a
holomorphic immersion (3.2), where now § may be a complex manifold of
any dimension, satisfying

(3.4) rn=o.

Since f*: N3, — 0% is 2 map of differential algebras, (3.3) and (3.4) are
equivalent conditions, and so Legendre manifolds are simply m-dimensional
integral manifolds of I.
Letp€ Mand F C Tp(M) be an integral element of I. This is equivalent
to
w(P)le =0, dw(p)z = 0.

It is well-known that any such integral clement has dim E < m. It follows
that integral manifolds of 7 have dimension < m, and those of maximal
dimension are exactly the Legendre manifolds.

Given a contact manifold (M, L) and local generator w of O(L), by
the well known theorem of Pfafl-Darboux (cf. [2]) we may choose local

holomorphic coordinates (z,..., 2™, u,y,, ..., ¥m) = (2, u,y) for M such
that
m
w = du — Z y;dz".
i=1

For a “general” Legendre manifold we will have Szt A A dz™) £ 0,
and then locally the Legendre manifold is given parametrically by

z — (z,u(z), y(z)).

The condition (3.3) is
du(x)
azt ’

so that the Legendre manifold is locally given by the 1-jet (z, u(<), du(z)/dz)
of an arbitrary function u(z).

In the next section we will give a global algebro-geometric version of this
construction.

vi(z) =
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4.The Canonical Contact System and its Legendre Manifolds

We will describe a canonical example of a contact manifold and determine

its Legendre manifolds. Let V be an (m + 2)-dimensional vector space

with coordinates w®, w!,...,w™%!; denote by P0;P1, -+, Pm+1 the dual

coordinates in V*. In PV X PV"* we consider the incidence subvariety
RCPV XPV*

defined by
m+1

Z Pew® = 0.
a=0

We may also write this as

(4.1) (p, w) = 0,

and we think of points in R as pairs (w, p) where w € PV and p e PV"* is
a hyperplane in PV containing w.

Such pairs (w, p) are sometimes called contact elements.

We shall give a canonical contact structure on R. For this we consider
the standard projection

(V\ {0})>l< _(V*\{0})

PV x PV*,

(4.2)
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and on V X V* we counsider the tautological 1-form

(4.3) 0= (p,dw) = Zpadwa.
o
For any holomorphic cross-section s of (4.2) over an open set U C R we
consider the 1-form on U given by
(4.4) w=23'1=(pos, d(wos)).
Using (4.1) we may easily verily that w is wecll-defined up to non-zero

mnultiples.
We shall now check that

wA (dw)™ £ 0
by explicit computation. For this we will give a covering of B by open sets

isomorphic to C?*™*! and over cach open set a natural crosss-section s.
Suppose that (w,p) € R and that w® 3£ 0. Since (p,w) = 0 it follows that

one of py,...,p;nyy must be non-zero. Suppose that p,,,; 5% 0, and for
CH™*! with coordinates (w!,...,w™,py,...,pm) consider the diagram.

(V\ {0})>l<{_V' \ {0})

(4.5) -
CEvE S B C BY XPYV*
where
s(w'y .., w™, D0y, Pm)
m
o (I,wl, SRy wm, “(PO + z p‘-w')) X (Pﬂ, PR l.)
i=1

It is clear that s(CH"*") C @ '(R) and that j = & o s is one-to-one. By
(4.4) '
w==(pos, d(wos))

= Z pidw* —d (Po + Z P;‘w'.)
i i
= —(dpu Y Zw‘.dp").
i
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Thus
dw = — Zdw'. A dp;

and

wA (dw)™ = (=1)"'m! dpg A dw' Adpi A--- A dw™ A dpn.

Definition. We shall call ths construction the canonical contact struc-
ture, and shall denote it by (R, J).

Here, J C T*(R) is the line bundle determined by the 1-form (4.3) using
the prescription (4.4).
We shall now determine the Legendre manifolds

(4.6) f:S—R

for the canonical contact structure. Assuming that S is connected and
has local holomorphic coordinates s!,...,s™, we may locally lift (4.6) to
(V\ {0}) X (V*\ {0}) and give f by a vector-valued holomorphic function

s — (w(s), p(s))
where

(4.7) {(*) Yo Pal8)w(s) = 0

(17) 35, Pals)dw®(s) = 0.

Consider the mapping
w: §— PV

given by projecting f on the first factor, and suppose that this mapping
has rank k at a genecral point. The image

X =w(S)C PV
is then a k-dimensional piece of analytic variety. Denote by X,., C X the

open dense set of smooth points, and for w € X, ., denote by T,(X) C PV
the tangent k-plane to X,y at W.
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Definition. We define the Gauss correspondence
I'sy CR
to be the closure of the sct

{(w;p) : w € X and Tu(X) C p}.

It is clear that dim I'y = m and that we have a diagram

I's CRCPV xPV*

PV DO X xX*cpvt
where X* is the dual variety of tangent hyperplanes to X. Equations
(i) and (i) in (4.7) say exactly that:

(4.8) The image of a Legendre manifold for the canonical contact
structure i3 a Gauss correspondence.

To have the converse we must relax the condition that (4.6) be an
immersion, and simply require that f have maximal rank at a general
point of cach irreducible component of §. With this technicality being
understood, using resolution of singularities we may say that:

(4.9) The tmages of Legendre manifolds for the canonical con-
tact structure are exactly the Gauss correspodences of ana-
lytic subvarieties X C PV.

Remark. Using (4.1) we have on &~ !(R)
Q = (p, dw) = {dp, w).
This suggests that in the construction of the canonical contact system the
roles of w and p (i.e., of PV and PV*) may be interchanged. In fact this

is obviously the case, and using (4.9) reflects the well-known fact that

(X*) =X;
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i.e., for subvarietics X C PV the dual of the dual is the original X (no
matter what dim X is).

5. The Canonical Contact System Associated to an Alternating
Bilinear from Q

We will now describe another example of an algebraic contact manifold
that on the one hand has to do with variation of Hodge structure, and that
on the other hand may be mapped by a birational contact transformation
into the canonical contacl system.

Let H be a complex vector space of dimension 2(m + 1) and

(5.1) Q:INRPH—C
a non-degenerate alternating bilinear form. Setting
P PH = pamt

we shall canonically associate to (H, @) « contact manifold (P, L). For this
we let z denote a typical point of IT and consider the projection

I\ {0}
(5.2) I 7
P

Given a local holomorphic section s of (5.2) we set
w=38"Q(dz, z2)
= Q(d(z 0s),z0s).

Since Q(z,z) = 0, it follows that w is well-defined up to non-zero multiples.
To show that this gives a contact structure, we consider the alternating
bilincar form (5.1) as an element

Q € RH*
and choose coordinates 2%, z,...,22™*! € H* for H so that
(53) Q=zo/\zm+l+"-+zm/\zzm+l‘_

PHILLIP A. GRIFFITHS 81



92 BRYANT AND GRIFFITHS

Then o
Q(dz,2) = Y z™H Hedz™ — 2tdzm I,

a=0

For C%™*! with coordinates (z',...,2™; Yo, ¥1,--- ,¥m) = (z,y) we con-
sider the diagram
«_» H\{0}
- L%
e-aud— T

where
S(I}y) == (llxl:-"!:‘cm: y(}:--':y'm)

Then for this cross-section s,
w = Q(ds(z,y), s(z,v))

m
= —dyg + E yidz* — z'dy;,

=1
and
dw =2 dy; A dz’.
Consequently
w A (dw)™ = (-1)"*12™m!  dyo A dz' Adyy A . ..dz™ A dym,
so that we have in this way determined a contact manifold (P, L).
Postponing the Hodge-theoretic discussion until the two next sections,

we shall give a birational contact transformation of (P, L) to the canonical
contact manifold (R, J). For this we recall the two open sets

{C‘:E?mﬂc R
cple P

given in (4.5) and (5.4). We shall define a one-to-one rational holomorphic
mapping

(5.5) T: Cy+! — CE" !
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that preserves the contact forms. This mapping is given by the formulas

m
Yo= po + %ZW‘P.‘

=1

(5.6) suse B
yt ﬁpl
I
m—ﬁw

Under this transformation

dyo + ) (z'dy; — yudz') = dpy + Y w'dp;,
¢ i

so that (5.6) is indeed a birational contact transformation.
In concluding this section we want to discuss briefly the data needed to
define (5.5). Given a filtration

FPCFCF'CcF'=H

with dim F3 = 1,dim F2/F! = dim F!/F? = m and satisfying the 1st
Hodge-Riemann bilinear relation

Fl= 31
(5.7)
F2= F*L
where _L is with respect to the bilinear form (5.1), we may choose coor-
dinates 2°,...,22™*! 5o that (5.3) holds and where
3= {2l = ... = z2m+1 =}
(5.8) F? = {gmtl — ... = ¥l — )

Pl = {am+l— )

Having choosen such a coordinate system we may define T by (5.6). Of
course such a coordinate system is not unique. In particular, a transforma-
tion

20 =20
(5-9) E" — z!‘ + Z;n:l q‘.jzm‘l'l‘l’j] qlJ — qu"
PR g, 0<a<m,
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leaves invariant the form (5.3) and sets of equations (5.8). Under a trans-
formation (5.9) we have

z' =z + ¥ ¢y;, g7 =g
i!}a= yﬂ'
and, using (5.6),

Po = Po — 2.‘,_-_.‘ q{jPin

Remark. One of our motivations for studying this particular birational
contact transformation is that the case m = 1 has already proved useful in
another context, which we now explain. I'or more details consult the paper
by the first author [1].

The celebrated “twistor” map of Penrose is a smooth fibration 7: P3 — §*
where the fibres are linear P'’s. It yields a method of transforming Riemann-
ian geometry problems in S* into complex analysis problems in P3. In
particular, the complex 2-plane field cn P? orthogonal (in the Fubini-
Study metric) to the fibers of 7 is dual to a holomorphic line bundle
L C T*P?® which [urnishes a contact structure on P3 with the following
remarkable property: the holomorphic integral curves of this contact struc-
ture project via 7 to be minimal surfaces in §*.

Using the above birational transformation in the case m = 1, we are
able to transform algebraic curves in P2 into minimal surfacs in §*. From
the fact that every compact Riemann surface occurs in P2 as an algebraic
curve and [rom an elementary general position construction, the first author
then concludes that every compact Riemann surface immerses minimally
and conformally in S*.

6. How Period Mappings Uniquely Arise as 1st Prolongations
of the Legendre Manifolds Associated to @

We retain the notations of the preceeding sections. Let § be a k-
dimensional complex manifold and

(6.1) wo: §— P
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an immersion. Denote by 7(1, k) the manifold of all flags

{F3 cM*cH where
dim F? = 1 and dimF?‘/F2 = k

We define the Ist prolongation of (6.1) to be the map
'Ptlll}: §— 7(1,k)
given for s € S by

{F%s) — o1(s)

F?(s) = projective tangent space to o(S) at po(s).
If locally g is given by
(s%,...,8%) = 2(s!,...,s*) € H\ {0},
then
F3(s) = span{s(s)}
1, — {z(s), gala) 32(")} — span {z(s), ‘35(“)}.

st 7T gsk dat

If also the linear subspace

Fie) = span o), 2202, 201

has constant dimension k + ! + 1, then with the obvious notation we may
defline the 2nd prolongation

(p}f}: S— F(1,k,0)

by
o§)(s) = {IF¥(s) C F?(s) C F'(s)}

(the reason for the indexing on the F'?(s) will appear in a moment).
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Remark 6.2. (i) In general, making suitable constant rank assump-
tions, we may definc the £** prolongation to be the mapping given by the
k" osculating flag

span{z(s)} C span{z(s), 8z(s)} C --- C span{z(s), .. ., 8%2(s)}

where 9% z(s) denotes all vectors 8*2(s)/ s . .05,
(ii) Denoting tangent vectors to S by

= X oot e )

the k" fundamental form of (6.1) is by definition the symmetric k-linear
function on T'(S) with values in H/span{z(s),..., 8%~12(s)} given by

k
£ E g i 5,%;%; € H/span{z(s),...,8" '2(s)}.

Equivalently, it is given by the linear function on
(H/span{z(s),-.., *12(s)})"
defined for ¢ € Ty(S) and X € (H/span{z(s), .. .,3"_12(.‘3)}). by
; . 0%2(s)
ik Mogoufhee = WV
(&) (x,e Zﬁ Grofie
(iii) We note the ezpected dimension count

dim F'(s) = k + 1+ k(k + 1)/2 = (k + 1)(k + 2)/2.

To say that dim F'(s) < (k+ 1)(k + 2)/2 means that the vector-valued
function z(s) satisfies a linear 2nd order PDE system.

Returning to the general discussion, we suppose that k = m so that we
have a canonical inclusion

Dc 7(1,m)

(recall (cf. (2.2)) that {F?® C F? C F! C H} € D is uniquely determined
by {F?® C F? C H}). We denote by I C 1}, the sheaf of differential ideals
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given by the infinitesimal period relation (2.5). One of our main points is
the following observation:

(6.3) Let wo: S— P be a Legendre manifold for the contact
system on P = PII given by the alternating form Q. Then
its 1st prolongation 15 a map

p{,‘): S—D

that 13 an m-dimensional integral manifold of the differ-
ential system I on ﬂb. Coversely, any m-dimensional
integral manifold of I 1is the Ist prolongation of such a
Legendre manifold.

Proof. Let pg: § — P be given locally by a vector-valued function
(s*,...8™) — 2(s) € H \ {0}

Then
w(s) = Q(dz(s), z(s))

is the pullback under pg of a local generator for the contact system on P.
Using that dw(s) = Q(dz(s), dz(s)), the conditions

{aroa

give respectively

(3) Q(az(‘.') z[s)) =0

s
(i4) Q(a;_ff), a‘;:f))

When combined, these imply that

{(i) F2(s) C F?(s)" = F(s) = F2(s)"
() dF3(s) C F?(s).

Condition (i) means that (pg,l)(s) € D c 7(1,m) (cf. (5.7)) while (ii) exactly
means that tpol is an integral manifold of I.
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To prove the converse we assume that @: § — D is an integral manifold
of I. Writing I’3(s)) = span{z(s)}, from dIi**(s) C F?(s) and using our
blanket assumption that s — {f3(s) C H} be an immersion we have

d2(s)
2
F?(s) = span {z(a), a7 },
so that p is the 1st prolongation of a mapping ¢g: § — P°. The condition
F?(s) = F%(s)L then implics that po: S— P is a Legendre manifold for
the contact system on P given by Q.

Remarks 6.5. (i) Differentiation of (i) in (6.4) gives

o) -

clearly this is equivalent to

dI?(s) C F3(s)".

It follows that

zZ\8 22 3
Fl(s) s F:-l(s)i = span {z[a), aa—‘g‘.—), gsitgsl}

is the 2nd osculating space to ¢: § — P. In particular,
dim F''(s) = 2m 4+ 1 = (m + 1)(m + 2)/2 — m(m — 1)/2

so that z(s) satisfies a system of m(m — 1)/2 linear 2nd order P.D.E.’s

(6.6) Z q'(s )a_:{gsz = 0 mod span {z(a), z(a)}

(ii) Referring to remark (i) in (6.2) the 3rd fundamental form of
©o: §— P is the lincar function on (H/F!(s))* == F'3 given by the cubic
form

(8.7) ( ), ) £eiet af,’ajfga )

1,9,k

88 SELECTED WORKS WITH COMMENTARY



INFINITESIMAL PERIOD RELATIONS 29

in the tangent bundle T(S). Referring to (2.11), this is also the cubic
form canonically associated to the image tangent spaces p.(T4(S)) C T(D)
(these integral elements of I are 1st order invariants of ).

The P.D.E. system (6.6) has the following interpretation: Locally con-
sider the cubic form (6.7) as a section

E(s) = z ijx(s)ds’ ds? ds*
“’j'k
of Sy;n?- T*(s). The quadrics
9E(s ~ 5 2
P) — 3 lop'as

span a subspace I(s) C Sym? T*(S), and we let L’(,s]l C Symz(S) be
the annihilator. Then the P.D.E. system (6.8) corresponds to operators
g =Y q"(s)8?/3s'ds’ whose symbol belongs to II(s)".

7. How Period Mappings Arise as 2nd Prolongations of Analytic
Subvarieties X ¢ PH1

We are now ready to put everything together. The situation thus far
may be summarized by the diagram

b, % (R,7)W
:

i
(7.1) (PL) & (R,J)

!
rPv

that we may explain as follows:

(i) (P,L)is the contact manifold given by the alternating form Q on
H (cf. §5);

(ii) D is the dual classifying space for our particular Hodge structures,
and [ is the shecaf of differential ideals given by the infinitesimal period
relation;

PHILLIP A. GRIFFITHS 89



100 BRYANT AND GRIFFITHS

(iii) As explained in (6.3), (D, I) may be considered as the 1st prolonga-
tion (P, L)) of the contact system (P, L) (Note: The general definition of
the 1st prolongation of a sheaf of differential ideals is given, e.g., in [2]. All
that we need to know here is that the integral manifolds of a differential
system and of its 1st prolongation are in one-to-one correspondence.)

(iv) (R, J) is the canonical contact system as defined in §4. As explained
there the Legendre manifolds for (R, J) are given by the Gauss correspon-
dences of local analytic subvarieties X C PV;

(v) (R, )M is the 1st prolongation of (R, J) (loc. cit; we don’t need to
know explicitly what this is); and

(vi) T is the birational contact transformation given in §5), and T() is
its 1st prolongation (we also don’t need to know what this means).

Now let
(7.2) p:S—D

be a holomorphic immersion where dim S = m and ¢*(I) = 0, as might
arise from the periods of a threefold satisfying (1.1). Then, by (6.3),

o=y

is the Ist prolongation of a Legendre manifold

(7.3) ©wo: S— P.

Under the birational contact transformation T, which by the discussion at
the end ol §5) may be assumed to be well-defined in a Zariski ncighborhood
of a given point of P, we may consider (7.3) as a Legendre manifold

(7.4) f:S—R

for the canonical contact system (R, J). Finally, (7.4) is given by the set of
tangent hyperplanes to the image X of a holomorphic mapping

(7.5) w: § — PV =~ P™+l
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Conclusion. The assignment
©—w

may be thought of as de-prolonging twice a variation of Hodge structure
such as might arise from a family of 8-folds satisfying (1.1). The technical
meaning of this statement has just been explained. Intuitively, the period-
type mapping (7.2) has been shown to arise from the Ist and 2nd derivatives
(2-jet) of a holomorphic mapping (7.5). In particular, referring to (5.3)-
(5.8), in the case of the periods of a family {X,}.es of 3-folds as discussed
in §1 we may give (7.5) by the A-periods

(1.6) wlo) = [ [ o) [ ooheons [_uta)],

and then the whole period mapping (7.2) is determined via (7.1) by the
small piece (7.6). This establishes our assertion (1.4).
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