SUPPLEMENTARY COMBINATORIAL LEMMAS

ROBERT P. LANGLANDS

Situation as in §8 of Boulder E.S.' and notes B.?

e A non-singular <= (N, A) # 0 and (ujp, A) # 0 for all 7 and F.
e H non-singular <= \p.(H) # 0 and p-(H) # 0 for all ¢ and F.

If Fis a subset of {1,...,p}, set
o JAS(H) (@A) <0 i €F
A 1 if : : ,
§r(H) = pr(H)(Ap, A) <0 i ¢ F
0 otherwise.
Set
ap=1+N(F)+N{pplicF, (p,A) <O0}+N{Xp|igF,(Np,A) <0}

Lemma. If A and H are non-singular,

SO 1)kepc) =0

F

(i) The left side is independent of H. We argue as in B. Choose Fiy, F» H', and H” as there.
We have to show that

C!A OéA OLA OLA
(%) (=1)"&p (H') + (=1)""2&p, (H') = (=1)"Fe&p, (H") + (=1)"72&p, (H")
[S.2] Some observations
(a)
W= g = i, 1<j<k
N =N, =\, k<j<p
(b)
sgn Ny, (H') = sgn X, (H") 1<j<k
sgn N, (H') = sgn N, (H") 1<j<k
sgn i, (H') = sgn i, (H") k<j<p
sgn i, (H') = sgn g, (H") k<j<p
c) Ak is a positive multiple of ¥, .
F> I
(d)
Ao = Mo+ Nk 1<j<k
[y = [, + €' N}, = 11, + &l k<j<p
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2%Notes B” refers to “Some lemmas to be applied to the Eisenstein series.”
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(e) As a consequence of (b)if 1 <j <k

sgn Ny, (H') = sgn X, (H') <= sgn\j, (H") = sgn X}, (H").
Because of (d) one of these holds and hence both hold.
Alsoiftk<j3<p
sgn g, (H') = sgn i, (H') <= sgn iy, (H") = sgn i, (H")
and because of (d) one of these holds. [S.3]
() 1<) <k
sgn Xy (H") (1175 A) = 580 X, (H') (b1, A) = sgn g, (H") (417, A) = sgn Mg, (H") (7 A)
ftk<j<p
Sgn /’L.}?l (H,)()\%ﬁ’ A) = Sgn IJ/JF‘Q (Hl>(AJF‘27 A) - Sgn M%Q(H”>(AJF’2’ A) - Sgn /"L‘%‘l (H”)()\‘}“H’ A)
If any of the numbers in (f) are positive then all terms of (%) are zero and we are

done. Suppose they are all negative. Interchanging H’' and H” if necessary suppose that
Ny (H')(pf,, A) < 0. Then Aj, (), A) > 0. There are two possibilities.

(A) sgn(ph, , A) = sgn(Af,, A). Thus the right side is zero. The left side is
(—1)%F + (—=1)"F = 0.
(B) sgn(uf,, A) = —sgn(Mf,, A). Then the questionable equality is
(~1)%h = (—1)*h.

which is valid since a%l — 0/}2 =0or 2.
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