THE FACTORIZATION OF A POLYNOMIAL DEFINED BY
PARTITIONS

ROBERT P. LANGLANDS

1. INTRODUCTION

It is best to work with unordered partitions. Thus if k is a positive integer, a partition of
length 7 of the interval [0, k] is a sequence, 0 = ko < ky < --- < k, = k, of positive integers.
Set k] =k — k;.

Fix k, and let z, Y, and A be three indeterminates. From the polynomial Py(x,Y, A) given
by

-1
r

> TR AY + Ak — ki) szk’
{k1,..c;kr—1} i=1
In the summation r is not fixed, so that the sum runs over all unordered partitions of k. The
polynomial is of degree k in Y, and the coefficient of Y is ((k — 1)!)_2.
It can be factored explicitly. For this it is convenient to write

((m+1)p—mq)’ —1
dm(m + 1)
Observe that if m # 0, —1 then, given A, this equation can always be solved for p and q. Set

(((1 — kP —(p—q+s)?)m*+2(1—k)—(p—q+s)p)m+1 —p2>

A= hp,q(m) =

Yo(m) = dm(m + 1)
= th(m) - hp,q—8<m)7
Y/(m) =
(k=12 = —r—*)m? +2((k = k= (=7 = )p =) m+k* — (0= 1)?)
dm(m + 1)

— hia(m) = prglm).
Theorem 1.
(a) If m is defined by x = —m/(m + 1) and if A = hy,,(m), then

Py, &)= (k-1)" I (v -Yim).
|s|<k
s=k—1 (mod 2)
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2 ROBERT P. LANGLANDS
(b) If m is defined by x = —(m + 1)/m and if A = hy,,(m), then
Pu(w,Y,8) = (k=1))" T (v =¥i(m).

[r|<k
r=k—1 (mod 2)

The purpose of this paper is to prove this theorem. As is explained in an appendix, it has
its origins in the theory of the Virasoro algebra and conformally invariant quantum fields.
Thanks are due to Y. Saint-Aubin for explaining to me the formulas , proved by
him and Benoit in [BSA], for they were the starting point of this paper, to W. Casselman
for a number of conversations and, in particular, for checking the critical Identity 2.4 on the
computer long before I was able to prove it, to Lyman Hurd for instruction in the use of the
computer, and to W.-C. Hsiang for avuncular advice about the title.

2. SIMPLE REDUCTIONS

The two parts of the theorem are equivalent. They are both stated, because they are both
to be used in the Appendix. If m" = —m — 1 then

m+1 m’

m  om +1
and
hpg(m) = hgp(m’)
for all p, ¢. Thus upon interchange of p and ¢ the expression Y;(m’) becomes Y (m).
It is enough to prove the first statement of the theorem. We begin with a sequence of
observations, stated as lemmas. To indicate the dependence of Y;(m) on k we write Y*(m).

Lemma 2.1.
YA (m) = YE(m) = 1— (k+ 1)z

The difference Y**2(m) — Y*(m) is seen upon inspection to be

(k+1)?2 = (k=1)*)m* = 2((k+1) — (k—1))m _km—1_(k+1)m

Am(m + 1) m+1 m+1

Lemma 2.2. The product
(v = v2m)) (v = Y52 m))
18 equal to
Y +A)Y +A+k+1)+ (k+1Dz(Y + (k+2)A).
The lemma is tantamount to two assertions:

VIR (m) + Y5 (m) = —2A — (k+ 1) — (k+ 1)z;

YR (m) + YR (m) = AA +k+1) + (k+ 1)(k + 2)zA.
The sum on the left of the first identity is equal to

(—=2(p — )*m® — 4(k + 1)m — 4(p — ¢)pm + 2(1 — p*)) /Am(m + 1).

Since

A= ((p—q)’m* +2(p - g)pm +p* — 1) /4m(m + 1),
the first equality is immediate.
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For the second, one observes that the product on the left is

(0 —@)m? +2((k + 1)+ (0 — ap)m +p* — 1) — 4k + (0 — gym? + pm)”
16m2?(m + 1)? '

and this is

(A + %) — (k+1)*(A+1/4m(m + 1)) (m/m + 1).

The second equality follows.

Lemma 2.3.
((I) Pl(x>Y> A) =Y - Yol(m);
(0) Po(z,Y,A) = (Y = Y2 (m)) (Y — Y(m)).
The first assertion is clear; the second follows from the previous lemma and a direct
calculation of Py(z,Y,A) as
Y +1+A)(Y +A)+z(Y +2A7).

Theorem 1(a) is thus seen to be equivalent to the validity of the following identity.
Identity 2.4. The polynomial Py o(x,Y,A) is equal to the product of
(2.a) (k(k+ 1) 7 Pe(2,Y + 1+ (k + 1)z, A)

and
Y+A)Y +A+k+1)+ (k+1Dz(Y + (k+2)A).

Fix r > —2 and consider on both sides of the identity the coefficient of 2*~". On the left it

is P[3(Y,A), the sum over all partitions {ki,..., k1} of [0,k + 2] into r + 2 intervals of

the expression

42 r+2
H(k‘; +Y + Ak = kio1)) H(k‘zk’;)_l
i=1 i=1

Since k; — k;—1 = ki_; — kI, this equals

(2.b) TLA® + K+ (- Ay + ) [Ttk

If S;(Y +1,A) is the coefficient of z°" in (2.a)) then the coefficient of z*~" on the right
side of the identity is

(2¢) SV +LA)Y +A)Y +A+k+1)+ S (Y +1L,A)(k+1)(Y + (k+2)A).
We fix k and r, and show that the coefficients 2*~" on both sides of the identity are equal.
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3. FURTHER REDUCTIONS

To calculate S (Y, A) we have to expand the products

s

i=1
retaining only the coefficient of 2¥~". Thus we obtain a sum over all partitions of k£ and over
all subsets ¥ with r elements of those partitions of

(3.a) (k+ 1 TI(k +Y + Ak, — &) i:[(kiké)_l

Observe that r is fixed but that s varies from term to term in the sum. The notation i € 3
is abusive. It is the interval I = [k;_1, k;] that belongs to 3. Let e; = k;_1, €} = k.

The union of the intervals I in ¥ may or may not cover [0, k]. There will be a certain
number ¢(3) of open intervals or gaps left uncovered. We divide the endpoints 6 of the
intervals in Y into four types, the extreme, the bound, the left free, the right free. The
corresponding sets will be denoted ©¢, @, ©/, ©"/. The endpoint § will be said to be
extreme if it is 0 or k, to be left free if it separates a gap on its left from an interval of 3 on
its right, to be right free if it separates an interval on its left from a gap on its right, and to
be bound if it is a common endpoint of two intervals in [I.

Lemma 3.1. The coefficient S;,(Y + 1,A) is the sum over all ¥ with r elements of the
product of

(k +1)° H( Y+k+2—(ef+1))+(1—A)(Y+e}+1)>

and
—1

[T+]]ek—0 ]k —0)k+1+0)]]606+1)
©c @b ot orf
The product in the first factor is obtained by writing
Ki4+Y +1+ Ak, — k) =AY +k+2—(e;+1)) + (1= A)(Y +¢€;+1).

The factor (k4 1)~% is extracted from the factor (k(k -+ 1))_2 in (2.a). Ignoring it, we have
to evaluate the sum over all partitions containing a given X of

-1
s—1

(3.b) B2k + 1) | T Rkl

The partitions containing ¥ are obtained by partitioning all the gaps. Thus the sum of the
expressions ([3.b]) is the product of

-1

ITx]Jox -9

(S



THE FACTORIZATION OF A POLYNOMIAL DEFINED BY PARTITIONS 5

with the product over all gaps of
(3.¢) (ala+h)d'(d’ + h)) ZHCH—] (a +h—j)Ha+d +h+1)AF

A jeA
Here a is the left endpoint of the gap, @’ is the distance of its right endpoint from k, and h
its length, so that k = a + a’ + h. If one of a or @ is 0, it is to be omitted from the factor

preceding the sum, which runs over all subsets of {1,...,h —1}.
The expansion (3.c)) is the product of k + 1 with

.y e a+d+h+1
(a(a + h)d'(d' + h)) H(l—i-( . )

a+j)(a + h—j)

j=1
Upon simplification this become
T a+j+D)d+h—j+1) 1 1

(ala+ h)d'(a' + h))f1 H : : - .

e (a+j)(a'+h—j) aad’ (a+1)(a’ +1)

The lemma follows. Notice that if, for example, a = 0 then it is to be omitted, and a +1 = 1;
so the right side of this equality is 1/a’(a’ + 1).
The expression ([2.b)) is equal to

H(A(Y +k+2—e)+(1-A)Y +¢€))) i_[(kik;)—l

The first product is over the intervals in the partitions. We expand this product by writing
each of the linear factors in the first product as a sum of four terms:
AY +k+2); —Ae; (1—-A)Y; (1-Ae].

To these we attach respectively the labels: (—1,0); (—1,1); (1,0); (1,1); or often, and
preferably, the symbols: «©-; «— ; &+ ; — . The labels or the symbols are to be regarded
as attached to the interval defining the linear factor, so that the label may be written
(a(I), pu(I)). The first term defines the direction of the arrow. The whole collection of
symbols defines a diagram

(3.d) O

the lengths of the arrows being the lengths of the partitions. Let a/, a, ¥, b be the number of
arrows of the four types, so that a’ +a+ b +b =1+ 2. Then P,:ig(Y A) may be written as

> (=D AT (1 = A 4 k4 2)"YY Peyo(da, VD).
a’,a,b’,b
The expression Py o(a’,a, b/, b) is the sum over all diagrams (3.dl) for which @', a, V', b have
the given values of
[TAMD
I

A(I) = e?m*le/_l

Y

where

if I is negatively oriented, and
A1) = ey
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if it is positively oriented. It is again understood that e; or €/ is suppressed if it is 0. Moreover,
those diagrams for which the initial interval is of type < or the final interval of type — are
excluded from the sum.
It is clear from Lemma 3.1 that S;(Y + 1, A) has a similar expansion
> (=D)AL =AY + k+2) YV Si(da, VD),
a’,a,b’,b
where now the constraint on o, a, b/, b is that ' +a + b +b=r. If any of d’, a, V', b is

negative then Sy(a’,a,b’,b) is understood to be 0.
Observe that (Y + A)(Y + A+ &k + 1) is equal to the sum of

A Y +E+2° 4200 =AY (Y +k+2) + (1 — A)?Y?
—A1=A)k+1)?—AQ =AY (k+1)+ A1 -A)(Y +k+2)(k+1),

and

~AY +k+2)(k+1)+ (1 — A2 (k+1),
while

Y+ k+2) A=A +Ek+2)+(1-A)Y.
Thus the identity is a result of the following lemma.
Lemma 3.2. P, s(d,a,l,b) is equal to the sum of the four expressions:

Si(a" —2,a,b',b) +2Sk(a’ — 1,a,b' — 1,b) + Si(a’,a,b — 2,b);
(k+1)2Sp(a’;a—1,b/,b— 1) + (k+1)Sp(d’,a,b' — 1,b— 1) + (k+ 1)Sp(a' — 1,a — 1,b',b);
(k+1)Sk(a —1,a,0',0— 1)+ (k+ 1)Sk(a’,a — 1,0 — 1,b);

and
(k+1)Sk(a',a, b —1,b) + (k + 1)Sk(d’ — 1,a,V, D).
If we ignore the length of the arrows in (3.d]) we obtain diagrams in which only the direction
and the type of arrow is significant. Given such a diagram, we let P(x) be the sum over all

partitions and labelings of type * of [[; A(I). To each diagram * we can attach integers a’(x),
a(x), b'(x), and b(x). Then

Piio(d’,a,b',b Zpk-i-?

the sum being over all diagrams with the given values of ¢/, a, i/, and b. For example, recalling
the conditions on the extreme arrows, we see that

Pk+2(07 17 17 1)

equals
Prio( o ¢ )+ Pojo(—— ¢ FS» ) + Prpo( 2 ).

In the same way,
Se(d,a, b, b) = Su(x
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4. A SPECIAL CASE

If @ =¥ =0 then Lemma 3.2 reduces to
Pii2(0,a,0,b) = (k +1)2S,(0,a — 1,0,b — 1).
This is implied immediately by the following proposition.
Proposition 4.1. If d/(x) = V/(x) = 0 then
Prio(— x <) = (K + 1)2Sk(%).
The abstract diagram — * < is obtained by juxtaposing a sequence of diagrams of the
form

to 01 Oio1 0 i1 05
(4&) —> RN “ e <_ ,

in which a sequence of positively directed arrows is followed by a sequence of negatively
directed arrows. The contribution to P(— %<) from a concrete diagram, one in which the
endpoints of all arrows have been fixed, is the product over the diagrams (4.al) of

11 1 1 1 1

(0 — 01 — 1) '

000 0,1 k4+2—-0;11 k+2—-0,1k+2—0,

Notice that 6; does not occur here and the only condition on the sequence

907917 cee 79i7179i+1 e 0871

is that
90<01 < .- <02‘_1 <0i+1 < "'<05_1 <05-
Notice that 1/6, is suppressed if 6y = 0 and 1/k + 2 — 0 is suppressed if 6; = k + 2.
On the other hand, the abstract diagram * begins with a sequence
—> “ e —>’
that is then followed by a sequence of diagrams
— e 4 ... _>7
and finally by a sequence
R

Any or all of these sequences may be empty.

The expression (k + 1)2S,(*) will be treated using Lemma 3.1. Since we have multiplied
by (k -+ 1)? the factor (k + 1)9*)~2 may be replaced by (k + 1)),

There are two simple but important relations to note before beginning:

1 k+1 1 1 1 _
(4.5) Z (k;—e)j'(j+1)(k:+1—n)+k:—9'ﬁz(9+1)(k+1—n)’

1 k+1 1 1
e e B (G B e Ry TR vy e

Since
1 1 1 1 1 1

JG+Y i+l G-kt ) k= k—j+ 1
the left-hand sides are easily calculated and found to be equal to the right-hand sides.
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We next calculate a factor of that part of Sy (x) obtained from diagrams whose first segment
is

T 91 s 93
I -
with 6y, ...,60, given. Fixing 6; and summing over the possible 7;, we obtain a contribution
01—1
E+1 1 1
kK+1—86 T G—
( 2 2;(k+1—ka—m)91 k-0,

The factor £ + 1 — 6; comes from the product in the first term of Lemma 3.1. The factor
(k4 1) in the numerator in the sum comes from the first gap, which is present if ; > 0 but
not if 71 = 0. The factor 1/6; is there whether 6; is right free or bound. If 6; is right free the
additional factor 1/(6; + 1) will be part of the contribution attached to the second arrow.
The factor (k+ 1 —n;)(k — 1) is there because 7, is left free if it is positive. If 7; = 0 then
it is extreme and contributes 1/k.

Passing on to the contribution from the second arrow, we fix #; and 65, and form the sum,

62—1
k—+1 1 1 1
k+1-—86 L _ ‘
( g nzgel:ﬂ (k+1+m)(k—mn) 02 (k—61)0 6 +1

Continuing, we obtain as the contribution from the initial segment, except for a supplementary
factor arising from the last arrow that is to be treated later,
1 1
0,+1 6, +1
where 0 < 6; < --- < 0. In the same way the contribution of the final segment
m Ug

o L

N

18
1 1

(k+1=m) (k+1—m-1)
We now turn our attention to the contribution of one of the intermediate segments

First of all, fix #, n and consider the total contribution of

0 « j m
— —_—
for all possible 7, j. It is
(n—0-1)
(k=0

Once again, if € is left free we do not include the factor 1/(k+1—0), and if 7 is right free we
do not include the factor 1/(n + 1), nor do we include a factor (k + 1) from a gap at either
end.
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For a fixed ¢ and j the contribution is

0+1 1 1 (k+1—n) .
F=0 D) G—phri=p o *FD r=J
0+1 1 E+1—n C_
k=0 i(k—3) 7 e
Fixing 7 and summing over ¢ we obtain
Z 1 1 k+1-n (m—0-1)
o2, k=3) (k+1=3) 1 (k —0)n

This is not a very useful form in which to have the contribution. To transform it, we prove
some simple lemmas. To have some notation, set

E+1

0,) = 0> 6,
fol61) @+ 1)(k+1—6,) '
=1 0= 0.
Set
(m) = kE+1 -
In\Th k+1—n)(m+ 1) m<n
=1 m =1
Lemma 4.2. If 0 and n are given, § <n then
—1
> sl 91 ) )gn(m)
0<01<m<n
15 equal to

1 Oa(k — 02)
@+1)(k+1-n) 9@22:@ (b2 4+ 1)(k+1—6y)

To calculate the sum over 6y, 71 we write
771—91—1:(16—01)+771—(k+ )
obtaining three sums that we easily evaluate using and .

f 01 gn 771 . 1 (k?+1)(/{5—91)
Z; : B CETE) 2. USSR

01 0<01<n

Jo(01)gn(m) 1 (k+1)m,
22 by TRt |, 2, B

n 01 0<ni<n
ZZ fo(01)(k + 1)g,(m)
0 m k 91 771
1 (k+1)
_ - —(kt1
O+ )k+1=7) 2 (k+1)

(k+1—61)(0:+1)

0<01<n
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Replace in all three sums the right variable of summation by 6,. Note also that

2 EZE:Z%ZB:n—9—1=<k—e>+n-<k+1>.

0<02<n
Then to complete the proof of the lemma, we have only to observe that

(k+1)(k—0)+ (k+ 10— (k+ 1)+ (k+1—05)(0s+ 1) = O2(k — 65).

Note that
01 9'—1

) Pl ) BRI S

oty (B 1 =n)(k—=1n) ot i +1)
Lemma 4.3. If 0 and n are given, n > 6, and

n-(0,—60-1) 1 1
A: . .«
2 0, h+1  0,+1

0<b1<--<0s<n

1 1
B= Y - —6,—1),
.+ 1 95+1(77 )

0<01<--<0s<n

then A = B.
Set

0<01<--<0s<n 0 01 + 1 0 +1

1 1
B = '
D R

0<01<<0s<n

It suffices to show that A’ = B’. Clearly

1 1
B = (np—0s_1—1
> 0,+1 0, ,+1 (n 1=,

0<01<<0s_1<n

1N 1 |
A = . N[ —— — — .
2 ”(9+)(a+1 %>%+1 6,11

0<a<-<0s5<n

1\ nBa—0-1)
o41)( e — ) =MD
! +)(9+1 @) 6

the lemma follows by induction, for it is clearly true for s =1, when B'=n—0—-1= A’

and

Since

Lemma 4.4. If § and n are given, n > 6 and

(k—=0)(n—m—1) 1 1
A=
Z (k—m) k+1—m k+1-—n

0<ns<--<m<n

- Y 6 1)

O<ns<--<m<n <k +1- 771) (k +1- 778)

then A = B.
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This is the previous lemma in another guise. Before we begin transforming the contributions
of the intermediate segments, we treat the simplest case, that in which no intermediate
sequence occurs in *. Then — % <— has concrete diagrams of the form

91 05_1 05 93+1 0r+1
— S e —— ¢ ce ,

and P(— % <) is the sum over 0 < 0 < -+- <01 <Osy1--- <011 <k+2of
1 1 1 1
e (O — 0 —1 )

th 95—1( i ! )k?+2—93+1 kE+2—0,

The concrete diagrams of type * with gaps are either of the form

(4.e)

91 95—1 95+1 Qr—l—l

Vi DY <

Y

in which there is a gap between 6,_; and 6,,1 or of the form

91 9r+1

In the first case the supplementary factors arising from the two internal arrows are 1/(6,_1+1)
and 1/(k+1—0,,1), together with a factor k+1 coming from the gap. This yields a contribution

1 1 1 1
91+1'”95—1+1 E+1—0.. “.k+1—9r+1
Substituting 6; for 6; + 1 in this product we see that we obtain all possible sequences
contributing to except those for which #; =1 or 6,,1 = k + 1. Subtracting a term (4.f)
from the corresponding term of we obtain

1 1 1 1
(=0 —(k+2—0, ,
th 95—1( 1= (ke +1))k+2—93+1 k+2—0,4

Breaking this into parts, cancelling either 6, ; or kK + 2 — 65,1, and then taking account
of the multiplicities with which the missing 6, 1 or 65,; could occur, we see that we have
contributions

(4.f) (k+1) 0<b0; < <041 <k.

—-11 1 1 1
(O — Oy — 1)

16, Os—2 k+2_65+1”'k+2_9r+1’
where
0<l<b < <l 9<bs1<---k+1,
and
-1 1 1 1 1
R e ) (S S R R SR S M () B VY
where

l<bh < <01 <0<~ <k+2.

This accounts for all contributions to P(— % <—) except those for which ; =1, 01 =k + 1.
However, concrete diagrams with no gap between 6;_; and 65, yield

1 1 1 1
6b+1 O, 0+1k+1—-0,9 k+1—0,11
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Taking account of the multiplicity 0,5 — 0,_5 — 1 with which the missing 6, 1 = 0,1 can
occur, we see that we obtain exactly those contributions to P(— % <) associated to sequences
0=1,0,.1=Fk+ 1.

We now suppose that there is at least one intermediate segment, and treat the contribution
of the first of these together with that of the initial segment. The junction of the two segments
has the form

01 0y Os—1  Os11&41 0, & 6 m ‘9u Um

\ N oo e
4 N N >'

The arrow following upon 7, is of the form <. Suppose it begins at 7.

[fu=1letn' =n, butifu>1weletn =wvy. Ift =s+1,let # =0, _1; otherwise let it be
&_1. If the initial segment is empty, take #’ = 0. In the same way let ' = k if it is otherwise
undefined. Then Lemma 4.2 transforms the contribution of the interval [¢, 7] to

Q// 1 k: _ 9//
(4.8) >

ol +1 (0"+1)(k+1-0") kE+1—1n
The (0”4 1)(k+1—6") in the denominator will not be touched. If ¢ > s+ 1 we take 6" /(6" +1)
together with the rest of the contribution of the interval [f;_1,&; 1] obtaining
0" 1 6,,+1
§i-1+1 ‘ -1 k=0

Summing over &_; we obtain

0" —0,_1—1
k=01
The contributions of the other intervals [0;,;], s +1 < i < k — 1 then yield the sum of
0" —0,_1—1 1 k+1
(4h) 2 k tel k=0, 4+1 &k 9+ K
B 1 <Bos ey 1 <O — Ut — 01+ —Usp1 +
and
0" —0,_1—1 1 k+1

4] ) (0, +1).
(44) 2 P S s S vy e R G R

05—1<05+2<"'<9t—1<0”

The first factor is there so that in both cases we can use 1/(6s_; + 1) as the contribution
from the final arrow in the initial segment.

If t —1is s+ 1, this manner of expressing the contribution is not obviously meaningful. It
is better to take it as

0" —0,1—1 k+1 0" —0s_1 —1

4 T T ) (0, 1),
(43) 2 ( k=0, )(k+1—6t1>+< i—6,, ) 0t

0571 <9t—1 <"

Lemma 4.5. The sum 15 equal to
Z 01 .
Os_1<8;_1<6" kt1— 00
Write the numerator in the first sum as

(k+1)(k—0i—1) — (E+1)(k+1-06").
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The first term yields
E+1—0,_1

93—1<0t—1<9”
The second may easily be summed in closed form to yield

—(k:+1)(k+1—9”)( LR )

k+1—-0" k—05
Adding to this the final term in (4.j|) we obtain
(—(k+1)(0" =051 — 1)+ (0" — Oy — 1) (051 — 1)) /(k — 05-1) = —(0" — 6,1 — 1).

Since

E+1—0,,
o6 1=y Bzt
0 <0r_1<6" k=0
the lemma follows.

To deal with the case that t — 1 > s+ 1, we use Lemma 4.4 to write (4.hl) as

| 1 1
k1
) (k+ )( k0. )<k+1—9t_1) (k+1—95+1)’

Os—1<0s41<<0r_1<0"

and as
Z Osi0 — 0541 — 1 (0uy+1) 1 1
k=0, o EF+1—0,4 k+1—-6.2)

93_1<05+2<'“<9t_1<0”

Applying Lemma 4.5 we obtain

Z 0 1 1
ST\ k16, k+1—0,4)

0571 <05+1 <"'<9t71<0//

Thus the conclusion is the same in all cases.
We put these contributions together with the contributions from the initial segment, writing
Osy1 a8 041 — 01 — 1+ 60,1+ 1. This yields a sum of two terms. The first is

1 1 1 1
.. (Ogi1 — Oy1 — 1) . :
0b+1 O,1+1 k+1—0,1 k+1-—0,4
the second, in which the multiplicity of the missing 6, _; is taken into account, is
1 1 1 1
. (Oyp1 — 050 — 1) .. '
0+1 05 5+1 k+1—0s1 kE+1—0,4
Observe that upon replacing 6; + 1 by 6; these products correspond exactly to the initial
contributions to P(— * <), the second corresponding to 6; = 1.
We now return to (4.g)), and work towards the right; only the contribution (k—6")/(k+1—n')

being pertinent. If there is only one intermediate segment, so that the complete diagram x
has the form

AN \ ... AN
7

01 Os—1 Os11 0, m Nu  Nut2 My



14 ROBERT P. LANGLANDS

then the contribution from the right is treated like that from the left and is the sum of

The second corresponds to the contribution to P(— *<—) in which the final § is k+ 1. Putting
all contributions together, first multiplying the two parts and then adding over all possible
sequences, and not forgetting (0” +1)"'(k + 1 — 6”)~! from we see that we obtain
P(—=x*+).

Suppose, however, that there is a second intermediate segment, so that where they abut
the diagram has the form

and

th 0s m ur v

A 5> e e A e &
S 7

The contribution up to 7; is calculated as before. For example, if s = 1 it, or rather the part
coming from the right of 6", is
k _ 0//
k+1—m
More generally, using Lemma 4.3 and the obvious modification of Lemma 4.5, we obtain

(9211) (911)(%?-117)
(9211)”'(9811)

corresponds exactly to what we need for the comparison with the contributions to P(— <—).
The final factor is to be put together with the contribution from 7, on to yield

S () ) ) ()

Os<m <---<mg<v

The product

The final factor is the contribution previously calculated for a diagram <——. Lemma 4.4

replaces this with
1 1 1
-] [ — )=
(m )<k+1—771> (k’+1—77t> v

The initial terms correspond exactly to what is needed for the comparison. Keep the final
two for proceeding further to the right. Choose €', 1’ as for (4.g)). Thus ' is either 7,1 or 6.
Then we have a contribution

(4K) ) — )

0’ <ne<v<ny’ (k +1- 7]t> v

The sum is over 7; and v.
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Lemma 4.6. The sum (4.k)) is equal to

Z 1 . k—6"
@+ 1)(k+1-0") k+1—1n"

o' <0 <
This is an immediate consequence of (4.b). The factor 1/(6” + 1)(k + 1 — ") is what we
need for the comparison with the contribution to P(— % <—). The factor
k _ 9//
k+1—n"
which we have seen before, is what we need to treat the second intermediate segment like the
first, and then inductively to proceed all across the diagram, thereby proving the proposition.

5. COMPLETION OF THE PROOF

The proof of Lemma 3.2 will now be reduced to Proposition 4.1. Although the value of
P(x) or S(*) depends on the directions of the uncircled arrows in * it does not depend on the
directions of the circled arrows. They are important only when calculating Py2(a’, a,b’,b) or
Sk(a',a,b',b). Thus we sometimes indicate a circled arrow simply by the symbol —S— .

Lemma 5.9.
(a) P(—0— ) = L P(—<«).

k+1
(@P@%%):%f@%eﬂjhﬂwﬂ,
(¢) P(—6— %) = g P(= %) + 77 P(—= %),
(d) P(x1 =6— %g) = g7 P(1 =4 %) + 7 P(1 = %2) + 727 P(¥1 = %),
(e) S(x1 —O— *9) = k—ilS(*l —— %) + k+r15(*1 — *x9) + k—ilS(*l — %y).

In the formula (e) for S both %; and *; may be empty, but in the formula (d) for P they
must not be, as * must not be in formulas (b) and (c¢). Since P(—S—) =1, P(—+<+) = k+1,
the first formula is clear. Consider the second. The contribution of a concrete diagram

0
* —O—
is of the form A -1/0. The contribution of
g ¢

* —
to P(x —<)is A-(1/6)(k + 1 — 0), while that of
0

* ——
to P(x <) is A. The formula (c) is of course proved in exactly the same way. For (d) the
verification is also similar. The diagram

6, 6
1 —O—  *2
contributes a term A - (1/6;) - (1/k + 2 — 6,) - B. The contributions of the three diagrams
appearing on the right are respectively:

Al Y e n.B oAt oAt B

0, k+2—0,
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Proving the final formula is just a little less simple because we cannot operate entirely
with concrete diagrams. The pertinent part of the concrete diagram for the left side of (e) is

0 0 02 n
=1 |
0, and 6 are the endpoints of —©—— and # and 7 are the closest endpoints of the arrows
in %1 or *9. If % is empty then # = 0 and if %, is empty then n = k.
The contribution from the interior of the interval 10,n] is

Z Jo(6h) - ) gn(n1)~

0<61 <m<n

By this we mean that the factors 1/6 and 1/(k — 1) are not taken into account.
On the other hand, replacing the undirected arrow —©—— in the interval 6, 65 by the
directed arrow —, we obtain

k + 1—
Z fo(61) - o) gn(m).
0<01<m<n
Taking instead <—, we obtain
9 +1
> o) : o == 9n(m).
0<01<m<n

Next, inside the same interval [0, 7] we insert two opposing arrows
0 01 m 02 12 Ui

\ e ee—— |-

We have to take the sum

> Jo(61) ((kﬁﬁ)gez (m) (%)%(%)

0<61<m <h2<n2<n
Use (4.b) to sum over 7; to obtain

>0 (=) (o o

0<01<02<n2<n

Then sum over 0, to obtain

S 20 ).

0<01<m2<n )

The last formula of the lemma follows immediately on replacing 7, in this sum by 7, for

[t is clear that the expansion permitted by this lemma can be iterated so that Py o(d’, a,b’,b)
becomes a weighted sum of P(x), where * is a diagram with no circled arrows, and with
its extreme arrows pointing inwards. The diagrams that we obtain have distinguished
subdiagrams of the type —<—, —, or <, each provided with a supplementary orientation.
Suppose there are ¢, c,, c¢_ distinguished subdiagrams of the three types with negative
orientation and d, d,, d_ with positive orientation. Then ¢’ = c+cy+c_,d =d+d, +d_. In
addition, P(x) is to be provided with the weight (k+1)~*~". Since the weight is independent
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of * it can often be ignored. Each * that occurs is actually of the form — %, <— with a}] = «’,
V, = b'. By Proposition 4.1 we may replace (k4 1)~ P(x) by (k + 1)~ S(x}).

There are many types of diagrams that contribute to the sum of Lemma 3.2, and it is best
to introduce a supplementary label, because the same diagram *, may contribute more than
once. This supplementary label is one of the diagrams:

A O ; Ny o ; A o ; Ny o N
o \ ; \ ; ; \ \

Each of the diagrams defines two numbers €', the number of negatively oriented circled arrows,
and f’, the number of positively oriented circled arrows. If a}, = a/(x3), b, = b'(*2) then
ay+ € =d, b+ f' = b and the weight attached to the contribution with the double label is
(k+ 1)1,

For example, the term 2Si(a’ — 1,a,b" — 1,b) is the sum of contributions from pairs
(%9,707 <0~ ) and pairs (%9, S~ -©* ), while Si(a’,a,0’ — 1,b) is the sum of contributions
from pairs (¥2,-9 ).

Using the lemma to expand, we obtain the common weight (k + 1)27%=Y_ The terms
of the expansion are labeled by the same supplementary diagram x*}, and by a diagram 3
with no circled arrows but with a certain number of distinguished subdiagrams of the form
+——,—, or <. Each of these subdiagrams is provided with an orientation, corresponding
to the orientation of the circled arrow from which it arose. Let there be i, 7., 1 negatively
oriented arrows of the three types and j, jy, j_ positively oriented. Then a, =i+ i, +i_,
by =j+j++7j-.

We have to establish a bijection between the diagrams x;, taken with multiplicity, and
the diagrams (x3, x3), also taken with multiplicity. Suppose *; is obtained from * =— %; <.
Thus * is obtained by introducing one of the three diagrams —<—, —, <—, in place of each of
the circled arrows.

Let Dq,..., Dy be the introduced diagrams of the form —<—, so that % has the form

Thus there are s+ 1 sequences S; of arrows, from the beginning to the beginning of Dy, from
the end of D; to the beginning of D,, and so on. In .5;, 1 <7 < s, let there be p; positively
directed arrows and g; negatively directed arrows. Let p} of the p; arrow arise from positively
directed circled arrows by the substitution of — for <5+ | let p! arise from negatively directed

circled arrows, and let p!” be original arrows. Define ¢, ¢/, ¢/ similarly. Define ps, qs, p, pZ,

(2

pY 4., ¢, ¢ in the same way, except that the two end sequences are put together for the
counting. Then the multiplicity with which the diagram with given locations of the D; and
given S;, as well as given p;, p!, p!’, q¢;, ¢, ¢;" contributes is

f[ pi! ) qi!

piel U U R AT
Between the center of D; and that of D;,1, 1 < i < s there is at least one diagram <——. Let
the first be E;. If there is such a diagram after Dy, let E, be the first. Consider the number
of ways of assigning to the arrows between the centers of D; and D;,; that do not lie in E;

both circles and circled directions, and in such a way that the total number of each is as
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before . The number is
pi! q;!
Notice that we have begun to describe the diagrams *3 for which Fy,..., F,_ 1, and FE; if it
has been assigned, are the diagrams <—— introduced in the expansion.
If E does not exist, then the multiplicity with which we can make the various assignments

up to the center of Dy and after the center of D is
pst g
PP qlallglt
Notice that the extreme arrows of * no longer play a role; they are replaced by the first arrow
of D¢ and the last of D,.

To make the comparison, we note that if F, does not exist then D, is determined as the
final subdiagram of the form —<. We also agree that F; and D;, 1 < ¢ < s are to be
obtained from circled arrows with the same orientation. Moreover if E, does not exist, then
we take x4 to be <5 or «©- | according to the circled orientation of the arrow yielding D;.
We finally note that D; is determined by E;. We simply move to the left from FE; to the first
diagram —<—.

Thus the bijection with multiplicity is established between diagrams =, in which Dy is the
final diagram —<— in * and diagrams (xs,*4) in which %4 has only a single arrow.

If D, is not the final diagram —<— then F, exists, and we take it as coming from a circled
arrow with the same orientation as D,. The only difference in the counting of the multiplicities
is that for the contribution to S, we remove the arrows in E, as well as the extreme arrows
and only add the first arrow of D; and the last of D,. To make the count come out correctly,
we adjoin the supplementary %4 with two arrows, each of which has three states that can
be interpreted as circled with positive orientation, circled with negative orientation, and
uncircled. Observe that this argument is also valid for the case that s = 0.

A pair of tables for the case r =1, ' = a =b =1, b/ = 0 may help. Diagrams with the
same label, which lies between (i) and (v), are matched in the bijection.

Initial Expanded * *1 S
— - — —_— = — — — — 1 (1)
—_— — — — 0 (jv)
— — — 0 (V)
— — O —— — — — 1 (jj)
—_— e — 0 (V)
& — — — e — — — 1 (iii)
—_— — — — 0 (jv)
Initial %o Expanded *3 G
— — — — - (1)
—— — - (i)
- — — (iii)
— — (v)
— — — (jV)
— — — <O~ (v)
— — — — (iv)
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APPENDIX

The Virasoro algebra g as an infinite-dimensional Lie algebra over C with basis Ly, k € Z,
and C and is defined by the conditions:

(i) C is central
(i) [Li, Lj] = (i = §)Lisy + 6; ;S50 C.
The facts reviewed below can be found in [KR].
The Verma modules are infinite-dimensional vector spaces Vj, . on which g acts and are
attached to two real parameters h and c. They are defined by the condition that they be
universal with respect to the following property.

Ve 15 generated by a vector vy satisfying:

Cvg = cvy, Lovg = hvy, Lyvy =0, n>0.
Thus V}, . has a basis
Uky hgyky = Ligy = - L, Vg, k1 = -+ 2 k. > 0.

However it may have other convenient bases as well. It carries a unique hermitian form (u, v)
satisfying
(i) (g, v9) = 15 (i) (Lrw, v) = (u, L_yv).
Let P(n) be the number of partitions of n. Then the space V,, spanned by

{Ukl,...,kT > k= n}

has dimension P(n). If {-,-} is the hermitian form defined by {vk, kv, 1.} = 0 unless
r=s, ki =1l,..., k. = [, then the matrix H,(h,c) of (-,-) on V,, with respect to {-,-} is a
polynomial in h and ¢ whose determinant is a constant times

TT =y,

Pg<n

If we introduce m by the condition ¢ = 1 — 6/m(m + 1), then

_ _ ((m+1)p—mq)2—1
hpq = hpg(m) = dm(m + 1)

In particular if n = pq then det H, vanishes on the curve h = h,,(m). A null vector is
obtained by taking some row cg, .k, (m) of the matrix adjoint to H,,, and then setting

Wp,q(m) = Z Chp oy (V) Uk .k, -

kl“r“l‘kr:m

p,q € N.

Choose the row so that the vector (ckl,m,kr(m)) does not vanish identically. Since the
coordinates of this vector are rational functions of m, we may write (ckl,m,kr(m)) as the
product of a rational function of m and a vector w,4(m) = (dy,,.x, (m)) with coefficients
that are polynomials in m whose greatest common divisor is 1. To stress the dependence on
p, q, for it is important, I write

iy, k. (m) = dpt (m).
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To pass to a more convenient notation we take this p, ¢ to be p’, ¢’ and with another p, ¢
we set A = h,,(m). We form the rational functions of m, Y, A defined by

Uy oo e (M, Y, A) = (B Ao F Ry +y + Aky) (ke + -+ k3 + Y + Aky) - (Y + Ak,y)

and by
PygmY,A) = > app(m Y, A7 (m).

k1=-->k>0
k14-+kr=p'q

The highest power of Y that appears in Py ,(m,Y,A) is Y™, where n = p'¢/, and it appears
with coefficient dﬁ”:f:l (m).
On the other hand, set
Y;«I,)s’q = p’,q’(m) - hp—r,q—s(m)-

Conjecture. If A = h,,, then

Pyg(m, Y, 8) = &7 (m) I (v-vi‘m).

r+1=p’ (mod 2), |r|<p’
s+1=q¢’ (mod 2), |s|<q’

It is important to observe that p, ¢ and p’, ¢’ play utterly different roles in this identity.
Before explaining the significance of this conjecture, I observe that for generic m the null
space of H,(h,c), h = hy y(m), ¢ = ¢(m) is of dimension 1. Moreover, for all k1, ..., k, such
that > k; = n the vector

Uk, kr = Lfkl Tt Lfkﬂf(b

lies in V,,, whether ki, ..., k, are in decreasing order or not. In addition, it is not difficult to
show that
ST ki (Y, A)
kl++k.,-:n
k1>0

depends only on the vector

E €k, kr Uk, Ky

ki+-+kr=n

D ki MUk,

is any vector with values in the null space of H,(c, h) the function

P(m7 Y7 A) = Z Cky,....kr <m>ak1,...,kr (ma Y7 A)

is determined by the coefficient p(m, A) of Y™. Provided that this is not zero, the conjecture
is tantamount to

Thus if

P(m,Y,A) = p(m, A) H(Y e (m)>.
In the two extreme cases, p’ = 1 or ¢’ = 1, Benoit and Saint-Aubin [BSA| have found an
explicit formula for e, . 5. (m):
a) ¢ =1
-1

(mm_+1))""" i_[(kl b k) ki F k)

i=1

(A1) €k, (112) (—
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b) pf =1
1 —1
m n—r r—
(A.2) Chy,oooky () (_m—H) H(lﬁ + -+ k) (ki + -+ k)

The conjecture in these extreme cases follows immediately from these formulas in Theorem 1.

The quotient of the Verma module V}, . by the space of null vectors is an irreducible module
M, .. Select two parameters A’; A" as well as a third parameter A. A primary holomorphic
field attached to these parameters is a formal series.

P(z) = AAA Z Rzt
kEZ
Here ¢y, is a matrix gm0, ' =0, 0" >0, n', n” € Z and
Pkn’mn - MTII — M;l/n.
We have set M' = Mas ., M" = Man ., ¢ = ¢(m), and
M), ={veM |Lw=(A+nWw}, M),={veM|Lw=(A"+n")v}.

Moreover @y 7, = 0 unless k = n" —n’, so we write @, v for ©pr_p ni .
The formal series ®(z) is said to define a primary holomorphic field of weight A if the
identity

d
A.a L® —®L, ="' —& + A(k +1)"®
dz

is valid for all k£ € Z. The formal identity translates immediately into real identities for the
operators ¢, ,» between finite-dimensional vector spaces. Although it is usually ignored, a
basic problem is to decide for what values of A’, A” and A a primary field exists. This is
particularly important for the discrete series parameters m > 2, m € Z,

h=hep(m), 1<a<m, 1<b<n+l1.

Thus A',; A”, A are all to belong to this set, A" = hy 1, A" = hyr gry A = hyy.

It appears that it is not difficult to prove the existence of ®(z) satisfying A provided
one can construct ¢gx, ¢ro for all £ > 0, satisfying the conditions implied . It is
moreover easy to see that ¢, is the adjoint of the operator ¢, ,» attached not to A’, A”
but to A”, A’ and the same A. Thus the necessary and sufficient condition for the existence
of ®(z) is that ¢ exist for all &k for the parameters A’; A” and g, for the parameters A”,
A

It is clearly enough to determine the conditions for the first problem. Normalize ® so that
Yo v; — vg. A simple calculation shows that

POkVkyky = Qe (M, A = N AW k=) ks

Thus a necessary and sufficient condition for the existence of ¢, is that

JR— / —
U= § :Cklymykrvkl,...,kT - O

imply that
(A.b) Z Chiy o oy Ok ... ey (1T, A=A A) =0.
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It will probably be easy to show that if the condition is satisfied by one null vector,
then it is satisfied for all null vectors obtained from it by repeatedly applying elements of
the Virasoro algebra. After that, it should not be too difficult, using results of Feigin and
Fuchs [EF], to show that for the discrete series it is enough to verify it for u = u, , and
U = Up—p mi1—q - Provided that d’f:_’?:l(m) and d;’?jﬁ/ mH1=4 (1) are not zero, and this seems
likely, although I am not at the moment clear as to how it is to be proved, then the conjecture
implies that the operators ¢, exists for all k£ and only if

(Auc) A — A=Y (m)
and
(Ad) A= A = Y (),

for some pairs 1, s1, 1o, o satisfying ri =p ' + 1, rs=m—p' +1,s1=¢ +1,s5=m—¢
modulo 2, and |ri| < P/, [s1| < ¢, |re] <m —p/, |so] <m+1—¢.

For the present it is sufficient to examine the first equation, our only purpose being to
verify that it leads to explicit conditions on p, ¢, p/, ¢/, and p”, ¢". Set po = p—r1, o = q¢— 1.
Since

A/ - A// == hp’,q’ — hp”,q”7
we infer from (A.d)) that
(p// . q//)2m2 4 2(p// T q//)p//m +p//2 — (pO - q0)2m2 + 2(]?0 o qo)pom —|—p(2).
This equation is readily seen to be equivalent to the condition that either
®" —4¢") = (po — @)m + (p" —po) = (" —po)(m +1) = (¢" — go)m =0

//

or
(P" = ¢") + (po — @)m + (¢ + po) = (" + po) (m + 1) — (¢" + go)m = 0.
The second equation is obtained from the first on substituting p” — m —p", ¢’ - m—+1—¢".

Since all quantities involved are integers, all solutions of the first equation are of the form
p'=po+am,qd =q+alm+1),a€Z. Since 0 <p,p,p" <m,0<q,q,qd <(m+1),
the integer a must be 0, £1 although not all these values are necessarily allowed.

The conclusion is that the conjecture leads to explicit, albeit somewhat elaborate, necessary
and sufficient conditions on p, ¢, p’, ¢/, p”, ¢" for the existence of a primary conformally
invariant holomorphic field. There is a close connection between the problems of existence
and the problem of establishing fusion rules. The conditions derived from the conjecture are
close to those the attentive reader of the discussion of fusion rules in [BPZ] would expect,
although perhaps not exactly the same.
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Note added in proof. After this paper was submitted two preprints came to my attention
that render the combinatorial arguments in it superfluous from some points of view, although
not necessarily redundant. First of all, G. Felder in BRST Approach to Minimal Models has
used the BRST method to construct primary fields and the conjecture of the appendix follows
readily from his conclusions. Moreover, B. L. Feigin and D. B. Fuchs in Cohomology of some
nilpotent subalgebras of the Virasoro and Kac-Moody Lie algebras take the direct algebraic
approach of the Appendix to the existence of primary fields, but deal with the whole matter
much more efficiently, more generally, and more elegantly. It is in particular clear from their
discussion that the conjecture is an easy consequence of results already in [FEF].
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