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What is more remarkable is that if we continue to place circles in the resulting
regions bounded by three circles as described next, then all the diameters are rational.
Since the circles become very small, so do their radii, and it is more convenient to work
with their curvatures, which are the reciprocals of the radii. In fact in this example it
is natural to scale everything further by 252, so let us take 252 mm as our unit of
measurement, and then for each circle C let a(C) be the curvature of C in these units.
With this rescaling, all of the curvatures turn out to be integers.

In Figure 3 our three tangent circles are displayed together with the unique outer
mutually tangent circle. The a(C) for each circle is depicted inside the circle. Note that
the outer circle has a negative sign indicating that the other circles are in its interior (it
is the only circle with a negative sign).
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Figure 3.

At the next generation we place circles in each of the 4 lune regions, obtaining the
configuration in Figure 4 with the curvatures a(C) as indicated. For the 3rd generation
we will fill in the 12 new lunes as in Figure 5. Continuing in this way ad infinitum
yields the integral Apollonian packing P0 depicted in Figure 6.
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Figure 4.
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Figure 5.
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Figure 6.

My aim in this paper is first to explain the elementary plane geometry behind the
above construction, and then to discuss the Diophantine properties of the integers ap-
pearing as curvatures in integral Apollonian packings such as P0. As with many prob-
lems in number theory, the basic questions here are easy to state but difficult to resolve.
There are many papers in the literature dealing with Apollonian packings and their gen-
eralizations. However, the Diophantine questions are quite recent and are raised in the
lovely five-author paper [10]. The developments that we discuss below are contained
in the letter and preprints [19], [14], [8], [9], [2], and [1].

In Section 2 we review (with proofs) some theorems from Euclidean geometry that
are central to understanding the construction of P0. This requires no more than high
school math. The proofs of the results in later sections involve some advanced concepts
and so we only outline these proofs in general terms. However, the notions involved
in the statements of all the theorems are ones that are covered in basic undergraduate
courses, and it is my hope that someone with this background can follow the discussion
to the end. In Section 3 we introduce the key object A, which is the symmetry group
of P0. It is a group of 4 × 4 integer matrices that is deficient in a way that makes its
study both interesting and challenging. Section 4 deals with the basic analytic question
of counting the number of circles in P0 when they are ordered by their curvatures.
Sections 5 and 6 are concerned with Diophantine questions such as which numbers
are curvatures of circles in P0, a possible local-to-global principle, and the number of
circles whose curvatures are prime numbers.

2. APOLLONIUS’S AND DESCARTES’ THEOREMS. First some notation. P

denotes an integral Apollonian packing and C a typical circle in P . Denote by r(C)
its radius and by a(C) = 1/r(C) its curvature. Let w(C) be the generation n ≥ 1 at
which C first appears in the packing. Thus for n > 1, there are 4 · 3n−2 new circles that
are placed at the nth generation.

Apollonius’s Theorem. Given three mutually tangent circles C1, C2, C3, there are

exactly two circles C and C
�
tangent to all three.

Our proof is based on the use of motions of the plane that take circles to circles
(we allow a straight line as a circle with “infinite” radius) and preserve tangencies and
angles. Specifically, the operation of inversion in a circle E of radius r and center O as
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