@

RESTRICTED CHEDBOTAREV THEREMS

FoR. SL,(Z) MD RELATED GRoUPS

s ——————

PETER Sﬁﬁﬂﬁa

MASATO  WAKAYAMA
7’07?[ BIRTH DAY C ONFERENCE

F UKVUOKA OcT LoI5



0,
. o SEE ACCOUNT
N. CHeBROT AREN'S THEOREM ﬁ?ze)(s;@#ﬂmg

LEASTR (9496 )

KIR GALols ETENSION OF R WiTH
CALO'S &ROUP H .

( R ATIONAL ) PRIME WiHICH 1S UNRAMIFIED

« FOR P A
]k LET
FRGBW;&(F]

Be THE CORRESTNDING ConTUGACY CLASS OF p
N H cophEs Podpiné  TO FRoBENI(U S, THeN [FoR

C A CoNIUGACY cLAsS (N H

[

C .
pex I B ("d
= D2 2L )=
Fres (p) =C P Q@E

WE AKER DENS(TY

. fcTUALLY HE PROED A
[NANITEL)

VEASION WHICH JMPLIES THAT THERE ARE
many p o WITH Fro3 (p) = C

¢« L 15 A VAST Cenak ALIZATION  OF
DAICHLET's THEZLREM ON  PRIMES (N PLo6REsSmak

AD ONE CAUNOT OVERSTATE (TS (MPACT.



LloCAL OR ReSTRICTE D /ERSIONS !
— f £ |
Fok.  NATURALLY " DEFINED GROWING SETS €F
PRIMES DB, IS (T STiLL TRUE THAT
A~ C '

E 1 J_—l— Z 1 As ;a-:.,—}m?

P€ bx [H] l

FReB(?) = C Pedx

F By DoES o7 know

A%OLJT K/@ AND [F THERE Alg CE:R{TELHTHBM_{
wed CoppceTions To The PROteRTE FEHL Aoz NEeDED

. Th |5 Stould HolD

ERVA PRINCETOW | BCTURES

N His 12 M (N

SERRE ~ JOKED
B's "smoriie”

, MeTIVATED 3SUCH
IN  PROGRESSIONS

LG PRIMES

y U A MmMpT7T! VATED BUT PERHAP 5

As (NTERESTING
EiE PROGRESSIONS (A PRIMES,

Do



3
MoTIVATed EXAMPLE ?

Bt = SZZPHIHEﬁ P :JC-F.-.;F éj{_.}

':f. 5’?‘-53{' ( g - ) |
e RIEMAIN Hy POTHEZSIS i

¢ UNDER
'ﬁ -~ ;ITHE; Tz W
A
I Bm.,'ﬁ ’M "‘_&"'%';;_ﬁ
) SHowed THAT S'ﬁffﬁ HOLD S

. Houe\3eL (1930 i
UnNconpiTion ALLY ok {i":»;:;x. Foh St (ﬁg,:gu.

As DXC—PW .

, WoRLD fEcor D (2024) GUTH-MAWARD 5/,
Holds  WITH i nd

ONE CAN EXTEAD HoeiseL 10 THE ClEBSTMEV
7 _oNo (R0U):
SETTING , BALOG (

JE
QUEN K/R AAD C A ABe (¢
eRE 1S S(K)F O Nved THAT ok Nz X
o JEL e e ses
PEBx,h [F” ’66111

FRrog(pyec



®

i iy
EEMMW%TED EXAMPLE ¢
DROER  THE PRIME  NUMBERS
P=3 Q:?l{'f’w{?.?r"fh }

ONE. ExPEets TThAT THE ARITHMETIC BF THE
INDEX  Add THAT OF ThHE ¢ ohREs PoNDING HUME

P ARE UNCORRELATED. o |F Wg <HoosE B,
To BE BYERy OTHER PRIME

Bg-: §Z :IDl"“I . 4‘1?’:1-,&
(D& MORE GEANERALLY E)ﬂ}b :Z Fﬂ.ﬂ*‘h }4{3'} )

TueN THe CORRES PONDING  CHEBCST REV
SHouLD HoLD

Z * icil
i Z iz 8 AS ==
|H|
PR AN pes,, ps>
Frod(p) =C P9

i)



&

. WhiLe (x) APPEARS o BB WeLL OUT OF

e REACH OF TRESENT TECANQUES , AT
LEAST OWE CAN ShoW THAT THE (LHs ) OF

(x) GoEs To [WFWTY WiTH JC,

-ﬁrs F:.-,-.Lu::wg FRO M
4=
K/o H=aa (K@ ), c€ed
(CEI*U cnﬁﬂéfffr

o "% P Fﬁﬂ%w(fﬁfC} M) MO AL GVEN

TUERE ARE MWANITL) MANY M SycH THAT

The ML —coNSECUTVE  RIMES Pesis Prezy- 7 Pre ARE

ALL IN _Ec .

¢ s CAd BE RoVED USMG THE ADVANCES

N  BouwdED EAPS PRIME 5 "
],__Cx’-ﬂLh'STm\ff?tMTa-f‘erDR.'m 1, L zaME

ad EspeciAtty [mAaywaRD § = AN D

ADAPTING  THE AR CUMENTS BANK-FREIBERCE

AD  TUANAGE-BUTTERBAUGH — ON  ARiTrMETIC PRoGRE SS 104



©
Al ARITHMETIC  GROOP AUALOGUE

LeT  XZ ["!\G"/K RE A FNTE JslumE
JERic SPhce of (Rear) RANK ko
c URNATURE ).

g CLOSED GELPESI(CS l{”ﬁ{fﬂf&ﬁ“)
PRMITIVE Col TYCAYY

LochlLly SyM
(m: NEGATIVE
¢ TH.-E ’PEIHIT]U‘
of X CORRESPONP To
CLASSES P <> EF?ST, m [T,

L

E(E\ DeNoTES THe LENGTH ©OF E -

« foLonomy OF PARRLLE L “TRANSPART OF
VEeTohs AROVAD T GWwes A ConTUGALY CLASS
Mo K.

m(p) A CLOSED SOBEROVP )
s Lew AL __ || ©E A DENSE MW
[:3} WTO A COMTACT H.

Then F(E\: P({‘ﬂgr‘) is WELL DERNED (N Hﬁ—

WHERE ¥ aD M ARE The ConTUGHc)
CLASSES ©OF H A M.

- 4 H
" BT My _(Rﬁsp/um ) To ©E ThHE

c ORRES PoNDIN &

% = = =
PUSH FoRWARDS OF THE BLATISE0 HAm HERES



@

iz HotoNomy CuEBoTAREY

Thg DisTRIBUTION  OF
L
i RUGAPNLS: ), ©(2) )eler)xM x

THgoREM  CONCERNS

TheoreM  ( S- WAKAYAMA )
— 4=
2k T M, ACH

— +H 4t ;
%__L 4 ~ /’EH(H-)/LIH (A) . 4 As X7
wii;)“c:i 2(p)2x
(P)EA

MoRgOVER O SING TROTERTIES oE TRE ONCTARY
FoRE Ex PONE 774

Dupl OF & ONE HAAS UN! =
pecay RATES (18 M aspzeT ) WHicH A LLows FoR

[ ocAL VERSONS (Maﬂmrab) 1

1\ 3L (¢Y/500) MRS o

X =
e M= S0@)7 [o,=21) 4BELAN 6,
| 6p) . - -
NE)i= e s e
Z 4 AF AS > X (Sﬂﬁfﬂ?
2oC PRIME CEDD

N(p)£ ¢
THEREM )



®

TheoREM ( DEVER —M LICEVIC 2033)Locht CheBsTAREl

Z . B TQ ,jl S AS X
' ﬂtﬁx—
UHtE

oNiFeRiLy PR R(TI»

—

ot A-h £ i) <>
Mmr)e 3

Fof T ResT OF T#e Leciufe WL Focus
o =5k (2)
or THE SuBGRoUP OF (NDEX G
A =<ABY, #A= iﬂjs{f‘!]
THE

WhiCH (S FREE ON A AP B A IS
FUNDAMENTAL GRau? OF THE ONCE Tuwt URED

ToRUS /A

LET (0 ; ]"I-—z‘:‘al BE AN EAn ok Peti Su

Wity H FEinite OF COMTACT.



@

FR H FINITE owE HAS THE LocaL
CHEPOTAREYV THEOREM .

St o, el R xom

.r"'

2
0a-f S N(R)= X Wl lgx g by

B(R)=C
This Foilows FROM THE TRACE FRRMULA C OUN Tl
eF JRIMES Witw  REMANDER O(br_%ﬁ)_ A

ONE  ExPRCTS THAT THIS Wite <cowTINUE.

10 Hold TFER S :fﬁa
'ﬁb trm CAn AL AT LEAST (F

per {O ; )/7 —>H I8 coNGRUENCE,

PBuoT FoR SMALLER

0 See THS
yesi(@ pramnve  t(0d)=4ee(¥) € Z

N (mph N (’fﬁi‘-p)r%: 5

30  WHEN 1€L=‘ﬁc“j'E E&SJC#LL}r WE
Uave owg Phcket of Plis Wt tree =€



®

THeke Akp AfRoxewATEl T suck CloseD

7t
Gga:agsm} Paud  we M/GeT  ExfecT  TAAT Na‘)
|

ThayL BUUDISTRIBUTE (N H .

RegpucTien M el P

TieN The RESLLTING F({ 32[.,)#&5
TRAC;E({“(?TS‘F)):t € 5
hs eMcuiatzd By FRoBeAIVS  TTHE

15

CONTUG ALY CLASSES (N SL, (/)
FoR 1t ARe DETERMINED By The TRACE
(A PR &=Lz THERE ARE. TWo oR ThRee CUSS)

e
::ﬁ) F(%’E’}F) is AMNo7 ZoUWISTAIBYIED (N H

kor P (5 NeT coNGRVENE

-rj;[:
(T MAY WeLL BE EQUIDSTRIVED .



[F H ['$ fOMFHCT AD  (NANITE "THEN
ExpoNeiTiAL.  RATE

DEPEND ON [0 M O

Tog QuEsTionN OF Anl
O6F CONVZRGENCE  MAY

/1S SURTLE-,

Foh  BuAmfLe (F H= SYEZ) A D
(M < H(A)
Tigd THE SPEcTRAL GAP THEOREM

OF BOURGAN*GAMBMD Q(ves AV

cyvioNENTIAL  RATE (N Tkg  REMANDER

For  THE ~ CHERDTAREV THEIREM .

NoTE ©  FoR = s50(2)

4t A T
My = T_%__'._. i ode  oN [o,T].

Tie - FoLLOWIN G P,cTURE OF
PRIMITIVE  CLOSED CeobESics ON

H /5 (z) ARE  BY CONSTANTIN [KOLEER



(Geodesics on the Modular Surface

We show closed geodesics on the modular surface, which correspond for varying d to the matrix:

1 [ d+Vd d—Vd
— 2 2
di\ 1 1

Ld

d=2 d=3 d=5 d=26 d=7 d =10 d=11 d=13

d=14 d=15 d=17 d =18 d =19 d =20 d =21 d =22
=% V;;

d=23 d=24 d =26 d =27 d = 28 d =29 d = 30 d =31



M; =1
Ymax = 1.1180

My =13
Ymax = 1.4980

My =2
Ymax = 1.4142

Ms =29
Ymax = 1.4996

Mz =5
Ymax = 1.4866

Mg = 34
Ymax = 1.4997



2]

A MoTWATED VARIANT OF PRINE GEODESICS

heRs IS A VERY MOTIVATED VARIANT DUE
T CAUSS. EACH  TRIME GeoDESIC P
comMES WITH TWO INVARANTS E“Eﬁ'm
His ITs TRAE =4 DI Ds cRMINANT
d(p). THeSE ae RewaTED By T &
12 du =t (LEAST SolvTon)

WHESE BehAy 0R 1S A NeToRiotsty DiFFcuT fRogleM

s DOES TTHE CHERBoTAREY T HEZOREM Heol D
WaeN THE Ps ARE ORDERED ©BY Ap) S

FOR Pe EpL ([HLH) (s

A -yl I

C{ff’]‘i‘bﬁ- r:[ )-E'.:L
() =< : ——0]

f}  CoNJECTURE OF HOOLE) CI/ES
A PRoPoSED ASymPToTie FOR THE RHS
OF () Awd §{AS BEEN cHe ckeD MUMECICALLY

N ThE SEnoR IRINCETON THESES OF [WoN AND
PETRAOW -



i3]
Not/— MoTIVATE) EXAMPLES

TusRE ARE MANY SucH ‘i SETS OF
CLOSED GEODPESICS.

(1) RectpRockL DRIME QeovESics ARE ONES
TusT  PASS THROVGH L OR EQUUALENTCY
¥'s THAT Are cangvehTE TO Yy w Sla(Z).

Z, i - %‘\ﬁ?‘ AU o tf EBOTAREV

N(pYsac Theorgms T OR
p hekitroca conGRUENCE-  KERVELS.

(2) mucH MoRE  CHALLENENE Ao MARKOF CeedEses
WiosE MAXMAL HEIGHT N H/t 1S 47 MosT a.

There ARE INFINITELY MAnNy OF Taem  AND
MARKoEE PaRAMETRIZED THEM BY THE
PosTIVE (NTEGER SoluTioN s TO -

. 2 T 2 o
M+ & "'3{14‘3{3"33‘3;%3@,* O
WE ORDER ThE COORPIWATES A 72X
e Numders o, (wiTH MULTIRCITY )
Ie THE MARKOFE NUMBERS Ma
1,2,5,13,29, 3% &,



- [ 14
EACH sucx SewY tieN CGuwWgs A BinARy QUADRATIC
Form Q) o
dise (Q) = Cf'ﬂ‘iﬂ" o

AND THE CoNTUGhCy CLASS {rgp
(Hues A PRmTvE CLASS

corREs oA DIN

T GeNeRATOR OF AU (Z)
WiTh
-‘E ( f‘ﬁ.g ) - EMM . -——'&nu‘:ﬂ}

The M,'s GRow RAPIDLY (GURWeoD, ZAGER. 5
e SANE RN, MRZAKEAN ()

.8
2 n = Adage)
(@) < >

W PARTICULAR  FOR
r:’; [_7 = SLACZ/FZ)';H??

{uﬂGRUEdCE
ReDETION

o (w) (Q('CQ) s DeTERM(~ED By M, medp
AT LEAST IF
Mﬂ #‘ ii(%@i{a )
IF ?53(@ uzd  EROM  The MARKOFFE EQUATION
[ Foltows THAT ( p#3 )

M, % 0, f%(maﬁf)

A4S WAS OBSERVED By FROBENIU S.



@
* #
whirg Qo (5 THE CLASS corkesporpnG TO

TRACE L (N FF:} )
—ug =~ CHEBOTAREV THEOREM FOR F : {F? ’;""‘L%
FoR Paa’f’ )  LARGE AwD MARKSFF'S — CBoDESICS

THeEN  FOLLOWS =RoM *

o ] gy =3tn ¢ 2 Tﬂ_
#[mx = 30,%% whpf L P

HLDC
P[&ﬂ]"’c,&fa
AR s 0 (F t=ﬂ,.i'%@"wdf) —{v)

Thys THE  WEIGHTS m’ —4e  DisTR(BY HEN

MARKOFF
OF A CHEBOTAREV  ON H? ARe. NoT /uH
£ OoMUT TED.

N D
VARIGVS CLASSES ARE

s A SimILAR  ResolT PR petle)

THeRE
AuD LARGE.



(I:}R M ARKoFF) GROUP MoD  oF PoLy HomiAL MORMISMS

oF A GENERATED By

Ri )Rz, Ka R (3 6.76) = (3%~ , % X3 )
IQ-Z,;Ra SIMF.{.H-‘?LY

THE fmu'at_uﬂﬂn!f

%
ACTS TRANSITIVELY  ON M ( E/f»ﬁ)
(N FACT (T ACTS MNImALLY 41D UN/QUE LY
RGCDICALLY ON THE COMPACT SPACE M*( ZIF)

. BOURGAIN —GAMBUKD —S (2016 262 TAMS)
Suow THAT THERE (2 ) GIANT COmMPonNeNT TO THE

connECTWiTY GRAPH AWD THAT Aty COMPONENT CF
- =
Size P S CoNNECTED 5 Tue GIANT COMPONENT.

. W.CHEN (2024 AunhLs) THROUGH ls sTUDY OF

CONNZCTIVITY PROPERTIES OF Mopul( SFACES
OF FELlLPTiec CURVES WITH H - STRUCTURE S S HOUS
N oF MoD

TUAT EVERy COMPOKENT OF The AcCT(O
ON M’*{zz/rﬂ) yas Size DVISIBLE BY T

D. maRTiN (2028 WENT.) HAS GIVEN AN



@
AALYTIC  MACHINERY <

M.::Jﬁﬂ,«fﬁrﬁnénf . FoR CoUNTING SinPLE CLASED
CeoESICS ON HyPERBELIC OACE

PuNcTURED TORT , i

M. MIRZAKUM] ; CoUupTiNG ORSITS ©OF THE
MATING  CASS GRoP MOD,

Pﬁ;—(zm) = F.:.,_._ = <AJE’> FREE. ON HE.

4 A FoiTE GROOP

Epi (Fo i) ¢ The EPMORFESH roF R
To H . TEy ARE PARAMETR (28D
By PAIRS (CiD) (N fxH Wi

ceerae f , p=c P(8)=D

Y= Epi(F, K)/H THE  CHARACTR CLADES
(¢, D) ~Cc',d') [F (hﬂhl"flzjzf)
Fok SomE fieH
e MARING  CLASS GROUP MOD ~out(F)&Piz)
heS As PERMUTATIONS OF Y By Nigusen MOVES.

*



|1
. TT TRESERVES THE HGMAN INVARIANT tFeH#
oF ° IN }/; NAMELY THE (oNTUGACY c LASS
OF (O{ﬁ}PIB}(OH‘*}EO(gﬂ w o
v e VU VY. Ly, =Y BE ez DISTNCT
ORBITs OF MoD O¥ Y. EAtk ¥y
INVARMT T AND MOP pcrs TRANSTIVELY ON

THESE ”t-—:sys"r‘s:'msrf (cr AP D NEUMAN )

HAS Common

THE PF,HIECT[E;M “
0 @ Y —>H ool THE RRST CORD

(c,p) =7 el #

15 WELL DEFINED AN) IS Bl[] (INVABRIANT Wi
Mop = ?G‘LELE-.} g

corResieddnlt
DEHN TIVST.

Fok EACH 4=l - oV

| (TR5) N Y |
(s a [RedARILTY

lel MEASURE oA H*




()

CHEBSTAREV FIR SimPe  CloSED GEOVESISS

LET “QE EF"': ( TE(ZI;I)JH ) WiesE
“”‘Pfi Lies (N Yy N Y TREN
FoR C€¢H
ST~ [ (N Z £
:E SmfLE J yfl ﬁ SimfLE
L(p) =2 I(p)=sx
('O(F}rc AS >,
Pohr Tae TResF WE USE e DESCRIPTION

OF Tue SIMILE CLOSED GropEs(cS KY
Me SHANE - FLN:M As PRMITIVE IWTEGRAL LATIICE
PoidTS N RE  WAT. THE THURSTON NG RM

TJodT AcTioN  ©OF ?GLJE) ~ MeD

AND THE
) AND ON  THE ¢ 4 ARACTER

on  THz PLANE (LINEAR
VAL ETY Nan- LINZAR. .
« FOR [ - 7—>H coNGRUENCE 7 B-G73

i ClVES ToAT EssENTALY MOD pna
TF‘LMBlIIfELT ON EACH H'-"&M.ﬂ'm’ {ENFﬂHEMT:



&
H ComtheT ;

S

S/mILAR BUT THE

i C rﬁ
ol - — MEASVURE MORE.

‘DEFTE;F\MIJFH'MN OF LIMI
PROBLEMAT\C
H=3SUE)
P€ Epe (£, 5U@)
1= ﬂﬁcg(ﬁm]ftﬁwm'*}ﬁ(g‘)) & E’Q;Q] |
F

e HieMAN INVARIANT

THE Cophps torldi G (ﬁEﬂL]C’HHﬁMEﬂ VM!&T}/ (s
X+ 4 z +xﬁ%::k:1}+a ¢ [o4 .

EdP |, s

y%k "'

Tee MEasURE Yy ON %}’k

Y~ daer s MoD (NVRIMT
2T 40 ERGeDIC (GoLDAN )

Tﬁ(\%) (S SuRRTED ON'
| Cos®| = % . o<b=T

1 s s
AND js A MULTITLE ©F de OoN (S mf-cﬂﬂﬁ.



@)

PRO@KESS' ON THE CUASSIFICATION OF
Mol INVAALANT MEBASURES ON YP\

(GOLDMM-’PKEW‘T’E—*XM , BROWN ~ESKIN U=
RophiQUE 2 HEATZ, CANTAT- DU PoNT — MARIN
dnod --)  SuesEsT VERy STRNGLy THAT

THE  CHEROTALEV  THECREM  SHOULD BE. ¢

ol TcTo,?)

Z;r_ ~ vk(;:r)Zi 4

TP simpLE (D)<
2= L=
PEIET




