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ABSTRACT

With every Lie semi-group U, possessing certain

regularity properties) ther-e is associated a Lie algebra9

A; and with every strongly conti-nuous representation of

1 in a Banach space there is associated a representation

A(a) of A0 Certain theorems regarding this representa=

tion are established0

The above theorems are valid for a representation

of a- Lie group also. In this. case, it is shown that it

is possible to extend the representation to elliptic ele

ments of the universal enveloping algebra. It is also shown

that the representatives of the strongly elliptic Qlements

of the universal erive1oping albra are the -infintesimal

generators of holomorphic sii-groups. Integral representa

tions of these semi-groups are given.



INTRO DUC TION

The study of Liesnigroups and their representa

tions was initiated by E0 Hille in [6] For a survey of

the basic problems and results the reader is referred to

that paper and to Chapter XXV of [7] This thesis is a

contiruiation of work begun there; we summarize briefly the

re su it S it C ont ai ns

In Chapter I, the “Dense Graph Theorems” suggested

in [6] are proved and it is shown that linear combinations

of the infinitesimal generators form, in the precise sense

of Theorems 4 and 6, a representation of a Lie algebra

canonically associated with the Semigroup6

In Chapter II the study of the infinitesimal generators

is continued6 For the work of this chapter it is necessary

to assume that the semigroup is a full Lie group6 It is

shown (Theorem 7) that the representation of the Lie algebra

can be extended, in a natural manner, to a representation

of the elliptic elements of the universal enveloping algebra0

Then the spectral properties of operators corresponding to

strongly elliptic elements are discussed; in particular t

is shown (Theorem ) that they are the infinitesimal gnerators

of semigroups holomorphic in a sector of the complex plan0

Canonical representations of these semi=groups as integrals

are given in Theorem 9



The reader interested in other work to which that

of Chapter II is related is referred to [9), [13), [19),

and a forthcoming paper by E. Nelson.



The author wishes to thank C T0 Ionescu Tulcea for
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CHAPTER I

1. Lie semi-groups have been defined in [6) and

C 7]. We .shall. be Concerned with semi-groups, IT, whose un-

derlying.topologjcaj apaca..is a {(x1,
..., Xn)IXi 0,

i a 1, ..., n}, a subset of real Euclidean n-space. We de

note the.semi-group.operatj hyeither F(p,q) or poq.

The following conditions, numbered as in [7), are supposed

satisfied.

P2. F(a,0) F(0,a)

P3. .F(a,P(b.,c)) a F(F(a,b),a)

P5. There exists.a fixed. positive constant B such that

• for all points a1, a2 and .b in 17

max (IP(a1,b) - F(a2,b)I, IP(b,a1)
- F(b,a2)I} (l+BJbI)Ia1_I

P6. There exists a positive, moaotone increasing continuous

finction wft), 0 < t <, tending to zero with t such that

IF(a,b)—a—bI re.j(s) r ‘min lIaI,Ib(J, 5 a lal + Ibi

P11. At every point of cx the n coordinates of

F(p,q) have continuous partial derivatives with respect to

the coordinates of p and q up to and including the third

order.

Then, by Theorem 25.3.1 of [7], there is a continuous

function f(a) from 17 into 17 such that tt((r0)a)
..f(pa)of(a-a) for as 17,



Let T(p) be a representation of U in a Banach

space I, which is strongly continuous in a neighborhood of

the origin, then for a e iT, p 0, p - Ttf(pa)) is a

strongly continuous one-parameter semi-group, Denote its

infinitesimal generator by A(a). In this chapter we in

vestigate the relations among the A(a) and their adjoints

A’ta), For the purposes of Chapter II, we remark that similar

theorems are valid for a representation of a Lie group.

We first construct a common domain for the operators,

A(a), a if, which is large enough for our purposes. We

use the following notation: -(p,q) = F(p,q);
pJ

(pq) F(p,q); F.(p,q); F.(oo) -

F,±(0,0) = )f. F(p,q) may be extended to a twice ron

tinuously differentiable fnnction defined on E Y Denote

some fixed extension by F(p,q). Since F(O,O)

F(o, 0) = (the Kroneker delta), there are open spheres

N1, N2 CN, about the origin and three times continuously

differentiable functions W(q,h) and q,h) defined on

N1XN1 such that W(0,O) 0,0) = 0, Ffh,NI(q,h))

and FtCq,h),h) q. Moreover if F(h,p) = q [Ftp,h) = q]

with p, h 6 N2, then q 6 N1 and q,h) p[’(q,h) p].

We may also suppose that all derivatives cf “-Y(q,h) and

fq,h) up to the third order are bounded in N1, that Ttp)

1Cf. the construction on p. 12 of [12].
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is strongly contjnuo in N1fl, and that det(F’(pQ) 1/2

and det tF(p,O)) /2 for p in N1G If NCN1

open sphere about the origin, set

E(N) {y f K(q)T(q) dqlx e X, Kfq) C2 (NflJ0.1.

C2(NflU) is the set of tce Continuously differentiable

funct05 which are zero outside of N We refer the

reader to [7] for a proof that E(N) is dense in X

2sit 1 Let N3 be an open re about the

F(N,N3) çN2 If y £ E(N3) Ttp)y j

2 fl fl

We understand that some derivatives at the boundary

will be one-sided If y E t N3) and e (
,

we have, recalling that K(q) is zero Outside of N3fl

1/mf m/urn s PSey
s—O 3

urn K(q)(T((p+) o q) - T(po q))x dq

urn (Kttq,r)) det
tfq,r))rP+5ej(q)

dq
5-o N2fl7T r=p

tK{Vtq,p)) det ((q,p)))T(q) dq

+ li f G(q,p,s)dq
s-O N2flU

N2nTT Pj
(Kt(q,p)) det

(k(q,p)))(q)
dq



Since Gtq,p,s) converges boundedly to 0 with s. The

final integral is a Continuous function of o In a similar

manner we show that it is once COfltnuo5ly differentiable0

We remark the following formulae, valid for y EtN3),

€ N3flfl:

Ci) urn 5tT(f(sa))I)T(p)y

urn S(Tfffsa)o p)y Ttp)y)
sO

= urn CE 1s(F(f(sa) p)p3)

n n,
(1,1) -T(p)y0

jl il 1; peJ

So T(p)y e and Ata)T(p) is given by tl)

(ii) T(p)A(a)y lis(T(pf(sa))yT(p)y)
s0

(2) = E 1t 1F(p,o)?) T(p)y

(iii) Setting (Fk(p,o))J- (tp))

(103) Tfp)y
=pi k=l

(iv) Setting E1F(0,p) (p), =(p),

A(a)A(b)TCp)y £l(E(p)bi)(EflFi(Q)n
T(p)A(e)y

(v) (o) A(a+b)y =A(a)y ÷ A(b)y

() A(e.)A(e.)y A(eJA(ejy A(ek)y.

For a proof of the latter relation, see [7], p. 75g.



2. The first theorem is known as a “De4e Graph Theorem”

and has been suggested by E. Nile int6J and [71.

ThQL 1: . ., a CU. G the ure

pgj Ix , xl (p+l qrs

,,., Ata)x)f x E(N3)1 ni
G ((x,Afa1)x, ..., A(a)x) x £ fl1(A)1, G

GD G0 since an infiflitesimal generator is a closed

operator, We show that G0DG.Let 4br+i b} be

a maximal linearly independent subset of (a1, ...,

it is sufficient to prove the theorem or the former set,

Let (b1, ,.,, b} C TI be a basis or E. If t =

(ti, ,,,, U, et p(t) f(tb1).9 ... fftb),

p(t) is a twice continuously differntiable map o IT
into U and may be extended to a twice COninuously differ

entiable map of E into E, Denote some fixed extension

by p(t). The above process ia analogous to_theintroductjon

of canonical coordinates of the second kind on a Lie group.

Since ()= b, p(t) has a twice continuously differ
tJ”

entiable iaverse defined in a sphere N4 about the origin.

We may supposethat FCN4,N4) CN3 and that all derivatives

of the Inverse function up to the second order are bounded

in N4. If y E(N4) and p s 4flU, then T(p)y E(N3),

For y E E(N4), set

u(y,s) Stt)y dt
R(s)



where s (s’, 5fl), 8(t) fits) is the

rectangle with sides [O,s3e.J, and fits) is contained

in the image f N, under the inverse map. By (1.1),

A(b)u(y,5) f A(b )S(t)y dt

f %(t) S(t)y
fits) ii

where (t) ElF3tQP(t))brn is once ntjnus

differentiable Integrate by parts to Obt&j

(Ai i
(1,4) Atbk)uty,s) E f (t)s(t)yjt5

d’

/ S( ) y
fl(s) i=l .t’

Since the integral of a fuctjo with values lying

in a closed sUbspace of a Banach space is contained in that

subapace,

(1.5) Atbr+i)u(ys)
..., A(b)u(y5))

Since (1.4) is CofltflUO5 function of y and E(N4) is

dense in I; for any y X, u(y,s) fl1D(A(b )) and

(1.4) and (15) hold, To comple the proof it Sufficient

to show

(1.6) lim nUt())

(1.7) li A(bk)nU(Y$()) A(b)y
-O
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for k r ÷ 1,
flr+lAk)), and s(o)

(1.6) is clear; to prove (1,7) we expand ft) in a Taylors

series and Consider

tt
urn

] (t’,o)

=
-n+l f 1(S(,)

$(,Q)y d
R()

+ -n+lf
(O)St’,o)7 d’

-i ‘k ‘i+ / t (0)) (S(t ,y ,O)y)dt
31 t3

A(b)y ÷ (O)y

provided

(i.e) urn l(s(tk,)ysttkQ)Y)
= A(bk)y.

But the left side is

+ (T(f(bk))i) k+1tU÷lT(fftmb)
))T(f(tb

and (1,g) follows if we recall that t’ < and that y D(A(b ))
for I k r ÷ 1, Summing over i and taking the last te

of (1,4) into account we obtain (1.7),

The following theorem is not of so much interest as the one



just proved but we want to Use it to establish the analogue

of a theorem of [7]. We therIy sketch the Proof.

Theor Z: If F0 is the Closure in the product tOpology

of f(y,A(e1)y, ..., A(e)y, A(et1A()y)Iy E(N)} and if

F (y,A(e1)y •.o, A(e)y, A(e)A(e)y)I ;D(A(e))

then F F0,

r&: F is a closed set and thus FD F, We show F0D F,

Taking ek we use the notation of the proof of Theorem

1. For y

f (ei)A(e)S(t)y

L(s)k,m=lrn(t) S(t)A(e)y) dt

where =lP(t.))F;(O,p(t)) is once con

tnuous1y differentiable Integrating by parts, we Obtain

(1.9) A(eJA(e,)u(ys)

mif Am Eklrn(t)S(t)A(ek)
R( (tm,o)

Theoem 1 implies that (1.9) holds for y 1D(A(e)) 0

The proof now completed as above,

30 We now Consider the adjoints of the infinitesimal

generato5 and prove the corresponding dense graph theorem0
* *

If y s X , the dual space of X, we denote the value of

at y I by (y,y), If NCN1, set



E = X*I(yy*)
d

with x X , K(q) c2(Nflfl), and for all y X

E(N) is dense in in the weak* topology0

iti , If y’ E(N3) Ttp)y j jç gingj

erntjabJ in the a* p in N3 fl if

fp: We merely sketch the calculations since the proof

is essential1y the same as that of Proposition 1.

urn if (y,K(q)(T(p+se,)
- Tfp))T(q)x’) dq

sO TT
—lurns / (y,K(q)(T (qo(p+5e) -T (q)x )dq

s-+O

f11ty, (K((q,p)) det
(q,p)))*fq)

dq0

The last integral is again a COfltiflou5ly differentiable

function of p.

We remark the following, valid for y E’tN3) and

p € N3 fl IT:

(i) urn
sO

(1,10) Ej=l(Ern=lFm(p,O)am) y,T(p)y),

This implies that Ttp)y E DtA*(a)) and that

(y,A (a)T (p)y ) is given by the right side of tl.lo)



(ii) As in the remarks following Proposition 1 we may show7

for y’ E’tN3),

* * * *
(1) A(ab)y — Afa)y + A (b)y

(nt) A*(e.)A(e)y*
A(eJA’(ejy =E yk

A(ek)yk=l ij

Th2rem Let . . ., aJ C U 0
the

(in the of the weak*topologj.) of

[(y,A*fa;)y, .., C(ap)y)fy*e
E(N3)} and H

* *
..., Ata)y )Iy E fl DtA (a))},.j=1

H =H
0

Proof: HD H0 since A f a) is closed in the weak*

topology, We show H0D H, Let [b1,
•., b be a maximal

linearly independent subset of Ea1, •., a}; it is suffi

cient to prove the theorem for the forTner set Let

be a basis for E. Agii we use the notation
*of the proof of Theorem 1. If y define u(y ,s)

by

ty,u(y,s)) f (y,S*(t)y ) dt
*

R(s)

—

with Stt) = T(p(t))0 As above

(Lii) (y,A(b)u(y 73)1
f s’)

- i=l )k(t) 75()y)f
‘ d’
(t’,o)

(t)(y,S*(t)y*) dt
() ii



with (t) E p(t),o)5 . As above

f*)
E fll(A(bk)) for aR

y
and

is given by (1.11), Moreover,

* *
(u(y ,s), A tb1)ufy ,s),

.., AJbr)u(y

The proof may be cozupleted as before if we show that

(1.12) urn l(y($*(k)

(s->O
* *

(y,A (b)y

for 1 k r, t3 , and ye fl1D(A(b)) But the

expression on the left equals

T(f(tJb))y (T*(f(bk))I)y*)
jk÷l

÷k
T(f(tb (T(

)fl

iI I+i jk+l 3 1

and (1,12) føllw since, see [11], (T*(f(tib))I)y*
is unj

formly bounded and a- (T (f(bk))I)y converges in the

weak-* topology to A (b)y

4 If a (a’, .,, an) E Ai)

is defined fo y E(N3), By the remarks after Propositjo

2, E(N3) is contained in the domain of its adjoint so that

A(a) has a least closed extension which we again denote by

A(a), By Theorem i,tthj notation is ConsiStent with that

used previously for & in U.



l2

____

10 A f a), the of At a), the weak— *

ia(e)

fgf: Suppose ty,x) tA(a)y,) for all y £

Then, usi-ng Theorem 1 nd the notation of its proof with

for yEX

nf tstt)y,x*)

]jy,x2Lj d

p *
(t)Stt)y,x2) dtj.

R()

Transposing and takir limits

urn n
E 1af . ty,(S’(J,oj

*$ (t,Oflx2)dt ty,x),

Then using (1,11)

(1.12) urn ty,x)o3 3

Theorem 3 implies that u(X,s(y)) is in the domain of the

weak* closure of Ea3A(e) and (1.12) then shows that

x is also, By Theorem 25.,l of t7] the Y, as defined

in paragraph 1, may be used as the structural constants of

a Lie algebra A over E. Denoting the Lie product, in
this algebra, of a and b by [a,bJ, we have [a,bJk

a1b3, We can now prove the fIIojng theorem



Theorew I,The function a A(a) defined n A has the

pr

i) If x DC (a)) fl DC 41b)) then x D(A( sa+tb))

and A(sa+tb)x = sA(a)x + tA(B),

(ii) If x D(A{a)A(b))flDtA{b)A(a)) then

x e D(At[a,b])) and At[a,b])x Ata)ACb)x A(b)A(a)x,

II, The furiet ion a A (a) has the ies

(i) If x D(Ata))flD(A(b)) E D(A(sa+tb))
,J.

ancj A’(sa+tb)x (a)x + tA(b)x

Cii) If x D(A(a)A(b))flDftC(b)A(a))
* Ic 4 * *x e DCA t[a,b])) A ([a,b])x A tb)A Ca)x .A ta)A {b)x

Prgof: If x D(A(a))flDCA(b)) there is a sequence X} CE(N3)

such that x, A(a)x A(a)x and A(b)x — A(b)x;

but then, using formula ( ), A(sa+tb)x sAta)x + tA(b)x

— sACa)x + tAtb)x, Since A(sa+tb) is a closed operator

x.e D(ACsa+tb)) and A(sa+tb)x = sAta)x + tA(b)x

If x DtACa)A(b))flD(A(b)A(a)), then for x E*(N3)

tACa)ACb)x-ACb)A(a)x,x) = (x,A(b)Aa)xA(a)A(b)x)

So, using formula

(1l3) tACa)ACb)xACb)A(a)x,x*)

fx,A([a,b])x)

The lemma implies that (1,13) holds for x



In other words, the vector u = tA(a)A(b)xA(b)A(a)x,x) in

X 3 I is annihilated by the annihi1atorof the subspace

U (A([a,b])y,y)Iy D(A([a,b]))}. So u E U; or,

x D(A([a,b])) and A([a,b])x A(a)A(b)x Atb)A(a)x,

The remainder of the theorem is proved in a similar manner.

Recalling that if a sequence of once continuously

differentiable functions and the sequences of first order

derivatives converge uniformly on some domain then the limit

function is once continuously differentiable and its partial

derivatives are the limits of the sequences of partial de

rivatives, we have, using (1.3) and Theorem I

ys fl1D(Ate)) then T(p)y onáe

continuously differentiable in a neighborhood in if, of

gjgjn and (1,3) holds. T(p)y E D(Ata))

for a En and p in this gborhood and (1 1) (1,2)

.ho.ld.for. .a if.

The following theorem, analogous to Theorem 10.9,4

of [7], is an immediate consequence of Theorem 2

6: yE fllD(A(ek))flD(A(eJA(ei) the

y s D(A(e)A(eJ).

The only properties of EtN3) used in the proof of

Theorem 1 were that Ttp)E(N4) CEfN3) for p in a neighbor

hood of the origin, that E(N4) was dense in X, and that



equation (1,1) was valid. Thus, using Theor5 we could

repeat the proof of Theorem 1 to obtain

Threm I : Let F C E C X two dense subs-pacesof

I fl D(A(a)) let T(p)FCE for p
aerr

a gborhood the jjgj Theml valid jjJ

E(N3) E.

In the next chapterwe shall considerstrongly con

tinuous representationsof Lie groups only. The group will

be denotedby G and its Lie algebraby A. A little care

is necessaryin the definition of A in order that the

formulae above remain valid. A is taken as an algebra

isomorphic to the algebraof 1eft-invariant infinitesimal

transformationswith the multiplication XY U (Cf. [2]).

Then if e(a) denotesthe exponentialmap of A into G,

and the representationis Ttp); Ata) is the infinitesimal

generatorof the one parametergroup T(e(ta)). With a we

associatethe following left— and right—invariant infinitesimal

transformations

L ftp) l t(f(pe(ta))—f(p))a

R ftp) lim t(f(e(—ta)p)— ftp)).a


