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ABSTRACT

With every Lie semi-group, TT, possessing certain
- regularity properties, there is associated a Lie~éigebrg,
Aj and with evef& strdngly continueus;rebreseﬂtation>of
TT in a- Banach space there is asseqiatedﬂamrepresentation
Ala) of Ao Certain theorems regarding this representa-

tion are established.

-

- The above theorems are valid for a representation
of,a;Lie.group,also. In’this_case, it is shown that it

is possible to extend the representation to elliptic ele-
ments of the universél enveloping algebra. It is also shown
that the repfesentatives;of the strongly elliptic"eleménts
_of the universal enveloping algebra are the alnfi.nj.«.téSimai
,4generators of holomorphic sani,—groups° Integnallﬁépresentam

tions of these semi-groups are given.




INTRODUCTION

The study of Lie.saﬂiagroups and their representa-
_tions was initiated by E. Hille in [6]. For a Survey of
the basic problems and results the reader is referred to
that paper and to Chapter XXV of [7]. This thesis is a
continuation of work begun there; we summarize briefly the

results it contains.

In Chapter I, the "Dense Graph Theorems" suggested
in [6] are proved and it is shown that linear combinations
of the infinitesimal generators form; in the precise sense
of Theorems 4 and 6, a representation of a Liekalgebra

canonically associated with the semi-group. -

In Chapter II the study of the infinitesimal generators
is continued. For the work of this chapter it is necessary
to assume that the,semi—group is a full Lie group. It is
shown (Theorem 7) that the representation of the Lie algebra
can be extended, in a natural manner, to a representation
of the elliptic elements of the universal enveloping algebra.
Then the spectral properties of operators correspahding to
strongly elliptic elements are discussed; in particular it
is shown (Theorem 8) that they are the infinitesimal generators
- of semi-groups holomorphic in a sector of the complex plane.
Canonicalwrépresentations of these semi-groups as integrals

are given in Theorem 9.




§j : The reader interested in other work to which that
of Chapter II is related is referred to (9], [13], [19]s

and a forthcoming paper by E. Nelson.
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CHAPTER I

1. Lie semi-groups have been defined in [6] and
[7]. We.shall be concerned with semi-groups, [T, whose un-
derlying,topclcgicalhspacemis.mﬁgw? {lxg, o0ey xn)lxi > 0,
i=1, ..., n}, a subset of real Euclidean n-space. We de-
note the“semirgroupwoperation‘by either F(p,q) or Poqg.

~ The following conditions, numbered as in [7], are supposed

satisfied.

P,. Fl(a,0) = F(0,a)

PB.‘VF(a,F(bge)) = F(F(a,b),e) ;

P5v There exists a fixed positive constant B such that

‘ for all points a;, a, and b in IT
max {IF(ag,b) - F(az,b)I;MIF(b,al) - F(b,a,) [} < (1+Blb!)|alma21'

, P6" There exists a positive, monotone increasing continuous

funcﬁion w(t), 0<t <o tending to zero with t such that

lF(a,b)faebl < rew(s) r é,min {lal,lvl}, s = lal + |b]

Pll° At evéry point of E;.x E; ‘the n coordinates of
F(p,q) have continuous partial derivatives with respect to
the coordinates of p and q up to and including the third

- order.

Then, by Theorem 25.3.1 of [7], there is a continuous
function f(a) from TT into TT such that f((e+a')a) =
..‘f_;(‘ga)‘.c’ floa) for ace T, p) 02 0.
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Let T(p) be a representation of J[| in a Banach
spacel Xﬁ which is strongly continuous im a neighborhood of
the origin, then for a e T, p=0, p > T(f(Pa)) is a
strongly continuous one-parameter~semiegroup. Denote its
infinitesimal generator by A(a)° In this chaptef we in-

~vestigate the relations among the A(a) and their adjoints
A%(a). For the purposes of Chapter‘II, we remark that similar

theorems are valid for a representation of a Lie group.

We first construct a common domain for the operators,

A(a), a e T[, which is large enough for our purposes. We
use the following notation: %E—(p,q) = Fgg(p,q);

Lk 2k |

A S 3(pal = FE (p,q), ) 3 = Fk (p,q) F¥_ .(0,0)

Bq bq}p J’ 173

ani(0,0) = Bﬁij‘ F(p,q) may be extended to a twice non-
°E

tinuously differentiable function defined on En'x En,1 Denote
some fixed extension by F(p,q). Since. Fk_(0,0) = |
FI;‘J.(o,o) = %1; (the Kronecker delta), ﬁhere are open spheres
Ny, N, C_ N, about the.origin and three times continuously
differentiable functions W(q,h) and %.q,h) defined on
N;%N; such that W (0,0) =%(0,0) =0, F(n,V(q,h)) = q,
and F(X(q,h),h) = q. Moreover if F(h,p) = q [F(p,h) = q]
with p, h e Ny,  then q € Nl and \{tq,h) = p[Aiq,h) = pl.
We‘may'also suppose that all derivatives of ;q/(q,h) and
Ylq,h) up to the third order are bounded in Ny, that T(p)

le, the constructlon on p. 12 of [12].
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is strongly continuous in Nl/\TT, and that detA(Fg (p, > 1/2
and det (Fk (p,O) > 1/2 for p in N,. If Ng;;Nl is an

open sphere about the origin, set

.

E(N) = [y :‘j;T K(g)T(q)x dq|x € X, K(q) € C, (NIWTT}¢f
CQ(NfWTT} is the set of twice continuously différentiable
functions which are zero outside of NNTT. We refér the

‘reader to [7] for a proof that E(N) is dense in X.

Proposition 1. Let HB be an open sphere about the origin

with F(N N3) CN,, If ye E(N,) then T(ply is a twice
3 2 3 4 wice

continuously differentiable function of p in §N31§T73
Proof: We understand that some derivatives at the boundary
will be one-sided. If y e E(N3) and ey = ('%é,fi;&gwigﬁ) .

we have, recalling that K(q) is zero outside of NBfETT;g

1im s7H(T(p+se,))y - Tip)y)
s5==0) J

H

éige a7t jﬁ fTTT (q)(T((pfsej)o q) = Tlpeoq))x dq

k
, : r=p+ :
lim s"lfN ATT (K(W(q,r)) det (52'?‘@?” ’ SeJT(q)x dq

ti

s—=0 q r=p
k
= (K( ; ﬁi 5 T d
fg ﬂTF}p \V(q p)] det ( (q,p)))T(glx dq
+ lm q ﬁTT G(q,p,s)dq

DYk
= K ; d 5 (
f ﬂTTBPj (K(Y¥(a,p)) det (()q (q,p)))T(q)x dq
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since -G(ffq,p,s)/ converges boundedly to O with s. The
final integral is a continuous function of p. In a similar
manner we show that it is once continuously differentiable.

~ We remark the following formulae valid for vy ‘s‘Eﬁ(N3),

P e N ﬂ-ﬂ'
(i) lim s"l«(T(f(sa),)Y-I)T(p)y
s—=>0
= 1im s~ l(T(f(sa)o ply - T(ply)
s==0
= lim [£B_ "‘1(F3<f )o p)-pI ) (|£(sa) o p-p|)]
sﬁof _1§ (sa pP)ﬂ (ply+s” Of’ sa) o p-p|)]

P
-So T(p)y e D(A(a)), and AA(g)T(p’)y is given by (1).

(1.1) - f%‘(‘;nari-eﬁ )al) 2 ’T( )
Ao = : } u;*#,“ ; s a_ —_ .
S J=1 i=1i; bis Ind ply

(ii) T(piACa)z_F;limwsal(T(b<>f(sa))Y'T(P)Y)
T s=>0 | el NS

ot | ; Sy
1.2) =30 (R Fl (5.0)ak) 2 7
(] 2) j=1Zk=1F; (P, 0)a") >pd (p)y

(111) Setving (Fl(p,0)7 = (¥(p)),

3) 2Tply = B wde)T(p)Al
(1.3) 5 )y = i i (p)T(p)Ale, )y

(1v) Setting znlej (0,p) ¥5§(p), =p¥(p),

Ala)A(p)T(p)y = k gal( 2 ,6 p)hlﬁ(En le (O,P}& ) ;a"‘T(P)A(e )y
K, o)
(v) () A(a+b)y =A(a)y + Alb)y

(/6) A e; JA(e j)y - Ale )A(ei)y = Zk,,l})" A(ek)

For a proof of the latter relation, see [7], p. 758.
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2. The first theorem is known- as a "Denise Graph Theorem"
and has been Suggested by E. H1118 in 163 and [71. :

T : l: ” Lgi.’ t{al’ ‘,un’ ap}g_TTg ;[__i; Gﬁl&thg ClO§ur__e_,
in the product topology on Xx ... xX (p+l factors) of
{lx,h(ag)®, .0ny '~A(ka7)x),| x e E(N3)} and

G = {(X,A(al)x, seoy a )x)| x € f\gzl(A(a))} then G =vGo°

'Proo% G:J G ~_since an 'ln—f*l;{llte&lmal generator is a closed

operator. We show that G :3.G .Let §b b be

r+l? "0y n}
a maximal»llnearly~1ndependentrsubset of {aj, ¢.cy, a },
it 15 suff1c1en@ to prove the theorem f@r the former set
Let {by, «.uy b }CTJ" be a basis for E . If ¢t =
(tl, eeo, t0) & TT, set plt) = (tibl ces O f(tnbn)o
p(t) is a twice continucuslykdlfferéﬂtiable.m£§~0f T
into TT ~and may be extended to a tWice continuously differ-
entiable map of En inﬁe{fﬁnﬁ _Denote some fixed extension
by plt). The above process is analogous to the. introduction

,of~Canonical‘coordigatﬁs»sf the second kind on a Lie group.

Since QR§LQ)A= b?, p(t) has a twice continuously differ-
entiabletinyersemdefined in a sphere Nh about the origin.
We may suppose that F(NA’NL) Q;Né and that all derivatives

~ef the inverse function up to the second order are bounded

‘in Nkf If ye E(ﬁh) and p ¢ E%IWTT, then T(p)y e E(N3)'

For vy ¢ E(Nh)’ set ' '

u(y,s) =‘/q S(t)y dt
R(s)

s)
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where s = (sl, eeoy 8%, S(t) = T(p(t)), R(s) 1is the
rectangle with sides [O,sJe.], and R(s) 4is contained
~in the image of Nhf under the inverse map. By (1.1)

A(bk)u(y,s) = fR(S)A(bk)S(t)y dt

=f( : Z;l —= 5(t)y dt

Ris) i=1
. . i
, m t 2 2 p
where 7 .(t) = 2§,m=1Fm§(Q’P(t))bk ?—3 is once continuously

p

differentiable. Integrate by parts to obtain
- - ,/ s @i,si) .
(1.4) Alp )uly,s) = z?gl Jf C Zie)s(e)y Ao gid
’ , ’\l) (t,0)
/ ____ES__S Y dt..

R(s) 1=l sl

Since the integral of a function with valueslying

in a closed subspace of a Banach space is contained in that
subspace, .

(1.5)  (uly,s), A(br+l)u(y,s), oo, Alb July,s)) e G

Since (1.4) is a continuous function of y and E(N

4) is
' dense in X; for any y e X, uly,s) e f\ D(A(B

ok j=1 j)) and
~(1.4) and (15) hold. To complete the proof it is sufficient

to show
(1.6) 1lim ¢ Puly,s(le)) =y
: o =0
(1.7)  lim Alb o uly,s(o)) = Alb )y
& =0 :
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for k>r+1, ye ﬂ§=r+lD(A(bk)), and s(o) = (o; ..., o).

(1.6) is clear; to prove (1.7) we expand zi(t) in a Taylor's
’ k

series and consider

o1

' 3 (t7,00
S lim 7% ﬁi(t)s(t)y‘! TR
70 Jrisl(e)) (ers0 |
= 1im f'“*lf %i “Ls(tl,0)y - s(tl,0)y atl
2z 1
+ cr‘”r“’l,f -———-—115 (O)S(t ,0)y ati
. L) s i b
+ g 0%l f (z 40 “1¢J -—-—f-_I%,(o)) coe (S(tY,0)y - S(t*,0)y)dt?t
¥
= 3L alb)y + —£ (0)y
providéd

(1.8) lim o “H(s(t",0)y-5(t%,0)y) = a(b,)y,
G’*>0 :

But the,left'Side is

TT &

$21 T(e(e b, ))[c“°1(T( £(o b)) )y-y)

+ (T(£(od)) ~TN(ED g (TToTe  T(e(e™ ) ) o™ LT (e (edp,)) —y))]

‘and (1.8) follows if we recall that t* < ¢ and that y e D(A(

‘bi))
for i>k>r + 1

..,Summing over i and taking the last term

of (1l.4) into account we obtain (1.7)

(T The‘following theorem is not of so much interest as the one
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¢ ¥

N(WD(A(gi)A(ej))}, then F =F .,
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just proved but we want to uée,it to establish the analogue

of a theorem of [7]. We merély sketch’the proof.

Theorem 2: If F_ is the closure in the product topology

O .
of {(y,Aley)y, ..., Ale )y, Ale, lA(e. yv) |y e E(N3)} and if
F = {(y,Ale1)y, ..., Ale )y, Aleg)Ale )y)ly e N2 DlAfe,))

o]

Proof: F isa closed set and thus FD F_. We show F.DF.
Taking bk = e, we use the notation of the proof of Theorem

1. For v e E(Nh)’

Aiei)A(ej)u(y,s) = JQ(S)A(e )A(e )S(t)y dat

]

. |
.j;(s)zg,m?lébm(t) g;“(s( t)hle, )y) dt

here SX(t) = 2y B5(n(6))FL (0,p(t ))'3—"'—“1— 15 ohie bons
v “r=1 3pF :

p
,tlnuously dlfferentlable., Integratlng by parts, we obtain

(1.9) A(ei)A(e')uW»s) ;' G
n=d Jp(gm)Tk- %0 Y (£",0)
k

J[ n ok
" Jr(g)Teome1 _;;E(t)S(t)A(gk)y.dto

Theorem 1 implies that (1.9) holds for vy £ (JEQID(A(ek))°

The proof.is now completed as above.

3. We now consider the adjoints of the infinitesimal

,generatorS and prove the corresponding dense graph theorem

If y € X , the dual space of X, we denote the value of

*

*
'y at yeX by (y,y). If NCN;, set




—Oa
; E‘i(N) = {Y$ £ X*l(Y,Y*) = f (YaK(q)T*(q)'x-*) da}
| m

with x e X, K(q) e Cz(HfWTT), and for all vy & X.

e

% &
E (N) is dense in X in the weak-* topology.

% * * *
Proposition 2. If v ¢ E (N ) T (p)y is twice continously
differentiable in the weak-* topology, for p in NBF\TT,

‘Prgofzk,we;m@rgly sketch the calculations since the proof

is esseﬂtially the same as that of Proposition 1.

. lim s7? jf,(y;x<q><w*<p+se.> - TP T (Q)x") dq
- s=>0 TT - J | ;

llm s / (y,K q) ( (p+sej)x$—T*(q)x*)dq
T

= § 2 : &E 3 3
= (y, =3 (K(X(q,p)) det (“=r (q, T ( dq.
J; (\TT4Y' Bpj (K(K(q,p e e (q,p)))T (q)x dq

The last integral is again a continuously differentiable

function of p.

We remark the following, valid for y e E*{NB) and

P E NB(W TT:
(1) | 1in s Ly, (T(£(sa)) ~1) T (p)y*)
s—=>0
(1.10) *,E?gl‘ A F (p,O)am) “zg(y,T (p)y ).

, * *« Lok
This implies that T (p)y & D(A (a)) and that
®, 4 ®
(y,A (a)T4(p)y ) is given by the right side of (1.10).
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- (ii) As in the remarks following Proposition 1 we may show,
ok %
for y e E (NB)’ |
* LI ® ok 3
(') A'(a*b)y = A'(a)y + A (b)y"
*

. R PRI B * * . n k%
(f1) A (ei)A (ej)y A (ej)A (ei)y Zkzl)’ijA (ek)y .
i

- Theorem 3: Let ,?{*ai’, eie, ap} CTT. 1If H, 1is the closure

N

g(in the product of the weak-* topologies

{(y A (al)y ) ey (ap)y )ly e B (NB)} and H =
(78 @)y, weey 47 )y ) 1y e N2 104 (a )], then
H=H_,

Ee)

Proof: H_ D H_ since A(a) 1is closed in the weak-*
topology.. We show HO;Q H. Let {bl, ceny br{ - be a maximal

~linearly independent subset of {al?‘..., a }; it is,suffi~

p

‘cieqt to.prove the theorem for'the former set. Let

A{bl, vy bn} be a basis for E_ . Again we use the notation
% * s

of the proof of Theorem 1. If y e E (Nh)’ define wuly ,s)

by

(y,u(y*,s)) = V/’ (y,S*(t)y*) dt
R(s)

s
SR ek ,
with 8 (t) = T (p(t)). As above

(1.11) ’(y,A (b, July ,s)) Ny d
- gn f kg’ ie)(y.8% )y ti’Sl)
17 s, T Y R o)

4 )El i Sho
- 28 . —=K (£)(y,5 (t)y) at
fa{,s) =Loyed T Y
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. i j t
with S:k(t) ézg’mglF‘;,(pv(t),O)bﬁ 3;— As above

u(y ,s) £ /3n 1D(A (b )) for all y e X* and A*(bk)y*

,iS»glvenwby;(l.ll). ,Moreav&r,
* o = ®
(uly ,8), A (byluly ,s), ..., A,ibr)u(y ,8)) € H, .

The proof may be -completed as before if we show that
(1.12) 1im o~ (y,(S 4k ,0) =8 *(rk O))y )

Lo =0 ; ¢

= (y,47 (b )y ")

0 * * ,
for 1<k<r, tJ<o, and ¥y e(ﬂgle(A (b;)). But the

expression on the left equals

(T T(etedo )y, o1 (e(o b)) -1)v")

j=k+1
k-1, k-1 _
Cex( T T(e(sm ))(T(f(abk))ul)ﬁ T(£(6Tb by, T Lot 1) -1y ),

i=1 f=i+l Gek+l

‘and (1.12) follows since, see [11], o H(T (£(t¥b,))-I)y" is uni-
: <
~.formly bounded and c‘ bk )=I)y  converges in the

%
weak-* topology to Awlbk)y

L. If a = (al, veey an)‘s;Eé, A{a) = Egﬁlng(ej)§
- is defined for y € E(NB)‘ By the remarks after Proposition
2, E*(H3) is contained in the domain of its adjoint so that
A(a) has a least closed extension which we again denote by
A(a). By Theorem 1, this notation is consistent with that

used previously for a in TJ.




=]12=

* ‘ .
- Lemma 1. A (a), the adjoint of A(a), is the weak-*
. : " . g1 Jp* 1ith *01
- clogure of the -operator £j,;a A‘iaj) with domain E (Nj).

le
S

~Proof: Suppose (y4§1) = (A(a)y,xz) for all vy ¢ E(NB)’
- Then, using Theorem 1 -and the notation of its proof with

T g

B (8(t)y,x") at
e fa(s(oﬂ A

for ye X

=77 T | i R ‘(giso-)' Aq
T ey S0

f (28 Eﬁé (t)S’(t) *) dt]
R(g) 151 y¢d e )

Transposing and taking limits

Then using (1.11)

: R - 2 s < P
(1.12) lim o n(y,zgulaﬂf(ej)u(xf"‘,s(o*)) = (y,%).

Theorem 3 implies that u(x;,s(ﬁ))‘ is in the domain of the

weak-* closure of SaJA (ej)' and (1.12) then shows that
k

iy
in paragraph 1, may be used as the structural constants of

e
55

X, 1is also. By,Theorem;ZS‘S;i of [7] the ¥ as defined

afLie.algebra A  over En’ Denoting the Lie product, in

_this algebra, of a and b by [a,b], we have”[a,b]k =

)3

l,jgl’xgj,aibj, We can now prove the fﬁli&yihg theorem@~
, j= 4 , )




o
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Theoremt: I.The function a —> A(a) defined on A has the

- properties

(1) If x e D(Ala)) ND(A(b)) then x e D(A(sa+tb))

~and- A(sa+tb)x = sA(a)x + tA(B)x.

(i1) If x e D(&{a)A(b))ND(A(b)A(a)) then
x ¢ D(A([a,b])) and A([a,bl)x = A(a)A(b)x - A(b)A(a)x.

ITI. The funetion a = A¥(a);fhasvthe properties
* < ¥ ‘ < %
(i) If x € D(A (a))ND(A (b)) then x e D(A"(sa+tb))

K,k 3 * *
~and A (sa+tb)x = sk (a)x + tA (b)x .

(11) If x & D(A7(a)a™(6)) NDEA*(b)A"(a)) then

x e D(A%([a,b])) amd AT([a,b])x" = A%(b)a%(a)x" - A% (a)a%(b)x".

 Proof: If x e D(A(a))ND(A(b)) there is a sequence {xn}§;;E(N3)

such that x> x, A(a)xn —= Ala)x _and A(b)xn;-> Alb)x;
but then, using formula ( ), A(sa+tb)xn = sh(a)x_ +,tA(b)xn

> sh(a)x + tA(b)x. Since A(sa+tb) is a closed operator

x € D(A(sa+tb)) and A(sa+tb)x = sA(a)x + tA(b)x.

If x e D(A(a)A(p))ND(A(b)A(a)), then for x € E$(N3f

(A(a)A(b)x-A(b)Ala)x,x ) = (x,47(b)a"(a)x -4 (a)a " (b)x™) .

S0, using formula ( B1),

(1.13) (A(a)A(b)x-A(b)A(a)x,x)
= (x,47([a,b])x ).

de
B

The lemma implies that (1.13) holds for x e D(A*([a,b])).
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In other words, the vector u = (A(a)A(b)x-A(blA(a)x,x) in

- X6 X is annihilated by the annihilator of the subspace
‘ U= {(A([a,b])y,y) |y € D(A([a,b]))}. So u e U; or,
- x ¢ D(4([a,b])) and A([a,b])x = Ala)A(b)x - A(b)Ala)x.

The remainder of the theorem is proved in a similar manner.

Recalling that if a sequence of once continuously
~differentiable functions and the sequences of first order
- derivatives converge uniformly on some domain then the limit
- function is once continuously differentiable and its partial
,derivatiVGS-are the limits of the sequences of partial de-

rivatives, we have, using (1.3) and Theorem 1

~ Thegrem 5: If 7y ¢ f\?le(A(ej)) ‘then T(ply is once
continuously differentiable in a neighborhood in T[], of

the origin and (1.3) holds. Consequently, T(p)y ¢ D(A(a))

.for a e En and p in this neighborhood and (1.1) and (1.2)
~ hold for ace [J.

The following theorem, analogous to Theorem 10.9.4

of [7], is an immediate consequence of Theorem 2.

gzem 6: IE y.e N D(Ale,)) ND(Ale;)ale ) then
y € DlAle,)ale,)).

The only properties of E(N3) used in the proof of
Theorem 1 were that T(p)E(NA) Q;E(NB) for p in a neighbor-

- hood of the origin, that E(Nh) was dense in X, and that







