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Sums of Squares:

C.L. Siegel: From his 1934 mass formula book:

“ It is somewhat surprising that in a branch of
mathematics as old as the theory of quadratic
forms which originated among the ancient
Babylonians and has been intensively studied
during the last three centuries by a succession
of mathematicians of the highest rank, including
Fermat, Gauss, Jacobi and Minkowski, any
fundamentally new ideas have been left to be
discovered. Never the less, it is our aim in these
lectures to present a new general theorem in the
arithmetical theory of quadratic forms which has
several important applications . . . "
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Sums of Two Squares (Fermat):

x2+ y2 = p , p an odd prime
has a solution in integers

if and only if p≡ 1(4).

(can one find the solutions quickly - later).
A necessary condition to solve

x2+ y2 = m

is that the (local) congruences be met q > 1

x2+ y2 ≡ m (mod q) ——(1)

(These are easy to check, involve only finitely
many q’s.) If m > 0 and (1) holds then
x2+ y2 = m has a solution!
This is called the “local to global” principle.
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Sums of Three Squares (Gauss 1800)

x2+ y2+ z2 = m ,m > 0

Local congruence obstructions

m 6= 4a(8b+7) ——(2)

Theorem (Local to global)
If (2) holds then m is a sum of three squares!

Sums of Four Squares (Lagrange)
Every positive integer is a sum of four squares.
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Gauss in his diary: July 10, 1796

4= n(n+1)
2

Legendre (1830): Every integer larger than 1791 is a sum of four
hexagonal numbers.

H. Iwaniec, W. Duke, R. Schulze-Pillot (1990): Every sufficiently
large number is a sum of three hexagonal numbers (Ineffective!).
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In 1900, Hilbert proposed 23 problems for the
20th century (of which Paul Cohen solved the
first). Siegel worked on Hilbert’s 11th problem:
to develop a theory (local to global) for solving

F(x1,x2, . . . ,xn) = m ——(3)

for a quadratic form F (e.g., a sum of squares)
and either

(i) x j,m are in a quadratic number field K,

(ii) x j,m are in the “integers” OK of K.

Examples of quadratic fields:

K =Q(
√

2) := {x = a+b
√

2 : a,b ∈Q}

and

OQ(
√

2) = Z[
√

2] := {a+b
√

2 : a,b ∈ Z}

α = a+b
√

2,α ′ = a−b
√

2
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•Over K, Hasse solved the problem
completely: has a solution iff it has a solution
locally (over all “completions" Kv).

The “Hasse-Minkowski Theorem".

Over the “integers” OK of K the problem is
much more difficult.

Siegel Mass Formula: Quadratic forms F and G
are equivalent over OK if

F(Ax) = G(x),

for some n× n matrix A with coefficients in OK

and whose inverse also has coefficients in OK.

Such F and G represent the same integers
in K.
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The genus F of an “integral” quadratic form F
consists of all integral quadratic forms G that are
locally in congruences (and at the real places)
equivalent to F .

Hermite’s theorem: Any such genus F consists
of a finite number of inequivalent forms
F1,F2, . . . ,Fh; we call h the class number.

Mass Formula: (Assume F is definite)

Let rFj(m) be the number of representations of
m by Fj,

there are Wj > 0 depending only on the genus
such that

∑
h
j=1WjrFj(m) = product of local densities.

The densities depend only on F which count
solutions in congruences.
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The product of local densities is positive
precisely when there are no local obstructions
to solving F(x) = m.

If h = 1 then positivity holds, so Siegel’s formula
gives a complete solution! For example,

x2
1+ x2

2, x2
1+ x2

2+ x2
3, x2

1+ x2
2+ x2

3+ x2
4

all have h = 1, explaining the results of Fermat,
Gauss, and Lagrange.

But h = 1 is very rare, and if h > 1 then there are
exceptions (i.e. m’s that should be represented
but are not).

n > 5 (Siegel): For quadratic K as above,

x2
1+ x2

2+ x2
3+ x2

4+ x2
5 = m

with m > 0 and m′ > 0 (called totally positive)
has a solution if and only if there are no local
obstructions except for finitely many m’s (up
to units)
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n= 4 (Kneser 1974): Same is true for n= 4. (His
proof is elementary given Hasse’s theorem).

One can also prove Kneser’s result using the
Ramanujan conjectures (Deligne’s theorem).

n = 3 (Cogdell-Piatetsky Shapiro-S, 2000)

Same is true for sums of 3 squares, but this is
ineffective.

Example: Maass proved that for Q(
√

5), the
genus of x2

1 + x2
2 + x2

3 is a singleton and every
m > 0 is a sum of 3 squares. (This is the only
such case!)

Example: Using Z[
√

3], one such genus of
quadratic forms is:

x2
1+ x2

2+ x2
3 ,x2

1+2x2
2+2
√

3x2x3+2x2
3

Here, the class number h is 2.
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Consider D≡ 5(8) and K =Q(
√

D).

Here there are no (finite) local
obstructions to being a sum of 3
squares, so every m such that m and
m′ are sufficiently large (in an explicit
sense, such as perhaps mm′ > 10D) is
a sum of 3 squares with at most one
exception.

So the problem is not completely
resolved.

For n = 2 there is no simple local to
global principle (class field theory)
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Golden gates:

Classical Computing:
A single bit state is {0,1}. Gates for classical
circuits achieve any Boolean

f : {0,1}n→{0,1}

via ∧,v etc., complexity = length of circuit.
Theoretical Quantum Computing: Single
qubit states are points u = (u1,u2) ∈ C2

|u|2 = |u1|2+ |u2|2 = 1.

A 1-bit quantum gate is a 2× 2 unitary matrix
A. There is a natural notion of “distance” d(A,B)
between such matrices:

d(A,B) :=

√
1− |trace(A∗ ·B)|

2

A set of gates {A1,A2, . . . ,An} is universal if any
1-bit quantum state A is approximated arbitrarily
closely (for this distance) by “circuits” in the A j’s.
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We seek universal gates whose circuits to
approximate any 2×2 unitary matrix A are short.

Textbook Gates:

The gates H and S generate exactly 24 gates,
called the Clifford gates.
Remarkably, using H and T instead, we can
approximate any A as close as we wish; Solavay
and Kitaev proved that such “universality” with H
and T can be achieved efficiently!
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Ross - Selinger (2014)

d
(

U,

[
eiπ/128 0

0 e−iπ/128

])
< 10−10 = ε

with the word

U = HT SHT SHT . . . . . . . . . . . . . . . .HT H

T -count is 102 (100 is optimal).

ε = 10−20, T -count 200 (198 optimal).

ε = 10−2000, T -count 19942 (19934
optimal)

Run time 383 seconds.
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Back to sums of squares

K =Q(
√

2),OK = Z[
√

2].

x2
1+ x2

2+ x2
3+ x2

4 = 2h, h > 0.

for

x j ∈ OK. ——(1)

One can show (Kliuchnikov-Maslov-Mosca)
(2013) that the solutions to (1) with h≤ t
give rise via

(x1,x2,x3,x4) 7→

 x1+ix2
2h/2

x3+ix4
2h/2

−x3+ix4
2h/2

x1−ix2
2h/2


to the circuits with T -count at most t,
using the gates H,S,T .
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So the question of approximating and A
by a word in these is: for x1, . . . ,x4 in OK

satisfying x2
1+x2

2+x2
3+x2

4 = 2h, how well
do the scaled points

1
2h/2(x1,x2,x3,x4)

cover the unit sphere in 4-dimensional
space? There are about 2h such points,
so they can pack with radius ε ≈ 2−h/3

(vol ball radius ε in S3 is ε3).

One can show (Lubotzky-Phillips-S
1988) using modular forms (and
among other things the Ramanujan
conjectures) that these points cover
most points of S3 with such an optimally
small ε !

“Golden" . . . if we can find them quickly!
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To be truly golden, one needs to find these short
circuits quickly (i.e., poly t steps).

Side note: K. Manders and L. Adleman(1978)
The problem of deciding if

ax2+by+ c = 0

has a solution in natural numbers x and y, given
a,b,c, is NP-complete!

Ross-Selinger(2014) gave a random algorithm
(to find the xi’s) whose expected running
time(assuming various heuristics) is poly(t) and
which if it stops produces essentially the best
approximation to a given diagonal element [ α 0

0 ᾱ
].

It runs very well in practice, and by writing a
general 2× 2 unitary matrix A as a product of
three diagonal matrices we get a circuit 3 times
longer than what we know exists and is optimal.
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The Algorithm:

Step 1: Find an integral solution to

x2
1+ x2

2+ x2
3+ x2

4 = 5h, h≤ t

with (x1,x2,x3,x4) doing the approximation to
diagonal A; i.e., x1∼ α,x2∼ β ,x3∼ 0,x4∼ 0 with
integers α and β satisfying α2+β 2 = 5h.

Step 2: Choose x1 close to α(bαc+ k) and x2

close to β (bβc+ `). Then check if

x2
3+ x2

4 = 5h− (x2
1+ x2

2)

has a solution: if the right side is prime p≡ 1(4)
then we can find x3 and x4 (by Fermat!)

According to an algorithm of R. Schoof (using
elliptic curves with “CM") such x3 and x4 can be
found in poly(log p) steps!

Now vary k, ` a little until this succeeds (i.e., we
get such a prime); in practice it does succeed!
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Step 3: Once (x1,x2,x3,x4) are found, there is
a tree structure (coming from the factorization
theory of integral Hamilton quaternions) to the
solutions representing 5h (or 2h . . . ). A variant of
this works using x j in Z[

√
2] with H, S, T gates!

The above algorithm finds the (short) circuit
encoding such an (x1,x2,x3,x4) that gives a close
approximation of a diagonal A.

So remarkably, even in the 21st century,
understanding the finer features of sums of
squares is of interest, and may supply the basic
building block of a quantum computer! Fermat,
Gauss, and Siegel might be very surprised.
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