THE HOROCYCLE FLOW AT PRIME TIMES
PETER SARNAK AND ADRIAN UBIS

ABSTRACT. We prove that the orbit of a non-periodic point at
prime values of the horocycle flow in the modular surface is dense
in a set of positive measure. For some special orbits we also prove
that they are dense in the whole space—assuming the Ramanu-
jan/Selberg conjectures for GLa/Q. In the process, we derive an
effective version of Dani’s Theorem for the (discrete) horocycle
flow.

1. INTRODUCTION

If (X, T) is a dynamical system, for any x € X one can ask about the
distribution of points P, = {T?z : p prime} in the orbit 6, = {T"z :
n > 1}. For example if X is finite then this is equivalent to Dirichlet’s
Theorem on primes in an arithmetic progression. If (X, T') is ergodic,
Bourgain [5] shows that for almost all z, TPz with p prime, satisfies
the Birkhoff ergodic Theorem and hence is equidistributed. If (X, T)
is ‘chaotic’, for example if it has a positive entropy then there may be
many z's for which TPz is poorly distributed in 6,. For example if
T :10,1] — [0,1] is the doubling map z + 2z then one can construct
an explicit (in terms of its binary expansion) ¢ such that 6 = [0, 1] but
TP¢ — 0 as p — oo.

The setting in which one can hope for a regular behaviour on re-
stricting to primes is that of unipotent orbits in a homogeneous space.
Let G be a connected Lie group, I' a lattice in G and u € G an Adg
unipotent element, then Ratner’s Theorem [31] says that if X = I'\G
and T': X — X is given by

(1.1) T(I'g) =Tgu,

then 0,, with z = I'g, is homogeneous and the orbit zu™, n = 1,2, ... is
equidistributed in 6, w.r.t. an algebraic measure dy,. In the case that
{ is the normalized volume measure dug on X it is conjectured in [12]
that P, = X and in fact that zu?, p = 2,3,5,7, 11, ... is equidistributed
w.r.t. dug. Care should be taken in formulating this conjecture in the

intermediate cases where 6, is not connected as there may be local
1
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congruence obstructions, but with the ‘obvious’ modifications this con-

jecture seems quite plausible. In intermediate cases where 8, is one
of

(i) finite
(ii) a connected circle or more generally a torus
(iii) a connected nilmanifold T\ NV,

P, and the behaviour of zu?, p = 2,3,5,... is understood. Case (i)
requires no further comment while for (ii) it follows from Vinogradov’s
work that the points are equidistributed w.r.t dt, the volume measure
on the torus. The same is true for (iii) as was shown recently by Green
and Tao [I3],[14]; in order to prove this, apart from using Vinogradov’s
methods they had to control sums of the type ) e(an[fn]), which are
similar to Weyl sums but behave in a more complex way.

Our purpose in this paper is to examine this problem in the basic
case of X = SL(2,Z)\SL(2,R). According to Hedlund [16], 0, is either
finite, a closed horocycle of length [, 0 < [ < oo, or is all X. The first
two cases correspond to (i) and (ii). In the last case we say that x
is generic. By a theorem of Dani [§] the orbit zu", n = 1,2,3,... is
equidistributed in its closure w.r.t. one of the corresponding three types
of algebraic measures. For N > 1 and x € X define the probability
measure 7, y on X by

1
(1.2) TN = ——— Z Opur
w(N) =

where for £ € X, ¢ is the delta mass at £ and (V) is the number of
primes less than N. We are interested in the weak limits v, of the 7, x
as N — oo (in the sense of integrating against continuous functions on
the one-point compactification of X). If x is generic then the conjecture
is equivalent to saying that any such v, is dug. One can also allow x,
the initial point of the orbit, to vary with N in this analysis and in the
measures in . Of special interest is the case x =I'g

1

N2 0 11
g—HN.—{O Né] and U—|:O 1],
when Hyu/, 0 < 5 < N — 1 is a periodic orbit for T of period N.
These points are spread evenly on the unique closed horocycle in X

whose length is N. They also comprise a large piece of the Hecke
points in X corresponding to the Hecke correspondence of degree N

a b

1
CN:{\/_N [c d] :ad = N,a,d > 0, b modd}.
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We can now state our main results. The first asserts that v, does not
charge small sets with too much mass, that is v, is uniformly absolutely
continuous with respect to dug.

Theorem 1.1 (Non-concentration at primes). Let x be generic and v,
a weak limit of m, N, then

dv, < 10dug.

Remark: As we said before, probably what truly happens is that
dv, = dug. If on the other hand we allow n to vary not over primes
but over almost primes, then the quantitative equidistribution that
we develop to prove Theorem can be used together with a lower
bound sieve (see [LI], Chapter 12) to prove the density of the orbit.
More precisely let  be generic, then the points T"x, as n varies over
numbers with at most 10 prime factors, are dense in X.

As a consequence of Theorem we deduce that P, has to be big.

Corollary 1.2 (Large closure for primes). Let x be generic, then

1
1P$>_7
Vol( )_10

and if U C X is an open set with Vol(U) > 1 —1/10 then zu? € U, for
a positive density of primes p.

In the case of ‘Hecke orbits’ Py, , we can prove more;

Theorem 1.3 (Prime Hecke orbits are dense). Let v be a weak limit
of the measures my, n. Assuming the Ramanujan/Selberg Conjectures
concerning the automorphic spectrum of GLs/Q (see for example the
Appendiz in [35]) we have

1 9
—dug < dv < =dug.
5,UG_ V_5,UG

Theorem has an application to a variant of Linnik’s problem on
projections of integral points on the level 1 surface for quadratic forms
in 4-variables. Let N > 1 and denote by My the set of 2 x 2 matrices
whose determinant equals N. Denote by 7 the projection A — \/LNA of
My (R) onto M;(R). Using their ergodic methods Linnik and Skubenko
[27] show that the projection of the integer points My (Z) into M;(R)
become dense as N — oco. In quantitative form they show that for U
a (nice) compact subset of M;(R)

(1.3) {A € My(Z) : w(A) € UY ~ o1 (N)u(U)

as N — oo, where p(u) is the ‘Hardy-Littlewood’ normalized Haar
measure for SLy(R) on M;(R) and o1(N) = >,y d. (1.3) can also be
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proved using Kloosterman’s techniques in the circle method [25] as well
as using Hecke Correspondences in GLj as explained in [33]. Using the
last connection we establish the following Corollary whose formulation
is cleanest when N is prime and which we assume is the case in the
corollary. For
a b
A= L d} € My(Z)

we let b1(A) be the slope of the kernel of A (which is a line) modulo
N. That is if N | a set b;(A) = oo and otherwise b;(A) is the unique
integer 0 < b; < N satisfying by = ab mod N where aa =1 mod N.

Corollary 1.4. Assume the Ramanugjan/Selberg Conjectures for G Ls.
Let U be a (nice) compact subset of My(R) and € > 0. Then for N
prime sufficiently large
1/5—¢ < {A € Mn(Z) : w(A) € U, by(A) is prime }| < 9/5+¢
logN — {A € Mn(Z) : m(A) € U} ~ logN
In particular the projections of the points A € My (Z) with by (A) prime,
become dense in M;(R).

We end the introduction with an outline of the contents of the sec-
tions and of the techniques that we use. The proofs of Theorems|1.1and
use of sieve methods. These reduce sums over primes > _ f(zu?),
to the study of linear sums over progressions >,y 4 f (zu™?), and bi-
linear sums v ov/dy N/dy) fi(zu™d) fo(zu™d2). A critical point in
the analysis is to allow d to be as large as possible, this is measured
by the level of distribution «; d < N (respectively max(d;,dy) < N
). The first type of sums are connected with equidistribution in (X, T")
and the second type with joinings of (X, T%) with (X, T4%).

The effective rate of equidistribution of long pieces of unipotent or-
bits has been studied in the case of general compact quotients I'\SL(2, R).
For continuous such orbits this is due to Burger [7] while for discrete
ones to Venkatesh [39]. Both make use of the spectral gap in the
decomposition of SL(2,R) acting by translations on L*(T\SL(2,R)).
One can quantify Venkatesh’s method to obtain a positive level of dis-
tribution for the linear sums and then follow the analysis in the proof
of Theorem to obtain the analogues of Theorem and Corollary
for such I'’s (the constant 10 is replaced by a number depending
on the spectral gap).

For I"'\SL(2, R) noncompact but of finite volume, due to the existence
of periodic orbits of the horocycle flow one cannot formulate a sim-
ple uniform rate of equidistribution in Dani’s Theorem. In a preprint
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[38] A. Strémbergsson gives an effective version of Dani’s Theorem for
continuous orbits in terms of the excursion rate of geodesics; he uses
Burger’s approach.

We only learned of [38] after completing our formulation and treat-
ment of an effective Dani theorem for the continuous flows, see The-
orems [4.6] and [4.7] in section [ One of the main results of this paper
is an effective Dani Theorem for discrete unipotent orbits of (X, 7),
see Theorems and [5.2] These give a quantitative equidistribution
w.r.t. algebraic measures of long pieces of such orbits and allowing s
to be large. This discrete case is quite a bit more complex both in its
formulation and its proof. It requires a series of basic Lemmas (see
section [2)) which use the action of SLy(Z) to give quantitative approxi-
mations of pieces of horocycle orbits by periodic horocycles, much like
the approximation of reals by rationals in the theory of diophantine ap-
proximation. Critical to this analysis are various parameters associated
with a given piece of horocycle orbit. The resulting approximations al-
low us to approach the level of distribution sums by taking f, fi, fo
to be automorphic forms and expanding them in Fourier series in the
cusp. The burden of the analysis is in this way thrown onto the Fourier
coefficients of these forms. This leads us to Theorem {4.12 which gives
a suitable level of distribution in the linear sums and with which we
can apply an upper bound sieve (Brun, Selberg) and deduce Theorem
and Corollary

Theorem [1.3|involves a lower bound sieve and in particular a level of
distribution for bilinear sums. This is naturally connected with effective
equidistribution of 1-parameter unipotent orbits in (SL(2,Z)\SL(2,R))x
(SL(2,7Z)\SL(2,R)) which is a well known open problem since Ratner’s
paper [30]. For the special Hecke points that are taken in Theorem
our Fourier expansion approach converts the bilinear sums into sums
of products of shifted coefficients of these automorphic forms (“Shifted
convolution”). In Sectionwe review the spectral approach to this well
studied problem; in particular we use the recent treatments in [3] [4]
which are both convenient for our application and also allow for a crit-
ical improvement over [35] in the level aspect. Proposition gives
a slight improvement over [4] and also [29], in this ¢ aspect, and it is
optimal under the Ramanujan/Selberg Conjectures. Concerning the
linear sums for these Hecke orbits we establish a level of 1/2 (see the
discussion at the end of section . This is the optimal level that can
be proved by automorphic form/spectral methods. To analyze the sum
over primes we use the sieve developed by Duke-Friedlander-Iwaniec
[T0]. For an asymptotics for the sum over primes (i. e. a “prime num-
ber theorem”) they require a level of distribution of 1/3 for the bilinear
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sums, given the level of 1/2 that we have for the linear sums. Using
the best bounds towards Ramanujan/Selberg Conjecture for GLy/Q
we establish a level of a = 3/19 for these bilinear sums. This falls
short of the 1/3 mark as well as the 1/5 mark which is needed to get
a lower bound in the sum over primes. However assuming the Ra-
manujan/Selberg Conjecture this does give a strong enough level of
distribution to deduce Theorem [L.3]

2. HOROCYCLE APPROXIMATION

The group G = SL(2,R) can be parametrized through its Lie alge-
bra. The Lie algebra g are the 2 x 2 real matrices of zero trace. In
this way, the so-called Iwasawa parametrization g = h(x)a(y)k(0) with
x,y,0 € R and

h(z) = B ﬂ aly) = {yé (_)}, k(0) = [CO.SO Sme}

0 y% —sinf cosf

corresponds to the Lie algebra basis

(2.1) R:lg (1)} Hzl(l) _01} VZ{_O1 (1)}

in the sense that h(z) = exp(zR), a(e*) = exp(uH) and k() =
exp(6V'). Moreover it is unique when restricting 6 to [—7, 7).
We can explicitly define a left G-invariant metric on G as

n—1
dc(g,h) = inf {Z V(T Tit1) t T, ..o, Tn € GiTg = g3 T = h}
i=0
with ¢ (z,y) = min(||a~ty — I||, [[y 'z — I||) and || - || any norm. Let us

fix the norm

for concreteness. Then, we can describe the metric in terms of the
Iwasawa parametrization as

= /202 + (b + ¢)2 + 4c2 + 2d2.

dx? + dy?
2

dGs = + d@z

We can also write any Haar measure in G as a multiple of

Since G is unimodular, this measure is both left and right G-invariant.
By sending (z+iy, 0) to h(x)a(y)k(0/2) we see that {+1}\G endowed

with this metric is isometric to the unit tangent bundle T\H of the
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FiGURE 1. The horocycle flow

=v=(r+1y,0)

(67

Poincaré upper half-plane H with the metric ds® = y~2(dz? + dy?).
We shall use both notations to refer to an element of {£/}\G, and we
shall even use x + iy as a shorthand for (x + iy, 0). In this way, we can
express multiplication in {£/}\G as

(2.2) {Z Z} (2,0) = (% 0 — 2arg(cs + d)) |

Now, we define the discrete horocycle flow at distance s as the trans-
formation g — gh(s). The name comes from the fact that a horocycle
is a circle in H tangent to OH, and the horocycle flow sends a point
with tangent vector pointing towards the center of the horocycle S to
the unique point at distance s “to the right” whose tangent vector also
points to the center of S. In terms of our parametrization, we can write

Rt R
(2.3) gh(t + cot0) = h(a — o 1)a(t2 n 1)k(— arccot t)
for g = h(z)a(y)k(0), where
R = y(sinf) 2

is the diameter of the horocycle and
a=x—yW

its point of tangency with OH, where W = cot 6 (see Figure [1).

Now, we consider the homogeneous space X = I'\G, with the metric
induced from the one in G, namely dx(I'g,I'h) = min,er de(vg, h).
Then, we have that X is isometric to 77 (I"\H). So, considering the
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identification g = (z,0), we can set
Dx ={(z2,0):]2| > 1, -1/2 <Rz <1/2, -7 <0 <7}

as a fundamental domain for X.

We also have that the horocycle flow in GG descends to X, and when
doing so its behaviour becomes more complex. As we noted in the
introduction, Dani proved that for any & € X the orbit generated by
the horocycle flow, {h(s)™ :m =0,1,2,...}, is dense in either

(i) a discrete periodic subset of a closed horocycle

(ii) a closed horocycle

(iii) the whole space,
and we can explicitly state which possibility happens in terms of £ =
Lg: (i) for @ and sR™! rational numbers, (ii) for a rational and sR™!
irrational and (iii) for « irrational. Moreover, in each case the orbit
becomes equidistributed in its closure w.r.t. the algebraic probability
measure supported there.

If one considers the continuous version of the horocycle flow, {£h(t) :
t € R>o}, only the possibilities (ii) and (iii) can occur, depending just
on the rationality of «.

Our purpose in sections[d and [f]is to analyze which of the possibilities
is the “nearest” for a finite orbit

{&n(s)" : 0 < sn < T}

or {&h(t) - t € [0,T]} in the continuous case, in terms of the parameters
a, sR™' and T. In preparation for that, we define some quantities
associated to the piece of horocycle {&h(t) : ¢ € [0,T]}, which will be
useful for applying spectral theory, and moreover allow us to decide
between (i), (ii) and (iii) for £. Let Yr(g) the “Euclidean distance”
from the piece of horocyle P, = {gh(t) : t € [0,T]} to the border OH,
namely
Ye(g) = inf{y : h(z)a(y)k(6) € Pz},

which coincides with the y associated two one of the extremes of the

piece. Due to (2.3) we have

) R
(2.4) Yr(h(x)a(y)k(6)) < min(y, 772),
where the symbol = is defined as follows.

Definition 2.1 (Notation for bounds). We shall use the notation f =
O(g) or f < g meaning |f| < C|g| for some constant C' > 0; we
shall also write f =< ¢ as a substitute for f < ¢ < f. Finally, we
shall use the notation f < ¢g°® and f < ¢7°WM, with ¢ > 0, meaning
|f| < g© and |f] < (g71)¢ respectively, for some constant C' > 0. The
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FI1GURE 2. Piece of horocycle in highest position

Wt = cot Or

- - ----

implicit constant C' will not depend on any other variable unless in a
statement that contains an implication of the kind “if f; = O(g1) then
fo = O(g2)”; in that case the constant implicit in O(gy) depends on
the one in O(gy). On the other hand, whenever we use the notation
g°M or g=1/1°MIwe mean that the function in o(1) depends just on g
and goes to zero as g — 0.

Now, the key concept is the following.

Definition 2.2 (Fundamental period). Let ¢ € G and T" > 1. We
define the fundamental period of & = I'g at distance T as y;', where

yr = yr(Lg) = sup{Yr(vg) : v € T}.

The point of this definition is that we want to approximate our piece
of horocycle by a closed one. Now, a closed horocycle has the shape
la(y)H with H the closed subgroup H = {h(t) : t € R}; the period of
this closed horocycle is y~'—in the sense that T'a(y)h(-) is a periodic
function of period y~t. We shall see that the closed horocycle of period
y7' is near to our original piece of horocycle {I'gh(t) : t € [0,T]}.

From the discontinuity of the I' action one can deduce that the supre-
mum in the definition of y7 is actually reached. Moreover, for g € U an
open dense subset of G one can assure that this happens for a unique
point gr = h(z)a(*)k(x) with —1/2 < 2 < 1/2, of the shape either vg
or vgh(T) for some v € T". This defines the key parameters 07, ar, yr
and Wr associated to gr (see Figure .

Let us define the following equivalence relation in the space of pieces
of horocycles of length T: P ~ P’ if there exists v € I' such that
P’ = ~P as sets. We can identify a piece P with its point g which is
nearest to 0H—in case that both extremes are at the same distance
from the border, we choose the left one. In this way, we can see the
space of pieces of horocycles of length T" as a subset of PSLy(R). Then,
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we have just showed that

Dxr={9r:9€UNDx}

is a fundamental domain for this equivalence relation. We give an
explicit description of this fundamental domain beginning by realizing
yr arithmetically; for that purpose we make the following definitions.

Definition 2.3 (Torus distance). Let o € R. We define the integral
part of o, and write [a], as the nearest integer to a. We also define its
fractional part as {a} = a— [a]. Finally, we define ||« as the absolute
value of {a}.

Definition 2.4 (Rational approximation). Let a € R and U > 0. We
define
kp(a) = min{m € N: [jmal < U '}.

We have the following property regarding the previous definition.

Lemma 2.5. Let « € R, U > 0 and g € N. If||qa|| < 1/U then either
llgc|| s @ multiple of ||ky(a)al| or ¢ > U/2.

Proof. We can assume U > 2. Writing k = ky(a), we have

| a|< 1 | b< 1
a——| < — a——| < —
q — Ugq k' — Uk

for some integers a, b, (b, k) = 1. Thus, either a/q = b/k or

1 a b 1 1 2

el B e

qk q k Ug Uk~ Uk
which implies ¢ > U/2. In the former case, for some A € N we have
1/2 > |ga — a| = Aka — b|, so that ||qa|| = |ga — al. O

From (2.4) we know that yr(I'g) is always > (27)72. It is natural
that we can improve on that by translating g by different elements
v € I'. The following result reflects as far as we can go.

Lemma 2.6 (Period realization). Let T > 5. For any g with y =
y(g) > 1 we have

vty
I'g) < min(y, RT~?) + T ' min ( ; ) '
yr(Lg) (y ) ru(a)’ ||ku(a)all

with U = (T/R)'Y/2. Therefore, for any g € G we have
yr(Lg) > T7".
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Proof. We can rewrite the I' action (2.2]) as
1 1 R

- R o=— "
Rc?+2cecost + €’ T (ca+d)?¥

Yy

where v is the matrix there—with R, and y, the corresponding pa-
rameters associated to yg—and € = j:(wa)*l/z, the sign given by the
one of (ca + d)sinf. Let us first treat the case R > T. We want to
show that yp =< min(y, RT~?). If y < RT~2, since y > 1 it is clear
that yr(T'g) < y. If y > RT~2, let us suppose that yr > CRT 2 for
a large constant C. If gr equals either vg or ygh(T), we deduce from
that R, > CR, so that ¢ # 0 and d = —[ca] in the definition of
R,. Therefore

1 _
ﬁ(Pwy) 12

and since Ryy > CRy > CTy > CT > C we get that y, <
¢ ?R™' < RT~? which is in contradiction with our assumption.

Now let us treat the case T > R. Choosing ¢ = ky(a) and d =
—[ku(a)a] in the previous formulas, we have R, = R||sy(a)al|? > T
and then y, =< ry(a) 2R~!. Considering (2.4) this clearly implies

1 R )
ku ()R T?||ky(a)al>”
which equals the second term in the sum of the Lemma’s statement.
Since yr(I'g) > Yr(7g), it only remains to prove that y7(I'g) < CYr(vg)
for some constant C' > 1. Let us suppose this is not the case; then there
exists . € I' such that Y7 (v.9) > CY7r(vg) and since Yr(yg) > T~ ! by
([2.4) it follows that ||c.al| < U~! which by definition of ky(a) implies
c. > ky(a). Also we could repeat the previous reasoning to show that
)
R T?|c.al*”
Finally, by applying Lemma with ¢ = ¢, we have Yr(y.g9) =
O(Yr(vg)) which is a contradiction. O

Yr(vg) = min(

Y7(7.9) < min(

Can we get something better than the bound O(T") for the fundamen-
tal period? Not in general, think for instance of the case g = a(T1):
then the piece of horocyle is just the closed horocyle of length T" and
yr = T~1 in this case. This is not a coincidence, as the following result
shows.

Lemma 2.7 (Domain description). For any T > 2 and ¢ > 0, we
define the set

B.(T) = {h(x)a(y)k(0) : —1/2 <z <1/2,y ' < Tc 0] < T 'c '}
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We have that
Bc1 (T) C D)(’T C Bc2 (T)

for some positive constants c1,co and any T > 2.

Proof. The inclusion Dxr C B, (T") comes just from Lemma and
the fact that by the lowest point in any piece of horocycle of
length T has § = O(T™).

Let g = h(x)a(y)k(0) € B, (T) for some large ¢;. Suppose that
g & Dx r, then there exists v € I' with ¢ = ¢, # 0 such that yg € Dx 7.
So, since g and ¢’ = h(z')a(y")k(¢') := gh(T') are in P, 7, by Lemma
2.6] we have

min(a(vg),a(vg')) = yr(g) > T

for some € > 0. On the other hand, one can check that |2' — z| > yT'
and y' < y. Therefore, by (2.2) we have

. , y Y 1
, < < <
min(a(79), a(19")) max(|cx + d|, |cz’ +d|)? T |c]Ple — a2 T yT?
which is O(C%T), giving a contradiction for ¢; large enough. O

Remark: This lemma implies that in any case, a large part of the
piece of horocycle lies at height O(yr), thus showing that it is near to
the closed horocycle of period y.'. Moreover, it says that the funda-
mental domain is essentially

2 <1/2, ¥yl T <|W]

with y~! describing the period of the associated closed horocyle and
W = cot # measuring the distance to it; § = 0 being the extreme case
in which the piece is actually a closed horocycle.

From ([2.3) we can write
gh(t +cot0) = h(a — Rt )a(Rt™3) + O(t™)

meaning that both points are at distance O(]t|™!) in G. Since gr can be
either vg or ygh(T'), we can always parametrize any piece of horocycle
of length T" as

(2.5)

yrWr yr W'
h (O‘T T it/WT) ¢ ((1 it/WT)Z) o (1 it/WT) telo1]
As we said before, we shall understand the piece of horocycle in
terms of the parameters ar,yr and Wy (and s in the discrete case).
But we are mainly interested in a fixed I'g and letting s change, and
in that situation we will be able to express the results just in terms of
a and sR™'. To do that, we need to relate both kind of conditions.
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First we write the necessary result for the continuous orbit. In order
to read the following result, it is convenient to keep in mind that for

any g € Dx with y(g) < 67! either g or {_01 (1)] g satisfies that its
coefficients (R, o,y ') are bounded by O(673).

Lemma 2.8 (Fundamental period and continuous Dani). Let 0 < § <
1/2 and go € G with coefficients (R, a,y™') bounded by 6~'. Then,
yr' < 079 if and only if there ewists a positive integer ¢ < 6 W
such that ||qa| < §~OWT—L,

Remark. For our application to orbits at prime values we will
always have 0~! = (log T)* for some constant A > 0 in this lemma as
well as in later statements. Moreover, throughout the whole paper we
can assume that (671)¢ < T for some large constant ¢ > 1, because
otherwise the results are trivial.

Proof. Since we always have y.' < T, we can assume 6 %) < T in
the proof. One can check that the constants implicit in the statement
of Lemma 2.6/ have a polynomial dependency on the constant in y > 1.
Thus, applying it to our case, since y > §, we will get %) as implicit
constants. Therefore, since § < R,y < 1, we have that Lemma is
a direct consequence of Lemma and Lemma [2.5] O

Now we write the analogous result for a discrete orbit. Probably it is
better to skip it on first reading, at least until one arrives at Theorem
[4.12] Before, let us fix our notation for inverses modulo a number.

Definition 2.9 (Modular inverses). Let ¢ be an integer different from
zero. For any a € Z coprime to ¢, we define @ as the integer between 1
and ¢ such that @a = 1 mod gq.

Lemma 2.10 (Fundamental period and discrete Dani). Let N > 1,
0<6<1/2. Let gy € G with coefficients (Ry, g, yy ) bounded by L.
Then the following statements are equivalent, unless s < 6O N=1:
(i) There exists ¢ € N and v € I with the coefficients of v and q
bounded by (67 '7(q2))°Y) such that g = vgo satisfies

lagpll < 6@ 0N ags] all < (7 7(@) W (sN) 7

where ¢ and gy are the demominators in the expressions as

llg 1o

la %] .

(ii) There exists y < 1 and an integer ¢ with y~2 /(1(¢})6 )M <
¢ <y 2(r(g)6 )PV such that Tgy = I'(z + iy, 0) with

1 _
lq'z|| + N||¢'syl| + (sN)*q10ly < y2 (67 7(g5))°D,

reduced fractions of and quz] respectively.
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where ¢ is the demominator in the expression as a reduced
!
fraction of [qq—‘fy].

Remarks.  The proof actually gives ¢35 = ¢2. One can check that
conditions in (i) assure that the coefficients of v and ¢ are always
bounded by (1+ 5)°M§=9M. One can see in the proof that from (i) we

actually get a y in (ii) satisfying y > (1 4 s)~27°(),

Proof. Let us begin by demonstrating that (ii) implies (i). Let us write
explicitly the Iwasawa decomposition

(2.6)
9= haal)h(e) = |
or equivalently, with W = cot 0,

_[-R3a R zaW+R:
Y7 -rs  RW

—xy_% sin @ + y% cos xy_% cosf + y% sin 6

—y*% sin 0 y’% cosf

(2.7)

From (ii) we have that

a’ 3
e q_’l +yO(M) gy | q,(a},q) =1, M = (r(gh)s~")°W.
1

On the other hand, suppose that y ' > 4M?s*. Then, s,/y < 1/2M, so
q'sy = (¢'vy)(s\/y) < M(1/2M) < 1/2 which implies ||¢'sy| = ¢'sy,
thus ¢ = 1. But then, (ii) gives M = 679" and s < § 9 /N.

All this means that we can assume y~! < 4M?2s%. Then considering

the matrix o
_|ma
Taln = g
in I', we have
. —diy2 (14 (ygiat) 00 (M) *
N )L ;o1
¢y2 (1 +00(M)) ¢y2O(M)

Since || < M(sN)72, this gives
O(M)) a1 O(M)
a=——

$2N? 7 ¢ gty s°N?
with a = a(g*), R = R(g*)—the corresponding parameters associated
to ¢g*. Tt also gives the inequalities y(¢g*)™' <« M¢Py < M, so if
q?y < M~! then ¢* is in the fundamental domain, but then since
y(go) < 67! this implies ¢y > M~'. Now,

q s O(M)

¢ R sN?

R =q?y(1+

=qi(q'sy) +
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so that ¢ = ¢'/q; < M satisfies

sl <2 (03 = gyl

and also, using the expression for a;, we have

S — S M
lozlel = ~@ldsy),  Nlaglal <
On the other hand
lagle) _ —dt  [af] _ [d'sy]
4] @ qqf q

S0 G2 = ¢} and ¢ = ¢5. Finally, we have that the coefficients of the
matrix g* are bounded by M, so since I'g* = ['gg we have g* = vgo, v
with coefficients bounded by M and (i) follows.

Now let us prove that (i) implies (ii). Let s = s(g), R = R(g) and
W = W(g). We have

s s M a M
2.8 — = [g=]+ — =4
(28) qR a7 N’ @ g1 S2N?

with M = (7(g2)6 )W for some coprime integers as, g1, with ¢ | [¢].

We also have |W|R™2 = y(g)~2 < M. Let us consider g, = Yar /1§ =
(x 4+ 1y,0)k(0). Via (2.7)
x  —Rrag(l+ 2L

(2.9) Gx = arq

4 Rea(l+ )

)

so considering the components in the lower row we have (by (2.6))

Itanf] < — L M,
an — =
s2N2’ y Rq} 52N?2
so taking ¢ = gq; we have
1 s M [q%] M. gzl M
sy = —g—(1 = R4 —)="28 4 =
q'sy 151+ 55) 0 A+ -5 o T aN

o R

so ||d'sy|| < My%N_l. We also have M‘ly*% < q < My*% and
(sN)2q'y|0| < y%M. Now, by the second column in (2.9) and by ({2.6])

we have X
—R72a(1+ L) o M

r+ytanf = s’ 7y T
Rrgi(1+ L) T
so 'z = —qag +y2 M and then ||¢'z|| < Myz. Finally

ar _[lagle]  [d'sy] _ a7
q [Q%] ’

7 9
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S0 q1 = G2 and C]é = q2. l

3. AUTOMORPHIC FORMS

A key to our analysis of the averages of functions along pieces of long
periodic horocycles is the use of automorphic forms. We will need the
sharpest known estimates for periods of the type

3.1 [y 3] oty ao

where h € Z, g € G and f is a mildly varying function on L3(T'¢(q)\G)
and ¢ > 1is an integer. Here the subzero indicates that fl"o(q)\G f(g)dg =

0 and I'g(¢q) denotes the standard Hecke congruence subgroup of SLy(Z).

If h =0 and g = a(y) then (3.1) measures the equidistribution of
the closed horocycle of period 1/y in I'g(¢)\G. This can be studied
using Eisenstein series and the precise rate of equidistribution is tied
up with the Riemann Hypothesis (see [32] for the case ¢ = 1, the rate
is O.(y17¢) if and only if RH is true). For h # 0 the size of is
controlled by the full spectral theory of L2(T'o(¢)\G) and in particular
the Ramanujan/Selberg conjectures for GLy/Q (see the appendix to
[35]). In this case is closely related to the much studied shifted
convolution problem. In order to bench-mark the upper bound that we
are aiming for, consider the case that f € L3(Ty(¢)\G) is K invariant,
that is f(gk(0)) = f(g). Thus f = f(z) with z = 2 4+ iy € H and
is the period

(3.2) /0 f(z 4+ iy)e(—hz)dx.

We are assuming that f is smooth and in LZ(To(¢)\H). We use the
Sobolev norms

33 Ile= [ @PAG T [ AYERAAR)
Lo(g)\H Lo(g)\H
where d > 0 is an integer, dA = % is the area form and A the
Laplacian for the hyperbolic metric.
Expanding f in the Laplacian spectrum of T'y(q)\H (see [19]) with
¢; an orthonormal basis of cusp forms and E;(z, s) the corresponding
Eisenstein series, 7 = 1,2,...,v(q), yields

(3.4)

1) = St 0)os) + Y 5 [ LB G+ E g +it) de
J#0 =1 —o0
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Note that ¢o(z) = 1/4/Vol(I'o(¢)\H) does not appear since we are
assuming that

(3.5) / JEaac) =

Let A; denote the Laplacian eigenvalue of ¢; and write \; = }L + t?. on
may be expanded in a Fourier series (see [19])

(3.6) = > pi(n)y> Ky, (2w|nly)e(nz).
n#0

Using the Atkin-Lehner level raising operators one can choose the or-
thonormal basis ¢; to consist of new forms and old forms and then
normalizing the coefficients in amounts to bounding the residues
of L(s,¢; X ¢;) at s = 1. These are known to be bounded above and
below by (\;q)*¢ respectively (see [I7, 20]). In this way one has the
bound (see [22] for details when ¢ is square free which essentially is the
case of interest to us, and [3] [4] for the general q)

1 t;
(3.7) pi(h) < (Ajgh)q 2 cosh(%)he

for any € > 0, and where 6 is an acceptable exponent for the Ramanu-
jan/Selberg Conjecture. 6 = 7/64 is known to be acceptable [24] while
6 = 0 is what is conjectured to be true.

It follows from (3.7)), (3.4) and (3.6) that

(3. 8)
y? (qh)h’
/ flz+iy)e(—hz) dr <. —\/5 2.

where the term “cts” is a similar contribution from the continuous spec-
trum and for which # = 0 is known since the coefficients of Eisenstein
series are unitary divisor sums.

The Bessel function K satisfies the inequalities, say for v < 1 (see

1)
K,(v) <. v 0<v<1/2,
(3.9) Ki(v) <. v ¢ 0<t<1,
e%tKit(v) L v € 1<t < o0.

S 1 0 K, (27 h|y)AS | cosh(~2 5

) +cts
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Hence from ({3.7)) we have that for 0 < |hy| < 1

(3.10)
1 19
/ f(x +it)e(—hx)dx <<E Y Z [(fs 60| A
0 770
yE_a_E(qh 2,21 —2+426\1
(3.11) < T(Z [(fs 001°A7)2 (Z ATz
j#0 J#0
Weyl’s law for I'g(¢)\H gives the uniform bound
(3.12) > 1< Vol(Ty(q)\H)A
X<A
for A\ > 1 and ¢ > 1. Hence
(3.13)
otac 1 e
D A< Vol(To(g)\H) = ¢ [ J(1 + S Vol(To(D\H) < "+
j#0 plg

We conclude that for |hly < 1 and € > 0

314 / o+ ig)el—ha) dz <yt e,

For 6 =0 is sharp, that is it cannot be improved. To see this
take for example h=1in

(3.15) / Flo+ig)e(—ha) dz = y* S, 63)py(h) K, (2| ly) + cts.

Jj#0
Choosing
1) = S 50 K, @rg)es(2)
0<t,;<1
yields
£ 152 = D 1 (V)P | K, (2my) P
O<t <1
while
(3.16)
1
| fa v we-hoydo =yt 3 1o, OF K, @)l = g1
0 0<t;<1

Recall that Iwaniec [20] shows that

(3.17) 05 (D)] 3 (ya)“ cosh(52)/va
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hence changing y a little if need be to make sure that |/, (2my)| > 1
for most ¢; < 1, we see that for this f

(3.18) 1 fllwz e (g)) "

It follows from and (3.16]) that ([3.14) is sharp when 6 = 0.

On the other hand if 6 > 0 then (3.14)) can be improved for ¢ in the
range y’%”e <qg< y’%. To do so we estimate the j-sum in using
the Kuznetsov formula for I'g(¢)\H, rather than invoking the sharpest
bound for the individual coefficients. One applies Kuznetsov with
suitably chosen positive (on the spectral side) test functions and then
using only Weil’s upper bound for the Kloosterman sums that appear
on the geometric side of the formula, we get (see [20]); for X > 1, h # 0

LR
(3.19) > lp(h)PXI <14
X q
0<)\]'<Z
and for A > 1
h|2
(3.20) > |pj(h)[? cosh(rt;) < A1+ l).
L q
Now for 0 < |hy| < 1, using (3.9)) and ( we have
(3.21)
1
. 1 ol L 1
|t ipetha)de <t O3 1ps Pl 03 16!
0 0<A;<4 <3
1 1 1
y2 (D 1o (PN (85PN
A 21 >\ 21
Taking X = ]hy\ n (3.19) and applying it to the first term on the

right hand side of (3 2 ) and applying (3.20)) for the second term we
arrive at

(3.22)
1 y—z

/0 F(otiy)e(—h) de < g} flw=(1 +7+’ f’> <l le1+L2)

1

since |h| <yt
We combine (3.14)) with (3.22)) to arrive at our strongest uncondi-
tional estimate; for 0 < |hy| < 1 and € > 0,

(3.23) /fx+zy)( ha) di < (y™'q) Y3 | fllwe min(y 1+yﬁ“>
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For the application to the level of equidistribution in type I and II
sums connected to sieving as we do in section can be improved
slightly when summing over h in certain ranges; we leave that discussion
for section [7

In generalizing and to functions on I'y(¢)\G it is natu-
ral to use the spectral decomposition of L2(T'¢(q)\G) into irreducibles
under the action of G by right translation on this space. This is the
path chosen in [3] and [4] and we will follow these treatments closely
modifying it as needed for our purposes.

The Lie algebra g of G consists of the two by two matrices of trace
zero. An element X of g gives rise to a left invariant differential oper-
ator on C*(G);

(3.24) Dxf(g) = 5 Flgexp(tX))eco.

The operators Dy, Dg, Dy with H, R, L. = R—V in (2.1]) generate the
algebra of left invariant differential operators on C*°(G). For k > 0
define the Sobolev k-norms on functions on I'y(¢)\G by

(3.25) 1 llwe == > IDflr2rotane),

ord(D)<k

where D ranges over all monomials in Dy, Dr and Dj of degree at
most k. For a unitary representation 7 of GG, g acts on the associated
Hilbert space V, and one can define Sobolev norms of smooth vectors
in the same way. The center of the algebra of differential operators is
generated by the Casimir operator w which in our basis is given by

1
In Iwasawa coordinates it is given by
52 52 52
3.27 == + = :
(3:27) w==v 52" a2 Voo

We decompose L2(T'o(q)\G) under right translation by g € G into
irreducible subrepresentations 7 of G. This extends the decomposition

n to
(3.28) L2(To(@)\G) = /G V, du(m),

where 7 ranges over G the unitary dual of G and p is a measure on
G (it depends on ¢ of course) which corresponds to this spectral de-
composition. It consists of a cuspidal part on which the spectrum is
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1 =z
0 1|9
corresponding to an integral over unitary Eisenstein series. According

to (B28) for / € L3(To(q)\C)

discrete (cuspidal < fol f ({ )dx = 0,Vg) and a continuous part

(3.29) f= /@ fr dp(m)
and
(3.30) B saanr = [ 1l dur)

Since 7 is irreducible and w commutes with the G-action it follows
that w acts on smooth vectors in V. by a scalar which we denote by A,.
Weyl’s law for the principal and complementary series representations

of G together with the dimensions of the discrete series representation
in L3(Ty(q)\G) imply that for T > 1,

(3.31) w7 Aa| < T} < Vol(To(g)\G)(1 + T).

Note that for a,b non-negative integers and f € V; smooth we have

from wf = A\ f that

(3.32) £ llwe < (14 A0) " [ fllwess.

Using the Hecke operators, Atkin-Lehner theory and choosing suitable
bases to embed the space of new forms of a given level ¢ | ¢ to level ¢
(see [22, 4]) we can further decompose L3(T(¢q)\G) into an orthogonal
direct sum/integral of irreducibles on which the Fourier coefficients
satisfy the analogue of . In more detail if 7 is an irreducible
constituent in the above decomposition and 7 is of level ¢ (by which
we mean that V, has a vector which is a classical modular new form of
level ¢) then the Whittaker functional

(3.33) Wi(y) = / F(h(t)aty))e(~t) di

is non-zero as a function of f a smooth vector in V. Moreover as is
shown in [4]

(f. 1)
Vol(I'o(g)\G)

where the second inner product is the standard inner product on L?(R*, (’;—y)

(3.34) = co(Wy, Wy)

and in the Kirillov model for 7 and ¢, satisfies [|
(3.35) (Arq) ¢ e e < (Arq)".

lhote our normalization of the Sobolev norms on C°°(Tg(¢)\G) and that of [4]
differ by a factor of Vol(I'g(¢)\G)
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Moreover the m-th coefficient (m # 0) for our period integral satisfies
the relation; for f € V;

Ae(lm])
(3.36) / 7(h mt)dt = 2 0 ().

Here A\ (m) is the eigenvalue of the m-th Hecke operator on V. Recall
that we are assuming that these satisfy

(3.37) Ar(m) < 7(|ml)|m|’

and similarly that the Laplace eigenvalue A\, = }1 + 2 (in the case that
7 is spherical), if it, > 0 then

(3.38) it < 0.

The invariant differential operators on V; induce an action on Wy,
namely

waf - WDXf
and using Dy = 2y%, Dp = 2miy and Dy, = (== + yj—;g) we get
using the various normalizations and (3.34)), (3.39)), (3.36), (3.37) and
(3.38)) (see []) that for b > 0 fixed, m 7é 0and f eV,

L r(|m])y>~"
Va 1+ [myl?
As mentioned above, in [4] it is shown how this analysis may be ex-

tended to any m not just the ones of level g. The same bounds (3.39)

may be established for the Eisenstein spectrum and in that case one
can take (9 = 0. Hence if f € L2(To(q)\G) is smooth we may apply

- and ( - ) to arrive at

/f —mt)dt = // fx(h Je(—mit) dt du(r)

3 39 / f mt) dt <<eb | ‘ HfHW4+b.

r(jm|)yz~ /
<, Ao d
’ |my|E 1—|—|my|b I/ llwso Xz dpa()
3.40 . RN AViA
( ) <Lep |m | 1 |my|b Hf”Wbe

For m = 0 only the FEisenstein series enter and a similar analysis of the
constant term yields that for smooth f’s in L2(To(q)\G)

(3.41) [ sttaten) dr < at1se
(3.40) and (3.41)) are the generalizations of (3.14) to I'¢(¢)\G and as

we have noted these bounds are essentially contained in [4]. The slight



THE HOROCYCLE FLOW AT PRIME TIMES 23

improvement ((3.23)) can also be incorporated into this I'y(¢)\G analysis
and this gives our main estimate for the period integral:

Proposition 3.1. For e > 0, b > 0 fized and 6 admissible for the
Ramanugan/Selberg conjecture for GLy/Q, if f € C®(To(q)\G) and
m € Z, then for m # 0

1

1 1
¢ rmDyEl e 5 1y
f(h(t)a(y))e(—mt) dt <, ‘ min(y ", —+-——
/0 (Bt de < (A TR I RS

while for m = 0, assuming fX fdue =0,

/ Fh(t)aly)) dt < (qy™ )y 1 ws.

Remark. For I' = T'y(1) the inequality is satisfied for 6 = 0,
and then in the bound for m # 0 in Proposition we can substi-
tute y=% by |m|’ (see [3]). For m continuous we can substitute y~? by
min(1, [t]) (see [3,16]).

We can improve slightly Proposition in average as follows. First,
by Parseval we get

(342) S [f(my)P / F(h(@)a(y) 2 dr < |12

where f m,y) fo Je(—mt) dt. Moreover, integrating by
parts b times and using the 1dent1ty h(€)a(y) = a(y)h(e/y) we get the

bound |f(m,y)| <, (Jm|y)~ b|D f(m,y)|, so by Cauchy’s inequality
and Parseval we have

(3.43) Y 1fmy)lP < (My)"|I DR S|

|m|>M

To end this section we record some bounds for sums over Hecke
eigenvalues \;(n), that will be needed later. We restrict to I' = I'y(1)
the full modular group as this is what will be used. Since such a 7 is
either a fixed holomorphic form or a fixed Maass form it is known that
(for the holomorphic case it is classical while for the Maass case see
[15]): for T >1and z € R

(3.44) 3" An(m)e(ma) < T2
m<T

We need control on the dependence in (3.44) of the implied constant.

This can be done in terms of the eigenvalue A\, of 7. It is also convenient
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for us here and elsewhere to work with the smooth normalized sums;

(3.45) Z )\\(/7%) e(mx)y(mu)

m

for u > 0 and small.

We can use the set up above with Whittaker functions to bound the
sums in (3.45). For f € V. one can control the L>*-norm of f by its
Sobolev norms (see [3]):

(3.46) 1f |z < AZD | fllws

for 7 discrete, with A, = max(1, |\|), and

|f(9)| Y34o0(1)
(347) g:h(x)itt}))k(@)eg W < )\7r ||f||W3

for m continuous.

Let 7 be discrete. Suppose that W, has support in (1,2) for some
f € Vz. From (3.34)and the action of the differential operators on Wy
we deduce

(3.48) 1Fllwe <o XD Wllwas,

with the norms for W being the usual Sobolev norms for real functions.
On the other hand, for any ¢ € C§°((1,2)), there exists f € V. with
W = 1. This comes from the fact that if f € V; then f,(z) = f(zg) €
Vi for any g € G, and Wy, (u) = Wy(yu), Wy, . (u) = e(z)Wy(u).

Then, due to (3.46) and (3.48)), for any 0 < u < 1 we have
A (m .
19) 3 2 elmaimu) = f(hioa(w) < o e

In the same way we have ]

(3.50)

(Zr ) lp(m ) (/ (R 2dt)2<<Xi+°<l>\rw|\W6.

For 7 continuous, the suitable norm for the Hilbert space V. satisfies
min(1, [t:))|| fllv, =< ||W¢||12 and again from the action of the differen-
tial operators on Wy we have

(3.51) min(L, [t )| fllws <o A7 Wl

2Note that in terms of the dependence in A, this is much weaker that Iwaniec’s
200, 3=, <7 [Ax(m)[* < TAS and its extensions {D and dj
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Proceeding as in the discrete case, from (3.47) and (3.51)) and sending
h(z)a(u) to the fundamental domain gives
(3.52)

w12 12

min(1,|t7r|)zA?\T/(%”e(mx)w(mu)<<min( 7

SO,
lgz|
where ¢ is the natural number smaller than u~'/2? for which the quan-
tity in the formula is the largest. This last formula can be improved
(by using Poisson Summation in R?, or by Voronoi formula) whenever
1/]lqz|| > 1/ug, in the sense of adding the decay factor

(1/||qx|| )fb
1/uq
for any fixed b > 0 to the right of the inequality—but paying with a
factor Oy(AY® 4[| yow )-

4. EFFECTIVE EQUIDISTRIBUTION: CONTINUOUS ALGEBRAIC
MEASURES

In this section we prove effective versions of Dani Theorem. We begin
with some useful notation. First we clarify the notion of continuous
algebraic measure.

Definition 4.1 (Continuous algebraic measure). We shall say that an
algebraic measure on X is continuous if it arises as limit when T" goes
to infinity of the probability measures carried by the pieces of horocycle
LCgh(st), t € [0,T], for some fixed g € G,s € R.

Since we are going to talk about probability measures, it is a good
idea to normalize sums.

Definition 4.2 (Expectation). Let J C R be a finite set. Let f: R —
C. We define the expectation of f in J, and we write it as

EzGJf(x)a

as .o, f(x)/ > ;1. If Jis a bounded subinterval of R, we define
the expectation in the same way but using integrals.

To deal with bounded functions that vary slowly, especially near the
cusp, we use the following Lipschitz norms.

Definition 4.3 (Lipschitz norm). Let f : X — C. We define the
Lipschitz norm of f as
|f () = f(=)]

[fllLip = [[fllzee + sup ——=<
P rzH#x' e X dX(l'7 I,)
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with 67)\( the metric on X defined as
Cj)?(f,&?/) _ min(dX(x’x/%ede(x,FI) + eidX(‘TCFI)),
where [ is the identity matrix in G.

Notice that the use of the metric g)\( instead of dx in the previous
definition implies that f can be seen as a function in the one-point
compactification of X.

Finally, we define the quantitative concept of equidistribution that
we shall use to describe our main results

Definition 4.4 (Effective equidistribution). Let 0 < § < 1/2. Let
g J — X, with J either a subinterval of Z or of R. We say that

g(x),z € J is d-equidistributed w.r.t. a Borel probability measure
on X if

Eaesf(9(2)) - / Fdul < 81|l
for any f: X — C.

Remark. This concept of quantitative equidistribution is much
weaker than the one used by Green and Tao in [13].

The Lipschitz norm controls the Sobolev norms in the following
sense: let 6 > 0; for any f € C(X) with ||f|jLp = 1 there exists
another function fs € C(X) such that

(4.1) If = fsllze <0

and || D fs|| Lo <orap 0P for any left-invariant differential operator.
This will allow us from now on to substitute a function with bounded
Lipschitz norm by one with “bounded” Sobolev normg? We can build
fs as follows: for two functions f,w € L*(SLy(R)) define its convolu-
tion as fxw(g) = [q,, ) f(gt)w(t™") du(t); if f is T-invariant then so is
f *w. Moreover we can also write f xw(g) = fSL2(R) FOwt tg) dul(t)
by the left invariance of du. Pick ¢ € C3°((0,1)) a non-negative func-
tion and define ¢5(g) = st (0 'dsr,r) (g, 1)) with ¢; the constant that
gives fSLQ(R) Ys(g~) du(g) = 1. Finally, defining f5 = f x 15 one can
check that it satisfies the desired properties.

Before beginning with our quantitative results, let us recall the fol-
lowing lemma on cancellation in oscillatory integrals.

3Note that in Sections and |§| the entire discussion takes place on X; that
is T' = SLy(Z). Tt is only in Section [7| that the level ¢ of congruence subgroups is
relevant.
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Lemma 4.5 (Integration by parts). Let A > 1. Let n € C§°(1,2),
F € C*(R), n with bounded derivatives and |F'| < A, FY) <; A for
any j € N. Then

/n@deﬁﬁ<A<@,

Proof. Write F'(t) = Af(t) and integrate by parts several times. Since
the derivatives of f are bounded, the result follows. O

We are ready to give our first quantitative version of Dani’s Theorem
for a continuous orbit.

Theorem 4.6. Let 0 < § < 1/2, T > 1. For any £ € X there exists a
positive integer j < 6-OW) such £h(t), t in any subinterval of [0,T] of
length T/j, is 0-equidistributed w.r.t. a continuous algebraic measure
in X. Moreover, it is the volume measure unless y;* < §~9W.

Remark.  Notice that the use of the metric c@\( in the definition
of d-equidistribution implies that Theorem says nothing about the
part of the horocycle that is near the cusp; the same can be said about
any other result in sections 4 and 5.

Proof. We can assume that 6! is not larger than a small power of T,
because otherwise we could choose j = T/6 and then for any ¢, € R,
ER(t), t € [to,to + d] would be d-equidistributed w.r.t. the algebraic
measure carried by the point £h(ty).

If y7' > 679W we will prove the result with j = 1; then, in that case
we can assume that |1 4+ ¢/Wr| > § since this only deletes at most a
proportion § of the orbit. On the other hand, if for all ¢ in a certain
interval J we have yr/|1+t/Wz|*> > 6! then by we deduce that
dx (ER(t), ER(ty)) < 0 for any fixed t € J, and then Eh(t),t € J will be
d-equidistributed w.r.t. the algebraic measure carried by £h(ty); this
implies that if y;' < 671 we can assume that 1/[14¢/Wy| < 5790,
So in any case we can assume we are in the range |14¢/Wy|™! < §700),

Now, if the Theorem is false we can assume that the Lipschitz norm of
f is 1 and that it has 6~ °™M-bounded Sobolev norms. Because of (2.5)),
there exists yr < y* < yrd %M and n € C°(R) with |9y < 690
and support an interval I outside of 1/|1 £ ¢/Wy| < 67°M such that

yrWr
1£¢/Wr

where fy equals f — fol f(h(z)a(y*)) dz in the case y;' < 6790 and
f— [ f duc otherwise. Notice that this implies, by Proposition [3.1|in

Exern() folh(ar + Jaly)| > 6
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the second case, that fol fo(h(t)a(y*)) dt < §2. But then, expanding in
Fourier series fo(h(z)a(y)) = 32 fo(m,y)e(mz) we get

S olm, )] / n(t)e(—NT s

m##0

The derivative of the phase in the exponential is of size |m|yrT > |m|,
and then integrating by parts (Lemma and using Proposition
we have for any large b > 0 that

60w Z y;/QT(m)mg(myTT)*b > 0.
m=1

This implies that 5~ CWT=/2 > §70Wyl2(y )=t >, 6 which is a
contradiction. l

Remark: This result is related to Theorem 1 in [38] for the partic-
ular case I' = SL(2,7Z). It could also be proven by using quantitative
mixing, as done in [39] for I'\G compact but taking care of the position
of the orbit.

When we consider I'g fixed, we can make the result more explicit.

Theorem 4.7 (Effective Dani, continuous orbit). Let £ € X fized. The
continuous algebraic measure appearing in Theorem [{.6] is the volume
measure unless there exists an integer ¢ < 6~°M) such that

llga|| < oW1,

Proof. This follows from Theorem [4.6] Lemma [2.§ and the remark be-
fore it. O

Remark. Here and hereafter whenever we speak of “algebraic mea-
sure” it will mean one of the three algebraic measures appearing in
Dani’s Theorem (described in section [2)).

As a corollary of this result we obtain Dani’s Theorem for the con-
tinuous flow: if «v is irrational, for any 0 < § < 1/2 we can find T = Tj
large enough so that no ¢ exists as in the statement, and then I'gh(t),
t € [0,7] is d-equidistributed w.r.t. the volume measure.

Next we begin our study of the discrete orbit {A(s)™, n=0,1,... N.
Our aim in the rest of this section is to understand, in terms of &
when any large piece of this orbit is d-equidistributed w.r.t. a contin-
uous algebraic measure. We will be able to do it for not very large s;
essentially in the range s < (sN)/°.

In the proofs we shall use the following version of the Stationary
Phase principle (a more precise one can be found in [18]):
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Lemma 4.8 (Stationary Phase). Let n € C§°((1,2)). Let A > 1,
F e C>® with F" < A and FY < A for j > 3 in the interval (1/2,4).
Then, we have

[ neE®)dt = (te)e(Fiee)) A+ (AR

where tg is the only point where F' vanishes, and n* € C§°((1/2,4))
depends just on A and F”, and n* and its derivatives are bounded (in
terms of n only).

Proof. First, let us write

/n(t)e(F(t)) dt = e(F(tr)) /n(tp + s)e(J(tp,s))ds

where

J(t,s)=F(t+s)— F(t)— F'(t s_//F”t—i—U ) dv du.

Let us choose C; = AY®. For some ¢ € C3°((—2, —1) U (1,2)) we can
write
= s $ s
= Z @/J(W) :%(A 1/2)+¢1( i =)t Z @/J(W),
j=—00 1<27<Cy

with 99 and v; coming from the sum over 2/ < 1 and 2/ > (| respec-
tively. Decomposing the integral accordingly, one can easily show that
the part corresponding to 1y is bounded by C; /Wl < A=1/leMI and
the rest can be expressed as

ATPe(F(te))n* (tr)
with
) =m) + Y nu(t),
1<21<Cy
where

ne(t) = C / olt, s)e(C2e(t, ) ds.

with Ye(t, s) = ¥(s)n(t + CA™Y2s) and Je(t,s) = C~2J(t, CA™/2s),
and 7 is defined as 750 but changing v by 1)y. The first thing to note
is that the support of n* is contained in (1/2,4) and the second is
that n* just depends on F”, A and 7. It is easy to show that n* and
its derivatives are bounded. For the rest, we have that the support
of ¥e(t,+) is contained in (1,2); moreover %JC = 1, and the partial
derivatives of both ¥ and J in t and s are uniformly bounded. Then,
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by integrating by parts several times, one shows that (%)j ne(t) <; C1

and then (2)/n*(t) <; 1 O

In order to prove a quantitative version of Dani’s Theorem for the
discrete orbit I'gh(s)”, n = 0,1,... N, we split the analysis in three
cases: when the piece of orbit is near to a closed horocycle (67 and y,*
small, T = sN), when it is far from any closed horocycle (67 and y;'
large), and the intermediate case.

We begin by the “near” case. Here, one can parametrize the orbit
essentially as T'h(p(n))a(yr) with p(n) a quadratic polynomial. The
following allows us to handle the distribution for such a sequence.

Proposition 4.9 (Near to a closed horocycle). Let 0 < § < 1/2. The
sequence s, = a+fBn+wn?+iy, n < N is §-equidistributed with respect
to the algebraic measure on the closed horocycle of period y=! unless
either min(y?/Nl|w|, Ny) < §=°0) or there ewists a natural number q

smaller than (0/7(q2)) W (1 + y~1/2) such that

(4.2) lge|l + NlgB|| + N2qlw| < y2(6/7(g2)) OV,

where qo is the denominator in the expression as reduced fraction of

[95]/q.

Proof. The result is trivial for y > §~1, since then for any z1,z, € R
we have | f(zy +1iy) — f(x1 +iy)| < 0| fllLip- Otherwise, let us suppose
that s,,n < N does not satisfy the condition in the statement and that
both y?/N|w| and Ny are larger than §=¢ for ¢ > 1 a large constant.
Then

|E.<nf(a+ Bn+wn? +iy)n(n/N)| > 6,
for some f with fol fle+iy)de =0, || fllws <; 077 and n € C$°((0,1))

with |||~ <; 677. Take M = y~ 16~V there exist ¢o < M and ay
coprime to ¢y such that

1
92M.

By splitting into arithmetic progressions modulo ¢, we have

a
B==4e <
q2

J
N/Q2

Since ||FU)||p <; &7, with F(t) = f(a + ab/qs + eqot + wgdt? +
iy)n(ﬁ), we can see (for instance applying Poisson Summation and

B asb , 9, .
(4.3) 6 OV|Epey, Ejcnyg, fla+ q_22 +eqaj +waz )+ iy)n( )| > 1.

integrating by parts) that it is possible to substitute the inner sum by
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the integral

b
(44) OB, [ fla+ 22 + eNt +wN22 +iy)n(t) dt| > 1.
a 42
At this point, let us remark that from the beginning we could assume
the support of 7 to be at distance § from the point —e(2wN)~!. By the
spectral decomposition (3.29) and the Fourier series expansion (taking
into account that the zero coefficient vanishes) we have

o) M9, )| > 1

(Imly)Ep<q,e(——

m;éO

for some 7 with A\, < 679U and f € V, with || f]lws <; 0799 and
= [n(t)e(mN et+th2))dt. Then

~(q2k)
0 7 28] 4 )W (o) T (k)] > 1.

k#0 VALRL

By the multiplicativity of the Hecke eigenvalues
(4.5) Ar(ab) = > p(d)Ar(a/d)Ax(b/d)
d|(a,b)

we have
1

3 et )W (i) >

for some d | ¢go. By splitting the integral defining I(x) smoothly into
51 integrals and applying Lemma , taking into account our previous
remark on the Support of 77, we have

Ar d 1
! QQ/ \Z e(mdasc) W (Imdasly) b (mdgs)]| >
m;éO T(Q2)

with u = max(|eV]|, |w|N2) and 1 a smooth function with
V(@) gp 671+ 2N kg >0,

The function v could depend on some of the parameters, but the
bounds on the derivatives are absolute. Thus, if 7 is discrete, split-

ting into dyadic intervals and using (3.49)), Proposition (with its
remark) and (3.37) we have

0790 (q2/d)" (dg2) ™" min(1, yu™")"2 > 7(gz) !

so that ¢o < 07°M and u < y6-°M. Now, there exists a natural
number ¢; < 1/4/dy such that ||| < v/dy; picking ¢ = ¢1¢2 one can
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check that the condition (4.2) is satisfied. If 7 is continuous, again by
Proposition and (3.52)—with the remarks after them—we have

1 1
67 %W (dgy) Y2 \/dgoy min , > 7(go) 72
(d22) ’ <q*dqz(y+u) Hq*dqQaH) (@)

for some ¢* < (dgo(y + u))~Y/2. Therefore for some d* | ¢o

¢*d*gs < (6/7(g2)) OVy 2 (1 + uy™t)~?

and ||¢*d*g2cr|| < (8/7(q2))~PMy!/2. These conditions imply (4.2]) with
q=qd*qs. O

We now deal with the intermediate case. In the proof we simply use
bounds for the Fourier coefficients.

Proposition 4.10 (Intermediate case). Let 0 <0 < 1/2, N> 1, T =
sN >1and g € G. Assume s6- 90 < TY4  The sequence T'gh(s)",
n < N is d-equidistributed w.r.t. the probability measure carried by
I‘gh() t e [0 T) unless ez’ther both yr < 6=°Ws/T and |Wrlyr <
§—OW g2 20+0() or both ypd W) > s72T20=00) and |Wop|ypé =M >
(T/S)2 o 1)y26_

Proof. Let us assume for simplicity that Wy > 0. If T'gh(s)",n < N is
not d-equidistributed w.r.t. the measure carried by I'gh(t),t € [0,T],

splitting the orbit (2.5) and using (4.1) we have that
‘En/Nelf( (zsn)aly.))n(n/N)| >4,

for some yr < y,. < yré °M, f bounded with fo f(t +iy.)dt =0
and derivatives bounded by 69 n € C° with derivatives bounded
by 61 and supported on an interval I of length larger than 62, at
distance at least 6 from zero and such that 6~9W|1+sn/W| > 1, Wlth

T =a+yW(l£t/W)™!
W = Wr, y = yr. Now, using the Fourier expansion of f(t + iy.),

(3.43) and Proposition [3.1| we have
_ x n
(4.6) oW >, [f (2, yo)l|Barp (57 )e(matsn)| > 1.

§—0(1) —e<‘m‘<6 O(1)y—1

Then, we have |} with the restriction that |m| is either smaller or
larger than 6~CWT<W/T. In the former possibility, by Poisson sum-
mation in the inner sum, Lemmas [4.5] and [4.§ and Proposmon 1] we
deduce that yd—°0) > s-27-2-00) apd Wy O > (T/s)2~ y29
In the latter, repeating the same steps we get that Wy is at most
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6-O0Wg220+0() " and using Cauchy’s inequality and (3.42)) instead of
Proposition [3.1] we have

11—, /%L .
—o(1) o ifs €W y/myj/s)
57 > > by /W ) /s T2 ">1

with b; = e(—Wj/s). Now, introducing a smooth function in the outer
sum, expanding the square and changing the order of summation gives
that either (from the diagonal terms) = CWsT /yW > T?W ! or

W/T<m<§—O0My—1 j#0

5001 S oM=Ly my el my )] > T~ (ee) 40

for some 9, p € C5° with support and derivatives bounded by §-°%)

and at distance 6% from zero, a < 7% and €,¢ < §°W, ec > 1/s.
The first possibility implies that y < 691 s/T. The second possi-

bility implies, writing p(z) = [ p(#)e(xf) df, that for some 6 we have

5O Z Y(my/c)e(mb)e(ecT/my/c)| > Ts*(ec)1+olD)

which applying Poisson summation and Lemmas 4.5 and [4.8] gives that
§~OWgs > T4 a contradiction. O

Now we treat the case in which the piece of horocycle is far from a
closed one. The previous result worked for yr > s/T, that is almost for
the whole range. To handle the remaining range, we are going to split
the piece of horocycle of length T in pieces of length €1, ¢ < 1. Then
we shall put those pieces in the fundamental domain Dx .y, and then
use the Fourier expansion (as in Proposition . The advantage is
that now we can get an extra cancellation from the fact that different
pieces are essentially uncorrelated, and we can control this indepen-
dence arithmetically. The ideas of the method come from the theory
of exponential sums; it is essentially a modification of the one in [23].

Proposition 4.11 (Far from a closed horocycle). Let 0 < § < 1/2,
N>1,T=sN>1andgeG. Assume yr < 5*0(1)3/T and Wryr <
§-O0Wg2720+0() - The sequence T'gh(s)", n < N is §-equidistributed
w.r.t. the volume measure on X unless TY/5s~ is smaller than §— W,

Proof. Let us assume for simplicity that Wr > 0, and write y = yr,
W = Wrp. If Tgh(s)™,n < N is not d-equidistributed w.r.t. the volume
measure on X, then by and there exists f € L2(X) bounded
and with derivatives bounded by 6-°M) and an interval I of length
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satisfying N|I|7* < §=°W such that
Enerf(h(@sn)a(ys))| >0

where y < y, < 07%Wy, §7OW|1 £ sn/W| > 1 for any n € I and
zy=a+yW(l£t/W) L

We can take a such that |a +yW| < 1/2. Now we divide the sum into
sums such that the argument in A(-) is near to a Farey fraction a/q up
to ¢ < K, with K2y = (sT)~%3. This choice for K will make sense
later; by now we can say that since y < 6-°Ws/T, we have K > 6§90
in the range 6-°Ms < TV/5. Precisely, we are going to take the interval
around a/q

a 1 a 1

_ 7__|_ )
q qlg+d) q qlg+7q")

where ¢’ and ¢” are the denominators of the Farey fractions (up to K)
to the left and right of a/q respectively. The point is that both ¢ + ¢’
and q 4+ ¢” are comparable to K. In this way, we can write

10) = ¥l 0

a?q

where a, ¢ ranges over integers a,q with ¢ < K, and 1), , are C§° func-

tions with Hﬁ%” Lo <; 679U) with uniformly bounded support, and
Ta,q = 0 if a, ¢ are coprimes. In this way, we have

Ey<xEocqrEner, ,, [ (M(@sn)a(y) )laq (0K (50 — a/q))| >0

with L a subinterval of [—6=9WyT, §~°WyT| with yT/|L| < §-°W),
and I,/, an interval of size < 1/syqK > -9 containing all n such
that ¢K (x5, — a/q) is in the support of 7, ,. Taking into account that
the fractions with ¢ < §°K give an amount O(4?), we have

|E62K<q<KEa€qL]EneIa/qf(h(xsn)a(y*))n(ﬁq(f(xsn —a/q))| >0

with 0% (t) = 7laq(tK/q). Now, splitting 0K < ¢ < K into 690
intervals of equal length, we deduce that

Equqo\<5CKEa€qLEn61a/qf(h($sn)CL(?/*))nffq(qz(xsn - a/Q))| >0

for some gy € [0°K, K], ¢ > 1 a large constant. This implies that we
can change a € qL by a € qoL. Proceeding in the same way we have

[Ejg—gol<6e K Ela—aol <o Bner, . f (1(Z50) a(4:)) g (4 (e — a/q))] >
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with supp 7.4 C [wo, wo + 6] for some fixed §? < wy < 1 and ag =<
6 OWyTK, n,, with the same properties as 7, ,. Defining v, = ¢?(z; —
a/q) we can write

’EanEnf(h(a/q + Uan_Q)a(y*))na,q(Usn)‘ >> 5

with and a, ¢,n moving in the previous ranges. But multiplying by
Yajq € I' as in the proof of Lemma we have that v,/,h(a/q +

v/q*)a(y.) equals

2
a v 7Y
h(—— — a
( qg v+ (q2y*)2) (
which, due to the restrictions on the ranges of a, q, 1,4, is at distance
O(6?) from h(—a/q—1/v+ro)a( K?y,) for some y with y < yo < 6 %Wy
and 7y, both independent of a, q. Then

a 1
|EanEnf(h’(_a -

v
k(— arccot
v2 + (q2y*)2) ( q2y*)

+ TO)G(KQyO))na,q(Usn” >0

sn

The Fourier expansion f(h(t)a(y)) = 3. f(m,y)e(mt) gives that

sn

_ 7 am m
570D Fm, Ko e (o) Bage( == = Ene(— = laq(von)] > 1.

By Propositionwe can assume that m is in the range |m| > 6= Te
for some € > 0. Thus, by Cauchy’s inequality and (3.43|) we have
I (-
q

sn

0~ WE  [Eq ge( Vg (Vsn)[* > Ky,

where m moves in the range 5 °WT¢ < m < 6 9W(K?y)~!. By
Poisson Summation in the n-sum, Lemmas [4.5] and [£.8| and splitting of
the obtained sum into intervals of the shape [/, (1 + §).J] we have

SOOE E b e(A™ £ B ™ (T2 < p—1m0(1) =2
m|Eq by € F—I— F)nx(F)| >c s
with © = (a,q,j), b, independent of m and bounded, j in the range

cs < j < (1+0)es for some ¢ < 679 ¢s > 1, and

S T S S L Y
K2y q a/q—a a/q—aq \ cs

We also can assume that we are summing just in the a’s for which a/q
is contained in an interval of length 1/2. Introduction of a smooth
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factor in the m-sum and expansion of the square followed by Poisson
Summation in m and Lemmas and gives that

—o(1
(4.7) 5_0(1)]E(w o) (Lomar + il + 4 ) > < ( )7
’ JA—al A e

where A" = A(z'), B’ = B(2') and V is the subset of (x, z’) with z # 2’
for which @/q = a’ /¢’ and either |A— A’| and | B— B’| are of comparable
size or both of them are bounded by §~°MT¢. This is so due to the
restrictions in the ranges of a, ¢, j and the fact that a/q — o < Wy.

The first summand in gives a contribution of "M (KyT Kcs)™!
to the expectation, which equals =9W¢c=1(sT)~1/3. This is smaller
than the right hand of in the range - °Ws < TV/5. In the second
summand, again due to the restriction in the ranges of a,q, j, we have

|A— A< la/q—d/d|F.

Then, by counting we see that the contribution of the terms with |a/q—
a'/q| < Uis 6§ O°WU(UF)~/2, so the full contribution of the second
summand is 6~ 9M F~1/2 which equals the one of the first summand—
this is what motivated the election of K—and then is smaller than the
right hand of .

Finally, we are going to show that the contribution of the third sum-
mand in (4.7) is even smaller than the other two. For the terms in V
we have ¢’ = ¢ and o’ = a + \q, with 0 7é A < yT, and then

I - |)\| 1 A -

|A A|f\q2(yW)2F, |B — B'| < |a/q +1—+/7"/J|F.
Suppose first that |1 —+/j"/j] % |\/(a/q— «)|. Then |B — B'| is larger
than |\/(a/q — )|, so at least " °W|A — A’|. Moreover if j' # j
then |B — B’| is at least F/j which is larger than §~°WT¢ in the
range s0~ 90 < TV?=¢ so (z,2') ¢ V. Thus, we can assume j' =
j, and then from (4.7) we deduce that for A in some dyadic interval
S OWK=2(|\|/yT)(1/cs) is larger than T—°W(cs)~2, so § OW|\|F >
Tl_o(l)/s; using this bound we have

“OWIB = B = 5D (Wy) HAF > (Wy) T s
Wthh by Wy < §~0Wg2720+0(1) ig larger than 6~ °MT* in the range
6 OWs < TV since § < 1/5. Therefore (z,2') ¢ V, a contradiction.
Assume now that |1 —+/7'/j| < |\/(a/q — a)]. Then
(4.8) 1< j" =gl = A W) ™

so the proportion of j" is O(|]A\|/Wy). We can write a = a; + ug with
1 <a; <qand p < yT. For fixed A\ aq,q,7" and j, it is easy to see
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that |A — A’| can be comparable to |B — B’| for at most one y; in the
same conditions, the number of p for which both |A — A’| and |B — B/|
can be at most 6 OWTe is 1 + 6~ OWT(Wy)2/(|]A\|F). Applying the
bound on Wy from (4.8)) we have

(Wy)2(MNF) ! < |/\|j2c_1(sT)_2/3 < yTS2(sT)_2/3,

which, due to the bound y < M5 /T, is smaller than 1 in the range
5079 < 72/7_ Then, the proportion of p in V is 6-9WT¢/yT, so the
contribution from the third summand is the supremum in A < y7T" of

670(1)T6K72 |)‘| i |)\|

I -1/2
Wy yT(K2(yW)2 )

which is at most 6-OMTc=1/27-1/2 and then smaller than then right
hand of (4.7) in the range §~9Ms < T/4~,
L]

Remarks.  (a) It would be possible to improve the range for s a
little by treating non-trivially the exponential sums appearing in the
proof in the last application of Stationary Phase. This would improve
the range also in Theorem |4.12

(b) We could prove this result also (with a smaller range for s) by
proceeding as in the proof of Proposition but treating the sums
Y n Ax(n)e(F(n)) with van der Corput’s Lemma and shifted convolu-
tion. One could also prove it in a quicker way (again with s smaller)
by relating the discrete orbit to the continuous one as in Lemma 3.1 of
[39], and then using Theorem [4.6]

Now we join the previous cases to prove an effective version of Dani’s
result for sums

Theorem 4.12 (Effective Dani, discrete orbit). Let & € X fized. Let
0 <d<1/2, N>1and s > 0. There exists a positive integer
§ < 6790 such that the sequence h(s)™, with n in any subinterval of
n < N of length N/j, is §-equidistributed w.r.t. a continuous algebraic
measure on X unless either (sN)Y/°st < §79W or the conditions in
Lemma are satisfied. Moreover both j and the measure are the
ones in Theorem [{.0—the continuous case.

Proof. Let ¢ = T'g. As before, the case 6-°") > T' = sN is trivial. Oth-
erwise, notice that if we show that {h(s)",n < N is d-equidistributed
w.r.t the probability measure carried by £h(t),t € [0,7], by Theo-

rem [4.6]| we are done. Thus, by Propositions [£.11] and [.10] we get
the result unless both ypd=9W > s727=20=°() and |Wpyp|6—°W >
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(T/5)>°WM929 with T = sN. In this case, we have that

yr > (S_O(l)/N, \WTyT| > 5_0(1)(yTT3/2 + ST),
in the range W5 < TV/5 since # < 1/5, so
2, 2

Cgh(s)" = h(x + yrsn + yr

"‘“'Wr; Ja(yr) + O(5*)

and we can apply Proposition [1.9] which gives that h(s)",n < N is
0-equidistributed w.r.t. the algebraic measure on the closed horocycle

,O(I)y;l/Z

of period y;* unless there exists an integer ¢ < (6/7(q2)) such

that
1
lqz || + Nllgsyr|l + (sN)qyr/|Wr| < y2(6/7(q2)) 7M.

Actually we must have ¢ > (5/7’(q2))0(1)y;1/2 because ¢ is fixed. But
these are the conditions in Lemma 2.101 0O

Remark. The proof actually shows that £h(s)”,n < N is J-
equidistributed w.r.t the measure carried by £h(t),t € [0, sN] unless
either (sN)Y/°s71 < 69 or the conditions in Lemma are satis-
fied.

As a corollary of this result we obtain Dani’s Theorem for discrete
orbits.

Corollary 4.13 (Dani Theorem). Let & € X with « irrational. Then
Eh(s)", n < N becomes equidistributed w.r.t the volume measure on X
as N goes to infinity.

5. EFFECTIVE EQUIDISTRIBUTION: NON-CONTINUOUS ALGEBRAIC
MEASURES

In the previous section we gave necessary conditions on ¢ for the
probability measure carried by any large piece of the orbit £h(s)™, n <
N to be near to some continuous algebraic measure. This is all we need
in order to prove our results for primes. However, it remains to answer
the following questions: is it possible for that measure to be always
near to an—either continuous or not—algebraic measure? Are the
conditions on & really sharp for the measure to be near to a continuous
algebraic measure? In this section we will show that the answer to
both questions is essentially “yes”, as long as (sN)/°s7! > §700),

Theorem says that, for (sN)Y/%s™1 > 6790 if the sequence
Eh(s)", n < N is not equidistributed w.r.t. a continuous algebraic
measure, then it is near to a sequence

A+ Bn €1+ € +es( )% + i€y
- + €4 q2

(5.1) Sn
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for some integers A, B,q with (A, B,q) = 1 and ¢; < (7(g9)d1)°W,
with % = 2, (as,q2) = 1. We also have e1/q* > (14 5)727°W from
the remarks after Lemma [2.10] A key ingredient to understand s,, is
going to be to understand its restriction to an interval L <n < L + ¢;

there it is very near to a sequence

A+ B M M.
(5.2) 4xon + Mg(—; + 1—22) with n mod gs,
q q q
where My, My < 7(q2)°™M. We can describe the points
A+ Bn
 —— n mod g
q
mod 1 in a more convenient way. First, we can write
A+ gi1asn
_ n mod g
4142

with ¢1 = q/q2 and then (A, q;) = 1. Since ay is coprime to g, we can
write
A+ qn
q142
Next, we can write ¢u = ¢hqy with ¢} coprime to ¢; and ¢; a multiple
of every prime dividing ¢5. Since (¢, ¢5) = 1, the equation

n mod ¢s.

A+ qr =0 mod ¢,
has solution in x, and then we can write
¢h+ qin
41492

with (h,q1) = 1 and then (h,¢1¢5) = 1. Finally, writing m = vg) + ugl
with u, v integers the points in can be described as

U v h M

p + & + v + Mg(q—; + Zq—;) u mod ¢y, v mod gj.
To further study the behaviour of these points in X it is natural to split
them into classes C) for any [ a divisor of ¢4, each C; corresponding to
the points such that (u, ¢}) = I.

For any point g of SL(2,R) of the form;

b My + M.
q q

with n mod ¢

,0)

with (b, ¢) = 1, we can multiply to the left by v/, € SL(2,7Z), with

b
’yb/q_ q —b
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obtaining

b M/M, i M,
5.3 * = =(—= - -2 t—).
(53) g Vo/q9 = ( ¢ M2+ ER e arcco 2)

So in our setting it is easy to see that g — ¢* sends the points in C} to

——
u b v+ h My /M. 1 M
(= + R T 21/ 22 2 3> —2arccot _1>
7 1G> My + Mz Mi+ M, M,
where T is the inverse modulo ¢;¢5. One can rewrite these points as
_2 ~
u b (v +h My /M. 7 M
(= + % (@ 1 ) - 21/ 22 + 5 2 arccot—l).
43 4192 M7+ Ms — Mi+ M; M;

with % an inverse of h modulo q1. But then this is the same as

_2~ .
n qg h Ml/M2 ] Ml
— + — , —2 arccot —
@ gy MEP+ M3 M?+ M; MQ)

with n mod g9, (n,¢,) = 1. In general, for any [ | ¢, everything works
the same way but dividing ¢5, M; and M, by [, and then the points of

C} can be seen as
n Ml
5.4 —— + 122, —2arccot —),
o4 Gl )

with n mod ¢/l (n,q¢,/l) =1 and

&h MM, i
z = — .
gy MP+M§ o MP+ M3
We are finally prepared to state the main result concerning the near
to a closed horocycle case

Proposition 5.1. Let 0 < § < 1/2. There exists j < 6~°Y) such that
when n is restricted to any subinterval of n < N of length N/j the
sequence s, is 0-equidistributed w.r.t. some algebraic measure in X .

Proof. If |es|+|es| < 679Wey then s, and s,, are at distance O(§~ M |n—
m|/N), hence the result follows—each algebraic measure is supported
on a point. Thus, from now on we assume |es| + |e3] > 679We,.

Let us treat first the case go < 07°W; if n is in an interval J of
length d°N containing the point N’ (we should choose N’ such that
t = N'/N makes |e; + et + e3t?| > |e1] + |ea| + |e3]), we select the
sequence

A+Bn 61+62%+63(%)2+i64
- + €4

Pq (pq)? n mod pgy

T'n
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for any prime p > 690, which carries an algebraic measure j. Let us
see that s, in the interval .J is d-equidistributed w.r.t. u. For that, let
us split J into arithmetic progressions n = ng mod ¢s; for each one we

have (due to (5.3)))

by G iq? by,
% % 5, —2arccot —)

Ds, = (g — 2
° (o €402 + €2 bE+e2 €4

for b, = €1 + €257 + 63(%)2 and zo and ¢o | ¢ depending on ny. Then

-1.2 . 9
€4 4o Q0
+ 0l0)

I's,, = x9 —

for most n’s in the arithmetic progression contained in .J. Since 690 <
et < 679W o) « NOM) by classical methods in exponential sums
one can prove (see for instance [21])
—1 2
€4 4 !
EneJ,nEno mod q2€<k 4b2 0) < 0

n

for large ¢ and any k < 6. Then, we have that s,, n € J, n =
ng mod gs is d-equidistributed w.r.t. the measure carried by

2
£ i
bN/

On the other hand we have, again by (5.3)), that r, withn € J, n =
ng mod go is d-equidistributed w.r.t. the measure carried by

te0,1].

m by 2 2 by
(x6+——i 2q0 2+i2q0 2,—2arccoti) m mod p
p €4 bN’ + €4 bN’ + €4 €4

for some z{; depending on my. Since any two consecutive points of
this sequence are at distance p~'6-°) < §2, we have that r, n € J,
n = ng mod ¢y is d-equidistributed w.r. t. the measure carried by

2

t—i—iquO teo,1],

i

SO S, n € J is d-equidistributed w.r.t. p.
It remains the case |es| +|e3] > 67%Wey and g > §7OW). In this case

we can take the algebraic measure y carried by

A+ Bn €1+€2NW/+63(%I)2+Z'64
- + €4 5

q q
to approximate s,, n € J. To see that s,, n € J is d-equidistributed
w.r.t. u, we shall show the same restricting n to any subinterval of J

T n mod ¢s,
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of length g¢o; since ¢ < 6-°Wy~2 and y~! < sN we have that g < 6N
then s, restricted to a subinterval of J of length ¢, satisfies
A+ Bn €1+62NW”—|—63(NT”)2—|-i64
- + €4 5
q
with N” € J. Now we restrict n further to the set Cj, for some [ | ¢,
of n’s satisfying (n, ¢) = [; it is necessary to look just to the [’s with

1 < 7(g5)67°WM because the others give a negligible contribution. Due
to (5.4)) the restriction of r, to Cj is

by 12 2 by
(5.5) ( N + i 5, —2arccot .
bN’ + €4 €4
25
with n mod ¢/, (n,q¢y/l) =1, and z; = Zf—q;. Now, it is easy to show

that for any x,¢ > 0 and j,d € N we have

> l=c Y  1+0(r(d)).
z<n<z+tejd,(n,d)=1 n<jd,(n,d)=1
Applying it for d = ¢4/l, 7 = q/¢, and € = 612/(b%, + €3), since
ejp(d) > 6-9Wr(d), we have that the sequence in (5.5)) is d-equidistributed
w.r.t. the measure carried by
2

+ O(9) n mod ¢z,

Sn

n

Poy — —
(]2/l+ Ve B+ e

bN/
———5, —2arccot — tel0,1].
Bt el o) ftelodl

One can proceed in the same way for the restriction of s,, obtaining
that it is d-equidistributed w.r.t. the measure carried by

2

(t+1

bN//
m,—Q&I’CCOt Z) t e [0,1]

But, since both N and N” are in J we have that both measures are
similar, and then s,, n € J is d-equidistributed w.r.t. pu. Il

(t+1

As a corollary of Theorem [4.12] and Proposition [5.1] we obtain

Theorem 5.2 (Effective equidistribution). Let £ € X fized. Let 0 <
§ <1/2, N> 1 and s > 0. There exists a positive integer j < 6~
such that the sequence £h(s)"™, with n in any subinterval of n < N

of length N/j, is 0-equidistributed w.r.t. an algebraic measure on X,
unless (sN)/2s1 < §=O0),

Remarks. (a) As shown in the proofs of this section, in the quan-
titative setting the non-continuous algebraic measures are much more
complex than continuous algebraic ones. Therefore, to be near to a
continuous algebraic measure is a condition that is much stronger than
to be near to a general algebraic measure.
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(b) This result gives control over pieces of orbits of the discrete horo-
cycle flow for s not very large. It is possible to show that this control
fails for s > N3¢ in fact, taking v = 0, y = ¢ 2, s = Ag~? and
W1 = A=2¢3 for A, ¢ natural numbers, ¢ < N¢, A > N3*¢ we have
that gh(s)™ is very near to the periodic sequence

9 .

n + % n mod q.

q q
One can show that for certain ¢’s the measure carried by this sequence
is not near to any algebraic measure. The same happens for Theorem
4.12] Perhaps both results remain true for s < N9 by substituting
algebraic measures by “polynomial algebraic measures”—and changing
the conditions in the statement of Theorem [4.12}—, meaning any mea-
sure carried by a periodic sequence I'h(p(n))a(y) with p a polynomial
of degree O(1).

6. LARGE CLOSURE OF PRIME ORBITS

In this section we are going to deduce Theorem from an upper

bound for the sum
> flau?).

p<T
In order to get such a bound we make use of sieve theory, in particular
the following special case of a Selberg’s result (see [21, Theorem 6.4])

Lemma 6.1 (Upper bound Sieve). Let (a,)n<r @ sequence of non-
negative numbers. For any d € N write

Z anzlAqud.

d
n<T
n=0modd

Then, for any 1 < D <'T" we have

A
> o<t S,
VT<p<T 0g d<D
with 73(d) = Y4, dyds—a -
So the task now is reduced to have tight control over the sums

> flalu®)™)

m<T/d

for most of the d’s in a range 1 < d < D with D as big as possible.
This can be handled by the Theorem whenever D < T/%. The

precise result that follows is
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Theorem 6.2. Let £ € X with « irrational, f >0 and s > 0. Then
61 Eperf(€h() <10 [ fduc +or()] s

Proof. Let || f|lLip = 1. Let us begin by dealing with the case in which
the conditions in Lemma (i) are satisfied for £, s, N = T and
§ = (logT)™*, A alarge constant. Take ¢ < 6~ the smallest integer
satisfying the conditions in the lemma. It is easy to check that ¢ has
to go to infinity with 7'; moreover by Lemma (ii) and the remarks
after the lemma one sees that £h(s)™ is at distance § from a go-periodic
sequence, with ¢» | ¢[¢%]? < ¢* < 6790, when n is restricted to any
subinterval .J such that |J| = §°T" for some constant c. In this situation
we can apply the Siegel-Walfisz theorem [9, page 133] for primes in
arithmetic progressions to deduce that

Eper f(E1(5)") = Encr (ng)=1f (€R(s)") + O((log T) ™).
The conditions of Lemma [2.10| are not satisfied for the parameters
$. = sd, N, = N/d, 0, = q~¢, if d < ¢ and € > 0 is sufficiently small;
we can then apply Theorem to deduce that

(6.2) 1En<TmEonmddf(fh<syw:zg/ifdu-+<9<q—ﬂ,

for any d < ¢°, where du is the average of the algebraic measures
appearing in the statement and then it is independent of d. Therefore,
using the identity 1,,—; = Zd‘m,u ) and . for d < ¢° we have

En<T,(n,q2)=1f(fh<3) ) = n<Tf<£h(5> ) + O(T(QZ)qi )

and then the result follows from Corollary
Now let us suppose that the conditions in Lemma [2.10| are not sat-
isfied. Then, applying Theorem [4.12| we have

Eyer f(€h(s) /}m+m®wv>

with p the average of the algebraic measures there. Let us suppose
that for any D < Dy = T/ and for any d in D < d < 2D but at most
O(dD) exceptions, the conditions in Lemma are not satisfied for
the parameters s, = sd and N, = N/d. For any of the non-exceptional
d we have (again by Theorem [4.12))

Bocrnco moa af €h(5)") = [ Fdu-+ O((ogT) ™)
Therefore, applying Lemma we get
Ep<rf(€h(s)") < 10Encrf(§h(s)") + O((log T)?W™4)
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and we are done by Corollary So, we have finished unless

s s

ldagy || = D760 | |dga | aall = D600 (s7%)
Rd Rd

for more than 0D d’s in D < d < 2D for some D, where R; = R(7490),

ag = a(va9), T'go =&, qu < 75(1)6*0(1), and 74 = 7((qq4),). Let us see
that this cannot be true for any D < T'7¢, € > 0.

Let us assume it is true. We know that 7y < L = D°). Then we
can split [1, L] into at most O(loglog L) intervals of the shape [t, 2t?],
and there will be at least §D(loglog L)™' > §°D d’s with 74 in one
of them; let us consider now just those d’s; for any of them we have
7, < 74 < 72 for some fixed 7, < L.

This implies that 74 = v and ¢4 = ¢ for a set A of more than D/M

d’s, with M = 72W§=0W) So for them
ldgl = DMT™ | |dg| all = DM(sT?) 7,

and then effective equidistribution in the torus (see Lemma 3.2 in [13])
implies that

(6.3) th%u < MT™

for some h < M. We can assume h is coprime to [hgs/R]. Now, since
M=2 < DMT™! it is easy to check that h | d for any d € A. But then
d = Ah, we have [dgs/R] = A[hqs/R] and

IAlhgs/Rla|| < DM(sT*)~

for more than D/M N's with A < D, which again by effective equidis-
tribution in the torus gives

ilhgs/Rlall < M(sT?)™!

for some j < M. Now jlhgqs/R] = [jhgs/R] by (6.3)), so choosing
G« = jq < M we have

Sy ~1 hd _ 2\—1
64)  llg.pl = MT I |a-5] all = 2(sT®)7
Now, it is easy to check that for any d € A we have
ldg3)o] _ [lg.3)o)
[dg 7] (@ 7]

which implies that (/q\d/)2 =k < [¢%] < ¢ Since 7. < 7(k) < 77 we
arrive at

k< g, < 700§ OW < 1(k)0Wg—0W
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so k < 679U and then 7, < 60, But then (6.4) means that the
conditions in Lemma [2.10| are satisfied for the original sequence, which
is a contradiction. 0

Remark: Theorem was not strictly necessary to prove this result
(and then Theorem [1.1)); one could proceed in a more direct way, taking
advantage of the extra average in d in Lemma [6.I Anyway, it seems
difficult to get a much better level in Lemma that way. We did not
do it that way because we think Theorem [4.12|is interesting by itself.

Finally, let us see that Theorem follows from Theorem Let
x € X generic, and v, an accumulation point for the sequence (7, n)n
in C*(X*), where X* is the one-point compactification of X. Take
f e C(X"), f>0. By approximation, we can assume that f as finite
Lipschitz norm in X, so that Theorem [6.2] gives

/ Fv, < 10/ 1 dig,

7. DENSITY OF THE HECKE ORBIT

and we are done.

In this section we are going to prove a stronger result (Theorem
for the special orbit Hyh(p), p < N, from which we can deduce
in particular that it becomes dense in X when N — oo. This will be
possible because we can get a good level of distribution for linear sums,
and above all because we can handle bilinear sums up to a considerable
level. We input those bounds into the following special case of a sieve
result from [10]

Lemma 7.1 (Asymptotic sieve). Let {a,}nen be a sequence of non-
negative numbers such that a, < 7(n) and a, = A+ ¢, for some
constant A > 0 and a sequence c, satisfying the “Type I condition of
level a”

(7.1) Ep<i<2p|En<ayd can| < (log )

a—¢€

-3

for any D < x*7¢ and also the “Type II condition of level v”

(72) ED<d1<d2<2D‘Engmin(a:/dl,w/dg) Cdin @| < (10g J})_ZQ,

for any D with x1°8182)™° < D < 277 for any fized ¢ > 0. Then we
have

(7.3) |Ep<za, — Al < c(a,v)A+ O(e),

with c(a,7y) an explicit decreasing function, such that ¢(1/2,1/3) =0,
c(1/2,1/5) < 4/5 and ¢(1/2,~v) =1 for some v € (1/6,1/5).
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Moreover, in the summations we can assume that d is square free
and dy,ds are primes.

Now, we are going to check the Type I condition.

Proposition 7.2 (Bound for Type I sums). Let f with fX f=0. We
have that

Ep<a<an|Bacnsa f(Hyh(dn))| < (log N) 7| flLip
for any D < NY279=<_ for any ¢ > 0.

Proof. Let us assume || f||Lip = 1, and suppose the result is false. Then,
we have

Dn
ED<d<2D’Enf(FHNh(d”))U(W)‘ >0
for § = (logN)=4, A a large constant, with n € C°(—2,2) with

79| poes || fllws < 677. We have the Iwasawa parametrization
Hyh(dn) = h(dnN~1a(N™1),

and then by the Fourier expansion f(h(z)a(y)) = 3. f(m,y)e(mz)
and Poisson Summation we have

= dm
En<acen 3 | Fm N7 {5 Dl > 8

so that from Proposition [3.1 we have
N Jj
570(1)D71N71/2+92 N2 |~V S 1
Y PG>
j<5~1DN
which taking into account the decay of 1 gives a contradiction. U
Let us go with the Type II condition

Proposition 7.3 (Bound for Type II sums). Let fi, fo be continuous
functions in T\G with ||fillLp = |fellup = 1 and [ fr = 0 . Let
NoglogN)™% 1y  N(1=20)/(5+20)~¢ 4nd D < dy < dy < 2D, with dy, ds
primes. Then we have

B <min(v/dr N/ao) Jr (Hh(din)) f2(Hyh(dan)) < (log N) 7.

Proof. Asin (4.1) we can replace the Lipschitz norm by Sobolev norms
and hence if the result is false, we have

|En<N/Df1<HNh<dm)>f2(HNh(dgn»n(%)| > 5

for § = (log N)=*, A alarge constant, with 7 € C5°(0, 1) with ||n")|| L~ <
67 and [|Dfillre <orap 0 . By the Fourier expansion of f;,
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fi(h(z)a(y)) =32, fi(m, y)e(mz), the bounds in Propositionm Pois-

son summation in n and integration by parts we have that either

| E filmy, N7 fo(ma, N7 > 6
dimi+domo=0
or

(7.4) | > Alm, N fa(my, N7 > 6D

dimi+domao=k

for some k # 0, k < 6 °WDN. If the first possibility is true, we get
’Zfl dl]? f2<d2.]7 71)’>>5

But from Proposition [3.1] we have f;(0, N~!) < 6 W N~2, and from
the spectral expansion (3.29)) of f;, the multiplicativity of Hecke eigen-
values (4.5) and Parseval (3.50) we have

1
(7.5) > Fildig, N7 faldaj, N7Y) < (dyda)’~2,
370
which gives a contradiction.
Let us now assume that ([7.4]) is true. This is a shifted convolution
sum, and we can proceed as in [3, [4]. We can translate it as

1 1 1
[ fihdia)al ) flndzrat g )et—b) del 607,
and further as
1 -2
| [ (hw)al gy el—ke) ds| > 5072
with f* = fdlfd2 and

falg) = f(a(d) ga(D/d)).
faisaT'y(d)—invariant function and since D/d =< 1 we have || D fy|| 1~ <
|Df||Le; thus, f. can be seen as a function in I'y(d;d2)\G with Sobolev
norms || ful[wsi < (dydy)2<6~7. Therefore, from Propositionwe get
the bound
Folk, (DN)™) < 67O (DN) =2 (dady) +**
which gives a contradiction in our range for D. U

Now, assuming that § = 0, due to Propositions [7.2] and [7.3] we can
apply Lemma with o = 1/2 and v = 1/5 for a, = f(I'Hyh(n)),
and then
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Theorem 7.4. Assuming 0 = 0, for any non-negative f we have

Eypen f(Hxh(p) / fdual < / f dp + o(D)]| i

From this result we can deduce Theorem[I.3]as we did in the previous
section with Theorem [

We end by discussing some improvements on the levels of distribution
in Propositions and [7.3] For the type I sums we will establish a
level of 1/2 matching what Proposition gives with § = 0. For the
type II sums, Proposition with 6 = 7/64 yields a level of 25/167 =
0.1457.... We establish a level of 3/19 = 0.1578... which is a small
improvement but still falls short of the magic number ¢ (3 < ¢ < 1)
which would make Theorem [7.4] unconditional.

Proposition 7.5. The result in Proposition is true for any D <
N2=¢_ for any € > 0.

Proof. In what follows we assume that f is orthogonal to the Eisenstein
series, because for them we have 6§ = 0; moreover, for simplicity let us
consider f K-invariant. The sums in Proposition are (assuming we
have a smooth sum, as we can)

1 Dn
=5 C;D | Zn:n(w)f(HNh(dn))‘

We can also assume that f is orthogonal to the space of Eisenstein
series (because for them we know that 6 = 0), and then we can write
the Fourier expansion

f(h( ka‘— (kx) +ka— (kx)

with § = _1/10g1°gN and the sum in k restricted to |k| < 6 °WN
and (k, N) < 6—°M), This is done by using the spectral expansion, the
multiplicativity of A,(k) and the bounds and (3.49). Thus it is
enough to bound

1 .1 Dn_  dkn
:N;|Xk:f(kaﬁ);ﬁ(w)e(w)|-

Applying Poisson Summation in n yields

*

70) 1 < -3 S ik N EEZY) < LS el Ll
k

dAD kv

with ¢ the number of d,t < D such that dk =t mod N. For D <
N2~¢ which we assume is in force, one can check that for each k as above
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¢ < N°€ as follows: if t = 0 there are no solutions for the congruence
since (k, N) < 6~°(): otherwise, for any pair of solutions (d;,t,) and
(dz,tz) we have that dth = d2t1 mod N, so that dltg = dgtl. This
means that any solution is of the form (d,t) = A(d.,t.), for some
(dy,t.) fixed; since A divides N we are done. On the other hand, we
have Y, ¢ < D2N®, so that Y, ¢f" < ,n D>N°.

From and noting that ¢ = 1 we have

[f(E, N7 <6+ N72F N (k)]

|t;]<s=OM)
and hence
(7.7)
N 7+€ 2 € 3 - 4\ L
1< oY chm < S SN I ()

J k

It is known (see [24] and [26]) that for x > 1,

(7.8) DN < N

|k| <z
hence
—o(1 Nﬁ% ~14
(7.9) I, <046 5 Z _ NiD2=§+§ DNt Da,
This gives a level of distribution of 1/2 for these type I sums. O

Proposition 7.6. The result in Proposition 15 true in the range
for NUegloeN)™* 1)  N3/19=¢ for any ¢ > 0.

Proof. We continue with the setting described in the proof of Propo-
sition [7.5] For the type IT sums y~' = ND, ¢ = D? and we could try
to use the improvement in Proposition in the range \/c_jy_o > y‘i,
i.e. DIND)® > (ND)% or D > N+, For 6 = 7/64 this is D > N/,
However 5% > % so that the improvement in this range does not give
an improvement of the level 25/167. Instead we again exploit the av-
erage over k and again we use [26]; for x > 1

(7.10) D INm) P < (A\g) .

Im|<z
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For dl,d2 =D

D Dn
(711)  II= NXn:W(W)fl(HNh(dln))fQ(HNh(d2n))

D D 1
' k—vN

<D+ Y LkWDTH) Y at——p—)

[kl N D1+0(0) V| D+

<D+ Y |filt+vN.(ND)).

[t],Jv|<DY+OC)

From (3.15)) with |k] << ND'*¢ and for k = 0 due to (7.5)) we have that

~ ND) 3
|f*(k7(ND)‘1)|<<D‘E+% S B b))
[tj| < DO
Hence
(7.12)
~ ND) 3
) rf*<t+uN,<ND>-1>|s% S ol 3 ()]
[t]:|v]< DY |t]<De jt],|v|< DY+

The inner sum may be estimated by Holder,

> INEHrNISC 3 Iym)E (DM

[t],lv|<D1+e |m|<ND1+e
which by (7.10)) is
(7.13) < A(ND)sDiDOw.
Substituting this into ((7.12)) gives (recall that ¢ = D?)
(7.14)
e (ND)_%Jre 17 oyl 1
IT <D™+ (ND)sD3( Y |{fer 8))2 a2

\/a |t;|< D¢
< D™+ (ND) 3(ND)sDi(D*)3:N%9 = D~ 4 N"¥D¥ NO©,

This gives a level of distribution of 3/19 for the type II sums. U
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