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THE QUANTUM VARIANCE OF THE MODULAR
SURFACE

PETER SARNAK AND PENG ZHAO
APPENDIX BY MICHAEL WOODBURY

ABSTRACT. The variance of observables of quantum states of the
Laplacian on the modular surface is calculated in the semiclas-
sical limit. It is shown that this hermitian form is diagonalized
by the irreducible representations of the modular quotient and on
each of these it is equal to the classical variance of the geodesic
flow after the insertion of a subtle arithmetical special value of the
corresponding L-function.

1. INTRODUCTION

Let G = PSL(2,R), ' = PSL(2,Z) and X = I'\H be the modular
surface. X is a hyperbolic surface of finite area and it has a large dis-
crete spectrum for the Laplacian (see [16] and [43]). The corresponding
eigenfunctions can be diagonalized and we denote these Hecke-Maass
forms by ¢;, j =1,2,---. They are real valued and satisfy

(1) Ap; +Xjo; =0, Top; = \j(n)o;

and we normalize them by

) [ raae) =1

Here dA is the hyperbolic area form and write \; = i + t?. IfA>0
then it is known that such a ¢ is a cusp form [I6]. ¢; has a Fourier
expansion,

(3) Z
n#0
where Wy, is the Whittaker function. X carries a further symmetry

induced by the orientation reversing isometry z — —% of H and our
¢’s are either even or odd with respect to this symmetry r

(4) oj(rz) = €;0(2), €; = £1.
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Correspondingly
(5) ¢j(n) = €jci(—n).
The Iwasawa decomposition of g € G takes the form
(6) g = n(z)a(y)k(0)
where

1 =z y% 0 cosf  sind

n(z) = ( 0 1 ) yaly) = ( 0 y 2 ) R(0) = < —siné cosf ) ’
H may be identified with G/K where K = SO(2)/(%1) and then I'\G
is identified with the unit tangent space or phase space for the geodesic
flow on X. The objects whose fluctuations we study in this paper are
the Wigner distributions w; on I'\G. These are quadratic functionals
of the ¢,’s and are given by (see the recent paper [1] for a detailed
description of these distributions as well as their basic invariance prop-
erties),

(7) wi = 6;(2) > djr(2)e*™
ke
Here the ¢;; are the shifted (by raising and lowering operators)
Maass cusp forms of weight k. They are eigenfunctions of the Casimir
operator €2, which acts on C*(I'\G).
The basic question concerning the w;’s is their behavior in the semi-

classical limit ¢; — oco. Lindenstrauss [30] and Soundararajan [46] have
shown that for an “observable” ¢ € C(I'\G)

(8) wi@) = | wlg)g, as o0
G
where dg is normalized Haar measure (i.e. a probability measure), this
is the so called “QUE” property.
It is known after Watson [49] and Jakobson [24] that the generalized
Lindelof Hypothesis implies that if

(9) U(g)dg =0
NG
then, for e > 0
—%-ﬁ-e

(10) wi() <1,

For the rest of the paper we will assume that the mean value of ¢
is 0, i.e. (9) holds. The main result below is the determination of the
quantum variance, namely the mean-square of the w;(1)’s. These are
computed for special observables (ones depending only on z € X) in
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[37] where the ¢;’s are replaced by holomorphic forms, and in [54] for
the w;’s at hand. The extension to the general observable that is carried
out here is substantially more complicated and intricate. It comes with
a reward in that the answer on the phase space is conceptually much
more transparent and elegant.

The variance sums

(11) Sy(T) =Y |ws(¥)P

thT

were introduced by Zelditch who showed (in much greater generality)
that Sy(T) = O(lng) [53]. Corresponding to (10) we expect that
in our setting Sy (7) will be at most T, since by Weyl’s law [45],

1~

Theorem 1. Denote by Ao(I'\G) the space of smooth right K -finite
functions on T\G which are of mean 0 and of rapid decay. There is a
sesquilinear form @ on Ag(I'\G) x Ao(I'\G) such that

(12) lim 57wy (0@ (1) = Qi ).

t; <T

We call () the quantum variance. The proof of Theorem 1 proceeds
by proving the existence of the limit which comes with an explicit but
formidable expression for ) see (34) of section 2. It involves infinite
sums over arithmetic-geometric terms (twisted Kloosterman sums) and
it appears very difficult to read any properties of @) directly from (34).
For example even that ) is not identically zero (which is the case so
that the exponent of T in the theorem is the correct one) is not clear.
Using some apriori invariance properties of () as well as some others
that are derived from special cases of general versions of the daunting
expression (34) allows us to eventually diagonalize Q).

In order to describe the result we need some more notation. The
fluctuations of an observable ¢ € Cy(I'\G) under the classical motion
G by geodesics was determined in [40] and it asserts that for almost
all g,

1 T
(13) ﬁ/o ¥(Gi(g))dt

is Gaussian with mean zero and variance V' given by

(14) V(h1,102) = /_ : /F \SL<2,R>¢1 (g(eo e(_) ))wg—(@dgdt.

N[+
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Note that (14) converges due to the rapid decay of correlations for the
geodesic flow. The correspondence principle suggests, and it has been
conjectured in [7], that for chaotic systems such as the one at hand, the
quantum fluctuations are also Gaussian with a variance which agrees
with the classical one in (14).

The distributions w; enjoy some invariance properties that are in-
herited by () and which are critical for its determination. The first is
that w; is invariant under time reversal which is a reflection of ¢ being
real. That is ww; = w;, where w is the involution of I'\G given by

(15) Fg—>Fg(_01 é)
Thus
(16) Q(wi1,12) = Q(h1, wia) = Q(¢1,12)

The second symmetry is special to X and follows from (4);

(17) rwj = wj,  Qribr,e) = Q(1,mha) = Q(¢1,12)

So if the quantum variance is to be compared with the classical variance
then it should be to the symmetrized form

(18) VR ()1, 4hg) == V( iyma ;ym)

where

(19) Y = Zhw
heH

for H = {1,w,r, wr}.

These same symmetries arose in connection with the arithmetic mea-
sures on I'\G studied in [32]. In fact the arithmetic variance B intro-
duced in that paper turns out as we will show, to be very close to our
quantum variance (). We employ freely some of the techniques and
notations in [32].

The classical variance V' is diagonalized by the decomposition of
L2,,(T\G) into irreducible representations under right translations
by G. For simplicity we will restrict ourselves to examining () on
L2, (T\G), the continuous spectrum can be investigated similarly. We
have

(20> cusp F\G @ iju

where W ’s are irreducible cuspidal automorphic representations, each
also invariant under the Hecke algebra. The 7;’s come in two types, the
discrete series Wﬂ;@, keven, 7 =1,2,---  ds, dj being the dimension of
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the space of holomorphic and antiholomorphic forms of weight k, and
the spherical representations 7y (see [32]). Thus

cusp (I\G) ZWWJEBZZ<Wk@W%)

E>12 j=1
00 dp

1) - Yrey S
j=1 E>12 j=1

where dy, is either [k/12] or [k/12] 4+ 1 depending if £/2 = 1 mod 6 or
not.

To each ; is associated its standard L-function L(s, Wj)ﬁ which has
an analytic continuation and functional equation relating its value at

s to 1 — s. In particular, the number L(=,n;) is real and it is a very

subtle and much studied arithmetical invariant of ;.
We can finally state our main result,

Theorem 2. Both V™ and Q) are diagonalized by the orthogonal de-
composition (21) and on each summand UW;;, we have

22) Qlu, = L

Remark 1. The precise meaning in Theorem 2 is that it holds when
evaluated on any P,y in L7, (I\G) N Ag(I'\G).

Remark 2. The theorem asserts that the quantum variance is equal to
the classical variance after inserting the "correction factor” of L(3, )
on each irreducible subspace. As we have noted () is very close to the
arithmetic variance B in [32]. Comment (1.4.6) of that paper indicates
heuristically why one might expect this to be so. However our proof
that these Hermitian forms are essentially the same goes through a
very different route.

W;?)Vsym|ka
i

cusp(

We outline briefly the proofs of Theorem 1 and 2 and the contents
of the paper. Section 2 is devoted to the proof of Theorem 1. The
variance sums are studied for functions in Ay(I'\G), all of which are
realized by Poincare series. For technical reasons we weight the sums in
(12) by an analytic function u(#) and also by mild arithmetical weights
L(1,sym?p;). This facilitates the use of the Petersson-Kuznetzov for-
mula and the weights are only removed at the end. This technique was
introduced in [36] and used in subsequent investigations [25], [37] and

1Our notation throughout is that L(s, 7) denotes the finite part of the L-function
and A(s,m) the completed L-function with its archimedian factors.
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[54] with progressively more complicated answers. The present case is
given in Section 2 equation (13) and is (as we have noted) very com-
plicated. We have to pass through versions of it as it is the only way
that we know of proving the existence of the limit at this scale and we
also need to use these formulae later to prove (23) below.

The rest of the paper, Sections 3 and 4 are concerned with diagonal-
izing (). A key role is played by the asymptotic invariance of w; under
the geodesic flow G, on I'\G. This alone does not suffice to get the cor-
responding invariance property for (), since we are working at the level
slightly sharper than the bounds (10). To this end the recent results
of Anantharaman and Zelditch [I] clarify the exact error terms in the
invariance properties of w; under G;. This together with well known
multiplicity one results for linear functionals on irreducible representa-
tions of G, which are G;, w and r invariant, reduce the determination of
Q to Q(&,n), where £ and 7 are vectors which generate the irreducible
7% and W;?,/ respectively (see [32]). If 7} # W;?,', we need to show that
Q(&,m) = 0. This is done by establishing a self-adjointness property of
@ with respect to the finite Hecke operators 7,,. Namely that for such
§ and 1,

(23) Q(Ty¢,n) = Q(E, Tyn)

The proof of this is given in Propositions 4 and 5 and requires one to
prove several of identities for the corresponding twisted Kloosterman
sums. This is similar to the analysis in applications of the trace formula
to prove spectral identities, after comparisons of orbital integrals (the
fundamental lemma as it is known in general). With (23) the vanishing
of Q(&,n), when Wé‘? #* W;?,' follows from the multiplicity one theorem for

automorphic cusp forms on GLy. Finally when 7} = ﬁ;‘?,/ the sum (12)
may be analyzed using Watson’s triple product formula [49] and its
generalization by Ichino [18] together with techniques from averaging
special values of L-functions over families. One needs an explicit form
of these triple product identities for forms which are ramified at infinity:.
This is provided in Appendix A. This leads to the explicit evaluation
of Q(&,n), and in particular it introduces the magic factor of L(%, ).
Finally in Section 5, we remove the mild weights and derive Theorem
2.

2. POINCARE SERIES

In this section we calculate the quantum variance sum of the weight
2k incomplete Poincaré series against dw; on I'\G.
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Let h(t) be a smooth function on (0, c0) with compact support. On
C*(0,00), define || - ||4 by

h ('t) ‘
i

[hlla=  max
0<i,j<A,te(0,00)

For m € 7Z, define the incomplete Poincaré series of weight —2k:

Pomai(2,0) = e 3" h(y(12))(e5(2)) e(ma(y2)).

YEL s \I'

For m = 0, it becomes the incomplete Eisenstein series of the same
weight.
On I'\G, define the Wigner distributioon

dw; = ¢j(2) > Piu(z)e duw
kEZ

where
_ dxdy ﬁ

d :
“ y?2 27

@, is the j-th Hecke-Maass eigenform with the corresponding Lapla-

cian eigenvalue \; = — + t?, Hecke eigenvalues A;(n) and we normal-

ize |l@;ll2 = 1. @;k(z) are shifted Maass cusp forms of weight 2k,
¢ x(2)e"?* is an eigenfunction of Casimir operator

2 o o
_2(O9 O _
=y (W * 8y2) Vgm0 = S Y ora0

1
with the same eigenvalue Z+t? for every k. (Q acts as Agy = A—Qik‘y%

on weight 2k forms.)

We fix an even function u(t) be analytic in the strip [Im¢| < § and
real analytic on R satisfying «(™ () < (1 + |t|)™" for any n > 0 and
large N, and u(t) < t'° when t — 0.

We have the following

Proposition 1. For hy, hy € C(0,00), my,ma, ki, ke € Z, and
Pry iy okys Phyms2ks Satisfying (9), there is a sesquilinear form Q, such
that

.1 t; _
A > u (fj) L(1, sym*p;)w; (Phy my 25 )5 (Prg. o 285)
i1

= Q(Phlm"m?kp thm"bz,%z)'
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Moreover, there is a constant A and C (depending on ki, ko) such
that the sesquilinear form () satisfies

|Q(Pay 2115 Pragma,2k)| < C (| + 1) (fma| + 1)) ([ a | al oL

Proof. We prove the proposition for weight —2k, k£ > 0 and it is anal-
ogous for functions of weight 2k (the case of k; = ky = 0 being dealt
with in [54]). Let mymgy # 0, without loss of generality, we assume
my, me € N. By the Iwasawa decomposition and unfolding we have

wj(Prm2k) = /F \G(ez““e Y hy(r2) (e (2)* e(ma(y2)))dw;

YEL s \I'
(21) = [ hema)es el
T \H
Apply the Fourier expansion of ¢, ,(z) [24],

) = (1) oy 5 GUnDWegnwi, (47 [nly)e(nz)
wir(z) = (=1) F(l/um% T 4 snm)h 1 1)

and
_yallh '”' W (arly)e(ne)
n#0

From the relation ¢j(n) = cj(l))\j (n) and the well-known multiplica-
tivity of Hecke eigenvalues

AN = 30 % ()

we have
ol +9)

Cj
Wi (Prmar) = 47?(—1)kf it (1)) )

dlm q;éO—— \/ |1 + md|

* Waen(oykit: () m Y dy
25 gn(@)kit; Wi (yl1+ 22 ) il
I Ty ) (w3

Let H(s) be the Mellin transform of h(y),

1) = [ h.

By the Mellin inversion,

1 o-+100
h(y) = —/ H(s)y’ds,

210 J o oo
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the inner mtegral ) can be written as

1 ofioo sgn(q)k it (y) m
1 Woe ‘1 + —) dyds
270 Jy—ino |47rqd| 5 +sgn(q)k + it;) ot \ Y qd Y
Since Wy . (y) = Vy/mK,(y/ 2) we can denote the inner integral as

0o ,3 m
Ak(5> — A Yy :25 sgn(q)k,it; (2y)K7't] <y’1 + ﬁ‘) dy

When k = 0, the integral involves a product of two K-Bessel functions,
which was evaluated by Luo-Sarnak [36]. Jakobson [25] evaluated A, (s)
using the standard properties of K-Bessel and Whittaker functions,

2 1 . 3
WLitj = \/;(Q%Kitj (y) - y%(§ + th)Kitj (y) + ngith(y))

in which one gets

1 2
Al(S) = Ao(S + 1) — (5 + ’Ltj)A(](S> + ;B(S)
where
o s m
B(s) :/ Y Kt 11 (y) K, (y’l + _dD dy
0 q
Hence,
& _ os—on [ ST 1+ 2it; s+ 1— 2ut; Moy
2A1(s) = 2°7°7 <72 r — 5 (1+ qd>
Ly 1 ™m m +
72 (1—-7)7 (14+ = +7(=)%) "2 Ydr
|- T
s_gm [ ST 2it; 5 — 2it; LN
L (2 £ (2
. s—2 2tm Mo\ _s_y
PR ) (4 (o))
0 d d
s_om [ S+ 2+ 2t 5 — 2it; LUNT
+2 F( 5 r 5 (1 qd)
Lo s 2tm m s ,
26 /TTl—T§1—|——+T—2_§_1_thdT
(26) 0 T )

Similarly, we can obtain A_;(s) by the formula

A_l(s) _ AQ(S + 1) 4 A()(S) _ \/? B(S) .

1 2 1 ;
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Then plug A, (s) and A_;(s) into ([@2]) and by Stirling formula, Mellin
inversion and the fact that [34]

2
(P =
SO = T )
we have
wj(Ph,mQ) = T a2\ E E )‘ (tj,d q,m )
L(1,sym?2p;) ~
where

ﬁ(t]‘, d, q,m) = f{l(tj, d, q, m) + ﬁg(tj, d, q, m) + ﬁg(tj, d, q, m))
and

(14 72)

1 ity
~ 2
H t'7da ) = / m m Tl=—7)1+—7+7(—
(tdgm) = | (HQqﬁT(q_dP) (=)0 + = 4l

(27) h Lyl = 7) dr,

2tTm Tm?

iaam = -2 (o) oy
2\, Wy 4, 0 1+2Z]——dm+7_(qmd)2
T(1—-17)
2rm Tm?
qu\/1+ + iz

(28) dr,

and

- ! (1+23) " 2Tm m
tydam) = [ |t ) G T e r()
3\ o \1+Z +7(2)? qd qd
tiv/7(1—7)
ﬂdq\/l + ;o

(29) h dr,

For i = 1,2, we denote

Wi (Phm,2) = I sym2 Z Z)\ )(Hi(t5, dy, qi, my)

#;) di|m; ¢i>0

+Hi2(tjadi>Qiami) + Hig(tj,du%,mi))- (30)
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Now, plug into

t.
Z“ (Tj) L(1, sym*9;)w; (Paym1,2)@ (Pha,ms 2)
j>1

and apply Kuznetsov’s formula [29] to the inner sum, we obtain

mq mo 1 ~
Z M@+ (e + ) frpmoy ()
Ogy (q1+71)qalga+52) [ - 2 [ h(t)di(q? + qrmy /dy)
_ dy ) dy tanh A it\d1 qimy/ay
. /_wt anh(mt)h (1) dt W/O ESTE

21
(g5 + qema/dp)dt + P Z ¢ S(gf + quma/dy, G5 + gama/ds; )

[

A (@ + o /d) (@ + gema/ds) ., h(t)
/ it c tcosh(mﬁ)

— 0o
Here

St = Y oMM

and

~ 1 ¢
h(t) = t—QHl(t,dlql,ml)Hg(t,d2q2,m2)u <T) .

Thus, we have

t. _
> u <Tj> L1, sym*9;)w; (Phs,ms 2); (Phz m,2)
i>1
2 5q1(q1+%),q2(%+%) > T
=5 X | Htann(rt)a(t)dt

d1,d2,q1,92

oo

2 (¥ b : :
D= | iz app® dy)d; dy)dt
o w/o G+ 2p e+ e/ d)dald + gma/da)

%
+—) ¢ LS(q} + quma/dy, @ + gama/da; c)

C

(32) /_oo A/ (@2 + qma [dy) (g3 +Q2m2/d2))t E(t) dt),

Tl c cosh(mt)

Next, we will estimate each of these terms respectively.

o0
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First, we treat the diagonal terms. Since qi(q1 + ") = q2(q2 + 32)

has at most finitely many solutions if m;/d; # my/ds, and the integer

m2

solutions to ¢;(q1 + :’Z—ll) = ¢2(qo + :’Z—;) are only ¢ = qq if G- = %2,
Thus, the diagonal terms are

o0 t .
/_OOU (T) Z ZHl(tud1q7m1)H2(t7d2q7m2)dt

my/di=ma/d> q>1
where
H1<t7 diq, ml)ﬁ2<t7 dag, mz)

3
= Y Hy(t,dig, my) Ha;(t, dag, my)

i,j=1
Here, we treat the following one of the nine terms

Hn t d1q7m1)H21(t daq, m2)

/ / P T g cos(dlq (217 —1)) cos(gt@n - 1))

/71 = 1=
Tl -7) hy n(l—n) drdn
7Td1(J\/1 2Tm1 + Tml wdgq\/l 2’7m2 + an

For i = 1,2; restricting h; on R and h; satisfy h™ (t) < (1 + [t[)=" for
any n > 0 sufficiently large N and h;(t) < t'° when t — 0. Thus, h;
are continuous uniformly on R. For the sum over ¢, we estimate it as

> H(t, dig, my)Ha(t, dag, ms)

g>1

t 1-—
/ / / cos( —t T—1)) Cos(%t@n — 1))y - \/17( 2 T) :
mdigy/1+ 55t +

diq

1 1
n =) dq——————drdy + O(1)
7Td2q\/1 + 2my —+ 77m2 TT]( - T)( - 7])

da2q
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/// cos( _t 27_1))008(%15(277—1))}11 (%)

hy (t nl _77)> dg ! drdn + O(1)

mdaq (1 =7)(1—n)

/ / /OO cos(77€(27 — 1)) cos(72E(2n — 1))h1 (&/F)

™l —7)(1—mn)
<§V dl_ >§2ddn+0()

Similarly, we can evaluate the other 8 terms and we obtain the main
term of the diagonal term is

z / [ ]S e, 6 o 7

i,7=1
where
- cos(™=E(2; — 1) Py
- cos(72E(2m; — 1) ¢&y/m(1—7)
hi2(£7mi7di,7'i) = 7—(1 _7_) hz( - )
- COs(”mz€(2TZ - 1) (-1
his(&,mi, di, i) = - hz‘(g\/?)
fori=1,2.

For the non-diagonal terms which is the following

S(ar (a1 + 22), ax(az + 22); 0)
DI -

di|lm1 q1,92 c=>1
da|ma

Ay Jag(a + 7 ) e+ 2\
/ Joit \/ ’ ® hb)t dt
R

c cosh(7t)

where

~ 1 ¢
h(t) = t—zHl(t,dlql,ml)Hg(t,dgqg,mz)u (T) ,
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it
! 1+ 7 1 t 1-
Hj(t’ k,m) = / 2tm : m?2 h; T 7) dr;
o \1+=*+ 5+ T(1—71) 71—].{;\/1_‘_%_7”_‘_”“2

for j =1,2.

4w\/q1q2(q1+%)(qz+%)

[

Let x =
terms is

, the inner integral in the non-diagonal

1 J2it($) - J—2it($) 7
I = - h(t) tanh mwtdt
() 2 /]R sinh(7rt) (t) tanh
Since tanh(7t) =sgn(t) +O(e~™) for large |t|, we can remove tanh(7t)
by getting a negligible term O(T~) for any N > 0.
Next we apply the Parseval identity and the Fourier transform in [3]

(JQit(x? — J_zit($)> (y) = —i cos(x cosh(my)).

sinh(7t)

By the evaluation of the Fresnel integrals, we have

cos( Z(2r —1)) COSdm— 2n—1))
o - 2 [ GWEL L e
Tml—ﬂﬂ— )
(VB N, A
1
w1+ 22 4 22 mokoy 1+ 22 1 T
7r) dy
47 /Ty

Thus, the non-diagonal terms are equal to

drdncos(x —y +

ZZZ Sla(q + 7)., Q2(Q2+r§—22);0)/°°u<

d1|m1 q1,92 c>1

L
T Yy Jo Jo
da|ma

iV 2 (21 — 1)) cos(gh %(277_1 (f\/ﬁ>

Tml—ﬂﬂ—n) mdiq

™ d2CI2

cos( T

m. dy
4)\/_

Since both hy(t) and hs(t) satisfy h,(-") < (14 [t])™ for any n > 0
and sufficiently large N, and h;(t) < t'° when t — 0, the above sum is

) drdncos(x —y +
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concentrated on

JE
Sl <
T_Tlo < %2_7—) <1
qi
5 « :cyn(;— 1) <1
2

Thus we can get the following range
—~T.
2

Note that here  ~ qiqac™!, the ranges for qi, ¢o, ¢ are as follows
T\/7(1—7)<<q1<<T% 7(1—7),
Tv/n(l—n) < g < T n(1l—n),

c K yT%

Here by the above relations and partial integration sufficiently many
times, we will get sufficiently large power of y, ¢; and g, occurring in
. . 1 .
the denominator, so we get the terms with ¢ > T'i6 contribute O(1).

Denote the above sum as

S + =), +22);c
YT (q1(qr + % )qu(qz ) )Jq17q2,0+0(1).

di|m1 q1,92 c=1
da|ma

ry

Making the change of variable ¢t = \/7 , we get Jy, go.c 18

l\.’)lw

< t\1 . cos(g3tT(21 — 1))
N <_) t sin(—z + 4 / / T(1—7)
cos(22tT(2n — 1)) Tv/7(1 - T/n(1—n
(dQ’“ (2n h1 (t T ) (t )drdndt

77(1 - 77) wdiqq wdaqo

By Taylor expansion,

4m

Ty = c Qg2 (@1 + a4 )(Q2 + _d2 )
2 Moq1  M1qa
- 2%
- (2q192 + a5 + & + )

So we can write

m m
Toae = $eel = Qo + 750 + T foar, @),
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where
mim m? m2 2% o0 t 1
SO . (5)i
i(2eD? cos(75tT(21 — 1)) cos(z3tT'(2n — 1))
/ / ™m(l—71)(1—n)
(tﬂ/ﬁ) (tTﬁ) drdnt
wdiq1 Tdaqs

2miz

and we use the notation e.(z) =e™c .
Reducing the summation over ¢y, ¢, into congruence classes mod c,
we have,

m m
> Saa + 20 4a(go + 22); )~ (2q10 + 21 =
q1,92>1 & dz dz dl

))fc(Ch,CIz)

moa  myb
= o M ) T
abEmOdCS( a+dl)b(b+ dg) c)eq(—(2ab + Z + 7 )

> fe(qr, q2)

ql_a g2=b mod ¢

=< > > s a+—) b(b+d—2) c)

u,v mod ca,b mod ¢

eo(—(2ab + (d—2 +u)at (21003 fular, )ec(—ua — vg2)).

d
! 1,42

Apply the Poisson summation for the sum in ¢, g2 and obtain,

ch a1, q2)ec(—ug1—vgs) Z// felai @2)e 11——)Q1+(12——)Q2)dQ1dQ2

q1,92

We can assume [u| < £, |v] < §, by partial integration sufficiently
many times, we get

—uq1—vq) = 01726_21_22 104G -
> felgr @)ec(—ug—vgy) /R2f(q @)e(=—a1——¢)dndep+O(177)

91,492

for any A > 1.
For (u,v) # (0,0), by partial integration sufficiently many times, we
also obtain

u v
/ Fulan a)e(—"a1 — Zar)dqidgs < T,
R2 C C
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for any A > 0. Thus only (u,v) = (0,0) contributes. We can allow
¢ > T in the c-summation, notice that we have the term TQZ in
fe(q1, q2), so by partial integration sufficiently many times,

/ felar, @)dqidg, < C_AT27
R2

for any A > 0.

For fixed d;, m; (i = 1,2), denote

moQ mlb

= Y S a+—) b(b+ 2Y: )eo(—(2ab + 12¢ 4 T2y

a,b mod ¢ d2 d2 dl
Thus, the non-diagonal contribution is
3 [ [ o adnda) + 001
d1|m1 c>1
da|ma
- S [ [ e mie o) 2T, (1))
| =1 C2 R2 2d1d2 4d%ql 4d%QQ T Jo T t
1|mq1 €
da|ma

™1 —7)(1—n) mdiqy

2(tT)2 / /1 cos(72-tT'(21 — 1)) cos( 2 tT'(2n — 1)) (tT\/ T(1—7 )
(tT\/

ot ) drdndtdqdgs) + O(1)
S oCs // mlm2 mi¢  m3¢ 23
- T _
d%; e J Jre T 2didy  Ad3E 4d§q§)(§¢)%

da|ma

cos( m15 7 —1))cos m2¢> — (1_ 7
fgbc// (27 — 1)) cos("22 (21 1))h1<5~/(1 ))

(1l —71)(1— 77) wd,

ho <¢7W> drdndéds) + O(1).
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Thus, we obtain the following asymptotic formula including the diago-
nal and non-diagonal terms:

.1 tj _
Ilgrolo T ;u (%) L(1, SymZQDJ)Wj(Phl,mh?)wj(Ph27m272)
Jz
:/ t)dt( Z / / / Zhu &, m1,d1,7'1)h2g(5 Mo, da, T2) (33)
ml ’”2 i,7=1

5 C m1m2 m& m2£2
d71d7'2§2+ Z Z/ / //\S{g “2dydy 4d1%§2_4d2§€1)

di|ma, dzl?ﬂz c>1

d&d
e((dids)*€1620)} Z R 51,7711,dl,Tl)h2j(§2,m2>d2>72)d71d72ﬁ)
ij=1
(34)

where

_ cos(”ml (21, — 1) (1 —;

hil(ﬁ,mi,di,n) — 7_(1 _TT') hl(g T, (dl 7-))7

) s (27, — 1 (1—7

hia (€, mi, di, ) = COS(T(1£:) )hi : T(Cii T))

~ 7Tmz 2 N — 1 : _ .

hiz(&, mi, di, 7)) = o - f_( & )hi(g TZ(dl. TZ))
fort=1,2.

In the non-diagonal terms (34]), S, is a sum involving Kloosterman

sums which is explicitly
mea  myb
S = S(a —),b(b+ —= 2ab+ —2— 4
ab%ﬂ (aa+ 0, b0+ 57); ee(~(2ab+ 7= + =)

This gives the existence of the limiting variance for the case ky =
ko =1.

Now, by the induction and the recurrence formula

Ly 24, (s)

Ak+1(8) = —Qk?Ak(S) + QAk(S + 1) — [(/{5 — 5

we can obtain the existence of B(Pr, imy k1 s Phomaks) for any ki, ke € Z.
Precisely, for the term [(k — )® 4 t3]Ax_1(s), the involving Gamma



THE QUANTUM VARIANCE OF THE MODULAR SURFACE 19

factors are,
[(k — 3)2 + 2|03 + it;) Ap-1(s)
D(k+ 32 +it;)
D(5 +ity) Apa(s) (k= 5)" + 8]0k — 5 + ity)
L(k =5 +it) D(k+ 3 +it;)

Thus, we can evaluate using the induction assumption for the first
factor and Stirling formula for the second factor.

For the term kAg(s), we can use the similar argument to evaluate.
While for the terms involving Ag(s + k) and B(s + k), the Gamma
factors are easy to handle since they are simply

D(s5)?  D(S5D( 4 1)
I'(s+k) I'(s+k+1)
Moreover, by keeping track of the independence on h; and hs and
integration by parts in the double integrals of (33]) and (34]), we ob-

tain that there is a constant A (depending on ki, ks), such that the
sesquilinear form Q satisfies

|Q(Pay s Promaa)| oo (1] + 1) ([ ] + 1)) | all o La.
(35)

If any incomplete Poincaré series in this proposition is replaced by
incomplete Eisenstein series, i.e. m; = 0 with mean zero satisfying (9),
the proposition is still valid. For the case m; = my = 0, there is a
slight change for @:

S [ ()
L () e ()

By Euler-MacLaurin summation formula, we have

a2’

2 (V) = e (M)

where by () is the Bernoulli polynomial of degree 2, H,(z) = () (z)z?)’.
For the sum over dy, we have the similar expression.
O
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This completes the proof of the existence of the quantum variance
for vectors 1 = Pp, m, 2k, and Y3 = Py 1y 2k, in Theorem 1. To obtain
the result for the general 11, 1), asserted in the Theorem one proceeds
by the approximation arguments in Section 4 of [37], which requires
keeping track of the dependence of the remainders in the analysis lead-
ing to (34) and (35) above. This is a straightforward generalization and
we omit the details. In the next section we derive an explicit version
of (34) for special Poincaré series of various weights.

3. SYMMETRY PROPERTIES OF ()

We begin by showing that the sesquilinear form () is invariant under
the geodesic flow as well as under time reversal. This is true much
more generally as can be seen from the recent work of Anatharaman
and Zelditch [I] in the context of I'\H where I is any lattice (not just
SLy(Z), in fact they deal with cocompact lattices but their results are
easily extended to finite volume as in [51]). In this generality, they
relate the Wigner distributions to what they call Patterson-Sullivan
distributions. Since the latter are geodesic flow as well time reversal
invariant, this yields a complete asymptotic expansion measuring this
invariance. This is given in their Theorem 1.1 and the expansion on
page 386. Taken to second order this reads:

If f is smooth and 7 € R are fixed and f.(z) = f(2G,), where G, is
the geodesic flow, then

< Op(fr)¢j’¢j >
< Op(L2(fT_f))¢ja¢j > 1

(36) = <Op(f)éy. 6, > + ; +0(z)
where L is a second order differential operator generated by the vector
field X, = ( 8 (1) :

First we apply (36) with the first term only, that is
(BT) <0650 =< Oplf)6;. 65 > +O(-)

J
to the variance sums.

Z < Op(f7)¢j7¢j > < Op(g)¢j7¢j >

t;<T
= " < 0n()é5.6; > 001,05 > + O(Y 1| < Opl9)6;.05 > |
t;<T t;<T 7

(38)
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Now the general quantum ergodicity theorem in this context [52] asserts
that as y — oo,

(39) > 1< 0p(9)dj, 65 > | = oly?)

ti<y

Hence by partial summation in the second sum in (38), we get that

> < Op(f:)bs, 65 > < Oplg)dy. b; >

t; <T

(40) = ) < Op(f)d;,¢; > < Op(9)d;, &5 > + o(T)

t; <T

A similar statement is true if f, is replaced by time reversal applied to
f. Hence in this generality (and with no arithmetic assumptions) the
quantum variance sums are geodesic flow and time reversal invariant
to the order required in our Theorem 1.

In our arithmetic setting of I' = SLy(Z) we can use Theorem 1
together with the relation (36) (to second order) to deduce (with or
without the arithmetic weights) that as T' — oo,

> <Op(f)d5 05 > < Op(9)dy, 65 > — > < Op(f)dj, &5 > < Opl9)y, 65 >

t; <T t; <T

= Q(Op(La(fr = ), 9)logT + o(log T)

In any case we deduce from the above that () is bilinearly invariant
under both the geodesic flow and time reversal.

Therefore, from the symmetry consideration as in Luo-Rudnick-Sarnak
[32], we know that the space of such Hermitian forms B(f, h) restricted
to subspaces associated to each irreducible representation is at most one
dimension.

To use this further, we need show the orthogonality that Q(¢;, ¢x) =
0 if ¢;, ¢y are in the different irreducible representations m;, m. It
suffices to show for the generator vectors of the representation, i.e.
Q(¢p;, o) = 0 if ¢}, ¢, is either holomorphic form or Maass form. To
show this, we need first evaluate Q(¢;, ¢x) and then use the explicit
Hermitian form B to deduce the self-adjointness with respect to Hecke
operators. We consider the following three cases:

(a) Both ¢; and ¢, are holomorphic;

(b) ¢, is holomorphic and ¢y, is Maass form;

(c) Both ¢; and ¢y, are Maass forms, while this case was dealt in [54].
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In case (a), we first use holomorphic Poincaré series to find an explicit
form of Q(Po, kys Prmg k). For holomorphic Poincaré series

Par(2) = 3 33, 2) Fe(m(2)).

YEL s \I'

By unfolding, we have

(41) < Ppj,dw; > = / e 2™ e(ma)p;(2)p;x(2)du(2)
oo \H

Apply the Fourier expansion of ¢; ,(z) [24],

(2) = (—1)* it c;(|n]) sgn(n)kzt3(4ﬂ'|n|y>( z)
pik(z) = (-1) F(l/um%% T4 e+ )

and

Wo,it; (4m|nly)e(nz).

P r

From the relation ¢;(n) = ¢;(1)A;(n) and the well-known multiplica-
tivity of Hecke eigenvalues

Aenem = 3 A ().

we have

+ qm
< Papd > = (TG Y Y A

d
dlm q#0,— 2 \/| + ﬂd|

Wk, (9) ( m\ (v \" (zmdy
42 @it ) o g+ 2y) (L) elm) Y
(42) /0 I'(3 + sgn(q)k + it;) oty (U qd) qd c y?

For the inner integral, we apply the formula 7.671 in [13]

o] : 1 1
/ e O (Can) W (a)de
0

w0 (—=k)T(2u — k)T'(—2p — k)
FI =BG+ 5= AT — 5=

1
QRGP (—k, 2 — Ky —2k; 1 — =)
a

by letting a = 1+ m/d, p = it; and for the hypergeometric series
F(—k,2pu—k;—2k;1 — 2), we use 9.111 in [13]

F(a, B;vy:2) = ! )/ P = )P — t2) Tt

B(ﬁ>’y_ﬁ 0
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By Stirling formula and similar method of calculating < P, ,,, , dw; >
in Section 2, we have

< Pmk, dw; >

m it;
1 (1+23)
= i) LN ) S (T
1, sym?p;) o \ 1+ +7(3)

dlm ¢>0

2tm m ! —mtj\/7(1 —7)

(t1=7)(1+ —+7(— )2))’“_§ exp dr
d ™m Tm?2
q 2dq\/1 Zm g oo

qd

By the similar treatment on Kuznetsov formula as we did in [54], we
obtain

1 t; o
T > u (fj) L(1, sym*p;)w; (P, 1)@ ( Prus k)

Jj=1

0o 0o 1
= u(t)dt / /
/0 () m_gﬂ 0 0

(r(1— 7'))’“0[7‘/ cos(ﬁ;n2

T—1))exp

(—mlfwf(l — 7‘))
dy

(2n—1))eXp< ””“ d=n ) — )k

0 2
5 S Cs m1m2 mi€ _ my¢
dpehitha 25 t)dt / / - -
52 ( ) dlzn;l ; R2 2d1d2 4d%¢ 4d%§)
da|ma
2%&%1 ¢k2

1 1
(5@3 e((d1d2)2§¢c)/0 /0 cos(mmydaé (2T — 1)) cos(mmead;p(2n — 1))
M (1 — 7)M (1 — n)* exp(—mi&da/T(1 — 7)) exp(—maddi /(1 — 1))

drdnd&de

Now, we can use this explicit form to show the self-adjointness of
B(¢;, ¢1) with respect to Hecke operators for holomorphic ¢;, ¢, in
fact we can check it for each Hecke operator T,,, where p is a prime, i.e.

Proposition 2.
Q(Tppml,klv Pm27k2) = Q(Pml,klvasz,k2>’

Proof. This is a direct generalization of Appendix A.3 in [37], which
deals with the Maass case with k£ = 0. We use the fact (Theorem 6.9
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in [20])

(43) TPz = 3 (5) Paat),

and the explicit evaluation of S, m ms (y) (Appendix A.2 in [37])to
Tmg 2

verify it.
We denote

Q(Poy k1s P ka) = @0 (Prny k1 s P kn) + @ND (P ers P ks

as the diagonal and non-diagonal terms, and we consider the following
4 cases:
() pr)fmlm% QD(T Pm1 k1> m2 kz) QD( mi, k1>TPm2 kz)
(ii) If p § mima, Qnp(Tp Py ks P m2 k) = QND(Pony k> Tp P ks );
(111) pr || (mh m2) QD(T Pml klv m2 k2) QD( mi, klvT sz k2)
(iV) pra H (mlv m2) CQND(T Pm1 k17 ma, k2) CQND( mi,k1) 1, Pm2 k2)'
To prove (i), we use the fact

TmeJf(Z) = pk_lppmk(z)

ma

ds we

143 pmi1 __
from (@3). Also, from the conditions di|pmi, da|mg and 252 =
have p|d;. For our convenience, we denote

m’f(zn—mexp( mib vl ) (1))

il(é-’ m;, di7 kiv Ti) = COS(T(d

)

Thus, by making the change of variables d; — pdl, — & and dy —

pds, > ¢ for Qp(Bpmy ks Py k) and Qp( ml,k>Ppm2,k) respectively,
we have

Q (TPm1k17Pm2k2)

_ kl 1
- QD pma1, k17 ma, kg
§k1+k

) mzm/ //Hh €,mz,dz,l,,¢,)dn§7;df

= kz 1QD( mi,k1> Ppmz,kz)
= QD(PmLkU TPszsz)'
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For (ii), we have

CQND (Tppml,k17 ng,kz)

= pkl_lQND(Ppmhkn sz,k2>
ki ko oo poo pl pl 2,2 2
_ SeCs  pmimy  pTmi§  m3¢
k1—1 Cx ¢ 1 2
i [ s o
llg() lzz:;) dlzp;nl ; 0 0 0 0 Cg 2d1d2 4d%¢ 4d%§
da|ma

~ ~ d&d
6((d1d2)2§¢0)}h1(p§17 ma, dy, by, 7)) ha (&2, ma, da, lo, Tz)dTiﬁ
1 2

k1 ko

XN [P Sl prumy  pPmiE  mie
—1 o c 1 2
I R T
hz:%%d;l; 0 0 o Jo {ci (2d1d2 40@@5 40@5

d2|ma

~ ~ d&d
6((d1d2)2§¢0)}h1(p§17 my,dy, by, 71)he (&2, ma, da, Iy, 7—2)d7—iﬁ
1 2

ki ke 0o poo pl pl 2 2
_ S.(s  ,mimy mi&E msop
1 o o 1 o 2
KPP Z/o /0 /0 /0 St c3 vy Ad3 4d§s>
11=0102=0d;|my c>1
da|ma

- déd
e((dvdz)*Epe) Yhi(&s,mi, i, 1, Ti)dﬂ'ﬁ
1 2

The above two sums correspond to the conditions p { dy, and p|d;
respectively.
Similarly, we have

QND(Pml,k‘la Tppmz,kz)
k1 ke oo poo pl pl U 2 2,2
_ S'Cs  ,pmime  miE  pmio
1 o Pe 1 2
- [ [ s e v
l;o[;o dlzn; ; o Jo Jo Jo cs 2didy  Ad3¢  Ad3E
da|ma2

~ ~ d&1d
6((d1d2)2£¢0>}h1 (517 mq, d17 l17 Tl)h2 (p£27 ma, d27 l27 TQ)dTi%
1 2

ki ko oo oo 1 1 9 9
- ScCs ,mamy  mi§  mizé
1 x s My
EApIPIp3 Z/o /0 /0 /0 3 s ec(2d1d2 Ad3 ¢ 4dg§>
11=012=0dy|mq c>1
da|ma

- d&id
6((d1d2)2£¢0)}hl(517 mg, div li7 Ti)dTiﬁ
1 2
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Make the change of variables & — %, ¢ — po. Moreover, by the
evaluation of the sum S, which involving the Salie sum, precisely

SC,;Dml /di,ma/dy — SC,ml/dl ;pma/da -

We can see QND (Tppml,k1> sz,kz) = QND(Pml,kla Tmez,kz)~
For the cases (iii) and (iv), we use the fact

TpPrk(z) = pk_lppmk(z) + P%,k(z).

where if p { m, we understand that Ph(;),%(z) = 0.
Thus, for the case (iii), we have

QOO (TpPh17m17k17 PhQ,mQ,k2>
= pkl_lQOO(Phl(p'),Pml,kw Ph27m2,k2> + QOO(Phl(;),%,klv Ph27m2,k2>
_ A+B

Similarly,

QD(thkl’ Tmeszz)
= ka_lQD(Pml,lﬂ’ Pme,k2> + QD(P%,klv P%,kg)
= A1+

We can check that

A(p|dy) = Ai(pldz),

A(ptdy) = Bi(ptdy),
B(ptdz) = Ai(ptda),

B(pldy) = Bi(p|dy).

Hence, we get (iii).
The proof of (iv) is the most tedious one and we will use the induction
to prove that. We have

CQND (Tppml,k17 ng,kQ)
— pkl_lQND(Ppml,kla sz,kz) + QND(P%,kla Pﬂm,kz)
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From the expression of Q(P;, P,), it equals

k1 ko

00 00 1 1 2,2 2
_ ScCs ,pmimy  p*mi§  my¢
k1 —1 2 : 2 : } : } : 1Y 1 2
11=0 l3=0 dy [pmy c>1 0 0 0 Jo cz 2dyd 4d%¢ 4d%5
da|ma

~ ~ d&d
6((d1d2)2€¢0)}h1(p§1, my, dy, by, T1)ha (€2, ma, da, b, 7‘2)6171'63/2_%%
1 2

ki ke

o) 0 1 1 2 2

SeCs mymse mi& ms¢

SR IRE e

;);)dlmzl/p; 0 0 0o Jo c2 2pd; dy 4p2d%¢ 4d%5
da|ma

- ~ déd
e((didy)?*Epe) Yha (&1 /p, my, dy, by, 71)ho(Ea, M, da, o, Tzﬂﬁﬁ
1 2

We denote the above sum as I; + 5. Similarly,

QND(PmlJflv T;Dsz,k2>
== pk2_1QND(Pm17 Ppm2) + QND(Pm17 P%)
k1 ke oo poo gl 1 2 2,2
_ ScCs  pmumy  mi&  pmyo
_ ko—1 cx 1 2
. [ sk
;;} dﬂzml ; o Jo Jo Jo c2 2d1d; 4d3¢ 4d3¢
da|pma

- = d&,d
6((d1d2)2f¢0)}h1(§1, ma, di, by, 1) ha(pSa, ma, da, la, 7‘2”@'%
1 2

k1 ko

o) 0 1 1 2 2

SeCs mymse mi€ ma¢

" [ ] et egte -t - 2

;);) dlzml CZZI 0 0 o Jo c% 2pd, dy 4d%¢ 4]920@5
dz|m2/p

- - d&,d
6((d1d2)2§¢0)}h1(§17 ma, dy, b, 1) ha(§2/p, ma, da, Lo, 7—2>d7—i%
1 2

According to whether or not p|(c, *,*) in S.. ., we can decompose
the above sums Iy, I, I1;, I]; into the following 8 terms

L =1+ Lo, Iy=1In+1In, I[I1=I1h+I1ly IlI)=1I[)+Ily».
Note if p|(c, *, %), Se.. = 0 unless p*|c. Let ¢ = p?c;, we have

gl - e,

dy  do C1, dy ’ pdo p

S imipl tmal =S Imyl Imyl

G,

where d(p,c1) = 0 if plcy; 0(p,c1) = 1 if p { ¢;. Hence we can write
I, = I, — I} correspondingly.

)
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Similarly we have

0 b,
S Imql |mo| — S |mq] \mQ\p (]_ - ( )

G pdy 0 dy b p2d) 2 pdy p

)7

o(p,c
S, il mapl = S, ) 1my PP(1 — .

Ay 0 dy 17pd1’d2 p

and write IIy = I}, — 117,

),

o(p, c
S imyl tmal =S myl a1 PP (1 — ( 1))7
Vdy 0 pdg pdy ' p2dgy D

and write 11y = I1}, — 11}, corresponding p|c; or not.
By the induction hypothesis on (%, 22), we have Iy, + I3, = I}, +
I7,.
We have S¢pap = p2Sc7a,b and Sy2 4pp = 0 if p { be. Using this and
the evaluation of S.,; we can verify that
La(pldi) = 1112(plds),

where I15(p|d;) means the partial sum of I15 in which p|d;). Similarly,
we have

[12(p)(d17p+d27p+0) = ]flz(pj(dz,pj(dl,pfc)a
Lo(ptdi,plldeptc)=1ha(ptda,pll di,ptc),
Lia(pt dy, p*|da, ptc) = Iy (pt dy, p?ma/dy),
La(pt di,p*|da,ptc) = Iy (pt du,p || me/dy),
LIV (p t da, p*lmu fdy) = TTa(pt dg, p*|dy, p t ),
ITY\(ptda,p || mi/di) = ITy(ptdy,pte),
]{'1(p|d1) = ]Ifl(p|d2)>
I (pld2) = Iz (pld),
I22(p)(d27p+d17p+0) = II22(pJ(d1,pJ(d2,p)(c),
f22(pj(d2,p H dth(C) = ff22(p+d1,p H d2ap+c)7
f22(p+d2,p2|d17p+0) = [éll(P+d2,P3|m1/d1)a
Ins(pt da, ple) = I (p 1 do, p° || ma/dy),

115 (pldy) = I3, (p|da),
Ly(ptdy,plda, ptc) = 113, (p 1 dy, p*lma/dy),
Iy(ptdy,ple) = TT5 (pt dy, p° || ma/dy).

Hence we deduce from the above identities that

QND(T Pm1 k1> ma, kz) QND( mi, klaTng kg)
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This completes the proof of
Q(Tppmhkw Pﬂw,kz) = Q(thkm TPszJﬁ)
for each T}, p is a prime. O

For case (b), we need consider Q(P, k,, Ph.m,) and analyze the self-
adjointness with Hecke operator in this case. Using the formula of
< Op(Pp k) ¢j, ¢; > which we just evaluated above and the formula of
< Op(Ph,m)dj, ¢; > in [54], we have

Q(Pml kUthQ

my m2 / /

| cos(Z2E(2 — 1))h (SV” )

do ) kld
/ d”§§2€+
0

S oGs (Tamz mi¢  mip, 23
cs / /R 2d1dy  4d3¢ 4d§§)(§¢)%

— 1)) exp

(—m1§\/7(1 — T)) (1
d;

d1|m1 c>1
da|ma

6((d1d2)2€¢c)/0v /0 COS(Wm1d2§(27 - 1)) COS(’]Tde1¢(21’] — 1))(7‘(1 — 7—)) 1

n(l—mn)
exp(—mi§da/T(1 — 7)) h(edin/n(1 — n))drdndide)

Note that P, ,, is a weight 0 Poincare serie and under the Hecke oper-
ator, we have
d2
T Phm(2) = Z (n) Phyg),mn (2).
d|(m,n)
A similar argument about the self-adjointness with respect to Hecke
operator works for Q(Pp, ks Phm,), 1.€.

Q(Tppmhkv Ph,m2) = Q(thkm Tpphmw)'

For case (c) of ¢; and ¢, both being Maass forms, it was shown in
[54]. Thus, combining these three cases, the Hermitian form Q(-,-)
defined on the space spanned by P, ;’s is self-adjoint with respect to
the Hecke operators T,,, n > 1. Hence, for the generating vectors ¢;, ¢y,
of each irreducible representation, we obtain

Proposition 3.

Q(Tn¢j> ¢k) = Q(¢ja Tn¢k)
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if ¢;, o is either weight k holomorphic form or Maass form.

From this, we have

A (05)Q(d5, D) = An(Pr) Q05 )

Since there is an n such that \,(¢;) # A\, (¢x) if ¢;, @) are generator
vectors of two distinct irreducible representations, we deduce the or-
thogonality, Q(¢;,¢r) = 0 if ¢;, ¢ are in distinct eigenspaces of the
orthogonal decomposition (1).

In the next section we calculate the eigenvalue of B on such a gen-
erating Maass-Hecke cusp form.

4. EIGENVALUE OF ()

In this section, we shall evaluate the weighted quantum variance
on each eigenspace U_x by applying Woodbury’s explicit formula for
J

the Ichino’s trilinear formula with special vectors (see Appendix A),

Rankin-Selberg theory, Kuznetsov formula and a principle observed in
Luo-Rudnick-Sarnak (Remark 1.4.3 and Prop. 3.1 in [32]).

Proposition 4. For weight k holomorphic Hecke eigenform f, we have

.1 t 2 S ()|
zlggof;u(f) Lt syt =2 L 2L, )

Proof. Let A(s, ¢;) be the associated completed L-function of ¢, which
admits analytic continuation to the whole complex plane and satisfies
the functional equation:

A(s, ;) =m°T (s +it¢) r <s — it¢) L(s, pj) = M1 = s, 9;).

2 2

Moreover, we have

A(s,sym?(p;) = 73/°T (%) r (g + it¢) r (% - z't¢) L(s,sym*p;).

For weight k& holomorphic Hecke eigenform f, we have the associated
completed L-function,

k—1 k+1
As, f) == 7T (8 +27> r <S +2%) L(s, f).

Thus, we obtain the Rankin-Selberg L-function,
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L(Sv f X Symz(pj)v
By Ichino’s general trilinear formula [I8] and its explication in the
Appendix with the explicit vectors at hand, we can express the triple
product integrals of eigenforms in terms of the Rankin-Selberg L-function
A(s, f @ sym?p;)as follows;

AG, fo ¢ ®p)
A(1,sym?p;)2A(1, sym?f)
(3. f ® sym*¢;)A(3, f)
1, sym?p;)2A(1, sym?2f))
where (g(s) = 77 2I'(£). The local factors at co place is (Lemma 3 in
Woodbury’s calculation),

Loo(3, f® 9 ® ¢;) [T(5 + 2it) PIC(5)]

2)% - =
G (2) Loo(1,5ym2p;)2Log(1,sym2f)  2k=3gh+1T(k)|T(5 + it;)[*

By Stirling formula and the duplication formula of the Gamma fac-
tors, it amounts to

| < Op(f)ej, 5 > |

_ LG NL(5, f @ sym*(g))) Cosh(ﬂtj)lf(g)lzlaj(l)F(1 o)
26k L(1, sym?;) L(1, sym? f) ’
Next we apply the approximate functional equation of L(s, f®@sym?yp;),
and Kutznetsov formula to evaluate the variance sum in the Proposti-

tion. We compute

S () Lt smon)] < Op(gses >

j=1

| <Op(fej e > = = (2)?

— G

Let @ be the cuspidal automorphic form on GL(3) which is the
Gelbart-Jacquet lift of the cusp form ¢, with the Fourier coefficients
ag(my, mg) [B], where

my mo

ag(my,mg) = ) Ao (s Ae(—7, Duld),

d|(m1,mz2)
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and

Al 1) = D Ao(t):

s2t=r

The Rankin-Selberg convolution L(s, f @ sym?y;) is represented by the
Dirichlet series,

L(s, f ® sym*p;) = Z Ar(ma)ag, (M, mo)(mym3) =",

mi,me>1

where A;(r) is the r-th Hecke eigenvalue of f.
Since

1 d
M2 fosmte) = = [ A(s+1/2 f osym?o)

(2
we have the following approximate functional equation,

2
_ mym
L(1/2, fosym®p;) = 2 Z )‘f(ml)a¢j(m1am2)(mlmg) 1/2‘/(—1152 %)

mi1,ma>1 J

where

1/ _(1/2+ 5, f @ sym?p;) ds
@) Y(1/2, f @ sym2p;) s

54 k=1 54 k=1 s+ 1
v(s, f @ sym?p;) = 7r_3sf‘< 22 )F( 22 +it; | I 22

Thus, by writing

E+1 1 1
LI SNPRSEERYS SN
( 5 + it) (2+zt)(2+zt)

Sy
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and duplication formula of Gamma functions, we have

S (’%) L(1, sym?;)| < Oplf)e 05 > I

j=1

= ot e [P (2) la0PLa/2. 1 @ syt

zzk—lkL |Z<)|a] )|?

tj>1
2
mim
D2 Ag{mu)as, (ma, ma) () ™4V ()
m1,ma>1
_ w(d d n1n2
- 9= k 1— kL | ZZ Z >‘f 2)(n1n2> 1/2
t;>1 d>1 ni,ma>1 J
t;
(%) s PAs, (o, ), (1)
— gk -1k p(d 2 FsTis515 o0, a1y
= 2" L | ZZ > Aldstt)V( o) (shsyt3)
tj>1d>1 51,82,m1,n2>1 J
t:
u(2) kPG
= 27Fg71" kL g )2 Z“ > Apldsity)(sTtissts)
d>1 51,52,n1,n2>1
d? s2t184t2 t;
SV () WP @

ti>1

For the inner sum, by the Kuznetsov formula, we have

S v (’%) la; (DA (E)A ()

ti>1

— 5(t71T’2t2) /_OO V(LS :22t1t2) (%) tanh(7t)dt
2 [Pyl @i
+§S(tict§;c) /: J2it(47rilt2)V(d351:22t1t2)u (;)ﬁzm)

We will estimate the above three sums respectively.
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The diagonal term is

9= 'fL( A )|2/ ( )Z 27 st ()Y )tanh(wt)d

s2>1 s1>1

For the sum over s;, we have

L 8182 )\f 81 sy . _ds
S st MV = o [, 30 BRI T

where
T s+? T s+§71
Uis) = (14 P(s)) (F(k)z(k<+l) )
and N+1
8): Z pr—i;(S)"i_O(bLN )

1<r<N

is an analytic function in Rs > —2. p,11(s) is a polynomial of degree
at most r + 1.
Also, we have

Ap(st) 1
8122:1 Sf - C(QS)L(S’Syme)'

Thus, moving the line of integration in the sum over s; to R(s) =
—1/4 + €, we get

s s 1 _ .
D st AV () = iy ML sy ) + O(124),
s1>1

Therefore, we get the diagonal terms contribute
1
275 T L(L sym® ) (3, FID(5 )I2 +O(T).

For the non-diagonal terms

d t,t,
N(S) Z )\f(ds%tl (52, 5442) 1/22 15 b2

d>1 d§ 81,82,t1,t2>1 c>1
> drtity . d3s3tysats t dt
Joi V U\ = | ———
/_Oo 2it c VI 12 ) T ) cosh(rt)

Let z = ‘WTW, the inner integral in the non-diagonal terms is

: /_ : Jail@) = Jaula)y, dsitisaty) <%) tanh(mt)dt.

sinh 7t t2
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Since tanh(7t) =sgn(t)+O(e~™) for large |t|, we can remove tanh(mt)
by getting a negligible term O(T~Y) for any N > 0. Applying the
Parseval identity, the Fourier transform in [3],

(Jgn(:;)ni(i;;zt(x)) (y) = —icos(z cosh(my)).

and the evaluation of the Fresnel integrals, the integral is

3 | ey T f;” “e (7))

sinh 7t

—i [ d®s?ty syt
= 5[ eostocomr (I (1 )>A<>
A e 1, d®s t134t2
= 5 _w(cos(x+§7r Ty ))(V(T T
s poo 3 442
= 2 [ eoste — g+ Tyl (7 )M/
—i [ 4d3s%tls4t2 VZ dy
= 5 i (cos(:l:—y—|—4))(V( o )u( 7 N
. 0o 3 47rt1t2671y
= 2 [ cos(mtitaet — y + Ty (v( 24 sihisls 2y | Y2 dy
2 Jo 4 Amtitocly T /Y

Here all the equation is up to an error of O(T~"). Thus, the non-
diagonal terms is concentrated on

T? — T <« titye ly < T2

So, we can assume d°sit;s5t3 < T2 since V(€) has exponential decay
as £ — oo. By partial integration, the terms with ¢ > T and t1t; <
T?74¢ contribute O(1). So we can assume ¢ < T¢ and tity > T2~
therefore we have t, < T°¢, also we have the sum over s; and s,

™ -1 . . .
Let t = 7”2“@0@’, the inner integral is

converges. T

T/c [ ~ T Ad352t, 5442
27%62 u(t)(cos(dmtrtac™ — (1T)c/ (2mtrty) + )V (522

)dt

From Hecke’s bound

Z )\f(r)r_l/z <. R°,

r<R
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where o« € R and the Hecke relation
A(rira) = D p(d)Ap(r1/d)(ra/d);
d|(r1,r2)

and partial summation, we get the non-diagonal terms contribute O (7).
To evaluate the continuous part, we need rewrite

d
M S (st (sihste) 2

d>1 d2 S1,82,t1,t2>1

/0 V(d3 21, s4t2 ) u (%)

di (13)dyy (5
12 t|C(1 4 24t) |2 (1) du(t3)dt

with respect to L-function and we obtain the continuous part con-

tributes
e t 1
[ o () s st i

DG =5 —i)0(;+ 5 —it)
IT(5 + at)|*
By Stirling formula and the Jutila’s bound the subconvex bound

L(3 +it, f;) < (k; + 1)/,

dt

we obtain the continuous part contributes O(772%¢).

So we conclude that
t.
S (%) Lt smo) < Op(gss >
j=1

() = gL fL(G, DD + 01 2),

Since we normalize f, such that < f, f >=1 and from the fact

< f, f >= 21"k (B)L(1, sym? f),
we obtain the eigenvalue of B at f is
1 22
L(z, f)—7—
2 (k)
Therefore, we complete the proof of the Proposition 6.

Moreover from [54], we have the following weighted quantum vari-
ance for Maass forms,
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Proposition 5. Let ¢(z) be an even Maass-Hecke cuspidal eigenform
for I', with the Laplacian eigenvalue Ay = i + 2, we have

TN

it
= ol

1 t
Jim > u (%) L(1,sym*¢)| < Op(¢)pj, 0; > |* = L(§,¢)

TP

Next, we will remove the weights in Proposition 4 and Proposition
5.
5. REMOVING THE WEIGHTS

By a simple approximation argument, we can take u(t) in Proposition
4 and Proposition 5 be the characteristic function of an interval, thus
we obtain

(45) lim l Z L(l g m2 )|C<J(f)|2 _ 2k_1r2(§)L(1 f)

T—o00 Tt,-<T B Spj g P(k) 2’ .
and

o1
Jim Y L(Lsym®0)| < Op(o)gj, 05 > |
t;<T
1 NGO

4 4 4 2 _
(46) RPN E

On both left hand sides, the arithmetic weight L(1,sym?) was nec-
essary since we are using Kutznetsov formula. These special values
L(1,sym?-) do not have much effect since we have the following effec-
tive bounds due to Iwaniec and Hoffstein-Lockhart, for any ¢ > 0:

A< L1, sym®o;) < XS

We remove the weights using the mollifier technique as in Iwaniec-Luo-
Sarnak [23], Kowalski-Michel [28] and Luo [35].

The symmetric square L-function of ¢; is the Dirichlet series L(s, sym?¢;)
defined by

L(s,sym*e;) = ((2s) Z Aj(n*)n~e.

n>1

We denote p;j(n) as the coefficients of this Dirichlet series and we have
the following properties of the coefficients p;(n).

Lemma 1. For any n > 1, we have

pi(n) = > Nj(m?),

ml2=n
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Ai(n?) = > u(l)pi(m).
ml2=n
in particular, pj(n) = X\;j(n?) if n is square-free. The degree 3 L-
function L(s,sym?>@;) has Euler product,

L(s,sym¢;) = [[(1 = aZp™) (1 = p=) ' (1 — o, %p ")

p
By Deligne’s bound |\;(n)| < 7(n), we have

[pj(n)] < 7(n)?.

Now we define a summation symbol Z h by
Z oy = Z 70

Suppose there is a famlly a = (o) of complex numbers for all ¢;,
if we know the information of the weighted sum " a;, such as an
asymptotic formula in our case, we expect the same formula for the
natural unweighted sum ) a;. One can write the unweighted average
as a weighted one with the weight L(1,sym?¢;), then replace the value
of the symmetric square by a short partial sum, say length 77 of the
Dirichlet series.

We approach this by letting y < 79, by the approximate functional
equation of L(s,sym?¢;), we have

(47) L(1Lsym’¢;) = Y pi(n)n™" + O(y ™).

n<y

sym2 qb

with an absolute implied constant. Let x < y, we decompose the partial

S ol =Y it 3 iy

n<y n<xz z<nly
Now, consider the weighted average from the tail x < n < y, ie.,
Zh(zx<n<y pj(n)n~1)a;. By Holder’s inequality, we can separate the
sums on the partial sum and «;. For the weighted sum from the partial
sum on x < n < y, it can be estimated by the following lemmas.

Lemma 2. If r is an integer such that " > T, then there is a
constant C', such that

> (D piltm)n™) < (log T)°.

t;<T x<n<y

This can be proven by several other lemmas:
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Lemma 3. Forr > 1, we have

(3 pny = Y A

r<n<ly " <mn<y”

with c¢(m,n) = 0 unless n can be written as n = dny, with dlm, n,
square-full (if p|ny, then p*Iny). Moreover there exists 3 > 0 such that
c(m,n) < 7(mn)P.

This can be shown by expanding the formula in Lemma 1 and in-
duction.

Lemma 4. Let z > 1, there exists A depending on r, such that

c(m,n) 1
> Nm?) =0 2(log TZ)%).
zr<mn<y",n>z

This lemma can be proved by the Deligne’s bound on A;, Lemma 3
and the following observation

1 _1
E - <Kz 2.
n
Square-full n>z

Lemma 5. There exists a real number M such that x"z7* < M < y"z
and ¢(m) and B such that

YD pilwn )

tj<T fE<TL<y
< (logT2)" > 1 A |2+O(Tz 2 (log T2)")
t;<T m~M
By Lemma 3 and Lemma 4,

(D pilnnt)>

r<n<ly

S ) o (0g )

mn

n<lz x"<mn<ly",n>z

Then dyadic divide the interval 2" < mn < y" and apply Cauchy’s
inequality, this lemma follows.

Now, let z = T2, so we have M > T?, then we can apply the mean
value estimate obtained from a property of almost orthogonality of the
coefficients of the symmetric square L-functions of the Hecke-Maass
forms [22].
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Lemma 6. For M > T? and a(n) < m there exists a constant

D such that
DD am () < (log M)P

t;<T n~M

So, by replacing the weight L(1,sym?¢;) with the short Dirichlet
series of length 79, for the weight from the partial sum = = 77 <
n <y < TW use Holder’s inequality with (2r)~' + s™! = 1, where r
satisfies 2" > T we have the tail from = < n < y contributes O(T~%)
for a > 0, precisely we have

Proposition 6. There exists an absolute constant o > 0, such that
Y 1< 0p(f)es e > P = L1, sym’s))| < Op(f)pj, 05 > >+ O(T"™)
tJ'ST thT
Since
< f.f >= 27770 (k) L(1, sym® ),

we obtain the eigenvalue of @) at f is

L 2P

2’ (k)

O

Similarly, we remove the arithmetic weight in (40) and have the
following

Proposition 7. Let ¢(z) be an even Maass-Hecke cuspidal eigenform

for I', with the Laplacian eigenvalue Ay = i + 2, we have
it
rG - )

5 —ity)[*

lim —Z|<Op D)ps, 5 > |2 =

1
T—oo T LT (2 (b) | Zé

Hence, combining Propositions 4, 6 and 7, we obtain Theorem 2.

APPENDIX A. A TRIPLE PRODUCT CALCULATION FOR GLy(R)
BY MICHAEL WOODBURY

Let F' be a number field and A = Ag the ring of adeles. Let T be
the subgroup of GLy consisting of diagonal matrices with Z C T the
center. Let N C GLy be the subgroup of upper triangle unipotent
matrices so that P = T'N the standard Borel.
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Given automorphic representations 7y, 9, w3 of GLg over F such that
the product of the central characters is trivial, one can consider the so-
called triple product L-function L(s,II) attached to IT = m; ® m ® 73,
or the completed L-function A(s,II). This L-function is closely related
to periods of the form

I(p) = /[ )ealo)eo)dy

where Y= Y1 R PaR Y3 with w; € Ty, and [GLQ] = AXGLQ(F)\GL2<A)

One example of this relationship arises in the case that 7w and 7y are
cupsidal and 73 is an Eisenstein series. Then L(s,II) is the Rankin-
Selberg L-function L(s,m; X my), and for appropriately chosen 3, the
period I gives an integral representation. Another example occurs
when all three representations are cuspidal. In this case, formulas
for L(s,II) have been given by Garrett[11], Gross-Kudla[l4], Harris-
Kudla[15], Watson[49] and Ichino[I§].

Let us write m; = X,m;, as a (restricted) tensor product over the
places v of F', with each 7, an admissible representation of GLy(F,).
Let (-, ), be a (Hermitian) form on m;. Then, assuming that ¢; = ®¢;
is factorizableﬁ, for each v we can consider the matrix coefficient

I,(va) - / <7Tv(gv)spl,v> Qpl,v>v<7rv (91;)%02,1;, ()02,v>v<7rv(gv)(p3,v> Qp3,v>vdgv>
PGLay(Fy)

and the normalized matrix coefficient

o Ly(1,11,, Ad)
438 L(py) = Cp, (2) P =T (00).
( ) (SO ) CFv( ) Lv(]./Q,HU) U(QO )

When each of the representations m; is cuspidal, Ichino proved in [I§]
that there is a constant C' (depending only on the choice of measures)
such that

(49) 1(#)] _C @ A/z(1/2,n) L(p,)

H?zl f[GLz] |%’(9)\2d9 2 1,11, Ad) v (v, Do)

whenever the denominators are nonzero. We remark that, due to the
choice of normalizations, the product on the right hand side of (9] is
in fact a finite product over some number of “bad” places.

While Ichino’s formula is extremely general, for number theoretic
applications it is often important to understand well the bad factors.
For example, subconvexity for the triple product L-function as proved

2As a restricted tensor product, we have chosen vectors @}, € m, for almost all
places v. We require that the local inner forms must satisfy (¢?,,¢},)» = 1 for
almost all such v.
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by Bernstein-Reznikov in [4] and Venkatesh [48] used, in the former
case, Watson’s formula from [49] or, in the latter, the present author’s
paper [50].

In this appendix we calculate I, in the case that v | co is a real place,

71, = 7k is the discrete series representation of (even) weight k, and

Ty2 = T, and ms, = m;, are principal series representations where
ot —aity - . . . .

7 = Ind%(|-|" @ |-| ") is obtained as the normalized induction of the

character

"™ T(R) » C.
Recall that if f € m; then
A (89) 9) =yl f(g)
for all g € GLy(R).

Remark 3. If m; corresponds to the archimedean component of the
automorphic representation associated to a Maass form f of eigenvalue
A under the Laplacian, then X = 1 + t2.

Let

K =0(2) 280(2) = {@: ( cos s )‘QGR}.

—sinf cosd

Recall that a function f; € m; is said to have weight m if f;(grg) =
fi(9)e™™? for all g € GLy(R). As is well known, for each m € Z the sub-
space of 7; consisting of functions of weight m is at most 1-dimensional.

Theorem 3. Let f, € wk be the vector of weight k, let fo € 7y, be
the vector of weight zero, and let fs3 € m;y, be the vector of weight —k
(each normalizeag so that f;((§9)) =1.) Then

4
(k= DG + its)g(% — il3)
y D(E ity +its)T(E + ity — its)D (& — ity — it3)D(5 — ity + it3)
[(§ +ito)D(3 — ito) (2 + it3) (3 — its)

(50) I (fi® fa® f3) =

and

2k—1ﬂ.k
(51) B B o) = g =),

where (2)y, =2(z—1)---(z —m+1).

3This normalization ensures that (f;, f;) = 1.
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A.1. Real local factors. For the remainder of this note, we work
locally over a real place. Since the place v is assumed fixed, we remove
subscripts from the associated L-functions. We trust that no confusion
will arise between these and the global L-function considered above.
(For example, L(s,II), to be defined below, represents the local L-
factor L, (s, II) appearing in equation ({48]).)

We will assume, however, that the discrete series 7 is unitary. (This
is automatically true if m; is the local component of an automorphic
representation.) This implies that ¢ is real or that ¢ purely imaginary of
absolute value less than 1/2. This requirement will be used implicitly
to guarantee that certain integrals converge and that certain functions
are real valued. We will use this facts without further mention.

We record the relevant local factors for representations of GLy(R).
Let

Tr(s) = 7%%I(s/2), and T¢(s) =r(s)Cr(s+1) =2(27)°T(s)

where I'(s) = fooo y*e"Yd*y when Re(s) > 0 and is extended by analytic
continuation elsewhere. Note that

(52) TIgp(l) =1, FR(2):%, and Fc(m):%.

We recall basic facts about the local Langlands correspondence for
GLy(R) as found in Knapp [27]. The Weil group Wg = C* U;jC? where
j2=—1and jzj~! = 7 for z € C*. The irreducible representations of
Wg are all either 1-dimensional or 2-dimensional. The 1-dimensional
representations are parametrized by § € {0,1} and ¢t € C:

2 |2

)

pio1): j (1)

The irreducible 2-dimensional representations are parametrized by pos-
itive integers m and t € C:

0 7,2tezm9 0
re’ — 0 ,,,.2t —im0

(1)

Defining p2(0,t) = p1(0,%) & p1(1,t) and pa(m,t) = pa(|m|, 1), the
following is an elementary exercise.

P2 (m> t) :

Lemma 7. Every (semisimple) finite dimensional representation of
Wr is a direct sum of irreducibles each of dimension one or two. Un-
der the operations of direct sum and tensor product, the following is a
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complete set of relations.

p2(m, t) = pa(—m,1t)
p2(0,t) = p1(0,7) @ p1(1,¢)
p1(01,t1) @ p1(d2,ta) = p1(0,t1 + t2)
p1(0,t1) ® pa(m,ta) =~ pa(m,ty + ta)
pa(my, t1) @ pa(ma, ta) >~ pa(my + ma, ty + ta) @ pa(my — ma, ty + o)

In the third line, § = §; + 62 (mod 2). Moreover, if p denotes the
contragradient of p then

e~

pl((Sv t) = /)1(57 _t)u and p2(m7 t) = pl(m7 _t)

Attached to each irreducible representation p of Wg is an L-factor
L(s,p1(6,t)) =Tr(s+t+46), and L(s,pa(m,t)) =Tc(s+t+ %),

Writing a general representation p as a direct sum of irreducibles p; &
- @ p,, we define

L(Sa p) = H L(S> pl)
i=1
In particular, given p, the adjoint representation is

Ad(p) = p®p© p(0,0)

since p1(0,0) is the trivial representation.

Under the Langlands correspondence, admissible representations m
of GLy(R) correspond to 2-dimensional representations p = p(m) of
Wr. For example, p(m;;) = p1(0,it) @ p1(0, —it) and p(rk.) = po(0, k —
1). Thus the local factors for the discrete series and principal series
representations are

L(s, %) =Te(s+ (k—1)/2), and L(s,my) = r(s +it)[r(s — it).
We define
L(s,1T) = L(s, p(mlis) @ p(isy) @ p(miry))
and

L(s, II,Ad) = L(s, Ad p(mé,) & Ad p(mir,) & Ad (i, )).
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Lemma 8. Let Il = 7k & 7, @ my,. The normalizing factor relating
I, and I in [A8) at a real place v is
L(1,1L,, Ad)
Ir(2)2L(1/2,11,)
I(3 4 it2)D(5 — it2)T(5 + it3)[(5 — it3)
D(E + ity +its)T(E — ity +its)T(E + ity — its)T(E — ity —its)

= 2R3kl — 1)

Proof. Using Lemma [7], one can easily show that
L(1/2,11) = [ ceen Te (gity + ity + £)
= 2'21) P [Loeqany T (5 + city + £its)
and, applying (52)), L(1,1I, Ad) is equal to
(Te(k)Ir(2)) (Pr(1 4 2it2)Tr(1 — 2it)Tr(1)) (Pr(1 + 2its)Tr(1 — 2it;)[r(1))

(k—1! (1 | 1. 1 1.
:WF §+Zt2 r 5—1152 r §+Zt3 r §—Zt3 .
Combining these, we arrive at the desired formula. O

A.2. Whittaker models. As a matter of notation, set

=4 0) sw=(50) aw=(5 1)

Let m be an infinite dimensional representation of G with central
character w and ¢ : R — C* a nontrivial additive character. Then
there is a unique space of functions W(w, ¢) isomorphic to 7 such that

(53) W (z(u)n(z)g) = wlu)(x)W(g)
for all g € G. Recall that the inner product on W(w, 1)) is given by

(WW') = [ W(a(y)W'(aly))d"y.
RX
We fix ¢ : R — C* once and for all to be the character ¢ (x) = ™.
If the central character of 7 is trivial, and W € W(mw, ) has weight
k, (B3)) becomes

(54) W (z(u)n(z)a(y)re) = e*™W (a(y))e™.

This, by the Iwasawa decomposition, determines W completely pro-
vided we can describe w(y) = W(a(y)). This can be accomplished for
the weight k vector W} € W(rk_ 1) by utilizing the fact that WS
is annihilated by the lowering operator X~ € Lie(GL2(R)). Applying
X~ to (54), one finds that w(y) satisfies a certain differential equation
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whose solution is easily obtained. The unique solution with moderate
growth is, up to a constant,

(55) Wi(aly)) =

We calculate directly that

yk/2€—27ry if y > 0
0 if y <O0.

| WEewWE @)y as = [yt iy
0 0

(56) T(s — 1+ (k +K)/2)
(4r)s—LH (R /2

By letting s = 1 and k = £/, this implies that

(k—1)!

(4m)k
Analogously, if W) € W(m;, 1) is a weight m-vector which is an
eigenvector for the action of the Laplace operator A of eigenvalue A,

one can apply A to (53) to see that w(y) = W2(a(y)) satisfies the
confluent geometric differential equation

1 m A

" _ - 7 s

(58) w+{4+2y+y2
Therefore, W2 (a(y)) = W i1(lyl) is the unique solution of (E8) with

exponential decay as |y| — co and A = 2 +¢%. (See ...) The weight zero
vector Wy can be expressed in terms of the incomplete Bessel function:

(59) Wo/\(a(?/)) = Wout(y) = 2 !/? |?/|1/2 K (2m [yl).
By formula (6.8.48) of [§], it follows that

(57) (Wi, W) =

Jw-o

(60) / " Woans (aly)) Wou, (a(y))y™'d"y

4 o0
= / K, (2my) K, (27y)y°d™y
0
_ 1 F( s+ité+it2 )F( S—it;-i—itg )F( s+it§—it2 )F( S—ité—itg )
2mstl I'(s) ’
Evaluating this at s = 1 in the case that ¢; = t; = ¢, we have that

(61) WA — I'(3+ it)ﬂF(% — it).

Note that we have used that W (a(y)) is an even function and I'(1/2) =

NG
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Remark 4. An explicit intertwining map m — W(mw,¢) is given, when
the integral is convergent, by

62)  fe W,  Wilg)=n / F(wn(2)g)b(x)d

where w = (% }), and this can be extended by analytic continuation
elsewhere.

As an alternative to the strategy above, one can deduce equations ([B0l)
and (60) by working directly from (62). (See [10].) The normalization
in (BY)) coincides with this choice of intertwiner.

A.3. Proof of Theorem 3. We are now in a position to prove Theo-
rem 3l Having laid the groundwork above, it is a simple consequence
of the following result due to Michel-Venkatesh [38].

Lemma 9 (Michel-Venkatesh). Let my,mo, w3 be tempered representa-
tions of GLy(R) with w3 a principal series. Fizing an isometry m; —

W(m;, ) for i = 1,2 we may associate for f; € m; vectors W; in the
Whittaker model. Then the form (rs : m ® m ® w3 — C given by

(63) lrs(fi ® fo® f3)
_ /K [ W) Wala(w)m) f(afy)r) ol d*yis

satisfies [lgs|” = I'(f1 ® fo @ fs)

For i = 1,2 we have \; = ; + 7. Recall our choice of test functions:
Wy = Wk, Wy, = W3, and f3 € Ty, of weight —k. Since the sum of
the weights of these is zero, the integral over K in (63) is trivial, and

lrs(W1 @ Wa @ f3) 2/ Wi(a(y)Wala(y)) fs(aly)) ly| = d*y
0
:/ e—27ryyk/22ﬂ_—1/2y1/2Kit2(27Ty)y1/2+it3y—1d><y
0

:271'_1/2 / 6—27ryKit2(27Ty)yk/2+it3d><y
0

2 T(§+ity + its) (5 — ity + it3)
(4 )k/2+its F(% 4 g + it3)

In the final line we have used equation (6.8.28) from [8]. This simplifies
further by using the identity I'(z + m) = I'(2)(2) .
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Recall that we have chosen f; such that (f;, f;) = 1 for each i. There-
fore, in order to apply Lemma [0 we must normalize (Rrs:

lrs(Wh @ Wa @ f3)]
[/ ® ® — |
(fl f2 f3) <W1,W2><W2,W2>
B 4 »
(k= D5~ its)g(% + i)
y D(E + ity + ity)T(E + ity — ity)T(E — ity — it3)T(E — ity + ity)
D(3 +ito)D(3 —ito)D (L + its3)D (L — its)
To complete the proof, we multiply by the normalizing factor of
Lemma [8

Remark 5. If one or more of the representations m;, is a complemen-
tary series (i.e. if \; < 1) then the result of Theorem [3 still holds,
but the explicit calculation is somewhat different. In this case, it is no
longer true that for r € R

IT(r +it;)|> = D(r 4 it; )0 (r — it;),

nor is it true that (f;, f;) = 1. Taking into account these differences,
however, the final answer ends up agreeing with what has been calcu-
lated above.
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