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INTRODUCTION

In [I] we introduced the notion of transfer from a group over a local field to an
associated endoscopic group, but did not prove its existence, nor do we do so in
the present paper. None the less we carry out what is probably an unavoidable
step in any proof of existence: reduction to a local statement at the identity in the
centralizer of a semisimple element, a favorite procedure of Harish-Chandra that he
referred to as descent.

The principal difficulty is to show that the transfer factors of [I] for the original
group G are compatible with those on the connected centralizer G of the semisimple
element €. After some preliminary explanations in Section 1, the compatibility is
stated as Theorem 1.6.A. In Section 2 we show that this compatibility indeed reduces
the problem of existence to a local problem at the identity on the groups G, and in
passing we note some other applications.

The remaining four sections are devoted to the proof of Theorem 1.6.A. The
transfer factors are defined in a rather elaborate manner as the product of five
factors that mix group-theoretical data with Galois cohomology. The first steps are
to reduce to quasisplit groups and then to discard two of the five factors, leaving
only three, one of which is defined in a simple fashion, and two of which involve
group-theoretic and cohomological data. It is these two that are difficult to compare
for G and G.. The principal tools are the two comparison lemmas of Section 3.

The contributions to the factors are labelled by orbits of the Galois group in
sets of roots, and the first use made of the comparison lemmas is to deal in Section
4, and rather quickly, with all orbits except those lying outside both G, and the
endoscopic group.

This leaves a rather concise but still far from trivial statement that is proved
partly by an analysis of the structure of semisimple groups and partly by explicit
cohomological calculations. The structural analysis is possible only after the critical
lemma of Section 5.1 has been established. This lemma allows us to introduce an
inductive component into the argument, and then to assume that both the element
€ and the datum s defining the endoscopic group are essentially of order two, and
moreover, that all roots are of the same length. This done, the burden of the rest
of the proof is carried by explicit arguments with the constructs of local class field
theory. They all appear in Section 6.

We cannot hope that the groping, pedestrian style of the paper will appeal to
Grothendieck, for it lacks the force and penetration that he achieved so readily,
like Nietzsche’s Philosoph der Zukunft, erfinderisch in Schematen, mitunter stolz
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auf Kategorien-Tafeln. None the less, it is a great pleasure for us to express our
admiration of his magnificent contributions to the mathematics of our time.
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1. DESCENT PRINCIPLES

1.1. Notation. We follow closely the notation of [I]. In particular, G is a connected
reductive group over a field F' of characteristic zero, now assumed local.

As in [I, Sect. 1.2] G*, ¢ are quasisplit data and G = G x Wy is the L-group.
To conserve notation we fix an F-splitting (B, T, {Xav }) of G and given a class of
endoscopic data choose a representative (H,H, s, &) with £ : H < G as inclusion
and s an element of 7. It is also convenient to fix an F-splitting (B i, T, {Y5v }) of
H = Cent(s, G)° and assume that By = BNH, T, = T.

For the moment we refer directly to [I] for the definition of the factor A. Measures
also remain as there. If € € G(F) is semisimple we choose an invariant differential
form of highest degree on Cent(e, G)° in order to fix a Haar measure on the F-
rational points of this group. We require that differential forms on inner forms be
obtained by transport.

1.2. Images of semisimple elements. For ¢ in G the identity component of
Cent(e, G) will be denoted Ge. If € in G(F') is semisimple then, following [K;], the
stable conjugacy class of € is

{g‘leg ‘ go(g) ' €Ge, 0 €T }

where I' = Gal(F'/F). If Cent(e, Q) is connected then this coincides with the set
of F-rational points in the conjugacy class of € in G(F). In general, an F-rational
¢ = g~ leg is stably conjugate to € if and only if Int g : G — G, is an inner twist.
If G is quasisplit over I then there is an ¢’ stably conjugate to e such that G is
quasisplit over F' Lemma 3.3]. We now generalize the notion of image from
1.3] (see also [K3]). It is convenient to use the notation vg, 7, 76 when vy is
strongly G-regular and ey, €, € in general.

Suppose then that ey lies in the Cartan subgroup Ty (F') of H(F). Then we
call ey a Ty-image of e in G(F) if for some admissible embedding Ty — T of
Ty in G* carrying ey to, say, € there exists  in G*, or just as well in G, such
that 1, = Intx o1 has the properties that ¢, (eg) = € and that both T = ¢, (T
and ¢, : T — T are defined over F. In varying Ty we obtain all images of eg.
Observe that Lemma 10.2] shows that all images of a given eg are obtained by
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simply fixing one image €y, if it exists, and then taking all T-images for some Ty
fundamental in H,,.

1.3. The function <I>]Ic{. Recall that to define transfer factors for (G, H) we may

need to pass to a central extension of H. Call a central extension H of H admissible
if it is attached to a z-extension of G as in [I, 4.4] (although a wider class of
extensions could be used [K-S]. The sequence

1 —— Z(F) — H(F) H(F) 1

is then exact, where 7 is a central torus in H , and combinations of orbital integrals
of functions on G(F) are to be matched with those of functions on H(F) that
transform under Z(F) according to a certain character A [I, 4.4].

Suppose ep is semisimple in H(F') and €y lies in its preimage in ﬁ(F) The
factor A(Ym,va) has been defined for ¥y strongly G-regular in H (F), by which we
mean that the image vy of ¥y in H(F) is strongly G-regular. We shall investigate
the behavior of

o ) = AFH, v6)®(ve, f)

for 4y near €gy.

First, following [I 4.3] it is easy to see that if e is G-regular, but not strongly
so, then <I>f£1 extends continuously to €y and that this extension is in fact smooth
at €y. Second, if ey is not the image of any semisimple element in G(F') then no
strongly G-regular element in H, (F') can be the image of an element in G(F') and
SO @? vanishes on the strongly G-regular elements in ﬁgH (F). In particular @}1

vanishes for all ¥ in a neighborhood of € in H(F).

We may then assume that ey is an image of an element e in G(F'). There is an
¢’y = h™leyh stably conjugate to ey such that H.  is quasisplit over F. If ep is
a T'y-image of €¢ then we may multiply h by an element of H,, to assume that
the homomorphism Int A= : Ty — H s defined over F, that is, that h € A(Ty).

Then & acts on the preimage Ty of Ty in H as an element of QL(TH) and [I, 4.1.B]
implies that

o (W~ 'Fuh) = ¥ (Fu)
for all strongly G-regular g in T (F). Thus we may replace ey by ¢}y and assume
from now on that H,, is quasisplit over F. Then H,,, is an endoscopic group for

G, as we now explain in detail. We sometimes denote it by H..

1.4. Descent for endoscopic data. We start then with semisimple ey in H(F),
an image of eg in G(F), and H,,, quasisplit over F'. Choose Ty such that ey is
a Ty-image of €g. Let € be the image of ey under some admissible embedding
Ty — T of Ty in G*. An argument as in the last paragraph allows us to choose the
embedding so that G7 is quasisplit over F'. We will see that these choices are of no
real importance, the essential data being e, € and eg and thus H,,, G and G...
To the endoscopic data (H,H,s, ) we shall attach an extension H. of Wg by
fICH and an admissible embedding &, : H, < LGEG such that He,, He, s and &
yield endoscopic data for G, . Further choices will be made, for example to specify
@em but again they will not affect the isomorphism class of the endoscopic data.
Moreover, all endoscopic data for G, will be so obtained up to isomorphism.
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Suppose that By D Ty in H and B D T in G* are Borel subgroups for which
the already chosen Ty — T is the attached embedding. Also suppose = € G, is
such that v, (eq) = €, with both Tg = ¥, *(T) and 1, : Tg — T defined over F.
Note that G} and 1, serve as quasisplit data for G .

The embedding

Ty —— T <2 Ty

is by definition dual to a diagram

He—Tyu=T — T -2 Tg

This diagram allows us to identify R(G,Tg)" with R(G,T) and then R(Ge,,Tg)"
with a subset of R(G,T).

In fixing L-data (Ge, p) and LG, = G x Wy for G, or G* we may assume that
G. contains T and that R(G., T) coincides with R(G., Tg) as a subset of R(G,T).
We set B. = BN G and let B, be the Borel bubgroup of G generated by 7 and the
B-positive roots in 7 in G.. The embedding T—TofTinG. prov1ded by B. and

B will be identified with 7 — T above. The isomorphism TG Yoo Ty T embeds
TG in G and extends to an admissible embedding of “T in “G, (see, for example,
[, 2.6]). The image, again denoted T, is independent of the choice of extension.

The element s lies in 7 and thus in G.. Moreover H = Cent(s, G)°. We may
take the dual He,, of H,, as the subgroup Cent(s,G.)° of G¢; He,, is normalized
by LTg. We define H, to be the subgroup of LG generated by H., and LT, and
& to be the inclusion map. Observe that there is clearly a split exact sequence

1 H., He Wg 1

and that (He,,, He, s,&) is a set of endoscopic data for Ge,,.

We also identify the embedding fH — T given by By N H,,, and B: N ﬁEH with
Ty — T above. Then Ty — T is an admissible embedding for both (G,H) and
(Gewy Hey ). Moreover any admissible embedding of a maximal torus of H.,, in G
is admissible as an embedding of a mazimal torus of H in G* and carries ey to e.

It remains to examine the effects of our choice. Suppose first that B and By
are changed but that Ty — T remains fixed. Then (ée, pe) is replaced by a pair
(G", p.), T-isomorphic to it under a map that carries R(G.,T) to R(G., T) and the
image of LTe in BG. to its 1mage in 'G’. This isomorphism further fixes s and
carries H,,
data for G..

With T fixed, the choice of Ty and v, does not affect endoscopic data. Now
suppose we replace Ty — T by Ty — T. Then ey lies in both Ty, Ty and € in
both T', T. We may assume that the new Borel subgroups are obtained from By
and B by conjugation in Cent(em, H) and Cent(e, G*). Then again the new data
are seen to be isomorphic. Note that if Ty — T is admissible for (Ge, He,,) then
we may use conjugations in H,, and G7, and the data are unchanged.

Finally it is straightforward to check that the choice of (H,H, s, &) within its
equivalence class does not affect the class of (He,,, He, s, &) among data for GSG.

and H. to the new H and H.. Thus we obtain isomorphic endoscopic

Moreover from any class of data for G, we can recover s € T, H= Cent(s, G) ,
H = (H,LTg) contained in G and ey semlslmple in H(F) such that (H,,, He, s, &)
lies in the class.
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1.5. Descent for @? . Continuing with €p, € and eg, we assume that endoscopic
data have been fixed once and for all by the choices of the last section. Since these
choices will not be mentioned again we reserve no notation for them. In particular,
Ty — T will be an arbitrary embedding of Ty in G} which is admissible for
(G*,H,,). To spare notation further we assume that G¥, ¢ are quasisplit data for
Geo. If then ey is a Ty-image of €g there is an z € (GF)s such that T = ¢, 1(T)
and v, : Tg — T are defined over F.

For 4y strongly G-regular in the preimage of Ty (F') in H (F) we calculate <I>]§I (VH)
as

> AGFu6)® (6 f)

where the sum is over representatives v¢ for the G(F)-conjugacy classes in the
stable conjugacy class of the image v of ¥y under
Ty Tw T Te

We write vg as w’lvgw, w € D(Tg), and now describe a choice of representatives
for ®(T¢).
Consider first the stable conjugacy class of e¢ in G(F). Since Cent(ec, G) may

be disconnected we pass to a z-extension of G and pick € € G(F) mapping to e
under G — G. Suppose that {'evj = 117;1'51'17]- ‘ 0<s< n} is a set of representatives
for the conjugacy classes in the stable class of €, with wg = 1. Let w; be the image
of w; in G(F), ¢; = wj_legwj and G; = Cent(e;, G)°. Notice that the €; need
not be distinct. We use (G7,1;), where ¢; = 9 o Intw;, as quasisplit data for G;.
Define a subset S(Tx) of {0,1,...,n} by j € S(Ty) if and only if €; has ey as
Ty-image relative to (G, He,,), that is, if and only if there exists h; € G; such
that Int hj_le_l maps Tg to~Gj over F'. Then fix some such h; and set W; = w;h;,
T, = @ngGzﬁj. Passage to G shows that
{@w"|j € S(Ty) and w' a representative for D(T}, G;) }

is a set of representatives for ®(T¢, G).
Thus @?(%q) is equal to

(1.5.1) SN dHAGH W, fe(w T ', f)

J=0 w' €D (T;,G;)

where fyé = @jlvgﬁ)\j, 0 < j < n, and § is the characteristic function of S(Tf).
From the well-known construction of Harish-Chandra [HC,| Sect. 22|, [HCy| Part
V1] we can find f/ € C2°(G;(F)), 0 < j < n, such that

(6, f) = @5, f7)
for all regular semisimple ¢ in some neighborhood of ¢; in G, (F). It remains to
relate transfer factors for (G, H) to those for (G

€EG EH)-

1.6. Descent for transfer factors. To conserve notation H will be assumed an
L-group, but H,. must of course remain arbitrary. Then H,,, will be an admissible
central extension of H,,, (recall 1.3) and €y will be an element in the preimage of
€q in ﬁIeH (F'). We suppose that ey is a T y-image as well as a T-image, and take
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Y, 7 in H,,, (F) with strongly G-regular images vy € Ty, ¥y € T in H, (F).
Then the factors
A =Alva, 670 7a)
for (G, H) and
Ac=Am, Y63V V)
for (Ge.,, He,, ) are defined and non-zero whenever g, 7 are images with respect to
(Gey Hepy ) of ¥, Ve in Ge, (F). That will be our assumption on ¢, 7 throughout
this section.
Let © = A/A.. Then © is naturally a product
01011010201y,

the factors corresponding to those of A and A, [I, Sect. 3]

Keeping Ty and Ty fixed we consider 7y, % g near €y with vg, 7, both near eg.
We will see in 3.1 that @1(§H,7G;%H,7G) = 1. A glance at the remaining factors
convinces one that © extends continuously to (€y, €c; €y, €¢) taking a nonzero value
there. The extension is then seen to be smooth.

Theorem 1.6.A.
lim ©(Fm, Y6 Vi 76) = 1
%I,%H — €y

Y&, Vg 7 €G-

The proof will occupy Sections 3 to 6.
Suppose F' is nonarchimedean. Then the theorem says that

e(ﬁHaryG;%HviG) =1

for vy, %H near € and g, 7o near eg. Thus for the absolute factors A(vm,va),
AFy,¥e) for G and A(Vu,va), Ac(F g, Ta) for Ge [I, 3.7] we have

A(,YHv'YG) _ A(WHaWG)

Ae(§H77G) Ae(%HaWG)7

and so we may write
A(va,ve) = cAc(Vr,v6)

for ¥y near €y and ¢ near €g, where ¢ is a constant. Observe that for 7y near
€y the factor A(Ym,7v¢) depends only on vy and v¢ (see [I, 4.4.A] and 3.5). We
emphasize that the assertion of the theorem is that c is independent of the Cartan
subgroup Ty containing «g. That this is crucial for the transfer of orbital integrals
(and therefore characters) will be seen in Section 2.

In the archimedean case c is a function. This however presents no difficulties in
our applications (2.4, 2.5).

1.7. Final formula. For the pair (G;, Hc, ) we write ¢; in place of c¢. Then

n

(1.7.1) o (ym) = ;@ ()

7=0
for strongly G-regular vy sufficiently close to €y in H.  (F). Note that the charac-

teristic function d(j) of (1.5.1)) has disappeared because by definition <I>ff (Yu) =0
for j ¢ S(Ty) (recall 1.3).
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2. CONSEQUENCES

2.1. Local transfer. We say that (G, H) admits A-transfer if for each f €
C°(G(F)) there exists f7 e O (ﬁ(F),X) notation of 1.3) such that f and

fﬁ have A-matching orbital integrals, that is,

(2.1.1) & (7, 1) = 3" Ay, 16) 26 f)

for all strongly G-regular vy in PNI(F) If H is the quasisplit form of G, so that A
is a constant, we often refer to stable transfer rather than A-transfer. Suppose that
F is nonarchimedean. Then for ¥y near 1 the factor A(Jx,v¢) depends only on
the image vy of 4y in H(F') (see [I, 4.4] again); so we may denote it instead by
Aoc(vH, Ya). We say that (G, H) admits local A-transfer at the identity if for any
f € C(G(F)) we can find f¥ € C°(H(F)) such that

(2.1.2) (a1 =Y Aroc(var,76) @ (v, f)

G
for all strongly G-regular vy near 1 in H(F).

2.2. A characterization lemma. Throughout 2.2 and 2.3 we assume that F' is
nonarchimedean. Suppose that ®¢ is a stably-invariant function on the regular
semisimple elements of G(F') that is compactly supported modulo conjugation, viz.,
that vanishes along all conjugacy classes of regular semisimple elements that do not
meet some fixed compact subset of G(F). Then we call ®* a local stable orbital
integral if for each semisimple element € in G(F) there exists f. € C2°(G(F)) such
that ®5¢(y) = ®%t(v, f.) for all reqular semisimple v near .

Lemma 2.2.A. Let G be a quasisplit group. If ®¢ is a local stable orbital integral
on G(F) then there ezists f € C2°(G(F)) such that

% (y) = 2%(v, f)

for all regular semisimple v in G(F).

Proof. By a simple passage to a z-extension ([K;]) we reduce immediately to the
case that the derived group of G is simply connected.

If € is semisimple in G(F) we denote by Z. the center of G, and by Z/ the set
of € in Z, at which D¢ /D¢, does not vanish. For € in Z! we have G = G, and
Zeo = Z, while if € € Z. — Z! then Go 2 G, so that dimG. > dim G, and
Zo C Z.. Notice that the group G, is Cent(Z,, G). Thus if g € G(F) then g 'eg is
stably conjugate to € if and only if Intg~! : Z, — Zg is defined over F',| that is,
Z. is stably conjugate to Z;-1,.

There are only finitely many stable conjugacy classes among groups Z.. We label
representatives Zy, ..., Z, for these classes so that Z; is the center of G, the group
G(¢) = Cent(Zy, G) is quasisplit over F' for each ¢ (using [K;, Lemma 3.3]), and
so that dim G(¢) < dim G(k) if k < £. Notice that if Z, = Z, then G(¢) = G, and
Zy, = Z!.

It is sufficient to show for each £ = 0,...,r that if a local stable orbital integral
@' vanishes on the regular semisimple elements in a neighborhood of | J, _, Zi(F)
then there exists f; € C°(G(F)) such that

(2:2.1) D% (y) = D% (v, fo)

—leg
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for all  near ¢, Z(F), for if ¢ is stably conjugate to e in this set then any
regular v’ close to € is stably conjugate to a v close to € because G is quasisplit.
Thus implies that

*H(Y) = D™ (Y, fo)
We then proceed inductively, replacing the original ®t by

v — (v, fo),

passing to Z, and so on.
Because Gye, is simply connected, stable semisimple conjugacy classes are labelled
by orbits of the Weyl group in a fixed Cartan subgroup T over F. Of course the

orbits lie in T(F'), and not all such orbits label stable conjugacy classes. Suppose
we are given a Galois-invariant metric on T'(F'), one such orbit 7 = {to,t1,...,ts},
and a § > 0. Then the set of all ¢ € G(F) such that the semisimple part of g is
conjugate in G(F) to an s such that |s —t;| < § for some i is an open subset of
G(F) that is stably invariant. Multiplying a given function f by the characteristic
function of such a set, we concentrate its stable orbital integrals on the set X (7, )
of regular ~ such that v is conjugate to s with |s — ¢;| <  for some 4.

Thus a stable conjugacy class that meets Z;(F') will intersect Z;(F) in a finite set
{eo, ..., €}, and mapping Z, into T over F we send the elements € = ¢, ..., €, to
to, . ..,tr. We complete this set to a full orbit 7 = {to,...,ts}. Since G is quasisplit,
it is clear that if § is sufficiently small then any stable conjugacy class in X(7,d)
meets any given neighborhood of € in G.. In verifying this, we may suppose that
Zy C T so that tg = e.

A stable conjugacy class in X (7,d) is then represented by an s € T(F) such that
|s — €| < § and such that for any o € Gal(F'/F) there is a u, in the normalizer of T
in G(F) satistying

(2.2.2) o(s) = u; 'sug.

Since

’o(s) — a(e)‘ = ’U(S) — e| = |u;1su(7 — €l
we can choose ¢ sufficiently small that forces u, to centralize e. Consequently,
by Steinberg’s Theorem, s determines a stable conjugacy class in G.(F'). Moreover,
if 4 is small enough this class must meet the given neighborhood of € in G..

By assumption, there is an f, such that ®st(y) = ®%t(~, f;) for 7 in a neighborhood
of € in G, and we conclude that this relation is valid on all of X (7,d). A simple
partition-of-unity argument completes the proof. Observe that we could have
dispensed with the introduction of the groups Zy, if we had wished to do so.

2.3. Reduction to local transfer.

Theorem 2.3.A. Suppose all pairs (Ges, He,, ) have local A -transfer at the identity.
Then (G, H) has A-transfer.

Proof. We first observe that if G is replaced by a z-extension G the hypothesis of
the theorem remains valid. Further it is then sufficient to prove the theorem for G.
Thus we may as well assume H an L-group. By Lemma 2.2.A we have then just to
show that

e (v) = Y Ay 16) 8 (6, )
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defined so far for vy strongly G-regular in H(F'), is a local stable orbital integral on
H(F). We shall use the descent formula . Observe also that local A.-transfer
at the identity for (G, H.,,) implies local A-transfer at ey for the same pair (see
Lemma 3.5.A).

First, if ey is regular semisimple in H(F'), so that H,, is a Cartan subgroup
of H, then local transfer at e for (G., H., ) implies by that & extends
smoothly to €. Thus we have <I>]Ic{ defined on all regular semisimple elements
of H(F). Tt is further locally constant, stable, and compactly supported modulo
conjugation.

For general ey we use to obtain f' € C®(He, (F)) and thus f” €
C2°(H(F)) such that

o () = * (vur, [') = ©* (v, [")
for vy near ef. Thus <I>? is a local stable orbital integral and the proof is complete.

2.4. Equisingular matching. We call ey and eq equisingular if H,,, is an inner
form of G, that is, if ey is (G, H)-regular in the sense of [Ky]. Assume that f,
fH have A-matching orbital integrals. For simplicity, we shall suppose that the
derived group of G is simply connected so that neither H itself nor H.,, need be
replaced by a central extension in the matchings. Note also that Cent(ep, H) is
connected [Ks, Lemma 3.2]. Following [K2], and by the homogeneity of germs, we
may expect a stable combination of the integrals of f¥ along the conjugacy classes
in the stable class of ey to match with some suitable combination of the integrals
of f along the classes in the stable class of €. We shall show this is true and so
verify some conjectures in [Kj].

The first step is to define a factor A(ep,eq). Let eg be a Ty-image of €. Then
we set

A(EH7 EG) = lim A(7H7 7@)7

where the limit is taken as vy — ey in Ty (F) and y¢ — €g, and vy is an image
of v¢. Suppose F' nonarchimedean. If we consider also 7y, ¥ with 75 near ey
in another Cartan subgroup Ty (F) of H.,, (F) then A.(yw,va; ¥y, Ve) = 1 since
H,,, is the quasisplit inner form of G¢,. Thus Theorem 1.6.A asserts that

e(fYHa,YG;WHviG) = A(VH57G77H77G)

=A(vu,ve)/ ATy, 7a)
=1

if g, ¥y near ey are images of v, 7 near e. In other words, A(vym,v¢) is a
constant independent of the Cartan subgroup containing vy and A(eq, eg) equals
this constant. If F' is archimedean we still have Ac(vy,va; 7y, V) = 1 but Theorem
1.6.A asserts only that

We conclude nevertheless that A(eg, eg) is well-defined, that is, independent of the
choice of Ty.

We write O(eg, f) for the integral of f along the conjugacy class of e, keeping
in mind our convention for measures (1.1). A sign e(G) is defined in [K4]. If we
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sum over representatives €}, for the conjugacy classes in the stable conjugacy class
of ex then

O (em, f) = e(He, )O(ey, f1)
<
is a stable distribution [Ksl, [S5].
Lemma 2.4.A. Suppose ey is (G, H)-reqular. Then
(2.4.1) O%(en, f) =Y " e(Gey)Alen, €a)O(ea, f)
€G
where the sum is over representatives eg for the conjugacy classes in G(F) equisin-
gular with €g.

Proof. (i) F nonarchimedean. Suppose 7y is near ey in a fundamental Cartan
subgroup Ty (F) of Hc, (F). Then by descent (1.7),

Z A(rYHa ’YG)CI)(VGU f)
G
coincides with

ZA(7H77j)‘I’St(7j,fj)
J

and thus with
ZAeHaGJ rY]afJ)

The zero-degree term in the Shahka germ expansion of this expression is
XY Alen, €)e(Gh) 2 (e))
J
where ) is a constant depending only on e (see [K3l §3]). Apart from A, this is the
right side of (2.4.1). At the same time,
Z A(’YHa ’VG)é(’va f)
G

coincides with ®*(yg, f#) which has A0 (ez, f) as zero-degree term in its germ

expansion. So (2.4.1)) is proved.

(ii) F' archimedean. Descent again yields

> Ay, ve)® (v, f ZA’YH,’YG )™ (va, f7).

In place of germ expansions we use Harlsh-Chandra s limit formula [HC3, Lemma
17.5]. Again Ty is taken to be fundamental in H,,,. We write vy € Ty (F) as
ey exp X and multiply each side of the equation

o (vp, 1) ZAmm'WMU

by

H(a(eH)ea(X)/Q _ e—a(X)/2)7
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the product being over all positive roots of Ty in H. We then apply the operator
Wey = H/ H,, the product being now over positive roots in H¢,, and take limits
as X — 0. As a first step we obtain on the right side

Z Alem,€j) limwe, <HI eX)/2 _ eo‘(x)/2> O (s, f7)
J
(see [Ss] for the explicit form of A(vg,7;), especially the term As(vg,7;), and [W]
p. 371] for a similar calculation).
We calculate this new limit by means of Harish-Chandra’s formula as in [S;} §2.9],
using the results of §37 of [HCj] to keep track of constants. The contribution of the
right side is then

Z Alem, €5)Ae(G;) 7 (e;) = /\Z Aler, €5)e(G5)O0(ej, ),

A being a constant depending only on H.,,. The left side contributes A\O*(ez, f1),
and so the lemma is proved.

Observe that from our product formula for A(vg,v¢) [I, §6.4] we obtain a product
formula for A(ep, eq) as conjectured in [Ko| §6.10].

2.5. Regular matching. Suppose g is regular in G(F), that is, that
Cent(dg, G)

is of minimal dimension. Let d¢ = egug be the Jordan decomposition; both eg
and ug belong to G(F). Assume eg has image ey in H(F'). As usual, we take
H,,, quasisplit over F' and then choose uy regular unipotent in H, (F). Thus
0 = egupy is regular in H(F). We shall use descent and the regular unipotent
matching of [I, §5.5] to match integrals over the classes of é and dg. For simplicity
of notation we assume #H, H. are L-groups and that Cent(exy, H), Cent(eg, G) are
connected. The stable conjugacy classes of d, g are then the F-points in their
F-classes.

Set ®t(5g, fH) = Y. ®(8%;, fH), where the sum is over representatives §}; for
conjugacy classes in the stable conjugacy class of §i. Then descent to H, and
Theorem 5.5.A of [I] show immediately that

(6, fT) = lim  Deyy (vir)®™ (v, /)

YH —€H

so that fH — ®(65, fH) is a stable distribution.
At the same time we set

A(6H7€G) = 'y;-}l—>rneH A(’YH»VG)/Aé(fYva)/G)v
YG—€G

the limits taken as in 1.6, and
Ae((SG) = )\(Eg)A(uG)

in the notation of [I, 5.5], with A, A calculated with respect to (Ge, He, ). Then
we define

A(dm,0c) = Alen, ec)Ac(da).
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Suppose f and f have A-matching orbital integrals. Descent and the regular-
unipotent matching also imply easily that
lim D, (vm) ZA (e, ve)®(ve, f ZA (0m,06)® (06, f),

YH €H
G

and so we have the matching

ot (o, fH) = ZAéH,ég (0 f)-

Here we have dealt with both the nonarchlmedean and archimedean cases. We also
see that if g = egug is regular in H(F') and e is not an image then

(5, fH) = 0.
Finally we remark that if f € C° (G(F)) is supported on the full regular set of

G(F) then we can find f € C°(H(F)) supported on the full regular set of H(F)
with A-matching integrals.

2.6. Archimedean transfer. Suppose F' is archimedean. If F' = C we can define
transfer factors for G over C or for the group G = Resg G over R obtained by
restriction of scalars. On identifying G(C) with G(R) in the usual way we see that

the transfer factors for a pair (G(C), H(C)) are the same as for (é(R), ﬁ(R))

(this is a special case of a fact used in 5.5). It is then sufficient to treat the case
F = R. Again there will be no harm in taking H to be an L-group.

For real groups a transfer factor, that we now denote A®) (vu,7va), was defined
in [S4] using diagrams. It includes moreover an implicitly defined sign, (see [S4l
Section 3.5]).

Theorem 2.6.A. There is a constant ¢ such that

A(vm,va) = cA® (yu,76)
for all G-regular vy in H(R).

Proof. By continuity we can assume -y strongly G-regular, and because both A
and AM) satisfy the Local Hypothesis ([I, 4.2.B], [Ly) Lemma 6.17]) we may assume
that G is quasisplit over R.

For an imaginary root o we may take the xy-datum yx, as the character z — z/|z|
on C* and for the remaining roots we take x, trivial. Then inspection of the terms
in each factor shows that

Ay, ve) = o(Tu) A® (vu,76)
where Ty = Cent(ym, H). Up to a constant independent of Ty, ¢(Tx) is either real
or purely imaginary. To show that ¢(Ty) is in fact independent of Ty, which is
what the theorem asserts, we argue as follows.
By the matching of orbital integrals for A®) [S4] there is for each Schwartz
function f on g(R) a Schwartz function f on H(R) (or an essentially Schwartz
function if the embedding & : “H < G is not of unitary type [S3]) such that

™ (v, f) =D A (v, 76) (6, f)
G

for all strongly G-regular elements vg. We multiply both sides by Dy (yg). The
left side has a limit as vy — 1 through any Cartan subgroup and the limit is
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independent of the choice of Cartan subgroups. This follows from applying the
Harish-Chandra jump conditions to stable orbital integrals [S;| Section 4]. The
right side then has the same property. But so also does

v = Y Ay, v6) (e, f)
e
by [I, Theorem 5.5.A]. Because G is quasisplit over R we can choose f such that
the limit is nonzero. Thus we get a contradiction unless ¢(Ty) is independent of
Ty, and the theorem is proved.

We conclude now that for each Schwartz function f on G(R) there exists an
(essentially) Schwartz function f on H(R) with A-matching orbital integrals.
Then the Paley-Wiener results of [C-D] allow us to take f7 € C>*(H(R),Kp)
if feCx (G(R),K), with Kp, K maximal compact subgroups of H(R), G(R)
respectively and the notation indicating bi- K gy-finite or bi- K-finite functions.

Of course we have not used the Descent Theorem (1.6.A) in this proof of A-
transfer. However the proof of A®)_transfer that we have used is based on the
Harish-Chandra jump conditions and these come from descent to centralizers of
semiregular elements. Many of the arguments in [S1]-[S4] for A®)_transfer are
essentially special cases of results needed for 1.6.A. To prove A-transfer directly
we may apply the results of Section 1 to verify the jump conditions of [S;] for <I>JI;I .
Since we still need some of the arguments from [So]—[S4] and overall the proof is not
much shorter, we forgo the details.

3. COMPARISON LEMMAS
3.1. Reduction to quasisplit groups. Recall from 1.6 that

OOy 6V Va) = Alve vai Vi Ya) Ay, Y63 Vi Va)s
where v, 7 are images of v, J4 relative to (H,,, Ge.). We consider the limit
of © as vy, 7y approach ey through fixed Cartan subgroups denoted respectively
Ty, Th, and v, J approach eg. Theorem 1.6.A, which we have to prove, states
that this limit is 1.

Fix embeddings Ty — T, Ty — T for (H.,,G?). Recall that we assume G¥, 9
to be quasisplit data for G.,. Write ~, 7 for the images of v, 7, as usual. If we
factor © as we factor A, A, then only ©; = O1py, depends on 7¢g, ¥4 rather than
on v, ¥ alone. The next lemma allows us to replace G by G*, eg by € and g, 7o
by v, 7.

Lemma 3.1.A.
O1(VH, Y63V Va) = 1.

Proof. We use the notation of [I, 3.4], putting a subscript € on those objects
attached to G.,. We may take u(o) to be the image in G%, of the element u.(o)
in (G?)sc, and h and h to be the images of he and h.. Then v(c) and v(o) are the
images of v.(0) and T.(o). The cochains v, and v, have the same coboundary and
it takes values in the inverse image W (a finite group) of ZZ in (G¥)s.. So we have
a cocycle ¢ with values in

V=T s X Te—sc/VV7
where we use a notational principle that admits several variants: the subscript
e — sc indicates inverse image in (G)s.. The classes inv(yy,va; 7y, Vo) and
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inve(vm,ve; ¥m, 7o) are the images of the class of ¢ under the homomorphisms
induced by

(3.1.1) Vv
Dual to (3.1.1)) we have

(3.1.2) v

To prove the lemma it is sufficient to show that the images of sy and sy, in 1%
are the same. R

The L-data for G* (see 1.4) provide 7 = T and 7 = T. We have two
commutative diagrams.

Vv—em7—U

| J

Tefad X Tefad — Tad X Tad

| —— O

.

Te—aa X Te—ad
Using them we extend (3.1.2) to a commutative diagram

U<—TSCXTSC<;7;CX7EC

S

1%

AN A

~
~

Ue ¢ Teme X Temse < Temse X Tose

We may write s € T as the product of the image of s, in 7._g. with an element of
the identity component R of the subgroup {x € Tse ‘ aV(z) =1, a" € R(G.,T) }
Embed R diagonally in 75, X T without change in notation. Then we have just to
show that the image of R in Vis tgvial. But R is connected and V — ﬁ,ad X Tead
has finite kernel because T,_s. X Te_sc — V does. Thus it is enough to show that

R —— ‘7 E—d j:’efad X Tefad
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is trivial. That, however, is immediate, and the lemma is proved.

3.2. Remarks and notation. We assume from now on that G = G*, eg = e,
76 = 7 and T = 7. Then O(va,7i 75,7) is a quotient ©(11,7)/O(F s, 7). So
also is each of Or, O, ©5 and Opy. The embeddings Ty — T, Ty — T being fixed,
we may delete v and 7 from the notation. We may further fix Borel subgroups
By D Be,, D Tg, B> B. DT, By and so on, for which Ty — T, Ty — T are
the attached embeddings. There is then a canonical identification of the roots of
T in G with those of T. It carries the B-positive roots to the B-positive ones, the
(positive) roots of T in G, to the (positive) roots of T in G, and the roots from
H to the roots from H. Thus we use the simpler notation R = R(G), R. = R(G),
Rs = R(H), and so on, for root systems. Also R(G) — R(G.) will be abbreviated as
R(G/G.) and R(G) — (R(GE) U R(H)) as R(G/G¢, H).
In this notation Oy (yg) is written as

I et -1
a€R(G/G,H)
and so

im On(y) =[] Jate -1
THTen aER(G/G.,H)

= _ lim @IV(WH)

YH€H
Thus O1y contributes 1 to the limit and it remains to examine

B ~ v O1vn) Oulyn) ©O20vm)
o0 T1) = 615,) Outin) Oalin)

The First Lemma of Comparison will allow us to examine O1(yy)/©1(7) and the
Second to examine Oz (v )/O2(Fy). For the remaining term observe for now that

. ale) —1
i, o) = [ ()

where the product is over representatives for the orbits in R(G/G., H) under the
Galois action for T'. There is a similar formula for limy,, ¢, ©Ou(7) involving the
I'7-orbits.

To compute ©1 we need also to fix F-splittings

(B,T,{Xo}) of G and (B, T {Ys}) of G,

but then we can use B, B, along with B, B, to identify T', T, with T, and again
identify all roots as roots of T. Recall that we write I' for Gal(F/F), I'r for
{or|oceT},Tfor {oc =01 |c €T} and so on. In [I, Section 2] we identified I'r
as a subgroup of I'Y(G, T) xT'. Now we find it convenient to work with Q(G,T) xT'r
and to identify I'z as a subgroup of Q¢ x I'r, where Q. = Q(G,,T'). Thus for 0 € I’
we may write o7 as w X o7, where w € §2.. We shall often write & for o and o for
or, so that ¢ = w X o.
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3.3. First Lemma of Comparison. The term Aj(yy) was defined in [I} 3.2] using
a passage to Gs.. We can just as well take A = A\(T"), which coincides with the image
of A(Ty.) in HY(T), and pair this with the element s € mo(T") defined by s. Then
O1(vu) = (@, s7) where p = A\_!. Here again we use the subscript € to indicate
an object attached to G.. Similarly, ©1(¥;) = (f, s7), where I = ﬁ;l and the
pairing is now that for H1(T) and 7 (T").

Let Inth : T — T, Inth. : T — T be the isomorphisms provided by B, B
and B., B.. We now write n(or) for the element n(wr(c)) of [I, 2.3]. Then X is
represented by hx(or)n(or)o(h)~! and Ac by hexc(or)ne(or)o(h:)~t. Thus p is
represented by

hz(or)n(or)o(h) " to(h)ne(or) tzc(or)  Tht.
There is a similar formula for 7.

Set ,

y(or) = ha(or)h ™ hee(or) ht = ] a2,

a>0
U;1a<0

where the product is over a € R(G/G.).

On the other hand, for 6 € Q. x I'r we have n(f) € Norm(G,T) on regarding
Q. x I'r as a subgroup of Q x T [I, 2.1] and n.(0) € Norm(G,,T¢) if we regard
Q. x 't as a subgroup of Q. x I'.. Then

n(01)n(02) = t(01,02)n(60102)

ne(01)ne(02) = te(01,02)n(0162)

and if
7(61,0) = ht(01,02)h " het(01,02)  h!
then y
T(0,00)= [ (-1,
a>0
07 'a<0
0510, a>0

with the product again over a € R(G/G,) (see [I, Lemma 2.1.A]).
The restriction of 7 to I'r is also the coboundary of y [I, 2.2.a]. Since 7 =7~
we can write the more convenient:

(3.3.1) oy=1""

(see also [I, 2.3]).
For w € Q. we define b(w) € T by

hn(w)h ™! = b(w)hene (w)ht

Finally, suppose u(o) represents the cohomology class p. Then for w x o € Q. x T'p
we set

1

z(w x o) = b(w)w (y(a)_lu(0)>7(w,a)_1.
Note that w =1 yields
u(0) = ylo)2lo), o €T
Lemma 3.3.A. (First Lemma of Comparison).

(@) =y(e)z(7), o el
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Proof. Write @ as w X 0. Then we calculate i(7) as
hz(@)n(wo)o(h ™ h)ne(wo) 'z (7) " th!

and the lemma is proved.
Most of the time we will assume a condition that is satisfied, for example, if Ty
is maximally split in H, . It is:
I'= C Qo xI'q, where Qg is the Weyl group
(3.3.2) for a root system Ry C R(H.,, ) that has
a base Xy stable under I'y.
The assumption will be harmless because of the transitivity property in Lemma 4.1.A

of [I].

Lemma 3.3.B. Given (3.3.2)) we may choose the cocycle p(o) representing u such
that
w(p(o)) = (o), w€Qy, oelr.

Proof. Multiplying h or h. by an appropriate element of T replaces u(o) by
an arbitrary element in its class. So we need only verify that the class of u
lies in the image of H(T*%) — HY(T), where TS is the centralizer of )y in
T. If 89 = {aq,..., 0.} then t = (aq(t),..., . (t)) yields an exact sequence
1 —=T% - T — S — 1with S an induced torus. Since H'(S) = 1, the lemma
follows.

We suppose now that p(o) is fixed by Qo, inflate it to 9 x I'r and then restrict
to I'zz. Suppose the cocycle so obtained is v. Then

v(@) = pu(o), oel.
Lemma 3.3.C. Given we have
(b, s7) = (v, 57).
Proof. We identify T as T with Galois action 'z and thus 7' x T as T x T with

action I'j., 7. The element sz of mo(T") is then identified with s and so we drop
subscripts. -
Working in T' x T we have

(p,57) /(v 57) = ( (), (s,571) ).
If we define the F-torus A by
X.(A) = { (M, As) € X.(T x T) ‘ A= s € (2Y) }
with Galois action induced by I',., 7 then we have Galois homomorphisms
A—-TxT, TxT - A
Since the image of (s,s™!) under the map induced by T x % - A Ais trivial we have
only to show that (u,v) lies in the image of H'(A) — H*(T x T). The diagonal
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embedding of T' in T x T factors through A but the induced homomorphism
T — A is not defined over F. However, by (3.3.2), if we restrict to 7% then we
do get a map over F. Since p takes values in T and has image (u,v) under
HY(T%) — H'Y(A) — HY(T x T) the lemma is proved.
Finally, continuing to assume ({3.3.2)), we set

v(w x 0) = 7(w,0)w(y(o))b(w) " 'H(@)
Then v is a 1-cocycle of I'z in T = T. By the Lemma of Comparison it coincides
with vz~ and we conclude:
Lemma 3.3.D. Under the condition (3.3.2) we have

O1(vu)/O1(Vg) = (v, s7).

3.4. The Second Lemma of Comparison. The term As(yy) was defined in
[I, 3.5] using the construction of [I, 2.6]. For once and for all, we assume # is an

1 -1

L-group, as we may without loss of generality. The choices of 3.2 provide T — T,
Ty — T. As in [I, 2.6] we extend these to “T — LG, LTy < H by defining

m(w) = r(w)n(o) x w,
ms(w) = rs(w)ns(o) x w.

Here w — o under W — I, r and n(c) denote 7, and n(wr (o)) of I, 2.6], and we

indicate objects attached to H by the subscript s. For T, T i we have similarly m
and 7,. Then if € : “H < LG is the embedding provided by our endoscopic data,
we have

€(ms(w)) = a(w)m(w)
€(ms(w)) = a(w)m(w).

On transporting a, @ to ZA“, T we obtain a € HY(W, T) and a € H'(W,T). By
definition,

(v, V) = Do(vm) /A2 (V)
= (a, (@) "
The definition of the cochain r appears in [I, 2.5]. Set

1

c(w) = r(w)rs(w)™!,  (w) = 7(w)Fs(w) " .

The coboundaries of the cochains n, ng defined on Q(H) x 't are denoted ¢, ;s (see
[, 2.1]). Set 7 = tt; 1. Finally for w € Q(H) we define b(w) € T by

n(w) = B(o./)ns(w), w e Q(H).
We will freely transport objects among 7, T and % without change in notation.

Lemma 3.4.A. (Second Lemma of Comparison). Let w € W map to o € I'r
and to w x o0 € I'. Then

a(w)~t = a(w)ﬁ(w)w(c(w)*la(w)*l)?(w, o)L,
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Proof.
m(w) = T(w)n(wo) X w

=7(w)t(w, o) n(w)n(e) x w

= F(w)t(w, 0) " b(w)ns(w)r(w)  m(w)

= F(w)t(w, o)~ b(w)w (r(w)*la(w)*)ns (W)& (ma(w))
and

§(Ms(w)) =T (w)ts(w, o) ng(w)n, (o)
= Ts(w)ts(w, 0) " w (rs(w)) ns (W)€ (ms(w))

so that

and the lemma is proved.

Let N
21 (w,w) = b(w)w(c(w)_la(w)_l)?(w,U)_l.
Then
a(w) ™ = c(w)z1(1,w),
and

a(w) ™! =e(w)z (w, w).
Note the similarity to the First Lemma. The Second Lemma will be applied a little
differently however. We shall give an example of the technlque in the next section.
Note that t — w(t)t~ L lifts to a homomorphlsm Qay : T TSC Here, as elsewhere,
TSC denotes the inverse image of T in the simply-connected covering GSC of the
derived group of G. Thus if we multiply z;(w,w) by a(w) we obtain

Hw,w) = B(w)w(c(w)—l)?(w, 7)~ w(a(w)) " a(w)
in the image of fsc in 7. More precisely, Z, ¢, T may be constructed in @SC. Then
Buo(w, w) = blw)ow (e(w) ) 7w, o) e (alw) 1)

has image Z(w, w) under Gy — G.

To calculate ©2 we also need A§ which is attached to (Ge, Hc,, ). For this we
pass, if needed, to an admissible extension H, » of He,, (recall 1.3). We then have
exact sequences

H
)
=

N
-

and

S
N
N
—_

1

~

In place of a, @ we have G, a. that take values in T, T. These two cocycles have
the same projection on Z; [I, 4.4]. The Second Lemma of Comparison becomes

Felw) T = e(w)2 (w0, w)
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and @e(w)z1,¢(w, w) is equal to

ge(w)w(cg(w))_lﬁ(w,0)_1w<ﬁe(w)_1)56(w)
which takes values in T (or fsc or ﬁ,sc). The terms /l;e, Ce, Te are E, ¢, T for the
group G..

3.5. An application. The following was stated in [I] as Lemma 4.4.A but not
proved in general.

Lemma 3.5.A. There is a character A on the center Z(F') of G(F) such that
Alzvm, 2v¢) = M)A, ve), 2 € Z(F)
for all vm, va.

This applies to arbitrary G but we reduce immediately to the quasisplit case for
it is only As that is affected by replacing vy, v¢ by zvm, 27a-

Proof. All we need to show is that
<(a,§), (z,zfl)> ~ 1
Define a torus S over F' by
X7(8) = { (i, ha) € X(T) x X*(T) | 2 = o € X*(Taa) }.

Here again we identify T with T over F and thus X~ (T) with X*(T). We have
Galois homomorphisms 7' x T — S and S — T x T. Since (z,271) lies in the
kernel of T(F) x T(F) — S(F) it is enough to show that (a,a) lies in the image of
H'(W,8) — H'(W,T x T).

The torus S is isomorphic to T x %SC. We obtain the factor T by factoring the
diagonal embedding TTxT=TxT through §; so clearly T — S is not
compatible with the Galois action. On the other hand T, — S is obtained from

X*(Taa) = {0} x X*(Taa) C X*(S), and so does respect Galois action.
By the Second Lemma of Comparison the cocycle w — (a(w),a(w)) with values

in T x T is the image of the cochain
w — (a(w),E(w)_lgsc(w,w)_l)

with values in S = T x Ts.. We have to show that this cochain is a cocycle. It may

be written as
(a(w), 1) (1,6(11))’1) (1, Foo () w)*l).

The coboundary of the first term is

(w1, we) — (1, Qlyy (01 (a(w2))))

if w; = w; x 0; € I'x; the coboundary of the second is (1,?(w1,w2)). Note that
T(w1,ws) = T(01,02) = T(w1 X 01,ws X 02). Thus it remains to show that the
coboundary of Zy is

(w1, ws) = T(w1 X 01,ws X 02)0, (01 (a(wg))>.

This is Lemma 4.2.A.
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4. ANALYSIS OF b, b AND A REDUCTION

4.1. Galois action. By definition,

b(w) = hn(w)h hene(w) " h; weq,
and in the dual setting,
b(w) = n(w)ns(w) ™", we QH) = Q.

We have immediately,
b(wr)wi (b(ws))b(wiws) ™ = 7(wr, wo)
Bb(wi)wn (Z(w2))3(w1w2)—1 = 7 (w1, ws).

Recall that these obJects may be constructed in Gg. and Gbc, the simply-connected
forms for G and G. For Ge and H = G we may work in the simply-connected
forms and project into Gy or GSC. This will be the rule throughout, although in
notation we may identify an element with its image in G or G.

To describe the effect of I'r on b and b we consider the two cases together but
keep in mind that in the former we have a genuine Galois action and in the latter
an algebraic action.

First define

f(w,0) = hit(o, w)t(ow, o~ )o(w) (t(mo_l)_l)h_l

for w x o € Q. x I'r and similarly f(w, o) for w x o € Qg x T'r. Then we see easily
that

(4.1.1)

hn(o)n(w)n(o) At = f(w, o)hn(o(w ))ff1
where n(o) = n(o) X 0 € Gy X ' (recall from 3.3 that we have changed slightly the
notation of [I]). In the dual case we have

o~

(n(o) x w)n(w)(n(e) x w) " = flw,o)n(o(w))

where w — o under W — T Set e = ff' and €= ff;'. We assume (3.3.2) for
the first part of the next lemma.

Lemma 4.1.A.
(a) e(w,0)b(o(w)) = o(w)(y(0))y(o) o (b(w)) forw x o € Qe x Iy,
and

(b) ’e\(w7o)3(a(w)) = Qg(w) (c(w)a(w))a(g(w)) forw— o andwxo € Qg xTp.

Proof. This is a straightforward calculation. For (a) we suppress h, h. from
the equation in order to make the calculation more transparent. Then n(a(w)) =

b(o(w))ne(o(w)) implies
n(o)n(w)n(o) ™' = e(w, 0)b(o(w))ne(o)n(w)ne(o) "
and so it is enough to show that

n(o)n(wn(e) ™! = o(w)(y(0))y(0) ™ o (b(w))ne(o)ne(w)ne (o)~
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But

and all we need is that
n(o)ne(w)n(o) ™" = o(w)(y(0))y(o) " 'ne(o)n(wne(o) .
Suppressing h, he we deduce from the equation
ha(0)n(0)o(h) ! = p(0)hezo(o)n(@)r (o)
that n(o) acts on n.(w) as
p(o)ze(0)z(o) " 'ne(0) = p(o)y(o) "'n(o).
Since o(w) fixes (o) we are done. L
(b) is similar. Because ¢ : 'H < L@ is the identity on H = G, we may write
(n(o) x w)n(w)(n(o) x w)_l as
é\(w,a)g(a(w))f(ns(a) X w)ng(w)é(ns(o) x w)_l.
Then all we need is
(n(o) x w)n,(w)(n(o) x w)_1
= Qg () (a(w)c(w))f(ns(a) X w)ns(w)g(ns(a) X w)
But r(w)n(o) x w, an element of LG, acts on ng(w) as
a(w)flrs(w)§(ns(a) X w)

Thus n(o) x w acts as a(w) 'e(w) "¢ (ns(o) x w) and (b) follows.

4.2. Calculation of a coboundary. Recall the cochain z on Q4 x Wr:
2w, w) :B(W)w(c(w)*l)?(w,a)fl% (a(w)*l).
Lemma 4.2.A. The coboundary of Z is
Ta : (w1 waws) — T(w1071,Ww209) 0y, (01 (a(wg))).

Proof. Because 7, is a 2-cocycle it defines an extension of Qg x W by IA’SC. This
extension is generated by Ty. and elements s(n), n € Qs x Wr, with

s(n)ts(m) ™" = n(t)
and
s(m)s(n2) = Ta(n1,m2)s(mn2).
We prove the lemma by showing that

n— z(n) "

s(n) = s1(n)
splits the extension.
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Let w — o € I'p. Then

s1(ww) =

7(w, o) (a(w)) s(ww)

Moreover,

s1(wrwe) = 8(&)1&)2)_18(0.}1(,«)2)
. (/b\(wg))716(w1)_17/:(w1,w2)?a(w1,wg)_ls(wl)s(wg)

= wy (E(m))716(%)*15(%)5(@)

Finally,

s1(wiws) = c(wiws) ™ s(wywy)
c(wy) "ty (c(w2)) 71?(101, wo) Ty (wy, wa) "L s(wy)s(ws)

s1(w1)s1(ws).

To show that
s1(wiwy)s1 (wawz) = 81 (w1c71 (w2)w1w2)
and thus complete the proof of the lemma we need only verify that

(4.2.1) s1(0(w)) = s1(w)s1(w)s1 (w) "
The right side is

which equals
o) (elw) ) elw)o (b(w))  s(w)s(w)sw)!
and s(w)s(w)s(w) ™! is s(o(w)) times
Falw, @) (ww, ™o () (R, w™) 7).

It follows readily from the definitions that this last product is equal to

o) (o (atw™)

or, since a(w) is a cocycle, to

e(w, 0) g () (a(w)_l) .
Thus the right side of (4.2.1]) equals

a(g(w)) o (w) (c(w)a(w)) _1€(w, o)s(o(w)).
Since the left side is N )
b(o(w)) s(o(w))

we need only appeal to part (b) of Lemma 4.1.A to finish the proof.
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Recall the definition of the cochain z on Q, x I'p:
2w, 0) = b(w)w(y(a)_l>7'(w,a)_1.
A similar, but simpler, argument establishes the next lemma.
Lemma 4.2.B. z has coboundary T.

4.3. Explicit form. In the setting of [I, 2.1] suppose that S is a positive root. Let
B = vfy where v € 2 and Sy is simple. Write wy for wg, .

Lemma 4.3.A.
n(wg) = 6, (B)n(v)n(wo)n(v)™"

6,(8) ==

and the product is over roots a for which

where

a>0, wga<0 and v 'wsa>0.

Proof. n(wg) = n(vwer™"), and this is the product of
t(vwo, v 1) (v, wo) T twp (t(v, 1/_1)>

and n(v)n(wo)n(v)~!. Moreover t(v,wpy) = 1 since a > 0, v"'a < 0 and wy ‘vt >
0 implies that ¥~ 'a = —fBy and hence that a = —3, contradicting a, 8 > 0.
It remains then to show that

0,(8) = t(vwo, V_l)_lwg (t(u, V_1)>.

The right side is H(—DQV7 the product being taken over those « for which a > 0,
v~ lwga < 0, wga > 0 and those for which wga > 0, v *wga < 0. This coincides
with the product over a < 0, v 'wga < 0, wga > 0 and thus with &, (8); so the
lemma is proved.

Let Rg = {a€R|a>O,w5a<0,a7€ﬁ}. Then a root « lies in Rg if and
only if —wga does and then the two elements are distinct. We can therefore choose
a subset R; of Rg such that Rg is the disjoint union of RE and —wg (Rg) Then

sa(8) = [ (=1

aERg
is well determined up to a factor (£1)?" because —wga¥ = —a + (", 8)3Y. Notice
that we may take R} = {« € Rg | v lwga > 0} since v wg(—wpa) = —v o

and v~ 'wsa = wg, (v ') have opposite signs. Thus

(4.3.1) n(ws) = 6a(B)(£1)* n(v)n(wo)n(v) ™.
Clearly this also holds when S is negative.

We return to the setting of 4.1, working in G, and @SC. Since (3.3.2) is in force,
there exists Ry C R(H,, ) with I'r-stable base 3. Then I'zz C Qg x I'r, Qg being

~

the Weyl group generated by ¥. We are interested in b(w), b(w) for w € Q. By

~

(4.1.1]) we need only consider b(wg), b(wg) with 8 € Xg. Set
5(8) = dc(B)oc.(B) ™
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and
b(B) = 05(8")d(5*) "
Lemma 4.3.A. There exist bg € Fr, Eg € C* such that
blws) =V 6(5)

and R o
blws) = b30(B).
Proof. The first relation is immediate from (4.3.1)) once we recall that n(wg) =

b(wg)ne(wg), and note that both

n=n)n(w)n(v)™t and n.= ne(l/e)ns(c;z()76)rle(1/€)71

lie in the image of SL(2) in G determined by §, so that n = o n., with a € F*.
The second relation is proved in the same way.

Note that wg — bgv has a natural extension to a 1-coboundary b, of € in Ty,
as follows. Choose t € Ty such that 8(t) = bg, B € Xg. Then clearly w — tw(t)~!
has the property that wg — bgv. It is independent of the choice of t, provided we

take t in the image of F~ @ (XY). Define §(w), w € Qo, by
b(w) = b,d0(w)
and the dual 6(w) similarly. Note that 96 = 7, 95 = 7.

4.4. Root types. To prove Theorem 1.6.A we use R(H) and R(G.) to partition
the roots. The notation will be as follows.

type(a): R(H) N R(G.) = R(He,) = R@

type(b): R(H ) R(G.) = R(H/H,) = R

type(c): R(Ge) — R(H) = R(G¢/H.,,) = R

type(d): R — (R( JUR(G.)) = R(G/H,G.) = R¥.

This also gives a classification of the I'p-orbits O and the I'w-orbits O in R. Observe

that .
Oulve) = [] Xa( )

OCR@
with a similar formula for O (7).
In the next section we so arrange some choices that roots of type (b) or (c)
contribute nothing to O1(ym, 7).

4.5. Analysis of O, ©5. Recall that if

(@) = 7(w, 0)w(y(o))b(w) " F(@) ",
where @ = w X o, then we evaluate O1(yp,7) by pairing the class of the cocycle
v with s7. By definition, 7(w,0) = [1(=1)®", where the product is over roots «
for which @ > 0, w™a < 0, 0 'w™la > 0 and a € R(G/G.). Such « are of type
(b) or of type (d) and we consider the products 7, 7(9) over roots of each type
to define 7 = 77 The same can be done with y and 7. Then to write v as
v® (@) it remains to factor b as b®b(@ . To describe the contribution from roots of
type (b) we recall that these are the roots of H outside H,, . But b was attached to
the pair (G, G¢). Now we use the fact that g C R(H,, ) in the assumption
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to observe that we can attach b to (H, H., ) in the same manner. From (4.3) we
have b (w) = b5 (W), w € Q, along with b(w) = b,5(w). Recall that there is
some freedom of choice in 67, §. For 3 € ¥ we may arrange that 67 (wg) is the
same as the contribution 6 (ws) to §(ws) from roots of type (b). Then we define
5O (w) = 6 (w) for all w € Qy and 6@ = §/6*). Note that 95®) = 71 = 7(*)
and 96@ = (@) Set, bg,b) = bH and b&d) = bw/b&b). Finally, b4 = b&d)é(d) has
coboundary 7(9 while b(®) = bP5® coincides with b2. This yields a factoring
v =0v®u@ and v® v(@ are cocycles. Thus

<U7 5T> = <U(b)7 ST> <v(d)7 ST>

because s central in H implies that
(v(b),sﬁ = (", s7) = 1.

Observe that if there are no roots of type (d) then v(? is trivial and O1(yg,¥g) = 1.
We shall use a similar but dual argument for ©5. Here we have roots of types (c)
and (d) to deal with. The term As(vg)/A2(Fy) is obtained by pairing the cocycle

(alw),a(w)) = (aw), a(w)e(w) 'Hw) " Fw,o)w(c(w))au (a(w))
- (a(w),a(w)a(w)—lz(w,w)—l),
of W in T x T with the element (v,71) of T(F) x T(F). We may thicken T to TAV

as at the end of Section 3.4 in order to compare directly with Ag ((ve)/A2,(Fg)-

In notation we will not distinguish between T and T, or T and T. Thus for
O2(vH)/O2(F) we have to pair the cocycle

(a(w), a(w)) (ae(w),de(w)_1> - (a(w)ae(w)_l,E(w)ag(w)_l)

with (7, 771).

Now b is attached to (G, H). Similarly we have b, attached to (G, He,, ). Factor
g(w) as b© (w)g(d) (w) = b, (w)/lg(d) (w), as we did b(w). The factoring of ¢, T and ¢ is
immediate, again as before. Set a'®) (w) = a.(w) and a'¥ (w) = a(w)/a.(w). Then
clearly @(w) factors as @ (w)a'® (w) where @' (w) = @.(w) and Oy (vx, 7 ) equals

< (a(d)(w)ﬁ(d) (w)), (%7_1)>7

or, more explicitly,

( (9w a @) )2 ). (0077 ),

with R

2 (4, w) = 5@ ()7 D (w,a)*lw(éd) (w)’l)aw (a<d> (w)’l).
Observe that in the case that there are no roots of type (d) our proof of Theorem
1.6.A is complete.
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5. FINAL REDUCTIONS

5.1. Introduction. To complete the proof of Theorem 1.6.A we have to show that

o1 (i 7m) = (v, s7)
and

0 i) = { (9 ) a (w)). (0,77

satisfy
5.1.1.  The limit as yu, ¥y approach exg of

1" (vr; 711)05” (vir: Tar)

I (=) I w("57)

OecOrb(4) 6€Orb(d)

is equal to

Here Orb® denotes the collection of orbits in R@ | and ﬁ(d) has a similar
meaning. It is moreover understood that « is a representative of O, and @ of O. In
addition, for an asymmetric orbit O we may choose, when convenient, the y-data
and the a-data trivial, but then a, = —1 for & € —O. We propose to verify
in part by induction on the dimension of Gge;.

Suppose Ry satisfies the condition (3.3.2)). For example, Ry could be R(H,) itself.
We choose p so that the condition of Lemma 3.3.B is satisfied. Suppose moreover
that Rg C Ry C R, where R is also I'p-invariant. Then the dual system RY may
be taken as { aV ’ a€ Ry }, and we may construct a quasisplit group G containing
Cartan subgroups identical to T and T (and identified with them), and with R;
as its root system. The group G; need not be isomorphic to a SubgAroup of G, but

it will have an endoscopic group attached to s in T or to Sr in T. Denote this
endoscopic group by H;. The groups 7' and T have images in H;.

Let Xp = Zs x I'p. Taking the non-trivial element of Zs to act as —1 we obtain
an action of X7 and of Qg X X7 on R and on R.; = R — R;. Let A be a set on
which X7 acts, and denote the image of A € A under the non-trivial element of Zo
by —A. Suppose that —\ is never equal to A. Finally, extend the action on A to
Qo x Xp by letting Qp act trivially.

The critical lemma for the reduction is the following.

Lemma 5.1.A. If there is a mapping from R.1 to A compatible with the action of
Qo x I'r then Assertion is true with respect to G, T, T, € if it is true with
respect to G1, T, T, e.

Before proving this lemma it is as well to remind ourselves what it means. We
have endoscopic data for four groups G, G, G, Ge1 all of which share tori T, T.
However the factors Ay are defined on covering groups T', T, T¢, T, T1, T4, T, 1,
T@l defined by central extensions of the four groups. For G itself we have of course
made the necessary extensions at the very beginning, so that for G the tori T', T
are covered by themselves. We must also choose € in T,, mapping to € and therefore
common to T, as well as ¢; € Ty NT1, € € T, 1 NT 1 with similar properties. Thus
the Assertion is to be understood as applying not literally to G . but to the
covering group of G1 and to €; in it. Of course, only the limit of @4 could possibly
be affected by the various choices, and it is not.



28 ROBERT P. LANGLANDS AND DIANA F. SHELSTAD

5.2. Beginning of the proof of critical lemma. We may as well assume that
the mapping from R.; — A is surjective. Observe that the classification of roots in
R; into types is the same in R; as in R. The choice of a-data and x-data remains
at our disposal.

It is clear that, copying the definitions of §2.1 and §2.5 of [I], we may define fields
Fy, Fyx, A € A, and, associated to A, collections of a-data, {ax}, and x-data, {xr}.
Since the mapping from R~ is compatible with the actions of I'r and I'z we choose
(o = az = ax and xo = XaoNmp /p,, Xa = xaoNmpg_/p, if @ — . Inside Ry we
choose the same a-data and y-data for G as for G.

If Orb(Ndl), ﬁ(ﬁ denote the orbits outside R; it is easy to show that with these
choices of a-data and of x-data the second expression in divided by the

analogous expression for GG is equal to

o b (wi=3) AL ()

To prove Lemma 5.1.A we show that these same choices lead to
d _ d _
(5.22) 1 (vir. ) = O (. Fu -

(5.2.3) 1im ©5 (i, 7)) = lim ©5” (var, 7)1

The subscript 1 on the right indicates that we are calculating with respect to Gj.
If ', T') consist of the elements in the Galois group I'r fixing «, \ respectively,

then
(€2 o ax
Xa(oc(e) - 1) RS H oale) — 1
F%/Fa
Thus the first product on the left side of (5.2.1) is the product over a set of
representatives for the orbits of the image of R in A of

ax
A H ale) —1
a—A
The same calculation barred yields the identical result, so that (5.2.1) is 1.
The left side of (5.2.2) is obtained by pairing the cocycle v(? with s7. We shall

factor v(? as vgd), the cocycle attached to G1, times v(Ndl) and then show that v(Ndl) is

a coboundary. The relation (5.2.2)) follows immediately.
Since v(4 is a product,

v () = 7D (w, o) (y () o () TV (@)

we easily factor it by factoring each term. The first two and the last are given as
products over the roots in R, which we may decompose as products over Rgd)
and R(® — Rgd) = R(Ndl). Finally we define b(j% (w) by the equation

d d
b (w) = b ()b (w).
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Since R; and R.; are invariant under 2y, we may define
(d) _ aV
yoi(wo) = H as
a>0
acER 1

wlo7ta<o

on all of Qg x I'r. The a-data have been so chosen that ﬂfvdf is obtained by restricting

yﬁ? to I'z. Moreover, it follows from Lemma 2.2.A of [I] that the coboundary of

yﬁﬁ) is the inverse of Titil). Thus

d d) N d o
7 D(w0) =y Q@) (B @)y wo)
and ((5.2.2)) is a consequence of the next lemma.

Lemma 5.2.A. We may so choose b¥)(w) and bgd) (w) that
bR w) =y ).
In addition to bgd), we may define bgb) and by, and then b(Nb%, b~1. Moreover
bua(w) = B @)D ().

Lemma 5.2.A will follow from the next lemma, applied first to the pair G, G
and then to the pair H, Hy, the group H; being defined by Ry N R(H).

Lemma 5.2.B. We may so choose b(w) and by(w) that
b1 (W) = ynr(w) ™!

Proof. Both sides of this equation have the same coboundary, so that it is sufficient
to verify that it can be satisfied for w = wg, 8 € Xg. Recall from Lemma 4.3.A that

(5.2.4) b(wg) = by (B).
A similar equation is valid in Gq:
(5.2.5) b1 (wp) = b 401(B).

The factors 6(8) and 61(8) are defined by sets R;{ and Rf 5- We may suppose that
Rg NRy = Rfﬁ. To define RE N(R.1) = RtLg choose a set AT of representatives

for the orbits of Z3 in A and agree that o € R; N (R~) if and only if « — X € AT,
Observe that if & — A then —wga — —A.

From (5.2.4) and (5.2.5) we obtain a factorization
bui(wp) = szBéwl(ﬂ)
with

aERtlﬁ

The expression on the right in Lemma 5.2.B is

(5.2.6) ||

acER
a>0,w71a<0
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when w = wg. Putting a and —wa together, and noting that

oV —wa

(03 —wo

= 0 (aq) e = ale AP (—1yee

(-1 = (=) (-
we see that (5.2.6]) is equal to
6,\,1(6) H a:((}oNﬁ)ﬁv.

n
a€R7, 4

a>0,w71a<0

v
a

)

)

To show that

(5.2.7) | S

n
O‘GR~1,/ﬂ
1

a>0,w™a<0
is a possible choice for b.; g we apply the next lemma. To state it, set
e1(w,0) = e(w,0)er (w,o)!
with .
e(w,0) = 7(0,w) (0w, 0 Ho(w) (T(J, 071)>
as in (4.1).
Lemma 5.2.C. Suppose that for each B € ¥y we are given c(f3) € F*. We may

choose b1,5 = c(B) for all B if and only if the following equations are valid for all
ocelr:

U(C(ﬁ))aﬁ U(5~1(5)) = Z/wl(U)U(W)<y~1(0)_1)€~1(waU)C(Uﬁ)gﬁv5~1(05)-
If we define ¢(8) by (5.2.7) this equation is simply
7 (31 (@8) ") = 91 (9)0(w5) (91 (0) " ) emr (w3, 0)yn (o),
for in the lemma w is wg. This equation is better written as

et (W, ) = 41 (0) Lo (yo1(wp)) " e (0(wp)) o (ws) (Yo (0)).
Inserting the factors of

(sl (es) o) (1malo™) o) (o (1male™) ) =1

at suitable places and recalling that the boundary of y.1 is T,:ll we transform the
equation to

e~1(wg, 0) = Tu1 (0, wg) T (owg, Uﬁl)a(wB) (TNl(J, 071)) o

which is true by definition.
Lemma 5.2.C is verified by applying the definitions and the following lemma for
G4 as well as for G.

Lemma 5.2.D. Suppose that for each B € ¥y we are given ¢(8) C F*. We may
choose bg = c(B) for all B if and only if the following equations are valid for all
c€elp:

o(e(8))°” 0 (5(8)) = y(0)o(w) (y(0) ) e(w, 0)e(aB)"*" 5(op).
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Proof. The necessity, namely the equation

7 (b)) = yl@)o(w) (y(o) " )e(w, 0)b(o(w)),
is the first part of Lemma 4.1.A.

To prove the sufficiency we observe that Whavt the conditions of the lemma
determine are the quotients (a (c(ﬁ))c(oﬁ)_l) o >, where A is any weight. Thus
it permits multiplication of any given collection by a collection {d(/)’)} satisfying

(o(a)d@m )" =1.
On the other hand, we do not destroy the condition of Lemma 3.3.B if we multiply

h by an element ¢ such that 6(ta(t*1))ﬁV =1 for all § € ¥y. Replacing 8 by of,
we rewrite this condition as

Bt =o(B®t)”” VB e .
Since the change in h replaces b(wg) by 5(t)b(ws) the equality (5.2.2)) is proved.

5.3. The term @gd). The relation causes the most difficulty. For the calcu-
lations we must pass explicitly to a z—extenAsion G of Gl . TheAassociated quantities
will bE denoted with a prime. All tori f7 T, fH = fs, Ty =T, as well as Ty, T,
fs’l, T.1 were identified. Thus we have embeddings T < f{, fs s fs’l and so on.
We transfer cocycles with values on one group to another group in which it is imbed-
ded without change in notation. Suppose €’ in T maps to €. The left side of is
obtained by pairing (a(w)ac(w) ™!, a@(w)a@.(w)~") with (¢,e~!) or, passing to 7", with
(¢,€ ). The right side is obtained by pairing (a1(w)ac(w) ™t @1 (w)ae (w)™?)
with (¢,¢'~"). Thus it suffices to show that (a(w)ar (w) !, a(w)a; (w) ') yields 1
upon pairing with (¢, ¢~ ') and that (a.(w)aci(w)~ !, @ (w)ac(w)~") also yields
1.

We shall prove the first assertion, which is a statement about G and G;. The
second follows from it upon substitution of G, for G, and G for Gy. Set asz(w) =
a(w)ar (w)™, @a(w) = a(w)a; (w)~t. We want to show that

(5.3.1) <(a2,ag), (e’,e’*1)> ~ 1.

Let Y be the span over Z of Ry, and define a torus S by the relation

X.(S) = { (M 1) ’ NeX (T, pe X*(%’), A—p€ Y}.

Notice that X, (") and X, (T") are, if desired, identified, so that the locations of A
and p are specified only to make the Galois action clear.

The inclusion X, (5) — X,(T") & X, (T") defines § — 7' x T’ and T' x T' — S.
Under the latter, (¢/,¢/~") — 1. Thus to establish (5.3.1) it suffices to show that
(ag,@2) is the image of a cocycle with values in S. The decomposition

Xu(S) =X (T @Y : (A p) ~ (A A= p)
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yields an isomorphism S ~ 7' x R, if R is defined by X,(R) = Y. It is not an
isomorphism of Galois modules. None the less if a} is a cocycle with values in T”
then w — ah(w) x 1 = ag(w) does take values in S. There are two points to verify.
(5.3.2) The cocycle ab can be so chosen that as is a cocycle.

It can at the same time be so chosen that the image of as
is in the same class as (az,a3).

(5.3.3)

This will take some effort.

The tori T T, Ty = T are identified in a fixed way with 7. The normalizer of T
in “G projects modulo T itself to Q(G) x T'r. Denote the inverse image of Qg x I'p
by LM. Since € is contained in Q(Gy), Q(M) and Q(M;) we may define LM, LM,
LM;1 in the same way, the kernel of LM, — Q¢ x Ty or of LMSJ — Qg x I'r being
T

The cocycles used to define as are defined by means of homomorphisms attached
to the x-data:

¢TI Cla, gt = My C FGY;
&M — "M, C PG o T — LMé,l < Ga 15
and to imbeddings:
n:tH < @, oy EH — EGY.
The cocycle @ is defined in a similar manner by &, ?1, &, Elsl
We shall construct homomorphisms

(5.3.4) o IM = MY, oy PM — M
with the following properties:

(a) They are compatible with the projections to Qg x I'p.
(b) Let m, T be the natural homomorphisms

a:tr st w LT S BT
defined by the imbedding T < 7", T < T'. Then
flom=gof, &oT=gpof, fspom=pos, 2;1 oT = pof,.
(c) There is a t € 7" such that
pon=adton]ops,
on ]/\4\3, the inverse image of € in “M,.
These conditions are clarified by a diagram

3 Lag A LM{

| "T A

LT 3 LMS’ LMQ 1

For technical reasons we need variants of ¢, ¢s. Let T be the inverse image of T
in the simply-connected covering G of the derived group of G with the action of
the Galois group defined by T'. Define T in a similar fashion with I'7 replacing I'r.
Let H be the connected centralizer of s in C~¥, and let él be the connected S-group



DESCENT FOR TRANSFER FACTORS 33

associated to the group with root system R; and Cartan subgroups dual to T. Let
Hy be the connected centralizer of s in G.
We have imbeddings

77:]?[(—)67 77:]?1‘—>(~;1.
Let M be the inverse image of {2y in the normalizer of T in é, and define Mg, ]le,
M; 1 in a similar fashion. There are obvious maps
M — M, M, — "M, M, — "M, M, — Eul .
We shall also construct
@:M%Ml, @S:MSHMSJ

so that the diagrams

M L Ml Ms L Ms,l
(5.3.5) l l l l ,
LM 2 LM{ LMS = L]\4;’1

are commutative. Observe that “M acts on M, EM{ on ]le, and so on.
Moreover there will be a lifting of ¢ to ¢ in T" such that

gor=adtoi o @,
Finally, if m € LM, m, € IM,, m € M, m, € M,
(5.3.6) @(m(ﬁz)) = ¢(m) ((ﬁ(fﬁ)), Ps (ms(ﬁzs)) = ps(ms) (958(7%8))
Granting the constructing of ¢, ¢s, @, @5 we verify (5.3.2) and (5.3.3)). Set

Y1 =pon, Yp=adtonop,, =307, vy=adfoioy,
and let
thr(m) = a5(w)pa(m)
if m € EM, projects to w. It is of course condition (c) that guarantees that a) is a
function of this projection alone. Since
a(w)é(m) =no&s(m), melT, m—uw,

and

ar(w)éi(m) =m o &s.1(m), merT, m—w,
we conclude from condition (b) that

ay(w) = a(w)ay ' (w)to(t) ™,

if w — o € I'p. Thus ag and a) lie in the same class; so we replace as by af in
(15.3.1)).
The same calculation is however, valid for @ and @;. Thus we conclude that we
may replace a2 by a} in (@ . With this choice of af the condition is clear.
Passing to the condition @ we first note that if w € Qg then the homo-

morphism w — 1 takes X, (f’ ) to Y and thus defines a homomorphism a, : T —
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R. Under the isomorphism S ~ 7" x R, the action of o € T' sends ( 1t
—1
(UT(t), ay, (UT(t)) > if o= = w x op. Thus the boundary of w — (ab(w), 1) is

(a’z(wl), 1) <w1 ((1/2(11)2)) , Oy (a(ag)(wg))) o (61’2(11;111;2)*17 1),

which is simply a,, (01 ((1,2(11)2))) B or oy (Oéal—l(wl) (aé(wg))fl) Thus we have to
show that for all w € Qg and all w in W
(5.3.7) o, (ah(w)) = 1.

Since Qi (t) = w1 0 ay, (tA)E\ul () it suffices to verify this for w = wg, B € Xp.
Then if Rg is defined by X.(Rg) = Zﬂ, the homomorphism 0bV1ously factors
through 7 — T — ng Since Z5 C X, (T ) there is a homomorphism Ag : ng —T.
If it were injective we could verify (5.3.7] - ) by establishing the relation

w(aj(w)) = ay(w),
for the composition \g o a,, takes t to w(t)t .

Unfortunately the homomorphism Ag is not always injective. If, however, we

replace T by T then it becomes so. Of course ab(w) is not defined in T, but let

a2( ) lie in T and have an image in 7', that is congruent to a%(w) modulo the center
of G. Then a, (ah(w)) is the image of o, (@h(w)) and

0 (5 10)) = (35 () By )
Choose m € M, mapping to o~ !(w), where w — o € I'r. Then
Ui (w) ($1(m) ) = v (w(m)) = G (w(m).
On the other hand,

n(w) (Fa0m) = Ty (el (Falm) )
= G 1) (a0 (m) 5 ) .

We conclude that
1 = @y (w) s (w(m))@ (w) ™ e (w(m)) " = @h(w)w(@h(w))

5.4. Construction of ¢ and ;. We begin with a general system R, as in §2
of [I], and assume further that we have a surjective map R — A, A having the
properties of (5.1). We suppose that y-data are given on A and that if « — X then
Xo = Xa o Nmp_ /p, .

Let p be a given gauge on R. On A we can construct a gauge py by choosing in
each orbit a representative A, as well as coset representatives o1, ..., 0, for T'y /T
and then defining py (o; '\) to be 1. Define, in the notation of §2.5 of [I], r,, by

o) = T (v ) .
= Z a, A = O'i_l/\.

a—\;

—1

where
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Set p(a) = pa (AM«)), and define a gauge p) on R in the same way as py was defined
on A.

Lemma 5.4.A. The cochains w — sy, (W)rp, (W) and w — sy (w)ry (w) differ
by a coboundary.

It follows readily from §2.5 of [I] that the quotient of those two cochains is a cocycle.
It is enough to prove this lemma when the module X has {a € R | p/(e) =1} as
a basis over Z, R is a single orbit under the group ¥ introduced in §2.5 of [I], and
for each \ € A,
A= Z Q.

a—

To prove the lemma we have to prove that the quotient factors through a Galois
group, and that if a € R then the projection on the one-parameter subgroup ﬁa
associated to Za of the restriction of the cocycle to W, is a coboundary. Fix one
a € R, and let A = A(a).

Take the Weil group W to be Wy, where L is a large, finite, Galois extension
of F'. We first observe that for x € L* C Wy p,

(5.4.1) Tpa(X) = Tpp (z).
The right side has been computed in [I, §2.5] as
B
—1
H XQ(NmILpQ ox)? “ = H X3 Ha(x) ,
GET 4, \I po(B)=1 ]

the equality following from the relation

Xop(ow) = xp(2).
Since x_g = Xgl, the gauge pj can be replaced by p’. If &« — X then in the same

way the left side is
"

H Xu H o(z)
pa(p)=1 ocl'y,
which is equal to

II 1| I Il e

pa(p)=1p—p pel\I'p o€l's

or
B

II IIxs!| I] o@

pa(p)=1B—p o€l

Thus (5.4.1)) is clear.

Since the restrictions of s,/ and s, /p, 10 Wiq always have trivial projections

to Ry, it is only the quotient Tpy (w)ry (w) ™! that need be considered. Taking the
projection of the restriction also allows us to suppose that A = {£A}, T' = T'1,,
with pA(/\) =1.
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Choose vg =1 € Wiy, and if A is symmetric v =v € Wiy — Wiy If we Wy
let w = z(w)v;, z(w) € Wyy. Then x = x\ may be regarded as a character of
W+,\ = WFJFA/F = W, and

A
rpx(w) = x(2(w)) "
Projecting on R, we obtain X(x(w)))\

Since r_p =y, we may assume that py = 1. It is convenient to consider three
cases separately, although in all of them the conclusion will be that r,, (w) projects
to X(x(w))a

(i) a asymmetric, A asymmetric. We calculate with the notation of §2.5 of [I],
noting that with our choice of x,

Xa (ui(w)) = x(www; ™).

Taking, as we may, wy = 1, so that wys is also 1 for w € Wi, = W,, we
see that the projection of

ry (w) = [ [ x(wirww; 1)

on R, is x(wywwy H)® = x(w)e.

(ii) o asymmetric, A symmetric. Let v — 7 € T" and let 01,...,0, be a set
of representatives for y4,\I'y,. Then {o1,...,0,,017,...,0,7} is a set of
representatives for I'1,\I'. Lift o; to w; in W, and set T(w) = vz(w)v~!.
We take 07 =1, wy = 1. If w = 2(w) then

() = H X(xix(w)w;’l)% H X(w@(w)wj?){lai,

where j = j'(i,w) is defined by 0,6 = p;(¢)o; if T(w) = 7. If w € T4,
then the projection of the right hand side on R, is x (z(w)) because a is
asymmetric. If w were z(w)v and o the image of w in I" then o would be
a and o\ would be A. This is impossible.

(iii) o symmetric, A symmetric. We take the representatives of I'y,\T" to lie
in 'y and we take v in I'1o\I'yo. If w = z(w) lies in W, then 7y (w) is
calculated as in (i). If w = z(w)v lies in Wi, \W,, then the projection of
Vpy, 01 R, is again X(w(w))a.

Returning to our special situation we choose py on A, pj on R, and p} on Rj.

Together p} and pf, define py on R. We have natural factorizations

Sp/po (W) = Sp/po,1(W)Sp/pe 1 (W) = 5p 1 (W) (w)
Tpo (W) = Tpo,1(W)7pg,~1 (W) = 71 (W) Ty ()
Tp(w) = 7p 1 (W)rp, 1 (W).

There are similar factorizations for the barred quantities.
Recall from §2.6 of [I] that

E(w) = rp(w)n(wT(U)) X w
= 5p/p0.1 (W)Tpg,1 (W) Sp /g 1 (W)Tpg, w1 (W) (wr (0)) X W

In view of the lemma, we are free to replace s/, ~17pg,~1 bY Sp/pTp,, Obtaining a
homomorphism that we still denote by &,

§(w) = Sp/po,l(w)Tpo,l(w)sp/p’ (w)rm (w)n(wT(U)) X w.
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We modify £(w) in exactly the same fashion.
The homomorphism ¢ is defined on T as the imbedding of T into T”. To define
it on all of M, we must define w(n(wa(U)) X w), w € Qy, w €W, w— 0. Since

sp/p is defined on all of Qg x I'r we may set

@(n(wa(U)) X w) = sp/p (wo) pAl( )1 (wwr (o)) 3 w.

There are three conditions to verify in order to show that ¢ is a homomorphism.
For simplicity, write n(wr(0)) x w € “G as n(w).

(i) @(n(wr))e(n(w2)) = t(wr, we)e(n(wiws)), wi, wa € Qo

(i) @(n(w1))e(n(ws)) = t(or, 02)p(n (w1w2))7 i € Wr, w; — 0

(iii) @(n(w))gp(n(w))go(n(w))f = ei(w,0) (n ) we N, o€ wr, w—
Here |
(5.4.2) et(w,0) = t(w,0)t(ow, o )o(w) (t(a, 0_1))71

The relation (i) amounts to

(5.4.3) sk (wn)wr (s L (wz))tl(whwg)smp/(wlwg) = (w1, ws).

The p that occurs here is really the restriction of p on R to R.1, and in this sense
tt7! =t,. Since t, (w) = 1 for w € Qg because p’ is invariant under Q the relation

(5.4.3) is clear from Lemma 2.4.A of [I].
The relation (ii) is valid for a similar reason. One has only to observe that
r;{xl (wy1)o1 (rpAl (wg))rm (wiws) =ty (o1, 02).

The relation (iii) amounts to the equality of

5 (0)0() (53700 0) ) ety (0,0 (577, ) )
and
er(w,0)s, 1y (o)),
if e, is defined by the analogue of (5.4.2)), Gy replacing G and t1 therefore replacing ¢.

If e~1 is defined as in (5.2.8)E|the element wg being replaced by w, then e.; = etegll.
On the other hand, the boundary of s,/, being t,/t,, we have

s (@)o(w) (sp J (a))o—(s;/;, (w)) s (o) = e ler, .
Clearly
[ etp.
Moreover

ty(w,0) = 1ty (0w, ) =ty (0,07 ") = o(w) (tp/(070_1))7
because p’ is invariant under €g. Thus

ete;ll =e, = e;pletp,.
(The inelegant appeal to the fact that we are dealing with cochains of order two is
entailed by an infelicitous definition of £ in §2.6 of [I]).

'Editorial comment: It is unknown to what (5.2.8) refers.
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The homomorphism ¢, is defined in a similar fashion. Condition (a) is of course
manifest, and condition (b) follows easily from the definitions. To verify (c¢) we have
to prove the existence of t € T such that

Gat) (o) =adt(m(elnn)). sese

Suppose we can prove the existence of t; € T and for each B € X of A\g € C* such
that

w(n(ns(wﬁ))) = \jadt, (m (sas (m(w))))

= Agtlwﬁ(tl)*lm (<Ps (ns(%)))-

Then we choose ty such that 8Y(t2) = Ag for all 8 € X, and (5.4.4)) follows with
t = t1ta.
Observe first of all that if w = wg then

1(ns(w)) = b~ (w)n(w),

(5.4.5)

so that R
e (n(ns(@))) =7 @)sy Ly (@) (@),
On the other hand,
M (s (ne(@))) = 8,1, (@ (me1 (@) = 570, (@D @) ().
Thus the pertinent factor is
s (@)s ()b~ (w)by (w).
Since p’ is invariant under Qg,
s;/lp’ (W)$p./p, (W) = H (=1)7,

a>0,w™ta<0,p’ (a)=1
a€R—(R;URy)

with Ry = R(H). Observing that p/(—w™'a) = —p/(a), we write this as
tiw(ty) ™! 11 (1) = tiw(t) H3(w)d, ' (w)

a€R*T—(RTUR)

with
= J[ v~
aeRT—RT,
p'(a)=-1

Equation (5.4.5) now follows from part (b) of Lemma 4.3.A.
The coroots a that appear in the definition of s,/,, and 7,, are also coweights of

T, so that we may interpret the expression defining them as giving functions s/,
and 7,, with values in 7. Then ¢ is defined by

&(n(wa(a)) X w) = §;/1p, (wo )7y, (w)ny (wwr (o)) x w,

and even on a group containing M that we could call ZM. That it is a homomorphism
is proved in exactly the same way as for . The homomorphism @y is defined in a
similar fashion, and the diagrams (5.3.5)) are clearly commutative. That the element
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t can be also lifted to £ so that o7 = adt o o @, is also clear. Finally (5.3.6) is
valid because we can define @ on “M and @, on “M,.

5.5. Reducing the dimension of Gg.,. Since we are arguing by induction, we
can exclude from consideration any group G with subgroups G!,...,G" such that
dim Géer < dim Glaer Tor all i and such that the truth of the statement for
all of the G* implies its truth for G. Since that statement is clearly invariant
under z-extensions [K;] and since any two z-extensions are covered by a common
z-extension, we can immediately suppose that Gge, is simple over F', and indeed
that G is obtained by restriction of scalars from a group over a larger field. Then a
simple argument that we prefer to omit allows us to assume that Gge, is absolutely
simple.

There are two obvious ways of constructing a root system Rq between Ry = R(H.)
and R invariant under I'r and with a map to A satisfying the conditions of the critical
Lemma 5.1.A. The first is to take By = (a | a(e)? =1), A = {a(e)} C F” and the
map a — a(e). The second is to take Ry = (a | a¥(s)? =1), A = {a"(s)} C C*
with T'r acting trivially and the map o — «Y(s). Since we can always use the
transitivity of Lemma 4.1.A of [I] to choose T = T¢,,, we can also suppose that
is satisfied. Thus we are reduced to the case that a(e) = +1 and a¥(s) = +1
for all a.

In general let us call (G,e,s,T,T) primitive if

(i) the element € is not central in G, and s is not central in G,
(ii) Gqer is absolutely simple,

(iii) the set R(Y) is not empty,

(iv) there is no system Ry C R satisfying the conditions of the critical lemma,
so that in particular €2 is central in G and s? central in G.

We now assume that (G, e, s, T, f) is primitive, and see what this implies, although
we shall see that the critical lemma allows us to impose even further constraints on
the problem.

On p. 708 of [Ly] a diagram, either a Dynkin diagram or an extended Dynkin
diagram, together with an action of the Galois group was attached to the pair (f, s)
(there denoted (“Tp, x)). In the present case the diagram DV (there denoted D) is
the union of Xy, XY (there denoted X, X1). The same construction can be applied
to T, e yielding D, Xy, X;.

Lemma 5.5.A. If (G,¢,s,T,T) is primitive then both diagrams D, DV are extended
Dynkin diagrams, and X1, XY both consist of a single simple root, whose coefficient
in the expansion of the largest root is 2.

It suffices to treat the diagram D. Then X; is just a set of simple roots for G..
If it were a subset of a set of simple roots for G, then G, would be the Levi factor
of a parabolic subgroup of GG. This parabolic subgroup need not be defined over
F. Take R; = R(G.) and let A(a) be the restriction of a to the center of G. It is
clear that A(a) # A~ («) for a € R(G/G4). Thus a — A(«a) satisfies the condition
of Lemma 5.1.A, contradicting the assumption of primitivity.

We conclude in particular that D is an extended diagram, and that X contains the
negative of the largest root ag. Let g, ..., ay be the simple roots. By construction
every root « such that a(e) = —1 is the sum of a single element of X; and an
integral linear combination with non-negative coefficients of the elements of Xy. If
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o € X1 then —a; assumes the value —1 at e. Thus for some ay,

(5.5.1) —oj = oy + Z c; 0 — CoQg,
ik
with ¢; 2 0, ¢; =0 if a;; ¢ Xp. Since

£
(552) Qg = Z biai
i=1

with b; > 0 for all 7, the equation is only possible if j # k and X1 = {a;, ag},
Co = bj = bk =1 OI‘jZ k and %1 = {Oéj}, ij = 2. Ifxl = {aj} and bj =1 then
implies that ag(e) = —1, which is out of the question. Thus to prove the
lemma, we need only exclude the possibility that X1 = {a;, o }.

The action of G, on the quotient g/g. is a direct sum of distinct irreducible
representations p. Thus to each o € R(G/Gs) we can associate the p = p(«) in
which it appears. Clearly I' acts on the set of these p and o (p()) = p(ccr) while
p(—a) = p, the contragredient of p. We extend the action of I' = I'r to ¥ = X7 by
demanding that the non-trivial element of Zs C X send p to p.

We claim that
g1 =g + Z 9ps

p=p
g, being the space of p, is a subalgebra. The root system of G is obviously a
possible Ry, for we can take A ={p|p~p}.
Each p has a minimal weight and by the definition of Xy, X; this weight lies in
Xi. Let it be a; = a;(p). Then g, ~ g5 if and only if

—ay = oy + Z ci0; — CoQ, c; > 0.
a; €EXo
Comparing this equation with equation we see that g; = g if X; consists of
a single element, and that g; = g. if it consists of two elements. We infer first that
it is in both cases a subalgebra, and then that X; consists of a single element, that
we denote o;.

The connected components of Xy decompose it into the disjoint union of connected
diagrams permuted among themselves by I'r and, in the same way, I', for we
could as well define Xy, ¥; starting with T rather than T. The result is the same.
Suppose that X is the disjoint union of two non-empty subdiagrams X;, X{/, each
invariant under I'y and each the union of connected components of X itself. We
shall use the transitivity of Lemma 4.1.A of [I] and the Critical Lemma to show
that this case too may be reduced to that of a group of lower dimension, so that we
may impose one further restriction,

(v) Xo is not the disjoint union of two non-empty subdiagrams Xj,, X{; each
invariant under I'p and each the union of connected components of Xy itself.
Moreover X satisfies the same condition.

Supposing that such a decomposition exists we let X{ be the subset containing
the negative of the largest root. Since X is the Dynkin diagram of g. this leads to
a direct sum decomposition,

(5.5.3) ge=g @g’.
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To be definite, we put the center of g. in g’. It is pertinent to observe that g. has
the same rank as g because X; consists of a single element. We have seen, moreover,
that the representation p of g on g/g. is irreducible.

The decomposition implies a tensor-product decomposition p ~ p’ ® p”.
Since p ~ p we have p’ ~ o, p”" ~ p"”. Moreover every element a of R(G/G.) may
be represented as a = (o/, @), where (¢/, @) are the weights of p’ and p”.

Lemma 5.5.B. (i) o is never zero; (ii) There is an « for which o is not zero.
Moreover o' is zero if and only if o is a rational linear combination of roots in Xj.

Every root of X{ is orthogonal to every root of ¥{. Thus X{, ¥{ span mutually
orthogonal subspaces of X*(Tyer) ® R whose sum is X*(Tger) @ R. The components
o', o' of a may be identified with its components in the two summands. Thus
o' is zero if and only if « is a (necessarily rational) linear combination of roots
in X, and o' if and only if it is a linear combination of roots in X{j. Since X{ is
contained in the set of roots simple with respect to a suitable order, a root that is a
rational linear combination of the elements of X is necessarily an integral linear
combination. The first assertion of the lemma follows.

If o were 0 for all « then p” would be trivial and the roots in X orthogonal to
a;j and to all the roots in X{. This contradicts the assumed absolute simplicity.

Take Ry = R(H.), and let R{, be the set of & € Ry that are roots in g’ and R{
the set of a@ € Ry that are roots in g”. If Q', Q" are the Weyl groups of g’, g”
then Qg = QpQ with Qf = Qo N Q' QFf = Qo N Q". In the same way H, factors as
H!-H!.

If

I'z={w(o)o|oelr}
and if w(o) = W' (0)w"(0), w'(0) € Qf, w”(0) € Qf then
' = {w’(a)a | o c FT}
is a subgroup of ¢ x I'r and
I'z={w' (o)’ | o' €Tq }.

As the notation implies, I'yv gives the Galois action for a group 7”7 that could be
substituted either for T or for T". By Lemma 4.1.A of [I] it suffices to prove Theorem
5.1.A for the pairs (7, T") and (17”,T). To deal with the pair (T,T") we apply the
critical lemma, taking the Ry that appears there to be R{, and R; to be the union
of R(G,) and

{a e R(G/G) | a" =0}
and introducing yet a third Cartan subgroup, whose projection on H! is stably
conjugate to the projections of T or T”, but whose projection on H! is maximal
split. Then A is defined on R(G/G1) by M) = . For the pair T', T we take
the Ry of the Critical Lemma to be Rjj. The set R; is R(G.) and X is defined on
R(G/Gy) by AMa) = o'. Tt is again necessary to introduce a third supplementary
torus and to use transitivity.

Lemma 5.5.C. Suppose that (G,e,s,T,T) is primitive and that in addition the
condition (v) is satisfied. Then all roots in R(G) are of the same length.

We examine the possibilities for groups with roots of unequal length, using the
appendices of [B].
(i) By: The diagram is
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[e5)

—ag

The dual diagram is

7(/:31 B B3 Be—2 Be-1 /?Z
and
ap =+ 202+ 4200, Po=201+4 "+ 281+ B
Condition (v) and Lemma 5.5.A imply that X; = {ay}, that ¢ = 2k is even,
that XY = {Bx} and that 'z acts nontrivially on the diagram. We conclude
that a(e) = 1 if « is long and that a(e) = 1 if « is short. On the other

hand, a"(s) = —1 only if " is short, although «"(s) can be 1 for some
short roots. Since

R ={a | ae) = =1, a¥(s) = -1},

it is empty, and groups G of type By are excluded.
(ii) Cp: By the symmetry of the conditions, groups of type Cy are also excluded.
(iii) Fy: The diagram is

—Qo aj Qs as Qy
and
ag = 201 + 3as + 4as + 2ay.
Then X; = {ay}. Thus, with the notation of Table VIII of [B], a(e) = —1
if and only if a = %(:ﬁ:el + €9+ €3 +€y), and therefore, in particular, only if
« is short. By duality oV (s) = —1 only if « is long, so that R4 is empty.
(iv) Gg: The diagram is

and
ap = 3a1 + 2a;.
Thus X1 = {as}. This however, is incompatible with condition (v).

6. THE ORDER-TWO CASE

6.1. Introduction. According to the last section it remains only to prove (5.1.1)
under the following assumptions:

(6.1.1) ale) = +1, aV(s) = +£1, a € R;
and
(6.1.2) all roots in R are the same length.

In this case the roots of type (d) are those o € R for which a(e) = —1 = aV(s).
We begin by describing formulas for @5”” and lim @gd). Let T(s) be the F-torus

with dual YA”(S) = Taa/{1, s7} endowed with the action induced by I'z. Then dual to

1 {157} Toa T 1
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we have

1 A Tis) Teo 1

where A has order exactly two. Each of the terms in v(@ | and hence also v(? itself,
can be constructed in Ty.. We do so without change in notation. A lifting ¥ of v(®

to a cochain in T{4)(F') will be described in (6.2). The coboundary v takes values
in A and so defines an element ¢; of H?(I', A) = {£1}. Then

(6.1.3) O (v, 7y) = 1.
To check this we note that the inclusion {1, s7} — %ad yields
H (X*(TSC)> — HY(2/22).
We have a commutative diagram
HY(Tye) ——— H?(A)

; z

H*1<X*(TSC)> s HY(Z/)22)

(see |Lj] or [M]) and since @%d) (Ym,7g) is given by evaluating v(9), as an element
of H—l(X*(TSC)), on s, (6.1.3)) follows.
The term lim @gd) is handled similarly. Following (4.5) it is given as

{ (019 0, 0w ) 10 ) ) e ),

the pairing being that for H(W, T x %) and T(F) x T(F). We shall move to the
torus S = T x T, from (3.5). It has the Galois action

(6.1.4) T (tts) — (a(tl),aw (a(tl))wa(tg)),

where & = w x 0. We also have T x T — S over F and dually § — T x T (see (3.5)
for definitions). Recall that

w — (a(d)(w),é(d)(w)_lﬁd)(w,w)_1>
is a cocycle in S with image
w — (a(d)(w),a(d) (w)E(d)(w)_lﬁd)(w,w)_l)
under R
H'(W,S) = H'(W,T xT).
More precisely, this was shown in (3.5) for cochains without the superscript (d), but

a factoring argument as in (4.5) allows us to consider just the contributions of type
(d). We may therefore compute lim Oa (v, 7y ) as

<<a(d) (w), &P (w) 12 (w, w)_l) , €S>

where g is the image of (¢, e~ 1) under T'(F)x T(F) — S(F). Note that €5 = (1, €aq)

where €,q = €, is the image of € under T — T,q.
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Next define a torus T{) over F' by

1 — {176ad} Tad T(E) 1

Then we have

1 B j—\‘(e) % 1 I
with B of order 2, and

~

1—>1><B*>1A“><f(5) —>T><%SC—>1 ,
or, more simply,
1*>B*>fxf(e)*>§—>l
In T x f(s) the Galois action is given by with «,, now taking values in f(€)7
as is possible because the roots of X lie in X, (7{)). Dual to this is

I ——{lies} —— S ——= T x Ty —— 1

~
= ~

In the next section we will define a lifting of &@ (w)~12(® (w, w)~! € Ty to 1|,
and thus a lifting of the cocycle

u®(w) = (0l (w), 7D (w) 2D (w,w) )
to a cochain u(w) with values in T x f(e). The coboundary Ju takes values in B
and factors through W — T'. Tt then defines an element ez of H?(T, B) = {£1} and
(6.1.5) lim Oz (v, Vg) = €2

This follows from the commutativity of the diagram below (see the observations at
the end of Section 6.5).

HYWg, T x T(oy)) — H'(Wg,S) —— H*T,B)
2 2 2
(T'xT(o))(F) —— S(F)* ——— {l,es5}"
We observe that A ~ B ~ us and that the homomorphism
H*(T, pz) — H*(T, pua)
is injective. This is essential in all that follows.
6.2. Liftings. Fix i = i € F™ such that i2 = —1. We write v()(7) as
79@) vu(w x 0),

where
v (w x o) = 7D (w, a)w(y(d) (U))b(d) (w)™!

with @ = w X o, and lift term by term. First

7@ = ][ 7o

OCR()
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where y
To@ = [ a2
ac0
a>0
7 ta<0
We shall define () € T(5) and then set 5 (7) = [[5 75(7).
To fix a-data for all asymmetric orbits, choose one orbit, say O, from each pair

+0 and set aq, = —1 for a € O, a, =1 for a € —O. Define

Uo(@) = H U
acO
a>0
7 'a<0
and N
Y _p(@) =1
On the other hand, if O is symmetric fix a > 0 in O and then representatives
o1 = 1,09,...,04, for T4, \I' such that a; = E;la > 0 for each j. Thus O =
{:I:ozj ’ 1<75< n} Fix \/a, € T~ and define Vo, = aflw/aa. We have
Uo@) = ] aal-
Eila]’ <0
Set y
Vo@) = 1] (vas)™™.
Eilaj >0
It remains to lift the terms in v,(w x o). We define (¥ (o) in the same way we
did f(d) (@) and then lift w (y(d)(a)) as w (ﬂ(d)(a)). The term 74 (w, o) is a product
of elements (—1)®" over certain a of type (d). Lift 7(4)(w, o) to the corresponding
product 7@ (w, o) of elements i2* . Recall from (4.5) that b (w) = b 5(d) (w).
The factor 6(4) (w) is a product of terms (—1)®  each of which we lift to i2* . Recall

from (4.3) that b is of the form Il xf’g, where 2, € F, By € 5. Such an
element is naturally lifted to () (by the same formula) since 3o C X*(T(y))-
On the dual side we have to lift the cocycle

(a(d) (w), e (w) 'zt (w,w)_l) - (1,E(d) (w)‘l)u*(w X w)
with
Us(w X W) = (a(d) (w), 2@ (W,w)_l)

= (a(d) (w), 7D (w, 0)w (c(d) (w)) Q, (a(d) (w))g(d) (w)_l) .
Now i = ic will denote a square root of —1 in C. We start with &% (w), lifting it
to 2 (w) in f(e). Then (1,¢(w)~!) is to be lifted to (1,E(d)(w)1>.

The term &9 (w) is a product []r,z(w) over pairs =0 of orbits of type (d). We
proceed term by term in this product. If O is asymmetric then we take y-data for
+0O to be trivial. There is still a nontrivial contribution to r &, namely the term
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5p/q of [I, 2.4]. Here p is the gauge on +0 defined by the fixed order on the roots
and ¢ is given by ¢(«) = 1 if and only if o € O. Thus ([I, 2.4])

Sp/q(U) = H (-1*

a>0

0'71050
acO
and r, 5(w) = sp/4(0) if w — o under W — I'. We define 7, 5(w) to be the product
22" over the same roots.
If O is symmetric the contribution s, /q 18 trivial because we have arranged that
p = q. On the other hand, the y-data {x,} now are nontrivial. Following [I, 2.5]

we write

J
Fix some square root of the complex number s(u;(w)), denoting it by /s (u;(w)),

and then set N

~ 2aj
To(w) = H \/E(uj (w)) .
j=1
It remains to lift u,(w x w). Again we proceed term by term. We lift ¢(¥ (w) as
we did ¢ (w), 7D (w, o) as we did 79 (w, 7), and D (w) as we did b'® (w). We
shall regard a, as taking values in T(,). Then

Us(w X w) = (a(d) (w),g(d)(w, U)W(E(d) (w))aw (a(d)(w))g(d) (w)_l).

6.3. Some coboundaries. For o of type (d) the element (—1)2" of A is nontrivial
and all such elements coincide. Similarly, B = { (£1)% | a type (d) } We identify
both A and B with pus = {£1}. At the same time we identify ic and iz, and then
the subgroup B’ of f(e) generated by {im | a type (d) } with the subgroup A’ of
Ty generated by {i%‘v ‘ a type (d) } (recall that all roots have the same length);

this of course does not respect the action of I'r or I'z. According to and
we have to compute the 2-cocycle v 0u with values in us. This coincides
with 9v/0u which is more convenient for calculations. Where needed, we inflate
cocycles of I' to W without mentioning it in notation.

In this section we investigate the contributions to 0v/du from v, and .. First,
v, and v, are well-defined on Qg x I'r. From Lemma 4.2.B we have

Oy (w1 p, weo) = 7(d) (wip, wao) ™!
and so if we lift 7(4) to 7@ by replacing each term (—1)®" by i2*" then we conclude
that 9v,7@ takes values in A = . Sirgilarly u, and u, are well-defined on
Qo x W and Lemma 4.2.A shows that 0u,7(? takes values in B = A = p5. Here
wxo € QyxWacts on T x T as in (6.1.4). Hence Jv,, Ju. take values in
B’ = A, and 00, /01, takes values in A since 7% is identified with 7(4. The
cochain 97, /0u, is not in general a cocycle (since the operator 9 in the numerator is
that for the Galois action on T{,) and the operator in the denominator is for the dual
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algebraic action). We calculate its coboundary as the coboundary of 0v,7(® / Ot 7D
and thus as _
(Wlp7 W20, w37—) — p;(d) (WQUa o‘}37—)/p7/:(d) (OJQO-a W37')

n ()

a<0,o¢€R(d)
o’lw;1a<0
T71w51071w51a>0

When A is identified as po this becomes

which equals

(W1p7 W20, w3T) — (pz
1

)

)N(wzo,ww)

where N(wq0,ws7) is the nuglber of roots a appearing in the produci above.
We embed g in pg = psa(F'), the group of fourth roots of unity in F'. The group
Qo x W acts on py through I'. Fix € € F” such that £% =i and consider
€ N (wa0)
M W1p,wW20) = <> ’
( ) I3

where N (wp0) is the number of « of type (d) for which & > 0, 0~ 'wy e < 0. The
cochain M takes values in p4. Observing that

N(wi0) + N(wa7) — N(wiowsT) = 2N (w10, waT)

we find that OM is the inverse of (6.3.1)E| Let § = M Ov*/0u*. Then we have
proved:

Lemma 6.3.A. 0 is a 2-cocycle of Qg x I'r with values in 4.

Lemma 6.3.B.
O(w1 X pyws x ) =0(p,0).

Proof. Because 6 is a 2-cocycle it defines an extension of Qg x I'r by p4. The
extension is generated by 4 and elements 77, n € Qg x I'r, with

nan b =n(x), e = 0(m,n2)(mn2)".
‘We have to show that
(w1p)"(w20)" = 0(p, 0) (w1 pw20)".

For this it is sufficient to verify

(6.3.2) 01y = (wiws)
(6.3.3) &5 = (wo)"
and

(6.3.4) 6w ! = (owo™H".

2Editorial comment: It is unknown to what (6.3.1) refers.
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Moreover (6.3.4) need only be verified for w = wg, S € Ly. Indeed, assume that
(6.3.4]) holds for wy and ws. Then

3((}.}10.)2)/\871 = 8@1@2871
=0016 16007 = (owio ™) Nowao ™"
= (leoJQO'_l)/\

so that (6.3.4) is also valid for wjws.
If all these conditions are satisfied then

(W1p)N(w20)" = ©1pWaT = pp~ wip) " WaT

or
50 w1 p20)" = 0(p,0)(p0)" ((p0) ") (wrpwrp ™) (po)"
which is
0(p, o) (w1 pwac)”
and the lemma follows.
The three conditions may be rewritten as

(635) ﬁ(wl,wg) =1
(6.3.6) O(w, o) =1
(6.3.7) H(U,w)a(w)(Q(a,a_l))i (ow,0~1) = 1.

First observe that M(wq,ws) = M(w, o) = 1. In addition, we calculate
M(o,w)o(w) (/\/l(ma*l)*l)/\/l(aw, o 1)

é. N(w) 5 —N(e™h E N(e™1) é.N(w)
(o) () () =)

But N(w) is twice the number of roots of type (d) in Rg; so we may rewrite this
A\ [BE@)]

A

o1

as

expression as (

Turning now to 9v, and 0., each taking values in A’, and £ = 97, /0u, taking
values in A = uo, we have

L(wr,ws) = Ob(wy, wa)/Ob(wr,wo) = 1
and L(w, o) is the quotient of

b(w) ™ 'w (5(0))F(w, o)~ w(F(0))
by N
b(w) " w(Ew)) ag (a(w))T(w, o) " w(@w))
and this is B
T(w,0) T (w,0) = 1.
Here, and below, the superscript (d) has been omitted from the notation. Similarly
we find

L(ow, 0 Mo (w) (ﬁ(a, 071)) =1,
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and so it remains to compute £(o,w) in the case w = wg, f € Xy. We obtain L(o,w)
as the quotient of

y(o)o (b(w)_1> ?(a(w), 0)

-1

Aw)o (Z(@) 71%(0(50), o) o(w) (z(w)*l)i(g(w))aa(w) (a(w))

We may cancel 7 and 7 and then insert &(w, o) in the numerator and ’e~\(w, o) in the
denominator. Recall that e(w, o) and e(w, o) were defined in (4.1). We consider

only the contribution from roots of type (d) and lift to € and € by lifting each term
(1) or (=1)* to % =%
We also factor b(w) as b,d(w) and similarly Z(w) This yields
£(0’, W) = E1E2E3(E1E2E3)_1

where

Ey :fl;o(w)a(’ggl)a

By = §(o)o(w)(5(0)

~ - -1

E; = 5(U(w))a<5(w)> e(w,0)

El = %U(w)a-(gw )

Ey = ¢(w)o(w) (E(w))_law (a(w)fl)
and

~ ~ -1
3 = g(a(w))o(é(w)) e(w, o).
Recall that w = wg. To simplify this expression for £(o,w) we need some preparation.

Lemma 6.3.C. There exists ng = £1 such that

5(0(0.)5))0(5(&)5))

e(ws, o) =5’

and

5(a(wﬁ))a(5(w5)) é(wg,0) = ng’g.
Proof. This is a long calculation in which we repeatedly use the fact that

(- (F)emsle) = (o

First, e(w,0) = 7(0,w)7(ow,0 " )o(w)(r(c,071)7). The last two factors are
respectively the product over a > 0, w™ o~ !'a < 0, cw™'o~'a > 0 and that over
ow o la >0, w o ta > 0 of (—1)O‘V. When multiplied together they yield the
product over o < 0, w o la < 0, cwlo~ta > 0. The first factor is the product
over a > 0, 07 'a < 0, w o ra > 0 of (=1)*". For e(w,0) we then have the
products over

1

(1) a>0, wlecla>0, oc'a>0, owlola<0
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and

(2) a>0, wlocla>0 ocla<0, ocwlocta>0

of (=1)*"
The contributions of ¢ (8(wg)), 6(c(wg)) to the left side of the first equation are
the products over, respectively,

(3) cla>0, wlola<o, o la e RE
and
4) a>0, ow'locla<o, o€ R;

of the same term. Here w = wg. The left side of the second equation is an exactly
analogous product, roots replacing coroots in the exponents.

Consider the contribution of {+a,+a’}, where o/ = —ocw™tola. If @ and o
have opposite signs then these can be contributions only to and . Taking a > 0
and supposing that w™'c~'a and o~'a have opposite signs, we see immediately
that these contributions are:

-1

Vv

ola>0, o laeRy (1)~ (=1)~";
ola>0, olag¢Rf : (-1)7 (-1
cla<0, —olaeR} (1) (=1)=";
o la <0, —U‘lagéRE (—1)2" (=1)=""

Thus we are done with the case of opposite signs. Observe that explicit calculations
were not really necessary. It suffices to observe that the contribution to each of (|2 .
and (3) is ( ),y e {xa, +a'}.

If o, o/ have the same sign, then {+a,+a’} can contribute to , or .
There must be a contribution from exactly one root to . There is a contribution
from at most one root to . It occurs if and only if there is no contribution to .
Because we may identify each root with its coroot the same argument applies on
the dual side to yield the second equation. The lemma is thus proved.

We now recall the equations in Lemma 4.1.A. The first,

e(w,0)b(o(w)) = o(w)(y(0))y(0) " o (bw)),
is an equation in Gs.. It may be written as
1

bawo(b;l)y(a)o(w)(y(o-))* = [3(o)) o (5w)) etw.o)] .
But b, b s bo(w) = bggv because w = wpg, and

o)) (y(e)) = [[az [Laz=" = ([Leie )"

the product being over a such that a > 0, 0~ 'a < 0. Thus the equation may be

rewritten as
\2
{gﬁffb/s e ’ﬁ} :ngﬁ
or, since we are in Ggc, as

bopo(bs) " [[al™ " = ns.
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Now we pass to T{;), obtaining

ooy [Lae ] =g
in this torus. The left side is F; E5 and so
BBy =0
Similarly on the dual side, we find
EL\Ey = ngﬂ .
But ngﬁ " is identified with ngﬁ . We therefore cancel E; Eo with E; Ey and conclude

that N
E(Jv w) = E3/E3-

R 2 s [RE@)
This quotient is simply 0@@)) or HaeRg(d) (ﬁ) . In po this is (UEZ.)> .
Hence

-1
L(o,w)L(ow, 0~ o (w) (ﬁ(a,a-l))
cancels with .
M(ow)M(ow, o™ )o(w) (M(0,071)>
and the proof of Lemma 6.3.B is complete.
We now return to 0v/0u and write it as a product of cocycles
(M y)de)~L - (M I, )dt,).

Lemma 6.3.B says that we may calculate the second cocycle as M 9%y/9¢ using the
action of 'y rather than I'zz. Factor M as HO Mo where

5 No (o)
MO(pa U) = (pg> ’

No(o) being the number of « in O for which a > 0 and 0~ 'a < 0. Then we have
M/oe =[] Azo
+0
where
Ao = MoM_o 0yo 9y-o0/0T+0
if O is asymmetric. By now familiar arguments show that 9yp 0y_0 /010 (O
asymmetric) and 0yo /0o (O symmetric) take values in po and that Ay is a
2-cocycle with values in 4.
Similarly,
Mayjoe =] o
+0
where now

We conclude:
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Theorem 6.3.C. .

05/0u = | [[ Ao | | [[ s0
+0 +0

6.4. Remaining steps. To complete the proof of (5.1.1)) we will show:

(6.4.1) At is trivial for £O asymmetric,
(6.4.2) inve Ao = Xal(ae) for O symmetric,
and

(6.4.3) [Ixa(=2) =] xa(-2).
o o

Here invy denotes the isomorphism H2(T, uy) = Z4. Since we have chosen i € C*
and i € " we may identify this Z, with p4(C). In this section we prove (6.4.1))
and (6.4.3).

Suppose that O is asymmetric. Then

FU - pl
(8y0 51/70/87}0)(% U) = 73
a>0
o ta<0
acO
and so ¢ )
pi
Aro(p,0) = H € T
a>0 p a>0
o ta<0 o ta<0
acOU-0 ac®

Let £/p€ = €. Then €* =1, p(i)/i = ¢ 2 and

)\io(p70') = H 6'6_2 H € — (6_1)N1€N2,

a>0 a>0
o ta<0 o la<0
acO ae—0O

where N is the number of terms in the first product and Ny is the number in the
second. We observe that N; = N, and thus prove ((6.4.1}).

Let ® be the group of all automorphisms ¢ of RY such that p(—a) = —¢(a)
for all a. Fix v and let ®,, be the group fixing o and @, the group fixing the set
{xa}. Let 0;, i =1, 2, be the characters of order two of &L, /P, and set

pi = Indgia 0;.

To be specific, let #; be the trivial character. For some subset S of R(Y) such that
R is the disjoint union of S and —S let N () be the number of a in S such that
¢ '(a) € —=S. Then

det p2(ip)/ det p1 () = (1))
The group Qy x I'r is imbedded in ® and it is easily seen that N(w) is even for
w € Qo. Thus if o in I'7 corresponds to & in I' then

(6.4.4) det pa(0)/ det p1 (o) = det p2(7)/ det p1 ().
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Lemma 6.4.A. Suppose o € I'r corresponds to x € F*. Then
[T xs(x) = det pa(0)/ det p1 (o).
o

Since the lemma will be valid for T just as well as for T, it together with (6.4.4)
implies (6.4.3)).

Proof. We note that p; is the direct sum over a set of representatives ¢ for the
double cosets @, \P /FT of the representations
= IndFTm) by g 0; o ad .
If o= *(a) = 3 then
IrNe '®i,p=T1p
and 0 o ad ¢ is the character ys regarded as a character of Gal(F/Fyp) = I'yg.
If 61,...,0, is a set of representatives for I'y g\I" and 0]-0 = Bj(o)oj then

det pf(o)/ det pf (o szs Bjlo

and, by local class field theory, this is xg(x). Slnce
det pa(0)/ det p1(o H det p¥ (o) / det p? (o),

the lemma follows.

6.5. Symmetric orbits. Throughout this section O will be a symmetric orbit.

Recall that O = { +a; | 1< j <n}, where o = orj_loz >0and o1 =1,09,...,0,
are representatives for I'1,. Define a;(p), aj(0) € T'xa by 0;p = oj(p)o; and
o0 = aj(o)or. For o € 'y, define §(0) =0if oo = aand §(0) =1 if ca = —a.
Lemma 6.5.A.

vz 1Pl "
%0(p.0) =117 [w] ~

Proof. Let 0 be the character on I'y,, given by §(c) = £1 according as ca = +a.
Then we find

B - 1 if9(aj(ﬂ)):1 "
yo(P)*HC’j {\/@ if 6(a;(p)) 1}

j=1
_ G if (aj(0) =1 |
p(yo(U)) = ]1;[10] aJ(p)(\/@)g(%(p)) if 0(0/ (a)) =-1
and
1 n -1 1 if H(Gj(p))e(aj'(o.)) = -
yo(po) _jl;ll J {(\/@) 1 1f9(04j(P))9(aJ’(0)):_1}
Thus
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where A; is given by the following table:

G(aj(p)) Q(Ozj/(a)) A]'
1 1 1
i T [ o(0)vaa/Vaa
-1 1 1
-1 1 | Vaa/o;(P)v/oa

Since j(p)y/aa = +1/aq if oj(p)or = a, that is, if #(a;(p)) = 1, the lemma follows.

Recall that to define ro and 7o we have chosen w; mapping to o; under W — T,
writing wjw = uj(w)wj, Wi = Wivg U Wivr, vou = vo(u)v, with k=0 or 1 and
s(u) = Xa(vo(u)), u € Wy. Then

mzﬂﬁwwﬁa
w,,,o Hfu/ 0(a;(p))2a;

where w — p under W — I', and

To(ww') H\f (uj(w (w’))f%ﬁ.

Hence
Lemma 6.5.B.
7o (w,w’) HB2aJ

where
0(a;(p))

&:ﬁ%mwﬁ%@M)
V5 (uj(w)ug (w'))

From these two lemmas we conclude that

e e )
A@(w,w)H<B> (Pff) .

j J

o - o)
T\ ’

_1[ A;C;
o (I (7))

J

Let

and define \ by

Lemma 6.5.C. X is a coboundary.

Proof. Because aj_lAj/Aj = orj_lBj/Bj we may write A\’ as

e (£))

Bjjj I3




DESCENT FOR TRANSFER FACTORS 55

From the definition of A; we see that

- —1\ 0(ei(p)é(ay (o)
o; tA; _ (9 () g ( )
B; i

nj&(aj(p))s(aj/(a))

where 7; = 0;1(5)/5. We also find that

(o7 7 e/ )" ()

J

coincides with (pnj//nj)é(aj'(a)). Thus

V= H ’,72'5(043'(»0))5(047"(0)) (p’f]j//’l?j)[s(aj/(g))-

J
J

On the other hand, the coboundary of ] ; nj(aj(a))

a; o (o —d(a;( )O‘j’(g)
H(”j( 5O (22 @), (asto )>.

J

is

Because

8(aj(p)) + 0(aj (o)) = (e (p)ajr(0)) = 26(ex;(p))d (e (o)),
this coboundary coincides with )\, and the lemma is proved.
We discard the term ) from Ao leaving

A,;C,;
_— ( J J)
I l J .
’ B;
which equals

(o) [ /5003 (0)) V5 g ()"
Vs (uj (w)u (w))

Consider the cocycle A, of Wi, in uy given by

Haj‘l (6vaa/a;(p)(§v/aa))

Vs(ww')

where w,w’ — p,o under Wi, — I'+y. Then Ao is the image of A, under the
corestriction homomorphism from H?(Weig, p1g) to H2(W, j14). Since

s(w)o(P)
(w,0') = (ev/an/p(evan)’ | Vatw) <m>

inVF )\o = inVFia )\a,
to prove (6.4.2) it is sufficient to prove that
(6.5.1) inv Ay = Xal(@a)-

If Ry — R, is an isogeny of tori over a local field F' with kernel D then local
class field theory ([M| Chap. 1]) yields two sequences in duality

(6.5.2) D(F) —— Ry(F) —— Ry(F) —— H'(F,D)
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(6.5.3) H2(F,D) +—— HY(W,Ry) +—— HY(W,Ry) +—— H'(F,D) .
The pairing is in all cases to C* or a subgroup of it, and
D= Hom(D,poo(F) ® ,uOO(C)).

We use in two different ways the compatibility of the two sequences with the
pairing, for the commutativity of diagrams (6.6.1)) and (6.6.2) are special cases
of it. Since we use the compatibility at both ends, we need to pay attention to
signs. Moreover we know of no reference for the compatibility, although it follows
from standard results. So we include here some very brief remarks, based on the
constructions in [Lg].

First of all, when proving the compatibility, one can confine attention to elements
of H'(F,R;) and thus of H'(K/F,R;) for some large K. (Notice the proof that
Ao factors through 'y, in the next section.) Then o € H'(K/F, le) when paired
with the cup product U~ of 8 € H?(K/F, X.(R;)) and the fundamental class of
K/F yields (a, 8) = (8, a). The pairing between o’ € Hl(F,lA)) and 3 € H’(F, D)
is given by

§'Ua’ € HX(F,D @ D) = H2(F, () @ 1 (C)) = ptn(C).

Here n is sufficiently large and ' U o’ : p,o — 8'(p) ® pa/(0).
Choosing n so that nX,(Rz2) C X.(R1) C X.(R2) we see that it is enough to
treat the case that nX,(Rs) = X.(R1). Then

1 D Ry Ry 1

is obtained by tensoring

— =X =X

(6.5.4) 1 —— pn(F) F F 1
with X, (Ry).

Suppose o' € HY(F,D) has image a and 8 is the image of 3 U~. Then
by Proposition 5 of [Sel Chap. VIII, Sect. 3], 5/ = B U dv, § being the map
H2(F,F") - H3 (F, ,un(F)) attached to (6.5.4). Thus

BUd =pUdyud = —-pUad’ Udy.
Choose n divisible by [K : F]. Then
H?*(K/F, py(K)) = H*(K/F,K*),
is an isomorphism as is
H?(K/F, pin(K)) = H*(K/F, i (K))

if njm.

The product SU o/ =~ is a class in H ™2 (K/F, un(C)). Lifting v, v1 to ¥, 71
with values in ji,2 (K), pt,2 (C) we obtain a product of chains 7; U7 that projects
to v1 U~y. Since

O uUy) =0 Uy +ynuUdy
must be trivial in Hl(K/F,un(K) ®un(C)), and 07 = oy, 01 = (B,a), we
conclude that

pud =(B,a)y.

This is one of the compatibilities.
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For the other, take « € H'(K/F, D), and o/ = da, 8/ = 8U~. Then
BU~ryUda=pUdaUy=0(Ua)Un,
and 6(fUa) = (8, a).
6.6. Final calculations. First we observe that
B = /s(w) (\/E(w’))e(p)(\/g(ww’))fl, w,w’ € Wy,

is given by the following table. The elements ¢, ¢’ lie in W,..

w | w B

t ¥ | ) !
L 0 | VsOVaE) ) !
tor | | Vs)Vs(E) ()
tor | 1 | VaV/E() /(i 0?) !
The proof of (6.5.1) will be divided into the following cases:
(I) 1€ Fig;
(I1) i € Fy — Fyy;

(I11) i ¢ F,.

We shall delete the subscript « from notation. Thus a, Xa, Aas Fta become a, x,
A, Fly; we write Fy for F,.

To verify directly that A factors through I'y., we choose an open subgroup U of
finite index in F* that does not contain —1. Then V = U? is also open and of finite
index and u — v = u? is a topological isomorphism between the two groups. Define
a character u of V by p(v) = x(u). Then u? is equal to x on V. We may suppose
U and V are invariant under I'y.. Then V is a normal subgroup of Wy and we may
so choose +/s(t), t € W, such that

Vs(vt) = p(v)V/s(t).
Since p(vt) = x(uw) = 1, v € V, it follows easily from the table that B factors
through VAW, and thus through I'y. We now prove (6.5.1]).

Case I. We may assume F' nonarchimedean. Let L be the cyclic quartic extension
Fi(&/a) of Fi, T be the generator {/a — i€y/a and u; be the character on
Gal(L/Fy) given by uy(7) = i~!. We pull uy back to a character on I'y and observe

that
pé\/\/%=u1(p), pely.

Because x(—1) = x(i*) = 1 we may choose a character ug on F/* such that u3 = x.
Regard ps as a character on W, and set /s = ps. As usual, let w,w’ — p, o under
W — T'+. Then in the table of values for B we obtain 1, 1, ua(#'T )1, po(tT v2) 1,
so that B is given by

(w,w") = [pz 0 tmns(w’)]_é(p)
where trans is the transfer homomorphism W2P — W_?_b. Since p9 0 trans corresponds
to restriction of po to F{ we may write this as

(w, ) = pz(o) 7%

on identifying this restriction as a character on I'y.
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Observe next that on F¥ or I'y we have u} = pu3 = x so that 6 = pouy ' is of
order two. Also (p, ) — pa(0)~%(P) is cohomologous to (p, o) — pa(p)®(@), for they
differ by the boundary of p — us (p)‘s(”). We conclude that A is the cocycle

(p,0) = 0(p)°).
We interpret this as the cup-product of § in H* (Fi, ;LQ(C)) and § in H! (Fi, [LQ(F)).

In general the diagram,
(6.6.1)

pin(F)* ——— (FZ)* (1) e B (Faoun(F))

2 2 2 Z‘
Hz(Fﬂ:vﬂ’n(C)) — HI(W:E)CX) — Hl(Wﬂ:vCX) — HI(F:i:an(C))

defined by =z — z™, T FX, is commutative. Thus

inv A = 6(a”) = pa(a®)py () = x(a)uy (@),
However, the norm of £/a is

i-(=1)- ( ) 6 a* = a’
so that p1(a?) = 1. Thus the relation is valid in this case.
Observe that slight variations of the precedlng arguments allow one to verify
readily in all cases that if is valid for one choice of a and x then it is valid
for all.

Case II. We may choose a = —i, \/a = £~1. Then A is given by B~!. The diagram
(6.6.1]) is now to be replaced by the analogous diagram for the group R with the
twisted action p : z — p( )?). Then C* is replaced by R. We take n = 4, and

then the kernel of z — z* R S Ri is, because of the twisted action and because
1 € Fy — F, isomorphic to pa(F+). The analogue of ([6.6.1] - is
(6.6.2)

Z; R* R* H'(Fy,Z4)"

| z

2 2
|
H2(F:|:a,u4(F:I:)) —— H'(Wy,R) «— H'(Wy,R) «— Hl(Fi,m(Fi))

It is again commutative.

The element B! lies in H?(F4,pa(Fy)), and comes as the boundary of a 1-
cochain on W with values in R, namely w — V/$(w)~t. Taking the fourth power,
we obtain the cocycle 7 : w — s(w) 2.

The element inv X is obtained, after our identification, by pairing B with a=! =4
in Z4 (or pug(F)). Thus, by commutativity of the diagram, it is obtained as the
value of the character v associated to the cocycle 7 on a~!. In general if z € ﬁ, thus
if z € Fy and 2z = 1, then z = 5 ' and v(2) = x(y)~2 because the function s>
restricted to W, is x2. For z =i we have y = 1 + 4 and

X() 72 = x(20) 7" = x(~9) = x(a),
because 2 is the norm of y.
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Case ITI. We have not been able in Case III to deal directly with fields of even
residual characteristic. They can, however, be handled by a global argument.
Suppose, for present purposes, that F is a quadratic extension of the number field
Fy, that a € F} and @ = —a, and that x is an idele class character of Ir, whose
restriction to I, is the character 0, /p, associated to the quadratic extension. The
construction of A in Section 6.5 can be carried out globally. At a place in Fly that
does not split in F., the global construction is compatible with the local. However,
A can also be restricted to the local Weil group at a place v that splits in F;. We
claim that the relation is valid at this local place. Thus

inv A\, = xp(a) =1.

To see this observe first that x,(—1) = 1 so that x, is a square. Since 6(p) =1
if p lies in the decomposition group, the denominator of the expression defining A,
is 1. Since 6(0) = 0 if o is in the decomposition group, the numerator is also 1.

We conclude that if is valid at all but one place then it is valid at the
remaining place. It is certainly valid at the archimedean places, for if they are not
split they fall under Case II. Moreover, given local data at one place, we can extend
these local data to global data and in such a way that at any prescribed finite set of
places not containing the original one the extension splits. Therefore it suffices to
treat the case of odd residual characteristic.

Since i ¢ F; we have a diagram of fields

N

¥ E = Fy(i)
ramiﬁed\ Afamiﬁcd

Fy

All intermediate extensions are quadratic and [K : Fp] = 4. Let g be the number
of elements in the residue field, so that ¢ = 3 (mod 4) and ¢> — 1 =0 (mod 8). Let
m be the largest power of 2 dividing ¢? — 1 and let ¢ be a primitive mth root of
unity in £. We may suppose that

g(qul)/f% =¢, C(qul)/4 —
Since F /Fy is ramified, we may choose a so that a? = @ is a uniformizing parameter

in Fiy. Then K ( \“/&) and K ( {‘f() are linearly disjoint and Galois over Fl.
Thus we may enlarge our diagram of fields to

K (¥/a) K V<)

E

SN/

v K

-
\

Fy /
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There exists a 7 € I'x such that

(6.6.3) Ta=—a, 7(va)=~EVa, T(%) =/

We choose 1, 7 as representatives for 'y \I'y.

The group of units OF in Oy is a product {+1}U, where U is the set of all a
in OF whose image in the residue field has odd order. We define x on FJ by the
following conditions:

XU=1; x(-1)=-1, x(-a®)=1.
Then we extend it to F, obtaining a character x of order 4. This character defines
a cyclic quartic extension of F; that evidently contains K because x? is unramified.
Thus it is the quadratic extension of K associated to the character v(z) = x(27).
Since v is not trivial on units it is ramified, and thus of the form K (y/7a), where  is

a unit. Then 1 = v(—va) = v(y)x(a?) = —v(7), so that v(y) = —1. Consequently
we may take v = ¢, and the field is K(v/Ca).

Consider the element § of H? (F+, u4(F+)) given by p — a/p(¥/a) and the

element 6 of H'(Fy,us(C)) given by x. According to the diagram the
invariant of their cup product is x(a).

To complete the proof of in Case IIT and thus of Theorem 1.6.A it remains
to show that A is in the class of the corestriction of § U 6. The cup product itself is
given by

ord(o
(00) > (Safo(va) ™
if we identify, as usual, pu4(C) with Z4 and set x(o) = iord(o).

We calculate the corestriction with the coset representatives (1,7) for Ty \I'y
obtaining a 2-cocycle . We construct the extension of I'y by uy(F) defined by pu,
letting & be the representative of o € 'y in it. Then p- 7 = p, »(po)”. We want to
choose a, € py(F) so that if & = a,& then p& = Apo(po).

We first examine the restriction of the cocycle p to I'y. There it is given by

. —1 _ _ —1
oo = (Vap(a)™ ) (Varpr (Ya) )
We claim that ord(7o77!) = —ord(o). It is enough to verify this on an element o

such that o(y/Ca) = +iy/Ca. Then, by (6.6.3),
ror  (\/Ca) = To(—iv/Ca) = T(£+1/Ca) = Fir/Ca = 0 (\/Ca).

)

ord(o) ord(ror 1)

Thus

rd(o) ord(o)

o = (Vo o) 7 () (v) ™ = (s0t0)7)

On the other hand, the numerator of the quotient defining A is trivial on I'|
since 6(c) = 0 for o € I';. The denominator is easily calculated since it is just the
pullback to I'y through x of the 2-cocycle of the extension

1 —— p2(C) —— usg(C) —— ua(C) —— 1
If we choose o1 such that ord(o;) = 1 then for 0 < a,b < 4 this is just

1 a+b<4
-1 a+b>4.

Aga gb =

0'1,0'1
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Thus both cocycles are defined on Gal(K (v/Ca)/Fy) and if we take
g1 =01, (01)~ =¢&01(§) (o))", (01) =E01(§) 7 (o7)"
then /-3 = Ao (po)™ on I'y, because o2(¢) = £4° = €.
If o belongs to'y then1-7=7,7-0 =707 ' -7, 7-7 =72, so that
— 71 Orda — 4 OT o — Or g
o = (Y () ) = o) o)
On the other hand,

-1
Ao = (VX)) VX@WVX(For ) = Vx(o)Vx(ror !
and we have chosen /x(0]) = Ve2mia/4 = ¢2m4/8 for ) < a < 4. Thus
)\T,ai‘ — e27ria/8627ri(4—a)/8 =1, 0<a<4,
At = 1.

Then we set 7 = 37, where 3 is yet to be determined, and define (70)™~ so that

(to)~ = A] 1?5 = A;},ﬁT(ag)?ﬁ = A;},ﬂT(ag)uT’J(TJ)A
This done, we have to verify that
(6.6.4) 0T = Ao r(0T)™.
If this equation is valid then
o-(tp)” = U()‘T,p)_laFﬁ: U(AT’p)_le,T(UT)Nﬁ
which equals
o(Ar, ) 1/\0 T)\_ ro1gr T A =16mp) A r-167p(0TP)™ = No 7 p(0Tp) ™.
Moreover, if (6.6.4) is valid for p as well as o then
(po)N? = XpoPIT = Xy o (Ao ) Np,or (pIT)™ = Ny 7 (porT)™.

Thus it enough to verify it for o;.
The left side is equal to o1(3) s, +(07)"; the right side is

Aer AL B0 i g (7).
Since ord(72) =2, 1-7 =7, 701 = (ro17 V)7,
L
Hoy 7 :7'71(%7'2(\4/5) 1) =1,

while

Aoyr = (\/62m/4)—1\/62m/4 -1
Thus we must have

n(BB7 = -7 (601(O)7") = ~€or(6) = ¢,

Since 01 (i) = —1, we may take

It is easy to verify that (7p)~c = Tpa) if p, 0 €'y, and if
(6.6.5) 7= )\7,7(7'2)

61
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it is easy to verify that (p7)~(07)~ = A,r 0r(pT0T)™, p, 0 € 'y, Thus the proof of
Theorem 1.6.A will be complete once (6.6.5)) is established. It is clear that p,, =1
and that ord(72) = 2. Therefore

7/:2 — (ﬁ?)Q — 62?2 — 62(7_2)/\ — —62(72)N.

On the other hand,

Arr=VCar(\/Ca) =€ 2= -2 = -p7,

and we are done.

[
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