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CHAPTER 1

Introduction

The first undisguised automorphic forms met by most of us are the modular
forms. A modular form of weight & is an analytic function on the upper half-plane

which satisfies
(E5) =+t

cz+d

a b

c d
of determinant 1. Actually there is a supplementary condition, of no importance
to us, on its rate of growth as Im(z) — oco. Nowadays the Siegel modular forms
are met soon afterwards. A Siegel modular form of weight k is a complex analytic

function on the space of complex n X n symmetric matrices with positive definite
real part which satisfies

f((AZ + B)(CZ + D)*l) = det(CZ + D)* f(Z)

for all integral matrices

for all integral 2n x 2n symplectic matrices

(e )

For some purposes it is best to consider not f but an associated function ¢ on
the group G of real 2n x 2n symplectic matrices defined by

b7 (g) = det(Ci + D)”“f((Ai + B)(Ci + D)*l)

(A B
9=\c bp)
If ' is the group of integral matrices in G then ¢; is a function on I'\G. The
functions ¢ associated to those f which have a finite norm in the Petersson metric

can be characterized in terms of the representations of G. Associating to each h in
G the operator A(h) on L?(T'\G) defined by

(A(h)9)(9) = ¢(gh),

we obtain a representation of G on L?(I'\G). There is a representation 7, of G on a
Hilbert space Hj, and a distinguished subspace Hy of Hy, such that ¢ is a ¢y if and
only if there is a G-invariant map of Hy to L*(T'\G) which takes H} to the space
generated by ¢.

This is the first hint that it might not be entirely unprofitable to study auto-
morphic forms in the context of the theory of group representations. The Hecke
operators, which play a major role in the study of modular forms, provide a second.
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To see this we have to introduce the adele group of 2n x 2n symplectic matrices.
It will be convenient to change the notation a little. If R is a commutative ring
let Gg be the group of 2n x 2n symplectic matrices with entries from R. Thus the
groups I' and G become Gz and Gr. If p is a prime, finite or infinite, let Q, be
the corresponding completion of Q. The adele ring A is the set of elements {a,} in
Hp Q, such that a, is integral for all but a finite number of p. The diagonal map
defines an imbedding of Q in A. There is a standard topology on G o which turns
it into a locally compact group with Gq as a discrete subgroup. Let

A°=Rx [] 2,
p finite
It is known that Ga = GqGac. Any function ¢ on Gz\Gr can be regarded as a
function on Gq\Ga if one sets ¢(g) = ¢(g5) when g = g192, g1 € Gq, g2 € Gao,
and g5 is the projection of go on Gr. The functions so obtained are characterized
by their right invariance under

U=1x H GZP.

p finite

If f is a function, with compact support, on

GY={1x H Gq,  NGa,

p finite
which is invariant on the left and right under U, and if A(f)¢ is defined by

Mf)elg) = | d(gh)f(h)dh,

GO
then A(f)¢ is invariant on the right under U if ¢ is. Thus the operators A(f), the
Hecke operators, act on the functions on Gz\Gr. If ¢ belongs to a subspace H of
L?*(Gq\Ga) which is invariant and irreducible under the action of G then ¢ is
an eigenfunction of all the Hecke operators and the corresponding eigenvalues are
determined by the equivalence class of the representation of Go on H.

The theory of modular forms and the operators A(f) is far from complete.
Indeed very little attempt has been made, so far as I can see, to understand what
the goals of the theory should be. Once it is put in the above form it is clear that
the concepts at least admit of extension to any reductive algebraic group defined
over a number field. It may be possible to give some coherency to the subject by
introducing the simple principle, implicit in the work of Harish-Chandra, that what
can be done for one reductive group should be done for all.

The simplest reductive group over Q is GL(1). Since G A is abelian, the space
Gq\Ga is a locally compact abelian group C, the group of idele classes of Q.
According to the Plancherel theorem for abelian groups the characters of C' can be
used to decompose L?(Gq\Ga) under the action of Ga and the characters of C
must be regarded as the basic automorphic forms.

Since Q,;, the multiplicative group of Q,, is contained in G'a, each character x
of C defines a character x; of Q,. If p does not divide f,, the conductor of x, x,
is trivial on the units of Q,. It is customary to associate to x the L-series

1
L(S7X) = H 1— XP(P)

Ptfx ps




1. INTRODUCTION 3

and the function
_ sta+p

§(s,><)=<};> 2 F(W)M&x)

Xoo() = (sgna)*|z|”.
The number « is 0 or 1. The function £(s, x) is known to be meromorphic in the
entire complex plane and to satisfy

E(s,x) = ()€1 —s,x71)
where €(x) is a constant of absolute value 1.

For a general group L*(Gq\Ga) decomposes not into a direct integral of one-
dimensional spaces but into a direct integral of Hilbert spaces on each of which Ga
acts irreducibly. Can we associate to each of these Hilbert spaces an Euler product
with the same analytic properties as the functions L(s, x)? In these lectures I would
like to present a little evidence, far from conclusive, that the answer is “yes”. Let me
observe that each power of a character is also a character, thus to yx is associated the
whole collection { L(s,x™) ’ nez }, and that Z parametrizes not only the powers
of x but also the rational representations of GL(1).

Before beginning the substantial part of these lectures let me make, without
committing myself, a further observation. The Euler products mentioned above
are defined by means of the Hecke operators. Thus they are defined in an entirely
different manner than those of Artin or Hasse-Weil. An assertion that an Euler
product of the latter type is equal to one of those associated to an automorphic
form is tantamount to a reciprocity law (for one equation in one variable in the case

of the Artin L-series and for several equations in several variables in the case of the
Hasse-Weil L-series).

if






CHAPTER 2

Some Euler products

Suppose g is a split semisimple Lie algebra over Q and G its adjoint group. Fix
a split Cartan subalgebra b of g and choose a Chevalley basis for g with respect to
h. Let M be the lattice generated by the Chevalley basis over Z. If p is a finite
prime let Gz, be the stabilizer of M x Z,, in Gq,. If p is the infinite prime let

Gzp - GQp =Gr

be the maximal compact subgroup of Gr corresponding to the involution associated
to the Chevalley basis. Let

U=1[Gz, CGa,
p

be the adele group of G. Fix a Borel subgroup B containing 7', the Cartan subgroup
with Lie algebra f. It is known that

Gq, = Bq,Gz,

for each p. For this and various other facts about reduction theory over local fields
see the article by F. Bruhat in the collection Algebraic groups and discontinuous
subgroups. As a consequence Ga = BaU. Moreover Bo = BqBr(Ba NU); hence
GA = BqGrU and Gq = BqGyz if Gz is the stabilizer of M. In particular any
function on Gq\GaA /U is determined by its restriction to Ggr.

Let L be the space of all square integrable functions on Gq\Ga which are
invariant under right translations by elements of U. Let P be a parabolic group
containing B and let N be its unipotent radical. If ¢ lies in L then

/ p(ng) dn
N@\Na

vanishes for almost all g in G if and only if

/ P(ng) dn
NZ\NR

vanishes for almost all ¢ in Gr. If these integrals vanish for almost all g for all
choices of P except G itself we say that ¢ is a cusp form. The set of cusp forms is a
closed subspace Lg of L.

If p is a prime, finite or infinite, let H, be the algebra of all compactly supported
regular Borel measures on Gq, invariant under left and right translations by elements
of Gz,. Multiplication is given by convolution. If 4 lies in H, define the operator
A(p) on Lo by

AMp)o(g) = o(gh) du(h).

Gaq,
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If 41 is the measure associated with an L' function f we shall sometimes write A(f)
instead of A(u). Moreover f will be regarded as an element of H,. If p is finite
all the measures in H,, are absolutely continuous with respect to Haar measure.
There is an orthonormal basis ¢1, ¢o,... of Ly such that each ¢; is, for all p, an
eigenfunction of A(u) for all y in H,.

Fix one element ¢ of this basis. If yu belongs to H,, let A(x)¢ = xp(1)¢. The map
= Xp(p) is a homomorphism of H,, into the complex numbers. Let me remind you
of the standard method of obtaining all such homomorphisms. Let V' be the unipotent
radical of B. Now Vq,\Bgq, is isomorphic to Tq,. Thus any homomorphism w of
Tq, / Tz, into the complex numbers determines a homomorphism of Bq, into the
complex numbers which we again denote by w. If b belongs to B let £(b) be the
determinant of the restriction of Ad(b) to v, the Lie algebra of V. If g lies in Gq,
then g can be written as a product bk with b in Bg, and k in Gz,. Set

1/2
tulg) = w(v)|E®)]".
The function 1, is well-defined and any other function ¢ on Gq, satisfying
1 2
(1) blbgk) = w(b)[£®)] v (9)

for all b, g, and k is a scalar multiple of ¢,,. If p lies in H), define A(u)v, by
() o) = [ ulah) du).
Gaq,

The function A(u)v,, satisfies so there is a scalar x,,(u) such that

A(M)ww = Xw (,U)ww .

The map £ — X (@) is @ homomorphism of H,, into C. All homomorphisms of H,
into the complex numbers which are continuous in the weak topology are obtained
in this way. The homomorphism x,, equals x,- if and only if there is a ¢ in the
Weyl group such that w(t) = w'(t7) for all ¢ in Tq,.

Suppose p is finite. If L is the lattice generated by the roots of h there is a
homomorphism A from T = Tq,/Tz,, or from Tq,, to L = Hom(L,Z) such that
|§a ’ = p®(@) if o is a root. Here &, is the character of T associated to a. If
« is a root let H, be, in the language of Chevalley, the copoid attached to a. Let
Qa1,...,0n be the simple roots. The matrix

is the Cartan matrix of g. The matrix

(HOti I HOtj)
(HOM,’ Haz)

in the transpose of (4;;) and the Cartan matrix of another Lie algebra °g. The
lattice °L’ generated by the roots of a split Cartan subalgebra °h of °g can be
identified with the lattice in hr generated by Hy,,, ..., H,, in such a way that the
roots of “h correspond to the elements H,. Moreover °L can be regarded as a lattice
in hr. It contains °L’ and can in fact be regarded as the lattice of weights of b
so br 2 °L D “L’. In the same way °hg may be identified with Hom(°L,R) so
“hr 2 L' D L if L’ is the lattice of weights of h. Let °G be the simply connected
group with Lie algebra g and let T’ be the Cartan subgroup corresponding to °h.
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There is an isomorphism o — “o of the Weyl group of T in G with that of “T" in ‘G
such that
‘o (A(t)) = A(ot), telq,.

If w is a homomorphism of T into the complex numbers there is a unique point
g in “T'c such that w(t) = £\(g) for all t. Here A = A(t) and &, is the rational
character of “I" associated to A\. Thus associated to each homomorphism of H,
into the complex numbers is an orbit of the Weyl group in “T'¢ or, as I prefer, a
semisimple conjugacy class in “Gc.

The automorphic form ¢ determined for each p a homomorphism x, of H,, into
C. If p is a finite prime let {g,} be the conjugacy class in °G¢ corresponding to
Xp- If 7 is a finite-dimensional complex representation of °G¢, we can consider the
Euler product

(2) 11 (llﬁ(g)) = L(s,, ).

p det

e
As we shall see, this Euler product is absolutely convergent for Re(s) sufficiently
large. T do not know in general what the analytic properties of the function L(s, 7, ¢)
are. I will show, however, that for all but three of the simple groups there is at
least one nontrivial representation for which L(s,m, ¢) is meromorphic in the whole
complex plane. For some groups there are several such representations.

Let me first introduce a I'-factor to go with L(S,m, ¢). If p is the infinite prime
there is a homomorphism A of

T = TQp/TQp N Gzp
into hg = Hom(L, R) such that lﬁa(tﬂ =MD if o is a root. Since L is a lattice
in “hg, every homomorphism of 7 into C is of the form
w(t) = ANB(X)

for some X in “h. Thus to every homomorphism of H, into C there is associated
an orbit of the Weyl group in “h¢ or a semisimple conjugacy class in “gg. If x, is
the homomorphism associated to the automorphic form ¢, let {X} be the associated
conjugacy class and set

L) g (1 (5

T(s, )
: ﬁ{det (I - S;Tﬁ)e‘““e(w)}

where v is Euler’s constant. The function I'(s, 7, ¢) can be expressed as a product
of I'-functions. Set

§(s,m,¢) =T(s,m ¢)L(s, 7, ¢).

The functional equation to expect is

§(3,7T7 ¢) = 5(1 - Sa%a ¢)

if 7 is the representation contragredient to m.






CHAPTER 3

Spherical functions

Each g, that occurs in the expression on the left of ([2)) can be chosen to lie in
°T'c. To see that the product converges in a half-plane it would be enough to show
that for all A in °L and all p

Ex(gp)] < ™)
where ) is that element in the orbit of A under the Weyl group which lies in the
positive Weyl chamber and p is one-half the sum of the positive roots. We can
associate to each g in “T'c a point p = u(g) in “hg so thatl'{ x(g) = p ) for all A
in °L. The point 4 is not uniquely determined by g but its real part is. If u, = u(gp)
we have to show that

Re A(pp) < A(p).

The class {gp} is associated to the homomorphism x,, of H, into C determined by
¢. This homomorphism has the property, not shared by all homomorphisms, that

xo(f)] < / 1£(9)| dg

Gaq,
for all f in H),. The factor c is a fixed constant. To prove this we must recall that
¢ is a cusp form and hence bounded. If M is a bound for ¢ and if ¢(gp) # 0 then

Ixp(F)e(g0)] = <M [ [f(h)|dh

Ga,

/ o(g0h) £ () dh
Caq,

and the assertion follows.

Lemma. Suppose i in “hg is associated to the homomorphism x, of Hy, into C.
If there is a constant ¢ such that

()] < / 1£(9)| dg

Ga,
for all f, then 7
Re A1) < N(p)
for all \.

If w is the homomorphism defined by w(t) = p*® ) set

Yulg) = tu(g).
By definition

Xu()Yu(g) = /G Pu(gh) f(h) dh.

LAt the infinite prime we would take pu =X with X as above.
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If
dulg) = Yu(kg) dk

Gz,
then ¢, (1) = 1, and ¢, (k1gks) = ¢, (g) if k1 and ks lie in G'z,. Moreover it is easily

verified that
D= [ oulah)sman
Gq,

If ;1 satisfies the assumption of the lemma, take f, to be the characteristic function
of the double coset Gz,9Gz,. Then x,.(f,) is equal to x,.(fy)¢.(1) = ¢u(g) times
the measure of (Gz,9Gz,). It follows immediately that }d)u | < ¢ for all g.

To prove the lemma, it will be necessary to study the asymptotic behaviour of
¢y for general values of pu. Let Tq, be the set of ¢ in Tq, for which —A(t) lies in
the positive Weyl chamber. Since

GQp = GZP T(ip GZP

it is sufficient to study the function ¢, on T(Sp.

So far we are free to choose Haar measures in any manner we like. We so choose
them on Vq,, Tq, and Gzp so that the total measures of Vz,, Tz, and Gzp are 1.
Then we choose the Haar measure on Gq, so that

f(g)dg = / / f(vthk)p= 22O dy dt dk.
GQP VQP TQ Gzp

Choose an f in H), and let C' be a compact set in Vq, such that the support of f
is contained in CTq,Gz,. There is a constant ¢y > 0 such that if |£.(t)] < ¢f for
a > 0, then

tCt™' C Ggz,.

Choose a t satisfying this condition. Then

S R
:/ ¢H(tvt_ltS)f(vs)p_Q)‘(S)(P) dv ds
clrg,

= / G, (ts) f(vs)p~ 2P dy ds.
Tq,

Set aﬂ(t) = ¢H(t)p’>‘(t)(”). Replacing the integral over C' by an integral over Vg,
we see that

Xu(f)au(t) = qu tS dS = / d)u t5

Tq,

if f— fis the Satake homomorphism of H), into the group algebra Hzl7 of T defined
by
fls) =p @) f(vs)dv
Va,
If 41 and v, are two functions on T and ¢ > 0, we shall say that 1; ~ 1o if
P1(t) = 1h2(t) whenever |£,(t)| < ¢ for all positive roots . The set of equivalence
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classes forms a vector space W.. Let W be the injective limit of the spaces We. If
f lies in H}, and ¢ is a function on T, then we define A(f)y by

A(f)w(t):/Tw(ts)f(s) ds.

We can also regard A(f) as an operator on Wy,. If ®,, is the image of (ZM in W,
then A(f)®, = x.(f)®, for all fin H,,. Since H), is a finite module over the image
of H,, the space
w={xpne,|sem}
is a finite-dimensional subspace of W.
Choose tq,...,t, such that

o ()] = P70
The points A(t1),...,A(t,) are a basis of °L over Z. Let d; be the characteristic
function of {¢;} and let S; and N; be respectively the semisimple and nilpotent
parts of the restriction of A(J;) to W. The matrices S;, N;, where 1 < i < n, all
commute. Choose a basis ¥q,..., ¥, of W with respect to which S1,...,5, are in
diagonal form. Let

Si\I/j = p’yij \I/j.
If a; is the smallest integer satisfying N;“H =0, then

(Si+ N =3 (f)slzv

’l‘i:O
Let 1, ...,y be representatives of ¥q,...,¥,, and choose ¢y > 0 such that
Gilttr) eo D (s + 0l (1)
J
if [£a(t)| < co for o positive. Choose to such that |¢4(to)| < co if o is positive. If
QO = (1?1(750)’ SRR 7w€(t0))a Q(t) = (wl(t)a v awf(t))7
and /1 > 0,...,¢, >0 then

n

Qfto [Tt | =2 [T (Sk+ Ni)

k=1 k=1

ai ar £1 en I n
o Z"'Z<ﬁ>“'<rn>51 s e

r1=0 =0
NT1 Tn k=1
’ 1 7 Nn

n

=0(l,.... L) ] S
k=1
where ©({1,...,¢,) is a row vector with entries which are polynomials in ¢1,...,¢,.
Choose p; such that A(t;)(pj) = vij, for 1 < ¢ < n. If ‘ga(t)‘ < ‘fa(to)| for «
positive, then
Wby (t) = prI)6; (A1)
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where 6; (A(t)) is a polynomial in A(t). Thus there is a constant ¢; and polynomials
&1 (A1), ..., & (A(t)) such that

¢
Gult) =, O pMOWIg; (A1),
j=1

For our purposes it will be necessary to know the relation between pq, ..., 1 and
1 and to have a more or less explicit formula for the polynomials &; (A(t)). Let “Q
be the Weyl group of “T". For notational convenience let us use the map o — o to
identify “Q) and 2, the Weyl group of T'. Let

A={pe€bg|op=tu, o, tcQimplies c =t}.
Let %; be the image of ¢; in T and let
fi(l), . ,fi(bi)
be the distinct elements in the orbit of ¢; under Q. Set
B= {u € b ‘ AEM) () = AED) () implies i = j and k = ¢ }
Define py, ...k, by the condition that

AEE ) (1) = ANED (i) 1

N

1 <n
and set
C= {u € br ’ oW = lk,,... K, implies afi(ki) =1;,1<i< n}
The complements of A, B, and C' are the union of a finite number of proper affine
subspaces of “hg. Thus there is a point u° in AN BN C. Choose t, such that
(1) Ato)(on®) = A(to)(Tu°) implies o = 7;
(i) A(to)(“op®) = Alto) (1), ) implies 07" =7, 1 <i <.
Let S be the collection of points y in “ho satisfying
(i) prtod(en) = pAt)(T) implies o = 7;
(ii) pA(to)(U#) — pA(tO)(l“kl ..... kn ) implies Ufi(ki) =1, 1<i<n;
_ — (¢
(iii) p)‘(ti(k))(“) = thJ( ) implies ¢ = j and k = /.
Then S is an open, dense, and connected subset of “f.
Suppose p lies in S. Since the coefficients of the polynomial
j=1
lie in the image of H), the equation
b;

Api(X)) e, =[1 (X _thE”)(u))%

j=1
is satisfied. It is satisfied not only by ®, but by every element of W. Since
pi(6(t;)) = 0, the minimal polynomial of the restriction of A(5(Z;)) to W divides

b; )
11 (X _ th}”)(u))
j=1
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Since this polynomial has no multiple root, NV; = 0 and

A(6,)W; = pM D) g
for all t. Here ¢; is the characteristic function of {#}. The point y; must be equivalent
modulo 27iL/logp to an element in the orbit, under Q, of u. If not, there is a ¢
such that

pr D@ £ A k)
for any o in 2. This is impossible because the minimal polynomial of the restriction
of A\(8;) is divisible by

X — pr®s)

H(X — pBon)),

g

and divides

Thus there is a constant c# and constants ag( ) such that
= Z g At)(on)

We need to prove also that the constant ¢, can be chosen to be independent of
. Since the coefficients of p;(X) are independent of u, there is a constant ¢; such

that
b;

Y = () ~
A(pZ(X))gbp, ey H <X —pk(ti )(H))qb,u,
j=1
for all p. If

~ n A(;) — prET W) _
¢p('7l€17~~~7kn):H H () (bp

(k) (s)
| s \ e el
1<7i<bi

then
by

Gu= Y - Z% (ke ki)
=1

ki=1 kn
and, for some constant co which does not depend on p,

A(ai)ggﬂ('v kla ey kn) eo p)\(t QIS kn)gbll 1

N
N
S

If
po(X) = [[(x = p o)

(e
there is a constant c3 such that

( (6t0))¢p«( kn) Zes 0
and _ _
Po(N(0t0)) Pu (s Kt vy Kon) ey po (O WR1bn ) (- Ky, Ky,
Since p lies in S,

gu('; kla B kn) e 0
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unless afiki =1;, 1 <i < n, for some o in Q. Then ug, .k, = op. For a given o,
let k1(),...,kn(o) be the indices satisfying ot( ) ={; and set
() = G- ka(0) (0))-

There is a constant ¢4 such that
¢u ey Z ¢u('a U)
o

and _
Ou(,0) e, %(u)pk(t)(au)
for all pin S.
The next step is to evaluate the coefficients a, (). Since ¢, = ¢y, the same is

true of 5#. If p1 lies in (), 0.S which is an open, dense, and connected set, then
Za RIS ~e, Za op)p Do),

As a consequence am(p) = a,(op). Thus it is enough to evaluate a(p) = aq, (1) if
09 is the element of the Weyl group which takes every positive root to a negative
root. Since a(p) is an analytic function, it is enough to evaluate it when Re p lies
in the interior of the positive Weyl chamber.

Suppose A(t) lies in the interior of the positive Weyl chamber. Since

¢u(tn) = (ZS;L((O'()t)n) = gu((got)")p*”)‘(t)(m

b (t" Za A (t)(og topu—p)
is valid for sufficiently large n and
lim p~"M0W=P g, (") = ag, (1) = a(p)

n—oo

the relation

because Re A\(t)(r —ou) > 0. We shall evaluate this limit in another way and obtain
a(p). Recall that

Pu(t) = Vu(kt) dk
Gz,
Following Harish-Chandra we study this integral by means of the following easily
proved lemma.

Lemma. Suppose V is the unipotent radical of the parabolic group opposed to B. If
v lies in Vq,, let v =v(0)t(0)k(v) with v(v) in Vq,, t([©) in Tq,, and k() in Gz, .
Set A(U) = A(t(V)). There is a constant a such that if v is any integrable function
on Bz, \Gz, then

a (k) dk = /V ¥ (k(@))p* ) gp.
Qp

Gz,

I ask you to bear in mind for a while that a must necessarily equal

L PO g
Va,
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Using the lemma we see that

ou(t) = 2/— Yy (t‘l(@)w)p/\(i)(zp) do

Vaq,

1 _
==/ d)u(@t)p*)‘(”)(“fp) do

a VQp

A(t) (ntp) _
T [ g, Tt @) g

a VQP

A(t) (n—p)

p N A tTot Y (u— —
=— | Y, (0)p AT ) (1=P) gg

Va,

A(t)(n—
_p / PO 0) =N 1) g

a Va,
Thus
1 - R
(3) a(p) = = lim | pk(v)(qup)p—)\(t vt ") (w=p) 45
a n—oo VQp

if ¢ lies in the interior of the positive Weyl chamber.

Lemma. If v lies in the positive Weyl chamber, if A(t) does also, and if T lies in
Vq, then A()(v) < 0 and A\(D)(v) < A(tot~1)(v).
If g lies in Gq, and g = wsk, with v in Tq,, s in Tq,, and k in Gz, set
A(g) = A(s). Tt is known that if ¢ satisfies the condition of the lemma, then
A(kt)(v) < A(t)(v).

Since
Algt) = AMg) + A(kt),
we have
M) () + () (v) = A(gt)(v).
Moreover

At gt)(v) = =A(t)(v) + Agt)(v) < Mg) ().
The second assertion of the lemma follows. If ¥ lies in Vq,, there is a ¢ with A(f) in
the positive Weyl chamber such that tot~! lies in Gz,. Since A(tvt~1) is then zero,
the first assertion follows from the second.

If R is any open half-space in °hi which is bounded by a hyperplane passing
through zero and if R is its closure, let X be the set of roots lying in R, let EE be
the set of positive roots lying in R, and let X% be the set of negative roots lying in
R. Let m(R) be the Lie algebra spanned by the root vectors corresponding to roots
in % and let N(R) be the group with Lie algebra n(R). If p is any prime, finite or
infinite, we consider

/, () di = b(1).
Nq, (R)

It has been shown by Gindikin and Karpelevich that, when p = oo, this integral
converges if Re u(H,) > 0 for every positive root « and is equal to

(Ha)
7T1/2F<u L )

14+pu(Hey ’
—aExy F( H2 )>
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If X, are the root vectors belonging to the Chevalley basis, the Haar measure is
that associated to the form which takes the value 1 on

/\ X,.
a€Xn
We shall imitate their proof and show that the integral converges in the same region
when p is finite and is equal to

1— —1L
4 pl‘r(Ha)+1
0 )
—aEYT pr(Ha)

R

For the moment we shall assume this and complete our evaluation of the limit .
Choose € > 0 such that Re(u) — ep lies in the positive Weyl chamber. Then

Re{A@)(u+ p) = AMt"0t™") (1 — p) }

is the sum of

Re{ (A@) = ME"0t™)) (11 — ep) + A(E"TE™)(p — ep)}

and
Re{\(®)(p+€p)}-
It follows from the lemma that the first expression is less than or equal to zero.
Since
L pRe{A(F)(fH—ep)} dv
Va,
is finite, we can take the limit under the integral sign in to obtain
a(p) = X / PO g5
a Jvq,
1— —1L1
1 H pr(Ha)+1
T a 1
a a>0 1- pr(Ha)

Thus there is a constant ¢ such that if ’é“a (t)’ > c for a positive then

1

1 1 = ey o
(5) %(t):*Z H 1?% prOn—p)

o | a>0 T pon(Ha)
Let )
- )= A(®)(v)
H (1 pu(Ha)Jrl) - Z bsp :
>0 5€T

Only a finite number of the coefficients are not zero. If “a is the root of “h
corresponding to « the formula may be written

/\(¥§)+“p) (on)
1 > . 5gn Up( _)\
(6) ou(t) = - bs g (P
s Hca>0 (p 2 —-p 2 )
This formula is valid for all u. The relation of this formula to the Weyl character
formula need not be pointed out to the knowledgeable reader.
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I do not know if it is valid for all . However it is valid for ¢ = 1. To prove this
we show that the right side is 1 when ¢ = 1. First of all, it follows from the formulae
for dp(u) that

1 1

1- pP(Ha)+1 1- pe(P)+1
a= _ = _

== —/——

a>0 pr(Ha) ca>0 pCalp)

Now bs is zero unless
A(5) = E ‘o
‘acw

where w is a subset of the positive roots of “h. Then % + A(3) is either singular
or in the orbit of % under Q). To prove thisﬂ we recall that Kostant has shown in
lemma 5.9 of his paper on the Borel-Weil theorem that every element in the orbit of
%+ A(35) is of the form % + A\(3') with
AF) ==Y ‘a
cacw’

and suppose that % + A(3) lies in the positive Weyl chamber. If it is nonsingular,
it equals % + A with X in the positive Weyl chamber. Then A = A(5). It follows
immediately that A = A(5) = 0. If bz is not zero, the corresponding term in brackets
on the right side of is zero when ¢t = 1 and A(3) + % is singular and is +1 when
t =1 and A(s) + 9 is in the orbit of 9. In any case if, for brevity, we denote the
right side of () by ©,(t), then ©,(1) is independent of y. Thus

1 1 — — ot
0u(1) = 0,(1) = = 4 [T

o a>0 T por(Ha)
Suppose o # 1. Then, for some simple root ag, cay = —fy is negative and
Up(Hﬁo) = _p(Hao) =-1

and the corresponding term in the above sum is zero. Thus

1 1 — o
Ou(1) =~ Hlil =L

a>0 = pr(Ha)

Since O,,(¢) is a linear combination of products of exponentials and polynomials in
A(t) it cannot vanish in an open cone without vanishing identically. This the last
formula shows it cannot do.

We are now in a position to show that if ¢, is bounded then

Re A(1) < Ap)
for all \. We may suppose that Re u lies in the positive Weyl chamber. Then

Re (1) < Re A(p),

and we need only consider A lying in the positive Weyl chamber. It will be simpler
to consider only A lying in the interior of the positive Weyl chamber. The assertion
for points on the boundary can be obtained by a simple limiting argument. Then if
Re(op) # Re p, for some o in 2, Re A(op) < Re A(p).

Let w be the set of simple roots a for which Re“a(u) = 0. Let 3§ (w) be the
set of all positive roots which are linear combinations of the elements of w, and let

2[Added 1970] I now notice that I made the matter unnecessarily complicated.
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¥ (w) be the other positive roots. Let G be the subgroup of G corresponding to
the Lie algebra generated by the root vectors associated to the elements of X+ (w)
and their negatives and let 7 C Q be the Weyl group of G;. If o belongs to 2 and
Reo () = Rep, then o belongs to Q1. Set ©7,(¢) equal to

1

1 1 — o — g A(t)(ov—p)
DR | e | e '

ce | aest(@w) = porHD) aestw) — porHe)

Since A(t) = A1 + Ao with Ay = A(¢;) for some ¢; in the adjoint group of G; and
A2(a) =0 for o in w, we can write ©,(¢) as the product of

1
1 H ]‘ - pV(HOL)+1
_ —_—
a I
aeXt (w) pv(Ho)

and
1

1
T pov(Ha)+1L ov— -
§ ' ” 11771 prilov=p) L pra(v=p)

ey aeEar('w) - po‘u(Ha)

Applying the previous discussion to G7 instead of G, we see that ©/ (t) is analytic
at p. Moreover ©/,(t) does not vanish, as a function of ¢, for A(t) in an open cone.
Set ©y(t) = ©,(t) — ©,,(t); ©,(t) is also analytic at . As a function of ¢, ©]/(t) is
a linear combination of terms of the form p(A(t)) PO =p) where 1/ is an element
in the orbit of y with Re y/ # Rep and p(A(¢)) is a polynomial in A(¢). Thus, if
A(t) lies in the interior of the positive Weyl chamber,

Jirgop—nk(t)(u—p)@Z(tn) =0

and
lim pfn/\(t)(ufp)%(tn) — nlingopfnk(t)(ufp)git(tn)_

n—oo
Suppose ¢, were bounded and for some A in the positive Weyl chamber Re A(p — )
were less than zero. Then there would exist a ¢ such that Re A(t)(p — p) < 0 and
©/,(t") did not vanish identically. Then
lim pfn)‘(t)(”fp)@;i(t”) =0.

n—oo

On the other hand if ¢ is fixed
q
p MO (7)) = " pr(n)n”
k=0

m

where @ (m) is a linear combination of exponentials e‘*™ with « real. We can

suppose @q(n) # 0. Certainly
Jim g (n) = 0.

Let .
Pq(n) = Z aje' "
j=1
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with a1, ..., a, real and incongruent modulo 2. Then
1N
0= lm ¥ Z py(n)e” " = a.
n=

This is a contradiction.

19






CHAPTER 4

The formula of Gindikin and Karpelevich

To complete the proof of the lemma and to prepare ourselves for the next stage
of the argument, we must evaluate the functions 0z () in closed form. The argument
is an induction on the number of elements in ¥ . Since dr(p) is certainly 1 when
Y} is empty, we can start immediately with the induction step. Let C' and CIJ:E be

the convex cones with vertex at the origin generated by X5 and EE respectively.
Let

Dgz{/\ehR‘A(M)?OforalluEC}g},
D;%:{AEhR‘)\(M)2Oforallu€C§}.

If, as before, 9 = %Z(x>0 “a, then % lies in the interior of DE and, if ¥} is not
empty, in the exterior of D. If

R={n] Al >0},
then Ag lies in the intersection of DE with the interior of D. Joining % to Ag, we
pass through a point of the boundary of D7 which lies in the interior of DE. Since
D3, is polygonal, there is a point A; near this boundary point which lies inside an
n — 1-dimensional side of D}, and in the interior of DE. Then X7, is the set of all
negative roots satisfying A («) > 0. There is exactly one negative root —ag such
that A\ (—ag) = 0. Let

S={n|Mm>0}.
Then X7 is the union of —ap and X

To establish the formula we show that

1~ —maoye
Sr(p) = 1[)710 s(k)-
~ SiTHagT
We shall also see that the integral defining dr () converges if that defining ds(u)
does and
Re pi(Hq,) > 0.

Let N' be the one parameter group generated by the root vector X_,, belonging to
—ap. Let G be the group corresponding to the Lie algebra spanned by Xo,, X _a,,
and H,,. As usual there is a mapping of SL(2) into G° such that the image of

(= 1)
o

21

is expxX_,, and the image of
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is exp £X4,. The image of SL(2,Z,) is contained in Gz, . If 71 = exprX_4,, let
a1 be the identity if = lies in Z,, and let a; be the image of

z7b 0
0 T
if x is not in Z,. Let n; be the identity if = is in Z, and let n; be the image of
1 271
0 1

if z is not in Z,. In all cases m; lies in nya1Gz,. Thus, if 7y lies in NQP(S),

U (Mamy) = Y (Maniar) = ¥y (a1)Pu(a; 'ny 'Maniay).

Consequently

L Y (n) dn = - {/ wu(nzm)dnz} dny
Na, (R) N3, [/Na, ()

- ~° 1’[}“(&1){/]\[ (S)ql’u(al_lnl_lwnlm)dﬁz}dnl.
Qp Qp

Let
n= Z QpXOca a= Z QpXou b= Z Qpon~
)\1(0()>0 /\1(0()>0 /\1(0()>0
a>0 a<0

Here n is the direct sum of a and b. If ) is a closed half-space contained in S, let
©¢ be the set of roots contained in Q). Let the distinct collections of roots obtained

in this way be, in decreasing order, ©¢, ©1,...,0,, 0,11 = &, and set
ng = Z Qan~
acOy,

The relations [n,ng] C ngyq and ng = a N ng + b N ny are clear; in particular, n is
nilpotent. The following rather complicated lemma is an easy consequence of the
Campbell-Hausdorff formula.

Lemma. Suppose n is a Lie algebra of nilpotent transformations of a vector space
V' over a field k of characteristic zero and N 1is the associated group of linear
transformations. Suppose

n=mnp22n 2 2npy = {0}

is a decreasing sequence of ideals in n and [n,ng] C ng41. Suppose that a and b are
two subspaces of n and

nk:nkﬂa@nkﬂb
for each k. Set a, =ng Na, by =n, Nb, and choose a;, EZ such that

14 14
ap = @Hl and bk = @Ez
i=k i=k

Then every element of N can be written uniquely as

n=expXgexpXi---expXpexpYs---expYy
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with X; in a;, Y; in Ei. If X — X% is an automorphism of n leaving each ny
invariant let X, + Y, — X + Y] be the induced transformation on
N /Myl >~ ag @ Ek-

If

n® =exp X{ ---exp X/ expY, - exp Yy,
then

Xl,g/ = Xl/c + f(XOa s an'—la YOa ceey Yk—l)’

V¢ =Y +9(Xos .., Xp—1, Yor. o, Y1)
with some polynomial functions f and g.

In the case of concern to us, both a and b are subalgebras of n. The group

corresponding to b is Nq,(S). There is a subgroup N(S) of G such that the group

corresponding to a is Nq,(S5). Moreover N(S) is contained in V' the unipotent
radical of B. As a particular consequence of the lemma

N = Nq,(S)Nq,(5).
If 72, lies in Nq, (S) then ay 'ny 'Mianya; lies in N. Project it onto Nq, (S) to obtain

ﬁ’z It is an easy consequence of the lemma that the map 7, — ﬁ’2 is a one-to-one
mapping of Nq,(S) onto itself and that

dmy =[] [€ala)| " dnh.

A1 (a)<0
a>0

Now 9, (a1) = pMNa)(+P) and

p—Za:%ao—l—Za—Za:%ao—l—Za.

A (a)<0 A1(a)>0 A1 (a)<0 A1(a)>0
a>0 a>0 a>0
Since
> AMa)(a) =0,
A1 (a)>0
we have

/ (M) dn = / pA(ai)(qu%)cml / P, (Tig) dit .
Na,(R) Na, Na,(9)

The first integral is equal to

/z t %JGQPWV“(H"“)*I dz,
P

|z|>1

1+<1 1>§: i —1+ Ly L
p) i (1) prteo) J 1= s

n=1p

which is




24 4. THE FORMULA OF GINDIKIN AND KARPELEVICH
which equals

1
- pHHag)+1

- pH(HaU)

if Re pu(Hq,) > 0.



CHAPTER 5

A review of Eisenstein series

Let A be the set of simple roots of h. If gy belongs to A, there is a parabolic
group P = P(ag) of rank one which contains B associated to ag. Let N be the
unipotent radical of P. Then P is the semi-direct product of N and a reductive
group M. It is convenient to suppose that M contains T". Let A be the centre of M
and let °G' = A\ M. There is a map from P to °G. Furthermore, °G is the adjoint
group of a split Lie algebra of rank one less than G. Its Dynkin diagram is obtained
by deleting oy from the Dynkin diagram of G.

Lemma. Fach of the maps
PQp — OGQP, Pzp — OGZP, Pa — OGA
1S surjective.

It is enough to verify this for the first two maps. Let T be the image of T in
°G. Using the Bruhat decomposition one readily shows that the map P, — “Gq,
is surjective if the map Tq, — "Tq, is surjective. If %t lies in °Tq, then £g(%t) is
given for 8 in A — {a}. There is certainly a ¢ in Tq, such that £z(t) = £5(°t) for
these /3; t is mapped to °t.

Suppose u in OGzp is the image of p = vtk with v in Vg , t in Tq,, k in Gz, .
For the purposes of the lemma we may suppose that k = 1. If « is a root of °G,
then |£,(¢)| = 1. Let to be such that &, (to) = |€a(t)| for each root o; to must lie
in the centre of M. Replacing ¢ by tot, we may suppose that ¢ lies in Gz, or, even
better, that ¢ is 1 and p = v. If p is infinite, v must lie in Nq, and if p is finite v
must be congruent modulo Nq, to an element of Gz,. (See C. Chevalley, Séminaire
Bourbaki, Exposé 219.)

If p belongs to P let x(p) be the determinant of the restriction of Adp to the
Lie algebra of N. Every element of G A is a product g = bu with b in Ba and w in U;

st 1
set £€5(g) = &5(b) = Hp|x(bp)| "2 The product is taken over all primes including
the infinite one. The function & is well-defined and is a function on Pg\Ga. Let
¢ be one of the basis elements for the cusp forms on “Gq\’Ga. Of course ¢ is
supposed to be invariant on the right under °U. Also ¢ may be lifted to a function
on NAPQ\PA. If g = bu, set
F(g,s,9) = &(g)0(b).
This function is well-defined. The sum
E(g,s,0)= Y. F(yg.5.0)
YEPQ\Gq

is called an Eisenstein series. It converges absolutely for Re s > % but the function
on the left is actually a meromorphic function of s for all g. By the way, if g belongs

25
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to Gr,
E(g,5,6)= > F(y9,5,0).

YEPz\Gz
Suppose P’ = P(¢y) is another parabolic group of rank one, and N’ is its

unipotent radical. Then
[ Bwgsean
NQ\Njy

is for each g a meromorphic function of s. If Res > %, it is equal to

/ > F(yng,s,¢)dn,
NG\N

’

A PQ\Gq

which equals

/N(/Q\N/ Z Z F(yéng,s,¢)dn

A PQ\Gq/Ng 7~ PainNg\Ng

2

PQ\Ga/Ng
Because of the Bruhat decomposition we can suppose that each « is of the form
~v = wy' with w in the intersection of Gz and the normalizer of T and + in P(/Q,,'

or

/ F(yng, s, ¢)dn.
’y*lPQ'yﬂN{:Z\NA

Then a typical term equalsE|

/ F(wng, s, ¢)dn.
wTPQWNNG\Nj

There is an order on the roots of °G such that the positive roots are those of the
form wa where « is a positive root of G. Multiplying w on the left by an element in
the normalizer of T' in Gz N M, we may suppose this is the order induced from the
original order on the roots of h. Let °Y, be the roots of °G of the form wa where
« is a positive root of G which is not a root of °G’ and let °X be the roots of °G
of the form wa where « is a positive root of G which is a root of °G’. If o belongs
to X, and S belongs to °X or to °Xy and a + 3 is a root, then o + 3 belongs to
9%, ; on the other hand, if o and 8 both belong to °%y and a + f3 is a root, then
a + 3 belongs to °Xy. As a consequence, the group N’ whose Lie algebra is the
span of { Xo | @ € °%, } is the unipotent radical of a parabolic subgroup of °G.
Since w~!N"w is contained in N’ and

w ' PquNw ' Nyw = w™ ' Nguw,

our integral equals

/ {/ F(njwng, s, d) dnl} dn.
(W=t PQuNNG)w =N w\Ny NG\NZ

If wng = bk with b in Ba and k in U, the inner integral equals
&(b) ¢(n1b) dny

NG\NZ

1[Added 1970] This statement is, I now notice, an oversimplification. There should be a factor

in front which depends on v and g should be replaced by ~'g.
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which is zero if N” # {1} because ¢ is a cusp form. Thus the integral vanishes
identically unless every positive root of °G is of the form wa where « is a root of
9G’. Then, if « is a positive root of °G’, wa is a linear combination of roots of *G
and thus a root of °G. As a consequence, wM’w~! = M. For these terms we can
take v/ = 1. If P = P’, then w = 1 is one possibility and the resulting integral is
F(g,s,¢), which is for each g an entire function of s. The only other possibility is
that wP'w™! is the parabolic group opposed to P. This is the case we are interested
in. Then w™!'Pquw N Ng = {1} and

/ F(wng,s,®)dn
Na

is for each g a meromorphic function of s in the whole complex plane.
We have demanded that w lie in Gz. We can also demand that it lie in Gz__;
this will make it easier to evaluate the integral, for then w lies in U and

F(wng,s, ¢) = F(wngw™, s, ).

It is enough to evaluate the integral for g = m’ in M. Set m = wm/w™
Ma. A simple change of variable shows that the integral equals

-t F -1 dn.
1;[|X(mp)! /N Flmone™s.)dn

L m lies in

The product is taken over all primes including the one at infinity. If N is the
unipotent radical of the group opposed to P, this may also be written as

™) [Iltm)| ™ [ Fmins.¢)a.

The map T — °T determines a map hr — “hr. Since we have more or less
consistently viewed °hg and ¢(°h)r as the duals of hr and “hr, we can agree that
this determines a map (°h)c into “he. If x, is for each p the homomorphism of
the Hecke algebra into the complex numbers determined by ¢, let O,up be one of the
elements in ¢(°h)c associated to x,. Its image in “he will again be denoted by %y,
If v is the sum of those roots whose root vectors belong to the Lie algebra of N, we
set u,(s) = Yu, + sv. Denote this set of roots by . If

o (8)(Hg
Wm%%) 1 Hl_m

M(s) 2

S) =
I Bee(s)(Ha)+1 1 1
aEx - 2 p finite | a€x Prp () (Ha)

the integral in the expression is equal to
M(s)F(m, s, ¢).

This is not too difficult to prove. Observe first that if Sy is the set consisting of
the infinite prime and the first k£ finite primes the integral in is equal to

lim F(mm, s, ¢) dn.

k— o0 HpESk NQp
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So to prove our assertion all we need to do is show that, if A lies in ]_[q#p Gq,NGa
and m lies in Mq, then

WI/QF(MP(S)Q(Ha)>
F(hmn,s,¢)dn =

/NQP wes F(#p(s)(;{a)+1)

F(hm, s, )
if p is the infinite prime and

1 — — oyt
F(hmn,s,¢)dn = { [] =22 Y F(hm, s, 6)

Naq, aes 1 - Pip () (Ha)

if p is a finite prime.
Fix a prime, finite or infinite; fix A in

HGQ(I NGa
q#p

and consider the function F(hg,s, ), g in Gq,.
If h = bu, b in Ba, uw in U, if b is the projection of b on Ma, and if g =
n(g)m(g)k(g) with n(g) in Nq,, m(g) in Mq,, and k(g) in Gz, then it equals

& (& (m(9)o(m(9) ).

If m belongs to Mq,, set (m) = #(bm). If it is convenient, we can regard ) (m) as
a function on °Gq,. We are reduced to evaluating

(8) /N & (mm(n)) Y (mm(n)) dn

if ¢ is a function on OGQP invariant under right translations by elements of OGZP
which is an eigenfunction of the operators A(f) for f in °H, associated to the
homomorphism Yy, of “H,, into C determined by °u,. Of course we assume that the
integral converges absolutely. Recall that

A()b(g) = / e ()

if g belongs to OGQP.
Let M = Mgq, and let
K= Gzp ﬂPQp/GZP ﬁNQp.
Define a measure p on M/K by setting u(E) equal to the measure of
{ﬁ € NQP ’ m(ﬁ)E }
Suppose k lies in K and 7 in N equals n(7)m(n)k(7); let k be the coset of k. Since
k= (Enm)z*) (Em(mf) (m;(ﬁ)?l),
the sets {7 | m(n) € kE } and {Eﬁﬁ_l ’ m(n) € E} are the same and y is left-

invariant under K. Define a measure on M, again called u, which is invariant under
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left and right translations by elements of K by setting

u(E) = /M/K{ etk di  dutm)

if xg is the characteristic function of E.
The integral (8 is equal to

/M . (mma ) (mmy ) dia(my ).

If F is a subset of °Gq, = Aq,\Mgq, and E is the inverse image of F in Mq,, set

VS(F):/Egs(ml)d,u(ml).

Since, as we observed earlier, K maps onto OGZP, v, is invariant on the left and the
right under OGZP. The integral equals

£.(m) / () duy(h)

if ™ is the image of m in °Gq, .

Let F; C F» C --- be an increasing sequence of compact sets (we assume that
F, = OGZPFZ- OGZP) whose union exhausts OGQP and define the measure v by
v (F) =vs(FNE,). Since v} belongs to H,

KG w(mh) dvg(h) = lim Y(mh) dvy (h) = (@) lIm x, (V)

n=o0 Jogg n—oo
and the integral equals
Eu(m)(m) Tim X, ().
To evaluate the limit, take ¢ to be the function ¢o, ~of Section 3; then
&s(m(g))von, (m(9)) = Y, (5)(9)

and

n—o0

lim x,(vy) = L Yy, (s)(7) d7.

The integral on the right can be evaluated by the formula of Gindikin and Karpelevich
if Re s is sufficiently large. Retracing our steps, we see that the integral in is
indeed equal to M(s)F(m, s, ¢) and conclude that M (s) is a meromorphic function
in the whole complex plane.

J. Tits pointed out a way of expressing M (s) which is more convenient for our
purposes. We observed that there was a map of ¢(°h)¢c into hg. It is easy to see
that it is induced by an imbedding of ¢(°g) in ¢g. Since ¢(°G) is simply connected,
there is an associated map of ¢(°G) into °G. Let “n be the Lie algebra spanned
by the root vectors belonging to positive roots of “G which are not roots of ¢(°G).
These are the roots “a corresponding to roots in >.. Let He, be the copoid attached

to “a and set
HO == Z Hca.
aEeX

Let ny, ..., n, be the eigenspaces of ad(Hy) in “n. Let a; be the eigenvalue of ad(Hj)
corresponding to n;. Each of the subspaces n; is invariant under ¢(°G); let 7; be
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the representation of ¢(°G) on n;. If 7; is the representation contragredient to 7;,
then M (s) can be written as

&lais, T, 9)
H 5 a15+1 7TZ,(,25)



CHAPTER 6

Examples

If r is 1, then

g(als7 %17 ¢)
g(als + 1a 7’:(117 (b)
is meromorphic in the whole plane and

e(o.1,0) = M (2 )els + 17.0)
1

Since we already know that £(s, 71, ¢) is analytic in a half-plane, we can conclude
that it is meromorphic in the whole plane.

If r =2 and &(s, 7, ¢) is known to be meromorphic in the whole plane, the
same argument shows that (s, 7, ¢) is meromorphic in the whole plane. Thus
every time we can adjoin a point to the Dynkin diagram of °G to obtain the Dynkin
diagram of a group of rank 1 greater, we can expect to find a representation 7 of
¢(°@) for which &(s, 7, ¢) is meromorphic in the whole plane. Before listing the
possibilities, there is one further remark I should make.

If we define the function £, in the same manner as &;, the expression @ is easily
seen to equal

M(s) =

M (s)¢" o (m")g(wm/w™") = M(s)¢" (m)¢/ (m).
Recall that m = wm/w=!. Of course ¢’ is a function on A’y \M4 and thus a function
on °G’,. It satisfies the same conditions as ¢. Associated to it is the function

as,wz,(j))
H (ajs + 1,7, ¢')

But m’ — wm/w™! defines an isomorphism of M’ with M and an isomorphism
of YG’ with °G. Thus ¢ and ¢’ are essentially the same. Moreover ¢(°G’) and
¢(°@) are isomorphic, such that a representation of ¢(°G’) may be regarded as a
representation of ¢(°G). Recalling that the elements of the adjoint group of °G
are orthogonal with respect to the Killing form and that the Killing form turns
Adw(“n’) into the dual of “n, one sees readily that r = r/, that, with a suitable
order, a; = a;, and that 7} is the contragredient of ;. Thus

H _lais,mig)
§(ais +1,mi,¢)
It is known that M(s)M’'(—s) = 1. ThlS is implied by, but does not imply, the
relation 5(53 Tis ¢) = 5(1 -5 7~Ti7 (b)

In the examples we shall give the Dynkin diagram of G with the points belonging
to the Dynkin diagram of °G labelled. We give the number r, the numbers a;,
and the highest weight \; of the representations m; as a linear combination of the
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32 6. EXAMPLES
fundamental weights §;. In the examples considered m; is always irreducible. Do
not forget that m; is not a representation of °G but a representation of ¢(°G).

(1)
1 1 1 1 1
o o
q (e %) Qp—1 Qi
r=1 ar=n-+2 A = 0p
(i)
1 1 1 1 1
:1 Q3 Qp—1 Qo
r=1 a1:n+2 )\1:51
(iii)
1 1 1 1 1 1
o o
(€51 Qg Qm—1 Qm Qn
r=1 ap=n+2 AL =101+,
(iv)
2 2 2 2 1
3}
o Qo Q1 [
r=1 a; =2(n+1) A1 = 201
(v)
1 2 2 2 2
e o
aq Qg Qp—1 Qp
r=1 ar =2(n+1) AL = 20,
(vi)
1 1 1 1 2
o 3}
q (&%) Qp—1 [e7%
r=2 a1:2(n+2) A1 =62
as =n+ 2 )\2 = 51
(vii)
2 1 1 1 1
e o
[e5] Q2 Qp—1 Qp
r=2 a1:2(n+2) A =0p_1
as =n + 2 )\2 = 5n

(viii)
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1
1 1 1
y 1o,
o az Qa2
1, an
a; = 277, )\1 _ 52
1
1 1
Laz ——o0—0
Qp—1 ap
1,0y
ay = 2n )\1 _ 5n_1
1
1 1 1 1
0
a1 [e2) az, 1 o as
a; =11 A = 6
az = 22 )\2 0
1
1 1 1 1
o
Q2 %3 ay, 1 as as
a; = 14 )\1 _ 53
az = 28 AQ _ 66
1
1 1 1 L
o
2] az, 1 oy as g
a; = 14 )\1 _ 54
az = 28 AQ — 51
1
1 1 1 L
o
@3 Qq as, 1
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r=3 a; =51 A1 =01
ay =34 Ao = Jg
as =17 A3 = 03
(xiv)
1
1 1 1 1 1 1
[e %1 (e %) [e %} Qy Qs Qg Qaz
r=3 a; = 51 )\1 = (51
ag = 34 /\2 = 52
as = 17 A3 =05
(xv)
3 1
=
r=2 a; = 10 )\1 =0
as =5 A2 = 361
This example is particularly striking.
(xvi)
3 1
=——
r=3 a; = 3 )\1 = 51
g = 6 /\2 =0
as = )\3 = 51
(xvii)
2 2 2 1
aq [e%) Q1 Qn,
r=2 ap =2n-+1 A =0
ag = dn + 2 )\2 = (51
(xviii)
1 1 2 2
r=2 a; = 22 )\1 =
ag = 11 )\2 = 53
(xix)
1 1 2
r=1 a; = 4

)\12(52



(xxi)

(xxii)

(xxiii)

(xxiv)

(xxv)

(xxvi)

r=1
r=2
r=2
r=1
r=1
r=1

6. EXAMPLES

1 1 1 1 2
o 0
ay Qp—2 Qp—1 Qp
a1:2(n+1) /\1:51
1 2 2
ay Qs
a; = 5 )\1 =0
ag = 10 /\2 = 52
1 1 2 2
0
i Qs as
a; = 16 )\1 = (51
ag = 8 /\2 = 53
1, an
1 1 1
o 1Lan—2
[e5} Qp—3
1, an-1
ay = 2n /\1 = (51
1, a5
1 1 1 1
O O
%] %) as, 1 Oy
a; = 12 )\1 = 55
1,04
1 1 1 1
o 0
aq s asg, 1 as
ayp = 12 )\1 = (54
1ﬁ(¥5
1 1 1 1 1
o 0
ay s ag ag, 1 as
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36 6. EXAMPLES

r=2 a1 = 34 /\1 =0
ag = 17 Ao =05
(xxvii)
1A,(I5
1 1 1 1 1
O
a; Qs as ay, 1 ag
r=2 a1 = 34 /\1 =0
as =17 Ay = 56
(xxviii)
1, a7
1 1 1 1 1 1
O
aq %) as Qg as, 1 Qg
r=2 a1 = 46 /\1 = (51
as = 23 )\2 = 57
(xxix)
1, a6
1 1 1 1 1 1
aq Qz asg Qy as,1 ar
r=2 ay = 46 )\1 = 61
as = 23 )\2 = 56
(xxx)
1,06
1 1 1 1 1
O O
ay Qs az,1 oy s
r=1 ay = 18 )\1 = (55
(xxxi)
1,(¥5
1 1 1 1 1
O
Qs Qy asg, 1 (o) ay
r=1 ay = 18 /\1 = (51
(xxxii)
1, a7
1 1 1 1 1 1
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a1=29
a2:58

/\1251
Ao =0
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