
New Haven
September 1971

Dear Bill,

Let me try to explain the presumable form of the L-function of Shimura’s varieties
for groups that are essentially products of GL(2)’s—for example, the Hilbert modular
groups and their subgroups. I will have to take for granted some of the things I
am working out with Labesse. When these things are written out in a readable
form, I will send them to you. Of course to prove that the L-functions actually have
the expected form, one will have to proceed as in Ihara’s paper. I have thought
over this a little in the general case, i.e., also for higher-dimensional groups—my
calculations have been tentative and only partially reasonable. I have to think things
out more clearly. I only want to draw your attention to the fact that things seem
to work out much neater when one does everything strictly adelically. Then not
only do Tate’s results and formulae for class numbers coming from properties of
the Tamagawa number seem to play a role, but also the formulae of MacDonald for
spherical functions. It seems that one has to know the value of the Selberg integrals
for spherical functions whose Fourier transforms are given and MacDonald’s results
are a first step. In any case that comes later. Let me explain the simple case now.

Let F be a finite algebraic extension of Q and let K be a Galois extension of Q
containing F . Let δ be a subset of G(K/Q) such that G(K/Q)δ = δ and let, as
usual, F ′ be the fixed field of{

σ ∈ G(K/Q)
∣∣ δσ = δ

}
If K is replaced by K1 ⊇ K then δ is replaced by its inverse image δ1 in G(K1/Q).
F ′ does not change so we may enlarge K at will. Let B and B′ be F× and F ′×

considered as algebraic groups over Q. As in Shimura there is a map ϕ : B′ → B and
hence a map B′

A = IF ′ → BA = IF (A = A(Q)). This induces a map CF ′ → CF
of idele class groups.

Let E be a quadratic extension of F associated to a subgroup U of CF containing
ϕ(CF ′). We may suppose E ⊆ K.

There is a map τK/F ′ of WK/F ′ (Weil group) onto CF ′ . [2] If w1, . . . , wr is a set
of representatives for WK/K\WK/F ′ and if wiw = ai(w)wk, w ∈WK/F ′ , then

τK/F ′(w) =
∏
i

ai(w).

If S is the disjoint union ⋃
j

σjG(K/F ′)

and if vj ∈WK/Q maps to σj then ϕ(a), a ∈ CF ′ , is∏
j

vjav
−1
j

1
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But
vjwiw = vjai(w)v

−1
j vjwk

so
ϕ
(
τK/F ′(w)

)
=
∏
σ

aσ(w).

Here one chooses for each σ in S a wσ mapping to σ and sets
wσw = aσ(w)wτ w ∈WK/F ′ .

There is also a map τK/F :WK/F → CF . The inverse image of U is WK/E . Let χ
be the non-trivial character of U\CF or of WK/E\WK/F or of G(K/E)\G(K/F ).
These quotient groups are all the same. Let {σi} be the set of representatives
of G(K/F )\S. If σ ∈ G(K/F ′) let σiσ = ai(σ)σk. I claim that∏

i

χ
(
ai(σ)

)
= 1 ai(σ) ∈ G(K/F ).

Let wi in WK/F map to σi and let w map to σ. Let
wiw = ai(w)wk

Then ∏
i

χ
(
ai(σ)

)
=
∏
i

χ
(
ai(w)

)
=
∏
i

χ
(
τK/F

(
ai(w)

))
.

In the last member of this equation χ is a character of CF . If vj is a set of
representatives for WK/K\WK/F , v ∈WK/F , and

vjv = bj(v)v`

then
τK/F (v) =

∏
j

bj(v).

Thus ∏
i

τK/F
(
ai(w)

)
=
∏
i

∏
j

bj
(
ai(w)

)
But

vjwiw = vjai(w)wk = bj
(
ai(w)

)
v`wk.

Thus if we take {wσ | σ ∈ S } = {vjwi} we see that∏
i

τK/F
(
ai(w)

)
= ϕ

(
τK/F ′(w)

)
lies in U . This proves the assertion. It will be applied later.

[3] Let D be a quaternion algebra (perhaps split) over F and let G̃ be the
group D×. Let G be the inverse image of ϕ(B′) = A with respect to the map G̃ Norm−−−→
B. If C = B′/ϕ(B) we have

1 G G̃ C 1 .
Let Ĉ0 be the connected component of the associated (or dual) group to C. Then

1 Ĉ0
̂̃
G Ĝ 1
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is also exact. ̂̃G is the split extension of̂̃
G0 =

∏
ϕ∈G(K/F )\G(K/Q)

GL(2,C)

by G(K/Q) where
σ(aϕ)σ

−1 = (a′ϕ) a′ϕ = aϕσ.

Consider the representation ρ0 of ̂̃G0 ×G(K/F ′) ⊆ ̂̃
G on⊗

ϕ∈G(K/F )\S

Vϕ

where Vϕ is the space of column vectors of length 2 such that

ρ0
(
(aϕ)

)
=

⊗
ϕ∈G(K/F )\S

aϕ (aϕ) ∈
̂̃
G0

and
ρ0(σ)

(⊗
vϕ

)
=
⊗

v′ϕ v′ϕ = vϕσ

for σ ∈ G(K/F ′). Let

ρ = Ind

( ̂̃
G0,

̂̃
G0 ×G(K/F ′), ρ0

)
As I mentioned to you in Vancouver one can define ρ in general, but I prefer to
introduce it in this way. As a matter of fact I should show that ρ is trivial on Ĉ0

and thus a representation of Ĝ. I do this now.
Let me think of B′′, the algebraic group over Q associated to K×, as the group

obtained from ∏
τ∈G(K/Q)

Gm

by the action
σ
(
(ατ )

)
= (α′

τ ) α′
τ = ατσ.

Then B is {
(ατ )

∣∣ αστ = ατ ∀τ ∈ G(K/Q), σ ∈ G(K/F )
}

and B′ is obtained in a similar way. The map ϕ : B′ → B sends (ατ ) → (βτ ) where
[4]

βτ =
∏

S/G(K/F ′)

ασ−1τ .

Because C = ϕ(B′)\B and B ⊆ D I may think of Λ(D), the lattice of characters
of D, as ⊕

τ∈G(K/Q)

Z,

of Λ(B) as the quotient of this by (mτ )

∣∣∣∣∣∣
∑

σ∈G(K/F )

mστ = 0 ∀τ

.
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To get Λ(C) I divide this last group into (mτ )

∣∣∣∣∣∣
∑
σ∈S

mστ = 0 ∀τ

.
I think of Λ̂(B) = Hom

(
Λ(B),Z

)
as ⊕

ϕ∈G(K/F )\G(K/Q)

Z.

Then ⊕
τ∈G(K/Q)

mτ ×
⊕

ϕ∈G(K/F )\G(K/Q)

nϕ →
∑
ϕ

∑
τ→ϕ

mτnϕ.

Λ̂(C) is the quotient of Λ̂(B) by the elements vanishing on Λ(C). B̂0 is the
centre of ̂̃G0 and the restrictions of the weights of ρ to B̂0 are (m′

ϕ) ∈ Λ̂(B) with
m′
ϕ = mϕτ , τ ∈ G(K/Q) and with (mϕ), the restriction of a weight of ρ0 to B̂0,

given by mϕ = 0, ϕ /∈ G(K/F )\S, mϕ = 1, ϕ ∈ G(K/F )\S. These weights vanish
on Λ(C) as required. Thus they are annihilated by Ĉ0 and ρ is a representation
of Ĝ.

I return to the main line of the discussion. Let H = H(E) be E× considered as
an algebraic group over Q. Then

Ĥ = Ĥ0 ×G(K/Q)

where
Ĥ0 =

∏
ψ∈G(K/E)\G(K/Q)

GL(1,C)

and
σ(aψ)σ

−1 = a′ψ a′ψ = aψσ.

There is a map µ of Ĥ into ̂̃G which is the identity on G(K/Q) and sends

(aψ) →
∏

ϕ∈G(K/E)\G(K/Q)

(
aψ1(ϕ) 0

0 aψ2(ϕ)

)
.

ψ1(ϕ) and ψ2(ϕ) are the two ψ’s, taken in an arbitrary but fixed order, which
project to ϕ. If a section ϕ → ψ(ϕ) of G(K/F )\G(K/Q) → G(K/E)\G(K/Q) is
given, let ψ(ϕ) = ψi(ϕ)(ϕ). [5] If

v1 =

(
1
0

)
v2 =

(
0
1

)
then ⊗

vi(ϕ) ∈
⊗
ϕ

Vϕ.

The vectors obtained by letting ϕ → ψ(ϕ) vary over all sections yield a basis
of
⊗

ϕ Vϕ. The whole point of our preceding discussion is the following claim.

Claim. ρ ◦ µ is in a canonical way the direct sum of two representations of the
same degree.



LETTER TO WILLIAM CASSELMAN—SEPTEMBER 1971 5

µ takes Ĥ0 ×G(K/F ′) to ̂̃G0 ×G(K/F ′) and

ρ ◦ µ = Ind
(
Ĥ, Ĥ0 ×G(K/F ′), ρ0 ◦ µ

)
.

It is enough to prove that ρ0 ◦ µ is the direct sum of two representations of the
same degree. ρ0 ◦ µ on Ĥ0 takes C

(⊗
vi(ϕ)

)
to C

(⊗
vi(ϕ)

)
. Let V + be the span

of
⊗
vi(ϕ) such that i(ϕ) = 1 for an even number of ϕ and let V 0 be the span of the

other
⊗
vi(ϕ). The whole point of the initial discussion was to show that V + and

V − are invariant under G(K/F ′). Thus they are invariant under Ĥ0 × G(K/F ′).
This proves the claim.

Let R be the intersection of GR with
BR ⊆ centre of G̃R

and suppose F is totally real (cf. next page). The representation on the space of
cusp forms on L2(RGQ\GA) is a direct sum of π =

⊗
v πv. The product is over

valuations of Q. Two irreducible representations πv, πv′ of GQv are said to be
L-indistinguishable (I sometimes call them arithmetically indistinguishable) if they
differ only by an automorphism of G̃Qv

. Thus π′
v(g) ∼ πv(hgh

−1), h ∈ G̃Qv′ . π is
said to be stable if whenever π′ =

⊗
π′
v, where π′

v and πv are L-indistinguishable
for all v and equivalent for almost all v, π and π′ occur with the same multiplicity.
In general π and π′ are said to be L-indistinguishable. Let I be the collection of
classes of L-indistinguishable representations occurring in the space of cusp forms.
The representation in this space is the sum of three subrepresentations. The first
one is [6] ⊕

s∈I

n(s)
⊕
π∈S

π n(s) ∈ Z, n(s) > 0.

Thus in the first one two L-indistinguishable representations occur with the same
multiplicity.

I notice that on the previous page I didn’t describe G completely. Take F and
Q, and hence F to be subfields of C. Let S be the set of σ in G(K/Q) for which
D ×F,0 R splits.

If E is a quadratic extension of F and θ̃ a character of E×\ΓE then for each v we
have a character θ̃v of E×

v . Ev = E⊗F Fv. Let ψ be a non-trivial character of Q\A,
from ψF/Q, and let ψv be the corresponding character of Fv. If v splits in E then θ̃v
is really two characters µv and νv of F×

v . We take πθ̃v to be the element ρ(µv, νv)
of the principal series. πθ̃v is a representative of D×

v . If v does not split in E we can
still define πθ̃v . If NmE×

v 6= NmD×
v (i.e., if v is non-archimedean or Dv is split)

and if
D+
v =

{
a ∈ D×

v

∣∣ Nm a ∈ NmE×
v

}
the restriction of πθ̃v to D+

v is, as in for example Jacquet-Langlands, the direct sum
of π+

θ̃v
and π−

θ̃v
. The pair (π+

θ̃v
, π−
θ̃v
) is determined by θ̃v alone, but the order depends

on the choice of ψv. (N.B.—these statements have not been verified for a non-split
algebra over a non-archimedean field. Moreover for a non-split algebra πθ̃v is only
defined when the corresponding representation of the Weil group is irreducible.) If
v splits set D+

v = D×
v , π+

θ̃v
= πθ̃v . But π−

θ̃v
is now not defined.
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Suppose A = ϕ(B′), w is a place of Q, and∏
v|w

NmD×
v ⊇

∏
v|w

NmE×
w ⊇ Aw ∩

∏
v|w

NmD×
v .

Then
GQw

⊆
∏
v|w

D+
v

and the restriction of
∏
v|w π

δ(v)

θ̃v
, δ(v) = ±1, is defined—provided of course that all

of πδ(v)
θ̃v

make sense.
We extend w to a place w of K and regard Fv as a subfield of Kw. θv determines

a representation σv of WKw/Fw
in GL(2,C). There is a map of

G(K/F )\G(K/Q)/G(Kw/Qw)

to the set of v which sends g to v(x) = w(xg). If v(g) = v(g′) then the map xg → xg
′

on F g can be extended to a map from F g ⊆ Kw [7] to F g′ . Thus ∃u ∈ G(Kw/Qw)
so that g′ = gu on F . Thus the map is 1:1. If v = v(ϕ) the map x → xϕ

extends to an isomorphism Fv ' Fϕ, the closure of Fϕ in Kw. We take an
isomorphism iϕ :WKw/Fϕ

⊆WKw/Qw
'WKw/Fv

. This isomorphism is determined
up to an inner automorphism by an element of F×

v . We may in fact suppose
iϕ′(w) = iϕ(vwv

−1) if ϕ′ = ϕσ and v → σ. If v = v(g) then
G(Kw/Qw) ∩ g−1G(K/F )g ' G(Kw/Fv).

I define a map

WKw/Qw
→

 ∏
ϕ∈G(K/F )\G(K/F )gG(Kw/Qw)

GL(2,C)

×G(Kw/Qw)

which has the obvious value in the second component by choosing for each ϕ a gwϕ
in gWKw/Qw

representing it and letting
wϕw = aϕ(w)wϕ′ aϕ(w) ∈WKw/Fϕ0

, ϕ0 = G(K/F )\G(K/Q)g

and, if w → σ, mapping

w →
∏
ϕ

σv

(
iϕ0

(
aϕ(w)

))
× σ.

Since
aϕ(w1)aϕ′(w2) = aϕ(w1w2)

and
σ1
(
aσ(w1)

)
σ−1
1 =

(
aϕ′(w2)

)
this map is a homomorphism. Putting the maps for the various double cosets we
obtain

σ̃w : G(Kw/Qw) →
̂̃
G.

Apart from inner automorphisms with respect to elements in the connected compo-
nent ̂̃G0 of ̂̃G this mapping is independent of the choices made in its definition. It
yields an element of H1(WKw/Qw

,
̂̃
G0).
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Now some simple remarks are in order. Suppose V ⊂W are two groups with [W :
V ] finite and H is a group on which V operates. Form∏

ϕ∈V \W

H = G

on which w operates by
w(hϕ)w

+1 = aϕ(w)hϕ′aϕ(w)
−1 ϕ′ = ϕw

if {wϕ} is a set of coset representatives and
wϕw = aϕ(w)wϕ′ .

The notation is bad but is the way it is because I am thinking of semi-direct products.
[8] It is clear that

H0(W,G) ' H0(V,H)

by means of the map
g = (hϕ) → hϕ0

where ϕ0 is the coset of V . It is also easy to see that the same projection yields
H1(W,G) ' H1(V,H) (as sets)

The reverse map sends
v → h(v)

to
w →

(
hϕ(w)

)
where

hϕ(w) = h
(
aϕ(w1)

)
.

Notice
h
(
aϕ(w1)

)
w1h

(
aϕ(w1)

)
w−1

1 = h
(
aϕ(w1)

)
aϕ(w1)h

(
aϕ′(w2)

)
aϕ(w1)

−1

= h
(
aϕ(w1w2)

)
.

Note if
v → hh(v)vh−1v−1

then
w → (h)h(w)w(h)w−1

(h) means all components are equal.
Suppose

hϕ0
(v) = gϕ0

(v) ∀v ∈ V.

Is there a family (hϕ) so that
hϕhϕ(w)aϕ(w)h

−1
ϕ′ aϕ(w)

−1 = gϕ(w) ∀w ∈W

or
hϕhϕ(w)aϕ(w) = gϕ(w)aϕ(w)hϕ.

Take
hϕ = gϕ(w

−1
ϕ )hϕ(w

−1
ϕ )−1.

Then the question becomes

hϕ(w
−1
ϕ )−1hϕ(w)aϕ(w)hϕ′(w−1

ϕ′ )
?
= gϕ(w

−1
ϕ )−1gϕ(w)aϕ(w)gϕ′(w−1

ϕ′ ).

The left side is
hϕ(w

−1
ϕ )−1hϕ(ww

−1
ϕ′ )aϕ(w)
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because
hϕ(w)aϕ(w)hϕ′(w−1

ϕ′ )aϕ(u)
−1 = hϕ(ww

−1
ϕ′ ).

Also
wϕww

−1
ϕ′ = aϕ(w)

[9] so we can manipulate the left side further to obtain
aϕ(w)w

−1
ϕ0
hϕ0

(wϕ′w−1wϕ)
−1wϕ0

.

By assumption one obtains the same result with h replaced g as required. Thus
the map is indeed an isomorphism. Our isomorphisms are clearly compatible with
sequences

1 H0(V,G′) H0(V,G) H0(V,G′′)

H1(V,G′)

H1(V,G)

H1(V,G′′)

.

Moreover no further difficulties are caused by the imposition of topological conditions.
For each double coset

α ∈ G(K/F )\G(K/Q)/G(Kw/Qw)

let
Gα =

∏
ϕ∈α

GL(2,C).

G(Kw/Qw) operates on Gα as above and

H1(WKw/Qw
,
̂̃
G) =

∏
α

H1(WKw/Qw
, Gα)

H1(WKw/Qw
, B̂) =

∏
α

H1(WKw/Qw
, Zα)

where Zα is formed like Gα except that GL(2,C) is replaced by GL(1,C). To check

H1(WKw/Qw
, B̂) ↪→ H1(WKw/Qw

,
̂̃
G).

I have only to look at each of the factors. By the above considerations we can
replace Kw/Qw by Kw/Fv, Gα by GL(2,C) and Zα by GL(1,C) ↪→ GL(2,C). We
have only to observe that

Hom
(
WKw/Fv

,GL(1,C)
)
↪→ Hom

(
WKw/Fv

,GL(2,C)
)
.

Suppose
{
θ̃v|v|w

}
and

{
θ̃′v|v|w

}
are given so that σ̃w and σ̃′

w are defined. They

yield, upon projection, the same map into Ĝ (up to inner automorphisms from the
connected component) if and only if the corresponding cocycles in H1(WKw/Qw

, Ĝ)
are equal.

Have
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H1(W, Ĝ) H1(W,
̂̃
G) H1(W, Ĝ)

H1(W, B̂)

W =WKw/Qw
. N.B. B̂ is central.

The two cycles differ by an element of H1(W, B̂) if and [10] only if there is a
family

{
µv|v|w

}
of characters of F×

v so that
σ′
v = µv(Nm g)σv.

The question is when this comes from an element of H1(W, Ĉ). We have

1 Ĉ B̂ Â 1

and thus
H1(W, Ĉ) H1(W, B̂) H1(W, Â) .

Thus it comes from an element of H1(W, Ĉ) if and only if its image in H1(W, Â) = 0.
But have pairings

H1(W, B̂) ' Dual of BQw

H1(W, Â) ' Dual of AQw
.

(If you don’t believe this, see “Representations of Abelian algebraic groups”.) The
condition is then that the element of the dual vanish on AQw . This turns out to
be precisely the condition that the restrictions of

∏
π
δ(v)

θ̃v
and

∏
π
δ(v)

θ̃′v
to GQw be

equivalent. We take any one of these representations to be π(σw), if σw is the
restriction of σ̃w. Its signature is

{
δ(v)|v|w

}
. Notice that π(σw) is not uniquely

determined before its signature is given.
Let H = H(E) (conflicts with earlier notation) be the algebraic group N−1(A)

where N is the norm map E → B. We have assumed that N(HQw) = AQw . The
collection {θ̃v} determines a character of

∏
v|w E

×
v and hence a character θw of

the subgroup HQw
. If {θ̃v} and {θ̃′v} determine the same character there is a

collection {µv} so that
θ̃′v = θ̃vNEv/Fv

µv

The collection {µv} determines a character of BQw
which must vanish on N(HQw

) =
AQw . Thus σ̃w and σ̃′

w yield the same σw. If s is the non-trivial element of G(E/F )
and θsw(α) = θw(α

s) then θw and θsw also yield the same σw and of course the same
representations π(σw).

I have a now to confess that there are certain cases in which the above definition
of the π(σw) is incorrect. (cf also p. 14 ∗) I will describe those in a moment. Suppose
σw is obtained from σ̃w =

⊗
σv and σv is obtained from the character θ̃v of Ev. Ev

is uniquely determined by [11] σv except in the following cases.
(i) Ev (non-split) and θ̃v = NEv/Fv

µv is confounded with Ev split and θ̃v =
(µv, εvµv).

(ii) Suppose Kv/Fv is an extension of degree 4 with Galois group Z2 ⊕ Z2, Lv
is an intermediate quadratic extension, the non-trivial element of G(Lv/Fv)
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and ηv a character of L×
v so that

ηv(x
sx−1) = µv(x) ∀x ∈ L×

v

if µv is the character associated to Kv/Lv. Then given any other intermedi-
ate quadratic extension Ev there exists θ̃v so that

Ind(WLv/Fv
,WLv/Lv

, ηv) ' Ind(WEv/Fv
,WEv/Ev

, θ̃v).

Except in these two exceptional cases Ev is determined by π(σv) = πθ̃v by the
condition that if U ⊆ F×

v is open and of finite index then the restriction of πθ̃v to{
g ∈ D×

v

∣∣ Nm g ∈ U
}

is reducible ⇐⇒ U ⊆ NmE×
v . For GL(2) you know this from your own work and,

for example, Th. 4.6 of Jacquet-Langlands. For a division algebra it still needs a
proof if the field is non-archimedean. In the first exceptional case the non-split Ev
is determined by this condition. In the second the field Kv, which is determined
by σv, is determined by the condition that the restriction of πθ̃v to{

g ∈ D×
v

∣∣ Nm g ∈ U
}

splits into four irreducible parts if and only if U ⊆ NmK×
v . By the way once Ev is

given the pair consisting of θv and its conjugate should be determined.
In the second exceptional case (and in fact in all cases) π(σw) is any one of

the irreducible components of the restriction of
⊗
π(σv) to GQw . However this

change will not be very important to us except when there are two quadratic
extensions E and E′ so that

∏
v NmE×

v and
∏
v NmE′

v
× both contain AQw

. If K
is the composite then

∏
v NmK×

v ⊇ AQw
. Take a v for which [F×

v : NmK×
v ] = 4.

There are three intermediate quadratic fields labelled 1, 2, 3, and four irreducible
components [12] of the restrictions of πθ̃′v , i = 1, 2, 3 to

{
g
∣∣ Nm g ∈ NmK×

v

}
. In

the following matrix the + at for example 1, 1 indicates that the first of the four
representations is a component of π+

θ̃1
and not of π−

θ̃1
. The matrix is

1 2 3 4
1 + + − −
2 + − + −
3 + − − +

Remember ψv is given (it is a character of F+
v .) The first two rows of the matrix

reflect merely the choice of the labels 1, 2, 3, 4. The last does not. The important
point is that there is a column with only plus signs. That this is so is independent of
the choice of ψv and needs to be proved. I have not yet proved it; but it is the only
possibility that makes sense globally. It also makes sense in terms of the character
formulae of Sally + Shalika.

Let me now work globally and take a quadratic extension E of F so that
NIE ⊆ IF (cf p. 14 ∗)

contains AA. I consider those θ, characters of H(E)Q\H(E)A, such that θ 6= θs, s
the non-trivial element of G(E/F ). If θ is the restriction of θ̃, this means

θ̃(xsx−1) 6≡ µ(NE/Fx)

for any character µ of IF trivial on AA. If for any given w, and the θw determined
by θ, π(σw) is introduced in the correct way it is still possible to introduce the
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signature of π(σw)—it is just the signature of the wrong π(σw) of which the right
one is a component. The signature depends not only on σw but also on E and on
the given choice of a character of A/Q. Let S∗(θ, θs) be the set of all π =

⊗
π(σw)

for which the signature of π(σw) is (1, . . . , 1) for almost all w and for which∏
v

δ(v) = 1.

The product is over all valuations of F . The second part of the representation on
the space of cusp forms introduced earlier is⊕

E

⊕
{θ,θs}

∑
π∈S∗(θ,θs)

π

The sum is over those E and θ satisfying the previous conditions. [13] Moreover θ
is to be trivial on H(E)R ∩BR ⊆ G̃R.

Without changing the conditions on E and retaining the last condition on θ we
now suppose that θ = θs but that θ is not the restriction of θ̃ = NE/Fµ. Then

θ̃(xsx−1) = µ(NE/Fx).

Because an element of F which is locally a norm is globally a norm we may suppose
it is a character of F×\IF . If x ∈ IF then

1 = θ̃(xsx−1) = µ(x2)

so µ2 = 1 and µ determines a quadratic extension of F different from E (because
µ(NE/Fx) 6≡ 1). Let the composite be K. K has three quadratic subfields E1, E2,
E3 and to each of these is associated a θ′ so that θ′ = (θi)si and so that

Ind(WE′/F ,WE′/E′ , θ̃′) = σ̃

is independent of i. E and θ̃ are one of the three pairs. In any case the third part of
the representation is going to involve a sum over these tuples (E1, E2, E3, θ1, θ2, θ3).
With that explained let me tell you what a given summand is. Suppose π =

⊗
π(σw)

is given, where σ̃ has local components σ̃v and σw is the restriction of
⊗

v|w σ̃v. To
each place v we assign a column of the following form:

either or or or
+ + − −
− + + −
− + − +

If [NK×
v : F×

V ] = 4 I have explained this column on the previous page. If [NK×
v :

F×
v ] = 1 we take the column of +. If [NK×

v : F×
v ] = 2 then one of [E′

v : Fv] is 1
and the others are 2. We put a plus at the spot where it is 1. Of course if i1 and
i2 are the other two spots Ei1 ' Ei2. The signature δ(v) of σw at v|w is defined
with respect to both extensions and is the same for both. In these rows we put this
signature. Thus π has, corresponding to the three rows, three signatures δi(v), v
a valuation of F , i = 1, 2, 3. We take those π for which all but a finite number
of δ1(v), δ2(v), and δ3(v) are 1 and consider [14]

δi =
∏
v

δ(v).
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We have
δ1 = + + − −
δ2 = + or − or + or −
δ3 = + − − +

The last component is a sum over {E1, E2, E3, θ1, θ2, θ3} of the direct sum of those
π’s of the above type for which

δ1

δ2

δ3
=

+
+
+
.

Before I go on to the L-functions of Shimura varieties let me repeat that the proofs
of the things I have just described are not yet written up, in fact some details are
still missing, and that when quaternion algebras over non-archimedean fields are
involved there are large gaps. As usual we are going to ignore trivial parts of the
L-function.

The third summand of the representation in the space of cusp forms plays no
role so we may forget it. The first and second summands yield two factors of the
L-function.

∗ I have first to correct a mistake made above. The condition on E is not
that NIE should contain AA but that NmD×

F Nm IE should contain AA ∩NmDA.
Besides E has to be imbeddable in D. This requires some change in the local
discussion. We can no longer require that∏

v|w

NmE×
v ⊇ Aw ∩

∏
v|w

NmD×
v .

This condition dropped we have to reconsider
⊗

v|w π
δ(v)

θ̃v
\Gw. In fact the signature

can be regarded as an element of
∏
v|w F

×
v /
∏
v|w NmE×

v . To get representations
whose restriction to Gw makes sense we must sum∑⊗

v|w

π
δ(v)

θ̃v

where the sum is over all δ(v) in a coset of Aw
∏
v|w NmE×

v intersected with∏
v|w NmD×

v . These are our π(σw). Associated to a given π(σw) is a signature
which is now a coset of Aw

∏
v|w NmE×

v . The global condition in the second
contribution to the trace is that this [15] coset lie in F× Nm IE ⊇ AA Nm IE . For
the third case there are three signatures but otherwise the condition is the same.
We only take those for which all three signatures lie in F× Nm IE . However as I
said the third part of the representation plays no role for the L-function.

I can’t resist however first formulating some of the previous remarks in a way
that has meaning for a general group. (This is a digression.) Let L ⊇ Q. From

and
1 G G̃ = D× C 1

1 H(E) ∂(E) C 1

∂(E) = E×
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together with
H1(L, G̃) = 0

H1
(
L, ∂(E)

)
= 0

we see that
H1(L,G) = NmD×

L \CL
H1
(
L,H(E)

)
= NmE×

L \CL.
Thus the kernel of

H1
(
L,H(E)

)
→ H1(L,G)

is
NmD×

LAL/NmE×
LAL ⊆ F×

L /NmE×
LAL

(The notation is dreadful.) Thus we see, taking L = Qw, that the signature is an
arbitrary element of

Kernel : H1
(
Qw,H(E)

)
→ H1(Qv, G).

Globally we have

H1
(
Q,H(E)

) ∏∐
wH

1
(
Qw,H(E)

)
H1(Q, G)

∏∐
wH

1(Qw, G)

Taking kernels of the vertical maps we have

NmE×
QAQ\NmD×

QAQ →
∏∐
w

NmE×
Qw
AQw\NmD×

Qw
AQw .

The image is
AA Nm IE NmD×

Q.

Observe that NmD×
A ∩ F× = NmD×

Q. (Here D× functions as an algebraic group
over Q—sorry for notation DF = DQ!!) [16] Thus

Nm IEF
×\IF = Nm IEF

×\NmD×
AF

×

= Nm IE NmD×
Q\NmD×

A

is of order 2. The global condition on E is merely that
AA Nm IE NmD×

Q 6= NmD×
AAA.

When the equality sign holds the above image consists of only one element. The condi-
tion on the global signature, an element of the kernel in

∏∐
wH

1
(
Qw,H(E)

)
, that the

representation should occur is that it lie in the image of the kernel in H1
(
Q,H(E)

)
.

Some of the things I have just talked about have interpretations for a general
group G, over a global field F (a new F ). First of all consider a local field F . Take a
torus T and consider imbeddings T ϕ−→ G, whose images are Cartan subgroups. ϕ is
defined over F . ϕ and ϕ′ are of course equivalent if ∃g ∈ GF and ϕ′(t) = gϕ(t)g−1.
We call ϕ and ϕ′ stably equivalent if ∃g ∈ GF so that ϕ′(t) = gϕ(t)g−1. Then
ϕ−1(gσg−1) is a 1-cocycle. The equivalence classes of stably equivalent imbeddings
may be identified with
(∗) Kernel : H1(F, T ) → H1(F,G).
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What we have above is the following: We associate to certain representations a finite
collection, each element of the collection consisting of a class of stably equivalent
imbeddings—there were none, one, or three elements in the collection. The global
condition was to be imposed for a finite collection class of stable equivalence classes
of global imbeddings.

I observe that, for a real group, and a T with TR compact the kernel of (∗)
is the quotient ΩR\ΩC (real and complex Weyl groups) and that a set of L-
indistinguishable representations in the discrete series is parametrized by the same
homogeneous space!! Be that as it may, the digression is over.

[17] The first component of the representation was a sum over I. Let I0 ⊆ I
be the collection of those s ∈ I for which π =

⊗
πw ∈ s has for π∞ the restriction

of
⊗
π̃v, where π̃v, which is trivial on F×

v ⊆ D×
v , is trivial if Dv does not split and

is the first member of the discrete series if it does. Let π0
∞ be a fixed representation

of this type. Let πf =
⊗

w finite πw. It is a representation of GAf . Let K be a
compact open subgroup of GAf and let m(s,K), s ∈ I0, be the multiplicity with
which the trivial representation of K occurs in⊕

π∈s
π∞=π0

∞

πf .

If ρ is the representation of Ĝ introduced earlier the contribution of the first
component of the representation to the L-function of the variety over F ′ associated
by Shimura to K is presumably∏

s∈I0

L(s, π, ρ)m(s,K).

Here π is any element of s. The L-function, which of course has at the present time
only been defined up to finitely many factors of the Euler product, is presumably
independent of π.

The second part of the representation was a sum over E and {θ, θs}. We are now
only interested in those E which are totally imaginary and those pairs {θ, θs} so
that for every v|∞ at which Dv splits

{θ̃v, θ̃sv} =

{
z → z

|z|
, z → z

|z|

}
and so that when v|∞ and Dv does not split θ̃v is trivial. Let R be the set
of v|∞ which split D. The signature of a π∞ may be represented by a map R →
{+1,−1}—of course two maps may, as we now know, represent the same signature.
Since we have fixed a holomorphic structure this determines holomorphic and
anti-holomorphic representations and hence a distinguished signature v → ηv.

We can write the second part as⊕
E

⊕
{θ,θs}

⊕
ω

 ⊕
π∈S+(θ,θs,ω)

π

.
Here ω runs over all representations of GAf which can occur in πf and

S+(θ, θs, ω) =
{
π ∈ S+(θ, θs)

∣∣∣ πf = ω
}

πf =
⊗

w finite

πw.
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If π ∈ S+(θ, θs, ω) it has a partial signature v → δv, v ∈ R.
∏
v∈R δv = δ(θ, θs, ω)

depends only on θ, θs, ω. Let m(ω,K), K [18] compact open subgroup of GAf ,
be the multiplicity with which the trivial representation of K occurs in ω. Let
H = H(E) and J = J(E) be as above. θ, coming from θ̃, gives rise to (another K)

WK/Q Ĥ Ĝ

Ĵ
̂̃
G

ϕ̃

ϕ µ

µ

The bottom µ was defined at the beginning of the letter. The µ at the top is defined
by commutativity. ψ = ρ ◦ µ ◦ ϕ̃ = ρ ◦ µ ◦ ϕ is the direct sum of two representations
ψ+ and ψ−. The contribution of the second part of the representation to the
L-function will be (probably!)∏

{
E,{θ,θs},ω

∣∣ S+(θ,θs,ω) 6=∅
}L(s, ψδ)m(ω,K) δ = + or −.

What we have to decide however is what the sign of δ should be. F ′ is given as a
subfield of C. Let v0 be the corresponding real place. Any element π ∈ S+(θ, θs, ω)
contributes forms of type p, q where p + q = r (Number of elements in R) and
(−1)p−q = δ(θ, θs, ω)/η, η =

∏
v∈R ηv. ψ+ and ψ− are the two representations

whose restrictions to WKv0/F
′
v0

(K ⊇ E) are⊕
p+q=r

p−q≡j (mod 2)

zDzq

zr
j = 0 or 1.

We choose ψδ so that it is one for which (−1)j = δ(θ, θs, ω)/η.
If you have any comments, I’d sure like to hear them.

Yours,
Bob Langlands
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