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1. GAUSSIAN SUMS

In the second paragraph I shall discuss the representations of the group of 2 x 2
non-singular matrices over a non-archimedean field. In the discussion a number
of identities for Gaussian sums will be required. In this paragraph the necessary
identities, trivial or not, are stated and proved.

Let k be a non-archimedean local field, let o be the ring of integers in k, let p be the
maximal ideal of o, and let 7 be a generator of p. Let k™ be the multiplicative group
of k and let 0* be the group of units. If n > 0 then o} = {a € 0% ’ a—1¢€pn }
Fix a character &y of k with the property that o is the largest ideal of k£ on which &,
is trivial.

If i is a character of 0™ and x belongs to k set

M) = [ olan)uta) da.
It is clear that if 5 belongs to o*
A, Br) = u= (B) A, ).
Lemma 1.1. Let p™ be the conductor of .
(i) Ifn =0 then A(p,7™) =1 ifm >0, Alp, ') = " and A(u,7™) =0

|w|—17
ifm < —1.
(ii) If n > 0 then A(u,m™) =0 if m # —n but
B |,n.|n/2
A ™| = .
|A(u, ™) ]

If n = 0 then p is trivial and it is clear that A(u, 7™) =1 for m > 0. It is also
clear that if m <0

—1

1—|m

1+ > AA(M,?T’C) = 0.
k=m

Tl
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The first part of the lemma follows immediately.
Certainly

/OX olam™)p(ar) dor = /OX/oé M(a){/oé Eo(aBr™) dﬁ} da.

If n > 0 the inner integral is equal to

&olam™)

™) dy.
T pnﬁo(om y) dy

This is zero if the character y — &y(an™y) is not trivial on p™, that is, if m < —n.
On the other hand if m > —n so that for some ¢, with 0 < £ < —n, m + £ > 0 then

/O &lar™)ula)da = / . 50(%’")#(@){ / L 48) dﬁ} do.
The inner integral on the right is zero.
Finally
A af = [ da [ aseala-mrmu()

= [ o [ aseu(sta—1mute).

By part (i) of the lemma the integral with respect to 8 is 1 if a € o 7l i

noy|w[—1

a € o,_; — oy, and zero otherwise. Since

[ e = T [ @da,

ml =1 Jox, 1=l Jo

we have ) .
2 = ——(measureo) ) = LQ
1 — x| (1—|x])

If the conductor of p is p™ we shall refer to n as the order of u.

|A(p, 7™

Lemma 1.2. Suppose pu and v are characters of o*. Let the order of uv be r. If
r =1 then

A(p, 7™)A(v,7") /
A(MV77T_T) {a€o* | artmatnrtmeox }
If r =0 then A(u, 7™)A(v, 7™) is equal to

p(a) ()~ (7" + ) da

||

|7T| -1 /{aE()X | amtlagfgntlcoXx }

pla) do + p(a) da.

/{(XEOX | fma+nm€o }
The product A(p, 7™)A(v, 7™) is equal to
|| atmasmpuevdydads= [ [ «(samatn)dsda.

If » > 1 the right side is equal to

M) [ () ()L (" + ) da
{a€o* | mrtmotnrtmeox }
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If r = 0 the right side equals

/ pula) da + ul / p(a) da.
{a|mmat+rm€0} w1 {a|mm+tlatantlicox }

Now let K be a two-dimensional commutative algebra over k with a non-
degenerate trace. There are two possibilities for K. Either it is the direct sum of k
with itself or it is a separable quadratic extension of k. In both cases k has exactly
one non-trivial automorphism over k. We will denote this automorphism by s. If
x € K then Sz =z + 2° and Nx = z2®. Let O be the elements of k integral over o
and let O* be the group of units of O. If K = k@ k set Il = 7 ® 7w and if ny and ng
are any two integers set 7”2 = ™ @ "2, If K is an unramified extension of k
set II = 7 and if n; = ny set #""™2 = g™ If K is a ramified extension choose 7
and II so that NII = «, if ny = 0 set 7”2 = II". Thus the symbol 7" has a
meaning only for certain values of n; and ny. We shall adhere to the convention
that any expression in which the symbol 7™1'"2 occurs with values of n; and no for
which it has no meaning is equal to zero. If n; > 0, no > 0 and 7#""2 is defined set
OF n,={acO0*|a—1ex™m0}. If M is a character of O* then amongst all
groups of this type on which M is trivial there is a maximal one O}, ,,,.. (m1,m2)
will be called the order of M.

If K =k®k or K is an unramified extension we set f = 0. Otherwise (II"7) is
the inverse different. The index of NK* in k* is either 1 or 2. If it is 1 let x be
the trivial character of k*; if it is 2 let x be the unique non-trivial character of k>
whose restriction to VK is trivial. Let xo be the restriction of y to 0*. The order
of xo is f.

Before going on I recall some facts whose proofs are either completely trivial or
are to be found in the book “Corps Locaux” of Serre.

Lemma 1.3.

(i) Let ny and ny be non-negative integers. If K = k@ k the map x — Sz takes
T2 0 onto pT with r = min{ny,na}. The map x — Nx maps O) ,,
onto o).

(ii) If K is an unramified extension of k the map x — Sz maps 7" O onto p".
The map x — Nx takes O, onto o, .

(iii) If K is a ramified estension of k the map x — Sx maps ©°0 onto p”

with r = {"TH} Ifn > f the smallest number m such that N(O,;, o) = o)

n

is 2n — f; the largest such number is 2n — f 4+ 1. If n < f then N(O, )
is contained in o) and if 0 < m < n the map N : O /Oy o — oy, /o
is an isomorphism. If m < f the kernel and the cokernel of the map
N :0;,/O5, = oy [of both have order two.

If 41 is a character of 0> let '™ be the character of O* defined by u'**(a) =
p(aa®). Let n be the order of . If K = k® k or K is unramified the order of p!+*
is (n,n). If K is ramified the order of u'** is (2n — f,0) if n > f; it is (n,0) if
n < f, but if n = f all one can say is that it is (r,0) with r < f.

If My is a character of O* set

A(Mo, 7772) = /O &o(Slam™ ")) Mo(a) do.
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The following lemma is an immediate consequence of Lemma 1.2 but it is convenient
to state it explicitly.

Lemma 1.4. Suppose My and Hy are two characters of O*. Let the order of MyHg
be (r1,72). If 11 >0 and ro + f > 0 then
A(My, 702 ) A(Ho, 7"0"2)
A(MOHO771——T1—f7—T2) -

Mo(c)
Aaeox | 7TT1+w11+f,7‘2+7n2a+7.r7‘1+n1+f,7‘2+n2 cO* }

.(MOHO)fl(ﬂr1+m1+f’rz+m2a +7Trl+m1+f’T2+"2)da.

IfK=k®k andr;1 =0 and ro = 0 the left hand side is equal to the sum of

/ My(a) da
{acOx | 7ML ar1m2 €0 b

|

=1 times

and

/ My() da
{aGOX } 7.rm1+1,mza+ﬂ.n1+1,n2 coX @O}

—|—/ My () dav
{a€Ox | zm1matlatnnrin2tlicodo }

2
cmd( || ) times

|m]—1
/ My () dev.
{anX | amitlmatlganitlng+lcOx }
If K is an unramified extension and ry = ro = 0 it is the sum of
/ My(a) da
{a€0* | rm1m2047"1m2€0 }

and
|7 |?

7|2 —1 /{anX | mmitlmatiqpanitlingtlcox }
If K is a ramified extension and r1 = 0 it is the sum of

My(a) da.

/ My() da
{aeox | 7r7n1+f,n12a+7rnl+f,nzeo}

and

/ My () do.
|7T‘ —1 {aEOX | am1t+i+fime g1 gnet+ltfing cOx }
Lemma 1.5. Let My be a character of O* of order (myi,ma) and let pn and v be

characters of 0* of orders ny and ng respectively. Suppose that My = xouv on o*
and that the order of Mo_ll/Hs is (01,02) withmy 2 by + Lo+ f. If b1 = s, nq = no,
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and ny +ne =my +mgo + f then
A(Mo, 7=~/ 7m2) A(xo, 7 )
‘A(MOa g fimme )A(XOa 7T_f) ’
M (I bstmana)) A 7w ) A7)
B x(mm™) |A(p, 7= m) A, 7772) |

Since both sides of this identity have the same absolute value all we need do is
show that

A(Mo, 7r—m1—f7—mz)A(M7 =) Ay, 7"2)
is equal to the product of
WMO(H(f+m1*n1)+s(m27n2))X,1(ﬂ_nl)

and a positive constant. As a start observe that it is equal to

/Oxdoz/oxdﬁ/oxdv
So((S(rmfmma) — x7m8 —am) Mo(a) ™ (B ()

which equals

(A) /O da/ox dp
{/O €o [Wzl (w”lS(w—m—f)—ma) — Mg 1)} xo(7) dv}

-M(a)v™(B).

If f > 0 the integral with respect to « is zero unless
ﬂ_nl S(ﬂ'imli‘f’imQQ) _ ,n_’nl*nzﬂ _ 1 c p’ﬂlff _ p’ﬂlferl.
However if this last condition is satisfied it is equal to

S(H(m—ml—f)+(n1—m2)sa) — g2 1)

ani—f

A(xo, 7 )x0 (

Changing variables we see that the integral is equal to the product of
Alxo, ) My I —m= ) F(n2=ma)sy

and

/ My(a)
{ o) ‘ S(IIs(m1—m2) ) —gni—n2 G 1gpni—f _pni—F+1 }

s(n1—ng2) _ gni—n2Q
.y—l(ﬂ)xO<S(H ) 1>dad6.

ani—f

If ny > f and ny > n — 2 then the restriction of M to o* has order n,. Thus
my = 2n1 and my +mse + f > 2ny > nq + ng contrary to assumption. Consequently
we need only consider the case that ny = f or n;y = ng. If ny > f or ny > ns then
S(Te(m=n2)q) —g™="2 31 can belong to p™ —f —p™ =/+1 only if S(MI7(M—"2)q) —1
belongs to 0*.
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Suppose that n; = ny = f and S(a) — 1 € p. Replacing 3 by % in

/ My(a)r™ (Bxo(S(a) — B 1) d
{ﬁ | Sa—B—1€0% }

we obtain

V(B)Xo(ﬁ)xO(l — B(S(a) - 1)) .

Since n; = ny = f, {1 = 0 and My = v'*°. Since M = youv on 0%, vxo = it and
the order of vxo is f. If 3 € 0 and v € of_, then

1-By(Sa—1)=1-pB(Sa—1) (mod pf).

Thus the above expression is equal to

Mo()w(-1) [

oX

Mool [ vpal@o(t+aSa-1)] [ vy pds=o.

o* /0;71 Of— 1
In all cases we can take the integral over

{ (a,ﬂ) ‘ S(Hv(m—nz)a) 1 ¢ P, S(Ho(m—nz)a) _ 7.[,"1_"2/6 _1e pm—f _ pnl—f-H }

Replacing 3 by [S(H‘T(”l_”Q)a) - 1}ﬂ we obtain

Mo (a)vtxo <S(H“(”1_"2)a) - 1) do

/{a | setn-ra)-1¢p }

_ 1 —qmna
/ IO e P
{/3 | an1—n2B—lgpni—f —pn1—f+1 } ™

an expression we label (B).
Suppose n1 > f and consider the first integral. Replacing o by a(1 + v) with
v € [I" O does not change the value of the integral. The integrand becomes

Mo(a)r~ (Sa — 1)xo(Sa — 1)Mo(1 + v)r~ (1 4 Slav) )XO (1 + S(a”)>

Sa—1 Sa—1
Since ny > l1, Mo(1+v) = v(1+ Sv+ Nv) = v(1+ Sv). Moreover {mzif} z
[%} = f so that xo (1 + S(M)) =1. Also {nﬁf} > ["1“} > % so that

Sa—1 2 2 2
_ S(av) S(av)
"1 =v(l-——=
Y < * Sa—1 v Sa—1
and S(aw)
av
1 ! =v(1+50
(14 Sv)v ( + Sa—l) v(1+ S(6v))
if § = 1— 5. Integrating over II"*O we obtain 0 unless |§| = |r|* and [% =
nq, that is, s+ny + f = 2ny or s > ny — f when we obtain |7|™. Since |§] = |a — 1|

we can in all cases write the first integral of as

My ()™ xo (S(H"(”l_m)a) - 1) da.

/{QGOX ’ SI1e(r1—12) o) —1¢p }

n1—f,0
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Since n1 — f > ¢1 and xo(Na) = 1 this may be written as

Ho’(nlfnrz) -1
/ v o | AT = N i da.
{aEOX

= $:0 | S(Hﬂ(nlfnz)a)flgp} «

o(ny—n . .
Set I~ = %2)“_1 so that a = Ha(nl_,ml_nnl_fﬁ/. The integral is the

product of a positive constant and
(©) Z v lxo(r™m T2 — g1 Ny,
{’yEO/HfO | w1 "2 —gn1—f Nyédp }
If ny > no every v appearing in this sum is a unit and the sum is equal to

v x0(8) |1+ xo <M>

am—f
{BEO*/O;*L1 | mr1—n2 —gepni—f _pni—f+1 }

Since this sum is taken over all of 0™ it is equal to
-1 N2 B
Z v~ xo(B)xo0 <71-n1—f .
{ﬁeox/oﬁl ) ani—n2 —Bepni—f —pni—f+1 }
If n; = ny then is the sum of
Z v Ixo(1 = 7™/ N7y)
{’YEOX/O;O | 1—7mm1—f Nyép }
and

f
) D DR T A

r=lyeox/07_ ,

Since the map v — N~ defines an isomorphism of OX/OX_h0 and o* /0;_T the

latter sum is equal to
Z v xo(1 —w).
p/pf
> v x0(B) =0

X X
o /of

we can subtract it from without changing . The result is

(D) > v x0(8) (W)

{ﬂEOX/O;fl | 12 _5ep"1*f_p"1*f+l }

Since

Thus and are equal in all cases.
Replace 3 by 3 in the second integral of to see that it is equal to the product
of a positive constant and

Xo(—1) > vxy ' (B)xo (W)

{ﬁon/O;fl ’ Trnl—7L2_ﬁ€p1q—f_pn1—f+1 }
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This is the product of xo(—1) and the complex conjugates of (D). Since A(xo,7—7) =
xo(=1)A(xo, 7~7) the lemma is proved for f > 0.

If f = 0 then in the integral we may replace xo(7y) by 1. If ny = 0 then
ngy = 0 and m; = mo = 0 so that u, v and My are all trivial. The lemma is also; so
we suppose n1 > 0. If ny > ng then K = k@ k. Let My(a® B) = p1(a)v1(f). Then
my is the order of py and my is the order of vq. Since puivy = pv either my > ny
or mg = ni. If my > n;y then ¢ = my so that ¢ = 0. Then 11 = v and pu; = p.
If ms > nq then 5 = mg so that £ = 0 which is contrary to the assumption that
{1 > l5. Thus the lemma is trivial if n; > no; so we suppose that ny = ny. Then
mip; =mo =ny.

The integral is equal to

/ox da/oX dﬂ{/oX o [Wzl(Sa - 8- 1)} d’Y}Mo(Oz)Vl(ﬁ),

The inner integral is different from zero if and only if Sae — 3 —1 € p"~ 1. If ny > 1
this implies that Sa — 1 ¢ p. Set

Mol ) [ o] Zsa -5 1) ¢y = viap)

If Sa —1 €pandng =1 then ¢(a, 5) = [l My (a)r=1(B). Since ny = na

Ir|—1

| wtanas=o

yx
w(w)=/ Eo( n1>dv
oX ™
the integral (A) is equal to

My(a)v™ (Sa — 1)t 1—-p8)(Sa—1))dpda.
S sy o Aot S = 07 )1 = )5~ ) a3
If Sao — 1 ¢ p then ¢((1 — B8)(Sa — 1)) = (1 — ). Moreover

| Mol (S0~ 0 )el1 - ) ds

is equal to the product of My(a)r~1(Sa — 1) and

-1 || -1
= oy L

X
np—19n1

if Sa — 1 € p. Thus if

The first integral is equal to the measure of o)y, . The second is equal to

_ W||7T| : /0 v (B)dB = : |7r||7r measure o, .

Thus the integral is the product of a positive constant and

X
ny

/ Mo()r™ ! (Sa — 1) da
{a|Sa—1¢p}

. /{a s Mo(a)v~ (Na)y! (1 - N(O‘; 1)) da.
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If K =k®k and ¢; = 0 the lemma is trivial. Suppose K = k ® k and 5 > 0.
Let a = oy @ ap. If 9 is in p®? then replacing a by a; @ az(1 +y) in the integrand
does not change the value of the integral. The integrand becomes

Mo(a)y_l(Na)V_1<1—N(a;l> _aml )

a1 a(l+y)

The integral of this over p*2 is the measure of p*? or zero according as oy —1 € p™ —¢2

or not. The same observation applies to the first variable. Thus the integral is equal

! / ) Mo(a)r~(a)r~! (1 - N(O‘a 1)) da.

ny—£y,ng—£1

Since ny —¥s > 01, no— {1 = 5 and ny — o +ns —¥1 > noy the integrand is identically
one. Thus the lemma is proved if K = k & k.

If K is an unramified extension let k1 = ko be the smallest integer greater than
or equal to . Let y € 7F1F20. Replacing a by a(1 + y) in the integrand does not
change the value of the integral. Since k1 > ¢; and 2k; > ny the integrand becomes

Mo(a)r~ (Na)y~! (1 — N<a; 1)>y—1 (1 +75<0f+_y1)>

if y = ————L——— . The integral of this expression over 7%1:¥20 is the measure
Na (1—1\1 (=252 ))

of T*1:*20 or zero according as a € O:l_k‘l g —k, OF DOt. Thus our integral is equal

to

{aeozl_kl,w_kﬂ ’ Sa—lep} o

Since ni; — k1 > ¢; this is equal to

Jo froien} (1 (% 1)) “

ny—ky,ng—kgy

If ny is even, k1 = " and the integrand is identically one. Thus the lemma is
proved in this case. If n; is odd set O‘T_l = 1™7F23 50 that o = l_ﬂnﬁﬁ Since

2(n1 — k1) = ny1 —1 when n; is odd this integral is the product of a positive constant

and
Z v {1 —amTINg).
{BeO/No | 7~ NB#1}
If x 2 (mod p) the equation N3 = z (mod p) has Iﬂllﬂ"lrl solutions modulo TIO,
otherwise it has just one. Thus if ny > 1 the sum equals

1 1 1
7w + Z v — M) — Tyfl(l) __

|| 7|
and if n; = 1 it equals

7 +1 Z 1/_1(33) — iV_l(l) = —i.

=R ]
0% /oy

x€o/p

The lemma is completely proved.
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If K =k®k we set e =1; if K is an unramified extension of k£ we set ¢ = —1,
and if K is a ramified extension of k we set € = 0. If M is generalized a character
of K*, if My is its restriction to O*, and v is a character of 0™ set

A Pl n
T(M.v.m) = (1— Jx[) (1 _6'”')\AE§O§| |4t
Z M nl,rLg )A(M(;lyl-i-s’thnz)
ni+ng=n

where the sum is taken over all ny, no for which 7""2 is defined.

Lemma 1.6. Let w and M be homomorphisms of k* and K> respectively into C*.
Suppose that the restriction of M to k* is wy. Let v and n be characters of 0o* and
let wg be the restriction of w to 0*. Suppose that the order n of Vnwal is positive.
Then, for all integers k and £,

OJ(TI'H)T(M, Uk k— n)T(Ma v, £ — n)
A(unw&l,ﬂ_")

5 Z Alnp~ L, 7)) A(wp=t, 7T(M, p, k + €)
p

Ay, )
where the sum is over all characters of 0.

The formula of the lemma will be referred to as formula (E). Notice that all but

a finite number of terms in the sum on the right are zero. The sum on the right is
B Alxo,m—T)

the product of (1 — |]) (1 — €|x|)|x]| TA(ro.n7)] 2nd
Y Ty s
ni+no=k+~ 4 o or or

Na

5 @ 2 )it

Given v, n, M, k, and ¢ there is a number m such that this integral is zero if the
order of p is greater than m. Thus we may restrict the sum to a sum over the
characters of 0* /o),. Replace a by Ba, v by 7, and take one of the summations
under the integral sign to obtain, if u is the restriction of My to 0%,

S M((ﬁ”l’m)s)/ox da/OX dﬂ/ox d’y&)[(S(ﬂ'"l’"za)+7r£+ﬂ'k7)}

ni+no=k+¢
- M~ a)n(Neavnu™( an ()

The summation over p is different from zero if and only if v = Na (mod p)™
If K = k& kset \Ma) = N(am—bm2q + 7%); if K is an unramified extension

of k set Ma) = 77’“N(a+7r%’%>; if K is a ramified extension set A\(a) =
T N(a + H_k"’se) The above expression is equal to

S arnrey) [ da [ dse(sN@) M5 @n(Naan 5).

ny+no=k+~£
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If the order r of vnu~?! is not zero this is equal to

(F) A(wngp™hx™") Y M((@"))

ny+no=k+~£

/ My He)n(Nayur ™ n~ ! (7" Mav)) dov.
{a€O0x | 77 A(a)€0* }

1

If the order of vnu~" is zero it is equal to

ST M((amne))

ni+no=k+~L
~ { / M (@)n(Na) da
{a€0* | X(a)€0}

||

|7T| -1 A(MEOX | TA()€0% }

Mg *(a)n(Na) da},

an expression that will be labelled (G).

If K is an unramified extension of k, 7 = n > 0 and the expression is zero
unless k — ¢ and k —n are even. There is only one term in and the corresponding
integral is

I

M—l N —1
ﬂr+k;T’7‘+%a+wr+hTT‘£;T€OX} 0 (a)n( O‘).UV

ot (N <7TT+%’T+%06 + 7rr+£—2r’r+£?>> do.
Set Mg (o) = Mo(a®). Since My 'n'*s . My *v'*ts = (u~'vn)'** this integral is
equal to
A(Mg e, m ) A (Mg e, 75
A((ptom)tts, o) '
Putting everything together and appealing to Lemmas 1.1 and 1.5, we see that the
right side of is equal to

T s 2
x( n)M((ﬁWﬁﬁ) )<1| |2) | |kT+Z,n
‘A(M(;lnl E ”%’k%)A(MO 1l/1+5,7r€72"x'3’2ﬂ).

Since A(M =%, 7™™) = A(M~1, 7™™) it is equal to the left side.
If K is a ramified extension of £ and r > 0 there is only one term in the sum
and the integral appearing in that term is

/{ | r it } M(;l(a)n(NOé)My_ln—l (N(HT-l—ka + HT’—‘,—sZ)) dov.
acOX | II"thka4II"+steOX
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—fl+sl

Replace a by 11 « to obtain

MmP%/' My (a)(Na)
{anX | H““*’“oH»HT*zGOX }

cup il (N(H’”'Hfa + Hr"'e)) da.

If » > f then r = n, the order of (uv=tn=1)'*sis 2n — f, 0, r + k = 2n —
fHk—-—n+f),r+l=2n—f+(k—-n+f) If r < fthenn = f, the order
of (=™ HFsis (r,0),and r+k=r+k-—n+f),r+l=r+{U—n+f). If
r = f then n < f, the order of (uv=1n=1)1*%is (n,0), r + k = n+ (k —n+ f),
r+f=n+(k—{+ f). According to Lemma 1.4 the above expression is equal to
A(M(;1771+Sa 71J’c—n,O)A(]\4(st”1-&-3, 71_Z—n,O)

A((H—1yn)1+sm—m,—r2)
if (r1,72) is the order of (u=twn)!T5. Observe that
A(M()_1V1+S,7T£7n’0) — M(H(nfé)(lfs))A(Mo—lquLs?W(éfn,o)).

Appealing to Lemmas 1.1 and 1.5, we see that, if » > 0, the right side of is
equal to

M(Hl—sé)

[ACxor1)]
QMG R A Mg )

with a = k+§+f —5ts—5 = kfgiﬂc + W. This is obviously equal to the left
side.
If 7 = 0 the expression is equal to the product of M (II*+9%) and

2
A af
M(Hn(l-i-S))n{(H(k+é—2n)s>(1 |ﬂ_|)2‘ |a{ (xo0, ) }

/ Mo_l(a)T)(NOz) do
{a€0x | ITka+11st€0 }

Ll

/ My Ha)n(Na) da.
|7T| —1 {aEOX TTk+la+IIl+seO % }

After a change of variables this becomes

M(He_se){/ My (a)n(Na)da
{a€0x | TFa+Il*ac0 }

My (a)n(Na)da |7T7T| 1 }

o/
{acOx | Mkt+la+II¢+1cOx }
Since (u~tvn)*s will also be trivial this is equal to
M2 A (Mg 'y mh =) A (Mg S+, ot=m0)
because n = f in this case. Thus the right side of is equal to

2
n s —2n)s 2 kte A X 77T7f
M (IO M (T2 (1 — 7)) || 2 {|AE><2 W_f;{}

. A(‘Z\4071nl+s7 Wk_n’O)A(M(;1V1+S, W@—n,O).
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Since x(I"(1*+9)) = 1 and II"(**+*) = 7", it is equal to the left side.
It remains to consider the case that K = kK ® k. Then » — n is not zero and
is equal to the product of A(vnu~!,7") and

> S e

(n14+no=k+£) (m1+mo=r)

' / My (@)(Na)
{aEOX | aritmi—Enatma g pmi,matle X }

. lulyfl,rlfl (N(ﬂ_nlerle,anLmQa _|_7Tm1,m2+€)> dOé
This is equal to
Z Z M(ﬂ,nrz,nl )A(M()_17]1+57 7Tn1+m17n7£,n2+m27n)
(n1+n2=k+£) (m1+ma=r)
A(Mo—llers 7_rm2+£7n,m17n)

divided by A((u’lyn)Hs,ﬂ*"’*”). Replace m; by my + n, mo by mg — £ + n,
interchange the order of summation and replace ny by ny —mq +¥, ny by no —mso+/4
to see that the sum is equal to

Z Z M(ﬂ_nl,ng)M(ﬂ_ml,mQ)M(ﬂ_n,n)

(mi1+mo=£0—n) (no+n1=k—n)
A(M 1 1+9 7Tn1’n2)A(M 1 1+9 ﬂ,mg,ml)-
Appealing to Lemmas 1.1 and 1.5, we see that the right side of (E)) is equal to

w(r™) (1 = |a])*|x| "

> S M@EM)M(rm™)

(ni+na=k—n) (mi+ma=~£—n)
A(M 1 1+s 7Tn1’n2)A(MO 1V1+s ﬂ,ml,mg)'
This is of course just the left side.

Lemma 1.7. Let w and M be homomorphisms of k™ and K* respectively into C*.
Suppose that the restriction of M to k* is wy. Let v and n be characters of 0o* and
let wg be the restriction of w to 0*. If Vnwo_l 1s trivial then for all integers k and ¢

Z —w(m™™)T(M,n,k+m)T(M,v, ¢+ m)

L1
m| =1

wmT(M,n,k— DT (M,v,l—1)+ (.O()(*l)(;&kw(ﬂe)
= Z A, p~ L, e A(wp™, 7T (M, p, k + 0).

O¢ 1 is of course Kronecker’s delta. For brevity denote the left side by Ly,
and the right side by Rye. Suppose at first that ¥ < 0 and ¢ <« 0. Then
Lie = wo(—1)w(7*)dp1. The only terms which contribute anything to the right
hand side are those for which order(p) = —k and order(p) = —¢. Thus the right side
is zero if k # ¢. Suppose order(p) = —¢ and k = £. The order, (r1,79), of My 'p'+s
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is (=¢,—¢) if K =k@®k or K is an unramified extension of k. It is (—2¢ — f,0) if
K is a ramified extension of k. Moreover if ny +ne =k + /¢
A(M()—lp1+s7ﬁn1,n2) — 0

if —n1 # 71 + f. The orders of n~'p and v~!p are both —¢. The orders of

(M61p1+5)—1(n—1p)1+s _ Mon_l_s
and

(M61p1+5)—1(y—1p)1+s _ Mol/_l_s
are independent of £. Moreover the restriction of M Lol to 0% is equal to
xo(n™1p)(r~1p). According to Lemma 1.5

A(M61p1+5, 7T—n—f1—rz)
M(Héfsﬁ)

= WA(UA/% ™AW p, )

A(Xo,ﬂ'if) 1-— ‘7T| T1+T22+2f
|A(xo, 77| 1 = ¢l

|| -

Since A(n~tp, %) = np~ (—=1)A(np~1,w¢) the term corresponding to a p with order
p=—L1is
M(Hé—sé)M((ﬂ.—n—f,—rz)s) 1

x(x) A TR

This is clearly equal to
M (r%) 1 w(rh)wo(—1)
Y] (-L)O 71) ) = 5 -
x(7*) w1 —|x)°  |m|e(1 - |x])

Since the number of such characters is |7|*(1 — |7r|)2 the lemma is valid if k < 0
and ¢ < 0.
Thus to prove the lemma it is enough to show that

L1041 —w(m) Lk = Rpy1,041 = w(m) R g
for all k£ and ¢. The left-hand side is equal to
w(m) ||
w1 w1
Suppose K is an unramified extension. If k — ¢ is odd both of these terms are
zero and so is the right side. We suppose then that k — £ is even. If k is even only

the first of these two terms can be different from zero. If k is odd only the second
can be. Remembering that y(7) = —1 so that w(7) = —M (7!!) we apply formula

WA(m)T(M,n,k — )T (M, v,k —1).

T(Ma 7, k)T(Ma v, E) -
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to see that the right side is the product of (1 — |W|2)|w\%M(W#’%‘H) and

| /{
ac0X

N,
|7T‘71 {anX

“

{anX TrkN<a+7r%’%>€o}

e
|7T|_1 {aEOX

If k is even 71N (« +7r%*%> € o if and only if WkN(Oz-l-’iT%’%) € 0 so

PR M_l(a)n(Na) da
Tl'k+1N(Oé+7T 2 2 )Eo}

kE+2 k42 442 (42
T 2 7 2 T2 eOX

My Ha)n(Na) da.

that, if k is even, this expression equals

M(;l(a)n(Ncu) do

(Il +1) /{aeox

k k £ e
T2’ 2a+m2'2€0%

My (@)n(Na) da

N
|T|? -1 {aeoX atm 2 2

k+2 k+2 042 €42
2 o 2 02 eOX

T

which equals
(Il + 1)A(M0—1n1+s,ﬂ%g)A(Mo—lyusmgyg).
The identity, for even k, follows immediately. If £ is odd the expression above

simplifies to

(1x1 +1) /{O

.
=1 { acor

72T atr 22 EOX}

which equals
(|7r| + 1)A<M0_1’r}1+5,W%’%)A(M()_1V1+S,ﬂ'T’T).
The identity, for odd k, follows immediately.

Suppose f > 0. If y is the restriction of My to 0* then vnu~!
to , Ry, 0 is equal to the product of

= xo. According

& ) —f
(1 [a]) ] 55 WMXO,H)M(HSW))

|A(X07 W_f>
= xo(=1) || FHF pr(TreC 0y
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and
M(HK_SZ)/ My a)n(Na) da.
{acOx | i tka4Tli+tcOX }

On the other hand
w(m) ||
a1 r[—1°

is equal to the product of (1 — |7T|)2\7T|%“‘f)(o(—l)M(H“H‘S(k‘H)) and

T(M,n, k)T (M,v, ) — 2(m)T(M,n,k — )T (M,v, £ —1)

1
/ My (a)n(Na)da
|7T| -1 {acOx | If+Fatnft+teO }

,

Mt Na)d
|7T|_1/{a60>< |Hf+k+1a+7rf+z+160><} 0 (Ol)n( a) Oé}

1
— Mt Na)d
|7T| 1 {~/{an>< { Hf‘*"“—la-i-l'[f‘*"‘—leO} 0 (a)n( OZ) (6%

||

+ M a)n(Na) da}.

| =1 /{aeoX | I +ka+II/+eOx }
Some simple rearrangements show that this is equal to
-1 B
[ M (@) da
(|7T| — 1) {a€0x | Mitka+IIf+teOx }

|| / B
(Inl - 1)? My (a)n(Na) da.
(‘77| - 1)2 { @O | Fth+1aqTIf 10 } o ()n(Na)

The identity follows immediately.
Finally we have to treat the case that K = k & k. It is enough to verify that

Z|7T|pw(7rp) {Lk+1,p,£+1,p - W(W)kap-lfp}
p=0

(oo}
=Y ImPPw(m){ Risr—per1—p — () Repp}-
p=0

The left side is equal to

w(m) T(M,n, k)T (M, v,0).
m =1
For brevity set
Y{n1,naimi, ma) = / My H(a)n(Na) da.
{anX N2 M1 M2 €O X }
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: 2, ke
Apply formula to see that Ry is the product of (1 — |x|)"|x| ™= and

S M@Emy YT Y (g +ma+q—Long + masma + q,ma + £)
n1+n2:k+€ m1+7712:0 q<0

|7T| Z M(,n_nz,nl)

‘7T| - 1 ny+no=k+~£

Z Y(ng +my +1—4,ne+mo;my + 1,ms + £).

m1+mo=0
Thus, > |7[Pw(n?) Ry—p,e—p is the product of (1- |7T|)2‘7T|# and
S e
ni+no=k+~
S e+ mi+q—Lng+mg+pimy +q,ma + L+ p)

m1+ma2=0 p<0 ¢<0

+ |7T| Z M(ﬂ_nz,nl)

‘7T| - 1 ny+no=k+~£
S D b+ my 41— Lng+my+pimy + 1,mg + €+ p).
m1+mz2=0 p<0

Now
w(m)

| =1
) 3 Bt
is equal to the product of (7| — 1) w(m)|x| 2 and

> MEmMeEm

(m1 +ma :Z) (n1 +n2 :]C)

T(M,n, k)T(M,v, 1)

. A<M071771+5:, 7Tn1’n2)A(M(;11/1+S, ﬂ_ml,mg)-

Replace nq by n1 —mo = ny +myq — £, ny by no — my = ny +meo — £, and then mo
by ms + £ to obtain

> M@
ni+no=k+~
Z A(My tntts, grtmi—bnatmay \(Nfoty s gmumetl)
mi1+mo=0
According to Lemma 1.4 this is the sum of

> X e

(n1+n2=k+£) (m1+m2=0)

O (na +ma +q—Lng +ma +pymy + q,my + £+ p)
p<0¢<0
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and

M DT M

(TL1 +7L2 =k+é) (m1 +T)’L2 =0)

Y Wy +my+1—Lng +my+pmy + Lma + £+ p)
p<0

and
|| nan
Im| — 1 > >, M)
(n1+no=k+£) (m1+m2=0)

D p(m +my+q— Ly +ma+1my +qma + £+ 1)
q<0

and

<|7T|I7T—| 1)2 > Y M)

(n1+n2:k+€) (m1+m2:O)
cp(ni+mi+1—Cno+ma+1;my +1,ma+ 0+ 1).

On the other hand

o0 oo
D ImPw(?) Ry pe1—p — w(m) D |wPw(m?)Re—p ey
p=0 p=0

is equal to (1 — |7r|)2|7r|%w(7r) times the sum of

7| nam
1 Z M(z"2")

ny +n2 :k)-‘ré

S g tmi+1—Llng+ma+1my+1,mg+ 0+ 1)

mi +m2 =0

and
7|
M n2,n1
n1+n2:k+€
S ¢ +ma+1—Lng+mag+pimy+1,ma + £ +p)
m1+n2=0p<0
and
> M)
ny+no=k+~£
Z 27/1(”2 +mi+q—"Lna+me+1,mi+q,me++1)
mi1+m2=0 ¢<0
and
WY ME

ni+no=k+~£

Z ZZ¢(n1+m1+q—£,n2+m2+p;m1+q,m2+g+p),

mi1+mz2=0 p<0 ¢<0
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the contributions of the first infinite series, and
||
_ M(g"2m1
P > MM
ni+ns=k+~¢

S > (g +ma+1—ny +ma+ pymay + 1,ma + £+ p)

m1+m2=0p<0

and

_ Z M(ﬂ.ng ni )

TL1+7L2=]€+A€
S D g+ mi+q—Lna+my+pima +q,ma + £+ p),
m1+m2=0 p<0 ¢<0

the contributions of the second. The identity can now be verified by inspection.

2. REPRESENTATIONS OF THE GENERAL LINEAR GROUP IN TWO VARIABLES OVER
A NON-ARCHIMEDEAN FIELD

This paragraph is, in its essentials, a recapitulation of work of Gelfand, Graev, and
Kirillov. We adhere to the notation of the previous paragraph. Let Gy = GL(2, k)
and let Go = GL(2,0). A is the group of diagonal matrices and N is the group of
matrices of the term (§7).

A representation o of Gy, on a vector space V', over C, will be called quasi-simple
if

(i) The stabilizer of every vector in V' is an open subgroup of Gj,.
(i) If o € k* then a((‘(’)‘ g)) is a scalar multiple of the identity.

Lemma 2.1. Suppose o is a quasi-simple irreducible representation of Gy, on the
vector space V. V contains a non-zero vector invariant under Ny if and only if V
is finite-dimensional.

First of all suppose that V' contains a non-zero vector v whose stabilizer contains
Np. Let H = {g € Gy | o(g)v = Av with A € C } Since V is spanned by the set
{a(g)v| g€ Gy} it is sufficient to show that H is of finite index in Gj. Since H
contains the diagonal matrices together with an open subgroup of Gy, the image of
H under the determinant function is of finite index in k*. Thus it is sufficient to
show that Hy = { g € Gy, ’ o(g9)v =v } contains all matrices of determinant 1.

Let W be the space of column vectors of length 2 with entries from k. Let us
show first that if w € W and w # 0 there is an h in H and an x in £* such that

w:h(g).

If the second coordinate of w is zero this is clear. Since the stabilizer of v is open in

G, there is g in Hy such that
1\ [«
g 0) = \p

D6 -(57)

with 8 # 0. Then
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If the second coordinate of w is not 0 we can choose = so that w is a scalar multiple
of the vector on the right.
In particular Hy contains a matrix of the form (g Z). Since

Ll -0
CO6 D0 E)-C 00 0)- (2 )

Hj contains all matrices of the form (11/ ?) Since

6 OE -0 )

B 1 0\ (1+zz 0 1 z/(1+z2)
T \zx/(l4zz) 1 0 1/(1+zz))\0 1 ’

if 1 + 22z # 0, Hy contains all diagonal matrices of determinant 1. Since

CO6E D6 D=0 96 D-(5 s

Hj contains all matrices ( “ Z), a # 0, which have determinant 1. Since

(- ().

H contains all matrices of determinant 1.
Conversely if V is finite-dimensional the kernel of ¢ is an open subgroup of Gy,
and there is an € > 0 such that (§7) belongs to this kernel if |z| < e. Since

GO0 DG D6

and for any x there is an « in k* such that |ax| < ¢, the kernel of o contains Nj.

and

Corollary. If o is a finite-dimensional quasi-simple irreducible representation of
Gy then o is one-dimensional and there is a continuous homomorphism p of k*
into C* such that o(g) = p(det g)

Since the kernel of o contains Ny together with an open subgroup of Gy the
above discussion shows that it contains every matrix of determinant 1. Also the
inverse image of the group of non-zero matrices is of finite index in Gy. Thus if
g € Gy, there is a A in C* and a positive integer n such that o(g)” — A = 0. Thus
o(g) is semi-simple. The corollary follows immediately.

Again we fix a character &y of the additive group of k such that the largest ideal
on which & is trivial is 0.

Lemma 2.2. Suppose o is an infinite-dimensional quasi-simple irreducible repre-
sentation of G on V. Let W be the set of all vectors v in V such that for some

ideal a of k
/éb(:v)o(((l) T))vda@:O.
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Then W is a subspace of V. Let U =V/W. Ifv € V let ¢, be the function k™ with

values in U defined by
a 0
po(a) =1 71—<<0 1))1}

where ¢ is the natural mapping from V to U. The map v — @, is an injection of V.
into the space of functions on k* with values in U.

Since the stabilizer of v in N}, is an open subgroup of Ny, the function 0’(((1) 9{))1}

takes only a finite number of values on a. Thus the integral involves no limiting
processes and is well-defined. If a C b then

Jemm((s 2))es-samm((3 1)) | [50( (3 7))o

where the sum is taken over a system of representatives of b/a. It follows immediately
that if the integral vanishes for a given ideal then it vanishes for all larger ideals. A
simple argument now shows that W is a subspace of V.

If ¢, vanishes identically then for every a in K* there is an ideal a(«) such that

N §0(am)a<((1) f)>v dz = 0.

If p € 0* and a((ﬁ?))v = v then

/go aBz)o ((o f))m;«:a (501 ?) /G&)(ozx)a<<(1) "f))udx.

Since the set of all # in £* such that 0((’8 O))v = v is an open subgroup of k™,

01

there is for each integer n an ideal a,, such that if a,, C a and « € 0*

/W(f((é f>>vdx:o.

There certainly is an integer ng such that the function O’(( ki ))v is constant

on cosets of p~"0. Let us show that if ¢, vanishes identically and this function is
constant on left cosets of p~™ then it is constant on left cosets of p~"~!. This will

show that O’(( 57 ))v = v for all z. It will then follow from Lemma 2.1 that v = 0.
Take any £ such that £ > n + 1 and p~* D a,. If z € p~* then

a<(é I))v—ﬂ SOY g x/ &lary) ((O 1)) dy.

M=n €0 [0p_m

By assumption the terms of this sum corresponding to m = n are zero. Since
&o(am™z) is constant on left cosets of p~"~1 if m > n the assertion follows.

Lemma 2.3.

(i) Ifw= a((g‘ ))v then v, (8) = pu(Ba)
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(ii) If w = 0'(((1) ”f))v then @, (8) = &o(Ba)ey(B)
(iii) If v is in V there is an integer k and a non-negative integer n such that
(@) =0 if |a| > |7|* and ¢, (Ba) = ¢, (a) if B € o).

The first assertion is a matter of definition. To prove the second we have to show

(G (D)oo (GG 9o

isin W. Let u = U(((g ?))v. Then

is equal to

/ufo(y)a((é yiax)>udy—§o(ax)/u&)(y)a((é ?))udy

If ax € a we can change variables in the first integral to see that it equals the second

term. Finally it is clear that if a((% ”1”))11 = for |z| < |7|7* and cr(('g ?))v =0

for 8 € 0 then ¢,(a) =0 if |a| > |7|* and ¢, (Ba) = ¢, (a) if B € 0.
Let v be a character of 0o* and let

vV, = {UEV a((%?))vzy(a)v for all a € 0* }

It is clear that V is the direct sum of the spaces V,,. Let V be the set of all v in V
such that, for some k > 0, p,(a) = 0 if |a| > |7| =% or |a| < |7|*. Let V, =V, N V.
It is also clear that V is the direct sum of the spaces ‘A/l,. Finally let V° be the set
of all v in V such that ¢,(a) # 0 if |a] # 1 and let V.0 =V, N V2. V0 is the direct
sum of the spaces V2.

Lemma 2.4.
(i) For each v the restriction of ¢ to V)0 defines an isomorphism of V? and U.

(ii) V,, is the direct sum of the spaces a((ﬂok ?)) VO ke Z.

(iii) If v is in V, there is a unique vy, in V) such that ifu=v—o (ﬂgk (1)) U

then @, (a) = 0 if |a| = |7|*.
(iv) V is spanned by V and the vectors of the form

((20)r

We start with (iii) of which (ii) is an obvious consequence. The uniqueness of vy
is clear. If k is negative and |k| is sufficiently large we can take vy, = 0. Thus the

with v in V.
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proof can proceed by induction on k. Set

t 0
UJ:U—ZO (0 1 Vyp.

<k

L)Ow(a) =0if ‘Oél > |7Tk| and (Pw(Oé) = (,DU(OC> if |a| < |7T|k Set

—k— koo 1 =z
vp = |x|F o <7B 1 /k1 w—olly 1)]w dx.
.

. 7 Fa) = |x|7F T 1 —&o(ax)t du (o).
ol o) = [ (1 oo depu(a)

|1€+1

Then,

The right side is zero if || < |7 or |a| > |7F|. Tt is @, (a) if |a| = |7*|. Part

(iii) of the lemma follows.

It is clear that the restriction of ¢ to V¥ is an injection. It follows from (iii) that
the restriction of ¥ to V? is a surjection. Thus U = > Y(V2). To prove part (i) it
is sufficient to show that if u € U and u = 9 (v) for a v in some Vf then there is a
w in V) such that u = ¢(w). Given v set

z:/oxu(ﬁ)o<<§ ‘D)a((é ”{))w

where z is yet to be determined. Then z is in V,, and since

p:(0) = pula) / 17(B)eo(ap) df

oX

it is in V0. In particular

P(2) = (1) = {/ 1 (B)éo(Bz) dﬁ}u.

Choose z so that this integral is not zero and set

w= { | m@se dﬁ}_lz-

It follows from (i) that V # {0}. Choose w different from zero in V. Since o
is irreducible V' is spanned by the vectors o(g)w, g € Gi. Either g = (8 g) or

g=(3%) ( v (1))(8 %). In the first case o(g)w is in V. In the second case o(g)w is
of the form 0(((1) f))o(( o é))u with u in V. It is easily seen that if v belongs

to V and x belongs to k then 0(((1) f))v — v belongs to V. The last assertion of

the lemma follows.
If visin V let v = ) v, with v, in V,. Choose vy, so that if v = v, —

0((”0k ?))vkﬁ, then ¢, (a) = 0 if |a| = |7*|. Set uy,, = 1(vk,,) and write, purely

vwg g uz,yzf.
v /L

formally,
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Let 0((3‘ g)) =w(a)! for a € k* and let wy be the restriction of w to 0*. Let

() = wo(a)v~(a) if a € 0*. If vis in V2, then O’((_(l) é))v is in V5. Let

(1 )-p-e

If 4(v) = u the map u — ug is a linear transformation from U to U. Denote it by

Ty,,. If visin V and
%)
v 14

then

U<<? (1)>>zu:z£: Z w(r ™) I pun 2"

m—k=/{
It follows from the third part of Lemma 2.4 that if v € V there is a unique

v in VO such that if u = v — U((’Tak ?))Uk then ¢, (a) = 0 if o] = |=|*. If

w = 0'(((1) 3{))1} then vy is replaced by wy = O’<((1) ”I;l’)>vk. If vp =" vk, with

vk in V) and wy = Y, wy,, with wy,, in V! then

k
Wep =) / VAo (é o 9”) Uk dB.

Consequently
w(wk,p.) = Z A(Vﬂila ka)d}(vk,u)'

Thus if

v~ ZZW,VZ[,
v /L

w ~ ZZ Z A(pv™ !t wl)ug,
v 4 1%

It is also easily seen that
7™ 0
a((@ J)“szn,y%-
v /L
The identity
0 1\/1 =z 0 1\ (-1/z 0\/1 —x 0 1\(1 -1/
-1 0/\0 1)/\-1 0)\ 0 —xJ\O 1/\-1 0)\0 1

for  # 0 is easily verified. If v is in V and

vwg E ugﬂ,zz
v 4
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W<< >>mzz{z Tk+e,,u“}zk7
J(G f)) a<<_? é))vNg;{zg:zﬂ:w(ﬂ_e)A(y,u_l,ﬂkx)Tk_%;uz,g}zf.

If 6, = 1 if v is trivial and §, = 0 otherwise, then J((éf))((?(l)))v -

then

o (( 0 é))v which belongs to V' corresponds to

Z Z Z Z {A(u;fl7 ) — (Syufl}w(ﬂ_é)Tk-ﬁ-Z,ﬁuf,D 2.

Z Z [ at ") — S, }w(ﬂfzfm)Tk+mﬁTm+g’;ue7; P
+ Z Z uk Mzk.
0 1
Z Z{Z Alvp™t, —We/m)’LLgyl,}Ze
I 4 v
and a(( _(1) é) ((1) _11/‘” ))v corresponds to

SN wr HAW@E, —rt o) T ue 2.
k Y4 k

m

On the other hand o (( ! _1/9"))0 corresponds to

Letting 0(((1) o )) operate we obtain a vector corresponding to

Z Z Z T (77# 17 _Fkx)A(Vﬁ_1> _Wé/x)Tk—i-Z,ﬁuf,u Zk-

Livm

x

Finally if % = 7" with 8 € 0* we apply U(( _16” 0 )) to obtain

Z Z{ Z (—zx)w(m A", =" T2 ) A =7 ) Ty a0t o0, }zk

L,v,m
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Thus we obtain the identities

Z{A(gﬂ_l, me)w(ﬂ_e_m)TkijﬁTmM’,, — (5,7;;71w(ﬂ_e_m)Tk+m)ﬁTm+g’y}

m

+ w(—l)éwﬁl 5£,k
= Z w(B*)w(—z)w(m ™ VYA (u, = 2 ) A =7 f2) Tigor e
n

For all we know at present both these sums are infinite. However all but a finite
number of the operators on each side send a given vector in U to zero. Thus as an
operational equation the identity has a sense.

We can rewrite the identities as

Z{ {A(Villv‘il‘UOv Wmﬁil) - 5uuw01}w(7"Km)Tk+m,uTm+é,u}

m

= D H(B)wy (=B ) A~ =m* B AW =t B) Ty,
Recalling that An(z/, By) = v~ H(B)A(v,y) we simplify the identities to
Z{ A e, 7m) - mol}w(w—”vTHm,ﬂme,y} +wo(~1)3,,- 1)
= pvwy (1) > Al 7A@y 7 Ty -
n

Making use of Lemma 1.1 we can simplify these identities further. If the order n
of vpwy L is positive the identity becomes

(A) A(V*I/flwo, 7 M )w(T"™) T,y Lo

= prwy t(—1) ZA(;mfl,ﬂk)A(unfl,ﬂl)Tka.
"

If vpw, 1 =1 the identity becomes

-2
_ 1
(B) Z _w(ﬂ' n)Tk+m,uTm+LV + WWQT)T]C*LMTe*LV + W()(_l)(sz)kw(ﬂ'[)

m=—oo

=Y A(un, 7A@y 7 Tege
n

Lemma 2.5.
(i) Forallk, £, p, and v, Ty Ty = To T -
(i) There is no non-trivial subspace of w left invariant by all the operators Ty, .

If vjuwy ' is not trivial the identity
Tk,uTé,l/ = Té,uTk,u

follows immediately from . If vwy !is trivial let u be in U. For a given k and ¢
and for m < 0 both Tj4m v and Ty, u are zero. For such m

Tk+m,uT€+m,uu = Té+m,uTk+m,uu-



LETTER TO HERVE JACQUET—1967 27

Using the identity and induction on m one shows readily that this relation is
valid for all m.

Suppose that U’ is a nontrivial subspace of U left invariant by all the operators
Ty, u- Let V' be the set of all v in V such that ¢, (a) € U’ for all a. If v € V)2 then
v € V' if and only if ¢(v) € U’. Thus V' is neither {0} nor V and V' N V2 # {0}.
It is clear that V/ and V' NV are left fixed by the operators U((g 2)). Since V is

irreducible it is spanned by V' N 1% together with the set cr(((l) ”1”))0<< _(1) é))v,

v € V' NV. Thus to obtain a contradiction we need only show that if v is in
V' NV then 0(( 9 é))v is in V’. This is however an obvious consequence of the

assumption.

It follows from this lemma that each T}, is either zero or an invertible linear
transformation. Thus for each p there is an integer k(p) such that Ty, = 0 if
k < k(u). Moreover one of these operators can have a non-trivial eigenvector if and
only if it is a scalar.

Now I would like to make some remarks which are not relevant to the main
purpose of the letter. First of all let me observe that if k, ¢, u, v are arbitrary there
is a scalar a and scalars a,, , all but a finite number of which are zero such that

TepTew =a+ Y am T p-
p m

If pvwy ! is not trivial this follows immediately from identity . If pvwy s trivial
consider the set of integers p for which T}, ,T¢+p, is a linear combination of the
identity and the operators T, <. If p < 0, Thip To4p, = 0 and p belongs to this
set. Using identity and a simple induction argument one shows that the set
contains all integers. It follows from this observation and the previous lemma that
if u # 0 belongs to U then U is spanned by u and the set {75, ,u}.

Choose a fixed v and let the order n of u be positive and so large that the
orders of v~ 'u~lwg and vu~! are also n and T, , # 0 for some ry > —n. Take
£ =ryg+n >0 in identity and cancel T}, , to obtain

A rwo, T (™) Ty = pvwy (=) A(uv ™t 7%).

As a consequence for all but a finite number of characters of 0* the operator T}, ,
is a scalar for all k. If, for all p, T}, , = 0 if m > —1 then there are only a finite
number of operators in the set {1}, ,} which are not scalars. Consequently U is
finite-dimensional and each of the operators 7}, , has a non-trivial eigenvector and
is thus a scalar. It follows that U has dimension 1.

It is very unlikely that our assumptions (i) and (ii) together with irreducibility
imply that U is one-dimensional. Consequently we make the further assumption
which can certainly be useful in the case of interest to us at present.

(iif) No representation of G, occurs more than a finite number of times in the
restriction of o to G,.

If p is a representation of G, let V,, be the set of all vectors in V' which transform
according to p. Any operator on V which commutes with all the operators o(g)
must leave each of the finite-dimensional spaces V), invariant. Thus it must have
a non-trivial eigenvector and, because of the irreducibility, must be a scalar. It

~

follows immediately from the first part of Lemma 2.4 that the map v — ¢, maps V
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onto the set of all locally constant functions on k£* with values in U which vanish
outside of some compact set. Suppose T is an operator on U which commutes with
all the operators T, ,. If ¢ is a function on k* with values in U define T'¢ by

(Te)(a) =T(p()). If v e V and
v~ Z Zuk,#zk
n ok
then T'v, = ¢,, where
w ~ Z ZTuk,#zk.
nok

Then

(03 9)-pxl z s

m—_L=k

U(((l) (1))>w ~ 22T D Wl ) e g2
no ok m—_L=k
It follows immediately that T takes the image of V' to itself. Thus it determines a
linear transformation of V' which is easily shown to commute with all the operators.
As a consequence of assumption (iii) this linear transformation is a scalar. Thus T
is a scalar. In particular all the operators T, , are scalars and U is one-dimensional.
In the next two lemmas it is assumed that U is one-dimensional. Thus the
operators T;, , are taken to be complex numbers.

Lemma 2.7. Suppose that there is a character py of 0* and a ky > —1 such that
Tiy iy 0. Let K =k ® k. There is a continuous homomorphism M of K> into
C* such that for all £ and v

TZ,V = T(Ma v E)

Let me observe immediately that it was shown in the previous paragraph that
if the restriction of M to k* is w the identities and are satisfied if T, is
replaced by T(M,v;£). Set pa = py *wo. It will perhaps require less mental effort if
the cases 1 = po and py # po are treated separately.

Suppose first that g3 = pe. In identity take v = pu1, p # p1, and take
{ =k +n >0 to obtain

Alprp™ w0 (@) T Ty = 17 (DA 7)) Ty -
The right side is zero unless £ = —n but if kK = —n we can cancel T}, ,,, from both

sides to obtain

_ /’4/’41_1(_1) A(Mul_lvﬂ-_n) _ 2 —-n —-n — -n 2
T on, = w(m™)  Alpp=twn) (1 a \77|) [l ™ el ){A(Mllﬂ’ﬂ )} )

Thus if wy and wy are two complex numbers such that wiws = w() and M is defined
by M(mPa® 1) = wiwip (apf) for a € 0™, f € 0 then Ty, = T(M,k, u) for
WF
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Take = v = p; and k = £ in identity (Bf). If & < —1 the right side is a sum
over those 7 such that the conductor of j;n~! is p~¢. For such 7

Ay 7)) A (™t 7)) Ton

w(mh)|m|F
= w(@)pp (D) AMpy L T Ay 7)) = S5

(1—In))*

Since the number of such characters is x| 7% (1 — |7r|)2 the right side of is equal
to w(m®). Since wo(—1) = p2(—1) = 1 we have, for k < —1,

-2
Z —W(W_m)Tk+m7M1Tk+m7ul ( ) Tk 17H1Tk_17M1 =0.

— 7| —
It follows by induction that T3, ,,, = 0 if m < —2.
Now take p =v =y, { =—1,and kK >0 in to obtain
w(m)
|w| -1
Since Tg—1,,, # 0 for some k > 0 we conclude that w(m)T_5 ,, = |7|.
Choose wy and ws to be the two solutions of the equation

T \7r|1/2
I —— x|V =T,
(|7T| ){w(7r)|7r| T Lpa

It is easy to see that

s (1 —wy x_1|7r|1/2> (1 — Wy x_1|7r\1/2)
T(M, py,m)x™ =
Z ( K1 ) (1 — w1m|7r|1/2) (1 _ w2x|7r|1/2)

if || > 0 and |z| is sufficiently small. Thus T,, ,, = T (M, p1,m) if m < 0. Taking
pw=v=p, k=0, andﬁ}Oinweobtain

—2
>l D Titm g + |( D) T s Tor s+ 0(—1)Se () = Ty

m=—0o0

m
< Tk— 1’M1Tf2’ﬂ2 = ||||T7<31,M1'

Since the same formula is valid if T}, ,, is replaced by T'(M, p1,p) we can show
inductively that T,, ,, = T'(M, p1,m) for all m.

Now suppose 1 # uz. Let n be the order of ul,ugl. Take u =v =p1, L =k +1,
and k = —1 in identity to obtain

_ _ _ T
A(M2/~L1 1?7T n)w(ﬂ-n)Tflfn,ulTéfmul = HU1teo 1(_1) |’/T|| l 1Tk17ul-

Thus 71—y, # 0. Now take £ = k1 +n, k < —1 to obtain

A(M2Nf1>W_n)w(ﬂn)kan’mTk’m =0.
Thus Ti—p,u, =0if b < —1.
Now let us look at the identity with p =1, v=ps. If k> —nand £ > —n

the right side is zero because the order of either p1n~! or usen™! is at least n. Thus
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in this case
(€)

-2
—m w(m)
In particular take £ = n + 1 to see that if £ > —n 4+ 1 and Tj_1 ,, = 0 so does
Tk—271t2'
If £k < —n and ¢ # k the right side of is zero for u = p1, v = py because
k < —2 and if the order of ;™' is —k so is the order of jpn~!. Thus in this case
-2
w(m)

Z (7™ T oy Lot s + mTk—l,ulTe—1,H2 = 0.

Tt To—1,5 + wo(—1)g pw(m’) = 0.

The same result is valid if £ < —n and k # £. Take k = —n to see that T}, ,, = 0 if
m<—n-—1.

Thus if T,y ,, = 0 for all m > —1 then the only m for which T}, ,, # 0 is
m=—n—1. Taking / = —n — 1 in we would find that 75, ,,, =0 for m > —n
which is contrary to assumption. At this point p; and po play identical roles.

Taking kK = —n+1 in we see that if £ > —n

L1 Tnpy = (|7T| - 1)W(W)Tf,uzT717mm‘
Thus T_,, ;,, #0 and Ty, # 0if £ > —n. Set, if £ > —n,

w1|7'r|1/2 — T@;:[l,uz = (|7T‘ — 1)w(7T)T}17n,p.1 .
/g v

Similarly T_,, ,, # 0 and Ty, #0if £ > —n. If £ > —n, set

w2|7r|1/2 — TZ;ZLM = (|’/T‘ — ].)w(ﬂ')Tlefn,uz .
K1 —n,uQ

Now take v =p =1, £ >0, k=—11in to obtain

_ _ - |7
A(#l 1#2,71' n)w(ﬂ'n)T—l—n,ulTé—n,m = M1k 1(*1) |71-| — 1T€—17u1~

Thus .
[m] — 1 wy™ -1 _—
T ngpy = —= Apyprg -, ™).
K1 |7‘['| 21 W(ﬂ'n) ( 2
In the same way
[m| -1 Wll_l -1 _—
Tl—n, = n— A(/”'Q:U’ y T n)
H2 |7T|Tl w(w”) 1
Thus if v = Z’Jl(;ﬁ,
(|7T| - 1) 1 1 -
T 1 n e e A ’ " )
Lonpy = e (g pa,m ")
n— 2 £ — — —-n
Té,ul =7 1(1 - |7T|) ‘ﬂ-| wa—‘rnwl nA(IuQ 1N177T )7 14 2 —n,
WU =1) 1 _ n
Tfl*’n,ﬂg =7 (71)7A(/J’1 1;“’2377 ),

|7r|% wywy

- 2, L _ -
Topy =" (1= |a]) |m 2wy "wr Ay g, ), €2 .
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If we take p different from pq and po, v = @y and ¢ > 0 in identity we obtain

A(/@Nfl, ") (") Ty u To—no,py = MM;1<_1)A(MM;17 Wk)TkJrZ,m

1

if ny is the order of p;u~' and ny is the order of pou~!. Thus T,y = 0if

m # —nj; — ng but
2
Tfnlfng,;t = (]' - ‘ﬂ—|) ‘ﬂ—|
If we can show that v = 1 we will have proved that if M(7Pa @ 7ni8) =
wiwh iy () pa(B) then T (M, p,m) = Ty, , for all g and all m.

Take y = p1, v =pg and k =¢ = —n in . If the order of both 77M1_1 and 77M2_1
is m, the value of the corresponding term on the right side is

||" 1

(1 - |7r|)2 w(mm)”

(1 — 2|7r\) such characters 1. The terms corresponding to

—m1—n2

,ynzoJQ—mwl—nz A(,uflu, ! )A(,uglu, 7_(_—77/2).

M1M2(—1)

1—|~x|

|7!“"

If n > 1 there are

the other characters are all zero so the right-hand side is %(:)1) 11_72”:". Ifn=1

there are 17‘?'”‘ such characters. However the terms corresponding to n = u; and

n = 2 give a total contribution of
pape(=1)  |xf? papa(=1)  |mf?
wm  (1-fx))® @@ (1 x])?

Thus the right side is again & 1‘0“(275,1_)1) 11__2||7f|‘. The left side is

n—1

gl || pap2(—1)
w(m™) Tl =1 w(@”)
Consequently "1 = 1. Now take k =¢ = —n+11in to obtain
—pap2(—1) Mllu’Q(_l),yn—? pipa(—1)
w(mn1) w(mn 1) w(mn—1)

Thus 72 =1 and v = 1.
It will be convenient to record here the closed expressions for

paprz(—1)

|| + (|7r| — 1) + =0.

o0

Z T(M, p,n)2" =T (M, p, z).

n=—oo

The series of course converges for |z| > 0 and sufficiently small.

Lemma 2.8.
(i) Let K = k® k and let M(7mPa @ 718) = Wiwhp(a)uz(B) if @ € 0* and
B € o*.
(a) If p1 = po then
(1 _ wflz_l\ﬁ|1/2) (1 _ w;lz—l‘ﬂ_|1/2)
(1 — wyz|m|1/2) (1 — woz|m|1/2)
and if p # w1 and the order of u='py is n
2 _|—n, —n, — — —n — —n\,—2n

T(Ma Hs Z) = (1 - |7TD |7T| Wy nw2 nA(:ul lp“vﬂ- )A(ul 1,/J,,7T )Z 2 .

T(Ma,ulaz) =
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(b) If p1 # p2 then
(1 - w;lzfl\ﬂlm)

(1 — woz|m|1/2) °
1- wflz_l\ﬁ|1/2)
(1 — wyz|m|1/2)

if n is the order of ,ul_lug. If p is different from p1 and pe and the
order of p~ 'y is ny and the order of p~ 'y is no then
T(M,p,z) = (1 — |7T|) ‘ﬂ-|7"1 “2 w;nlw;n2A(M;1M7W_nl)A(Mglu,W_nz)z_nl_nz-
(ii) Let K be an unramified extension of k.
(a) Suppose there is a generalized character My of k* such that M (o) =
My (a*t®). Let My(wPB) = whui(B) for B € 0*. Then
1—wi?z n|  1—wi'e Y r|Y2 14wy tetn|/2

1—wi2|n| 1 —wz|m]l/2 14wy z|w|1/2

T(M, 1, 2) = (1= |ml) [ =" 20 Ay, 7 ")

—n

z

T(M, pz,z) = (1 —|m) | =" 2wy " Alpy 2, 7 ")

T(M, py;2) =

If w # py and the order of uuy" is n so that the order of u*+sMy*
also n then

T(M,pi52) = (1= [ |~ wr 2 A(Mg e, 1) 272

2 —-n = -n — -n 2 —2n
= (1= Jal) ] () A ) b
(b) If there is no such character then for all p
T(M, p, 2) = (1_|7r|2)|7r\—“M(n MYA(Mg Lt T2

if n is the order of My *u'ts.
(iii) Let K be a ramified ea:tenswn of k.
(a) Suppose there is a character My of k* such that M(a) = My(a't®).
Let My(7PB) = w¥ui(B) if B € 0. Then

s (1_ 1 _1|7r|1/2)
T(M, p; 2) = (1= |l) [~ 2wy Alxo, 7) (1 = wnz[x[1/2) -~

(1 — ! *1|7r|1/2>
T(M, xopr,2) = (1= [l 7|~y Alxo, m™7) = wlzlwllﬂ) -

and if p is different from py and xopy then
T(M, . 2) = (1= |m])*Alxo, 7| =% wy " Ay e, 1)z
2 L L () - —n — —n —ni—n
=1 —|n]) || 77wy 2A(/~b1 po YA (g )2

if e = Xopt1, N 1S the order of My
ng is the order of Mz
(b) If there is no such chamcter My then, for all p,

T(M,p, z)
= (1= |x)?|x| 7% Alxo, m )M AT A (MG e T )z

Lt ny s the order of uytu, and
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if n is the order of My *u'+s.

The formulas of this lemma follow from the definitions together with Lemmas 1.1
and 1.5. T would like to observe in cases (ii, a) and (iii, a) that if M’ is the character
of (k@ k)* defined by M'(a® 8) = M (a)M1(8)x(8), then, for all y

T(M,p,z)=T(M, pu,z2).
It follows from Lemmas 2.7 and 2.8 that if the collection {7}, , } satisfies identities

and the series
Zvauzm
m

converges for |z| > 0 and sufficiently small and its sum 7),(2) is a rational function. If
we return to the discussion of the representation ¢ we can choose some isomorphism
of U with C and regard the functions ¢, as scalars. Let L’ be the set of all locally
constant complex-valued functions, i.e., invariant under some open subgroup, on
k*. If v is a character of 0™ let L!, be the set of all functions ¢ in L’ such that
o(Ba) =v(B)p(a) if B € 0*. Tt is clear that L’ is the direct sum of the spaces LJ,.
If o € L’ we write ¢ =), ¢, with ¢, € L/, and set uy, = @, (7%). Let L be the
set of all functions ¢ in L’ such that, for each v, uy, = 0 for £ < 0 and

z) = Z uk’,,zk

converges for |z| > 0 and sufficiently small and represents a rational function. If
H is the set of all functions in L’ with compact support then HcCL. His clearly
the image of V. By the way, it will not conflict with our previous notation if when
© =Y, liesin L’ and ug, = ¢, (7") we set

k
oD D
v k

Now suppose {T}, ,} is the collection corresponding to the representation o. If

v €V and
o=y Y Y g,z
v k

then

wg<<_‘1) 3))~Z; S w(m) s b

m-+k=~
Thus ¢ = ¢,, is also in L and

Vo (2) = Tp(2)ep (w_l(w)z‘l).

If T}, ,, = 0 whenever m > —1 then V =V so that
eu(2) = wo(~1)T5(2)p (w ™ (m)=7).

Thus, in this case,

(D) wo(—l)Ty(z)Tp<w_1(7r)z_1) ~ 1.
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On the other hand if one notices that MM?® = w!*® so that M~ tw!tsy=—1=5 =
(M~1u+9)=% one can verify by inspection that
wo(—1)T(M, u,z)T(M, ﬁ,w_l(w)z_l) -1

Thus the identity @ is valid whenever o is an irreducible representation satisfying
(i), (ii), and (iii).

Now let us suppose that w is a continuous homomorphism of £* into C* and
that the family {7}, ,} satisfies the relations , , and @ If ¢ belongs to

L' and (‘5 Z) belongs to Gy let T((g g))go be the function whose value at « is

w(d)&p (%b)go(%). T is a representation of the group of upper triangular matrices

in Gy on L. H is an invariant subspace of L’ for 7. It is clear that the operators
T((g g)) leave L invariant. If ¢ € L then, for all x € k, the function ¢ defined

by ¥(a) = &(az)p(a) — ¢(a) lies in H. Thus the operators T(((l) Qf)) leave any

subspace of L containing H invariant. Define 7 (( 9 é)) by the condition that if
p€Land ¢ = 7‘((_? é))gp then

6 (2) = To(2)ep (w(m)2 7).
It is easy to verify that

a 0 0 1 _ 0 1 d 0
\\o d))7\\-1 0/ =7\\-1 0/ ){\o o))
Thus the operators 7'(( Z)) and T(( _? é)) leave the space spanned by H and

P, p € H invariant. Call this space H. Every matrix in

~—— ©°

the functions 7 (( _(1) (1))

G, which is not supertriangular can be written in exactly one way as

GG D66 )
set rt0) = 7((8))7(G0)7 ((28))7((59)7((31)- Thus 7(0) i ae

fined for all g in Gy.
Let us verify that 7(g192) = 7(g1)7(g2). Thisis clear if g1 ~ g2 is a supertriangular
matrix. Thus it is enough to verify this when

w00
w3 ()

— <



LETTER TO HERVE JACQUET—1967 35

The case = +y = 0 is taken care of by identity (D)) so suppose z +y = u # 0. Then

o (§4)6 D6 )
T<gl>7<gz>7<(_‘1) (1)))7«(1) 11L>>T<<_(1) é))
o ==( (3 2))(6 DM DA

However if one examines the derivation of the identities and one sees that
they are equivalent to the assertion that these two operators have the same effect
on an element of H. To verify that the two operators are equal we need to show
that if ¢ € H then

T(9192)7<<_(1) é))wT(gl)T(gz)T«_(l) é))sa

The left side is equal to

T (9192 (_? é) ) v =T7(91)7 <92 (_(1) (1)) ) ¢ =7(g1)7(g2)7 < <_(1) (1)> ) 2

The representation 7 on H certainly satisfies condition (ii). If (‘; g) €Gopand c€p

G- ()

It is clear that for any ¢ in H the sets
{glm(@e=9}

o e (3 8))e=o((22 1))

both contain an open subgroup of the group of upper triangular matrices. Thus
the first set contains an open subgroup of the group of lower triangular matrices. It
follows from the simple identity above that it contains an open subgroup of Gj.
To prove that the third condition is satisfied we need only show that if U is an
open subgroup of the group of upper triangular matrices then the set X of all ¢ in

H such that U is contained in the isotropy group of both ¢ and T(( 7? é)) @ is

finite-dimensional. If ¢ belongs to H then ¢, has poles only at 0 and co. In general
the poles of ¢, at any point besides 0 and co are of no higher order than those of
T5(z). It is clear that, if ¢ € X, ¢, = 0 for all but a finite number of v. Thus to
prove the assertion all we need to do is obtain, for each v, a bound on the order of
the pole of ¢, at 0 and co which is valid for all ¢ in X. A glance at the form of

the operator T(((l) ”f)) convinces one that there is a number N such that if U is in

the isotropy group of ¢ then op(a) = 0 if |a| > |7|V. Thus the order of the pole of
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vu(2) at 0 is at most —N. If ¢ is in X the order of the pole of

T,(2)ey (wil(w)zﬂ)

at 0 is also at most —N. The assertion follows.

Arguments similar to those used to prove Lemma 2.4 show that any invariant
subspace of H different from {0} contains a non-zero vector in H and that H is
irreducible under the action of the upper triangular matrices. It follows immediately
that 7 is an irreducible representation of G on H.

Thus to completely classify all irreducible representations of Gy, satisfying (i), (ii),
and (iii) all we need to do is study the families {T;, ,} of complex numbers which
satisfy , , and @ and have the property that, for all p, T}, ,, = 0 if m > —1.
In this case, which is the case we shall discuss in the rest of this chapter, H = H.

Before going on let me observe that if ¢ is another homomorphism of k* into
C* and w is replaced by w(? and T'n, is replaced by ¢ (ﬂ'm)Tm’ Gl the relations
(A), (B), and (D)) continue to be satisfied. Thus, for our purposes, there is no harm
in assuming that w is a character.

Define an inner product on H by

(p,9) = /ng pla)(a) da.

It is clear that, if g is an upper triangular matrix, (7(g)¢,7(9)¢) = (¢, ). It is
also clear that if (p,)) is another inner product with this property it is of the form

<§0a’l/}> = Zau(@mwu)'

Thus if T is the operator on H defined by

T(Z Spu) - Z ayPy
(19T, 7(9)v) = (T7(g)e. 7(9)¥),
so that 7(¢)T = T7(g) for all upper triangular matrices g. Thus each eigenspace of

T is invariant under 7(g); so T is a scalar.
Let ¢, be the function in H, = H N L!, satisfying ¢y, () = 1 and ¢y, (a) = 0

~

if || # |7|°. The collection {py,,} is an orthonormal basis of H. If ¢ is in H and

®w~ Z Z uf,uze
v /L
® = Z Z Up,vPlv-
v 0

o= (0 5)6 Do) )6 )6 )

with o € 0 let us find the effect of 7(g) on . We iterate the effect of the various
factors entering into the expression of 7(g) as a product.

{6 9z on e

v

then
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Applying T((%‘ (1))) to this one obtains

Z I/(OL) Z A(.u“yilv ﬂ'ey)uf,u Pl
o

IR%

7( (™" 9)) sends this to
((9)

Z V(a) Z A(My_lv 7T€+ny)u5+n,p Pl

v o

Now apply 7'( )) to obtain

{ Tmﬁo.)(’ﬂ'_k)l//\(a)ZA(Ml/)_l, k+ny)uk+n,# Pev-
liv | m—k=¢C "

Finally 7 (( g 2 )) T (( 5% )) transforms this to

> w(B) ple)w(n )T zA(pr 1 Tl a) A(up ™, Ty ks p P
IR% m—k=L p,u

Thus if g has the above form the matrix element (7(g)¢k,.¢e,.) is equal to

Ll ZP )Ty o gAlpr ™ 7T 0)A(pup~ " 7y).

Ifg= (g 2) (oY) then (7(9)@k,u> ev) is equal to 0 if k # £ + n but
ifk=/0+nit cquals
(B A (v, 7).
A subset X of GG, will be called pseudo-compact if there is a compact subset Y
of Gy, such that X C J,cpx (§2)Y.

Lemma 2.9. If T,,,, = 0 for m > 1 the functions (7(9)¢ku.Pe,n) have their
support in a pseudo-compact set.

It is clear that the intersection of the support of (T(g)gokyﬂ, gog,,,) with the group
of upper triangular matrices is a pseudo-compact set. If

(B O\[1 2\[ 0 1\[7" 0\[a 0\[1 y
970 s)\o 1){~1 o/{o 1){0o 1)\0 1
(B 0\ [(-m"za0 1—7"azy
9= \o B\ —m"a —m"ay )’
Thus, if N > 0 and n varies over {n | n > —N } while z and y vary over

{z € k| |n"22| < N}

then

and 3 varies over k* the matrix g varies over a pseudo-compact set.
For a g of this form set

Fo(9) = w(B)w(m" ) p() Ty o—n 3A(pr 1 wla) A(up~ 1, k).
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The support of f, is certainly contained in a pseudo-compact set. As we saw some
time ago, if the order of p is sufficiently large,

Alpry ' ) Alwg 'vop, 7 ™)

kam,p = w(ﬂ—_m) 2

‘A(wo_luop, Tm)

where vy is a fixed character and m is the order of p. Thus, if the order of p is
sufficiently large, f,(g) = 0 unless n = k + £+ 2m, [7™*z| = 1, and |7**+y| = 1.
The lemma follows.

a € kX }

If ¢ and v are fixed and C, = { ((8‘ g))
(o, 9) = /Gk/ck (T(9)¢, pe.0) (T(g)da soe,u) dg

is a non-degenerate inner product on H. Clearly (1(9)e, T(9)1) = (p,v) for all g
in Gy and in particular for the upper triangular matrices. Thus there is a positive
constant Cy¢, such that (¢, ) = Cy . (p,1¢). Consequently the representation 7 is
unitary.

Lemma 2.10. If the family {T,, .} of complex numbers satisfies the relations
, , and @ there is a two-dimensional semi-simple algebra K over k and a
homomorphism M of K* into C* such that

Tm,u = T(Ma s m)
for all m and p.

Because of Lemma 2.7 we need only prove this when the associated representation
7 acts on H , is unitary and the matrix element (T(g)(pk) 10 <pg7,j) has compact support.
To do this we need the Plancherel formula of Gelfand and Graev which will require a
paragraph by itself. For now let us assume Lemma 2.10 and go on to its applications
to the theory of automorphic forms.

3. THE LOCAL FUNCTIONAL EQUATION FOR NON-ARCHIMEDEAN FIELDS

For the sake of brevity we shall call an irreducible representation o of Gy which
satisfies (i), (ii), and (iii) of the previous chapter a simple representation.

If n is a continuous homomorphism of Ag, the group of diagonal matrices in Gy,
into C*, let L(n) be the space of all locally constant functions on Gy, satisfying
¢(ag) =n(a)p(g) for all a in A. Since L(n) is invariant under right translations we
obtain a representation g — p(g) of Gy, on L(n).

Lemma 3.1. No infinite-dimensional simple representation of Gy, is contained more
than once in the restriction of p to L(n).

We may take the simple representation to be the representation 7 on H considered
in the previous paragraph. Suppose V' is a subspace of L(n) and T is an isomorphism
of H with V such that

T(r(g9)¢) = p(9)Te
for all . Set A(p) = Tp(1). Then T(g) = (p(9)T¢)(1) = A(7(9)¢). Thus T is
completely determined by \. If a € Ay then

A (a)p) = n(a)X(p).
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Let us verify that up to a scalar factor there is at most one linear function on H with
this property. Let 77((8 2)) = m(a)n2(b) and, assumed, let T((g‘ 2)) = w(a)l.
There is no such function unless n;m; = w. If ¢ € H, = HN L, and o € 0* then
m()A(p) = v(a)A(p). Thus A vanishes on H,, unless v = 1y, the restriction of 1

to o*. If p € H,, and ¢ = T((ﬂ'ol ?))gp —ni(m) "Ly or, what is the same, if

(4) (z) = (2= (M) el2)

then A(y) = 0.

IfH,, = PAI,,O then { ¢(2) ’ ¢ € Hy, } consists of all rational functions with poles
nowhere but at 0 and co. Then ¥(z) can be put in the above form if and only if
ny t(m) is a zero of 1(2). The assertion follows in this case. If H,, # H,, either

Ty (2) = et Z =) (22 72)

(Z — (51) (Z — 52)

or

kRN
Ty, (2) = cz o

Here ¢ is a complex constant, k is an integer, and 71, 72, 61, d2 are complex constants.
In the first case we may suppose that ; # d; for 4, j = 1 or 2 and in the second
case we may suppose that v; # d1. In the first case {w(z) | Y e Hy } consists of
all rational functions with poles of arbitrary order at 0 and oo, poles of order at
most 1 at §; and d2 and no other poles. In the second case it consists of all rational
functions with poles of arbitrary order at 0 and co, a pole of order at most 1 at 41,
and no other poles. In any case 1)(z) is of the form if and only if the order of
its pole at 7y ' () is 1 less than the maximum allowable. This completes the proof
of the lemma.

If £(z) is a non-trivial character of k let L(£) be the set of all locally constant

functions on G}, satisfying @((5 gf)g) = &(z)p(g) for all x € k. Let p(&) be the

restriction of the right regular representation to L(§).

Lemma 3.2. FEvery infinite-dimensional simple representation of Gy, occurs exactly
once in p(§).

Choose «v in k* so that &(z) = &(yz). Let the simple representation 7 act
on H, as before. Suppose there is a homomorphism 7" of H into L(§) such that

T(r(5)¢) = pla)(T). Set Alg) = To(a). Then A(7((51))) = alroIA(o)

Since T(g) = )\(T(g)ga), T is determined by A. Conversely if A is such a linear
function and T'¢ is defined by To(g) = A(7(g)¢) then T' commutes with the action
of Gk

Such a linear function must annihilate all functions in H of the form

() = {&ol(yz) — &(az) fo(a)
with ¢ in H. Since any function in H which vanishes at « is a linear combination
of such functions the assertion follows.
Suppose T is a simple representation of Gy. Let K be a two-dimensional semi-
simple algebra over k and let M be a homomorphism of K* into C*. Suppose
T is associated to the family {T(M, 1, n)} Let the restriction of M to k* be yw.
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Suppose ( is a continuous homomorphism of Ay into C* such that C((g 0 ))w(a) =

[

1. Let C((%‘ 2)) = (1(a)C2(B). Let (o be the restriction of ¢; to o* and let

Glam™) = (o(a)|m|® for a € 0*. ¢ is uniquely determined by (o and s and we shall
occasionally write ¢ = ((s,{p). Let L(§,7) be the unique subspace of L(£) which
transforms according to the representation .

If n is any continuous homomorphism of Ay into C* let 17 be the homomorphism

defined by 7i((§9)) =n((59))-

Lemma 3.3. If 7 is given there is a number N such that if ¢ belongs to L(&,T)
and ¢ = ((s, o) the integral

saco= [ o (i )e( (5 1))

is defined for Re(s) > N.
(i) Suppose K = k@k and M (mPa & m13) = wlwiui(apf) ifa, B € 0*. Suppose
also that neither % nor i—f is equal to |m|. If uy = C(;l set

¥(9,C.0) = (1= wlnl"/2) (1 = wal /%) @(g, ¢, ).

Then, for each g, ®'(g,(,p) is a polynomial in |7|* and |7|~° and for a
suitable choice of g and ¢ it is a constant. Moreover if p~¢ is the largest
ideal on which & is trivial

G (e ((_? é)g,n,<ﬁ> = &(9(9.8.9).

If i # ot oset 9'(g,¢, ) = ®(g,¢, ). Then, for cach g, ®'(g,¢, ) is a
polynomial in |w|~% and |7|* and, for a suitable choice of g and ¢ it is a
constant. Moreover, if £(x) = &o(vyx),

G(m)e’ ((_(1) (1)) 9:¢ w)

2| _|—-n—2ns —n,  —nF —ny\12 >
= (1= [x])"[7| 2wy "wy "GN { A Go, 7} 2 (9, ¢, )
if n is the order of pu1(p.
(ii) Suppose K = k®k and M (rPa @ m1f) = wiwipi(apf) if o, B € 0*. Suppose
also that 2t = |m|. If jn = Gt oset
¥(9,¢.¢) = (1= wrlrl"/2) @(g,C. ).
Then, for each g, ®'(g,(,¢) is a polynomial in |7|* and |w|~° and for a
suitable choice of g and ¢ it is a constant. Moreover,

@(H)@((? 3)g,<,w> - wee e

If i # Gt set 9(9,¢,0) = @(g,C, ). Then, for each g, ®'(g,¢, ) is a
polynomial in |7|® and |7|~% and for a suitable choice of g and ¢ it is a
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constant. Moreover,

G(m)e’ ((_(1) D 9:¢, w)

2, _|—n—2ns, —n, —nF —ny\12 -
= (1= 7)) Im T2 0w " wy "G (N { A (o, 7} (9, ¢ )
(iii) Suppose K = k@®k and M (mPa @ 718) = wiwiui (aB) if a, B € 0™. Suppose
also that 22 = |m|. If ju = ¢t oset
(g, ¢ ) = (1 - wlﬂls“”)‘b(g,@@)-

Then, for each g, ®'(g,(, ) is a polynomial in |7|* and |w|~° and for a
suitable choice of g and ¢ it is a constant. Moreover,

—1/2—s _ .
<1<wd>¢’<(_? é)g,w) e )

w1

If i # g set @(g,¢,0) = @(g,¢, ). Then, for each g, ®'(g,(, ) is a
polynomial in |7|® and |7|™% and for a suitable choice of g and ¢ it is a
constant. Moreover,

()2’ ((_(1) é) 9:¢, w)

= (1= |m])* ] 72w Wy G (N { Ao, 7 @ (9, p).
(iv) Suppose K = k @ k and M(rPa @& m103) = wiwiui(a)ue(B) if a, B € 0*
where 1 # py. If p = (:0_1 set
(9,¢.0) = (1= wnln"H/2) b(g,C, ).

Then, for each g, ®'(g,(,¢) is a polynomial in |7|® and |7|~° and for a
suitable choice of g and ¢ it is a constant. Moreover,

C1(7)<I>’<<_(1) é)g,C,so> = (1~ )|~ "5 AGopz, 7 NG (V)P (9., )
if n is the order of ,uflﬂg, If puo = ((;1 set

'(g,¢ ) = (1 - wlﬂls“”)‘b(g, ¢, ).

Then, for each g, ®'(g,(, ) is a polynomial in |7|* and |w|~° and for a
suitable choice of g and ¢ it is a constant. Moreover

Ci(7)®’ <(_(1) é)%(#’) =(1- |7T|)\W|_%_"851(7)anA(C0M17W_n)q)/(gaa ©).

If ¢t s different from both puy and ps set ®(g,¢,¢) = ®(g,¢, ). Then,
for each g, ®'(g,(, ) is a polynomial in |w|* and |w|~° and for a suitable
choice of g and ¢ it is a constant. Moreover,

C1(7)<I>’<<_(1) é)g&m)



42 LETTER TO HERVE JACQUET—1967

is equal to

2 —nq— 1 s —ny, —n —n1 — =
(1 —|=l) || 7L2)(;+3)C1(7)w1 2wy "M A (p2Co, T A(p1 o, ™) P (g, ¢, @)
if ny is the order of sy and ng is the order of p1(p.

(v) Suppose K is an unramified extension of k and there is a homomorphism
My of kX into C* such that M(«) = My (N«). Let My (7P8) = w¥ui(B)
for pin o*. If uy =C0_1 set

'(g,¢,0) = (1 - wflﬂ|2$+1)‘1>(g, ().

Then, for each g, ®'(g,(,p) is a polynomial in |7|* and |7|~% and for a
suitable choice of g and ¢ it is a constant. Moreover,

Cl(ﬂ—d)q)/<(_(1) é)%(a@) = Zl(ﬂd)q)l(g7gv 50)

If M1 7é C&l set ®/(97C7(p) = (I)(97C7(p) Then> fOT’ each 9, (P,(Q,C,(P) s a
polynomial in |w|® and |7|~° and for a suitable choice of g and ¢ it is a
constant. Moreover,

G () ((_? é)g,c,sa>

= ) (1= 7wl 2w A (o) )09, )

if n is the order of p1(p-

(vi) Suppose K is an unramified extension of k and there is no homomorphism
My of k* into C* such that M(a) = My (Na). Set ®'(g,¢, ) = D(g,(,¢).
Then, for all g, ®'(g,(, ) is a polynomial in |w|* and |w|~* and for a suitable
choice of g and ¢ it is a constant. Moreover,

G’ <(_(1) é) 9:¢ w)

= G (1= ) Il =2 M (A (M (w0Go) 4, T ) @9, G p):

(vii) Suppose K is a ramified extension of k and there is a generalized character
M of k* such that M(a) = My (Na). Let My(nPB) = wlu1(B) if B € o*.
If =y " set

¥(9,¢,0) = (1 - wrln**/2)8(g, ¢, 0).

Then, for each g, ®'(g,(, ) is a polynomial in |w|* and |7|~% and for a
suitable choice of g and ¢ it is a constant. Moreover,

Cl(v)@'<<_(1) é)m(wp) = (1= ) [~ P wr TG () Ao, 7 )@ (9, )

If paxo = Gy set
(9,C.¢) = (1= wrlrl"/2) @(g,C. ).
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Then, for each g, ®'(g,(,p) is a polynomial in |w|* and |7|™% and for a
suitable choice of g and ¢ it is a constant. Moreover,

Cl(v)<1>’<<_? é)m(m) = (1= [x]) 7|~ 5w (1) Alxo, 7 ) (9,C ).

If Cgl is equal to neither p; nor pixo set ®(g,¢,p) = ®(g,¢,¢). Then,
for each g, ®'(g,¢, @) is a polynomial in |w|* and |7|~% and for a suitable
choice of g and ¢ it is a constant. Moreover,

61(7)@’<(_(1) (1))9,(,50>

(1 = Jrf) || =52~ Do G ()
: A<M61(WOC0)1+S; H_"_f)A(Xoaﬂ_f)q)/(ga ¢ 9).

(viii) Suppose K is a ramified extension of k and there is no homomorphism M,
of k™ into C* such that M(«) = My(Na). Set ®'(g,¢(,¢) = ®(g9,(, p).
Then, for each g, ®'(g,(, ) is a polynomial in |w|* and |7|~%. Moreover,

C1(7)‘I>’<(_(1) (1))97@@)

(1= [x) ||~ "2 = =D () M (T

Ao, 7 )A (M (wolo) T )8 (g, ¢, ).

s equal to

is equal to

Of course, E((g g)) = C1(a)Ca(b). Thus &; = Co. Since (162 = w™L, & = w171
In particular, (o = wy 1 ¢yt so that Co = (o if (% = wo. If &(x) = &(vya) then the
map ¢ — ¥ with ¢(g) = @((g ?)g) is an isomorphism of L(&y, 7) with L(&, 7).

/ﬂ’((g (1))9><<(3 ?))da=<fl(v>éxw<(§ ?)g)g((ﬁ i’))m.

This, together with the previous observation that EO = (o if ¢y b — W, makes it clear
that it is enough to prove the lemma for £ = &.

Since L(&p,7) is invariant under right translations it is enough to prove the
assertions of the lemma for g = 1. The map ¥ — T where

Ty(g) = (t(9)¥) (1)
is an isomorphism of H and L(&p, 7). If ¢ = T¢ then

L“’((g 3)))4((3 ?))dw [ b))

Since H C L the integral on the right converges if Re(s) is sufficiently large and
B(1, ¢ ) = e (I7]).
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The proof of Lemma 3.1, together with Lemma 2.8, shows that there are at most
two points, which are independent of v and v, besides 0 and oo where 1, (z) can
have a pole. This shows that for Re(s) sufficiently large the integral on the right

converges for all 1. Let ¢ = T<( 9 (1)))¢ Then

<I><<(1) é)g, ¢, w) = (I7)

= Tuoco (|7T|S>wwoCo (w_l(ﬂ-)h'_s)

and
(1, 8,9) = g, (w (@)l *).

The lemma follows from these two relations, the formulae of Lemma 2.8, and the
observations about { ¢(z) | ¥ € H, } made while proving Lemma 3.1. It is a matter
of inspection which must be left to the reader.

Lemma 3.4. There is a vector in H whose isotropy group contains G, only if wg is
the trivial character. If wy is trivial the only cases of the previous lemma for which
H contains such a vector are (i) and (v). In cases (i) and (v) H contains such a
vector if and only if py s trivial.

It is clear that such a function (or vector) can exist only if wy is trivial and that
if vy is the trivial character of 0™, it must lie in Hry. Suppose there is a function ¢
in Hyy invariant under G,. Then ¢(z) has no pole at zero and

#(2) = Two(2)e (w ™ (m)="1).

In all cases, T,,(Z) has a pole of order at least two at 0. Thus ¢(w™'(m)z""!) has
a zero of order at least two at 0 and ¢(z) has a zero of order at least two at oco.
Consequently it has at least two poles in the finite plane. The discussion during the
proof of Lemma 3.1 shows that this is possible only in the cases mentioned. Besides
these two poles there can be no others. Thus the only zeros are at infinity and ¢(z)
is a constant multiple of

1 1

(1 —wiz|m[1/2) (1 — woz|m|1/?)

in the first case and of

1
1 — w?z?|7|
in the fifth.
Conversely if wy is trivial, ¢ lies in Hyy and ¢(z) has this form, the isotropy

group of ¢ contains (_(1) é) and the upper triangular matrices in G,. However G,

is generated by (_(1) é) ad the upper triangular matrices in it.

Lemma 3.5. No one-dimensional simple representation of Gy, is continual in p(§).

According to the corollary to Lemma 2.1 any function on G} which transformed
according to a one-dimensional simple representation of Gy would be invariant on
the right, and therefore on the left, under the group of matrices in G of determinant
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1. In particular it would satisfy gp((é f)g) = ¢(g) for all z in k. Such a function

could not possibly lie in L(§).
Let Ly be the space of all functions on N;\G} which are G, finite on the right.

Lemma 3.6.
(i) Let K =k @k, let M (a1 @ as) = x1(a1)x2(az2) be a continuous homomor-
phism of K* into C*, and let T be the representation associated with the
Jamily {T(M,p,m)}.
(a) Suppose x1x5 ' is not one of the characters a — 1, a — |a, a — |a| L.
Then there are two subspaces Hy and Hy of Lo which transform according
to the representation T and have the property that

N 1/2
¢<(0 g)g): 4 @@

if o € Hy and

olV/2
w((g 2)g>z o )

if ¢ € Hy. Moreover, any subspace H of Lo which transforms according
to T is contained in Hy + Hs.

(b) Suppose x1 = x2. Then there are two subspaces Hy and Ho of Ly which
transform according to the representation T and an isomorphism T of
Hs into Hy which commutes with the action of Gy and is such that

(5 B)s)=[s]”

x1(a)xz2(B)v(g)
if o € Hy and

(BIEE )

if p € Ha. Moreover, any subspace of Ly which transforms according

to T is contained in Hy + Ho.
(c) Suppose x1x5 (o) = |a|. Then there is a subspace Hy of Lo which
transforms according to the representation T and has the property that

@

A 9=

x1(a)x2(8)e(g)
if o € H. Moreover Hy is the only subspace of Lo which transforms
according to T.

(ii) Let K be a separable extension of k and let M be a continuous homomorphism
of K* into C*. Let T be the representation associated to the family
{T(M,m, u)} If there is no continuous homomorphism My of k* into C*
such that M («) = M1(Na) then there is no subspace of Lo which transforms
according to T.

e

sy

(%

B

1/2
X1

(@)x2(B) {w(g) +Tp(g)log

As in the proofs of Lemmas 3.1 and 3.2, there is a one:one correspondence between
G-invariant homomorphisms T of H, the space on which 7 acts as in paragraph
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2, into Ly and linear functions A on H satisfying )\( cp) ) for all ¢

in H and all € k. Given such a linear function (T¢)( ) Ar(g ) A linear
function A is of the required type if and only if it anmhllate all functlons of the
form

Y(a) = (£(az) — 1)p(a) pE€EH, vek.
The space spanned by such functions is just H. Now PAL, = H, for all but one or
two characters v. Moreover if H, # H, then A(¢,), ¢, € H, can depend only on
the coefficients of the principal parts of o, (z) at the finite poles different from 0.
Part (ii) of the lemma follows immediately. For part (i) let x;(7Pa) = w!u; () if
a € 0o*. If we are in case (i, a) set

—M(Z%)— e ()

wilml

) =23 0v) = Re(s)Pua ()] 1o

Then A is a linear combination of A\; and Ag. If we are in case (i, b) let

a1 az
+

1 2 1
[ Z— —-72
(Z w2|7r|1/2) wi[[1/2

be the principal part of ¢, (z) at W and set A\1(¢) = M (X ¢v) = a1 and

A2(p) = Ao (Z <py) = a9. Then ) is a linear combination of A\; and \y. If we are in

case (i, ¢) let
—>\1(2%>— ‘Pm( )| Lo

wy ||
In all cases H is the image of H under the map T; associated to A;. In case (i, b)

take Ty = 1og\ |T1T_ The other assertions of the lemma follow from the form

of the mapping associated to a given linear function, the fact that T(( ))(p =
x1(a)x2(@)p, and the fact that if ¢ = T((”p"‘ 0))(,0 with a € 0* then ¢, (2) =
v(a)z P, (2).

4. THE LOCAL FUNCTIONAL EQUATIONS RECONSIDERED

In mathematics also “our beginnings never know our ends.” In order to give
the main theorem a more striking form than was previously possible I want to
reformulate the local functional equations. First of all let me recall the functional
equations of the Hecke L-series.

Suppose K is a local field. We shall associate to each generalized character x of
K* a function &(s, x) of the complex variable s. We shall introduce a local factor
€(s,x). €(s,x) will depend upon the choice of a character £ of K. (Notice that the
symbol &, like the symbol s, is used to denote two different objects.)

If K is a global field, x a generalized character of K*\I, and £ a character of
K\A let xp, and &, be the restrictions of x and £ to K} and K, respectively. Define
£(s, xp) and €(s, xp) to be the local factors corresponding to &,. The (modified) zeta
function associated to x will be

H€<37Xp) = 6(57)()'
p
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It will satisfy the functional equation
g(&X) = 6(87 X)f(l - saX_l)a
e(s,) = [ (s xp),
P

both products are taken over all primes, both finite and infinite.
Let us describe the functions £(s, x) and €(s, x) for local fields.
(i) K =R. Let x(a) = (sgna)M|a|", with m = 0 or 1, and let &(x) = e2™iue,
Then
£(s,x) = wé<s+r+m>r<3 o m),

(isgnn)™
e(s,x) = W

(i) K = C. Let || be the square of the ordinary absolute value. Let x(a) =

|a|"< a’a’ > with mn =0 and m +n > 0. Let £(2) = e*™Rewz Then

m-+n
lee| 2

(s, x) = 2(27T)_(s+r+m2+n)I‘<s +r+ m;—n)

€(s,x) = X (w)w]
(iii) K is non-archimedean. Let B~ be the largest ideal on which ¢ is trivial. If
II is a generator of 3 and the conductor of x is 0
1
S, X) = ——————
0= T
s 1
e(s, x) = x (P =.
If the conductor of x is B with n > 0

(s, x) =1,
11— |1I «
(5.0 =t Tl [ (i )y e de
Before restating the local functional equations let me introduce some conventions.
Let &k be a local field. Let us introduce some language which, though rather bizarre,
will be useful. If £ = R a simple representation of Gy, is an irreducible quasi-simple
representation of {o,2} (the notation is that of paragraph 2 of my letter to Weil).
If k = C a simple representation of Gy, is an irreducible quasi-simple representation
of 2 (the notation is that of paragraph 4 of my letter). If k is non-archimedean the
simple representations of G have been introduced in the previous paragraph. If 7
is an infinite-dimensional simple representation of G and £ is a character of k the
space L(&,7) has been defined.
If x is a homomorphism of £* into C* and s a complex number and ¢ belongs

to L(&,T) set
®(g,s, 9. X) :/kx <p<<g ?)g)x(a)|a|sda.
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The integral converges for Re(s) sufficiently large. We shall introduce factord]]
&(s,7,x) and €(s, 7, x) and set

(g, 8,0,x)
(g, 8,0,%) = —
( ) (s, 7,x)

Then the local functional equation will be
, 0 1 1 /
@ ~-1 0 g, —S5,¥, (77X) :E(SaTaX)(I) (975790aX)

iT((%‘ g)) = n(a)I. I shall write down the factors £(s, 7, x) and €(s, 7, x) but I

will leave to the reader the task of verifying that the local functional equation takes
the above form. He will probably require paper and pencil. Since the analytical
properties of the functions ®'(g, s, 7, x) follow immediately from previous results I
shall not formulate them explicitly either.
(i) k=R
(a) Let M be a continuous homomorphism of R* x R* into C*. Let

1\t N\
M ((t,t2)) = 2] [t2] () ()
|t1] [ta]

with m; and mg equal to 0 or 1. Suppose (s1 — s2) — (my — my) is not
an odd integer. Set x1(t) = M((t,1)), x2(t) = M((1,t)). Let 7 = 7
be the simple representation 7y, introduced in paragraph 2 of my letter
to Weil. Set

5(3,7, X) = f(; + 57X1X>£(;7 S, X2X>7

1 1
G(S?Ta X) = 6(2 + SaX1X>€(2 + S7X2X)'

(Notice when verifying this that there is an error in part (i) on page
3.34 of the letter to Weil’l The second factor in the denominator on
the right should be I'(z + |mg — €| + 5 — £).)

(b) Let M be a continuous homomorphism of C* into C*. Suppose

ama™"

M(a) = (No)" —
‘Q|T
with mn =0, m +n > 0. Let w be the homomorphism

m-+4n

(tl, tg) — |t1t2|r

t1 ’ 2 ;

. Sgnty

ta

of R* x R* into C* and let 7 = 7j; be the unique infinite-dimensional

irreducible representation deducible from 7. If £ is a character of R
then &'(z) = £€(z + Z) is a character of C. If x is a homomorphism of

1They7 too, will depend on the choice of a character of k.

2 leave it to the reader to give a meaning to 7'((8 2)) in the case of the real or complex field.

3in Lemma 3.6 (1998)
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R* into C* then x/(a) = x(Na) = x(a@) is a homomorphism of C
into C*. Set

£(s,7,x) =§<s+ ;,Mx'),

1
(s, 7,x) = (i Sgnu)e<s + 2,Mx’>.

Of course the expressions on the left are for the character £ and those
on the right are for the character &’.

(c) Suppose M is a continuous homomorphism of R* x R* into C* of the
form (t1,t2) = |t1ta|" sgnty or (t1,t2) — |t1t2|" sgnts. In the first case
let x1(t) = |t|"sgnt, x2(t) = [t|"; in the second case set x1(t) = [t|",
x2(t) = [t|" sgnt. The representation 7y, introduced in paragraph 2 of
my letter to Weil is irreducible. Let 7 = 73 be mps. Set

£(87T7 X) = f(; + s, XlX)E(; + S7X2X>a

1 1
6(857—’ X) = €<2 + 87X1X)6<2 + SaXQX)'

(ii) kK = C. Let M be continuous homomorphism of C* x C* into C*. Let
ma mo
M ((t1,t2)) = |ta|* [t2]* (ltltlill/z) (W) and suppose that neither

o2 (1 + |m15m2\) nor £2-51 — (1 + L;mzl) is a non-negative integer.
The representation my; introduced in paragraph 4 of my letter to Weil is
irreducible. Let 7 = 734 be ms. Set

§(s, 7 x) = €<S+ ;7X1X>f(3+ ;,X2x>,

1 1
6(S’TX) = €<5 + 27X17X>6(8 + 27X2X)a

if x1(¢t) = M((t,1)) and x2(t) = M((1,t)).
(iii) k is a non-archimedean field.
(a) Let M be a continuous homomorphism of k* x k* into C*. Let
M ((a,)) = x1(a)x2(B). Suppose that neither X1Xz ' nor x1xg " is
the character « — |a|. Let 7 = 75, be the simple representation
associated to the family {T(M7 1, m)} Set

&(s,m,x) = 5(8 + ;,X1X>f(5§7X2X)7

1 1
6(877—7 X) = 6(‘9 + 2)X1X)€<S + 2)X2X>

(b) Suppose K is an unramified extension of k¥ and M is a continuous
homomorphism of K* into C*. Let 7 = 737 be the representation
associated to the family {T'(M,u,m)}. If £ is a character of k then
&' (x) = &(Sx) is a character of K. If x is a continuous homomorphism
of k™ into C* let x’ be the homomorphism o — x(Na) of K* into
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C*. Seff]
€m0 =[5+ 5011 )

e(s,7,X) = p(K/k)e(s + % MX’).

The factors on the left are taken with respect to £ and those on the
right with respect to &'.

(¢) Suppose K is a ramified extension of k and M is a continuous homo-
morphism of K* into C*. Let 7 = 75, be the representation associated
to the family {T'(M, u,m)}. If £ is a character of k then &'(z) = £(Sx)
is a character of K. If x is a continuous homomorphism of £* into C*
let x” be the homomorphism « — x(N«) of K* into C*. Set

(s, 7, x) =€<s+ ;Mx’),

e(s,7,x) = p(K/k)E(S + % Mx’>,

— (e _
P /) = (1= [al) ]~ Pxaln ) [ f(ﬁd)x(ﬂ(a) da,
Ox s
if p~¢ is the largest ideal on which ¢ is trivial. Notice that this expression
is independent of the choice of 7 but not of £. x¢ is of course the unique
non-trivial character of k*/NK™*.

(d) Suppose M((tl,t2)> = x1(t1)x2(t2) is a continuous homomorphism
of kX x k* into C* and suppose x1x; (a) = |al. Let 7 be the
representation associated to the family {T(M, pu,m)},

1
6(8? T, X) = €(S + 57 XlX) )

6(8, T, X) _ _XXI(T‘-2d+1)‘7T|(2d+1)(s_1/2)7

if the conductor of xx; is 0 and

€(s,7,x)

2
2 —a—zn n mn)s a — —
= (1 fr) 2o (2420 420 { [ e ) 1x11<a>da}

if the order of yx1 is n.

(e) Suppose M((t1,t2)) = x1(t1)x2(t2) is a continuous homomorphism
of k¥ x k* into C* and suppose xj'x2(a) = |a|. Let 7 be the
representation associated to the family {T(M, 14 m)} Set

1
g(SaTa X) = €<3 + 27X2X>a
€(s,7,x) = —xX2(m2T) || GHDEZ12),

41f p~? is the largest ideal of k on which £ is trivial and if xg is the unique non-trivial character
of kX /NK* then p(K/k) = xo(n?). It is independent of the choice of .
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if the conductor of xx1 is 0 and

e(s,7,x)

2
2 —a—2 n mn)s a - -
= (1 )2 (52 452 { [ e ) 1x21(a)da}
oX

if the order of yx2 is n.

The representations of (d) and (e) are anomalous. I do not know if they have
any role to play in the theory of automorphic forms. Before coming to the main
theorem there is an observation we should make. Suppose k is a local field, K a
two-dimensional semi-simple algebra over k, and £ a character of k. If k is non-
archimedean and K is a field we have introduced the symbol p(K/k) = p(K/k,€).
If k=R and K = C and £(2) = €2™% set p(K/k,&) = isgnu. If K is not a field
set p(K/k,£) = 1. Now let k be a global field, K a two-dimensional semi-simple
algebra over k, and £ a character of A/k. If p is a prime of k let K, = K ®j, k, and
let &, be the restriction of £ to k. I claim that

HP(Kp/kp,fp) =1
p

This is clear if K is not a field. If K is a field the (modified) zeta function of K is
Hg(sa 1‘13) =&k (s,1).
B

On the other hand if x is the unique non-trivial character of I, /k* NI it is

H§(87 1P)§(57Xp)'
p

Taking as our character of A /K the character z — £(Sx) we find that

Sxl(sl) e(s =11e(s (s
fK(l—S,l)l;[ (s, 1) H (s, 1p)€(s, Xp)-

p
Checking things case by case we find that, for all p,

HE(S’ L) o p(Kp/kp, &) = €(s, 1p)e(s, xp)-
Blp

The result follows. It is of course well known. I remark it because it shows
immediately that the main theorem is applicable to the Hecke L-series over a
quadratic extension of the ground field.

APPENDIX

There are a few facts which it will be useful to have at our disposal when
proving the main theorem. For lack of a better place I record them here. Suppose

7((52)) = m@). Let ¢ = C(x,5) be defined by

<<(3‘ 2)) — n(B)x(Ba)|Ba )"
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Then the map
Y — (I)/('v S, @, X)

is a homomorphism of L(&, 7) into the unique subspace of L(¢) transforming ac-
cording to the representation 7 (cf. Lemma 3.1 and Lemmas 3.1 and 5.1 of the
previous letter). Since we know that, for a suitable choice of g and ¢, ®'(g, s, ¥, X)
is a non-zero exponential in s, this homomorphism can never be zero.

On the other hand we know (cf. Lemma 3.5 and the appendix to paragraph 7 of
the previous letter) that for some 7 and some continuous homomorphisms w of

w={( 5)

into C* there is a “G-invariant” map of L(£,7) into the space of function on

G, satisfying go((o “1”)(0 B)9> ( ‘5 )go The image of L(&,7) will, in

1/2
particular lie in L(w') if w’((o B)) = |3 ((%5)> Thus if w' = (s, ) it

must be a constant multiple of the map ¢ — ®'(-, s, @, x

Suppose L(¢,7) is an invariant subspace of L(w') which transforms according
to the representation 7. Suppose N; and N, are two spaces of functions on Gy
invariant under the right regular representation (of {o, A}, 2, or Gy, according as
k is real, complex, or non-archimedean). Suppose N; and Ny are irreducible and
transform according to 7. Suppose also that there are isomorphisms 77 and 75 of
N7 and Na, respectively, with L({, 7) such that if ¢ € N;

TN?(Q)}

@(@ g)g>:<<(§ 2)>{w(g>+cllogg

where ¢;, ¢ = 1, 2 is a non-zero constant. Set T = T{lTl. Then, if ¢ € Hy,
cap — exTo € L(C,7). Thus Ny + L(C,7) = Ny + L(C,7). 1If g((gg)) -
n(B)x(Ba~1)|Ba1|? then the set of functions

d
%q)/('a‘sv(/))x)a [("28S L(CaT)7
would be a possible choice for N;. On the other hand if 7 = 73y where M

is a homomorphism of k* x k* into C* of the form M ((a, 8)) = x(af) and

w’((gg)> —

space of functions on Gy, satisfying gp(((l) f)g = p(9).

aekx,ﬁekx}

2
x(aB) then both L(w’,7) and Ny can be takenP|to lie in the

a
B

5. THE MAIN THEOREM

Now let k£ be a global field and let A be the adele ring of k. The corrected form
of Lemma 7.1 of the previous letter is

Lemma 5.1. There is a constant co such that if g belongs to Ga there is a v in
Gy such that [], max ([c|p, |dp|) < coldet g[/2 if v, = (¢}).

5Notice that in part (ii) of Lemma A in the appendix to paragraph 7 of the previous letter one
should have s = 0 and m = 0.
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There seems little point in including a proof of this.

Let us take the space £ as in the previous letter except for making the modification
in condition (iii) required by the change in Lemma 7.1.

Suppose that V is a complex vector space and for each real prime p we have a
representation of {o,,2,} in V, for each complex prime a representation of 2, on
V. If any two operators associated to distinct primes commute we shall, for the
purposes of this paragraph, say that we have a “representation” of Ga on V.

Suppose in particular that for each prime p we are given a simple representation
Tp of G, (in the sense of the previous paragraph) on a vector space V},. Suppose
moreover that for almost all non-archimedean primes V} contains a non-zero vector
invariant under G,,. Since this vector is determined up to a scalar factor we have
in all but finitely many of the V, a distinguished one-dimensional subspace and we
can form the tensor product ®p Vp. The natural “representation” of Ga on V will
be denoted ®p Tp. A “representation” of Go equivalent to such a representation
will be called a simple representation of Ga .

Certainly we have a “representation” of Gp on £. An invariant subspace of
L which transforms according to a simple representation of Ga will be called a
characteristic space of automorphic forms. Suppose L is a characteristic space of
automorphic forms and let £ be a character of k\A. If ¢ € L set

volg) = measmle(k\A)/k\A<p<<(1) T)g) dz,

¢1(9) = M/}AA@(G) f)g>£(m) dz.

wlg) = olg) + D w((% (1)>g>.

ackX
Suppose the “representation” of Ga on L is equivalent to ®p Tp. If one of the 7,
is finite-dimensional it follows rather easily from Lemma 3.5 of this letter and the
corollaries to Lemma 3.2 and 5.4 of the previous letter that, for all ¢ in L, ¢1(g) = 0.

Then ¢(hg) = ¢(g) if h € Gy, or h = (((1) “1”)) with € A. The argument used in

the proof of Lemma 2.1 shows rather easily that, if G is the group of matrices of
determinant 1 in G, ¢ is a function on GA\GY. Consequently L is one-dimensional.
We exclude this case from the following discussion.

With this case excluded the function ¢; can never vanish identically. For a
suitable choice of ¢ it is of the form

As before

er@) =1 | [Jow | =)
p p

with ¢, in L(&,,1,). Moreover we can suppose that for almost all non-archimedean
primes ¢, (1) = 1.

Lemma 5.2. Suppose ¢q is different from zero for some ¢ in L. Then there is a
continuous homomorphism M of k*\I x k*\I such that T, = Tps, for any prime
for which Ty, is defined. If T, is not defined and p is archimedean then T, is the
unique infinite-dimensional simple representation deducible from mar, . If Tar, is not
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defined and p is non-archimedean T, is the simple representation associated to the
Jamily {T(My,p,m)}. Let M((a, ) = n(c).

(i) Suppose M((a, B)) = n(B)x(Ba~")[Ba~ | If M((a,1)) # M((1,a))

there are constants c; and co such that when o1 is of the above form

1 1 1
<p0(g)_01Hq)/(gPa30_2a§0PaXP> +02H‘b/<gpa—2_50790p7(77 1X 1)P)'
P P

If M((a,1)) = M((1,a)) there are constants ¢y and ¢y such that when ¢,
is of the above form

1 d 1
(100(9) = C].H©/<gp730 + 2730}37)(]3) +c2dsH(I)/(gp7SU - 27@137)()3)'
P p

(ii) Suppose M((8,)) = n(B8)x(Ba~1)|Ba~t[+1/2, If
M ((a,1)) # M((1,0))

there are constantﬁ c1 and co such that when @1 is of the above form

1 1 1
@0(9)2021—[@/(9}"780_27@]37)(}]) +01H¢l<gpa_2_807@p7(7] 1X 1>P>‘
P P

If M((a, 1)) = M((1,)) there are constants ¢, and ¢z such that when ¢
s of the above form

1 d 1
volg) = 02H<1>’<gp»80 - Q»Sﬁp,Xp) +01dSH<I>'<gp,SO - 2790;:»@)
P p

The proof of this lemma will be based on the appendix to paragraph 4 and
Lemma E of the appendix to paragraph 7 of the previous letter. However the proof
of that lemma was written up rather hastily so I do not have complete confidence
in it. I will examine it more carefully later. If it turns out to be unsatisfactory I
shall let you know. In order to get on to the main point I will take Lemma 5.2 for
granted.

In proving the main theorem I shall not enter into questions of convergence.
Anything which is not discussed in the previous letter is taken care of by Lemma 5.2
Thus if x is a continuous homomorphism of £*\I into C* and ¢, is of the above

form
[ ((3 (1)>9>x(a)lalsda

converges absolutely for Re(s) sufficiently large. It is equal to

Hﬁ(San»Xp) H‘I)'(gpasa%aXp)
p

P
On the other hand it is equal to

fi 9”((3 ?)9)%((3 ?)g) X(@laf" do.

6The constants of parts (i) and (ii) are the same.



LETTER TO HERVE JACQUET—1967 55

This is equal to the sum ojﬂ

/{a||a>1} ¢<<a (1))5’)“’0((& (1)>9> x(a)lal® da
/{a||a<1} @((8‘ 3))9)_@0((@ (1))9> x(a)|e)® do.

The first of these integrals is an entire function of s.
On the other hand if gp((g‘ g)g) =n(a)p(g) for a e I

forn LoD 0)) (5 (2 0)e)

(1) ()o]* dao

R T () [ G [
~ 0 (a; ﬁ’) (5 0)7) (ol da
[ w((‘g ?>g>m<<‘3 ?>g> x(@)laf* da
o @o(@ (1)>g>77(a)¢o (0‘0_1 (j)g x(@)lal da.

Let us suppose that g is not zero for all ¢ and consider the last integral. Let M
be the homomorphism of Lemma 5.2 and let M ((«, 3)) = x1(a)x2(8). If neither
X1X nor xgx is trivial on the ideles of norm one this integral is zero. Suppose that
X1X is trivial on the ideles of norm one but y2x is not. Let x1x(a) = |a|~*°. Then

e}
o

and

o

7At first we shall discuss the case of a number field. Afterwards the necessary modifications
for a function field will be indicated. The argument of the previous letter was not correct for a
function field.
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the integral is equal to

1 ! s 1 dt
01H<I> (gp,s() m%x,:)/t otz 7

0 1 1 L b adt
—C2H¢)l<<_1 0)9;:’—80—2,%»(77 1X 1)p)/0t ‘ I
p

1
|

7+s—50

(&) / O 1 1 1 -1
+—-12 ,—S0 — =Pp, .
%—S—FSOI;[ <<1 O)QP 0 2‘/713 (77 X )P
On the other hand if x2x is trivial on the ideles of norm one and x1x is not, let
x2X(a) = |a|7%0. Then the integral is equal to

1
H(I) <9p»30 »S%aXp)
H@’ Gr =50 — 20, (17X ).
**S‘FSO P 2a P p

—1 0 1
H(I)/<< 0 _1>gp»30 7SOP,XP> H(I) (gPaSO a‘panP)
P

it is clear, in this case at least, that these expressions do not change if g is replaced

by (98 )g. x by iy
Now suppose that x; # x2 but both x1x and x2x are trivial on the ideles of

norm 1. Let x1x(a) = |a| 7%, x2x(a) = |a|~*2. Then the integral is equal to

1
P’ P’
+S—81H (gp,Sl ?SOIJ?XP) +S—82H <gp752 7%0}37)(}3)
C1 , 0 1 1 11
L E— ¢ y 782 — 5> 5
%—5—1—521;-[ <<_1 0>9p 2735 ©p, (17X p
C2 / 0 1 1 1 1
B P ,—81 — =, ¥p, .
%—sml} <(—1 0)9’“ Py

When y is replaced by n~'x ™!, s; is replaced by —ss and s, is replaced by —s;.
Thus this expression is not changed if s is replaced by —s, x by n7!x~!, and ¢

by (ffé)g.

2+s—50

Since

and s by —s.
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Finally suppose that x1 = x2 and x1x(«) = |a|7%°. Then the integral is equal to

d , 1 b dt
02$g® (9;:730—27%0;:79(;3)/0 iz 07

1 ! . dt
5+s—s
+| I‘I)/<gp,30_2790p7Xp>/0 (c1 — cologt)tzts 07

p

d , 0 1 1 1\ [ emsondt
_02£1;[(I) ((1 0)gp7_30_2a<)@%(nx>p )A t t

—H‘I" g _50_190 (m0)y ! 1(61+CQlogt)ts‘S°‘%ﬁ
o) PRIy A ¢

This is of course equal to

C2 d ’ 1
= = | I(I) _Z
%—i—s—sods S <9p,80 2790p7Xp>
c; d A7 01 1 i
] —S0— =, Py,
* T —s+sgds S ((—1 0)9p 7507 5% (M)
C1 C2 ’ 1
+ 1 + 2 H(I) gpaSO*EaSﬁanp

zts—50  (3+s—s0) o

C1 ’ 1 1
+ ||<I> =50 — = Pp, .
%—84-80 (% —S+So <( )gp 0 2 F (UX)p >

1

It is clear that this does not change if s is replaced by —s, x by 71y~
01

( —-10 )9
Putting everything together we see that

, and g by

Hg(SanaXp) H(bl(gpa_sﬂppaxp)
p

p

is meromorphic in the whole complex plane and equals

HE( 8, Tp, (1X), ) H‘P’<<_? (1)>gpa_3750p7(7]>()p1>
p

The second factor is equal to

HG(&T;MXP) H‘I’/(vas»%vXp)

p p



58 LETTER TO HERVE JACQUET—1967

Thus if
&(s,L,x) = Hfsrp,xp

E(Sa La X) = H 6(53 Tpa XP)7
p
&(s, L, x) is meromorphic in the entire complex plane and satisfies the functional
equation

é”(—s,L, (nx)’l)E(va,x) = &(s, L, ).

To investigate its poles we use the fact that for a suitable choice of ¢ and g

Hq)/(gpa S, ‘Ppa XP)
P

is an exponential in s. Thus if neither x1x nor yax is trivial on the ideles of norm 1
it has no poles. If g = 0 for all ¢ in L then it has no poles for any choice of x. To
find the principal parts at the poles in the other cases we observe that

1 1
H‘I’/(Qpasa<ﬂanp H‘I’ (gp,so 780p Xp)
p

1
5 +s—50

and

1
p) H‘I’/(Qm&@mXp H(Qp,so 790p>Xp>

(%+3—50) p p

1 1
- (2+5—80> 1_[‘I> (9;3»30 »@vap)

are entire functions of s.

Thus if x1x is trivial on the ideles of norm 1 there are simple poles at sg — % and
So + % with residues —c; and 026(50 + %, L, X) respectively. If ng is trivial on the
ideles of norm 1 but x1x is not there are simple poles at sy — 5 and S0+ 5 L with
residues —co and cle(so + %, L,X) respectively. If x1 # x2 but both X1X and X2 X
are trivial on the ideles of norm 1 there are simple poles at s; — %, S9 — %, s1+ %7
and so + % with residues —cy, —cs, 626(81 + %, L, x), 616<82 + %,L, X) respectively.
If x1 = x2 there are poles of order two at sy — % and sg + % The principal part at
S0 — % is

C2 C1
T (s—s0+1/2)2 s—so+1/2°

The principal part at sg + % is determined by the functional equation.




LETTER TO HERVE JACQUET—1967 59

For a function field we write our integral as the sum of

/{aa|>1} 90((3 ‘f)g>_%<<g 2)9) x(@)laf do
AR E(GHI IR R (G0

()" Ha) | 7% da
/|a<1 ¢<(g (1)) 9) x(a)lal® da
and

a 0
- a)lal’da
/{Of!all}%((() 1)9>X( e
—1
+/{ [ \<1}% (ao ?)9 n(a)x(a)|al*da.

The first two of these expressions are clearly entire functions of s which do not
1

and

change when g is replaced by (7(1) é)g, s by —s, and y by n”'x~

Again let us consider the last expression when g is not zero for all ¢ and at
least one of x1x or xax is trivial on the ideles of norm 1. If y;x is but y2x is not,
let x1x(a) = |a]~%0. The expression equals

C1 , 1
B mﬂ‘b (gpaSO - 2a<Pp7Xp>
p
H(I)/ 9ps —50 — },%, (77*1)(1)p :
1 —q- 2+s S0 9

If xox is trivial but xix is not, and x2x(@) = |a] 7% it equals

C2 ’ 1
1— q—%—s-l-so H‘I’ <9p750 - 27%79@)

1 1, -1
1_q 2+9 " < 1 0 Ips =50 = 5>%ps (17X )p)-
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If x1 # x2 but both x;x and x2x are trivial on the ideles of norm 1 let x1x(a) =
|a|=*1 and xa2x(a) = |a|7%2. The expression equals

C1 ’ 1
- 17(]—%—84‘81 1;[(1) <gp’81 - 2’90137)(13)
_ €2 Hq)/ s 1
1_q7%75+52 : Gp, 52 2,90p»Xp
c1 , 0 1 1 1 1
- 1_q_%+3_32 1;[(1) ((_1 O)gpa_SZ - 579%(77 X )p
H<I>’ Gr =51 — 2,9, (17X D)
1—q 2+S 51 P 2’7 s

Finally suppose that x; = x2 and X1X(Oé) = |a|7%°. The expression yields

Co d ’ 1
1_q—%—s+50£1;[q) (gp,SO 2’(10P7XP>

C2 d ’ 0 1 1 1
—W@H‘I’ <<_1 0)9p7—802,¢p,(nx)p

p
d 1
c1 + %(1—11 ; SHO) H@’( ; )
- C2 9y, S0 — 750 » X
1— q—%—s—i-so (1 B q—%—5+80)2 P Py Ap
_ 144
C1 dis(l —q 2ts 50)

11— q*%‘FS*SO C2 (1 . q71/2+5750)2

The functional equation follows as before. The principal parts at the poles can
also be determined. Since I am principally interested in the case of a number field
I shall not bother to discuss them explicitly. Moreover for the converse theorem I
shall limit myself to the case of a number field. The statement and the proof for a
function field will differ only in minor points.

For the converse theorem we suppose that, for each prime p, we are given an
infinite-dimensional simple representation 7, of G, on V,. We suppose that for
almost all non-archimedean primes there is a non-zero vector in V}, whose isotropy
group contains G,,. For such a prime there will be a continuous homomorphism
M, (o, B)) = xp(@)xp(B) of ki x ky into C* such that 7, = 7a7,. We suppose
that there is a constant NV > 0 such that for all such p

Xp ()] < Jl =

if 7 is a generator of the maximal ideal of o,. Let 7, (( 0 )) =np()] if a € k.

X (m)| = I~

[

We suppose that

o) =1 H% = an(%)
p p
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which is a continuous homomorphism of I into C* is trivial on k*.
If x is a continuous homomorphism of k*\I into C* the product

Hg(Sana Xp) = 50(57X)
p

converges for Re(s) sufficiently large. We suppose that for each x it is meromorphic
in the whole plane, that it has only a finite number of poles, that it is bounded in
the regions obtained by removing circles about its poles from any vertical strip of
finite width, and that the functional equations

60 (_S, (UX)_l)fO(Sa X) = 60(87 X)’
with
60(87 X) = H E(Sa Tp, Xp)a
P
are satisfied.

We suppose that there are two continuous homomorphisms x; and xs of k”\I
into C* with x1x2 = 7 and two complex numbers ¢; and c2 such that &y (s, x) has
no poles unless either y;x or xox is trivial on the ideles of norm 1.

(i) If x1x is trivial on the ideles of norm 1 but y2x is not and if x;x(«) =
|| =% there are simple poles at so — % and sg + % with residues —c; and
C2€0 (80 + %7 x) respectively.

(if) If x2x is trivial on the ideles of norm 1 but x;x is not and xax(a) =
|| =% there are simple poles at sg — % and sg + % with residues —cy and
c1€g (so + %, X) respectively.

(iii) If x1x(a) = |a|~°* and xox(a) = |a| %2 with s; # so there are simple poles
at s; — %, S9 — %, s1+ %, So + % with residues —cq, —co, 0260(81 + %7X>7
C1€0 (82 + %, x) respectively.

: _ — |- . 1

(iv) If x1x(a) = x2x() = |a|7*° there are poles of order two at so — 5 and
So + % The principal part at sg — % is

Co C1
(s—so+ 1) s—so+1/2

The principal part at sg + % is determined by the functional equation.

We allow the possibility that ¢; or ¢y or both are zero. In particular if

1
Ui(g) = | [ =H<I>’(gp,—2,sop,x1,§)
P p

is not, for any choice of the collection {y,} with ¢, in L({,,7,) such that G, lies
in the isotropy group of ¢, for almost all non-archimedean primes and ¢, (1) =1

for almost all non-archimedean primes, a function satisfying 1, (((1) “1”)) = 11 (g) for

all z in A we demand that ¢; = 0. Also if x1 # x2 we demand that ¢ = 0 if for
the same choices of the collection {¢,} the functions

1 _
Y2(g) = Hé’(gp7—27wp7x2,§>
P
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do not all satisfy wg((}) ff)g) = iYy(z) for all z € A. If x1 = x2 we demand that

C2::0if
2 g d H <9p7 a‘pan1p>

does not satisfy this condition. Notlce that given x; and x» and the collection {7}
we can, according to the appendix to the previous paragraph, decide whether or
not 17 and )y satisfy these conditions. Notice also that our theorem will be most
interesting when both ¢; and ¢y are zero.

In any case the converse theorem states that when all these conditions are satisfied
there is a characteristic space of automorphic forms which transforms according
to the “representation” @), 7. To prove it we show that if the collection {t;} is

chosen as above and
1(9) = H ©p(9p)
p

while

1 _
_Cll—[(I) (gp,— » Ppyr X1 p> +ClH(I) (9p7—2,80p>X2,;)
if x1 # x2 and

1 -
vo(g —C1H‘I’ <gp,— »Ppy X1, p> +C2d H‘b <9p7_2790p7X1,]13>

if x1 = x2 then
o(9) = wolg) + Y 901(((0; (1))9>

ackX
is a function on G \GA.
By its very construction it is invariant under left translations by upper triangular

matrices in Gy, so the only problem is to show that go(( _(1) é)g) = ¢(g). Let us

show that for each g the functions @((? é) (’3 ?)g) and 90((8‘ ?)g) on [ are
equal. Let ¢1(a) be the function obtained from the second of these functions by

subtracting <po((g‘ )g ) if |a] > 1 and go()((_(l)é)(g‘?)g) if || < 1. Let ¥a(a)
be the function obtained from the other function by the same process. It is enough
to show that ¢ (a) = . Now if x is any character of k*\I

/ Ya(e)x(@)laf® da = pu (s, 1)

is defined for Re(s) sufficiently large and, as we shall see,
[ walan@afda = pa(s. )
EX\I

is defined for Re(s) sufficiently small. Tt is enough to show that, for each x, u1(s, x)
and o (s, x) are entire functions of s which equal each other. We must also show
that they are bounded in vertical strips.
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The first integral is equal to the sum of

EO(&X) chl(gpa S, @p, XP)
P

and

/Ia<1<p0<<(())é (1)>9>X(0‘)|Oélsda
_/|a<1<,00 <a01 (1)> (_(1) é)g n(e)x(e)|al* da.

The second integral is the sum of

0 s
L. ( 1) )a Ji(@al*da,
5 877 X H(I)I< gp, 5790137(77X)p1>a
@
iz A\ O

a 0 s
Wlal* = ¢o ((0 1)g>x(a)la| da
which equals the sum of

O[_l 0 1 —s
- P g | x (a)|a|?da
/W 0 (0 1) (@)l
a 0 0 1 1 s
/|<1<)00<<0 1> (1 0)9)77 1X 1(a)|a\ da.

The functional equation assumed for £y(s, x) together with the local functional
equations show that the first term in the expression for us(s, x) is the same as the
first term in the expression for ps(s,x). The second term in the expression for
u1(s,x) is an integral we have already investigated. We know that its poles cancel
the assumed poles of the first term and that it is given by an analytical expression

which equals

and of

and

which does not change when g is replaced by (( _(1) é))g, s is replaced by —s, and

X is replaced by n=tx !

. But the second term in the expression for us(s, x) is given
by the same analytical expression except that s is replaced by —s, g by (( 7(1) é)) g,

and y by n7'x~!. One shows as in the previous letter that u(s,x) and pa(s, x)
are bounded in vertical strips. The converse theorem is thus proved.
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