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Introduction

In this paper I want to consider not just the L-functions introduced by Artin [1]
but the more general functions introduced by Weil [15]. To define these one needs
the notion of a Weil group as described in [3]. This notion will be explained in the
first paragraph. For now a rough idea will suffice. If E is a global field, that is an
algebraic number field of finite degree over the rationals or a function field over a
finite field, C'r will be the idele class group of E. If F is a local field, that is the
completion of a global field at some place [16], archimedean or non-archimedean,
Cg will be the multiplicative group of E. If K/F is a finite Galois extension the
Weil group Wi/ is an extension of &(K/E), the Galois group of K/E, by Ck. It
is a locally compact topological group.

If £ C E' C K and K/E is finite and Galois, Wg/p may be regarded as
a subgroup of Wk, p. It is closed and of finite index. If £ C K C L there is
a continuous map of Wy, g onto Wy g. Thus any representation of Wy, r may
be regarded as a representation of Wy, g. In particular the representations p; of
Wi, /g and pa of Wi, /g will be called equivalent if there is a Galois extension L/E
containing K /E and K5/ E such that p; and ps determine equivalent representations
of Wr,g. This allows us to refer to equivalence classes of representations of the
WEeil group of E without mentioning any particular extension field K.

In this paper a representation of Wi, g is understood to be a continuous repre-
sentation p in the group of invertible linear transformations of a finite-dimensional
complex vector space which is such that p(w) is diagonalizable, that is semisimple,
for all w in Wi /. Any one-dimensional representation of Wy, can be obtained
by inflating a one-dimensional representation of Wg,r = Cg. Thus equivalence
classes of one-dimensional representations of the Weil group of E correspond to
quasi-characters of Cg, that is, to continuous homomorphisms of C'g into C*.

Suppose F is a local field. There is a standard way of associating to each
equivalence class w of one-dimensional representations a meromorphic function
L(s,w). Suppose w corresponds to the quasi-character xg. If F is non-archimedean
and wg is a generator of the prime ideal P g of Og, the ring of integers in F, we set

1

1 —xe(wp)|@e/*
if xg is unramified. Otherwise we set L(s,w) =1. If E = R and

L(s,w) =

Xe(2) = (sgnz)™ ||

with m equal to 0 or 1 we set

L(s,w) = w_é(”r“n)l‘(S tr m).
’ 2
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If E = C and z € E then, for us, |z| will be the square of the ordinary absolute
value. If
xe(z) = |z["2"Z"

where m and n are integers such that m +n > 0, mn = 0, then
L(s,w) = 2(2r)~CH+m+EID (s 4 1 4 m 4 n)

It is not difficult to verify, and we shall do so later, that it is possible, in just
one way, to define L(s,w) for all equivalence classes so that it has the given form
when w is one-dimensional, so that

L(s,w1 ® we) = L(s,w1)L(s,ws)

so that if E’ is a separable extension of E and w is the equivalence class of the
representation of the Weil group of E induced from a representation of the Weil
group of F’ in the class © then L(s,w) = L(s, ).

Now take F to be a global field and w an equivalence class of representations of
the Weil group of E. It will be seen later how, for each place v, w determines an
equivalence class w, of representations of the Weil group of the corresponding local
field E,. The product

H L(s,wy)
v

which is taken over all places, including the archimedean ones, will converge if
the real part of s is sufficiently large. The function it defines can be continued
to a function L(s,w) meromorphic in the whole complex plane. This is the Artin
L-function associated to w. It is fairly well-known that if @ is the class contragredient
to w there is a functional equation connecting L(s,w) and L(1 — s,w).

The factor appearing in the functional equation can be described in terms of
the local data. To see how this is done we consider separable extensions E of the
fixed local field F. If W is a non-trivial additive character of F' let ¢¥p,r be the
non-trivial additive character of FE defined by

¢E/F($) = ¢F(SE/F33)
where Sg,px is the trace of x. We want to associate to every quasi-character xg of
Cg and every non-trivial additive character ¥ i of E a non-zero complex number
A(xg,¥g). If E is non-archimedean, if PF is the conductor of x g, and if P" is
the largest ideal on which v p is trivial choose any v with Ogy = P21 and set

Sy ¥e(2)x5" (@) da

Sy (2 ) x5 (@) da
The right side does not depend on ~. If £ =R,

A(xe,YE) = xe(v)

m‘x|r

xs(z) = (sgnx)
with m equal to 0 or 1, and ¢ g(x) = €27 then
A(xe,¥r) = (isgnu)™[ul".
If £ =C, tc(z) = e*mRe(w2) and
xc(z) = |z

|7”Zm§n
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with m +n > 0, mn = 0 then

Alxe,ve) ="M xe(w).
The bulk of this paper is taken up with a proof of the following theorem.

Theorem A. Suppose F' is a given local field and Yr a given non-trivial additive
character of F. It is possible in exactly one way to assign to each separable
extension E of F' a complex number \(E/F,vr) and to each equivalence class w of
representations of the Weil group of E a complex number e(w, Vg, p) such that

(i) If w corresponds to the quasi-character xg then
€W, vg/r) = AXE, VE/F)-
(i)
€(w1 B w2, ¥p/r) = (w1, Ve/r)e(w2, YE/F).

(iii) If w is the equivalence class of the representation of the Weil group of F
induced from a representation of the Weil group of E in the class 6 then

e(w, ¥r) = NE/F,pp) ™00, p/r).

a3, will denote the quasi-character  — |z|} of Cr as well as the corresponding
equivalence class of representations. Set

€(s,w,Yp) = e(a;_; ®w,1/)F>.

The left side will be the product of a non-zero constant and an exponential function.

Now take F' to be a global field and w to be an equivalence class of representations
of the Weil group of F. Let A be the adele group of F' and let ¥z be a non-trivial
character of A/F. For each place v let 1), be the restriction of ¥ to F,. t, is
non-trivial for each v and almost all the functions €(s, w,, %, ) are identically 1 so
that we can form the product

[T ets, o).

Its value will be independent of ¥ r and will be written e(s,w).

Theorem B. The functional equation of the L-function associated to w is
L(s,w) = €(s,w)L(1 — s,w).

This theorem is a rather easy consequence of the first theorem together with
the functional equations of the Hecke L-functions.

For archimedean fields the first theorem says very little. For non-archimedean
fields it can be reformulated as a collection of identities for Gaussian sums. Four of
these identities which we formulate as our four main lemmas are basic. All the others
can be deduced from them by simple group-theoretic arguments. Unfortunately the
only way at present that I can prove the four basic identities is by long and involved,
although rather elementary, computations. However Theorem A promises to be of
such importance for the theory of automorphic forms and group representations
that we can hope that eventually a more conceptual proof of it will be found. The
first and the second, which is the most difficult, of the four main lemmas are due to
Dwork [6]. T am extremely grateful to him not only for sending me a copy of the
dissertation of Lakkis [9] in which a proof of these two lemmas is given, but also for
the interest he has shown in this paper.






CHAPTER 1
Weil groups

The Weil groups have many properties, most of which will be used at some
point in the paper. It is impossible to describe all of them without some prolixity.
To reduce the prolixity to a minimum I shall introduce these groups in the language
of categories.

Consider the collection of sequences

§:0 s a5 e
of topological groups where A is a homeomorphism of C' with the kernel of p and p
induces a homeomorphism of G/AC with &. Suppose

Sl . 01 L) G1 L 61
is another such sequence. Two continuous homomorphisms ¢ and ¥ from G to
G1 which take C into Cy will be called equivalent if there is a ¢ in C such that
P(g) = cp(g)c™! for all g in G. S will be the category whose objects are the
sequences S and Homg, (S, S1) will be the collection of these equivalence classes.
S will be the category whose objects are the sequences S for which C' is locally
compact and abelian and & is finite; if S and S; belong to S

Homg (S, S1) = Homg, (S, S1)-

Let P; be the functor from S to the category of locally compact abelian groups
which takes S to C' and let P; be the functor from S to the category of finite groups
which takes S to &. We have to introduce one more category S; . The objects
of §; will be the sequences on S for which G¢, the commutator subgroup of G, is
closed. Moreover the elements of Homg, (S, S1) will be the equivalence classes in
Homg (S, S1) all of whose members determine homeomorphisms of G with a closed
subgroup of finite index in Gj.

If S is in Sy let V(S) be the topological group G/G°. If ® € Homsg, (S, S1) let
¢ be a homeomorphism in the class ® and let G = ¢(G). Composing the map
G1/GS — G/G° given by the transfer with the map G/G° — G/G¢ determined by
the inverse of ¢ we obtain a map ®, : V(S;) — V(S) which depends only on ®.
The map S — V(S) becomes a contravariant functor from S; to the category of
locally compact abelian groups. If S is the sequence

C —G— 6

the transfer from G to C determines a homomorphism 7 from G/G¢ to the group of
G-invariant elements in C. 7 will sometimes be regarded as a map from G to this
subgroup.

The category £ will consist of all pairs K/F where F is a global or local field
and K is a finite Galois extension of F. Hom(K/F, L/FE) will be a certain collection
of isomorphisms of K with a subfield of L under which F corresponds to a subfield
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of E. If the fields are of the same type, that is all global or all local, we demand
that E be finite and separable over the image of F. If F' is global and E is local we
demand that F be finite and separable over the closure of the image of F. I want
to turn the map which associates to each K/F the group Ck into a contravariant
functor which I will denote by C*. If ¢ : K/F — L/E and F and E are of the same
type let K7 be the image of K in L and let pc~ be the composition of Ny, with
the inverse of . If F' is global and F is local let K; be the closure in L of the image
of K. As usual Ck, may be considered a subgroup of the group of ideles of K. pc~
is the composition of Ny /k, with the projection of the group of ideles onto C.

If K is given let X be the subcategory of £ whose objects are the extensions
with the larger field equal to K and whose maps are equal to the identity on K.
Let C, be the functor on £X which takes K/F to Cp. If F is given let £ have as
objects the extensions with the smaller field equal to F'. Its maps are to equal the
identity on F'.

A WEeil group is a contravariant functor W from £ to & with the following
properties:

(i) PLoW is C*.

(ii) Py oW is the functor & : L/F — &(L/F).

(iii) If ¢ € &(L/F) € Hom(L/F,L/F) and g is any element of Wy p, the
middle group of the sequence W(L/F'), whose image in &(L/F) is ¢ then
the map h — ghg™"' is in the class ©y,.

(iv) The restriction of W to EX takes values in Sy. Moreover, if K/F belongs
to X

T: WK/F/WIC(/F — CF
is a homeomorphism. Finally, if ¢ : K/F — K/FE is the identity on K
and ® = @, then the diagram

C ¢U (&
Wip/Wip —— Wk/B/Wi i

4 I
Cr——— Ck

is commutative and if b : F/F — K/F is the imbedding, ¥w is T.

Since the functorial properties of the Weil group are not all discussed by Artin
and Tate, we should review their construction of the Weil group pointing out, when
necessary, how the functorial properties arise. There is associated to each K/F a
fundamental class a/p in H*(8(K/F),Ck). The group W (K/F) is any extension
of (K /F) by Ck associated to this element. We have to show, at least, that if
¢: K/F — L/E, the diagram

1 ——C, —— Wyp —— &(L/E) —— 1

l«»c* ¢

1 —— Cx —— Wg/p — B(K/F) —— 1

can be completed to a commutative diagram by inserting @ : Wr g — Wi/ p. The
map pc~ commutes with the action of &(L/E) on Cf and Ck so that ¢ exists
if and only if o~ (ayp,g) is the restriction g (ak/r) of @i /p to &(L/E). If this
is so, the collection of equivalence classes to which @ may belong is a principal
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homogeneous space of H' (&(L/E),Ck). In particular, if this group is trivial, as it
is when ¢ is an injection, the class of @ is uniquely determined.

An examination of the definition of the fundamental class shows that it is
canonical. In other words, if ¢ is an isomorphism of K and L and of F and E,
then ¢§(ag/r) = ¢ lars = ¢c-(ar/g). If K = L and ¢ is the identity on
K, the relation ¢§(ak/r) = ar/p = pc-(ar/g) is one of the basic properties of
the fundamental class. Thus in these two cases @ exists and its class is unique.
Now take K to be global and L local. Suppose at first that K is contained in
L, that its closure is L, and that FF = K N E. Then, by the very definition of
ak/r, Polak/r) = pc-(arp/p). More generally, if K is the image of K in L, and
Fy the image of F' in F, we can write ¢ as p1paps where @3 : K/F — Kq/Fy,
pa : Kl/Fl — Kl/Kl NE, and ¢; : Kl/Kl NE — L/E @3 and (/ﬁg exist. If the
closure of K is L then @7 and therefore ¢ = $3p2p; also exist. The class of @ is
uniquely determined.

Artin and Tate show that W7, /F is a closed subgroup of Wk, and that 7 is a
homeomorphism of Wx,p/W /F and C'r. Granted this, it is easy to see that the

restriction of W to €% takes values in S;. Suppose we have the collection of fields
in the diagram with L and K normal over F' and L and K’ normal over F”. Let «,
B, and v be the imbeddings a: L/F - L/K, : L/F' - L/K',v:L/F — L/F".

N

K/

F

We have shown the existence of @, B , and D. It is clear that ﬁB (Wp, k) is contained
in a(Wp, k). Thus we have a natural map

T ’//\B(WL/K’)/’/)B(WE/K’) - a(WL/K)/a(WE/K)-
Let us verify that the diagram
(A)

Wik /Wi — DBWix) [DBWE ) > @(Wi k) /AW x) — Wiy /W )k

iy I

Ck’ Ck

is commutative. To see this let Wi be the disjoint union

O Crchi.
i=1
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Then we can choose hj, gj, 1 <i <7, 1 <j < ssothat Wy is the disjoint union

T S
U U cxgjh;
i=1j=1
and DB (hi) = a(h;). Using these coset representatives to compute the transfer one

immediately verifies the assertion. We should also observe that the transitivity of
the transfer implies the commutativity of the diagram

3, .
Wi/p /Wi p — Wip /Wi

gl |

%
Cr Pc+ Crr

if @ is the class of an imbedding @ where ¢ is an imbedding K/F — K/F'.

We have still not defined ¢y for all . However we have defined it when ¢ is
an isomorphism of the two larger fields or when the second large field is the closure
of the first. Moreover the definition is such that the third condition and all parts
of the fourth condition except the last are satisfied. The last condition of (iv) can
be made a definition without violating (i) and (ii). What we do now is show that
there is one and only one way of extending the definition of ¢y to all ¢ without
violating conditions (i) or (ii) and the functorial property.

Suppose F C K C L, K/F and L/F are Galois, and ¢ is the imbedding
L/F — L/K. It is observed in Artin and Tate that there is one and only class of
maps {6} which make the following diagram commutative

1 — WL/K/WLC,/K — ’IZWL/K/’JJ\WE/K — WL/F/{/;WLC,/K — WL/F/{Z;WL/K — 1

s Js |

1 Ck Wi p —— 6(K/F) — 1

The homomorphism on the right is that deduced from
Wi/ Wi = (L/F)/S(L/K) = 6(K/F).

Let ¢, i, and v be imbeddings ¢ : K/F — L/F, un: K/K - L/K,v: K/F - K/K.
Then ¢pop = powv,sothat voi = @o 1Z Moreover U o [i is the composition of the
map 7 : Wi ,x — Cgk and the imbedding of Cx in Wg,p. Thus the kernel of ¢
contains @WE/K so that @ o 1Z restricted to WL/K/WE/K must be 7 and the only
possible choice for { is, apart from equivalence, 6. To see that this choice does not
violate the second condition observe that the restriction of 7 to C, will be Ny /x
and that {/1\ is the identity on C7f.

Denote the map ¢ : Wr,p — Wg/p by 01,k and the map 7 : Wg/p —
Ck by 7x/p. It is clear that 7x/p o 0/ is the transfer from WL/F/WE/F to
&WL/K/ﬁWE/K followed by the transfer from ’(ZJ\WL/K/’(ZJ\WE/K to zZCL = Cp. By
the transitivity of the transfer 7x,p 00,k = 71/p. It follows immediately that if
F C K CLC L and all extensions are Galois the map 6y /x and 6,07/, are in
the same class.

Suppose that ¢ is an imbedding K/F — K’/F' and choose L so that K’ C L
and L/F is Galois. Let ¢ : K'/F' — L/F', n: K/F —- L/F,v:L/F — L/F’
be imbeddings. Then 1o p = v oy so that fo?v = QBOVZ. Ifa:L/F— L/K,
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B :L/F" — L/K' are the imbeddings then the kernel of ) is ’z?BWE/K, which is
contained in aWy /¢ the kernel of . Thus there is only one way to define ¢ so that

jlov=po 12 The diagram

B Srrre
WL/K’/W[C,/K/ I WL/F’/BWE/K/ WK’/F/

; !
Wiy p/OBWE o —— Wiyp/GWE 0 —— Wi/p

will be commutative. Since 120 B = 1k and Jio @ = Tg/p diagram (A) shows
that @ has the required effect on C.

To define y in general, we observe that every ¢ is the composition of isomor-
phisms, imbeddings of fields of the same type, and a map K/F — K'/F’ where K
is global, K’ is local, K’ is the closure of K, and F' = F' N K. Of course the identity

(po)w = Ywew
must be verified. I omit the verification which is easy enough. The uniqueness of
the Weil groups in the sense of Artin and Tate implies that the functor W is unique
up to isomorphism.
The sequence

S(n,C): GL(n,C) —9% GL(n,C) — 1
belongs to 1. If S : C'— G — & belongs to S then
Homg, (9, S(n, C))

is the set of equivalence classes of n-dimensional complex representations of G.
Let €,(S) be the set of all ® in Homs, (S, 5(n,C)) such that, for each ¢ € @,
©(g) is semi-simple for all g in G. ,(S) is a contravariant functor of S and so
is Q(S) = U, 2, 2(S). On the category Si, it can be turned into a covariant
functor. If ¢y : S — Sy, if ® € Q(S), and if p € @, let ¢ associate to ¢ the matrix
representations corresponding to the induced representation Ind(Gl, P(G),po 1/1_1).
It follows from the transitivity of the induction process that 2 is a covariant functor
of 81.
To be complete a further observation must be made.

Lemma 1.1. Suppose H is a subgroup of finite index in G and p is a finite-
dimensional complex representation of H such that p(L) is semi-simple for all h in
H. If

o =1Ind(G, H, p)

then o(g) is semi-simple for all g.

H contains a subgroup H; which is normal and of finite index in G, namely,
the group of elements acting trivially on H\G. To show that a non-singular matrix
is semi-simple, one has only to show that some power of it is semi-simple. Since
o™(g) = o(g™) and ¢g" belongs to H; for some n, we need only show that o(g) is
semi-simple for g in Hy. In that case o(g) is equivalent to @_, p(giggjl) if G is
the disjoint union

T
i=1
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Suppose L/F and K/F belong to £ and ¢ € Homg, (L/F, K/F). Since the
maps of the class oy all take Wi/ onto Wy, the associated map Q(W(L/F)) —
Q(W(K/F)) is injective. Moreover it is independent of ¢. If Li/F and Ly/F
belong to &r there is an extension K/F and maps ¢; € Homg,(L,/F,K/F),
@2 € Homg, (Lo/F,K/F). wy in Q(W(Ly/F)) and wy in Q(W(Ly/F)) have the
same image in Q(W(K /F )) for one such K if and only if they have the same image
for all such K. If this is so we say that w; and ws are equivalent. The collection
of equivalence classes will be denoted by Q(F). Its members are referred to as
equivalence classes of representations of the Weil group of F'.

Let F be the category whose objects are local and global fields. If F' and E are
of the same type Homx(F, E) consists of all isomorphisms of F' with a subfield of E
over which FE is separable. If F' is global and E is local Homz(F, E) consists of all
isomorphisms of F' with a subfield of E over whose closure E is separable. Q(F) is
clearly a covariant functor on F. Let Fg, and Fic be the subcategories consisting
of the global and local fields respectively. Suppose F' and E are of the same type
and ¢ € Homz(F, E). If w € Q(E) choose K so that w belongs to Q(W (K/E)).
We may assume that there is an L/F and an isomorphism 1 from L onto K which
agrees with ¢ on F. Then ¢w : Wg,p — Wi p is an injection. Let 6 be the
equivalence class of the representation

o= Ind(WL/F,l/JW(WK/E), po 1/’;;)

with p in w. I claim that 6 is independent of K and depends only on w and ¢. To
see this it is enough to show that if L C L', L’ /F is Galois, ¢’ is an isomorphism
from L' to K" which agrees with ¢ on L, and p’ is a representation of Wg,p in w,
the class of
o' = Ind<WL'/FM/){/V(WK//E)7P/ ° (w;)_1>

is also ©. Suppose p is a map from Wy g to Wi, g associated to the imbedding
K/E — K'/E and v is a map from Wy, /p to Wy p associated to the imbedding
L/F — L'/F. We may suppose that ¢y oyt = v o 9y;,. The kernel of u is Wik
if, for simplicity of notation, Wy k is regarded as a subgroup of Wg,r and that
of vis Wi, ;. Moreover QM/V(W;(//K) = Wi, . Take p' = pop. Then o acts on
the space V of functions f on Wy, p satisfying f(vw) = p(¢5,"'(h)) f(w) for v in
Yw(Wk/g). Let V' be the analogous space on which ¢’ acts. Then

Vi={fov|feV}

The assertion follows. Thus Q(F') is a contravariant functor on Fy and Fige.
After this laborious and clumsy introduction we can set to work and prove the
two theorems. The first step is to reformulate Theorem A.
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The main theorem

It will be convenient in this paragraph and at various later times to regard
Wy, e as a subgroup of W p it FC EC K. If F C EF C L C K we shall also
occasionally take Wy, g to be WK/E/Wqu.

If K/F is finite and Galois, P(K/F') will be the set of extensions E'/FE with
F CECE CK and Po(K/F) will be the set of extensions in P(K/F) with the
lower field equal to F'.

Theorem 2.1. Suppose K is a Galois extension of the local field F and ¢ is a
given non-trivial additive character of F. There is exactly one function N(E/F,{F)
defined on Po(K/F) with the following two properties
() A(F/F,ir) = 1.
(ii) If Ev,...,E., E},...,E. are fields lying between F and K, if xg,, 1 <
1 < r, is a quasi-character of Cg,, if XE! 1< j <s, is a quasi-character
of CEJ/, , and if

@ Il’ld(Wk/F7 WK/Eia XEi)
i=1

s equivalent to

P md(Wi/p, Wiz, xp7)

j=1
then

HA(XEi7’(/}Ei/F))\(Ei/F7 Yr)
i=1
s equal to

11 AGe;, e/ p)ME]/Fopor).
j=1
A function satisfying the conditions of this theorem will be called a A-function.
It is clear that the function A(E/F, ¥ r) of Theorem A when restricted to Py(K/F)
becomes a A-function. Thus the uniqueness in this theorem implies at least part of
the uniqueness of Theorem A. To show how this theorem implies all of Theorem A
we have to anticipate some simple results which will be proved in paragraph 4.
First of all a A-function can never take on the value 0. Moreover, if F C K C L
the A-function on Py (K/F) is just the restriction to Py(K/F) of the A-function on
Po(L/F). Thus A(E/F, 1) is defined independently of K. Finally if E C E' C E”

NE"|E,bp) = NE"|E' g )N E' | E, )",
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We also have to use a form of Brauer’s theorem [4]. If G is a finite group there
are nilpotent subgroups Ny, ..., N,,, one-dimensional representations x1, ..., Xm of
Ny, ..., N,, respectively, and integers ny, ..., n.,, such that the trivial representation

of G is equivalent to
m

@ T II’Id(G, Ni7 Xl)

i=1
The meaning of this when some of the n; are negative is clear.
Lemma 2.2. Suppose F is a global or local field and p is a representation of
Wk p. There are intermediate fields Er, ..., Ey, such that &(K/E;) is nilpotent for
1 <@ < m, one-dimensional representations xg, of Wi /g,, and integers ni, ..., nm,
such that p is equivalent to

@ni Ind(Wgk/r, Wk /B, XE:)-
i=1
Theorem 2.1 and Lemma 2.2 together imply the uniqueness of Theorem A.
Before proving the lemma we must establish a simple and well-known fact.

Lemma 2.3. Suppose H is a subgroup of finite index in the group G. Suppose T
is a representation of G, o a representation of H, and p the restriction of T to H.
Then

7®Ind(G,H,0) ~Ind(G, H, p ® o).

Let 7 act on V and ¢ on W. Then Ind(G, H,o) acts on X, the space of all
functions f on G with values in W satisfying

f(hg) = o(h)f(g)
while Ind(G, H, p ® o) acts on Y, the space of all functions f on G with values in
V @ W satisfying
f(hg) = (p(h) @ o(h)) f(9)-
Clearly, V' ® X and Y have the same dimension. The map of V' ® X to Y which
sends v ® f to the function

f'(g) =7(g)v® f9)

is G-invariant. If it were not an isomorphism there would be a basis vy,...,v, of V
and functions fi,..., f, which are not all zero such that

> 7(g)vi @ fi(g) = 0.

i=1
This is clearly impossible.

To prove Lemma 2.2 we take the group G of Brauer’s theorem to be &(K/F).

Let F; be the fixed field of N; and let p; be the tensor product of y;, which we may
regard as a representation of Wy, and the restriction of p to Wy p,. Then

m
P=pR1~ @nz Ind(Wg/p,, pi)-
i=1
This together with the transitivity of the induction process shows that in proving
the lemma we may suppose that &(K/F) is nilpotent.
We prove the lemma, with this extra condition, by induction on [K : FJ.
We use the symbol w to denote an orbit in the set of quasi-characters of Ck
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under the action of &(K/F). The restriction of p to Ck is the direct sum of
one-dimensional representations. If p acts on V let V,, be the space spanned by the
vectors transforming under C'ix according to a quasi-character in w. V is the direct
sum of the spaces V, which are each invariant under Wy . For our purposes we
may suppose that V' =V, for some w. Choose x in this w and let V{) be the space
of vectors transforming under Cx according to xi. Let E be the fixed field of the
isotropy group of xk. Vo is invariant under Wy, p. Let o be the representation of
Wy /g in Vp. It is well-known that

p=IndWg,r, Wk/g,0).

To see this one has only to verify that the space X on which the representation on
the right acts and V have the same dimension and that the map

F= > g Hi
Wk, e\Wk/F

of X into V which is clearly W, p-invariant has no kernel. It is easy enough to do
this.

If F # F the assertion of the lemma follows by induction. If £ = F choose
L containing F' so that K/L is cyclic of prime degree and L/F' is Galois. Then
p(Wi,r) is an abelian group and Wy, /L is contained in the kernel of p. Thus p
may be regarded as a representation of Wy, /. The assertion now follows from the
induction assumption and the concluding remarks of the previous paragraph.

Now take a local field E and a representation p of Wk /. Choose intermediate
fields Ei, ..., Ey, one-dimensional representations xg, of Wk/g,, and integers
N1, ..., My SO that

p = @ n; Ind(Wi/p, Wk /B, XE,)-
i=1
If w is the class of p set

m
n;
e(w,0p) = [[{Axm, U )\ B/ B, 0p) )
i=1
Theorem 2.1 shows that the right side is independent of the way in which p is written
as a sum of induced representations. The first and second conditions of Theorem A
are clearly satisfied. If p is the representation above and o the representation

Ind(Wg,p, Wi/, p)
then m
o~ @ ni Ind(Wg,p, Wk/E,, XE,)-

i=1
Thus if w’ is the class of o
m

o vr) = [[{ACc Vo pNE/Fvr) |

while

—

Il
—

€(w,Yp/p) = {A(XE“@/}Ei/F))‘(Ei/EawE/F)}ni

?
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The third property follows from the relations

dimw = an[Ez . E]
i=1
and
ANE;/F,yp) = ME;/E,vYg/p)\E/F, ) EE)



CHAPTER 3

The lemmas of induction

In this paragraph we prove two simple but very useful lemmas.

Lemma 3.1. Suppose K is a Galois extension of the local field F'. Suppose the
subset A of P(K/F) has the following four properties.
(i) For all E, with FC ECK, E/E €.

(ii) If E"/E' and E'/E belong to A so does E" | E.

(iii) If L/E belongs to P(K/F) and L/E is cyclic of prime degree then L/E
belongs to 2.

(iv) Suppose that L/E in P(K/F) is a Galois extension. Let G = G(L/E).
Suppose G = H - C where H # {1}, HNC = {1}, and C is a non-trivial
abelian normal subgroup of G which is contained in every non-trivial normal
subgroup of G. If E' is the fized field of H and if every E"” /E in Py(L/E)
for which [E" : E] < [E' : E'] is in A so is E'/E. Then A is all of

It is convenient to prove another lemma first.

Lemma 3.2. Suppose K is a Galois extension of the local field F and F C E C K.
Suppose that the only normal subfield of K containing E is K itself and that there
are no fields between F and E. Let G = &(K/F) and let E be the fized field of
H. Let C be a minimal non-trivial abelian normal subgroup of G. Then G = HC,
HNC = {1} and C is contained in every non-trivial normal subgroup of G. In
particular if H = {1}, G = C is abelian of prime order.

H is contained in no subgroup besides itself and G contains no normal subgroup
but {1}. Thus if H is normal it is {1} and G has no proper subgroups and is
consequently cyclic of prime order. Suppose H is not normal. Since G is solvable
it does contain a minimal non-trivial abelian normal subgroup C. Since C' is not
contained in H, H C HC and G = HC. Since H N C is a normal subgroup of G it
is {1}. If D is a non-trivial normal subgroup of G which does not contain C' then
DNC = {1} and D is contained in the centralizer Z of C. Then DC is also and
Z must meet H non-trivially. But Z N H is a normal subgroup of G. This is a
contradiction and the lemma is proved.

The first lemma is certainly true if [K : F] = 1. Suppose [K : F] > 1 and the
lemma is valid for all pairs [K' : F'] with [K' : F'] < [K : F]. If the Galois extension
L/E belongs to P(K/F) then ANP(L/E) satisfies the condition of the lemma with
K replaced by L and F by E. Thus, by induction, if [L : E] < [K : F], P(L/E) C 2.
In particular if E//E is not in & then E = F and the only normal subfield of K
containing E’ is K itself. If 2 is not P(K/F) then amongst all extensions which
are not in & choose one E/F for which [E : F] is minimal. Because of (ii) there

11
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are no fields between F and E. Lemma 3.2, together with (iii) and (iv), show that
E/F is in 2. This is a contradiction.
There is a variant of Lemma 3.1 which we shall have occasion to use.

Lemma 3.3. Suppose K is a Galois extension of the local field F. Suppose the
subset A of Po(K/F) has the following properties.

i) F/F e .

ii) If L/F is normal and L C K then Py(L/F) C L.
(iii) If FC ECE' CK and E/F belong to & then E'/F belongs to .
(iv) If L/F in Po(K/F) is cyclic of prime degree then L/F € 2.

v) Suppose that L/F in Po(K/F) is Galois and G = &(L/F). Suppose
G = HC where H # {1}, HNC = {1}, and C is a non-trivial abelian
normal subgroup of G which is contained in every mon-trivial normal
subgroup. If E is the fixed field of H and if every E'/F in Po(L/F) for
which [E' : F| < [E: F]isin A so is E/F.

Then 2 is Po(K/F).

Again if 2 is not Py(K/F) there is an E/F not in A for which [E : F] is minimal.
Certainly [E : F] > 1. By (ii) and (iii), F is contained in no proper normal subfield
of K and there are no fields between F and F. Lemma 3.2 together with (iv) and
(v) lead to the contradiction that E/F is in 2.



CHAPTER 4

The lemma of uniqueness

Suppose K/F is a finite Galois extension of the local field F' and ¢ is a non-
trivial additive character of F'. A function E/F — A(E/F,vr) on Po(K/F) will
be called a weak A-function if the following two conditions are satisfied.

(i) M(F/F,¥p) =1.

(ii) ¥ En, ..., E., EY,..., E. are fields lying between F and K, if p;, 1 <i < r,
is a one-dimensional representation of &(K/E;), if v;, 1 < j < s, is a
one-dimensional representation of &(K/E?), and if

@Ind (K/F),8(K/E;), ;)

is equivalent to
@Ind (K/F),®(K/E;),v;)
then .
H AXE: Ve, F)NE: [ F,¢F)
i=1
is equal to

S
[T AGE e /p)NE)/F o)
j=1
if x g, is the character of Cg, corresponding to p; and x B is the character
of C E corresponding to v;.
Supposing that a weak A-function is given on Py(K/F'), we shall establish some of
its properties.
Lemma 4.1.
(i) If L/F in Po(K/F) is normal the restriction of A\(-,vp) to Po(L/F) is a
weak A-function.
(ii) If E/F belongs to Po(K/F) and A(E/F,vr) # 0 the function on Po(K/E)
defined by
ME'/E o p) = NE'/Fp)ME/F i)

is a weak A-function.

Any one-dimensional representation p of &(L/FE) may be inflated to a one-
dimensional representation, again called u, of &(K/E) and

Ind(6(K/F), 6(K/E), )

13



14 4. THE LEMMA OF UNIQUENESS
is just the inflation to &(K/F) of
Ind(6(L/F), 8(L/E), ).

The first part of the lemma follows immediately from this observation.
As for the second part, the relation

ME/E,Ygp) =1
is clear. If fields E;, 1 < i <7, B}, 1 < j < s, lying between £ and K and
representations p; and Vj are given as prescribed and if

@Ind (K/E),&(K/E:), ;) = p
is equivalent to
@Ind( (K/E), (K/Ej/-)7uj) -
then
@Ind (K/F),8(K/E;), ;)
is equivalent to

@Ind( (K/F),8(K/E}), uj)

so that

(4) T A )AL/ )
is equal to -

() T A b )M . ).

=1
Since p and ¢ have the same dimension

Y IEi: E] =) [E}: E]
i=1 j=1
so that
H)\ E/F, U p)EiEl H)\ EJF 1) FiFl,
i=1 j=1
Dividing (A) by the left side of this equation and (B) by the right and observing
that the results are equal we obtain the relation needed to prove the lemma.
If K/F is abelian S(K/F) will be the set of characters of Cr which are 1 on
NK/F CK

Lemma 4.2. If K/F is abelian
NE/FOR) = [ Alwrvr).

nr€S(K/F)
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pr determines a one-dimensional representation of &(K/F) which we also
denote by pr. The lemma is an immediate consequence of the equivalence of

Ind(6(K/F),6(K/K),1)

and
P Wmd(8(K/F),6(K/F),pr).

pr€ES(K/F)

Lemma 4.3. Suppose K/F is normal and G = &(K/F). Suppose G = HC where
HNC = {1} and C is a non-trivial abelian normal subgroup. Let E be the fized field
of H and L that of C. Let T be a set of representatives of the orbits of S(K/L) under
the action of G. If p € T let B, be the isotropy group of i1 and let B, = &(K/L,,).
Then [L, : F| < [E : F] and
MNE/Fop) = [ AW %1, p)MLu/Fotr).
pneT
Here (K/L,) = &(K/L) - (Qﬁ(K/LH) N (’5(K/E)) and pi' is the character of Cp,,
associated to the character of 8(K/L,) : g = u(g1) if
9=9192, 91 €G(K/L), go€ S(K/L,)NS(K/E),

We may as well denote the given character of &(K/L,) by ' also. To prove

the lemma we show that
Ind(&(K/F),8(K/E),1) =0

is equivalent to

P md(&(K/F), 6(K/Ly), 1).
neT
Since T has at least two elements it will follow that

[E: F] =dimInd(&(K/F),8(K/E),1)
is greater than
[L, : F] = dimInd(&(K/F),&(K/L,), ).
The representation o acts on the space of functions on H\G. If v € S(K/L),
that is, is a character of C, let ¢, (hc) = v(c) if h € H, ¢ € C. The set

{vv|vesSE/L)}

is a basis for the functions on H\G. If p € T let S, be its orbit; then
V=2 Ch
vES),

is invariant and irreducible under G. Moreover, if g belongs to &(K/L,)

o (9 = 1 (9) -
Since

dimV, = [Qﬁ(K/F) : Q5(K/LM)]
the Frobenius reciprocity theorem implies that the restriction of o to V), is equivalent
to
Ind(@(K/F), Qﬁ(K/LH),u').

Lemma 4.2 is of course a special case of Lemma 4.3.

Lemma 4.4. N(E/F, ¥ ) is different from 0 for all E/F in Py(K/F).
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The lemma is clear if [K : F] = 1. We prove it by induction on [K : F|. Let &
be the set of E/F in Py(K/F') for which A\(E/F,vr) # 0. We may apply Lemma 3.3.
The first condition of that lemma is clearly satisfied. The second follows from the
induction assumption and the first part of Lemma 4.1; the third from the induction
assumption and the second part of Lemma 4.1. The fourth and fifth follow from
Lemmas 4.2 and 4.3 respectively. We of course use the fact that A(xg, ¥g), which
is basically a Gaussian sum when F is non-archimedean, is never zero.

For every E'/E in P(K/F) we can define \(E'/E,¢g,r) to be
ME'[F, bp)ME[F, ),
Lemma 4.5. If E"/E' and E'/E belong to P(K/F) then
)‘(E”/E7 1bE/F) = )‘(E”/E/7 wE’/F)A(EI/E7 wE/F)[E”:E/] .
Indeed B
NE" |E g p) = NE" |F,pp)NE/F,p)~FE]
which equals

{ME" /R r)INE [ 0r) T E T NE [ or) E FINE Fpr) 7

and this in turn equals
NE"|E g p)ME' |, p) P F
Lemma 4.6. If A\ (-, ¥r) and Ao(-, V) are two weak A-functions on Po(K/F') then
M(E'JE, Yp/p) = X2(E'JE, bp/r)
for all E'/E in P(K/F).

We apply Lemma 3.1 to the collection & of all pairs E'/E in P(K/F) for
which the equality is valid. The first condition of that lemma is clearly satisfied.
The second is a consequence of the previous lemma. The third and fourth are
consequences of Lemmas 4.2 and 4.3 respectively.

Since a A-function is also a weak A-function the uniqueness of Theorem 2.1 is
now proved.



CHAPTER 5

A property of A\-functions

It follows immediately from the definition that if ¥ (z) = ¥ g(Sz) then

Associated to any equivalence class w of representations of the Weil group of the field
F is a one-dimensional representation or, what is the same, a quasi-character of Cp.
It is denoted det w and is obtained by taking the determinant of any representation
in w. Suppose p is in the class w and p is a representation of W, p. To find the
value of the quasi-character det w at  choose w in W, so that 7, pw = 3. Then
calculate det(p(w)) which equals detw(3).

If F C EC K the map 7 = 7/ p can be effected in two stages. We first transfer
WK/F/W}:(/F into WK/E/WIC(/E; then we transfer WK/E/WIC(/E into Cr. If Wk, p
is the disjoint union

U Wi pwi
i=1
and if w;w = ui(w)w;(i) then the transfer of w in Wy p/Wi  is the coset to
which w’ = []\_, u;(w) belongs.
Suppose o is a representation of Wy, and

p=dWg,r,Wk/g,0).

p acts on a certain space V' of functions on Wy, and if V; is the collection of
functions in V' which vanish outside of Wy ,gw; then

V=
i=1
We decompose the matrix of p(w) into corresponding blocks p;;(w). pji(w) is 0
unless j = j(i) when pj;(w) = o(u;, (w)). This makes it clear that if 15,/ is the
representation of Wy, p induced from the trivial representation of Wy, g

det(p(w)) = det (LE/F(w))dimg det(co(w"))

or, if @ is the class of o,

dim 6
detw(B) = {detLE/F(B)} {det6(B)}.

Lemma 5.1. Suppose F is a local field and E/F — XN E/F,yr) andw — €(w, Vg /)
satisfy the conditions of Theorem A for the character Y. Let Y¥i(z) = ¢Yp(Bz)
with 8 in Cp. If E/F — XNE/F,¢%) and w — e(w,iij/F) satisfy the conditions of
Theorem A for i then

NE/F, ) = det ugyp (B)ME/F, ¥r)

17
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and
G(Wﬂ/);;/F) = detw(ﬂ)e(w,z/;E/F).
Because of the uniqueness all one has to do is verify that the expressions on the

right satisfy the conditions of the theorem for the character ¢%. This can now be
done immediately.



CHAPTER 6

A filtration of the Weil group

In this paragraph I want to reformulate various facts found in Serre’s book [12]
as assertions about a filtration of the Weil group. Although some of the lemmas to
follow will be used to prove the four main lemmas, the introduction of the filtration
itself is not really necessary. It serves merely to unite in a form which is easily
remembered the separate lemmas of which we will actually be in need.

Let K be a finite Galois extension of the non-archimedean local field F' and
let G = &(K/F). Let Op be the ring of integers in F' and let pr be the maximal
ideal of Op. If i > —1 is an integer let G; be the subgroup of G consisting of those
elements which act trivially on Op /pi;l. If u > —1 is a real number and 7 is the
smallest integer greater than or equal to u set G, = G;. Finally if u > —1 set

u 1
u) = ——dt.
%OK/F( ) /0 [GO . Gt}
The integrand is not defined at —1 but that is of no consequence. ¢,/ p is clearly a
piecewise linear, continuous, and increasing map of [—1, c0) onto itself. The inverse
functiorﬂ Yk, will have the same properties.

We take from Serre’s book the following lemma.

Lemma 6.1. If F C L C K and L/F is normal then ¢x/p = ¢r/r © vk and
Yr/F =VKr/LoVL/F-

The circle denotes composition not multiplication. This lemma allows us to
define g, and Y g,/ for any finite separable extension E/F by choosing a Galois
extension L of F' which contains E and setting

YE/F = $YL/F° ¢L/E
YE/F =¢L/E°VL/F
because if L’ is another such extension we can choose a Galois extension K containing
both L and L’ and
Yr/FoYrL/E = ¢L/F° PK/L°VK/L °VL/E = PK/F O VK/E = PL//F O VL /E
YL/E°YL/F = $PL/E°PK/LOVK/LOYVL/F = $K/ECVK/F = PL/E O YL /F-
Of course Y/ is the inverse of pp,p.
Lemma 6.2. If E C E' C E" and E"/E is finite and separable, ppr/p = @p/ /g ©
QOE///E/ and wE///E = ’(/)E///E/ [¢] ¢E’/E

In this chapter ¢, p does not appear as an additive character. None the less, there is a
regrettable conflict of notation.

19
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Each of these relations can be obtained from the other by taking inverses; we
verify the second

¢E"/E' © wE’/E =¥YL/E" ° ¢L/E' CPL/E © 7/)L/E = ¥YL/E" © wL/E = T/JE"/E-
It will be necessary for us to know the values of these functions in a few special
cases.
Lemma 6.3.
(i) If K/F is Galois and unramified 1 /p(u) = u.
(ii) If K/F is cyclic of prime degree £ and if G = Gy while Gyy1 = {1} where
t is a mon-negative integer then
Vi p(u) =u i
u

t
=1+ l(u—t) t.

VoA

These assertions follow immediately from the definitions.

Lemma 6.4. Suppose K/F is Galois and G = (K /F) is a product HC' where
H # {1}, HNnC = {1}, and C is a non-trivial abelian normal subgroup of G which
is contained in every non-trivial normal subgroup.
(i) If K/F is tamely ramified so that G; = {1} then Gy = C is a cyclic group
of prime order £ and [G : Go| = [H : 1] divides £ — 1. If E is the fized field
of H, Yg/r(u) = u for u <0 and Yg/p(u) = Lu for u > 0.
(ii) If K/F is wildly ramified there is an integer t > 1 such that C = Gy =
o = Gy while Gry1 = {1}. [Go : Gi] divides [G1 : 1] — 1 and every
element of C has order p or 1. If E is the fized field of H and L that of C

V() =u u<0

= [Go : Giu uw>0
while

t
= < —
7JJE/JL«“(U) u U x [Go : Gl]

t t t
= +[G - —r >
[Go . Gl] [ ! ](’LL [GO . Gﬂ) v [Go . Gl]

We observed in the third paragraph that C' must be its own centralizer. G
cannot be {1}. Thus C C Gy. In case (i) Gy is abelian and thus Go = C. In both
cases if £ is a prime dividing the order of C' the set of elements in C of order £ or 1
is a non-trivial normal subgroup of G and thus C itself. In case (i) C is cyclic and
thus of prime order £. Moreover, H which is isomorphic to G/G is abelian and, if
he H,{ce C|hec=ch} is anormal subgroup of G and hence {1} or C. If h # 1
it must be 1. Consequently each orbit of H in C'— {1} has [H : 1] elements and
[H : 1] divides £ — 1.

In case (ii) G1 is a non-trivial normal subgroup and hence contains C. G; and
C are both p-groups. The centralizer of G in C is not trivial. As a normal subgroup
of G it contains C. Therefore it is C and G is contained in C' which is its own
centralizer. Since each G, ¢ > 1, is a normal subgroup of G, it is either C or {1}.
Thus there is an integer ¢ > 1 such that Gy = Gy = C while Gy = {1}. If i > 0
is an integer let U} be the group of units of O which are congruent to 1 modulo

p?l; let U[(;U = Ck, and if U > —1 is any real number let ¢ be the smallest integer
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greater than or equal to u and set U = Uj. If 6; is the map of G;/G¢y1 into
pte /Pt and 6 the map of Gy/Gy into UY /U} introduced in Serre then, for g in
Gy and h in C,
0:(ghg™") = 00(9)"©:(h).

If h # 1, ghg—! = h if and only if (g)* = 1 and then g belongs to the centralizer
of C, that is to G;. Again C' — {1} is broken up into orbits, each with [Gy : G4]
elements and [Go : Gy] divides [G; : 1] — 1. Observe that ¢ must be prime to
[GO : Gl]

It follows immediately from the definitions that H, = H N G,. In case (i) Hy
will be {1} and ¢k, g(u) will be identically v. Thus ©g,r = ¥x/p and, from the
definition, ¥/ p(u) = u if v < 0 while ¥, p(u) = [Go : 1u if u > 0. In case (ii),
or/p(u) =u if u <0 and

() = uo u
PK/E [Ho:1]  [Go:Gi]

if u > 0 while Y/ p(u) = u if u <0 and

Vi p(u) = [Go : Gilu 0<u<

t
=t+[Go: 1|l u— —=— — < u.
[ 0 }< [Go : G1]> [GO : Gl]
The lemma follows.

Lemma 6.5. For every separable extension E'/E the function Vg g is conver,
and if u is an integer so is Y p(u).

All we have to do is prove that the assertion is true for all E'/F in P(K/F) if
F' is an arbitrary non-archimedean local field and K an arbitrary Galois extension

of it. To do this we just combine the previous three lemmas with Lemma 3.1. We
are going to use the same method to prove the following lemma.

Lemma 6.6. For every separable extension E'/E and any u > —1

P
NE’/E(UE

We have to verify that the set & of all E//E in P(K/F') for which the assertion
is true satisfies the conditions of Lemma 3.1. There is no problem with the first two.

,E’/E(u)) g U}é

Lemma 6.7. E'/E belongs to & if and only if for every integer n > —1
"/) ’ (n) n
Np p(Ug’ /") C U

and
Y p(n)+1

NE'/E(UE/ ) - UEH.
If E'/E belongs to ® choose € > 0 so that ¢g/g(n+¢€) = Vg /p(n) + 1. The
smallest integer greater than or equal to n + € is at least n + 1 so

N p(Upe Py € gote ¢ upt,
Conversely suppose the conditions of the lemma are satisfied and n < u < n + 1.
Since ¥ g/ g(n) is an integer the smallest integer greater than or equal to g /g (u)
is at least 1g/p(n) + 1. Thus

¥

Y n)+1
NE//E(UE E /E( )

,E//E(u)) g NE//E(UE/ ) g Ug-‘rl — Ug
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Lemma 6.8. If L/FE is Galois then, for every integer n > —1,
Npp(Up ™) C U
and

NL/E(UEIJL/E(R)""l) g Ug#»l.

The assertion is clear if n = —1. A proof for the case n > 0 and L/F totally
ramified is given in Serre’s book. Since that proof works equally well for all L/E we
take the lemma as proved.

Lemma 6.9. Suppose K/F is Galois and G = &(K/F). Suppose G = HC where
H # {1}, HNC = {1}, and C is a non-trivial abelian normal subgroup of G which
s contained in every mon-trivial normal subgroup of G. If E is the fized field of H

N/ (U ") € U
for allu > —1.
Let L be the fixed field of C. If K/F is tamely ramified K/E and L/F are

unramified so that Yp,p = Y, and Ug = Cg N Uy, Up = Cr N U} for every
v > —1. If & belongs to Cg, then delete Ng /o = Ng/pa. Since K/L is Galois

Ny p(URE 7Y € Cp 0 Ny (UL )y € Cpn Uy = UR.

If K/F is not tamely ramified

p% _ EmpECGO:Gl]nfm

ifn>1and 0 <m < [Gy:Gq]. Thus
Up=GgNUg
if —-1<v<0and
Up = Cpn U
if v > 0 or, more briefly,
Uy = CgnULs?
for all v > —1. In the same way we find

Uy =Cpnudrr®
for all v > —1. Since K/L is normal

Lemma 6.6 now follows immediately.

Lemma 6.10.

(a) Suppose K/F is Galois and G = &(K/F). Suppose t = —1 is an integer
such that G = Gy # Gyy1. Then Y p(u) = u for u < t. Moreover Nk p
defines an isomorphism of Ck /Ul with Cp/Uk and if —1 < u < t the
inverse image of U /UL is UL /U}L-. However the map of CK/U?'1 into
CF/UI?rl defined by the norm is not surjective.

(b) Suppose K/F is Galois and G = B(K/F). Suppose s = —1 is an integer
and G = G,. If FCECK, Yg/p(u) =u foru < s and Ng,p defines
an isomorphism of Cg /U and Cp/UL. If =1 < u < s the inverse image
of Uk U is US/US,.
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If t = —1 the assertions of part (a) are clear. If t > 0, K/F is totally ramified.
The relation ¢x/p(u) = u for u <t is an immediate consequence of the definition.
Since the extension is totally ramified Nk, defines an isomorphism of U };1 JUY
and U;l/Ug. It follows from Proposition V.9 of Serre’s book that if 0 < n < t
the associated map U}Q/U;é+1 — Uﬁ/U;Jrl is an isomorphism but that the map
Ut /UL — UL /UL has a non-trivial cokernel. The first part of the lemma is an
immediate consequence of these facts.

To prove part (b) we first observe that there is a t > s such that G = Gy # Gy41.
It then follows from part (a) that the map Ng,p determines an isomorphism of
Ck/Uj, and Cp /U3 under which U} /U5, and U} /Uj correspond if —1 < u < s.
Let E be the fixed field of H. We have H, = HNGs = H, so that N, determines
an isomorphism of C /U, and Cg /U, under which U /Uj, and Uj /U, correspond
if =1 <u <s. Moreover if u < s, Yg/p(u) = Vg /p(u) = u so that Yg/p(u) = u.
Part (b) follows from these observations and the relation Ng,/r = Ng/p Nk /E-

If E is any non-archimedean local field and v > —1

Ug = Up.
v<u
If a belongs to Cg set
vp(a) =sup{u|aecUsg}.
Then vg (1) = oo, but vg(«) is finite if « # 1 and « belongs to UgE(a).

If FCLCK,Tg/r/r Will be any of the maps Wy, — Wy, p associated
to the imbedding L/F — K/F. We abbreviate 7x/p r/p to Tk p. If w belongs to
Wk /p, o(w) is the image of w in &(K/F), and E is the fixed field of o(w), we set

vie/p(w) = ) p (vE (TK/E(w)>).

Note that we regard W, g as a subgroup of Wg/p. If v > —1 let

Wigp = {w ‘ vg/p(w) = v}.
We shall show that W} /F is a normal subgroup of W . These groups provide a
filtration of the Weil group, some of whose properties are established in the following
lemmas.
Lemma 6.11. Ifo € &(K/F) andt =sup{u|o € Gy}, set vg/p(0) = ok, p(t).
Then
vi/p(0) = max { v r(w) ’ olw)=o0c }

If 0 = 1 both sides are infinite and the assertion is clear. If 0 # 1 let E be the
fixed field of . If o(w) = o, w belongs to Wi /g and vk /p(w) = 0g/r (UK/E(w)).

Also v p(0) = pp/F <UK/E(O')). Consequently it is sufficient to prove the lemma
when F' = E. The set

S = {TK/F(U)) ‘ o(w) = o}
is a coset of Ng,p(Ck) in Cr and CF is generated by Ng,p(Ck) together with
any element of S. Moreover s = max { v (f3) ’ B € S} is the largest integer such
that S N U} is not empty. Since G = Gy # G471 the preceding lemma shows that
s=t=pg/p(t).
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Lemma 6.12.
(a) Forallw and wy in Wi p, vig/p(w) = vK/F(w_l) and vK/F(wlwwfl) =
(b) If FC E C K and w belong to Wi g then
v r(W) = Pp/F (UK/E(w))'

(c) For allw in Wk /p, T p(w) C U;K/F(w)'

The first two assertions follow immediately from the definitions and the basic
properties of the Weil group. I prove only the third. Let me first observe that if
FCFECK and w C Wg/g, then

Tr/F(w) = Ng/p (TK/E(w)>‘

To see this, choose a set of representatives wy, ..., w, for the cosets of Cx in Wi/
and then a set of representatives v1,...,vs for the cosets of Wi, p in Wi/ p. Let
wiw = a;wj;) with a; in Ck; then

i (W) = H Q.
i=1

vjwj(;) so that

J

ricsi(w) = ] TTvsan;” = T vsmeym(w)eyt = Niyi(ric/m(w) ).
j=1

j=1i=1

However vjw;w = v;a;v

P )
In particular, if E is the fixed field of o(w), Tk, g (w) is contained UEE/F(1 ()

and 7K/p (w) iS COH(ained in
’l[)E rlVKk/F v w
N / (l] / (1 / (w))> C l] K/F( )

Lemma 6.13. If u and v belong to Wi then

v/ (uv) > min{vK/F(u),vK/F(v)}.

Let 0 = o(u) and let 7 = o(v). Because of the second assertion of the previous
lemma we may assume that o and 7 generate &(K/F). Let E be the fixed field of
or. If

t= min{#’K/F (UK/F(U)) VKR (UK/F(T)) }
and G = &(K/F) then G = Gt # G¢41. According to Lemma 6.11, if
s = min{UK/F(U):UK/F(U)},
then t > ¢k /p(s) which, by Lemma 6.10, is therefore equal to s. Since
i/ (W) = Tr /(W) Tr /P (V),

Tx/r(uv) lies in Ug. On the other hand

Tk /p(uw) = Ng/p (TK/E(U’U))
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so that, by Lemma 6.10 again, 7 /g (uv) belongs to Uz and

Vg p(w) = pp/p(s) = s.
Thus the sets WI‘/’;/F, x > —1, give a filtration of Wy by a collection of normal

subgroups. The next sequence of lemmas show that the filtration is quite analogous
to the upper filtration of the Galois groups.

Lemma 6.14. For each x > —1 the map T p,1/F takes G%/F into G”i/F.
If w belongs to Wi/ p let W = 75 p 1/ p(w). We must show that
v p(W) 2 v yp(w).

Let 0 = o(w) and let & = o(w). If E is the fixed field of o then E = EN L is the
fixed field of . Since

v/ p(W) = gk (UL/E(@))

and

/N

vy ()
we may suppose £ = F. Since T r(w) = 7r/p(W), Lemma 6.12 implies that

7r/F (W) lies in U;K/F(w). Thus

vg/r(w) = YE/F

vy (W) = vp (TL/F(W)) > vg p(w).
Of course Wg,p is Cr and, if v > —1, W};/F =Up.
Lemma 6.15. For each v > —1, Tic/p maps WIU(/F onto Up.

Since v1 < vy implies W}’(Q/ r C WI”(I/ it is enough to prove the lemma when
v =n is an integer. The lemma is clear if [K : F] = 1; so we proceed by induction
on [K : F]. If [K : F] > 1, choose an intermediate normal extension L so that
[L: F]=1{is aprime. Let G = &(L/F). Lemma 6.12 implies that
P v
WK%F( ) = Wi/ "W
There is an integer t > —1 such that G = G; and Gy1 = {1}. It is shown in
Chapter V of Serre’s book that if n > ¢
P
Nuyw(UH ™) = U
By induction

mien (Wi ") = U,

Since TK/F(UJ) = NL/F(TK/L(w)) if w is in WK/L7
/e (Wiyr) = Uf

if n > t. Suppose & generates G. Then Vi r(G) = t. By Herbrand’s theorem there
is a o in &(K/F) with vg,p(0) = t whose restriction to L is . By Lemma 6.11
there is a w in W, p such that o = o(w) and vk, p(w) = t. Then 7x/p(w) lies in
UL but not in Ny ,p(Cp). From Serre’s book again

Uk : NyypUpt ") =t
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so that U}, is generated by 7 /p(w) and NL/F(UEZ}L/F(”) and hence is contained in
the image of WY, , .. To complete the proof of the lemma we have only to observe
that Lemma 6.10 implies that

Up = U%NL/F(UfL/F(n))
ifn <t.

Lemma 6.16. Suppose F C L C K and L/F and K/F are Galois. Then, for each
v 2 -1, Tg/FL/F MAps W}’(/F onto WE/F.

If [L : F] = 1 this is just the previous lemma so we proceed by induction
on [L : F]. We have to show that if @ belongs to Wi, p there is a w in Wi, p
such that W = 7x/p,1/r(w) and v, p(w) > v p(W). Let @ = o(w) and let E be
the fixed field of . If ¥ # F then, by the induction assumption, there is a w
in Wi,g such that 7y 5 1 (w) = W and vy m(w) = vy W) By Lemma 6.12,
vk r(w) = v p(W). Moreover, we may assume that 7,5 ; 7 is the restriction to
WK/E of TK/F,L/F-

Suppose E = F. Then vy,/r(W0) = vF<TL/F(E)). Choose w; in Wk /g so

that TK/F(wl) = TL/F(@) and vK/F(wl) > vp (TL/F(@)) Let wy = TK/RL/F(’wl)
and set @ = w, 'w. Certainly vr p(@) = vy p(W). Moreover, 71 p(7) = 1. Let
F C Ly C L where Li/F is cyclic of prime order. If u does not belong to Wy,
the group CFr is generated by Ny, ,r(CL,) and 71,/¢(%), which is impossible since
TL/F(E) = 1. Thus u belongs to Wy, 1, and, as observed, there is a u in Wy,
such that TK/F,L/F(U) =TK/L,,L/L, (U) =u. Then TK/F7L/F('LLU)1) = w.



CHAPTER 7

Consequences of Stickelberger’s result

Davenport and Hasse [5] have shown that Stickelberger’s arithmetic characteri-
zation of Gaussian sums over a finite field can be used to establish identities between
these Gaussian sums. After reviewing Stickelberger’s result we shall prove the
identities of Davenport and Hasse together with some more complicated identities.
However for the proof of Stickelberger’s result itself, I refer to Davenport and Hasse.

If Z=e% and o belongs to GF(p) the meaning of Z¢ is clear. If k is any
finite field and S is the absolute trace of & let 10 be the character of x defined
by ¥%(a) = Z5(@) If y,. is any character of k* and 1, is any non-trivial additive
character of k we will take the Gaussian sum 7(x«, %) to be

- X H(@ds(a).
aek™*
We abbreviate 7(xx,%2) to 7(xx)-

Let ¢, be the field obtained by adjoining the nth roots of unity to the rational

numbers. If w = Z — 1 then in €, the ideal (p) equals (P~ !). If ¢ = p/ and & has

g elements then in €,_; the ideal (p) is a product pp’- - - where the residue fields of
p,p’,... are isomorphic to . In £,,_1)

(p) = (PP’ )P~
with B = (p, @), P’ = (p’, @), and so on. The residue fields of P, P, ... are also
isomorphic to k. Choose one of these prime ideals, say 3. Once an isomorphism
of the residue field with k is chosen the map of the (¢ — 1)th roots of unity to the
residue field defines an isomorphism of £* and the group of (¢ — 1)th roots of unity.
Then x, can be regarded as a character of the latter group. Choose a = a(xx,*P)
with 0 < o < ¢ — 1 so that x,(¢) = ¢* for all (¢ — 1)th roots of unity. Write!

1

a=ag+ap+-+agap’” 0< oy <p.

Not all of the a; can be equal to p — 1. Set
ola)=ag+ar+---+ap
v(a) =aplai! - ap_q!
The following lemma is Stickelberger’s arithmetical characterization of 7(x,).

Lemma 7.1.

(a) T(xx) lies in tyq—1) and is an algebraic integer.

(b) If xx =1 then 7(xx) = 1 but if x,x # 1 the absolute value of T(xx) and all
its conjugates is \/q.

(c) Bvery prime divisor of T(xx) in €yq—1) is a divisor of p.

(d) If B is a non-zero element of the prime field then the automorphism Z — Z°
of £,(q—1) over ;1 sends T(xx) to Xx(B)T(Xx)-

27



28 7. CONSEQUENCES OF STICKELBERGER’S RESULT

(e) If*B is a prime divisor of p in £,,—1) and a = a(xx,p) the multiplicative
congruence

T(Xx) = (mod™ )

is valid.

(f) Suppose £ is a prime dividing ¢ — 1 and x, = X, X}» where the order of X/,
is a power of £ and that of X! is prime to L. If £* is the exact power of £
dividing q —1 and X\ = (o — 1 where {y is a primitive £%th root of unity then

T(xx) =7(x) (mod N).

Before stating the identities for Gaussian sums which are implied by this lemma,
I shall prove a few elementary lemmas.

Lemma 7.2. Suppose 0 < a < pf —1 and

1 0< o <p.

a=aq+ap+---+ap1p’”
Suppose also that 0 < jo < j1 < -+ < jr = f and set

= . ) Js+1—Js—1
58 = O[js + O[js+1p+ + 04_75+1,1p .

Ifo =312 Bs and v = [[12 B! then

I o(a)
w w
— = —— (mod* P).
TIRETONR
First of all, I remark once and for all that if n > 1, 0 <u < p" —1,and v = u
(mod p™) then v = u (mod* p). Thus if 0 < u<p® —1land v >0

(u~+ vp™)! = (vp™)! H (w+vp™) =ul (vp™)!  (mod* p).

w=1

Alsoifv >0

[T (wp" +w) = (v+1)p™  (mod* p)

w=1
and, by induction,
(vp™") =0l (p™)?  (mod* p).
In particular p*tD! = p! (p!)P = (—p)(p™!)P. Apply induction to obtain

p—1 N
p"!=(-p) 7T (mod” p).

From the relations
p—1

p=TI0-2)= oy [] 5=

i=1

and .
7' —1
Z -1
We conclude that
p=@p-D(-=) '=-w” (mod* p).

The lemma itself is clear if » = f so we proceed by induction downward from
f. Suppose r < f, jst2 —js =t > 1, and the lemma is valid for the sequence

=1+Z+---+2Z" =i (mod* p).
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730,71y« Js+1 — 1, Js+1, - -, Jr. TO prove it for the given sequence we have only to

show that if
= tajapteta; Lp?

and y = aj,,, 1 then

a+y a+yp'
wx' - = i T (mod™ p).
Tyl (z +yp'—1)!
But -
V@' D = (pFT (mod” p)
and

yt=1_1

(z+yp' ) =alyl(p )Y = alyl (=p) 7T (mod” p).

Lemma 7.3. Suppose By, ...,Br—1 and Y, ..., Yr—1 are non-negative integers all
of which are less than or equal to ¢ — 1. Suppose that ¢ = p? is a prime power and

r—1
Z 61"’71 q <2(q _1)
=0

Suppose also that §;, 0 < i < r—1, are given such that 0 < §; < qg—1,

r—1
Zéiql <q -1
i=0

and ) .
Z(ﬂi +7:)q" = Z&Qi (mod ¢" —1).
i=0 i=0
(a) If Z:;é(ﬂi +%)q" < ¢"71 and if v is the number of k, 1 < k < r, for
which Zf:_ol(,b’l +7) = ¢" then
r—1
Z ﬂz+’}/z* 7 —I/((]*l)
1=0
(b) If >0 O(Bl —|—%)ql > q" — 1 and if v is the number of k, 1 < k < r, for
which 1 # Zi:o (Bi +7:)q" = ¢~ then
r—1
Z(ﬁi +7% —0) =v(g—1).
i=0
Observe immediately that if 1 <k <7, then 0 < Bp—1 + Yk—1 < 2(¢ — 1) and
k—1 ' k—1
D Bi+v)d <2q-1)D ¢ =2(¢"—1).
i=0 i=0

If r = 1 then By + v = do + (¢ — 1) with € equal to 0 or 1. If ¢ = 0 we are
in case (a) and v = 0 while By + v —dp = 0. If ¢ = 1 we are in case (b);
here v = 1 and By + v — do = g — 1. Suppose then that r > 2 and that if
Bbs ooy B sV ooy Y2 00y - -+, 0h_o, and V' are given as in the lemma (with r
replaced by r — 1) then

r—2

S (B4l 8) = V(g — 1),

=0
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We establish part (a) first. In this case

r—1 r—1
Z(5i +7i)q" = Z 8:q"
i=0 i=0
and
r—2 ) r—2 )
Z(ﬁi +7i)q" = Z 8:q" +eq"!
i=0 i=0

with € = 0,1 — Br—1 — ¥r—1. If € were negative the left side of the equation would
be negative; if € were greater than 1 the left side would be greater than 2(¢"~% — 1).
Since neither of these possibilities occur € is 0 or 1.

Suppose first that e = 0. If Z::_g 5i¢" < ¢"~1 — 1 choose B, = Bi, v/ = v,
0<i<r—2 Then ¢, =46;,0<i<r—2, and v/ = v. The assertion of the
lemma follows in this case. If ZI;(QJ 8¢ =q¢" ' —1thené;=q¢—1,0<i<r—2.
Then By + v = ¢ —1 (mod ¢q) and, as a consequence, 3y + vo = ¢ — 1. We show by
induction that 8; +v; =¢—1, 0 <7 < r — 2. If this is so for ¢ < j then

r—2 r—2
Z(ﬁi +7)¢’ = Z(q - 1)q".
i=j i=j

Hence 8 +v; = ¢ — 1 (mod ¢) and 8; + v, = ¢ — 1. It follows immediately that
Now suppose that e = 1. If
r—2
> Bi+w)d =2 1)
i=0
then B; =7, =q¢q—1,0<i<r—2,=q—2,and §; =q—1,1 <i <r—2. Thus
v=r—1and

r—1
Z(ﬁi+7i_6i):1+(T_1)(q_1)_1:(r_l)(q_l)'
Suppose the;z’(c)hat ,
—
> Bi+w)d <2 1),
From the relation =
r—2 r—2
Z(ﬂi +i)q = Z&qi +14 (g =)
i=0 i=0

We conclude that E:;g 3;¢* < ¢"~' — 1. Then for some m, with 0 < m < r — 2,
Om < q — 1. We choose the minimal value for m.

r—2 r—2
S Bi+7)d = Gm+ )"+ Y Sig + (¢ = 1).
=0 1=m-+1

Thusif 8; = B, v = v, 0 < i <r—2,then 6, =0, i <m, d),, = o+ 1, and 8, = §;,
m < i <1 — 2. Arguing by congruences as before we see that §; +v; = ¢ — 1 for
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i < m. Thus
k—1

D Bit+r)d =" -1

i=0
for k < m. However 8,, + vm # q— 1 and thus 8,,, + v + 1 is prime to q. Moreover
ifr—1>2k>m

k—1
1+ (Bi+7%)d" = (B +7m + 1)¢™  (mod g™ ).
=1

Thus it is greater than or equal to ¢* if and only if it is greater than or equal to
¢* + 1. Tt follows that / = v + m and that

r—2 r—2
Y (Bitvi—8)=—mlg—1)+Y (B +~—05)=vig—1)+1.
=0 i=0
Since B,-1 + vr—1 — 0,—1 = —1 the assertion of the lemma follows.
Now let us treat part (b). In this case
r—1 r—1
Bi+7:)d' =D 6:id' +(¢" = 1)
=0 i=0
and
r—2 r—2
LY Bi+v)d = 6iq" +eq
=0 i=0

withe=0,_1—fFr—1—Y—1+q. AgaineisOQor 1. If 5; =, =q—1for 0 <i<r—2
thene=1and §; =¢g—1for 0 <i<r—2. Alsov =r and

r—1
D Bi+r—0) === +Br1+7-1—61=r(—1).
i=0
Having taken care of this case, we suppose that
r—2
D> Bi+v)d <2 1),
i=0

First take e = 0. If 69 = 0 then 1+ 8y + v = 0 (mod ¢) and By + 70 = ¢ — 1.
Thus one of them is less than ¢ — 1. By symmetry we may suppose it is Gy. Let
Bo=00+1, B =0,1<i<r—2and~y =, 0<i<r—2. Since jop =0

r—2
Y bt <q T —g<q T -1
=0

and 0} = 6;, 0 <i<r—1. Also v ="+ 1 so that

r—1 r—2
Z(ﬂi"‘% —6;) = Z(»B;‘F%{ —0)—1+q=v(g-1)
i=0 i=0

as required. If g > 0 take 8] = f3; and v/ = v;, 0 < i < r —2. Then §) = 6o — 1,
0 =0,1<i<r—2 Alsoifk<r—1
k—1

> (Bi+w)d =6—1#—-1 (mod q)

=0
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and the left-hand side is greater than or equal to ¢* if and only if it is greater than
or equal to ¢* — 1. It follows that v = v/ 4+ 1. Consequently

r—1 r—2
Z(ﬁi‘F% —d;) :Z(ﬁz{‘FVz{_‘sg) —l+qg=v(g—1).
i=0 1=0

Ife=1take v, =~ and 8, = f5;, 0 <i<r—2. Then §; = §;, 0 <i<r—2, and
v =1"+1 so that

r—1

S Bit7i—6)=v(q—1)+ Br1+ Y1~ 0r1) =v(g—1).

1=0
Lemma 7.4. Suppose B; and ~y; are two periodic sequences of integers with period r.
That is Bivr = Bi and Yiqrr = y; for alli in Z. Suppose 0 < 3; < q—1,0< v < g—1
for all i and that none of the numbers

r—1
€k = Z(Bi+k +Yirk)d’
i=0
is divisible by q" — 1. Let
r—1 ) r—1 )
S (Bi+7)d =) diq" (mod g —1)
i=0 i=0

with 0 < §; < qg—1 and E::_Ol 8:¢" < q" — 1. If 1 is the number of e, 1 <k < r,
which are greater than or equal to ¢" — 1 then
r—1
Z(ﬁi + 7 —6i) = (g —1).
i=0
Since €y < 2(¢" — 1) and is not divisible by ¢" — 1 it is less than 2(¢" — 1). Thus
all we need do is show that the p of this lemma is equal to the v of the preceding
lemma. Observe first of all that €; > ¢" — 1 if and only if ¢; > ¢".
Suppose eg < ¢". If 1 < k<r

r—1
> Bit+r)d <dq
i=k
so that
r—1
D Bty <ah
i=k
Thus, if €, > q",
r—1 . r—k—1 .
S Bisk +7ie0)a" + D (Bivk +7itr)d’
i=r—k i=0
k—1

<qd" N Bi+v)g +q "
=0

1=

and
k-1

> Bi+7)d = "

i=0
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Conversely if 1 < k < r and

k—1
> (Bi+7)d =",
i=0
then
r—1 r—1
> Bivk +vien)d = Y (Bivk +visn)d'
=0 i=r—k
k—1
=¢" ")y Bi+wd =q
i=0
Thus p = v in this case.
Now suppose g = q¢". If 1 <k <r
r—1 k-1
S B+ = =Y Bi+v)d =q" —2d" - 1).
i=k i=0
If
k—1
S (Bt =" -1
i=0
then
r—1 r—1 r—k—1
S Bk +vire)d = Y Birk +vire)d + Y (Bivk +vier)d
=0 i=r—k =0

H

r—1
q kj{: B+ + a7 Y (B +7)d’
i=k

>q" k@<—U+q R _242¢7F

Thus €, > ¢" — 1 and hence ¢, > ¢". Conversely if ¢, > ¢",

r—1
r i Z 5% + ’Yz Z /Bl-i-k + ’Yi-i-k)qi

i=r—k

1

k—
Z (Bitk + Yitr)d'
i=0

>q"—2(¢"" -1

T—

— qr _ 2q7'—k + 2.
Thus
k—1
> Bitw)d =" -1
=0

and again pu = v.

Lemma 7.5. Suppose q = p’ is a prime power, € is a positive integer, and (¢,q) = 1.
Let tm =1 (mod q) and if x is any integer let p(z), with 0 < p(z) < q, be the
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remainder of x upon division by q. If 0 < 8 < q and if ¥(z) = p(z)!
-1
08 11 ¥ ((8 = Kk)m)
— — =1 d* p).
8! ,Eo $(—km) (mod” 2)
If ¢ = {1 + uq with ¢; > 0 and u > 0 then (% = ﬁf (mod* p). Moreover

@B -km) w8 -km) | | S (B - km)
1= 11 == || ey

k=0 k=0 k=01

and

-1 PR
1T v(=km)=< 114" ¢ = I »(B—Fk)m).
k=0, j=0 k=,
Thus it is enough to prove the lemma with ¢ replaced by ¢;. In other words we
may suppose that 0 < ¢ < g. The case ¢ =1 is trivial and we exclude it from the
following discussion. Finally we suppose that 0 < m < gq.

Let g — 1 =7+ s with 0 < r and 0 < s < ¢. Arrange the integers from 0 to
q — 1 into the following array.

0 1 2SS (-1
g /{+1 e 20 — 1
B—l+1 -
,,,,,,,,,,,,,,,,,,,,,,,,,, B
(F 1) (P D)L Gl -1
T’K 7’£+1 ............................... 7’€+5

Since ¢ does not divide ¢, rf + s = ¢ — 1 does not lie in the last column. Also ¢ — ¢
lies in the column following that in which ¢ + s lies.

We replace each number j in the above array by ¢(jm). The resulting array,
which is written out below, has some special features which must be explained. The
first column is explained by the observation z¢m = z (mod ¢). The other entries,
apart from those at the foot of each column, are explained by the observation that,
when 1 < 7 and zf+ 7 lies in the first array, @(x+mj) > r while 0 < p(mj)+z < g+r
so that ¢(x + mj) = ¢(myj) + x. The position of ¢ — 1 is explained by the relation
m(qg—¢) = —ml = q—1 (mod ¢). The other entries at the feet of the columns
are explained by the observation that if 1 < j < £ — 1 then ¢(jm) > r > 1 while
m(q—k)=m(qg—0)+m{l—k)=p(({ —k)m) —1 (mod q) if 1 <k <Ll—1.
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p((t=2—s)m) —1

<p((€ - l)m) -1

35
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Suppose first of all that 8 < £—1. Then the numbers ¢((8 — k)m), 0 <k < (-1
constitute the first 5+ 1 together with the last £ — 8 — 1 numbers in the array. (The
order of the numbers in the array is the order in which they appear when the array
is read as though it were a printed page.) The numbers p(—km), 1 < k < £—1, are
the last ¢ — 1 numbers of the array, that is, the numbers after ¢ — 1. Cancelling in
the product of the lemma the terms in numerator and denominator corresponding
to the last £ — 8 — 1 terms of the array, we obtain

5 . 5

11 (“"“m), — [ eGm) = m?8! (mod” p)
i (elm) = 1)t g

as required.

Now take 8 > £—1. Then the numbers 3,8—1,..., 58— (£—1) occur as indicated
in the first array. In particular there is exactly one in each column. The numerator
in the product of the lemma is the product of the factorials of the corresponding
elements of the second array. The denominator is the product of the factorials of
the elements appearing after ¢ — 1. As indicated ¢ is the element lying above ¢ — 1.
Thus t is larger than any element appearing in a column other than that of ¢. The
product of the lemma is ¢! times the product of the factorials of the other elements
on the broken line divided by the factorials of the elements at the foot of the column
in which they lie. Thus it equals ¢! divided by the product of all the elements below
the broken line except those which lie directly below t. But ¢! is the product of all
numbers in the second array except those which lie below ¢. Thus the quotient is
the product of all numbers which lie above or on the broken line, that is,

B B
[T#Gm) =[] im=m"8 (mod* p)
j=1 j=1
as required.

Lemma 7.6. Suppose that ¢ = p/ is a prime power, that { is a positive integer
dividing g — 1, that 0 < a1 < g — 1, that (¢,a1) =1, and that

a1 qZ -1
Qg = — - .
2 ¢ qg—-1
Then ag is an integer and 0 < ag < g — 1. Moreover if

=0 +71q+ - +v-1¢"t

with0 < v <q—1for0< i<l —1 then

-1 S
Z%‘ =m +Zj S
=0 =

and

-1 =1
I Hyj! =o! H(]q 7 ) (mod™ p).
§=0 j=1
Certainly 0 < as < ¢° — 1; moreover

=1+qg+--+¢ =0 (mod )

qg—1
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so that ay is an integer. Let ay = mf + k with m > 0 and 0 < k < ¢ and for
0<j</tlet
(—=1—-5k=1i;+6¢

with §; > 0and 0 < i; < £. Clearly i4p_1 = d¢—1 =0. Also {—1)k=0—k+{(k—1)
so that ig = ¢ —k and §p = k — 1. If 7 > 1 then (6j_1 — 53)6 =k+ (ij — ij_l). Since
—4 <ij —i;-1 < fand 0 < k < /£ the right-hand side is greater than —¢ and less
than 2¢ so that 0;_1 —¢; isOor 1. Ifit is 1 then k+4; > fandi; > £ —k. Ifitis O
then i; =4;_1 — k < { — k. Recalling that ig = ¢ — k we see that

S={jl1<j<t-landd;1—6;=1}={j|0<j<landij>(—Fk}.
We shall prove that

-1
’yozm-i-io(q 7 ) + k — o
and )
v :m+ij(q; ) +61-6; 1<j<tl

Since (k,¢) = 1 the numbers i; are distinct and it will follow immediately that

0—1 (-1 g—1 -1 g—1

Dou=(ml k)£ T =Yy g

j=0 Jj=0 Jj=1

Moreover we will have

-1
H'Y":

5!
j=0

{—1

H(erj(qgl))!

Jj=0

.{m+i0q£1+k5o} H(m+1+z‘j(q€1))

jES
Recall that k — dp = 1. Dividing the first term by

fi(-72)

j=0
we obtain ,
-1 m
-1
[T (n+s%5 ).
7j=0n=1
The product of the last two terms is
-1
-1
11 <m+1+j(q ; )).
j=t—k

Ifl1<n<mand0<j</¢—1then nl —j < a; < q so that the product of /¥
and the first of these two expressions is multiplicatively congruent to
l—1 m

[T II e =35 = (me)!

j=0n=1
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Moreover, if {—k < j < £—1,then 0 < (m+1){—j < (m+1){—({—k) = a1 < gand
the second of these expressions upon multiplication by ¢ becomes multiplicatively

congruent to
-1 k

[T (m+1)e—35) =[me+).
j=t—k Jj=1
The relations together imply the second identity of the lemma.
To verify that the v;, 0 < j < £, have the form asserted, we start with the
relation

’ _ _
¢ -1 ml+k Pk
R e D MU P
7=0 7=0
The second term is equal to
-1 j—1 g—1 £0—2 g—1
Z q' Tk +k=k+Z(€—1—j)qJ 7 k
j=0 i=0 j=0

Thus

j=1
_ -1 ;
:<m+i0~+k—50>+;<m+i]—- 7 +051 5j>
Moreover m < % so that

-1 -1
0 < ﬂl4—i0'g‘g"+-k—-50<:€'g424’+'1::q

and 1 1
0<m+i;- =45 -0 <l —+1=q.

The required relations follow immediately.

Now we can state and prove the promised identities for Gaussian sums. Each of
these will amount to an assertion that a certain number in €,,_1) is 1. To prove this
we will show first that the number is invariant under all automorphisms of €,,_1)
over £(,_1) and thus lies in £;,_1. The only prime ideals occurring in the factorization
of the number, which is not a priori an algebraic integer, into prime ideals will be
divisors of p. We show that every conjugate of the number has absolute value 1 and
that it is multiplicatively congruent to 1 modulo every divisor of p. It will follow
that it is a root of unity in €,_; and hence a (¢ — 1)th root of unity if ¢ is odd and a
2(q — 1)th root of unity if ¢ is even. If ¢ is odd the multiplicative congruences imply
that the number is 1. If ¢ is even they imply that the number is £1. To show that
it is actually 1 some supplementary discussion will be necessary.

Stickelberger’s result is directly applicable only to the normalized Gaussian
sum 7(x,). We shall have to use the obvious relation 7(xx, ¥,) = xx(8)7(xx) if
() = ¥2(Ba). If k is an extension of A and 1y is given, we set

Viya(@) = P (Sm/x(@))
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for v in . If x is given X,y is the character defined by

Xr/a(@) = XA (Nn/,\(a))

Lemma 7.7. If k is a finite extension of the finite field and x and ¥y are given
then

KA
T(Xi/2> Yi/n) = {T(Xm%\)}[ !
Since x,/x(8) = xa(B)FA it will be enough to show that

T(XK/,\) = {T(XA)}[K:AL

_ {ro™

T (XH/A) '
Let X have ¢ = p’ elements and let x have p¥ = ¢/. It follows immediately from
Lemma 7.1 that the absolute value of i and all its conjugates is 1, that it lies in
€,(¢s—1), that it is invariant under all automorphisms of €,,s_1) over £;;_;, and
that its only prime factors are divisors of p. The mapping 8 — N,/ sends 8 to
B% Thus if @ = a(xx,p) and P divides p
¢/ -1
qg—1
Applying Lemmas 7.1 and 7.2, we see that

Set

O‘(Xm//\vp): Oé:a+aq_|_..._|_aqf*1'

(e}

o) = S (mod” )

and

wfe

T(Xn//\) = W (mod™ ).

Consequently

p=1 (mod" P).
Thus p = 11if g is odd and p = %1 if q is even. If x, = 1 then x,/» =1 and, from
part (b) of Lemma 7.1, p is 1. If ¢ = 2 then x, = 1. Suppose then ¢ is even and
greater than 2. If x, is not identically 1 choose a prime r dividing the order of x.
Set xx = XA X where the order of X/ is a power of r and the order of x4 is prime
to r. The analogous decomposition of x,/y is X;/,\XZ/A- Of course x and X,/
have the same order. Define y/ and p” in the obvious way. According to part (f) of
Lemma 7.1

p=p" (modr).
Since r does not divide 2 this implies that ¢ = p””. Thus one can show by induction
on the number of primes dividing the order of x that p = 1.

Lemma 7.8. Suppose A is a finite field with q elements, k is a finite extension of
A, and [k : A] = f. Suppose £ is a prime and the order of ¢ modulo £ is f. Let T be
a set of representatives for the orbits of the non-trivial characters of k* of order £
under the action of (k/\) and let x be a character of \*. If 1y is any non-trivial
character of A

XA T 1) H (ks Yryn) = T(X2s ¥A) H T (X /M Vi)

pe€T ne€T
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Since the isotropy group of each point in 7T is trivial

) TT 28 =x2(8) T] xw/a(B)1s(8)

€T ur €T
and we may content ourselves with showing that
A0 TT 7me) = 7000 TT 70ksatin)-
i €T ne€T

Of course x(¢%) is the value of x, at the element of the prime field corresponding
to ¢¢. Let u be the quotient of the right side by the left. The characters of k* of
order ¢ are the characters ;¥ 0 < k < ¢, defined by

f—1
: q
Since the order of ¢ modulo ¢ is f, if T' = { uk | ke A} every non-trivial character

of order /¢ is representable as ,uz(qlk) with 0 < i < f and k € A. n(q'k) is the
remainder of ¢‘k upon division by ¢. Thus as we already saw, T has £ elements.
Lemma 7.1 again shows that p and all its conjugates have absolute value 1 and that
p is invariant under all automorphisms of €,,s_1) over £;s_;.

Let a = a(xx,p) and let B = a(x4,p). Then ba = B +v(qg—1) with v > 0. If
0< k<l let

f-1
a(pk,p) = k-4 Zvj

with 0 < v¥ < ¢ — 1. In particular, 7% i
if ky = qlk (modulo ¢) then

a(ul, P Z L.

It is understood that if j 44 > ¢ then vjﬂ ’ijrifl' Thus if () is the remainder
of x upon division by ¢,

|
{'yj’?‘keA,Ogj<f}: ga(k.q )O<k<£

14
Certainly
O P S it d (¢’ 1))
a(XI{/Alu’N7m = Q71 « 7 (HlO q ) .
Let 0 < k' < £and let v+ k =k’ (mod ¢). Since, by definition, fa = 5+ v(g — 1)
¢/ -1 ¢ -1 _¢ -1 B

F—1
q
k = : K (mod (¢ = 1))
1ty o1 (medl@ 1)
Since 0 < B < ¢ — 1 the right side is non-negative and at most ¢/ — 2. Thus it is
a(Xw/ak, ). Let

F-1
a(Xu/ath, B) =Y oFg
=0
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with 0 < 5;-“ < ¢ — 1. Thus 6% is the residue of

qf—l.i_‘rk,.qf—l
l q—1 12
modulo ¢. Since X,y is invariant under automorphisms of /A
-1
a(xn/wﬁ,‘ﬁ) = Z 5§iiqj

Jj=0

if k1 = ¢'k (mod £). Since the residue of qqf__lla modulo g is a,

¢ -1 B
12 qg—1

7 -1
{a}u{éf’0<j<&keA}: <,0< +kq€ ) 0<k<t

Since x(£f) = £¢* (mod* ) the number y is multiplicatively congruent modulo
B to the quotient of

whwe =t i
Z_l(sl?!’ EZZZ‘;J‘

O‘!erA Hj:O j keA j=0
by
PP , = X
€ = ’,
=T >0
B!erA Hj:o 75! k€A j—0
Since
f-1 f—1
Y (e =) 6,
§=0 =0

we conclude from Lemma 7.4 that
f—1
fa+) (v =65) = pla—1),
=0

if p is the number of 7, 0 < ¢ < f, such that

| ;
qq —a+a(pl@h,P) > ¢
Since ; ;
q’ - 0o ¢ 1
1 o+ afpg, B) P
the number
-1
(=Dt Tk -8
kEA j=0
is (¢ — 1) times the number of k, 0 < k < £, such that
f_ f_ f_ f_
¢ -1 ¢ -1 ¢ -1p ¢ —-1_ 5
k - = =+ (k >q’.
q_1a+ 7 q—1€+(+1/) 7 q
The number of such k is v because v < £ and
f-1 |
g é—k(ﬁ—u—ku)q >1+¢/ —1=¢

q—1/¢
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while

Thus

If fm =1 (mod q)

and

-1 1
(p<q ; .qfl—i-kq 7 )-cp((ﬂ—k')m).

It follows immediately from Lemma 7.5 that

f—1 f—1
Cal [T T =811 T

keA j=0 keA j=0
Thus p = 1 if ¢ is odd and p = +1 if ¢ is even. If x, = 1 the number p is
clearly 1. This time too, one can apply part (f) of Lemma 7.1 and induction on the
number of primes dividing the order of x to show that u =1 if ¢ is even.

Lemma 7.9. Let A be a finite field with q elements and let k be a finite extension
of A with [k : \] = £ where £ is a prime dividing ¢ — 1. Suppose x» is a character of
N* whose restriction to the £th roots of unity is not trivial and x, s a character of
K* such that x‘ = Xw/x- If T is the set of non-trivial characters of \* of order £

XAOT0A) [T 7k 0a) = 7(xs i)
HXET
If o € &(k/) define x7 by xZ(@) = xx(a” ). Since X7, = Xu/x» X2 = Xu/r
and 27! is a character of order £. If x2~! = 1 for some o # 1 then it is 1 for all
o and xx(a) = 1if a is a (¢ — 1)th power, that is, if N, /(o) = 1. Consequently
there is a character vy of A* such that x, = v,/x. Then I/f\ = x and x) is trivial
on the £th roots of unity, contrary to assumption. Thus

{x‘é‘l ‘ 0'751} = {um ‘ I\ GT}.
If 3 € \* and 8 = N,/(7) then
Xe(B) = [T xx (") = x () [T X2 (0 = xa(8) [ ] 12 (8),
because jix(8) = u,:; A(7), and it will be ec:(ilugh to show that v
AO70) T (1) = 7(x0)-
JAET

Let p1 be the quotient of the left side by the right. Thus p is a number in €,,_1)
and the only primes appearing in the factorization of u are divisors of p. Since X/
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is not identically 1 neither is x,. Thus the absolute value of p and all its conjugates
is 1. Let a = a(x»,p) and let 8 = a(xx,P) where B divides p. Then

8 = af _11 (mod (¢" — 1))

4
. .. -1 .
Since ¢ divides ‘Zj we can write

_ ¢-1 a . ¢-1
Tg-1 0T
Since the restriction of x, to the fth roots of unity is not trivial, « - % Z0
(mod (¢ —1)). Thus ¢ does not divide a. For all i >0

B

(%) = 7(xw)-
Moreover

d—1la al—1

Y4 V4

i - ¢ —1la q-—1
g =—— - t—1

a(xk ,PB) 17 T +(¢" - 1)

Z _ildt =1
17 DT
4 7 £
_q¢ -la ¢ -1 \¢-1
q—1€+{q—1a ‘7} L

Since (f;_—*ll =4 (mod ¢) we choose ¢ so that i = j (mod £); then

¢
i ¢ -1la ( ’ )
a(yd = —  (mod -1)).
(X% . B) 17 (¢ —1)
Both sides of this congruence are non-negative and less than ¢ — 1. Thus it is an
£
equality and we can assume that 8 = qq%ll - 7. The set T' consists of the characters

h, 1< j < 0—1, defined by

j J
Under the automorphism z — 2™ of kye_q) over kge_; the number p is
multiplied by x;1(m)xa(m) [1,.,er #a(m) which is 1 because m belongs to A. Let

B="0+7q+ - +y-1q""

with 0 < v; < ¢ — 1. Then

€

-1
w *
T(Xn) = —71 | (mOd ‘43)7 €= Z'Yjv
[I 5=073" j=0

and

-1 / -1

; Akl Cq—1

X Or0a) [T () = - (mod* ),  =a+)y j-—

: ITTE (5. =L )y ; 1

Jj=1 Q. Hj:l J ) j=0
Lemma 7.6 implies immediately that 4 =1 (mod* 9B). Thus p =1 if ¢ is odd and
w=*+1if ¢ is even. If ¢ is a prime divisor of ¢ — 1 different from £, we write x, as
XAX where the order of x is a power of ¢’ and the order of X/ is prime to £. In a
similar fashion we write x, as x),x). The pair x and x// also satisfy the conditions
of the lemma. The final assertion of Lemma 7.1 shows that, if u” is defined in the
same way as i, 4 = p”’. Arguing by induction we see that it is enough to verify that
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1 = 1 when the order of y) is a power of £. Applying the last part of Lemma 7.1,
again we see that there is a prime q dividing ¢ such that

() = 7(xe) = 7() =1 (mod q).
Since xx(¢) is an £“th root of unity for some w,
WO =1 (mod q).
Thus p =1 (mod ¢) and p = 1.



CHAPTER 8

A lemma of Lamprecht

Let F be a non-archimedean local field and let ¢p be a non-trivial character
of F. n = n(yp) is the largest integer such that ¢p is trivial on PL". If xp is a
quasi-character of Cr, m = m(xr) is the smallest non-negative integer such that

XF is trivial on UR. If 4 in Cp is such that yOp = PLT" set
S ¥ (2)x (@) da

Ai(xr,¥r;y) = - - :
Sy ¥ ()X (@) da

Then
A(xr,vr) = xr(¥)A1(xF, ¥F;7)-
As suggested by Hasse [8], we shall, in the proofs, of the main lemmas, make
extensive use of the following lemma which is central to the paper [10] of Lamprecht.

Lemma 8.1.
(a) If m = m(xr) = 2d with d integral and positive there is a unit 5 in Op
such that

x
(Chg (i) =xr(l+72)
for all z in PL. For any such B

A (xrariy) = U (f)x;f(ﬂ).

(b) If m = m(xr) = 2d + 1 with d integral and positive there is a unit 5 in
Op such that, for all x in ‘Difrl,

YF (?) =xr(l+x).
For any such 8, A1(xF,¥r;7) is equal to
B\ _1 fOF/‘BF ¢F<M71)X}1(1+51‘) dx
or( D) o)
foF/ng Yr (#)x;l(l +ox)dx

if 50 = P
Let m = 2d + ¢ with ¢ = 0 in case (a) and ¢ = 1 in case (b). The function
(ya <ﬂ>, z€O0p,y€ ‘Bifre can be regarded as a function on

2
OF /Ph x PE /P

45
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For fixed x it is a character of PE /P which is trivial if and only if 2 € Pé and
for fixed y it is a character of Op/B% which is trivial if and only if y € 7. Thus
it defines a duality of O /9% and PL/P%. The existence of a B such that

x
wr(1-+2) = v ()
5
for « in PLTe follows immediately from the relation
xr(1+2)xr(l+y) =xr(l+z+y)

which is valid for z in PE¢. The number 8 must be a unit because yr(1 + ) is
different from 1 for some z in Pr—".

In case (a)
e (5 )it

oo (] [ on (52 e

The main integral is 1 or 0 according as a — 3 does or does not lie in 4. Thus
this expression is equal to

is equal to

v (2 ) @or s U1,

The first part of the lemma follows.

In case (b)
[ o

/UF/U;EH Yr (j))(pl(a){/&p?rl VY ((a—f)w) d;g} dov.

The inner integral is 0 unless o — 3 lies in 3% when it is 1. Thus this expression is
equal to

is equal to

)
VE (§>X;1(ﬂ)[UF : Ug]f1 /<Jp/q3p Vp <5$>X;1(1 + 0x) dx.

The second part of the lemma follows.
The number S is only determined modulo B%. When applying the lemma we
shall, after choosing 3, set

Do (XF, ¥F;Y) = YF <§) Xz (8)
and then define Az(x g, ¥ r;7), which will be 1 when m is even, by the equation,
A1(xr,¥r;Y) = Da(xF, V3 7)As(XF, YF;Y)-

When we need to make the relation between 8 and xp explicit we write 8 as B(xr).
To be of any use to us this lemma must be supplemented by some other observations.
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If K is a finite Galois extension of F' any quasi-character xp of Cr determines a
one-dimensional representation of Wy, whose restriction to C' is a quasi-character
Xk /F of Ck. The character xx/r may be defined directly by

Xr/F(@) = xF(Nk/rov).
More generally, if E is any finite separable extension of F' we define xg,r by
XE/F(Oé) = XF(NE/FOé)-
To apply the lemma of Lamprecht we shall need to know, in some special cases, the
relation between 3(xr) and B(xg/r)-

Suppose m is a positive integer and m = 2d + € where € is 0 or 1 and d is a
positive integer. Let m’ = g, p(m — 1) + 1 and let m’ = 2d’ + €’ where ¢ is 0 or 1
and d’ is a positive integerﬂ Since g/ F is convex

m—1 1 1 1
’(/}E/F (2> < il/JE/F(m — 1) + 5’(/JE/F(O) = 5(’n’]/ — 1) <d + e
and
d+€é =vg/p(u)
with u > mT_l Since the least integer greater than
that

m—1

-— is d + ¢, Lemma 6.6 implies

Np/p(ULH) SUR <UL
In other words, if x € ‘13%""5/ then
Npyr(l+z)—1€PEe.
Lemma 6.6 also implies that
Ng/p(l+2)— 1€ By

ifx € ‘,]3’5/. Ifx e i]3‘£+6, and y € ‘IVIS/ then

Ng/p(l+2z+y) — 1= Ng/p(1+2)Ng/Fp (1 + 1—?ix> -1

is congruent to
modulo P, Thus if x € ‘B%“l and y € ‘13%/“” so that zy € P, then
Ng/p(l+z+y) —1=Ng/p(l+z+y+ay)—1 (mod Pr).
The right side is
Ng/p(1+2)Ng/p(1+y) — 1,
which equals

{NE/F(l +x) — 1} + {NE/F(l +y) — 1}

+ {(NE/F(l +x) — 1) (NE/F(1 +y) — 1)}
and this is congruent to

{NE/F(l o) - 1} + {NE/F(I +y)— 1}

IWe are here dealing not with an additive character, but with the function of Chapter 6!
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modulo B%. Thus the map

PE/F : J}—)NE/F(l—f—J?) -1
is a homomorphism from %%“7%? to ‘43‘;7“/‘}3}?. If E C E’' we can replace F
by E, E by E', m by m’, and m’ by ¥ g(m’ — 1) + 1, and define Pg//g. Since
YE/r = YE/E°YE/F and

the relation
Pgiyp = Pg/po Pp/p
is valid.

If n =n(yr) and n’ = n(Yg/r), choose vr in Cp so that yrOp = ’I?Jr” and
vg in Cg so that ygOp = &Bgur"/. I apologize again for the unfortunate conflict
of notation. g, p is on the one hand a function on {u € R |u > —1} and on the
other a character of E. However, warned one again, the reader should not be too
inconvenienced by the conflict. Define

P g Op /%% — Op/P%

e (fCPE/F(:U)) — Y <PE/F($):‘/>.

vF YE
It will often be necessary to keep in mind the dependence of P, /F ONYE and vg.

by the relation

Then we shall write
PE/F(»”U) = PE/F($§’YE,’YF)~
It is clear that
Pryp(zve, ) = Ppyp (PE/F(x57E7'VF)§'VE’a'YE)-

Lemma 8.2. Let K/F be abelian and let G = &(K/F'). Suppose there is an integer
t such that G = Gy while Gi4q = {1}. Suppose m 2 t+1 and m > 1 and vp
is chosen. If pp belongs to S(K/F), the set of characters of Cr/Nk/pCk, then
m = m(up) so that for some a(pr) in Op

! x
NF(]- + LL') — '1/1F (W)
TF
for all x in ‘,B‘[i?“, The element v may be taken equal to yr and if P]*(/F(ﬁ) =
Pre/p(B;7F,vF) then
Niesr (Picje(®) = [1(8+alur))  (mod $)
HF

for all B in Op.

If t = —1 then n(yr) = n(k/r) and m’ = m so that yx may be taken equal
to yr. If t > 0 the extension is ramified. Let ‘Bif/ " be the different of K /F. Then
n(Yr/r) = [K : FIn(Yr) + 0k /p.

By definition
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By Proposition 4 of paragraph IV.2 of Serre’s book dx/p = ([K : F] —1)(t + 1).
Thus
m* +n(Ygr) = [K : F](m+n(yr))
and we can again take yx = vp.
Since m(pp) =t + 1 we have m > m(urp) and

pr(l+z+y) = pr(l+z)ur(l +y)

for z and y in P%L°. Thus the existence of a(ur) is assured. The last assertion
of the lemma will be proved by induction. We will need to know that if z = y
(mod P%) then

d+e
F

Ng/px = Ngjpy  (mod Ph).
When proving this we may suppose that 2Ox = P with 7 < d’ and that £ belongs
to Og. Then

-
NK/FI'NK/FZ/_NK/FI'{]-NK/F<]-+ Y - )}

If > d there is nothing to prove. Suppose 7 < d. If d’ —r = ¢k /p(u) and s is the
smallest integer greater than or equal to u the right side belongs to ‘Bif’“. Since the
derivative of ¢/ is at least one everywhere ¢g p(u +7) > d’. But

m—1

m—1_ %wK/F(m -1+ %wK/F(O) ZYK/F ()

2

Thus v+ r > mT_l and s+1r > d.
B Suppose FF C L C K and L/F is cyclic of prime order. Let H = &(K/L) and let
G = 6(L/F). Certainly H = H; while H; . = {1}. Since Yx/p(t) = Yi/(t) = t,

we have 91,/ p(t) =t and, by Herbrand’s theorem,

d >
2

G,=G =HG'/H=G/H=3G.
Moreover t + 1 = v/ p(t + 0) with 6 > 0 so that

G =G = HG™ JH = H/H = {1}.

Finally, ¥y ,p(m — 1)+ 1 > t + 1 so that L/F and K/L, with m replaced by
Y p(m — 1) + 1, satisfy the conditions of the lemma. S(L/F) is a subgroup of
S(K/F). If pr and vp belong to S(K/F) then up/p = vy, p if and only if pp and
vp belong to the same coset of S(L/F). Take S to be a set of representatives for
these cosets; then

S(K/L) = {ML/F ‘ KF € S}-
We take a(upvr) = a(pr) + a(vr) if pr belongs to S and vr belongs to S(L/F).
If up belongs to S we take a(ur,r) to be Prp (a(pp)). If the lemma is valid for
K/L and L/F then

Nk/r (PI*(/F(B)) =Ni/rp <NK/L <P1*(/L (PL*/F(ﬁ)>>>

which is congruent modulo B¢ to

Np/r H (PE/F(ﬁ) +PLr (O‘(NF)))

nr€eS
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or

TT {ue (P 5+ atir) .
pr€S

This is congruent modulo B4 to

II II {8+aws) +aews)}

pr€S vpeS(L/F)

IT {8+ean}
nr€eS(K/F)
Thus it is enough to prove the lemma when K/F is cyclic of prime order. In
this case more precise information is needed and the assertion of the lemma will
follow immediately from it.

Lemma 8.3. If K/F is unramified and m > 1 we may take P n(8) = B.

which equals

According to paragraph V.2 of Serre’s book
Ng/p(14+y) — 1= Sk p(y) (mod PF%)
ify e ‘ﬁ%“/. Thus Pg/r(y) = Sk/r(y) and

P
wF(x K/Fy> _ZZJK/F(W)
YF TF

Lemma 8.4. Suppose K/F is abelian, totally ramified, and [K : F] = { is an odd
prime. If d >t + 1 we may take P;(/L(ﬂ) = B3.
The relation
m =t+1+4m—1—t)=lm—(t+1)({—-1)
implies that m’ =m (mod 2), ¢ = ¢, and
{—1 l—1

d = td+ (e—t—l):d—FT(m—t—l).
Since
/-1
T(m—t—l)}m—t—l}d—f—e
we have
d+ée >2(d+e)=m.
Moreover

Q(d/ + 6/) + 5K/F S m’ + 5K/F

¢ - ¢
so that by Lemma 5 of paragraph V.3 of Serre’s book
Ng/p(14+ ) = 1= Sg/p(x) (mod PT)

ifexe ‘,]3‘11{,“/. The lemma follows.
Let p be the characteristic of Op /P .
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Lemma 8.5. Suppose K/F is abelian, totally ramified, and [K : F| = £ is an odd
prime. Suppose t +1 < m < 2t + 1. Choose a non-trivial character pp in S(K/F).
We may choose a = aur) so that aOp =B, if m = t+1+v, so that « = Ng/pay
for some ay in Ok, and so that

wu+m—m{$j

for @ in B, Here s is the least integer greater than or equal to L. If ¢ is a (p—1)th
root of unity m F there is a unique mteger j with 1 < j <p-—1 such that { — j lies
inPp. Set uF = . We may take a(,uF) to be Ca. If B belongs to Op we can find
a B in Ok such that B = Nk, pf1 (mod BL). Then

Picyp(B) = =i (mod B).
If
pr(l+ ) =dp <M>
TF

for = in P% then, necessarily, aOp = P%. Choose 6; in Ok such that §;0x = P
and set 0 = N, pd1. Set @ = ed where € is yet to be chosen. We must have

pr(l+x) = Z/JF(EM)

TF
if € P%. This equation determines the unit € modulo P7% if » = ¢ — s. Since any
unit is a norm modulo ‘.Bﬁ, we may suppose € = NK/Fel. Take oy = €161. (1 exists
for a similar reason.

The number { — j must lie in pOr. But K/F is wildly ramified, because
2t+1>2m>1,¢=pand p= Sk,p(1) so that, by paragraph V.3 of Serre’s book,
p belongs to B if u is the greatest integer in

(-1 t+1
t+1) > ——.
R
However d + € > s so that d + € +u > t + 1 and, if  belongs to ‘,)3d+6, (¢ —j)x lies
in ‘B?l. Thus

¢F<a(<—y)x> =pr(1+(C—j)z) =1

YF

we(l+ ) = ph(1+2) = ¢p (J;m) dm(gax)

YF

and

Since

¢ - l
The lemmas of paragraph V.3 of Serre’s book imply that

if = belongs to P% and then
As we observed d + € > s. Moreover d + ¢ < ¢t + 1 so that

{

=t+1

>d+e
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and Sgk/p(x) and Ng,r(x) belong to ‘Bif“ if = belongs to ‘B?fﬁ. Thus, for such =z,
op <CYNK/F($)> = p <_O‘SK/F($)>'
F TR

2 U /

Again

so that
Ng/p(1+x) —1=Sk/p(z) + Ng/p(z) (mod Pg)
ifx e ‘43}1{’“/. Moreover

—1
d’—|—e’:d+e—|—€T(m—t—l)>d+e

so that Ng/p(z) and hence S/ r(x) belong to 543‘?'6. Thus

6NK/F(E:CENK/F<61:E> (mod m?)

o
But S12/a; belongs to ‘ﬁfé“/*” and

d+eé—-—v=d+e+ v—v>d+e

so that

(ﬁPK/F($)> _ <BSK/F(£E) + 5NK/F($)>
Yp| ———— | =¢r
YF TF

which equals

oo ) () )

YF (¢35}

as required.

Lemma 8.6. Suppose K/F is a wildly ramified quadratic extension, m >t + 1,
and m =t+1+wv. Let up be the non-trivial character in S(K/F). If 8 belongs to
Op there is a 31 in Ok and a § in UL such that f = ONg/pB1 (mod ‘]3%) We can
choose a = a(up) so that

adx
ur(l+z)=vp <>
TF
if © is in P% and so that o = Ng/ron for some a1 in Ok. Here s has the same
meaning as before. Thus, if r is the integral part of %, t+1=r+s. With these
choices
610[(5

Pie/p(B)= === (mod ).

If B = 0 the existence of § and (7 is clear. Otherwise we can find a $; such that
Nk pBi1/B is in Ut.. We choose § accordingly. If m = ¢+ 1+ v and

pr(l+z) =¢p <m>
TF
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for z in *B% then Opa = P%. Choose 1, in Ok so that Oxm = Pj and set
n= Ng/rm. Set a = en where € is yet to be chosen. We must have

pr(1-+.2) = v (20
YF

if x € P%. This equation determines the unit € modulo *P%. Since any unit is a
norm modulo B, we may suppose € = Ng rer. Take a; = e1m.
Since the extension is quadratic

Since
5+5K/F B s+t+1 S

= >s
2 2
both Sk /p(x) and Ng,p(x) are in Bz if x belongs to Pj and

wF <O((SNK/F(JJ)> _ wF (—QCSSK/F(Z‘))
F TF

We have m’ =2m —(t+1) and d = m—s, so that d' +€¢' =m—r and d'+€¢ —v =s.
Thus if z belongs to ‘Bf{”‘e

Bix

BNy (z) = a6 Ny p (a) (mod )

and Biz/aq lies in P5,.. Consequently
BPyx/rx ad\
(3 (K/F) =YK/F ((5 - 51) )
TF a1/ VF

Lemma 8.7. If K/F is a tamely ramified quadratic extension and m > 2 we may

take Pg,p(8) = B.

Notice that t +1 =1 so that m > ¢+ 1. In this case m' =2m — 1, d' = m — 1,
and d' + ¢ =m. If x € PLT°

NK/F(1 +a) = 1+SK/F(IE) +NK/F(I)

as required.

is congruent to
1+ SK/F(:C)
modulo P%. The lemma follows.
To complete the proof of Lemma 8.2 we have to show that if K/F is cyclic of
prime order

Nie(Pipe(8) =TI (B+alur)  (mod ).
ureS(K/F)
We consider the cases discussed in the previous lemmas one by one. If the extension
is unramified we may take all the numbers «(ur) to be 0. The congruences then
reduce to the identity f™ = ™. The same is true if K/F is cyclic of odd order
and d > t+1 or K/F is quadratic and ¢ = 0. If K/F is cyclic of odd order ¢ and
t+1<m < 2t+ 1 the right side becomes

/BZ _ ﬂo/fl.
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If 3=0 (mod P%) both sides are congruent to 0 modulo B%. Suppose 3 does not
belong to PB4 and BOr = P%. Then $10x = P% and

Ng/r <ﬂ - Bl;j;)

is congruent to

-1 i [ Br
— Ba " + Z )'BE (5a1>
modulo Pé. If x € K then E(x) is the zth elementary symmetric function of 2 and
its conjugates. Moreover 31a/Ba; belongs to ‘ﬁ%fl)(vfu). fl—-1>2i>1
(=D -—w)+(-1)(E+1) _ (-D(wtt+])

7 > 7 — fu.

The right side is
-1
l
The argument of paragraph V.3 of Serre’s book shows that

Ng/r (ﬁ - b Oi) =B — Ba’""  (mod PY).

For a wildly ramified quadratic extension we use the notation of Lemma 8.6.
The right side of the congruence may be taken to be 5% + fad. The identity is again
non-trivial only if SO = ‘B% with v < d. Then the left side may be taken to be

g2 ﬂ%sK/F(gl )+62aNK/F/31

m—pu > d— lu.

which is congruent to

B2 4 s — ﬁésK/F@l“)
Bar

modulo PE. Since i
v—u m
e

5 /5—u>d—u

52SK/F(§1“> =0 (mod PF).
a1

Suppose xr is a quasi-character of Cr, m = m(xr), and 8 = B(xr). I, as
sometimes happens, m’ = m(xx,r) we can take S(xx/r) = PI*(/F(ﬁ)‘
Lemma 8.8. Suppose K/F is Galois and G = &(K/F). Suppose s > 0 is an
integer and G* = {1}. If m = m(xr) and m > s then
m' = g/p(m—1)+1=mg/r).
It follows from paragraph V.6 of Serre’s book that
NK/F(U'QbK/F 'U)) UF

if v > s. Thus xg,p is trivial on U if u > ¥/ p(m — 1) but is not trivial on Uj if
u=vYg/r(m—1).

We can now collect together, with one or two additional comments, the previous
results in a form which will be useful in the proof of the first main lemma. We use
the same notation.

we have
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Lemma 8.9. Suppose K/F is a cyclic extension of prime order £, xr is a quasi-
character of Cp, m(xr) = t+1, m(xr) > 1, and m(xx/p)—1 = z/JK/F(m(Xp) — 1).
(a) If K/F is unramified we may take B(xx/r) = B(xr) and B(urxr) =
B(xr) for all up in S(K/F).
(b) If £ is odd and d > t + 1 we may take B(xk/r) = B(xr) and B(prxr) =
B(xr) for all up in S(K/F).
(c) If ¢ is odd and t+1 < m < 2t+ 1 and pp is a given non-trivial character
in S(K/F) we may choose o = a(ur) = Ng/pay as in Lemma 8.5 and
B = B(xr) = Ng/rpp1 for some 1 in Uyx. Then we may choose

Bxi/r) = 8= B
aq
and
Busxr) = Ng/r(B1 + Caq).

(d) If ¢ is 2 and K/ F is wildly ramified we choose o = a(up) as in Lemma 8.6.
We may choose 8 = B(xr) in the form SNy pf1 with § in Ug. Then we
may choose

Bxaerr) = B 2
g
and
Blurxr) =B+ ad.

(e) If £ is 2 and K/F is tamely ramified we may take B(xx/r) = B(prXxr) =
B(xr)-

Only part (c) requires any further verification. It must be shown that

Ni/r(BL+ Coan) = B+ Ca (mod PBE).

The left side is congruent to
@
BNk/r <1 + Cl) :
B

All we need do is show that

Ni/r (1 + ml) 145 (mod ).
b1 B
The right side is
1+ Ng/r <%>
B

According to paragraph V.3 of Serre’s book the congruence will be satisfied if
v+ (L —él)(t +1) > d
Butt+1l=d+xwithx>0sothatd+x+v=2d+ € and v =d + € — x. Thus
v+(—-1)(t+1) dH+e—zxz+({—-1)(d+2) e+l —2)x
l L l
The preceding discussion has now to be repeated with different hypotheses and
different, but similar, conclusions.

>d.
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Lemma 8.10. Suppose K/F is abelian and G = (K /F). Suppose there is at > 0
such that G = Gy while Gyp1 = {1}. If2<m <t +1 then m’ =Yg p(m —1) +1
is just m. Lett+1=m+ v, let § be such that 6Op = ‘B?Hn(w‘v), let €1 in Ok
be such that e10x = By, and let € = Ng/per. We may choose vp = d/e and
vk = d/e1. Let v be the greatest integer in % and let s=t+1—r. If up is a
non-trivial character in S(K/F) then m(up) =t+ 1. Let

pr(l+z) = wF(W)

for x in Pi.. Then
8 T1 (Be+ Blur)) = Nicsr (P (8))  (mod ).

Hr#l

The relation m’ = ¢g,p(m — 1) + 1 = m is an immediate consequence of the

definitions. Since the extension is totally ramified
n(Yr/p)=[K: Fln+ ([K: F]=1)(t+1)
if n =n(yp). Thus
m+n=(t+1+n)—v

and

m' +n(gp) =[K:Flt+1+n)+(m—t—1)=[K: F|](t+1+n)—o.
Consequently vz and vk can be chosen as asserted. The results of chapter V of
Serre’s book imply that m(up) =t + 1 if pp is not trivial.

We saw when proving Lemma 8.2 that if + = y (mod ‘]3%) then Ny pr =
Ng/ry (mod PB$) and that if F € L € K both L/F and K/L satisfy the conditions

of the lemma. For L/F, ¢ is replaced by Nk /€1 and, for K/L, € is replaced by
Ngyre1. Take Q*L/F to be PE/F in the special case that m =t+1 and ¢; = 1. Then

¢L/F<NK/L(€1)xPE/F(ﬂ)> _ wF<€PL/F(.’E)5>

) )
by definition. The right side is equal to

i/ (1?@2/; (eB) ) .

Q1 /r(eB) = Niyr(e1)Pp,p(8)  (mod PB).
If ur belongs to S(K/F) but not to S(L/F) then m(ur/r) = m(pr) and B(pr/r)
may be taken to be Q7 (B(ur)). Let S’ be a set of representatives for the cosets
of S(L/F) in S(K/F) — S(L/F) and suppose the lemma is true for K/L and L/F.
Then

Thus

Nk/r (PI*(/F(ﬁ)) = Np/p (NK/L <PI*</L (PL*/F(B)>>)

is congruent to

Ner| PreB) [] {NK/L(El)Pz/F(ﬁ)+Q2/F(5(MF))}

nr€S’
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modulo P%. This in turn is congruent to
Ni/p (PL*/F(B)) H Np/r (QE/F (eB+ B(NF))) .
nr€eS’

Applying the induction hypothesis to the first part and Lemma 8.2 to the second,
we see that the whole expression is congruent to

B3 I (eB+8wr) [T  (eB+8(ur)+Br))
vpE€S(L/F) pres’
vp#l vreS(L/F)

modulo B¢ as required.
Once again we devote a lemma to cyclic extensions of prime order.

Lemma 8.11. Suppose K/F is cyclic of prime order £ and 2 < m < t+1. Choose a
non-trivial character pp in S(K/F). There is an ay in Uk such that if « = Ng paq

pr(l+z) =1p (?)

for x in P3.. If B belongs to O there is a By in Ok such that B = Ng,p(B1)
(mod Bt.). Then

Pjp(B) = 65 - ﬂla% (mod P%).

Since B(ur) is determined only modulo % and s < ¢ we can take S(up) =
Ng/pay for some a; in Ug. The existence of 81 also follows as before. Since
t+1>m ; )

2(d —&-e)—i—(f— 1)(t+1) > m+(£—€1)(t+1) o m

and
Ni/r(1+x) =1+ Sk/p(2) + Ngyp(z)  (mod PF)
if « belongs to ‘B}iﬁel. Thus

op <€PK/5F(3C)5> - (6@5)2/}1? <NK/F(§€11')5>.

Butd +¢ +t>t+1so that

Nk r(e17)B = aNg/p (Gfl . :v) (mod ptH)

Sincet+1=m+v,d +€ +v>sandify = E;fl -z then y which lies in fﬁf;“/*”
also lies in ‘B . But
2+ (t+ 1)(L— 1)

>t+1
7 +

so that
Nip(1+y) =1+ Sk r(y) + Ngyr(y)  (mod 4.

Consequently
o (—ang/F@)) o <asxgp<y> ) |
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P
W(Gfﬁg(w)ﬂ) _ W/F(isl(:l p-2 .ﬁ1>m>
as required.

Since 2 < m < t + 1 the extension is wildly ramified, / = p, and once the
character pr is chosen as in the previous lemma we can define ,u% as in Lemma 8.5.
The left side is congruent to

/6(55—1618—1 n (_1)50/2—1)_

If B € P& this is congruent to 0 and so is the right side. Suppose 0r = PB4 with
u < d. The right side is congruent to

In conclusion

Ni/p (ﬁ; - &i) = Ba'~'Ni/r (/510;161 - 1)-
Since
G R U VP GNP S B

4 T
this is congruent to

(81) 5&Z1{NK/F(£C;1;1> +(—1)e}.

Since
BNk/p(B') =1 (mod P ).
We see that
BNk pB7t =B (mod Phy)
and that the expression (8.1) is congruent to
566271 + (_1)656%71
modulo P

Lemma 8.12. Suppose K/F is abelian and G = &(K/F). Suppose there is an
integer t such that G = Gy while Gy11 = {1}. Let xr be a quasi-character of
Cr and suppose 2 < m(xr) < t+ 1. If m(xr) <t+1 then m(xx/r) = m(xr)-
If m(xr) = t+1 then m(urpxr) < t+1 for some pp in S(K/F) if and only if
m(Xx/r) < m(xr)-

It follows immediately from Lemma 6.7 that if xr is any quasi-character of Cp
and F any finite separable extension of F' then

m(xe/r) — 1 < ¢gp(mixr) —1).
In the particular case under consideration Lemma 6.10 shows that if m = m(xr) <t
then
Nyp:UR7 UL = Up~ UL
is an isomorphism. Thus xx/r(a) will be different from 1 for some « in U;?_l and
m(xx/r) will be at least m. If m(xr) =t + 1 then m(upxr) is less than ¢ 41
for some pp in S(K/F) if and only if xf is trivial on the image of UL /UL in
UL /UL This is so if and only if m(xk/r) <t
We shall need the following lemma in the proof of the first main lemma.
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Lemma 8.13. Suppose K/F is cyclic of prime order, xr is a quasi-character of Cp
with m(xr) <t+1, and m(xx/r) = m(xr). Choose a, ai, €, €1 in Lemma 8.11.
We may choose B = B(xr) = Nk rf1 with By in Ux and we may choose

€ a
B(XK/F) = Bg - 51071~
Moreover m(u%xp) =t+ 1 and we may take

B(usxr) = Ni/p(Car + e fr).

Since B(xr) is determined only modulo 3% and d < t the existence of j3; is
clear. It is also clear that m(u%xp) =t + 1. The elements 3(xr), B(xk/r), and
B (u%x F) are to satisfy the following conditions:

(i) If 2 is in PL
xe(1-+2) = v (PR
(i) If z is in P

xx/F(l+2) =YK/F (W)
(iif) If x is in P%

¢
K1+ 2)xr(l+ o) = dr (W>

)
We have already shown that 3(xx,r) may be taken to be

€ «Q
B——Bi—
€1 a1

B(u%xp) must be congruent to (a + €8 modulo P,

NK/F(Cal + 6161) = CO{NK/F (1 + 61B1>
Cay
Since
e G V1V S e VPR

L v
The right side is congruent to

Ca{l +NK/F<6<1§11>} =Ca+ef

modulo ‘B};ﬂ

2(1998) The manuscript of Chapter 8 ends here.






CHAPTER 9

A lemma of Hasse

Let A C k be two finite fields and let G = &(k/A). If z € & set

H/)\ Z 201 02
where the sum is taken over all unordered pairs of distinct elements of G. It is clear
that
We/A (T + ) = wieyA () + Weya(¥) + Seya(®)Se/a(y) — Skya(zy).
One readily verifies also that if A <7 < & then

wie/a () = wy/a (S,{/n(x)) + Sy/a (wﬁ/n(x)).
Suppose ¥y is a non-trivial character of A and ¢} is a nowhere vanishing function
on A satisfying the identity
ox(@ +y) = pa(@)or(y)va(zy).
Define ¢,,/5 on k by

Cr/a(@) = o (Swa (@) )r (s (@)

Then ¢,./\(z +y) is equal to
P (Sn/x(ﬂc + y))% (_WK/A(‘r) — W A (Y) = S () Sk a(y) + SK/A(xy)>

which is
Cr/A (@) Pr 2 ()2 (2Y).
If the fields have odd characteristic the following lemma is, basically, a special
case of Lemma 7.7. That lemma has been proven in a simple and direct manner
by Weil [14]. We shall use his method to prove the following lemma which in

characteristic two, when it cannot be reduced to the previous lemma, is due to
Hasse [8].

Lemma 9.1. Let

- Z%(ﬂf)

TEA
and let
o(®r/r) Z Pr/x(@
TEK
Then

T (prsn) = ().

61
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If
PX)=Xm—aX™ 14 pXx™m2 - ...
is any monic polynomial with coefficients in A set m(P) = m and

Xa(P) = @x(a)pa(=b).
If the degree of the polynomial is 1, b is taken to be 0; if the degree is 0 both a and
b are taken to be 0. If

P(X)=X" —d/ X" T 4pyXxm™2_4...
then
PPI(X) — xmtm’ _ (a+ a/)Xm+m’—1 + (b+ Y+ aa/)X7n+m’—2 —

and
XA(PP') = pr(a+a)hr(=b—b —aa") = x(P)xr(P).
If ¢ is an indeterminate we introduce the formal series

() = Y Py =TI (1 xa@m™) .

The sum is over all monic polynomials with coefficients in A and the product is over
all irreducible polynomials of positive degree with coefficients in . If r > 2

Z Xa(P)=0
m(P)=r
so that
F)\(t) =1- J((p)\)t.
If we replace X by &, ox by ¢, x, and 95 by 9,5, we can define F /() in a
similar way. If k = [k : A\] and T is the set of kth roots of unity, the problem is to

show that

1 Br(¢t) = Fopn(th).

CeT

Suppose P is an irreducible monic polynomial with coefficients in A and P’ is

one of its monic irreducible factors over k. Let m = m(P) and let r be the greatest
common divisor of m and k. The field obtained by adjoining the roots of P to k
has degree mTk over A and is the same as the field obtained by adjoining the roots of
P’ to k. Thus m(P’) = ™ and P splits into r irreducible factors over . We shall
show that

XA (P) = (P}
Thus if P{, ..., P/ are the factors of P and ¢ = &

H{l - XK/)\(P{)tkm(P{)} — {1 _ X)\(P)Ztém}r
i=1
which equals
[T{1 - xaPycmemy.
CeT
The necessary identity follows.
Let v be the field obtained by adjoining a root x of P’ to x and let u be the
field obtained by adjoining x to A. If

P(X)=Xm—aX™ ! 4 pxm2...
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then

a=S,/x\(x)
and

b= wu/k(z).
Thus

A(P) = 01 (Sun@) )1 (~wur (@) = Punl@).

Since ¢, /x(x) is equal to

o <5H/A (&m(ﬂ))% <_wn/)\ (Su/n(x)) + S/a (%m(@))

which in turn equals

Pr /X (Su/n(m))wka/)\ (_wu/n(m)) .
We conclude that
XR/A(P/) = @V/A(x)'
Replacing x by p we see that ¢, /5 (2) equals

Pu/x <5u/u(ﬂf)) D/ (*wu/u(z)) = u/a (L) (8(621):62) :

One easily shows by induction that for every integer ¢

(9.1) {(p#/k(x)}g zwﬂ/k(fm)\l’#/,\(—ﬁ(g;l)x?)

The relation p

Xe/a(P') = {xa(P)}
follows.
Taking p = A in the identity (9.1) we see that

{ex@)}" = pata)x (_£ s 3 1)552)

for every integer £. Moreover {ap)\(O)}2 = A (0) so that ©»(0) = 1. If the character-
istic p of A is odd take ¢ = p to see that {cpA(x)}p = 1. If the characteristic is 2,

take £ = 4 to see that {px (x)}4 = 1. Suppose ¢} is another function on A which
vanishes nowhere and satisfies

O\ (@ +y) = O\ (2)\ (Y)Ya(zy).

Then cpi\go;\l is a character and for some « in A

oA () = oa(@)va(a).
Of course
pa(@)a(az) = pa(z + a)py ' (a).
Thus
a(2h) = o3 (@)a(pr)-
If @ and b are two non-zero complex numbers and m is a positive integer we write

a ~m b if, for some integer r > 0, (£)™ = 1.
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Lemma 9.2. If « € X\*, the multiplicative group of A, let v(«) be 1 or —1 according
as « is or is not a square in X. Suppose Y\ (z) = Yx(ax), px and ¢\ are nowhere
vanishing, and

ox(x +y) = ea(@)ex(y)va(ry)

while
er( +y) = P\ (@) (Y)YA (zy).
Then
a(gh) ~p v(a)a ().
Moreover

(o) ~ap [o ()]

Suppose first that p is odd. By the remarks preceding the statement of the
lemma it is enough to prove the assertions for one choice of ¢ and ¢). For example
we could take ¢y (z) = \IQ(@) and if a = 3% we could take ¢} (z) = ¢A<@).
In this case it is clear that o(py) = (¢} ). However if « is not a square, we take

oh\(z) = 1/»\(0‘7”52). Then

o(ox) +o(h) =2 ¥a (;) —0.

TEA

@) = ¥ (—2>

so that o(py) = v(—1)o(py). Moreover it is well known and easily verified that
a(px) # 0. Since

With this choice of @y,

{olen}' = v o (en)]" = [olen)]!
we have
a(pr) ~2p ’U(%)‘-

The absolute value on the right is of course the ordinary absolute value.

Suppose p is 2. Again any choice of ¢ and ¢ will do. In this case « is necessarily
a square. Let a = 2. We can take ¢} () = pr(Bz). Then o(¢)) = o(p,). It is
enough to prove the second assertion for any ¢, and any ¢,. Let ¢ be the prime
field and let ¢4 be the unique non-trivial additive character of ¢. Take ¥ = 1y /4.
Let ©4(0) =1, (1) = 4. One verifies by inspection that

Po(x +y) = 0o ()00 (y) s (ry).
Take o) = py/¢- Since
o(orss) = {olpa)}
it is enough to verify that
() ~2 |o(ps)]-
Since o(pg) = —1 + 4, this is no problem.
If a is a non-zero complex number set

The following lemma explains our interest in the numbers o () ).
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Lemma 9.3. Suppose L is a non-archimedean local field and x, is a quasi-character
of Cp, withm = m(xr) = 2d+1, where d is a positive integer. Let 1y, be a non-trivial
additive character of L and let n = n(vr). Let v be such that vOp, = 7L"+" and let

B be a unit such that
x
xo(l+z)=1r (i)
forx in ‘B‘éﬂ, Choose § so that Oy, = B¢ and let 1)y be the character of \ = Or, /BrL.

defined by
2
dale) = m(m x)
v

If o is defined by
er0) = vn (22 a4 o0

then

ox(x +y) = pa(@)ex(y)va(ry)
and

A3(XL7 wLa ’Y) =A [70(()0)\)] .

In the statement of this lemma we have not distinguished, in the notation,
between an element of O and its image in A. This is convenient and not too
ambiguous. It will be done again. The only questionable part of the lemma is the
relation

ex(@ +y) = ox(@)ea(y)alzy).
Since

(1+6x)(1 +6y) = (1 + 0z + dy)(1 + 6xy) (mod PT")

we have

_ _ _ 52
Xz (L4 62)xp (14 6y) = xz ' (1 + 6z + dy)vr, (—B 5 y)

The required relation follows immediately.
There are a few remarks which we shall need later. It is convenient to formulate
them explicitly now. We retain the notation of the previous lemma.

Lemma 9.4. If m(ur) < m(xr) then
As(prxr, Yr;y) ~p As(xr, Vi)
and if m(pr) < d we may take B(urxr) = B(xr) and then
As(prxr,¥rsy) = As(xr, ¥r; ).
In both cases m(uzxz) = m(xr). Moreover if x € P

oL (5(MLXL)33

- ) — (1 2)xa (1t ) = xo (1 + )

(22)

Blprxr) = B(xr) (mod Pr)

which in turn equals

Thus
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and if
2
Ua@) = (ﬁ b)) ”“)
Y
while
2
Wh(@) = o (W)

then ¢, = ¢). The first assertion of the lemma now follows from the previous
two lemmas. It is clear that we can take 8(urxr) = B(xr) if m(ur) < d. Let the
common value of the two numbers be 3. Then
or\ _ _
U, (i)uLl(l +02)x; (1 + o)

is equal to
ox
w(i)ﬁ(l + bz).

We see now that the second assertion is completely trivial.
There is a corollary of this lemma which it is convenient to observe.

Lemma 9.5. Suppose m(xr) = 2d + € where d is a positive integer and € is 0 or 1.
If m(ur) < d and ur, is of order r then

A(prxr,¥r) ~r A(xz,¥r)-

Choose v in the usual way so that

A(xz,¥r) = xo () A1 (XL, ¥r;v)

and
A(prxr,¥r) = xe(Mpr (V) A1 (kxL, ¥r;y)-
It is clear that
pr(y) ~r 1.
If we take
Blprxr) = B(xc)

then, clearly,

Ao(prXxr,¥r;y) ~r DXL, YL, )
To complete the proof of Lemma 9.5 we have only to appeal to Lemma 9.4.

Lemma 9.6. Suppose K is an unramified extension of L and xr, is a quasi-character
of C with
m=m(xr) =2d+1

where d is a positive integer. Let 1y, be a non-trivial additive character of F' and let
n =n(vr). Suppose
Bx
XL(l + I) =L <wzb+n

B(xz) = B(xx/L) = B-

for x in ‘BdLH, Take

If

L

d
ea(r) =91 (foiﬁ)xil(l + @i z)
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and if

Bwlx\ _
pr(®) = Vx/L (Zﬂmin Xiyo (1 + @)
L

for x in k = 0 /Px then . = @, n. Moreover if [K : L] = { then

¢
A?’(XK/L’wK/L’wZH_n) = (_1)5_1{A3(XL7¢L7W?+71)} .

Once we prove that ¢, = ¢,/ this lemma will follow from Lemmas 9.1 and
9.3. If x belongs to K let E?(x) be the second elementary symmetric function of =
and its conjugates over L. If x belongs to Ok

Ng/p(1+wiz) = (1+ deSK/Lx)(l + w%dEQ(m)) (mod BT).

Since
E*(2) =w, a(z) (mod Pr)
we have
(@) = o2(Sic/12)x (—wisa(2)) = i@,
Now suppose K is a ramified abelian extension of L and [K : L] = £ is an odd
prime. Let G = (K /L) and suppose G = G; while G¢11 = {1}. Suppose

m=m(xy) =2d+1

is greater than or equal to ¢t + 1 and

_ B
XL(l + l‘) =L <wm+n>

L

d =td— (T)t

/ ﬂw%m -1 d’ 2/ _d
o\ (x) = Vi1 —mn XI <1+SK/L(wKx)+E (wK:c)).
L

for z in ‘}3%“. Let

and if x belongs to Ok set

Suppose also that
wr = NK/LwK-
The assumptions listed, we may now state the next lemma.

Lemma 9.7. If
o2d
€ = SK I K
(%)

then € is a unit. Moreover ¢\ is a function on A = O /B + Ok [Br which satisfies
Pr(@ +y) = @i (@) A (y)¥a(exy)

Ia(w) = m(f”jn).
wr,

if
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If

then

Since

d+(¢-1)(t+1) -
K =
the number
Sk /(@)
lies in B¢ . Moreover E2(w%z) is a sum of traces of elements in P24 . Since

i o _
2d +(€£1)(t+1):2d+€€1>2d

it lies in P24, If x lies in Py it lies in PP and

d/
Sk/p(wk)
lies in ‘ﬁdLH because

/ B _
d +1+(€z D(t+1) :d+1+t(£2gl) >d+1.

Thus if z belongs to Px

P\ (x) =i (%SK/L(W?(/@) X! (1 + SK/L(W%fE)) = 1.
wr,

Since
B (wf(z+))
is equal to
EX(wa) + BX(wiky) + SK/L(W?(,x)SK/L(w%y) - SK/L(Wf(d,fEZJ),
the expression
1+ Sk/1 (w?(/(x + y)) + E? (w?(/(ﬂﬁ + y))

is congruent modulo B} to the product of

1+ SK/L(de,a:) + EQ(w%x)

and
1+ Sg/p(@ky) + B (@)
and
1- SK/L(W%/*MJ)'
Thus
(@ +y) = @A (@) A (y)a(exy).
Since

2d'+ (4 —1)(t+1)
L
the number € is in Op. We conclude in particular that if y belongs to B g then

oA\(x +y) = o\(2).

> 2d
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If t = 0 let o be a generator of G and let wy © = v. In this case 2d’ = 2d¢ and
2d

w _r _ _
=Tl =kp =v™) (mod )

and
e =¥ (mod Pr)
is a unit. If ¢ > 0
@ = w2t (mod Pk)
so that

L

It is shown in paragraph V.3 of Serre’s book that the right side of this congruence
is a unit.
First take p odd and let

oa(x) = w( 2+ax>:%<u+2a>2>%< a2>
ol >=—¢A< )Z%<x+a >:_¢A< )Z%( )

Making use of the calculations in the proof of Lemma 9.2 we see that

)52

Alo(en)]" = va(=1) T 9y <_£2

¢
€= Sk/L (Zf) (mod Pr).

Then

of vy is the non-trivial quadratic character of \*.
Since
1+ SK/L(w%z) + E2(w‘}</x)
is congruent to
{1+ Si/n(eka) {1+ B2 (wha) |

modulo P the value of ¢\ (x) is
" <<SK/Ly>2 + 20851y ~ 2E2<y>>

if

Thus

Replacing z by
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and summing we find that

a(p)) 21/&(_62@ ) —Zm:% <€§>

Collecting this information together we see that to prove the lemma when the
residual characteristic p is odd we must show that

£—1
vaA(=1)7 =uwy(e).
Since v#(=1) ig certainly a square we have to show that
£—1
m(=1)7= =w(0)
when ¢t = 0. If the field ) is of even degree over the prime field both sides are 1. If

not, an odd power of p is congruent to 1 modulo ¢ and the relation follows from the
law of quadratic reciprocity. If t > 0 then

t
€= Skg/L (Zf) (mod )

L
and we can appeal to paragraph V.3 for a proof that
e+uP =0
has a solution in A. Thus vy () = vA(—1) and we have to show that
(-1 =1.

If p=1 (mod 4) then vy(—1) =1 and if p =3 (mod 4) the exponent is even.
Before considering the case p = 2, we remark a simple consequence of the
preceding discussion.

Lemma 9.8. Ifp is odd let

oa(r) =P (a:; + ozac).

Ift=0 and
o= st
then
, (T x?
<p/\<> =y €<2 —|—o¢x>
and if t > 0

In both cases

with
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If t = 0 then y = pax. Thus if x belongs to O, as we may assume,

2 4 2 2
tﬂ&(i) =Y <W> = €<J;+aw>

If t > 0 then ¢ = p is odd and
dtd+(—-1)(t+1)

e —{e-ne-n-E52 = e+

so that, if x € Op,

Sk/n(y + @) =exr? (mod Pyr).
Now take p = 2 so that ¢ is necessarily 0 and again let

(£—1)
n= Vd£ 2

so that

If xisin Op and y = ﬁ then

is equal to

lx _ L —1)
YL (W)XLl(l +€w%z+ 5 w%dl‘2>.

-1
1+ bowlx + %w%‘iﬁ = (1 +twix) (1 +

o5 (2) = pa(lz)vx (_W; 1)962)

{oa(@)}".
{oa(2)} = pa(22)9r(—22) = Pa(—a?).

Since the characteristic is 2 there is an « # 0 such that
¥ (z?) = ¥a(ax).

Then the complex conjugate of ¢y (z) is

Since

oe—1)
2

modulo BT we have

which equals

Moreover

NEINGED)
and

o) ==Y erlz+a)

which equals

- Z ex(z)ea(a)ia(ax)

2d
L

?)

71
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is equal to
ex(@)o(ex)
Consequently
Alo(pn)]" = pala) = Afo(py)]
Since
{oa@)}' =1
we have

if =1 (mod 4) and
Alo(¢4)] = A[olen)| = p3 (@) Ao ()]

if =3 (mod 4).
We have to show that

if =1 (mod 4) and that
41
pala) = =1
if =3 (mod 4). These relations are clear if £ is congruent to 1 or 7 modulo 8. In
general if £ =1 (mod 4)

wmf?=¢(—“‘ﬂf‘$&)

and if £ =3 (mod 4)

L1 (+1)(0—-1
pr(0) T =1y (—( )8( )a2>.
Let ¢ be the prime field and let ¢4 be its non-trivial additive character. Choose
«q such that
Uase(®) = Pa(aiz).
Then
x? x
YA(T®) = Prse <2> =Ux/p () = y(a1)
ay (651
and o = 1. Thus
oa(a®) = ¥asg(1).
The right side is +1 or —1 according as f = [A : ¢] is even or odd. But ¢ divides
27 — 1 so that, by the second supplement to the law of quadratic reciprocity, f is
even if £ is congruent to 3 or 5 modulo 8.
There is a complement to Lemma 9.7.

Lemma 9.9. If m(xr) > 2(t + 1) choose B(xk/) = B(xr) = B in Or. If
t+1<m(xr) <2(t+1) choose B(xr) =0 and

a
BxxsL)=B—P—
aq
as in Lemma 8.9. Then m(xg,r) = 2d' 4+ 1 and

Blxri)whka\ _ /
YKL (W XKl/L(l + wlx)
L
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s equal to
wd,l' _ ’ ’
YL (%) Xzt (1 + Sk n(wha) + E*(wh )).
L

From Lemma 8.8 we have
m(xg/p) =1+t +L(m—1-1) :2<£d— (6_21)75> +1

as required. If d > t + 1 then
(€+1)d+ (£-1)

d >
2 2

(d=t)=m

because { is odd. Moreover,
3d +(0—1)(t+1) S m + (@ —=1)(t+1)
¢ - l

=m.
Consequently
Ngyp(1+ w%z) =1+ SK/L(w}i(/x) + E2(w§l(/9:) (mod PT")
and the lemma is valid if m > 2(¢ + 1).
Ift+1<m<2(t+1) we still have
/ —
3d' + (¢ El)(t—i—l) ~m

so that )
is congruent to
1+ SK/L(W?(/x) + BX(wha) + NK/L(W%UE)
modulo P7*. Since d’' > d + 1 this is congruent to
{1+ Sk (in) + B (o) {1+ Ny (i) |
modulo P7*. Certainly

’ ﬂNK L(wdll')
XL(lJFNK/L(w?(x)) =YL </m+nK .
wr,
Moreover, if m =t +1+v
{—3
d—v=d+ v=d>s

if s is the least integer greater than or equal to £. Thus, just as in the proof of

2
Lemma 8.5,

wm+n wz@—&-n

BNk (wk) Nk /1 (%w}?w)
V| — S | = Yr
L

is equal to

*SK/L (%w?{x)
1/’L wZH_n
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Multiplying the inverse of this with

_abr) wie
wK/L(( o )WT+">

we obtain

The lemma follows.
If m =t + 1 we may still choose

e
5(XK/L) =03-01—
aq
as in Lemma 8.9. However the relation between ¢y (z) and

B (XK L)Wdll’ _ 4
(o) = s (PR}
wr,
will be more complicated. Here x = Ok /B is the same field as A = O, /Pr,. We
introduce it only for notational purposes.
Because m =t + 1 the number ¢ is at least 2 and

t
d=d = -.
2
Since 2 . )
oD+,
p
and J ) )
FE-DEED
p

the expression
NK/L(l + w?(x)
is congruent to
{1+ Si/p(@hke) + B2 (whea) 1 + o Nicy}
modulo P77 and
XL (1 + Sk (wher) + B (W?(I))

is equal to

m—+n
wF

. (ﬂsK/Lwﬁzw) + ﬁEQ(W%x)>
L .
According to Newton’s formulae
Sk p(@ia?) — Si/n(wha)? + 2B (wha) = 0.
Thus 1
E2(w?($) = —§SK/L(W?<%2) (mod BT').

Observe that p is equal to ¢ and therefore, in the present circumstances, odd.
Let py, be a character in S(K/L) as in Lemma 8.9(c) and let

ax _ x2
V| —arn uLl(l+wj‘-fx):¢,\ p— + T
w7 2
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with
_a
"B
Certainly
Hmr (NK/L(]- + w%x)) =1

if  belongs to Ok. Replacing = by BLy we see that

aq

1 B4 « BY _oa o d
UL e aSk/L (O[IWK1> — 5 5K/L <a%wz{$ + Nk (1w )
is equal to
52
P pE + Tz
if

1 Br_a 1 BY 94 2 Pr_aq
Z:w—% SK/L<mwK‘r>_2SK/L<a%wKx +NK/L a—lex

which is congruent to

*NK/LI = él’p
« «

modulo P..
Let
_ px -1 d
ox(@) =V | —g | (L +wi)
wr,
equal

2
If  belongs to Ok

B x?P —BNg/Lx
Xz (1+ @] Ng/pz) = s (2 + UfUp) YL <w%+1in :

We now put these facts together to find a suitable expression for ¢, (). We
may as well take z in Op. Then ¢, (z) is the product of

Bw%w

Vr/L| i

wL+
and

Bra w?(sc -1 d
A 1 N
wK/L< o1 WTL’L-HL XL( +wr K/LI)

and

’l/JL (-%{S}(/L(w?{x) - ;SK/L(’ZD%(EII'?)})
wr,
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The second of these three expressions is equal to the product of

%P _x?P _
¢A<2+U$p Ua| —p 17—,0 rab
aﬂfwf(dxz B epB? 9
VL ( 203wt | A 202 o

2d
€= Sk/L <Z§L(d> .
The product of the first and third is equal to
ex?
(45 <2> :
As proven in paragraph V.3 of Serre’s book the elements of Uy, congruent to
1+ (ex + 2P)wwt
modulo ‘BtLH are all norms, so that

a(pr?) = Pa(=pex).

2 2p
(O (- 6;5%1 $2> =V (P_lq;) :

and

In particularﬂ

1(1998) The manuscript of Chapter 9 ends with this formula.
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CHAPTER 11

Artin-Schreier equations

The theory of Artin-Schreier equations is central to Dwork’s proof of the second
main lemma. We first review the basic theory, which we take from Mackenzie and
Whaples [11], and then review Dwork’s rather amazing calculations. These we take
from Lakkis [9].

We start with an exercise from Serre’s book [12]. Suppose F is a non-
archimedean local field and K/F is Galois. Let p be the residual characteristic.
With the convention (0) = P¥ we let

pOp = Pfp.
Suppose G = &(K/F) and o € G; with ¢ > 1. Let
wl =wi(l+a)
with a in PB%. Let
o(z) =2 —x.
@ is an F-linear operator on K. If x = aw}; belongs to ‘13%( then

g

plr) =17 —x = (a7 — )@y + o(w) — @)

is congruent to
0l (@7 1) = awl {1+ a) — 1}
modulo P57 *". This in turn is congruent to
(awi)(ja) = jax
modulo P47+
1]
bla) =2 1

then, as an operator,
P\ k
=(1 P_1= .
p=(ter-1=3 (k) o
k=1
If x belongs to ‘Bi( then
PHa)=j(G+1i) - (G + (k= 1)i)a*z  (mod PR )
and ¢(x) is congruent to
pjaz + j(j +i)--- (j + (p — 1)i)aPx

or to

pjaz + (771 =" )alx

We seem to be dealing with yet another use of the symbol !
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modulo ‘BiKH e pOg = 5}3% We deduce the following congruences:
(i) If (p — 1)i > €’ then

Y(x) = pjaxr (mod (B?‘j-&-e’—i-l).
(ii) If (p — 1)i = €’ then
¥(@) = pjaz +j(1 - #HaPx (mod P,
(iii) If (p — 1)i < €’ then
() = j(1 - YHaPz  (mod mzlv(iJerrl).
Observe that if (j,p) = 1 and o belongs to G;, with ¢ > 1, then
o(z) =0 (mod Pr7T

for all  in ‘Bﬁ( if and only if o belongs to G;11. It follows immediately that if o
belongs to (G; and ¢ > 1 then

p(x) =0 (mod P’
for all x in &Bi( only if o belongs to G;.

If o is replaced by o P then ¢ is replaced by . If k > pe_l and Gy, # {1} then,
for some i > k, G; # {1} and G;41 = {1}. Taking (j,p) = 1 we infer from (i) that
if o belongs to G; but not to G;4+1 then o? is in G4 but not in G;4¢41. This
is impossible. Thus G = {1} if k > pe_'l. If G1 # {1} then p divides €’ so that if
(p — 1)i = €’ the number ¢ is also divisible by p. The congruence (ii) reduces to

¥(z) = j(pa+aP) (mod ‘ﬁ?j+€/+1).
Thus if o belongs to G; its pth power o? lies in G; . and is therefore 1. Consequently
pa+aP =0 (mod Prth).
Letting a = aw!; and p = fwy, we find that
aP + fa=0 (mod Pk).

Since this congruence has only p roots the image of ©; lies in a subset of U}/ U?l
with p elements and G, is either {1} or cyclic of order p.

If (p—1) <€ and (i,p) = 1 the congruence (iii) implies that o? belongs to
Gpit1 if o belongs to G;. However if (p — 1)i < €’ and p divides i it shows that o”
belongs to G,; but not to Gp;11 if o belongs to G; but not to Giy1. Thus o — o”
defines an injection of G;/Gi41 into Gpi/Gpiv1. If G;/Git1 is not trivial neither is
Gpi/Gpit1 and (p— 1)pi < €. If (p — 1)pi < €’ we can repeat the process. Thus,
for some positive integer h, (p — 1)p"i = ¢’ and Gpn; is not trivial. It is then cyclic
of order p. According to Proposition IV.10 of Serre’s book those k£ > 1 for which
G1/Gr41 # {1} are all congruent modulo p. In particular if Gi/Gj+1 is not trivial
for some k > 1 divisible by p it is not trivial only when k is divisible by p. The
preceding discussion shows that if 4 is the smallest value of k& > 1 for which Gy /Gj41
is non-trivial then any o in G; but not in G; 1 generates G; = G1. In other words:

Lemma 11.1. If Gy is not cyclic then (i,p) =1 4fi > 1 and G;/Giy1 # {1}.
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Lemma 11.2. Suppose K/L is cyclic of prime degree and G = &(K/L) is equal
to Gp witht > 1 and (t,p) = 1. Then there is a A in K and an a in L such that
a0, = ‘th and

AP — A =a.

We observe first of all that [K : L] must be p and that if pOx = % then
(p— 1)t < €. If z belongs to K the symbol O(z) will stand for an element in O
and the symbol o(z) will stand for an element in @B . If

p—1
T = g a;wy
i=0

with a; in F then

o] = max Jas| | |-

Moreover if ¢ is a generator of G

p—1
27— 1= Zaiw%(w}?_l) -1
i=1

and if @' = (1 + awl)
@i =1 = (1 + ah) - 1] = |l
for 1 < i < p. Thus
o7 — al = hel{ puax sl ok } < el

There is equality if ag = 0. In particular if

p—1
Yy = E Tk
=1

then
7 —1=9y -1
and
ly” — x| = [kl lyl-
If x belongs to K let
p(z) = 2P —z.
Then

(1) plo+)—p() —pl) = 3 (¥) ety

Since e’ — (p — 1)t > 0 the right side is o(y) if
vg(x) = —t
and

v (y) = —t.
We define vk () by the equation

o] = e ).
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To prove the lemma we construct a sequence Ag, A1, As,... and a sequence
O, O1, ... with the following properties:

(i) vk (A,) = —tforalln > 0.
(ii) If o is a given generator of G and ( is a given (p — 1)th root of unity
AS — A, =C+0o(1).
(iii)
p(AT) —p(An) = ©7 — Oy
and
|®Z - ®n| - |w§(||@n|
(iv)

(v)

Aps1 = Ap + O

P(AT 1) = P(Ant1) = o(p(AT) — p(An)).
It will follow from (iii) and (v) that {©,} is converging to 0. Then (iv) implies
that {A,} has a limit A. (i) implies that vg(A) = —¢ and (v) implies that
AP — A = g belongs to F'. From (ii)

A — A =(+o(l).

To construct Ag let a belong to U¥ and consider

o

e} « o’ —« a t1-0) _ 4

;?*;%:T%+;%(WK ):ftaa+o(l)
if
% = wi (1 + awk).
We can choose « so that

—taa = ¢+ o(1).
Then we set o
AO - —_ -
Wk

We observe in passing that conditions (i) and (ii) determine A,, modulo 7 "*.

Suppose Ag, ..., A, have been defined. Then
p(A7) = p(An) +p(¢ +0(1)) +o(1)
which equals
p(An) +p(¢) +0(1) = p(An) + o(1).
Choose 0,, so that
O] — 6, = p(AZ) - p(An)

and
07, — Ou] = [@i [|On]-
Then vk (0,) > —t and if
A1 =AM, +0,
v (Ap+1) = —t. Moreover
Aj =N =A) — Ay +0(1) =C+o0(1).
and

pP(An+1) = p(An) +p(On) +
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with = 0(©,,). Then
27— 2= o ~ ©,) = o(p(A7) — p(An).
Also
p(07) = p(On) = (67 — On) +0(6] — O).
Since v (09 — ©,,) is positive, the right side is
—(07, = 65) +0(07, — ©,).
Thus
p(AT 1) = p(Anta),
which equals
p(AT) = p(An) = (67 — ©4) + o(p(AT) — p(An))
is
o(p(A7) = p(An)).
Lemma 11.3. Suppose A; belongs to K, a belongs to L, v (a) = —t and
A — Ay = a+O(wk)
with r > 1. Define A, inductively by
App1 =A0 —a.
Then
Apt1 —Ap =0(A, — Ap_q)
ifn>2andifr> (¢ — (p—1)t)

Appr — D, = o(w?(”l)(e/(”l”)).

Moreover
lim A, =A

n—oo
exists and AP — A = a.

The last assertion is a consequence of the first. It is clear that
Ay — Ay = O(wlk).
Suppose n > 2, and
A, — A, =x=0(1).
Then
ANpy1 — A=A — AP = (A1 +2)P — A,y
is equal to
p—1
5 (o)
k=1
which is o(z) because ¢’ — (p — 1)t > 0. If

z=0 (w;(+(n2)(el(l’1)t)>

and r > e — (p—1)titis
r+(n—1)(e'—(p—1)t
O(wK ('~ (p )>.
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The lemma has a couple of corollaries which should be remarked.

Lemma 11.4. Ifa isin L, vy(a) = —t, AP — A =a, and £ is a (p — 1)th root of
unity, there is a number A¢ such that

Ac=A+E+0(@h P

and

A?—Agza.

Relation ([11.1)) shows that A + £ satisfies the conditions of the previous lemma
with r =¢' — (p— 1)t.

Lemma 11.5. Suppose A belongs to K, b belongs to L, vy, (b) = —t and

AP — A =b.
Then for any u in U]t-fl the equation
AP — A =bu

has a solution in K.

Take, in Lemma 11.3, a = bu and Ay = A. Lemma 11.5 shows that if S is the
set of all in L with vy (a) = —¢ for which the equation

AP —A=aq
has a solution in K then S = SUEH.

Lemma 11.6. If ¢ is the integral part of% the number of cosets of UEH in S is
-1
pfp [Or : Pr]' .

Fix a generator o of G = &(K/L). If a belongs to S, AP — A =q, and £ is a
(p — 1)th root of unity

(€A)P — €A = &a.
By Lemma 11.4 there is a (p — 1)th root of unity ¢ such that

A7 =A+(+o(1).
Then

(§A)7 = A+ £C+o(1).
Thus if S’ is the set of a in L with v (a) = —t for which
a=AP — A

with

A =A+1+0(1)

the number of cosets if thfl in S is p — 1 times the number of cosets of UEH in S’
Choose Ag, with vi(Ag) = —t, for which Al — Ay = ag is in F and

Af = Ag+1+o0(1).
If vg(A) = —t, AP — Aisin F, and

A =A+1+0(1)
then, according to an earlier remark,

A=A+ Q
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Wlth QO = O(Ao).
Choose any Qy = 0(Ag) and set Ag = A + Q. According to the relation (A)

p(Ao) = p(Ao) + p(€0) + 0(€0).

Since
Qg — QO = O(wi(Qo) = 0(1)
we have
p—1 D , _
0 - 0p =Y (i)%"%ﬂg — Qo)' = o(2% — ).
i=1
Thus

p(Ao)” — p(Ao) = QF — Qo + o(wk Q)
and p(Ag) is in L only if
Qg — QO = O(W%Q()),
that is, only if Qy = ap + 0(Qp) with ag in L. On the other hand, if
QF — Qo = o(wx )

and we construct the sequence Ag, Ay, Ao, ... as before and let
A= lim A,
n—roo
then
A=A+ O(Qo).

We conclude that the number of cosets in B /543?1, s > —t, containing an €2y such
that

(Ao +£0)” = (Ao + )
isin L is 1 if p does not divide s and is [Op, : P ] if it does.

Choose A so that
AP —A=aq

isin §'. If Q belongs to P, s > —t, but not to ‘,]35;1 and

(A4+QDP-—A-Q=1D

is also in S’ then a and b belong to the same coset of UE‘H if and only if

b=a+o(1).
Ifs>0
p(A+Q) =p(A) +0(1)
but if s <0,
P(A+Q)=p(A)+QF —Q+0(Q)
and

QP — Q4 0(Q) = o(1)
if and only if s =0 and

Q=¢+0(1)
where ¢ is some (p — 1)th root of unity. The lemma follows.
If # = {z1,...,2,} let E'(x) be the ith elementary symmetric function of

T1,...,ZT, and let

Si(x) = Z zt .
k=1
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If Z is an indeterminate and

then -
Z Si(x) 7"
i=1

is clearly —Z times the logarithmic derivative of Q(Z). Thus

n n

Y S@)Z || D (-)'E@)Z | == (-1)iE (2)Z".
i=1

i=0 =0

This identity which we refer to as Newton’s identity is equivalent to the formulae of
Newton. It implies in particular that

i—1
(11.2) D (1Y S (@) E (x) = (—1)"THiE (x)

j=0
if 1 < i< n. Wemay divide Newton’s identity by Q(Z) and then expand the right-
hand side to obtain expressions for the S*(z) as polynomials in E'(x),..., E"(z).
The coeflicients are necessarily integers. To calculate them we suppose that
T1,...,Ty, lie in a field of characteristic zero. Let

Q(Z)=1+P(2).
Then

050(2) = - 3. 0 (P2
k=1 k
The coefficient of Z*~! in the derivative of the right side is

n

i(k—1)! y oy
72 Z a1!~-~an!H{E (I)} )
k ay+-Fan=k Jj=1
a1 +2az+-+na, =i

This expression is therefore equal to —S%(z).
Suppose K/L is a ramified cyclic extension of degree p and G = &(K/L). Let
G = Gt and G¢q1 = {1}. Suppose u < t, A is in K, and
AOk =PL".

We take {x1,...,2,} to be A and its conjugates under G. In this case we write

E'(z) = Ej¢/,(A)
and ' '

§'(w) = Sig(A).
If 1 <7< p—1and~; is any integer less than or equal to

—iu+(p—-1)(t+1)
p

we have '
k(M) =0 (mod PT).
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We may take
Vi 2 i P L
p p
If u + t is not divisible by p this inequality may be supposed strict.
Suppose aji,. .., q, are non-negative integers,
P

> w=k

i=1
and

P

Z Z'Oéi =/

i=1
If

p—1

v = Z'Viai utp

i=1

Then
P _ a
(11.3) H{E’(A)} = O(w},).
i=1
We have ' ) )
727;5%@* Mﬁ,@—>aw
p b p

The inequality is strict if «; is non-zero for some ¢ such that iu + ¢ is not divisible
by p.

We record now some inequalities that v satisfies in various special cases. They
will be needed later. We observe first of all that, if 1 < ¢ < p, 7; is non-negative
and is positive unless p divides iu + t.

(i) If £ = p and k = 2 then
l+ut+y>1+t
In this case oy, = 0 and the left side is at least
2(p—1)
p

If p is odd the inequality is strict.
(ii) If £ = p and k = 2 then

1+ t>1+t.

v 2= 0.
Moreover the inequality is strict if p is odd. This statement is of course
weaker than that of (i).
(iii) If £ =p, k > 3, and p is odd, then

t—u

yzu+

ap is again 0. The left side is at least

3(p—1)

t—u 1
—u+ t:u+—?*+gﬂw—4ﬁ—ﬂp—nﬂ.
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The final term is non-negative. The inequality is strict if u £ ¢. If u =1¢
and p does not divide u it is again strict for then a; # 0 for some i < p—1
and for such an 7 the number iu + ¢ is not divisible by p.
(iv) If k < p then
t—u

p—Du+~vy>u+

except when o, =k or a, = p — 1. We have to show that
u—1t

The left side is at least

-1
¢ 1 p—1(% 1
p—2—+}u+ A a; | == bt
i >o
If oy, # k the coeflicient of ¢ is positive and we need only show that it is at

least as great as the negative of the coefficient of u or in other words that

p—1
p-D[> | +-2p=t
=1

This follows from the assumption that o, < p — 2.
(v) If k < p—2and o =k then
p—Du+v>u.
In this case
v = —ku.
There are circumstances in which the estimates for 7; and therefore those for -y
can be substantially improved. We will discuss them shortly.

Suppose now that K/F is a totally ramified Galois extension and G = &(K/F)

is the direct product of two cyclic groups of order p. By Lemma 11.1 the sequence
of ramification groups is of the form

G=G1=G=G1= =G, #Gup1="=Gt # Gpy1 = {1}
with (u,p) =1 and uw = ¢ (mod p) or of the form
G=G 1=Gy=G1=-=G#Gy1 = {1}

with (¢,p) = 1. In the second case we take u = ¢. In the first case let L; be the
fixed field of G; and in the second let L; be any subfield of K of degree p over F.
Let Ly be any subfield of K different from L; which is also of degree p over F. Let
G' = &(K/L;) and let _ _ _
G'=G,, #G,, . = {1}

Then s; =t and ss = u. According to Proposition IV.4 of Serre’s book,

Or/p =@ —p)u+1)+(p-1)(t+1)
and

O/, =@—1(t+1)
and

Or/p, = (P — 1) (u+1).
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Thus
1
On,/F = E(‘SK/F —0r/,) = (p—D(u+1)

and

—1)

1
5L2/F=Z;(5K/F—5K/L2)= P ((p—l)(u+1)+t+1).

If &' = 6(L;/F) and -
G =G, #G, ., ={1}
then ¢; = v and

t—u
to =u+ .
p

Lemma 11.7. Suppose A belongs to K, vig(A) = —u, and
AP —A=a
belongs to Lo. If Y belongs to Lo then

vr, (Sic/1, (VAD) 2 (= Dtz — ity + v, (Y)
and

VL, (E}(/Ll(YA)) > (p— Dta+i(v, (V) — 1)
for1<i<p-—1.

We show first that if § belongs to L1 and

p—1
0=> VA
=0

with Y; in Lo then
VL, (Y;) =ity +vr, (6‘)
for 0 <i < p—1. Since t; = u and
v (0) = oé%?_l{vﬂm —iu}

the inequality is clear for ¢ = 0. To prove it in general, we use induction on :.
Suppose 0 < j < p— 1 and the inequality is valid for i < j.

Let

pOr = Pp.

Applying the exercise at the beginning of the paragraph to the extension Lo/F we
see that

pe>(p—1)t2=(p—1)(u+t;u>~

If £ is any (p — 1)th root of unity then, by Lemmas 11.3 and 11.4, there is a ¢ in
62 such that )
A7 = A+ €+ O(wh "),
We may write
p—1
0° — 0 = Z}/Z_(Aia _Ai)

=1
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as a linear combination -
Z XA
i=0
with coefficients from L,. Since
vr, (07 —0) > v, (0) + 1
we may apply the induction assumption to see that
v, (Xj-1) = (J — Dt1 + v, (07 —0) > jti + v, (0).
On the other hand
AT~ AP = (A4 €)' = AT 4 Ol e~ Pl

so that 07 — 0 is equal to
p—1 i—1

i .
IRONWECEES
i=1 k=0
with ,
1= 0(fwh. "7,
Thus if

p—1
n=_ Z
i=0
with the Z; in Ly we have
vk (Zj-1) 2 (j — Du+ vk (©) + p°e — (p — 2)u.
But

ple—(p—2u+(G—Duzpp—-u—(p-2u+(j-1u
which equals

(=12 +5)u> pju

Since
p—1 i
= ([ n(0)e ) + 2
i=j J
we have
p—1 i
viy [ DY (j)e—ﬂ > ju+ v, (0)
i=j

for all {. We obtain the required estimate for vz, (Y;) by summing over &.
We now show that

L, (SK/Ll (YN’)) > (p— Dty — ity +vp, (Y)

for Yin Ly and 1 < ¢ < p— 1. All we need do is show that for any 6 in the inverse
different of L;/F

St (00O s, (AT € O
or that if # is in L1 and
v, (0) = —(p—D(t1 +1) +it1 — (p — Dt2 — v, (Y)
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then
(11.4) Sp./F (asK/Ll (YN)) — Sy (0Y AT

is in Op.
Let

p—1
0="> Y;AN
§=0

with Y; in Ly for 0 < j <p—1. Then

p—1—i p—1
YA = 3" YY;AT 4 (a+A) Y VYA
j=0 Jj=p—i
Since
AP —A=aq
we have ,
K/, (A)=0

for1<i<p—1and
B (8) = (-1
The relations imply that
SK/L2 (Az) =0
for 1 <i < p—1 and that
SK/LZ(Apil) =p— 1.
Thus (11.4) is equal to
(p=1)SL,/r(YYpo1-5) + S, r(paYY,—;)
if i < p—1 and to the sum of this and
Spo/r(YYp1)
ifi=p—1.
We know that
v, (Yj) = jt1 +vr, (0)
for each j. Thus
(% (Y}/p—l—i) Z (p —1- i)tl — (p - 1)(t1 + 1) + itl - (p - l)tg
which is at least —(p — 1)(t2 + 1). So is
VL, (paYYp,l) > (p — 1)t2 — 1t — (p — 1)(t1 + 1) +it; + (p - i)tl — (p — 1)t2.
Ifi=p-—1
0L, (YYpo1) 2 (p— Dt —(p =Dt +1) + (p— Dta — (p— Dtz
is also at least —(p — 1)(¢2 + 1). All we need do now is observe that
SL2/F(§’B£2(P*1)@2+1)) C Op.

To complete the proof of the lemma we have to show that

ULl( ;'(/Ll (YA)) > (p — 1)t2 + i(ULQ(Y) — tl)

91
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for 1 < ¢ < p— 1. This has been done for ¢ = 1; so we proceed by induction.
Applying the relations (11.2)) we see that

i—1

(=D YiBgp, (YA) = > (=1) S/, (YA)EY,, (YA).

j=0
According to the induction assumption and the first part of the lemma, with Y
replaced by Y77, a typical term in the sum on the right is O(w? ) with

v=(p—Dto = (i = j)tr + (i = Jor,(Y) + (p = Dta + j (v (V) — t)
if 7 >0 and
v = (p — 1)t2 — itl + iUL2 (Y)
if 7 = 0. The lemma follows.
We apply the second estimate with Y = 1 to improve, when A = A, L = Ly, and

certain auxiliary conditions are satisfied, our estimates on the number ~ appearing

in .
(vi) Suppose p is odd and
l=(p-1v+j+1.
Ifk>v+2and ap < k—2 then
Jti+ = pta.
Ifk>2v+2and o <k —1 then
Jti+y=(@—- D2+t
andif k>v+landa, <k-1
gt +v = (p— Dt — t4.
In the present circumstances
vi = (p—1)ta — ity
for 1 <i<p—1. Thus

p—1
jti+v = gt + Zai((p — 1)t2 — itl) — Oéptl
i=1
which equals
jtl + (p — 1)k’t2 — ftl — (p — l)ap(tg — tl)
or
(p — l)ktg — (p — l)l/tl — tl — (p — I)Oép(tQ — tl).
If o, < k — 2, this is at least
20— Dta+(p—1)(k—2—-v)t1 — 13
which in turn is at least pto if p>3and k> v +2. If o, <k -1
’y} (p—1>t2+<p—1>(k—1—y)t1—tl.
The required inequalities follow.
We shall use all these estimates for v in the next sequence of lemmas.

Lemma 11.8. If A is as in Lemma 11.7 and p is odd then
SL1/FNK/L1AESL2/FNK/L2A (mod gﬁ}:‘+tz).
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The assertion of the lemma may be reformulated as
Sk/LaNw/r, A = Sk, Niyr, A (mod PHe2).

Notice that

pto =t + (p— 1)u.
P
K/Ly
symmetric functions of A and its conjugates. Since

Earlier we applied Newton’s identity to express S (A) in terms of the elementary

pe = (p— )tz

we can apply the estimates (iii) for « to see that

quLl(A)

is congruent to

PR : P
(11.5) PNK/L A+ 5 D Bk, (AE] (A)+ {SK/Ll(A)} :

j=1
Since
AP —A=aq

we have

Sk, (B) = Sk, (D) = Sp,/r(a).
According to Lemma 11.7 the left side belongs to ‘B(Lp;l)tftl. In particular it

belongs to Br,. We need to know that it belongs to ‘B}-jt?. This is clear if p > 3
or to > t;. To prove it in general we first observe that all terms but the last in

(11.5) are congruent to 0 modulo ‘Bﬂ'tz. The middle terms are taken care of by the

estimates (ii) for 4. To take care of the first we have to show that

pe—u =141,
We know that pe > (p — 1)t2 and that if ¢ = u the inequality is strict. We need only
show that

(p— l)tz—u>t2
with a strict inequality if ¢ # u. This is clear since to > u and to > u if ¢ # u. Thus

S/ A = (Sky, AP = Sp,r(a)  (mod Ppt2).
We now need only show that
SLz/F(a) =0 (HlOd m}jt?)
The left side belongs to ‘B’Zbl if b is any integer less than or equal to
—u+(p—1)(ta+1)

p
We may take
b —u+ (p—1)ta
p
which is greater than or equal to H;Q except when p = 3 and ¢t = u. In this case,

which is the one to worry about, to = w is prime to p and
—u+(p—1)(t2+1) u+2

p 3

has integral part at least “%‘1
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We apply ((11.5) again to see that
Skt Nk/L,A = Sk/r,a= S%/Ll(A) — Sk/1,(A)
is congruent to

p 2

—Sk/ta A+ PNig/L A+ 5 ZEK/L (DB (D).

We have still to consider
(11.6) Sk/LsNi/o, A
There are some general remarks to be made first. Suppose A belongs to K and
v (A) = —u.
If x and z also belong to K and
zA € Ok

and
s e ml+t+ D 71)u

then
Nk, (a:(A + z)j“) = Nijz, (@A+1) (mod pLH7%).

It is enough to show that

Jj+1
NK/L1 <1 + i) =1 (mod splL-i-th).
This follows from Lemma V.5 of Serre’s book and the relations

L+t+p*u>1+t+pu

and
L+t4+pPut(p—1)(t+1)
p
According to Lemmas 11.3 and 11.4 there is for each o # 1 in G? a (p — 1)th
root of unity £ = £(o) such that

A= (A+EP —at0 (wi(pze(pl)”)) .

=14+t+ pu.

We have
ple—(p—Du>(p-){p-Dutt}—(p—1u
which equals
(p—Dt+(p-2)p—Duz=t+plp-—2)u.
If ¢t = u the first of these inequalities is strict and if ¢ > u the last is. Thus
ple—(p—Du>1+t+php—2u

and
2<p26— (p— 1)u> > {1 +t+ (p° - l)u} + {1 +t+ ((p— 1)? - 2p>u}.

The second term is positive unless p = 3.
The expression

(A+&)" -
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is equal to
p—1 2\ _
A PAPTY,
+§+; (l)g
but (-1 (it
— e _Z+ i
(i’) g 5 P =(-1) +1§ (mod p?)
and

2p%e — (p— u > 2<p2e —(p— 1)u)
which is, as we have just seen, at least 1+t + (p? — 1)u. Thus if p > 3
2 _1)u
AT =(A+€)(1—-2Z(€) (mod Py
if

20 {ra

Expanding the denominator we obtain

- S E)

2 SR (8,

Ifi>p-—1
Ry
a;=(-1)"Y ==0 (mod p)
=17
Clearly
2(€) = 0(pA" ™) = O(wl = P=2)
Ifp=3,

3(]9267 (p— 1)u) > {1 +t+ (- 1)u} + {2(1 +t) + (2p* — 6p + 1)u}.

The second term is at least 3u and in particular, is positive. Lemmas 11.3 and 11.4
show that

3 2
A% = ((A +¢)% - a) —a (mod ‘B?H_(p _1)u).
The right side equals
(A4 €+ 3EA? +362A)° —a.

14+t+(p?>—1)u
K

Expanding the cube and ignoring all terms in P we obtain

2
A+£+3A3{2+22}+9A4§

which we write as

(A+&)(1-2(9)
with

o0

[e'e] f 7 _5 [
Z(£) = 3A2 a<> +9A* <>
Since

Q(er— (p—2)u) > 2(])26— (p— 1)u> +2u>14t+pu
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and
ple—(p—2uz1l+t+(p—1)>%u>1+t+pu
for all odd p, lemma V.5 of Serre’s book shows that

N/, (w(A+ €71 (1= 2() ™)
= {NK/LI (x(A + g)j+1> }{1 _ SK/LIZ(g)}jH

modulo By TV if 2 AT lies in O
The expression ((11.6) is equal to

Ni/p A+ Y Niyp, A°.

c€G?
o#l

The preceding remarks show that, if p > 3, this is congruent to
Ni/p, A+ Ny, (A + f){l - SK/L1Z(£)}
3
modulo ‘BlLJlrtJr(p_l)u. Since
2pe +u+ (p—1)t
p

t —
22(p1)(u+pu>tu>t+pu

we have
Ni/py (A + &) Sk yr, (aipAP~ 77Ty € ppHoe
if i > p and we may replace Sk, Z(§) by
p—1
ZPfiSK/Ll(aiApflfi)
i=1

if p > 3. Of course
P

Ng/p, (A+§) = Zfl_iEé(/Ll (A).
i=0
Putting these observations together we see that, if p > 3, (L1.6)) is congruent
modulo ‘Bﬂpt? to the sum of

Ng/p, A+ (p— D){Sk/L, A+ Ng/r, A}

and )
.
—p(p—1) Y @Sk, (AP HEFL (D)
=1
and
—p(p — 1){pap—1SK/L1 (A) + ap—2Sk/1L, (A)}-
Since

1+pt
pSk/r, (D) € B, 7
the last expression may be ignored as may the term in the second corresponding to
i =p— 2. Since
p—1 1
ap—1 = Zf =0 (mod p)

=17
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and
Sk/L, (A% =p
and
3pPe —ty > 1+ pty
the sum in the second expression need only be taken from 1 to p — 3. The relation

(11.2) implies that

—1—i i _ i N p—1—i i
pSf(/Ll (A)E}(J;Ll (A) = (_1) p(p -1- Z)Ef(/Ll (A)E}(J;Ll (A)

modulo ‘I?lLJlrp 2 To complete the proof of Lemma 11.8, for p > 3, we need only show
that

iai—1 + (p —i)ap—i—1 = (-1)" (mod p)

for p—2 > p—1i >4 > 2. This amounts to showing that
i—1 p—i—1
iy ~+(@-i) Y, ==-1 (modp).

j=1 j=1

|
| =
| =

<
<

We may replace the p — i in front of the second sum by —i. Making the obvious
cancellations we obtain

1 Pl
— S=1-i5 2

j=i i=i 7

If 1 occurs in the sum on the right so does ﬁ.

The proof for p = 3 can proceed in exactly the same way provided we show that

(11.7) 9> { Nies, (A + O H{Sxepm, (€410}
lies in ‘Bﬂ'?’tz for © > 1. Since
2p%e —u > 2(p— 1)ta —u > 3ty
and one of the inequalities is strict
ONK/1, (A +€) € P2,
The expression 4 _
§"Sk/1, (AT

is clearly integral for ¢ > 4. By, for example, Lemma 11.7 it is also integral if 4 is 2
or 3. Thus ¢ =1 is the only case to cause a problem. If i =1 we sum over £ to see

that (11.7) equals
IS{EE( 100 (D) Sk, (A%) + S, (A3)}.

The terms appearing in the expression in brackets have been shown to lie in Oy, .
There is one more lemma to be proved before we come to the basic fact of this
paragraph. If x is in K we set

g(x) = SLI/F (NK/LIASK/LI (I)) - SLQ/F (NK/LQASK/Lg ($))
and
h(z) = Sr,/F (NK/L1 (xA)) —SL,/F (NK/L2 (CUA))
In the following lemma p is supposed odd.

Lemma 11.9.
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(a) Suppose x is in Ly, 0 < j < p—1, and xAJ lies in ‘B}jtrtl. Ifj#£p—2
then
g(zAY) =0 (mod PL?)
but if j = p — 2, there is an w in Lo such that
wr = *IE%_/L (A)  (mod PP
and

g(zAl) = —{SLQ/Fx — SLQ/F(xw)} (mod PL2).
(b) Suppose x is in Ly, 0 < j <p—1, and xA7 lies in V. If j #p—2
h(zA7) =0 (mod Pr?)
but if j=p—2

h(zA) = (p— 1) (1 ~{E (A)}p> Nigjp,z

modulo ‘BlLJlrptz.
The congruences modulo ‘}3}7“2 are of course equivalent to congruences modulo
‘Bﬂ'pt?. We start with part (a). If 2 belongs to O, then
g(z) = Sk/r, (JUSK/Lz (Nk/r,A) —pm)-
Because of the previous lemma this is congruent to
SK/Ll (xSLz/Fa —pxa) = SLZ/FxSLQ/Fa —pSLz/F(xa)

modulo &B;ftz. We saw before that

SLQ/FCL S mi—i—b.
The same argument shows that

SLQ/F (xa) S fﬁp}:rtz.
p belongs to ‘I?(Lp;l)tz. Since the integral part of
(p—1)(t2+1)
p
is at least
(p— Dtz
p )

so does Sp,,pz. This takes care of the case j = 0.
If 1 <j=p—1then g(zAY) is equal to
SLa/F (mSK/Lz(NNK/LA)) — (p—1)651,/r(2a)
where 0 =0if j#p—1and § =11if j = p— 1. Consider
ZJ = xSK/Lz(A]NK/LlA)
It lies in Ly and is equal to

.IAjNK/LlA + Z LUAUjNK/LlAU.

c€G?
o#l
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We observe first of all that if A is in K, vig(A) = —u, x is in Ly, xA7 lies in
P24 and 2 lies in PPN then

2(A+2) Ngjp, (A +2) = 2AIN/p, A (mod P 37)

provided p is greater than 3. To establish this congruence we show that

J
(1 n i) N/, (1 n i) =1 (mod g~ De+EHDiy)

To show this, one has only to observe that % and all its conjugates lie in
mg_l)lﬂh—(?—?)tl
and that
(p—1ptz = (p=2)t1 = (p— Vt2 + ((p —1)?=(p- 2)>t1
which equals
(p=Dt2+((p—Dp-2)+ 1)t = (p— D2+ (p+ Dta

if p> 3.
Suppose for now that p > 3. Since

p’e—(p—Du>= (p—1)(pt2 — 1)
Lemma 11.4 implies that Z; is congruent to

eAINg /L, A+ a(A+ 6 Nigyr, (A+€)

3
modulo 213};”’ t2
1 = —ipi
Niyp, (A+8) =& 1+ ENK/LlA +D & B, (D)
i=1

According to Lemma 11.7 this is congruent to
£+ Niyr, A+EEL ) (A)
modulo %%2. Thus if A7 belongs to &}3}{“2_’517

Zj=xN Ny, A+ Zz(A + &) (§ + Ni/o, A+ fE%_/il(AD
3

modulo PP, We expand (A + €)7 and sum over £ to obtain
(11.8) prAN N/, A
if j <p—2.If j = p— 2 we obtain
el Ny, A+ (p = a1+ By (A))
and if j = p — 1 we obtain
oA Nig/p, A+ (p = Da{ Nigsr, A+ (0= DA + (p = DAEY } () }.
The expression ((11.8) lies in

mlJere*Ptl
K
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provided zA7 lies in P
p*e —pti = p(p — 1)ta — pt1 = pta.

Since
Ly NP =Py
and
SL.r(BLi?) CBE,
we have

g(zAY) =0 (mod PL?)
if 1 <j<p—2and zA7 lies in P 727",

Since
-1
EZ/Ll(A)
lies in Oy,
Zj=(w—1)x
with

wr=2Zj+x= —a:Ef(_/}Jl (A)  (mod P3P

if 7 = p— 2. We may take w in Lo and then

g(zAl) = —{SLQ/FLL‘ - SL2/F(mw)} (mod PL2).
If j =p—1then
9(@A7) = S, p(Z; — (p — 1)za)
and
Z;—(p—1)za
is congruent to
(p— 1)${NK/L1A +pA+(p— DAER ] (A) - N’}
modulo B3 7*2. The product
{(p = Dz }{pA}
lies in 93 P> and
(p— DB (A) = —FEf ) (A) (mod P,
It is easily seen that

AP+ ABRT (A) = Ny, A

is equal to
p—2
= (C1)FAPTE L (A).
i=1
Recalling that AP~ is supposed to lie in B x we appeal to Lemma 11.7 to see that
the product of this expression with z lies in ‘B}jp 2 Thus
g(zAY) =0 (mod PL ).
If p=3and £ = &(o) then
A% = A+ E+3EA%+3832A+ 2
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with
2(p%e—(p—1)u
z:O<wK(p =y )>
If
A, = A4 €+ 3EA?
then

A% = A, +38%A + 2.
If we can show that
3E2A + 2 = O(wif ™)
it will follow that
(11.9) A% Nygjp, A7 = 2AI Ngjp, A, (mod PP
if zA7 lies in P24
3E2A = O(wh“ 1)
and
ple—t1 > p(p— 1t —t1 > (p— V)ta + pta
because (p — 1)? > p. Moreover

2(;026 —(p- 1)U) > 2(p(p — Dta — (p— Dt1)
which is at least
(p—Dt2+ (2p—Dp—-1) —2(p—1)ta
and
2p-D-1)-20p-1)=2p-3)p—-1) 2p.
We want to replace Nk /1, A, by
Nijr, (A +€)
in the right side of (11.9). To do this we have to show that

Ay b 1
Nir, (M) =1 (mod ‘Bg’; Dta+(p+1)t ).
Since R
7 _ - 1 pPe—t;
and

ple—t1 > p(p— ta —t,
we have only to verify that
(11.10) p{plp—Dta—t1} > (p— D2+ (p+ Dt
and that the integral part of
plp—Dta —t1 +(p—1)(t+1)
p

(11.11)

is at least

(p—Dt2+(p+ Dt
. .

101
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The inequality ((11.10|) is clear. Since t > t; the integral part of (11.11)) is at least
pp =Dtz +(p=2ts _ (P D2+ (0= 1* + (p = 2))tr

=

p p

and
P-1°+(@-2)=p+1.
Just as when p > 3 we may replace Nk, (A +§) in (11.9) by
E+ Ny, A+ EEL L (D).

Thus Z; is congruent to

PAINy L, A+ 3T oA+ €+ BEA%) (4 Ny, A+ €31, (A))
3

modulo P P2 if p = 3, j is 1 or 2, and xAJ belongs to P2, If j = 1 this
expression is equal to

(11.12) prAI N /r, A+ 2z(1 +3A2)(1 +E?</L1(A))

and if j = 2 it is equal to
(11.13)

paN Ny, A+ 2x{2(1 + 3A2)A(1 +E%/L, (A)) +(1+ 3A2)2NK/L1A}.
The term '
p(EA]NK/LlA
can be ignored as before because it lies in ‘}3?’7 2 Also

3.’L'Aj+1 _ O(w};‘;ﬂze-ﬁ-tz—%l )

1+to—ty
K

because zA7 lies in B and

ple+ty — 2ty = p(p— D)ty — t1 > pty.
We may also replace the factor 2 in (11.12)) by 1. Thus (11.12]) is congruent to
o1+ By, (8))

modulo ‘I&?‘pt? At this point we may argue as we did for p > 3. To simplify (11.13]),
we observe that )
IA Ny, A = O(wi ™)
and that
2pe — Tty > 12ty — Tty > 3ta.
Moreover )
3$A2NK/L1A _ O(’(D}(er E*Btl)
if xA? belongs to P and
p?e — 3ty > 6ty — 3t > 3to.

Thus (11.13) is congruent to
2:5{2A(1 +E§(/L1(A)> +NK/L1A}

modulo PL3"2. We may again argue as we did for p > 3.
K
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We turn to the second part of the lemma. We observe first that if x belongs to
Lo, y belongs to K, and

ry € Px
then
h(zy) = h(y) N/, (x)  (mod P5™).
The left side is
St /F(NkyL,*Nig /L, yA) = S, r(2 Ng 1, yA).
Since Nk /p,z = Np,,pz lies in F' this equals

{NK/Lll“}h(y) + SLz/F{NK/Lz (yA)(NLz/Fx - 33p)}~
The second term is the trace from Ly to F' of
NL /F(E —zP
N A Y
{Nicyma ey >}{ Vo

if, as we may as well assume, x # 0. All we need do is show that this expression
lies in ‘ﬁgw for then its trace will lie in ‘B},HQ. The first factor lies in ‘ﬁlL;t2. The
second factor is equal to

H A
a€§2
Since p > 3 it will be sufficient to show that the image of the homomorphism
x— p(z) = H x7 !
0662
of Cp, into Ur, is contained in U}f:l)h. Let p be a generator of G and let P(X)
be the polynomial

p—1 p—1
DX -1)=> X"—p
i=1 i=0
then
pla) = 2.
Let

QX) = (X — 1771,

If 1 < i< p—1 the ith coefficient of Q(X) is

(p—1)--(p—1i
(_1)p—1—z (p ) . (p 7/) =1
!
Since both P(X) and Q(X) are divisible by X — 1
P(X) = Q(X) +p(X - 1)R(X)

where R(X) is a polynomial with integral coefficients. For all z in Cp,,

7l =14w

(mod p).

with w = O(wp?). Then
D = (14wP=1+w’=1 (mod mit;)
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and
LP(P—1)R(p) ¢ Uftz.
2
Ifa>1 and
w € PT,
then
1 p7171+w”71 wpfwil 4 pette

One then shows easily by induction that, for all z in Cr,, and all n > 1,
AR = UZ?.
If x lies in Px we may take y = 1. Applying Lemma 11.8 we see that
h(z) = Np,/pzh(1) =0 (mod P,).
If 1<j<p—1,zliesin Lo, and 2AJ lies in Pr,
h(zA7) = P; — Q; (mod PL"?)
with
P; = Ny, r2Sp, /r(Ngjp, A7)
and
Qj = Np,yraSL,/p(Ngyp, A7),
The expression P; is congruent to

, , j+1
(11.14) N, px NK/LlAJ—H+ZNK/L1(A+§)j+1{1_SK/le(f)}
3

T+pts . 14pt .
modulo P LJlrp 2. Since we are working modulo B LJlrp 2 we need only consider

J+1
(11.15) (1 - SK/le(f))
modulo ‘B’,:tf“l. Suppose first that p > 3. Then

2(8) = Ol ™)
and
pe—(p—2)u>p(p— 1tz — (p — 2)u = p(p - 2)ta.
Moreover the integral part of
plp—2)t2+ (p—1)(t+1)
p

is at least

(p—l)t

(p—2)t2 —
and twice this is at least pty + 1. We replace (11.15) by
1= (j+1)Sk/L, Z(8)-

Since

p—2 i
(11.16) Z(¢) = pAP~! i:Zlai (i) (mod p?)
and



11. ARTIN-SCHREIER EQUATIONS 105

while
2p%e = 2p(p — 1)ts = p(pta + t1),
we may replace Z(§) by the right side of (11.16]). By Lemma 11.7
S/, (A1) = O(ehoH )
ifl<i<p—2and
pe + ity = (p — l)tg +ito = pto + 11

if i > 2. We replace Z(£) by
pa EAP~2,

We may write (11.14]) as

Jj+1
]\7[/2/FJ,‘ZVK/LIAJ-"_1 1 +ZNK/L1 (1 + 2) {1 — SK/Ll(palpr_Q)}
3

g Jj+1
NK/Ll (1 + A)

and sum over & we will obtain
) § Jj+1
Np,/paNgp, AT+ ZNK/Ll (1 + A)
13

When we expand

which we write as

Ni,/paed Nicyo, A =3 Nigyr, (A + €7
3
plus a sum of terms of the form

o 1 B
apNL,/peNk /L, A Bl (A)SK/Ll(N’ %)

where « is rational and lies in O and i is at least 1. Since
. 1
E}(/Ll (A) = O(thll)
for ¢ > 1 and
PSk /L, (AP7?) = O(=?),

these supplementary terms may be ignored.
Now take p = 3E|

2(1998) This is where and how the manuscript of Chapter 11 breaks off.






CHAPTER 12

The second main lemma

Suppose K is a normal extension of the local field F' and G = &(K/F) is the
direct product of two cyclic groups of prime order £. Let xx be a quasi-character of
Ck. If o belongs to G define x4 by the relation

Xie(@) = xx(a” ).
Suppose that x3 = xx for all 0 in G but that for no quasi-character xr of Cr
does xx = xk/p- f F C L C K and [K : L] = £ then xx can be extended to
a quasi-character of Wy 1, because W1, /Ck is isomorphic to (K /L) which is
cyclic. If this quasi-character is xr then xx = Xk /.

Lemma 12.1. Suppose Ly and Lo are two fields lying between F' and K and
[KLl] :[KLQ] =/.
Suppose xr, s a quasi-character of Cr,, XL, s a quasi-character of Cr,, and

XK = XK/Li = XK/Ls-
Then
Alxeotryr) [ Alwrtr)

ur€S(L1/F)
s equal to

AXLo¥ror)  [] Alurvr).

pnr€S(La/F)

Because of the assumption on &(K/F) the field F must be non-archimedean.
To prove the lemma in general it is enough to prove it for a given L; and all Ls.
There are three possibilities to consider.
(i) The sequence of groups of ramification takes the form

G=G 1#Gy=" =G #Gy1 = ={1}.
(ii) The sequence of groups of ramification takes the form
G=G 1=G=G1= =G, #Gup1=-=G #G11 =---={1}.
(iii) The sequence of groups of ramification takes the form
G=G_.1=Gy=G1 = =G #G441 =---={1}.

In the first two cases we take G* = &(K/L;) to be G;. In the third case the choice
of L; is immaterial. .

If the relation x7. = xr, obtains for one o different from 1 in G' =6&(L;/F) it
obtains for all such o and Xr, is of the form xp,,p for some quasi-character xr of

107
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Cp. Then XK = XK/F> which is contrary to assumption. Thus the characters xi:l

with o in G are distinct. They are clearly trivial on Ng,r,Cr so

{xit |0 €T} =5(k/L) = { uryr | we € S(Li/F) }.
Here j is 2 or 1 according as ¢ is 1 or 2.
Let t; > —1 be that integer for which
G =G,
while ]
—1
Gti+1 = {1}.
Then
0; =06(L;/F)=(t; + 1)(¢ — 1).
In the first case Ly /F is unramified and Lo/ F is ramified. We choose wy,, arbitrarily
and take wx = wr,. Also we set
wr, =wWrF = Np,/FwL,-
In the second and third cases K/L; and K/Ly are ramified and K/F is totally
ramified. We choose =y, first and set
wr, = Ng/1, WK
and
wp = NK/FwK-
Let m; = m(xz,). The m(xg,) = m; and
m(xzfl) <m;.
Thus m(v) < m; if v belongs to S(K/L;). If G* = &(K/L;) and if
Gz =G
while ,
then m(v) = u; + 1 if v is non-trivial. Thus u; + 1 < m;. Since vy, is of the form
xg, for all v in S(K/L;),
m(VXLi) = m(XLi)'
Lemma 8.8 and 8.12 imply thatﬂ
m(xx) = Y/, (mi —1) + 1.
Thus m(xx) = m; if K/L; is unramified and
m(xk) = tm; — §(K/L;)
if K/L; is ramified. If n = n(yr) then n; = n(r, p) is n if L;/F is unramified
and is ¢n + §; if L;/F is ramified.
In the first case
6(K/L2) =6(L1/F) = 0.
The relations
0(K/F)=0(K/L1)+(L,1/F)=0(K/L)=(t+1)(¢{ —1)

We are encountering once again the conflicting uses of the symbol .
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and
S(K/F) = 8(K /L) + 6(La/F) = 6 = (ta + 1)(¢ — 1)
imply that to =t. Also
m(xk) =mo = {my — 0(K/L1) = fmy — 53

so that
mo + No = €(m1 + nl).
Moreover
XLl(wZLl1+n1) — XK(wz%;Jrnl)
is equal to
mi+ni
XL2 (wﬁz—i-nz) = XL, (®@ m1+n1) XLo H ZU L
ceG”
and
H Xz, (@, %) = H Bry/F(@L,)
a€G> ur€S(L1/F)
is equal to
II wr(@e) =D
up€S(L1/F)
If
S; = S(Li/F) — {1}
then
HM t1+1+n — (_1)n(€—1)
and

H/J' t2+1+n - 1.

Thus we have to show that

(D)™ VA (L, Yr,  ppt ™M)
is equal to
A (XLGng/Fa 1+n1 HAl N’FawFa t+1+n)'
S/
In the second and third cases the relations

m(xx) =4tmy — 6(K/Ly) = ¢my — §(K /L)
and

5(K/F) = (S(K/Ll) + 06, = (5(K/L2) + 064
imply that my 4+ §1 = mo + 2 and hence that m; + ny = mo + ng. Thus

mi +n2)

XL, (@) (@i ™) =

m2+n2)'

Xk (@ XL, (@],

Since
[Tnr(itttn =1
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we have to show that
AI(XL17¢L1/F7WT11+n1 HAl /J/Fava t1+1+n)
S/
is equal to

Ay(XLo Vryyp @2 ) [[ Ar(r, op, @2 ).
53
Suppose X is a quasi-character of Cp. According to Lemma 10.1,

A(X’Ll/Fﬂ/)Ll/F) H A(pr,Yr)

pr€S(L1/F)
is equal to
(12.1) II  AGwrxevr)
pur€S(L1/F)
and
ANy m¥iyr) I Alwe,vr)
ur€S(L2/F)
is equal to
(12.2) T Awexe vr).
up€S(La/F)

Suppose m’ = m(x’r) = 2d’ + ¢ and d’ is greater than or equal to both 1+ t;
and 1 4 t5. Choose « in F such that

m'+n

’VOF = Pr
and then choose 8 = B(xr). By Lemma 9.4 the expression ((12.1)) is equal to

{A(Xﬁwﬂ//F)}é H 733 <;>

ur€S(L1/F)
and ((12.2) is equal to
’ gl
{AXF vr)} H 53 (ﬁ)
pr€S(La/F)
Consequently

e (2) Alur. o)

A(X/Ll/F7¢L1/F {

nreS(Ly /F)

is equal to

A(XT, /s ¥LayF) (f)A(NF,l/JF)

ILFES(Lz/F)
Suppose that both m; = m(xr,) and ma = m(xz,) are at least 2 and let
m; = 2d; + ¢;. Suppose that

m(xp X5, r) < di
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for ¢ equal to 1 and 2. Then

m; = m(x’Li/F) =tr,p(m' —1)+ 1.
If

X p(L+a) =%, /F <B;x>

for = in ‘}3%{"6"' then, by Lemma 9.4 again,
_ Bi
A(XLi» YL F) = X0 X0 F (7’ A(XL,/pr YL r)-

Thus to prove Lemma 12.1 in the present circumstances we have only to verify that

_ B1 Y
X2, XL, /P (7 IT wr 3
ur€S(L1/F)

_ B2 g
XL;}X/LQ/F(,y H HFE B .
nr€S(La/F)
Suppose first that £ is odd. Then

T (i)

pr€S(L;/F)

is equal to

and we need only verify that

(5 e (32) =222 (3 e (3)
XIn B1 XLe/F B2 XLg Ba XLo/F B2)’

According to Lemmas 8.3 and 8.4 we may take 81 = 52 = 5.

Certainly
(YN (Y (Y
XL,/F 3 = XF 30 = XLy/F 3)

Since Cr is the product of Np, ,pCr, and Np,,pCL, we may write % as a product
Y
5= Np,/p01 N, F02.

Consider

XL, (N1, r65) = xk(0;)
where j is 1 or 2 according as 7 is 2 or 1. The right side equals

XL, (05) = xo,(Ne,rd;) T xe, (677
o€ (L, /F)
The product is equal to
H MLJ-/F(éj)
nr€S(L;/F)
which is 1 because ¢ is odd.
Before discussing the case £ = 2 we consider the circumstances under which,

for a given xr, and xr,, a quasi-character x with the properties described above
exists.

Lemma 12.2.
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a) If L;/F is unramified, x belongs to Uvit and
(a) g L;

Np,r(z) =1
then
xrL;(x) =1.
(b) If L;/ F is ramified, K/L; is unramified, x belongs to UZ"fl, and
NLi,/F (x) =1
then
xr,;(z) = 1.
(¢c) If L;/F and K/L; are ramified, x belongs to U}:‘;H"H, and
NLi/F (.13) =1
then
xr;(x) =1.
Choose some non-trivial o; in G = &(L;/F). Then
L, = X7 !

is a non-trivial character in S(K/L;) and
m(pr;) = ui+ 1.
Since L;/F is cyclic there is a y in Cf,, such that

O'ifl

T=y
We shall show that y can be taken in U}**'. Then

XL (@) = pr,(y) = 1.

Suppose L;/F is unramified. If we cannot choose y in Ug;“ there is a largest
integer a > —1 such that we can choose y in U} where a is of course less than
u; + 1. Choose such a y. Then a is not —1 because we can always divide y by a
power of wp. If a were 0 then y could not be congruent to an element of Ur modulo
Br. Then y°i~! would not be in Ur. Since u; + 1 > 0 in the present situation this
is impossible. Let

y=1+ewh.
Then e cannot be congruent to an element of O modulo Pr. Thus
€t —e#£0 (mod Pyr,)
and
y? =14 (" — wh  (mod PiT)
is not in U‘Lliﬂ. This is a contradiction.
Now suppose L;/F is ramified and K/L; is unramified. Then t; +1 > 1 and

u; +1 = 0. We need only show that y can be taken to be a unit. Write

y = ew,

where € is a unit. If b is congruent to 0 modulo ¢ we can divide y by some power of

wr to obtain an element of Urp = Ug. To see that b must be congruent to 0 modulo
¢ we suppose the contrary. Then

Y7l = e 7 ) = (7 (mod YY),

i
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If t; = 0 the residue of wzi_*l modulo P, is a non-trivial £th root of unity and

(w ”171) Z1 (mod PBy,).
If t; > 0 then
wzifl =1+ athii
where « is a unit. Thus
(w?;l)b =1+ abw%_ (mod ‘BtLLH)

The right side is not congruent to 0 modulo iBt i+l

Now suppose L;/F and K/L; are both ramified. Then £ = p and both u; and
t; are at least 1. Again suppose that y cannot be chosen in U}" 1 and let a be the
largest integer such that y can be chosen in U®. The argument Just used shows that
a > 0. Since L;/F is ramified

kp _ yrkyrkp+1
U =Ukut

Therefore a is not divisible by p and in particular is at least 1. Let
y=1+ew],
where 3 is a unit. Then

Yot = (1+€"w77)(1 + ewy, )L

Let
€t = e+ nw%j‘l
and
wzﬁl =1+ aw%i
where « is a unit. Then y?~! is equal to

{1+ e+ 01+ awl ) ot H1 + e}

which is congruent to

1+ aaethﬁa

modulo iBt i+atl Therefore a > u; + 1. This is a contradiction.
Lemma 12.3. If L1 /F is unramified we can choose X'n such that

-1
m(Xz, X1, /r) =t +1
and
m(Xij’LQ/F) =t+1
If m(xr,) >t +1 then m(x's) will equal m(xr,)-
By the previous lemma, we can define a quasi-character x'm of
Nr,rUL ™
by setting
Xp(Np,/p®) = X1, (7).
We extend x'= to a quasi-character, which we again denote by x'z, of Cr. Then

m(lelx’Ll/F) <up + 1.
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However Xl_(lle/Fa lelx’Ll/F, and ngllez/F satisfy the conditions of Lemma 12.1.
Therefore
m(lellel/F) > u + 1.

Since L;/F is unramified u; and t9 are both equal to ¢. Thus

m(xillx'Ll/F) =t+1
and

m(xZ;X'Lz/F) =lur+1)—ds=L(luz +1)—(L—1D)(ta+1)=1t+ 1.

The last assertion of the lemma is clear.
Lemma 12.4. If K/F is totally ramified then

m(XLi) >t +u; +1.
There exists X' such that

m(X ! Xp, p) = ti+ui + 1

for i equal to 1 and 2.

In the present circumstances t; and u; are both at least 1. Choose a non-trivial
o; in G' and let

ol-1
HrL; = XLZ
as before. Choose y in U7L“ so that
pr,(y) # 1.
Then

XLi(yJiil) 7£ L

However if
y=1+ewy
where € is a unit then
yi Tl =14 uiaew%j“i (mod th;rUH)
if
wifl =1+awy .

In particular

yai—l c Uzi-‘rui
so that

m(xr,) =t +u; + 1.
Just as in the previous lemma, we can find a quasi-character x of Cr such

that
m(lellel/F) =t +u +1

We have seen that mi + d; = mo + d2. The same argument shows that
m(lellel/F) +01 = m(XZ;XILZ/F) + 0.
To complete the proof of the lemma we show that
t1 +uyp + 91 = to + ug + 0.

Since
0 =0—-1)(t; +1)
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we have only to show that
ur + 1+t +1) =us + 1+ Lt + 1).

Multiplying the left or the right side by ¢ — 1 we obtain §(K/F). The equality
follows immediately.

Lemmas 12.3 and 12.4 together with the remarks which provoked them allow
us to prove Lemma 12.1 in many, but by no means all, cases. We shall not however
apply these lemmas immediately. We shall rather begin the systematic exposition of
the proof of Lemma 12.1 taking up the cases to which these lemmas apply in their
turn.

Suppose first that L; is unramified over F. As before m; = m(xz,). Then

m2:m1+(€—1)(m1—t—1) > mq
because u; = t. Since the number m; is at least ¢t + 1 and ¢ > 0 it is at least 1.
If mi =1 then t = 0 and ms = 1. Once we have treated this case, as we shall
immediately, we may suppose that mg > mq > 1.
If mo = 1 let

A=0L,/PBr, =O0r/Pr
and let

K= OK/"BK = OLl/g’BLl'
k is an extension of A\. The restriction of xr, to Ur, defines a character x of \*
and the restriction of xr, to Uk defines a character x, of x*. The restriction of
Xk to Uk defines a character of x* which is equal to x,/\ and to X’ so that

Xi = Xr/X-

As o varies over 62, wzgl, taken modulo Pr,, varies over the ¢th roots of unity in
A and if
c™l-1 _
XLy =V
then
(@) = vlwL,).
The right side is not 1 if o # 1 because v is then non-trivial. Thus the restriction of
X to the ¢th roots of unity is not trivial. To every pup in S(L2/F) is associated a
character py of A* which is of order 1 if ur = 1 and of order ¢ otherwise. If 1 is
the additive character of A defined by

Ua(z) = v (u_ﬂ)

Al(,uF7 wFa w}?‘+n) = A[_T(M/M w)\):l
if pp is not trivial. Moreover

1PL2/F< - )ZZ/J/\(EI)

then

wll;""
and
A1 (XLZ ) 77[)L2/F7 w}::Hl) =A I:_X)\ (K)T(X)\a w)\)} .
Finally

Av(XLy,Yryp @) = A[—T(menp\)}-
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Thus the required identity is a consequence of the relation
700 ¥r/n) = XA 00 va) T 7, vn)
HAFL
which we proved as Lemma 7.9.

Retaining the assumption that L, /F' is unramified we now suppose that m; > 1.
There are two possibilities.

(a) my = 2(t+1)
(b) t+1<my <2(t+1).
The second possibility occurs only when ¢ > 0.
If m; > 2(t + 1) choose x/» so that
m(XZillei/F) =t+1
for i =1 and 2. It is clear that
m(x, X5, r) < di
if m; = 2di + ¢;. Since mo > my we also have
m(XZQIX/Lz/F) < da.
Moreover
m' =m(xp) =m
so that d’ is greater than or equal to both 1+#; = 1+t and 1+¢; = 0. Lemma 12.1
for L,p unramified and my > 2(t + 1), follows immediately if £ is odd. Suppose
{=2.
If t = 0 we can invoke Lemmas 8.3 and 8.7 to see that if 5 = S(x/») we may
choose 1 = B(xr,/r) and B = B(XILQ/F) equal to 5. If ,u%l) is the non-trivial
element of S(Ly/F) and yg) is the non-trivial element of S(Ly/F'), we have only

to show that
1\ 3 Li/F ~ F\3
2\ 3 Ly/F ~ F\g)
/ BY _ B
XL, /F ~ = XL,/F v

and we need only show that if § is in Cr then

X£: () (8) = x1,(8) 2 (6).

is equal to

Certainly

We may write
0= Np,/r61 N, 0.
Then 4
N%)(NLl/F(Si) =1
and, if j is 1 or 2 according as ¢ is 2 or 1,
Xz, (Ni,/r6;) = Xk (6;) = x1,(57)

which equals

XL; (NLj/Faj)M(L?/F(‘Sj) = XLj(NLj/Féj)’LL(Fz;)(NLj/F(sj)'
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The required equality follows immediately.
If t is positive we may still choose 81 = 8. If m; —t —1 = v then, by Lemma 8.6,
we may choose (3 in the form
Ba=pB+n
with 7 in B7_. Since v >t +1

XL (B2)X1, 1 (B2) = X1, (B)X1, 1 (B).

This observation made, we can proceed as before.

Some preparation is necessary before we discuss the second possibility. Suppose
that ¢ is positive so that £ is equal to the residual characteristic p. The finite field
A1 = Or, /B, is an extension of degree p of ¢ = O /Pr.

The map

=P —x
is an additive endomorphism of ¢ with the prime field as kernel. Choose a y in ¢
which is not in the image of this map and consider the equation

P —x=y.
If x, in some extension field of ¢, satisfies this equation and ¢ has ¢ elements then
x9 # x. However

(27— 2)? — (a7 — ) = (2" — )7 — (¥ —2) =y —y = 0.

So

29 —x ==z
where z is a non-zero element of the prime field. Then

2
2t =(x+2)=a+z=2+22
and in general
2?7 =z +nz.

Thus the lowest power n of ¢ such that 29" = z is n = p and z determines an
extension of degree p. Consequently x may be chosen to lie in A\; and then \; = ¢(z).

Let E"(x) be the rth elementary symmetric function of & and its conjugates.
Since

(12.3) 2P —x + (=1)PNy, 9z =0
we have

(12.4) E"(z)=0
fl<r<p—i,

(12.5) EP Y (z) = (—1)P
and, of course,

(12.6) EP(x) = Ny, ¢

If A is a non-zero element of the prime field we can replace y by Ay. Then x is to be
replaced by Az. Also we can replace x by x + A without changing y.

Let R(L;) be the set of (¢P — 1)th roots of unity in L;. Choose a v in R(L)
whose image in A; is z. If we are dealing with fields of power series, v will also satisfy
the equations (12.3)), (12.4), (12.5)) and (12.6]). Let us see how these equations are
to be modified for fields of characteristic zero. F and L; are then extensions of
the p-adic field Q,. Let F? and LY be the maximal unramified extensions of Q,,
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contained in F and L; respectively. R(L1) is a subset of L) and p generates the
ideal ‘Pro and the ideal Pro. Thus
Y’ =7+ (=1)’Ng,)py=0 (mod p)
and
E'(4) =0 (mod p)
if 1 <r <p—1 while
EP7i(y) = (=1)"  (mod p).

Sm= >,
ce®(L,/F)
The following relations are special cases of Newton’s formulae.

SHv) = E'(y)
5%(v) = E*(7)S' () + 2E°(y)
S%(v) = E*(71)S*(7) + E*()S' () — 3E%(v)

Let

0
0
0

SPTHY) = BYy)SPH() 4+ (1P Hp = DEPTH(7) = 0
SP(y) = E'(1)SP () + - + (=1)"pEP(y) = 0.

We infer that
S"(y) =0 (mod p)
if 1 <r<p-—1and that
SP7Hy) = (D)P(p—DEP"H(7)  (mod p).
Combining the first of these congruences with Newton’s formulae we obtain
S™(v) =r(=1)"E"(y) (mod p?)
fl<r<p—1 Ifpisodd
SP(v) = pEP(7) = EY()SP7H(y) — BV 1 ()8 (v)  (mod p?).
The right side is equal to

E'(v) (5”‘1(7) - E”‘l(v)) =0 (mod p?).

If p is even
2
$2(7) +2B%(7) = {E'() } -
Since
E'(y)=1 (mod 2)
we have

S%(y) +2E%(y) =1 (mod 4).
If o # 1 belongs to &(L1/F) there is a (p — 1)th root of unity ¢ such that
77 —=v=( (mod p).
By a suitable choice of y the root ¢ can be made to equal, for a given o, any chosen

(p — 1)th root of unity.
The above relations are of course also valid when F' is a field of power series.
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Choose a non-trivial character pug in S(Ly/F) and choose « so that

axr
MFﬂ+x):¢F<t+Hn>
Wg

if x is in P%. Here s is the least integer greater than or equal to % If (is a
(p — 1)th root of unity we define ,u% to be pf, if j is the unique integer such that

(=j (modp).
As we observed in the proof of Lemma 8.5,

00 = vr( 555 )

if z is in Pp.
Let m; = 2d; + ¢; as usual. If 81 in Ly is such that

abrx
xr, (1+2) = YL, /P (nW)
Wg
for z in PP then, if o # 1 belongs to G = ®(L1/F) and z belongs to P+,

whm(“ﬁi;2”>:xa%1+@

F

is equal to
" < aly,x )

if {, is such that

Xg, = uE
Thus if

v=m;—1—t
we have

BY = B =Cwh  (mod B).
It is clear that
Cor = (5 +Co (mod ‘BL1)'
Suppose
77 =7=¢& (modp)
where &, is also a (p — 1)th root of unity. Then
$or =65+ & (mod Py, ).

We observed that we could arrange that
fa = Ca
for one non-trivial . Once we do this, the equality will hold for all . Then
VP — AP = ¢, (mod p) and
(b1 —7"@p)” = b — @) (mod BT)
for all o because, as we observed in the proof of Lemma 8.5, p belongs to B} if

r+s=t+1and
2(r+v) = t+2v=2m; —2— 2t +t,
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which is at least
(m—1)+(mi—1—-t)>2m —1
so that r +v > dy. Since L1 /F is unramified there is therefore a 8 in F' such that
b1 —Pwr = (mod ‘,B‘éll).
We may suppose that
B =B+ wp.
[ is a unit unless v = 0. If v = 0 then, by replacing v by a root of unity congruent to

v+ 1 modulo By, if necessary, we can still arrange that 5 is a unit. g is congruent
to a norm Np,, " modulo PBt.. Since dy <t Weﬂ

2(1998) At the moment this is all that could be found of Chapter 12.



CHAPTER 13

The third main lemma

Suppose K/F is Galois and G = &(K/F). Suppose G = HC when H # {1},
HNC = {1}, and C is a non-trivial abelian normal subgroup of G which is contained
in every non-trivial normal subgroup of G.

Lemma 13.1. Let E be the fized field of H and let xp be a quasi-character of Cp.
If m = m(xr) then
m(xg/r) = VYe/p(m—1) + 1.
Set
m' =m(xg/r)— 1.
Observe that m’ — 1 is the greatest lower bound of all real numbers v > —1 such
that xp,p is trivial on U and that m — 1 is the greatest lower bound of all real
numbers u such that x is trivial on Uj. Since
N/ (U™ ) C U
we see immediately that
m' —1<g/p(m—1).
To prove the lemma we need only show that
NE/F(UgE/F(mfl)) > U};zfl.
We show this with m — 1 replaced by any u > —1.
By Lemma 6.15, g/ maps WI’Q/F onto Uj. The projection of WI’Q/F on G is

a normal subgroup of G. Thus it is either {1} or a subgroup containing C'. If it is
{1} then

Wiip=Wg/pNCk = U
and ) )
Up = Ng/p(U™" ) = Ngjp(NgypUk ")
which, by Lemma 6.6, is contained in
NE/F(U;UE/F(U))'

Suppose the projection is not {1}. If L is the fixed field of C' the group W}é/F
contains,

(13.1) {wvw’lv’l ‘wGWK/F,UGW}é/FﬂWK/L }
Since C' is generated by
{opa_lp_l ‘O’EG, pEC}



122 13. THE THIRD MAIN LEMMA

the group generated by the set (13.1)) contains a set of representatives for the cosets
of Ck in Wg,p. This group clearly lies in the kernel of 7x,r. Thus every element
of WI%/F is congruent modulo the kernel of 75/ in WI’Q/F to an element of

Wit p Wi jp = Wi

and
Ut = 1i/p (Wit p) = e/ e (Wit ™),
which is
Ng/rp (TK/E(W;ﬁ%F(U)))
and this set is contained in
NE/F(UEE/F(M)).

Suppose F} is non-archimedean, K;/F; is Galois, and F; C E; C Kj. Let yy
be a character of (K;/E;). We may also regard py as a character of Cg,. Let o
be an element of &(K;/Fy) and define the character of pf of &(K1/EY) by

13 (p) = pa(apot)
for p € &(K;/EY) or, what amounts to the same

—1

pi (o) = pa(a” )
for a € Cpg. Since
0_71
Ve r (@) =VEF (@7 )
the next lemma is a congruence of the definitions.
Lemma 13.2.
A(p], YEem) = A, Vi, /5 )-

We return to the extension K/L and the group G. Let T be a set of representa-
tives for the orbits under G of the non-trivial characters in S(K/L). If p € T, let
G, be the isotropy group of i and let F), be the fixed field of G),. Let H, = HNG,.

Since C' is contained in G, we have G, = H,, - C. Then u may also be regarded as
a character of C. Let y/ be the character of G,, defined by

! (he) = plc)
if h € H, and c € C. Eventually we must show that

(13.2) A(XE/FsVE/F) H A, Yp, ) r)
peT
is equal to
(13.3) A(xr,VrF) H AW XE, /7 VE, /F)
pneT

if xz is a quasi-character of Cr. At the moment we content ourselves with a special
case. The next lemma will be referred to as the Third Main Lemma.

Lemma 13.3. If K/F is tamely ramified the expressions (13.2) and (13.3) are
equal.
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As we observed in Lemma 6.4 the extension L/F will be unramified and
¢ =[C : 1] will be a prime. Choose a generator wp of Pr. Since F,/F is unramified
we may choose wr, = wp. Choose wg so that Ng,pwr = wr. Certainly

dp)F =0k/p =0
while
O/ =0—1.
Since
dx/p =Ok/L + 001/ p = 0K/E +0B/F
we conclude that

5E/F =/-1.
Clearly
Z[F#:F]:Z[‘H:Hﬂ] :Z[G:Gu]

is just the number of non-trivial characters in S(K/L), that is £ — 1. Moreover
m(p') = 1. Let E, be the fixed field of H,,. Then

NE“/Fu(wE) = NE/F(wE) = WEg.
Thus, as an element of C'F,, wp lies in the image of Wx, g, under 7/, and hence
W (wr) =1. Also
n(Ye/r) = n(Yr) +op/rp =tn+ (L —1)
while
n(Yr, /r) = n.
If m = m(xp) =0 then
m(xg/r) =m(Xr,/r) =0

and

( In+l— 1) (w%n+471) 1+n)

XF (@) H XF,L/F
"

XE/F\W = XF

so that the lemma amounts to the equality

HA (s Vp,  py@p ™) HA (1 Vg, p @it ™).
o
If m > 0 then, by Lemma 6.4,
m(xg/r) =tm— (£ —1)
and
m(xg/r) +n(Ye/p) = £(m+n).
Since K/F is unramified

m(xx/r) = m(xeg/rp) = m— (L —1).

However
XK/F = (//XFH/F)K/FM
so that
YK/F, (m(H/XFH/F) - 1) = m(xg/r) —1=£m—1)
or

m(W'xp,r) =12 og/p, (((m—1)) =m—1.
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Consequently
m(p'xr,/F) = m.
Since it is clearly less than or equal to m it is equal to m. Because

Xy (@) = xp(@h ™) = xe (@i ) [[ xe, r (@)
I

we have to show that
A(Xg/pVE/p @) HAl(l/, Vg, e wp )
is equal to
Ar(xr e, @p ) [ 2 (W xp 7o U, p i ).

Let ¢ be the field O /B, let A = O /P, let ¢ be the number of elements in

¢, and let
f=idl=L:Fl.
Let 6 be the homomorphism of C' into A* introduced in Chapter IV of Serre’s book.
Thus
0(c) =wy ' (mod Pr)

so that if h € H

-1

O(h~'ch) = (=l ) = (@M = 6(c)"
Let hg be that element of H such that
aho =4
if @ € XA and let ¢y be a generator of C. Then 6(cg) has order ¢ and, since the
centralizer of C' in H is {1},
0(hy"chg) = 0(co)”

is 6(cp) if and only if f divides . On the other hand, it is 6(co) if and only if ¢
divides ¢" — 1. Thus the order of ¢ modulo ¢ is f. We also observe that both C
and its dual group are cyclic of prime order so that any element of H which fixed
an element of 7" would act trivially on the dual group and therefore on C itself. It
follows that F), = L for all pin T'.

Suppose first that m = 1. Let 14 be the character

Yo(x) =P (Jﬂ)

on ¢. Since Op/%Pg is naturally isomorphic to Or /B r and the map v — Ng,/pz
gives the map = — z* of ¢ into itself while the map = — Sg ,rx induces the map
x — {x the required identity reduces to the equality of

Xo (L) (x5 0) T m(1rs ¥as0)
peT
and

(X V) H T(HAXA/¢5 ¥A/0)-
peT
This equality has been proved in Lemma 7.8.
Now let m be greater than 1. Since F), = 1 for all ;1 we are trying to show that

Ai(xe/ryYe/m, @) H A ryp, @it
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is equal to
Al(XFa wFa w;n—l—n) H Al(/LXL/F7 l/}L/F; WZH_H)

Since the action of H on C is not trivial ¢ cannot be 2. If p lies in T and pu~
lies in the orbit of v then

Ay p, @R = Ar(p™ b, @)

is p(—1) times the complex conjugate of

1

m—+n

Ar(p, by, wp ™).

Since the order of u is ¢, u(—1) = 1 and, if u # v, the product of the two terms
corresponding to p and v is 1. If

pt=pt
with 0 < 7 < f lies in the orbit of y, then ¢ divides ¢" + 1. Thus ¢ divides ¢*>" — 1
and 2r = f. By Lemma 7.1

‘T(me,\m)‘ =Vl =¢

and
T(kas Vasg) = =1 (1, r @i ™)q
if 95 /¢ has the same meaning as before and p is the character of A* induced by p.

Since

T

0= Al(N,Z/JL/F, W;jrn)
is its own complex conjugate, it is +1. If o € ¢ then

p @) = pla?) = p().
Since u(a) is an £th root of unity it is 1. Thus

T(kxs ¥ayg) = 7(1r)-
However it follows from Lemma 7.1 that

T(ux) =1 (mod n)
where 7 is a number in €,,7_;) which is not a unit and whose only prime divisors
are divisors of £. Thus
—0¢" =7(px) =1 (mod ¢)
and § = 1. We are reduced to showing that
Ar(xe/pp/F, @i ")
is equal to
Ai(xp, Y, g™ HAI(,LLXL/Fa Yrp, g ™)
Let 8 = B(xr). By repeated applications of Lemma 8.9 we see that we may
take
B(xr/r) = B(Xr/r) = Bluxe/r) = B.
If B(xE/r) is chosen we could also take
B(xx/r) = B(XE/F)-
Thus if
m' =m(xe/r) = mxx/r) = 2d +¢
we have

B=B(xpr) (mod Pk).
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Since both sides of the congruence lie in £

B=B(xp/r) (mod Ph)

and we may take

B(xe/r) = B
Then
A m4ny __ eﬁ —1 Y/
2o(Xe/r Ve p @) = Yr| —mmm | XE (BY)
Wg
while
AQ(XF? va w?Jrn) H AQ(MXF? wL/F7 w?+n)
pneT
is equal to
g _
1/)F< m+n>XF1(Bé)'
W
To complete the proof of the lemma we have to show that
(134) A3 (XF? wFa W;H_n) H A3 (:U’XFa 'l/}L/Fa W;H_n)
neT
is equal to

As(xe/pse/r, @i ")
when one, and hence both, of m and m/ is odd.

As remarked in Lemma 9.4

As(uxpyr,Vrr @y ™) = As(Xp/p,Yrye @i ).
According to Lemma 9.6, the right side is equal to

GAS (XF) ’(/}Fv w;‘l+n)[L:F]

where e is 1 if f =[L: F] is odd and —1 if it is even. Thus ([13.4)) is equal to
1 m+n
€ f {AS(XFvvawF+ )}
As before
¢=Or/PBr =O0r/PE.
Let ¢4 be the function on ¢ defined by

Pp(T) = YF (%) Xp (1+ @he)
Wp

if m = 2d+ 1. Then m’ = 20d + 1 so that d’ = {d. Let ¢} be the function on ¢
defined by

Bz _
Pp(r) = YE/F (W XE}F(I + wha).
F

Because of Lemma 9.3, to complete the proof of the lemma we have only to show
that

-1
€’ A[U(%)e} = A[O(%)]-
Since d’ > m and

3d +0—1

— >m
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we have
Ng/L(1+ @he) =1+ wiSkype + w%‘dEf(/L(x) (mod B7')

if E?{ / 1, (x) is the second elementary symmetric function of = and its conjugates over
L. Thus

Ng/p(l+ wha) =1+ whSprr + w%dE?E/F(m) (mod P).

This in turn is congruent to

(1 + @4Sg, pr) (1 + w2 /F(x)).

Thus
(@) = oty (~ B3 ()
if
bol@) = or (ﬂ)
Wr
or

) = et

eulo) = gty (e
Suppose first that p is odd and let

() = iy (“"”‘f‘“)

Po(x) =1y (ém _2%%) =1y (é(z ; %) )% <_£2a )

Referring to the observations in paragraph 9 we see that we must show that

-1 =1 —la? —la?
€f1/¢(1)21/)¢< 52(1 ) y¢(£)¢¢< éo‘ )

€T =vy(=1) T vy (0)
if vy is the quadratic character of ¢*. Let ¢ be the number of elements in ¢. If g is
an even power of p the right side is 1 and if ¢ is an odd power of p the right side is,
by the law of quadratic reciprocity, w(p) if w is the quadratic character of the field
with ¢ elements. Thus in all cases the right side is w(q). If f is odd then ¢/ is a
quadratic residue of ¢ if and only if ¢ is. Since

¢ —1=0 (mod ¢),
q is a quadratic residue and both sides of the equation are 1. If f is odd the left

so that

or

side is (71)[%. Since f is the order of ¢ modulo ¢, this is w(q).
Now suppose that p = 2. If

V(—2%) = thg(az)

then, by the remarks in the proof of Lemma 9.7, we have to show that
o

1 —1
€7 pyla) T =1
if £=1 (mod 4) and that
-1 041

€7 ppla) > =1
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if £=3 (mod 4). We also saw in paragraph 9 that
2
{eo(@)}” = v(a?)

was +1 or —1 according as ¢ is or is not an even power of p. By the second
supplement to the law of quadratic reciprocity

-1

po(@) 2 = w(q)
if£=1 (mod 4) and

241
po(@)* =w(q)
if £=3 (mod 4). We have just seen that
€T = wl(g).

The lemma is proved.



CHAPTER 14

The fourth main lemma

In the previous paragraph we said that we would eventually have to show that

(14.1) A(XE/FsVE/F) H A, Yp, r)
neT
is equal to
(14.2) Alxr, vr) [[ AW X pCr, F)-
pneT

However we verified that the two expressions are equal only when K/F is tamely
ramified. In this paragraph we shall show that they are equal if Theorem 2.1 is
valid for all pairs K'/F’ in P(K/F) for which [K': F'| < [K : F].

Lemma 14.1. Suppose K/F' is wildly ramified and Theorem 2.1 is valid for all
pairs K'/F' in P(K/F) for which [K' : F'| < [K : F]. If xr is any quasi-character
of CF the expressions (14.1)) and (14.2)) are equal.

If a and b are two non-zero complex numbers and m is a positive integer we
again write a ~, b if, for some non-negative integer r, ¢ is an m”th root of unity.

Define the non-zero complex number p by demanding that
A(xe/r,YE/F) H A, Yp, r)
neT

be equal to

PA(XF, VF) H AW XE, )7V, F)-

neT

We have to show that p = 1. Lemma 14.1 will be an easy consequence of the
following four lemmas.

Lemma 14.2. If m(xr) is 0 or 1 then p =1 and in all cases p ~qp, 1.
Lemma 14.3. If [G : G1] is a power of 2 then p ~, 1.

Lemma 14.4. If the induction assumption is valid, if F C F' C L, if F'/F is
normal, and if [F' : F| = £ is a prime then p ~g 1.

Lemma 14.5. Suppose H = H1H; where Hy is a cyclic normal subgroup of H,
[Hy : 1] is a power of a prime {, and [Hy : 1] is prime to £. If the induction
assumption is valid p ~p 1.

Grant these four lemmas for a moment and observe that if m and n are relatively
prime then p ~,, 1 and p ~, 1 imply that p = 1. If ¢ is a prime which divides
[G : Gy] there is a field F’ containing F and contained in L so that F’/F is normal
and [F' : F] = £. Thus Lemma 14.1 follows from Lemma 14.4 unless [G : Gy] is a

129
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prime power. Lemma 14.1 follows from Lemmas 14.2 and 14.4 unless [G : Gy is
a power of 2 or p. Suppose [G : G| is a power of 2 or p. Then p ~(g.q,] 1 except
perhaps when [G : Go] = 1. If £ is a prime which does not divide [G : Go] but does
divide [Gp : G1] let Hy be the ¢-Sylow subgroup of Go/G1. Hs is a normal subgroup
of G/G1 which we may identify with H and H/Hs has order prime to Hy. Thus,
by a well-known theorem of Schur [7], H = H; Hy where H; N Hy = {1} and H;
has order prime to Hs. It follows from Lemma 14.5 that p = 1 unless [G : Go] =1
or [G: G4] is a power of 2 or p. If [G : Gog] = 1 and ¢ is a prime dividing [Gy : G1],
there is a field F’ with F C F’ C L such that F’/F is normal and [F’ : F] = £.
Thus if [G : Go] = 1 it follows from Lemma 14.4 that p = 1 unless [G : G1] is a
power of 2. However if [G : G1] is a power of 2 there certainly is an F” in L with
[F' : F] = 2. It follows from Lemmas 14.3 and 14.4 that p = 1 in this case unless
p=2. If [G: G] is a power of p then Gy = G and G/G is abelian. By assumption
the abelian p-group G/G1 acts on the p-group C' = G; faithfully and irreducibly.
This is impossible.

We prove Lemma 14.2 first. Let ¢ > 1 be such that C = G; while Gy1 = {1}.
Let 6; be the homomorphism of G; into P, /‘B%r1 and 0y the homomorphism of
Go/G1 into UY /U} introduced in Serre’s book. If o € Gy and v € G then

0:(oyo ') = (06(0) — 1)0:(7).

1

If o is not in G4 then (o) is not 1 and v — oyo 1y~ is a one-to-one map of C

onto itself. Thus, if o € Gy,
ployo™) = p(v)
implies p = 1 or 0 € Gy. Consequently if p # 1, G, NGy = Gy, and L/F), is
unramified. Since p = iy JF
m(p') =m(p) =t+ L.
Observe also that ¢ must be relatively prime to [Gg : G1]. In particular if ¢ is even,
[Go : G4] is odd.
The relations

o/ =[Go:Gi] =1

dx/p = [Go:Gi] =1
and

Ox/r =0k +[G1:1]0rp = 6x/p + [Go : G1]dg/F
obtained from Proposition 4 of Chapter IV of Serre’s book, imply that

Spyr = ([G1:1] = 1) ([GotGl] + 1).

n(Yr,r) = [Go : Giln + [Go : G1] — 1

If n =n(yr) then

and

W =n(pp) =[Gy 1n+ ([G1:1] - 1) (M N 1>.
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Choose a generator wy of Px and a generator wg of Pr. Then set wy =
Nk/rwrk and wp = Ng/pwg. There is a unit § in K such that

14+n t
wF o 5wK

1+n’ t
wWg wr,

Taking the norm from K to L of both sides we see that if ¢ = [G; : 1] and
k= [GO Gl} then
th(q—l)
EE) = Ni/10.
wWr
Let m = m(xr). If m — 1 is equal to m then [Gy : G] divides t and
[Go : Gy] is 1. Suppose that
t
m < ———— + 1.
[GO : G1]

Then
t
< —_ 1.
m(Xr,/r) @ZJFM/F([GO : G1]> +
However ¢p, /r = ¢r/F, ©¥r/r = ¥r/F so that
Y, r(u) = [Go : Gilu
if w > 0. Thus m(XF /p) <t+1and m(y XrF,/r) =t + 1. Moreover, by Lemmas

13.1 and 6.4, m’ = m(XE/F) m. Choose a generator wr, of Pr,. Then

. [Fpu:F]
NF /F(WF ) =wp "

where 7, is a unit. The order of w1+”w%u in F, is 1 +t+n(¢p, /r). Observing

that
Z[FMZF]:CI_l
w

we see that
Al(XE/Fﬂ»[}E/F’wg n ) H Al(/llle’Fu/F,w?"Wh)
pneT
is equal to

[Txr() {Al(XFWF,wF } 121/ xp, /0,005, 5 o5 "k,
m

It is now clear that p =1 if m = 0.

If
m = ¢ +1
[Go: Gi] Gﬂ

so that in particular m > 2, then

m' =m(xg/r) = [G1:1m — ([G1:1] = 1) ([GotGﬂ * 1>

is also greater than or equal to 2 and

m' +n' =[Gy : 1](m+n).
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Since m’ > 2 and K/FE is tamely ramified

m(xk/r) = Vk/E (m(XE/F) - 1) +1=9Yg/p(m—1)+1.

Since

m(xr,/r) < Yp,/p(m—1)+1
and

t
Z/}FM/F(m_ 1) +1 > wF”/F<k‘) +1=t+1

we have

m(p'xr, /r) < Yr, (m—1) + 1.
However

XK/F = (/J/XF“/F)K/FH
so that
YK/F, (wF“/F(m - 1)) +1=vYg/p(m—1)+1=m(xx/r)
is at most
Yr/F (m(M/XF“/F) - 1) + L
Thus
m(u' xp,/F) = ¥E, p(m—1) + 1.

Consequently

m(p' xp,/r) + n(Vr, ) = [Go : Gi](m +n).
Since the range of each p’ lies in the group of gth roots of unity

Av(xg/p YEp, @) H A Y, p @t @)
m

is equal to
A1 (xr Yr, wpt™) H AW xF, P VE, p @)
o
with o ~, p.
The next step in the proof of the lemma is to establish a simple identity. As
usual let 7 be the integral part of ‘! and let r + s =t + 1. Choose (1) so that

By
T B
Wrp WE,

for  in B3, . There is a unit o, in L such that auw%“ = w}. Then
B
for = in P35 . We take B(u) = o, B(1'). If o € G a possible choice for S(u”) is
o T
B —%-
wr

Let ¢ = Op/Br = Or/Pr and let ¥4 be the additive character of ¢ defined by

Yo() = ¥p <wﬁ>
a
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There is a unique « in ¢ such that

Yg(ax) = thy(x?).

1+n
Wr
w1 =8 —— .
e ( C:115+n )
I want to show that

q
(143) [T = - IR
in ¢

Finally let

Let A= OL/‘BL = OK/‘BK. If

ot
w=Sk/L —£
/<w2>

then w; = dw in A. We need the following lemma.

Lemma 14.6. Suppose K'/F’ is an abelian extension and G' = &(K'/F’). Suppose
there is a t > 1 such that G' = G} and G}, = {1}. Let wg+ be a generator of P,
let wpr = Ngoypi(wir), and let

t
w
— K’
w—SK//F/< 7 )
W pr

Also let ¢ = [K' : F']. There are numbers a, ..., f in Op: such that for all  in Op
NK//F/<1+CCW§(/)

is congruent to
1+ (29 + az?P 4 - 4 faP + wr)why

modulo ?Il.

Suppose F/ C L’ C K’ and the lemma is true for K//L’ and L'/F’. The lemma
for K'/F’ follows from the relations

[K': F'|=[K':L|L: F']
and
NK//F’(l +$W§</) = NL’/F’ (NK’/L’(l —&—xw%))

whe | _ wh, whe,
SK//F/ t :SL//F/ £ SK//L/ n .
Wp W Wi,

The lemma for extensions of prime order is proved in Serre’s book.
Suppose then

Ng/L(l+awy) =1+ (27 + -+ + we)wy,  (mod P
for x in Op. Since

ajolaz) = o (aS1/6(0)) = v (Syy6lo)) )

which in turn equals

and

Vo (Sa/7?) = ¥r/(29)
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we conclude that
Urjo(y(@? + - +wz)) = wk/(b((ayl/q +-F wy)x).

Also
(ayl/QJr'“ery)q :quy+~~+wqu
is a polynomial Q(y) in y.
For each v in S(K/L), we choose (1(v) so that

B1(v)z
Yr/F (f@?’"wi =v(l+z)
for x in B3 . Since kP =k in A

Uaje(kBLW) (@7 + -+ wz)) = Prsg (51(1/) [(kz)?+ -+ wkzx])

if z is in Op. The left side is also equal to

oo ML)

t
Wp WL

Thus Q(kﬁl(u)) = 0. Since B1(v1) = Ba2(v2) (mod PBr) implies 11 = vy we have
found all the roots of Q(y) = 0. Thus

ol
== H kB (v) = H B1(v) (mod Pr).
v#1 v#£1
Let M,, be a set of representatives for the cosets of G, in G. Then
H Np,pB) = H H Bu')”
neT pneT oM,

is congruent to
—1

[To: 3 T IT o220

v#1 neT ceM,,
modulo PBy,. To verify the identity (14.3) we have to show that

t
H H O‘ZZth H’Yu =47 (mod Pk).
“w

n ocEM,
Since
B wzt 7t[FM:F]
w=14 11 oo (CF
oeM, ®
the congruence reduces to
t(q—1)
w
L — 59
e 07 (mod Pg)
k
W

which is valid because the left side is Ng /0 and
Ng/pd =67 (mod Pg).
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If m =1 then m(xg,/r) < 1 and we can take S(1'xr, /r) = B(1'). Then
Ao (', Yr, /P, W%r+nw%}‘,)
is equal to
xr (N (BG2)) ) Dot X 10, s 55,
Lemma 9.4 implies that
Az g, wynw%ﬂ) = As(W'xF, /P ¥E, P, W}ujnw%ﬂ)
If = belongs to O then
| =i | = Yslna)
E/F w};”, p(W1T).
If x4 is the character of ¢* determined by xr then

Av(xr, Y, ™) = A[=7(Xg, Vo))
and
A (Xe/r e @y ™) = Xo(w)A {*T(Xiv %)}-
The right side of this expression is equal to
Xo(wia™ ) A[=T(xs,15)]-
The identity now shows that p =1 when m = 1.
Suppose that

t
l<m< ———+1.
m [G01G1]

Let 8 be a given choice of 8(xr). Then
B(xp/r) = Ppyp(B, @ ™, @i ™) (mod Bf)
if m' =2d' 4 €. On the other hand
Yrp(m—1) +1+n(rp) =[Go: Gi](m —1) + 1+ [G : Go]n + [Go : G1] — 1
which equals [Gy : G1](m + n) and Lemmas 8.3, 8.4, and 8.7 imply that

P p(B, @™ @™ =8 (mod BT

if
Yrp(m—1)+1=2d; + ;.
It
VYiyp(m—1)+1=2d] + €
then ,
Piess(B0cesw) g ™ w5 ) = Blxw/r)  (mod PE).
Thus )
Bxm/r) = Piyp(B.g ™, p ™) (mod P).
Let
v=t4+1- (1/)L/F(mfl)+1> =t—[Go: Gi](m —1).
If -
Y= WL_l

m
Wp
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and .,
m +n v
’Y/ _ E e
- 14+n __¢
Wp wWg,
then

* ’ 4 _ % ’ ’ d
PK/F<57WE o vW?+n) = PK/L(B’ @ o ’w?Jrn) (mod PBy)

is congruent to
* 1 —
W/PK/L(%B»w;nthWKUvWF @ ")

modulo &Bf(l.
It is clear that

Ao(XE/FsVE/FS w}?'*"') ~p XF (NE/F (5(XE/F)>)

and that
AQ(/,L,,’(/)F“/F,W?Jrlw%M) ~p 1.

If we choose .

’ / wE,
B xF,/F) = BW)+ B— "
Wp
then
t
/ n+l__t -1 / wFu
Ao(W'XF, /P YF, P @ @g,) ~p Xp | NEyr| BW) + ﬁwm_l
3
Moreover
AQ(XF7 wFa w?+n) ~p X;‘l (B)
Let o,
As(xp/pp/F, @ " )H Do (i 5, s W?HW%,L)
"
equal

Ao (xr, r, @S [ AW xEy 50 UF, s @ ol ) 2 T e (i)
p p

Since
xrF(u) ~p 1
if u € U, all we need do to show that 7 ~,, 1 is prove that

)

@
6HNF“/F (5(//) + Bt
o F

w

is congruent to
Ng/r (5(XE/F)) H Yu
o

modulo Bpg.
As before we choose 3(u) = o, B(p'). If v = pu? a possible choice for f(v) is
o o th
oy, B(1') ot
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We can also choose

t t
Bluxr/r) = B(i') + ﬁwwL_l =, (6(#’) + B:,fﬁl ) -

m
F F

Then a possible choice for S(u7xr,/r) is

+ g
WF w! w! w
O(U / 4 © L :aa o L 4 L .
/t{/B(/’l’ ) ﬁ ?_1 } Zt Mﬁ(:u ) zt 6 ;_‘n—l

We apply Lemma 8.10 with F' replaced by L,

_ 1+n__t
0 =wg "wp

N (5()(};;/1&“))
Y

w

and €; = w}. It implies that

is congruent to

t
V8 H H Oéz (ﬂ(//) + B nle
WE

peT JEM“,

) =

ot
wr,
modulo Br. The last expression is equal to

t
wE, » @
B | I NFu/F (5(Nl)+5 w%) | I I I O‘ungt

pneT peT oeM,

and we have to show that

t
YNk, (Y') H’Yu H H afLZth
m

pneT ceM,

is congruent to 1 modulo P. First of all,

(g—1)t
3

! ’
N m/4n'—q(l4n) _—qt+v _ 1 WF
Ng/p (V) = wp wy, = T
(g—1)
wy,
Since )
=14 11 ap | el
n ot F ’
wy,

the required relation follows.
Define 7 by setting

nAs(XE Ve p g ") H A3(M/a1/1F“/F7w}r+nthu)
peT

equal to

As(xp, ¥p,@p™™) H As('XF, /7 VF, @ T, )-
pneT



138 14. THE FOURTH MAIN LEMMA

We now know that 7 ~, p. We shall show that  ~,, 1. This will prove not only the
assertion of Lemma 14.2 but also that of Lemma 14.3, provided of course that
t
S GGl
Lemmas 9.2 and 9.3 imply directly that n ~, 1 if p is 2.
Suppose p is odd. Lemma 9.4 implies that

AB(M/7¢FM/F7W;+7LWF ) ~p AS(N/XFM/Fv¢F“/F,W}r+nw§ru)~

Since m’ = m all we need do is show that
/+n/

m —

As(xp/rVE/r@h ) ~p As(xr, Yr, wh ™)

when m is odd. Let ¢ = Op /Br = Op/PE. Let B’ = B(xg/r) and let § = B(xF).
If 7711(; is the character of ¢ defined by

() = br (mﬂ)
Wg

and 1/1:5 is the character of ¢ defined by

1/1;;(33) =Vp/F (%)

and if 17 () = 17, (0x) then, by Lemmas 9.2 and 9.3, all we have to do is show that

0 is a square in ¢. If
7Dn-‘,—l
w1 =9 L/
1 E/F (w’r};7 +1

then 6 = wlﬂ—l in ¢. To show that ¢ is a square we show that ¢ is a square.

B
N /
57 = Np/pa = ﬁl_qE/Z(ﬁ)W%

We saw that

NE/F H%L HNF /F(

in ¢. But
-
f——"5 =0 (mod Pr)
w

F
because t > [Gy : G1](m — 1). We also saw that
-1

aq
1;[% 1;[ Np,rB(') p = =7

in ¢. Since 177 is clearly a square, we need only check that a is a square. The
character

T — Py(x? — ax)
is identically 1, so that the kernel of the map

z— 29— ax
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is non-trivial. Thus o = 97! for some z in ¢.

Now suppose that
t
m—1>———.
[GO : Gl]
We have to show that the complex number o defined at the beginning of the proof
satisfies o ~g, 1. To prove Lemma 14.3 we will have to show that o ~, 1 if [G : G4]
is a power of 2.

Given 8 = B(xr) we may choose B(xr,r) = B(xF,/r) = B. Moreover
B(xe/r) = Ppyp(Bowp ™™ wp ™) (mod BE)
if m" =m(xg/r) = 2d' + ¢. By Lemmas 8.3, 8.4, and 8.7

m+n m—+n

Pg,p(B,wp ", wp™™) = Py (5(XE/F),W?+n,w?+"> = B(xe/r)

modulo &B% if

Thus P
ﬂ(XE/F) = P;(/L(ﬂvw%n+naw;n+n) (mod Py).
If
wpu/p(m— 1)+1 = QdM—‘rEM
and

Yr,/F <a(u’+)f> =p'(1+z)

m
W

dy+ep

for z in iBFH , we may take

6(/‘/XFM/F) =B+ a(u).
If
wL/F(m — 1) + 1= 2d1 + €1

p(l+z) =vr/r (W)

m
Wp

then

for x in 513%1“1. If v = 7 then

V(14 2) = dpp (a(*;l?>
Wg

for x in &]3(21'“1. Lemma 8.2 implies that

Ng/r (5(XE/F)) = Nk/r (ﬂ(XE/F))

BIT II B+ aw)?)

pneET oeM,
modulo Br. The last expression is equal to

B1I Ve, /r(B+ ).

peT

is congruent to
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Moreover
AQ (XF? d)Fa w;‘n—i_n) ~p X]_«"l(ﬂ)
Do (5, 7y w}jnw%ﬂ) ~p 1

Ao(XE/Fs ?/JE/F,W?ML) ~p X7 (NE/F (5(XE/F) >

No(W X, psVE,  p @) ~p Xp' (NF“/F B+ 04(#’)))-
Define 7 by demanding that

As(xg/r Yer, @) H As(p Y, p @ @)
m

be equal to

TA3(XF7¢F7W?+71) HA3(:U‘/a XFH/FvwFu/Fvw}n+n)'
I

Since xp(u) ~p 1ifu € UL, the preceding discussion shows that o ~p 7. Lemmas
9.2 and 9.3 show that 7 ~3, 1. Lemma 14.2 is now completely proved. To prove
Lemma 14.3 we have to show that 7 ~, 1 if [G : G1] is a power of 2. We may
suppose that p is odd.
There are a number of possibilities.
(i.a) tis even and m is odd. [Gp : G1] must be odd and hence 1, for we are now
assuming that [G : G1] is a power of 2. Since

m(XF”/F) = [Go : Gl](m — 1) + 1
and
([G1:1]=1)t

+1,
[Go . Gﬂ

m(xg/r) = [G1:1](m —1) —

both m(xr,,r) and m(xg,/r) are odd.

(ib) tis even and m is even. Again [Gp : G1] is 1. This time both m(xr, /r)
and m(xg/r) are even.

(ii.a) tis odd and m is odd. Then m(xp, r) is odd. If

[Gl : 1] —1
[Go . Gl]
is even, m(xg/r) is odd. Otherwise it is even.

(ii.b) ¢ is odd and m is even. If [G : G1] is odd, that is 1, then m(xp, /r) is
odd and m(xg/r) is even. If [Gy : G1] is even, then m(xp, /) is odd and
m(xg/r) is even or odd according as

[Gl : 1] —1
[G(] . Gl]
is even or odd.
If t is odd then clearly

HAg(/J,/,’(/JFH/F,w};v+n’W%H) ~p 1.
"
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We are going to show that this is also true if ¢ is even. Then L/F, and hence F,/F,
is unramified. Let ¢, = O, /Br,. If

B(p)x
w};r”

Vg, () = ¢F,L/F<

and if ¢y, is a nowhere vanishing function on ¢, satisfying

©6, (T +Y) = 04, (T)e, (¥)e, (Ty)

then

A3 (/l/7 ¢F,L/F7 w}‘+nw%“) ~p A I:_O—(SO¢;L)] .

If a belongs to ¢7, let vy, (o) equal +1 or —1 according as « is or is not a square
in (b“. If ¢ = OF/&BF then

v, (a) = vy (N%/d)(a)).

x
Vg(x) = r (7%1;“")
then, according to paragraph 9,
[Fu:F]
A3(l/7 ¢FH/F7 w}«jnwh) ~p Vg (NFH/F (B(M’))) {A[—C’(%ﬁ)] }
if ¢4 is any nowhere vanishing function on ¢ satisfying

0o (r +y) = @4 ()00 (2)1hs (1Y)
Thus if a is the number of p in T

H As(p' s p,  r w}s+nw%“)
m

If

is equal to
01 | T] Ne s (8G0)) | Aot

where  ~, 1 and ¢ =[G : 1].
We saw in paragraph 9 that

2
Afo(0e)?] ~p vs(-DA[lola)|*] = va(-1).
Since t is even Gg = G1 and G/G1 = G/Gy is abelian. If 0 € G
{pneS(K/L) | p=u"}
is a subgroup of S(K/L) invariant under G. It is necessarily either S(K/L) or {1}.

If o is not in G, it is not S(K/L). Thus G, the isotropy group of p, is G; for all
pin T and F,, = L. Moreover

HNFM/F(ﬁ(/i/)):H H Bu)7.

1 o€G/Gy

We may regard C = (7 as a vector space over the field with p elements. If
o € G/Gy and the order of o divides p — 1, then all the eigenvalues of the linear
transformation ¢ — oco~?! lie in the prime field. Since the linear transformation
also has order dividing p — 1, it is diagonalizable. Since G/G; is abelian and acts
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irreducibly on C', the linear transformation is a multiple of the identity. In particular
if 09 is the unique element of order 2 then ogcoy L= ¢ 1 for all ¢. As a consequence
po = p~t and

B =-p() (mod Pyr)
if we choose, as we may since F),/F is unramified, Wg, = WF. If D is the group
{1,00} and M is a set of representatives for the cosets of D in G/G; then

II II Bw)” =y

HET 0€G /Gy
if
v=11I II 8w’
pneET ceM
Clearly

q—1
17 =(=1)"7 7" (mod PBp).

If x is the non-trivial character of D and

v:G/Gy— D
is the transfer then

77 =x(v(0))"y
for all o in G/Gy. vy(y?) = 1 if and only if x (v(c )a is 1 for all 0. If o is a generator
of G/Gq then

(G:Gql
v(o)=0 2 =0y

so that v,(y?) = (—1)®. Putting all these facts together we see that
H Ag(/[/, ’(/JFM/F, w}ﬁ"w}“) ~p 1.
o

Observe that if we had taken wp, to be J,@r then NF“/Fﬁ(u’) would have to be
multiplied by
{NF“,/F(S,U«}t
which is a square modulo P because t is even. Thus the result is valid for all
choices of wp, .
Eventually we will have to discuss the various possibilities separately. There are

however a number of comments we should make first. If m is odd and m(xz, /r) is
odd then

As(W'xp, pE,  p @) ~p v, (B4 (i) Al—o(pg,)]

F
Observe that, because m is odd, we may take the number § in Lemma 9.3 to be

m—1

wp? . Of course pg, is any function on ¢, which vanishes nowhere and satisfies

2o, (T +Y) = 05, (2)ps, (y) Vs, (1y).
Applying Lemma 9.1 we see that

T
w% (r) = q/’F,L/F (W) .
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if k= [Go : Gﬂ, if
Vo(@) = (72;)

and if ¢4 bears the usual relation to 14. We use, of course, the relation
k’Sab,L/(ﬁ(l") = SF“/F(CC)’
Observe also that
vou (8 -+ (1)) = vo (Noy o (8 +alis) )
If m is odd
AZ?»(XF? ¢F7 w?‘%’”) ~p _I/d)(ﬁ)A |:O'(Q0¢):| .
If both m and m’ = m(xg,r) are odd and if ' = B(xg/r) then
Aa(x/ps Uy ) ~p —va(8)A o))
if ‘P;s bears the usual relation to the character
x

n (g—1)t
Wp Wg

Vy(x) = Ye/F

There is a unit € in Ok such that wg = ew},. If o € C then
wg = e”ilwgg_l)q =1 (mod Px)
because t > 1. Thus the multiplicative congruence
@l = Ng/jpwp = wp  (mod” Pg)

is satisfied and

1 it
_ @r
G-Dr = _itw (mod” ).
wg " E

If
1+n
w
wi= S( 1F+n’>
WE
’ o w1

ve(B8') = ve(B')! = V(N rf')

as before, then

Since

we have
As(xp/r, Ve @i ) ~p —Ve(Neye B ve(wi)Alo(vs)].
Define 7 by demanding that
A3(XE/F,?/1E/F,W?+H)
be equal to

77A3(XF5 wFaw?+n) H A3(M/XF#/F5 wFM/F7 ng”ﬂ)
I

143
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We have to show that  ~, 1. If both ¢t and m are even this is clear. If ¢ is even
and m is odd, we are to show that

vo(NprB )vo(wi) ~p (=1 (—1) 5 vy (k) T 1s(8) [ ves (Nm/zﬁ (8+ 04(//)))

if a is the number of elements in 7. Since ¢t is even k is 1. As before
5HN¢M/¢ Bta()) =] TI (B+a()?)
1 oeG/Gy

is congruent to Ng,r8" modulo Px. All we need do is show that

q

;1
vg(wi) = (=1)%vg(=1)"7".
Since t is even each v, is a square in ¢. Applying the identity (14.3) we see that

q

vg(wi) = vg(wi) = vs(a H F.rB

We have seen that « is a square in ¢ so that V¢(a) = 1. We also saw that

q—1

Ve HNFH/Fﬁ(N/) = (=1)"(=1)"2

when ¢ is even. The required relation follows.
We suppose henceforth that ¢ is odd. The discussion will be fairly complicated.
Suppose first that m is also odd. Then

[Go : Gl](m— 1) 7575

and ;
m—-1>-—
[Go : Gl]
so that
B+a()=p (modPr)
and

T 25/ Xk, 00 Y e @™~ (1) (qu;l)% (5%)40(%)] a

o
Thus if % is odd we have to show that
(14.4) (=1 uy (k)rg(—1) 57 5~y 1
and if % is even we have to show that

g—1
(14.5) vp(wi) ~p (—1)%vp(—1)7F .

Now suppose m is even. If [Gg : G1] is 1 there is nothing to prove. If k = [Gy :

(1] is even then

4
[Go : Gl]

m—1>

and

B+a(p)=p (modPyr).
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If
k(m—1)
, @, x
Vs, (@) =Y, r | B—0
Wg

and go;b“ is a function on ¢, which vanishes nowhere and satisfies

Pu, (& +y) = ¢l ()el, (WP, (xy)

then
As(W'xp, p VE, py @ ") ~p A[—J(SD;)H)].
If
eump Tl = w?ﬁm_l)

then €, is a unit and

Vg, (¥) = Vg, /¢ (kBe,x)

o(w) = Pp <wf”+>
P

By Lemma 9.1, A[fa(g%u)] is equal to

if, as before,

[Fu:F]

- (k‘ [Fuk:F] ) Vg (ﬁ [F;;C:F] ) y¢(N¢“/¢6M)A[U(§0¢)} 13

If % is even we have to show that

a—1
(14.6) (=) | [ No,/o€u |vo(—1) 7 ~p 1

m

If -1 is odd then m’ = m(xp/r) is odd. If
m’'—1
w x
V() = bg/F (B/E;n-i-n>
Wp
and ¢ bears the usual relation to ¢§ then

As(Xp/p Ve @p ) ~p A[_U(%’g)]

Now v(8) = vs(8')? and
(8" = Ng/pp'
which in turn is congruent to

BII 11 (B+aw)?) =5

peT ceM,
modulo P . Let
awpt" = qu(m+")

and, as before,
w}f”
wr =8 —
1 E/F 1+n/
)

Al=0(&)] ~p valen)vole)vo(B)A[-o(ps)].

then
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We saw that
wh =wp  (mod* Pg)
so that
€1 = 1 (I'IlOd gﬁpE)
Thus we have to show that

(14.7) vo(wi) ~p (=1 g (kv (~1) T ~2uy [ T No,ssen
”w

The four identities (14.4), (14.5)), (14.6), and (14.7) look rather innocuous.
However to prove them is not an entirely trivial matter. We first consider the case
that G/Gy is abelian. If oy € G/G is of order 2, the argument used before shows
that oocoal = c ! for all cin C. Since the representation of G/G; on C is faithful,
G/G1 has only one element of order 2 and is therefore cyclic. In this case Fj, = L

q

for all 4 and a = [G;G}l] We may choose wp, = wp. If

NL/FwL _ ’waEIGO]

1T ="
m

If [Go : G1] = 1 we may choose @y, = wp so that v = 1. The argument used
before shows that

then v, =+' and

vo| [T II 807 ) = (D)= .

neT ceG /Gy
The identity (14.3]) shows that
vo(wn) = (=1)"w(=1) ' .
The identity (14.5) which is the only one of concern here becomes
vo(—1)'T = (1)

which is clear because k = [Go : G1] = 1.

Now take [G : Go] = 1. We may choose wr = Nk /pwgk so that wp = N pwy,
and v is again 1. It is perhaps worth pointing out these special choices are not
inconsistent with any choices yet made in this paragraph. This is necessary because

the arguments appearing in the functions Ay must be the same as those appearing
in the functions As. We previously defined

14n
wF wL

§=2FE XL
w};" wt,
and showed that
wt(qfl)
NK/L5 - t(g—1)
Wp

Observe that

ok
o= I = =TIt =1 (mod )
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because
{90(0) | (oS G/Gl}
is just the set of kth roots of unity in ¢ and k is a power of 2. It is not 1 because
[Go : Gl] = [G : Gl] > 1.
Since
09 = N6 (mod Px)

we have
qg—1

vp(0) = ve(=1)"7 .

B1(v)z
S ) =v(l 4
QZJL/F (TD};LHWE ( )
for x in B3 and v in S(K/L) then, as we saw when proving the identity (14.3)),

If as before

wi =671 H B1(v) (mod PBr).
v#1
Thus »
vo(w1) = ve(=1)F [ vs(B1(»)).
v#1
We can choose % elements v; in S(K/L) so that every non-trivial element of
S(K/L) is of the form v/, 0 < j < p. Then

11 vs(510)) =vs ﬁ [Tisw) | =ve(-1)5=
v#1 =11

because

When m is even

vg(€en) =g (7:2) =vy(—1).
Since a = q;kl the identities (14.4]), (14.5)), (14.6) and (14.7)) become
(14.4) ve(k)vg(—1) 7% T3 =1
(14.5') ve(—1)i T = y(—1)%F
(14.6') vy(—1)7F =1
(14.7) vo(=1)"F (=13 = s (k)vg(—1) T Fhuy(-1)

If p=1 (mod 4), the identities (14.5') and (14.6') are clearly valid. Moreover for

(14.5") and (14.6") the number q;kl is even. Since k is a positive power of 2, ¢ is an

even power of p if p=3 (mod 4). If ¢ = p?/ then
—1
;Ji:l+p+~~+p2f71£0 (mod 4)
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and the left side of is 1. If L1 is even and are now clear. If
it is odd, 4 divides k because 8 divides ¢ — 1. But { fo(c) | o € Go/G1 } is the set
of kth roots of unity in Or/Br, = ¢ so —1 is a square in ¢, v4(—1) = 1, and the
relations are valid in this case too. The relations (14.4) and (14.7]) are obvious if
the degree of ¢ over the prime field ¢q is even. Since ¢* contains the kth roots of
unity and k is a power of 2, the degree can be odd only if k divides p — 1. Since
q—1 qg—1 p—1
E p—1  k

and % is now odd %1 must also be odd and by quadratic reciprocity

p—1

Vol0) = oy 1) = Vo (1t (2 ) = i (- i (1)

p—1
=1 — .
P (mod 3 )

If p=1 (mod 4) the two relations are now clear. If p = 3 (mod 4) and ¢q = p/
—1
p—1

must be odd. It is therefore congruent to 1 modulo 4. (14.4’)) becomes

pe1
V¢o(_1)y¢0(_1)pk =1

because

and becomes
V¢0(_1) = Voo (_1)'
There is no question that both these relations are valid.
We have still to treat the case that G/G; is abelian while neither [G : G| nor
[Go : G1] is 1. Then

NeeB) = [ BW) (mod P, )

ce€G/Go
is a square in ¢ and the identity (14.3]) implies that

ve(wi) = ve(7*)
Cr/Nr/rCr is cyclic of order [G : G1]. It has a generator which contains an element
of the form yywp. Moreover the coset of

(mwp)FINg !t = GGl -1

is a generator of U /Upr N Np,;pCp. The order of this group is a power of 2 and p
is odd so every element of Ur N Ny, pCy is a square. Consequently y cannot be a
square and vy (y) = —1. If m is even and F” is the fixed field of Gy then

m—1
-1
@} Niypwr\™ 1o
g (2] = (N I =
wWF wWF

0€Go/G1

B NL/F/wL m—1
wF

m—1

which is congruent to
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modulo Pr. Since [F': F] is even

m—1
Np/ror —
N¢u/¢€ﬂ = NF,/Feu - < [G:Go] =7 '

Wp
and
Vs(Ng, o) = vo(7) = —1.
Because
q—1
a =
[G : Gl]

is integral, q;kl is even, and we need only worry about the identities (14.5) and
(14.6). They both reduce to
ve(—1)7% = 1.
To prove this we show that % is even if vy (—1) = —1. Since
k= [UF :Up ﬁNL/FCL]

and this index must divide the order of ¢* the number v4(—1) is —1 only if £ = 2.
Of course p will be congruent to 3 modulo 4. Since 4 divides g¢ — 1, ¢ is an even
power of p and ¢ =1 (mod 8). Thus

qg—1 q—1
2k 4
is even.
Now suppose that G/G; is not abelian. Let o — z(0) be a given isomorphism
of Go/Gy with Z/kZ and let x — o(x) be its inverse. Let 7 — A(7) be that

homomorphism of G/Gy into the units of Z/kZ which satisfies
(o) = X1)z(0).

There is precisely one element of order 2 in Go/G1, namely a(g), and it lies in the

center of G/G1. Since G/Gy is cyclic, G/G1 is non-abelian only if k£ > 2. Choose a
fixed oy in G which generates G/Gy and set

to = A(oo)
and
vo = ().
We shall sometimes regard C' as a vector space over the field with p elements. If o
belongs to G/G1 let (o) be the linear transformation

¢ — oco L.

The dual space will be identified with S(K/L) and 7* will be the representation
contragredient to .
The relation

Ng,/rB() = H Bu)?
0€G/G,.Go
together with the identity (14.3]) implies that

ve(w) =ve [ []
13



150 14. THE FOURTH MAIN LEMMA

Moreover if m is even and F}, is the fixed field of G, Go,

k m—1 m—1
wFu NF“/F"LWF“ 1o
= kLA I =
WE wF "

c€Go/G1
which is congruent to

m—1
NeyrwF,
wF

(m—1)t
NFH/F‘;WFH,
wFr

m—1

modulo *Br,. Since

{Ng, soeu}' = NF;/F{

which equals
(—1)t[¢*“¢]'yL”_1
and t is odd,
vo(Ng,/9€u) = Vo(—1)P Wiy (y,).
These relations will be used frequently and without comment.
I want to discuss the case [G : Go] = 2 and pg = —1 (mod 4) first. Since
(—m0)® = pg = A(0g) =1 (mod k)

we must have
—po =1 (mod k)

or, if k > 4,
k
—Ho =g +1 (mod k).
Then
o =—1 (mod k)
or
k
Ho = 5 —1 (mod k).
Since

o —1=2 (mod 4)
the centralizer of o¢ in Go/G; consists of the identity and U(g). Thus x(c?) is 0

[SIE

or 2.
Suppose fig = —1 (mod k) and x(03) = £. If o belongs to Go/G; then

2
2 %) is the only element of order 2 in G/G.

If o belongs to G/G; then ¢ has a non-trivial fixed point in S(K/L) if and only if
m(o) has 1 as an eigenvalue. If o # 1 there is an integer n such that o™ has order 2.
Then 7(o™) also has 1 as an eigenvalue. Thus if any non-trivial element of G/G;
has a non-trivial fixed point there is an element 7 of order 2 such that 7(7) has 1 as
an eigenvalue. The usual argument shows that

)

00000_1 =01 and (0¢0)? = 2. Thus O'(
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so that, in the case under consideration, only the identity has fixed points. Then
q—1
ERE
In particular % is even. We choose WF, = WL and let

’YWE:GO] = NL/FWL.

Only identities (14.5) and (14.6) are to be considered. (14.5) reduces to
ve(1)" = (=1)"vs(~1) =

and (|14.6) reduces to

(1) (=) F Py () s (1) T = 1.
Since [G : Gy] is even they are equivalent. Suppose ¢ has r elements. If x € A =
Or /9B then z7° = 2" for some f. If o belongs to Go/G1 then

—1

T‘fﬂ
90(0)“07'f = 90(000061)Tf = (wLUO > =6y(0).

wr
Thus ;
uy =1 (mod k)
and
r=-1 (mod 4)
so that v4(—1) = —1. Since, in the present case,
_a-t
2%k
the identities become
ve(7)" = 1.

The map

TL/F - WL/F — Cp
determines a map of G/G; onto Cr /Ny, ,rCr. The image of ¢ contains an element
of the form ~;wr where 7 is a unit. The image of 03 is 1 because the commutator
subgroup contains

{U((uo - 1)x)} ={o(@)|2z=0 (mod2)}
and in particular contains o3. Since [G : Gg] = 2 the number v, 2 lies in Up N
Np/pCr. The index of the commutator subgroup of G/G1 in G/G\ is 4 so
[UF : UF ﬁNL/FCL] = 2.
Consequently v, 2 and v are both squares and ve(y) = 1.
Now suppose pp = —1 (mod k) and x(02) = 0. Every element of the form g0,

o € Go/G1, has order 2. If w(ogo) = —I then ogo lies in the center of G/G; which
is impossible. Thus 7(ogo) has 1 as an eigenvalue. If 7 € Go/G; then

T ogor = ogor?

so there are two conjugacy classes in the set 0oGp/G1. One has o( as representative
and the other has 01 = ogo(1).
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Let V be a non-trivial subspace of S(K/L) invariant and irreducible under
the action of Go/G1. Suppose first that V is also invariant under 7*(og) so that
V = S(K/L). Choose vg # 0 so that 7*(o¢)vo = vg. Let A’ be the field obtained by
adjoining the kth roots of unity to the prime field. Certainly A’ C X and, since

00(c)°° = Oy(0y toop),
A is not contained in ¢. Let ¢ = ¢ N N. We may regard {1,00} as &N\ /¢').
The map ¢ which sends o in Go/G; to (90_1(0), 1) and oog to (90_1(0),00 is an
isomorphism of G/G; with the semi-direct product of the kth roots of unity in N
and &(\'/¢’). There is a unique map, again denoted by ¢, of V onto A’ such that
©(vg) = 1 while

(" (1)v) = p(7)p(v)
for 7 in G/G;. Of course the kth roots of unity act on A’ by left multiplication. The

Galois group acts by ogar = a0 " Putting the actions together we get an action of
the semi-direct product. To study the action of G/G;1 on V we study the equivalent
action of the semi-direct product in \'.

It is best to consider a more general situation. Suppose ¢’ is a finite field with p’
elements, A’ is an extension of ¢’ with p’ elements and T is the semi-direct product
of the group of kth roots of unity, where k divides p’ — 1, and &(\'/¢’). T acts on
X as before. Let £ =nf. If 0 < j; <n, j = (j1,n), and p is the automorphism
z — 2P’ of A /¢’ then the number of elements of X fixed by a member of T" of the
form (a, p?¢) where « is a kth root of unity is the same as the number of elements
fixed by some other member of the form (3, p~7). Indeed if

b]—_1 =-1 (mod n>
J J

and b is prime to the order of («, pt) we can take
(6a P_j> = (aa pjl)b'
Let 6 be a generator of the multiplicative group of \’'. The equation
/Bempj —gm

can be solved for § if and only if o’ =1 has order dividing k, that is, if and only
if p* — 1 divides km(p’f — 1) or, if

if and only if u divides m(p?f —1). Let u(j) be the greatest common divisor of u
and p// — 1. u divides m(p’/ — 1) if and only if 65y divides m. The number of such
m with 0 <m < pf —1is

49 o 1) = u(iyh

Once m and j are chosen « is determined. The number of non-zero x in X' which

are fixed by some (3, p~7) where j divides n but by no (3, p~*) where i properly
divides j is

ilj
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if pu(+) is the Mobius function. The number of orbits formed by such z is
1 J ) .
— wl = Ju(i)k
> (2)ut
so that the total number of orbits of I in the multiplicative group of X is
ni) o
a=) > =5 u@

which equals

The product is over primes.

Lemma 14.7. If 221 is odd then

(=) g (kyrg (-1) 77 73 = 1.
The identity of the lemma is equivalent to
(—1)" g (g (~1)*F = 1
because
v (k) = v (=1)vg (u).

By the law of quadratic reciprocity, the left side of the identity is equal to

(=1)* (p u)
if (p/|u) is Jacobi’s symbol. If u = 1 there is only one orbit so

(-1t =1.
Of course (p/|1) = 1 so the identity is clear in this case.

We prove it in general by induction on the number of prime factors of u. Let g
be a prime factor of u and let v = 7fv with v prime to m. Let v(j) be the analogue

of u(j). Then u(j) = ﬂg(j)v(j). Let b be the analogue of a. Then
V:a—bzz H (1—7T)Z_(7TO()—1).

Observe that my and all v(i) are odd. To prove the lemma by induction we must
show that

(14.8) (—1)" (' |n) = 1.
Let
n=2%n
with ny odd. There are two possibilities to be considered.
(i)
1o =1 (mod 2¢Th).
Since the order of p/ modulo 7y divides n, the quotient of 9 — 1 by this
order is even and p/ is a quadratic residue of my. Also if i divides n
7r§ @) _ 1

1
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is divisible, in the 2-adic field, by 4 if 2 divides % and is always divisible
by 2. Thus v is even and (14.8)) is valid.

mo =1+ 2°w
with ¢ < y and w odd. Let i # n; divide n; and consider

(14.9) 3 <1 _ i) 0(22;;) (2D _qy,
i=0

n

274
If 2(2¥5) = 0 the sum is zero. If 2(2¥) # 0, let z be the smallest integer
for which z(2%i) # 0. If j < z then x(274) = 0. If j > 2

20—%_1
p2jif 1= (p2zif _ 1) Z p2zcif
d=0

The residue of the sum modulo g is 2/7%. Thus
x(294) = x(2%)
if j > z and (14.9) is equal to

1 1 ’U(le) = ’U(2]’L) x(2Y4)
- H<1—W) > +Z s (M 1),

| i=
We write
~1
v(290) 3= v(294)
2y +Z 27+1
Jj=z
as

27
If k£ is replaced by pzv—*l the number of elements of A* fixed by some (a, p_jS)
but by no (o, p=2 ) is
Pt -1
—

{U(jS) - v(2j_1i)}

The collection of such elements is invariant under the group obtained by replacing
4 .

k by % and ¢’ by the field with p*/ elements. The isotropy group of each such

point has a generator of the form (a, pfzji) and, therefore, has order - and index

275
%. Thus Qj(pTL]_D divides

{v(2ji) —U(2j_1i)}]$

so that 27 divides ‘ ‘
v(277) — v(27719).
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Since =t is divisible by at least one prime, the expression (14.9) is congruent, in the
2-adic field, to

{m0-yges

|
modulo 4. Since z < ¢ and the product is not empty this is congruent, in the 2-adic
field again, to 0 modulo 2. Thus v is even or odd according as

S (1—i) W(w?“”—l)

3=0 \ w|2v—J
is or is not divisible by 2 in the 2-adic field. Consequently

Y

>4 11 (17lr> %wg@j’“bn (mod 2).

Jj=0 \ w|2v—J

v

Of course 2(2Yn;) = x # 0. Let z again be the smallest integer for x(2*n;) # 0.
Then z < ¢ and ‘
z(2'n1) = x(2°nq)

if 7 > z. The sum above is equal to

v(27n1) L 0(2ny) — v(2971ny) "
— Tt Z 57 (mg —1).
Jj=z+1

As before, this is congruent modulo 2 to
v(2%ny), ,
T(Wo —1).

If z < c this is even and the order of p modulo my divides -1 so that (p|m) = 1.

If 2 = ¢ then

=1 1 (2 e i
5 —;izl (z>(2 w)' =z (mod 2)

so that v = x (mod 2). However the order of p/ modulo m is divisible by 2% so
that it does not divide ™=! and

2
(#'|m§) = (=1)".
The relation is now easily verified.
We return to the original problem. Since )\ is a quadratic extension of ¢’ and X
is not contained in ¢ the degree of ¢ over ¢ is odd. Since V and X\ have the same

number of elements ¢ = pt. If % is odd, the relation (14.4)) follows immediately
from the equality

a a=1,1 a 1
(=D v (k)rg(=1) 7 *2 = (1) vy (k)ry (-1) 7 T2
and the preceding lemma.
The number of p in T with isotropy group of order 2 is u(1) and the number of

u with trivial isotropy group is % For points of the second type [¢,, : ¢] =2
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and for points of the first type [¢, : ¢] = 1. Since, as we verified earlier,

vo(wi) =vs | [T
“w

and

[¢u ¢]

Vo(Ng,/¢€u) = Vo (=1) ()

the identity (14.7) reduces to
u(1) =1 (mod 2)

which is true because u(1) divides u = # which, when (14.7)) is under considera-
tion, is odd by assumption.
The identity (14.5) may be formulated as

—1

vo| [T | = ) we(-1)=
m
and (14.6) as
Vg HVU U¢(—1)Zu[¢u¢] — (_1)ay¢(_1)qu
m

For these two identities 'I;kl is even. Again

D [6p ¢l =u(1) (mod 2).
But

and
2a = u(1) +u(2)
so u(1) is even. It will be enough to verify (14.5)).

We may choose T so that if p is in T then its isotropy group is trivial or
contains one of og or g;. If gq lies in the isotropy group of p and v in the orbit of p
corresponds to 8™ in X\ then,

a29mp =M
for some kth root of unity a.. This is possible if and only if p* — 1 divides kTm(pf -1

or 2u divides m(p’ — 1). This is the same as requiring that f(“{) divide m(f(fl;l)

The number u is even. We have already observed that if r is the number of elements
in ¢ so that z7° = x" for x in ¢ then

uor =1 (mod k)

and in particular
wor =1 (mod 4).

Since [¢ : ¢'] is odd and pg = —1 (mod 4) the highest power of 2 dividing p/ — 1 is

2. Thus % and puf(—z)l are relatively prime so that % divides m(f{l;l) if and only

#

such m with 0 < m < p* — 1. The corresponding

orbits. Thus there are @ elements in T" whose isotropy

if % divides m. There are
u(1)

characters v fall into =~
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group contains oy and @ whose isotropy group contains o;. Let Ly be the fixed
field of o¢ and L; the fixed field of o;. Let wr, and wy, generate P, and Pz,
respectively and let

Nro/F@L, = YoWF
Ny, /FroL, = 1wF
Nprwp = yop.
We have to show that

w(®)  u) oy 2)—u(l) q—1
o0 ) = )
First we prove a lemma, special cases of which we have already seen.

Lemma 14.8. Suppose L/F is normal but non-abelian and [L : F| is a power of 2.
Suppose H = &(L/F) and the first ramification group Hy is {1} but [H : Ho] > 1
and [Hy : H1] > 1. Let wy, generate the prime ideal of Oy, let wr generate the
prime ideal of O, and let

NL/FwL _ ’YWE?:HO}-
Then v is a square in Up.

The hypotheses imply that the residue field has odd characteristic. Let A be
the fixed field of Hy and L’ be the fixed field of the commutator subgroup of H.
Then A C L' and if

wr = Np/jpwL
then
NL’/FWL’ = ’yw[FI?:F].
Of course [A : F| = [H : Hy]. Since H is nilpotent but not abelian L’ cannot be a
cyclic extension. If 7 is not a square in Ur then v~1 generates Ur /Ur N NppCr.
Since
WL—A:F] = ’}/71 (mod NLI/FCL/).
wr would then generate Cr /N pCL,, which is impossible.

Returning to the problem at hand, we observe that the quotient of G/G; by
the squares in Go/G1 is a group of order 4 in which every square is 1. The fixed
field F” of this group is the composite of all quadratic extensions of F. Fy = F' N Ly
and Fy; = F' N L are the two different ramified quadratic extensions of F'. Define

WFy, = NLO/FowLo

and

wr, = Np,/r oL, -
Then

Npy/F@FR, = Y0@F
and

Np, jp@r = N@F.
‘We need to show that

Yo
ve(vom) = Vas(%) =-1
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If not, % is a square and thus in Np, ,pCr,. Then ygwr belongs to
NFO/FCFO ONFl/FCFl = NF'/FCF’~

This is impossible because F’ contains an unramified extension.
We observed before that since

o = A(op) =—1 (mod 4)
the number v4(—1) is —1. The identity (14.5]) reduces to

()% = (1) (-1
Since ) @)
‘= Ty
and 1
u(2) = 45—

this relation is clearly valid.

We continue to suppose that g = —1 (mod k) and that o2 = 1, but now we
suppose that V' is not invariant under 7*(op). Since 7*(0o)V NV and 7*(co)V +V
are both invariant under G/Gq, the first is 0 and the second is S(K/L) so that
S(K/L) is the direct sum V @ 7*(09)V. Let V have p’ elements so that ¢ = p?. If
A is again the field generated over the prime field by the kth roots of unity A’ has
p’ elements. If ¢’ = X' N ¢ has p’ elements then p’ = p?f so that p’ =1 (mod 8).
Also k divides p® — 1 so that

g—1 [p'—-1
= ( ; )(pEH)
is even.

If o € Gy/G1 the non-zero fixed points of ggo are the elements of the form

v® 7 (opo)v

with v # 0. There are (p® — 1)k of them altogether and they fall into p® — 1 orbits.
The remaining

P =1)— @ -k

elements fall into )

Sl =1 - 0 — Dk

orbits. Thus . o
-1 -1
_p=lp
2 2k
Since, for the same reasons as before, v4(—1) = —1 the identity (14.5) becomes

2

(14.10) vol [T | ===
“w
while (14.6) becomes

p =1

v | [T |ve(-1) 109 = (—1)"=
I
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Since

Z[(b#:gb]zpé—lz() (mod 2)
only (|14.5)) need be proved. (|14.4) and (14.7) are not to be considered because %

is even.
We proceed as before. The points in 7" can be chosen so that their isotropy groups

(4
. .. . 1 . . ..
are either trivial or contain g or 1. 25— will have isotropy groups containing o

and # will have isotropy groups containing 1. The argument used above shows
that the left side of (|14.10) is equal to

(=1

pl-1
2

as desired.
Now suppose k£ > 8 and

k
o = ANog) = 5" 1 (mod k).

We are of course still supposing that [G : Gg] = 2. If o belongs to Go/G; then

_ k_
gon0 L= og0 2 2
and
(000)? = o20™/2,
Thus

z((0g0)?) = x(0d) + ﬁJt:(a).
2

Since z(03) is 0 or £, we can make the sum on the right 0. Replacing oo by oo if
necessary, we suppose that o3 = 1. Then (0¢0)? = 1 if and only if
k
59&(0) =0 (mod k)
which is so if and only if ogo is conjugate to o.

Take V in S(K/L) as before. If V is invariant under 7*(0g) and A with p*
elements and ¢’ with p/ elements have the same meaning as before, then

k

for some integer w so that
k k
q1p2f1k~4k+2wk<21> +(wk)2

and
qg—1

: —1 (mod 2)

is odd. Thus the identities ((14.5)) and ([14.6)) are not to be considered. The identities

(14.4) and (14.7)) follow from Lemma 14.7 exactly as above.
Suppose then S(K/L) is the direct sum V @ 7*(0¢)V. If V has p’ elements

then ¢ = p?* and

NN

g—1 p'—1
T:T(Pe‘f'l)

is even because k divides p* — 1. The non-zero elements of S(K/L) which are fixed
points of some ogo with o a square in Gy/G; are the elements

v® 7 (o)
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with v # 0. There are (p* — 1)% such elements and they fall into Z’ZT_I orbits. The
remaining

k

P =1 =0 =15

non-zero elements have trivial isotropy group and fall into

21/%{(19” -1 - - 1)5}

p2£ -1 pl -1
2k 4
Since, as before, v4(—1) = —1 the identity (14.5) becomes

orbits. Thus

ol
(14.11) vo | [Ton ] = (-0
o
while (14.6)) becomes
. pf=1
Vg H'y (_1)Z[¢m~¢]_(_1) 1
"
Again
p-1
D op:dl="5— =0 (mod2)

so that it is enough to prove ([14.11]). The identities (14.4) and (|14.7]) need not be

considered.
If M and ¢ are defined as before and ¢’ has p’ elements, then X has p* = p?/
elements so that
p'=1 (mod 8)
pi-1

and #— is even. We may suppose that each p in T' either has trivial isotropy
group or is fixed by o¢. Lemma 14.8 shows that those p with trivial isotropy group
contribute nothing to the left side of (14.11]). If Lg is the fixed field of o¢ and

Nro/F@L, = YoWF
the left side of K is

pzfl

vs(70)
which is 1. The truth of the identity is now clear.
We return to the general case so that [G : Gg] may be greater than 2 and g
may be congruent to 1 modulo 4. Of course [G : G| is still even. Let

>\O =\ (0'0é [G:GD]>

1G:G
Xo = g

so that

If [G: Go] > 2 then

XA =1 (mod 4).
If [G : Gp] = 2 then \g = po. Since the case that [G : Go] = 2 and po = —1 (mod 4)
is completely settled we may suppose that A\g = 1 (mod 4). Set

E(elte
To = (702[ O].
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Any element of G/G; which does not lie in Gy/G1 and whose square is 1 is of
the form o(z)7g. If

U([JG:GO] = o(yo)

then )
(o(z)70)” = o ((Ao + 1)2)715 = o (yo + (No + 1z).
Since G/(G1 is not cyclic yo is even. Since
A+1=2 (mod4)
there are exactly two solutions of the equation
Yo+ Ao+ 1z=0 (mod k).

Let z¢ be one of them. Then x¢ + % is the other. We may suppose that k& does not
divide zg. Set

po = o(x0)To.
We observed before that if o # 1 belongs to G/G; and 7* (o) has a non-zero fixed

point then some power of o is of order 2 and has a non-zero fixed point. Since a(g)

has no non-zero fixed point this power must be py or a(%)po. Since a(%) lies in

the center of G/G1, o must lie in the centralizer of py.

The group
1o(F k
O 9 ) Po, 0 2 o

is of order 4 and every element in it is of order 2, so it cannot be contained in the
center of G/G1. However it is a normal subgroup and its centralizer H* has index 2
in G/G1. G/G; may be identified with H. Every element o of H such that 7*(o)
has a non-zero fixed point lies in H*. S(K/L) is the direct sum of V and W where

V={v|a"(po)v=0}
W:{wyﬂ*(po)w:—w}.

If o in H does not belong to H* then 7*(0)V = W and n* (o)W = V. The number
of non-zero orbits of H in V' U W is the same as the number a’ of non-zero orbits of
H* in V. If V has p’ elements so that ¢ = p** the number of non-zero orbits of H
nVeW-—-(VUW)is

//_(pe_l)Q_pe_l pe_l
[G : Gl] k [G : Go] '

The action of H* on V must be irreducible although it is not faithful. However the
action of H* N Hy = H{ is faithful.

Let F’ be the fixed field of H* in L or, what is the same, of H*C in K. Let
C' C C be the orthogonal complement of V and let H' be the subgroup of H which
acts trivially on V. H'C! is a normal subgroup of H*C and its fixed field K’ is
normal over F'. If H' = H*/H! and C' = C/C"' then G’ = &(K'/F') = H'C'.
Moreover H' N C" = {1} and H' # {1} because O’(%) does not lie in H'. Since the

action of H' on (' is faithful and irreducible, C’ is contained in every non-trivial
normal subgroup of G'. To complete the proof of the four identities (14.4]), (14.5),

(14.6), and (14.7), we use induction on [K : F].
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Let k' be the order of H|, and let ¢/ = Op: /Bp/. If K/F is replaced by K'/F’
the identity (14.4) becomes
’ € _
(14.4") (=) My (K Yvg (—1) 57 3 = 1.
T is to be replaced by T”, a set of representatives for the non-zero orbits of H' or
H* in V, which may be identified with the character group of C’. We may suppose

that T” is a subset of T. Because H{) # {1} the identity (14.5) for the field K'/F’
may be written as

£y

(14.5") v | T 7 | = (D)% v (—1) 5
netT’

Of course
t[Fyu:F]

NF,L/F/(W%‘“) = 'V;/pr/ M
Recall that t is odd. By Proposition IV.3 of Serre’s book, ¢ has the same significance
for K'/F" as it had for K/F. The identity (14.6) may be written as

pf-1

(146”) (—1)allj¢/ H ’yL I/¢/(—I)ZMET’[¢“:¢/]V¢/(—1)W =1.
netT’

and (14.7) as

(14.77) (—1) g (K Yy (—1) 27~ g (— 1) Ser 606 — 1

Assuming (14.4")), (14.5"), (14.6"), and (14.7"]) we are going to prove (14.4)), (14.5)),
[Z6), and (14.7).

Since HY is isomorphic to Hy either k' = k or k' = £. Suppose first that 4 is
odd. Then k' = g, for if not

_ l_
%: (p 2 1)“’@“)

would be even. Thus Hy = Go/G is not contained in H* and F’/F is ramified so
that ¢’ = ¢. Since
g—1 (p"=1\0"+1)
ko K’ 2

the number p@k71 is odd. To prove ([14.4)) we have to show that

(1) v(2wg(—1)° =1

soP-l P i fper
2k E ok 2 '

Since Go/G1 is not contained in H*, 19 does not commute with Go/G; and the
map A of G/Gy into the units of Z/kZ is faithful. Thus

Mo Z1 (mod k).

But
A =1 (mod4)
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so that k > 8. In general if k& > 4, the group of units of Z/kZ is the product of
{1,—1} and
{ala=1 (mod4)}.
If
a=1+2"%
with z odd and 4 < 2° < k then
a? =1+ 20y
with y odd. One shows easily by induction that the order of a is 27k so that
{a]a=1 (mod4)}

is cyclic of order %. This implies in the particular case under consideration that

[G : Gyo] divides &. Write
J' = pé -1 pf —1
k' 2[G : GQ] '

2[G : Go] = k‘/.
We consider various cases separately. As before g = A(0g). If ¢ has p’ elements
then

a’ is odd if and only if

pop’ =1 (mod 8).
(i)
o =1 (mod 8).
Then
v5(2) = vg(—1) = 1
and the order of pg in the units of Z/kZ which is equal to [G : Go] divides
- k. Thus a” is even. The identity (T4.4) follows.
ii
o =3 (mod 8).
Then
v5(2) = vo(—1) = —1.
Since pg =3 (mod 8) the numbers 1o and Ay are different. Thus g is a
square and hence congruent to 1 modulo 8. Then k£ > 8 and

p’=1 (mod 8).
Then .
_p+1 1_
0= 1 5 = (mod 2).

Since pg # Ao, the index [G : Gy] is not 2. Thus the order of g is at least
4 and is therefore the order of —pg. Since —pg =5 (mod 8) its order is g

and .
[G : G()] = Z

Consequently a” is odd. Again (14.4]) is satisfied.
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(iii)
o =5 (mod 8).
Then v4(2) = —1 while v4(—1) = 1. The order of o which equals [G : G|
is again % so that a” is odd and is satisfied.
(iv)
o =7 (mod 8).
Then v4(2) = 1 while v4(—1) = —1. Again k > 8 and
=0 (mod 2).

The order of pg is again at least 4 and therefore equal to the order of —pyg
and that divides £. Thus [G : Go] divides £ and a” is even. (T4.4) follows

once more.

Since ¢’ = ¢ all we need to prove (14.7)) once (14.4]) and (14.7”) are granted is

show that
Z [6p:¢] =0 (mod 2).
peT-T"
This is clear because, for these u, F), = L and ¢, = O, /B is of even degree over
o.

Finally we have to assume that q;kl is even and prove (14.5) and (|14.6)). First

a lemma.

Lemma 14.9. If % is even,

)\(cré [G:G°]> =1 (mod 4),

and G/Gy acts faithfully on Go/G1, then
(—1)we(-1) ' =1.

Since the action is faithful, Go/G1 is not contained in H* and k' = g As before
Ao =1 (mod 4) and A\g Z 1 (mod k) together imply that k£ > 8 and &’ > 4. Since
k' divides p® — 1,

p'+1
p)

and is odd. Since

p'=1 (mod 4)
pl

g-1 (p'—1\[p'+1
ko k! 2
the number k71 is even.

If o belongs to H* and o acts trivially on H{ then

Ao)=1 (mod g)

AMo?)=1 (mod k)
and o2 belongs to Hy. Thus o belongs to poHy U Hy. Since py belongs to H' the
image of o in H' lies in H{. Thus G'/G}, acts faithfully on G{,/G. If o belongs to

so that
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H' then o acts trivially on H{ because the representation of Hy on V is faithful.
Thus H'! is contained in poHy U Hy and is therefore just {pog,1}. Thus

1
GGyl =[H: H)|=[H*: HH'] = 5[G : Go.
Suppose that
pzfl
(14.12) (—1)wg (—1) 57 = 1.
Since ¢/ = ¢ and, because k' > 4 divides p* — 1,
q—1 pr—1\[(p'+1\ _ (p—1
2k _< 2% >< > )= ) (med?)

all we need do to establish the lemma is to show that
a’"=0 (mod 2).

As before [G : Go] divides £. If

k
1 =n[G : Gy

2
a//:l(pé_l)2 =n pe_l
k [G: Gy k'
is certainly even because 2k’ divides p’ — 1.

If [G : Go] > 4 let
Ny = A <cro [G:G°]>.

then

If
b=1 (mod 4)

we may suppose that (14.12) is true by induction. If [G : Gy] = 4 and
b =3 (mod 4)

or if [G : Gp] = 2 we must establish it directly.
Suppose first that [G : Go] = 2. If ¢ has p/ elements then
M=p=p’ =1 (mod 4)
so that v4(—1) = 1. It is clear that in this case

f_1
o =2 .

k/
a' is thus even and is valid.
Now suppose [G : Gg] = 4 so that [G' : Gj] = 2. If o, generates G’ modulo G|,
then Aj is the image of of, in the group of units of Z/k'Z. We have already studied
the case that Aj =3 (mod 4) intensively. Let

x:0 — x(o’)
be the map of G{,/G} onto Z/K'Z. If \j = —1 (mod k') and z((0))?) = ’% we
showed, incidentally, that (14.12) is valid. If A\j = —1 (mod k'), z((c()?) = 0, and
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the action of H) on S(K’/L') is reducible, we saw that p’ is a square p?*" and that

the left side of (14.12) is

pelfl
(1) =

But the field with pé/ elements must contains the k’'th roots of unity and &' =

(mod 4). Thus

P —1=0 (mod 4)
and (14.12) is again valid. If k¥’ > 8,
k/
Ay = 5 1 (mod &)
and the action of Hj, on S(K'/L') is reducible, the left side of (14.12) is
o
(-1
This time
p’ —1=0 (mod 8).

To complete the proof of the lemma we show that in the case under consideration
the action of H{y and S(K'/L’) or, what is the same, the action of H} on V is
reducible. If not the field generated over the prime field by the k’th roots of unity
has p’ elements. Thus

p’=1 (mod 4).
However as we have observed repeatedly, the number of elements in ¢ is congruent
to 3 modulo 4. Thus ¢ is even. Let £ = 2¢'. Either pel —1lor pg/ + 1 is congruent to
2 modulo 4. If p* +1 =2 (mod 4) then &’ divides p’ — 1 because

‘ o
P — 1 P — 1 ’
o ( o )(pf +1)
is even. Since k' cannot divide pé/ — 1 we have

p’' =3 (mod 4)

and ¢ is odd. Indeed it is 1 but that does not matter. Since k divides p* — 1, the
kth roots of unity are contained in the field with p* elements. Adjoining them to
¢ = O /Br we obtain a quadratic extension because 4 does not divide £. Therefore
if o belongs to Gy /G,

00(c) = 00()70 " = fo(c)>D)
so that
Mod)=1 (mod k).
This contradicts the assumption that G/Gg acts faithfully on Go/Gj.

Returning to the proof of ((14.5)), we suppose first that Hy is not contained in
H* so that the action of G/G( on Go/G1 is faithful. Because of Lemma 14.9 the

identity (14.5) is equivalent to

V¢ HNFM/F’}/M =1.
perT

If 1o belongs to T but not to 7", then F,, = L and, by Lemma 14.8,
vo(Np,/pp) = 1.
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If i belongs to T” then G, is contained in H*C' so that F), contains F’. Moreover
we do not change F), if we replace K/F by K'/F'. Let wp/ generate ‘P and take
wp = Npiypwpr. If E' is the fixed-field of H* we may suppose that

wpr = NE'/F/WE’
and that

wWE = NE’/EwE"
Then

wr = Ng/FrwE

as required. Let
: , t[Fy:F’)
NF,L/F’WFH =@ k'
Then
TYu = NF’/F’Y,;-
Since F'/F' is ramified v, is a square in Up and is proved. To prove (|14.6)
we have to show that

V¢(_1)Z#€T[¢u:¢] — %,(_1)2“@/[%#] =1.

But p@k71 is even and this follows from the simultaneous validity of (14.5"]) and

[257).

We have yet to treat the case that % is even and Hj is contained in H*. Then

F'/F is unramified and k' = k. Suppose first of all that pr_1 is also even. Then

g—1 (p"=1)\[p'+1
2k k 2
is even. Hj is contained in H* and H is generated by o9 and Hy. Consequently o

is not contained in H* and
1 k
0opPo0y =0 2 P0-

(mod k)

Since pg = o(zg)70,

(o — Dzo =

o |

if Ho = )\(0’0). If
yo = a(og )
and m is the greatest common divisor of y9 and k then by the definition of xzy the

greatest common divisor of wg and k is 7. Therefore % is the greatest common

divisor of ug — 1 and k. In particular m < k. The order of oy in H is
k
*[G : Go}
m
Therefore [G : G| divides 5 [G : Go] and H* contains a cyclic subgroup of order

k
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If o is the element of order 2 in this subgroup, then o belongs to Hy and 7* (o) does
not have 1 as an eigenvalue. Thus no non-zero element of V' is fixed by any element
of this cyclic subgroup and

pl—1=0 (mod k[G:Gg}).
2m

In particular [G : G| divides p* — 1 and

"o__ pffl péfl
“T\ Tk (G G

is even. As before v4(v,) = 1 if u belongs to T and F,, = L. If F,, # L then
belongs to 7" and G, lies in H*C' so that F), contains F”. In the present situation
F’/F is unramified and we may take wp = wp. If

t[Fy:F’)
o 3
Np,/p@F, =Y.%F

then -
Np,/pwg, = (Npyey,)we ©
The identity reduces to
vo | TI Nevyrry | = (-1
pneT’
or

’

vor | TL 7 | = (-0

peT’
Since ¢’ is a quadratic extension of ¢, the number vy (—1) is 1 and this relation is

equivalent to (14.5”)). To prove (14.6) we have to show that

y¢(—1)ZuET[¢u:¢] —1.

This is clear because 2 divides each of the degrees [¢,, : ¢].
Finally we have to suppose that Lk_l is odd. Since [¢' : ¢] = 2 the relation

(14.4") amounts to
(—1)%* =1.
Again

(14.13) v TL o | = v | TL 7%

peT pneT’

If 41 belongs to 77 and o # 1 belongs to G, then some power of o will equal py.
Since

k

4 /
p—1_ [FH:F]
2
peT’
is odd and
[F/NF/}
k
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is a power of 2, there is at least one p in T” for which [F), : F'] = k. Then G, must
contain an element of the form o(zg)o3. Then

20 7o

1
L1G:Go) 51G:Go] -1
Po = U(xo)To = (U(ZO)US) ! =0 027_1
Ho
Thus
31G:Go)
0 ! 20 =29 (mod k).
ug—1
Let 1
G+ Gol = 2t
Since
pd =1 (mod 4)

and, as before, the greatest common divisor of zo and k is 7 if the greatest common
divisor of yo and k is m, we infer that

11G:Go] b gitl b
we -1 I -1 j
M T - T
Ho j=1 Ko j=1
is multiplicatively congruent to
[G : Go]
4
modulo 2 and that the greatest common divisor of zg and k is
2m
[G : Go] '

In particular @ divides m. zg is odd if and only if

1
m = §[G : G(]].

If po =1 (mod 4) the order of g in the group of units of Z/kZ is m because, as
4

we observed when treating the case that p—k_l is even, the greatest common divisor

of pp — 1 and k is % However

Mé[G:Go] = )\(7—0) =1 (mod k)

and in this case m divides 3[G : Go]. Thus
1

if uo =1 (mod 4).

We shall define a sequence of fields F®), L0 K 1 < i< n. nis an integer
to be specified. We will have F() C L(®) € K and K /F® and L") /F® will be
Galois. Let G = (K /F®) and C® = &(L® /F®). There will be a subgroup
H® of G such that H® # {1}, HO nC® = {1}, and G = HOCW. CO will
be a non-trivial abelian normal subgroup of G* which is contained in every other
non-trivial normal subgroup. H™ will be abelian but H® will be non-abelian if
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i < n. Moreover k() = [H{" : 1] will be at least 4 for all i and k() will equal 2k(+1)
if i < n. If x is an isomorphism of H(()Z) with Z/k(WZ and o belongs to H® let
z(oro™) = XD (0)z (7).

Then A% (o) will be congruent to 1 modulo 8 if i < n. If ¢V is the number of
elements in C¥) then

¢ -1
k()
will be odd.
F’" and K’ have already been defined. L’ is just the fixed field of C’.
qg-1 pt—1
Kk

is odd. If ¢’ in H' is the image of ¢ in H*C then
N(o')=A(o) (mod k).
Since o is a square modulo Hy
N(@)y=1 (mod k).

If F, L0 and K® have been defined and H is not abelian we can define
FU+D [+ G+ by the process we used to pass from F, L, K to F', L', K.
We have seen that if '

g —1
JA0)

is odd then ‘
q(z+1) -1

k(i+1)
is also odd and that
k®) = 2k (+1),

We have also seen that k() > 8 if H® is not abelian. If H® is abelian we take
n =1.

When we pass from the ith stage to the (i 4+ 1)th we break up T | the analogue
of T, into T and a complementary set U"). We may think of 7" as lying in T
If a(()l) generates H) modulo H(()z) then

Ny =1 (mod 8).

We saw that this implies that U() has an even number of elements. If ;1 belongs to
U@ then F, is equal to L. Thus we may suppose that

v | II ) =1

neu@
Moreover L) /F®) is non-abelian and therefore L) /F(® is not totally ramified.
Thus  is not in U if [F, : F'] = k.
Since L™ /F(") is abelian the isotropy group in H™ of any p in T is trivial
so that F, = L™ for such p. Since

R nli (n) . v
Zi[Fﬂk';F] =y B F k'F] (mod 2).

peT! peT
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There are an odd number of elements in 7 and
L™ : F'] = k.
Choose z so that o(z0)o? lies in &(L/L™). Tt then fixes each p in T™).
Since L™ /F’ must be totally ramified there is a § in Ur such that
NL(n)/FwL(n) = 6@%
The right side of (T4.13) is equal to v(5). L™ is contained in L. Choose wy in
Wi r so that 77, p(wo) = wrp. We may suppose that oo has been chosen to be

o(wo). Let Lo be the fixed field of Hy. Choose ug in Wy, /1, so that o(uo) = o(20)
and so that 77/, (uo) is a unit. Clearly 2o is even if and only if 77,1, (uo) or

Nio/r (TL/LO (U0)> = 71/r(u0)
is a square. Since o(zp)od lies in &(L/L™),
upwy
lies in WL/LW. We may take

W) = T Lm (uowd).
Then
Ny p(@pm) = 1 (uows) = 7o) p@y
and § = 71,/p(uo) is a square if and only if zq is even.
Since (—1)“I+1 = 1 the relation amounts to

(W (- = (1),
(14.6) is equivalent to (14.5) because each [¢, : ¢] = 2[¢,, : ¢] is even. Recall that

"_ pe_l pl—l pz_l
“ _< k )([G:GO]> GGy (med?)

g—1 pt—1\(p'+1 pl+1
o7 :( 7 )( 5 )E 5 (mod 2).

o =1 (mod 4)
then v4(—1) = 1 and, as we observed earlier, zp is odd. We have to show that
a’ is even. We showed before that H* has to contain a cyclic subgroup of order
£[G : Go] and that 5 [G : Go] has to divide p® — 1. But £ is the greatest common
divisor of pg — 1 and k. Since 4 divides po — 1 and k, it divides % and 2[G : Gy
divides p¢ — 1. Thus a” is even.
If

and that

If

o =3 (mod 4)
then v4(—1) = —1. Moreover k > 2 so that p =1 (mod 4) and
q—1_p'+1
2k T2
We have to show that a” is odd if
m= %[G N

=1 (mod 2).
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and even otherwise. But yp = 3 (mod 4) so that £ = 2 and m = 4. Thus
[G : Go] = 2m if and only if [G : Go] = k. If [G : Gy] = k then

‘1
CLNEp

(mod 2)

is odd. Otherwise 2[G : Gy] divides k and a” is even.

Lemma 14.3 is now completely proved, so we turn to Lemma 14.4. In the
proof of both Lemma 14.4 and 14.5, we will combine the induction assumption with
Lemma 15.1 which is stated and proved in paragraph 15, the following paragraph.
Suppose FF C F/ C L and F'/F is cyclic of prime degree ¢. Let &(K/F') be H'C
where H' C H and let E’ be the fixed field of H’. Then E’/F is cyclic of prime
order £. If S(F'/F) is the set of characters of Cr/Np//pCrs then

S(E'/B) = { v ] vr € S(F'/F) }.
From Lemma 15.1 we see that for any quasi-character yg,
Ind(Wk /g, Wk/B's XE/E) = @ VE/FXE/F-
vr€S(F'/F)
Therefore
Id(Wg/p, Wk/B/s XE/E) = @Ind(WK/Fv Wk /g VE/FXE/F)
123

which is equivalent to

P1 | P wdWi/r, Wi/r,, 1'vE, rXE, 7)) | S veXE

VR pneT
If T' is a set of representatives for the non-trivial orbits of H' in S(K/L) then
Ind(Wg/p, Wk /g, XEJF) = 0

is equivalent to

@ Ind(Wi/r Wie/ry W XFy R) | © XFryp-
perT’

Moreover
Ind(Wg)p, Wk pr,0) ~Ind(Wg)p, Wk /5, XE'/E)-
Applying the induction assumption to L/F we see that

[TAawr xrvr) oS T T AWve, pxE e bE, p)NE/F,r)

vep peT

is equal to

(14.14) {A(XF//F,1/JF//F)/\(F'/F,1Z)F)} H AW X /e p)NE,/FF)
nerT’

The application is legitimate because the fields I, F),, and F}, all lie between [
and L. By Lemma 4.5

ME,/F¢r) = XNF,/F',p p)\(F'/F, D) FE]
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Also

ANF'[F,r) HA(F’/F,yJF)[FL:F'] — A(F'/F,pp) B,
peT

Since the fields F’ and Fj, lie between I’ and K we can apply the induction
assumption to K/F’ to see that (14.14) is equal to the product of

A(E'/Fy o) P
and
A(Xgp, Ve r)ME | F Y p).
Applying the induction assumption to K/E we see that
A(XE /P VB F)

is equal to

H A(Wg/rxe/r VE/F) ¢ NE /B bpr) "
vreS(F ) F)

We conclude that the quotient
(14.15) H{ A(wrxr, ¥F) [l er AW VE, /FXF, /P VF, /F) }

A(Ve/rXE/F VE/F)

VF

is independent of x . Taking xr to be trivial we see that it equals

A(VFJ/)F)H €T A(M/VFM/FﬂﬁF“/F)
(14.16) H{ A(l;E/Fﬂ/)E/F) }

vp
It is easily seen that the complex conjugate of A(vp, ) is
VF(—l)A(l/ElﬂbF).
Thus
A(vp, ¥r)A(vp',dr) = ve(-1).
If £ is odd the right side is 1. Since

and vp # vi' if £ is odd, the product
H A(VF,’(/JF) = 1
vr€S(L/F)

For the same reasons
H A(vg/p,Ye/r) = 1.
vreS(L/F)
However, if £ is 2
Alvr,Yr) = Ay, ¥r)
has square +1 and is therefore a fourth root of unity. Thus

H A(vp,YF) ~ H A(vg/p, Ve F) ~2 1.

veS(L/F) veS(L/F)
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On the other hand, m(y') =t + 1 > 2 while m(vg, /r) < 1. Thus Lemma 9.5 shows
that

AW vp, )5 e, 7)) ~e AW, VE, /F)-

Thus the expression ([14.16)) and therefore the expression ([14.15) is equal to
¢

ne [T AW ¥r,r)

neT

where 7 ~p 1.
If m(xr) is 0 or 1, Lemma 14.4 is a consequence of Lemma 14.2. We suppose
therefore that m(xr) > 2. In this case Lemma 9.5 implies that

H A(vexre, vr) ~e Alxr, ¥r)*

vp

and that

H A(wg rxe/r Ve F) ~ AXE/FVE/F) -

vp
We also saw in the beginning of the paragraph that, in all cases, m(,u’xpu/p) > 2.
Thus

A(u'vE, /pXE, /Py Y, F) ~0 AW XE, )7y YF, /F)-
Putting these facts together we see that if
¢

o Alxr, ¥r) H A(W'XF, p Y, F)
peT

is equal to

A(XE/FsVE/F) H A, Yp, ) r)

peT
then o ~, 1. Since o = p’ we conclude that
P~y 1.

Finally we have to prove Lemma 14.5. Let F’ be the fixed field of H;C and
let L' be the fixed field of H,C. Let E’ be the fixed field of H; and let K’ be the
fixed field of Hy. Let P be a set of representatives for the orbits under &(L/F') of
the characters in S(L/L’). If v is one of these representatives, let H, HoC with H,
and H; be its isotropy group and let F}, be the fixed field of H, HoC. Applying the
induction assumption and Lemma 15.1 to the extension L/F we see that

A(xp/p Y p)p(F' | F,4pp)

is equal to

(14.17) 11 AW'XE, /. E,  F)NE/F bp).
veP

Let

R={veP|F,=F}
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and let S be the complement of R in P. R consists of the elements of S(L/L’)
fixed by each element of &(L/F). It is a subgroup of S(L/L") and its order r must
therefore be a power of £. The expression ([14.17)) may be written as

H AW xr,¥r) H AW xF, /s VE, ) r)NE,/F,0R)

veER vesS
If F is replaced by E and F’ by E’ then P is replaced by
{VK’/L’ ’ V=V € P}
Also F, is replaced by E,, the fixed field of H, Hy, and v/ is replaced by vy IF,-
Applying the induction assumption to K/E, we see that
A(Xg/p, Ve r)NE' |E bg p)
is equal to the product of

H A(Vg pXE/PYE/F)
VER

and

H AW, 1p,XB,/Fys VB, ) F)MNELE R F)
ves

This equality will be referred to as relation (14.18).
To derive this equality we have used not only the induction assumption but also
Lemma 15.1, which implies that
Ind(Wk /g, Wk/B/s XE'/F)

is equivalent to

P md Wi e, Wi/ 5, Vigyexesr) ¢ © S AW/, Wb, Vi, 5, XE, /F)
R S
Thus
IndWgk/p, Wk /g, XE"/F)
will be equivalent to the direct sum of

@ Ind(Wi/p, Wi /B, Vi pXE/F)
R

and

@Ind(WK/F7 WK/EMV;;V/FVXEV/F)-
s
If v is in R we can apply Lemma 15.1 to see that

Ind(Wi/p, Wi/, Vi pXE/F)

is equivalent to

@Ind(WK/F)WK/F,NM/VIFM/FXF#/F) @V/XF.
peT
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We can obtain
Ind(Wi/r, W/, sV, /5, XE, /F)
by first inducing from Wy, g, to Wi/, and then from Wy, g, to Wi, p.

If T, is a set of representatives for the orbits of S(K/L) under the action
of 8(K/F,) and F,, is the fixed field of the isotropy group of x in T, then, by
Lemma 15.1 again,

Ind(Wg/r,, Wk/B,, V5, /5, XE,/F)
is equivalent to

@ IndWgk/r,, Wk/F,,.» MIV%W/FV XFyu)F)-
T,
Since [K : F,] < [K : F] if v belongs to S, we can apply the induction assumption
to see that
AW,k XE, /P e, P)NEL/FyE, 1)
is equal to
H AWVE, 15, XEy /Py VE, )N Euu/Fo s U, 7).
neTy,
This equality will be referred to as relation (14.19).
It also follows that

Ind(Wg/r, Wi/B, Vg, )5, XB, /F)

is equivalent to

@ Ind(Wk/r, Wi/, s W' VE, )5, XF, ) F)-

HeT,
The fields F, and F}, , all lie between F' and L. Thus we have expressed
(14.20) Ind(WK/F7WK/E’7XE’/F)
as a direct sum of terms of the form
(14.21) Ind(Wg/p, Wic/nt, Xox)
where M lies between F' and L. Moreover such a representation is in fact a
representation of Wy, obtained by inflating a representation of Wi, r, namely, by
inflating

Ind(Wr,p, Wrar, Xar)-

Thus any other expression of (14.20]) as a sum of representations of the form (|14.21))
will lead, by an application of the induction assumption to L/F, to an identity
between the numbers A(xar, ¥ar/r)-

To obtain another such expression, we observe that the representation (14.20)
can be obtained by first inducing from Wy g to Wi, p and then from Wi, g to
Wk p. If T' is a set of representatives for the orbits of non-trivial characters in
S(K/L) under the action of &(K/F") and F), is the fixed field of the isotropy group
in &(K/F') of p in T’ then

Ind(Wkpr, Wi /g, XE/F)

is equivalent to

@ Ind(Wi/pr, Wie/pr X1 F) ¢ ® XEF ) F-
peT’
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Thus (|14.20)) is equivalent to the direct sum of
Ind(Wk /g, Wk/rr, XF/F)

and

@ Ind(Wi/r Wi/, ,U/XF,’L/F>-

petT’
We shall describe the resultant identity in a moment. We first apply the induction
assumption to the extension K/F’ to see that

A(XE'/F»Z/JE'/F)/\(E,/F/J/’F'/F)
is equal to
A(xrp /p VF F) H A(M/XF[L/FawFl’L/F))‘(F;/;/FI»"/JF//F)-
peT’

This equality will be relation (14.22).
The two expressions for the representation ((14.20]) lead to the conclusion that
the product of

(14.23) [T AW xr,vr)
veER
and
(14.24) H H AWV, pXE s VR, P)NEL/FoF)
vER pneT
and
(14.25) I II 2aw'vh, e xE s, ) AF ) Fror)
veS ueT,

is equal to the product of
A(Xpr/ps Y p)NF' [ F0p)

and
11 2 xry s 0w 2)NEL /P br).
pneT’
Applying relation (14.22)) and Lemma 4.5 we see that the second of these two
products is equal to
A(xpryp Yy p)AE JF gy p)ME [ F b ),
According to the relation (14.18]) this expression is the product of

11 2Wasexeever) o 1] AWe pxe/pYE/F)
veER ves

and

I ME/E p)r)
ves
and

(14.26) ME' B,y p) " MNE' [ F' o) AF' [ Fy o) 27
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Equating this final product to the product of (14.23)), (14.24)), and (14.25)) and
then making certain cancellations by means of (|14.19), we see that the product of
(14.23) and (14.24) and

H H /\_1(FV7M/FV7wa/F))‘(Fu,u/Fa'(/JF)

veS ueT,

is equal to the product of
H A(Vg pXE/PYE/F)
vER

and

[1 AN E/Fo o, o)A E /B )

ves

and the expression (([14.26]).

In particular, the expression

H A(V/XF7¢F) HIJ,ETA(/’L/V%‘H/FXFM,/F?wF“/F)
AV pXE/FYE/FP)

VER
is independent of x . Taking xr to be trivial we see that

AWXr ) [ er AW VE, ) pXF. P VF, /F)
sen L AW pxe/r e/ P) e AWVe, /5 V5, /F)

is equal to
AV, ¥r)
VER A(V/E/FawE/F)
The set
R ={V]|veR}
is a group of characters of Cr or of H. Regarded as characters of H the elements
of R’ are just those characters which are trivial on Hy. As a group R’ is cyclic and
its order is a power of £. The argument used in the proof of Lemma 14.4 shows that

H AV Yp) ~ 1
vER
and
1T AWk p vs/p) ~e 1.
veER
If m(xr)is 0 or 1, Lemma 14.5 is a consequence of Lemma 14.2. We may as
well suppose therefore that m(xr) > 1. If v belongs to R then v/ is 1 on N/pCpL.
Therefore m(v'), as well as m(V},M/F) and m(vy, p) is at most 1. We saw in the
beginning of this paragraph that m(xg,r) would also be at least 2. We also saw
that m(u' xr,/r) would be either ¢t + 1 or ¢p, /p(m — 1) + 1. In any case it is at
least 2. Also m(p') =t + 1 is at least 2. Lemma 9.5 therefore implies the following
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relations:
AW xF,YF) ~e A(XF,YF)
AWg pxE/FYE/F) ~0 AXE/FYE/F)
A(/‘/V}L/FXFH/FﬂbFM/F) ~e AW XF, 7 UF, F)
AWV, ps¥E. r) ~e A YE, F).

We conclude finally that
Axr¥r) [er AW XF, /7. ¥F,F) ' )
~y
A(XE/Fa T/JE/F) HHGT A, 1/’FM/F)

if 7 is the number of elements in R. The lemma follows.
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CHAPTER 15

Another lemma

Suppose K/F is normal and G = &(K/F). Suppose H is a subgroup of G and
C is an abelian normal subgroup of G. Let E be the fixed field of H and L that of
C. If p is a character of C' and h belongs to H, define u” by

it (c) = p(hch™).
The set of characters of C' may be identified with S(K/L). If a belongs to Cf,

i (0) = u(h(a)).
The set of elements in S(K /L) which are trivial on H N C' is invariant under H. Let
T be a set of representatives for the orbits of H in this set. If u € T' let H,, be the
isotropy group of pu, let G, = H,C and let F, be the fixed field of G,. Define a
character p’ of G, by

1 (he) = p(c)
if h€ H, and c € C. i/ may be regarded as a character of CF, .

Lemma 15.1. If xr is a quasi-character of Cp, then
p=IndWg,r,Wk/£: XE/F)
s equivalent to
B md(Wi/p, Wi/5,, 1/ xF, /7).
pneT
Let G’ = HC and let F’ be the fixed field of G’. F’ is contained in E and in
the fields F),. Because of the transitivity of the induction process, it is enough to
show that
Ind(Wkp, Wk /B, XE/F)
is equivalent to
@ Ind(Wg)pr, Wi 5, ' XF, ) F)-

peT
If
XFr = XF//F
then
XE/F = X/E/F’
and

XF,/F :X;?M/F/-

Consequently we may suppose, with no loss of generality, that F’ is F.

181



182 15. ANOTHER LEMMA

If K’ is the fixed field of HN C and v € S(K’'/L), let o, be the function on
Wy r defined by

o) = xir (7 () ) (e (c))
for hin Wi, g, ¢cin Wi . p acts on the space of all functions ¢ on Wi, g satisfying

¢(hg) = xr (TK/F(h))‘P(Q)
for all h in Wi g and all g in Wy, p. The set

{ov } veS(K'/L)}
is a basis for this space. Clearly

p(c)py = XF (TK/F(C)) v (TK/L(C)) Pv
if ¢ belongs to Wi, and

p(h)ey = xF (TK/F(h))QDVH
with v/ = l/hﬂ7 if h belongs to Wi, g. Thus if R is an orbit of H in S(K'/L)

Pc, =v
vER
is an invariant subspace.
Let p be the element common to T and R and consider
o =Id(Wg;p, Wk, ' XF,/F)-
If Wk, is the disjoint union

T

U Wk/r, hi

i=1
and if ¢;(w) = 0 unless

w € WK/F“ h;
while

wi(whi) = W xr,/r (TK/FH (w)>
for w in Wk, , then
{pill<i<r}

is a basis for the space U on which o acts. If v; = p/ and if \ is the map from U

to V which sends ¢; to x5' (TK/F(hZ-))go,,i then, as one verifies easily,
Ao(w) = p(w)A

for all w in Wg,p. The lemma follows.
The lemma has a corollary.

Lemma 15.2. If Theorem 2.1 is valid for K/F then
A(XE/r,VE/F) H AW br,  r)
pneT

s equal to

H AW XF, 7Y, F)-

pneT
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If Theorem 2.1 is valid
A(XE/FsVE/F)NE/F,¢F)

is equal to

H AW XF, 7 E, ) p)NEL ) F, ).
neT
Taking xr = 1, we see that

MNE/F,yF) = HA E, ) )N EL/ L Yr).
pneT
Substituting this into the first equality and cancelling the non-zero factor
[T AFw/Fym)
pneT
we obtain the lemma.

To define the A-function we shall need the following lemma.

Lemma 15.3. Suppose Theorem 2.1 is valid for all Galois extensions K /Fy with
FCF CK) CK and [Ky: Fi] <[K : F]. Then

A(XE/FsVE/F) H AW, r)
pneT

s equal to

H AW X, )7 Y, F)-

pneT

The conclusion of this lemma is the same as that of the previous one. There is
however a critical difference in the assumptions.

Let F’/ be the fixed field of HC. If
Vi = pip
then for all separable extensions E’ of F”’
Ve p = Ve -
If [K : F'] < [K : F] the relation of the lemma is a consequence of the induction
assumption and the previous lemma. We thus suppose that ' = F’ and G = HC.
Suppose in addition that there is a subgroup C; of C', which is neither C' nor
{1}, whose normalizer contains H. C} is then a normal subgroup of G. Let F
be the fixed field of HC7 and L; the fixed field of C;. Lemma 15.1 applies to the
extension K/Fy. Thus there are fields Ay, ..., A, lying between F; and L; and
quasi-characters x4, ,-.., x4, such that
Ind(Wg/p s Wi /e XE/F)
is equivalent to
B md(Wic/r, Wicja,: Xa,)-

i=1
The induction assumption then implies that

(15.1) A(XE/rVE/F)ME/F1, Y0 F)
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is equal to
T
(15.2) HA(XAw'(/JAi/F)/\(Ai/FlawFl/F)~
i=1

Inducing the first of these two representations from W, g, to Wk, we obtain
Ind(Wgp, Wk /B, YE/F)-

Thus
(15.3) B md Wi/, Wier,, 1/ xF,/F)
peT
is equivalent to
T
(15.4) P md(Wi/p, Wica,, xa,)-

i=1
We recall that there exist surjective homomorphisms
Ti/FL, ) F  Wi/F = WrF
Ti/A: L1 /A - Wiya, = Wi a,
TK/F,.L,/F, Wk/F, = WL, /F,
whose kernels are all equal to the commutator subgroup W, /Ly of Wk r,. Moreover
the diagrams

Wia, — Wroa,

| |

Wk/p —— Wi, r

and
Wk/r, — Wi,/F,

| |

WK/F — WLI/F

may be supposed commutative. Since W, /L. lies in the kernel of x4, and p'xr, /r

the equivalence of (15.3) and (15.4) amounts to the equivalence of
P wmd(Wi, /5, Wi, 5, 1 X8, )
pneT
and .
@ Ind(WLl/F, WLl/AN XAi)'
i=1

The induction assumption applied to the extension L;/F implies that

T2 YA p)MA/F vr)

i=1
is equal to

H AW XF, 7 YE, ) p)NEL ) F ).
peT
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It also implies that

MA/F,or) = NAi/ Fi, b,y p)MFy [ F ) A0,
Since

Z[AZ . Fﬂ = [E : Fl]

we infer from the equality of (15.1]) and (15.2]) that
A(Xg/r E/r)NE/FL,$p,  p)NFL ) F ) E
is equal to
H AW xE, )7 V5, ) 7 )NEFL/F R
neT
Taking xr = 1 to find the value of

ME/Fy,$p, ) MEL F ) P
and then substituting the result into the equation and cancelling the common factors,
we obtain the assertion of the lemma.

Now suppose that H contains a normal subgroup H; # {1} which lies in the
centralizer of C. H; is a normal subgroup of G if, as we are assuming, G = HC.
K, the fixed field of H;, contains £ and all the fields F},. Lemma 15.1 together
with the argument just applied to L; shows that

Ind(WKl/Fa WKl/Ea XE)

is equivalent to

@ Ind(Wg, p, Wik, /5, 11 XF, /F)-

pneT
In this case the assertion of the lemma follows from the induction assumption applied
to Kl /F

We have finally to suppose that G = HC, C contains no proper subgroup

invariant under H, and H contains no normal subgroup lying in the centralizer of
C. In particular H N C = {1}. If Z is the centralizer of C' then Z = (Z N H)C and
Z N H is a normal subgroup of H. Consequently Z = C. If D is a normal subgroup
of G and D does not contain C' then

DNC = {1}.

This implies that D is contained in Z. Thus D is contained in C and D = {1}. If
H # {1} the assertion of the lemma is that of the third and fourth main lemmas. If
H = {1} then G = C and C is cyclic of prime order so that the assertion is that of
the first main lemma.






CHAPTER 16

Definition of the )\-functions

In this and the next three paragraphs, we take a fixed Galois extension K/F,
assume that Theorem 2.1 is valid for all Galois extensions K'/F’ with FF C F’ C
K' C K and [K': F'] < [K : F], and prove that it is valid for K/F itself. The first
step is to define and establish some simple properties of the function which will
serve as the A-function.

Lemma 16.1. Suppose
E/F' = NE/F',¢p)
is a weak A-function on Po(K'/F'). If o € &(K'/F’) let
E° = {0_1(04) ‘ a EE}.
Then
ANE? [F'ppr) = NE/F',bp).
If u is a character of &(K/F) let u” be the character of &(K/E?) defined by
1 (p) = p(opo™?).
According to Lemma 13.2,
A(p Ygosp) = A, Yp/pr)-
The representation
Ind(S(K'/F), &(K/E), 1)
acts on the space U of functions ¢ on &(K’/F') satisfying
p(p7) = n(p)e(7)
for all 7 in &(K'/F') and all p in &(K'/E). The map ¢ — 1 with
(1) = p(oT)
is a &(K'/F') isomorphism of U with the space on which
Ind(&(K'/F'), &(K'/E), u°)

acts. Thus the two representations are equivalent.
If

P md(&(K'/F'), &(K'/E;), 1)
i=1
is equivalent to

D (6K /F),6(K'/Fy).v;)

187
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then ,
Pmd(s(K'/F'), &(K'/EY), uf)
i=1

is equivalent to

@Ind( (K'/F"), (K//F;),y;)

and, with the conventlons of the fourth paragraph,

r

[T Cxes me m)NET [ F o)

i=1
is equal to
H A(XF;’; wFJV/F/))‘(Fjg/FI7 1pF’)'
j=1
Since
A(xre,¥ry /) = AlXF; YF/P7)
and

A(xee,YEe /) = AXE, VE /71,
we conclude that .
H A(XEivwEi/F/))‘(Ezq/Flv dJF/)
i=1
is equal to

S
H A(XF;, VF, p )MNEY JF p).
j=1
In other words
EJF" — XNE°/F'¢F:)
is a weak A-function on Py(K’/F’). Lemma 16.1 follows from the uniqueness of
such functions.

We return to the problem of defining a A-function on Py(K/F). Choose a
non-trivial abelian normal subgroup C of G = &(K/F) and let L be the fixed field
of C. If F is any field lying between F' and K let H be the corresponding subgroup
of G. Choose the set T' of characters and the fields F), as in the previous paragraph.
Since F,, C L the numbers A(F),/F,¢r) are defined.

Lemma 16.2. Suppose F C E C Ky C K with K1/F normal so that A\(E/F,¢r)
is defined. Then

MNE/F¢r) = [ AW 5, /p)MNF,u/F,0r).

peT

Let K; be the fixed field of Hy. If H; N C # {1} we may enlarge K; and
replace H; by Hy N C. Thus we may suppose that either H; is contained in C' or
H;NC = {1}. In either case H; is contained in the centralizer of C'. We saw in the
previous paragraph that under these circumstances

Ind(Wi, /p, Wi, 5 1) ~ @ d(Wie, ym, Wie, s, 1)
pneT
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Consequently
NE/Fpr) = [ AW 5, /p)MNE,u/F,0r).
peT
In general, we define
NE/Fvp) =[] AW ¥r, /p)ME,L/F,r)
pneT

if E/F isin Py(K/F). T is, of course, not always uniquely determined. We may
replace any p in T' by p” with ¢ in H. Then H, and G, are replaced by 0_1HH0
and 0!G0 while F, is replaced by F, .7 and y is replaced by (u)7. Since

A )N EWFr) = A(1)7 g 0 )AES /F )

the number A(E/F, ) does not depend on T. A priori, it may depend on C but
that is unimportant since C is fixed and, the uniqueness having been proved, we
are interested only in the existence of a A-function.

We shall need only one property of the function just defined.

Lemma 16.3. I[f F C E C E' C K then

NE'JF,¢p) = NE'/E, ¢ )N E/F, ) E Pl
If E =F then
/\(E//E,T/}E/F) = \NE'/F,¢r)

and if E # F

NE'/E, ¥p)F)
is the value of the A\-function of P(K/E), which is defined by assumption, at E'/E.
Since

AF/Fgp) =1
the assertion is clear if E = F. It is also clear if E = E'.

Let E be the fixed field of H as before and let F’ be the fixed field of HC. We
suppose that H # G. Lemma 4.5 and the induction assumption imply that

ME,/Fpp) = XEFu/F' ppr p)MNE' [ F,app) Pt
The relation
[E: F’] = Z[FM . F/]
implies that
ME/F¢p) = XNE/F', wF'/F)A(F//F, wF)[E:F’].
There is a similar formula for A(E'/F,¢r). If F/ # F, the induction assumption
implies that

)‘(E//EvT/JE/F))‘(E/F/awF’/F)[E,:E] = MNE'[F' g /p).
Since
[E': F'|=[E": E||E: F
the assertion of the lemma is proved simply by multiplying both sides of this equation
by
A(F'F, )P0,

Now suppose that G = HC and H N C = {1}. Let E’ be the fixed field of H’

and let F’ be the fixed field of H'C' = G’. Each character of H' may be identified
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with a character of Cr//Ng /g Ck and each character of G’ may be identified with
a character of C’F//NK/F/CK. Any character yg of H may be extended to a
character x g/ of G’ by setting

XFr(po) = XE'(p)
if p€ H and o € C. Then
XE' = XE'/F'-
It follows from Lemma 15.1 that there are fields of F;(E’), 1 < i < m(E’), lying
between F’ and L and characters u F,(E) such that

Ind(Wg,pr, Wi /1y XE')
is equivalent to
m(E’)
D Wmd(Wi)r, Wi/p, (1) Br, (B0 XF.(E) F)-
i=1
If E # E’ so that F' # F’, the induction assumption implies that
Alxe Ve p)NE'[F' g p)
is equal to
m(E)
H A(MFi(E’)XFi(E’)/F’awFi(E’)/F))‘(Fi(E)/F/awF’/F)~
i=1
We have seen that the lemma is valid for any pair E’, E for which HC # G. In
particular, it is valid for the pair E’, F’ and the pairs F;(E’), F'. Multiplying the
equality just obtained by
AE'JFy o) 20
we see that

(16.1) A(xe Ye p)ME'[F )
is equal to
m(E’)
(16.2) H A(pr, (B)XF (B P VF ) F)NFi(B) [ Fobp).
i=1

If F' = F the equality of (16.1)) and (16.2)), for a suitable choice of the fields F;(E’),
results from Lemma 15.1, Lemma 15.3, and the definition of
AE'[F,)F).
In any case the equality is valid for all fields lying between E and K.
Suppose
Ey,...,E., Ei,...,FE.

are such fields, x g, is a character of

Cg,/Nk/Eg,Ck,
XE! is a character of

Cp: /Nk/E Ck,
and

@ Ind(Wg /g, Wk/E,, XE;)

i=1
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is equivalent to

P md(Wi /i, Wi/ XES)-

j=1
Then
(16.3) Z[E (B = Z[E;. . E]

and, by the transitivity of the induction process,
r m(E;)
P P mdWir, Wip, () 15 (2)XF (5 7.)
i=1 k=1
is equivalent to
s m(E))
@ @ Ind(Wi/p, Wi/ Fy (B9 F(E) X Fo(E) /F))-
j=1 ¢=1
If E; is the fixed field of H; and £ the fixed field of H} then F; and F; are the
fixed fields of H;C' and H ]’-C’. This equivalence and the induction assumption for
L/F imply that
r m(E;)
I TI Awssoxrae) ro e sy p)MFe(ED)/F br)
i=1 k=1
is equal to
m(Ej)

111

<l

(KF (B XF(E) /P YR (B F)A ( W(E%)/F, ¢F)~

This equality, the equality of (16.1)) and -, and the relation 3) imply that

I8

H (XENwEi/F)/\(Ei/F,¢F))\(E'/F7¢F)—[E711E]
i=1

is equal to

[T A0k r 2)AES/Fpp)ME/ Fpp) 1 EL.
j=1
Consequently
E' = ME'[F,pp)NE/F,pp) 7
is a weak A-function on Py(K/E). The lemma of uniqueness implies that
NE'[F,pp)NB/F, )" E = \(E'/E, VE/F)-

This is, of course, the assertion of the lemma.
At this point, we have proved the lemma when various supplementary conditions
are satisfied. Before proving it, in general, we make an observation. Suppose

FCECE CE'CK
and the assertion of the lemma is valid for E”/E’ and E’/E. Then
MNE"|F,pp) = ME" |E' ¢p r)NE'/F, )l
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and
ME'[F,yp) = NE'[E, $p/p)NE/F,p) .
Moreover, by induction,

NE" /B, pyi) = NE" B pr ) ME' [ B,y ) ™.
The assertion for E”/FE is obtained by substituting the second relation in the first
and simplifying according to the third.

If the lemma is false in general, choose amongst all the extensions in P(K/F)
for which it is false one E’'/FE for which [E’ : E] is a minimum. Let E be the
fixed field of H and E’ that of H’. According to the previous discussion G = HC,
H N C # {1}, and there are no fields lying between E and E'. If H'NC =HNC,
which is a normal subgroup of G, the fields F', E, and E’ are contained in the fixed
field of H N C and the assertion is a consequence of the induction assumption. Thus
H' is a proper subgroup of H'(H N C). Because there are no intermediate fields
H=H(HNC).

As we have seen there are fields FEy, ..., F, lying between E and the fixed field
K, of HNC and characters ug,, ..., g, such that

Ind(Wk /g, Wk/g, 1)

is equivalent to

P md(Wi/ 5, W5, 1i8,)-
i=1
Then

MNE'/E ¢p/r) = [ [ Alug,. Ve, p)MNEi/E,Yp)r).
=1

By the induction assumption, applied to K;/F,
NEi/E, dgyr)NE/F,p)PF = NE;/F,¢p).

Thus /
ME' /B, g m)ME/F, p) ")

is equal to

(16.4) H Apg;, e, ) \NEi/F,¢F).

i=1
Moreover, by the transitivity of the induction process,
(165) Ind(WK/F,WK/E/, 1)

is equivalent to

(16.6) P mdWi)p, Wi/, p12,)-

i=1
On the other hand, there are fields Fi,...,Fs contained in L and characters
VE,,...,vr, such that (16.5) is equivalent to

S
(16.7) @ Ind(Wg/p, Wi/ F;, VE,)

j=1
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and such that, by definition,

(16.8) ME' [Pobp) = ] AWwe,, dr, o) ME; [ F o).

j=1
Since the representations ([16.6)) and (16.7) are equivalent, the induction assumption,
applied to K;/F, shows that (16.4) is equal to the right side of (16.8)). This is a
contradiction.






CHAPTER 17
A simplification

We shall use the symbol € to denote an orbit in the set of quasi-characters of
Ck under the action of &(K/F) or, what is the same, under the action of W/ on
Ck by means of inner automorphisms. If y g is a quasi-character of C, its orbit
will be denoted Q(xx ). If p is a representation of Wy, p, the restriction of p to Cx
is the direct sum of one-dimensional representations. Let S(p) be the collection of
quasi-characters to which these one-dimensional representations correspond.

Suppose

p=Ind(Wgk,p, W/, XE)-

Let Wk, be the disjoint union

U Wk pw;.
i=1
Define the function ¢; by
pi(ww;) =0 weWg/p, j#1
pi(ww;) = XE(Tk/EW) w e Wg/g.

{¢1,...,om} is a basis for the space of functions of which p acts. If a € Ck then
ww;a = w(wjawj_l)wj

and wjaw; ! belongs to Cx which, of course, lies in Wi, g Thus

pla)pi = XE <TK/E(wiawf1)><Pi = X%/E(@)pi
if o; is the image of w; in &(K/F). Thus
S(p) = QUxk/E)-

Suppose En,...,E., Ef,..., E! lie between F and K, xg, is a quasi-character
of F;, and x E is a quasi-character of E; Let

pi =Ind(Wg,p, Wik /E,, XE,)
and let
Py =Ind(Wg,p, Wi /g5 XES)-
Suppose p; acts on V; and p; acts on VJ’ The direct sum of the representations p;

acts on i,
V=@
i=1

195
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and the direct sum of the representations p;- acts on

V-G,
j=1
Let
Vo= P W
{i s o)
= @ W
{i XK/E‘;GQ}

Any isomorphism of V' with V’ which commutes with the action of W, p takes Vo
to V4.
If Xk/B, € QxK) there is a 0 in &(K/F) such that xx = X%/ p,- Then

pi = Ind(Wk,r, Wk g7, XE,)
and
AXE; YE, /F)ME/F ) = AXE, Ve /r)ME] [ FYF).
We conclude that Theorem 2.1 is a consequence of the following lemma.

Lemma 17.1. Suppose xg is a quasi-character of Cx. Suppose Ey,..., FE,,

1y, E. lie between F and K, xg, is a quasi-character of Cg,, Xg' s a quasi-
J

character of C’E; , and

p= @ Ind(Wg,r, Wk/E,, XE;)
i=1
is equivalent to .
p =P WmdWi/r, Wi/, Xe2)-
If XK/B: = XK/B; = XK for a]ll:; and j then

i=1
s equal to

S
j=1 '

Let F(xx) be the fixed field of the isotropy group of xx. Let p act on V and

let p’ act on V’. Let
Vxk) ={veV|pla)v=xk(a)v forall ain Ck }.

Define V'(xk) in a similar fashion. It is clear that any isomorphism of V' with
V' which commutes with the action of Wy, takes V(xx) to V'(xx). The group
Wk /p(xx) leaves both V(x k) and V'(x ) invariant and its representations on these
two spaces are equivalent.

Let

Ind(Wg,r, W5, XE;)
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act on V; and define V;(x k) in the obvious manner. Then
Vixk) = @ Vi(xx).
i=1

Defining V; and V] (xr) in a similar manner, we have
V'(xx) = P Vi (xx)-
j=1

It is clear that the representation of Wy, p(y,) on Vi(xx) is equivalent to

Thus ”
@Ind(WK/F(XK), Wik XE,)
i=1

is equivalent to

Jj=1

197

If F(xk) # F the assertion of the lemma follows from the induction assumption

and Lemma 16.3.






CHAPTER 18
Nilpotent groups

In this paragraph we prove Lemma 17.1 assuming that ' = F(xx) and that
G = &(K/F) is nilpotent.

Lemma 18.1. Suppose D is a normal subgroup of G of prime order £ which is
contained in the center of G. Let M be the fized field of D. Suppose F C E C K
and xg is a quasi-character of Cg. Suppose also that F(xx/p) = F.

(a) There are fields Fi, ..., F, contained in M and quasi-characters

XFys--+3 XF,
such that Xk /r, = XK/E ond such that

Ind(Wk,r, Wk/E, XE)

s equivalent to

P md(Wi/r, Wi/r,, XF,)-
i=1

(b) If Theorem 2.1 is valid for all Galois extensions K'/F’ in P(K/F) with
[K': F')| < [K : F] then
A(XE? 1pE/F)A(‘E/F‘a wF)
s equal to
H A(XF; s Yr  r)ANE FYr).
i=1
We prove the lemma by induction on [K : F]. Let H be the subgroup of G
corresponding to E; let G’ = HD and let F’ be the fixed field of G'. If F’ # F the
induction assumption implies that there are fields F1, ..., F}. contained in M and
quasi-characters xr,, ..., xr, such that xx/p, = Xk g for each ¢ and such that
Ind(Wg/r, Wk/E, XE)
is equivalent to
EB Ind(Wg/r, Wi/ r,, XF,)-
i=1
The first part of the lemma follows from the transitivity of the induction process.
The second part follows from Lemma 16.3 and the assumed validity of Theorem 2.1
for the extension K/F’.

We suppose now that G = HD. Suppose that H contains a normal subgroup
H, of G which is different from {1} and suppose that, if K is the fixed field of

199
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Hy, F(xk,/g) = F. If My is the fixed field of H; D then, according to the induc-
tion assumption, there are fields Fi, ..., F}. contained in M; and quasi-characters
XFys-- -, XF,. such that
XK,/F; = XK, /E
and such that
Ind(Wg, /rs Wk, /B, XE)
is equivalent to

T
P md(Wi, ) r, Wi, /5, XF,)-
i=1
It follows immediately that
XK/F; = XK/E
and that
d(Wgr, Wk/E, XE)
is equivalent to
P md(Wi/r, Wi/, xE)-
i=1
The equality of (b) is a consequence of the assumed validity of Theorem 2.1 for
K,/F.
We assume now that G = HD and that if H; is a normal subgroup of H
different from {1} with fixed field K the field F'(xk, /g) is not F. If w; belongs to
Wk, g and wy belongs to Wi/ then

1 -1
wiwaw; wy - € Ck.

Let xx = xk/E- Since F(xk) = F

X (wiwawy twy ) = X (wawi twy twn)
= XK(wflwglwlwg) = XK(w51w1w2w;1).
Denote the common value of the expressions by w(wy,ws). Then w(viwy,ws) is

equal to

1 1

~1, -1, 1 -1 -1, -1, —
Xk (Vwrwewy v Twy ) = Xk (Wy T wiwew] V] Wy U1Wa).

The right side is
w(v1, wa)w(wy, ws).
In the same way w(wy, vaws) is
XK(wlvgwgwflwglvgl) = XK(w;1U51w102w2w;1w51w1)
which equals
w(wr, va)w(wy, ws).
If either wy or wy belong to C'k, we have
w(wy,ws) = 1.
Thus, for each wo,
w1 — w(wy, ws)
is a homomorphism of H = Wk, /Ck into C* and, for each wy,

we — w(wy, ws)
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is a homomorphism of D = W/ /Ck into C*. If w belongs to W /g then
w(wwiw ™ wwaw ™) = wlwy, ws).

Thus there is a normal extension K; containing E such that
Wk, = {wl ‘ w(wy,wy) =1 for all wy € Wi p }

But F(xg,,/g) will be I so that K; must be K.

It follows immediately that H is isomorphic to a subgroup of the dual group
of D. Thus H = {1} or H is cyclic of order ¢. In either case H must lie in the
centralizer of D so that E/F is normal and &(E/F) is isomorphic to D. If H = {1}
then xg may be extended from Cr = Ck to a quasi-character of Wg,p. In other
words, there is a quasi-character xr of Cr such that xg = xg/p. Then

Ind(Wk/p, Wk /£, XE)
is equivalent to
B  WmdWr Wi/p, prxr).
nr€S(E/F)

Suppose H # {1}. Since Wy /r/Ck is cyclic there is a quasi-character xs of
Cur such that xx = xg/n- If wi belongs to Wk /g let x., be the character of
Wi or, what is the same, of Cys defined by

Xow, (W2) = w(wy, ws)
and if wy belongs to Wiy let
Xuws (W1) = w(w, w2).

Clearly

[
-

If 01 is the image of wy in H and o9 the image of wy in D then

and

X7 (w1) = xp(wawiwy 'wi twy) = Xt (wi)xe(wr)
and
X (w2) = xu (wiwaw;  wy tws) = X, (w2)xar(w2).
Let Wi, be the disjoint union
‘

U WK/EUZ‘

i=1
with v; in Wiy Define the function ¢; on W, p by
@i(wv;) =0
if we Wk, and j # i and by
pi(wv;) = xp(w)
if w e Wg,p. Then
{oil1<i<t}
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is a basis for the space U on which

Ind(Wk/r, Wk/E, XE)
acts. Let ¢;, 1 <i </ be the function Wy defined by

Yi(wawr) = xar(w2)x 3" (wr)
if wy belongs to Wi, g and ws belongs to Wi y,. Here o(v;) is the image of v; in
& (K/F). Tt is necessary, but easy, to verify that 1); is well-defined. The collection
{i|1<i<t}
is a basis for the space V' on which

Ind(Wk,p, Wic/ar, Xor)
acts. It is easily verified that the homomorphism of U with V' which sends x as(v;) s
to 1; is an isomorphism. Thus
Ind(Wkr, Wi/g, xe) = Ind(Wk/p, Wi nrs Xar)-
This takes care of the first part of the lemma.
Whether H = {1} or not,
Ind(Wg/r, Wk/E,1)
is equivalent to
P WdWi/r, Wi/p, ir).
nr€S(E/F)
If H # 1 we may apply Theorem 2.1 to E/F to see that
NE/Fyr) =[] Alpr,vr).
nr€S(E/F)

If H = {1} this equality is just the definition of the left side. In this case the second
part of the lemma asserts that

(18.1) A(XE,Yr/F) H A(pr,¥r)
pnr€S(E/F)
is equal to
I Alurxrvr)
nr€S(E/F)
where xg = xg/r. This is a consequence of the first main lemma. If H # {1},
Theorem 2.1 applied to M/F, shows that

AM/Fge) = [ Alpr,vr)
nr€S(M/F)
and the second part of the lemma asserts that ((18.1)) is equal to
A(xm, ¥m/F) H Apr,r).
pnr€S(M/F)
This is a consequence of the second main lemma.
A non-trivial nilpotent group always contains a subgroup D satisfying the

conditions of the previous lemma. Lemma 17.1 is clear if K = F. If K # F and
®(K/F) is nilpotent it is a consequence of the following lemma.
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Lemma 18.2. Suppose K/F is normal and Theorem 2.1 is valid for all normal
extensions K'/F' in P(K/F) with [K': F'] < [K : F]. Suppose F C M C K and
M/F is normal. Suppose Ei,...,E., F{, ..., E. lic between F and M, xg, is a
quasi-character of Cg,, XE! is a quasi-character of C’E;, and

@ Ind(WK/F, WK/E1 ’ XEi)
i=1
is equivalent to

P wdWi/p, W /5:, x51)-
j=1

Then .
H A(XE,v'(/)El/F))\(Ez/F7 ’(/)F)
=1

s equal to

[T AGe;, ¢/ p)ME]/Foor).
j=1

The representation
Ind(Wg/r, Wk/B,> XE;)
can be obtained by inflating the representation
Ind(Was/p, WaiE, > XE,)

from Wy /p to Wi p. A similar remark applies to the representations induced from
the XE! - Thus

B md(Warr, War b, x,)
i=1
is equivalent to

S
@Ind(WM/F, WM/E;aXEJ’-)'

j=1
Applying Theorem 2.1 to the extension M/F we obtain the lemma.






CHAPTER 19

Proof of the main theorem

We shall first prove Lemma 17.1 when there is a quasi-character yr of Cr such
that xx = xx/r- Implicit in the statement of the following lemma as in that of
Lemma 17.1, is the assumption that Theorem 2.1 is valid for all pairs K’'/F’ in
P(K/F) for which [K' : F'] < [K : F]. Recall that we have fixed a non-trivial
abelian normal subgroup C of G = &(K/F) and that L is its fixed field.

Lemma 19.1. Suppose FF C E C K, xp is a quasi-character of Cr, xXg is a
quasi-character of Cg, and Xx/r = XK/ r- There are fields Fy, ..., F,. contained in
L and quasi-characters xr,, 1 <1i <1, such that Xg/r, = XK/F»

Ind(Wg/r, Wk/E, XE)

s equivalent to

@IHd(WK/FyWK/FNXFi)
i=1
and
A(xe, Ye/r)ME/F,¥F)

s equal to
[T AKE Vr e NE/Fp).
i=1

We prove the lemma by induction on [K : F]. Let E be the fixed field of
H and let F’ be the fixed field of HC. If F’ # F then, by induction, there are
fields Fi,..., F,. lying between F’ and L and quasi-characters xp,, ..., xr. such
that xx/r, = XKx/r and
Ind(Wgpr, Wi /e, XE)
is equivalent to

P mdWi/p, Wi/, XF,)-
i=1
In this case the lemma follows from the transitivity of the induction process, the
assumed validity of Theorem 2.1 for K/F’ and Lemma 16.3.
We suppose henceforth that G = HC. There is a character g in S(K/E) such
that xp = 0pxg/r. 0p may be regarded as a character of H. If H N C = {1} we
may define a character 6 of G by setting

QF(/”LC) = GE(h)

if hisin H and cis in C'. fp may be regarded as a character of Cr and g = GE/F.
Replacing xr by 0pxr we suppose that xg = xg/r. Then in the notation of
Lemma 15.1, we may take

{F,....F.}={F,|peT}

205
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and if Fi = Et7
XF; = /L/XF“/F~
The assertions of the lemma are consequences of Lemmas 15.1 and 15.3.

We suppose now not only that G = HC but also that H N C # {1}. Let S
be the set of characters in S(K/L) whose restriction to H N C agrees with the
restriction of fg. S is invariant under the action of H on S(K/L). If v belongs to
S, let ¢, be the function on W, defined by

ev(wv) = xe(w)xr/r(v)r(v)
if wis in Wi, g and v is in Wk,. v is a character of C' and may therefore be

regarded as a character of Wy, or of Cp. It is easy to verify that ¢, is well-defined.
If

p=IndWgk,r,Wk/p: XE)
then
{ov|ves}
is a basis for the space of functions on which p acts. If w belongs to Wx /g

plw)py = xB(w)pw
with v/ = 1 where o is the image of w in &(K/F). If v belongs to Wk/L

p(v)py = XL/p V)V (V)@y.
Thus if R is an orbit in S under the action of H, the space
Ve=> C,,
vER

is invariant under Wy, and p is the direct sum of its restrictions to the spaces Vg.

If i belongs to R let H,, be the isotropy group of p, let G, = H,C, and let F),
be the fixed field of G,,. Extend p to a character p’ of G, by setting

i (he) = O (h)pc)

if his in H, and c is in C. p/, which is easily seen to be well-defined, may be
regarded as a character of Wi/, of Cp,. Let Wk, be the disjoint union

S
U Wi p,wi

i=1
with w; in Wi g and let o; be the image of w; in &(K/F). Let ¢; be the function
of Wi defined by
pi(ww;) =0 weWk/p, j#1
pi(ww;) = p' (w)xp, /r(w) we Wg/F,-
The collection
{eill<i<s}
is a basis for the space V), on which the representation
op =IndWgk/p, Wi/, ' XF, ) F)
acts. Let
Vi = xE(wi)p;.
If w belongs to Wi/,
ou(w)i = p7 (w)x L r(w)i.
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If w belongs to Wi/ p and wjw = vw; with v in Wi then

ou(w)pi = xp(w)y;.
Thus the isomorphism of V), with Vr which takes 9; to ¢,o; commutes with the
action of Wy, p. If T is a set of representatives for the orbits in §

o~ Do,

peT
If K, is the fixed field of HNC then K;/F is normal and p is the inflation to Wi, p
of

(19.1) Ind(Wg,/r, Wk, /B: XE)

and o, is the inflation of

Ind(Wg, /p, Wi, /5, W XF, /F)-
Thus the representation ([19.1]) is equivalent to

@ Ind(Wg, p, Wik, /5, ' XF, /F)-
pneT

Applying Theorem 2.1 to K1 /F we see that

A(xe, Ye/r)MNE/F,¥F)

is equal to

11 (x5, 205, P)NEL Foor).

peT

If there is a quasi-character x r such that xx = Xk, Lemma 17.1 follows from

Lemma 18.2 and the lemma just proved. To complete the proof of Theorem 2.1
we have to prove Lemma 17.1 when F = F(xk), G is not nilpotent, and there is
no quasi-character x of Cr such that xx = xx/r. In this case none of the fields
Ey,...,E., E}, ... E.is equal to F and Theorem 2.1 may be applied to K/FE; and
K/E;.

Lemma 19.2. Suppose A and B lie between F' and K. Suppose x4 and xp are
quasi-characters of Ca and Cpg respectively. There are fields Ay, ..., An lying
between A and K, fields By, ..., By, lying between B and K, elements o1,...,0m, in
G, and quasi-characters XA, - -+ XA, > XBy» -+ > XB,, such that B; = A7", x5, = X%,
and such that the tensor product

d(Wg /g, Wi /a,x4) @ nd(Wi /i, Wi/ 3, XB)
is equivalent to
@ Ind(Wg/r, Wik/a,, XA:)

i=1
and to

B md(Wi)r, Wi/, XB,)-
i=1
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Let
p=IndWg,p, Wi, a,x1)
o =Ind(Wg/r, Wk/B,XB)-
Let a be the restriction of o to Wi, 4 and 3 the restriction of p to Wy ,p. By
Lemma 2.3
p@c~Ind(Wg/p, Wk/a, X4 ® )
and
PR~ Ind(WK/F, WK/B»XB & ﬁ)
Let Wi/ be the disjoint union

U Wy jawiWgp.

i=1
If U; is the space of functions in U, the space on which p acts, which are zero outside
of the double coset Wi/ qw; W ,p then U; is invariant under 3. Define the field B;
by demanding that

Wi /p, = Wi/ Nw; ' Wi aw;.
If 0; is the image of w; in &(K/F) let x5 be the restriction of x%' to Wg,p,. If
U! is the space of functions on which
IndWgk/B, Wk/B,>XB,)

acts, the map of U; to U/ which sends ¢ to the function ¢’ defined by

¢'(w) = p(w;w)
if w is in W, p is an isomorphism which commutes with the action of W, . Thus

B~ @ Ind(Wgk/p, Wk/B,>XB,)

i=1

and, if X, = xB,/BXB,

XB® B~ @Ind(WK/& Wi/B,s XB;)-
i=1
Similar considerations apply if the roles of A and B are interchanged. The
double coset decomposition becomes

U Wk/pw; ' Wi/
i=1
and
Wic/a, = Wiya NwiWg pw; " = w; Wi p,w;
Thus B; = A7". It is also clear that xp, = x% -

To complete the proof of Lemma 17.1 we use Brauer’s theorem in the following
form. There are fields Fi,..., F, lying between F and K such that &(K/Fy) is
nilpotent for each k, characters xr, of Cr, /Nk/r, Ck, and integers my,...,my,
such that

1~ P me md(Wie)p, Wi/, XF,)-
k=1
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Since we are assuming that G is not nilpotent none of the Fj are equal to F' and we
may apply Theorem 2.1 to each of the extensions K/Fj.

We shall apply the previous lemma with A = E;, B = F}, and with A = E]’-,
B = Fj,. m will be denoted by m(ik) or m’(j¢). Ay will be denoted by E;x¢ or E;M
and By will be denoted by Fjis or F;M. Observe that

(192) A(XE“W¢EW/F))\(E1‘M/F’ 1pF)
is equal to

(19'3) A(XFikev1/]Fike/F))‘(Fik5/Fv wF)
and that

(19.4) AXE,, VB, PN Ejre/ FUF)
is equal to

(19.5) Ay, VEL, o)A E e/ F0F).

XE; may be regarded as a one-dimensional representation of W, g, and as such
is equivalent to

n m(ik)
@ @ my Ind(Wre g, Wi/ By XEine)-
k=1 (=1

Therefore

n m(ik)

mk 1kf

k=1 =1
and

A(XEL ) ,(/)EI/F)
is equal to

n_ m(ik -
II 11 { XEikga"/}E,;M/F))\(Eike/EiawEi/F>}
k=1 =1
Multiplying both of these expressions by A\(E;/F, ), we see that
(19.6) A(xe,, YE, ) r)MNEi /| F,Yr)
is equal to
(19.7) [T IT {2000 vr oM Eue/Fovr) |
k=1 =1
The same argument establishes that
(19.8) A(xe;, e r)ME;/F,)F)
is equal to
n m/(jk) s
(19.9) H H { (XEYy VB, )N B/ F, Z/)F)}
k=1 (=1

We are trying to show that the product over i of the expressions ((19.6)) is equal
to the product over j of the expressions (|19.8). It will be enough to show that the

product of the expressions (19.7)) is equal to the product of the expressions ((19.9).
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The representations

—~

ik)
Ind WK/Fk , WK/FMa XFlu)

r m

=1 £

Il
-

and

[
N
o

)
Ind(Wg/ ., Wikyr, > XF1,,)
j=1 ¢=1
are equivalent. Therefore

m’(j

r m(ik) s m/(]k)
Z Z ike * F] = Z Z ke s Frl.
i=1 f=1 j=1 =1

Denote the common value of these expressions by N (k). Moreover
1T TT AGees Yrnes )M Fine/ Fr, op, /)
i=1 £=1

is equal to
s m’ ]k)

H H AXF F, /PN e/ F U F).-
j=1 ‘(=1
Multiplying both of these expressions by
A(F/F )N

we see that

r m(zk)

(19.10) A(XFipes YFiey )N Fie | F 0p)
i=1 (=1

is equal to
s m'(jk)

(19.11) IT II Ake,, v, /P A Ejre/ Fotbr).
=1 (=1

J
Because of the equality of and the product over i of the expressions
is equal to the product over k of the myth powers of the expressions (19.10).
The product over j of the expressions is equal to the product over k of the
myth powers of the expressions . Lemma 17.1, and with it Theorem 2.1, is

now completely proved.



CHAPTER 20

Artin L-functions

Suppose w is an equivalence class of representations of the Weil group of the
non-archimedean local field F. Let K be a Galois extension of F' and let o be
a representation of Wy p in the class w. Suppose o acts on V. Let VO be the
subspace of V fixed by every element of WIO( JF Since WIO( /F is a normal subgroup of
W, the space V0 is invariant under Wy /F and on VO we get a representation o°.
Since WIO(/F = TI;}F (u%) the class of 0¥ depends only on w. ¢° breaks up into the
direct sum of 1-dimensional representations corresponding to unramified generalized
characters pq, ..., u, of Cr. We set

T

L(s,w) = H !

21— p(mp)|mrl

This we take as the local function. It is clear that when w is one-dimensional, the
present definition agrees with that of the introduction and that of w = w; ® wo.
Then

L(s,w) = L(s,w1) ® L(s,w2).

Suppose F'C E C K, p is a representation of W g, and
o=IndWg/r,Wgk/E, p)-
We have to show that if 8 is the class of p then
L(s,w) = L(s,0).

Let p act on W. Then V is the space of functions f on Wk ,r with values in W
which satisfy

fuv) = p(u) f(v)

for u in Wi, and v in Wi, p. If f lies in V4 and u lies in WIO(/E then

p(u)f(v) = fuv) = f(vv™ uww) = f(v)
because v~ lies in W sp- Thus f takes values in WO, In other words, we may

as well assume that W = W°. Indeed we may as well go further and assume that
W = W9 has dimension one.

Let Ng/pmp = €7Tlf;~ where € is a unit and choose wg in Wi/ so that 7x/pwo =
. Then w! = ugvg with ug in WIO(/F and vg in Wk, g such that 75, gvo = 7E.
Clearly, VO consists of the functions f with values in W which satisfy f(uw) = f(w)
for u in WIO(/F and f(uw) = pu(rg/pu)f(w) if p is associated to the generalized
character y1 of Cg. Take as basis of V0 the functions ¢y, ..., ps_1 defined by

@i(uvwg) = H(TK/EU)égI
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where z is a non-zero vector in W, u belongs to WE(/F, v belongs to Wi g, 0 < j < f,

and 07 is Kronecker’s delta. The matrix of o(wg) with respect to this basis is

[+ 1Tk EVO)
1 0
A= 1.. .
0 Y 0
and 1 1

L(s,w)

= = :L 5,9
det(I — Alrnp|®) 1 —p(rp)|rp|/ (56)

since |mp|f = |1

For archimedean fields we proceed in a different manner. If we write w, as we
may, as a sum of irreducible representations the components are unique up to order.
If w = P._, wi, we will have to have

L(s,w) = H L(s,w;).

Thus it is a matter of defining L(s,w) for irreducible w. If w is one-dimensional this
was done in the introduction. If w is not one-dimensional then F' must be R. Let
o be a representation of W¢ /g in the class w. W/ g is an extension of the group
of order 2 by C*. Let Wg/g = C* UwoC*. If o acts on V there is a non-zero
vector = in V and a generalized character p of C* such that o(a)z = u(a)z for
all @ in C*. Then the space spanned by {x, a(wo)x} is invariant and therefore all
of V. Since V is not one-dimensional o(wp)z is not a multiple of z. Notice that
o(a)a(wo)r = o(wo)o(wy Lawe)z = u(@)o(w)x. If

Mz

wz) = 2" —7=
|22

with m +n > 0, mn = 0 we set

L(s,w) = 2(27r)<s+r+m2+n)f‘(s tr+ = ;_ n)
The initial choice of p is of course not uniquely determined. However if pq is one
choice the only other choice is the character a — po(@). Thus the resulting local
L-function is independent of the choice.
The only point to be checked is that the local L-function behaves properly
under induction. We have to verify that if p is a representation of C* = W¢ /¢ in
the class 6 and

o =Ind(We/r, Weyc, p)
is in the class w then L(s,w) = L(s,d). We may as well assume that p is irreducible
and therefore one-dimensional. Let it correspond to the generalized character v. If
o is irreducible we could choose the generalized character p above to be v and the
equality of the two L-functions becomes a matter of definition. If ¢ is irreducible
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it breaks up into the sum of two one-dimensional representatives. It follows easily
that v(a) = v(@) for all a. Thus v is of the form v(a) = |a|" and
L(s,0) = 2(2m) G0 (s 4 r).

If ur = p is the generalized character x — |2|" of R* then v = g /g and, as we
saw in chapter 10, the representation o is equivalent to the direct sum of the one-
dimensional representations corresponding to p and to u’ where p/(z) = sgnzp(x).

Thus
Do) = {wéwr(sy) }{<>p<+2+1> }

The required result is thus a consequence of the familiar duplication formula
2% 7IP(2)D(2 + 1/2) = nV/20(22).

If F is a global field and w is an equivalence class of representations of the Weil
group of F', we define as in the introduction, the global L-function to be

L(s,w) = H L(s,wy).
p

I repeat that the product is taken over all primes, including those at infinity. It is
not difficult to see that the product converges in a half-plane Re s > ¢. One need
only verify it for w irreducible. Choose a Galois extension K of F' so that there is a
representation o of Wy, p in the class w. The restriction of o to Ck is equivalent
to the direct sum of 1-dimensional representations corresponding to generalized
characters u™), ..., u(™ of C. For each i and j there is a o in &(K/F) such that

1 (a) = ' (a(a)). Then |u;  pj(a)| = |u'(a™!
to the compact group of i idele classes of norm 1. Let |p/(a)| = |a|". Let vp be the

U(a))’ = 1 because a~'o(a) belongs

generalized character a — |a|” of Cr. Replacing o by vi.' ® o we replace L(s,w,)
by L(s — r,wp) and u by |p® |71, Thus we may as well suppose that all z(?
are ordinary characters. Since C is of finite index in Wy, the eigenvalues of o(w)
will all have absolute 1 for any w in Wk, and at any non-archimedean prime the

local L-function will be of the form

H 1
P 1 — oy|mp, |
with s < dimw and |o;| = 1, 1 < ¢ < s. The required result follows from the
well-known fact that 1

H 1-— ‘ﬂ'FP |S

p
converges from Res > 1. This product is taken only over the non-archimedean
primes.






CHAPTER 21

Proof of the functional equation

Choose a non-trivial character ¥ of Ap/F. Before we can write down the
factor appearing in the functional equation of the global L-function we have to
verify that €(s,w,,r, ) =1 for all but a finite number of ~.

Let w be realized as a representation o of Wy, and let the restriction of o to
Ck be equivalent to the direct sum of 1-dimensional representations corresponding
to the generalized characters p(V), ..., u("). All but finitely many primes p will
satisfy the following conditions.

(i) p is non-archimedean.
(ii) n(¥r,) =1.

(iii) p does not ramify in K.

(iv) m(u‘%)) = 0 for all P dividing p and all i.

Choose one such p and let 8 divide p. Corresponding to the map K/F — Ky /F,
is a map ¢p : Wy, /r, = Wkyp. wy is the class of o, = 0 0 py. The kernel of
op contains Uk,,. Since Ky /F, is unramified the quotient of Wiy F, by Uky
is abelian and oy, is the direct sum of one-dimensional representations. Let them
correspond to the generalized characters z/,Sl), ceey Vér) of CF,. Since Tg,, /F, takes

UKm onto UFP each of these characters is unramified. Thus

€(s,wp,Vr,) = HA<OZ;:2V;§i)7¢Fp) =1
i1

If 4% is another non-trivial character of Ap/F there is a 8 in F* such that
Vp(z) = Yp(Bz). According to Lemma 5.1

€(s,w,¥r,) = a;;% (B) det wy (B)e(s, w, ¥, ).
Since

[1ex (8)° 7 detw,(8) = |B]° 7 detw(8) = 1
p

the function
e(s,w) = H e(s,wp, VF, )
p
is indeed independent of ¥p.

We can infer from Tate’s thesis not only that L(s,w) is meromorphic in the
whole complex plane if w is one-dimensional but also that it satisfies the functional
equation

L(s,w) = €(s,w)L(1 — 5,w)
if @ is contragredient to w. As is well-known, Lemma 2.2 then implies that L(s,w)
is meromorphic in the whole complex plane for any w. In any case, Theorem B is
true for one-dimensional w and, granting this, we have to establish it in general.
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First we need a lemma.

Lemma 21.1. Suppose F' is a global field, K is a Galois extension of F, E is a
field lying between F' and K, x is a generalized character of Cg and
o=IndWgk/p, Wk /g, X)-

If w is the class of o and, for each prime q of E, xq is the restriction of x to Cg,
then for each prime p of F

G(SawpvwFp) = H{6(57Xq; qu/Fp )p(ECI/FP’wFp)}'
qlp
Let 8 be a prime of K dividing p. The first step is to find a set of representatives

for the double cosets Wi pwWig,, /F,. Since Cx € Wi g is a normal subgroup of
Wi r we can factor out Cx and merely find a set of representatives for the double
cosets

B(K/E)o®(Ky/Fy).
Let PBq,..., B, be the primes of K dividing p and let B, divide g; in E. &(K/F)
is the disjoint union

U 0i®(Ky/Fy)
i=1
where o, () = B;. If 0; and o; belong to the same double coset q; = q;. Conversely,
if q; = q; there is a p in &(K/FE) such that p(3;) =*B;. Then po;(P) = 0, (P) and
po; € O’j@(Ksp/Fp).
Thus we may write &(K/F) as the disjoint union
U 8(K/E)re(Ky/F,)
TES
so that if 9 divides q in E the collection { 7(q) ’ 7 € S} is the collection of distinct
primes in E dividing p.

For each 7 in S choose a representative w(7) in Wy ,p. For each 7 in S the
restriction of o to Wi, /5, leaves invariant the space of functions f on the double
coset Wi, pw(7)Wk,, r, Which satisfy f(vw) = X(TK/E(U)>f(w) for all v in Wk, .
The representation of Wy, /r, on this space is equivalent to

Ind(Wicy, /5, Wi 7, Xgr)

if E™ =77 1(E) and
Xq- (@) = x((a)).

E(saquwFp) = H G(Sanme;,/Fp )p(EZ{—T/vaz/}Fp)
TES

Thus

which is of course equal to

H 6(57an¢E‘,/FP)P(Eq/Fp7¢Fp)-

TES
We set
p(E/F) = HHP(Eq/Fp7¢FP)~

a qlp
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The preceding discussion together with Lemma 5.1 shows that it does not depend
on ¥ r. However that does not really matter since we are about to show that for any
choice of ¥ it is 1. Observe first of all that the previous lemma implies immediately
that if w is the class of

o =IndWgk/r, Wk/E, X)
then

€(s,w) = e(s,\)p(E/F).

Given an arbitrary class w realizable as a representation of Wy ,r we can find
fields
FEy,..., B,

lying between F' and K, generalized characters x g, , . - ., XE,., and integers my, ..., m,
such that

@ mi Ind(Wi)p, W /B, XE;)
i=1
is in the class w. Then

E(sa W) = H{G(Sv XEz)mLp(EZ/F)mL }
i=1
On the other hand

=1
and
L(s,w) = H L(s, X;;il)ml
i=1
Since
L(37 XEL) = 6(87 XEL)L(l -5 XE})
we have

L(s,w) = H e(s,xm,)™L(1 — s5,0)
i=1
because w contains .
@mi Ind(Wgk,r, Wk/E, X;;})
i=1
Consequently

r
[T ets xm)™
i=1

depends only on w and not on the particular way it is written as a sum of induced
representations. Thus

H p(Ei/F)™

also depends only on w. We call it H(w). It is clear that to prove Theorem B we
have to show that H(w) =1 for all w or, what is the same, that p(E/F) =1 for all
E and F.
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Suppose F' C E C E’. Denote the primes of F' by p, those of E by ¢, and those
of E' by q'. Then

p(E'/F) = [T11 p(Ey /Fy ¥r,).
Poa'lp
Apply Lemma 4.5 to see that the right side equals

TLTTLT{o(E% /sty Dol E B, ) 20
P alp a’lq
Since
> (B} : Eq] =[E': E]
a’la
this may be written as
[E":E]

[I11r(Ey/Eator, m) ¢S TTTL o(Ba/ Frs o)

9 q’lq P oqlp
which is of course

(20.1) p(E'/E)p(E/F)F ]

Suppose E/F is an abelian extension and w is the class of the representation of
W/, p induced from the trivial representation of Cp = Wg,g. Then H(w) = p(E/F).
On the other hand, w is the direct sum of [E : F| one-dimensional representations; so
H(w) = p(F/F)PFl =1, Tt follows immediately not only that p(E/F) =1 if E/F
is abelian but also that p(E/F) =1 if E can be obtained from F by a succession of
abelian extensions. In particular if F C E C L and L/F is nilpotent, p(E/F) = 1.

Observe that (20.1]) together with Lemma 2.2 and the transitivity of induction
imply that if w is the class of

o=Ind(Wg,p, Wk/E,p)
and @ is the class of p then
H(w) = H()p(E/F)™™?.

To complete the proof we will show that H(w; ® wo) = H (wy)d™«t for all wy and
wo. Taking wy = 1 we find H(w;) = 1. It is enough to prove the equality when wq
and wo are both realizable as representations of Wi, and there is a field E lying
between E and K with &(K/FE) nilpotent and a generalized character x g such that
wa is the class of

Ind(Wg/r, Wk/B, XE)-
Then H(ws) = p(E/F). If p is a representation in the restriction of wy to Wi, g
then, by Lemma 2.3, w1 ® wq is the class of

Ind(Wg/r, Wk/B,p @ XE)-
Let 0 be the class of p® xg. H(0) is of the form
[ oEi/E)™
i=1

where E C E; C K and is therefore 1. Thus
H(w1 X w2) = H(e)p(E/F)dlme — p(E/F)dim Wi



as required.
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Appendix

There is clearly not much to be said about the functions e(s,w, ¥ r) when F is
archimedean. However for non-archimedean F' their properties are more obscure. In
this appendix we shall describe and prove some properties which were not needed
in the proofs of the main theorems and so found no place in the main body of the
paper but which will be used elsewhere.

The first step is to define the Artin conductor of w. We follow a well-trodden
path. If K is a finite Galois extension of the local field F' then W[O{ /F contains Uy
as a subgroup of finite index and is therefore compact. It is, in fact, a maximal
compact subgroup of Wg /. Choose that Haar measure dw on Wy, which assigns
the measure 1 to W](} N If f is a locally constant function on Wk ,r and u is a
non-negative real number set

-1
F=d [ awr [ - s}
Wik Wi/ r
SAince Wy /
f(u) is bounded, continuous from the left, and 0 for u sufficiently large. Since

~

Wgip= WIO(/F for 1 <u < 0 we have f(u) = f(0) for such u. The integral

| Fn
—1
is well-defined.

There are some simple lemmas to be verified.
Lemma 22.1. Suppose F C K C L and L/F is also a Galois extension. Define g
on Wi, p by g(w) = f(TL/F’K/p(w)). Then g(u) = f(u) for all u.

This is immediate because by Lemma 6.16, 77/ r i/ r maps WE/F onto W}é/F

p 18 an open subgroup of Wy, it is meaningful to restrict dw to it.

for every u.
When we want to make the roles of K and F' explicit we write f(u) = fx,/p(u).

Lemma 22.2. Suppose F' C E C K and g is a function on Wi, g satisfying
g(wzw™') = g(2) for all z and w in Wk, . Regard Wik as a subgroup of Wi p

and set
fwy= Y gwe),
2eEWk, e\Wk/F

If Ng/pmE is a unit times ﬂ{,E/F and ‘B(SEE/F is the different of E/F

[1 Fre/p(u) du = fE/F/1 Ix/p(u)du+ fp/pog/rpg(l).

221



222 APPENDIX
Let dwg/p be the normalized Haar measure on Wy p and let dwg /g be the
normalized Haar measure on Wg/p. On Wk /g

Suppose at first that g(1) = 0. Denote also by g the function on Wi, which equals
the given g on Wi, g but is 0 outside of Wk, . Then

Fryr (W) = Wip : Wi lix r(u).

e/ () = ~ Wiy s Witgr) | gtw)durg e

K/F

Wi/r: Wi p]
- _—{WIO{;F : WIO<;E] /WK/E g(w) dwy,p
B 1 [W}%/F : WI%/F]A
=W W0 V0 Wi Jx/e(v).

Recall that
for = A
Wg/r: Wi/

Moreover
(Wi /r s Wit/ _ (Wi e Wi Ukl U U N Wi ]

[Wz()(/E : WI”(/E] a [WI%/E : W?(/EU?(] [Ug = Ug N WI%/E]

and Up N Wi p = Ug N Wi . By Lemma 6.11 the first term in this product is
equal to

[G°: GY]

(50 HY]
it @ = 6(K/F) and H = 6(K/E). But

(G°: G"] = /o (u)

and
[H® : H'] = ¢/ (v)
while
WK/F(U) = 1/)/1(/E(U)w/E/F(U)
Thus

/010 J?K/F(U) du= fg/Fr /010 JK/E <¢E/F(U))¢;5/F(U) du

= fE/F/ I /e(v) dv.
—1

To complete the proof of the lemma, we have to show that if g(w) = 1 so that
9x/E(u) = 0 then

/ fK/F(u) du = fE/F5E/F-
-1
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In this case G H [GO e
fK/F(U) = [G : H] - [GO HO] [HO H’U}

if v =g p(u). After some simple rearranging this becomes

[[gu: Ii]] [[gu I?] {(c*:-1) = (-1}

The factor G o e
Goea ~ (e Ve

{[G*: 1)~ [HY 1]} =

and, from paragraph IV.2 of [12],

o0

-1

while
[1 ([H" 1] - l)z/J’K/F(u)du = [1 ([HY:1] - 1)w/K/E(U)dU =0K/E-
Thus - c GO]
/_1 fryr(u)du = ﬁ(@(/F —0x/E) = fE/FoE)/F
because

5K/F = 5K/E + [HO : 1]5E/F-
Suppose w is an equivalence class of representations of the Weil group of F' and
o is a representation of Wy in the class of w. Let f, be the character of o. It
follows from Lemma 22.1 that the value of

depends only on w and not on . We call it the order of w and denote it by m(w).
Since f,(u) is clearly non-negative for all u and vanishes identically if and only if
Wy /F 18 contained in the kernel of o, the order m(w) is always non-negative and

equals zero if and only if the kernel of each realization o of w contains W?{ F

Lemma 22.3.
(a) If w = w1 D wa then m(w) = m(wy) + m(ws).
(b) If
w=Ind(Wg/p, Wk /g, v)
then

m(w) = fE/Fm(V) = fE/F(SE/F dim v.
(¢) m(w) is a non-negative integer.

The first property is immediate. The second is a consequence of Lemma 22.2.
To verify the third we merely have to show that m(w) is integral. If w = p ® v
and the assertion is true for any two of y, v and w it is true for the third. This
observation, together with part (b) and Lemma 2.2, shows that it is enough to verify
(c) when w is the one-dimensional class corresponding to a generalized character x g
of Cp. To do this we show that m(w) = m(xr).
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~

If f(a) = xr(a) for ain Cp = Wg,p then f(u) = f(m) form—1<u < mand

Fm)=0%:Up] [ {1-xr(a)}da.

m
UF

The right side is 1 if m < m(xr) and 0 if m > m(xr). Thus

m(xr)—1
m(w) = / du = m(xz).

—1
The function w — m(w) is characterized by (a) and (b) together with the fact
that m(w) = m(xr) if w is the class of xp.

Lemma 22.4. If w is an equivalence class of representations of the Weil group of
the non-archimedean local field F' and ¢ is a non-trivial additive character of F,
set m’'(w) = m(w) + n(yvp)dimw. There is a non-zero complex constant a(w) such
that, as a function of s,

e(s,w,¥r) = a(w)|7rp|m/(“’)s.

If w = p ® v and the lemma is true for any two of u, v, and w, it is true for the
third. Applying Lemma 2.2 we see that it is enough to verify it when w contains a
representation

Ind(Wgp, Wk/E, XE)-

Then
s—1
E(SawawF) = A(OLE 2XE7¢E/F>p(E/Fa rlvsz)
Clearly
s—1 s—1 m )
A(OzE QXE,Q/}E/F> = a5 Q(ﬂ_E(XE)JF E/FW;(wF))A(XEa¢E/F)~
But

(g TR O) = ap (N (g 0 0)))
and the argument on the right is the product of a unit and

fE/F(M(XE)+5E/F)+n(wF)dimw m’ (w)
TF =Tp .

The lemma follows.
The next lemma is rather technical and to prove it we will have to use the
notations and results of paragraphs 8 and 9.

Lemma 22.5. Let w be an equivalence class of representations of the Weil group
of the non-archimedean local field F and m1 a positive integer. There is a positive
integer my such that if xp and p1, ..., p, with r = dimw, are generalized characters
of Cr and m(xr) = ma, m(p;) <mq, 1 <i<r, while

-
H w; = detw
i=1

then for any non-trivial additive character ¥

r

e(s, xr @ 0,0p) = [ [ els, mixr, vr).
i=1
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Choose, as a start, mo > 2mq + 1. If pup is a generalized character of Cr and
m(ur) < my while m(xr) = mo then m(upxr) = m(xr) = m. Let n = n(¢¥p)

m—+n

and choose v so that Opy = PE™". If 8 = S(xr) we may choose B(urxr) = 5.
Appealing to Lemmas 8.1 and 9.4 we see that

s 1
(s, ppxr, Vr) = A(% QMFXFawF)

= (O‘SF_QMF) (;)A(XF7¢F)'
In particular

H6(37:uiXF7¢F) = Oé;(s_%) (g) dEﬂ]W(g) {A(XF,’Q/JF)}T
i=1

If w=pu® v then
6(87XF®W71Z)F) = 6(87XF®/U'7wF)E(S,XF®V71/}F)

and all three terms are different from zero. Thus if the lemma is true for two of
u, v and w it is true for the third. Using Lemma 2.2 once again, we see that it is
enough to prove the lemma when there is an intermediate field E' and a generalized
character ug of C'r such that w is the class of

Ind(Wg/r, Wk/E, LE)-
Then xr ® w is the class of
Ind(Wg,p, Wk/B, LEXE/F)
and
1
€(8, XFr Qw,Yr) = A(%; *UEXE/Fs ¢E/F> p(E/F,¢r).

There are two simple lemmas which we need before we can proceed further and
we digress to prove them.

Lemma 22.6. Let E be a separable extension of F'. If m is sufficiently large
Yp/p(m—1)+1=meg/r —0p/r
if eg/r is the index of ramification of F' in E.
Suppose F' C E C K where K/F is Galois and the assertion is true for K/F

and K/E. Subtracting 1 from both sides of the equation, applying ¢k /g, and then
adding 1, we obtain the equivalent equation

Yr/p(m—1)+1=vYg/p(meg/r —dp/rp — 1)+ 1.
By assumption, the left side equals
mek/r — 5K/F
and the right side equals
(meE/F - 5E/F)€K/E - 5K/Eo

Since ex/p = ex/pep/r and dx/p = 0k /g + €x/E0p/F these two expressions are
equal and we have only to prove the lemma for Galois extensions.
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Suppose FF C K C L and L/F and K/F are Galois. Suppose also that the
lemma is true for L/K and K/F. Then
Yryp(m—1)+1=19r/p (¢K/F(m - 1)) +1
= p(meg/p — 0g/p — 1) +1
= (meK/F - 5K/F)€L/K - 5L/K
=mer/r — 5L/F
as before. Thus, if we use induction, we need only verify the lemma directly for a
Galois extension K/F of prime degree.
We apply Lemma 6.3. If K/F is unramified, ex,r = 1 and dx,p = 0 while
Y p(m —1) = m — 1; so the relation follows. If K/F is ramified there is an
integer ¢ such that dx/p = ([K : F] —1)(t + 1) while ¥g/p(m — 1) +1 = [K :
Flm — ([K : F] = 1)(t+1) for m — 1 > t. Since ef/r = [K : F] the relation follows
again.
If n = n(¢r) then
n' =n(Yg ) =nep/p + 0p/p-
Thus if m is sufficiently large and m’ = ¢g/p(m — 1) +1
m' +n' = (m+n)eg/p
and if Opy = PR1" then Opy = ‘Brgurnl. We define
Prp(2) = Pgp(@:7,7)
as in paragraph 8.
Lemma 22.7. If my is a given positive integer then for m sufficiently large
Ppp(z) =z (mod Pp').
As in paragraph 8, let d be the integral part of %, d’ the integral part of ’"7/,
and let m = 2d+e¢, m' = 2d'+€'. Py () depends only on the residue of z modulo
P4 and is only determined modulo ‘BdE/. Recall that if

Pg/p(y) = Ng/p(14+y) —1

To show that Py p(z) = x (mod Bg') when m is sufficiently large, we have to

show that
P
¢F<x E/F(y)> — Y (:vy>
0 Y

for y in ‘Bg'*ml. To do this we show that
Pg/r(y) = Sg/r(y) (mod P7)

mlfml
E .

for y in ‘pdE/“l then

when m is sufficiently large and y is in P8



APPENDIX 227

To put it another way, we have to show that if K/F is any Galois extension the
assertion is true for all intermediate fields E. For this we use induction on [K : F]
together with Lemma 3.3. There are three facts to verify:

(i) If E/F is a Galois extension of prime degree then
Pp/p(y) = Sp/r(y) (mod PE)

m’'—my

when m is sufficiently large and y is in P
(ii) Suppose FFC E C K and K/F is Galois. Let G = &(K/F) and let E be
the fixed field of H. Suppose H # {1} and G = HC where HN C = {1}
and C' is a non-trivial abelian normal subgroup of G which is contained in
every other non-trivial normal subgroup. If the induction assumption is
valid
Pg/r(y) = Sp/r(y)  (mod Py)

when m is sufficiently large and y is in ‘,)375/77”1.

(iii) Suppose I' C E C E' C K and m"” = ¢g)p(m — 1) + 1. If, for any choice

of mi,
Pg/rp(y) = Se/r(y) (mod PF)
when m is sufficiently large and y is in ‘BE/_"“ and, for any choice of m/,

Py yp(y) = Sgp(y)  (mod PE)

. . .. m' —m},
when m, or m/, is sufficiently large and y is in B, ' then, for any
choice of m/,

Pgip(y) = Seryr(y)  (mod PE)

"
my

if m is sufficiently large and y is in P},
We first verify (i) for E/F unramified. By paragraph V.2 of [12]

Pgp(y) = Ng/p(1+y) —1=Sg/p(y) (mod FF%)
if y belongs to ‘B‘é“l. In this case m = m’ and we take m > 2my so that
m' —my >d +¢. If E/F is ramified and of degree ¢ we again choose m sufficiently
large so that m’ > 2my. If m >t
2m' —my) + (L —1)(t+ 1) < m +({—-1)(t+1)
L - L
so that by Chapter V of [12],
Pg/r(y) = Sp/r(y) + Ng/r(y)  (mod P7)

m’—my

if y belongs to ‘B

=m

. t of course has its usual meaning. Since Ng,r(y) belongs
to ‘B}?Lml all we have to do is arrange that m’ — m; > m. Since
m' —my =0m— (L —1)(t+1)—my
and ¢ > 2, this can certainly be done by choosing m sufficiently large.
To verify the second fact, let L be the fixed field of C. We can assume that

the required assertion is true for the extension K/L. Let £ =t ,p(m — 1) + 1 and
' =vYg p(m — 1)+ 1. If m is sufficiently large and Hy is the inertial group of H

(=[Hy:1m— ([Hy:1]—1)
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and
gl = [HO : 1]m/ — ([HO : 1] — 1)
Thus
PLNF =PF

and if £; = [Hy : 1]m; then

;Bﬁ( El m El mm m1
If m and therefore ¢ is sufficiently large

Prso(y) = Nigjo(L+y) = 1= Sg/e(y)  (mod PY)
if y belongs to ‘Bl};_gl. Thus if y belongs to ‘43;3”/_”“
Pg/p(y) = Pr/r(y) = Sk/p(y) = Sgyr(y)  (mod Pg).

To verify the third fact we choose, once m/ is given, m; so that

Spr ) p—m) _
SE'/E(%E’E ) =P
If m is sufficiently large
m” = mleE’/E —0p//B
and if y belongs to ‘Bg,ﬁ_ml
Spr/ely) € BE .
Taking it even larger if necessary, we have
Pgr/p(y PE/F(PE’/E )
= iy (50
= SE/F (SEI/E )
= Spp(y)  (mod Pp).

Returning to the proof of Lemma 22.5, we choose
g = 5(XE/F) = PE/F(5)~
If m(xr) and therefore m(xg,r) is sufficiently large,

A<OZE_2NEXE/F, 1/JE/F> =ay ’ (;,)NE (;)A(XE/FawE/F)’

Both 8 and 3’ are units and therefore

(3) i ()5 (e () - )

If m(xr) is sufficiently large

B'=58 (mod Py
and pg(8') = ur(B). In paragraph 5 we saw that

3] (3 (3
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if 1p/p is the representation of Wi, p induced from the trivial representation of
Wy r. We are reduced to showing that

(22.1) detig/p (g) {A(XF, TﬁF)}T = A(xe/r,YE/r)p(E/F,¢F)

if m(xr) is sufficiently large. Of course r = [E : F].

What we do is show that for each Galois extension K/F the relation is
true for all fields E lying between K and F. For this we use induction on [K : F].
Let G = B(K/F) and let C be a non-trivial abelian normal subgroup of G. Let L
be the fixed field of C. We saw in Chapter 13 that there are fields Fi,..., Fs lying
between F' and L and generalized characters p1, ..., us of Cg,, ..., Cr, respectively
such that

LE/F ~ @Ind(WK/F, WK/F,)/J’Z)
=1

Then

XF®Lp/p @ Ind(Wg/p, Wi/, 1iXF,/F)
i=1
and by Theorem 2.1, the Main Theorem, the right side of (22.1) is equal to

H A(pixr, ) r>Yr, r)p(Fi/ FyYr).

i=1

We just saw that if m(xr) is sufficiently large, this is equal to

HM(Z) HA(XFi/FawFi/F)p(Fi/Fv [y
=1 =1

Since
S

S [Fi:F]=[E:F]
i=1
we see upon applying the induction assumption to L/F that this equals

S
H“i (7> detip, <7) {A(XF,Q/)F)}T.
i=1 B B
We complete the proof of (22.1]) by appealing to Chapter 5 to see that

detLE/F = H,U,Z det LFi/F”
i=1
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