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If G is a reductive group over a local or global field then it is possible to attach
to G the endoscopic groups studied by Shelstad ([6] and the references therein)
and myself ([5]). Over the real and complex fields the introduction of these groups
has been amply justified by the work of Shelstad, but over other fields their value
remains doubtful as long as one is unable to establish the possibility of a transfer of
orbital integrals ([5]).

If T is a Cartan subgroup of G over the local field F', supposed of characteristic
zero, and « in T'(F) is regular then the orbital integral of a function f, taken for
simplicity to be smooth and of compact support, over the orbit of v is

®(y, f) = / flg~ vg) dg.
T(F)\G(F)

Let F be the algebraic closure of F' and A(T/F) the set of all a € G(F) such
that €, = o(a)a™t € T(F) for all ¢ € Gal(F/F). Then a — ¢ = {¢,} yields an
imbedding of D(T/F) = T(F)\2(T/F)/G(F) in the image £(T/F) of H'(F, Ty.)
in HY(F, T), the group T, being the inverse image of T' in the simply-connected
covering of the derived group of G. If € in £(T/F) is the image of an a in A(T/F)
we set
but if € does not lie in the image of A(T/F) we set

®(y,€, f) =0.
Finally if  is a character of the group £(T/F) we set

(v, ) =D _K(OD(v,¢ f).

€
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It appears that to transfer orbital integrals one needs methods for studying the
asymptotic behavior of ®*(vy, f) as v approaches a singular element. Over the real
and complex fields the differential equations it satisfies provide an effective tool ([2]).
Over non-archimedean fields the germ theory of Shalika is available, but this is only
a first step. However, as Shalika himself pointed out to me, there is a technique
at hand for the study of the asymptotic behavior of integrals on non-archimedean
manifolds, that of Igusa ([4]).

It will be described in detail in Section 1 and applies to integrals along fibers in
a fibering over a curve, but the fibering, the form defining the measure, and the
integrand must satisfy a number of conditions which, especially those imposed on
the fibering, are not easy to create.

The purpose of this paper, which is frankly tentative, is to construct Igusa
fiberings which are applicable to the study of orbital integrals on forms of SL(3).
The method is to modify a resolution due to Grothendieck-Springer ([1]) of the
morphism from G to the variety of semi-simple orbits. The construction is carried out
in Section 2, Section 3 and Section 4 using simple techniques of algebraic geometry.
In Section 5 it is verified that the orbital integrals are defined by integrals of Igusa
integrands over the fibers. In a second paper, to be written jointly with Shelstad, it
will be shown, all being well, that for the small class of groups being considered the
results allow the introduction of transfer factors satisfying the conditions of [5].

The present results are thus extremely modest, and can only be a token of my
esteem for the mathematical achievement of André Weil, but it is a token gladly
given.

1. ASYMPTOTIC BEHAVIOR OF INTEGRALS

In this paragraph we review some results of Igusa [4] and develop them in a form
suitable for our purposes. We introduce first of all an Igusa fibering, which is a
morphism ¢ from a smooth variety Y to a smooth, but not necessarily complete
curve C on which there is a distinguished point sg. The point, the two varieties,
and the morphism ¢ are all to be defined over a given ground field F', and ¢ is to
be smooth outside ¢~1(sg). In addition if yo € p~1(s¢) and A is a local coordinate
on Z at sg then there are local coordinates 1, ..., 1, on Y at yo which are defined
over F' and such that ¢ is given by an equation

A= apft o
with a; € Z, a; > 0, and « regular and invertible at yy. Such local coordinates will
be called admissible. The inverse image ¢~!(sg) is the union of divisors which are
smooth, apart from possible self-intersections, and cross normally. Let ¢ be the set
of these divisors and let a(F) be multiplicity of E in ¢~*(s0).

A form w defined over F, regular, and of maximal degree will be called an Igusa
form if the divisor of its zeros is contained in ¢ ~!(sg). Thus to each divisor F in &
we can so associate an integer b(£) > 0 that the divisor of zeros is [[ ., EbE)-1
If yo € ¢~ 1(s0) then in terms of the local coordinates y1, ..., the form can be
written as

W =W,y )y el gy - dpan,
where b; = b(E) if u; = 0 defines a branch of F € € at yo and b; = 1 if a; = 0.
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If F is a local field then Y(F') and C(F) are F-manifolds. A smooth function f
on YO(F) =Y (F) — ¢~ !(s0) will be called an Igusa integrand if the following two
conditions are satisfied:

(a) The closure of the support of f is proper over C(F).

(b) To each E € € there is associated a character x(E) of F* such that in
a neighborhood of a point yo € ¢ 1(s¢) the function f is defined by an
equation

fy) =vk1(p1) -+ Kn(pin)
where Ki,...,k, are unitary characters of F* with xk; = k(E) if y; = 0
defines a branch of E at yg but otherwise identically 1, and where ~ is
smooth at yo. Thus if F' is non-archimedean, which is the case with which
we will be concerned in this paragraph, v can be taken to be constant.

The fibering, the form, and the function taken together can be called Igusa data.
If X is a local coordinate on C at sg and if we choose a non-zero value \g for it we
can introduce coordinates p1, ..., i, at any point of <p_1 (s()\o)) such that pu; = A.
Then o, . .., i, serve as local coordinates on ¢~ * (s(/\o)) = Y,(»,) and the formula

w
Wxo :W(AOauQa?ﬂn)dquﬂn:m

defines a form of maximal degree on Yj(y,)-
We set

F(\) = /Y Fw)lwsl:
s(\)

The results of Igusa describe the asymptotic behavior of F' as A — 0, and yield
when they can be applied explicit formulas for the germs of Shalika. In order to
state them we need some notation.

Let © be the collection of all pairs (8, 3), where € is a unitary character of F*
and (3 a positive rational number, and let &(6, 8) be the set of all E' € € such that

09F) = k(F) and 8 = B(F) = Z((?) Let e(8, 8) be the maximal number of branches

of divisors in &(6, 8) which cross at a point.

1.1. Proposition. Let F' be non-archimedean, q the number of elements in the

residue field, and m(X\) = —log,|A|. For |A| sufficiently small there is an expansion
e(0,8)
FQ) =3 00N Y m) T (0,8, ),
r=1

where the sum runs over all pairs (0,5) for which &(0,8) is not empty, and the
constant F,.(0, 5, f) depends on 0, B, and f but not on .

We will indicate the proof of this, referring to [4] for details, even though the
results are formulated differently there, but we want to explain at the same time
how the constants F.(0, 3, f) are calculated.

If1<r<e(dp)let D= D,(0,0) be the variety which in the neighborhood of
any point is obtained by taking the union of all intersections of r distinct branches
of divisors in €(6,3). The points of D through which pass exactly r branches of
divisors in e form an open, dense, and smooth subvariety D of D. We now define a
form v = v, = v,.(0, 8) and a function h = h, = h,.(6,3) on D.



4 ROBERT P. LANGLANDS

If y € D then we may so choose admissible local coordinates p1, ..., u, at y that
a given branch of D at y is given locally by g3 = -+ = p,, = 0. On this branch and
near y the form is given by

W@0,...,0, thpa1y--.y b 2 b —Bas—1
R e e
@ J=r+1

and the function by

Y —a
h(ov"~7ovﬂr+17""un _W H Kj N] J J)
j=r+1

Because 8 may not be integral the form v may be multi-valued, but it is easily
verified that the associated measure |v| and the function h are well-defined on D.

1.2. Proposition. The constant F,.(0, 5, f) is given by the principal value

PV/ hlvl.

The principal value appearing here has still to be defined. To this purpose we fix
the local coordinate A and confine our attention to

ve={yeY(F)|eWy) ), N[ < e},

where € is small. We agree that at a point yg §é %) 1(50) all local coordinate systems
are admissible. We cover the closure of the support of f by a finite number of
disjoint coordinate patches U with admissible coordinates pq, ..., p, satisfying the
following conditions.

(i) There are integers M;, 1 < i < n, such that U is given by the inequalities

lwil < ¢~ Mi. There is also an integer s = sy (6, 3) such that y; = 0is a
branch of a divisor in 03(9, B) if and only if 1 <14 < s.

(i) If ¢ is given by A = apu{* - -+ pu2» then |a| = ¢~™ is constant on U.
(iii) Tfw = W (g, ..., o)l " ~~,ul;L"’1 dpy -+ - dpiy, then|W(,u1,...,,un)|iscon—
stant on U.

(iv) If f =yk1(p1)-- - £n(pn) then v is constant on U.

It is easy to see that any covering of the closure of the support of f can be refined
to a covering satisfying these conditions and that any two such coverings have a
common refinement. We shall define PV [’ p. helvr| as a sum

> PV / B |V
U D,.NU

If D, NU is empty the principal value is to be zero. So we suppose that D, N U is
not empty and thus that s > r.
Let the principal part of

at t =1 be
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and let A(x) be the polynomial
Zq(m—kl)---(m—i—j—l).
j=1

We define A,.(y) by

S

A —y) =Y 2" A (y)

r=1
and if . .
M=m+ ZaiMi + Z aim(,ui)
=1 1=s+1

we set
1

s—1
PV helvy| = (1 - ) PV/ A (M)hy|vy).
D,.NU q D.NU

The principal value on the right, in which the domain of integration is now D, N U,
remains to be defined.

1.3. Lemma. IfRez; > 0, s <j < n, then

n
(1.4) /A Ap(M)hs [T 1wl sl
D.nU i
is absolutely convergent, and defines a meromorphic function of zsy1,.. ., zn which
is analytic at zg41 = -+ = 2z, = 0.

Once the lemma is proven we can take

PV Ar(M)hg|vs|
D,NU
to be the value at zg41 = -+ = 2, = 0 of the function defined by (1.4).
The integral is a sum of integrals of the form

n

11 / o mlg) () g |7 |y,
j=s+1 7 nglSa™

where for each j either the unitary character n; is not trivial or the real number c;

is different from 0. The integrals appearing in the product are clearly convergent

for Rec; + z; > 0. If 5; is ramified the jth integral is zero, but if 7; is unramified

and ¢; its value at a generator of the maximal ideal, it is

M _Mo(citz
(1—1><_1>kdk 6 g Mt
k <
q) \Inq dzj l—ch+zj

Thus the lemma is established.

We need to verify that the definition of principal value is independent of the
covering chosen. The first step is to show that if we take a grid decomposition of a
given patch U into patches V' then

ZPV/ B |V :PV/ |V
v D,.NV D,.NU

A grid decomposition is obtained by choosing for each i an integer N; > M; and
refining U by patches V with coordinates ¢;, p; = 1i; + ¢:, |6:i] < ¢V, it being
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understood that fz; = 0 if |fz;| < ¢ Vi. If some of the k; are ramified, then the

condition (iv) will be satisfied only for N; — M; sufficiently large, but that is a minor
complication which we choose to ignore.

The refinement can be carried out in stages, taking N; = M; + 1 for one j and
N; = M; for i # j. We will have g patches Vj,...,V,—1 with 1i; = ,u;? equal to 0
for £ = 0 and unequal to 0 for k # 0. Suppose first that j > s. Then it has to be

shown that
PV/ M)h|vg| _va/ A (M)h|vgl.
D,NU DsNVy

This follows readily from the definition once it is observed, as is implicit in the
notation, that the functions A, (M) appearing on the two sides of the equality are
indeed the same. On Vj this is clear because there p; = ¢;. On Vi, k> 0,

)\ /J] + ¢] H ,u jJ )
i#]
with a; =0, and p; = ¢;, i # j. Thus on Vj, the function « is replaced by
o = a(uf + ¢5)*
and
S n
M =m(a) + ZaiMi + Z aim(¢i) + aym(¢;) = M
i=1 i=s+1
i
We next take j < s, supposing to simplify the notation that j is simply s. Then it

must be shown that 1f B, is defined like A, but with respect to a1, ...,as_1 rather
than aq,...,as, if

M(p)=m+> a;Mi+ Y am(p) + asm(p),
i#S 1=s+1

N = erZazN + Z a;m(p;)

1=s+1

<1 - 2)AT(M) - (1 - ;)AT(N) + /NSW(WMS B, (M(u))%.

Since N = M + a5 and M (i) = M on the domain of integration this reduces to
(1.5) A (M) = A (M + as) + B (M),

where it is understood that B, =0if r > s — 1.
The identity (|1.5)) is valid for all r if and only if

(1.6) Zxr LAL( Zxr YA (y + ay) ZwT 'B.(y

and

then
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This identity need only be verified for y and z integral and x very large. The
expression on the left is the coefficient of t*~Y in the Taylor expansion at ¢ = 0 of
the principal part at t = 1 of
s 1 . s 1 s—1 1
Zl;[ll—tai t ll;[ll—tai _i[[ll—tai’

which is by definition the right side of .

Suppose next that we have two coordinate systems ¢1,..., ¢, and p1,..., iy, on
the same patch U and that

Hi = fi(¢1; cey ¢n)¢za
if ¢; = 0 defines a branch of a divisor in &(f3,6), where |f;| = ¢~ V¢ is constant on U.
We want to show that the two coordinate systems lead to the same principal
value. It follows readily from the definition of

PV A (M)hg|vs|
D,NU
that this will be so if the function M defined on ﬁs NU by the coordinates 1, ..., tn
and the function M’ defined by the coordinates ¢1, ..., ¢, are equal. If near a point

of lA?S we have

A= B w
i=1

then .
M =m(B) + ZaiMi
and if . -
A=p ]
then -

M =m(8)+> a;M].
i=1
However M; = M/ + N; and

B =8I,
i=1
so that .
m(f') =m(B) + Z%‘Ni-
i=1

To show that the principal value is well-defined and independent of the covering by
coordinate patches, we observe that if we have two we can find a grid decomposition
of one, that is of each of its patches, which is also a grid decomposition of the
other. So we are immediately reduced to the case of a single patch U with two
coordinate systems ¢1,...,¢n, f1, ..., tn. Renumbering the coordinates we may
suppose that ¢; = 0 and p; = 0 define the same divisor for 1 < i < sy (8,6). Thus
i = fi(é1,...,dn)d; when 1 < i < spy(B,0) and |f;| # 0 on U. After passage to a
finer grid decomposition the absolute values | f;| become constant on the patches.
The independence is thus verified.
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We now prove Propositions 1.1 and 1.2. It is enough to verify them for a function
supported on a coordinate patch U on which it has the form

fly) = H Ki(pi),
i=1
while

w=T[w " dpa---dpn
i=1
and
Qn

A=
with |a| = ¢~™ constant on U.
What has to be shown is that for each unitary character 6 of F'* the function

O(s) = [ FOWO T )IAF N
IAI<e

is a rational function of t = ¢—* whose principal part at t = ¢® has a Taylor

expansion at ¢ = 0 in which the coefficient of ¢" is

) 7ﬁe<0,6) B

r=1
for n large.
Following Igusa we obtain

|04|5/ T of—a: s+b—1
_ O @ )| g | @e50s n
) = i) Uf(y)};[l (17" |dpa| -+ dpn |
lal* / —a; ;s+bi—1
= Ri ()0~ () || 57 | dpal.
9(0‘)1-1;[1 - ( (1) ul |

The integral will be zero if any of the characters x;60~% is ramified. Otherwise let ¢;
be the value of k;0~% at a generator of the maximal ideal. Then

al® 1 n n €; —a;s—b;\M;
o) = gy (1 3) T o

— 9]
q i=1 q“ﬂi s+b;

We suppose that for 1 < i < p we have k; = 0% and % = [ but that for i > p
one of these two equalities fails to obtain. Then ©(s) is the value at z = 0 of

1 p
(=)
q lnjl<q™ i

(q*ai(5+5))1\/ﬁ

1
1 1 - q@i(s+h)

—

7

n
< Jal*Phy, T gl = dppa] - - dp-
Jj=p+1
The procedure of forming the principal part at t = ¢® and then the coefficients of
its Taylor series at ¢ = 0 is linear, depends analytically on any parameter on which
the function depends analytically, and is interchangeable with a passage to the limit.
So we can carry it out under the integral sign.
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If the principal part of

1
Hl—t‘”

i=1
att=11s
Cj

(1—t)

=1
and

Az)=> cjlw+ 1) (x+j—1)
j=1

then the Taylor expansion at ¢t = 0 of the principal part of the function under the
integral sign at t = ¢” is

[ee] n
ZA(n)t"*Mq*("ﬂLM)ﬁhp H |y |FHbi—Bas—1
n=0 j=p+1

with

p n
M =m(a) + Z%‘Mi + Z a;m(p;).
i=1 i=p+1
So the coefficient of t" for large n is

n
A(n — M)hp(o, oo 0, ppyts e n) H |uj|z+bj*ﬁaj*1’
Jj=p+1
and the propositions are proved.

2. PRELIMINARY CONSTRUCTIONS

The initial, but not the critical, steps in the construction of the Igusa data attached
to orbital integrals can be carried out in general. We begin with a reductive group
G, a quasisplit group G*, an isomorphism ¢ : G — G*, and a distinguished pair
T* C B*, where B* is a Borel and T* a Cartan subgroup of G*. The groups G, G*,
T*, B* are all to be defined over F', but the isomorphism % need only be defined
over F. In addition we suppose we are given a Cartan subgroup T of G and a
Cartan subgroup T* of G*, both defined over F', as well as a commutative diagram

(2.0) x Twm*

which is the restriction of

The homomorphism 7, is to be inner, and ¥7 7« is to be of the form ad h o v, with
h € G*(F). Moreover the restriction of ¢r 7+ to T is to be defined over F. Since the
diagram will be fixed we may replace 1) by ad hot and suppose that ¢ = 7 1-.
The isomorphism 1 allows us to identify G and G* when the F-structure is not
being considered.
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The isomorphism 7 allows us to identify the Weyl group of 7" and T*, both of
which we label €2, and to introduce the Borel subgroup B = n~1(B*) of G. The Weyl
chambers in X*(T') ® R, the module X*(7T') being the group of rational characters,
may be labelled by w € Q. We set W(w) = w™'W, if W, is the chamber positive
with respect to B, and if W = W (w) we set B(W) = B¥ = w™'Bw, w being a
representative of w in the normalizer of T. We introduce an action of the Galois
group on the set to of Weyl chambers by

o(B(W)) =B(or(W)), o € Gal(F/F).
Let V be the variety of Borel subgroups of G. It is defined over F' although it

may have no F-valued points. We call a point (B(W) | W € tv) in V™ a regular
star if there exists an h € G such that

B(W)=h"'B(W)h = B(W)"
for all W. The variety S° of regular stars is a locally closed subvariety of V™.

If « is a simple root of T in B with associated reflection € = e(a) let P, be the
smallest parabolic subgroup containing B and B¢. The point (B(W) | W € w) is
called a star if for every w and every « there is an h such that

B(W(w)) =h™'Bh
and
hB(W(ew))h™" C P,
The variety S of stars is closed.
The group G acts to the right on S° and S:

g: (BOW)) = (BW)?) = (97 B(W)g).
The group 2 acts to the left
w (BOV)) — (B'(W))

with B' (W (w)) = B(W (wp)).
As subvarieties of V' the varieties S and S are naturally defined over F', but
this is not the F-structure we want. We define the Galois action on S(F) and S°(F')

by
o (BOW)) - <a (B(O‘TI(W)))>.

(a) There are natural bijections between the following three sets:
(i) T(FN\G(F);
(i) SO(F);
(iii) the collection of pairs (T',v) where T' is a Cartan subgroup of G over
F andv:T — T is induced by an inner automorphism of G(F).
(b) If the class T(F)h, h € G(F), corresponds to e € S°(F) and to (T',v) then
the following conditions are equivalent:
(i) heA(T/F);
(ii) e € SU(F);
(iii) 77 and v are defined over F.

2.1. Lemma.
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The bijections whose existence is asserted in (a) are given by
h— (B(W) = B(W)h) and h — (T',v)

with 77 = T", v(t) = t" = h=1th. The only doubtful point is the equivalence of (ii)
in (b) with (i) and (iii). However

a(B(a;WV)) = (a(B(a}lVV)))H(h) =B(W)*™

and
B(W)”" =B(W)"

for all W if and only if o(h)h~! € T(F).

We next introduce the variety consisting of all points (g,¢e) in G x S such that
g € B(W) for all W, the point e being (B(W)). Let X° be the open subvariety
of pairs (g, e) with g and e regular and let X be its closure. Both G and 2 act on
X and X°, the element h in G taking (g,e) to (h"'gh,e") and p € Q taking it to
(g,u(e)). Let 7 be the morphism (g,e) — ¢ from X to G. It is proper. There is
in addition clearly a unique morphism ¢ : X — T such that for a given = = (g, e)
there is some h in G satisfying

(2.2) B(W,)=h"'Bh
and
(2.3) () = hgh™  (mod N),

where N is the unipotent radical of B.

2.4. Lemma.
(a) We have

p(n(@)) = np(x)).
(b) The morphism ¢ is defined over F.

Both assertions need only be verified on X°. Multiplying the h appearing in
and on the left by an element of B does not affect either equation. Thus we
may suppose, provided that x is in X°, that
(2.5) B(W) =B(W)"
for all W. Then g = h™¢(x)h. Passing to u(z) replaces B(W(w)) by B(W (wp))
which is equal to B(W)™", where m is a representative of x. Thus A is replaced by
mh and ¢(z) by me(z)m™ = p(p(z)).

If z = (g, e) lies in X°(F) then passing to o(x) we replace g by o(g) and h in
by o(g). Thus hgh~! is replaced by o(hgh™!) and ¢(z) by o(p(z)).

The next assertion is an immediate consequence of the basic theory of reductive
algebraic groups.

2.6. Lemma. If z = (g,¢) lies in X and g is reqular and semi-simple then x € X°.
If v in T(F) is regular let o '(F) = {z € X°(F) | (x) =7 }. Let 2, be the

stabilizer of v in © and Qg the subgroup of elements in (2., fixed by o7, o € Gal(F/F),
or denoting the natural action of o on the Weyl group of T'.

2.7. Lemma. The morphism w defines a bijection of the orbits of Qg n gp;l(F)
with the stable conjugacy class of v in G(F).
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The stable conjugacy class is by definition ([3]) given by
{ail'ya ’ acUT/F) }
and thus is the quotient G (F) NA(T/F)\(T/F). Moreover
T(F)\G~(F)NA(T/F) = QJ.
On the other hand if a € A(T/F) then (a‘l'ya, (B(W)“)) lies in 7 (F). Tt is also

clear that if x = (a_lya, (B(W)“)) lies in X°(F) then a € A(T/F). The lemma
follows readily.

The variety Y9 occurring in the Igusa data will be obtained by taking a smooth
curve C in T which passes through the origin sy where its tangent is regular in the
sense that it does not lie in a hyperplane defined by a root and which contains no
other singular point. Then Y will be the inverse image of C° = C' — {50} in X°.
Since XY is clearly isomorphic over F to T° x T\G, where TV is the set of regular
elements in T and (v,g) — (gilfyg, (B(W)g)) the morphism ¢ is smooth on X°
and Y'Y is smooth. Before carrying out the construction of Y itself, which is at the
moment possible only in very simple cases, we introduce a form on X° from which
the Igusa form will be derived.

Let M be the variety providing the Grothendieck-Springer resolution. Its points
are { (9, B) € G xV | g€ B} and it is smooth. We have a morphism ¢ : (g,e) —
(9, B(W4)) from X to M. The variety M may be identified with a quotient B xg G
by means of the morphism

(b,9) = (9~ 'bg, g~ 'By)
(cf. []).
2.8. Lemma. Let {y;} be a basis for the left-invariant 1-forms on B and {w;} a
basis for the right-invariant forms on G which vanish on the Lie algebra of B. For

each i let v; be a right-invariant form on G whose restriction to B is equal to p; at
the identity. Then the form on B x G which at a X g is given by

(2.9) N(pi: (1 —ada)) | A [ A0,w))

i J
is the pull-back to B x G of a nowhere vanishing form wyr on M of maximal degree.
The form wyy is G-invariant.

The final statement is clear. Otherwise we must verify that (2.9)) is B-invariant
and that its contraction with the tangent vector to a curve

(exp tXaexp(—tX),exp th),
X in the Lie algebra of B, is zero at ¢t = 0. Since the tangent vector is
((ada—l )X, X),

the first factor being regarded as a left-invariant vector field on B and the second
as a right-invariant vector field on G the contraction is certainly zero.
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The action of b € B pulls the form (,ui, (1- ad(bab_l))ui> at (bab~!,bg) back
to

(ad b~ (i), (1 —ada)ad b_l(ui))

at (a,g) and w; back to adb~'w;. Since

det (ad bl ;. ) det<adb|LieB\ LieG) = det(ad bl q) =1

the invariance is clear.

The basis {w;} together with the collection {v;} defines a basis for the dual of
Lie G and thus a form wg of maximal degree on G. A suitable choice of bases leads
to any given form. Consequently we may in particular assume that weg is defined
over F'. Suppose in addition that we also have an invariant form wp of maximal
degree on T and that it is defined over F'. Thus the quotient of wg by wr is a form
wp\g on T\G.

The set of F-valued points of T\G is precisely the image of A(T/F) in

T(F)\G(F).
If v € T(F) then k(e€) f(a~'ya), where € = €(a) is a function on (T\G)(F) that the
following lemma, which in characteristic zero is contained in Lemma 8.2 of [5] and
whose proof we otherwise leave to the reader, shows to be locally constant.

2.10. Lemma. If {¢,} is a 1-cocycle of Gal(F/F) with values in T(F) and if all
€, are sufficiently close to 1 then it bounds.

The k-orbital integral ®* (v, f) is thus equal to
(2.11) [ kofehalnl.
(T\G)(F)

However the morphism a — (ailfya, (B(a)a)) is an isomorphism of T\G with
@7 (F) and it is defined over F. Thus we may regard wp\¢ as a form on and
as an integral over ¢ !(F).

On the other hand if wyo is a form of maximal degree on X° then the quotient
wx 2 defines a form w., on each fiber.

2.12. Lemma. The form
Wxo = f*wM
is defined over F and

Wy = H 1—a '(v) |une-
a>0

For the proof we may identify X° with 79 x T\G and wp\q is the quotient
WTAWWT\G We choose a basis {X;} of Lie T such that wr (/A\; X;) = 1, extend it to a
basis {X;} U{Y;} of Lie B, and finally to a basis {X;} U{Y;} U{Z;} of Lie G which
we may assume is dual to {l/l} U {w;}. Since ¢ is defined by the natural morphism

TxT\G=TxrG— B xg G it follows readily from (2.9) that
§wm = H (1 - 071(7)>WT Nw\G,

a>0
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an equality which yields the second half of the lemma. The first is clear. Moreover

(Lsot-a") o
o — = Aa\7),
[lasol—a71(v)
o € Gal(F/F), vanishes nowhere and o(wx,) = A\ (7)wx,-
As a consequence, rather than studying the integral ®*(vy, f) we prefer to study

I1 ‘1 - Ofl(v)) 5 (y, ) = F*(, f)

a>0

- /_1 m,{(e(x))f(g(x)ﬂ‘*’ﬂ
py (F)

where my(e) = k(e(a)) if e in S°(F) corresponds to a in A(T/F).

We define the Igusa form w® on Y° by choosing coordinates Ai,...,A¢ at 1
on T such that C is defined by Ao = --- = A\, = 0 and A restricted to C gives
the coordinate A\. We suppose moreover that each is defined over F and that
wr = BdI A+ AdXs. We choose w’ such that

wxo = PBdrag A---AdA\g AW’

and let w? be the restriction of w’ to Y°. We take the Igusa integrand f.. to be the
restriction my (e(x)) f(g9(x)) to Y° and obtain

F*(y, f) = /Y f@)wsl, v ec.
(M)

3. SOME USEFUL COORDINATES AND A FIRST RESOLUTION

We shall construct the variety Y in two stages, beginning with a resolution Sy
of S, and to this end we introduce some affine coordinate patches on S. Each
patch will be associated to a fixed Borel subgroup By, and a Borel subgroup By
in opposition to it, and will be defined over F' if B, and By are, but this we do
not assume. Let N, be the unipotent radical of B,,. It is an affine space and
the morphism n — n~'Bgn is an isomorphism of N, with the open subvariety
V(Bx) C V of Borel subgroups in opposition to Bs. Let S(By) C S be formed
by those families (B(W)) such that B(W) is in opposition to By for all W and let
S%(Bs) = S°N S(By). If

S(Bu, Bo) = { (B(W)) € S(Bx) ‘ B(W,) = By }

then (B(W),n) — B(W)™ is an isomorphism of S(Bs, By) X Noo with S(Bs). We
have as well
S%(By) ~ S°(Bao, Bo) X Neo.

We fix our attention on S(Bwo, By), setting Ty = BgN Bs. The inclusion T C By
allows us to identify  with the Weyl group of T. If (W, 3) is a pair consisting of a
Weyl chamber and a wall of it, or more precisely a root defining a wall, then for
some unique w and some simple root a = (W, 3), we have W = W (w), f = aow.

We shall attach to each such pair a coordinate function z(W, §) on S(Bs, Bo).
To this purpose we fix for each simple root a two root vectors X, and X_, such

that [Xo, X_o] = H, with S(H,) = 2(%35)) for all roots 5. Let G, be the group

whose Lie algebra is spanned by X,, X_,, H,.
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Now let € be the reflection corresponding to «(W, §8), so that 8 = 0 is the wall
separating W (w) from W(ew) = W(w’). Thus if e = (B(W)) lies in S(Bu, Bo)
then for some h in N, we have

B(W(w)) = B and h(B(W()))h™ C GuB.
As a consequence
hB(W(w'))h™" = exp(—2X_a)Boexp(2X_a).
The coeflicient z is uniquely determined and we set z(W, ) = z. Observe that
z(W, 8) = 0 if and only if B(W (w)) = B(W ().

3.1. Lemma. The coordinates z(W,3) are regular functions on S(Bs, By) and
determine the point e.

More formally stated the lemma would read:

S(Beo, Bo) =~ Spec(K(z(VV7 ﬁ)))7

K being a field over which B., and By are defined.

To prove it we introduce paths, which are sequences Wy, Wy,..., W, of Weyl
chambers such that for each ¢ the chambers W; and W;; are distinct but have a
wall, B;+1 = 0, in common. Let W; = W(w;) and set «;11 = w;(B;+1), so that

w; = €(ay) -+ - €(aq )wo,
where €(q;) is the reflection associated to ;. It is clear that if hB(Wy)h™! = By,
with h € N and z; = 2(W;_1, 8;), a; = a(W;_1, 8;) then
RB(W))h™" = exp(—21X _a,) - exp(—2;X _q,)Bo(exp 2. X _o,) - --exp(21X_q, ).

Taking Wy to be W we see that the point is determined by the coordinates. We
see moreover that if C' is a closed path, so that Wy = W,,, then

exp(zpX_q,) -exp(z1X_q,) = 1.

These are polynomial relations among the coordinates and form a complete set of
relations. One particularly simple type of relation results from taking a closed path
of length two. If W and W' are adjacent and separated by the wall 3 = 0 then

(W', B) = —2(W, B).

In general if a star is given then the sequence B(Wj), ..., B(W,) attached to
a path is a gallery in the Tits building attached to G. It follows readily from [7],
especially the section 3.4, that the star is regular if and only if B(W") # B(W) for
all pairs of adjacent chambers W, W’. In particular a star in S(B, By) lies in
S%(Boo, By) if and only if all its coordinates are non-zero.

The torus Ty acts on S(Bos, By) and on S°(B, By) by sending e = (B(W)) to
e = (B(W)"). Clearly the coordinates z'(W, ) of e’ are given by

Z(W(w),xow) =at)z(W(w),aow).

Let S’ (Bso, Bo) be the subvariety of e € S(Bw, By) such that for each simple root
o there is at least one chamber W (w) for which z(W (w),a ow) # 0. The quotient
R(By, By) of 5'(Buo, Bo) by Ty exists and S’'(Buo, Bo) is a principal bundle over
R(Beso, Bo) with group (Tp)aq, the image of Ty in G,.q. Let A* be the product over
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the set of simple roots of the one-dimensional coordinate space over F. The group
Ty acts on A* by

t:x=(rq) =z’ = (a_l(t)xa).
Set
S1(Bso, Bo) = S'(Bso, Bo) x1, A¥
and
S1(Boo) = S1(Bso, Bo) X No.
The morphism e — e x (1,...,1) imbeds S’ as an open subvariety of Sj.
There is a lemma to be verified.

3.2. Lemma.
(a) E(Bs) ®o E: 7(S(Bw)) = S(0(Bw))-
(b) §'(Bo) @y F = 0(8'(Bu)) = §'(0(Bw)).
(¢) The isomorphism S'(Bs) ®» F ~ S'(0(Bs)) extends to
51(Bso) ®g F =~ 51 (0(B))-
The isomorphisms in (a) and (b) are formal, S(By) and S’'(Bs) both being
contained in S, which we have defined as a variety over F' by twisting the natural

F-structure. The equality of (a) is also immediately clear, but not that of (b).
Suppose e x n lies in S(Bos, By) X N and e = (B(W)) with

B(W)=Bj"".
Here
nw = exp(2, X _q,) - -exp(z1 X _q, ),
where 21, ..., 2, are the coordinates attached to a path from W, to W. Represent
S(0(Bxo)) as S(0(Bos),0(Bg)) X 0(Nso). Then o € Gal(F/F) takes e xn to €/ x n/
with
(3.3) n' = (Mgt (7, 1)

and ¢ = (B(W)),

4 " oln _1(W)n
(3.4 B =o(B(a' 1)) =0t (rozr00)
Thus if for simplicity we take X_, o) = 0(X_o) then

2 00.9) = (2o (W) () ).
and the equality of (b) follows.
On 51 (B, Bo) we define the elements ny, by
nw = exp(rp2p X _o,) - -exp(x121X _q,)

where z; = z,, if e1 = e X (z4) and the a; are associated to the path as before.
The action on the simple roots defined by T* is denoted o«. o and o« differ by
an element of the Weyl group. Consequently

oz (@(W.8)) = a(o7' (W),07'(8)
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for all W and B. The action of o € Gal(F/F) on S;(Bso, Bo) X Ns which yields
the isomorphism of (¢) can then be taken to be

gieX (xy) xn—e x (J(xa_l(a))> xn',
-

where €’ and n' are defined by (3.3]) and (3.4)).

Although it is of no importance for us we note that the following lemma can be
proved in exactly the same way.

3.5. Lemma. The subvariety S'(Bso) is tnvariant under the action of Q and this
action extends to S1(Boo)-

We also note that the dependence of S;(Bx) on the choice of By is only apparent.

3.6. Lemma. Any two choices of a Borel subgroup in opposition to Bs, lead to
canonically isomorphic varieties S1(Boo)-

Let By and By = Bl', h € N, be two choices. Then T} = T} and we may
take X_, = X", o/ being the root defined by o’(t") = a(t). The isomorphism
between S(Bso, Bj)) X N and S(Beo, By) X No defined by identifying them both
with S(Boo) takes e x n to ¢/ x n’ where n = hn’ and

Z(W,B) = 2(W, B).

Recall that the relations Ty C By, T; (;L - B(')L, T C B allow us to identify the root
systems of all three tori.

We now take two Borel subgroups By, and B/ and construct a birational map
from S1(Boo) to S1(BL,). These will allow us to paste together the varieties S1(Bs)
to form a variety S7.

We first make the birational map from S(By,) to S(BY,) defined by the imbed-
dings S(Bx) C S, S(BL,) C S explicit. We represent both varieties as products
S(Boos Bo) X Noo, S(BL,, By) X No with respect to a Borel subgroup By opposite
to them both. If e x n is equal to ¢’ x n/ then n’ is defined by the condition n € Byn'.
Let e be given by (B(W)) and ¢’ by (B'(W)), so that

B(W)" = B'(W)".
If, for a given W, B (W) = B}, i € N/, and B(W) = Bl', h € N, then

bh = W'n'n=1, b € By. Thus if W’ is adjacent to W and separated from it by the
wall 5 = 0, so that
B/(W/) — B(CXpZ/Xial)h/
then o
B(W) _ Bexp(z'X_a/)bW _ BSXP(Z X—a/)h.
Now —q’ is the negative of the root @ = (W, §), the prime indicating that it is a
root of T} = B N By in B/_. There is clearly a linear fractional transformation

taking 0 to 0, and thus of the form
a
— ="+
z
with a # 0, such that
expz’ X%, € ByexpzX_o.

This z is z(W, 8). The two coefficients a = a(W, 8) and ¢ = ¢(W, 8) depend on e
but only through b, and thus only on the coordinates of a path from W to W,..
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We define the birational map between S;(By) and S1(BL) by

(3.7) T, = Ta
and
(3.8) (W, 8) = a(W, B)2' (W, B) + c(W, B)=(W, )2 (W, B)zq.
The first equation allows us to rewrite the second as
1 a(W, )

T (W, 5) ~ zazv,g) VO

This makes it clear that the map takes equivalent points to equivalent points. It

defines an isomorphism between the following two open subvarieties of S1(Bs) and
Sl (B(/)O ):

(i) { (e, (za),m) ‘ nwn € BoN., VW}

(ii) { (¢, (2h),n) ’ nyyn' € BoNo YW }

We can use these isomorphisms to paste S1(Bs) and S1(BL,) together. Examin-
ing the process on the dense subvarieties S’(By), S'(B.,) we see that the pasting
is well-defined and independent of the choice of By and consistent, and thus defines
a pre-variety Sj.

3.9. Lemma. The pre-variety Sy is a variety defined over F' on which G and ()
act. There is a morphism p : S1 — S defined over F' and compatible with the actions
of G and Q. The morphism p is a birational map between S1 and the closure of S°
in S.

Since we have patched along sub-varieties that were as large as possible the
Hausdorff axiom is easily verified. Lemma 3.2 allows us to define it over F', and the
actions of G and 2 are clear. The morphism p is defined locally and sends a point
e X (zo) x n in §'(Bog, By) X A¥ x Ny to (B(W)) = (By™™).

In general one has to expect that Sy is only a first approximation to a smooth
completion of S°. However for the simple cases with which this paper is ultimately
concerned we have the following lemma.

3.10. Lemma.
(a) If the Dynkin diagram is of type Ay then S; = S = P! x P! is smooth and
complete.
(b) If the Dynkin diagram is of type As then Sy is smooth and complete and p
s surjective.

The first part of the lemma is of course immediate and is included only as a
reference. We begin the proof of the second with some simple remarks applicable to
all groups of rank two.

Fix By and By and let o, o’ be the two simple roots of Ty in By. Let

Wo=W4, Wi,...,War_y

be the path C which starts at W, crosses o' = 0, and then continues until it returns
to W, through o” = 0. The corresponding coordinates will be denoted 2, 27, 25,
28, ..., 2., 2. In addition we denote X_, by X’ and X_,» by X”. Then the sole
equation to be satisfied is

(3.11) expz, X" expz, X' - expzf X" exp 21 X' =1,
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which when examined is seen to consist of r polynomial relations among the 2r
coordinates. It can be given various forms by taking inverses or by permuting the
coordinates cyclically.

It is convenient to refer to a diagram of chambers and walls labelled by the
corresponding coordinates. For types Ay this is

2y 2
Wi
WQ WO
zh 25
W3 W5
Wy
24 24

Two equations which follow immediately from are:
T T
(3.12) =0 > 2 =0
i=1 i=1
Thus on S’ (B, By) at least two of the 2/ and two of the z are not zero. We now
take r = 3 and for convenience read the indices modulo 3. We work on S’(Bu, By)
and distinguish two possibilities:
(a) There is an i such that z; # 0, 2" # 0, zj; # 0.
(b) If z; #0, z;,, # 0 then z; = 0.

If (b) obtains then 2" # 0, zj’ ; # 0 imply 2;,; = 0. Indeed either z; # 0 or
2z o # 0. Thus if 2}, # 0 either (2], 2}, 2{, 1) or (2{,1, 2]’ 1, 2} o) contradict (b). If
(a) obtains then all coordinates are non-zero. This, like many other things, can best
be seen in the Tits building. The condition (a) is that there is no folding at three
consecutive stages in the gallery associated to the path C and the family (B (W))
and thus no folding at all.

For many purposes, in particular for the proof of the lemma, we may replace a
point in S(Bw, By) by a translate under the Weyl group. Thus we suppose that
either (A): for all ¢ both 2z and 2/’ are different from zero or (B): z{ =0, 25 =0
but all other coordinates are non-zero.

To prove the first part of the lemma we need only show that S’(Bso, Bp) is smooth
at such a point. We have a morphism m from 2r-dimensional affine space to N
given by

m:(2,2") > expz!/ X" expzl X' -exp ) X" exp 21 X'
and it is enough to show that its Jacobian is of rank r at such a point. Set
V! = exp(—2z[X"), V" = exp(—z; X""). The map on tangent spaces is given explicitly
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0 ‘.
873 — X 97
0
92
0
0
PE)
There is a similar formula for the image of %é, but it is not necessary, for the images

of a%;v %, a%g are already linearly independent, and thus span the Lie algebra of

No. This is clear because X', X" and
ad VJ/(X') = X' — 2[X", X]

— ad V{(X");
—ad V{ad V{"(X') = ad V{ ad V' ad V5 (X);
—ad V) ad V" ad V5 (X");

—ad V] ad V" ad V5 ad V' (X").

are linearly independent.

To complete the proof of the lemma we need only show that p takes S1(Beo, Bo)
onto S(Bs, By) and that the full inverse image of S(Bx, By) is S1(Bso, Bo), for
S1(Boo, Bp) is then the blow-up of S(By, Bo) with respect to the ideal generated
by {z{27} and thus proper over it.

That S'(Buo, Bo) x A¥ — S(Bs, Bp) is surjective is tantamount to the claim
that if 2}, z/, 1 < i < 3 are given with

expry X" exprs X'+ -expar! X" expa| X' =

then we can find y/, ¢ and 2, 2/, 1 < i < 3 such that at least one of the z and at
least one of the z! are not zero, equation (3.11) is satisfied, with of course r = 3,
and finally o} = p/'2f, =/ = p/ 2} for all i.

This is clear if at least one z and at least one z; are not zero, or if all the
coordinates are zero. Therefore suppose, for example, that all of the z} are zero but

that at least one of the x! is not zero. If one of the x! is zero, we take it, with no

loss of generality to be x. Then 2§ = —z4 and we set z;/ = z} for all ¢ and 2§ =0,
2y =2z, 2b=—z,2#0.
If none of the z is zero choose 2! = zf, 2§ = 2, 21 # 0 and form the

configuration of Borel subgroups specified by the following diagram of Weyl chambers
and coordinates:
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2y 21
Wi
W2 WO
24
Wy

The Borel subgroups B(W3) and B(W5) will necessarily be in opposition (cf. [7]).
Thus the diagram can be completed by the addition of B(W3) and B(Wy). If they
are both in opposition to B, we will have a point of S’(Bw, By) and 24 will, as a
consequence of ([3.12), be equal to z¥.

In fact to complete the diagram we choose 2§ = x4 and solve the equation

exp(—25X") exp(—24 X") exp(—24X") = exp(2 X") exp(21 X') exp (25 X")

for 24 and zj. Setting z§ = z, 24, = —z{ — z we find that this is equivalent to
expzX'Aexp(—2X') =B

with

A = exp(z) X') exp(—25 X", B = exp(2) X") exp(21 X") exp(25 X").
Since A is congruent to B modulo the derived group of Ny and z4 # 0 this is
possible.

It must finally be verified that if e x (¢/, ") in S’ (B, By) x A¥ maps to a point
in S(Bwo, By) then it is equivalent to a point in S’(Be, Bg) x A*. This is however
an easy consequence of (3.7) and (3.8]). For example the image of S'(Beo, Bo) x1 {0}
in S1(Bso, Bo) is independent of By, and isomorphic to R(Bu, Bo)-

There are two observations that it will be useful to record now for use in the next
paragraph. We have introduced two types (a) and (b) of points in S’(By,, Bp).-

3.13. Lemma.

(i) For a point of type (a) all coordinates z, and z! are non-zero.
(ii) For a point of type (b) ezactly one coordinate z;  and one coordinate 2} are
non-zero. Moreover jo = ig + 1 (mod 3), so that the corresponding walls

are collinear.

This we have already seen. It means that there are four types A, and Bi, Bs,
Bs. For type B; the coordinate z! is 0.

3.14. Lemma. Ifex (2o, 2o )%n in S'(Boo, Bo) X A¥ X Ny and €’ x (2,2, ) xn’
in S'(B._, By) x A¥ x N!_ have the same image in Sy then e and e’ are of the same
type.

This follows readily from (3.8]), which shows that 2’(W, ) = 0 if and only if
z(W, B) = 0, and allows us to assign a type to points in 5.
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4. THE FINAL DESINGULARIZATION

Let X; be the closure of X° in G x S;, which of course contains G° x S° as an
open subvariety, GO being the set of regular semi-simple elements in G. Let Y] be
the closure of Y in X;. Then Y will be an open subvariety of Y;. We will modify
Y, along a sub-variety of ¥; — Y? to obtain Y.

We begin by covering Y; with open subvarieties whose structure can be examined
in detail. We can project Y7 to S1. Let Y1 (Bw) and Y7 (B, Bo) be the inverse images
of S1(Bw) and S1 (B, Bo). Then Y;(By) is open and Y7 (Bs) =~ Y1 (Boo, B) X Neo.
It is also easily seen that Y7 (Buo, Bp) is the closure of its intersection with YO, There
is an inner automorphism taking the pair Ty, By to T, B. Let Cy be the inverse
image of C. We also use A as a parameter on Cj.

A point yo in Y;(Bs, Bo) has the form (s()\o)no,eo), s(Ao) € Co, ng € Ny,
eo € E1(Bwo, Bo). We consider the equations satisfied by a point y = (s()\)n, e)
in Y0 N Y1 (Be, Bo) near yo. Let p(e) = (B(W)). Let Y{(Boo, Bo), j = 1, 2, 3 be
the open subvariety of points of type A or B; and Ylj (Bx) = Ylj(B007 By) X Neo.
Since the varieties Ylj (Bxo) are permuted amongst themselves by the Weyl group, it
suffices to consider Y;!(Buo, Bo). The proof of Lemma 3.10 shows that we may take

21, 21, 24 as coordinates on S’(Bu, Bg) near eg. Since z§ # 0 at eg we may take
x=pzl,y=—p'Z{,and V = _z%’ as coordinates on S1(By,, Bg) near eg.
On Sy we use A as coordinate and we specify coordinates u, v, w for n € Ny by
the relation
n = expuXy expvXqrexpw|[Xaor, Xor]-
Since B(W3) and B(Ws3) are in opposition when y lies in Y the conditions s(A\)n €
B(W;), 0 < i < 6, reduce to s(A)n € B(W;) for ¢ = 1, 2, 5. They can be used to

solve for u, v, and w.
1 0\/8 0\/1 wu 10
x 1)J\0 1)\0 1/\—-2 1

Observing that
is upper triangular if and only if zu = 1 — f~! we find, for example, that

(4.1) xu = Ab(\)
with Ab(A) =1 — a/(s(A)~!). The other equations are
(4.2) yv = Ac(A)

with Ac(A) =1 —a”(s(A\)71), and
zyVw = Md(X) — Ve(N))

where Add(A) =1 —a/(s(A)71)a”(s(A)™!). Thus b(A), c()), d()) are all regular and
invertible at A = 0 and d(0) # ¢(0), for it has been assumed that the tangent to C
lies in no singular hyperplane. Set U = d(\) — V¢(\) and rewrite the final equation
as

(4.3) zyVw = AU.

It is convenient to consider the two regions

Vi (Boe, Bo) = { y € V{'(Boe Bo) | U 0



ORBITAL INTEGRALS ON FORMS OF SL(3), I 23

and
Yi2(Boo, Bo) = { y € Vi (B, Bo) | V £ 0}
separately. They clearly cover Y;!(Baso, Bo), at least in a neighborhood of A = 0.
4.4. Lemma. Y (B, By) is non-singular.
We may choose z, y, V, and w as coordinates.
4.5. Lemma. Y'?(B,,, By) is non-singular except at x =y=U =u=v = w = 0.

We deduce from (4.1)), (4.2)), ([4.3)) the following equations on Y(B, Bo) N YY:
(4.6) zu = Myyv, zw = MyvU, yw = MsuU,

in which M;, M5, M3 are nowhere vanishing functions and My = M; M3. Replacing
the coordinates v and v by v’ = Msu and v' = Msv one simplifies the equations and
verifies the lemma readily, showing of course at the same time that Y;'?(Bu, By) is

defined by the equations (4.6)) and either of the expressions (4.1) or (4.2) for A.
If the group is an inner form of SL(3) we can now define Y by taking

Y (Boo, Bo) = V"' (Beo, Bo), 4" (Bso) = Y (B, Bo) X Neo,

and by taking Y'2(B, By) to be the result of blowing up Y{?(Bs, Bo) at © =
y=U=u=v=w=0,Y"(By) to be Y'2(B,, By) x Ny, and then pasting.
Since we are in effect simply blowing up along the singular subvariety of Y; the
pasting is possible and yields, thanks to the universal property of blowing up
([3], Proposition 7.14), a smooth variety Y defined over F. The composition of
Y-V =Xy > Xwithn: X —-Gorp: X — T yields morphisms 7 : Y — G
and p: Y = C.

4.6. Proposition. All three of Y, 7, and ¢ are defined over F. The morphism
T X @ is proper and  is an Igusa fibering.

We have only to verify the last point. At the same time we see what further
modification is necessary when G is an outer form, and in addition note various
properties of .

On Y'(B,,) the morphism ¢ is defined by

A= azyVw,

where a here and below denotes a regular function that vanishes nowhere on the
region under consideration. Thus there are four divisors of A = 0: E{ (z =0); EY
(y=0); EX (V =0); B3 (w=0). The regions Y2'(By,), Y2 (By) yield in addition
divisors E3, Fj.

On Y{'3(Bw) = Y?3(Bw) = Y*2(Bs) = Y{?(Buso, By) X Ns we use the coordi-
nates z, y, U, v/, v/, w. On Y12(B.,) we take one of these to be 1 and multiply
them all by an additional coordinate t. We examine several domains separately,
giving the expression for ¢ and labelling the divisors of A = 0, two divisors having
the same label only if they overlap.
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Fixed Independent
variable coordinates
) x=1 y, v, U, t at?yv’ E! (y=0), E5 (v =0)
) y=1 z,u, U, t at?zu’ E] (x=0), E5 (v >()),E5
(iii) o'=1 y, v, w, ¢t at?yv’ E; (v =0), E4 (y=0), E
)
)

Divisors

V=1 x,u,w,t at?zu’ E{ (v =0), E4 (x =0), E5
w=1 u, v, Ut at*uv'U  EY, EY, Ey (U=0), Es

(vi) U=1 =,y w,t at?zyw 1, EY, E5 (w=0), Es

A variant of Hilbert’s Theorem 90 shows that a divisor through a point over F' is
locally defined by a function over F' if and only if it is fixed by the Galois group.
Thus to verify that Y — C' is an Igusa fibering one need only verify that any two
divisors in ¢~1(Cp) with a point in common lie in different orbits under the Galois
group. If the form is inner then an orbit is contained in one of the sets {E}}, {EY
{EY, E3 E3}, {Es}, {Es}, {Es}. Since the E}, i = 1, 2, 3 are mutually disjoint this
condition is clearly satisfied. However if the form is outer then FE| and E} form a
single orbit, and a further blowing up is necessary in order to separate them.

Thus we blow up along the variety which on each of Y7!(B,,) is given by
x =y =0, does not meet the domains (i)—(iv), in (v) is given by v’ = v’ = 0, and
in (vi) by # = y = 0. The proposition is still satisfied but one more divisor Eg
is added to ¢ ~1(Cp). The exponent ag = a(Ejg) is clearly 2, and the others appear
above.

4.7. The exponents a(E), E € €, are ) = a = a} = a3 = a3 = a3 = a4 = 1,
a5 = g = 2.

To define the form w® on Y° we introduced the variety M. There is of course a
morphism M — T defined in the same way as ¢. Let N be the inverse image of C.
Then ¢ takes YO into N and may be extended to £ : Y — N. We choose A, ..., \
as at the end of section 2 and let wy be the restriction to N of a form w” such that
Wy Zﬁd)\g/\'“/\d)\g/\w//. Then

w=E&wN
is an extension of w to Y. It will be an Igusa form.
4.8. The exponents b(E), E € €, are by =b] =2, b} =03 =b3 =3, b3 =4, by =1,
bs =5, bg = 4.

The exponents can be calculated on Y% (B, By) and are those of the form

(AN du A dv A dw). On Y (B, By) they are determined by the Jacobian
(A, u, v, w)
Aw,y,V,w)’
Since We are only interested in the divisor of this function we may replace V by
V' = %, and are led to

ﬁ(xyV'w, A(zyV'w)yV'w, B(zyV'y)aV'w, w)
A(w,y, V' w)

O(zyV'w, yV'w, xV'w, w)
a(x’ y7 V/7 w)

This gives b}, by, b3, and bs. The other exponents are evaluated in a similar fashion.

= AB = ABzyV?uw3.
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The universality of blowing up implies that the groups G and 2 act on Y. If
E € ¢ let E be the complement in E of its intersection with the other divisors.
The morphism 7 maps E onto a unipotent orbit in G, of which there are three, the
regular, the semi-regular, and that of the identity.

4.9. The divisors E5 and Es map to the identity, Ei, Ei’, E%, Eg, E‘g’, and Eg to
the semi-reqular orbit, and E4 to the reqular orbit.

5. THE IGUSA INTEGRAND

That the support of f, is proper over C'(F) follows immediately because f has
compact support and the morphism from Y to G x C is proper. Moreover f (g(y))
is clearly locally constant. Thus the only point to verify is that m, (e(y)) has locally
the form

(5.1) my(e(y)) = WZM(M),

where r; is trivial if 4; = 0 is not a divisor of ¢~ !(sg) and is constant along divisors.
Parts of the argument are quite general and with these we begin.

We first take G to be quasi-split, so that G = G*, T = T™*, and n = 7., and we
choose two opposed Borel subgroups By and B, defined over F'. Since the pair
(T*,B*) is conjugate under G(F') to (Ty, Bp) we may suppose T* = Ty, B* = By.
To each point e in S°(F) we may attach, according to Lemma 2.1, an element a
in A(T/F) and thus a cocycle {¢,} of Gal(F/F) with values in T(F). Our first
goal is to express {e,} on S°(Bs) = S%(Bs, By) X N4 in terms of the coordinates
z(W, B). B

We choose h in G(F) so that v is ¢ — h~'gh and set w, = o(h)h™!, o €
Gal(F/F). Tt lies in the normalizer of 7. In order to define the coordinates z(W, 3)
we have had to choose for each simple root a of Ty in By root vectors X, X_,, and
thus H, = [X,, X_a]- They define a subgroup G, and an isogeny &, : SL(2) — G,.
Let w, be the image of

0 -1
()

in G. Let a¥ be the coroot corresponding to the root a and if z # 0 lies in a field
containing F' define 2" inT by

p(ze") = 200,
for all characters pu.

5.2. Proposition. Let w_ be the element of the Weyl group taking positive roots
to negative roots and let w_ be a representative of it in the normalizer of Ty. Set
W_ =w_(W4). If o € Gal(F/F) let w, be the image of w, in the Weyl group and
let €(cyj) - - - €(on) be a reduced expression for w_w;'w™! as a product of reflections
associated to simple roots. Let 0(X_o) = 01,(X_a) = uaX_g(a), 0 () = af,
and let

s = (W (e ) el ool el o) ).

Then

\2

o = weho(w-"w,, (J(zj)uaj)af e Wey (a(zl)ual)alvwfhfl
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is a cocycle of Gal(F/F) with values in T(F) and its class is that of {e,}.

We will begin the proof with a lemma. Let e = (B(W)) We choose v and nyy,
W € to, such that
B(W,)=B§, B(W)=Bjy"".
If for simplicity we write op(W) = o(W) we have
o(By"Y) = By = By

Thus a(nw)a(v)v_ln;(lw) lies in By. Since it also lies in Ny it is 1. Consequently

o)™ = o(n;,ll(W”)

and
O'(Tlo-—l(W))U(TL;,ll(WJr))n;Vl =1.
If w=¢€(ap)---€e(aq) is a reduced expression for w € Q set
wi = ele)-eler), wo=1, Wi=W(w), Bi=uw; i,
and
zi = 2(Wi1, Bi)-
If W =W (w) then
nw = exp(zpX_a,) - -exp(z1X_q,).
Let N, be the connected subgroup of Ny, the unipotent radical of By, whose Lie
algebra is spanned by { X, | @ > 0, wa < 0}.

5.3. Lemma. We have

Vv \
« «
nw € NoWa,Zay *** Way Zat No-

The equality
1 0\ (1 z7'\/0 —-1\(z O 1 27t
z 1)7\0 1 1 0/{o z7tJlo 1

expzX_, = exp(z_lXoé)(wazo‘v Yexp(z ' Xq).

shows that

This equality will allow us to verify the lemma by induction on p.

Let w' = ew, € = €(a), and suppose that w’ = ee(a,)---€(ar) is a reduced
expression for w’. Let R, = {8 >0 |wB < 0}. Then § > 0 lies in R, if and only if
B = 0 separates W (w) and W,.. Thus

R, = R,U{w ta}.
Set .
— P oy
W = Wa, Zay *** Wa, Za;
and suppose ny = uwu', u € Ng, v’ € N,,. If W' = W(w') then
nw = exp zX_onw
with z = 2(W,w™ '), and we must show that

v _ v
wWaz® expz ' X uw € Nowaz® wN,,.

Let N§* € Np be the connected subgroup of Ny whose Lie algebra is spanned by
{X5|6>O,B7éa}.
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Then for some n € N§* and some y,

aV —1 _ aV aV
Waz® expz  Xau = wez” nexpyXy € Nowaz® expyXe.

But for some z and some choice of X,-1(4)
expyXow = wexp rX,-1(q)-

This proves the lemma, and we return to the proposition.

If W_ the negative Weyl chamber and ny_ = «'w_u with u, v’ in Ny then the
torus T'(e) = () B(W) is

B(W_)NB(W,) =T"
and the cocycle {e,} is given by
€o = o(huv)v tu A7 = wgh(a(u)a(v)vflufl)hfl
Set

Co = (w:l)wa_i (a(zj)uaj)oi CWe, (U(zl)ua1

It is enough to show that for some ¢t € T'(F),
o(u)o(w)v 'u™t € Nogco Nooh™ Lo (t)t ™ h,

the proposition then following from the unicity of the Bruhat decomposition and

the fact that ¢, € T(F).

We have
-1, -1 ~1
o(w)o(v)v™ u :U(u)a(na,l(WJr))u

We use the relations ny = v/w_u and

-1

a(ngfl(wf))a(n;,ll(W+))n‘},17 =1
to see that this lies in
Nwa(wzl)a(nwf)o(n;,ll(wi))w_Noc.

The w_ which appears here is a representation of w_ determined by ny,_ and
thus by e, while the proposition is stated for an arbitrary representative. We shall
show that it is valid for the particular representative chosen. However if we replace
w_ by w_t, t € To(F'), then we multiply ¢, on the right by w, (O’(t))t_l or

! (o(hth‘l)ht_lh_l)h.

Observe that w, is in the Weyl group of Tj and not of T, and consequently represented
by h=*(o(h)h~")h = h=to(h). Thus if the proposition is valid for one choice of w_
it is valid for all.

Define B*(W) as we defined B(W), but with T* replacing T', and define an
action of Gal(F/F) on o by

o(B*(W)) = B*(c*(W)).
Then o* (W) = Wy. Since

we have

In particular
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Modifying the notation of the proposition we let e(a;)---€(ay) be a reduced
expression for w_w;_ll and €(ay,) - - - €(ait1) be a reduced expression for w_w,—1w =" .
Then €(an,) - - - €(ay) is a reduced expression for w_. Consequently, with an obvious
notation,

ny_ n;,ll(W_) =expzmX _qa, * €XP2it1X
and
U(nwfn;_ll(wi)) =expo(zm)o(X_a,,) -expo(ziy1)0(X_q,,, )
Since e(a(am)) -~-e(a(ai+1)), where it is understood that o(ag) = o, (ay), is a
reduced expression for o(w_w, 1w~ ') =w_w;'w" ', the proposition follows from
Lemma 5.3.

It is useful to supplement it by another. Let © be a subgroup of the quotient
by T of the stabilizer of T in the group of automorphisms of G. Suppose that © is
a semi-direct product ©2 x ©1 and that there is a set of roots {f1,...,8,} of T in
G invariant under ©7 and such that ©2 is generated by the reflections ¢; = €(5;)
subject to the sole relations

(EiGj)m"’j =1.
Here m;; = 1. However if i # j then €;¢; acts as a rotation on the plane of 5}, ﬁ;/
and my; is its order.

5.4. Proposition. Suppose that for each i we are given x; = x(B;) in F* and
that B; — x(B;) is constant on orbits of ©1 in {B1,...,B,}. There is then a unique

cocycle § of © with values in T(F) such that
So=1, 06, and o, =2,

i
The cocycle is clearly unique and it is enough to show that it is well-defined on
O, which means that for each i and j

v BY v BY _ v By
(xf ei(x;’ ))szj (mf ez’ )) o (ee)m (xf ei(x;’ )) =1.

If © = j this is clear because
ei(zP) =P
for all z. If ¢ # j set € = €;¢;. The product on the left is
i €i(z;)”

with

p=B e ke
and

V:ﬂj\v/+eﬂjv+~~+emflﬂjv.

Since € is a non-trivial rotation in the plane of {3, ﬁ]v} both p and v are zero.
If 0 = 0 x 01 and €(f;,) - - - €(Bs,) is an expression for 0 as a product of reflections
then

80 = €(Br,) - €(Biy )y Ve(Bry) - elBiy ) (s 0 ) - el B (oY,
Ife> {w,aTwzl ’ o€ Gal(F/F) } then o — w_(5, ,,,-1)

Gal(F/F) with values in T(F'). Consequently, if we denote by s the number of ©;-
orbits in {f31, ..., B}, the proposition provides us with a continuous homomorphism

defines a cocycle of
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§ of (F*)® into H(F,T), indeed into £(T/F), and allows us to associate to any
character x of this group one of (F*)%.

Suppose for example that for each simple root a we choose x, € F* and in the
cocycle of Proposition 5.2 we multiply z; by z,;. This multiplies the value of the
cocycle at 0 = w, X ¢* by

h<w_ (e<a1> eloy) (@l Je(n) - eloyya) (i} - m))h

Since €(a;)---€(a;) is a reduced expression for w_w,w™', the cocycle itself is
multiplied by (5({xa}), defined provided that x4 = Z4+(q) for all a and 0. As h is
given, we have used it to identify roots of T and Tj.

In this example we have taken ©, = (). Similar considerations apply to any Os.
The collection of roots A’ = {wf; | 1 <i < r, w € O }, the Og-roots, allow us to
introduce a new decomposition of X*(T) ® R into chambers W', on which ©4 acts
simply transitively. These chambers will have walls 4/ = 0, and to each pair (W', ~/)
we can associate one 3; = 8'(W’,~/), where W/ = w™ W/, v = fjow. Here w € O,
and W is the chamber defined by 3; > 0, 1 < j < r. Suppose that W, C Wi. A
wall (W, ) for Q will be said to be a O3 wall if v € A’. Then W is contained in a
chamber W' of which v =0 is a wall. Set 8/ (W,~) = /(W' ~).

If w=¢€(Bi,)---€(Bs;) is a reduced expression for w as an element of @, then a re-
duced expression for it in {2 is obtained simply by substituting reduced expressions for
the €(8;, ). The only O2-hyperplane separating €(5;, )W from W, is 3;, = 0. Thus
the only ©,-hyperplane separating €(8;,) - - - €(8i, )Wy from €(B;,) - - - €(Bip_, )W is

e(ﬂil) e e(ﬂik—l)ﬁik =0.

Consequently if w = e(ay) - - - €(ay) is the reduced expression for w obtained from
the reduced expressions for the €(5;,) then the sequence

Birs €(Biy)Bigs - €(Biy) - - €(Bi;_1 ) B,
is just the subsequence of Os-roots in a1, €(aq)aq, ..., e(ar) - e(ar—1)ay.
Supposing then that O, contains {w_oTw:1 ‘ o€ Gal(F/F) } and that the z;,

1 < i < r, are chosen as in Proposition 5.4 we multiply the z; appearing in the
cocycle of Proposition 5.2 by z; each time that €(aq) - - e(ar—1)ax is a Oz-wall of
e(ag) - e(ag—1)W, with
ﬂ/ (6(&1) s E(O[k,l)W+, E(Cvl) R c(ak,l)ak) = ﬂl
The effect is to multiply its class by §({z;}).
Referring to Proposition 5.2 we observe that

wy-1w— (e(af) - e(ay_1)og) = w- (w,woqo*lw:l (eloy)--- e(ak,l)ak)).
Since the collection of O4-roots is invariant under © and w_wy,—10 lw™! € © we
conclude that e(ay) - - e(ag—1)ag is a Os-root if and only if

wlw,—1w_ (e(ah) -+ e(af_y)al)
is.
We can now verify for a quasi-split group that m,, (e(y)) has the form (5.1) in a

neighborhood of a point yo in Y. We may work on Y1!(B,, By) or on one of the
regions into which Y'2(B., By) has been divided, the groups Bu,, By being defined
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over F'. The admissible coordinates may differ from the coordinates used previously,
for they are not necessarily defined over F. However any admissible coordinate
defining a divisor in & will be the product of one of these with a regular function
which does not vanish in the neighborhood.

On Y'2(B., Bp) all points are of type A. Thus z(W, 8) will be equal to 2z(W, 3)
or yz(W, 8), according to a(W, ) is o’ or «”, where Z(W, f3) is regular and does
not vanish at e(yg). The class of the cocycle of Proposition 5.2 depends locally only
on the coordinates z and y. On the individual regions we have

(i) 2 =7,y =y,
1) ©=puw,y =7,
r=vnr,y ="y,

where pu, v, 1, £ denote admissible local coordinates and T, i are regular and do not
vanish in the neighborhood and thus do not affect the local behavior of m,(e).

When we blow up = v = 0 in (v) and (vi) to obtain Y'2(B, By) for an outer
form then E] and EY{ cease to have F-valued points and near an F-valued point on
Fg we can write x = uT, y = py or x = uéx, y = uéy.

We see immediately that m(e) will be locally the product of a constant function
and one of x(3(1,v)), 5(8(u, 1)), £(8(vn,v)), 5(3(1, ), 5(8(u,v)), K (8(u, v€)),
K(8(p, 1)), or w(6(pg, ug)), O2 being taken to be Q and ©1 the image of Gal(F/F)
in the group of outer automorphisms.

Near a point of type B we have to consider smaller ©,. Take for example the
region Y'1(By,, By). We will have © = uZ, y = vy (or x = uZ, y = py if the form
is outer) and V = £V. Apart from a constant factor, m, (e) will be the product of
r(6(p,v)) (or £(8(p, p))) with © as before and a factor associated to a smaller ©.
Since the point is assumed to be rational and of type B; the Galois group must leave
the line through the walls associated to z{', z§ invariant. Let 8 be the root associated
to this wall and let @, = {1,e(w_ﬂ)}. Let ©1 be the group of automorphisms
fixing w_ (. Then © D {w_orw™'}. Applying w_ to the walls to which 2/, 25, 25,

2} are attached does not yield a Os-wall and z, = pz}, i = 1, 2, 2z = vz}, i = 2,
3. However w_ applied to the walls to which 2§ and z{ are attached does yield a
Oq-wall and 2{ = pézY, 2 = v€z] (or p&zy for an outer form). The factor attached
to the smaller © is x(5(€)).

Since a form of SL(3) is either quasi-split or anisotropic it remains to verify
for an anisotropic group. For this we use a lemma which follows readily from the

construction of Y.

5.5. Lemma. Ifyo € Y and p(e(yo)) = (B(W)) then
2

If 9 is an F-valued point then (", B(W) is defined over F. Thus if the group
G is anisotropic it must be a Cartan subgroup 7", for it is solvable. To each Weyl
chamber W’ in X, (T") ® R is associated a Borel subgroup B(W’) and there is a
map 1 : W — n(W) = W’ such that B(W) = B(n(W)). If W and W} are adjacent
then either n(W) and n(W7) are adjacent or n(W) = n(W7). Hence the collection
{ n(W) | W e w } forms a connected family of Weyl chambers lying in no half-plane,
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for otherwise (| B(W) would properly contain T7’. We conclude that 7 is bijective,
that e(yp) lies in SY, and hence that m, (e) is constant in a neighborhood of e(yy).
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