SOME LEMMAS TO BE APPLIED TO THE EISENSTEIN SERIES

ROBERT P. LANGLANDS

Let V be a Euclidean space and let V' be its dual. Let AL, ..., A" be a basis for V’
such that (\*, M) < 0if i # j and let p!,...,u™ in V' be such that (\’, u?) = §;;.
If F is a subset of {1,...,n} let V}, be the subspace of V’ spanned by { u ’ i€ F}.
Let p% = pp if i belongs to F' and let u/ be the projection of u’ on the orthogonal
complement of V}, if i is not in F. Let Ay, 1 <i < n, be such that (\o, p?,) = ;.
If i is not in F then A% = A’. Suppose i is in F and write A& = A" + kg F T
Then, for k not in F, (A&, pk) = (X', ii},) + cix. Tt follows from Lemma 2.5 of E.S
that (A%, k) < (ﬂ so ¢ir = 0. Consequently if H in V is such that \(H) > 0,
1 < i < n, then Ni(H) > 0, 1 < i < n. Suppose i is not equal to j. If one
of i and j is not in F then (Ao, ) < 0. However if i and j belong to F then
(AL, A%) = (A, M) = (AL N) + doker cir(\¥, M) < 0. Consequently for all i and
G, (b, /ﬂF> > 0. A hyperplane in V defined by an equation of the form u%(X) =0
[B.2] or A%.(X) = 0 for some i and F will be called a special hyperplane. Let H be
a point in V' which does not lie on any special hyperplane. Given H we shall define
for every subset F a function ¢ on V. ¢p will vanish identically unless A% (H) < 0
for all i in F. If \i,(H) < 0 for all i in F' then ¢p(X) will be zero unless M (X) is
different from zero for all j and u%,(H )M (X) is positive when j is not in F where

it will be one. Let a(F') be the number of negative numbers in {/ﬂF(H) ‘ j¢rF }
We claim that 3~ -(—1)* g (X) is zero unless A (X) > 0 for all j when it equals

one. If N (H) > 0 for all j then M,(H) > 0 and % (H) > 0 for all j. Consequently
¢r(X) vanishes identically unless F' is empty. Moreover a(¢) = 1 and p4(X) is zero
or one according as all the numbers M (X), 1 < j < n, are positive or not. Thus for
such an H the assertion is true. Suppose that H' and H” are two points which do

not lie on any special hyperplane. It is enough to show that [B.3]

(a) YD Ogp(X) = 3 (-1 (X)),
F F

H' and H” can be joined by a polygonal path no segment of which lies in a special
hyperplane and no point of which lies on the intersection of two distinct special
hyperplanes. If this path meets no special hyperplane the equality @ is obvious.
If we can show that the equality is satisfied when only one point of the path lies
on a special hyperplane it will follow that the equality @ is always true. Let the
one point lie on a special hyperplane defined by a(X) = 0. If H' and H” lie on
the same side of this hyperplane then H' and H” can be joined by a polygonal
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2)\k, k ¢ F or the orthogonal complement of V. satisfies usual conditions plus {u’}} is its dual
since (A", \*) <0, k¢ F.
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path which meets no special hyperplane so that the equality @) will be satisfied.
We suppose then that H' and H” be on opposite sides of the hyperplane. That
is, that a(H') and a(H") are of opposite sign. If F' is a subset of {1,...,n} and
none of Ay, i € F or p},, j € F is a multiple of a then Neo(H') = AL(H"), i € F,
and (,(H') = 1i,(H"), j ¢ F so that o/ (F) = a”(F) [B.4] and ¢}(X) = ¢/(X).
Let &1 be the collection of those F' such that, for some 7 in F, )\% is a multiple
of a and let G be the collection of those F such that, for some i not in F, ut
is a multiple of «. In either case the integer i is uniquely determined. Moreover
the sets &1 and G2 are disjoint. Suppose Fj is in &;. Then Fj is not empty;
suppose, for simplicity, that F; = {1,...,k} and that A% is a multiple of . Let
Fy={1,...,k—1}. Then )\’}1 and ;ﬂh both lie in the space spanned by u', ..., u*

and are both orthogonal to u',...,u*~!. Consequently /1’;;2 is a multiple of )\’;,1
and hence of . We remark for later use that, since (u*, Alfpl} =1, ﬂ’},Z is a positive
multiple of )\’}1. In any case Fy belongs to &g, since {1,...,n} does not belong

to G5. This process can be reversed. Thus, in this way, we can set up a one-to-one
correspondence between G, and Gs. Let F; and F5 be two corresponding elements,
say the two above. The equality (a]) will follow if it is shown that

()" g, (X) + (=) Dl (X) = (1) I (X) + (=)™ P, (X).

[B.5] Since A}, (H') and A}, (H") are of opposite sign, at most one of ¢/, (-) and
ap'lfﬂl(-) does not vanish identically. An argument like that used above shows that
for i in Fy, iy = A% + ¢ A}, with ¢; > 0. If both the functions ¢ (+) and ¢ (+)
vanish identically then, for some 7 in Fg, N, (H') = N, (H") is positive. Suppose
)\’}1 (H') is positive, then N, (H') = A5 (H') 4 ¢; A, (H') is positive. Consequently
Ap, (H') is also positive and the functions ¢, (-) and ¢ (-) both vanish identically.
The only case with which we need to concern ourselves is that in which precisely
one of the functions ¢7. (-) and % () does not vanish identically. If we take
)\%1 (H") positive it will have to be the first. If j is not in Fy then “;“1 (H") =
ﬂiﬂl (H") and pg, (H') = pp, (H"). Let pp, = pip, +dju}f;2.'Then 0= (uh,, p1f,) =
(/{}wullfwz) + d; (W, 1) so that dj is not positive. If g, (H') is positive then
pigp, (H') = pi, (H') + djpfy, (H') is positive because pf, (H') is negative; if pi, (H')
is negative then yf, (H') = py, (H") = i, (H") + djp, (H") [B.6] is also negative
because pf, (H") is positive. In particular then o/ (Fy) = 1+ a/(Fz) = a”(F3) and
we are reduced to showing that

P, (X) = @, (X) + ¢, (X).
This equality follows from the definitions.

Suppose that p is an ordered partition of {1,...,n} into the non-empty sets
Fy, ..., F.. 1f i belongs to I we let pu;, = p* and if ¢ belongs to F, and 1 < u <7 we
let ué be the projection of ' on the orthogonal complement of { K | 1eFy,v<u }
We also let‘)\é, 1 < ¢ < n, be such that <)\é,ug> = ;5. As above <)\é,)\£> <0ifi#y
and (/ifj, ) = 0 for all ¢ and j. For the present purpose let us call a hyperplane
defined by an equation of the form p,(X) = 0 or the form A{(X) = 0 for some p
and some i a special hyperplane. Suppose H is a point which does not lie on any

special hyperplane. Define the function ¢, by the condition that ¢, (X) is zero
unless X} (X)), (H) > 0 [B.7] for all i when it is one. Define the function ¢, by the
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condition that ¢, (X) is zero unless \},(X) is positive for ¢ in F; and A}, (X)) (H)
is positive for ¢ not in F; when it is one. Let a; be the number of elements in F;
and let a(p) be the sum of Y77, (a; + 1) and the number of i such that uj (H) is
positive. Let b(p) be the sum of 1+ >"!_,(a; + 1) and the number of i in | J;_, F;
such that ,ufJ(H ) is positive. We must verify that, if X lies on no special hyperplane,

D (=D Pp(X) =3 (-1 Py (X)
P P
when \‘(H) is positive for some i and
Z(_l) a(p) - 1_|_Z b(p)w
P

when \(H) is negative for all i. These relations are easily verified when n = 1
so suppose that n > 1 and that the assertion is true when the dimension of V' is
less than n. If F is a subset of {1,...,n} different from Fp, the null set, and [B.8]
Fy ={1,...,n} let 6(F) be the collection of p = {F1,..., F,} such that F, is the
complement of F'. Every partition except pg = {{17 ... ,n}} belongs to exactly one
of the collections S(F'). It follows from the induction assumption that

Y D Wep(X) = Y (=) (X) = —(=1)*Pep(X).

pES(F) peS(F)
Thus
D (1) Py (X) —Z(— )PPy (X)
p
— Z a(F X) + (_l)a(Po)gopo (X) — (_1)b(p0)1/)p0 (X)

where the sum on the right is over all F' except Fy and Fi. Since pp, (X) = ¢, (X),
a(po) = 1+ a(Fy), and ¢p, (X) is zero unless \*(H) is negative for all i when it is
one. The two relations reduce to the equality
D (D) P op(X) =, (X)
F
which was proved in the previous paragraph.
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